
 
U.2531  If 𝒎 ≥ 𝟎 and 𝒙, 𝒚, 𝒛 > 𝟎, then 

𝒙𝟒𝒎+𝟑

𝒙 + 𝟐𝒚
+

𝒚𝟒𝒎+𝟑

𝒚 + 𝟐𝒛
+

𝒛𝟒𝒎+𝟑

𝒛 + 𝟐𝒙
≥ (𝒙𝟐𝒚𝟐𝒛𝟐)

𝟐𝒎+𝟏
𝟑  

Proposed by D.M.Bătinețu-Giurgiu – Romania 

 Solution by Titu Zvonaru-Romania 

Applying Radon’s inequality and 𝑨𝑴 − 𝑮𝑴 inequality, it follows that 

𝒙𝟒𝒎+𝟑

𝒙 + 𝟐𝒚
+

𝒚𝟒𝒎+𝟑

𝒚 + 𝟐𝒛
+

𝒛𝟒𝒎+𝟑

𝒛 + 𝟐𝒙
=

𝒙𝟒𝒎+𝟒

𝒙𝟐 + 𝟐𝒙𝒚
+

𝒚𝟒𝒎+𝟒

𝒚𝟐 + 𝟐𝒚𝒛
+

𝒛𝟒𝒎+𝟒

𝒛𝟐 + 𝟐𝒛𝒙
= 

=
(𝒙𝟐𝒎+𝟐)𝟐

𝒙𝟐 + 𝟐𝒙𝒚
+

(𝒚𝟐𝒎+𝟐)𝟐

𝒚𝟐 + 𝟐𝒚𝒛
+

(𝒛𝟐𝒎+𝟐)𝟐

𝒛𝟐 + 𝟐𝒛𝒙
≥

(𝒙𝟐𝒎+𝟐 + 𝒚𝟐𝒎+𝟐 + 𝒚𝟐𝒎+𝟐)𝟐

𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝟐𝒙𝒚 + 𝟐𝒚𝒛 + 𝟐𝒛𝒙
    (𝟏) 

By Power Mean inequality we obtain: 

(
𝒙𝟐𝒎+𝟐 + 𝒚𝟐𝒎+𝟐 + 𝒛𝟐𝒎+𝟐

𝟑
)

𝟏
𝟐(𝒎+𝟏)

≥
𝒙 + 𝒚 + 𝒛

𝟑
 

⟺ 𝟑𝟐𝒎+𝟏(𝒙𝟐𝒎+𝟐 + 𝒚𝟐𝒎+𝟐 + 𝒛𝟐𝒎+𝟐) ≥ (𝒙 + 𝒚 + 𝒛)𝟐(𝒎+𝟏)         (𝟐) 

Using (𝟏) and (𝟐) it results that 

𝒙𝟒𝒎+𝟑

𝒙 + 𝟐𝒚
+

𝒚𝟒𝒎+𝟑

𝒚 + 𝟐𝒛
+

𝒛𝟒𝒎+𝟑

𝒛 + 𝟐𝒙
≥

(𝒙𝟐𝒎+𝟐 + 𝒚𝟐𝒎+𝟐 + 𝒚𝟐𝒎+𝟐)𝟐

(𝒙 + 𝒚 + 𝒛)𝟐
≥ 

≥
(𝒙 + 𝒚 + 𝒛)𝟒𝒎+𝟒

𝟑𝟒𝒎+𝟐(𝒙 + 𝒚 + 𝒛)𝟐
=

(𝒙 + 𝒚 + 𝒛)𝟒𝒎+𝟐

𝟑𝟒𝒎+𝟐
≥

𝟑𝟒𝒎+𝟐(𝒙𝒚𝒛)
𝟒𝒎+𝟐

𝟑

𝟑𝟒𝒎+𝟐
= (𝒙𝟐𝒚𝟐𝒛𝟐)

𝟐𝒎++
𝟑 . 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛. 

 


