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SPIEKER’S CEVIANS IN THE GEOMETRY OF TRIANGLE 

By Bogdan Fuștei-Romania, Mohamed Amine Ben Ajiba-Morocco 

Abstract : 
In this article, we establish new geometric inequalities in triangle involving Spieker′s Cevians. 

We consider ∆𝐴𝐵𝐶 with usual notations. Let 𝑝𝑎, 𝑝𝑎, 𝑝𝑎 be the Spieker′s Cevians in ∆𝐴𝐵𝐶. 

          𝐋𝐞𝐦𝐦𝐚 𝟏.   

𝐆𝐢𝐯𝐞𝐧 𝐭𝐰𝐨 𝐩𝐨𝐢𝐧𝐭𝐬 𝑷 = (𝒙𝟏, 𝒚𝟏, 𝒛𝟏) 𝐚𝐧𝐝 𝑸 = (𝒙𝟐, 𝒚𝟐, 𝒛𝟐) 𝐢𝐧 𝐧𝐨𝐫𝐦𝐚𝐥𝐢𝐳𝐞𝐝 𝐛𝐚𝐫𝐲𝐜𝐞𝐧𝐭𝐫𝐢𝐜 

𝐜𝐨𝐨𝐫𝐝𝐢𝐧𝐚𝐭𝐞𝐬 𝐢𝐧 𝐭𝐡𝐞 𝐩𝐥𝐚𝐧𝐞 𝐨𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪. 𝐓𝐡𝐞𝐧 : 

𝑷𝑸𝟐 = −𝒂𝟐(𝒚𝟏 − 𝒚𝟐)(𝒛𝟏 − 𝒛𝟐) − 𝒃𝟐(𝒛𝟏 − 𝒛𝟐)(𝒙𝟏 − 𝒙𝟐) − 𝒄𝟐(𝒙𝟏 − 𝒙𝟐)(𝒚𝟏 − 𝒚𝟐). 

          The above formulae is well known (see [1, pp. 11]). 

Note that the barycentric coordinates of 𝐴 and 𝑆𝑝 are 

A = (1 ∶ 0 ∶ 0) and 𝑆𝑝 = (𝑏 + 𝑐 ∶ 𝑐 + 𝑎 ∶ 𝑎 + 𝑏). 

If 𝐷 is the point of intersection of the lines 𝐴𝑆𝑝 and 𝐵𝐶, then we have 

𝐷 = (0 ∶ 𝑐 + 𝑎 ∶ 𝑎 + 𝑏), and by using the Lemma 1, we have 

𝑝𝑎
2 = 𝐷𝐴2 = −𝑎2.

𝑐 + 𝑎

2𝑎 + 𝑏 + 𝑐
.

𝑎 + 𝑏

2𝑎 + 𝑏 + 𝑐
− 𝑏2.

𝑎 + 𝑏

2𝑎 + 𝑏 + 𝑐
. (−1) − 𝑐2(−1).

𝑐 + 𝑎

2𝑎 + 𝑏 + 𝑐
 

⇒  𝒑𝒂
𝟐 =

𝒃𝟑 + 𝒄𝟑 + 𝒂(𝒃𝟐 + 𝒄𝟐)

𝟐𝒂 + 𝒃 + 𝒄
−

𝒂𝟐(𝒂 + 𝒃)(𝒂 + 𝒄)

(𝟐𝒂 + 𝒃 + 𝒄)𝟐
.                                    (𝟏′) 

          𝐋𝐞𝐦𝐦𝐚 𝟐.  𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒑𝒂
𝟐 = 𝒔(𝒔 − 𝒂) +

𝒔(𝟑𝒔 + 𝒂)(𝒃 − 𝒄)𝟐

(𝟐𝒔 + 𝒂)𝟐
.                                               (𝟐′) 

          𝐏𝐫𝐨𝐨𝐟.  Using the identity (1′), we have 

𝑝𝑎
2 =

(𝑏 + 𝑐 + 2𝑎)(𝑏 + 𝑐)2 + [3(𝑏 + 𝑐) + 2𝑎](𝑏 − 𝑐)2

4(2𝑎 + 𝑏 + 𝑐)
−

𝑎2[(2𝑎 + 𝑏 + 𝑐)2 − (𝑏 − 𝑐)2]

4(2𝑎 + 𝑏 + 𝑐)2
 

                  =
(𝑏 + 𝑐)2 − 𝑎2

4
+

(2𝑎 + 𝑏 + 𝑐)[3(𝑏 + 𝑐) + 2𝑎] + 𝑎2

4(2𝑎 + 𝑏 + 𝑐)2
. (𝑏 − 𝑐)2 
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        = 𝑠(𝑠 − 𝑎) +
(𝑎 + 𝑏 + 𝑐)(5𝑎 + 3𝑏 + 3𝑐)

4(2𝑎 + 𝑏 + 𝑐)2
. (𝑏 − 𝑐)2 = 𝑠(𝑠 − 𝑎) +

𝑠(3𝑠 + 𝑎)(𝑏 − 𝑐)2

(2𝑠 + 𝑎)2
. 

          𝐋𝐞𝐦𝐦𝐚 𝟑.  𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒎𝒂 ≤ 𝒑𝒂 ≤ 𝒏𝒂.                                                                      (𝟑′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝒃 = 𝒄. 

          𝐏𝐫𝐨𝐨𝐟.  We have the following known formulas 

𝑚𝑎
2 = 𝑠(𝑠 − 𝑎) +

(𝑏 − 𝑐)2

4
, 𝑛𝑎

2 = 𝑠(𝑠 − 𝑎) +
𝑠(𝑏 − 𝑐)2

𝑎
. 

Since 
𝑠(3𝑠 + 𝑎)

(2𝑠 + 𝑎)2
=

1

4
+

8𝑠2 − 𝑎2

4(2𝑠 + 𝑎)2
≥

1

4
 and 

3𝑠 + 𝑎

(2𝑠 + 𝑎)2
= 

=
1

𝑎
−

4𝑠2 + 𝑠𝑎

𝑎(2𝑠 + 𝑎)2
≤

1

𝑎
, then by using (2),  

we obtain :  𝑚𝑎 ≤ 𝑝𝑎 ≤ 𝑛𝑎 . 

          𝐋𝐞𝐦𝐦𝐚 𝟒.  𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

(𝟐𝒔 + 𝒂)(𝟐𝒔 + 𝒃)(𝟐𝒔 + 𝒄) = 𝟐𝒔(𝟗𝒔𝟐 + 𝒓𝟐 + 𝟔𝑹𝒓).                                    (𝟒′) 

𝟏

𝟐𝒔 + 𝒂
+

𝟏

𝟐𝒔 + 𝒃
+

𝟏

𝟐𝒔 + 𝒄
=

𝟐𝟏𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝒔(𝟗𝒔𝟐 + 𝒓𝟐 + 𝟔𝑹𝒓)
.                                    (𝟓′) 

∑(𝟐𝒔 + 𝒂)𝒑𝒂
𝟐

𝒄𝒚𝒄

= 𝟐𝒔.
𝟐𝟏𝒔𝟒 − 𝒔𝟐(𝟗𝟐𝑹𝒓 + 𝟑𝟎𝒓𝟐) − 𝟔𝟒𝑹𝟐𝒓𝟐 − 𝟐𝟖𝑹𝒓𝟑 − 𝟑𝒓𝟒

𝟗𝒔𝟐 + 𝒓𝟐 + 𝟔𝑹𝒓
.              (𝟔′) 

∑(𝟐𝒔 + 𝒂)𝟐𝒑𝒂
𝟐

𝒄𝒚𝒄

= 𝟒𝒔𝟐(𝟑𝒔𝟐 − 𝒓𝟐 − 𝟏𝟔𝑹𝒓).                                        (𝟕′) 

∑(𝟐𝒔 + 𝒂)𝟑𝒑𝒂
𝟐

𝒄𝒚𝒄

= 𝟑𝟐𝒔𝟑(𝒔𝟐 + 𝒓𝟐 − 𝟔𝑹𝒓).                                          (𝟖′) 

          𝐏𝐫𝐨𝐨𝐟.  With known identities [2, pp. 52], 

                              𝑎 + 𝑏 + 𝑐 = 2𝑠, 𝑎𝑏𝑐 = 4𝑅𝑠𝑟 

     𝑎2 + 𝑏2 + 𝑐2 = 2(𝑠2 − 𝑟2 − 4𝑅𝑟), 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 𝑠2 + 𝑟2 + 4𝑅𝑟 
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                              𝑎3 + 𝑏3 + 𝑐3 = 2𝑠(𝑠2 − 3𝑟2 − 6𝑅𝑟), 

𝑎4 + 𝑏4 + 𝑐4 = 2𝑠4 − 4(4𝑅𝑟 + 3𝑟2)𝑠2 + 2(4𝑅 + 𝑟)2𝑟2,                     

we obtain 

      ▪(2𝑠 + 𝑎)(2𝑠 + 𝑏)(2𝑠 + 𝑐) = 8𝑠3 + 4𝑠2(𝑎 + 𝑏 + 𝑐) + 2𝑠(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) + 𝑎𝑏𝑐 

= 2𝑠(9𝑠2 + 𝑟2 + 6𝑅𝑟).                        

      ▪
1

2𝑠 + 𝑎
+

1

2𝑠 + 𝑏
+

1

2𝑠 + 𝑐
=

12𝑠2 + 4𝑠(𝑎 + 𝑏 + 𝑐) + (𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)

(2𝑠 + 𝑎)(2𝑠 + 𝑏)(2𝑠 + 𝑐)

=
21𝑠2 + 𝑟2 + 4𝑅𝑟

2𝑠(9𝑠2 + 𝑟2 + 6𝑅𝑟)
. 

Now, since we have 

         𝑎2(𝑎 + 𝑏)(𝑎 + 𝑐) = 𝑎2(2𝑠𝑎 + 𝑏𝑐) = 𝑎(2𝑠𝑎2 + 4𝑠𝑅𝑠) 

 = [(2𝑠 + 𝑎) − 2𝑠]. 2𝑠[4𝑠2 + 2𝑅𝑟 − (2𝑠 + 𝑎)(2𝑠 − 𝑎)] 

      = 2𝑠(2𝑠 + 𝑎)(𝑎2 + 4𝑠2 + 2𝑅𝑟 − 2𝑠𝑎) − 8𝑠2(2𝑠2 + 𝑅𝑟). 

then, by using the identity (1′), we obtain 

 (2𝑠 + 𝑎)𝑝𝑎
2 = 𝑏3 + 𝑐3 + 𝑎(𝑏2 + 𝑐2) −

𝑎2(𝑎 + 𝑏)(𝑎 + 𝑐)

2𝑠 + 𝑎
 

= 𝑏3 + 𝑐3 + 𝑎(𝑏2 + 𝑐2) − 2𝑠(𝑎2 + 4𝑠2 + 2𝑅𝑟 − 2𝑠𝑎) +
8𝑠2(2𝑠2 + 𝑅𝑟)

2𝑠 + 𝑎
. 

Adding this identity with its similar ones and using the identity (5′), we obtain 

      ▪ ∑(2𝑠 + 𝑎)𝑝𝑎
2

𝑐𝑦𝑐

= ∑ 𝑎3 + ∑ 𝑎2 . ∑ 𝑎 − 2𝑠 ∑ 𝑎2 − 6𝑠(4𝑠2 + 2𝑅𝑟) + 4𝑠2 ∑ 𝑎 + 

+8𝑠2(2𝑠2 + 𝑅𝑟) (
1

2𝑠 + 𝑎
+

1

2𝑠 + 𝑏
+

1

2𝑠 + 𝑐
) 

       = 2𝑠.
21𝑠4 − 𝑠2(92𝑅𝑟 + 30𝑟2) − 64𝑅2𝑟2 − 28𝑅𝑟3 − 3𝑟4

9𝑠2 + 𝑟2 + 6𝑅𝑟
. 

Now, by using the identity (2′), we have 

     (2𝑠 + 𝑎)2𝑝𝑎
2 = 𝑠(𝑠 − 𝑎)(2𝑠 + 𝑎)2 + 𝑠(3𝑠 + 𝑎)(𝑏 − 𝑐)2 
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            = 4𝑠4 − 2𝑠𝑎3 + 3𝑠2(𝑏2 + 𝑐2 − 𝑎2 − 2𝑏𝑐) + 𝑠(𝑎2 + 𝑏2 + 𝑐2)𝑎 − 2𝑠𝑎𝑏𝑐, 

Adding this identity with its similar ones, we obtain 

∑(2𝑠 + 𝑎)3𝑝𝑎
2

𝑐𝑦𝑐

= 12𝑠4 − 2𝑠 ∑ 𝑎3 + 3𝑠2 ∑(𝑎2 − 2𝑏𝑐) + 𝑠 ∑ 𝑎2 . ∑ 𝑎 − 6𝑠𝑎𝑏𝑐 

= 4𝑠2(3𝑠2 − 𝑟2 − 16𝑅𝑟).                                             

Also, by using the identity (2′), we have 

     (2𝑠 + 𝑎)3𝑝𝑎
2 = 𝑠(𝑠 − 𝑎)(2𝑠 + 𝑎)3 + 𝑠(3𝑠 + 𝑎)(2𝑠 + 𝑎)(𝑏 − 𝑐)2 

= 8𝑠5 + 2𝑠(2𝑠3 − 𝑎𝑏𝑐)𝑎 − 10𝑠2𝑎3 − 2𝑠𝑎4 − 12𝑠3(𝑎2 + 𝑏𝑐)
+ (6𝑠3 + 5𝑠2𝑎 + 𝑠𝑎2)(𝑎2 + 𝑏2 + 𝑐2) − 10𝑠2𝑎𝑏𝑐, 

Adding this identity with its similar ones, we obtain 

∑(2𝑠 + 𝑎)3𝑝𝑎
2

𝑐𝑦𝑐

= 24𝑠5 + 2𝑠(2𝑠3 − 𝑎𝑏𝑐) ∑ 𝑎 − 10𝑠2 ∑ 𝑎3 − 2𝑠 ∑ 𝑎4

− 12𝑠3 ∑(𝑎2 + 𝑏𝑐) + ∑ 𝑎2 . (18𝑠3 + 5𝑠2 ∑ 𝑎 + 𝑠 ∑ 𝑎2) − 30𝑠2𝑎𝑏𝑐

= 32𝑠3(𝑠2 + 𝑟2 − 6𝑅𝑟).        

          𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟏. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒑𝒂 + 𝒑𝒃 + 𝒑𝒄 ≤
𝟏𝟒𝑹 − 𝒓

𝟑
.                                                               (𝟗′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐏𝐫𝐨𝐨𝐟.  By using the CBS inequality and the results (5′) and (6′), we have 

(𝑝𝑎 + 𝑝𝑏 + 𝑝𝑐)2

≤ ((2𝑠 + 𝑎)𝑝𝑎
2 + (2𝑠 + 𝑏)𝑝𝑏

2 + (2𝑠 + 𝑐)𝑝𝑐
2) (

1

2𝑠 + 𝑎
+

1

2𝑠 + 𝑏
+

1

2𝑠 + 𝑐
) 

=
[21𝑠4 − 𝑠2(92𝑅𝑟 + 30𝑟2) − 64𝑅2𝑟2 − 28𝑅𝑟3 − 3𝑟4](21𝑠2 + 𝑟2 + 4𝑅𝑟)

(9𝑠2 + 𝑟2 + 6𝑅𝑟)2
        

                                      = (21𝑠2 + 𝑟2 + 4𝑅𝑟). 𝑓(𝑠2), 
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where 𝑓(𝑠2) =
21𝑠4 − (92𝑅𝑟 + 30𝑟2)𝑠2 − 64𝑅2𝑟2 − 28𝑅𝑟3 − 3𝑟4

(9𝑠2 + 𝑟2 + 6𝑅𝑟)2
. 

We have 𝑓′(𝑠2) =
24(45𝑅𝑟 + 13𝑟2)𝑠2 + 8(75𝑅2 + 29𝑅𝑟 + 3𝑟2)𝑟2

(9𝑠2 + 𝑟2 + 6𝑅𝑟)3

> 0, then 𝑓 is increasing, 

and by using Gerretsen′s inequality 𝑠2 ≤ 4𝑅2 + 4𝑅𝑟 + 3𝑟2, we obtain 

(𝑝𝑎 + 𝑝𝑏 + 𝑝𝑐)2 ≤ (21𝑠2 + 𝑟2 + 4𝑅𝑟). 𝑓(𝑠2)
≤ (84𝑅2 + 88𝑅𝑟 + 64𝑟2). 𝑓(4𝑅2 + 4𝑅𝑟 + 3𝑟2) 

              =
16(441𝑅6 + 861𝑅5𝑟 + 1132𝑅4𝑟2 + 805𝑅3𝑟3 + 524𝑅2𝑟4 + 212𝑅𝑟5 + 96𝑟6)

(18𝑅2 + 21𝑅𝑟 + 14𝑟2)2
 

= (
14𝑅 − 𝑟

3
)

2

−
(𝑅 − 2𝑟)(15120𝑅4𝑟 + 31608𝑅3𝑟2 + 36840𝑅2𝑟3 + 21121𝑅𝑟4 + 6814𝑟5)

9(18𝑅2 + 21𝑅𝑟 + 14𝑟2)2
 

              ≤ (
14𝑅 − 𝑟

3
)

2

, 

the last line is true by Euler′s inequality  

𝑅 ≥ 2𝑟, with equality if and only if 𝐴𝐵𝐶 is equilateral. 

This completes the proof of Theorem 1. 

          𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟐. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒑𝒂𝒑𝒃𝒑𝒄 ≤
(𝟖𝑹 − 𝟕𝒓)𝒔𝟐

𝟗
.                                                           (𝟏𝟎′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐏𝐫𝐨𝐨𝐟.  By using the AM − GM inequality, we have 

(2𝑠 + 𝑎)2𝑝𝑎
2 + (2𝑠 + 𝑏)2𝑝𝑏

2 + (2𝑠 + 𝑐)2𝑝𝑐
2 ≥ 3√((2𝑠 + 𝑎)(2𝑠 + 𝑏)(2𝑠 + 𝑐)𝑝𝑎𝑝𝑏𝑝𝑐)

23

. 

Using the identities (4′) and (7′), we obtain 

(𝑝𝑎𝑝𝑏𝑝𝑐)2 ≤
[(2𝑠 + 𝑎)2𝑝𝑎

2 + (2𝑠 + 𝑏)2𝑝𝑏
2 + (2𝑠 + 𝑐)2𝑝𝑐

2]3

27[(2𝑠 + 𝑎)(2𝑠 + 𝑏)(2𝑠 + 𝑐)]2
=

[4𝑠2(3𝑠2 − 𝑟2 − 16𝑅𝑟)]3

27[2𝑠(9𝑠2 + 𝑟2 + 6𝑅𝑟)]2
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                             =
16𝑠4(3𝑠2 − 𝑟2 − 16𝑅𝑟)

243
. (1 −

54𝑅𝑟 + 4𝑟2

9𝑠2 + 𝑟2 + 6𝑅𝑟
)

2

, 

and by using Gerretsen′s inequality 𝑠2 ≤ 4𝑅2 + 4𝑅𝑟 + 3𝑟2, we obtain 

(𝑝𝑎𝑝𝑏𝑝𝑐)2 ≤
16𝑠4(12𝑅2 − 4𝑅𝑟 + 8𝑟2)

243
. (1 −

54𝑅𝑟 + 4𝑟2

36𝑅2 + 42𝑅𝑟 + 28𝑟2
)

2

 

=
256(3𝑅2 − 𝑅𝑟 + 2𝑟2)3

27(18𝑅2 + 21𝑅𝑟 + 14𝑟2)2
. 𝑠4.                           

To complete the proof it is enough to prove that 

768(3𝑅2 − 𝑅𝑟 + 2𝑟2)3 ≤ (8𝑅 − 7𝑟)2(18𝑅2 + 21𝑅𝑟 + 14𝑟2)2, 

which is equivalent to 

𝑟(𝑅 − 2𝑟)(32832𝑅4 + 8964𝑅3𝑟 + 15180𝑅2𝑟2 − 8903𝑅𝑟3 − 1730𝑟4) ≥ 0, 

which is true by Euler′s inequality 𝑅 ≥ 2𝑟, with equality if and only if 𝐴𝐵𝐶 is equilateral. 

This completes the proof of Theorem 2. 

          𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟑. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝟏

𝒑𝒂
+

𝟏

𝒑𝒃
+

𝟏

𝒑𝒄
≥

𝟐

𝑹
.                                                                 (𝟏𝟏′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐏𝐫𝐨𝐨𝐟.  By using Hӧlder′s inequality, we have 

(
1

𝑝𝑎
+

1

𝑝𝑏
+

1

𝑝𝑐
)

2

≥
[(2𝑠 + 𝑎) + (2𝑠 + 𝑏) + (2𝑠 + 𝑐)]3

(2𝑠 + 𝑎)3𝑝𝑎
2 + (2𝑠 + 𝑏)3𝑝𝑏

2 + (2𝑠 + 𝑐)3𝑝𝑐
2

 

=
(8𝑠)3

32𝑠3(𝑠2 + 𝑟2 − 6𝑅𝑟)
=

16

𝑠2 + 𝑟2 − 6𝑅𝑟
, 

and by using Gerretsen′s inequality 𝑠2 ≤ 4𝑅2 + 4𝑅𝑟 + 3𝑟2, 

and Euler′s inequality 𝑅 ≥ 2𝑟, we get 

1

𝑝𝑎
+

1

𝑝𝑏
+

1

𝑝𝑐
≥

4

√4𝑅2 − 2𝑟(𝑅 − 2𝑟)
≥

2

𝑅
, 
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with equality if and only if 𝐴𝐵𝐶 is equilateral. This completes the proof of Theorem 3. 

The main aim of the following part is to establish a geometric inequality involving Speiker′s 

cev𝐢𝐚𝐧𝐬 𝐚𝐧𝐠𝐥𝐞 𝐛𝐢𝐬𝐞𝐜𝐭𝐨𝐫𝐬 𝐚𝐧𝐝 𝐦𝐞𝐝𝐢𝐚𝐧𝐬 𝐨𝐟 𝐚 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞, 𝐚𝐧𝐝 𝐚𝐩𝐩𝐥𝐢𝐜𝐚𝐭𝐢𝐨𝐧𝐬 𝐨𝐟 𝐭𝐡𝐢𝐬 𝐢𝐧𝐞𝐪𝐮𝐚𝐥𝐢𝐭𝐲. 

          𝐓𝐡𝐞𝐨𝐫𝐞𝐦 𝟒.  𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒑𝒂𝒘𝒂 ≤ 𝒎𝒂
𝟐.                                                                       (𝟏𝟐′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝒃 = 𝒄. 

          𝐏𝐫𝐨𝐨𝐟.  By the formulas for median and angle bisector of triangle 𝐴𝐵𝐶, 

𝑚𝑎
2 =

1

4
(2𝑏2 + 2𝑐2 − 𝑎2) and 𝑤𝑎 =

2√𝑏𝑐𝑠(𝑠 − 𝑎)

𝑏 + 𝑐
, we can easily get 

𝑚𝑎
2 = 𝑠(𝑠 − 𝑎) +

(𝑏 − 𝑐)2

4
  and  𝑤𝑎

2 = 𝑠(𝑠 − 𝑎) −
𝑠(𝑠 − 𝑎)(𝑏 − 𝑐)2

(𝑏 + 𝑐)2
. 

and by using the identity (2′), we can get 

𝑝𝑎
2 = 𝑚𝑎

2 +
(8𝑠2 − 𝑎2)(𝑏 − 𝑐)2

4(2𝑠 + 𝑎)2
  and 𝑤𝑎

2 = 𝑚𝑎
2 −

(8𝑠2 − 8𝑠𝑎 + 𝑎2)(𝑏 − 𝑐)2

4(2𝑠 − 𝑎)2
. 

Based on these results, we have 

𝑝𝑎
2𝑤𝑎

2 = (𝑚𝑎
2 +

(8𝑠2 − 𝑎2)(𝑏 − 𝑐)2

4(2𝑠 + 𝑎)2
) (𝑚𝑎

2 −
(8𝑠2 − 8𝑠𝑎 + 𝑎2)(𝑏 − 𝑐)2

4(2𝑠 − 𝑎)2
) 

≤ 𝑚𝑎
4 − 𝑚𝑎

2 (
8𝑠2 − 8𝑠𝑎 + 𝑎2

(2𝑠 − 𝑎)2
−

8𝑠2 − 𝑎2

(2𝑠 + 𝑎)2
)

(𝑏 − 𝑐)2

4
           

 = 𝑚𝑎
4 −

𝑚𝑎
2[4𝑠𝑎(𝑠 − 𝑎)(4𝑠 + 𝑎) + 𝑎4](𝑏 − 𝑐)2

2(4𝑠2 − 𝑎2)2
≤ 𝑚𝑎

4,      

the last line is true because 𝑠 > 𝑎, with equality if and only if 𝑏 = 𝑐. 

This completes the proof of Lemma 5. 

By Lemma 5 and some known identities a inequalities, we can get the following results 

          𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟏. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 
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𝒑𝒂𝒘𝒂 + 𝒑𝒃𝒘𝒃 + 𝒑𝒄𝒘𝒄 ≤
𝟑

𝟒
(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓).                                              (𝟏𝟑′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟐. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒑𝒂𝒘𝒂 + 𝒑𝒃𝒘𝒃 + 𝒑𝒄𝒘𝒄 ≤
𝟑

𝟐
(𝟐𝑹𝟐 + 𝒓𝟐).                                                 (𝟏𝟒′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟑. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒂𝒑𝒂𝒘𝒂 + 𝒃𝒑𝒃𝒘𝒃 + 𝒄𝒑𝒄𝒘𝒄 ≤
𝒔

𝟐
(𝒔𝟐 + 𝟓𝒓𝟐 + 𝟐𝑹𝒓).                                     (𝟏𝟓′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟒. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

(𝒃 + 𝒄)𝒑𝒂𝒘𝒂 + (𝒄 + 𝒂)𝒑𝒃𝒘𝒃 + (𝒂 + 𝒃)𝒑𝒄𝒘𝒄 ≤
𝒔

𝟐
(𝟓𝒔𝟐 − 𝟏𝟏𝒓𝟐 − 𝟐𝟔𝑹𝒓).               (𝟏𝟔′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟓. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

√𝒑𝒂𝒘𝒂 + √𝒑𝒃𝒘𝒃 + √𝒑𝒄𝒘𝒄 ≤ 𝒎𝒂 + 𝒎𝒃 + 𝒎𝒄.                                     (𝟏𝟕′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟔. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

√𝒑𝒂𝒘𝒂 + √𝒑𝒃𝒘𝒃 + √𝒑𝒄𝒘𝒄 ≤ 𝟒𝑹 + 𝒓.                                             (𝟏𝟖′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟕. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒘𝒂 + 𝒘𝒃 + 𝒘𝒄 ≤
𝒎𝒂

𝟐

𝒑𝒂
+

𝒎𝒃
𝟐

𝒑𝒃
+

𝒎𝒄
𝟐

𝒑𝒄
≤ 𝒎𝒂 + 𝒎𝒃 + 𝒎𝒄.                             (𝟏𝟗′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟖. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 
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𝒑𝒂 + 𝒑𝒃 + 𝒑𝒄 ≤
𝒎𝒂

𝟐

𝒘𝒂
+

𝒎𝒃
𝟐

𝒘𝒃
+

𝒎𝒄
𝟐

𝒘𝒄
.                                               (𝟐𝟎′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟗. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒑𝒂

𝒎𝒂
+

𝒑𝒃

𝒎𝒃
+

𝒑𝒄

𝒎𝒄
≤

𝒎𝒂

𝒘𝒂
+

𝒎𝒃

𝒘𝒃
+

𝒎𝒄

𝒘𝒄
.   (𝑺𝒐𝒖𝒎𝒂𝒗𝒂 𝑪𝒉𝒂𝒌𝒓𝒂𝒃𝒐𝒓𝒕𝒚)                  (𝟐𝟏′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟏𝟎. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

𝒑𝒂𝒘𝒂

𝒉𝒂𝒎𝒂
+

𝒑𝒃𝒘𝒃

𝒉𝒃𝒎𝒃
+

𝒑𝒄𝒘𝒄

𝒉𝒄𝒎𝒄
≤

𝒎𝒂

𝒉𝒂
+

𝒎𝒃

𝒉𝒃
+

𝒎𝒄

𝒉𝒄
≤

𝟑𝑹

𝟐𝒓
.   (𝑺𝒐𝒖𝒎𝒂𝒗𝒂 𝑪𝒉𝒂𝒌𝒓𝒂𝒃𝒐𝒓𝒕𝒚)         (𝟐𝟐′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

          𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝟏𝟏. 𝐅𝐨𝐫 𝐚𝐧𝐲 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪, 𝐰𝐞 𝐡𝐚𝐯𝐞 

√𝒑𝒂𝒘𝒂

𝒉𝒂
+

√𝒑𝒃𝒘𝒃

𝒉𝒃
+

√𝒑𝒄𝒘𝒄

𝒉𝒄
≤

𝒎𝒂

𝒉𝒂
+

𝒎𝒃

𝒉𝒃
+

𝒎𝒄

𝒉𝒄
≤

𝟑𝑹

𝟐𝒓
.                                     (𝟐𝟑′) 

𝐄𝐪𝐮𝐚𝐥𝐢𝐭𝐲 𝐡𝐨𝐥𝐝𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐭𝐡𝐞 𝐭𝐫𝐢𝐚𝐧𝐠𝐥𝐞 𝑨𝑩𝑪 𝐢𝐬 𝐞𝐪𝐮𝐢𝐥𝐚𝐭𝐞𝐫𝐚𝐥. 

In this part, we will use the Theorem 4. to obtain new results; 

 After summation we obtain ∑ pala≤∑ ma
2 

∑ 𝐦𝐚
𝟐 =

𝟑

𝟒
(𝐚𝟐 + 𝐛𝟐 + 𝐜𝟐) →

𝟒

𝟑
 ∑ 𝐩𝐚𝐥𝐚≤ 𝐚𝟐 + 𝐛𝟐 + 𝐜𝟐 (1) 

We use well-known identity: ma
2 = rbrc +

1

4
(b − c)2 (and analogs) and we obtain: 

𝟏

𝟐
⎹ b-c⎹ ≥√𝐩𝐚𝐥𝐚 − 𝐫𝐛𝐫𝐜 (and analogs) (2) 

We use 4ma
2 = na

2 + ga
2 + 2rbrc (and analogs) [4] and obtain: 

𝐧𝐚
𝟐 + 𝐠𝐚

𝟐 ≥4𝐩𝐚𝐥𝐚 − 𝟐𝐫𝐛𝐫𝐜 (and analogs) (3) 

From (3) we obtain : 

 𝐧𝐚 + 𝐠𝐚 ≥ √𝟒𝐩𝐚𝐥𝐚 + 𝟐𝐧𝐚𝐠𝐚 − 𝟐𝐫𝐛𝐫𝐜 (and analogs) (4) 

But naga ≥ mala (and analogs) and from (4) we obtain: 
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 𝐧𝐚 + 𝐠𝐚 ≥ √𝟒𝐩𝐚𝐥𝐚 + 𝟐𝐦𝐚𝐥𝐚 − 𝟐𝐫𝐛𝐫𝐜 (and analogs) (5) 

But (b − c)2=(na − ga)2+2(naga − rbrc) (and analogs) and (2) we obtain: 

 𝐧𝐚 − 𝐠𝐚 ≥ √⎹ 𝟒𝐩𝐚𝐥𝐚 − 𝟐𝐧𝐚𝐠𝐚 − 𝟐𝐫𝐛𝐫𝐜⎹ (and analogs) (6) 

From (4) and (6) after summation we obtain: 

2𝐧𝐚 ≥√𝟒𝐩𝐚𝐥𝐚 + 𝟐𝐧𝐚𝐠𝐚 − 𝟐𝐫𝐛𝐫𝐜+√⎹ 𝟒𝐩𝐚𝐥𝐚 − 𝟐𝐧𝐚𝐠𝐚 − 𝟐𝐫𝐛𝐫𝐜⎹  (and analogs) (7) 

𝟒𝐦𝐚
𝟐=2(𝐛𝟐 + 𝐜𝟐) −  𝐚𝟐 ≥ 𝟒𝐩𝐚𝐥𝐚  → 𝐛𝟐 + 𝐜𝟐 ≥

𝟏

𝟐
(𝟒𝐩𝐚𝐥𝐚 + 𝐚𝟐) (and analogs) (8) 

From (8) we obtain :  
b

c
+

c

b
≥

4pala+a2

2bc
 (and analogs) 

But 
sin(A+ω)

sin ω
 =

b

c
+

c

b
 (and analogs)(Traian Lalescu)[5] 

ω-Brocard angle in ∆ABC, We obtain:  

𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
≥

𝟒𝐩𝐚𝐥𝐚+𝐚𝟐

𝟐𝐛𝐜
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(9) 

From (9) we obtain: 

𝟏

𝐬𝐢𝐧 𝛚
≥

𝟒𝐩𝐚𝐥𝐚 + 𝐚𝟐

𝟐𝐛𝐜
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟏𝟎) 

Triangle ABC with sides a, b, c and triangle with sides 𝑚𝑎, 𝑚𝑏 , 𝑚𝑐 have same Brocard 

angle; [6] From 
1

sin 𝜔
≥

sin(A+ω)

sin ω
 =

b

c
+

c

b
 and theorem above we obtain: 

1

sin 𝜔
≥

𝑚𝑏

𝑚𝑐
+

𝑚𝑐

𝑚𝑏
 (and analogs) and from (10) we obtain: 

𝟏

𝐬𝐢𝐧 𝛚
≥

𝟏

𝟐
(

𝟒𝐩𝐚𝐥𝐚+𝐚𝟐

𝟐𝐛𝐜
+

𝐦𝐛

𝐦𝐜
+

𝐦𝐜

𝐦𝐛
)(and analogs) (11) 

𝟏

𝐬𝐢𝐧 𝛚
≥

𝟏

𝟐
(

𝟒𝐩𝐚𝐥𝐚+𝐚𝟐

𝟐𝐛𝐜
+

𝐦𝐛

𝐦𝐚
+

𝐦𝐚

𝐦𝐛
)(and analogs) (12) 

𝟏

𝐬𝐢𝐧 𝛚
≥ √

𝟒𝐩𝐚𝐥𝐚+𝐚𝟐

𝟐𝐛𝐜
(

𝐦𝐛

𝐦𝐜
+

𝐦𝐜

𝐦𝐛
)(and analogs) (13) 

𝟏

𝐬𝐢𝐧 𝛚
≥ √

𝟒𝐩𝐚𝐥𝐚+𝐚𝟐

𝟐𝐛𝐜
(

𝐦𝐛

𝐦𝐚
+

𝐦𝐚

𝐦𝐛
)(and analogs) (14) 

From 𝑝𝑎𝑙𝑎 ≤ 𝑚𝑎
2  (and analogs) and 

ma
2

ha
2 =1+

(b2−c2)2

16S2 (and analogs) and  

2S=aha = bhb = chc , b2 − c2 = (b + c)(b − c) we obtain: 
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𝐛+𝐜

𝟐𝐚
⎹ b-c⎹≥√𝐩𝐚𝐥𝐚 − 𝐡𝐚

𝟐 (and analogs) (15) 

From pala ≤ ma
2 (and analogs) and ∑

𝑚𝑎
2

ℎ𝑎
2 =1+

1

2sin2ω
 we obtain: 

1+
𝟏

𝟐𝐬𝐢𝐧𝟐𝛚
≥ ∑

𝐩𝐚𝐥𝐚

𝐡𝐚
𝟐  (16) 

From Catalan inequality: 

𝑎2b (a−b)+𝑏2c (b−c) + 𝑐2a (c−a) ≥ 0 

→ 𝑎3𝑏 + 𝑏3𝑐 + 𝑐3𝑎≥𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 →
a3b+b3c+c3a

4S2 ≥
a2b2+b2c2+c2a2

4S2 =
1

sin2ω
 

→
𝑎𝑏

ha
2 +

𝑏𝑐

hb
2 +

𝑐𝑎

hc
2 ≥

1

sin2ω
 and (16) we obtain: 

1+
𝟏

𝟐
(

𝒂𝒃

𝐡𝐚
𝟐 +

𝒃𝒄

𝐡𝐛
𝟐 +

𝒄𝒂

𝐡𝐜
𝟐) ≥ ∑

𝐩𝐚𝐥𝐚

𝐡𝐚
𝟐 (17) 

From 4ma=2√2(b2 + c2) −  a2 (and analogs) and using AM-GM we obtain: 

4𝑚𝑎√𝑎2 + 𝑏2 + 𝑐2≤2(𝑏2 + 𝑐2) −  𝑎2 + 𝑎2 + 𝑏2 + 𝑐2=3(𝑏2 + 𝑐2) and  

𝑚𝑎 ≥ √𝑝𝑎𝑙𝑎(and analogs) we obtain: 

𝟒

𝟑
√𝐩𝐚𝐥𝐚(𝐚𝟐 + 𝐛𝟐 + 𝐜𝟐)≤𝐛𝟐 + 𝐜𝟐 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(𝟏𝟖) 

We know that bc=2Rha(and analogs) and from (18) we obtain: 

𝟐
√𝐩𝐚𝐥𝐚

𝐡𝐚
 
√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
 ≤

𝐬𝐢𝐧(𝐀+𝛚)

𝐬𝐢𝐧 𝛚
 =

𝐛

𝐜
+

𝐜

𝐛
 (19) 

From (19) we obtain: 

2max{
√𝒑𝒂𝒍𝒂

𝐡𝐚
,

√𝒑𝒃𝒍𝒃

𝐡𝐛
,

√𝒑𝒄𝒍𝒄

𝐡𝐜
}

√𝒂𝟐+𝒃𝟐+𝒄𝟐

𝟑𝑹
≤

𝟏

𝐬𝐢𝐧 𝝎
 (20) 

From (19) after summation we obtain: 

𝟐√𝒂𝟐+𝒃𝟐+𝒄𝟐

𝟑𝑹
∑

√𝒑𝒂𝒍𝒂

𝐡𝐚
≤

𝐛+𝐜

𝐚
+

𝐚+𝐜

𝐛
+

𝐚+𝐛

𝐜
 (21) 

From (21) and 2S=aha = bhb = chc , 
𝑏

𝑐
=

hc

hb
 (and analogs) we obtain: 

𝟐√𝒂𝟐+𝒃𝟐+𝒄𝟐

𝟑𝑹
∑

√𝒑𝒂𝒍𝒂

𝐡𝐚
≤∑

𝐡𝐛+𝐡𝐛

𝐡𝐚
 (22) 

From (19) we obtain: 
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𝟐√𝐚𝟐+𝐛𝟐+𝐜𝟐

𝟑𝐑
∑

√𝐩𝐚𝐥𝐚

𝐡𝐚
≤∑

𝐬𝐢𝐧(𝑨+𝝎)

𝐬𝐢𝐧 𝝎
 (23) 

We proved 
1

sin 𝜔
≥

mb

hb
+

𝑚𝑐

hc
 (and analogs) [7,8] and from 𝑚𝑎 ≥ √𝑝𝑎𝑙𝑎 (and analogs) we 

obtain: 

𝟏

𝐬𝐢𝐧 𝛚
≥

√𝐩𝐛𝐥𝐛 

𝐡𝐛
+

√𝐩𝐜𝐥𝐜 

𝐡𝐜
 (and analogs) (24) 

From la =
2√bc

b+c
√p(p − a)=

2√bc

b+c
√rbrc →

1

2
(√

b

c
+ √

c

b
)=

√rbrc

la
 (and analogs) 

4
𝑟𝑏𝑟𝑐

𝑙𝑎
2 =2+

𝑏

𝑐
+

𝑐

𝑏
= 2 +

sin(𝐴+𝜔)

sin 𝜔
 and using (9) we obtain: 

𝟒
𝐫𝐛𝐫𝐜

𝐥𝐚
𝟐 ≥2+

𝟒𝐩𝐚𝐥𝐚+𝐚𝟐

𝟐𝐛𝐜
(and analogs) (25) 

From mala ≥ p(p − a) =  rbrc(and analogs)(Panaitopol) and (25) we obtain: 

𝟒
𝐦𝐚

𝐥𝐚
≥2+

𝟒𝐩𝐚𝐥𝐚+𝐚𝟐

𝟐𝐛𝐜
(and analogs) (26) 

(𝑎2 + 𝑏2)(𝑎2 + 𝑐2) ≥ (𝑎𝑏 + 𝑎𝑐)2(C.B.S inequality) 

mb ≥
a2+c2

4R
(and analogs) (Tereshin Inequality), ac=2Rhb(and analogs) 

After simple manipulations we obtain: 

2√mbmc≥hb + hc (and analogs) and using ma ≥ √pala (and analogs) we obtain after 

summation: 

3√𝐦𝐛𝐦𝐜≥𝐡𝐛 + 𝐡𝐜 + √𝐩𝐜𝐥𝐜𝐩𝐛𝐥𝐛
𝟒  (and analogs) (27) 

From  na + ga ≥ 2ma(and analogs)[9] 

   2ma ≥ 2√pala (and analogs) we obtain: 

 𝐧𝐚 + 𝐠𝐚 ≥ 𝟐√𝐩𝐚𝐥𝐚(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(28) 

From (28) and  na + ga ≥2√naga(and analogs) after summation we obtain: 

 𝐧𝐚 + 𝐠𝐚 ≥ √𝐩𝐚𝐥𝐚 + √𝐧𝐚𝐠𝐚(and analogs) (29) 

From 
1

2
(⎹ b−c⎹+⎹ a−c⎹+⎹ b−a⎹ )=max(a, b, c) −min (a, b, c) and (2) we obtain: 

max (a, b, c) −𝐦𝐢𝐧 (𝐚, 𝐛, 𝐜) ≥ ∑ √𝐩𝐚𝐥𝐚 − 𝐫𝐛𝐫𝐜(30) 

From mala ≥ p(p − a) =  rbrc(and analogs)(Panaitopol) and (2) we obtain: 
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𝟏

𝟐
⎹ b-c⎹≥√𝐥𝐚(𝐩𝐚 − 𝐦𝐚)(and analogs) (31) 

From (31) after summation we obtain:  

max (a, b, c) −𝐦𝐢𝐧 (𝐚, 𝐛, 𝐜) ≥ ∑ √𝐥𝐚(𝐩𝐚 − 𝐦𝐚)(32) 

We use the identity: 
na

2

ha
2 = 1 +

(b−c)2

4r2
(and analogs) and (2) and obtain: 

𝐧𝐚 

𝐡𝐚
≥ 

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜

𝐫
(and analogs) (33) 

From (33) and mala ≥ p(p − a) =  rbrc(and analogs)(Panaitopol) we obtain: 

𝐧𝐚 

𝐡𝐚
≥

√𝐫𝟐+𝐥𝐚(𝐩𝐚−𝐦𝐚)

𝐫
(and analogs) (34) 

From (33) and 
1

ha
+

1

hb
+

1

hc
=

1

r
 after summation we obtain: 

1≥ ∑
√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜

𝐧𝐚
 (35) 

From (35) and mala ≥ p(p − a) =  rbrc(and analogs)(Panaitopol) we obtain: 

1≥ ∑
√𝐫𝟐+𝐥𝐚(𝐩𝐚−𝐦𝐚)

𝐧𝐚
(36) 

From (33) →
na

√r2+pala−rbrc
≥

ha

r
 and after summation we obtain: 

∑
𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
≥

𝐡𝐚+𝐡𝐛+𝐡𝐜

𝐫
 (37) 

2S=2pr=aha → (a + b + c)r = aha →
ha

r
= 1 +

b+c

a
 (and analogs) 

→
𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
≥𝟏 +

𝐛+𝐜

𝐚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(38) 

From (38) we obtain: 

∏ (
𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏)≥

(𝐚+𝐛)(𝐛+𝐜)(𝐚+𝐜)

𝐚𝐛𝐜
(39) 

From la =
2√bc

b+c
√p(p − a)=

2√bc

b+c
√rbrc → lalblc=

8abc

(a+b)(b+c)(a+c)
rarbrc and using (39) 

 we obtain: 

𝟏

𝟖
∏ (

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏)≥

𝐫𝐚𝐫𝐛𝐫𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
(40) 
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R

2r
=

rarbrc

hahbhc
=

rarbrc

lalblc
 

lalblc

hahbhc
 and using (40) we obtain: 

𝐥𝐚𝐥𝐛𝐥𝐜

𝐡𝐚𝐡𝐛𝐡𝐜
∏ (

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏)≥ 

𝟒𝐑

𝐫
 (41) 

We proved 
R

r
≥

mb

hc
+

mc

hb
 (and analogs)[8] and using (41) we obtain: 

𝐥𝐚𝐥𝐛𝐥𝐜

𝐡𝐚𝐡𝐛𝐡𝐜
∏ (

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏) ≥ 𝟒𝐦𝐚𝐱 {

𝐦𝐛

𝐡𝐜
+

𝐦𝐜

𝐡𝐛
,

𝐦𝐛

𝐡𝐚
+

𝐦𝐚

𝐡𝐛
,

𝐦𝐚

𝐡𝐜
+

𝐦𝐜

𝐡𝐚
}(42) 

From ra=
S

p−a
 ; p − a=

b+c−a

2
 → ra =

2S

b+c−a
 ;2S= aha →

ra

ha
=

a

b+c−a
 (and analogs) 

ha

ra
 =

b+c−a

a
 →

b+c

a
=1+

ha

ra
 (and analogs) and using (38) we obtain: 

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟐≥

𝐡𝐚

𝐫𝐚
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(43) 

𝐫𝐚

𝐡𝐚
≥ [

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟐]

−𝟏

(and analogs) →
𝐑

𝟐𝐫
≥∏ [

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟐]

−𝟏

(44) 

sin2 A

2
=

r

2R
 
ra

ha
=

ra−r

4R
 (and analogs) →

ra

ha
=

ra−r

2r
 (and analogs) 

ra + rb + rc = 4R + r → ∑
ra

ha
=

2R−r

r
 ,we obtain: 

𝟐𝐑

𝐫
≥1+∑ [

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟐]

−𝟏

(45) 

From (44) and (45) we obtain: 

(
R

r
)

2

≥q1q2  (46) where q1 = ∏ [
na

√r2+pala−rbrc
− 2]

−1

 

     q2 =1+∑ [
na

√r2+pala−rbrc
− 2]

−1

 

From 
ra

ha
≥ [

na

√r2+pala−rbrc
− 2]

−1

(and analogs) and ra + rb + rc = 4R + r we obtain: 4R +

𝐫≥∑ 𝐡𝐚 [
𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟐]

−𝟏

(47) 

Can be proved that: 
b+c

a
=

ra+r

ra−r
 (and analogs) and using (38) we obtain: 

(
𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏) (𝐫𝐚 − 𝐫)≥ 𝐫𝐚 + 𝐫 (and analogs) (48) 
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From (48) after summation we obtain: 

∑ (
𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏) (𝐫𝐚 − 𝐫) ≥ 4(R+r) (49) 

Now we use the well-known relation: 

cos
B−C

2
=

ha

la
 =

b+c

a
sin

A

2
(and analogs) and using (38) we obtain: 

𝐬𝐢𝐧
𝐀

𝟐
(

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏) ≥

𝐡𝐚

𝐥𝐚
 (and analogs) (50) 

From (50) after summation we obtain: 

∑ 𝐬𝐢𝐧
𝐀

𝟐
(

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏)≥∑

𝐡𝐚

𝐥𝐚
(51) 

We use 
b+c

a
=√

2R

r

ha

la
√

ha

ra
 (and analogs) [10] and the inequality: 

√
2R

r
≥

ra+rb+rc

ma+mb+mc
+

p√3

ha+hb+hc
 [11], we obtain: 

𝐥𝐚

𝐡𝐚
(

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏) ≥ √

𝐡𝐚

𝐫𝐚
(

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
+

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
)(and analogs) (52) 

From (52) after summation we obtain: 

∑
𝐥𝐚

𝐡𝐚
(

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏) ≥ (

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
+

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
) ∑ √

𝐡𝐚

𝐫𝐚
(53) 

Using (38), 
b+c

a
=√

2R

r

ha

la
√

ha

ra
 (and analogs), 

 √
2R

r
≥

p√3

ha+hb+hc
+ √

ra+rb+rc

ha+hb+hc

√rarb+√rbrc+√rarc

la+lb+lc
 [11] we obtain: 

∑
𝐥𝐚

𝐡𝐚
(

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏) ≥ (

𝐩√𝟑

𝐡𝐚+𝐡𝐛+𝐡𝐜
+ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐚𝐫𝐛+√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜

𝐥𝐚+𝐥𝐛+𝐥𝐜
) ∑ √

𝐡𝐚

𝐫𝐚
(54) 

Using (38), 
b+c

a
=√

2R

r

ha

la
√

ha

ra
 (and analogs), 

√
2R

r
≥

ra+rb+rc

ma+mb+mc
+ √

ra+rb+rc

ha+hb+hc

√rarb+√rbrc+√rarc

la+lb+lc
 [11], we obtain: 

∑
𝐥𝐚

𝐡𝐚
(

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏) ≥ (

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐦𝐚+𝐦𝐛+𝐦𝐜
+ √

𝐫𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚+𝐡𝐛+𝐡𝐜

√𝐫𝐚𝐫𝐛+√𝐫𝐛𝐫𝐜+√𝐫𝐚𝐫𝐜

𝐥𝐚+𝐥𝐛+𝐥𝐜
, ) ∑ √

𝐡𝐚

𝐫𝐚
(55) 
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Using (38), 
b+c

a
=√

2R

r

ha

la
√

ha

ra
 (and analogs), √

2R

r
≥ √

na

ra
+ √

ra

na
(and analogs) [11] we 

obtain: 

∑
𝐥𝐚

𝐡𝐚
(

𝐧𝐚

√𝐫𝟐+𝐩𝐚𝐥𝐚−𝐫𝐛𝐫𝐜
− 𝟏) ≥ ∑ √

𝐡𝐚

𝐫𝐚
 (√

𝐧𝐚

𝐫𝐚
+ √

𝐫𝐚

𝐧𝐚
)(56) 

From (15), 
b+c

a
=√

2R

r

ha

la
√

ha

ra
 (and analogs) we obtain: 

√
𝐑

𝟐𝐫
 ⎹ b-c⎹ ≥

𝐥𝐚

𝐡𝐚
√

𝐫𝐚

𝐡𝐚
(𝐩𝐚𝐥𝐚 − 𝐡𝐚

𝟐)(and analogs) (57) 

From (57) after summation we obtain: 

√
𝐑

𝟐𝐫
( ⎹ 𝐛 − 𝐜⎹ + ⎹ 𝐚 − 𝐜⎹ + ⎹ 𝐛 − 𝐚⎹ )≥∑

𝐥𝐚

𝐡𝐚
√

𝐫𝐚

𝐡𝐚
(𝐩𝐚𝐥𝐚 − 𝐡𝐚

𝟐)(58) 

1

2
(⎹ b−c⎹+⎹ a−c⎹+⎹ b−a⎹ ) =max(a, b, c) −min (a, b, c) we obtain: 

√
𝟐𝐑

𝐫
[𝐦𝐚𝐱(𝐚, 𝐛, 𝐜)  − 𝐦𝐢𝐧 (𝐚, 𝐛, 𝐜) ]≥∑

𝐥𝐚

𝐡𝐚
√

𝐫𝐚

𝐡𝐚
(𝐩𝐚𝐥𝐚 − 𝐡𝐚

𝟐)(59) 

From (9) and 2(2√
mambmc

lahbhc
− 1)≥

sin(A+ω)

sin ω
(and analogs)[7] we obtain: 

𝟐√
𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐡𝐛𝐡𝐜
≥ 𝟏 +

𝟒𝐩𝐚𝐥𝐚+𝐚𝟐

𝟒𝐛𝐜
(and analogs) (60) 
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