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1701. Suppose that: ZDBA = 20°; 2«DAB = 30°; z.DBC = 40°; £DAC = 60°

Prove that: ZDEC = 140°

C,

Proposed by Jafar Nikpour — Iran

Solution by Eric - Dimitrie Cismaru — Romania
We have <ABC = ¥<DBA + <DBC = 60°,<BAC = <DAB + <DBC = 90°,s0 AABCis a

right triangle and <BCA = 30°.

On the other hand, since E is the midpoint of BC, AE is a median in a right triangle, so
[AE] = [BE] = [EC], and since <EBA = 60°, ABEA is equilateral, so we have [BA] =
[AE]. The triangle AAEC is isosceles, so we have <EAC = <ECA = 30°.
Therefore, ADAB = ADAE, which leads us to <DEA = <DBA = 20°, and since
JAEC = 120°, we obtain <DEC = 140°, the conclusion.

(&
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1702.If: NX || AQ || PY |[= Prove that:

XN ZpP ;
NZ PY
A
N P
Q
B C
X Y

Proposed by Romeo Catalinoiu — Romania

Solution by Mirsadix Muzefferov — Azerbaijan

AABE and ABNX (They are similar)

Then: X = 2% (1)
AE BA

Also, AAEC and APYC (are similar)
(AE _ AC

‘or = pc 2
Multiply (1) and (2) side by side:

XN AE BN AC __ XN BN AC

2 2,22 (3)

AE PY BA PC PY BA PC
On the other hand, according to Tanasis Gakopoulos theorem, in AABC ...
(4)

Multiply (3) and (4) side by side:
XN NZ_(BN AC) (AB CP)

Then

NZ _BN CP  ZP _ AB CP
ZP  AB AC NZ BN AC

PY ZP \BA PC) \BN AC
1703. In AABC the following relationship holds:
bc - 12 ca-r; ab - r? 648r*

+ + =
1+ bccos(A) 1+ cacos(B) 1+ abcos(C) ~ 2 + 3R?
Proposed by Elsen Kerimov-Azerbaijan
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Solution by Mirsadix Muzefferov-Azerbaijan

bcr? N car; N abr? dividedby T2 N T}
1+ bccos(A) 1+ cacos(B) 1+ abcos(C) % 1+ cosA % + cosB
+ 1'% > (ra + Tp + rc)z

1 =71 1 1 -
ab + cosC (% + be + ac + cosA + cosB + cosC)

(rg+rp +7.)? B (4R + 1)? B (4R +1)? _(4-R+r)2-2RrEuler
~(a+b+c ry (.1 T\ 1+2Rr+2r2 1+4+2Rr+2r2 =~
( abc +1+R) (2Rr+1+R) 2Rr

Buler (9r)?-4r>  648r*

= 2 - 2
Rz 4241 2TOR

Equality holds fora = b = c.
1704. In AABC,A',B’, C' - middle points of the arcs BC, CA, AB respectively

made with the circumcircle of the triangle ABC the following relationship

holds:

6r AB BC CA
—<—t——t <
R ~AB BC CA

Proposed by Marian Ursarescu — Romania

3

Solution 1 by Tapas Das — India
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A',B’, C' are the mid points of arc BC,CA, AB so, AA’,BB’, CC' are the angle of bisector

From AABA’' we have

X

¢ 2R 2R si A
. A_Sinc_ =2 X = SlnE
smf

Now

/BIA = — (LA'BI + /BA'I) = Tt — (§+§) _C=m

A
~ LA'BI = £LAIB = —

~A'B=A'l =2R sing (analog)

From AA'IB', LAA'B’' = 2,433',4' - %‘

A+ B
AA’IB’=11'—(—)
2
. . A+B C
~ sin2ZA'IB’ = sin = CcoS—
2 2
(+A+B+C=mn)
From AA'IB’
. B
A'B’ IB’ A'B’ 2Rsm7
3 ! I: 3 Il I:> =
sin2A'IB'  sinzIAB" ~ C . B
2 2
C
~A'B" = 2R cos—
2
Now
AB+BC+CA_2(_A+_ B+_ (;')]ew:enzxs _ <A+B+C
25 50T ca " s1n2 sm2 sm2 < sin e
=6 -si n—6><1—3
= s1n6— 5=

Note f(x) = sin x is concave in (O, g)

1

AB+BC+CA —3 z . A>AM;GM6(1_[ ] A)§—6x r
AB BC CA ( siha) = sy ) = ( )_

4R

W =

):

6 RMM-GEOMETRY MARATHON 1701-1800
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1

r3 \3 Euler r3 6r
=6X|—— > 6X = —
r

AOB=AB =AC=CB =—+—=A+B=mw—C

AOA'B’ (Cosine Theorem)

A'B'?> = 0A'* + OB'>2-20A' - OB’ - cosA’0B =
= A'B?=R?*>+R?>+2R-RcosC—2R?*(1 +cos(C) =

C C C
= 2R? - 2 cos? 3= 4R? cos? 2 = A'B' = 2R cos 2

Similarly: 4'C’ = 2R cosE and B'C' = 2R cos‘—1

AB+BC+CA_ZZRs1nC ZZSm cos _ZZ _ZZ
AB " BC T CA = C sin sin

cyc 2R cos 5 7 oye cos cyc cyc

e L@
We must show that: &£ < 2 Zsm <3

bc ac

MA=MG 3 (oo Y (e
(1) ZSing > 3i/singsin§sin§= 3\/\/(5 b)(s C)-J(s D)(s C)~J(S a)(s—b)

7 RMM-GEOMETRY MARATHON 1701-1800
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_33 S2 —BS\F—; r  3r R2>2r 3r  3r
" J4RS-s “N4R T 4Rr? 34z T [ gz R
/4R—
4

_A>3r 9 =2 _A>6r
— — . = — R
=>Esm2_R| Esmz_R

4 Jensen A, B.C
(2) Zsinz < 35in% = 3 sin

A+B+C

. 3 . A
=3sin-=-=2Ysin-< 3
6 2 2

1705. In AABC the following relationship holds:

cotAcotB cotC 8

<
sinAsinBsinC 27

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Note:InAABC,A+ B+ C = m,sin 2A + sin 2B + sin 2C
= 2sin(4 + B) cos(A— B) + sin2C

= 2sinC [cos(A— B) — cos(4A + B)] = 4sin Asin B sin C.
AM—-GM
Case 1 Let the triangle acute,then 4sinAsinBsinC. > 33/sin2A. sin2B. sin2C or

4 - 3'\/sinZA.sinZB.SinZC 3 (cotA cot B cot C) 2 - i/cotA cotBcotC
= or—
> 32

sin Asin B sin C sinAsin BsinC or
8 - cotAcotBcotC

27 = sin A sin B sin C

3 sin3A.sin3 Bsin3 C

Case2 for non acute triangle 1_[ cotA < 0and

8 T
1_[ sin A > 0 so the given expression < 0 < 27 equality forA=B=C = 3

1706. In AABC the following relationship holds:

A-B B-C C-A__ A B _C
cos 2 cos 2 cos 2 = SlﬂZSlTlZSlnz

Proposed by Nguyen Hung Cuong-Vietnam

8 RMM-GEOMETRY MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Mirsadix Muzefferov-Azerbaijan

A-B B-C C—A>8 A B C
€os——cos— —cos— — 2 8sin_ sin_ sin;
A-B , A-B_ _C , A-B_ A+B _
cos—; _ C0s —5— 0S5 _ cos ——sin—; _ sinA + sinB _
sinf 2sin%cos% sinC sinC
__ 2RsinA+ 2RsinB _a+b 1
B 2RsinC c 1)
Analogously others:
cos®7€ pic
2 @)
. A a
sin
—A
05— _a+tc 3
sin>
If we multipy (1),(2) and (3) side by side we have ,
A—-B B-C C—-A
cos €0Ss—— (COS a+b b+c a+c
2 2 2 _ @
sin . sinﬂ sinE c ~~a b
2 2 2
(4) from here :
a+b b+c a+c 28 2Vab 2vVbc 2vac
. . > . . = 8 (QED)
c a b c a b
Equality holds : a=b=c
1707. In AABC the following relationship holds:
sin A sinB sinC 3V3
+ + <
2+cosA 2+ cosB 2+ cosC 5
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Letf(x) = sinx € (0.70). f'(x) = 2cosx
etf(x “2+cosx’ ¥ ) f(x " (24 cosx)?
2sinx(cosx — 2) . .
f(x) = 2+ cosn)? < 0so fisconcave in (0, 1)
Now using this result
RMM-GEOMETRY MARATHON 1701-1800
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. (T
sinA N sinB N sinC 19729" 3 Sm(i) _3V3
2+cosA 2+cosB 2+cosC ~ .2+cos(%)_ 5
T

Equality forA=B =C = 3
1708.In any A ABC, the following relationship holds :

1+\/§>3

(sinA + cosA)(sinB + cos B)(sinC + cos C) < < >

Proposed by Nguyen Hung Cuong-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

3

1++3
(sinA + cos A)(sinB + cos B)(sinC + cos C) < ( 2 )
O] 1++3
& ) In(sinA + cosA) < 31n< > )
cyc
-2

Letf(x) = In(sinx + cosx) Vx € (0,m) and then : f"(x) = — <

(sinx + cos x)2
Jensen 1S
= f(x) is concave - In(sinA + cosA) < 3ln (sm; + cos 3)

cyc

1++3
=3 ln< > > = (*) is true - (sinA + cos A)(sin B + cos B)(sin C + cos C)

143\
< > v AABC,” =" iff A ABCis equilateral (QED)
Solution 2 by Tapas Das-India
3
AM-GM sinA+ ) cosA
(sin4 + cos A)(sinB + cos B)(sinC + cosC) < (2 32 > =

3 3 3
_<%+£+ 1) MITRIéVOVIC 3\/_R+R_|_1 EUéER 32—\/§+%+1 _<\/§+1>3

Equality holds fora = b = c.
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1709. In any A ABC, the following relationship holds :

a N b N C
va?+3bc Vb%2+3ca +Vc2+3ab

Proposed by Nguyen Hung Cuong-Vietnem
Solution 1 by Soumava Chakraborty-Kolkata-India

3
2_
2

Bergstrom 42

a? s
LHS = Z— =
Se a.\/a? + 3bc YeyeVa.v/ad + 3abc
4s? ?

? 3 ?

>— & 7s% > 108Rr — 27r?
V2s.,/2s(s? — 6Rr — 3r2) + 36Rrs 2 &

Gerretsen ule

Euler
Now,7s?> > 112Rr-35r? = 108Rr — 27r?> + 4r(R—2r) > 108Rr — 27r?

a b c 3

+ + >
Jaz+3bc +b2+3ca +/c2+3ab 2
v AABC,”’ =" iff A ABC is equilateral (QED)

CBS
=

= (%) is true -

Solution 2 by Tapas Das-India
b c

+ +
3 va? +3bc Vb%2+3ca <Vc?+3ab
> E(Nguyen Hung Cuong)
b c
+ +
va? + 3bc \/sz +3ca V2 +3ab

3
az a+b+c)2
= Z > ( ) (Radon)
Va3 + 3ab;:

In any AABC prove that

solution:

Va3 + b3 + ¢3 + 9abc

(25)z
\(25)(s? + 12Rr — 372)
2s
= NEEET 5 ,now we need to show
s4 + r—3r
2s 3

== or
Vs2+12Rr —3r2 2
Gerretsen

7s2 > 108Rr —27r2orR >  2r (Euler)

1710. In AABC the following relationship holds:
r2
A B C<—
cosAcosBcosC < 2R

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India

s — (2R +71)2 GERR;TSEN

4R? o

cosAcosBcosC =

- 4R?> + 4Rr + 3r2 — (2R +1)?> 2r2 1r?
= 4R? " 4R?  2R?

Equality holds fora = b = c.
1711. In AABC the following relationship holds:

t A+bt B+t > 6
atan an- +ctans = 6r

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

WLOG: aSbSc:ASBSC:tan%Stangswng

CEBYSHEV
C

tan’ + btans + ct S (a+b+ )Zt a_
aan2 anz canz = 3 a C anz—
cyc
_ zsz . AMITRgOVICZ . :;\/5,",Z . A]EN;SEN
= 3 anz = 3 anz =

cyc cyc

S+o+s A+B+C
> 2+/3r - 3tan % =6V3r-tan——— =

6
s V3
= 6\/§r-tang=6\/§r-?=6r

Equality holds fora = b = c.
1712.
In any A ABC, the following relationship holds :

la+lb+lc<2( A B B C _C A)
R S COSZCOS2 COSZCOS2 COSZCOS2

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

A B B C C A
2 (cos—cos—+ COS - COS =~ + COS = COS ) = 2cos—cos—cos— 2

2 2 2 2 2 2 o cos
Bergstrom 2¢ 9 Jensen 2g 9
> = > — . ——
- 4R’y A T 4R 3
cyccosz 3.7
X
—Cosy V3s

x
wf(x) = cos vxeOmn)=>f"(x)= <0=f(x)is concave) =0

CBS
/ l,<.s(s—a)and analogsle \

cyc i

y R i\ V3. ’Zs(s—a)=\/§s /l
<

cyc

b+ 2( A B B C _C A)
o R €OS - oS + C0S COS 5 + COS Cos -
v A ABC,” =" iff A ABC is equilateral (QED)

1713. In AABC the following relationship holds:

1
NG i/(mﬁm%m%)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Lemma: In AABC the following relationship holds:

m, =>./s(s—a)

Proof (by editor):
a+b+c b+c—a
maZ\/S(S_ )<:>m = 2 ) 2
b*+c* a* _b*+c*+ 2bc - a? ) s 12 2
> _TZ 2 < 2b* + 2¢* = b* + ¢* + 2bc

b2+ c?-2bc>0= (b—c)>=>0

Back to the problem:
By lemma:

13 RMM-GEOMETRY MARATHON 1701-1800
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Mitrinovic

nmﬁ >s3(s—a)(s—=b)(s—c)=s*r2 > s3.3V3r3
1 1
ﬁs (mZm2m2) > E3/(53.3\/§r3) =r.s=F
Equality holds fora = b = c.
1714. In AABC the following relationship holds:

A2 osB oy 2 eos < V3
acos2 cos2 ccosz_ >
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A JENSEN 3 T 3V3
- < _——_—
Z cosy < cos— 2

A b2 B CCEBY<SHEV 1 ) A <
.a? cosE+ cosE+c cosi < 3(Za )(ZCOSE)_

LEIBNIZ
2L o 3V8 V3 by
3 2 2
Equality holds fora = b = c.
1715. In AABC the following relationship holds:

z(A_B>_|_ Z(B_C)+ Z(C—A)>24_ A B C
cos 2 cos 2 cos 2 > smzsmzsm2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

Lemma 1: In AABC the following relationship holds:

2(A—B>+ 2(B—C)_I_ 2(C—A)_sz+r2+2Rr+1
cos 5 cos 5 cos )= iR’

() reost () veost (557) = oot () -
cos 2 cos 2 cos 2 = cos 2 =

cyc

Proof:

14 | RMM-GEOMETRY MARATHON 1701-1800
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_Zl+cos(A—B)_3 1 4 B+1Z Asing =
= > =5+3 cosAcos > sinAsinB =

cyc

cyc

cyc
3+s2+r2—4R2+1 ab
2 8R? 2/L.4R%
cyc
12R?> + s2 +r? —4R%? + s2 + r%2 + 4Rr s2+r2+2Rr+1
B 8R? B 4R?

Lemma 2: In AABC the following relationship holds:
. A B _C T
sm2 sm2 sm2 =R

Proof:

. A B . C_l—[ (s—b)(s—c)
Sln2 Sln2 Sln2 = be =

_(s—a)s=b)(s—c) s(sczca)(s —b)(s—¢) _ F? 3
B B sabc " s-4RF
F rs r

~ 4Rs 4Rs 4R

abc

Using Lemma 1 and Lemma 2 we must prove that:

sz+r2+2Rr_|_1>24 r
4R? - 4R

s2 4+ 1%+ 2Rr + 4R? > 24Rr
s2 > 22Rr — r? — 4R? (to prove)

GERRETSEN
2 ~
S =

16Rr — 512 > 22Rr —1r* —4R?

& 4R?> —6Rr — 41> >0 = 2R* —3Rr - 212 >0
2R?> —4Rr +Rr — 2r* >0
2R(R-2r)+r(R-2r) =0

(R-2r)(2R+1)=>0

R—-2r=>0
R > 2r (Euler)

15 RMM-GEOMETRY MARATHON 1701-1800
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Equality holds fora = b = c.
1716. In AABC the following relationship holds:

4

6
coSA + cosB + cosC + 627
sin 3 sin 5 sin5

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

4
cosA+cosB + cosC + Y B C=

sin i sin 7 sin 7

r 4
=1+E+T

1 R
=1+ o + 16x (where; =x=2 Euler)
4R

we need to show :

1 67

1+—+16x=>— or
b 2
32x> —65x+2 > 0or
(32x—1)(x—2)=0trueasx =2
Equality holds fora = b = c.

1717. In any A ABC, the following relationship holds :

5 a R2024- tan
Z \b +c r2024 > 220 +z

2
Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Y eyc @ ; R
chc ab

(:)R(s +4Rr+r2)>4r(s — 4Rr —r?)

& (R—4r)s? + (R + 4r)(4Rr + r?) 5 0

O]
Gerretsen

Now, LHS of () = (R — 2r)s? — 2rs? + (R + 4r)(4Rr + r?)
?
(R —2r)(16Rr — 5r%) — 2r(4R? + 4Rr + 3r?) + (R + 4r)(4Rr + rz) >0

16 | RMM-GEOMETRY MARATHON 1701-1800
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? ? Euler
©3R2—-7Rr+2r’>0< (R-2r)BR-r)>0->true~R > 2r
chca < E
chc ab ™ 2r

2a GH3 b+c
vou ) 5= | 7
ow b+c i/_ b+c 2a

cycb+c+b+c+1

Sy _a 6y @ v ()
3\/Ecyclla+b+c i/fcc4a2+ab+ca T V2 4Xyca? +2Yycab

6 u+2v z _z b .>
¥z 4u+zv|" a*,v @
cyc

? ? 3 Y.cab
& 2u? + 4uv > 4uv + 2vZ © u > v - true z o A

b+c i/_ Yy a?

vie(1) 3 2r 3 Zr
S prest e
VY2 R b+c™

. + c A 2 A
sinz sin & 7\ ssin (T) cosy  scos’y A
Wehave:r, +r.=s +—%¢ C="7sy = 4Rcoszi
cos3 cosy cosicosicosf (ﬁ)

® 2 A
~ Ty + 1. = 4Rcos? =

tan z ’ 2r, Z 2r, )
3
tan]23+tang V2 Tp +rc 3.2 rb *re

2 z via (1) (4R +1). 1
D e R S e
3.V2 e e Iy, + I 3. \/_ e 4Rcos? 5
Euler
5\ . and 9R 81R?
2 (4R + r) 14 (4R +71) Mitrinovic 2 Wi 14 4
3.32°\ 4R /° s2 = 3.2 \4r [ 2712

A

(135
d1+ > - (3)
3 2
e tan]23+ tan% 4.2 4r
R Euler
LetF(n) = t" — 2“Vt=; > 2 (t- fixed) and V¥ n > 2 and then

F'(n) =t".(Int)—2".(In2) >0
(vt">2"and Int>1In2 = t".(Int) —2".(In2) > 0)

R n
F(n)isTVn=>2= F(n) > F(2) = when both t and n vary, (—) —-2"
RZ R2024-

RZ
2024
2 774> G20 24 (@)

RMM-GEOMETRY MARATHON 1701-1800
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R2024- 2024 3 tan% via (2),(3) and (4)
SOZ\fb+c 20z~ 2 _Z B C =

cyc cyc tan 7 + tan 7
3 2r+R2 A 3 1 3R? _R2—4r2 3 1+ 3RZ 2r
R 2 TR 2 @\a16rr R
R% — 4r2 3 3R3 + 4Rr? — 32r3
— — . 5 >
r 16.3/2 Rr
—4r% 1 (3R3+4Rr?-32r3
r2 6 Rr?2

1 Euler
~ 0.1488 < G and 3R3 + 4Rr%? — 32r3 > 24r3+8r3 - 32r3> ; 0

. 3
(' 16.3/2

=0
Euler
& 3t3 — 28t+32>0<:>(t—2)((t—2)(3t+12)+8)>0—>true t > 2

A
2024 —
:23 a +R _22024_23 tans o
b+ ¢ r2024 B Cc—
cyc cyc tal’l 7 + tan 7

A
tan 7

2024
SN (R oz
btc rzoz=
cyc cyc

v AABC," =" iff A ABC is equilateral (QED)

B C
tan7 + tan 2

1718. In AABC the following relationship holds:

min z(b +c)h,, Y a(hy +h.) | > 36V3r?
cyc cyc
Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

> b+ o, —Z(b+c) 2F _oF Zb”

AM GM

cyc cyc cyc
b+c 3l (b+c)(c+a)(a+ b CESA"RO
2 2r 3 TEEE - rs_j( )(abcx )
cyc

3|8 MITRINOVIC

abc ph
he = 6rsy/8 = 12rs > 127 - 3+/3r = 36312

> 6rs-

18 | RMM-GEOMETRY MARATHON 1701-1800
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St 1= ol + ) 2r T a(3 )

cyc cyc cyc
a(b +¢) AM—GM 3labc(b+ ¢)(c + a)(a+ b)
= erz— > 2rs-3 =
c abc - abc

cyc

i[(b +0)(c + a)(a + b) CFSARO
= 6rs: =
abc

3(8 MITRINOVIC

abc phi
> o 6rsi8=12rs > 127 - 331 = 36V3r?

Equality holds fora = b = c.
1719. In AABC the following relationship holds:

Al-11, BI-II, CI-II,
+ + >
b+c c+a a+b

> 2V/3r

Proposed by Ertan Yildirim-Turkiye
Solution by Daniel Sitaru-Romania

r BI——r Cl =——
A D T B YT e
smz smz smz

Al =

LA . B . C
11, = 4Rsm§ 11, = 4Rsm§ 11, = 4Rsm§

LA-4Rsin%
AI'IIa+BI-IIb+CI-IIC AI'IIa_ZSinf B
b+c c+a a+b b+c b+c N
cyc cyc
BERGSTROM (1+1+1)2
—4Rz 4Rt - =
r b+c rb+c+c+a+a+b
cyc
ir 9 . 9MITR£>LV0VICR 9 61 g
= rYy-—= Tr-— = Tr- —_- = r
4s s 3\/§R V3
2

Equality holds fora = b = c.
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1720. In AABC the following relationship holds:

ma+mb+mc<1z B C
RZ < coszcos2

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

m, + my, + m, Leunberger 4R + 71 Euler 9R 9
< < - (@
R2 R2 2R2

1 B C AM GM 3 3 2
Z COS_ COS— COS 16R2
Mltrlnomc 3 3 S Mltrmovlc 9
16R2 R33\/_ ZRT - 2R

ma+mb+mc<1z B Cc
RZ < coszcos2

from(1) & (2)we get In A ABC :

1721. G —centroid of AABC,A',B’,C’' € Ext(AABC),(G,A,A"),(G,B,B’),
(G,C,C") —collinears, AA' = BC,BB' = CA,CC’' = AB. Prove that:

Proposed by Mehmet Sahin-Turkiye
Solution by Daniel Sitaru-Romania

2 2 2
GA = §ma, GB = §:nb,GC = §2mc
Gma) +(Gm) -
cos(XAGB) =

2 2
2 -§ma -§mb

4 4 4
GA' =—m,,GB' =—m;,GC' =—=m
3 a’ 3 b 3 (4
N S Y T 4 4
AB'“ = (Ema> + (§mb> -2 § a 3mb COS({AGB)
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2 2

2 2
et VL A N a4 (3ma) +(3m) -
ABZ=<—ma> +<—mb) —2:=mg--my:

3 3 3 3 2 2
2-§ma-§mb

2

N T S TR 2 2\ )
A8 = (gma) +(3ms) —4((5ma) +(3ms) ) +ac

AIBIZ — 4'C2 :AIBI — ZC,B,C’ — Za,C’A’ — Zb

A'B" BC CA [A'B'C']
= = = 2 —t = 22 =
AB ~ BC (A [ABC]

2
42 (1+%) ©221+% o R 2 2r (Euler)

Equality holds fora = b = c.

1722. In AABC the following relationship holds:
27R?

(m2 + mi) cos € + (m§ + m?) cos A + (m? + m2%) cos B <
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

5 , a*+b*+4c?  (a*+b*+ c?) + 3c?
ma‘l‘mb: 4 = 4

WLOGa=b=>=c,cosA<cosB <cosC

(m2 + m%) cos C + (m% + m?) cos A + (m? + m2%) cos B =

cosC =

_Z(a2+b2+C2)+302
B 4

CEBYSHEV

=%(Z az) (z cos C) +%(Z c%cos C) <
<) Qeos )+ g3(Lat) (Leosc) -

LEIBNIZ 1

_%(Zaz)(ZcosC) < E.9122(1+%)s
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9R? ( R ) 3 27R?

< i
- 2 1-I-ZR 4

(Euler)

Equality holds for:a = b = c.
1723. In AABC the following relationship holds:

. A B B C _ C.
smzsm 2 + sin 2 Sln2 + SanSln

r
4R

NS

<5+
8

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Gerretsen

Zab=s2+r2+4Rr < 4R+71)?* (O

1 bc CBS 1 1) 1
Z@zz\/(s—b)(s—c) < Vab+bc+ca.\/z(s_b)(s_c) < 2(R+r).;

A B _B_C _C_ A A 1
sm—s1n—+sm—sm—+sm—sm—=nsm—.z

2 5115 2 513 2513 2 Sin%—
r 2R+r) 1 r 5 1 r
AR~ r 272R" 8 8 2R

_5 11+r<5+r r(El )_5+r

8 22"2R=8"2R aRMC) T8 4R

1724. In AABC the following relationship holds:

sinAsinB sinBsinC sinCsinA

C A B
in2 = in2 22 in2 2
sin® sin‘ 5 sin® 5

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

sinAsinB sinBsinC sinCsinA

C A B
in2 = in2 & in2 =
sin® 5 sin‘ 5 sin‘ 5
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1 a’b? 1
_ - 2p2(g _
_4RZZ(s—a)(s—b) 4R2.srzza b*(s - o)

1 Y x%2¥ xy
=m[sZazbz—abCZab] >
Gerretsen

>#[s acha—ach ab] >; abc[2s®> — s> —r> —4Rr] >
T 4R%r2s ~ 4R?%r2s -

- ARrSs
~ 4R%r’s

6r 1
[12Rr — 61%] = 12 — R >12 — 6.E(Euler) =9

Equality holds fora = b = c.
1725. In AABC the following relationship holds:

9/3R

m,sinA + mysinB + m_ sinC <
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania
WLOG:a< b <c
a<b<c=A<B<(C= sinA <sinB < sinC

a<b<c=m,=>m,>m,

DmasinA gD my ) sind =3 g ) ma s
m,sind < 3 m, sind =7+ 5 m, <
cyc

cyc cyc cyc
GOTgAN s 9R B 33 MITR£<'I-\V0VI(,‘3 3\/§ R _ 9\/§R
= 3R 2 2 = 2 2 T4

Equality holds fora = b = c.
1726. In AABC the following relationship holds:

A B C
(1 + 9 tan? E) (1 + 9 tan? E) (1 + 9 tan? E) > 64

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India

A B C
(1 + 9 tan? E) (1 + 9 tan? E) (1 + 9 tan? E) > 64

A A B A
1+9Ztan22+812tan25 tanZE+7291_[tan252 64

4R + 1r\? s2 —2r% — 8Rr r?
1+9( ) ~2|+81 ~ +729— > 64
s s s

9(4R +1)? — 648Rr — 1621* + 72912 > 0

(4R+1)> —72Rr + 6312 >0
2

B 2) =0

Equality holds for A=B =C =
1727. In any A ABC, the following relationship holds :

w| ]

4 2024 4
)
a* + 2b% 2024 — at + 2c¢*

cyc cyc

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

b* b% ct a? Reverse Bergstrom
= + + =
Za4+ 2c¢t  a*+2c*  b*+2a* ¢t + 2b*

cyc

b*/1 2\ c*/1 2 at/1 2
?(FF)*?(F*F)*?(E*F)
ﬁzb_“gza_ﬁlzb_‘:(l)
a*+2c*~9L.b* 9L.a*
cyc cyc cyc

= + + <
a*+2b* a*+2b%* b*+2c* ct+2at

cyc

Z 2b* 2b4 2¢ct 2a? Reverse Bergstrom
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2b* 2 2c¢t /1 2 2a* /1 2
9 ( b4)+7(m+c—4)+7(c—4+a)
:zz_b“gzb_ﬂéqm
a*+2b* 9 at 3

cyc cyc

. b at b* a* + 2b* — 2b*
"Za4+2c4_2a4+2b4 za4+2c4_z

a* + 2b*
cyc

cyc cyc

2b%  via(1) and (2)
=_3+z a* + 2c* Za4+2b4 =

cyc cyc

3+Zza4+lzb4+22b4+4
9/.b* 9L.a* 9L.a*

cyc cyc cyc

a* b* 1 a* A-G
Z — —_1-2) = <
st3\ Lttt Lad) "9l =

cyc cyc cyc

3+4+1 b4+C4 13'~“a4 b* ¢t 2+1z b2+c22 5
3 3cyc ct bt 9 " . |b* ¢t at 3 cz b2

cyc

_ o 1 <<b N C)Z 2>2 ) Ban<dila ) + (( ) )
3 cyc ¢ b cyc
R* 4R2 1 /3R* 12R2
=—2+3Z — 42 :—2+3 —

r4
cyc

b* a* R* 4R2
“ ) —Z <@ ®
a* + 2ct a*+2b* " rt
cyc cyc

R Euler
LetF(n) = t" — Z“Vt:; > 2 (t- fixed) and V¥ n > 2 and then :

F'(n) =t".(Int) —2".(In2) >0
(vt">2"and Int>In2 = t".(Int) —2".(In2) > 0)
= for n and t both being variables,F(n) is TV n > 2 = F(2024) > F(4)

2024 R4 Euler R4— 4'R2
2024 _ 92024 4 __ 12024 - -
>t 222 2t 165 o — 22 2 16 > -
via (3) b4 at at R2024
e e
Z at +2ct Z a* + 2b* at + 2b%  r2024
cyc cyc cyc
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4

> 22024 4 Z praneye i/ A ABC,” =" iff A ABC is equilateral (QED)

cyc

1728. In AABC holds:

. A
2024 R2024 2024 sin ? + 22024
btc  rooz= B C

smi + smi

Proposed by Nguyen Van Canh-Vietnam
Solution by Tapas Das-India

2024 siné AM—GM 2024 siné sinE sing 1 1
2 _ 2 2 2 _ _ _
[ N sonA B € 3 = 5 (m=2024),
sin5 + siny sin.sin.sin 22024 2m

1
1_[ 2024\/bT-I-c - ((a + b)(:-l:-cc)(c + a))2024 -

1 1
( 2Rr )2024 Gerretsen ( 2Rr )2024 Euler
= >

>
s+ 712+ 2Rr 4R? + 6R1 + 412

(B - g

3 m
\m R 1
Now we need to show (E) + (;) =2—5+ 2™ or

R_
(2aym(xm — 2m) — (x% - 2%) "> 0
3 3 3
det f(x) = 2x)m(x™ —2™) — (xﬁ - 25) and

33 3, 3 3 3,
fl(x) = ZmE xm(x™—2™) + 2x)mma™ 1 — —xm o,

3.,/3 3\, 3 3_,/3 3,
X)=XxXm mmx" —— —xm mx’" — 4m > as x = 4.
£ (z m m)+m (z m_ o ) Oasx>2

f(2)=0so f(x) = f(2) = 0 hence (Zx)%(xm —2™m) — (x% - 2%) > 0 (proved)
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1729. In any acute triangle ABC, the following relationship holds :

aVtan A + bVtanB + cVtan C > 2pV3
Proposed by Vasile Mircea Popa-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

sin2A + sin 2B + sin2C = 2sinA cos A + 2 sin A cos(B — C)
4Rr
= 2sinA(cos(B—C) — cos(B + C)) = 4sinAsinBsinC = 4. p

8R3
> z sin 2A = il N (1)

cyc

sinA
Now, avtan A + bvVtanB + cVtan C = z (2RsinA)< /cosA
p\2

cyc
sin? A Bergstrom (chc sin A)Z CBS ZR (ﬁ)
=Ry —— > =

> 2R - =
o Vsin A cos A YeycVsinAcosA V3. \/chc(sin AcosA)

2 2
_ 2V/2R (%) via (1) 2V2R (%) Zp \/E Mltrmov1c Zp V3
V3. [Toesinza vz [ZR 3 “3_

-~ avtanA + bVtanB + cvtan C > 2p%V/3
Vv acute A ABC,”" ="' iff A ABC is equilateral (QED)

= pr

Solution 2 by Tapas Das-India

13
let f(x) =tanx ,x € (0,5) f"(x) =2sec?xtanx >0,
- n - - - - n
f is convex € (O,E) .Using Jensen inequility Z tanA4 >3 tan— = 3V3.

Note:A+ B+ C = w,now tan(4 + B) = tan(mr — C) or ZtanA ntanA
CHEBYSHEV

avtan A + bVtan B + cVtan C
1 AM 6M 1
§(a+b+c) Z\/ta = 2p.3(1_[tanA) >2p.(3V3)° =

Equality holds fora=b =c.
1730. In AABC the following relationship holds:

v

axlr-
G\IH

min Z(b + c)ra,z a(r, + 1) | = 36V3r?

cyc cyc
Proposed by Zaza Mzhavanadze-Georgia
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Solution by Daniel Sitaru-Romania

Z(b+c)ra=Z(b+c)-$=F-Z:j—Z=

cyc cyc cyc

2s—a s+s—a 1
D% = D DX = T

s—a s—a s—a

cyc cyc cyc

4R + 1 4R+ 71 EULER 4.2y 4+ 71

p(s BT ) (MR g) T (R )

rs r r

MITRINOVIC
=12F = 12rs > 12r - 3V3r = 36372

NS WA ) yie s

cye cyc
aZ F
i FZ (s—b)(s—¢) (s—a)(s—b)(s— c>zaz<s—a> =
cy;‘s EULER

F
" ss—a)(s—b)(s—o0) 4rs(R+1) = 4F(R+1) 2 4sQ2r+7)=
MITRINOVIC

=12rs > 12r-3V3r = 36V3r2

Equality holds fora = b = c.
1731. In AABC the following relationship holds:

a (t B+t C)+ b <t C+t A)+ ¢ (t C+t >>\/—
b+c\ My rtang )T g\tany rtang T p\tany T ran

Proposed by Zaza Mzhavanadze-Georgia

Solution by Daniel Sitaru-Romania

a B C b C A c C A
(tan— + tanE> + —(tan— + tani) + (tan— + tan —) =

b+c 2 ct+a 2 a+b 2 2
B + C )
sm sm
Z (tan + tan ) Z b z b C
Z cosz AM=GM 1—[ cosA
Cycb+c cosBcos Cycb+c cosBcosg
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—3. abc 3 4Rrs 4R _
(a+b)(b+c)(c+a) cosA 2s(s24+1r2+2Rr) s
cyc 2

o RZr MITRgOVIC (3 RZr
B s(s2 + 12 + 2Rr) - 3v3r(s? +r2 + 2Rr)

6 3 R2 GERR{ETSEN 3 R2 EU’_I:_‘ER
=—" > 2V3: 2 >

V3 s?+712+2Rr R%Z + 4Rr + 312 + 12 + 2Rr
R? R2
>2vV3-° R R =2\/§'3 R RZ
2 ket 2 il —
4R? + 6R - 2+4( ) 4R? + 6R 2+4(2)
=2v3- f &
Equality holds for: a = b = c.

1732. In any A ABC, the following relationship holds :

b, (t Bt C)+ , (t Cit A>+ b (t At )>x/_
hy +ho\ o T T, 2 T ) T h, R TR

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(+(A+B) +(B+C) > (C+A) and analogs) = VA + B,VvB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B z =ZZ<ZAB+B2>—ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc

=6ZAB+ZZA2—ZZA2—ZZAB:>4F=Z ’ZAB—)(l)
cyc

cyc cyc cyc cyc

xy ? \/_ z x2y?

? 3
(y + z)(z+x) 2 ° =~ xy(y +z)(z + x) =

*

Now,V x,y,z > O,\/

~
~—~
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2 2
(chc xY) — (chc XY) ;
chc (xY(chc Xy + ZZ)) (chc xY)Z + Xyz chc X

2
3 ? _ xy ? /3
Z@(ny) 23xysz—>true..\[;(y+z)(z+x)27—>(2)

cyc cyc
C A

h, (t Bt C)+ hy, (t +t )
bt h an + tan ot b an + tan
h, A B X y Z
. = ~)=—"—(B 2 (C+A)+——(A+B
P (tan2+tan2> sz B0+ T CH M (A+B)
A B C
(xzha,yzhb,z=hC,A=tanE,thanE,CztanE)
2 Oppenheim

X 2 2 Z
=— +vB+C +L.\/C+A +—— VvA+B >
Z+x x+y

Cy+z

X via (1) and (2) V3 A B
4F.\/ y > 2 ZAB.7=\/§.\[Z(tanE.tanE)

Via Bergstrom, LHS of (x) >

We have :

+

(y+2z)(z+x)
cyc cyc cyc

= /3. S%Zrarb = /3. Slz.s2 =3
cyc
h, B C hy, C A h, A B
hb n hc . (tani + tanz> + hc n ha. (tani + tanE) + ha n hb . (tani + tanE)
>3V AABC," =" iff AABC is equilateral (QED)

1733.
In any A ABC, the following relationship holds :

a (tB+ tc)+ b <tc+ tA)+ c (tA+ tB)>3\/§
e co 5 co T a co 5 co 5 P co > co 7) 2

2
Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India
VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle

(+(A+B) +(B+C) > (C+A) and analogs) = VA + B,VvB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

ZZ:(A+B)(B+C)—Z:(A+B)2 =ZZ<ZAB+B2>—ZZAZ—ZZAB

cyc cyc \ cyc cyc cyc

=6ZAB+ZZA2—ZZA2—22AB:>4F=Z ’ZABe(l)
cyc

cyc cyc cyc cyc

cyc
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xy 7 /3 x2y?
— (y+z)(z+x) = 7(:) ny(y+ z)(z + x)
(Beyexy)” _ (Beyexy)”
chc (xY(chc xy + ZZ)) (chc xY)z + xyz chc X

? 3
Now,Vx,y,z>O,\/ %Z
C

Via Bergstrom, LHS of (x) >

2

?7 3 xy ')\/—
ZZ<=> ny >3xysz—>true \[Z(y+z)(z+x)_2 - (2)

cyc cyc
A ( tB+ tC>+ b ( tC+ tA)+ ¢ ( tA+ tB)
brc cox2 co 2 c-l);a' co 2 coz2 b co co 2
=—B+CO)+—(C+A)+——A+B
y+z( ) z+x( ) x+y( )

2’ 2
Oppenheim

X 2 2 Z 2
- X BfC+—L VCFA +— VAFB >
y+z Z+x x+y

xy via (1) and (2) Z \/5 Z ( A B)
. > —= . —. —
4chyc A Te > 2|) AB.— V3 cot . cot -

cyc cyc

A B C
<x= ay=b,z=cA= cotE,B =cot—,C = cot—)

S (4R+ r) Euler

=3 sZZ”b B =2 3.8+1=33

cyc

— (tB+ tc>+ b ( tC+ tA>+ ¢ (tA+ tB)>3«/§
--b+c. CO2 C02 c+a' CO2 CO2 +b CO2 CO2 =

v AABC,"” =" iff A ABCis equilateral (QED)
1734.
In any A ABC, the following relationship holds :
aZ bZ 2

B C C A C A V3
bz—_l_cz.<tani+tanz) +c2+—az.(tanz+ tani) +m (tanz + tan ) >

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(+~(A+B)+ (B+C)>(C+A) and analogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)Z =ZZ<ZAB+BZ>—ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc
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=6ZAB+ZZA2—ZZAZ—ZZAB:M?:Z /ZAB—»@)

cyc cyc cyc cyc cyc

xy ? V3 Z x%y?
Now,V x,y,Z > 0, —_— > — S
ow, VLY \/ y+z)(z+x) 2
cyc cyc

(Beyery)” _ (Zeyery)”
chc (xY(chc xy + ZZ)) (chc xY)Z + XyZz chcx

2
2 3 ? xy 2 4/3
> > - > 5(2
_4<:><ny> _3xyz2x—>true \[cyc CEICET - (2)

cyc cyc
- a? B C b? C A
\Z/Vehave-bz—_l_cz.(tan5+tani)+C2+—az.(tan2+tani)
c A B X y Z
———.|tan=-+tan-)=—(B+ C —(C+A —A+B
+a2+b2 (an2+ anz) y+z( + )+z+x( * )+x+y( B
2 2 2 A B C
<x=a,y=b,z=c ,A=tan—,B=tan—,C=tan—)

2 2 2
2 Oppenheim

x 2 2 z
=——VB+C +L.\/C+A +—.VvA+B >
y+z Z+x x+y

xy via (1) and (2) z \/§ Z ( A B)
4F. [y —— > 2| AB.==43. tan—.tan—
chc e S 7 = V3 |2, (tang tan3

cyc cyc

?
=
o}

3
xy(y +z)(z + x) 54

Via Bergstrom, LHS of (x) >

1 1
= 3. S—ZZrarb = 3. S—Z.s2 =3

cyc
. a? B C b? C A c? A B
o b2—+Cz (tani + tani) +c2+—az. (tani + tani) + m (tani + tani)
>3 VAABC," =" iff AABCis equilateral (QED)

1735. In any A ABC, the following relationship holds :

a” B C b" C A c” A B V3
b Cn.(tanz+ tanz) + o an.(tan§+tani> + o bn.(tan5+tan§> >3

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle

(~(A+B) +(B+C) > (C+A) and analogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and
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16F% = ZZ(A +B)(B+C) — Z(A +B)? =

cyc cyc

=ZZ Z:AB+B2 —ZZAZ—ZZAB=

cyc \ cyc cyc cyc

=6ZAB+ZZAZ—ZZA2—ZZAB:4F=Z /ZAB—>(1)
cyc

cyc cyc cyc cyc

Xy ? \/_ x2y2 ]
Now,V x,y,Z > 0, Z Z > —
owvLy.z \/Cyc (y+z)(z+x) 2 xy(y + z)(z+x)W4

(Seyexy)”
Via Bergstrom, LHS of (x) > cye XY =
chc (xY(chc xy + zz))
2
(Zeye xy) 23
4

- (chc xY)Z + Xyz chc
2

? . xy ? V3
ny 23xysz—>true--\/ (y+z)(z+x) —>(2)

cyc cyc

- a® B C b" C A
We have : oo Cn.(tan§+ tani> + pry an.(tanz+ tanE)

< (¢ At B)— X B+C)+—2—(C+A)+——(A+B)
an +pn "Mz TRy Cy+tz Z+Xx x+y

(x =a"y=b"z=c" A= tané,B = tanE,C = tanE>
2 2 2
2 Oppenheim

X 2 2 Z
:m.VB-FC +L.VC+A +Ty.VA+B 2

xy via (1) and (2) \/_ A B
4F. > Z AB.Y2 z (t 2t —)
j y+2)(z+x) =V3. ana-tany
cyc cyc

cyc

=B |5 rny =V |52 =3
cyc
a" B C b" C A c" A B
b + cn . (tani + tanE> + "+ an . (tani + tan5> + a" + bn . (tani + tanE)
>3V AABC," =" iff A ABC is equilateral (QED)
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1736. In any A ABC, the following relationship holds :

a ( B+ C)+ b < C+ A)+ C ( A+ B>>6
brc cscZ csc2 cra’ csc2 csc2 P csc2 csc2 >

Proposed by Zaza Mzhavanadze-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(+(A+B)+ (B+C) > (C+A)andanalogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)2 =ZZ<ZAB+B2>—22A2—22AB

cyc cyc cyc \ cyc cyc cyc
= 6ZAB+ zZA2 —ZZAZ —ZZAB =>4F =2 ZAB - (1)
cyc cyc cyc cyc cyc
xy ? V3 x%y? ? 3
Now,V x,y,z > 0, —2—@2 = —
y+z)(z+x) 2 xy(y+z)(z+x) =24
cyc cyc ()

(Beyexy)” _ (Beyexy)’
Zeye (Y (Zeyexy +22))  (Beyexy)” +xyzSeyex

2
? 2 \/3

cyc cyc
( B+ C)+ b ( C+ A)+ c ( A+ B)
. csc2 csc2 ta csc2 csc2 Py csc2 csc2

x y z
=—MB+C)+—(C+A)+—A+B
y+z( * )+z+x( * )+x+y( +B)

Via Bergstrom, LHS of (x) >

a
‘b+c

A B C
(x =ay=b,z=cA= csci,B = cscE,C = cscz)
2 Oppenheim

x 2 2 z
=—— VB+C +L.\/C+A +——VvA+B >
y+z Z+x x+y

X via (1) and (2) 3 A B
4F. Xy = 2 ZAB.£=\/§. Z(csc—.csc—)
y+2z)(z+x) 2 2 2
cyc cyc

cyc
A
3.2 ﬂcsczi =+/3.
CcycC
b

3116R2 Euler
3. ’ & = V3. /3.3\/64=6

y

a ( B+ C)+ ( C+ A)+ c ( A+ B>>6

et csc2 csc2 T a csc2 csc2 P csc2 csc2 >
v AABC," =" iff A ABCis equilateral (QED)
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By Mollweide’'s formula, we have

A
a _ Sll‘l2

A
btc B_—C2 SlnE (and analogs)
cos
2
Then
a B C cscg + csc% cscg csc% AM-GM
Z (csc—+csc—>zz—=z + S ZZ=6.
b+c 2 2 A Cc B
cyc cyc CSCi cyc CSCi CSCi cyc

Equality holds iff AABC is equilateral.

1737. In any A ABC, the following relationship holds :

b —c|
> 2

cyc cyc
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
A

Let AS produced meet BC at X and m(3BAX) = a and m(#£CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF]? _ZZ< ><b2> 216 = Z 2b? — Z 16rzsz
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a b c
rs (z2t2*3 rs , T
=>[DEF]:Z:I' T :Z:?‘I' :E_)(l)

_ . C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(3AFS) =B+ - = > = 2
m A-B d m(2AES) = C B nm A-C 9
= —— = —_,————_—
> > and m(% + 23 > (2)
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at : AS? =

2

2 C
2

+c2 2r (c) . A-B r? +b2 2r (b) . A-C
- _ —)sin = —_— | — sin
4 Zsin% 2 2 4sin? g 4 Zsinf 2

2r (c) . A—-B 4 r
——=]l=)sin
¢ 2 4sin2g

r

2

4sin

rZ CZ 2

= 2AS? o

C
s 2 L
4sin )

b? 2r by . A-C
HE

Acai 2r (c) . A—B+ 2r (b) . A-C
gain, —|sin —|sin
Zsin% 2 Zsing 2 2

C A-B B A—C)

r ] .
= E (4Rcosi sin + 4Rcos 2 sin

. A+B _ A-B . A+C  A-C
=Rr<Zsm 2 sin 2 + 2sin 2 sin 2 )
=Rr<1—ZsinZE+1—Zsin29—2(1—2sin2é)

2 2 2
_ 2Rr <2a(s —b)(s—c)—b(s—c)(s—a)—c(s —a)(s — b))

abc

= %(Zﬁ + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

A A
_ in2 2 _ _ in2 2
4(b+c)bcsinzé— 2a.2bccosA  PC <(25 a)sin 2 a(l 2sin 2))

2
8s 2s
be( (2s + a)sin? A_,
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s
N 2r (c) . A-B 2r (b) . A-C
- —|sin — — | sin
Zsing 2 2 Zsing 2 2
* —(2s+a)(s—b)(s—c
O -~@sta)s—b)s—0) o
2s
2 r2 r2

Also,——— + ( ca s ab )
so, -
4Sinzg 4sin2% 4\(s—c)(s—a) (s—a)(s—Db)
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ab + ca (= r? r2
—2Rr = +

4sin2g 4sin2%
2, 2 ~ -
(i), (=), (=) = 2882 = =€ . “b+°a_(28+a>(szs b)(s — ©)
_ (@a+b+c)(b*+c2+ab+ca)—(2a+b+c)(c+a—b)la+b-c)

b) + ab(s — c)) =

G b3 + ¢3 — abc + a(4m2)

8s
b3 + ¢ — abc + a(2b? + 2¢% — a?) 5
= = 2AS

4s 4s
r AS cAS
Via sine law on A AFS, = =
. . A-B .
2sin 7sina  cos—; (a+ b)sm

and via sine law on A AES, bsinf3

= esina =" ——— : i SAS
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬁ
_ via (***)gd () pglat+b+a+c) o = 4s AS
- 4AS ST PaT 55 a
= p2—m2 = L(W +c¢3 —abc+ a(4m2)) -
@ ¢ (2s+a)? @
2s 8sa
- 3 _ o 2
~ (25 + a)? (b* + ¢ — abc) - ( (2s + a)z) Ma
_4(a+b+c)(b®+c —abc) - (2b% + 2¢* — a?) (b + ¢)?
- 4(2s + a)?
a’(b—c)? + 4a(b + c)(b — ¢)? + 2(b% - cz)2
- 4(2s + a)?
= M((az +2ab+c)+ (b+c)?)+((b+c)?+2ab+c)+a?) - az)
4(2s + a)?
(b —¢)? , oy (b— ©)?(8s% — a?)
_4(Zs+a)2(2(a+b+c) —a*)= 4(2s + a)?
2(Qc2 _ o2
b2 _ m2 (;)(b—c) (8s% — a?)
. . 4(2s + a)?
b—c)? ? 4(p2 —m?2) via) (b—c)?(8s%— a?
Now,( ) > (& _ 1) = (pG — m3) va® _( )2 ( ) and = (b — ¢)?
Wa @ ‘Mg m,(p, + mg) (2s + a)*m,(p, + mg)

> 0 and m,(p, + m,) = 2m?2 > 2w?
2 2 _ (b—C)Z(BS —az)s>a ]
< Pg —Mmg = 4(2s + a)? = 0..pg = ma> . in order to prove (m),
) ) 8s? — a?
it suffices to prove : 1 > 225t a?

b—c2 b—c ’
( ) (pa —1)=>| |>2 II;—a—landanalogs
a

|b B Cl pa "n_r
=2 ——1 VA ABC" =" iff AABCis equilateral (QED)

cyc cyc

& 8sa +3a? > 0 - true = (m) is true
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1738. In any A ABC, the following relationship holds :

3| pghy(ry +1,)
m, > max| 3/p.rp7e Palla Zb -

Proposed by Bogdan Fustei-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF =r'(say)

Now, 16[DEF2:ZZ< ><b2> 216 L z Sh Z _16r%s

a c
rs [zTzt3)\ rs r
= [DEF] = =1 | &—2—=|=F=r =51

=2

4

. o C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 7= = =

2 2
T A-B nd (4AES) = ci BT A-C
—_——— = —_—_——_——
7 Tz andmis 2 2 =2 @

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at : AS? =

r? +c2 2r (c) A-B r? +b2 2r (b) A-C
——| ——=|(=)sin = ——| —— |[=])sin
4sin2% 4 Zsin% 2 2 4sin2% 4 Zsing 2 2

2 2

s2as2 21

c? 2r (c)sinA—B r

T A 2

B
Zsmi

s 2L in2 —
4sin 2 4sin 2
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b? 2r (b) A-C
sin

T3 2 2

2sin7
Acai 2r (c) . A—B+ 2r (b) . A-C
gain, —)sin —|sin
Zsin% 2 2 ZSing 2 2
C A—B B A—C)

r
=E<4Rcoszsm > +4RcosEsm >

_R<2_A+B_A—B 2_A+C_A—C)
= Rr sm2 sm2 +smzsm2

2
<2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))
= 2Rr

B C A
= Rr <1 - 2sin2E +1-— 2sin2E -2 (1 — 2sin? —))

abc
Rr

- 8Rrs

5 A 5 A
4(b + c)bcsin? % —2a.2bccosA  P€ <(Zs —a)sin 2~ a (1 — 2sin 2)

(2a® + (b + ©)a? — 2a(b? + ¢%) — (b + ¢)(b — ¢©)?)

8s 2s

. 2 A
be ((ZS + a)sin’ 5 — “) _@sta)s—b)(s-o

2R
2s r

:_

2r c\ .

) Gom (25
2 (2s + a)(s —b)( S“;Z
) —(2s+a)(s—b)(s—c
) +2

- 2s
2

A—-B 2r (b) . A-C
— —|sin

2sin 2 B J\2 2

(

Rr

r2
Also, +
4sin? 5

r’  r ca ab
4sin2% - Z((S oG-  G-a(s- b))

2 2

ab + ca (#x) T r

Rr =

2
r

= —2(ca(s —b) + ab(s — c)) =

4r”s 4sinzg 4$inZE

2
(i), (), () = 2AS2 = b% +c? +ab +ca _@2s+a)(s=b)(s—0)

4 2s
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
3,3 2 2 _ g2 b3 4 3 2
=b + ¢ —abc + a(2b? + 2¢ _a):ZASZ(;)b + ¢ — abc + a(4m?)

4s 4s
r AS cAS
Via sine law on A AFS, = =
. . A—B . C
Zsmisma CoOs—5— (a+ b)smi
S esina 20 F@FD) 4 viasinel A AES, bsing =" {2+ ©)
csina = 7AS and via sine law on ,bsinf = A5
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Now, [BAX] + [BAX] =

1 1
[ABC] = Epacsina + EpabsinB
via (x++) and (++++) p,(a+b+a+ c) 4s
=TS = 2AS =s:>pa=—zs+aAS
2s
=>p§— §=m(b3+c3—abc+a(4mﬁ))—
2s

= @sray (b3 + ¢ — abc) - (

8sa ) 9
(2s + a)? Ma
_4(a+b+ ©)(b3 + ¢ — abc) — (2b? + 2¢? — a?)(b + ¢)?

4(2s + a)?
2(b-c)? +4a(b+c)(b—c)? +2(b% —c?)
4(2s + a)?
_ (b-0)?
" 4(2s+ a)?

(( +2a(+¢)+ (b+0)?)+((b+¢)?+2ab+c)+a?) a)
_ (b—-0)?

(b — ¢)2(8s% — a?
4‘(ZT(Z(Cl-l-b-I-C)Z 2)2 ¢ (S a)

4(2s + a)?
) (b —c)?(8s% — a?)
A pE—m2 =

4(2s + a)?
a ? pi
242 2
NowmaZparbrcc)ma>pa s—a)e m 1>_a_1

o (mﬁ +s(s — a)) (mﬁ —s(s— a))

2
s2(s —a)?

2
> Pa — My
= m¢21

(b—0)? b 2(8s? — a2
ey (mﬁ +s(s— a)) <S(S —a)+ 4c —s(s— a)> 2 ( 4c()zs(+sa)z a?)
s2(s — a)? >
(m2+ss—a). (b - C)Z (b — ¢)?(8s% — a?)
PEN a

mj
? 4(2 2
2 (2s+ a) and - (b —c)? > 0 - in order
s2(s —a)? (m mg
m) a
ma( +s(s—a)) (mm) 852 — q?
to prove (m), it suffices to prove : (s — a)? 2s + a)?
Lascu+A-G s(s — a)(s(s — a) + s(s — a)) ? 85’ —a’
But,LHS of (mm) > s2(s — a)? =2 (2s + a)?
?
& 8s? + 8sa + 2a? > 8s

a’* © 8sa+3a*> 0 - true > (mm) = (m) is true

? paha(rb + rc)

>p,nr.=m, > /p,nr. — ~m3 >p,nr.>—mX——
Palblc a Palblc () a PalbTc 2
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? bc A s(s—a ?
& 2s(s —a) > —.4Rcos? = = 2bc. ( )@Zs(s—a)ZZS(s—a)%true

~ 2R’ 2 bc

h,(ry, + 3/ h,(r, +
m3 > w = m, > M > (@) -~ (7), (2)

> W pa a(rb + rc)
a c

3 ph, (1, + T,
m, > max| {/patpre, W /=" iff b = ¢ (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have the following known formulas (see [1, pp. 1]),

s(3s+ a)(b — c)?

paz =s(s—a)+ (1)

(2s + a)?
b —c)?
ma2=s(s—a)+( 4), (2)
By AM — GM inequality, we have
(€Y} _ 2
pa +rpre +rpre s3s+a)(b—oc)
Yparire < 3 =S -ar—a oz
1 a(8s+3a) ) (b—c)2@ )
—s(s—a)+<4 m)(b—C) <s(s—a)+ 4 =m,”°,
then
m, parbrc
Also,we have
h,(ry, +1.) rbrc 1 F (s —-b)+(s—c)
2 (_ r_) F ~Thle

Therefore

3 pa (rb + rc)

> parbrc =max parbrc' 2

Equality holds if and only if b = c.

[1] Bogdan Fustei, Mohamed Amine Ben Ajiba,
SPIEKER’'S CEVIANS IN THE GEOMETRY OF TRIANGLE-www.ssmrmh.ro
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1739. In any A ABC, the following relationship holds :

4
RZ h, > Esinwz PaWa

cyc cyc

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF]? = zZ( ><b2> Z —=— z a2b? — Z 16r252

a b c
rs (ztz2T32 rs , T
= [DEF] = =1 | &—5—=|=F=r =51

4

. . . C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(5AFS) = B + 2 = 2 = >

T A-B nd (4AES) ci BT A-C .,
= — — = —_,——
2~z andmis 2 2 =2 @

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at : AS? =

r? c? 2r ¢y . A-B  r? b? 2r by  A-C
_ +Z_ —ZsinE (E)sm > T ZE+T_ — B E (E)sm 2
2 2

C
2L
4sin ) 4sin 2sin 2
i r? c? 2r c A-B r2
= 2AS? = +—- =) sin +
4sin? % 4 <Zsin %) (2) 2 4sin2 g
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b? 2r (b) A-C
sin

T3 2 2

2s1n7

Acai 2r (c) . A—B+ 2r (b) . A-C
gain, c|\g)sin—; zsinE 5)sin—
2

Zsini
r C. A-B B A-C
=E<4Rcoszsm > +4RcosEsm > )
. A+B _ A-B .A+C  A-C
=Rr<251n 2 sin 2 + 2sin 2 sin > )

= Rr <1 - Zsinzg+ 1- 2sin2§— 2 (1 — 2sin? %))
— oRr <2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

- abc

= %(2613 + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

5 A 5 A
4(b + c)bcsin? % —2a.2bccosA  P€ <(Zs — a)sin 2~ a (1 — 2sin 2)

8s 2s
bc( (2s + a)sin? A_,
2 (2s+a)(s—b)(s—c¢)
— = — 2Rr
2s
R 2r (c) . A-B 2r (b) . A-C
— —)sin — —|sin
Zsin% 2 2 Zsin% 2 2
) —(2s+a)(s—b)(s—c
O -@sta)s—b)s—o

2s
r2 2
Also, +

. C
2 )
4sin > 4sin 3

2

r r

ca ab
Z((s — OG-0 G-a)(s= b))

2 2

ab + ca (#x) T
—2Rr =

r

2
r

= —2(ca(s —b) + ab(s — c)) =

4r”s 4sinzg 4$inZE

2
b?+c2+ab+ca (2s+a)(s—b)(s—c)

(D), (), (x+) = 2AS?% = 1 P
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
343 2 2 _ g2 b3 4 3 2
=b + ¢ — abc + a(2b? + 2¢% — a?) ZASZ(;)b + ¢ — abc + a(4m?)

4s 4s
L AS cAS
Via sine law on A AFS, = =

. . A—B . C

2sinssina cos—5— (a + b)sins

2 2 2
. (=) r(a+b) L. ] (+=+2) T(@ + €)

= csina = ————— and via sine law on A AES, bsinf} =

2AS
1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB

2AS

43
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B via(***)gd () pglat+bta+c) Sy = 4s AS
= rs , 4AS ~ T PaT st a
s
= pZ-—m2 = m(b3 + ¢ —abc+ a(4mﬁ)) -
2s 8sa
= ——([bB3*+c3—ab —(1——) ;
(2s + a)? ( ¢* — ab) @2s+a)z) e

_4(a+b+0)(b? + ¢ —abc) — (2b% + 2¢% — a?)(b + ¢)?
B 4(2s + a)?
a’(b—c)? +4a(+c)(b—c)? +2(b% - cz)2
4(2s + a)?
((a2 +2ab+c)+ (b+0)?)+((b+c)?+2ab+c)+a?) - az)
_ (b- c)? _(b— ©)?(8s% — a?)
" 4(2s+ a)? (2(a+b+0)?-a?)= 4(2s + a)?
. © (b —)*(8s% — a?)
“Pa—mg = 4(2s+a)2
p2 ? m2 via ()
Now, p2w? <ma<:)—2—1<—2—1 o
m2 w2
_ 2
(b-)*(8s* —a?) 2 ss - a) + L5 C) (S(S_“) -2 (ba-)l-(g)z > )
42s+a)y’m; 3 w2
_(b— ©)?(4s(s—a) + (b + ¢)?)
B 4(b + c)2w?

_ (b-0)?
" 4(2s+ a)?

and = (b —¢)? > 0 and w? < m?

8s2—a? 4s(s—a)+ (b+c)?

. in order to prove (m), it suffices to prove : Zs 1 a7 < b1 02
8s? — a? - 4s(s—a) + (2s—a)®> 8s? —a? - 8s% — 8sa + a?
s =
(2s + a)? (2s — a)? (2s + a)? (2s — a)?

& (8s% —8sa + az)(Zs +a)? > (8s? — a?)(2s — a)?
& 16s3 — 12s%a — 4sa? + a’ >O<:> 1252(s—a)+4s(s—a)(s+a)+a3 >0
- true s — a >0 . piw2 < ma = PaWg < m2 and analogs

2rs
:>§smu). pawaS—. ma
cyc ;chc azb2 cyc

4 2rs
=———2(s —4Rr—r2)<RZh =

3 ’chca b2 cyc

2
1 Z b ;16rzsz(sz—4Rr—r2)2
@_
AV Teye 42?2

2

?
& Z:azb2 Zab %64rzsz(sz—4Rr—r2)Z

cyc cyc (@)

chc ab

cyc
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2
1
Now,z a’b? > 3 (Z ab) > 8Rrs? = LHS of (@) >

cyc cyc

?
8Rrs?(s? + 4Rr + rz)2 > 64r2s%(s? — 4Rr — rz)2
& (R —2r)s* — 6rs* + rs?(8R? + 66Rr + 161?)
?
+r2(16R% — 120R?*r — 63Rr? — 8r%) > 0
GE)
(R — 2r)(16Rr — 5r%) — 6r(4R? + 4Rr + 3r?) 5
S

+r(8R? + 66Rr + 161?)

+r?(16R3 — 120R?*r — 63Rr? — 8r%) = r?(5R + 8r)s?

Gerretsen

+r2(16R® — 120R’r — 63Rr? — 8r®) >  r?(5R+ 8r)(16Rr — 5r?)

Gerretsen
Again, LHS of (A1) >

? ? R
+1r2(16R3 — 120R?’r — 63Rr? - 8r3) >0 & 2t3 -5t + 5t — 6 > 0 (t = ;)

? Euler
<:>(t—2)(2t2—t+3)20—>true t > 2= (ER) = (A)is true =

4
R. z h, > =sinw. z PaW, VAABC,' =" iff A ABCis equilateral (QED)
cyc cyc

1740. In AABC the following relationship holds:
a®-b? - c¢ - (my + my + m)* > (25)%°-m2 - mb - m¢

Proposed by Daniel Sitaru — Romania
Solution by Tapas Das — India

a®- b’ c¢- (mg +my, + m)? = (25)% - m&-mb - m¢
(a)a (b)b (c>c> (a+b+c) 2
m, my m,) — |m,+m,+m,

a\® ;b\’ /c\e a+b+c \*hHe
) =) (=] >
(ma> (mb> (mc> - (ma +my + mc)

GM = HM
_1
(a)a (b)b (c>ca+”+‘> a+b+c _ at+b+c
m,/ \my/ \m, - 4_b C_ mg+my+m,

EMTRES

() ) () 2 ()
“\m, m, m,) ~ \m,+m, +m,

Equality holds fora = b = c.

a+b+c
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1741. In AABC the following relationship holds:

a/4a? + 9b? + by/4b? + 9c? + c\/4c% + 9a2 > 10V6 - F
Proposed by Daniel Sitaru-Romania

Solution by Tapas Das-India

(2a + 3b)?

4a? + 9b?% > >

a(2a + 3b) B
—\/f =

3 3 Gord
=ﬁZa2+ﬁZab2ﬁZab+EZab ozon

3
>2 -4\/§F+ﬁ-4\/§F=4\/3F+6\/3F=10\/3F

a\/4a? + 9b2 + by/4b% + 9¢2 + c\/4c? + 9a? > z

Equality holds fora = b = c.
1742.

In any A ABC, the following relationship holds :
2

IR A—B< m,
et ey (e

cyc cyc Sq COS 7

Proposed by Eldeniz Hesenov-Georgia
Solution 1 by Soumava Chakraborty-Kolkata-India

2 5 b+c A
m, _ m; A;G m, La;cu 2 - cos 2

J5a A Zbc 2A 7 os2A T 24

Sqa COS 5 b2 & o2 Ma COs* 3 cos’ cos”~

_ 2
4Rcos%cosB2C m, B—-C
= A = A > 2R cos > and analogs =
2cosy \/s_acosf
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2
A-B
e ZRZ cos v AABC” =" iff A ABC is equilateral (QED)

z =
2
Su COS 7 cyc

cyc

Solution 2 by Tapas Das-India
AM-GM
> 2bc(1+ cosA) or,

4m? = 2b? + 2c¢? — a? = 2bc cos A + b? + ¢, Now 4m?

A
m, = \/ECOSE (D),

2
m2(b? + c?) 3

m, B
A B A
( S, COS 7) 2bcm, cos? 5
A 2
m,(b? + ¢%) W& css Vbc cosz (b + ¢)* am-em
= > >
A = A =
24 24
2 bc cos > 4 bc cos >
) ) . B+C B—-C
b+c 1 R(sinB +sinC) 2Rsin——cos—; B-C
= = = = 2R cos
2 ooedl a a 2
cos 5 cos > cos5
using this result we get
2

A-—B m,
2R cos < —C
Yoo (4593 ey
1743. In AABC the following relationship holds:
abh.r,? 324r*
+ =
2ab+h, 4R+ 1
Proposed by Elsen Kerimov-Azerbaijan

bch,r > .\ ach,r,?
2bc +h, 2ac+ h,

Solution by Mirsadix Muzefferov-Azerbaijan
bch,r,? achyr,? N abh.r? _ .2 N T2 N T2 S
2bc+ h, 2ac+h, 2ab+h, £+i £+i £+i

h, bc h, ac h, ab

_ (ra+rb +rc)2 _ (ra+rb +rc)2 _

(rg+1y,+1.)?
- 1 1 1 1 1 1\ 2 a+b+c 2 2P
z(h—a+h—b+h—c>+(%+a+m) r T abc r T abc
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(rgtrp+r)? (rgtrp+r)? (rgtry+r)? 2Rr(rg+ 1, +1.)° Euler

Z+ 28 - Z+ 1 - 4R+ 1 - 4R +1
r 1-4RS r  2Rr 2Rr

4_2 2

> r°(rg+rp+r1,) )

4R+ 1
( 2
ra+rb=4RcosE
A A ,B ,C

<rb+rc=4Rcoszi =>ra+rb+rc=2R(cos E+cos E+cos E)=
Lra+rc=4RCOSZE

=R(1+cosA+1+cosB+ 1+ cosC) =R(3+ cosA + cosB + cosC) =

=R(3+(1+£))=R-4RR+r=4R+r (1)

( (1) 41r%(4R +1)? Eu>ler 4r2(8r +1r)? 3241
x) = =
4R+ 1 o 4R+ 1 4R+ 1

Equality holds fora = b = c.

1744. In all non — isosceles A ABC, the following identity is true :

B 4R3

. . A
sin* Asiny  r(3s* —r? - 4Rr)
). 2

cyc Sin > sin ;
Proposed by Neculai Stanciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

B-C . B-C b-c
= sin = A and analogs

2 .
4R smf

A
b—c= 4RsinEsin

4R3 sin* A sin % 4R3 sin* A sin %
" Z A-B_. A—C r Z a-b a-c

r . . -

. C . B
4Rsm7 4Rsm7
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. .A . B . C
4 — — —
4R3.16R? Z sin* A (sm > sin > sin 2)

r o (a—Db)(a-—c)
_ 4R3.16R? sin* A (z7x) < (2RsinA)*
B r 'Cyc (a—b)(a—c)_cyc(a—b)(a—c)_
a*(b—-oc) b*(c — a) c*(a—D)

“@-bla-—0b-0 b-ab-ok-a @ (c—a)lc—b)(a—Db)

B a*(b—-c)+b*(c—a)+c*(a—b) B a*(b — ¢) + (b*c — bc*) — a(b* — ¢*)
a (a—b)(a—c)(b—oc) a (a—b)(a—c)(b—oc)

(b—1c¢) ((a4 — ab?) + (b3c — ab?c) + (b?%c? — abc?) — (ac® — bc3))
B (a—b)(a—-c)(b—rc)

(b—c)(a—b) ((@® - c*) +b(a? - ¢?) + b*(a—0))
B (a—b)(a—-c)(b-rc)

(b—-c)(a—b)(a - c)(a?+ c? + ca + ab + bc + b?)
B (@a—b)a-c)(b—c) :Z"Z*Z“b

cyc cyc

=2(s?—4Rr-r?)+s?+4Rr+r? =3s?2 —r? — 4Rr

. . A
sin* A siny r(3s? —r? —4Rr)
Z ~A-B_. A—C_ AR (QED)
ove sSin——sin—

1745. In any A ABC, the following relationship holds :
a’?+bc b?>+ca c%+ab
+ +
b+c c+a a+b
Proposed by Daniel Sitaru-Romania
Solution 1 by Rovsen Pirguliyev-Azerbaijan

> 2s

a%+bc b%+ca c+ab
+
b+c c+a a+b

>2s (%)

To prove that :

a%+bc b%+ca c+ab
+ +
b+c c+a a+b

>a+b+c (1)
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a’ + bc b?% + ca c2+ab
—a|+ —b|+ -c|=0
b+c c+a a+b

a’?+bc—ab—ca b?>+ca—bc—ab c*+ab—ac-bc

>
b+c + c+a + a+b =0
a—c a-b
or(@-b)-(3E-0)+ b-0 (H-S5)+ - (S5 -572) 2 0or
a+b b+c (c—a)?-(c+a)

(a —b)*- (b—c)*-

b+roct+a cta)a+th) (atbbto -
a+ b + ¢ = 2s then true (*)

Solution 2 by Soumava Chakraborty-Kolkata-India

Za2b+2ab2=z ab Za—c = Za Zab — 3abc

cyc cyc cyc cyc cyc cyc
=Z:a2b+z:ab2 - (1)
cyc cyc
N a’ + bc N b? + ca N c?+ab Z Z b2c2 Berg;trom
ow, = >
b+c ct+a a+b a2b+a2 b2c + bc?
cyc cyc
2
(chc aZ) (chc ab) A;G 2 (chc az)(chc ab)

Ycye @?b + ¥y ab? + Yy @?b + XY ycab? T Yoo a?b + Y, ab?
via(1)  2(Zeyc@?)(Zeycab)  4(s? —4Rr —r?)(s? + 4Rr +r?)
" (Zgea)(Teyeab) —3abe 2s(s? +4Rr +r?2) — 12Rrs
_ 2(s*— (4Rr +r1?)?) ?
s(s?2 — 2Rr +r?)

> 2s © s* — (4Rr + r?)? > s* —s?2(2Rr —r?)

< (2R —r)s? 5 r(4R +r)?

()
Gerretsen

?
Now,(2R—-r)s? > (2R-r)(16Rr — 5r%) > r(4R +r)?
? ?
& 8R%Z—17Rr+2r? >0 © (8R—r)(R — 2r) > 0 - true via Euler = (%) is true

a’?+bc b +ca c?*+ab ] ) ]
+ + > 2sV AABC,” =" iff A ABC is equilateral (QED)
b+c cta a+b

Solution 3 by Serban George Florin-Romania

a? + bc a? + bc
223,2 +a 225+Za,
b+c b+c

cyc cyc cyc
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a’ + bc+ ab + ac
> 23
b+c

cyc cyc
(a+ b)(a+c)
222a,a+b =z,b+c=xa+c=y,
b+c
cyc cyc
FEDEDEIIN [[x 2% =ga 20022 ) x
“>>x ) x=p =qr=
Z o p) xy=qr Xz (yz)
cyc cyc cyc cyc cyc cyc cyc cyc
1 _er > p,q* — 2pr = pr, q* = 3pr, true, Schur inequality. Then : 3, ab:c > 2s

equalityisifa = b = c.

1746. If x € R then in any AABC the following relationship holds:

az J(asinx)? + (bcosx)? > 2V6-F

Proposed by Daniel Sitaru-Romania

Solution 1 by Adrian Popa-Romania

a|sin x| + b|cos x|
Za\/azsin2x+b2coszx22a =
V2

1
- ﬁ((az + b% + ¢?)|sinx| + (ab + ac + bc)Icosxl) >
! 46F
— >_ _ 4/6F _
\/_(ab+ac+bc)(|smx|+|cosx|) 7z 44/3F - 1 > 2V6F
. T
f(x) = sinx + cosx xe(O,E)
f’(x)=cosx—sinx:0:;~x:Z
0 T T
0 2 é
f(x) 44444+ ++++ 440 _____
=f)=1
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Solution 2 by Tapas Das-India

Z a\/(a sinx)2 + (bcos x)2 = Z \/(azsin x)2 + (ab cosx)? >

2 2
> (Isinxl Z az) + (Icos x| Z ab) (Minkowski) >
> i[Isinxlz:a2 + |cosx|Zab] >
=275 >

1 .
> ﬁ[lsmxl Z ab + |cos x| z ab] =

1 Gordon F
=— ) ab(|sinx| +|cosx]) > 4V3—=2V6F
5.0, @b (sin x| + [cosx) 5

Note: (|sinx| + |cosx|)? =1+ |sin2x| >1+0=1.

|sinx| + |cosx| > 1
1747. In any A ABC, the following relationship holds :

;A B (4R+1)?
9ztan stans+———26
2 2 p

cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

3

A B
tan3 —tan Radon | Deve (tanz tanz
9Ztan —tan——9z 2 > 9 ( cyc( 2 2))

= . 2
e cye tanz (chc tan %)
1 3 1 3
_o (Fchc rarb> _9 (sz) B 9p2
- 2 - 2" (4R 2>
(1 S ) (4R + r) (4R + 1)
p cycta p

9zt 3At B+(4R+r)2> 9p? +(4R+r)2A;G
MMt T T@rR+nz’ T pr T

cyc

2 2
> 2 9p .(4R +r) _
(4R + r)2 p?
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;A B (4R+1)? o o
-9 Z tan Etani + T > 6V AABC,"” =" iff A ABC is equilateral (QED)

cyc
1748. In any A ABC, the following relationship holds :

m,my
o= )M
m, +mb

cyc cyc

Proposed by Neculai Stanciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

ab
We shall prove that vV A ABC : Z _—> z a—- (1) and (1)
a+b-c

cyc cyc

S e Yt e I
o o = -
2(s -c) S s(s — a) - sec’ s2 -

cyc cyc
< (4R+T1)% > 352 > true via Trucht (Doucet) - (1) is true and implementing
2m, 2m;, 2m,

(Dona triangle with sides ,we arrive at :

333
mamb m,m
ZZ _BZma Zm +mp, —m sz“
cye 3 (mg, + m, —m,) cyc a b ¢ oe
v A ABC,” =" iif A ABCis equilateral (QED)

1749. In AABC the following relationship holds:

(_ B+ . C>+ ( C+ . A)+ ( A+ ] B)<9R
T, sm2 sm2 Tp sm2 sm2 T sm2 sm2 S5

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

z ) Alen<sen3 . (A+B+C)_3
siny = sin e =3

A B C
WLOGa=b = cthenr,>1r, =1, andsinE = sinE = sinz
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. B . C . C LA A . B Chebyshev
Ta (SIHE + smi) +ry (smi + smi) +r. (smE + sin E) <

<1(Z )(Z( B+ . C))<1(4R+ )23Eu<ler9R
=3 Tq sinZ +sing ))<= r.2; = -

Equality holds fora = b = c.
1750.
In any A ABC, the following relationship holds :

h, ( B+ C)+ hy, ( C+ A>+ h, ( A+ B>>6
hy + b, csco + csco h.+h, csc; +escy h.+hy’ csco +eseo )2

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle

(+(A+B)+(B+C) > (C+A) and analogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

22:(A+B)(B+C)—Z:(A+B)2 =ZZ Z:AB+B2 —ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc

=6ZAB+ZZA2—ZZA2—ZZAB:>4F=2 ’ZAB%(l)
cyc

cyc cyc cyc cyc

xy 2 V3 Z x*y? ?

2 >
y+z)(z+x)~ 2 < xy(y+z)(z+x) =
cyc cyc ()

Zeyexy)” _ Zeyery)”
chc (xY(chc xy + ZZ)) (chc xY)Z + Xyz chc X

3
Now,Vx,y,z>0,\/ 2

Via Bergstrom, LHS of (x) >

2

? 3 ? xy 2 V3

> — > > —

_4<:> ny _3xysz—>true \/ Vi@ D > 2 - (2)
cyc

cyc cyc

- a ( B+ C>+ h, ( C+ A)
by csc5 + csc; h.o+h, csc; +csco
h, ( A

B X y Z
. = - |=—B+0)+—(C+A)+———(A+B
h, + h csc2+csc2> y+z( + )+z+x( + )+x+y( +B)

A B C
(x =h, y=h,z=h, A= cscE,B = cscE,C = csci)
2 Oppenheim

X 2 2 Z
- BF¥C+— VCfA +— VAFB >
y+z Z+Xx x+y

+
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n Bt R P Lot ed

cyc cyc

31/16R2 Euler
3. f S = V3 3.3/64 =

~h, ( B+ C) hy, ( C+ A) h, ( A+ B)
“hy b csco + csc h.+h, csc + csc h.+hy’ csco + cesc

>6VAABC" =" iff AABCis equllateral (QED)

A-G
> /3. [3.° l_lcsc2 = /3.

cyc

1751. In any A ABC, the following relationship holds :

A B C
cscy cscy cscy
C.(b+c)+ A.(c+a)+

CSCE + CSCE CSCE + CSCE CSCH 2 + CSC 2

(a+b)>6\/_r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle
(+~(A+B) +(B+C) > (C+A) and analogs) = VA + B,VvB + C,VC + A form
sides of a triangle with area F (say) and

16F> =2 ) (A+B)B+C) — ) (A+B)’ =

cyc cyc

zz<zAB+Bz)_zzAz_zzAB

cyc \ cyc cyc cyc

=6ZAB+ZZA2—ZZA2—ZZAB:>4F=2 ’ZAB—>(1)
cyc

cyc cyc cyc cyc

xy 7 V3 z x2y?
>~

2 3
LG+ D@r) - 2 YYDt x) 54

Now,V x,y,z > O,\/
C

Via Bergstrom,

(Beyexy)”

LHS of (+) > _
chc (xY(chc xy + ZZ))
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2

(Beyery)” ’ 3 ’
> ZZ@ ny 23xyz2x—>true
(chc xY) + XYz chc X cyc cyc

. xy 7 V3
\/y Ginain=-2z @

csc% cscg
We have :B—C.(b+c) +—A.(c+a) +
csC7 + csC5 csc5 +cscy

csc%
B.(a+b)

CSCf + CSCi

X y Z
=——B+0+——(C+A)+——(A+B
y+z( ) z+x( ) x+y( )

(— A v =cscn,z= cses, A= B—bc—)
x—CSCZ,Y—CSCZ,Z—CSCZ, =ab=DpL=C
2 Oppenheim

=

x 2 2 Z
= VB¥C 4+ VC+A +—— JVATB
y+z Z+x x+y
X via (1) and (2) \/§
4F.\j y > 2 ZAB.7=\/§. Zab

(y+2z)(z+ x)
cyc cyc cyc

Gordon Mitrinovic
> V3. /4V/3rs > 6. /3\/§r2=6\/§r

cscy cscy sCy
.(b+c)+ﬁ.(c+a)+ B.(a+b)26\/§r
csC +cscy csCy + csc3 csC5 + cscy
v AABC,"” =" iff A ABCis equilateral (QED)

1752. In any A ABC and V n € N, the following relationships hold :

a" B C b" C A c" A B
© b <c0t§ + cotz) g (coti - coti> + g (coti + coti) > 3V3
h? B C h C A h? A B
<c0t— + cot—) + h? + hp (cotz + cot5> + T (cotf + coti) >33

@hg+hg' 2 2

Proposed by Zaza Mzhavanadze-Georgia

Solution 1 by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(+~(A+B)+ (B+C)>(C+A) and analogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =
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ZZ(A+B)(B+C)—Z(AH?.)2 ZZZ ZAB+B2 —ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc
= 6ZAB+ ZZA2 —ZZAZ —ZzAB =>4F =2 ZAB - (1)
cyc cyc cyc cyc cyc

xy * V3 Z x%y? ?
— =5 © =
y+2)(z+x) 2 <
cyc

3
xy(y +z)(z + x) ) 4
(Beyexy)” _ (Beyexy)”

chc (xY(chc xy + ZZ)) - (chc xY)Z + xychycx

cyc

Now,V x,y,Z > O,\/

Via Bergstrom, LHS of (x) >

2

? 3 ? Xy ? V3
> — > —_— > — 2
2, ® ny _3xyz2x—>true \[cyc CEICET - (2)

cyc cyc

a” B C b" C A
We have : (cot— + cot—) + (cot— + cot —)

. Ab“+c’]‘3' 2 2/ c'+am’ 2 2
C X y z
. t— t—)]=—@B+C —(C+A —(A+B
+a“+b“ <c02+co 2) y+z( + )+z+x( * )+x+y( +B)
(x—an —b“z—c“A—cotéB—cotEC—cotE)
- ry_ ) - 1) - 2; - ZI - 2

2 Oppenheim

x 2 2 z
=——VB+C +L.\/C+A +—.VvA+B >
y+z Z+x x+y

xy via (1) and (2) z \/§ Z ( A B)
4F. —_— > 2 AB.— = V3. t—.cot—
\/cyc(y+z)(z+x) - 2 V3 o 2 o 2

cyc cyc

1 4R + r Euler 8r+r
=VE. [s2) ——=V3 [t > V3, =3v3
r.Ip rs r
cyc
) a" B C b" C A c” A B
--bn+cn.<C0tE+C0tE)+cn+an.(C0ti+C0tE)+an+bn.(C0tE+C0tE)
> 3vV3VAABC," =" iff AABCis equilateral (QED)
_ h! B C h C A
Agam,wehave:hg+hg.(coti+coti)+h2+hg.(coti+cot5)
h? A B x y z
+——.(cot-+cot=)]=——B+C)+——(C+A)+——(A+B
hj + hy (co 2 co 2) y+z( ) z+x( ) x+y( )
A B C
(x=h3,y=h§,z=hL‘,A=cotE,B=cotE,C=cotE)
x 2 2 Z 2 Oppenheim
- VBtC+—LVC+A +—— VATB >
y+z Z+Xx x+y

cyc

xy via (1) and (2) Z V3 Z ( A B)
4F. —_— > 2 AB.— =+V3. t—.cot—
J y+Dz+x 2 cotz 0ty
cyc cyc
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+r
=33
r
A B

1 4R + r Euler 8r
=V3. [s2) — =13, /sz. S VE /
Iy rs
cyc
b C A h?

.M ( tB+ tc)+ h ( t=+ cot >+ ( t= + cot )>3\/§VAABC
TR hr \T 2 T 0N T e\t 2 T M) T\t T ) = ’

" =""iff A ABCis equilateral (QED)

Solution 2 by Tapas Das-India
Walter Janous inequality : for a,b,c and x,y,z be positive real numbers :

x y z
- >
y+z(b+c)+Z+x(c+a)+x+y(a+b)_\/3(ab+bc+ca)

Using this solution of (1)&(2)

at B c " c A c" A B
1) e (coti + cotz> + prpp (coti + cotE) + pey <cot§ + cotE) >

1
A B 3s2(ry+ 1, + 71 3(4R + 1) Euler (271\2
> 32c0t—c0t—= (ra b C)= ( ) uzer <—) =3v3
2 2 TarpTe r r

2)_ e (tB+ tc>+ i (tc+ tA)+ he <tA+ tB)>
Vi1 rp \S0tg O T g \ SOty T 0ty ) oty ooty ) 2

1
A B 3s2(ry+1,+ 71 3(4R + 1) Euler (271\2
> 32c0t—cot—= (ra b C)= ( ) uzer <—) =3v3
2 2 T rpTe r r

1753. In any A ABC with p,, py, pc =

Spieker cevians, the following relationship holds :
pa_ma+wa+pb_mb+wb+pc_mc+wc SE+1
h, hy, h, r
Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

B

Let AS produced meet BC at X and m(3BAX) = a and m(#£CAX) = B (say)
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and inradius of A DEF = r’(say)

Now, 16[DEF]? _ZZ< ><b2> 216 = Z aZb? — Z 16r2sZ

a C
2tz _rs
2

=3

DEF i ! I 1
= — = — — >
= ] 2 S>r 2 =>r (D
. L. C 2B+C B+m—-A
- Spieker center is incenter of A DEF, .. m(5AFS) = B + 3 = > = 2

m A-B B m A-C

=E— 2 andm(AAES)=C+E=E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

r? N c? 2r (c) . A-B
—— —)sin
4 Zsin% z z
r? b? 2r (b) _A-C
1 sin

- T 2 2

AS? =
C

s 2L

4sin )

B
i 2D i D
4sin ) Zsm2

= 2AS? o

2

r? c? 2r ¢y . A-B r? b?
+—— ( )sm
4 . C
Zsmi
2r (b) . A-C
— —|sin
2sin 2 2

. o C 2 . ,B 4
2> 2D
4sin ) 4sin 2

> N

Now, 2r (E) sin B + 2r (E) sinA —¢
Zsin% 2 2 Zsin% 2 2
r C A—-B B A—-C
= 2 (4Rcosi sin + 4Rcos 2 sin )
. A+B _. A-B . A+C  A-C
=Rr(251n 2 sin 2 + 2sin 2 sin 2 )

= Rr <1 - Zsinzg+ 1-— 2sin2§— 2 (1 — 2sin? %))
_ 2Rr <2a(s —b)(s—c)—b(s—c)(s—a)—c(s —a)(s — b))

abc

= 8Rrs (Za + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

A A
_ in2 2 _ _ in2 2
4(b+c)bcsin2%— 2a.2bccosA  PC <(ZS a)sin 2 a(l 2sin 2))

8s - 2s

2 A
i bc <(28 +a@)sin’ 5 - “) _(@2s+a)(s—=b)(s-0)
- F = 2s

— 2Rr
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2r (C) . A-B 2r (b) _A-C
=~ Sin - =) sin
2sing | 2 2 2sin5 | \2 2
= —(2s+a)(s—b)(s—c
) -@sta)s—b)s-0
2s
Acai r? N r? rz( ca N ab )
ain, =
® 4sinzg 4sin2% 4\(s—c)(s—a) (s—a)(s—b)
ab + ca () 1% r2
b)+ab(s—c))= —2Rr = 5+ c
=2 )
4sin > 4sin 2
b2+c2+ab+ca (2s+a)(s—b)(s—c)
2s

(i), (%), (xx) = 2AS% = 1
(a+b+c)(b*+c2+ab+ca)—(2a+b+c)(cta—b)a+b-c)
2

- 8s
3 2 2_ 2 13
b3 + ¢ — abc + a(2b? + 2¢? —a )=>2ASZ @b’ +c — abc + a(4m?)
4s
AS _ cAS

4s
Via sine law on A AFS, = A"B"= C
Zsinisina Cos —5— (a+ b)sini
(****) r(a+c)
2AS

. (o r(a+b)
= csina = T3AS and via sine law on A AES, bsinf
1 1
[ABC] = - p,csina + EpabsinB =rs

Now, [BAX] + [BAX] =
via (+++) and (+++x) p,(a +b + a + c) 4s
=S = pa =
2s+a

4AS
16s> b+ ¢ — abc+ a(4m?)
8s

= Pa (2s +a)?’
2
2 @ ° (b3 + ¢ —abc+ a(4m,21))

Pa = (2s + a)?
2
> (b3 +¢3 —abc+ a(4m,2,)) -

Also, pg - mﬁ = m
2s 8sa
(Zs + a)? (b + ¢ — abe) - ( (2s + a)z) a
4(a+b+c)(b3 + 3 — abc) — (2b? + 2¢2 — a?)(b + ¢)?
4(2s + a)?
_a2(b— o) +4ab+ )b — )2 +2(b% - c?)*
, B 4(2s + a)?
= 485__:202 ((a? +2ab +©) + b+ )?) + (b + )% + 2a(b + ©) + a?) — a?)
(b —¢)? (b — ©)?(8s% — a?)
=4-(ZS+ ) (2( +b+c)2_a2) — 1@s 1 o)
2 (em) (b — 0)?(8s? —a?)s>a
m2 4(2s 1 a)? = 0=>p,z2m>2w,>w, <

2 v1a:(11)

Pa

ps—
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2 2 2 2
. Pa — Mg mg; — W
~ in order to prove :

< ,it suffices to prove :
pa + ma ma +w,

2
pa_masma Wy

via{(:ll) (b — ©)?(8s* — a?) (b — ¢)? (sts—ay— s(s—a)(b— c)z>
4

4(2s + a)? ss(s-a)+ (b +c)?
_ (b —c)? <1 N 4s(s — a)) _ b-0c)? 2s—a)®+4s(s—a)
4 (2s — a)? 4 (2s —a)?
o ((Zs —a)? +4s(s— a)) (2s + a)? > (8s% — a?)(2s — a)?
& 1653 —12s?a—4sa’ +a® 20 © (s — a)(16s* + 4sa) +a® > 0

2 _ 2 2 _ 2
(Pa—mg _mg—w;
— true (strict) sinces > a - < = Pa + W, < 2m, and analogs
Pe+ M, m,+ wa

oy Pe et N e Y (Vama) S

cyc

cyc cyc

%m\[z a(2b? + 2¢2 —az)-\/za

cyc cyc

V2s
=4_rss' 2 Za Zab — 6abc — 2s(s?2 — 6Rr — 3r2)

cyc cyc
\/ s.vV2 Gerretsen
“ars \/Z(SZ + 4Rr + r?) —12Rr —s2 + 6Rr+ 3r2 <

— \/4R2 + 4Rr + 312 + 2Rr + 5r2 = \/4R2 + 6Rr + 4r2 + 4r2
Euler 1

< oo V4R? + 6Rr + 4r2 + 2Rr T \/4R2 +8Rr + 412 = F VR +1)?
=E+1-'-p a Mg+ W, pb_mb+wb+pc mc+WcSE
r h, hy, h, r

v AABC," =" iff A ABCis equilateral (QED)

+1
1754.

In any A ABC with p,, py, Pc
— Spieker’s cevians, the following relationship holds

1
' Pa+Pp+Pc<mMmy+my+m,+ 3 (max{a,b, c} — min{a, b, c})

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

Let AS produced meet BC at X and m(3BAX) = a and m(4£CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF]?2 _zz< ><b2> 216 s Z L Z _16r%s
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a b c
rs (z2t2*3 rs , T
=>[DEF]:Z:I' T :Z:?‘I' :E_)(l)

_ . C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(3AFS) =B+ - = > = 2
m A-B d m(2AES) = C B nm A-C 9
= —— = —_,————_—
> > and m(% + 23 > (2)
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at : AS? =

2

2 C
2

+c2 2r (c) . A-B r? +b2 2r (b) . A-C
- _ —)sin = —_— | — sin
4 Zsin% 2 2 4sin? g 4 Zsinf 2

2r (c) . A—-B 4 r
——=]l=)sin
¢ 2 4sin2g

r

2

4sin

rZ CZ 2

= 2AS? o

C
s 2 L
4sin )

b? 2r by . A-C
HE

Acai 2r (c) . A—B+ 2r (b) . A-C
gain, —|sin —|sin
Zsin% 2 Zsing 2 2

C A-B B A—C)

r ] .
= E (4Rcosi sin + 4Rcos 2 sin

. A+B _ A-B .A+C  A-C
=Rr<Zsm 2 sin 2 + 2sin 2 sin 2 )
=Rr<1—ZsinZE+1—Zsin29—2(1—2sin2é)

2 2 2
_ 2Rr <2a(s —b)(s—c)—b(s—c)(s—a)—c(s —a)(s — b))

abc

= %(Zﬁ + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

A A
_ in2 2 _ _ in2 2
4(b+c)bcsinzé— 2a.2bccosA  PC <(25 a)sin 2 a(l 2sin 2))

2
8s 2s
be( (2s + a)sin? A_,
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s
N 2r (c) . A-B 2r (b) . A-C
- —|sin — — | sin
Zsing 2 2 Zsing 2 2
* —(2s+a)(s—b)(s—c
O -~@sta)s—b)s—0) o
2s
2 r2 r2

Also,——— + ( ca s ab )
so, -
4Sinzg 4sin2% 4\(s—c)(s—a) (s—a)(s—Db)
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2 2

r? ab + ca () T r
(ca(s —b) + ab(s — c)) = —2Rr = +
4r?s . ,B . ,C
4sin > 4sin 3

2 2 _ _
(@), (+), (+) = 2487 = 2+ € +“b+ca—(25+a)(sz b)(s - ©

4 S
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
_ b3+ ¢ —abe+a(2b? +2¢% - a?) , ) b3 + ¢ —abc + a(4m3)

2A
4s = 248 4s
r AS cAS
Via sine law on A AFS, = =
. . A-B . C
2sinssina  cos (a +b)sins
2 2 2
S esing O F@tb) i sinel A AES bsing "2 F@t©)
csina = AS and via sine awlon , s;nB = 7AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬁ
via (***) and (****) pa(a + b +a+ c) 4s AS
= = = = =
rs ) 4AS STPaT 5 a
S
= p2 —m?2 = m(b3 +c3 —abc+ a(4m,21)) —m3
2s

2

8sa )
ma

E (b3 + ¢ —abc) — (1

-G rar @i ar
_4(a+b+c)(b®+c —abc) - (2b% + 2¢* — a?) (b + ¢)?
- 4(2s + a)?
B a’(b—c)? + 4a(b + c)(b — ¢)? + 2(b% - cz)2
- 4(2s + a)?
(b —o)? 2 2 2 2 2
:m((a +2ab+0)+b+02)+(b+c)?+2ab+c)+a?)—a )

(b —¢)? , oy (b— ©)?(8s% — a?)
_4(Zs+a)2(2(a+b+c) —a*)= 4(2s + a)?
2(Qc2 2
b2 _ m2 (;)(b—c) (8s% — a?)
@ @ 4(2s + a)?
Now, we shall prove that :

1 L
E(lb —cl+|c—al+|a—-Db)) (:) max{a,b,c} — min{a,b, c}

1 1
Case (1) aZch-‘-E(Ib—cl+|c—a|+|a—b|)=2(b—c+a—c+a—b)

=a — ¢ = max{a,b,c} — min{a,b, c}
aZch-'-%(lb—cl+|c—a|+|a—b|)=%(c—b+a—c+a—b)
= a—b = max{a,b,c} — min{a,b, c}
chZa-‘-%(lb—cl+|c—a|+|a—b|)=%(b—c+c—a+b—a)
=b — a = max{a,b,c} — min{a,b, c}
bZaZc-t%(lb—cl+|c—a|+|a—b|)=%(b—c+a—c+b—a)

=b — ¢ = max{a,b, c} — min{a,b, c}
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1 1
Case (5) CZaZb-’-E(Ib—cl+|c—a|+|a—b|)=2(c—b+c—a+a—b)

= c¢—b = max{a,b, c} — min{a,b, c}
1 1
Case (6)|c>b > a-’-E(Ib—cl +|c—al+ |a—Db|) =E(c—b+c—a+b—a)
=c¢—a = max{a,b,c} — min{a,b, c}
1
. combining all 6 cases, we conclude : 3 (lb—c|+|c—al+]a—-Db|)
= max{a,b,c} — min{a,b, c}
1
~via (@),pq + Pp + Pc < Mg + my, + m_ + 3 (max{a,b, c} — min{a,b, c})
(m) 1
& ) ps < m“+32|b_c|
cyc cyc cyc
Now, a?(4m2) = a?(2b? + 2¢? — a?)
= 2a’b? + 2c%a? + 2b%c? — a* — b* — c* + (b* + c* — 2b%c?)

= 16F% + (b? — cz)2 > (b2 — cz)2 = 2am, > |b? — c?|

L S bocd®to b-c@s-a)_(  |b-d ?
Ma 2a " Ma 2a Ma 6
(b — ¢)? b —c| (b-¢c)? |b-cl(2s—a) |b—c| ?
2 > m?2 2
at T3 TMeT g ZMat o 2a g = Pa
(2s—a)(b—c)? ? 5 , (b— ©)? via(+) (b — ©)?(8s? —a?) (b—c)?
o >pi-mi-— = -
6a 36 4(2s + a)? 36
9(8s% — a?) — (2s + a)? 68s% — 4sa — 10a?

36(2s + a)? 36(2s + a)? (b —o)?

© 3(12s—a)(2s + a)? ; a(34s? — 2sa—5a?) (~ (b—¢)? > 0)

? ?
o 12s3 —11sa—2sa’+a®> >0 (s—a) (1252 +a(s— a)) > 0 - true

: b —cl
(strict) *s>a -~ m, +

= p, and analogs

6
1
:Zma+82|b—c| ZZpa = (m) is true

cyc cyc cyc
1
5 Pa+ Pp +Pc <My +my +mg+ 3 (max{a,b, c} — min{a,b, c})
v AABC," =" iff A ABCis equilateral (QED)
1755.

In any A ABC, the following relationship holds :
a’+b%+c%2—ab—bc—ca
3s

Pa +Pp +t Pc =M, + My + M +

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

64 RMM-GEOMETRY MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Soumava Chakraborty-Kolkata-India

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’'(say)

a?\ [b? at 1 16r2s?
2: e | - _—— 2p2 _ 4 =
Now, 16[DEF] 2 E <4><4> E T 16(2 E a“b E a) T

a b c

27272\ ST

—_— = —_— r =—-
2 4 2

rs
= [DEF] = T >r

. . . C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 2 = > = >
T _A-B mdmsAEs) =c+o=F_2"C_
= —— = —_ = ——_
2 5, andm 4 > =5 > 2)
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at : AS? =

2

r

2

2 2r ¢y . A-B r? b? 2r by  A-C
()sm = ()sm

C
+————= |5 +———
. ,C 4 . Cl\2 2 . ,B 4 . B 2
2L . 2D D
4sin ) Zsm2 4sin > Zsm2

2

2

i r? c? 2r c A—-B r
= 2AS? = +Z_ C ( )sin 5 +
Zsini

B
s 2 L in2 -
4sin ) 4sin 2

2

b? 2r (b) A-C
sin

+__
4 B 2
Zsm2

. 2r cn . A—B 2r by . A-C
Again, ( )sm

—Jsin + =

Zsin% 2 2 Zsing 2 2

r C. A-B B A-C

=E<4Rcosism > +4RcosEsm > )
.A+B _ A—-B .A+C _  A-C

=Rr<251n 2 sin 2 + 2sin 2 sin > )
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=Rr <1 — 2sinZE +1-— 2sinZE -2 (1 — 2sin? é))
2 2 2
<2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))
= 2Rr

abc

(Za + (b + c)a? — 2a(b? + c?) — (b + ¢) (b — ¢)?)

8R
. 2A w2z A
4(b+c)bcsin2%—2a.2bccosA bc<(Zs—a)sm 2 a(l 2sin 2)
8s B 2s
bc (Zs+a)sinzé—a
2 (2s+a)(s—b)(s—c)
— 2Rr
2s
2r (b) . A-C
sm — | sin
2sin Zsinlz3 2 2
—(2s+a)(s—b)(s—
(+ )(s —b)(s —¢) + 2Rr
2s
Al r2 N r2 _rz( ca N ab )
SO “a4\-0G-a  G-a)is—b)

: C
2= in2 =
4sin 3 4sin 2
ab + ca () r? 2
—2Rr = B+ c
4sin27 4sin2§
b?2+c?+ab+ca (2s+a)(s—b)(s—c
(@), (+), (++) = 2A8? = _ )(zs )(s— o)

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

r

2
—zs(ca(s —b) + ab(s — c)) =

L gagz W b3 + ¢ — abc + a(4m?)

4s 4s
i sine r _ AS _ cAS
Via sine law on A AFS, —C = A_B- —C
2sin zsina  cos—5— (a+ b)sm
= (oratd) 1 A AES, bsing =~ r(a+ o
csina oas N via sine law on si nB 7AS

Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬂ
via (x#x) and (xxxx) pa(a +b+a+ C) 4s A
= = = = =
rs 4AS STPa=551a
2 2__ 2 3, .3 2
:pa—ma—m(b +c —abc+a(4ma))—

2s (b3+ b ) ( 8sa ) 2
(Zs+a)2 ¢ —abe (2s + a)? Ma

4(a+b+ c)(b? + 3 — abc) — (2b? + 2¢? — a?)(b + ¢)?
- 4(2s + a)?
a’(b—c)? + 4a(b + c)(b — ¢)? + 2(b% - cz)Z
4(2s + a)?
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a2
- %((a2 +2a(b+c)+ (b+0c)?)+((b+c)?+2ab+c)+a?) - az)

(b~ ) (2(a+b+c)2 a2y = PS8 )

“4(2sta 4(2s + a)?
() (b - ©)?(8s? — a?)
“Pa—mg = 4(2s + a)?
? (b - C)2 ? (b-0c)* (b-c)?
Now, pg = mg +— & pi>mi+ 3652 T35 Ma

?(b—0c)* (b-0)? via (+)
@pa—maz 3652 + 3s .m, <

(b—c)?(8s2—a?) ? (b—c)* (b—c)?
12s+a 3 36 T3 Ma

b+c 2s—a
= and (b — ¢)? < a? - in order to prove (¢),

Since m, <

2
) ) (b—c)?(8s2—a?) (b-c)?a? (b-c)? 2s—a
it suffices to prove : 4(2s 1 a)? - 3652 = 3s 2
9s2(8s% — a?) — a?(2s + a)? )
36s2(2s + a)? - ( (b-09*=20)

© 24s* —24s3a—s?a’+2sa®—a*t >0 (s — a)(ZBs +s(s—a)(s+a)+a?)
> 0 - true (strict) * s >a = (0) is true

? (b — ¢)? ? 1
L P =M, + oS and analogs=>2pa ZZma+a.Z(b—C)2

cyc cyc cyc

2+b2+c2—ab—bc—ca

S Pa+Pp+Pc =My +my +m +
v AABC,' =" iff A ABC is equilateral (QED)
1756.
In any A ABC with p,, py, Pc
— Spieker cevians, the following relationship holds :
ha(pa + Wa) + hb (pb + Wb) + hc(pc + Wc) < 2s?

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

Let AS produced meet BC at X and m(3BAX) = a and m(4£CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF]? —zZ( ><b2> 216 = Z a2b? — Z 16r2s2

a c
rs (ztz21t32 rs , T
> [DEF] = =1 | &—2—=|=F=r =51

=2

4
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C 2B+C B+m—A

- Spieker center is incenter of A DEF, . m(5AFS) = B + 2=—5 = >
T _A~B ndm(sAES) = C T AC e
= —— = —_—_———_——
> > and m(% + 23 > (2)
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
A—B

2

r2 c2 2r (c

2) sin

AS? = -
c C

2= in=
4sin 2sin>

Sll’l

B B
. 2D
4sin 2 2s1n2
@ r? +c2 2r (c) ) + r? b?
= —— — sm
4sin2% Zsin% 2 2

2r (b)sinA—C
Zsini 2 2

Now 2r (E) sinA B + 2r (E) sinA —¢

' 2sin 2 2 Zsing 2 2

r C. A-B B A-C

=E(4Rcosism 2 +4RcosEsm 2 )

. A+B _ A-B . A+C  A-C
=Rr<Zsm 2 sin 2 + 2sin 2 sin 2 )
=Rr 1—ZsinZE+1—ZsinZE—2(1—2sinzé)

2 2 2

<2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s — b))
= 2Rr
abc

4sin?

N O

(Za + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

8R
A A
_ in2 2 _ _ w22
4(b+c)bcsin2%—2a.2bccosA bc<(25 a)sin 2 a(l 2sin 2))
B 8s B 2s
bc (Zs+a)sin2é—a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s 2s
N 2r (c) . A-B 2r (b) . A-C
— —)sin — —)sin
Zsin(z: 2 2 Zsing 2 2
*) —(2s+a)(s—b)(s— c)
2Rr
2s
Avai r? N r? _rz( ca N ab )
gain, C 24\ G-0G-a G-a)(s—b)

i 2D 02 L
4sin > 4sin )
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ab + ca (= r? r2
—2Rr = +

4sin2g 4sin2%
2, 2 ~ -
(i), (=), (=) = 2882 = =€ . “b+°a_(28+a>(szs b)(s — ©)
_ (@a+b+c)(b*+c2+ab+ca)—(2a+b+c)(c+a—b)la+b-c)

12
4r2s

(ca(s —b) + ab(s — c)) =

, ) b3 + ¢ —abc + a(4m3)

8s
b3 + ¢ — abc + a(2b? + 2¢% — a?)
= = 2AS

4s 4s
r AS cAS
Via sine law on A AFS, = =
. . A-B . C
Zsmisma cos— (a+ b)smi

(x+xx) T(@ + €)

S esina 20 FOFD) 4 via sinel A AES, bsinp =
csina = 2AS and via sine iaw on ) smB = 2AS

1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬁ =rs
via (***) and (****) pa(a + b + a + c) 4s A
= = = =
4AS ST PaT 55 ta

,viaG)  16s? b3 +c® —abc+ a(4m2)
= = :
Pa (2s + a)? 8s

(m) 2s
2 3 3 _ 2
Pa Zs 1 a)? (b + ¢3 — abc + a(4ma))
Also,p; — mj = L(W +c3 —abc+ a(4m2)) — m?
“ ¢ (2s+a)? a a
2s 8sa

_ %% (p3ae3 (4 8Bsa \ ,

- (25 + a)? (b?+ ¢* — abc) (1 (2s + a)z) a
_ 4(a+b+ C)(b3 +c3 - abc) — (2b2 +2c2 - aZ)(b + C)Z

4(2s + a)?
B a’(b—c)? + 4a(b + c)(b — ¢)? + 2(b% - cz)2
- 4(2s + a)?

b — ¢)?

= ﬁ((a2 +2ab+c)+(b+0)?)+((b+c)?+2ab+c)+a?)— az)

(b —¢)? , gy (b— ©)?(8s% — a?)
_4(Zs+a)2(2(a+b+c) —a*)= 4(2s + a)?
(um) (b — ©)?(8s? —a?)s>a
Pa—m; = 4(2s + a)? = 02 Pa=Ma=Wa™Wa = Pa
212 m? w2
a = < ———= it suffices to prove :
P+t M, m,+w,

pz —mg < mg — wg

~ in order to prove :

via (m) (b — ¢)?(8s% — a?) ’ _(b —¢)? s(s—a)(b — ¢)?
o 1(2s 1 a)? <s(s—a)+ 1 —<s(s—a)— 12 )
B (b—1c)? 4s(s —a)\ _ (b-0¢)? 2s—a)®+4s(s—a)
4 < (2s — a)2> 4 (2s — a)?

=3 ((Zs —a)? + 4s(s — a)) (2s + a)? > (8s% — a?)(2s — a)?
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© 16s% — 12s?a—4sa’* + a®> > 0 & (s — a)(16s* + 4sa) +a® > 0
pz “mZ m2— w2
— true (strict) since s > q .- — <t = p, + W, < 2m, and analogs
Pt M, m,;+w,

m
:Zha(pa+wa)<4r52—<2s <:)—>z = 4Rl_stcma

cyc cyc cyc cyc

C)(ZRSZ) 2 Zbcma

cyc

2b? + 2¢2 — a?
= Z (bzcz < 4C a )) +2 Z(bc. ca.m,my)

cyc cyc

?
© 16R?%*s* > z b%c?| 2 z a’—-3a? | |+ 32Rrsz cm,m,

cyc cyc cyc

?
& 16R?%s* > 4(s? — 4Rr — r?) ((s2 + 4Rr + rz)z - 16Rrsz)
()
—144R?r%s? + 32Rrsz cm,my
cyc

? 2¢2 +ab o <2b2 +2c¢% - a2> <Zc2 +2a% - b2> 2 (2¢2 + ab)’

Now, <
ow, m,my, 2 2 16

?
& a* + b* — 2a?b? — a’c? + 2abc? —b%c2 >0
?
e (a+b)2(a-b)2—-c?2(a—-b)?> >0
5 ? 2¢2 +ab
o (a—b)*(a+b+c)(a+b—c)=0- true = m,m, ST and analogs
~ RHS of (+) < 4(s? — 4Rr —r?) ((s? + 4Rr + r2)2 — 16Rrs?) — 144R%r?s?

2c2 + ab 5 4
+32Rrsz C. T < 16R*“s

cyc

& (s? — 4Rr —12) ((s? + 4Rr +12)° — 16Rrs?) — 36R?r?s?
+8Rrs(4(s? — 6Rr — 3r?) + 12Rrs) < 4R%s*

& 5% — (4R? + 4Rr — r?)s* — (12R? + 16Rr + r?)r?s? — r3(4R + r)3 é 0
Now, Rouche = s? — (m —n) > 0 and s> — (m + n) < 0, where m (= :
2R? + 10Rr —r? and n = 2(R — 2r).V/R% — 2Rr
(sz —(m+ n)) (s2 —(m— n)) <0
= s*—s?2(2m) + m? —n? < 0 = s* —s?(4R? + 20Rr— 2r?) + r4R+1)3 < 0
s® — (4R? + 20Rr — 2r?)s* + r(4R + r)3.s? < 0 - in order to prove (s),
it suffices to prove :
s® — (4R? + 4Rr — r?)s* — (12R? + 16Rr + r?)r?s? —r3(4R + )3
< s® — (4R% + 20Rr — 2r?)s* + r(4R + r)3. 52

70 | RMM-GEOMETRY MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(se0)
& (16R — 5r)s* — (64R% + 60R?*r + 28Rr? + 2r%)s? —r2(4R+1)? < 0

Gerretsen

Again, LHS of (ee¢)
((16R — 5r)(4R? + 4Rr + 3r2) — (64R® + 60R’r + 28Rr? + 2r3)) s?

? ?
—r2(4R+ 1) <0 & (16R — 51)s? < (4R +1)3
(....)
Gerretsen ?
< (16R—5r)(4R? + 4Rr + 3r?) < (4R + 1)}
?
S 4r(R—2r)?2 > 0 - true = (esee) = (s00) = (o0) = (o) is true

~he(pe + wg) + hy(pp + W) + he(pe + we) < 252
v AABC,’ =" iff A ABC is equilateral (QED)

Moreover, LHS of (eee°)

1757. In acute AABC the following relationship holds:

(b + c)secA + (¢ + a)secB + (a + b)secC > 24\/3r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

AM-GM
~
>

1 CES;;‘IRO
zs-jn(a+b)-ﬂwm 2 3-3\/8abc-1_[

(b + c)secA + (c + a)secB + (a + b)secC

>
cosA
cyc cyc

cyc

1 EUAER
>6- 3/abc g =12- Yabc=12-YaRrs S 12-38r2s >
8

MITRLI.‘VOVIC 3 3 3
= 24 /r2-3\/§r=24r- /(\/§ = 2437

Equality holds fora = b = c.
1758.

In any acute A ABC, the following relationship holds :
a
: B + C) +
" (sec secC)

c
.(secC+secA) + .(secA +secB) > 6
c+a( ) a+b( )

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India
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VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(+~(A+B)+ (B+C) > (C+A) and analogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)2 ZZZ ZAB+B2 —ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc
= 6ZAB+ ZZA2 —ZZAZ —ZzAB = 4F =2 ZAB - (1)
cyc cyc cyc cyc cyc
xy 7 \/3 x%y? ? 3
Now,V x,y,z > 0, —2—4:)2 = —
y+z)(z+x) 2 xyly+z)(z+x) = 4
cyc cyc ()

(Zeyexy)” _ (Zeyexy)”
chc (xY(chc xy + ZZ)) (chc xY)Z + xyz chcx

Via Bergstrom, LHS of (x) >

2

? 3 ? xy ? V3
= — >3 z t — Y~ 2= 2
4(:) ny XyZ x — true \[Cyc G+DZ+0 2 - (2)

cyc cyc

C

We have b_l_c.(sech+secC)+c_}|’_a.(secC+se;A)+a_l_b.(secA+secB)
=——B+0)+——(C+A+——(A+B
y+z( ) z+x( ) x+y( )
(x=a,y=b,z=cA =secA,B=secB,C =sec(C)
2 Oppenheim

x 2 2 z
.VB+C +L.\/C+A +——.VvA+B >
y+z Z+x x+y

x via (1) and (2) V3
4F. —y = 2 E AB.— =+V3. E secAsecB
y+2)(z+x) 2
cyc cyc cyc

3 A A 12R2 (R + r) Gerretsen
= = >
1_[ sec Z cos R(GsZ—4RZ —4Rr—r2) ~

cyc cyc

r2

12R(R+7r) B 6R(R+r) Et;er 12r(3r)
4R? + 4Rr + 3r2 —4R?2 —4Rr —r?2 r2 =

N (secB + 0+ b (secC+ A) + ¢ (secA + B)>6
e (Sec sec 1 g (Sec sec 2+p (5e¢ secB) >
V acute A ABC,” ="' iff A ABCis equilateral (QED)

1759.

In any acute A ABC, the following relationship holds :

secA (b+¢)+ secB (c+a)+ secC ( +b)>6\/§
¢ secC—i—secA'c a secA+secB'a . r

secB +secC’
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Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India
VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle

(+(A+B)+ (B+C) > (C+A)andanalogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)2 ZZZ ZAB+B2 —ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc
= 6ZAB+ ZZAZ —ZZAZ —ZZAB =>4F =2 ZAB - (1)
cyc cyc cyc cyc cyc
xy 7 \/3 x%y? ? 3
Now,V x,y,z > 0, —2—4:)2 = —
y+z)(z+x) 2 xyly+z)(z+x) = 4
cyc cyc ()

(Beyexy)” _ (Beyexy)

Via Bergstrom, LHS of () > = 5
Seye (4V(Beyexy +72))  (Zeyery)” + xyzLeyex

2

? 3 ? xy ? V3
= — >3 z t — <= 2
4(:) ny XyZ x — true \/cyc G+DZ+0 2 - (2)

cyc cyc

Weh ) secA (b+0+ secB (c+a)+ secC (@+b)
¢ ave'secB+secC' ¢ secC+secA'c a secA+secB'a

x y zZ
=———B+C0+——(C+A)+——(A+B
y+Z( ) z+x( ) x+y( )

(x =secA,y =secB,z=secC,A=a,B=b,C=c)
2 Oppenheim

x 2 2 z
.VB+C +L.\/C+A +——.VvA+B >
y+z Z+x x+y

x via (1) and (2) V3
4F. B = 2 AB.— = +V3. ab
(y+2)(z+x) Z 2 Z
cyc cyc

cyc

Gordon Mitrinovic
> 3. [4V3rs > /3. [4V3.3V3r2=6V3r
secA secB secC
_ S — i >
secB + secC (b+c)+ secC + secA (c+a)+ secA + secB (@+b) 2 6V3r
v AABC,” =" iff A ABCis equilateral (QED)

1760.
In any A ABC, the following relationship holds :

a" B C b" C A c A B
©) Ty cn.(csci+ csci) + Ty an.(cscz+ cscE) + p +bn.(csc5+ csci) >6

h2 B C h C A h? A B
©) b +h2.(csci+ cscz) +h2 +hg.(csc5+ cscE) +h3 +hg.(csc5+csc§) >6
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Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle

(+(A+B)+ (B+C) > (C+A)andanalogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and

16F2 = zZ(A +B)(B+0C) —Z(A +B)? =

cyc cyc
=zz ZAB+B2 —ZZAZ—ZZAB=
CyC CyC Cyc cyc
=6ZAB+ZZA2—ZZAZ—ZZAB:MLF:Z ZAB—>(1)
cyc cyc cyc cyc cyc

Xy 7\/— z x2y? 23
AapEN

N rv » Y >Ol T N LN
ow. vy, z \/ (y+z)(z+x) xy(y+z)(z+x)(w)4

(Beyexy)” _ (Beyexy)’
Zeye (0 (Beyexy +22))  (Seyexy)” +xyz Loy

Via Bergstrom, LHS of (x) >

2

? 3 ? xy 7 \3
= - >3 z t — <= 2
2 ny XyZ x — true \/cyc Y+ +2) 2 - (2)

cyc cyc

X B C y C A Z A B
We have : y+z (csc—+ csc—) +—.(csc—+ csc—) + .(csc—+ csc—)

2 2/ zZ+x 2 2 x+y 2 2

X Z A B C
=—(B+C)+L(C+A)+—(A+B) (A:csc—,Bzcsc—,Czcsc—)
y+z 2 2 2

2 Oppenhelm

:y—m+—m+—¢—

x via (1) and (2)
4F. y > Z AB =+/3. csc—csc—
@+ﬂ&+ﬂ
cyc cyc
A 6 16R2 Euler 6|64r2
> 3. csczicscz—csc2 = N e 6

X
“VXxyz>0—. (csc—+csc )+ (csc + csc )
AT 2 2) T2+ 2 \B2 2
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4 Z ( A 4 B) -6
X+ y. CSC 2 CSC 2) =

~ choosing x = a",y = b",z = c" and
x = hj},y = hy,z = h? separately, we arrive at :

an

B C b" C A ch A B
priren’ (csci + cscz) + prymn aﬂ.(cscz + cscE) + Py bn.(cscE+ csc5> =6
and

hj ( B+ C) hp < C+ A) h? ( A+ B>>6
B+ hE csco + esc he o hn csco + esc ho+hD csc +eseo ) 2

respectively,V AABC,”" =" iff A ABC is equilateral (QED)

1761.

In any A ABC with p,, pp, Pc

— Spieker cevians, the following relationship holds :
I Iy I
—+—+—2=3

Pa Pb Pc

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(3BAX) = a and m(4£CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF]? _zz< ><b2> 216 = Z 2b? — Z 16rzsz
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a b

rs +o+5 rs r
= DEF| =~ o1 (222 ) =25 r =25 1)
. L. C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(5AFS) = B + 3 = > = 2
B nm A-C
=5~ @

m A-B
=573 andm(zﬁAES):C+E—2 >
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at
A—B
2

r? c2 2r c
G

c B C
2L in b
4sin 2sin 2
r2 >
sm

2sin >

) sin

AS? =

- BT
2
4sm2
rZ +f— 2r (E)sin + +—
4 Zsin% 2 2 B 4

= 2AS? o
4sin? %

2r (b) . A-C
—|sin
. b [\2 2
Zsm2

Now, —) sinA B + 2r (E) sinA —¢
Zsin% 2 2 Zsing 2 2
r C. A-B B A-C
=E(4Rcosism 2 +4RcosEsm )

.A+B _ A-B . A+C  A-C
=Rr<Zsm 2 sin 2 + 2sin 2 sin 2 )

= Rr <1 - Zsinzg+ 1-— 2sin2§— 2 (1 — 2sin? %))
<2a(s —b)(s—c)—b(s—c)(s—a)—c(s —a)(s — b))
= 2Rr
abc
(Za + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)
A_ 2a.2bccosA  PC <(25 — a)sin’ % —a (1 — 2sin’ %))

4(b + c)bcsin? > .
B 8s B 2s

. 2 A
bc <(Zs + a)sin® 2~ a) (2s+a)(s—b)(s—c)
_ P — 2Rr

2r (c

~ 8Rrs

- 2s
2r (c) . A-B 2r (b) . A-C
—)sin - — | sin
2sin (2: 2 2 ZSinlz3 2 2
—2s+a)(s—b)(s— c)
= 23 2Rr

ﬁ_
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A . I'2 n I‘Z I‘Z ( ca 4 ab )

ain, = —

® 4sin2g 4sin2% 4\(s—c)(s—a) (s—a)(s—b)
r? ab + ca (% 12 r2

- 4rZS(Ca(S —b) + ab(s - C)) =" 2Rr =

4sin2g 4sin2%
2 2 _ _
(@), (), (v) > 2852 = Lt +abtea Qs+a)s—b)s—o

4 2s
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
_ b3+ ¢ —abe+a(2b? +2¢% - a?)

. 3 3 2
_ ops2 W b3 + ¢ — abc + a(4m2)
4s 4s
r AS cAS
Via sine law on A AFS, = =
2sinCsi A-B . p)sin®
singsina  cos—— (a sin
. (=»r(a+b)
= csina = ——

. . . (****) r(a + C)
AS and via sine law on A AES, bsinf = ————

2AS
1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + —p.bsinf =rs

via (+++) and () p,(a+b+a+c)
=

=S=>pg = is AS
4AS ~STPeT 55t a
,viaG)  16s? b3 +c® —abc+ a(4m2)
Pa = (2s +a)?’ 8s
2 (m) 2s

" 3 .3 2
Pa = m(b +c® —abc+ a(4ma))
We have : H(Zs + a) = 8s3 + 4s? z a+ Zsz ab + 4Rrs

cyc

cyc cyc

= 8s% + 4s2.25 + 2s(s% + 4Rr + r?) + 4Rrs
(mm)
= H(Zs +a) = 2s(9s%+ 6Rr + r?)
cyc
Now,b? + ¢ — abc + a(4m2) = b® + ¢ + a® — abc + a(2b? + 2¢? — a?) — a®
= Z a® — abc + 2a.2bccos A = 2s(s? — 6Rr — 3r?) — 4Rrs + 16Rrscos A

cyc

( )
= b3+ c3—abc+a(4m?) = 2s(s?—8Rr—3r? +8RrcosA) - (m),(mmm)
= P = 2 .+/s2 — 8Rr — 3r2 + 8Rrcos A

* 2s+a

2s . \
= . |sZ —8Rr —3r2 + 8Rr(1 — 2 sin? —)
2s+a 2
- 25 |s2—3r2 — 16Rrsin? > and anal
= . |s2 —=3r2— rsin? — and analogs
Pa =59 +a 2 g
r, I, I (2s+ a)r,
=>—=+4+— =

Pa Po Pe £ Zs.JsZ —3r2 - 16Rrsin2%
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_Meye2s+a) Iy
B 2s ' A
cyc (§2 — 3r2 — 16Rrsin? 5 (2s+b)(2s+c¢)
via (wm) 25(9s? + 6Rr + 1?)
= oS )

2

zJ(sz i

cyc — 3r2 — 16Rrsin? ) (2s +b)(2s + O)ry,. \/(Zs +b)(2s+ O)r,

Bergstrom
=>
2
(95 + 6RI‘> (chc ra)
+r?
Yeye <\/(52 — 3r2 — 16Rrsin? ) (2s+b)(2s + O)r,. \/(Zs +b)(2s + c)ra)
cBs (9s% + 6Rr + r?)(4R + r)?

\/chc ((52 — 3r2 — 16Rrsin? %) (2s+b)(2s + c)ra> .\[chc((ZS +b)(2s + O)r,)

Tq Ta  To n, . (‘)

Pa Pb Pc
(9s% + 6Rr +r?) (4R + )2

\/chc <(s2 — 3r? — 16Rrsin? %) (8s2 —2sa + bc)ra> .\/chc((Bs2 — 2sa+bo)r,)

stan s s?+ (4R +r1)?
We have : Z—— A 4Rz:sec PR R—
cye 4Rtan= 5 cos2 cye S
Ty (----)s +(4R+r)2 a—s+s
and z ar, = rsz
a s—a
cyc cyc cyc
s(4Rr + r? ( )
=rs<—3 +%>:>Zara r=an (4R — 2r)s

cyc

A
We now proceed to evaluate : Z (—16Rr sin? > (8s% — 2sa+ bc)ra)

cyc

. 2 . zA 2 zA A
Flrstly,z<—85 .16Rrsin Er“) = —128Rrs Z (1 — CcoS E)stani

cyc cyc
2 3 A A
= —128Rrs“(4R +r) + 32rs Z (4Rcos§smi)

cyc

= —128Rrs?(4R +r) + 32rs3(2s)
A
Z (—852. 16Rr sin? Era) = —128Rrs?(4R +r) + 64rs* - (3)

cyc
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A A
Secondly,z <<—16Rr sin? E) (—Zsa)> = 32Rrsz <(1 — cos? E) ara)

cyc cyc
A A via(mmmmm)
= 32Rrs Zara —Z (a.stani.cos2 E) =
cyc cyc
sa A A
32Rrs <(4R —2r)s— IR (4R cos > sin E))

= 32Rrsz(4'R —2r) — 8rs? z a? = 32RI'SZ(4R —2r) — 161‘52(52 — 4Rr — I'Z)
cyc
A
Z ((—16Rrsin2 E) (—zsa)> = 32Rrs2(4R — 2r) — 161.52(52 — 4Rr — rz) S (@)
cyc

A A
- 2_ a
sin 2.stan2

A
Thirdly, z (—16Rr sin? — bcra) = —16Rr. 4Rrs.z
2 4R cos? A tané
cyc A cyc 2" 2
= —16Rr? z r? . z (—16Rr sin? Ebcra) = —16Rr?((4R + )% — 25%) - (5)
cyc cyc

'y
Again,z ((852 —2sa + bc)ra) =8s?(4R+r) — Zsz ar, + 4Rrs.z =
cyc cyc cyc a
via(----)a_nd(-----) SZ+(4R+I')2

= 8s2(4R +r) — 2s%(4R — 2r) + 4Rrs.
4Rs

z ((852 —2sa+ bc)ra) — (24R + 130)s% + r(4R + 1)% > (6)

cyc

Via (3),(4), (5), (6),2 ((sz — 3r? — 16Rrsin? %) (8s% — 2sa + bc)ra>

cyc
= (s2 - 3r?)((24R + 13r)s? + r(4R + 1)?) — 128Rrs?(4R + 1) + 64rs*
+32Rrs?(4R — 2r) — 16rs%(s? — 4Rr — r?) — 16Rr?((4R + r)? — 2s?)

A
Z <(sz — 3r? — 16Rr sin? E) (8s% — 2sa + bc)ra>

cyc
= (24R + 61r)s* — r(368R? + 160Rr + 22r?)s?

—r?(256R> + 176R?r + 40Rr?* + 3r%) - (7)
I, I I
- (6),(7) and (#) > 2+ =+ >
a Pv Pc
(9s% + 6Rr + r?) (4R + r)?

\/(24R + 61r)s* — r(368R% + 160Rr + 22r2)s? — r2(256R3 + 176R?r + 40Rr? + 31‘3).
1 ?

>3
V(24R + 13r)s2 + r(4R + )2

?

& (9s% + 6Rr + 1r2) (4R + 1)* >

0 (24R + 61r)s* — r(368R? + 160Rr + 22r?)s?
—r?(256R3 + 176R?r + 40Rr? + 3r3)

> ((24R +13r)s? + r(4R + r)2)

79 | RMM-GEOMETRY MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
& —(5184R? + 15984Rr + 7137r%)s®
+(20736R* + 96768R>r + 74880R?*r? + 20160Rr? + 21061*)s*
+r(27648R® + 140544R*r + 132480R%r? + 50688R*r> + 8748Rr* + 567r°)s?

42 (9216R6 +49152R°r 4+ 50560R*r? + 22720R%r® + 5220R*r* + 604Rr5> 2o
+28r° &
Now, Rouche = s2 — (m —n) > 0 and s? — (m + n) < 0,wherem =

2R%? + 10Rr —r?and n = 2(R — 2r).v/R%2 — 2Rr
(s2 —(m+ n)) (s2 —(m-— n)) <0
= s*—s?(2m) + m? —n? < 0 > s* — s2(4R? + 20Rr — 2r?) + r4R+1r)3 < 0
. in order to prove (¢), it suffices to prove : LHS of (¢) >
—(5184R? + 15984Rr + 7137r?)(s?)(s* — s?2(4R? + 20Rr — 2r?) + r(4R + r)3)
—4r(17712R3 + 65745R?r + 22653Rr? — 409513) <S4 — s*(4R* + 20Rr - 2r2))

+r(4R +1r)3
& (9504R% — 132066R*r — 507708R3r? — 78813R?r® + 77400Rr* — 3132r°)s?

4r (567936R6 + 2535072R5r + 2415368R*r2 + 818798R3r3 + 71163R?*r*

D)
)= ]o
—13168Rr> — 2044r°
9504R% — 132066R*r — 507708R3r? — 78813R2r3 + 77400Rr*
—3132r° > 0 and then : LHS of (¢s) >
5__ 4. _ 3,.2 _ 2.3 4
(9504R 132066R*r 507730&[; - 78813R?r3 + 77400Rr )(16Rr—5r2)

— r

4r (567936R6 +2535072R°r + 2415368R*r? + 818798R%r> + 71163R2r4) 20
—13168Rr> — 2044r° -

& 360000t° + 187248t° — 2523815t* + 1048165t3 + 851814t% — 225140t
? R
+6808 > 0 (t = ;)

o t-2)(t-2) (360000t4 +1627248t3 + 2545177t2) + 19097856 2 0
+4719881t + 9550630 -
Euler
>true =t > 2= (eo)istrue
9504R% — 132066R*r — 507708R3*r? — 78813R?*r® + 77400Rr*

—3132r° < 0 and then : LHS of (s¢) >
(9504R5 — 132066R*r — 5407708R3 52 — 78813R2r3) (4R? + 4Rr + 3r2)
+77400Rr* — 3132r
+r (567936R6 +2535072R°r + 2415368R*r? + 818798R°r> + 71163R2r4) 20
—13168Rr° — 2044r° -
& 19008t7 + 38844t° + 2244t° — 163457t* — 3549893
?

+65898t% + 103252t — 5720 >0 &
5 4 3 2
t—2) <(t _2) (19008t + 114876t* + 385716t3 + 919903t

?
) +7029504 >0
+1781759t + 3513322
Euler
—>true vt > 2 = (e¢)istrue .. combining both cases, (¢¢) = () is true
r, r, T
v AABC - p—“ + p—" + p—“ >3V AABC' =" iff AABC is equilateral (QED)
a b [
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1762. In A ABC the following relationship holds:

2( tB+ tC)+b2( tC+ tA>+ 2( tA+ tB)>72\/§2
ClCOZCO2 COZCO2 CCOZCOZ_ r

Proposed by Zaza Mzhavanadze-Georgia

Solution by Mirsadix Muzefferov-Azerbaijan

B C C A A B
a?- (cotE + cot—) + b? - (cot2+ cot—) +c2- (cot—+ cot—) =

2 2 2 2
. B+C ., A+ C . A+ B
) sin 2 . sin 2 ) SlnT
R - PR A Ay S ALY S A
Slnz Slnz Slnz Slnz Slnz Slnz
COSé C'OSE COSE
_ 2. 2 2. 2 2. "2
Y B o Y R oA B
Slnz Slnz Slnz Slnz Slnz Slnz

A A B B C C
2¢in4. 2¢i 26inZ - cos =
a‘sinz - cosz + b*sin5 + cos 5 + c¢*sin5 - cos 3 -

m A inE - sinC
smz smz smz

A _ B - 1 . 1
sing - sing-sing < g Tue (1)

a = 2RsinA; b = 2RsinB; ¢ = 2RsinC (2)
S = 2R?-sinA-sinB -sinC (3)

S > 3v3r? (4) — Mitrinovic

D A-G 3 2)
> 4(a?sinA + b%sinB + c?sinC) > 4-3-3/(abc)?sinA - sinB - sinC =
3) S
= 123/64R5(sinA - sinB - sinC)3 = 48R? - sinA - sinB - sinC = 48R? SRE T
()]

=248 > 72/3r?

Equality holds for a=b=c.
1763.
In any non — right A ABC, the following relationship holds :

h
a b c
. . (sec + secC ) + . (sec + secC ) + .

.(secA +secB) >6

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle
(+~(A+B)+ (B+C) > (C+A) and analogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)2 ZZZ ZAB+B2 —ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc
= 6ZAB+ ZZA2 —ZZAZ —ZzAB =>4F =2 ZAB - (1)
cyc cyc cyc cyc cyc

xy ? V3 z xty?
e 2_@
T y+z)(z+x) 2

(Beyexy)” _ (Beyexy)’
Teye (Y (Zeyexy +22))  (Beyexy)” +xyzSeyex

2
=
o)

3
Now,V x,y,Z > 0, -
y \[c xy(y+z)(z+x)()4

Via Bergstrom, LHS of (x) >

2

? 3 ? xy ’\/—
13 LY x o [S 018,
iat zxy ryzr g x o true \/ y+z)(z+x)~ 2 - @)

cyc cyc

We have : .(secB +secC) +

hy, + h hc+ha
(secA+secB)——(B+C)+—(C+A)+—(A+B)
h +hb y
(x— oV = hb,z—hc,A—secA B—secB C—secC)
20ppenhe1m
= VB C 2 VCE A 4 VA

x via (1) and (2)
4F. y > ZAB =+3. secAsecB
@+ﬂ&+ﬂ
cyc cyc

R+r Gerretsen
3(secAsecBsec C)ZcosA 3 T ( ) >

.(secC + secA)

cyc

— 4R
3 4R2 R + r 6R(R +r Euler 6(2r)(3r)
4R2 + 4Rr + 3r2 — 4RZ2 — 4Rr — r2 oz

=6

.(secB +secC) +

C A
hb h hc+ha .(secC+secA)

+h h .(secA + secB) = 6 V non — right A ABC,
b

="" iff A ABCis equilateral (QED)

1764. In AABC the following relationship holds:
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b c
+

(sm + sin g)+csm (sing+sing)+asin% a(siné+sing)+bsing
=2

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

. AJensen A+ B+C /4
Note:ZsmE < 351n(T) 3s1n— —(1)

b c
+
B . A . B . C . A . B . C
(sm + sin 7) + csm (smf + smf) + asmi a (smi + smf) + bsmi
=>2
a az Bergstrom
or Z = =
. A . B . C Z . A . B . C
b (smi + sin 7) + csiny ab (smi + sin 7) + ca siny

- (a+b+c)* 3zabsCa? (Y a)?
C@an)(zsmy)  (E)(3)

(using(1)) = 2

Equality fora=b =c
1765.
In any acute A ABC with p,, pp, Pc
— Spieker cevians, the following relationship
holds : r,(p, + W) + 1, (pp, + Wp,) + re(pe + W) < 252

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’'(say)

a?\ [b? at 1 16r2s?
2: e | - _—— 2p2 _ 4 =
Now, 16[DEF] 2 E <4><4> E T 16(2 E a“b E a) T

a b c

272V ST )

—_— = —_— r =—-
2 4 2

rs
= [DEF] = y >r

. L C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 2 = =

2 2
m A-B B m A-C
=—— andm(AAES):C+E:E_T_>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2

r c? 2r (c)sinA— B

+__ —
4 2

AS? =
2

C
o2 U
4sin )

2
N 2r (c) . A—B+ 2r (b) . A-C
ow,| ——= |(=)sin —|sin
Zsin% 2 2 2
r< C. A-B B A—C)

4Rcos§ sin 2 + 4Rcos Esm >

2
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. (2_ A+B _A-B A+C_ A—C)
—rsmzsmz+smzsm2
—R12'2B+1 2'ZC 2(1 2'2A)
= Rr sin® > sin® > sin® 2
<2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

= 2Rr
abc
Rr
- (243 2 _2a(b? + ¢2) — 2
8Rrs( a’+ (b+ca a(b +c) (b+c)b c))
. 2A . 2A
4(b + c)bcsin? % — 2a.2bccosA bc <(Zs —a)sin 2 (1 —2sin 2)
B 8s B 2s
bc (Zs+a)sinzé—a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s 2s
2r (c) . A-B 2r (b) . A-C
= — —) sin - —)sin
Zsin% 2 2 Zsing 2 2
) —(@2s+a)(s—b)(s—
© =(2s+ a)(s—b)(s C)+2Rr
2s
Avai r? N r? rz( ca N ab )
ain, =—
s 452l asml #\G-9G-a G-aG-b)
r? ab + ca () 12 r?
:m(ca(s—b)+ab(s—c)) = —2Rr = +

4sin2 g 4sin? ¢

2
. _b*+c?+ab+ca (2s+a)(s—b)(s—c)
(), (), (%) => 2AS? = _ "

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
34 ¢3 2 2 _ g2 S h3 4+ o3 2
:b + ¢ — abc + a(2b? + 2¢% — a?) 2ASZ(;)b + ¢ — abc + a(4m?)

4s 4s
Via sine A AFS r _ AS _ cAS
ia sine law on —c = A"B"= —
Zsmisma cos—5— (a+ b)smi
S esing S T@tb) i sinel A AES, bsing = r(a+c)
csina = — - andvia sine alw on ,1 sinf =" — ¢
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (x*x) and (k) pa(a +b+a+ C) 4s A
= = = =
4AS STPa= 551 a
,viaG) 1652 b3 +c® —abc+ a(4m?)
=Pa = .
(2s + a)? 8s
(m) 2s
2 = 3, .3 2
Pa = m(b +c¢® —abc + a(4ma))
2s
Also, p% — m? = m(ﬁ +¢3 —abc + a(4m,21)) — m?
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2s

8sa
- (2s + a)? (b3 + ¢ —abc) - (1 C(2s+ a)z) mg
4(a+b +c)(b? + ¢ — abc) — (2b? + 2¢% — a?)(b + ¢)?
- 4(2s + a)?
B a’(b—c)? +4a(+ c)(b—c)? +2(b% - cz)2

4(2s + a)?
(b —¢)?

- m((az +2a(b+c) + (b+0)?) + ((b+)? + 2ab +c) + a?) _az)

(b —c¢)? (b — ©)?(8s% — a?)
= (2 2 _ 42) —
4(Zs+a)2( (@+b+c)*—a) 4(2s + a)?
(um) (b — ©)?(8s? —a?)s>a
pg_ 121 = 4(2s + a)? =2 0=2p,2mg 2w, > W, <Ppg

2 2 2 2
Pa — Mg mg; —Wg | .

n < W it suffices to prove :
pa ma ma Wa

2 2 2 2
pa_masma_wa

~ in order to prove :

via (um) (b — ¢)?(8s% — a? (b —c)? s(s—a)(b—c)?
it 4(Zs(+a)2 )SS(S_“” 4 _<S(S_“)_ (b + 0)2 )
_(b—-0)? 1 4s(s—a)\ (b-c)? 2s—a)® +4s(s—a)
T4 < +(Zs—a)2> T4 (2s—a)?

= ((Zs —a)? +4s(s — a)) (2s + a)? > (8s% — a?)(2s — a)?
& 16s® —12s?a—4sa’ +a®> 20 © (s — a)(16s* + 4sa) +a® > 0
2 2 2 _ 2
p:-m: mi-w
pz n m: < mz n WZ = pa + W, < 2m, and analogs

> D Ta(Pa+Wa) S 2 ) My <

cyc

- true (strict) sinces > a -

cyc

2 Z R(1+ cosA)r, (~ mg < R(1 + cosA) and analogs V acute triangles)

cyc
2s(s—a) rs  4Rrs?
= ZRZ —_— z = 252
bc s—a 4Rrs @ S

cyc

cyc
# Ta(Pa + Wa) + Tp (P, + Wh) + Te(p + W) < 25°
vV acute A ABC,”" ="' iff A ABC is equilateral (QED)

1766. In AABC the following relationship holds:

a b c 2
+ + >—
b(sinA+ sinB) + csinC c(sin4 +sinB) + asinC a(sinA +sinB) + asinC ~ /3

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India
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_ a+b+c 2s s Mitrinovic R 3V3
Z sind=———-—-—= = =

3
= = _ < R
2R 2R R - 3\/§2R 2 1)

a a? Bergstrom

Z b(sinA + sinB) + csin C - Z ba(sin A + sin B) + ca sin C

- (a+ b+ c)? 3Eab;(2a)2 (a+ b+ c)? @ 3 2
“ O ab)QsinA) o (Z;)Z (3 sin A) o 3\/§ \/§

Equality holds fora=b =c

1767.
In any A ABC with p,, pp, Pc
— Spieker cevians, the following relationship holds :
(3pg + Wo). Al + (3pp, + Wp). BI + (3p, + w,).CI > 2(a? + b? + c?)

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
A

Let AS produced meet BC at X and m(3BAX) = a and m(4£CAX) = B (say)
and inradius of A DEF = r'(say)
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Now, 16[DEF]? —zZ( ><b2> 216 = Z a?b? — Z 16r2sZ

a c
7 t3+3 rs=> r o
—_— = —_— r ——)

2 4

=3

rs
= [DEF] = T >r

. L. C 2B+C B+m—-A
- Spieker center is incenter of A DEF, .. m(5AFS) = B + 3 = > = 2

m A-B d m(2AES) = C B nm A-C 9
= —— = —_————_—
> > and m(% + 2=3% > (2)
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS? =

r? +c2 2r (c) . A-B
—_—— —) sin
. ,C 4 . Cl\2 2
2L L
4sin ) 2s1n2
r? +b2 2r (b) _A-cC
= — —| ——= |[(=]sin
4sinzg 4 Zsin% 2 2

= 2AS? o

2

r? c? 2r ¢y . A-B r? b?
+—- C ()sm
2

4 2sin5
2r (b) . A-C
— —|sin
2sin 2 2

Now, 2r (E) sin B + 2r (E) sinA —¢
Zsin% 2 2 Zsin% 2 2
r C A—-B B A—-C
= 2 (4Rcosi sin + 4Rcos 2 sin )
. A+B _. A-B .A+C  A-C
=Rr<Zsm 2 sin 2 + 2sin 2 sin 2 )

= Rr <1 - Zsinzg+ 1-— 2sin2§— 2 (1 — 2sin? %))
_ 2Rr <2a(s —b)(s—c)—b(s—c)(s—a)—c(s —a)(s — b))

B abc

. o C 2 . ,B 4
2> 2D
4sin ) 4sin 2

> N

= 8Rrs (Za + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

A A
_ in2 2 _ _ in2 2
4(b+c)bcsin2%— 2a.2bccosA  PC <(ZS a)sin 2 a(l 2sin 2))

8s - 2s

. 2 A
bc <(Zs + a)sin® 2~ a) (2s+a)(s—b)(s—c)

= = — 2R
2s 2s r

2r cn _  A-—B 2r by . A-C
2 sin > ()sm

ﬁ_

Zsini Zsmf
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» —2s+a)(s—b)(s—c¢) N

*

= 2Rr
2s
A . I'2 n I‘Z I‘Z ( ca 4 ab )
ain, -
® 4sin2g 4sin2% 4\(s—c)(s—a) (s—a)(s—b)
r? ab + ca (% 12 r2
= (ca(s —b) + ab(s — C)) = —2Rr = +

. o B C
2 )
4sin 2 4sin 2

) _b2+c2+ab+ca 2s+a)(s—b)(s—¢)
(i), (%), (xx) = 2AS? = - s

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

4r2s

8s
3, .3 2 2_ 2 v3 3 2
b3 + ¢ — abc + a(2b? + 2¢ _a)=>2ASZ(;)b +¢3 — abc + a(4m?)

4s 4s
AS cAS

r
Via sine law on A AFS, = =

. . A-B . C
2sin Fsina  cos—— (a + b)sin 5

o (*;*) w and via sine law on A AES, bsinf (*2*) ra+o

2AS ’ 2AS
Now, [BAX] + [BAX] = [ABC] = %pacsina + %pabsinﬁ =rs

via(***)gd () pala+b+a+c) —sop, = 4s A
4AS ¢ 2s+a
_, 2 Ve 16s> b+ ¢ — abc+ a(4m?)

Pa = 2s+a)?’ 8s

p2 w (Zsz-l-—sa)Z(b3 + ¢ —abc+ a(4m,21))
2s

Also,p% — m? = m(w +c3 —abc+ a(4m,21)) - m?2
2s

8sa
- (2s + a)? (b3 tel - abc) B (1 C(2s+ a)z) mg
4(a+b+c)(b3 + 3 — abc) — (2b? + 2¢2 — a?)(b + ¢)?
- 4(2s + a)?
a’(b—c)? + 4a(b + c)(b — ¢)? + 2(b% - cZ)2
- 4(2s + a)?

= csin

(b — ¢)?

(b — ¢)?

B (b — ©)?(8s% — a?)
"~ 4(2s+ a)?

4(2s + a)?

(2(a+b+c¢)?—a?) =

2 o:pazma:pawazmawa

via (m) (b — C)Z(BSZ — aZ)
s(s —a) - (3) Also,p2 —mZ% " = 4(2s + a)?

(b—c)? (b-c)?(8s?—a?)

Ma 4(2s + a)?

((a2 +2ab+c)+ (b+c)?)+((b+c)?+2ab+c) +a?) - az)

2 (mm) (b - C)Z(BSZ — az) s>a Lascu + A-G

(b — ¢)?(12s? + 4sa)

=s(s—a)+

+
4 4(2s + a)? 4(2s + a)?
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, (wmm) s(3s+ a)(b —¢)?
Pa = sGs-a)+ (2s + a)?
via (mmm) and (3)
Now, (3p, + Wg)? = 9p2 + w? + 6p,w, >
9s(3s + a)(b — ¢)? s(s—a)(b—c)?
9s(s—a) + 25t a)? +s(s—a)— 25— ay? + 6s(s—a)
> 16m2 = 16s(s — a) + 4(b — ¢)?
9s(3s+ a)(b—c)? ? s(s—a)(b—c)?
(2s + a)? = (2s — a)z2 +4b-o?
9s(3s+a) ? s(s—a) +4(2s—a) -
< (2s + a)? = (2s — a)? (+(b-0*=0)

? S
o 20t* — 3663+ 13t2 + 5t —2 > 0 (t:E)

?
o (t-1) ((t — 1)(20t2 + 4t + 1) + 3) > 0 - true (strict) ~t>1

m
- 3pga + W, = 4m, and analogs = Z((Bpa +wg).Al) > 4rz ( ‘k)

cyc cyc Sinf
Lascu + A-G (m cos é) b+c 2rs
> 4rz (2—A2> = ZFSZ( ) Z((b+c)s(s—a))
cyc Sini cyc cyc
= ZZ((ZS —a)(s—a))=2 ZSZ(S —a)— (s(Zs) — Z a2> = ZZ a?
cyc cyc cyc cyc

« (3pa + Wa). Al + (3py, + wp). Bl + (3p. + w,).CI > 2(a? + b? + ¢2)
v AABC,' =" iff A ABC is equilateral (QED)

1768. In acute AABC holds:
h,(secB + secC) + hy(secC + secA) + h.(secA + secA) = 36r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

T
E),f”(x) =secxtan?x +sec3x >0,

/1
so f is convex € (0 E) Using Jensen inequality:

F(A) + F(B) + f(C) = 3f(w) - 3f(§) or,z secA > 3sece =6 (1)

let f(x) =secx,x € (O,

3
1 1 1 1 h AM-GM 33T Gm—Hm3 3 9 2
—_t — 4 — = — > > —_— =
,ha+hb+hc oy z a = aflpNe = i+i+i r (2)
ha hb hc
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WLOGa >b > cthen:

h, < h, < h.and secA > secB > secC and

secA +secB >secA +secC =>secC + secB

Chebyshev
h,(secB + sec(C) + hy(secC + secA) + h.(secA + secA) >

= 1 (Z ha) (Z secA + sec B z h z sec A) (1)2(2)

1
2§.9r.2.6 = 36r

Equality fora=b =c
1769.
In any A ABC with p,, pp, Pc
— Spieker cevians, the following relationship holds :

A B C
(Bpa +wWg) sinE + (3pp, + W) sinE + (3pc + we) sinE >2(h, +hy +h,)

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
A

Let AS produced meet BC at X and m(3BAX) = a and m(4£CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF]? —zZ( ><b2> 216 = Z a2b? — Z 16rzsz
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a b

rs +o+5 rs r
= DEF| =~ o1 (222 ) =25 r =25 1)
. L. C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(5AFS) = B + 3 = > = 2
B nm A-C
=5~ @

m A-B
=573 andm(zﬁAES):C+E—2 >
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at
A—B
2

r? c2 2r c
G

c B C
2L in b
4sin 2sin 2
r2 >
sm

2sin >

) sin

AS? =

- BT
2
4sm2
rZ +f— 2r (E)sin + +—
4 Zsin% 2 2 B 4

= 2AS? o
4sin? %

2r (b) . A-C
—|sin
. b [\2 2
Zsm2

Now, —) sinA B + 2r (E) sinA —¢
Zsin% 2 2 Zsing 2 2
r C. A-B B A-C
=E(4Rcosism 2 +4RcosEsm )

.A+B _ A-B . A+C  A-C
=Rr<Zsm 2 sin 2 + 2sin 2 sin 2 )

= Rr <1 - Zsinzg+ 1-— 2sin2§— 2 (1 — 2sin? %))
<2a(s —b)(s—c)—b(s—c)(s—a)—c(s —a)(s — b))
= 2Rr
abc
(Za + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)
A_ 2a.2bccosA  PC <(25 — a)sin’ % —a (1 — 2sin’ %))

4(b + c)bcsin? > .
B 8s B 2s

. 2 A
bc <(Zs + a)sin® 2~ a) (2s+a)(s—b)(s—c)
_ P — 2Rr

2r (c

~ 8Rrs

- 2s
2r (c) . A-B 2r (b) . A-C
—)sin - — | sin
2sin (2: 2 2 ZSinlz3 2 2
—2s+a)(s—b)(s— c)
= 23 2Rr

ﬁ_
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2

“ Pg— M

p; =s(s—a)+

R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
) r? r? r? ca ab
Again, + =— ( ( )

+
4sin2g 4sin2% 4\(s—c)(s—a) (s—a)(s—b)

r =

ab + ca () r? r2
b) + ab(s—¢)) = _ 2R - -
4 4sin? 5 4sin? 5
2, o2 - -
(i), (), (s) > 2452 = T Habtca @s+a)s—b)s—o

4 2s
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

a2 @ b3 + ¢ — abc + a(4m?)

4s 4s
r AS cAS
Via sine law on A AFS,

Zsinisina cosAZ;B (a+b)sinE

(=) r(a+b)

= csina = d 1 A AES, bsing - =" (o +0
csina =" —-=— an via sine law on sinf AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
va(ad (o) platbate T as
4AS Pa= 55t a
,viaG)  16s? b3 +c® —abc+ a(4m2)
¢ 7 (2s+a)? 8s
(m) 2s
2 (& 3, .3 2
Pa = m(b +c® —abc+ a(4ma))
2s
Also,p% — m? = m(b3 +c3 —abc+ a(4m,21)) —
2s 8sa
e
~ (2s+a)? (b° + c* — abe) - (2s + a)? Ma
_4(a+b+c)(b®+c —abc) - (2b% + 2¢* — a?) (b + ¢)?
B 4(2s + a)?
a’(b—c)? + 4a(b + c)(b — ¢)? + 2(b% - cZ)2
B 4(2s + a)?

_ 2 _ 2 2 _ 2
, am) (b —©)?(8s* —a?) s>a

a —

Lascu + A-G
= 0> >mg, = p,W, = MW, >
4(25+ a)z pa a pa a a a

— )2 _
s(s—a) > (3) Also,pZ —m2 "= (b — ©)*(8s” —a?)

( ) 4(2s + a)? ( )
(b—c)? (b-c)?(8s? - a? (b —c)?(12s% + 4sa
4 T I S T yorp

, (wmm) s(3s+ a)(b —c)?

Pa = ss-a)+ (2s + a)?

93

RMM-GEOMETRY MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
via (mmm) and (3)

Now, (3pg + Wa)* = 9pg + W5 + 6paWa 2
9s(s—a) + 98(3?;; i)((:;z_ © +s(s—a)— sGs (_2:)_0;)_2 ©) + 6s(s—a)
> 16m,2l: %6?5(5 —_a) +;:(_bc—)2c)2
e 2 gr 0=
o 9(;(53:)‘? i 2:_422; “Y -2 20)

? S
© 20t* —36t3 + 13t2 +5t—2 2> 0 (t:E)
?
o (t-1) ((t — 1)(20t2 + 4t + 1) + 3) > 0 - true (strict) ~t>1

A A
% 3pq + W, = 4m, and analogs = z <(3pa + w,) sin E) > 42 (ma sin —)

2
cyc cyc
La;cu4z b+c Ay A _z b+ 0 a _5 bc—ZZh
=2 ( 2 COSZ)SIH2 = +c ‘2R = 4. ZR— a
cyc cyc cyc cyc

. A . B . C
o (3pa +Wo) sin + (3pp, + W) sin- + (3pc + W) sin; > 2(hg + hy +h)
v AABC,”’ =" iff A ABC is equilateral (QED)

1770. In any acute AABC the following relationship holds:
a(secB +secC) + b (secC+ secA) + c (sec B + sec C) > 24V3r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

Z A—1+rE‘ier31_[ 4 Ao 2cosA3<<3 1)3_1
Cos A = R S cos < 3 <(33) =3

sol_[secA >8 (1)

a(secB+secC)+b(secC+secA)+c(secB+secC) =

AM-GM
= Za(secB +secC) =

AM-GM (1)
ZZa secBsecC > 6VabcsecBsecCsecA >
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Euler & Mritrinovic %

> 63/4Rrs.8 > 6(4.2r.7.3V3r.8)3 = 24V/3r

Equality holds fora=b =c
1771. In AABC the following relationship holds:

hz
h} + h?

(t B+t C)+ h (t C+t A)+ he (t A+t B>>\/§ EN
an2 an2 h?-}-hg anZ anZ h2+hz an2 an2 = , n

Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India
WLOGa >=b = c,then

haShbShcand ha+hbSha+thhb+hc‘r

hy __hy k!
hP +h? = h? + ht ~ h + h}

d(t B+t C><(t C+t A)<(t A+t B)
an an2 an2 < an2 an2 < an2 .'am2

n

h7 B C b C A h? A B
(tan — 4 tan —) + (tan —+ tan —) + (tan — 4+ tan —) >

hy + h? 2 2 h?* + h? 2 2 h% + hy 2 2
Chebyshev 1 hal B C\ Nesbitt

> - Y 5] =2
= 3Ln+ hgz (tanz +ta“2) =
13 24R+Tr 4R+ r

25.5.(—)2\/§<since 2\/§)

Equality for a=b=c
1772.

In any A ABC with p,, pp, Pc
— Spieker cevians, the following relationship holds :
Pa Pb Pc S
< —
b+c+c+a+a+b_4r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r’'(say)
_16r?s?

Now, 16[DEF]? = zZ(a{) (bzz> —Z:—Z=%(22a2b2 —za‘*) =

a b c
272"z “Zov=I.@
2 B )

rs
= [DEF] =—>=7r' 1

4
C 2B+C_ B+m—A

- Spieker center is incenter of A DEF, . m(£AFS) = B + 2="3 = 2
B m A-C
==~ ®

A B ndm(AES) = C+
27 T andm T2 2
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS? r? +c2 2r (c) _ A-B
= e —)sin
4$inZE 4 ZsinE 2 2
2 2
r? N b? 2r (b) A-C
= — —| ——= |[=])sin
4sin2 4 ZsinB 2 2
@ r? c? 2r C A—-B r2 b2
= 2AS?% = +—— —)sin + —
45inZE 4 ZsinE (2) 2 4$inZE 4
2 2
2r (b A-C
— —5 E) sin—
Zsmi
N 2r (c . A—B+ 2r (b) . A-C
ow, —)sin — ) sin
Zsin% 2 2 Zsing 2 2
_r<4R c.A-B . B A—C)
=3 cos 5 sin— cos -~ sin
R (2 L A+B_A-B  A+C_ A—C)
= Rr{2sin——sin— sin——sin—
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= Rr <1 — Zsinzg+ 1- 2sin2§— 2 (1 — 2sin? %))

<2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))
= 2Rr

abc

= 8Rrs (Za + (b + c)a? — 2a(b? + c?) — (b + ¢) (b — ¢)?)

A A
— in2 2 _ =240
4(b+c)bcsin2%—2a.2bccosA bc<(25 a)sin 2 a(l 2sin 2))

bc <(Zs + a)sin? % - a)

2s

2s+a)(s—b)(s—c) _omr
2s

2r (b) . A-C
sm - = |sin
Zsing 2 2
—(2s+a)(s—b)(s—
)(s—b)(s—c) 2R
2s
Agai r? N r? rz( ca s ab )
ain, =
s 4sin2% 4sin2% (s—c(s—a) (s—a)(s—b)

2sin

—2Rr = +
4sin2g 4sin2%

b2+c2+ab+ca (2s+a)(s—b)(s—c

(@), (+), (++) = 2A8? = _@s+a)s—b)s—0)

4 2s
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

r? ab + ca w) T2 r?
—zs(ca(s —b) + ab(s — c)) == i

8s
_ b3 +c® —abc+a(2b® + 2¢% — a?)

.\ T3 3 2
_ 22 () b3 + ¢ — abc + a(4m?)
4s 4s
L. r AS cAS
Via sine law on A AFS, = A-_B- C
2sin 5 sina  cos —5— (a+ b)sin

) r(a+b)

= csina = d 1 A AES, bsing =" r(a O
csina =" —_=— an via sine law on sin AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬂ =rs
via (++) and (+++2) po(a+b + a + c) 1

= = = =
4AS STPa= 551 a
,viaG)  16s? b3 +c® —abc+ a(4m?)
@ 7 2s+a)? 8s
2™ _ 28

34 3 2

Pa = m(b +c¢® —abc + a(4ma))

Now,b? + ¢ — abc + a(4m2) = b® + ¢ + a® — abc + a(2b? + 2¢? — a?) — a®
= Z a® — abc + 2a.2bccos A = 2s(s? — 6Rr — 3r?) — 4Rrs + 16Rrscos A

cyc
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= b3 + ¢ —abc + a(4ma) Zs(s — 8Rr — 3r? + 8RrcosA)
We have : H(Zs+a) = 8s3 + 45?2 Za+ZsZab+4Rrs

cyc cyc cyc

= 8s3 + 4s2.2s + 2s(s? + 4Rr + r?) + 4Rrs
(mmm)
= 1_[(25 +a) = 2s(9s2 + 6Rr + rz) and

cyc

Z(ZS +b)(2s+¢) = Z(4s2 +2s(2s — a) + bc)

cyc cyc

( )
= 24s% — 2s5(2s) +s2 +4Rr +r? = Z(Zs +b)(2s +¢) " 21s% 4 4Rr + 12

cyc

via (mmm)

—8Rr —3r2+8RrcosA =

(I),(II)=>I)a=2 n

2s > >
25(9sZ + 6Rr + r2) -\/S — 8Rr — 3r2 + 8RrcosA.(2s + b)(2s + c) and analogs

=>pa+pb+pc
Z(\/(sz 8Rr — 3r2 + 8Rrcos A)(2s + b)(2s + ¢). \/(Zs+b)(Zs+c))

1
" 952 + 6Rr + 12’

CBS 1
< . 2 _ _ 22 ' Z
S 992 T 6Rr £ 12 \/Z(s 8Rr — 3r2 + 8RrcosA)(2s + b)(2s + ¢) \/ (2s+b)(2s+¢)

cyc cyc

(s2 —8Rr — 3r2)(21s%2 + 4Rr +r2) +
via(mmmm) 1 ) )
= 952+ 6Rr+r12’ 8Rr2((852 —2sa+ bc) cosA) J21s% + 4Rr + 1

cyc

(s2 — 8Rr — 3r%)(21s% + 4Rr + r2)

+r 2rs bZ + ¢Z — a? 2 2
9625 N (e V2152 +4Rr +r
R 2bc

" 9s2 + 6Rr + r2° |+8Rr| 8s2.

cyc

Z A_er
. acosA = R

cyc

9s2 + 6Rr + r2"_|+8r(8(R + r)s? — 4rs2 + R(s? — 4Rr — rz))'\/21S +ARr+r

= (pa +pp + pc)2
(2152 + 4Rr + r2) (21s* — (92Rr + 30r?)s? — r?(64R? + 28Rr + 3r2)) ? (14R — 1)?
(9s2 + 6Rr + r2)2 = 9
3969s® — (15876R? + 14364Rr + 5562)s*
—rs?(21168R3 + 15912R?*r + 6804Rr? + 855r3)

1 \/ (s? — 8Rr — 3r2)(21s2 + 4Rr + r2)

?
—r?(7056R* + 3648R°r + 1480R?r? + 344Rr? + 28r*) < 0
®
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Now, Rouche = s — (m — n) > 0 and s? — (m + n) < 0, where
m = 2R% + 10Rr —r2and n = 2(R — 2r)./R% — 2Rr
(s2 —(m+ n)) (s2 —(m— n)) <0
(#)
= s* —s?(2m) + m? —n? < 0 > s* — s2(4R? + 20Rr — 2r?) + r(4R+1r)® < 0
~ 3969s%(s* — (4R? + 20Rr — 2r?)s? + r(4R + 1)%) < 0 = in order
to prove (), it suffices to prove : LHS of (¢) <
3969s%(s* — (4R? + 20Rr — 2r?)s? + r(4R +1)3)

(16254R — 3375r)s* — s2(68796R> + 51606R?r + 13608Rr? + 1206r?)

?
—r(1764R* + 912R°r + 370R?r? + 86Rr® + 7r%) < 0 and

(+2)

via (@)

+ (16254R — 3375r)(s* — (4R% + 20Rr — 2r?)s? + r4R+1)?) < 0

. in order to prove (), it suffices to prove : LHS of (¢¢) <
(16254R — 3375r)(s* — (4R? + 20Rr — 2r?)s? + r(4R + r)3)

(1890R3 — 129987R?r + 56808Rr? — 2772r3)s?
@ (ooo)
+r(521010R* + 282552R3r + 16709R?*r? — 12080Rr> — 1684r*) > 0
Case 1|/ 1890R3 — 129987R?r + 56808Rr? — 2772r3 > 0 and then : LHS of (e¢+)
>r(521010R* + 282552R%r + 16709R?r? — 12080Rr?> — 1684r*) > 0
= (eoe) is true
1890R3 — 129987R?r + 56808Rr? — 2772r> < 0 and then : LHS of (s+¢)

= — (~(1890R? — 129987R?r + 56808Rr? — 2772r%) ) s?
+r(521010R* + 282552R%r + 16709R?*r? — 12080Rr? — 1684r*)

Gerretsen

> - (—(1890R3 — 129987R’r + 56808Rr? — 2772r3)) (4R? + 4Rr + 3r2)

?
+r(521010R* + 282552R%r + 16709R?*r? — 12080Rr® — 1684r*) > 0

? R
& 3780t5 + 1287t* — 8439t3 — 85538t% + 65924t — 3704 > 0 (t = ;)

?
& (t—2)(3780t* + 118713 + 3713t% + 17782t(t — 2) + 2500) > 0 > true
Euler
“t = 2= (eee)istrue . combining both cases, (¢¢¢) = (e¢) = (o)

(14R —1r)?

is true VAABC = (p, + pp + Po)? < 5

14R—r| Pa
3 | "4Lb+c

cyc

Z(pa(c +a)(a+ b))
cyc

“|PatPptPc=

1
~ 2s(s2 +2Rr+r?)’

1
_ 2
~ 2s(s? 4+ 2Rr + r?) Z Pa Z ab | +a’pa

cyc cyc
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< 1 14R—-r Z b +Z 2
~ 2s(s2 + 2Rr +r2)’ 3 a @ Pa

cyc cyc
Chebyshev 1 14R—-r1 1 )
s (IR
2s(sZ+2Rr+12)"| 3 Z w3l L Pa
cyc cyc cyc
2 2 — 3r% — 16Rrsin? A dert <ppf >b
= . — — 4 :
Pa 75t a s r rsin® > = in order to prove : p, < p, fora 2 b,
. . 1 1
it suffices to prove : < and

2s+a” 2s+b

2 2 ., A 2 2 . ,B .
s — 3r“ — 16Rrsin 2 < s“—3r“—16Rrsin E,both of which are true

. WLOG assuminga > b > ¢ = p, < p, < p. and a? > b? > ¢?

< 1 14R —r z b +1 z 9 (14R—r)
S2ss2+2Rr+r2) |~ 3 \L* T3 LG 3

cyc cyc

14R—-r

STCE D ab+) |+ )
2s(s? + 2Rr +r?) 2p,ab+ ) a% |+ ) ab

cyc cyc cyc
_ (14R—r)(4s* + s + 4Rr + r?) ls
- 18s(s2 + 2Rr +r2) ~ 4r
?
& 9s* — (122Rr — 19r?)s? — r?(112R? + 20Rr - 2r%) = 0
(OOOO)
Gerretsen
Now, LHS of (seee) (144Rr — 45r?)s? — (122Rr — 19r?)s?
—-r?(112R? + 20Rr — 2r2) (22Rr — 26r?)s? — r?(112R? + 20Rr — 2r?)
Gerretsen ?
(22Rr — 26r2)(16Rr 5r?) — r?(112R? + 20Rr—2r%) >0

Euler

& 40R? — 91Rr + 22r? > 0 < (40R—-11r)(R - 2r) > 0->true~vR > 2r
Pa Pov Pc )
< —
b+c+c+a+a+b_4r
v AABC," =" iff A ABCis equilateral (QED)

= (esee) is true -

1773.
In any acute A ABC with p,
— Spieker cevian, the following relationship holds :

A

.COS —
2

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(4BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’'(say)

a?\ (b? at 1 16r2s?
2 _ E _ § _ § 212 _ § 4) _
Now, 16[DEF]* = 2 <—4><4> 16 16(2 a‘b a) 16

a b c

27272\ ST g

—_— = —_— r =—-
2 4 2

rs
= [DEF] = y >r

. o C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(£AFS) = B + 2="3 = 2

W A-—B B mw A-C

andm(z&AES)=C+E=E—T—>(Z)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

c? [ ar (g) sinA;B

N 2r (c) . A—B+ 2r (b) . A-C
ow, —)sin — | sin
Zsin% z z z

r C A—B B A—-C
= 2 <4Rcosi sin + 4Rcos Esin )
_R (2_ A+B A—B+2_ A+C A—C)
= Rr|( 2sin > sin > sin > sin >

B C A
=Rr <1 — 2sin? > + 1 — 2sin? 2~ 2 (1 — 2sin? —))

2
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— oRr <2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

abc

= 8Rrs (Za + (b + ©)a? — 2a(b? + c?) — (b + ¢)(b — ©)?)

A A
— in2 2 _ =240
4(b + c)bcsinZ%— 2a.2bccosA  P€ <(Zs a)sin 2 a(l 2sin 2))

8s B 2s
LA
bc| (2s + a)sin z—a

(Zs +a)(s—b)(s—c¢)
2s

2r (b) . A-C
sm — —|sin
2sin Zsing 2 2

—2s+a)(s—b)(s—c
© )s-b)Gs-0

2s
2 2 2

Acai r 4 r r ( ca 4 ab )
ain, -
® 4sin2% 4sin2% 4\(s—c)(s—a) (s—a)(s—Db)

— 2Rr

ab + ca (=) 1% z

— 2Rr = B + C
4sin27 4sin2§

b2+c2+ab+ca (2s+a)(is—b)(s—c

(i), (%), (xx) = 2AS?% = - ( X 73 ) )

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

r

2
= m(ca(s —b) + ab(s — c)) =

8s
34 ¢3 2 2 _ g2 S h3 4+ 3 2
:b + ¢ — abc + a(2b? + 2¢% — a?) ZASZ(;)b + ¢ — abc + a(4m2)

4s 4s
Via sinel A AFS r _ AS _ cAS
ia sine law on —c = A B- —C
Zsmisma cos—5— (a+ b)sm
S csing " ratb) 4 1 A AES, bsing =~ @+
csina =" — - — an via sine law on sin A3
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬂ =rs
via (+++) and (++++) po (@ +b + a + c) s
= = = =
4AS ST Pa= %5+t a
,viaG) 1652 b3 +c® —abc+ a(4m?)
= = .
Pa (2s + a)? 8s
2 ® _ 2s

(b3 +¢3 —abc+ a(4m¢2,))

Pa = (2s + a)?
Now, b + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2¢? — a?)
= (b + ¢)(b? —bc + c?) + a(b? — bc + c?) + a(b? + ¢ — a?)
= 2s(b? —bc + c?) + a(b? — bc + % + bc — a?)

(b+¢)?—(b-c)? z)
2 -a

= (Zs+a)(b2—bc+c2)+a<
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a(b+c+2a)(b+c—2a)_a(b—c)Z

4 4
a2s—a+2a)(b+c—2a) a(b-—c)?

= (2s+ a)(b? —bc + ¢?) +

= (2s+a)(b?—bc+c?) +
4 4
4b% + 4c2 —4bc+a(b+c—2a) a(b-c)?

4 4
= (2s+a).

4z+x)?2+4(x+y)? -4+ x0)x+y)++z2)((z+x) + (x+y) —2(y+12))
4

= (2s + a).

_a(b- c)?
4
4x(x+y+2z) +2x(y + z) + 3(y — z)? _a(b— c)?

4 4

— _ 2
= (Zs+a) <S(S—a)+%(b_c)2 +a(SZ a) _a(b4 C)
- — _ 2
= (Zs+a) <S(S—a)+%(b_c)2 +a(52 a) _(a+ZS :S)(b C)
(b—0¢)? a(s—a)\ s(b-rc)?
2 + 2 >+ 2

_ Y RV
(s a)(Zs+a)+(b c)>+s(b c)

(a=y+zb=z+x,c=x+Yy)

= (2s + a).

=(2s+a) <s(s —a)+

2 2 2
2s s—a)2s+a)? @2s+a)b-c)? s(b-c)?
(2s + a)? < 2 + 2 + 2

~|b% + ¢ — abc + a(4m?) e (2s+ a)(

“ (), (s) = pE =

+
Zs+a) 2s+a 4 4

(b —¢)? s 1,2
4 +(b_c)2'(25+a+z)
(b—1c)? <(4s + a)? )

4 (2s+a)?

=s(s—a)+(b—c)2<( Sy S +1_1>

=s(s—a)—

=s(s—a)+

s(3s+ a)(b — c)? . bZ + c2 A
(2s + a)? " Pa= 2 %72
s3s+a)b—c)?> b%+c? s(s—a)

(2s + a)? - 2 ' bc

>pi=s(s—a)+

os(s—a)+

s(3s+ a)(b — c)?
ss—a) + (2s+ a)? 1 >b2 +c? sBs+a)(b—c)? (b-c)?
< s(s—a) % 2bc < s(s—a)(2s+a)? ~ 2bc
s(3s+a) 1 ) 2s(3s+a) s(s—a) B , A
®S(S—a)(25+a)2 Z Zbe (b-0?>0)e (2s + a)? =" pe 08Ty
2s(3s+a) A 2s? — 2sa — a? A(®

o 1> 22 20
= 25+ a)? 1> cos 2 1e 25+ a)? + sin 5 = 0
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N A sinA °<°‘;%<1sinA a_a
ow, sin— = =—>—
2 cos A 2 4R~ 2s

2

. s?2 — (2R +r)?
'.'AABCbelngacute=>ncosA:T>0:>s>2R+r>2R

cyc
) 2A> a? LHS of (#) > 2s? — 2sa — a? N a’ 8s*-8s3a+4sa®+ at
> sin? = > — = ==
sy 452 ° (2s + a)? 452 4s2(2s + a)?
8s3(s—a)+4sa® +a*s>a
- ( 452()25 o > 0= () is true (strict inequality)

b2 + c2 A ]
5 Pa = 5 -cos V acute A ABC,” ="' iff b = ¢ (QED)
1774.
In any A ABC with
P. — Spieker cevian, the following relationship holds :
_ (b + ¢)?
Pa=""6r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
A

Let AS produced meet BC at X and m(4BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’'(say)

a?\ [b? at* 1 16r2s?
2 _ - i R 2Ww2 _ 4 —
Now, 16[DEF] _ZZ<4><4> 216 16(220Lb Za) 16
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a b

rs +o+5 rs r
= DEF| =~ o1 (222 ) =25 r =25 1)
. L. C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(5AFS) = B + 3 = > = 2
B nm A-C
=5~ @

m A-B
=573 andm(zﬁAES):C+E—2 >
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at
A—B
2

r? c2 2r c
G

c B C
2L in b
4sin 2sin 2
r2 >
sm

2sin >

) sin

AS? =

- BT
2
4sm2
rZ +f— 2r (E)sin + +—
4 Zsin% 2 2 B 4

= 2AS? o
4sin? %

2r (b) . A-C
—|sin
. b [\2 2
Zsm2

Now, —) sinA B + 2r (E) sinA —¢
Zsin% 2 2 Zsing 2 2
r C. A-B B A-C
=E(4Rcosism 2 +4RcosEsm )

.A+B _ A-B . A+C  A-C
=Rr<Zsm 2 sin 2 + 2sin 2 sin 2 )

= Rr <1 - Zsinzg+ 1-— 2sin2§— 2 (1 — 2sin? %))
<2a(s —b)(s—c)—b(s—c)(s—a)—c(s —a)(s — b))
= 2Rr
abc
(Za + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)
A_ 2a.2bccosA  PC <(25 — a)sin’ % —a (1 — 2sin’ %))

4(b + c)bcsin? > .
B 8s B 2s

. 2 A
bc <(Zs + a)sin® 2~ a) (2s+a)(s—b)(s—c)
_ P — 2Rr

2r (c

~ 8Rrs

- 2s
2r (c) . A-B 2r (b) . A-C
—)sin - — | sin
2sin (2: 2 2 ZSinlz3 2 2
—2s+a)(s—b)(s— c)
= 23 2Rr

ﬁ_
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A . I'2 n I‘Z I‘Z ( ca 4 ab )
ain, = —
® 4sin2g 4sin2% 4\(s—c)(s—a) (s—a)(s—b)

rZ

ab + ca (0 12 r2
= I Zs (ca(s —b) + ab(s — c)) == " 2Rr =

4sin2g 4sin2%
2 2 _ _
(@), (), (v) > 2852 = Lt +abtea Qs+a)s—b)s—o

4 2s
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
_ b3+ ¢ —abe+a(2b? +2¢% - a?)

(i) b3 + ¢3 — abc + a(4m?
= 2AS? = (4m3)
4s 4s
L r AS cAS
Via sine law on A AFS, = =

. . A—B . C
2sin Fsina  cos—— (a + b)sin 5
(=) r(a+b)

= csi > d via sine 1 A AES. bsi (*g*)r(a+c)
csina = — - — andvia sine alw on ,1 sinf = AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (x++) and (=) p,(a+b+a+c) 4s AS
= = = =
4AS ST PeT 55t a

,viaG)  16s? b3 +c® —abc+ a(4m2)

¢ 7 (2s+a)?’ 8s

2 (m) 2s

B_ 4 (b33 2
pPs = 25+ a)? (b +c abc+a(4ma))
Now, b? + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2¢2 — a?)

= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)

= 2s(b%? —bc + c?) + a(b? — bc + % + bc — a?)
b Z_(b-0)?
:(Zs+a)(b2—bc+c2)+a<( to 4( o —a®
b 2a)(b+c—2 b — ¢)?
:(Zs+a)(b2—bc+c2)+a( tet2abe a)_a( ©

4 4
= (2s + a)(b? — bc + ) + a2s—a+2a)(b+c—2a) _ a(b — c)?

4 4
4b?% + 4c2 —4bc+a(b+c—2a) a(b—c)?
_ (2s+a) ( )_ ( )

4 4
= (2s+ a).
4z+x)?+4(x+y)? -4+ x0)x+y)++2)(Z+x) + (x+y) —2(y+12))
4

)2
—M(a=y+2,b=z+x,c=x+y)

_ )2 )2

=(zs_l_a).4x(x+y+z)+23;(y+z)+3(y z) _a(b4 0

— — )2

- (25+a)<5(5—a)+%(b—c)2 +a(sz a)>_a(b4 )
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- — _ 2
= (Zs+a) <S(S—a)+%(b_c)2 +a(52 a) _(a+ZS iS)(b C)

(b —c)? N a(s — a)) N s(b — ¢)?

=(Zs+a)<s(s—a)+ > > >

_ — o2 Y
~|b% + ¢ — abc + a(4m?) © (2s+a) <(S a)2s +a) + b-c) ) + stb—©

2 2 2

. ,  2s (s—a)2s+a)?> @2s+a)b-c)? s(b-c)?
SORCOES i 2s 1 a)2< > + > +——

s 2 S 1 1
— — - 2 1 4
=s(s—a)+ (-0 <(2s+a) TZsta1 4)

b — ¢)? 1\
=s(s—a)—( 4C) +(b_c)2'(25j—a+f)
(b—-c)?

(4s + a)?
=s(s—a)+ 2 <(Zs+a)2_1>

S p2 (o) S(s—a) + s(3s+ a)(b — ¢)?
@ (2s + a)?
(b + c)? 2rs (b+c)? s s(b + ¢)?
Tor CPeTg ST g gOPdas—pg /e

2 4y
s“(b + ¢)* via (s+2)
paha < —
a

6
s(3s+a)(b— c)2> <s(s _a)- s(s—a)(b— c)2> - s2(b + c)*
(2s + a)? a? - 64a?
s’2(s—a)’(b-c)?> sBs+a).s(s—a)(b-rc)?
e s?(s—a)? - e + Zs 1 )2

s(3s+a).s(s—a)(b-c)* - s2(b + o)*
a%(2s + a)? - 64a?
~G-af+G-ab-o? (S aza B (23:-:_:)2)
Bs+a)(s—a)(b-c)*
a%(2s + a)?
((Zs —a)?>—8a(s— a)) ((Zs —a)? +8a((s— a))
< 64a?
(s —a)(b — ¢)? ((s —a)(2s+ a)? — a*(3s + a)) (3s +a)(s— a)(b— c)*
a%(2s + a)? a?(2s + a)?
(2s —3a)?(4s% + 4sa—7a?) 2(s? —a?)(2s%? — 2sa— a?)(b — c)?
64a? + a%(2s + a)?
(Bs+a)(s—a)(b—c)* (¥ o
a%(2s+ a)? -
(2s —3a)? > (b — ¢)? and then : LHS of (¢) >
(4s* + 4sa—7a?)(b—c)? 2(s*—a?)(2s*—2sa—a?)(b—c)? ?
64a? + a%(2s+a)? =0

Now,p, <

<s(s —a)+

(2s—a)*
64a?

=0

=0

+
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4s? + 4sa—7a> 2(s* —a?)(2s* —2sa—a?) ?
N i >0(v(b-0?%=0
64 (2s + a)? ( (b—c) )
& 272s* —224s3a — 392s%a? + 232sa® + 121a*| > |0 and
(m)
+272(s — a)* + 864a(s — a)® > 0 - in order to prove (m),
it suffices to prove : LHS of (m) > 272(s — a)* + 864a(s — a)?
s
© 568t2 — 1272t + 713 > 0 (t= E),which is true -+ discriminant

= 12722 — 4(568)(713) = —1952 < 0 = (m) = (@) is true

(b — ¢)? > (25 — 3a)? and then : LHS of (¢) >
(4s% + 4sa — 7a?)(2s — 3a)? . 2(s? — a?)(2s% — 2sa — a?)(b — ¢)?

64a? a(2s+a)?
(Bs+a)(s—a)(b—c)?(2s —3a)? B (4s% + 4sa — 7a?)(2s — 3a)?
+ a?(2s + a)? B 64a?
(s—a)(b-o)?

a?(2s + a)? (2(s + a)(2s% — 2sa — a?) + (3s + a)(2s — 3a)?)

(4s% + 4sa—7a?)(2s —3a)®? (s—a)?(b—c)?
B 64a? + az(2s + a)?
which is definitely > 0 if : 16s%2 — 16sa — 7a® > 0 and so, we now consider :
16s? —16sa—7a* < 0and ~ (b —¢)? < a? . LHS of (®) >
(4s% + 4sa—7a%)(2s — 3a)®> (s—a)%(b—c)?

.(16s* — 16sa — 7a?)

.(16s% — 16sa — 7a?)

64a? a%(2s + a)?
. (4s% + 4sa — 7a?)(2s — 3a)? N (s — a)?(16s? — 16sa — 7a?) 2o
&
64a? (2s + a)?

>
64s® — 64s°a + 752s*a? — 2784s3a3 + 2812s%a* — 260sa® — 511a° > |0and
(mm)
v (4s — 5a)® + 104a(s — a)(4s — 5a)* + 437a®(4s — 5a)* > 0
. in order to prove (mm), it suffices to prove :
64+LHS of (mm) > (4s — 5a)° + 104a(s — a)(4s — 5a)* + 437a3(4s — 5a)*
& 79232t3 — 280616t% + 329680t — 128227 > 0

S
& (t—1)(79232t% — 201384t + 128296) + 69 > 0 > true ~ t = ~>1and

+ discriminant of (79232t? — 201384t + 128296)
= 2013842 — 4(79232)(128296) = —105079232
= 79232t%> — 201384t + 128296 > 0 = (mm) = (@) is true

. ) (b + ¢)?
- combining both cases, () is true vV A ABC - p, < ~1er
VAABC" =" iff2s—3a=0andb = c= " =" iff A ABCis equilateral (QED)

1775. In AABC the following relationship holds:
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a 4

)
b(sin? A + sin? B) + c¢sin?C — 3

cyc

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

2 s\2 2(s®2+71%+4Rr)
P24 — i — i i =—=) — =
E sin A—(E smA) 2 E sinAsin B (R) ARZ

2s% — 2r%2 — 8Rr Gerrétsen 8R? + 4r? (r)z E’i" 9 1
N 4R2 = 4R2 R/ ~— 4 Q)
a az_ Bergstrom

= >
Z b(sin? A + sin? B) + csin? C Z ba(sin% A + sin? B) + casin? C -

X a)? 3tabsGai®) (Ta)? 4
= (X ab)(¥ sin? A) = Ca?9 3
3 4

Equality fora=b =c.
1776.
In any A ABC with p,, py, Pc
— Spieker cevians, the following relationship holds :
3P, — 2, N 3pp — 2my N 3pc — 2m, - 2R _q
h, hy, h, r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF =r'(say)

Now, 16[DEF]? 22( ><b2> 216 16 Z a’b? — Z 16r

a b c

272V ST )

—_— = —_— r =—-
2 4 2

rs
= [DEF] = y >r

. L C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 2 = =

2 2
m A—B B nm A-C
==— andm(z&AES)—C+E:E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2

r c? 2r (c)sinA_ B

AS? = —— =
"% 2 2

C
02 L
4sin )

2
N 2r (c) . A—B+ 2r (b) . A-C
ow,| ——= || =) sin —|sin
Zsin% 2 ZSin% 2 2
B r< C A—-B B A—C)
2

- 4Rcosism 2 + 4RcosEsm >
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. (2_ A+B _A-B A+C_ A—C)
—rsmzsmz+smzsm2
—R12'2B+1 2'ZC 2(1 2'2A)
= Rr sin® > sin® > sin® 2
<2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

= 2Rr
abc
Rr
- (243 2 _2a(b? + ¢2) — 2
8Rrs( a’+ (b+ca a(b +c) (b+c)b c))
. 2A . 2A
4(b + c)bcsin? % — 2a.2bccosA bc <(Zs —a)sin 2 (1 —2sin 2)
B 8s B 2s
bc (Zs+a)sinzé—a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s 2s
2r (c) . A-B 2r (b) . A-C
= — —) sin - —)sin
Zsin% 2 2 Zsing 2 2
) —(@2s+a)(s—b)(s—
© =(2s+ a)(s—b)(s C)+2Rr
2s
Avai r? N r? rz( ca N ab )
ain, =—
s 452l asml #\G-9G-a G-aG-b)
r? ab + ca () 12 r?
:m(ca(s—b)+ab(s—c)) = —2Rr = +

4sin2 g 4sin? ¢

2
. _b*+c?+ab+ca (2s+a)(s—b)(s—c)
(), (), (%) => 2AS? = _ "

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
34 ¢3 2 2 _ g2 S h3 4+ o3 2
:b + ¢ — abc + a(2b? + 2¢% — a?) 2ASZ(;)b + ¢ — abc + a(4m?)

4s 4s
Via sine A AFS r _ AS _ cAS
ia sine law on —c = A"B"= —
Zsmisma cos—5— (a+ b)smi
= csing ) r(a+b) dvid sine | A AES, bsing (o) T(@ + €)
csina = — - andvia sine alw on ,1 sinf =" — ¢
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via () and (+++) po(a+b + a+ c) s
= = = =
4AS ST Pa= 55+ a
,viaG) 1652 b3 +c® —abc+ a(4m?)
=Pa = .
(2s + a)? 8s
) 2s
2 3, .3 2
. |ps = m(b + ¢®> —abc+ a(4ma))

Now, b + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2¢2 — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)

111 RMM-GEOMETRY MARATHON 1701-1800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
= 2s(b? — bc + c%) + a(b? — bc + ¢ + bc — a?)

2 _ (h_ )2
=(ZS+a)(b2—bc+c2)+a<(b+c) 4(" ©) a2
— _ 2
=(Zs+a)(b2—bc+(;2)+a(b-}_c-}_2ai(b+c Za)_a(b4 )
= (2s+a)(b? —bc+c?) + as—a+2a)(b+c—2a) ab-o
4 4
2 )4b2+4c2—4bc+a(b+c—2a) a(b —c)?
=Z2s+ a). 2 _ 2
= (2s + a).
4z+x)?+4(x+y)? -4+ 0)x+y)++2)((z+x)+ (x+y) —2(y+12))
4
_ 2
—a(b4 2 (a=y+zb=z+xc=x+y)
=(Zs+a).4x(x+Y+z)+2x(Y+Z)+3(Y—Z)2_a(b—c)z

4 4
— — )2
=(Zs+a)<s(s—a)+%(b_c)z+a(SZ a))_a(b4 )

- — _ <2
=(2s+a) <S(S_a)+%(b_c)2+a(s2 a))_(a+Zs is)(b ©)

b-0¢)? a(s—a)\ s(b-c)?
2 2 >+ 2

=(2s+a) <s(s —a)+

_ Y Y
~|b3 + ¢ — abc + a(4m32) @ (2s+a) <(S a)gZS ta) + ® > © ) + s(b 5 ©

2s s—a)2s+a)? @2s+a)b-c)? s(b—c)?
(2s + a)? < 2 + 2 + 2 )

s 2 S 1 1
— —_— - 2 4 a
=s(s—a)+ (-0 <(25+a) Tosvala 4)

o (o)' (oo) = pa =

—_ )2 2
=S(s—a)—(b 4c) +(b—c)2.( > +%)

2 252+ a
-ss-0r (G 1)
Now,m,n, ; pz + (b 1_3C)2 Via‘g--)
<S(S —at s ;C)2> (S(S —a)+ 0 c_l C)Z> ; <S(s —a)+ S(3S(-2I_Sa_|)_(:)z_ C)2>2
+ (b3—2 2)4 + (b ; )2 | <S(S o+ s(3s(-zi-sa-})_(‘l:); c)Z)
o s(s —a)(b — ¢)? (% + %) N s(b4—ac)4 2 52(35(;‘1_')_2;;)4_ o
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sBs+a)b—c)? (b—oc)* (b-c)? sBs+a)b-c)*
25— —a Tz T STV T T oGt a?
(:)S(S_a)<§+1_2s(3s+a)(b—c)2_1)+
a 4 (2s + a)? 9

s s’2Bs+a)? 1 s(3s+a) .
da - - — > — )2 >
<4a 2s+a)* 324 9(2s+ a)z> b-02=0(v(b-0?*=0)
s(s — a)(144s® — 52s%a — 16sa? + 5a°)
&
36a(2s + a)?

1296s° — 772s*a — 608s3a? + 48s%a’® + 37sa* — a° , 2
+ 7 .(b=c)>=0
324a(2s+ a)
s(s—a) ((s — a)(144s? + 92sa + 76a?) + 81a3)
& +

36a(2s + a)?
(s — @) ((s — a)(1296s + 1820s%a + 1736sa? + 1700a°) + 1701a* )

Y
324a(2s + a)? (b—c)

(b —¢)?

18
via (3)
Now, (2m, + n,)? — 9p2 = 4m?2 + n% + 4myn, — 9p%2 >
s(b — ¢)? 2(b —c¢)?
4s(s—a)+ (b—c)?> +s(s— a)+(f‘)+4pﬁ+%—9pﬁ
via (se+) 11(b—c¢)? s(b—c)? 5s(3s + a)(b —¢)?

= "5s(s—a)+ 5 + a2 —5s(s—a)— 25+ a)?

11 s 5s(3s+a 36s3 — 55s%a + 8sa? + 11a®
=|—4+—-——- ( ) ( —C)ZZ -(b_c)z
9a(2s + a)?

?
> 0 - true (strict inequality) - m,n, > p2 + - (3)

9 a (2s+a)?

(s—a) ((s —a)(36s+17a) + 6a2)

= 9a@s T ay? .(b—c)? >0 (2m, + ny)? > 9p?

3p, —2m n
2Pa ~ M < — and analogs — (4)
h, a

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? =
4sbc(s—b)(s—c)(s—a)
be(s — a)

4N? 2A A
2 2 2 2 2
= — = -2 (_)( )_ —2ah.r. ~n2=s2—-2r.h
as as a as ah,r, ~nz; =s r h,

3pa _ zma via (4) Z n, 1 Z CBS 1 Z Z
oo —_— < _——— < e . 2
Z h, - h, 2rs Ma = Frs @ Ma

=2m, +n, = 3p, =

A
as? + s(2bccosA — 2bc) = as? — 4sbcsin? 5= as?

cyc cyc cyc cyc cyc

1 1 Vs2 — 8Rr — 2r2
= —\/E\/z a(s? — 2r,h,) = o1 \/E.\/Zs3 - 4rsz r, =

2rs rs’ r

cyc cyc

Gerretsen V4R% +4Rr + 3r2 — 8Rr — 2r2 _ /(2R —)?

r r
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3pa_2ma+3pb_2mb+3pc_2mc _@_1
h, hy, h, r
v AABC,”" =" iff A ABC is equilateral (QED)

1777. In AABC the following relationship holds:

a b c
+ +

2
b(COS% + cosg) +CC05% C(COS%-F COS%) +acos% a(cos%+ cosg) +acosg \/§

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

Euler 1
cos— ’ cos ’3 z cos2 / 2+ ﬁ —=— (1)

b(COSz+COSZ)+CCOSZ C(COSZ +cosz)+acos(2: a(cosz +cosz)+acosg

Bergstrom
= Z C Z 5 c

COS + cos 2)+C(1COS§

b (cos';1 + cos g) +c cosy

X a)® O e’ 2

> > = —

" (Zab) (Z cosg) B (Z;)Z <¥> V3

Equality holds fora=b =c

1778.
In any A ABC with p,,n,, g,
— Spieker cevian, Nagel cevian, Gergonne cevian,
the following relationship holds :
W, +2p, <4m, —w, <3p,<2m, +n, < g, +2n,

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF =r'(say)

Now, 16[DEF]? 22( ><b2> 216 16 Z a’b? — Z 16r

a b c

272V ST )

—_— = —_— r =—-
2 4 2

rs
= [DEF] = y >r

. L C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 2 = =

2 2
m A—B B nm A-C
==— andm(z&AES)—C+E:E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2

r c? 2r (c)sinA_ B

AS? = —— =
"% 2 2

C
02 L
4sin )

2
N 2r (c) . A—B+ 2r (b) . A-C
ow,| ——= || =) sin —|sin
Zsin% 2 ZSin% 2 2
B r< C A—-B B A—C)
2

- 4Rcosism 2 + 4RcosEsm >
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. (2_ A+B _A-B A+C_ A—C)
—rsmzsmz+smzsm2
—R12'2B+1 2'ZC 2(1 2'2A)
= Rr sin® > sin® > sin® 2
<2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

= 2Rr
abc
Rr
- (243 2 _2a(b? + ¢2) — 2
8Rrs( a’+ (b+ca a(b +c) (b+c)b c))
. 2A . 2A
4(b + c)bcsin? % — 2a.2bccosA bc <(Zs —a)sin 2 (1 —2sin 2)
B 8s B 2s
bc (Zs+a)sinzé—a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s 2s
2r (c) . A-B 2r (b) . A-C
= — —) sin - —)sin
Zsin% 2 2 Zsing 2 2
) —(@2s+a)(s—b)(s—
© =(2s+ a)(s—b)(s C)+2Rr
2s
Avai r? N r? rz( ca N ab )
ain, =—
s 452l asml #\G-9G-a G-aG-b)
r? ab + ca () 12 r?
:m(ca(s—b)+ab(s—c)) = —2Rr = +

4sin2 g 4sin? ¢

2
. _b*+c?+ab+ca (2s+a)(s—b)(s—c)
(), (), (%) => 2AS? = _ "

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
34 ¢3 2 2 _ g2 S h3 4+ o3 2
:b + ¢ — abc + a(2b? + 2¢% — a?) 2ASZ(;)b + ¢ — abc + a(4m?)

4s 4s
Via sine A AFS r _ AS _ cAS
ia sine law on —c = A"B"= —
Zsmisma cos—5— (a+ b)smi
= csing ) r(a+b) dvid sine | A AES, bsing (o) T(@ + €)
csina = — - andvia sine alw on ,1 sinf =" — ¢
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via () and (+++) po(a+b + a+ c) s
= = = =
4AS ST Pa= 55+ a
,viaG) 1652 b3 +c® —abc+ a(4m?)
=Pa = .
(2s + a)? 8s
) 2s
2 3, .3 2
. |ps = m(b + ¢®> —abc+ a(4ma))

Now, b + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2¢2 — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
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= 2s(b? — bc + c%) + a(b? — bc + ¢ + bc — a?)

2 _ (h_ )2
=(ZS+a)(b2—bc+c2)+a<(b+c) 4(" ©) a2
— _ 2
=(Zs+a)(b2—bc+(;2)+a(b-}_c-}_2ai(b+c Za)_a(b4 )
= (2s+a)(b? —bc+c?) + as—a+2a)(b+c—2a) ab-o
4 4
2 )4b2+4c2—4bc+a(b+c—2a) a(b —c)?
=Z2s+ a). 2 _ 2
= (2s + a).
4z+x)?+4(x+y)? -4+ 0)x+y)++2)((z+x)+ (x+y) —2(y+12))
4
_ 2
—a(b4 2 (a=y+zb=z+xc=x+y)
=(Zs+a).4x(x+Y+z)+2x(Y+Z)+3(Y—Z)2_a(b—c)z

4 4
— — )2
=(Zs+a)<s(s—a)+%(b_c)z+a(SZ a))_a(b4 )

- — _ <2
=(2s+a) <S(S_a)+%(b_c)2+a(s2 a))_(a+Zs is)(b ©)

b-0¢)? a(s—a)\ s(b-c)?
2 2 >+ 2

=(2s+a) <s(s —a)+

_ Y Y
~|b3 + ¢ — abc + a(4m32) @ (2s+a) <(S a)gZS ta) + ® > © ) + s(b 5 ©

2s s—a)2s+a)? @2s+a)b-c)? s(b—c)?
(2s + a)? < 2 + 2 + 2 )

s 2 S 1 1
— —_— - 2 4 a
=s(s—a)+ (-0 <(25+a) Tosvala 4)

o (o)' (oo) = pa =

—_ )2 2
=S(s—a)—(b 4c) +(b—c)2.( > +%)

2 252+ a
-ss-0r (G 1)
Now,m,n, ; pz + (b 1_3C)2 Via‘g--)
<S(S —at s ;C)2> (S(S —a)+ 0 c_l C)Z> ; <S(s —a)+ S(3S(-2I_Sa_|)_(:)z_ C)2>2
+ (b3—2 2)4 + (b ; )2 | <S(S o+ s(3s(-zi-sa-})_(‘l:); c)Z)
o s(s —a)(b — ¢)? (% + %) N s(b4—ac)4 2 52(35(;‘1_')_2;;)4_ o
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s3s+a)b—c)? (b—oc)* (b-c)? sBs+a)b-c)*
@sta? | 328 ST 9(2s + a)?
( )f 1 25(3s+ a)(b — ¢)? 1
esis—a <a+4_ (2s + a)? _9)

2 2 ?
<S s@3star 1 S(3S+a))(b—c)z'zo(-.-(b—c)zzo)

2s(s — a).

4a (2s+a)* 324 9(2s+ a)?
s(s — a)(144s® — 52s%a — 16sa? + 5a°)
&
36a(2s + a)?

1296s° — 772s*a — 608s3a? + 48s%a® + 37sa* — a®

+ 324a(2s + a)*
s(s—a) ((s — a)(144s% + 92sa + 76a?) + 81a3)

36a(2s + a)?

(s — @) ((s — a)(1296s + 1820s%a + 1736sa? + 1700a°) + 1701a* )

324a(2s+ a)*

.(b=0c)2=>0

+

=14

.(b—c)?

(b —¢)?

?
> 0 - true (strict inequality) - m,n, > p2 + T 3)
via (3)
Now, (2m, + n,)? — 9p2 = 4m?2 + n% + 4myn, — 9p%2 >
s(b — ¢)? 2(b —c¢)?
4s(s—a)+ (b—c)?> +s(s— a)+(f‘)+4pﬁ+¥—9pﬁ
via (se+) 11(b—c¢)? s(b—c)? 5s(3s + a)(b —¢)?
= 5s(s-a)+ 9 + a —Ss(s-a)- (2s + a)?
11 s 5s(3s+a 36s3 — 55s2a + 8sa? + 11a3
i —( ) ( —c)Z: .(b—C)z
9 a (2s+a)? 9a(2s + a)?
(s—a) ((s —a)(36s+17a) + 6a2)

B 9a(2s + a)?
= 2m, + n, > 3p,and analogs - (4)

ia (s 2
" m(m +¢3 —abc+ a(4m,2,)) —mg
8sa ) 2

(b3 + ¢ — abc) — (1 2

.(b—c)? >0 (2m, + ny)? > 9p?

Also, p2 — m?2

2s

=Gt a? st a?
_4(a+b+c)(b®+c —abc) - (2b% + 2¢* — a?) (b + ¢)?
B 4(2s + a)?
B a’(b—c)? + 4a(b + c)(b — ¢)? + 2(b% - cz)2
, B 4(2s + a)?
= %((m2 +2ab+c)+ (b+c)?)+((b+c)?+2ab+c) +a?) - az)
(b —¢)? (b — ©)?(8s% — a?)
= @5t a? (2(a+b+c)?—a?) = 15 T a7
n) (b—c¢)%(8s%2—a?)s>a
'-pﬁ—mﬁ(;( 4c()25(+sa)2a ) = 0=>p,2m, =>2w, 2>w, <p,
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2 2 2 2
a — Mg mg; —wg | .

,it suffices to prove :

P+ M, m,+w,

2 2 2 2
pa_ma<ma_wa

~ in order to prove :

via(m) (b — ¢)?(8s% — a? (b — ¢)? s(s—a)(b—c)?
= 4(Zs(+ E )Ss(s—a)+ m —|s(s—a)— b + 02 )
B (b —c)? 1 4s(s—a)\ _ b-0c)? 2s—a)®+4s(s—a)
4 < + (2s — a)2> 4 (2s — a)?

o ((Zs —a)? + 4s(s— a)) (2s + a)? > (8s% — a?)(2s — a)?
& 1653 —12s?a—4sa’ +a® 20 © (s — a)(16s* + 4sa) +a® > 0
— true (strict) sinces > a
2 2 2 2
Pg — g mg; — W,
< = + <2 d l 5
Paot+m,  m,+w, [Pa + Wq < 2mq|and analogs - (5)

, (b- ©)?(8s? —a?)s>a

Also,p2 —m

a= 4(2s + a)? > 0=>p,=2m, = pgW, = MW,
Lascu + A-G
> s(s—a) - (6)
via (ee¢) and (6)
Now, (3p, + Wg)? = 9p2 + w? + 6p,w, >
9s(3s + a)(b — ¢)? s(s—a)(b — ¢)?
9s(s—a) + 25+ a)? +s(s—a)— 25— a)? +6s(s—a)
?
> 16m2 = 16s(s — a) + 4(b — ¢)?
9s(3s+a)(b—c)? ? s(s—a)(b—c)?
( )( ) 2 ( )( ) L 4(b— 02
(2s + a)? (2s — a)?
9s(3s+a) ? s(s—a) +4(2s—a)?
> . _ 2 >
< 2s+a)? ~ (2s—a)? (-0 =>0)

? s
& 20t* —36t3 +13t2 +5t—2>0 (t:E)

?
o (t—-1) ((t — 1)(20t2 +4t+ 1) + 3) > 0 — true (strict) ~t>1
*|3pa + Wg = 4m,|and analogs - (7)
Finally, an?.ag? > a’?s*(s — a)? ©

2(c 2(c _ (@)
(bz(s —c)+c2(s—b)—a(s—b)(s— c)) (b (s=b) +c(s c)) > a’s?(s — a)?
—a(s—b)(s—c¢)
Lets—a=x,s—b=yands—-c=z-.s=x+y+z>a=y+zb=z+x

and c = x + y and via such substitutions, (a) ©

(z(z +x)?2+y(x+y)?—yz(y + z)) (y(z +x)?+z(x +y)? —yz(y + z))
>x%(y+z)?(x+y+z)?

exy?+xz?+yl+zd > 2xyz+yzy+z) ox(y-z)> +(y+z)(y—-2)?%*=>0

(b)
- true = (a) is true = n,g, = s(s—a)

Also, Stewart’s theorem = b%(s — ¢) + ¢2(s —b) = an2 + a(s — b)(s — c¢) and
b%(s —b) + c?(s — ¢) = ag? + a(s — b)(s — c¢) and adding these two, we get :
(b%2 +c®*)(2s—b —c) = an? + ag? + 2a(s —b)(s — ¢) = 2a(b? + ¢?)
=2a(n2+g%)+al@a+b-c)(c+a-b)
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= 2(b% + c?) =2(n2 + g2) + a®> — (b — ¢)?

= 2(b%*+c?)—a?+ (b—c)? =2(n% + g%) = 4m?2 + (b — ©)? = 2(n? + g2)

=>2(b-c)?+4s(s—a)=2(n2+g2)>n%+g2=(b-c)?+2s(s—a)

via (b
> nZ + g2 +2n,9, 2()(b—c)2+4s(s—a)=>(na+ga)224m,21
= [n, + g, = 2m,|and analogs — (8)

Now,w, + 2p, < 4m, — w, is equivalent to (5) and then :
4m, — w, < 3p, is equivalent to (7) and also,
3p. < 2m, + n, is equivalent to (4) and finally,
2m, +n, < g, + 2n, is equivalent to (8)
W Wo + 2pg <4m, —w, <3p, <2m, +n, < g, +2n, VAABC (QED)

1779. In any non — right A ABC, the following relationships hold :

®

n n n

secB +sec(C) + secC+ secA) +
b“+c“( ) c“+a“( ) a® + b

(secA+secB) >6

n n n

ha hb c
B A
@hﬂ+h‘c‘(sec +secC)+hg+h3(secC+sec )+h3+hg

(secA +secB) >6

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle
(+~ (A+B) +(B+C) > (C+A) and analogs) > VA + B,VvB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

22:(A+B)(B+C)—Z:(A+B)2 =ZZ Z:AB+B2 —ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc
=6ZAB+ZZA2—ZZA2—ZZAB:>4F=2 ZAB—>(1)
cyc cyc cyc cyc cyc
xy ? V3 x*y? ? 3
Now,V x,y,z > 0, 2—=}Z > —
ow, VLY. Z \/ y+z)(z+x)~ 2 xy(y+z)(z+x)(»:)4
cyc cyc
2 2
Yeye X v X
Via Bergstrom, LHS of (x) > ( A Y) = ( ;yc Y)
chc (xY(chc Xy + ZZ)) (chc XY) + Xyz chc X
2
7 3 ? xy 7 4/3
>2 >3 Z true - > 2
Fiat ny xyz g x o true \/ vinein=2 ~?
cyc cyc cyc
x y Z
We have : .(secB +secC) + ——.(secC+secA) + ——.(secA + secB)
y+z Z+x x+y
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Z
(B+0) +L(C +A)+——(A+B)(A=secA,B=secB,C=sec()
Z+x x+y

2 Oppenheim

X 2 2 y/
=——VB+C +L.\/C+A +——.VvA+B =
y+z Z+x xX+y

xy via (1) and (2) V3 73
4F. > 2 AB.—=+V3. A B
cyc

X
y+z

cyc cyc

= secASsecC b secC COS A = s2 — 4R2 — 4Rr — r2 R

cyc

Gerretsen 4R2 R+r 6R(R+ 1)
= 3 ( )= —_—
4R? + 4Rr + 3r? — 4R? — 4Rr —r? R r2

Euler |6(2r)(3r X
> ’#= 6..——.(secB+secC) +
r y+z

yA
.(secC +secA) + .(secA + secB) = 6 and choosing x = a",y = b",
Z+x x+y

z = c" and x = h}},y = hy,z = h? respectively, we get :
n n n

@) bot o (secB +secC) + ot an (secC + secA) + ¥ b

ha hb c
@hg T he (secB + secC) +h}} Th (secC + secA) +h3 I

V non — right A ABC,” =" iff A ABCis equilateral (QED)

(secA +secB) > 6

(secA +secB) > 6

1780. In any A ABC with

p. — Spieker cevian, the following relationship holds :
Pa _ 2R 1

h,  3r 3
Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF =r'(say)

Now, 16[DEF]? 22( ><b2> 216 16 Z a’b? — Z 16r

a b c

272V ST )

—_— = —_— r =—-
2 4 2

rs
= [DEF] = y >r

. L C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 2 = =

2 2
m A—B B nm A-C
==— andm(z&AES)—C+E:E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2

r c? 2r (c)sinA_ B

AS? = —— =
"% 2 2

C
02 L
4sin )

2
N 2r (c) . A—B+ 2r (b) . A-C
ow,| ——= || =) sin —|sin
Zsin% 2 ZSin% 2 2
B r< C A—-B B A—C)
2

- 4Rcosism 2 + 4RcosEsm >
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. (2_ A+B _A-B A+C_ A—C)
—rsmzsmz+smzsm2
—R12'2B+1 2'ZC 2(1 2'2A)
= Rr sin® > sin® > sin® 2
<2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

= 2Rr
abc
Rr
- (243 2 _2a(b? + ¢2) — 2
8Rrs( a’+ (b+ca a(b +c) (b+c)b c))
. 2A . 2A
4(b + c)bcsin? % — 2a.2bccosA bc <(Zs —a)sin 2 (1 —2sin 2)
B 8s B 2s
bc (Zs+a)sinzé—a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s 2s
2r (c) . A-B 2r (b) . A-C
= — —) sin - —)sin
Zsin% 2 2 Zsing 2 2
) —(@2s+a)(s—b)(s—
© =(2s+ a)(s—b)(s C)+2Rr
2s
Avai r? N r? rz( ca N ab )
ain, =—
s 452l asml #\G-9G-a G-aG-b)
r? ab + ca () 12 r?
:m(ca(s—b)+ab(s—c)) = —2Rr = +

4sin2 g 4sin? ¢

2
. _b*+c?+ab+ca (2s+a)(s—b)(s—c)
(), (), (%) => 2AS? = _ "

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
34 ¢3 2 2 _ g2 S h3 4+ o3 2
:b + ¢ — abc + a(2b? + 2¢% — a?) 2ASZ(;)b + ¢ — abc + a(4m?)

4s 4s
Via sine A AFS r _ AS _ cAS
ia sine law on —c = A"B"= —
Zsmisma cos—5— (a+ b)smi
= csing ) r(a+b) dvid sine | A AES, bsing (o) T(@ + €)
csina = — - andvia sine alw on ,1 sinf =" — ¢
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via () and (+++) po(a+b + a+ c) s
= = = =
4AS ST Pa= 55+ a
,viaG) 1652 b3 +c® —abc+ a(4m?)
=Pa = .
(2s + a)? 8s
) 2s
2 3, .3 2
. |ps = m(b + ¢®> —abc+ a(4ma))

Now, b + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2¢2 — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
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= 2s(b? — bc + c%) + a(b? — bc + ¢ + bc — a?)

2 _ (h_ )2
=(ZS+a)(b2—bc+c2)+a<(b+c) 4(" ©) a2
— _ 2
=(Zs+a)(b2—bc+(;2)+a(b-}_c-}_2ai(b+c Za)_a(b4 )
= (2s+a)(b? —bc+c?) + as—a+2a)(b+c—2a) ab-o
4 4
2 )4b2+4c2—4bc+a(b+c—2a) a(b —c)?
=Z2s+ a). 2 _ 2
= (2s + a).
4z+x)?+4(x+y)? -4+ 0)x+y)++2)((z+x)+ (x+y) —2(y+12))
4
_ 2
—a(b4 2 (a=y+zb=z+xc=x+y)
=(Zs+a).4x(x+Y+z)+2x(Y+Z)+3(Y—Z)2_a(b—c)z

4 4
— — )2
=(Zs+a)<s(s—a)+%(b_c)z+a(SZ a))_a(b4 )

- — _ <2
=(2s+a) <S(S_a)+%(b_c)2+a(s2 a))_(a+Zs is)(b ©)

b-0¢)? a(s—a)\ s(b-c)?
2 2 >+ 2

=(2s+a) <s(s —a)+

_ Y Y
~|b3 + ¢ — abc + a(4m32) @ (2s+a) <(S a)gZS ta) + ® > © ) + s(b 5 ©

2s s—a)2s+a)? @2s+a)b-c)? s(b—c)?
(2s + a)? < 2 + 2 + 2 )

s 2 S 1 1
— —_— - 2 4 a
=s(s—a)+ (-0 <(25+a) Tosvala 4)

o (o)' (oo) = pa =

—_ )2 2
=S(s—a)—(b 4c) +(b—c)2.( > +%)

2 252+ a
-ss-0r (G 1)
Now,m,n, ; pz + (b 1_3C)2 Via‘g--)
<S(S —at s ;C)2> (S(S —a)+ 0 c_l C)Z> ; <S(s —a)+ S(3S(-2I_Sa_|)_(:)z_ C)2>2
+ (b3—2 2)4 + (b ; )2 | <S(S o+ s(3s(-zi-sa-})_(‘l:); c)Z)
o s(s —a)(b — ¢)? (% + %) N s(b4—ac)4 2 52(35(;‘1_')_2;;)4_ o
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sBs+a)b—c)? (b—oc)* (b-c)? sBs+a)b-c)*
25— —a Tz T STV T T oGt a?
(:)S(S_a)<§+1_2s(3s+a)(b—c)2 _1)
a 4 (2s + a)? 9

s s?’(3s+a)?* 1 s(3s+a) ?
<4—a— Zsrat 324 9(2s+a)2>(b_c)2 >0(v(b-0?=0)
s(s — a)(144s® — 52s%a — 16sa? + 5a°)
&
36a(2s + a)?
1296s° — 772s*a — 608s3a? + 48s%a® + 37sa* — a®
+ 324a(2s + a)*
s(s—a) ((s — a)(144s% + 92sa + 76a?) + 81a3)
36a(2s + a)?
(s — @) ((s — a)(1296s + 1820s%a + 1736sa? + 1700a°) + 1701a* )

324a(2s+ a)*

.(b=0c)2=>0

+

=14

.(b—c)?

? . - - 2 (b - C)Z
> 0 - true (strict inequality) .- m,n, > p; + T 3)
via (3)
Now, (2m, + n,)? — 9p2 = 4m?2 + n% + 4myn, — 9p%2 >
s(b — ¢)? 2(b — ¢)?
4s(s—a)+ (b—c)?> +s(s— a)+(f‘)+4pﬁ+%—9pﬁ
via (se+) 11(b — ¢)? N s(b —c)? 5s(3s + a)(b —¢)?

= "5s(s—a)+ 5 a2 —5s(s—a)— 25+ a)?

11 s 5s(3s+a 36s3 — 55s%a + 8sa? + 11a®
:< ( )>( —C)ZZ -(b_c)z

_+_ ——
9 a (2s+a)? 9a(2s + a)?

(s—a) ((s —a)(36s+17a) + 6a2)

B 9a(2s + a)?
= 2m, + n, > 3p,and analogs - (4)
Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? =
4sbc(s—b)(s—c)(s—a)

.(b—c)? >0 (2m, + ny)? > 9p?

as? + s(2bccosA — 2bc) = as? — 4sbcsin? — = as?
2 be(s — a)
4N? 20\ / A
2 2 2 2 _ 2
as* - — =as al—)5=3) =9 ah,r, ~n2=s r h,

? ?
~a’ni <4(R-r)?s? o a?(s? —2h,r,) <4(R-1)?s’ &
A A A\ ?
(4R?%sin?A)s? — 4rs (4Rsinzcos E) (stan E) < 4(R? — 2Rr + r?)s?

A ? ?
& R%(1 —sin?A) — 2Rr (1 — 2sin? E) +1? >0 © R%cos?A — 2RrcosA + r2 > 0

5 2 n, 2Rs 2rs
< (RcosA —r)% = 0 - true - anaSZRs—er=>h—S s~ " 2rs
« a(3y) a(5)
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via (5)
and .
n, R 3p. 2m, n, Panaitopol R R
Leo__1 -~ (4) > %< £ < 41
:>ha_r and analogs — (5) ()=>ha_ h, +ha < r+r
Pa _ZR 1. A ABC(QED
$ — — — —
h,  3r 3 (QED)
1781.
In any A ABC with:

Pa Pb, Pc — Spieker cevians, the following relationship holds :
R
& + & + & < —+ 2
m, m, m, 2r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A

B

Let AS produced meet BC at X and m(3BAX) = a and m(4£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ [b? at 1 16r2s?
2 _ - I A 2L2 _ 4) —
Now, 16[DEF] _ZZ<4><4> 216 16(22“’ Za) 16

a b c
rs (ztz1T32 rs , T
> [DEF] = =1 | &—S—=|=F=r =51

4 4 2

. L C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(5AFS) = B + 2 = =

2 2
M _A-B mdm(AES) =c+o=F_2"C_
= — — = —_—= = — d
7 " g andmis 2°2 2 °®@
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

asto o[ (E)sinA_B
- ctg C\z 2

2 L in b
4sin 2 Zsm2
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r? b?
+Z—

B

i 2D
4sin >
2

C
+__

) r2
= 2As2

C
2L
4sin 3

2r

2sin

> N

2r

2r
2sin

2r A-C

2

B

A—B+
2

2s1n7

(s

A-C
2

¢
2

o

2r A-C

(s

_r(4R C .
=3 coszsm
A+B

Now, - E
sing

A-B

* 2

E)on

A—C)
2

. B
Zsmi

B |
+ 4Rcos E sin

_A+C

B

— Rr( 2si .
I'( sin 2 sin

B
= Rr<1—ZsinZE+1

2

C A
— 2sin? >~ 2 (1 — 2sin? E))

+2 in2_ C)
sin 2 sin 2

abc

Rr <2a(s —b)(s—c)—b(s—c)(s—a)—c(s —a)(s — b))

(Za + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

8R
A A
_ in22 _ _ in2 2
4(b+c)bcsin2%—2a.2bccosA bc<(Zs a)sin 2 a(l 2sin 2))
8s B 2s
bc| (2s + a)sin? A_,
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s
N 2r (c) . A—-B 2r (b) . A-C
— —)sin —)sin
2sin g 2 2 Zsinlz3 2 2
2s+a)(s—b)(s—c
) —( )( )( ) + 2Rr
2s
Avai r? N r? rz( ca N ab )
ain, =—
8 4sinzg 4Sinz% 4\s-0o-a) (s-a)s—b)
r? ab + ca (% r? r?
= —(ca(s —b) + ab(s — c)) = —2Rr =
4r?s . ,B . ,C
4sin > 4sin 3
b2+c2+ab+ca (Zs+a)(s—b)(s—c)
= 2AS? =
(1), (), (%) s

(a+b+c)(b2+c +ab+ca)

2a+b+c)(c+a—b)(a+b—-c)

) 8s
) = 2AS?

i) b3 + ¢3 — abc + a(4m3)

4s

4s
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r AS cAS
Via sine law on A AFS, = =
. . A—-B . C
Zsmisma cos— (a+ b)smi
S esing O F@tb) o iasinel A AES bsing "2 F@t©)
csina =" — - and via sine alw on ,1 sinf = 2AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =TS
via (x+x) and (x+x) p,(a+b + a+ c) 4s A
= = = =
4AS ST PaT 55t a
,via 16s? b3 +c® —abc+ a(4m?)
= = )
Pa (2s + a)? 8s
O] 2s
2 1 3, .3 2
~|Pa = s+ a)? (b + ¢® —abc + a(4ma))

Now, b3 + ¢3 — abc + a(4m2) = b® + 3 — abc + a(2b? + 2¢% — a?)
= (b + ¢)(b? —bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)

= 2s(b% —bc + c%) + a(b? — bc + % + bc — a?)
b 2 _ b— 2

=(Zs+a)(b2—bc+c2)+a<( to 4( o _

a(b+c+2a)(b+c—2a)_a(b—c)2

a’

= (2s+a)(b? —bc+c?) +

4 4
= (25 + a)(b? — bc + ) + a2s—a+2a)(b+c—2a) _ a(b — ¢)?

4 4
2 2 _ _ — )2
=(Zs+a).4b +4c 4b(;+ a(b+c Za)_a(b4 c)
= (2s+ a).
4z+x)?+4(x+y)? -4+ 0)x+y)++2)(Z+x) + (x+y) —2(y+12))
4
_a(b—c)Z

(a=y+zb=z+x,c=x+Yy)
4x(x+y+2z)+2x(y+z)+3(y—2z)% a(b-c)?

= (2s+ a).

4
- — o2
- (Zs+a)<s(s_a)+%(b_c)z+a(52 a)>_a(b4 )

- - — )2
=(2s+a) <s(s—a)+%(b_c)z+a(sz a))_(a+2s is)(b c)

b-0¢)? a(s—a)\ s(b-c)?
2 2 >+ 2

=(2s+a) (s(s —a)+

_ — )2 — )2
~|b3 + 3 — abc + a(4m32) i (2s+a) <(S a)éZs ta) + ® 7 o ) + s(b 5 ©

w(0),(s0) > pg =

2s s—a)2s+a)? @2s+a)b-c)? s(b—c)?
(2s + a)? ( 2 + 2 + 2 )

S 2 S 1 1
el 2 - _=
=sts—a)+ (-0 <(Zs+a) +Zs+a+4— 4)
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(b — ¢)? 5 s 1\2
=sls—a)-—3 +(b_c)'(25+a+2)
_ )+(b—c)2 (4s + a)? 1
—ss—a 4 \(2s+a)?
L2 ) ( )+s(3s+a)(b—c)2
Pa = Si5—4a (2s + a)?
v, (b—c)?via()
Now,m,n, = p; + 18 =

2 _ A2\ 2 a2
(b 4c) ><s(s—a)+s(ba c) )2 (s(s_a)_|_s(3s(-2|-sa-l)_(:l))Z c) )

(b—0c)* (b-c)? s(3s+ a)(b —¢)?
+ 324 + 9 .<s(s—a)+ (2s + a)? )

4 2 2 2 _ 4
2s(s — a) s(3s + a)(b— ¢)® N (b-o)* Ls(s—a) (b — ¢)? N s(3s+a)(b —c)*
. (ZS + a)Z 324 ' 9 9(25 + a)z
s 1 2s(3s+a)b-c¢c)? 1
‘:S(S_a)<5+1_ s+ a)? ‘6>

2 2 ?
<S s@3staf 1 s(3s+a))(b—c)z'zo(-.-(b—c)zzo)

2

<s(s —a)+

4a  (2s+a)* 324 9(2s+a)?
s(s — a)(144s® — 52s%a — 16sa? + 5a3)

36a(2s + a)?
1296s° — 772s*a — 608s3a? + 48s2%a® + 37sa* — a° ?
.(b=0c)?=>0
324a(2s + a)*

s(s—a) ((s — a)(144s% + 92sa + 76a?) + 81a3)

36a(2s + a)?
(s — @) ((s — a)(1296s + 1820s%a + 1736sa? + 1700a°) + 1701a*) )

.(b—oc)

324a(2s + a)*

+

? . . ,  (b— c)?
> 0 — true (strict inequality) - m,n, > p; + 18 - (3)
via (3)
Now, (2m, + n,)? — 9p2 = 4m?2 + n2 + 4myn, — 9p%2 >
2(b —c)? o2

s(b — ¢)?
Tt ALt ———— —9pa

55(3s + a)(b —¢)?
(2s + a)?
36s3 — 55s2a + 8sa? + 11a3 )
.(b—oc)
9a(2s + a)?

4s(s—a)+ (b—c)? +s(s—a)+

. 2 M2
=" 55(s—a)+11(b9 2 +S(b ) —5s(s—a)—

<11 s 5s(3s+ a)) (b0 =

9 'a (2s+a)?
(s—a) ((s —a)(36s+ 17a) + 6a2)
= .(b—¢c)?=>0 - (2mg, + ny)? > 9p2

9a(2s + a)?
Pa Pb P 2m, +n
= 2m, + n, > 3p,and analogs - m—‘; + m, + ;CC < Z ;Ta“

cyc
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n, ? 3R
_2+Z3 . 2 m, > 2r
r cycma(_) r

cyc
Stewart’s theorem = b?(s — ¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢?) — be(2s — a) = an? + a(s* —s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a® — 2bc) = an? — as? = anZ =
) 4sbc(s—b)(s—c)(s—a)
be(s — a)

as? + s(2bccosA — 2bc) = as? — 4sbcsin 5 =as
4/)? 2A A
2 2 2 _ 2
= as —2a<—)( ):as —2ah,r, --n; =s“ —2r,h
s—a a s—a ata a a*ta

4rs? tans rs2 A

= as? — 2ah,r, - n2 = s? — 2r,h, = s? — 1 z 7= —?seczi

4R cos?5 tans
2 2
2 (s—b)(s—0)
~— " bc

= n3(s —b)(s — €) = $(s ~b)(s — ©) ~ s

=as? —

2
=s%(s —b)(s — ¢) — —. tan? é 4RZS 3
R 2 4R cos?2 5 Ftanz
23 A A
=s%(s—b)(s—c) — %.tani(l + tan? E) ~n2(s—b)(s—c)
252 2
r2 and analogs

= sz(s—b)(s—c)—T.ra—E.

= ni(s—b)(s—c))=s (s—b)(s—c)—ﬁ. ra—f. r3
2. )=s2). D w D,
cyc

cyc cyc cyc
242 2
s“4R+r) r A
=sz(4Rr+r2)—¥——. (4R+r)3—3| |(4Rcosz—)
R R 2
cyc
242 2 2
s“4R+r) r
( ). (4R +1)* — 3.64R%. 16R2)

= s?(4Rr +r1?) — — R R
r ((4R2 +9Rr —r?)s? —r(4R + r)3)

- R
chc (na(s b)(s — c)) ((4R2 +9Rr — r?)s?* —r(4R + r)3)

s(s —a)(s—b)(s—c¢c) Rr2s2

2)s? —r(4R + r)3)

n, Lascu + A-G
<

=>Z n2 _r((4R2+9Rr—r N M
s(s—a) Rr2s? T Lim, =
cyc cyc
Z ng s |, 2 3r((4R? + 9Rr — r2)s2 — r(4R + )3) ? 3R
o [ss—a) o s(s—a) Rr2s? =2r
?
< (3R® — 16R?r — 36Rr? + 4r%)s? + 4r*(4R +1)* = 0
(wm)
3R3 — 16R?r — 36Rr? + 4r3 > 0 and then : LHS of (mm) > 4r?(4R +1)3
> 0 = (mm) is true (strict inequality)
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Gerretsen
[Case 2] 3R® — 16R?*r — 36Rr? + 4r® < 0 and then : LHS of (mm) >
?
(3R® — 16R?*r — 36Rr? + 4r%)(4R? + 4Rr + 3r%) + 4r2(4R+1)3 > 0
? R
& 1265 — 52t* + 57t3 + 16t2 — 44t + 16 > 0 ( = ;)

Euler

e (t—2)2 ((t— 2)(12t% + 20t + 33) + 70) > O->true~t > 2= (m l) is true

. combining both cases,(mm) = (m) is true v A ABC - Pa + Po + Pe <— + 2
m, mp, mg 2r
v AABC,”’ =" iff A ABC is equilateral (QED)

1782. In AABC the following relationship holds:

ngnj nyng neng

4
B C' . Cc. At _a_ B>
Sln281n2 Sln281n2 SanSlnz

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

1 1 GM=HM 3
h, <ng h, <ny, h, <n,and Z = Rk, = — =3r(1)
a Z h_a
B\? A+B+C\? 1)?
C (Z sin 7) Jensen (3 sin T) (3. 7) 3
And —sino<~——=2 " < = =22
n sm s1n 3 < 3 3 4( )
nZn’ nin? nZn2 z h%2h%  Bergstrom
. . . . . . - . B . -
sinysiny singsing sinzsinz sin7 sinz

4
h h.)2 AM-6M&2) 9(h _h,h.)3 (1)
_Q&hahy)” S 9(hahyho)3 > 12.(3r)* = 9721
» singsin£ 3
2 2 4
Equality holds fora = b = c.
1783. In AABC the following relationship holds:

¢ >
Z a B c>

2 2 2
cycb(cos 7+cos E)+ccos 5

Proposed by Zaza Mzhavanadze-Georgia

W s
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Solution by Tapas Das-India

A 9 T Euler 9 1
R — < =
ZCOS 2= 2%3r = W

Z a Z az Berg;trom
b ( A B C ba ( A B C -

2 2 22 222 22 2=
Ccos 2+COS 2)+CCOS 2 Ccos 2+COS 2)+cacos 2

Ea)?® O Ca)? 4

> il
" (Zab) (Z cos? ) (2;)2 Z 3

Equality fora=b =c
1784. In AABC the following relationship holds:

1<1
D

cyc 3tan? 7 +2

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

3 tan? 3 1 3 tan? % CBS
Z 2 Z - .]7272 ~ LA - |=
3tan2 +2 3 tan2 +2 3 tan? 5+ 2

<§_1 3(Ztang)2 :1/3_ 3(4Rs+r)2 \
2

A 2

1
=;B3-1=1

Equality for AABC equilateral.
1785.

In any A ABC with
p. — Spieker cevian, the following relationship holds :
z:élpa—ha—rw<ma+mb+mc

m, a r
cyc
Proposed by Bogdan Fustei-Romania

Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(4BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’'(say)

a?\ [b? at 1 16r2s?
2: e | - _—— 2p2 _ 4 =
Now, 16[DEF] 2 E <4><4> E T 16(2 E a“b E a) T

a b c

27272\ ST )

—_— = —_— r =—-
2 4 2

rs
= [DEF] = y =>r

. o C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(£AFS) = B + 5=—35 = >
m A-B B m A-C
=—— andm(AAES):C+E:E_T_>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2

AS? = +§— 2r (%)sinA;B

C
in2 U
4sin )

N 2r (c) . A—B+ 2r (b) . A-C

ow, —)sin —|sin
Zsin% 2 2 2

r< C A-—B B A—C)

ZE 4Rcosism 2 +4RcosEsm >
_R (2_ A+B . A—B+2_ A+C . A—C)
= Rr | 2sin > sin > sin > sin >
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= Rr <1 — Zsinzg+ 1- 2sin2§— 2 (1 — 2sin? %))

<2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))
= 2Rr

abc

= 8Rrs (Za + (b + c)a? — 2a(b? + c?) — (b + ¢) (b — ¢)?)

A A
— in2 2 _ =240
4(b+c)bcsin2%—2a.2bccosA bc<(25 a)sin 2 a(l 2sin 2))

bc <(Zs + a)sin? % - a)

2s

2s+a)(s—b)(s—c) _omr
2s

2r (b) . A-C
sm - = |sin
Zsing 2 2
—(2s+a)(s—b)(s—
)(s—b)(s—c) 2R
2s
Agai r? N r? rz( ca s ab )
ain, =
s 4sin2% 4sin2% (s—c(s—a) (s—a)(s—b)

2sin

—2Rr = +
4sin2g 4sin2%

b2+c2+ab+ca (2s+a)(s—b)(s—c

(@), (+), (++) = 2A8? = _@s+a)s—b)s—0)

4 2s
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

r? ab + ca w) T2 r?
—zs(ca(s —b) + ab(s — c)) == i

8s
_ b3 +c® —abc+a(2b® + 2¢% — a?)

.\ T3 3 2
_ 22 () b3 + ¢ — abc + a(4m?)
4s 4s
L. r AS cAS
Via sine law on A AFS, = A-_B- C
2sin 5 sina  cos —5— (a+ b)sin

) r(a+b)

= csina = d 1 A AES, bsing =" r(a O
csina =" —_=— an via sine law on sin AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬂ =rs
via (++) and (+++2) po(a+b + a + c) 1

= = = =
4AS STPa= 551 a
,viaG)  16s? b3 +c® —abc+ a(4m?)
@ 7 2s+a)? 8s
2™ _ 28

p: = m(b3 +¢3 —abc+ a(4m¢2,))
Now, b3 + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2¢? — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
= 2s(b? —bc + c?) + a(b? — bc + % + bc — a?)
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b+c)2—(b—c)?
=(Zs+a)(b2—bc+c2)+a<( © 4( © —a2>
alb+c+2a)(b+c—2a) a(b-c)?

4 4
a2s—a+2a)(b+c—2a) a(b-—c)?

= (2s+ a)(b? —bc +¢?) +

= (2s+a)(b?—bc+c?) +
4 4
4b% + 4c? —4bc+a(b+c—2a) a(b-c)?

= (2s + a). 1 1
= (2s + a).
4z+x)?+4(x+y)? -4+ 0)x+y)++z2)((z+x)+ (x+y) —2(y+12))
4
2
_a(b4 ) (a=y+zb=z+x,c=x+Yy)
N2 2
=(zs_l_a).4x(x+y+z)+231(y+z)+3(y Z) _a(b4 c)
_ a2
- (Zs+a)<s(s—a)+%(b—c)2 +a(sz @) _a(b4 ©)
_ _ 2
=(25+a)<s(s—a)+%(b—c)2+a(s2 @) _(a+Zs is)(b ©
— )2 _ D2
=(Zs+a)<s(s—a)+(b zc) +a(sz a)>+s(b2 ©
. _ _ 2 Y
~|b3 + ¢ — abc + a(4m32) © (2s+a) <(s a);Zs+a) + ® Zc) >+S(b2 ©
. _ 2s s—a)2s+a)? @2s+a)b-c)? s(b—c)?
(. (0)=pa = (Zs+a)2< 2 * 2 T2
3 b ) s \?2 S 1 1
=st-a)+b-c (Zs+a) T2sva 4 1
(b —¢)? s 1,2
=s(s—a)- 4( +)(:)_(c)2'(2)sz+a+i)
b—c 4s+ a
=s(s—a)+ 1 <(25+a)2_ )
3 b — ¢)?
= p2 2 s(s—a) + s( S(;Sa_l)_(a)z ©
(b + c)? 2rs (b+c)? s s(b + ¢)?
Now,p, < 16r @pa.Tzs ) _'E pchg < 8a S
pZhz <> (b4zzc) s
s(3s+ a)(b — c)? s(s—a)(b—c)?\ s%(b+c)*
<s(s—a)+ Zs 1 a)? ><S(S—a)— 7 )S 642
s’(s—a)’(b—c)? s(Bs+a).s(s—a)(b-rc)?
e s?(s—a)? - e + Zs 1 )
s(3s+a).s(s—a)(b—c)* - sZ2(b + ¢)*
B a%(2s + a)? - 64a?
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(2s—a)* s—a 3s+a
64a> (s—a)?+(s—a)b-o)? ( az  (2s+ a)z)
(Bs+a)(s—a)(b-c)* -0
a?(2s + a)? -
((Zs —a)?—-8a(s— a)) ((Zs —a)? +8a(s— a))
o
64a?
(s—a)(b —c)? ((s —a)(2s+ a)? —a%*(3s + a)) (3s + a)(s — a)(b — ¢)*
+ a?(2s + a)? a?(2s + a)? =0
(2s — 3a)?(4s®* + 4sa—7a?) 2(s? —a?)(2s? — 2sa— a?)(b — c)?
64a? + a%(2s+a)?
o
(Bs+a)(s —a)(b—c)* (¥ o
a?(2s + a)? -

(2s —3a)? = (b — ¢)? and then : LHS of (¢) >
(4s% + 4sa — 7a?)(b — c)? N 2(s? —a?)(2s* —2sa—a?)(b—c)? 2

>0
64a? a%(2s + a)? -
4s? + 4sa—7a*> 2(s%? - a?)(2s®> —2sa—a?) ?
& >0(-(b-=0c)%>0
64 + (2s + a)? 20(+(b-0)?*20)
?
& 272s* —224s3a — 392s%a? + 232sa® + 121a*| > |0 and

O)
+272(s — a)* + 864a(s — a)® > 0 - in order to prove (m),
it suffices to prove : LHS of (m) > 272(s — a)* + 864a(s — a)?
s
& 568t%2 —1272t+ 713 >0 (t = E),which is true v discriminant
= 12722 — 4(568)(713) = —1952 < 0 = (m) = (#) is true

(b — ¢)? > (25 — 3a)? and then : LHS of (¢) >
(4s% + 4sa — 7a?)(2s — 3a)? N 2(s? — a?)(2s* — 2sa — a?)(b — ¢)?

64a? a%(2s + a)?
(Bs+a)(s—a)(b—c)?(2s—3a)? _ (4s% + 4sa — 7a?)(2s — 3a)?
+ a?(2s + a)? B 64a?
(s —a)(b — c)?

aZ(2s + a)2 (2(s + @)(2s? — 2sa — a®) + (3s + a)(2s — 3a)?)

(4s% + 4sa— 7a*)(2s —3a)®> (s—a)?(b—c)?
B 64a? a?(2s + a)?
which is definitely > 0 if : 16s% — 16sa — 7a? > 0 and so, we now consider :
16s* —16sa—7a% < 0 and = (b — ¢)? < a® . LHS of (#) >
(4s% + 4sa—7a%)(2s — 3a)®> (s—a)%(b—c)?

.(16s* — 16sa — 7a?)

.(16s* — 16sa — 7a?)

64a? a%(2s + a)?
. (4s% + 4sa — 7a?)(2s — 3a)? N (s — a)?(16s? — 16sa — 7a?) 2o
o
64aZ (2s + a)?

?
64s° — 64s°a + 752s*a? — 2784s3a® + 2812s%a* — 260sa’® — 511a®| > |0 and

(wm)
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~ (4s — 5a)® + 104a(s — a)(4s — 5a)* + 437a%(4s — 5a)* > 0
. in order to prove (mm), it suffices to prove :
64+<LHS of (mm) > (4s — 5a)® + 104a(s — a)(4s — 5a)* + 437a®(4s — 5a)*
© 79232t3 — 280616t? + 329680t — 128227 > 0

S
& (t—1)(79232t% — 201384t + 128296) + 69 > 0 > true ~ t = ;> 1and
+ discriminant of (79232t2 —201384t + 128296)

= 201384% — 4(79232)(128296) = —105079232
= 79232t2 — 201384t + 128296 > 0 = (mm) = (@) is true

L . (b +c)?
~ combining both cases, (O) istrue VA ABC - p, < Tor
VAABC' =" iff2s—3a=0andb =c =" =" iff A ABCis equilateral - (3)
via3) (b + ¢)? 2rs 1S
Now,4rp, —rh, —rr, < T F(T - a)

_(b+c)2 rzs(b+c—a+a)_(b+c)2 4(s—b)(s—c)(b+¢)

B 4 a(s—a) B 4 4a
_(b+ 0? (b+c)(a?-(b-c)?) _a(+ o)2—a’(b+c)+(+c)b-c)?
4 4a B 4a

2

<mioab+c)?-a’b+c)+b+c)(b-c)?<a((b+c)?—a?+(b-c)?)
? ?
sabtc-a)>b+c-a)b-c)?e2(s-a)(a*-(b-0c)?)>0
?
© 8(s—a)(s—b)(s—c) >0 - true - 4rp, —rh, — rr, < m?
4'pa_ha_ra

m 4p,—h,-r, mg;+my+m
>—= 2 2<% and analogs z Pa~ la <1 b =
m, r m, r

cyc

v A ABC (QED)

1786.

If a = min{a, b, c}, then in acute A ABC, the following relationship holds :

2<mb mC)ZR hy, + h,

by h h,

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

b+c? R_abcs 2abc

a °r 4F2 (+c—-a)cta-b)a+tb-c
e Mb+c)a+b-—c).(b+c—a)c+a—b)>2a’be

e Mb+c)a+b-—c).(b+c—a)c+a—b)>2a%be
& (ab +b? —bc + ca + bc — ¢2)(bc + ab — b? + ¢? + ca — bc — ca — a? + ab)

> 2a%bc
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& 2a?b? + 2a’be + 2ab(b? — ¢?) — (a? + b% — c2)(ab + ac + b% — ¢?) > 2a?be
& 2a?b? — (a® + b? — c%)(ab + ac) + 2ab(b? — c?) — 2ab(b? — c?).cos C >0
& 2a?b? — a?(ab + ac) — (b? — c?)(ab + ac) + 2ab(b? — ¢?).2 sinzg é 0
& a?(2b? — ab — ac) — (b? — c¢?)(ab + ac) + (b? — c?)(c? — (a — b)?) >0
& a?(2b% — ab — ac) + (b? — ¢?)(c? — a® — b? + 2ab — ab — ac) >0
o ((a2 —b%+c?) + (b% - cz)) (2b% — ab — ac)
+(b? — c2)(c? — a? — b? + ab — ac) >0
& (% + a? — b?)(2b? — ab — ac) + (b? — ¢2)(b? + ¢ — a? — 2ac) >0
& (b? — ¢2)(b? + ¢% — 2ac) — (b? — ¢?)(2b? — ab — ac) + a?(2b? — ab — ac)
—a?(b% - c?) >0
& (b —¢?) ((c2 —ca)— (b% - ab)) + a? ((c2 —ca) + (b? - ab)) >0
o (2 - ca)(b? — ¢ +a?) + (b2 — ab)(a® + ¢ — b2) > 0
& c(c—a)(a? +b% —c?) + b(b — a)(c? + a? — b?) é 0 > true

+ A ABC being acute = (a? + b? — ¢?),(c? + a? — b?) > 0 and a = min{a, b, ¢}

R hy,+h b+c ca+ab b a ¢ a
>c-a),b-a)=0._—+ b ™ o + _2

h, = a bc a'b a c
c2 +a? a?+ b? Tereshin 4Rm;, 4Rm, m, m,
= + < =2 (— + —)
ca ab 2Rh,  2Rh, h, h,
m, m R hb + hc . . .
o2 (— + —) >—+ in acute A ABC with a = min{a, b, c} (QED)
h, h, r h,

1787.
In any A ABC with p,, pp, Pc
— Spieker cevians, the following relationship holds :

1+3\/1—[na+pa+was2_R
h, r

cyc

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF =r'(say)

Now, 16[DEF]? 22( ><b2> 216 16 Z a’b? — Z 16r

a b c

272V ST )

—_— = —_— r =—-
2 4 2

rs
= [DEF] = y >r

. L C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 2 = =

2 2
m A—B B nm A-C
==— andm(z&AES)—C+E:E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2

r c? 2r (c)sinA_ B

AS? = —— =
"% 2 2

C
02 L
4sin )

2
N 2r (c) . A—B+ 2r (b) . A-C
ow,| ——= || =) sin —|sin
Zsin% 2 ZSin% 2 2
B r< C A—-B B A—C)
2

- 4Rcosism 2 + 4RcosEsm >
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. (2_ A+B _A-B A+C_ A—C)
—rsmzsmz+smzsm2
—R12'2B+1 2'ZC 2(1 2'2A)
= Rr sin® > sin® > sin® 2
<2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

= 2Rr
abc
Rr
- (243 2 _2a(b? + ¢2) — 2
8Rrs( a’+ (b+ca a(b +c) (b+c)b c))
. 2A . 2A
4(b + c)bcsin? % — 2a.2bccosA bc <(Zs —a)sin 2 (1 —2sin 2)
B 8s B 2s
bc (Zs+a)sinzé—a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s 2s
2r (c) . A-B 2r (b) . A-C
= — —) sin - —)sin
Zsin% 2 2 Zsing 2 2
) —(@2s+a)(s—b)(s—
© =(2s+ a)(s—b)(s C)+2Rr
2s
Avai r? N r? rz( ca N ab )
ain, =—
s 452l asml #\G-9G-a G-aG-b)
r? ab + ca () 12 r?
:m(ca(s—b)+ab(s—c)) = —2Rr = +

4sin2 g 4sin? ¢

2
. _b*+c?+ab+ca (2s+a)(s—b)(s—c)
(), (), (%) => 2AS? = _ "

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
34 ¢3 2 2 _ g2 S h3 4+ o3 2
:b + ¢ — abc + a(2b? + 2¢% — a?) 2ASZ(;)b + ¢ — abc + a(4m?)

4s 4s
Via sine A AFS r _ AS _ cAS
ia sine law on —c = A"B"= —
Zsmisma cos—5— (a+ b)smi
S esing S T@tb) i sinel A AES, bsing = r(a+c)
csina = — - andvia sine alw on ,1 sinf =" — ¢
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (x*x) and (k) pa(a +b+a+ C) 4s A
= = = =
4AS STPa= 551 a
,viaG) 1652 b3 +c® —abc+ a(4m?)
=Pa = .
(2s + a)? 8s
(m) 2s
2 = 3, .3 2
Pa = m(b +c¢® —abc + a(4ma))
2s
Also, p% — m? = m(ﬁ +¢3 —abc + a(4m,21)) — m?
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2s 8sa
- - 3 3 _ (1 -—— 2
(2s + a)? (b T abc) ( (2s + a)z) Ma
_4(a+b+ ©)(b3 + ¢ — abc) — (2b? + 2¢? — a?)(b + ¢)?

4(2s + a)?
a’(b—c)? +4a(+ c)(b—c)? +2(b% - cz)2
B 4(2s + a)?
(b —0)? 2 2 2 2 2
=m((a +2a(b+c)+ (b+c) )+((b+c) +2a(b+c)+a )—a )
(b —c¢)? (b — ¢)?(8s% — a?
= 1@staE 2@tb o’ —at)= 4(Zs(+ a)? )
5 , (am) (b—c)z(Bs —a?)s>a
Po —M,; = 4(2s + a)? = 0=>p,2mg 2w, =>w, <p,
~ in order to prove : Pa — Ma < m 3 it suffices to prove :
Pa +ma ma + w,
2(8s? — a?) Pama S (s— a)(b - ©)?
via (mm) (b — ¢)*(8s“ —a — s(s—a)(b—c
o ( 4()Zs(+ e <s(s—a)+ —(s(s—a)— b+ OZ )
_ (b —¢)? <1 4s(s — a)) _ (b-0¢c)? 2s—a)?+4s(s—a)
4 (2s —a)? 4 (2s—a)?

= ((Zs —a)? +4s(s — a)) (2s + a)? > (8s% — a?)(2s — a)?
& 1653 — 12s?a—4sa’ + a® 2 0 © (s — a)(16s* + 4sa) + a® = 0 - true
p-m? _md- w2
Pet+tmM, m,+w,
Again, Stewart’s theorem = b%(s — ¢) + ¢*(s —b) = an? + a(s — b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b? + ¢* — a® — 2bc) = an? — as? = an?
4sbc(s—b)(s—c)(s —a)
be(s — a)
, 4N 5 20\ A 5 )
=as —s_azas _za(T)(s—a) = as —2al71ara. n% =s? — 2r,h,
Zn2 S 4R - 1)%s? & a?(s? — 2h,r,) < 4(R —r)?s?

A A A\ ?
& (4stin2A)s — 4rs (4Rsinicos E) (stan E) < 4(R? — 2Rr + r?)s?

(strict) sinces > a - = pq + W, < 2m, and analogs - (3)

A
= as? + s(2bccosA — 2bc) = as? — 4sbcsin? i as? —

A ? ?
& R%(1 —sin?A) — 2Rr (1 — 2sin? E) +r1r%2 >0 < R%cos?A — 2RrcosA +r%2 > 0

(RcosA — 1)% = 0 < 2Rs— 2rs - ha o 2RS
< (RcosA —r)“ >0 - true -~ an, < 2Rs — 2rs = h_ < (er) (er)
n, R at Pat W,
= — < ——1and analogs - (4) - (3) and (4) : —_—<
ha r ha
R 2m,, Panaitopol R R n,+ +w, 2R
- a < ——1+—.-.ws——1andanalogs
r h, r r h, r
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n,+p,+w 3| 2R 3 2R
:ngnwm (PR_q) 28
h, r r

cyc

3 na+pa +wa 2R T . .
a1+ | | —— "< — VAABC" =" iff A ABCis equilateral (QED)
a

cyc

1788. In AABC the following relationship holds:

2r 1 O9R
10-T <Y YLk
R a

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Z Zl_z sz+r2+4Rr_sz+r2+4Rr
Y%a™ " 4Rrs N 2Rr

Z Z s2 + r2 + 4Rr Gerrétsen 4R? + 8Rr + 412
2Rr

R 2
4R +71)? Eu<zer4(R+7) _9R

2Rr = 2Rr  2r
Z Z 1 _ s+ 12+ 4Rr Gerr;tsen 20Rr — 41? — 10 4r — 10 2r
a = 2Rr = 2Rr 2R R

Equality holds fora = b = c.

1789.In AABC ,m(BAC) = 90°,AD L BC, R4, R,-circumradii and 14, 7,-
inradii
Prove that:

>(V2+1)

rg+ry,+r, rg+r,+r,

R+ R, +R,

r+ri+r1r;

Proposed by Marin Chirciu-Romania

Solution by Mirsadix Muzefferov-Azerbaijan
Obviously,we have to prove that:
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R+R,+R,
—2>2v2+1 (1
r+ry+r, V2 1)
It is known that:
InAABD (< D =90°) Ry =515 ="
InAACD (+ D =90°) Ry =3 15 = "=
InABAC (+A=90°) R=5,r=""-"
Consider the given (1):
a c . b
R+R1+R2_ 2+2+2 _
r+r1+r2_b+c—a+m+h c+n+h—b_
2 2
_ a+b+c _ a+b+c _
" b+c—-a+m+h—-c+n+h-b (m+n)+2h—-a
a
3
a+b+c 2p Py a
2h 2k h 285 2r
a
R+R,+R, a a 2R _ 2R
r+r;+r, 2r b+c—a 2RsinB+2RsinC—2R 2R(sinB + sinC — 1)
_ 1 _ 1 1
sinB +sin€ —1 ZsinB-zl_C-cosBZC—l \/fcosB;C—l
o BrC_ . m V2 o B-C_.
sin = 4— 2 ; = =
Therefore
R+R;+R; 1 1
> =vV2+1 (qed
r+ry+r; \/—cosB _1 V2-1 (qed)
So,
R+R;+R,
—2>v2+1
1'+1'1+1'2 \/—
1790. In AABC the following relationship holds
Zt 4 1(t 2B+t Bt C+t 2C)>1
an— |—(tan“—+tan—tan—-+tan“—-| >
2 .3 2 2 2 2
cyc
Proposed by Neculai Stanciu-Romania

Solution by Tapas Das-India
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Note In any AABC:

zt At B—lLtt A— t B— t C—
an_tan_ =1,Llettan, = x,tan— =y, tan; =z

Now Z xy = 1 we will show:
(2 +xy+y2)(? +yz+2z2) (2> +zx + x*) > 1
Proof:
(2 +xy+y2)(? +yz+22) (2> + zx + x*) > 1

or (x* + xy+y»)(y* + yz + z%) (2% + zx + x*) = (xy + yz + zx)3 (as Z Xy = 1)
2+ xy+y)(y? +yz+22)(2®> + zx + x?) =
Holder

=(xy+x2+y)O?+z22+yz)(x? +zx + z*) >
>(xy+yz+zx)3 =1

B C
WLOGa > b > cso tan— > tan— >, tan—
2 2 2
A |1 2B B C 2C Chebyshev
— |= — — — — >
z:tan2 3(tan 2+tan2tan2+tan 2) >
B B C C\ AM—-GM
_SZtan— Z (tan22+tan§tanz+tanzz) >
1
3 4R+1r
1 1 4R+1 1(t B, B C Zc) s:ﬁ
373 s 3an anzan2 an2 >
> L \/—(1)3 1

Equality holds fora=b=c.
1791. In AABC the following relationship holds:

27 Zaz — 542 a* < 16s*

cyc cyc
Proposed by Neculai Stanciu-Romania
Solution by Tapas Das-India

16F2 = 2 z ab? — (Z a*)
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27 (z az)2 _ 542 at = 272 at + 542 aZb? — 542 at =
=27 <ZZ:a2b2 - (Z a4)> =27-(16F?) =

Mitrinovic S2
=27-16 - r?s? < 27-16-E-sz = 16s*

Equality holds fora = b = c.

1792. In AABC the following relationship holds:
m, A m, B m, C 3V3

cot-+——cot-+——cot-=——
my, +m, 2 m.+m, 2 m,+m, 2 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

WLOGa=>b>c

thenm, < my,<m. m,+m,< my,+m,< m, +mg,
B

cot— < cot—- < cot-

2 2 2

m, A my m, C Chebyshev
——cot-+——cot-+——cot; =
my, +m, 2 m.+m, 2 m,+m, 2

1 m, A Nesbitt
SES YL
3L.my +m, 2

3 s Mitrinovic 1 3\/§T 3\/§
> — = > = =
- 2r

o 2 r 2

W =

Equality forAABC equilateral

1793. In AABC the following relationship holds:
3(ab + bc + ca) > a* + b% + ¢* + 36Rr

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Daniel Sitaru-Romania

ab + bc + ca = s* + r2 + 4Rr
a? + b? + ¢? = 2(s* —r? — 4Rr)
We must prove that:
3(s®2+ 1%+ 4Rr) > 2(s> —r?> — 4Rr) + 36Rr
3s% 4+ 3r% + 12Rr = 2s* — 2r?> — 8Rr + 36Rr

s? > 16Rr — 512
which is Gerretsen’s inequality.

Equality holds fora = b = c.

1794. If n € N then in AABC the following relationship holds:

a” b" c" n+1
> (2V3 3 b
sinA i sinB + sinC ( \/—) r

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

an bn cn n
sinA sinB sinC sinA

cyc

(25)m1 MITRINOVIC

(a+b+c)*1
' (3)n2 =

> : = 2R
- 1+1+1)n2

on-1. (3\/§r)"‘1 EUéER 3n_3

= 2-2r-2m1.37z7 MEmlo

> 2R

n+1 1
=2ntl. 377 .0 — (Z\/§)n+ .
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Equality holds fora = b = c.
1795. If n € N then in AABC the following relationship holds:

h? h? h? 2n+1
- - - >2-3 2 -
sinA sinB sinC

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

hn
sinA smB smC Z smA sinA
cyc cyc
1 1
= @F)" Z arsinA (2rs)" Z a ~
cyc cyc ar: ZR
+2 RADON +2
— 2n+1 r Sn Z 1n 2 2n+1 _rn S (1 +1+ 1)11
ant1 (a+b+om1
cyc
— 2n+1 yt.s"-R- (3)n+2 =r"-R- 3n+2 MITRgowc
= rt-s 2s)nH =r . >
3n+2 3 2n+1
2r"-R'3\/§ =2.3"2 7. = 2.377 pn
2 R

Equality holds fora = b = c.
1796. In AABC the following relationship holds:

4 4 4
n, ny n;
+ + > 162V3r?
sinA sinB sinC

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania
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o D ey
sinA+smB smC sind — smA

cyc cyc
ZF)
(& 1
a 4
= ——=16F Z— = 16F z =
Z sinA a*sinA at- L
cyc cyc cyc 2
16 RADON
= 32F4RZ = 32r4S4RZ—
cyc cyc

(1+1+1)° 32r*s*R-3°

> 32r*s*R

(a+b+0c)5 32s5
36,4 R MITRINOVIC 36,40 2.243
= > = r* =162V3rt
s 3V3 V3
"R

Equality holds for:a = b = c.
1797. In AABC the following relationship holds:

h3 h3 h3
sinA sinB smC

> 54+/373

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

b i Yoy
sinA smB smC sind sinA a3sind
cyc cyc cyc
15 RADON
= 8F3 = 16F3RZ— = 16T3S3RZ
cyc 2R cyc cyc
(1+1+1)° 35 r3s3R - 243
> 161r3s3R-——— — = 1613s3R - = =
= o1 (a+b+c)* s (25)4 st
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r3R - 243 MITRINOVIC,.3p . 243 8113
S =2 .2 =54v3r°
s 3V3 V3

Equality holds fora = b = c.

1798. In any A ABC with

n, — Nagel cevian, the following relationship holds :

- b% — bc + c?

n

e 2R

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +
A 4sbc(s—b)(s — -
s(2bccos A — 2bc) = as? — 4sbcsin? = = as? — sbe(s —b)(s—©)(s —a)
2 be(s —a)
=as? —s(a® - (b—-¢)?) = as(s —a)+s(b-c)?

>n:=s(s—a)+-— (b—c)2—>(1)

N >bz—bc+c @na>b bc+c @n,zl 1> b2 — be + 2\’ L
ow,n, > R 2 bc 2 =
_ (b— C)Z(bz + CZ) nﬁ > (b— C)Z(bz + cz) via (1)
- bZc? hLZI = b2c2
2 2(h2 1 o2) n2p2
S a2 ey SEm @B -0 (b—?(b? +c?) b
s(s—a) + (b 0)2—-s(s—a)+ o azz) 2_ ) gzcz AR
s(s—a) (b—c) b + ¢ b + ¢
@<E+ a? >(b o'z 4R? @FZ e (P (- 0"20)
Goldstone
© 4R%s? > a?b? + c?a? - true (strictinequality) = 4R?*s? >
212 212 4 2.2 b?—bct+c?,
Zab > a“b” + c*a” ~ n, = 2R J/'=""iff b = c (QED)

cyc
1799.
In any A ABC with n,, n,, n,
— Nagel’s cevians, the following relationship holds :
n, n, n. b+c c+a a+b

>
h+hb+h_ a+b * (o
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Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c?(s — b) = an? + a(s — b)(s — ¢)
= s(b? + ¢%) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc

= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +

A 4sbc(s—b)(s—c)(s—a
s(2bccos A — 2bc) = as? — 4sbcsin? — = as? — ( ) ) )

2 bce(s — a)

=as?—s(a? - (b-c)?) =as(s—a) + s(b— c)?
s
=>n2 = s(s—a)+a(b—c)2 - (1)

n, ? b2—bc+c? n? ? <b2 —bc+ c2>2 . (b —c)%(b% + c?)

s - 1>
Now, h, — bc < h2 1= bc b2c2
nZ — h? ; (b —c)?(b% + c?) vigl)
hzzz = b2c2
_ S 2 B s(s—a)(b —c)? ; (b — ©)2(b? + c2) b2c?
s(s a)(+ a(l)) c)? —s(s (a) +)2( 2 azz) = 22(:2 TR
S ss—a 7 (b—c¢ b + ¢ s2 2 b%2+c
®<_+ a? >(b_c)22 4R? czZZ gre 0-0720)

? L. ) Goldstone
& 4R?%s? > a?b? + c2a? - true (strict inequality) - 4R?*s? >
n, b?—bc+ c?
Z a?b? > a?b? + c2q? 2> "¢
h, bc

:>na+nb+nc>zb2—bc+c2_Z(b_I_C) 3_Z:b+c 3
h, h, h,~— bc B c b B a

cyc cyc cyc
n, n, nc>b+c c+a a+b

hthThZ a T b e
v A ABC,” =" iff A ABC is equilateral (QED)

and analogs

1800. In any A ABC with
n,, ng, n. - Nagel's cevians, the following relationship holds :

nyn n.n n,n h h h
\/bc+\/ca+\/ab2_a+_b+_c
ha hb hc Iq Iy Ic

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India
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Stewart’'s theorem = b?(s — ¢) + c?(s — b) = an? + a(s —b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s* —s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?) = s(b? + ¢* — a? — 2bc) = an? — as? > an? = as? +
s(2bccos A — 2bc) = as? — 4sbcsin? A =as? — 4sbe(s —b)s -9 —a)
2 be(s — a)
= as? —s(a? — (b — ¢)?) = as(s — a) + s(b — ¢)?

=>n,21=s(s—a)+2(b—c)2—>(1)

2
? b2—bc+c? n,? b —bc+c? n? ? (b%? —bc + c?
27Tl Jha g 2T

> A - e% 1>
Now, n, = 2R h, ~ bc < h2 1= bc
(b—c)?(b?+c?) nZ-—h? ; (b — ©)?(b? + c?) via(D)
— PN
b2c? hZ b2c?
s s(s—a)(b—c)? 2 (b—c)?(b? + c2) b?c?
s(s—a) +E(b—c)2 —s(s—a)+ 5 > 2oz IRE

(~(b-0?=0)

a
s s(s—a ? (b —c)?(b? + c? s?2 7 b? +¢?
o ( ) (b—c)zz( ) )4:)—2
a? 4R? a? 4R?
? Goldstone
© 4R%s? > a?b? + c?a? - true (strict inequality) = 4R?*s? > 2 a’b? >
cyc

sva | 2 2 () b2 — bc + ¢
a“b” + c“a® - n, >—Rand analogs

~ 4R%.nyn, > (c? — ca + a?)(a®? — ab + b?)
=((x+y)? -G+ +2)+F+2*)(y+2)? - F+2) @ +x) + (2 +x)?)
(x=s—ay=s—-bz=s-¢) :Zx4+2x2y2+2yz(y2+z2+yz)+4x2yz
cyc cyc
= (y* + z* + 2y%z?) + (x* + y?2? + 2x%yz) + (x%y? + x%2% + 2x%yz)
+2yz(y? +z2) > (y* + zz)2 + (2% + yz)2 +x2(y +2)% + yz(y + 2)?

+ 4
> ¥ + (2% +y2)" + (x% +y2)(y + 2)?
2
G+t +4a(P+ yz)® +4(x% +yz)(y + 2)? _ ((Y +2)% +2(x% + YZ))
B 4 B 4
2
(@ +2(6-a?+-b)s-0))
(a2 +2(s?-2sa+a*+s*—s(2s—a) + bc)) (3a2—ala+b+0) + 2bc)2
B 4 o 4
- (2a? + 2bc — ab — ac)
= hyh, = 16R2
() 2a% + 2bc — ab — ac
= | /nyn, = IR and analogs
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(~ 2a% 4+ 2bc — ab — ac = (y + 2)% + 2(«? +yz)>0)andz ZM

cyc cyc
_ 2s Z b6 = sZ + 4Rr + r? Z _s —8Rr+r
" 4Rrs’ a - 2Rr -
cyc cyc
nyn n.n n,n h h h
..-\/bc+\/ca+\/ab2_a+_b+_c
ha hb hc Iq 1) Ic
annc N zz Jnpne © (sz — 8Rr + r2)”
S .
h2 hyh, ¢/ = AR?r2
cyc
2(.2 2\( 2 2
nyn a“(c“—ca+a“)(a“—ab+Db
Now, via (e), z bzc > z ( 5 )(2 5 )
h; 4R%.4r*s
cyc cyc

~ Yeye@® — Yeye (ab(chc a*— c4)) + Xeye (azb2 (Zeyea® - cz)) + abc Yy a® + 3a*b?c?

16R2r2s2
—abc ((chc a) (chc ab) - 3abc)
16R2r2s?
2(s® — (16Rr + 9r?)s* + r2s2(96R? + 76Rr + 19r2) — 3r3(4R +1)3)||
- (i)
16R2r2s?

/using z a® = 4s%(s? — 6Rr — 3r2)Z -2 ((s2 +4Rr + r2)3 — 24Rrs?(s? + 2Rr + r2)>,\

'\

cyc

|
Z a* = Zz a’b? — 16r%s? andz a’b? = (s? + 4Rr + rz)2 — 16Rrs? /

cyc cyc cyc

Now, via (¢) and (e),||2 z < hn;nc )
b

v

cyc

ZZ 2a? + 2bc — ab — ac b% — bc + ¢ bc
' 4R ' 2R "16R2r2s?
cyc —4R2
abe Yy ((Za —b - c)(b? —bc+ cz)) +2 Y eye (bzcz(b2 —bc+ cz))
B 16R2r2s2

_ 2abc ((chc a)(Xcycab) — 6abe — (3 abc + (Zeye @) Beye a?) = Zeye@) Eeye ab)))

16R2r2s2

+(Zeye @?)(Teyc a?b?) — 3a?b%c? — ((s2 + 4Rr + r2)3 — 24Rrs?(s? + 2Rr + rz))

16R2r2s?

2(s® — (12Rr + r?)s* + r?s%(48R? + 16Rr — 5r?) — 3r3(4R + r)3) — 32Rr?s?(R — 2r)

16R2%r2s2

— (ii) ~ (i) and (ii) = LHS of (x) >
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4(s® — (14Rr + 5r2)s* + r?s2(72R? + 46Rr + 7r2) — 3r3 (4R + 1) — 32Rr?s? (R — 2r))
16R?r2s?

?
=

(s? — 8Rr + rz)2 ?
> © (2R—7r)s* + r?s?(78R + 6r) — 3r?(4R+71)* = 0
4R“r R

Now, (2R — 7r)s* + r2sZ(78R + 6r) = (2R — 4r)s* — 3rs* + r2s2(78R + 6r)
Gerretsen
> (2R - 4r)(16Rr — 5r?)s? — 3r(4R? + 4Rr + 3r?)s? + r?s%(78R + 6r)
Gerretsen

=r(20R? — 8Rr+ 17r?)s> >  r(20R? — 8Rr + 17r%)(16Rr — 5r?)
? ? R
>3r’(4R+r)3 © 3263 - 93t2 + 69t —22 >0 (t = ;)

? Euler
= 2)(17t2 +15t(t—2) +t+ 11) >0->true=t = 2= (xx) > (%) is true
nyn n.n n,n h h h
L YMole  YMela  yMalty  Bo | By | b V A ABC,
ha hb hc I Iy Ic
with equality iff A ABC is equilateral (QED)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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