
 
U.2575 If 𝒙, 𝒚, 𝒛, 𝒕 > 𝟎, 𝒙𝒚𝒛𝒕 = 𝟏 then: 

(𝒙 + 𝒚 + 𝒛 + 𝒕)𝟐 ≤ 𝟐 (𝒙𝒚 +
𝟏

𝒙𝒚
) (𝒙𝒛 +

𝟏

𝒙𝒛
) (𝒙𝒕 +

𝟏

𝒙𝒕
) 

Proposed by Daniel Sitaru – Romania 

Solution by Titu Zvonaru-Romania 

Since 𝒙𝒚𝒛 = 𝟏, we have: 

𝟐 (𝒙𝒚 +
𝟏

𝒙𝒚
) (𝒙𝒛 +

𝟏

𝒙𝒛
) (𝒙𝒕 +

𝟏

𝒙𝒕
) − (𝒙 + 𝒚 + 𝒛 + 𝒕)𝟐 = 

= 𝟐(𝒙𝒚 + 𝒛𝒕)(𝒙𝒛 + 𝒚𝒕)(𝒙𝒕 + 𝒚𝒛) − (𝒙 + 𝒚 + 𝒛 + 𝒕)𝟐 = 

= 𝟐(𝒙𝟐𝒚𝒛 + 𝒙𝒚𝟐𝒕 + 𝒙𝒛𝟐𝒕 + 𝒚𝒛𝒕𝟐)(𝒙𝒕 + 𝒚𝒛) − (𝒙 + 𝒚 + 𝒛 + 𝒕)𝟐 = 

= 𝟐𝒙𝟐 + 𝟐𝒙𝟐𝒚𝟐𝒛𝟐 + 𝟐𝒙𝟐𝒚𝟐𝒕𝟐 + 𝟐𝒚𝟐 + 𝟐𝒙𝟐𝒛𝟐𝒕𝟐 + 𝟐𝒛𝟐 + 𝟐𝒕𝟐 + 𝟐𝒚𝟐𝒛𝟐𝒕𝟐 − 𝒙𝟐 − 𝒚𝟐 − 𝒛𝟐

− 𝒕𝟐 − 𝟐𝒙𝒚 − 𝟐𝒙𝒛 − 𝟐𝒙𝒕 − 𝟐𝒚𝒛 − 𝟐𝒚𝒕 − 𝟐𝒛𝒕 = 

= 𝒙𝟐𝒚𝟐(𝒛 − 𝒕)𝟐 + 𝒙𝟐𝒕𝟐(𝒚 − 𝒛)𝟐 + 𝒛𝟐𝒕𝟐(𝒙 − 𝒚)𝟐 + 𝒚𝟐𝒛𝟐(𝒕 − 𝒙)𝟐 + (𝒙 − 𝒛)𝟐 + (𝒚 − 𝒕)𝟐 ≥ 𝟎. 

Equality holds if and only if 𝒙 = 𝒚 = 𝒛 = 𝒕 = 𝟏. 


