
 
U.2566 If 𝒙, 𝒚, 𝒛 > then: 

(𝒙 + 𝒚)(𝟐𝒛 + 𝒙 + 𝒚)(𝒚 + 𝒛)(𝟐𝒙 + 𝒚 + 𝒛)(𝒛 + 𝒙)(𝟐𝒚 + 𝒛 + 𝒙) ≥ 𝟓𝟏𝟐𝒙𝟐𝒚𝟐𝒛𝟐 

Proposed by Daniel Sitaru – Romania 

Solutions by Titu Zvonaru-Romania 

Solution 1: Applying Cesaro’s inequality it follows that: 

(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) ≥ 𝟖𝒙𝒚𝒛   (𝟏) 

(𝟐𝒛 + 𝒙 + 𝒚)(𝟐𝒙 + 𝒚 + 𝒛)(𝟐𝒚 + 𝒛 + 𝒙) = 

= ((𝒙 + 𝒚) + (𝒙 + 𝒛))((𝒙 + 𝒛) + (𝒚 + 𝒛))((𝒚 + 𝒛) + (𝒙 + 𝒚)) ≥ 

≥ 𝟖(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) ≥ 𝟔𝟒𝒙𝒚𝒛     (𝟐) 

Multiplying (𝟏) and (𝟐) it results that 

(𝒙 + 𝒚)(𝟐𝒛 + 𝒙 + 𝒚)(𝒚 + 𝒛)(𝟐𝒙 + 𝒚 + 𝒛)(𝒛 + 𝒙)(𝟐𝒚 + 𝒛 + 𝒙) ≥ 

≥ (𝟖𝒙𝒚𝒛)(𝟔𝟒𝒙𝒚𝒛) = 𝟓𝟏𝟐𝒙𝟐𝒚𝟐𝒛𝟐. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛. 

Solution 2. Applying 𝑨𝑴 − 𝑮𝑴 inequality we get: 

𝒚 + 𝒛 ≥ 𝟐(𝒚𝒛)
𝟏
𝟐, 𝟐𝒙 + 𝒚 + 𝒛 = 𝒙 + 𝒙 + 𝒚 + 𝒛 ≥ 𝟒(𝒙𝟐𝒚𝒛)

𝟏
𝟒, 

Hence 

(𝒚 + 𝒛)(𝟐𝒙 + 𝒚 + 𝒛) ≥ 𝟖𝒙
𝟏
𝟐𝒚

𝟑
𝟒𝒛

𝟑
𝟒    (𝟑) 

and similarly 

(𝒛 + 𝒙)(𝟐𝒚 + 𝒛 + 𝒙) ≥ 𝟖𝒚
𝟏
𝟐𝒛

𝟑
𝟒𝒙

𝟑
𝟒    (𝟒)    (𝒙 + 𝒚)(𝟐𝒛 + 𝒙 + 𝒚) ≥ 𝟖𝒛

𝟏
𝟐𝒙

𝟑
𝟒𝒚

𝟑
𝟒    (𝟓) 

Since 
𝟏

𝟐
+

𝟑

𝟒
+

𝟑

𝟒
= 𝟐, mutiplying (𝟑), (𝟒) and (𝟓) yields 

(𝒙 + 𝒚)(𝟐𝒛 + 𝒙 + 𝒚)(𝒚 + 𝒛)(𝟐𝒙 + 𝒚 + 𝒛)(𝒛 + 𝒙)(𝟐𝒚 + 𝒛 + 𝒙) ≥ 𝟓𝟏𝟐𝒙𝟐𝒚𝟐𝒛𝟐. 


