
 
S.2635 In any triangle 𝑨𝑩𝑪 with the area 𝑭 the following relationship holds: 

(𝒂𝟒 + 𝒃𝟒)𝒉𝒄
𝒂 + 𝒃

+
(𝒃𝟒 + 𝒄𝟒)𝒉𝒂

𝒃 + 𝒄
+
(𝒄𝟒 + 𝒂𝟒)𝒉𝒃

𝒄 + 𝒂
≥ 𝟖√𝟑 ∙ 𝑭𝟐 

Proposed by D.M.Bătinețu-Giurgiu, Daniel Sitaru – Romania 

Solution by Titu Zvonaru-Romania 

We have 𝒂𝒉𝒂 = 𝒃𝒉𝒃 = 𝒄𝒉𝒄 = 𝟐𝑭. Applying Bergström’s inequality, the known inequality 

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂, and  Ionescu-Weitzenbock’s inequality   

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 ≥ 𝟒√𝟑 ∙ 𝑭𝟐, it follows that 

(𝒂𝟒 + 𝒃𝟒)𝒉𝒄

𝒂 + 𝒃
+
(𝒃𝟒 + 𝒄𝟒)𝒉𝒂

𝒃 + 𝒄
+
(𝒄𝟒 + 𝒂𝟒)𝒉𝒃

𝒄 + 𝒂
= 

=
(𝒂𝟒 + 𝒃𝟒)𝒄𝒉𝒄

𝒄𝒂 + 𝒃𝒄
+
(𝒃𝟒 + 𝒄𝟒)𝒂𝒉𝒂

𝒂𝒃 + 𝒄𝒂
+
(𝒄𝟒 + 𝒂𝟒)𝒃𝒉𝒃

𝒃𝒄 + 𝒂𝒃
= 

= 𝟐𝑭(
𝒂𝟒

𝒄𝒂 + 𝒃𝒄
+

𝒃𝟒

𝒂𝒃 + 𝒄𝒂
+

𝒄𝟒

𝒃𝒄 + 𝒂𝒃
+

𝒂𝟒

𝒃𝒄 + 𝒂𝒃
+

𝒃𝟒

𝒄𝒂 + 𝒃𝒄
+

𝒄𝟒

𝒂𝒃 + 𝒄𝒂
) ≥ 

= 𝟐𝑭(
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
+

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐

𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)
) = 𝟐𝑭 ∙

(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥ 

≥ 𝟐𝑭(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ 𝟖√𝟑 ∙ 𝑭𝟐. 

Equality holds if and only if the triangle 𝑨𝑩𝑪 is equilateral. 


