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1801.

O:= Center of the semicircle

X=2,a + f =?

Proposed by Jafar Nikpour-Iran

In AEAD (A = 90°) by teorem Pythagorean
ED? = AD? + AE? =4%* + 32 =25 > ED = 5.
Also,ED || BC = AAED~AABC
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5 —
B+x)+a 3+x
inABC BO is bisector .Then

3a
:»x+3=7 (D

3a
3+x (3+x)+a=>3a 5 ta b 4 5
= _— ) = —
2 2+b 4 2+b 3 (2)
In AOFC (F = 90°) by Pythagorean
100 64 8
2 _ 2 _ 92 _ 4= - —
a*=(2+b)- -2 5 4 g —a=3 3)

Therefore(1)and (3) =>x =1
" T
In AABO (A = 90°) 0+ a= Z;
" 4
In AAEO (A) =90° = tan(0+p) =3
" 1
In AAEO (A = 90°) = tan@ = E;

1
tanf +tanp 3 +tanf

4

3 an(é + £) 1—tan6@tanp 1—1tanﬁ anf 2

1 2
tan 6 + tan a 7 ttana 1
1=tan(@ + a) = = =tana = —
1-tanftana  _ 1. . 3

2

1 1

tan(a + B) = tanattanf _ 2"3 —1=>a+ﬁ—n
- 1-tanatang ,_1 1" T4

2 3

1802. In AABC, G —centroid, X,Y, Z —circumradies of ABCG,ACAG, AABG.

Prove that:

sin4A sinB sinC

Xm, Ym, Zm,

Proposed by George Apostolopoulos-Greece

Solution by Tapas Das-India

2 2 2
BG = §mb, CG = §mc,AG = §ma ,

F
area of the A ABC = F then [ BGC] = [CGA] = [AGB] = FL

2 2
BG.CG.BC - mpyozm..a am,m bm_m cm,m
= -3 73 <" _"7b =, similarlyY = ————and Z = ;F b

4[BGC] 4F ~  3F 3F
3

4 | RMM-GEOMETRY MARATHON 1801-1900
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sinA a 3F _ 3F 1

Xm, 2R am,mym, 2R m,m,m,

sinB b 3F _3F 1
Ym, 2R bm,mym. 2R m,mym,

sinC ¢ 3F _3F 1
Zm, 2R cm,mym, 2R m,mym,

sin4 sinB sinC

Xm, Ym, Zm,

1803. In the triangle ABC, the point M ( on side BC ) is such that:
5 A A
MA = BC,MC = (1—3) -AB ,MBA =2 - MAB = 2x

Under these conditions , determine the value of x.

B M.,

Sa

Proposed by Nelson Tunala-Brazil
Solution by Mirsadix Muzefferov-Azerbaijan

La
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Let AM=b.Then BM=b-5a. In AABM rule sine

sinBMA _ sinABM __ sin BAM — sin3x _ sin2x _ sinx

AB AM BM 3¢ b b-5a

B
® Py
A D - C
a sin 3x 1
- =

b 13sin2x Q)

sin 2x b a sin2x-—sinx 9
= —_ — =

sinx b —5a b 5sin2x 2)

From (1) and (2) we obtain

sin2x — sinx sin 3x
= 5sin3x =13sin2x — 13sinx =

5sin2x - 13 sin 2x
= 5 (3sinx — 4sin3x) = 26 - sinx cos x — 13 sinx = 15 — 20sin’*x =
=26cosx — 13 = 10cos’x —13cosx+4 =0
Letcosx =t

1 4

1062 - 13t +4=0=t; =t ==
) 2 5

COS.X'ZE:>x=60°

it does not satisfy the condition of the problem

— 4 = _ -1 (4) ~ 370
COS X = 5 X = COS 5 ~
. _ -1 i ~ o
Answer: x = coOS (5) ~ 37
1804.
Ifﬂ = k then:
DB
(k+1)tanA-tan B
tanB—k-tan4

tanx =

Proposed by Thanasis Gakopoulos-Greece

6 RMM-GEOMETRY MARATHON 1801-1900
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Solution by Mirsadix Muzefferov-Azerbaijan

A D C

AD DC
In AADC rule sines — = —
sina sin ADC

sinf ~ sinB

In ADCB also,rule sines:

AD  DC
sina _ sind AD DB DC DcC AD sinf sinB sinf
=== ——— =—— = k- — =
DB _ DC sina sinff sinA sinB DB sina sinA sina
sinf  sinB
sin B 180 B + A
= 1 = °o_ . = —
sin A A Btx);a=x
sin(B+x) sinB sinBcosx +sinxcosB sinB
. = = . =
sin(x —A) sind sinxcosA—sindcosx sin4
tanB +tanx  sinB K B _ tan B B
= tanBCOSA Sind — sind = k- (tanB + tanx) = tanx tan A — tan

cosB cosB

tan B
(k+1)tanB=tanx< —k>=>
tan4

(k+1)tanB (k+1)tanB-tan4

tanB_, ~ tanB-k-tan4
tan A4

tanx =

1805. In AABC the following relationship holds:

na+gb+nb+gc+nc+ga>12r
T T, ™, R

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Tapas Das-India

bc ac ab )
= ﬁ,hb = ﬁ'hﬂ — and r,rpr, = s’r,abc = 4Rrs

ha ~ 2R

n, + n, + n,+ h,+h, hy,+h, h.+h
a gb+ b gc_l_ c gaZ a b+ b c+ c a=
re L) Ty re rg rp

1 (bc + ac N ab + ac N bc + ba) aM-6m 1 <2\/c2ab N 2Va%bc N 2\/b2ac> B

= > —
2R T Tq Tp -~ 2R T Ta Tp
1
1 (\/czab Va2bc \/bzac> AM-GM 3 <\/c2ab Va2bc \/bzac>3
R T, T, Tp R T T, T
1 1 1
3 (a’b?*c*\3 3 (16R?*r?s?\3 Euter 3 (16(21)%r?\3 3 13 12r
=— =—|— > —|—————| ==(641r3)3==(4r) = —
R\r,rpr, R s2r R T R R R
Equality fora=b =c
1806.
C
il i Ll
A 'l D I B
Prove that:
cos X tanB —tan4 1

sin(X + B) “tanB +tanAd sinB
Proposed by Thanasis Gakopoulos-Greece

8 RMM-GEOMETRY MARATHON 1801-1900
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Solution by Mirsadix Muzefferov-Azerbaijan

A i D

, sina sinA
In AACD rule sine : AD - DC
. sinf _sinB
In ABCD rule sine: DB — DC
sina sinff sinA sinB sina sin4
= : = : = =
AD DB DC DC sinf sinB
a=x—A;p=180°—-(x+ B)
sin(x —A4) sind sinxcosA —sindAcosx sin4d
sin(x + B) sinB sinBcosx +sinxcosB sinB
sinx-cosA-sinB —cosx-sinA-sinB =sinA-sinx-cosB + sinB -cosx-sin4
2sinA-sinB-cosx = sin(B — A) - sinx

sinBcosA—sinAcosB tanB —tan4 )
= . frd . *
cosx 2sind- sig g S:Z'x 2 tan 2A Dtgn B S“XZ
InAABCrulesine i By =5inB  |sin(A+ B) _ sinB
. DB _ DC sinf _sinB
In ADBC rule sine sinf —sinB DB — DC
2sinf AC
= ——=— (1)
sin(A+B) DC

[ AACD AC sinx 2
—_— — =

" DC ~sina &

From (1) and (2) we have
2sinf sinx sin(A+B) sind

= = k%

sin(A+B) sinA 2sin(x+B) sinx )
From () and (*x) we have

RMM-GEOMETRY MARATHON 1801-1900
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( sin(A+B) sind

{ 2sin(x + B) sinx

=
tanB —tan4
kcos = 2tanAtan B S x
sin(4 + B) sin4 tanB —tanAd
—————-"COSX = : -sinx =
2sin(x + B) sinx 2tanAtanB
cos x tanB —tan 4 1 cos x

= — - . = =
sin(x + B) sinAcosB+sinBcosA sinB sin(x + B)
cosA-cosB
tanB —tan A 1

“tanB+tanA sinB

(proved)

1807. In AABC the following relationship holds:

<Za>.<2rarb>.<2ra>. Zhi
cyc cyc cyc a
r3<9

RF TMr. =

cyc

Proposed by Elsen Kerimov-Azerbaijan

Solution by Tapas Das-India

(32) (e ) (22 1
e ) \Teye ") oy a 1, 2ss2@R+0.E 4

cyc
RF . " RF s2r
cyc
R
_ 2(4R +71) Fuler 2 (4R + 7)
B R = R
Equality holds fora = b = c.

=9

1808.
In any A ABC, the following relationship holds :

b3 cotE + ¢3 cotE c3 coté + a? cotE a3 cotE + b3 coté
2 2 2 2, 2 2. 33
a(b? + c2) b(c% + a?) c(a? + b?) -

Proposed by Zaza Mzhavanadze-Georgia

10 | RMM-GEOMETRY MARATHON 1801-1900
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Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle

(+~ (A+B)+ (B+C) > (C+A) and analogs) = VA + B,VB + C,V/C + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)Z =ZZ ZAB+B2 —ZZAZ—ZZAB

cyc cyc cyc \ cyc

cyc cyc
= 6ZAB+ZZAZ —ZZAZ —ZZAB = 4F =2 ZAB - (1)
cyc cyc cyc cyc cyc
Xy ? V3 x2y? ? 3
Now,V x,y,z > 0, Z 2—@2 >—
ow, VLY. z \/Cyc y+z)(z+x) ~ 2 xy(y+z)(z+x)W4
2
x x
Via Bergstrom, LHS of (x) > (chc Y) = (Zczyc Y)
chc (xY(chc xy + ZZ)) (chc .X'Y) + Xyz chc X
2
2 3 ? xy ? V3
> >
249 ny _3xysz—>true \/ (y+z)(z+x)_ > — - (2)
cyc cyc

b3 cot= + ¢3 cotE c3 coté+a cotE al cotE+b3 coté
We have : 2 2 + 2 2 + 2 2
a(b? + ¢2) b(c? + a?) c(a? + b?)

ab cot% accot= 2 bc cotg ab cotg ac cotg bc cot%
+ +
. c? b2 n n b2 a?
- 1 1 1 1 1 1
2 (1 . 2(~ 4 =
a (b2+c) c2 2) ¢ (a2+b2)
1 1
2 ca cot ab cot b2 ab cot% bc cot%
B Y T\ e e
YAy 2 a2
1
2 bccot% cacotg x y Z
) = B+ +—(C+A)+—(A+B
+i+i az | b? y+z( * )+z+x( * )+x+y( +B)
a? b2
1 1 1 bc cot% ca cotg ab cot%
x:_z;y:ﬁ,zzc_z;A: az IB: bz FC: CZ

x 2 y 2 7Z 2 Oppenheim
=——.+vB+C +—VvC+A +—VA+B =
y+1z Z+Xx x+y

11 RMM-GEOMETRY MARATHON 1801-1900
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Xy via (1) and (2) V3 bc cot;—\ ca cotg
4F. > 2 Z AB.— = |3 Z .
(y+2z)(z+ x) 2 a? b2
cyc cyc cyc

2
3 c? A B)\a-G 3 ¢/c2 a? b? A 3 6| s°
= —.cot—cot=| > 3. |[—.—.—. ~| =3. |—
Z ab cOtZCOtZ - ab bc ca HCOtZ (rgrpro)?
cyc cyc

6 s2 Mitrinovic
= 3. /r—z > 3.¥27=3V3
b3 cotE + 3 cotE c3 coté +a? cotE a3 cotE + b3 coté
, 2 Z, 2 2 2 2. 3/3
a(b? + c?) b(c? + a?) c(a? + b?) -
v A ABC,” =" iff A ABC is equilateral (QED)

1809. In any A ABC, the following relationship holds :

csc? A+ csc? B + csc? C - R
a+b+c ~ F
Proposed by Ertan Yildirim-Turkiye

Solution by Soumava Chakraborty-Kolkata-India

2A+csc?B+ ZC—Z4R2— 4R Z 2b?
csc csc csc“C = 2 16R’r2s?’ a
cyc cyc

s2 + 4Rr + r2)%2 — 16Rrs? ? 2sR ?
= ( ) > & (s? + 4Rr + r?)? — 16Rrs? > 8Rrs?
4r2g2 rs

?
& s* — (16Rr — 2r?)s? + r?(4R +r)? >0

()
Gerretsen

Now,LHSof (*) > (16Rr — 5r?)s? — (16Rr — 2r?)s? + r2(4R +r)?
=r2((4R + r)? — 3s%) > 0 via Trucht (Doucet) = () is true

csc2A+csc?B+csc?2C R ] ) ]
>— VAABC" =" iff A ABCis equilateral (QED)
a+b+c F

1810. In AABC the following relationship holds:
27R*

4

1081r* < a’(s—a)? + b*(s —b)? + 2 (s— )% <

Proposed by George Apostolopoulos-Greece

12 RMM-GEOMETRY MARATHON 1801-1900
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Solution by Tapas Das-India

Zaz(s—a)z=sZZaZ—ZsZa3+Za4=

= 25%(s*> —r?> — 4Rr) — 4s*(s* — 3r* — 6R1) +
+2(s* — 61r%s* — 8s*Rr + 8Rr3 + 16R* r*> + 1*) =

= 32R%*r? + 16R13 + 2r* — 2r?s? (1)
Gerretsen

Z a’(s —a)? = 32R*>r?> + 16Rr3 + 2r* — 2r%s? <
< 32R%?r? — 16R1r3 + 121

Now we need to show:
4

27
32R%?1r?2 —16R1r3 + 12r* < or

§=x22 (Euler)

27x* —128x% + 64x — 48 > 0 or

(x —2)[27x% + x(54x — 20) + 24] > 0 True
Gerretsen

Z a’(s —a)? = 32R*>r?> + 16Rr3 + 2r* — 2r%s? >

Euler
> 24R%*r%2 + 8R1r3 — 41r* > 96r* +161r* — 4r* = 1081r*

Equality holds fora = b = c.
1811. In AABC the following relationship holds:

27R(R — 1)
2

Proposed by George Apostolopoulos-Greece

27r> < h2+ h% + h? <

Solution by Tapas Das-India

2 2 2 2 1 1 1\ Steining 4F2 1'252 2 Mitrinovic
Wit R = AR (G h ) S ga=ta=st s

27 27R (R\ 27R R\ Euler 27R(R — 1)
< RZ:—(—)——(R——) LrERT
4 2 \2 2 2 2

13 RMM-GEOMETRY MARATHON 1801-1900
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h,+h,+h, = ? —9—9 1
S W S S Sl
r

2 2 ZCBS 1 2(1)1 2 _ 2
h; + hy + h; 223(ha+hb+hc) 23(91‘) =27r

Equality holds fora=b = c.

1812. In AABC the following relationship holds:

15
(sin A + sin B + sin €)? — cos(4A — B) — cos(B — C) — cos(C — A) < 1

Proposed by George Apostolopoulos-Greece

Solution by Tapas Das-India

. s s? + 1% + 2Rr
ZsmA=Eand Z:cos(A—B)= 2R -1

(sin4 + sin B + sin €)? — cos(A — B) — cos(B — C) — cos(C — A) =

+1=

2 s2+712+2R
(-

s2 —r%2 —2Rr Gerrestn 4R?% + 2Rr + 212 Euler
= +1 < +1

<

2R? , 2R? =
4R2+R2+R7+1_11+1_15
2R? 4 4

<

Equality holds forA=B =C

1813. In any A ABC, the following relationship holds :

. C . B . C . B . C . A
smi.\/sm—+sm7+sm7.\/sm7+sm7

2
z B(siné+sinE) =°

cyc sin 2 > >

Proposed by Zaza Mzhavanadze-Georgia

14 | RMM-GEOMETRY MARATHON 1801-1900
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Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle
(~ (A+B)+ (B+C) > (C+A) and analogs) = VA + B,VB + C,V/C + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)Z =ZZ ZAB+B2 —ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc
= 6Z:AB+ZZ:AZ —ZZ:A2 —ZZAB = 4F = 2 ZAB - (1)
cyc cyc cyc cyc cyc
Xy ? V3 x2y? ? 3
Now,V x,y,z > 0, Z 2—@2 >—
owvLy.z \/ y+z)(z+x)~ 2 xy(y+z)(z+x)(*w)4
cyc cyc
2 2
X X
Via Bergstrom, LHS of (x) > (chc y) = (Zczyc y)
chc (xY(chc xy + ZZ)) (chc .X'Y) + xyz chc X
2
2 3 ? Xy 7 /3
> - =3 Z t > — 2
4 ny e x e \/ y+2)(z+x) 2 ~ @
cyc cyc cyc
sing. sinE+sin£+sinE. sinE+siné
2 2 2 2 2 2
We have : B A +

sin 2 (sinf + sin g)
C
2

sin%. Isin%+sing+sin%. ’sin +sin%+

15 RMM-GEOMETRY MARATHON 1801-1900
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\/sing+sin%+\[sin%+sin% \[sin%+sing+\[5in%+sin;—\

sinf sini N sinf sini
. é+ . B . E_I_ . C
sins + sin sin5 + siny
. C . A
siny sin5
. A . B . B . C
\[sm§+sm7+\[sm7+sm7
sins sins
n 2 2
. Q+ . A
sin5 + sin
sm
sin% /\[sm + sm \[sing + sin %\
T inA o anB C +
sin5 +sin sm2 sm
A . C A B
sinz /\/sm2+sm2 ann + sin 2\
. +
. E_I_ . C . C
sin5 + siny siny sm
. B . A . B B
sin /J51n2+51n2+J51n2+51n2\
. E+ . AT . A . B
sin5 + siny siny sin
X y z
=— B+C)+——(C+A)+—A+B
B0+ CHA (A B)

C A B
x =sin_ ,y—sm z-sm

I |
| fsm + sm ’sm + sm sm + smA |
A= 2 2
\ sm /

sm

sm
2 Oppenhelm

=—.VB+C +—.\/C+A +—.\/A+B >
y+z Z+x x+y
X via (1) and (2) \/§
4F, y = 2 ZAB.—
( 2
cy

- y+2z)(z+ x)

cyc

16
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B C
z/\[smz + sin+ \[smz +sm2\A G
sm /

cyc sins 2

. A . B . B . C . C . A
3/l sins +siny | (SsIn5 + sinz ) ( SIn5 + SIN5 ) cesaro  6[8. 4R Euler
3. ( 2 2)( 2 2)( 2 2) > 3 /T > 3.96% = 6

(]_[Cyc sin %) . (Hcyc sin %) -

sm sm +sm +sm fsm +sm

sin > ( + sin g)

B C A

sm sm +sinz + sm sinz + sin5 N

C C
sin (sn 5 + sin 7)
sm sinz + sin5 B + sm smB + sin5 ¢
2 2 2 > 6

sinz ( + sin )

v A ABC, =" iff A ABC is equilateral (QED)

1814. In AABC the following relationship holds:
he+hy,+h.<4R+7r
Proposed by George Apostolopoulos-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

ZS 28 2§
he+hy+h. =—+—+—
b c
On the other hand according to the known formulas for the triangle:
ar,r, br,r. Ccr T
Crytr, TLtr, TLtTy
25 2 ZS 27T 2r,T 2r,rp A6 +1r2 1 +r>
b"c + a’c + a'b < b c + a c

7 b T Tp+T, Tegt+tT, To+Tr,  Tp+71, Ty +T7,
2 2
+r 2ryr 2r,r 2r,r
+—b—<rb+rc— bc>+(ra+rc— ac>+<ra+rb— “b):
Ta+T1p Ty + 7, Ty +7, Te+T1

2ryr, 21,7, 2r,ry ) _
Tp+T, Tatr, To+1,)
=2(rg+rp+r.)—(hg+hy+h,)=2(hg+h,+h,) <2 +1r,+71)
h,+hy,+h.<r,+r,+r.=4R+1r (proved)
Equality holds fora = b = c.

:Z(ra+rb+rc)—(

17 RMM-GEOMETRY MARATHON 1801-1900
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1815. In AABC the following relationship holds:

m, ha | hehyhe e m}
+ 2025 = 2 +2 2
hy, + h, my, + m, wawbwc r mj, + m2
Proposed by Nguyen Van Canh-Vietnam

Solution by Tapas Das-India
3

1 1 Gm—-Hm 1 3
Zh—a=;,1_[ha = —i = 27r° and

X,

Leunberger 9R
Z m, < (4R +71) < > (Euler),

1
[Z b2 + cz] = 22 5> (Bergstrom) = -— 2R2 Leibniz

mg2hg h Nesbitt 3
2 Z Ma 7Y Z o 2 (),
h, + h, h, + h, 2

AM-GM 1 1 9r 3r

h, AmM-6M [Ih, 1
— > - > 3)3 > =
Z m,+m, 3 <H(mb + mc)> = 327 ZZSma ~“3R R

ZZ Z 2(4R2)22(b2 +c?) — a?
m; + m2 hZ + h2 a’c? + a’b?

2
“ 2R [Y 5D ] < 2R (g7 ) Steining).

h,hyh, A—B\ s®+r*+ ZRr 9r 1r?
—_— 1_[ cos( > ) = SRZ > E ~2RZ (Gerretsen)

W =

WaWpWe
3 9 1

R 3
Let—=x>2and m = 2024 ,we need to show -+ — + —x™ — —x™m"1
r 2 x 4 2

>2m+1 4 x2 — 1 or 9x™* — x2™*3 + 10x — 2x™ — 4x3 +12 > 0,

Let f(x) = 9x™™1 — x2™+3 + 10x — 2x™ — 4x3 + 12,
fl(x)=9(m+ 1)x™—2™"3 + 10 — 2mx™ 1 — 12x?
=2m(x™ — x™ 1) + (a™ — 12x2) + (7mx™ + 8x™ — 2™*3) > 0asx > 2,
so f(x) increasing.f(2) =0

so f(x) =0 or 9x™™! — x2™*3 + 10x — 2x™ — 4x3 + 12 > 0, (true)

18 RMM-GEOMETRY MARATHON 1801-1900
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1816.
In any A ABC with n,, n,, n,
— Nagel's cevians, the following relationship holds :

2 | b2 + c2
\/nanb+\/nbnc+\/ncna2a R c

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +
4sbc(s—b)(s—c)(s —a)
be(s — a)
= as? —s(a®? — (b—c)?) = as(s — a) + s(b — ¢)?
> nZ = s(s — a) +§(b—c)2 S @

2
? b%2 — bc + ¢? na;bz—bc+c2 n2 ? bz—bc+c2> L

s(2bccos A — 2bc) = as? — 4sbcsin? 5= as? —

Nown,>2——o —>——6 —--—-12>

2R h, — bc h2 bc
(b—0)?(b?2+c?) nZ2-—hZ:2 (b-c)?(b?+c?)via(®
= =3 > [=—14
b2c? h2 b2c?
s s(s—a)(b—c)? 2 (b—c)?(b? + c?) b3c?
s(s—a) +E(b—c)2 —s(s—a)+ 5 > oz IRE

s s(s—a) ? (b—c)?(b%?+c%) s? 2 b%+c?
<:><—+ p >(b—c)22 iRz @?ZW(?(b—c)zzo)

? Goldstone
© 4R%s? > a?b? + c?a? - true (strict inequality) = 4R?*s? > Z a’b? >

cyc

sva | 2 2 () b? — bc + ¢
a“b“ + c“a® - n, >Tand analogs

~ 4R% . nyn, > (c? — ca + a?)(a®? — ab + b?)
=((x+y)? -G+ +2)+F+2?*)(y+2)? - F+2) @ +x) + (2 +x)?)
(x=s—ay=s—-bz=s-¢) =Zx4+2xzyz+2yz(y2+zz+yz)+4x2yz
cyc cyc
= (y* + z* + 2y%z?) + (x* + y?z? + 2x%yz) + (x%y? + x%2% + 2x%yz)
+2yz(y? +22) = (y* + zz)2 + (2% + yz)Z + x%(y + z)? + yz(y + 2)?

4
> # + (2% +yz)" + (% +y2)(y + 2)?
2
G+t +4a(x+ yz)” + 4(x* + yz)(y + 2)? 3 ((Y +2)% +2(x% + YZ))
B 4 - 4
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(az +2 ((s —a)?+(s—b)(s— c)))2

4
2
(a2 +2(s?—2sa+a*+s?—s(2s—a) + bc)) (3a2 —ala+b+c) + Zbc)z
B 4 4
(Za + 2bc —ab — ac)
=
Mphe = 16R2
() 2a? + 2bc — ab — ac
= \/m > iR and analogs

(~ 2a? +2bc—ab —ac = (y +2)? + 2(x? + yz) > 0)
Z2+2bc—ab—ac a%?+b%+c?

2a
~ /ngny +/npn¢ +/ncn, > z iR = °R Vv A ABC,
cyc

with equality iff A ABC is equilateral (QED)

1817.
In any A ABC with n,, n,, n.
— Nagel's cevians, the following relationship holds :
Jmgn, /myn, \/mn (b+c c+a a+b)
+ + + +3 —3v2
h, hy, h, 2 a b V2

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +
4sbc(s —b)(s—c)(s—a)
be(s — a)
=as? —s(a® - (b-c)?) = as(s —a) +s(b—c)?

>n:=s(s—a)+-— (b—c)2—>(1)

A
s(2bccos A — 2bc) = as? — 4sbc sinzi = as? —

N ;bz—bc+c o a;bz bc+c @nﬁ 17 b2 — be + 2\’ L
oWl =R h, = be h2 be
(b - C)Z(bz + CZ) h2 ? (b— C)Z(b2 + cz) via (1)
= =
bZc? hﬁ b2c2
s s(s—a)(b — ¢)? 2 (b — ©)?(b? + c?) b?c?
2
s(s—a)+—(b—c) —sls-a)+ 2(p? azz) = b2¢2 " 4R?
s(s—a) ?(b—c) b% + ¢ sZ ? b% +¢?
- b > o b_ 2>0
G+ oot T D S ooz

? Goldstone
& 4R2%s? > a?b? + c2a? - true (strictinequality) ~ 4R%*s? >
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b2 — be 4 2 rereti b2 + ¢ b% —bc + ¢?
—bc+c m. . n, Tereshin
Z a’b? > a’b? + c?a? - n, > =>—

4R 2R
ZR Y bZc?
cyc 4-RZ
(b% + ¢2)(b? —bc+c?) mgn, (b —¢)* -
= : p— — —
2b?%c? hZ 2b%c? —
(b% + c%)(b? —be + %) — 2b%*c* — (b—c)* 3bc(b—)? _ 3(b—c)?
2b2c2 ~ 2b%¢2 2bc )
V2(b-¢)? mgn, (b—0c)* +2(b-c)? (b — ¢)?
> > =1+ + =1+
bc h2 2b2¢? bc V2bc
Mgy (b —0)? \/mana \/mbnb \/mcnc
= >1+ and analogs - + + =
h, VZbe 8", hy h,

- 1 zb2+c2—2bc_3+ 1 zb+c 6
\/Ecyc bc h \2 a

cyc
m,n myn m.n Vv2/b+c c+a a+b
\/ a a+\/ bb+\/ c c>_( - + - + - )+3_3\/E

h, hy, h, -~ 2
v A ABC, with equality iff A ABC is equilateral (QED)

1818. In AABC the following relationship holds:

2024 2
m, h, m,mym,R 2024 mg
—+ + 2024 = 2 +2 —
h,+h w,+w W, WpW,. T wi +w
b c a b aWbhbWc b c

Proposed by Nguyen Van Canh-Vietnam
Solution by Tapas Das-India

Known:
3
1 1 Gm—-Hm 1 3
Zh_a_;'l_[ha > —Zi = 27r° and
h,
Leuenberger 9R
Z w, < Z m, < (4R +1) < > (Euler),
m,mym,

1 9 1
= E > > A
W WpW, 1 [ b2 + Cz] =2y a? (Bergstrom) = 2RZ (Leibniz)

mg=hg h Nesbitt 3
2 z m, S Z a eszltt 3 (1) ’
h, + h, 2
1

h, + h,
h, Am-6m [Th, 3 AM-GM 11 9r 3r
— =2 3| g > 3(27r3)3 >—=—and
Zwa+wb - <H(wa+wb)> = 3027 2>w, 3R R
3

21 | RMM-GEOMETRY MARATHON 1801-1900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www ssmrmh.ro

ZZ Z 2(4-R2)§:2(b2 +¢?) — a?
wi + w2 h2 + hZ a’c? + a’b?

2
= 2R° [Z ) e cz] < 2R* (55 - 4R2) (Steining)

R
Let? =x = 2,we need to show

3 3
E+;+x2°24 > 22024 4 x2 _ 1 or

2x%025 — 2x3 — x(22925 -5) + 6 >0
Let f(x) = 2x20%5 — 2x3 — x(220%5 - 5) + 6
f'(x) = 2.(2025x202%) — 6x% — (22025 —5) =
= (2025x29%% — 6x2) + (2025x202% — 22025) + 5> 0
trueas x = 2, f(x) is increasing .
Equality for x = 2 and
f(x) = f(2)or 2x20%5 — 2x% — x(22025 -5) +6 >0

1819. If x, ¥,z > 0 then in AABC the following relationship holds:

-2

y z 9/R
sin’? A+ ——sin? B + sin? C > — ( )
y+z Z+x x+y 8 \2r

Proposed by George Apostolopoulos-Greece
Solution by Tapas Das-India

z
sin? 4 + 4 sin? B + sin? C =
y+z Z+x x+
_ 1 ( x aZ y bZ z CZ) Tsintzsifas
4R’ \y + z zZ+x x+y
2\/_ Mltrmomc 2\/_ 3\/_ 2r 2 9/R -2
> i —Z2(2Z) (2
_4R2 371.3V3r = 8<R) 8<2r>

Equality forA=B=Candx=y = z.
1820. In AABC the following relationship holds:

3tan” g 3|tan” '% 3|tan” % 16V3
=
sint A sin? A sin? A 3

Proposed by Khaled Abd Imouti-Syria
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Solution by Tapas Das-India

A 4R +7r Doucet S Mitrinovic 3\/_
Z tanE p V3 (1) and Z sinA = R < —(2)

3 tan7% 3 tan7 3 tan7 3 tan7 tan Radon
sint 4 + sin4 A sin* A Z sin* A =
(sin A)3

7
3

Wl\l

(Z tan g) (1)&(2) (\/_ )
(X sin A)3 <3\/_ )

Equality for A=B = C.

>

1
27v3.16\3 V163
N 729 -3

1821. In AABC the following relationship holds:

zcos"(B—C)>3<2)" e
e =°>\3gp) "

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

acos(B—C) =2RsinAcos(B— C) = 2Rsin{rr — (B + C)} cos(B — C)
= 2R sin(B + C) cos(B — C) = R(sin2B +sin2C) (1)

Z wez o - Z (acosth —OF S ! : ! (Z acos(B — C))n =

hn (2F)" = (2F)" 31
1 1 2nR" _ n
= G I 1(R(stB +sin20C))" = ZF7 3 (Z snnZA) =
Z"R" 41—[ A gnRn 22"( sr )n_ 2n 1 _3( 2 )n
(ZF)" 3n-1 sin (ZF)" 3n-1°% \ggpz) T3n1 gn” °\3R

Equality holds fora = b = c.
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1822. In AABC the following relationship holds:
T, Tp T, 9
+ + > =
h,—r hy—7r h.—1r 2

Proposed by Mehmet Sahin-Tukiye
Solution by Daniel Sitaru-Romania

rq Trp c
+ + = =
h,—r hy,—1r h.—T1 h,—r

cyc

1
s—a

1 Z(Zs—a)(s—a) Z(b+c)(s—a)
s

cyc

AM;GM 3 abc
= 3s \/@ OG- -0@+bb+octa)

2F F 2
cyc cyc a

gt 4RFs _ 1 AM;M
B s(s—a)(s=b)(s—¢) /(a+b)(b+c)(c+a)

_ 5, }[4RFs 1 4, 0[RS 3 _
=935 TRz a+b+b+c+c+a_ ST ITF s

34Rs 1 _9 3[4R EULER g ;|gy 9
rs r 2

Equality holds fora = b = c.

1823. In AABC the following relationship holds:

a+b b+c c+a

> 4V3
hc+ha+hb_\/—

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Daniel Sitaru-Romania

a+b+b+c+c+a_ a+b_ a+b_
hc ha hb - hc B E B
cyc cyc C

1 1 1 GERRETSEN
=ﬁ2(ac+bc)=F2ab=i-(sz+rz+4Rr) >

cyc cyc

1 1 EULER
zr—s- (16Rr — 5r% + %> + 4Rr) =5 (20R—4r) >

1 R 18R MITRINOVIC 18R
2—-(20R—4-—)=— > =4V3
s 2 s 3+/3
—2 R

Equality holds fora = b = c.

1824. In AABC the following relationship holds:
h,+h, hy+h, h.+h, 3V3
+ <
a+b b+c c+a 2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania

h, + h, hb+hc+hc+ha_zha+hb_

a+b + b+c c+a a+b
cyc
2F  2F 1.1 )
=Z“—b=2FZ“ b=2Fz—=
a+b a+b ab
cyc cyc cyc
_,p.atbte o 2 _sMTRIOME3V3R 1 33
N abc 4RF R = 2 R 2

Equality holds fora = b = c.
1825.

In any A ABC with p,, pp, Pc

— Spieker cevians, the following relationship holds :
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m m m V3/b+c c+a a+b
VMaPa , VWP , Cpcz—( + )+3—2\/§
h, h, h, 3 a b C

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
A

B
Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF =r'(say)

b? 16r
N 16DEF2:ZZ z z a’b? — Z
ow, 16] < )( ) 16 16
a b c
= [DEF] rs:> ! _2—+7+2 rs:> =T 1
= — = — = —
e 2 2=z @
. o 2B+C B+m—A
-+ Spieker center is incenter of A DEF, - m(AAFS):B+E— > = >
m A-—B B nm A-C
= andm(AAES)—C+E=E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS2 r? +c2 2r (c) _A-B r? +b2 2r (b) A-C
= ——| ——=|(=)sin = — | — =, ]l5]/sin
4 Zsin% z z 4sin2% 4 Zsing z z

C
.2 b
4sin )
2r (c) ] A—B+ r? +b2
—) sin —
(2: 2 2 4sinzg 4

2sin

c
4
A-C
sm
Zsm 2

= 2As2 ct
4$1n2

26 RMM-GEOMETRY MARATHON 1801-1900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2r cn . A-B 2r by A-C
Now, — (—)sm + B (—)sm

Zsini 2 2 Zsini 2 2
_r<4R C. A-B AR B . A—C)
=5 coszsm 2 + coszsm 2
_R (2_ A+B A—B+2_ A+C . A—C)
= Rr( 2sin > sin > sin > sin >
=Rr(1-2 inZE+1 2 inZE 2(1 2 inzé)
= SIS S S5
2a(s—b)(s—c)—b(s—c)(s—a)—c(s—a)(s—Db)
= 2Rr abc

= %(2613 + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

— ein2A _ocin2A
4(b+c)bcsinzé—2a.2bccosA bc<(Zs a)sin 2 a(l 2sin 2)

2
8s 2s
be( (2s + a)sin? A_ a
2 2s+a)(s—b)(s—c)
- = — 2Rr
2s
N 2r (C) . A—-B 2r (b) _A-C
- —)sin - —)sin
Zsin% 2 2 Zsin% 2 2
»—(2s+a)(s—b —
) ( )(s—b)(s—¢) - oRr
2s
Asai 1'2 n I'Z rz( ca N ab )
ain, -
s 4sin2g 4sin2% 4\(s—c)(s—a) (s—a)(s—Db)
r? ab + ca (+» r? r2
= 4rzs(ca(s —b)+ab(s—0)) = _oRr = N

4sin2 g 4sin? ¢

2
. _b*+c?+ab+ca (2s+a)(s—b)(s—c)
(D), (), (%) => 2AS? = _ -

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
34 ¢3 2 2 _ g2 S h3 4+ o3 2
:b + ¢ —abc + a(2b? + 2¢ _a):>2ASZ(;)b + ¢ — abc + a(4m?)

4s 4s
AS cAS

Via sine law on A AFS, = =
. . A—B . C
Zsmisma Cos—5— (a+ b)smi

(== r(@ +¢c)

) r(a+b)
o =

= csi - .. . =
csin “2AS and via sine lalw on A AES,:)smB 2AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (++=) p,(@a+ b+ a+ c) 4s
= =S P, =

4AS
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,viaG) 1652 b3 +c® —abc+ a(4m2)
=Pa =

(2s+a)?’ 8s
® 2s
~|pa = Zs 1 a)? (b3 +c3 —abc+ a(4mﬁ))

Now,b? + ¢ — abc + a(4m2) = b3 + ¢® — abc + a(2b? + 2¢? — a?)
= (b + ©)(b? — bc + ¢2) + a(b? — bc + ¢?) + a(b? + c? — a?)
= 2s(b? — bc + ¢2) + a(b? — bc + ¢ + bc — a?)
(b+c)?—-(b-0)?

= (Zs+a)(b2—bc+c2)+a< 2 a?

_ )2
= (Zs+a)(b2—bc+c2)+a(b+c+2a‘2(b+c Za)_a(b4 ©)
= (2s+ a)(b?* —bc+c?) + as—a+2a)btc—2a) ab-o

4 4
_ (2 4b% + 4c? —4bc+a(b+c—2a) a(b-—c)?
= (2s + a). 2 _ n
= (2s + a).
4z+x)?+4(x+y)? -4+ 0)x+y)++z2)(Z+x)+ (x+y) —2(y+12))
4
_a(b—c)2

(a=y+zb=z+xc=x+Yy)
4x(x+y+z)+2x(y+z)+3(y_z)z_a(b_c)z
: Z -

— )2
- (25+a)<5(5—a)+%(b—c)2 +a(sz a))_a(b4 ©)

- - — )2
=(2s+a) <s(s—a)+%(b_c)2+a(sz a))_(a+2s Zs)(b c)

(b-0¢)? a(s—a)\ s(b-c)?
2 2 >+ 2

=(2s+a)

=(2s+a) <s(s —a)+

_ Y Y
~|b3 + ¢ — abc + a(4m32) @ (2s+a) <(S a);ZS ta) + ® > © ) + s(b 5 ©

(0.0 = Pa = ey 2 2 2

s 2 S 1 1
— — - 2 4 4
=s(s—a)+(b-c) <(ZS+a) +25+a+4 4)

_ 2 _ M2 _ 2
2s ((s a)(2s+ a) +(Zs+a)(b c) +s(b c))

— )2 2
Css—a)_ P 4°) +(b—c)2.(255+a+%)

(b—0c)?((4s + a)?
=s(s—a)+ 1 <(Zs+a)2_ )
(s09) s(3s+ a)(b — ¢)?
>p2 = s(s—a)+ Zs+ )
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2b2 —bc+2¢?  p? _ (2b% —bc+2¢2)”
o —=>

Now, p, = >
6R hZ , b2c2
a 36R2.2 0
p:—h% (2b%—bc + 2c? 2b?% — bc + 2¢?
2> -1 +1
h; 3bc 3bc
s(3s+ a)(b —c)? s(s —a)(b — ¢)?
via (eee) SE— @) + 2s + a)? —s(s—a)+ p” N 4(b — )2(b? + be + c?)
=
h2 - 9b2c?
4s*(b — ¢)? - 4(b — ©)?(b? + bc + ¢2)
o
a’h?(2s+a)? — 9b2c2
st b2 + bc + c2

S 4s(s— a)(s —b)(s — ¢)(2s + a)? = 9bZc? ( (b—¢)? > 0)

9s3b?c?
s 1625t a? > (b% + bc+ c?)(s—b)(s — ¢)

= (b% + bc + ¢?)(—s(s — a) + bc)

o 9s3b?%c?
4(s — a)(2s + a)?
& 9s’b’c” —b%c? + bes(s — a) = (be — s(s — a))((2s — a)? — 2bc)
4(s—a)(2s + a)? -
9s3b?c?

< 4(s —a)(2s + a)?
(bc—s(s — a))(2s — a)? — 2b%c? + 2bes(s — a)

> (bc —s(s — a))(b? + c?) + b%c? — bes(s — a)

—b?%c?2 +bes(s—a) >

o I ey (s—a)2s—a)? —bc(s(s—a) + 2s—a)?) > 0
16— 2sT a)? c’+s(s—a)(2s—a c(s(s—a s—a)*) =
25s3 — 12sa? — 4a® (@)
2.2 _ (me2 2 _ — a2 >
& 16— ) 2s T a)? .b%c (Ss 5sa+ a ).bc+s(s a)2s—a)* =0

Now, LHS of (@) is a quadratic polynomial with discriminant =

25s3 — 12sa? — 4a3

(5s% —5sa + az)z — .s(2s — a)?

(2s + a)?
—a?(12s* — 18s3a + 5s%a? + 2sa® — a*)
- (2s + a)?
—a?(s—a) ((s —a)(12s% + 6sa + 5a%) + 6a3)
- (2s + a)? <0(:s>a)

=~ (@) is true (strict inequality)
b? + c? 2b?% — bc + 2¢?

2b% —bc+2c?  mgp, Tereshin —zqp - R
ap, > >
Pa = 6R T The < b2c?
4 2
m,p, (b—o)* - (2b% — bc + 2¢?)(b? + ¢2) — 6b%c? —2(b — ¢)*
h2 3b2¢z — 6b2c?2
7bc(b—-¢)? 2(b-¢)? m b—-c)* 2(b-c)? b - )%\’
_ (22)2( ):. a2pa21+( 22_}_( ):< +( ))
6b2c v3bc hZ 3b%c V3bc V3bc
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vV MgPa (b —¢)? \/mapa \/mbpb \/mcpc
= > 1+ ——— and analogs . + + >
h, V3be 8 T, hy h

34 Zb2+c — 2bc 3+1 Zb+c P
V3’ a
cyc

cyc
m m m V3/b+c c+a a+b
:.‘/ “p“+\/ bpb+\/ cpcz—( + + )+3—2\/§
h, hy, h, 3 a b c
v A ABC, with equality iff A ABC is equilateral (QED)

1826. In AABC the following relationship holds:

hy,+h., h.+h h,+h
b c_l_c a_l_a bS3\/§
a b c

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

hb+hc+hc+ha+ha+hb=Zhb+hc=

a b c a
cyc

2F 2F

1
_I_ p—

cyc cyc

ﬁlb—‘

_2F2b+c_
N abc

cyc

_ZFZIH_ _ZF ZZ _12 _
= abc 2. T = 1rF TR LT

cyc cyc cyc

1 MITRINOVIC 4 3v3
= < — — R =
725 = g2 —R= 3V3
Equality holds fora = b = c.

1827.

In any A ABC with p,, pp, Pc
— Spieker cevians, the following relationship holds :
VPallg  /Pphyp \/pc <b +¢c c+a a+ b)
+ > + + +3-2V6
h, h,, h, 3 a b c Ve

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
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Solution by Soumava Chakraborty-Kolkata-India

A

8 } & } *

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’'(say)

a?\ [b? a* 1 16r2s?
2 _ - I A 212 _ 4 —
Now, 16[DEF] -22<4><4> 216 16(22‘”’ Z“)

16

rs
= [DEF] = y >r

> r 1
= — = — -
=5

a b c
2t2*z)_rs
2 4

. L. C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(4AFS) =B + = =

2 2
m A—B B nm A-C
=—— andm(AAES):C+E:E_T_>(2)
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2 2
r C 2r C A—-B
AS? = - (—) sin
. 2C 4 . CJ\2 2
2= —_
4sin ) 2si 2
B r2 N b2 2r ) by  A-C
5ty |- 5)G)
2 — —
4sin ) 2sin )
@ r? c? 2r \,cy . A-B r2 b2
= 2AS% = +—— ~)sin + —
4sin? € 4 ZsinE (2) 2 4sin? B 4
2 2
2r (b) A-C
- —)sin
Zsin% 2 2

2

N 2r (c . A—B+ 2r (b) . A-C
ow, —)sin sin
Zsin% z z z
r

Zsing
B <4R C . A_B+4R B . A—C)
=3 cos—sin > coszsm >

2
_r (2_ A+B_A-B . A+C_ A—C)
= Rr sin 2 sin 2 sin 2 sin 2
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B C A
_  9cin2 i o C9nZ
—Rr<1 2sin 2+1 2sin > 2(1 2sin 2))
R <2a(s—b)(s—c) —b(s—c)(s—a)—c(s—a)(s—b))
r

abc

(Za + (b + c)a? — 2a(b? + c?) — (b + ¢) (b — ¢)?)

8R
. 2A w2z A
4(b+c)bcsin2%—2a.2bccosA bc<(Zs—a)sm 2 a(l 2sin 2)
B 8s B 2s
bc (Zs+a)sinzé—a
2 (2s+a)(s—b)(s—c)
— 2Rr
2s
2r (b) . A-C
sm - — | sin
2sin Zsing 2 2
-2s+a)(s—b)(s—
(+ )(s —b)(s —¢) + 2Rr
2s
Avai r? N r? _rz( ca N ab )
gain, " 2\G-0G-a)  s-a)s—b)

. »B C
2 b 2L
4sin 3 4sin 3
ab + ca () 1% z
— 2Rr = B+ C
4sin27 4sin2§
b?+c2+ab+ca (2s+a)(s—b)(s—c)
i), (%), = 2AS? = -
@, (), (=4) -

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

r

2
—zs(ca(s —b) + ab(s — c)) =

8s
_ b3 +c® —abc+a(2b® + 2¢% — a?) ab b3 + ¢® — abc + a(4m2)

= 2AS?
4s 4s
Via sine | r _ AS _ cAS
ia sine law on A AFS, —C = A_B- —C
Zsmisma cos—5— (a+ b)sm
S csing " r@tb) 1 A AES, bsing =~ @+
csina = —-=—an via sine law on sin 7AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬂ =rs
via (x++) and (++=) p,(a+b+ a+ c) 4s A
= = = =
4AS ST Pa= 55+ a
,viaG)  16s? b3 +c® —abc+ a(4m?)
>p: = 5
(2s+a) 8s
) 2s
2 3, .3 2
~|ps = 25+ a)? (b + ¢®> —abc+ a(4ma))

Now, b3 + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2¢? — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
= 2s(b? —bc + c?) + a(b? — bc + % + bc — a?)
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b+c)2—(b—c)?
=(Zs+a)(b2—bc+c2)+a<( © 4( © —a2>
alb+c+2a)(b+c—2a) a(b-c)?

4 4
a2s—a+2a)(b+c—2a) a(b-—c)?

= (2s+ a)(b? —bc +¢?) +

= (2s+a)(b?—bc+c?) +
4 4
4b% + 4c? —4bc+a(b+c—2a) a(b-c)?

4 4
=(2s+a).
4z+x)?+4(x+y)? -4+ 0)x+y)++z2)((z+x)+ (x+y) —2(y+12))

4

= (2s + a).

_ a(b — ¢)?

4
4x(x+y+2z) + 2x(y + z) + 3(y — z)? _a(b—c)2

4 4
— 2
= (Zs+a) <S(S—a)+%(b_c)2 +a(SZ a) _a(b4 C)
(s—a)\ (a+2s—2s)(b-c)?
2 ) 4
(b —¢)? N a(s — a)) N s(b — ¢)?

(a=y+zb=z+x,c=x+Yy)

= (2s+ a).

= (Zs+a)<s(s—a)+2(b—c)2 +a

2 2 2

(s—a)2s+a) (b-0?\ sb-c)?
2 T2 >+ 2

2s s—a)2s+a)? @2s+a)b-c)? s(b—c)?

(2s + a)? < 2 + 2 + 2

s 2 s 1 1
:s(s_a)+(b_c)2<(25+a) +Zs+a+Z_Z>
(b-0)?
4

=(2s+a) <s(s —a)+

~|b% + ¢ — abc + a(4m?) e (2s+ a)(

5 (0),(s0) = pg =

S 1\2
+(b_c)2'(25+a+i)
(b—0)?((4s + a)?
4 <(25 +a)? )
2
= p2 “ss—a)+ s(35(—2|—sa-|)_(:)2 ©
2b?% — bc + 2¢? o Pa - (2b2 — be + 2¢2)’
6R hZ ~

=s(s—a)—

=s(s—a)+

Now,p, = 72
36R2.2°C

4R
p2—h%2 (2b%—bc + 2c? 2b? — bc + 2¢?

= -1 +1
hZ 3bc 3bc

s(3s+ a)(b — c)? s(s—a)(b—c)?
2sta?f s(s—a) + P N 4(b — ©)?(b? + be + c?)
hZ - 9b2c?
4s*(b — ¢)? - 4(b — ¢)?(b? + bc + ¢?)
azhé(ZS +a)? 9bZc2

s(s—a) +

via (eee)
[—
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st - b% + bc + ¢2
< 4s(s—a)(s—b)(s—c)(2s+a)? —  9b2¢2
9s3b?c? 5 5
@4(s—a)(25+a)2 Z(b +bc+c )(s—b)(s—c)
= (b? + bc + c?)(—s(s —a) + bc)

(+ (-2 > 0)

o 9s3b?c?
4(s—a)(2s + a)?
= 9s7bic? —b%c? + bes(s — a) = (be —s(s — a))((2s — a)? — 2bc)
4(s—a)(2s + a)? -
9s3b?c?

< 4(s—a)(2s+ a)?
(bc—s(s — a))(2s — a)? — 2b%c? + 2bcs(s — a)

> (bc — s(s — a))(b? + c2) + b?c? — bes(s — a)

—b?%c? + bes(s —a) >

o b+ s(s— a)(2s— @) — be(s(s — ) + (25— a)?) 2 0
15 —a@)(2s ¥ )2 c’+s(s—a)2s—a c(s(s—a s—a)*) =
25s3 — 12sa? — 4a® (@)

b2c2 — 2 _ 2) —a)(2s—a)? >

=S 16— 2s T a)? b%c (5s 5sa+a ) bc+s(s—a)(2s—a)* = 0

Now, LHS of (@) is a quadratic polynomial with discriminant =
25s3 — 12sa? — 4a3
(5s% —5sa + az)z — Zs 1 a)? .s(2s — a)?
—a?(12s* — 18s3a + 5s%a? + 2sa® — a*)
(2s + a)?
—a’(s—a) ((s —a)(12s% + 6sa + 5a%) + 6a3)

B (2s + a)? <0Cs>a)

=~ (@) is true (strict inequality)
2b% — bc + 2¢?
“Pa = 6R

Again, Stewart’s theorem = b%(s — ¢) + ¢*(s —b) = an? + a(s — b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc

= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +

4sbc(s—b)(s—c)(s —a)

be(s — a)
= as? —s(a®? — (b—¢)?) = as(s — a) + s(b — ¢)?

=>n§,=s(s—a)+2(b—c)2—>(l)

and analogs —» (m)

A
s(2bccos A — 2bc) = as? — 4sbcsin? 5= as? —

N ;bz—bc+c2®na;b2—bc+c2@nﬁ 1; b2 — be + 2\’ L
OW:lla =79R h,~  bc 2 - bc
(b—c)?(b%2+c?) nZ—hZ:? (b-c)?(b?+c?)via®
= =% > p=—14
b2c2 h2 bZc2
s s(s—a)(b—c)? 2 (b—c)?(b? + c?) b3c?
2
s(s—a)+a(b—c) —s(s—a)+ 5 > b2z “ARE

(~(b-0?=0)

=
- 4R? a’? "~ 4R?

a
s s(s—a ? (b — ¢)?(b? + c? s? 7 b% +¢?
®<_+ (az )>(b_c)2>( ™ ) —=
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22 ! 22 2.2 . L. . 2 2 Goldstone
S 4R“s” > a*b” + c“a“ - true (strict inequality) - 4R*s >

b2 — bc + c2
Z a’b? > a’b? + c?a? ~ n, > R and analogs — (n)
2b%2 —bc+ 2¢%? b%2 —bc+c? 2 (b
Palla 6R ) 2R PaNg -cC
. via (m) and (n), hZ > DIc = b2 —-1- 3 pIo

cyc

4R?
- (2b? —bc + 2¢%)(b% — be + ¢%) —3b%c? —2(b— c)*  5bc(b — ¢)?
- 3b2c? ~ 3b2¢c? )
— )2 _ 4 _~2 _~\2
> 2+/6(b — ¢) . Palla S1+ E (b—-20) N 2+/6(b —¢) (14 V6(b —¢)
3bc h2 3" b2c? 3bc 3bc

v Palla \/g(b - C)Z \/pana \/pbnb \/pcnc
> _— >
=> h, = 1+ 3bc and analogs h, + hy + h, >

V6 b? + c% — 2bc NG b+c n 0 =
Loy e 6 (e () (b (o (o

bc 3 a h, hy, h,
cyc cyc

Vv6/b+c c+a a+b
2?( Tt )+3—2x/€VAABC,

with equality iff A ABC is equilateral (QED)

1828. In AABC the following relationship holds:
a’ .\ b3 . c3 - 3
(b+c)d—a® (c+a)® —-b® (a+b)33-c3"7

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

(b + 0)3 1 Bergstrom
LHS = Z 3=Z—3—3 =
(b+c¢)3—ad 1_( a )
b+c
chs 9 3Nes>bitt
> — —
- a \3 - 1 a \3 -
3-L b+c) 3-gL b+c)
- 9 3_24— _3
> 12 2T 7377
9'8

Equality fora=b =c
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1829. In any A ABC with p,, py, Pc =

Spieker cevians, the following relationship holds :

2(a? + b% +c¢?) +ab+bc+ca
6R

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

VPaPb + /PoPc + /PcPa =

Solution by Soumava Chakraborty-Kolkata-India

A

Proof : Let AS produced meet BC at X and m(sBAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF]? = zZ( ><b2> Z = z a2b? — Z 16r2s2

a b c
rs (ztz2T32 rs , T
= [DEF] = =1 | &—5—=|=F=r =5

4

. . . C 2B+C B+m-—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 2 = > = >

T A-B nd (4AES) ci BT A-C .,
= — — = —_,——
2~z andmiz 2 2 =2 @

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS2 r? N c? 2r (c) _A-B
= - — —)sin
4sin2% 4 ZsinC 2 2

2

_r? b? 2r by  A-C
=Bt 2 (. B (E)S"‘ 2
2

4sin? > 2sin
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i +f— 2r (E)sinA_B+ r +E

4 Zsing 2 2 4sin2g 4

r

= 2AS? (—2

C

2 U

4sin )

A-C
2

2r (b) .
—|sin
2sin+ 2

2
N 2r (c) . A—B+ 2r (b) . A-C
ow, —|sin — | sin
Zsin% 2 2 ZSing 2 2
r C A—B B A-C
=—(4Rcos—sin +4RcosEsin > )

2 2 2
A+B . A-B .A+C  A-C
+ 2sin sin > )

= Rr | 2si
r(sm > sin > >

B C A
_ _ 2 _ in2 _ in2
= Rr <1 2sin > + 1 — 2sin > 2 (1 2sin 2))

. <2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

abc

Rr (2a® + (b + ©)a? — 2a(b? + ¢%) — (b + ¢)(b — ¢©)?)

- 8Rrs
A be( (2s —a)sinzé— a(l — 2sin? —)
4(b + c)bcsin? 5 — 2a.2bccosA 2 2
- 8s - 2s
be| (2s + a)sin? A_,
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s
R 2r (c) . A—-B 2r (b) . A-C
— —)sin — —|sin
Zsin% 2 2 Zsin% 2 2
 —2s+a)(s—b)(s—c
) ( )( )( )+ 2Rr
2s
Avai r? N r? r? ( ca N ab )
ain, =—
T sineB g S 4 \G-06-@ G-a)-b)
r? ab + ca (% 12 r?
:4—2(ca(s—b)+ab(s—c)) == Rr = B C
res 4sin27 4sin27

b?+c2+ab+ca (2s+a)(s—b)(s—c)

(D), (%), (x+) = 2AS? = 1 P
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

b3 + ¢ — abc + a(2b? + 2¢? — a?) , () b3 + ¢ —abc + a(4m3)
4s 4s
Via sine A AFS r AS cAS
ia sine law on , = — =
¢ A—B (a+ b)sin%

2sin5 sina  cos
2 2
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(***) r(a + b) (****) r(a + C)

= csina = 5AS and via sine law on A AES, bsinf} = 2AS
Now, [BAX] + [BAX] = [ABC] = %pucsina + %pabsinB =rs
via (x+x) and (x+x) p,(a+b + a+ c) 4s
= 4AS =SS Pa=5 A
,via 16s? b3 +c® —abc+ a(4m?)
ZPa = (2s + a)?’ 8s
~|pa 2 (ZszTia)z(bg +c3 —abc+ a(4m§))

Now, b3 + ¢3 — abc + a(4m2) = b? + 3 — abc + a(2b? + 2¢% — a?)
= (b + ¢)(b? —bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)

= 2s(b% —bc + %) + a(b? — bc + % + bc — a?)
b 2 _ b— 2

=(Zs+a)(b2—bc+c2)+a<( o) 4( o _

a(b+c+2a)(b+c—2a)_a(b—c)2

aZ

= (2s+a)(b? —bc+c?) + 1 2
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s+a)(b?—bc+c?)+
4 4
4b% + 4c?> —4bc+a(b+c—2a) a(b - c)?

4 4
= (2s+ a).
4z+x)?+4(x+y)? -4+ 0)x+y)++2)(Z+x)+ (x+y) —2(y+12))

4

= (2s+ a).

a(b —c)?
—¥ (a=y+zb=z+x,c=x+y)

_ )2 _ o2
:(Zs+a).4x(x+}’+z)+2x(y+z)+3(y z2? a(b-oc)

4
a(s—a)\ a(b—-c)?
2 4
a(s—a)\ (a+2s—2s)(b-c)?
2 - 4
2 2
(b—o0) +a(s—a)>+s(b—c)

= (Zs+a)<s(s—a)+%(b—c)2 +

=(Zs+a)<s(s—a)+%(b—c)2+

=(Zs+a)<s(s—a)+ > > >

_ Y Y
~|b3 + 3 — abc + a(4m32) @ (2s+a) <(S a)éZs ta) + ® 7 © ) + stb 5 ©

' _ 2s s—a)2s+a)? @2s+a)b-c)? s(b—c)?
(00 > P = ey a)2< : n . L )

s 2 S 1 1
— — - 2 1 4
=s(s—a)+ (-0 <(25+a) Tosta 2 4)

b — ¢)? 1\2
Cs(s—a) - 4c) +(b—c)2.(251a+5)
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(b —c)? <(4s + a)? )

=s-a+———Gsr oz~

_ 2 (+0) ( )+s(3s+a)(b—c)2
Pa = Si5—4a (2s + a)?
N - 2b%2 —bc+2c¢? p? - (2b% —bc + ZCZ)Z
@ —
OW:Pa = 6R hZ= gz D2
" 4R2
p2—h%  (2b? —bc + 2c? 2b% — bc + 2¢?
= = -1 +1
h; 3bc 3bc
s(3s+ a)(b —c)? s(s —a)(b — ¢)?
via (o) S(E— @) + (Zs + a)? —s(s—a)+ a? - 4(b — ©)?(b% + bc + ¢?)
o
h2 - 9b2c?
4s*(b — ¢)? - 4(b — ©)?(b? + bc + ¢2)
o
a’h?(2s+a)? — 9b2c2
st b2 + bc + c2

G- aG-bG_oZsrar> opre  ®-9t=0)

9s3b?c?
S ie-a@srar 2 Wbt )E-bi -0

= (b% + bc + ¢?)(—s(s — a) + bc)

o 9s3b?c?
4(s — a)(2s + a)?
s 9s°bic? —b%c? + bes(s — a) = (be —s(s — a))((2s — a)? — 2bc)
4(s — a)(2s + a)? -
9s3b?c?

< 4(s —a)(2s + a)?
(bc—s(s — a))(2s — a)? — 2b%c? + 2bes(s — a)

> (bc —s(s — a))(b? + c?) + b%c? — bes(s — a)

—b?%c?2 +bes(s—a) >

o OB —ay2s—a)—b (sGs—a) +(2s—a)?) > 0
1 — ) 2s T a)? ct+s(s—a)2s—a c(s(s—a s—a)?) >
25s3 — 12sa? — 4a® (@)
2.2 2 _ 2 — —a)? >
o 1 — ) 2s T a)? .b%c (55 5sa+a ).bc+s(s a)2s—a)* =0

Now, LHS of (2) is a quadratic polynomial with discriminant =

25s3 — 12sa? — 4a3

(5s% —5sa + az)z — .s(2s — a)?

(2s + a)?
—a?(12s* — 18s3a + 5s%a? + 2sa® — a*)
B (2s + a)?
—a*(s—a) ((s —a)(12s% + 6sa + 5a%) + 6a3)
— <0(rs>
(2s + a)? (-s>a)
=~ (@) is true (strict inequality)
2b% — bc + 2c?
o Pa = R and analogs
(2¢% - ca + 2a2)(2a? — ab + 2b?) 7 (4a? + 4bc — ab — ac)’
“ PpPc = =
36R? 144R2
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(4a? + 4bc — ab — ac)”
144R2

?
& 15a%(b—c)? > 0 - true - PbPc =

4a? + 4bc — ab — ac
= ||\/PbPc = 7R and analogs - \/paPp + /PbPc + /PcPa =

1§R( Doat 4 e a- zac>

cyc cyc cyc cyc

2(a? +b% +c2)+ab+bc+ca
“ \/PaPb + /PbPc + \/PcPq = ( 6)R

v AABC,”’ =" iff A ABC is equilateral (QED)

1830.
In any A ABC with p,, py, pc — Spieker cevians, the following relationship holds :
b+c c¢c+a a+b
Pa  Pb  Pc s 2 ( ) 1

+ +
a b C

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(3BAX) = a and m(#£CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF]? —zZ( ><b2> 216 = z a2b? — Z 16r252

a b c
rs (ztz2t32 rs , T
> [DEF] = =1 | £—2—=|= =1 =51

4
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C 2B+C B+m—A

- Spieker center is incenter of A DEF, . m(5AFS) = B + 2=—5 = >
T _A~B ndm(sAES) = C T AC e
= —— = —_—_———_——
> > and m(% + 23 > (2)
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
A—B

2

r2 c2 2r (c

2) sin

AS? = -
c C

2= in=
4sin 2sin>

Sll’l

B B
. 2D
4sin 2 2s1n2
@ r? +c2 2r (c) ) + r? b?
= —— — sm
4sin2% Zsin% 2 2

2r (b)sinA—C
Zsini 2 2

Now 2r (E) sinA B + 2r (E) sinA —¢

' 2sin 2 2 Zsing 2 2

r C. A-B B A-C

=E(4Rcosism 2 +4RcosEsm 2 )

. A+B _ A-B . A+C  A-C
=Rr<Zsm 2 sin 2 + 2sin 2 sin 2 )
=Rr 1—ZsinZE+1—ZsinZE—2(1—2sinzé)

2 2 2

<2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s — b))
= 2Rr
abc

4sin?

N O

(Za + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

8R
A A
_ in2 2 _ _ w22
4(b+c)bcsin2%—2a.2bccosA bc<(25 a)sin 2 a(l 2sin 2))
B 8s B 2s
bc (Zs+a)sin2é—a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s 2s
N 2r (c) . A-B 2r (b) . A-C
— —)sin — —)sin
Zsin(z: 2 2 Zsing 2 2
*) —(2s+a)(s—b)(s— c)
2Rr
2s
Avai r? N r? _rz( ca N ab )
gain, C 24\ G-0G-a G-a)(s—b)

i 2D 02 L
4sin > 4sin )
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ab + ca () r? r2
(ca(s —b) + ab(s — c)) = _9Rr = +
4 4_ =2 B =2 C
sin® > 4sin 5
2, .2 B -
(@), (#), (+0) = 2452 = D€ tabtca Rs+a)s—b)is—¢)

4 2
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—

12
4r2s

S
b)(a+b—c¢)

8s
b% + ¢ — abc + a(2b? + 2¢? — a?) , ) b®+ ¢ —abc+ a(4m3)
= = 2AS8° =
4s 4s
L. r AS cAS
Via sine law on A AFS,

. C . A-B . C
Zsmisma cos— (a+b)sm7

(=) r(a+b)

= csina = and via sine law on A AES, bsinf (*2*) ra+ o
2AS 2AS
Now, [BAX] + [BAX] = [ABC] = %pacsina + %pabsinﬁ =rs
via (=) and (=) p,(a+b +a+c) 4s
- 4AS =S=>p"‘=Zs+aA
,viaG)  16s? b3 +c® —abc+ a(4m2)
@ (2s +a)?’ 8s

2 @ 28 34 ¢3_ 2
o pa = 2s 1 a)? (b +¢® —abc + a(4ma))
Now, b? + ¢ — abc + a(4m2) = b3 + ¢3 — abc + a(2b? + 2¢2 — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
= 2s(b%? —bc + c?) + a(b? — bc + % + bc — a?)
b 2 _ b— 2
:(Zs+a)(b2—bc+c2)+a<( to 4( o —a®
b 2a)(b+c—2 b — c)?
:(Zs+a)(b2—bc+c2)+a( tet2aibic—2a) alb-c)

4 4
= (2s + a)(b? — bc + ) + a2s—a+2a)(b+c—2a) _ a(b — c)?

4 4
4b?% + 4c2 —4bc+a(b+c—2a) a(b—c)?
_ (2s+a) ( )_ ( )

4 4
= (2s+ a).

4z+x)?+4(x+y)? -4+ 0)x+y)++2)(Z+x) + (x+y) —2(y+12))

4
_ a(b — c¢)?

(a=y+zb=z+xc=x+y)
4x(x+y+2z)+2x(y+z)+3(y—2z)? alb-c)?
= (2s+ a). -

4
- — )2
=(2s+a) (S(s— a) +%(b—c)2 +a(sz a)> _a(b4 ©)
- — —_ )2
=(2s+a) <s(s—a)+%(b_c)z+a(sz a))_(a+25 Zs)(b 0
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(b —c)? N a(s — a)) N s(b — ¢)?

=(Zs+a)<s(s—a)+ > > >

. _ ERY Y
~|b% + ¢ — abc + a(4m3) s 2s+a) <(s a)éZs ta) + b > © ) + s(b 5 ©
. ,  2s (s—a)2s+a)> @2s+a)b-c)? s(b-c)?

b (.)J (..) = pa - (ZS + a)2< 2 + 2 + 2

s 2 S 1 1
[— — - 2 1 a4
=s(s—a)+ (-0 <(2s+a) T2sta 2 4)

b — ¢)? 1\
=s(s—a)—( 4C) +(b_c)2'(ZSj—a+E)
(b—-c)?

(4s + a)?
=s(s—a)+ 2 <(Zs+a)2_1
5 (529 s(3s+ a)(b — ¢)?
>p;: = s(s—a)+ 25+ a)
2b%2—bc+2c? pZ_ (2b% -bc+ Zcz)2
o -—=>

6R h2 = , b2c2
36R2. oy

p2 —h% (2b?—bc + 2c? 2b? — bc + 2¢?
> ~1 +1
h2 3bc 3bc
sBs+a)(b—0)?* s(s—a)(b—c)?

(2s + a)? az

Now,p, =

s(s—a) +

s(s—a) +

via (eee)

—0)2(p2 2
AN >4(b ©)?(b? + bc + c?)

hZ = 9bZc?
4s*(b — ¢)? - 4(b — ¢)?(b? + bc + ¢?)
=

a’h?2(2s +a)? — 9b2¢2

st b% + bc + ¢2
S =

4s(s—a)(s—b)(s — c)(2s + a)? 9b2¢2
- 9s3bh2c2 . (bz bt 2)( b)( )
4(s—a)(2s+a)? — cTe)is s—¢

= (b% + bc + ¢?)(—s(s — a) + bc)

(~(b-0?=0)

o 9s3b?c?
4(s — a)(2s + a)?

L L b?c? + bes(s — a) 2 (be — s(s — @))((2s — a)? — 2bc)
4(s—a)(25+a)2 C cs(s—a) = C—S(S a s—a C
9s3b?c?

< 4(s —a)(2s + a)?
(bc—s(s — a))(2s — a)? — 2b%c? + 2bcs(s — a)

> (bc —s(s — a))(b? + c?) + b%c? — bes(s — a)

—b%c%? + bes(s—a) >

= 9s3p2c2 + b2c2 + s( )(2 2 _p ( ( ) + (2 )2) -0
4(s — a)(2s + a)? ccrsis—a)las—a c(s(s—a s—a)?) >
25s3 — 12sa? — 4a® —

2,2 2 2 )
e 45 —a)(2s T a)? .b%c? — (552 — 5sa+ a?).bc+s(s —a)(2s—a)? = 0

Now, LHS of (@) is a quadratic polynomial with discriminant =
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25s3 — 12sa? — 4a®
(5s% — 55a+a2)2 - Zsta)? .s(2s — a)?

_ —a*(12s* —18s3a + 5s%a” + 2sa® — a*)
B (2s + a)?
—a%(s —a) ((s —a)(12s% + 6sa + 5a?%) + 6a3)

- @5+ a)? <Olrs>a)

~ (@) is true (strict inequality)
2b®>—bc+2c¢? p, 1 _2b°—bc+2c® 1 2b%+2c?

Pa = 6R “h, 3% 3bc t3 3bc
Pa

= +1>2<b+c) d anal p“+ + S+1> z( )
h 3-3 b and analogs -. h c =3
+

cyc
a a+b Pa Pb  DPec b+c c+a a+b
LI -1
e TTb T ¢ )z’h +hb+h_3( T )
v AABC,’ =" iff A ABC is equilateral (QED)

_2(b+c
3

1831. In AABC non-right angled holds:

tanA tanB tanC sin2A sin2B sin2C
) + + = — + — + —
tanB tanC tanA sin2B sin2C sin24
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

b ¢ a+b b+c c+a
Lemmaabc>0then + +—

b b+c+c+a+a+b
Proof:
WLOG ¢ = min(a, b, c) ,now:
a+b+c 3>a+b_|_b+r:_|_c+a 3_1( b)2+1( Yb—c) >
b'c'a ““btc cta a+b - ab " ac ™€ €)=
1 1 1 1
>(—— _m2 (= _ A
_(ab (a+C)(b+C)>(a b) +(ac (a+c)(a+b))x(a Ab-c)=0,

since ¢ = min(a, b, ¢)

lemma tanA +tan B sin(B + A) cosC

LHS > = . =
- tanB + tanC sin(B + C) cosA

2sinC cosC sin2C (Note:A+ B + C = )

2sindcosd  Lusinz2a < °t¢ -

Equality holds for A = B = C.
1832.
In any A ABC with p, — Spieker cevian, the following relationship holds :
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2b% — bc + 2c¢?

6R

Pa =

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF =r'(say)

Now, 16[DEF]? = zZ( ><b2> z == 16 z a2b? — Z 16r2s2

a b c
rs (ztz2T32 rs , T
= [DEF] = =1 | &—2—=|=r=r =51

4

. o C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 7= = > = >
m A-B B n A-C

:E— 2 andm(AAES)—C+E=E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS? = rt +f—< 2.r >(c)sinA B

4sin? 5 ¢

2
= sm
4sin2 ]23 2sin

M r?
= 2AS2 = +—_<

C
siny

. ,C 4
2
451n2
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2r (b) . A-C
—|sin
ZsinE 2 2

2
N 2r (c) . A—B+ 2r (b) . A-C
ow, c|\g)sin—; zsinE 5)sin—
2

Zsini
r C. A-B B A-C
=E<4Rcoszsm > +4RcosEsm > )
. A+B _ A-B .A+C  A-C
=Rr<251n 2 sin 2 + 2sin 2 sin > )

= Rr <1 - Zsinzg+ 1- 2sin2§— 2 (1 — 2sin? %))
— oRr <2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))

- abc

= %(2613 + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

_ s Zé_ _ . zé
é—2a.2bccosA bc<(25 a)sin ) a(l 2sin 2)

2
8s 2s
be( (2s + a)sin? A_ a
2 2s+a)(s—b)(s—c)
- = — 2Rr
2s
N 2r (C) . A-B 2r (b) _A-C
- —)sin - —)sin
Zsing 2 2 Zsin% 2 2
) —(2s+a)(s—b)(s—
) ( )(s—b)(s—¢) - oRr
2s
Asai 1'2 n I'Z rz( ca N ab )
ain, -
s 4sinzg 4sin2% 4\(s—c)(s—a) (s—a)(s—b)

2 2

ab + ca (#x) T
—2Rr =

r

2
r

= —2(ca(s —b) + ab(s — c)) =

4r”s 4sinzg 4$inZE

2
b?+c2+ab+ca (2s+a)(s—b)(s—c)

(D), (), (x+) = 2AS?% = 1 P
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
343 2 2 _ g2 b3 4 3 2
=b + ¢ — abc + a(2b? + 2¢% — a?) ZASZ(;)b + ¢ — abc + a(4m?)

4s 4s
L AS cAS
Via sine law on A AFS, = =

. . A—B . C

2sinssina cos—5— (a + b)sins

2 2 2
. (=) r(a+b) L. ] (+=+2) T(@ + €)

= csina = ————— and via sine law on A AES, bsinf} =

2AS 1 1 2AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
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via (***)i;“’ () pgl@a+btat+c) Sy = 4s A
4AS ~ TP sra
,viaG) 1652 b3 +c® —abc+ a(4m2)
= = :
Pa (2s + a)? 8s
) 2s
~|pa = st a2 (b3 +c3 —abc+ a(4m§))

Now,b? + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2¢? — a?)
= (b + ©)(b? — bc + ¢2) + a(b? — bc + ¢?) + a(b? + c? — a?)

= 2s(b? — bc + ¢%) + a(b? — bc + ¢ + bc — a?)
b 2 _ b— 2

=(Zs+a)(b2—bc+c2)+a<( D) 4( ©) -

a(b+c+2a)(b+c—2a)_a(b—c)2

aZ

=(2s+a)(b?—bc+c?) + 1 2
a2s—a+2a)(b+c—2a) a(b-c)?

=(2s+a)(b?—bc+c?) +

4 4
4b% + 4c? —4bc+a(b+c—2a) a(b-c)?
= (2s+ a). 1 - 2
= (2s+ a).
4z+x)?+4(x+y)?-4z+0)x+y)+(y+2)(z+x) +(x+y) —2(y +2))
4
_a(b—c)Z

(a=y+zb=z+x,c=x+Yy)

_ 2 2
=(2s+a).4x(x+Y+z)+2x(Y+z)+3(Y 2> a-o0

4
(s—a)\ a(b-c)?
2 4

= (Zs+a)<s(s—a)+%(b—c)2 +a

= a(s—a _ — )2
(2s+a) <s(s a) + 3 (b — ¢)? (52 )\ (a+2s-2s)(b-c)
= b-c)? a(s—a — )2

(2s+a) (s(s —a)+ ( . c) (52 )) s(b . c)

_ Y Y
~|b3 + ¢ — abc + a(4m32) @ (2s+a) <(S a);ZS ta) + ® > © ) + s(b 5 ©

o (), (o) = 2 = 2s ((s—a}(25+a)2 N (2s + a)(b — ¢)? +s(b—c)2>

(2s + a)? 2 : .
=ste- 0 e i i)
- s(s—a)_(b;c)2 +(b—c)2_(255+a+%)
RN
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2b% —bc+2c?  pZ_ (2b%2—bc+ Zcz)2
o —=>

Now, p, = =
6R hZ , b2c2
a 36R2. 20
p2 —h%  (2b? —bc + 2c? 2b% —bc + 2¢?
= -1 +1
hZ 3bc 3bc
s(3s+ a)(b —c)? s(s —a)(b — ¢)?
via (o) SE— @) + 2s + a)? —s(s—a)+ p” N 4(b — )2(b? + be + c?)
=
h2 - 9b2c?
4s*(b — ¢)? - 4(b — ©)?(b? + bc + ¢2)
o
a’h?(2s+a)? — 9b2c2
st b2 + bc + c2

S 4s(s— a)(s —b)(s — ¢)(2s + a)? = 9bZc? ( (b—¢)? > 0)

32,2
s e _9:[)[()2: Y > (b% + bc+ c?)(s—b)(s — ¢)
= (b% + bc + ¢?)(—s(s — a) + bc)
9s3b?c?
< 4(s — a)(2s + a)?

o b b%c? + bes(s — a) = (be - s(s — @))((2s — @)? — 2bc)
4(s—a)(25+a)2 C Cs(s a) = C—S(s a s—a C
9s3b?c?

< 4(s —a)(2s + a)?
(bc—s(s — a))(2s — a)? — 2b%c? + 2bes(s — a)

o 9s3b?c?
4(s —a)(2s + a)?
25s3 — 12sa? — 4a®

()
2.2 _ (me2 2 _ — a2 >
& 16— ) 2s T a)? .b%c (Ss 5sa+ a ).bc+s(s a)2s—a)* =0

Now, LHS of (@) is a quadratic polynomial with discriminant =

25s3 — 12sa? — 4a3
(5s% — 55a+a2)2 - Zs 1 a)? .s(2s — a)?

_ —a?(12s* — 18s3a + 5s%a® + 2sa® — a*)

> (bc —s(s — a))(b? + c?) + b%c? — bes(s — a)

—b%c%? + bes(s—a) >

+b%c? +s(s—a)(2s—a)®> —be(s(s—a) + (2s —a)?) =0

(2s + a)?
—a?(s—a) ((s —a)(12s% + 6sa + 5a%) + 6a3)
— <0(rs>
(2s + a)? (-s>a)
=~ (@) is true (strict inequality)
2b?% — bc + 2¢? .
“ Pa = vV AABC" =" iff b = c (QED)

6R

1833. In AABC the following relationship holds:
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TYq—T Tp—7T T.—T

>3
ha—r+hb—r+hc—r_

Proposed by Mehmet Sahin-Ankara-Turkiye
Solution by Daniel Sitaru-Romania

Tq—T Tp—T To—T OTg—T
ha—r+hb—r+hc—r_ h,—1
cyc
F F 1 1
_\'s—a s _ s—a_§=z as(s—s+a) _
2F _F 2_1 s(2s—a)(s —a)
cyc a S cyc a S cyc
a? AM,;GM 5" (abc)?
_;(s—a)(b+c) - (s—a)(s—b)(s—c)a+b)(b+c)(c+a)
3 (abc)?-s 1 AM_GM
= 3- . =
s(s—a)(s=b)(s—¢) 3(a+b)b+c)(c+a)

S 3. |@REOs > =2 if16r%s >
- F2 a+b+b+c+c+a 4s $=
MITRIéVOVIC 9 3 16 4 - 9 4‘S _ 3
= s $'7% Tas 3 7

Equality holds fora = b = c.
1834. If in AABC,c < b,n € N then:
c"+ h? <b™ + h}

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

we need to show, c™ + hy < b™ + hy

or (c"—b") — (hy —h}) <0
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or (¢c"—b") — (a™c™ — a™b™) < 0

2nRn
or (¢c"—b")(2"R"—a™) < 0

or (2"R™ — a™) > 0 (since c < b)
or 2"R" > a" = 2" R"sin" A

orsin"A < 1Trueas sinA<1

1835.
In any A ABC with p,, pp, Pc
— Spieker cevians, the following relationship holds :
V6 /b+c c+a a+b
VPbPc N VPPa N VPaPy < . .

h, hy, h. ~ 3\ a b c

—6>+3

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
A

Let AS produced meet BC at X and m(3BAX) = a and m(4£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ [b? a* 1 16r2s?
2 _ - I A 2L2 _ 4) —
Now, 16[DEF] —ZZ<4><4> 216 16(22“" Za) 16

a b c
rs (ztz2t32 rs , T
> [DEF] = =1 | &—2—=|= =1 =51

4
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C 2B+C B+m—A

- Spieker center is incenter of A DEF, . m(5AFS) = B + 2=—5 = >
T _A~B ndm(sAES) = C T AC e
= —— = —_—_———_——
> > and m(% + 23 > (2)
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
A—B

2

r2 c2 2r (c

2) sin

AS? = -
c C

2= in=
4sin 2sin>

Sll’l

B B
. 2D
4sin 2 2s1n2
@ r? +c2 2r (c) ) + r? b?
= —— — sm
4sin2% Zsin% 2 2

2r (b)sinA—C
Zsini 2 2

Now 2r (E) sinA B + 2r (E) sinA —¢

' 2sin 2 2 Zsing 2 2

r C. A-B B A-C

=E(4Rcosism 2 +4RcosEsm 2 )

. A+B _ A-B . A+C  A-C
=Rr<Zsm 2 sin 2 + 2sin 2 sin 2 )
=Rr 1—ZsinZE+1—ZsinZE—2(1—2sinzé)

2 2 2

<2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s — b))
= 2Rr
abc

4sin?

N O

(Za + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

8R
A A
_ in2 2 _ _ w22
4(b+c)bcsin2%—2a.2bccosA bc<(25 a)sin 2 a(l 2sin 2))
B 8s B 2s
bc (Zs+a)sin2é—a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s 2s
N 2r (c) . A-B 2r (b) . A-C
— —)sin — —)sin
Zsin(z: 2 2 Zsing 2 2
*) —(2s+a)(s—b)(s— c)
2Rr
2s
Avai r? N r? _rz( ca N ab )
gain, C 24\ G-0G-a G-a)(s—b)

i 2D 02 L
4sin > 4sin )
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ab + ca () r? r2
(ca(s —b) + ab(s — c)) = _9Rr = +
4 4_ =2 B =2 C
sin® > 4sin 5
2, .2 B -
(@), (#), (+0) = 2452 = D€ tabtca Rs+a)s—b)is—¢)

4 2
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—

12
4r2s

S
b)(a+b—c¢)

8s
b% + ¢ — abc + a(2b? + 2¢? — a?) , ) b®+ ¢ —abc+ a(4m3)
= = 2AS8° =
4s 4s
L. r AS cAS
Via sine law on A AFS,

. C . A-B . C
Zsmisma cos— (a+b)sm7

(=) r(a+b)

= csina = and via sine law on A AES, bsinf (*2*) ra+ o
2AS 2AS
Now, [BAX] + [BAX] = [ABC] = %pacsina + %pabsinﬁ =rs
via (=) and (=) p,(a+b +a+c) 4s
- 4AS =S=>p"‘=Zs+aA
,viaG)  16s? b3 +c® —abc+ a(4m2)
@ (2s +a)?’ 8s

2 @ 28 34 ¢3_ 2
o pa = 2s 1 a)? (b +¢® —abc + a(4ma))
Now, b? + ¢ — abc + a(4m2) = b3 + ¢3 — abc + a(2b? + 2¢2 — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
= 2s(b%? —bc + c?) + a(b? — bc + % + bc — a?)
b 2 _ b— 2
:(Zs+a)(b2—bc+c2)+a<( to 4( o —a®
b 2a)(b+c—2 b — c)?
:(Zs+a)(b2—bc+c2)+a( tet2aibic—2a) alb-c)

4 4
= (2s + a)(b? — bc + ) + a2s—a+2a)(b+c—2a) _ a(b — c)?

4 4
4b?% + 4c2 —4bc+a(b+c—2a) a(b—c)?
_ (2s+a) ( )_ ( )

4 4
= (2s+ a).

4z+x)?+4(x+y)? -4+ 0)x+y)++2)(Z+x) + (x+y) —2(y+12))

4
_ a(b — c¢)?

(a=y+zb=z+xc=x+y)
4x(x+y+2z)+2x(y+z)+3(y—2z)? alb-c)?
= (2s+ a). -

4
- — )2
=(2s+a) (S(s— a) +%(b—c)2 +a(sz a)> _a(b4 ©)
- — —_ )2
=(2s+a) <s(s—a)+%(b_c)z+a(sz a))_(a+25 Zs)(b 0
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(b —c)? N a(s — a)) N s(b — ¢)?

=(Zs+a)<s(s—a)+ > > >

. _ ERY Y
~|b% + ¢ — abc + a(4m3) s 2s+a) <(s a)éZs ta) + b > © ) + s(b 5 ©
. ,  2s (s—a)2s+a)> @2s+a)b-c)? s(b-c)?

b (.)J (..) = pa - (ZS + a)2< 2 + 2 + 2

s 2 S 1 1
[— — - 2 1 a4
=s(s—a)+ (-0 <(2s+a) T2sta 2 4)

b — ¢)? 1\
=s(s—a)—( 4C) +(b_c)2'(ZSj—a+E)
(b—-c)?

(4s + a)?
=s(s—a)+ 2 <(Zs+a)2_1
5 (529 s(3s+ a)(b — ¢)?
>p;: = s(s—a)+ 25+ a)
2b%2—bc+2c? pZ_ (2b% -bc+ Zcz)2
o -—=>

6R h2 = , b2c2
36R2. oy

p2 —h% (2b?—bc + 2c? 2b? — bc + 2¢?
> ~1 +1
h2 3bc 3bc
sBs+a)(b—0)?* s(s—a)(b—c)?

(2s + a)? az

Now,p, =

s(s—a) +

s(s—a) +

via (eee)

—0)2(p2 2
AN >4(b ©)?(b? + bc + c?)

hZ = 9bZc?
4s*(b — ¢)? - 4(b — ¢)?(b? + bc + ¢?)
=

a’h?2(2s +a)? — 9b2¢2

st b% + bc + ¢2
S =

4s(s—a)(s—b)(s — c)(2s + a)? 9b2¢2
- 9s3bh2c2 . (bz bt 2)( b)( )
4(s—a)(2s+a)? — cTe)is s—¢

= (b% + bc + ¢?)(—s(s — a) + bc)

(~(b-0?=0)

o 9s3b?c?
4(s — a)(2s + a)?
= 9s°btc? —b%c? + bes(s — a) = (be —s(s — a))((2s — a)? — 2bc)
4(s— a)(2s + a)? -

o 9s3b2¢?
4(s —a)(2s + a)?
(bc—s(s — a))(2s — a)? — 2b%c? + 2bcs(s — a)

o 9s3b?c?
4(s—a)(2s + a)?

3 2 3

= zizs __;)Z(SZZ _l__aL;g .b%c? — (5s% — 5sa + a?).bc + s(s — a)(2s — a)? (g 0

Now, LHS of (m) is a quadratic polynomial with discriminant =

> (bc —s(s — a))(b? + c?) + b%c? — bes(s — a)

—b%c%? + bes(s—a) >

+b%c? +s(s—a)(2s—a)®> —be(s(s—a) + (2s—a)?) =0
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25s3 — 12sa? — 4a®
(5s2 — 5sa + az)z — Zs 1 a2

_ —a*(12s* —18s3a + 5s%a” + 2sa® — a*)

.s(2s — a)?

(2s + a)?
—a%(s —a) ((s —a)(12s% + 6sa + 5a?%) + 6a3)
= <0(rs>
(2s + a)? (-s>a)
=~ (m) is true (strict inequality)
2b% — bc + 2c?
S Pa = oR and analogs - (m)
. (Zc —ca + 2a?)(2a? —ab+2b2) (4a® + 4bc — ab — ac)”
“ PoPe = 36RZ = 144R?

(4a? + 4bc — ab — ac)”
144R?

?
& 15a%(b—c)? > 0 - true - PbPc =
4a? + 4bc — ab — ac

PbPc = 12R and analogs — (n)
N \/3<b+c+c+a+a+b 6)+3 V6 (s%2 — 2Rr + r? )3
w3 b B 2Rr
2
_\/3 s — 14Rr + r? L3 \/3(b+c+c+a+a+b 6)+3
~ 3 2Rr “\ 3 a b c
(s? — 14Rr +r2) V6
_ 2 2
= 6R2r22 +9+ﬁ(s — 14Rr +r?)
_ (s* —14Rr +r?)" + 54R?r? + 6V6Rr(s* — 14Rr + r?)
- 6R2r?2
(s — 14Rr + r2)” + 54R?r? + 15Rr(s? — 14Rr + r?)
6R2r2
Gerretsen + Euler
( sZ — 14Rr + r? > 0 and 225 > 216 = 15 > 6\/3)

~ in order to prove the original inequality, it suffices to prove :

pbpc PoPe , Z pbpc (->-) (s2 — 14Rr + r2)” + 54R%r? + 15Rr(s? — 14Rr + r?)
hbh - 6R2r2

cyc

Now, via (m) and (n), z PoPe | z < hptl’lpc ) >
b

cyc
Z a?(2c? —ca + Zaz)(Za - ab + ZbZ)
36R2.4r2s2
cyc
22(4(12 + 4bc — ab — ac 2b%? —bc+ 2c¢%2 bc )

12R ' 6R "4r2s?

cyc

_ 4Ycyca® —2 Y ye (ab(chc a* — c4)) +12 Y ye (azbZ (chc a? - cz)) —3abcYy a?
- 144R2%r2s?
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e DI a3b3 + 5abc ((chc a) (chc ab) - 3abc)
144R2r2s?
8(3s® — (36Rr + 11r?)s* + r?s?(148R? + 116Rr + 13r%) — 5r*(4R +1)3)
- 144R%r2s?
using z a® = 4s%(s? — 6Rr — 3r2)2 -2 ((sz + 4Rr + r2)3 — 24Rrs?(s? + 2Rr + r2)>,

cyc

i z at = ZZ a’b? — 16rzsz,z a’b? = (s* + 4Rr + rz)2 — 16Rrs? and i
| cyc cyc cyc |
\ Za3b3 = (s2 +4Rr+r2)3 — 24Rrs?(s? + 2Rr + r?) /
cyc
(s — 14Rr + rz) + 54R?r? + 15Rr(s? — 14Rr + r?)
6R2r2 ,
© (3R—17r)s* + rs?(28R? + 155Rr + 10r?) - 5r2(4R+1)* = 0

(mmm)

Now, (3R — 17r)s* + rs?(28R? + 155Rr + 10r?)
Gerretsen

= (3R — 6r)s* — 11rs* + rs?(28R? + 155Rr + 10r?)
(3R — 6r)(16Rr — 5r%)s? — 11r(4R? + 4Rr + 3r?)s? + rs?(28R? + 155Rr + 10r?)

? ? R
=r(32R? + 7r?)s? > 5r(4R + r)? & 48t3 — 100t? + 13t— 10 > 0 ( = F)

Euler

@(t—2)(46t2+2t(t—2)+5)>0—>true t > 2= (mumm)= (mm)istrue
b+c c+a a+b
\/pbpc+\/pcpa+\/papb2£( N N _6)+3
h, hy, h, 3\ a b
v A ABC, with equality iff A ABC is equilateral (QED)

1836. In AABC the following relationship holds:

2A B C 2B C A C A
e3an’z (tan 5 + tan 2) + e3tn’z (tan2 + tan 2) + e3tn’z (tan2 + tan ) >2\V3e

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

B C C A A B
(tan + tan 2) (tan + tan 2) (tan =+ tan —)

2 2 2
A 4R+7r r 4R Mitrinovic
(Z tan ) (z tan tan ) tan - = — >
2 S s S
4 2s 243
> —o=(=) @
s '3v3 \V3

CBS A 2 4R +r 2 Doucet
ZStan - > (Ztani> =( p ) > 3(2)
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A B C B C A C A B
3 tan?5 3 tan?5 3 tan%=
>
e (tanz +tan2)+e (tan2+tan2)+e (tanz +tan2) =

2 2

>3 <e3 (%)3> = 3.e.%= 2V3e

Equality holds for A=B=C

1
AM—-GM OE tan24 B C C A A B\\3 (1D&(2)
= 3 (tan > + tan 2) (tan— + tan E) (tan— + tan E) =

W =

1837. In AABC the following relationship holds:

A B C B C A C A B
3 tan%5 3 tan?> 3 tan?=
— — > 12
T (CSC2 +CSC2)+T[ (CSC2+CSC2>+1T (CSC2 +CSC2> A

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

A 4R Euler
ncsci = > 8(1)and

A CBS 2 4R + r 2 Doucet
3tan—>>(Ztan)=( p ) > 3 (2)

A B C B C A C A B
3 tan?5 3 tan?> 3 tan?=
T (CSC2 +CSC2>+71.' (CSC2 +CSC2)+1T (CSC2 +CSC2)

A B C\ AM—GM
= Z 3 an’y (csci + csc E) >

1
B AM—-GM A A\3 (D&(2) 1
> Zan‘“ 2 /csc cscE > 6 (nmt"‘“zincscE) > 6(n%.8)3=12n

Equality holds for A=B =C.

1838.

If n,, n,, n. - Nagel cevians, g,, g, g. — Gergonne’s cevians in A ABC, then
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16r%(R — 2r)
sZR

n,g, +npgy + N ge = sz.\/l +

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b%(s — ¢) + ¢*(s — b) = an? + a(s — b)(s — ¢) and
b%(s —b) + c¢%(s — ¢) = ag? + a(s — b)(s — ¢) & adding the two, we get :
(b%2 +c*)(2s—b—c) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + c?)
=2a(nZ+g%)+ala+b-c)(c+a—b)=20b?+c?
=2(n2+g%)+a?-(b—c)?=2(b*+c?)—a%+(b-c)?=2(n+g2)
= 4m2 + (b — ¢)? = 2(nZ + g2) > 2(b — ©)? + 4s(s — a) = 2(n2 + g2)

= n2 + g2 © (b-0c)?+2s(s—a)

Again, Stewart’s theorem = b?(s — c¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — @) = an? + a(s* — s(2s — a) + bc) = s(b? + ¢%) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +
4sbc(s—b)(s—c)(s —a)
be(s — a)

as(c+a—-b)(a+b-c) ) a? - (b—-c)?
— . = as® —as(————

a? — (b —c)? - b — ¢)?
2 — <s—¥>:>n2(—)s a+( a)

=>Ng =S8 a a

A
s(2bccos A — 2bc) = as? — 4sbcsin? 5= as?

2

= as

Via (x) and (++), g5 = (b—c)*> + 2s(s —a) —s* + 4s(s—b)s—©)

. a
N s(s—b)(s—c¢)

=s?—-2sa+a?+ (b-c)?—a?

a
@t (bt @b cm )+ BETDEO

a
4s(s—b)(s—¢)

=(s—a)X—-4(s—b)(s—c) +

a
4(s—a)(s—b)(s—0¢)

= (-2 +4s-b)s-(>-1)=(s—a)?+
2 —(btic)2 D) (cll)—c)2
=(s—a)<s—a+%>=>g§ = (s—a)(s— . )

— )2 — )2
(**).(***)=>n§gg=s(s—a)<s—a+(b aC) >(S—(b C) )

a

— )2 —_ )2 _ A4
=s(s—a)<s(s—a)+s.(b ) —(b ) (s—a)—(b 2c)>
a a a
_ 4
=s(s—a) (s(s —a)+ (b-c)? - ® aZC) )
, 4s(s—a)(s—b)(s—c) 4F?

=s?’(s—a)’+ (-0

= —sz(s—a)2+(b—c)2.?
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= n2g?% = s*(s — a)? + (b — ¢)2.h2 and analogs — (1) -~ n2g%.nigi =
(s2(s —a)® + (b — ©)%.h%).(s%(s — b)? + (c — a)®.h})
> (s?(s—a)(s —b) + |b — c||c — al.hghy)”
|naga.nbgb >s?(s—a)(s—b)+|b—c|lc— aI.hahb|and analogs - (2)

+ ) (1agapgy) = 5* ) (s—a)s—b) + » (Ib— cllc— al.hyhy)

cyc cyc cyc
4Rrs Triangle inequality
= s?(4Rr + r?) + iR2 Z(c.lb—cllc—al) >

cyc

s?(4Rr +r?) + g Z(c(b —o)(c—a))

cyc

rs
= s2(4Rr + r?) + z:bc2 —3abc—2c3 +Zc2a

cyc cyc cyc

=s2(4Rr+r?) + %s |2s(s? + 4Rr + r?) — 24Rrs — 2s(s? — 6Rr — 3r?)|

2rs? 2rs?
= s2(4Rr + r?) +%. |-2Rr + 4r%| = s2(4Rr + r?) +%.(2Rr— 4r?)
2

Euler
( 2Rr > 4r2) z n,go. | = z n%g? + 2s?(4Rr +r?) +

cyc cyc
4-1'52 ia (1) and analogs b—c z
== (2Rr—4r?) " = s? » (s — a)? + 4r%s? b-o”
R a?
cyc cyc

4 2
+2s?(4Rr + %) + %. (2Rr — 4r?)

4r?s?
— q2 (342 2 2 2 z 2.2 E 2 _ g2
=s (33 —4s2+2(s? —4Rr—r ))+16R2r252' b“c a® —a” — 2bc

cyc cyc
4rs?
+2s?(4Rr + %) + = (2Rr — 4r?)
1
=s?(s? — 8Rr — 2r?) + IR Z a? Z a’b? | — 48R%r%s% — 2 Z a’b?
cyc cyc cyc

4 2
+2s?(4Rr + %) + %.(ZRl‘ —4r?) = s%(s? — 8Rr—2r?) +

4 2
4—;2. (—s* + (12R? + 4Rr — 2r?)s? — r(4R + 1)%) + 2s%(4Rr + r?)
using Z a’b? = (s? + 4Rr + rz)2 — 16Rrs? and \
4 2
+22 (2Rr—4r?) | e \ |
R Z a®b® = (s? + 4Rr + r?)” — 24Rrs*(s? + 2Rr + rz)/
cyc
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r?(—s* + (12R? + 4Rr — 2r?)s? — r(4R + r)%) + 4Rrs?(2Rr — 4r?) ?
4 + >
R? -
4 < 16r%(R — 2r)> .  16r?s?(R—2r)
st l1+———|=s*+

=S

s?R R

?
& s* — (4R? + 20Rr — 2r?)s? + r(4R + )3 <0
®

Now, Rouche = s> — (m —n) > 0 and s? — (m + n) < 0,wherem =
2R2 + 10Rr — r2 and n = 2(R — 2r).\/R2 — 2Rr
(52 —(m+n))(sz—(m—n)) <0=>s*-s22m)+m? -n?<0
= s* — s2(4R? + 20Rr — 2r?) + r4R + 1) < 0 = (+) is true

2
16r?(R — 2r)
= (Z naga> > s <1 + T)

cyc

_ N N o <2 1_|_16r2(R—2r)
“Nggq T NpGp T NG = S™. s2R
v AABC,”’ =" iff A ABC is equilateral (QED)

1839.Ifin A ABCn,m € N,n > m + 1 then:

n n n n
Nq Mp + ne > pmgn-m+l r
myg mp mg R™

Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India
1 b —c)?
mZ = s(s —a) +Z(b—c)2 and n% =s(s—a) +S(—C)

[Reference: Bogdan Fustei, Mohamed Amine Ben Ajiba
ABOUT NAGEL'S AND GERGONNE'S CEVIANS

s 1\ (b—-0c)?*4s—-a) n
2 _ 2 _(h_2(2_2\_ > > 2>
n;—mz=(b-c) (a 4> P _O,sona_maorma_l (1)
AM-HM 9 9
h,+h,+h, = —1=T=9T(2)
Zh_a T

Casel:n=m+1
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21+1 nzﬁl nz‘n+1 o2

We need to show ——+ —-+ —— = 2M3° —
my my m R

nan+1 n;)n+1 n2n+1 n, m (@8]
L =Z((—) ng) > Zna >3 h, > or=

rm+1

mn my' mn m,
r™ Euler rm+1 m+1
—_ 22,. — 9om22
3 e > 3 NG 2m3 B
(2)
Case2:n>m+1
nn n‘;)l n n
a (4 —
We need to show — + —- + —— > 2m3nm+l
mg my mg R
ng ny np nk n,\™ em
+—nt =) —= — ] (ng) >
mg my mg mp m,
n-m cBS 1 n-m
> Z ngm > P (ng + ny, +n,) >

1) 1
gt (ha + hy + h)™™ 2 o (9T =
3n—m+1i2m — 2m3n—m+1 i

>
- R™ R™
Equality holds fora=b =c

1840. Ifin AABC,n,m € N,n > m + 1 then:

cot™ 4 cot™ B cot™ ¢ n—m+2
2 2 2 m
- S +, >2M3 2
sin"4 ‘sin™ B sin™(C
Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India

WLOG a> b > cthensinA > sinB > sin C and cotE < coti < cotE

cotm“% cot™*1 g cot™*1 % 3
Forn=m+ 1,we need to sho - +, — e >2m32

w w sin™ A sin™ B sin™ C

Proof:
m+1
cot™+1 g cot™+1 g cot™+1 % Radon (Z cot %)
+I - ) - — -— -
sin™ A sin™ B sin™ C XsinA)™
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s\m+1

(F) R\™ 1 Mitrinovic & Euler 1 3
= em () - 2 2™ 3v/3r ;=2"‘32

(%)

Form>m+1

r r

cot"% cot"g cot"% Cheb;shev 1 (z A) ( 1 )

; e )= > = cot" - || =
sin™ 4 ‘sin™ B sin™(C 3 2/\sinm™A

1 A\ [ 1™*1\ cBS&Radon 1 1 A" (1+1+1)mH!
e N
3 2/ \sin™ A 3 3n-1 2 X sinA)™

m — . .
_ % (S)n (R) gm+1 _ 1 si—mpm gmt1 Euler & A;ltrlnomc

T 3n g -

r/ \s
3n-3m
(3) z 3m+1 — 2m3n—12n+2

n-m
> l (3\/§T) (Zr)m 3m+1 = 2m
- 3m i 3n

Equality holds forA=B =C

1841.

If n,, n,, n. - Nagel cevians, g,, gy, g. — Gergonne's cevians in A ABC, then

Bafa | MoIv  NeFc . [16RZ + 24Rr — 3112
ha hb hc

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b%(s — ¢) + ¢2(s — b) = an? + a(s — b)(s — ¢) and
b%(s —b) + c2(s — ¢) = ag? + a(s — b)(s — c¢) & adding the two, we get :
(b%2 +c*)(2s—b—c¢) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + c?)
=2a(n%+g%) +ala+b-c)(c+a—b)=20b?*+c?
=2(n2+g%)+a*-(b—c)?=2(b*+c?)—a?+(b-c)?=2(n2+g2)
= 4m2 + (b — ¢)? = 2(n% + g2) > 2(b — ©)? + 4s(s — a) = 2(n2 + g2)
=n2+ g2 @ (b-0c)?+2s(s—a)
Again, Stewart’s theorem = b?(s — c¢) + c?(s—b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) —bc(2s — a) = an? + a(s* — s(2s — a) + bc) = s(b? + %) — 2sbc
= an? + a(as — s?) = s(b? + ¢* — a? — 2bc) = an? — as? = an? = as? +
4sbc(s —b)(s—c)(s — a)
B bce(s — a)

2

s(2bccos A — 2bc) = as? — 4sbcsin? 5 =as
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, as(ct+ta-b)(a+b-c) 5 <a2 - (b—c)z)
- a = as’ —as| —— ——

2 < az—(b—C)2> 5 () ( (b—C)2>
>n;=s|ls———|=>n% =s|(s—a+
a a
4s(s—b)(s—c¢)
+

= as

Via (*) and (), g2 = (b — ¢)? + 2s(s — a) — s? o
N 4s(s—b)(s—c¢)

=s?—-2sa+a*+ (b-c)?—a?

a
=(S—a)z+(b—c+a)(b—c—a)+4S(S_b)(s—c)

a
4s(s—b)(s—c¢)

=(s-—a)X—-4(s—b)(s—c) +

a
4(s—a)(s—b)(s—0¢)

=(s—a)2+4(s—b)(s—c)(§—1)=(s—a)2+ -

2 - - 2 Hkok _ 2

:(S_a)<s_a+w>=>g§(=)(s—a)(s—(b c))
a a

— )2 N2

(**),(***) :ngga — S(S—a) <S—a+ (b aC) >(S— (b ac) )
— )2 N2 N4
=s(s—a)<s(s—a)+s,(b aC) _(b aC) (S_a)_(baZC) )
— )4
= S(S - a) <S(s — a) + (b _ C)Z _ (b aZC) )
2 4s(s —a)(s—b)(s—¢) 4F?

=s?(s—a)’+(b-—c) e :sz(s—a)2+(b—c)2.?
= n2g?% = s%(s — a)? + (b — ¢)2.h2 and analogs — (1) ~ n2g%.nig% =
(s?(s—a)? + (b — ¢)%.h2).(s?(s — b)? + (c — a)?.h})
> (s2(s—a)(s —b) + |b — cllc — al.hgh)”
|naga. npgp = s?’(s—a)(s—b) +|b—c|lc— aI.hahbland analogs - (2)

2 — — Triangle inequalit;
nN,ga nbgb> S ab(s a)(s b) g q y
E . > E + E — — >
( I . I N = I‘ZSZ (|b C||C aI) =

cyc cyc cyc
1
FZ be(—s? +sa + be) + Z((b —o(c—a)
r cyc cyc

1
=— (—sz(s2 + 4Rr + r?) + 12Rrs? + (s? + 4Rr + rz)2 - 16Rrsz) +

Toe-San-Yat+Y a Sa - an

(4R +1)% + 52

cyc cyc cyc cyc cyc cyc
2
2,2 2 2
n n 4R+r1)* +S
(Do) oy SR (Y S
h, h2 2
cyc cyc cyc cyc
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"i"z(l)z ig_za)z Z(b 4 (4R+r)2+s (Za _Zab>

cyc cyc cyc cyc
(4R+1)? +5? r)? +s?
212 2.2
4r2< Za —ZSZa +Zz b —16r-*s ) B S—
cyc cyc cyc
+4 Z a? — Z ab
cyc cyc

“ <ZSZ(SZ —4Rr —r?) — 4s%(s* — 6Rr — 3r%) + 2(s? + 4Rr + rz)z>
4r? —32Rrs? — 16r2s?

2 2
NCELaLs +4<zaz_zab>

cyc cyc

4R +r)? — 52 4R +1r)? + s2 Gerretsen
_( ) +( ) + 4(s? — 12Rr — 3r?)

2
16R? + 8Rr + r? + 4(16Rr — 5r? — 12Rr — 3r?) = 16R? + 24Rr — 31r?

2
n n n n
:(Z ;g“) > 16R? + 24Rr — 3112 . nada | oG | Nefe
a

ha hb hc -

cyc

V16R? + 24Rr — 31r2 V AABC,” ="' iff A ABC is equilateral (QED)

1842. In AABC the following relationship holds:

cot’ g cot’ g cot’ g
+ + > 216
sin3A4  sin3B sin3C

Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das
A B C
WLOG a>b > cthensinA > sinB > sin C and cotE < cotE < cot—

2
cot’d o’ B cot7£ChebysheV1 A 1
b S (St -
sin3A4 ’'sin3B ’sin3C - 3 2/ \sin3 4

1 , A 1% \ cBSs &Radon

3 (z cot E) <sin3 A> =
oL (Y o) GELEDT L )7 R
— 336 2/ (OsinA)3 27\r/ \s

1 s*R3 Euler & mitrinovic 1 (271%)%(2r)3
= — > —_——
27 17 - 27 T’

=216
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Equality holds forA=B =C
1843. In AABC the following relationship holds:

n n n 18r?
a9a 4 p9b 4 cIc >
m, my m, R

Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India
1 s(b —¢)?
m2 =s(s — a) +Z(b—c)2 and n% =s(s — a) +¥
[Reference: Bogdan Fustei Mohamed Amine Ben Ajiba ]
ABOUT NAGEL'S GERGONNE'SCEVIANS

s 1N (b—0¢)*(s—a)
2 _ 2 — )2 () = >
o —mg = (b—0) (a 4) 4a =0
na
son, > myor—=>1 (1)
ma
Ngga nygp n.g. Q AM—-HM
>, > >
m, + m, + m, >.gotgp+9gc.=h,+h,+h, =
9 9 912 Euler 1812
> = — = = >
_Zi 1 or e R
h, r

Equality holds fora=b =c
1844.

If n,, n,, n. - Nagel cevians, g,, gy, g. — Gergonne's cevians in A ABC, then

No9a  Mpgb  NeJe VR? + 3Rr — r?
h2 h2 hz — r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India
Stewart’s theorem = b?(s — ¢) + ¢?(s —b) = an? + a(s — b)(s — ¢) and
b%(s —b) + c%(s — ¢) = ag? + a(s — b)(s — ¢) & adding the two, we get :

(b%2 + ¢?)(2s —b—c) = an? + ag? + 2a(s — b)(s — ¢) = 2a(b? + ¢?)
=2a(m%+ g%) +al(a+b—-c)(c+a—b) > 2(b?+c?)
=2m%2+g%3)+a?>—(b—-c)?>=2(b*+c?) —a*+ (b—c)? =2(n2 + g2)
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=>4m2+(b—-c)?2 =212+ g2) =2 -c)?+4s(s—a) =2(n2 + g2)
=>n§+g§(;)(b—c)2+25(s—a)
Again, Stewart’s theorem = b?(s — ¢) + ¢c?(s— b) = an? + a(s —b)(s — ¢)
= s(b%? + ¢%) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢%) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +

A 4sbc(s—b)(s—c)(s—a
S(ZbC COS A — Zbc) = (lSZ — 4sbc SinZ = aSZ _ ( )( )( )
2 be(s — a)
, as(c+ta-b)a+b-¢) " <a2_(b_c)2>
=as- — =as?—as|———
a a
2 _ b— 2 % b_ 2
Y Rl Gl W Y R Gl
a a

4s(s—b)(s—¢)

Via (x) and (¥x),g% = (b—¢)? + 2s(s —a) —s? +

a
4s(s—b)(s—c
=s2—-2sa+a’+(b-c)?—-a*+ ( ) )

a
=(S_a)z"‘(b—!:+a)(b—q:—a)+45(S_b)(5—c)

a
4s(s—b)(s—o¢)

=(s—a)>—4(s—b)(s—c) +

a
=(s—a)+4(s-b)(s—¢) (f—l— 1) =(s—a)?+ 4G - a)(sa_ b)(s -9

Z_—(b—10¢)? —¢)2
=(s—a)(s—a+#>:>gﬁ(:)(s—a)(s—(b c)>

a
(**), (***) = ntzlgtzl = S(S _ a) <S —a+ (b aC) ><S _ (b ac) >
(b-¢c)?* (b-—c¢)? (b — ©)*
:s(s—a)<s(s—a)+s. e R (R >
— 4
=s(s—a) <s(s —a)+(b—c)?— (b aZC) >

— - - 2
=siematy (b c)2'4S(S a)(zz b)s-9) s’(s—a)®>+ (b— c)2-4¢7¢iz

= n2g? = s?(s — a)? + (b — ¢)%2.hZ and analogs - (1) - n2g%.nig? =
(s2(s —a)? + (b — ¢)2.h2).(s*(s — b)? + (c — a)%. h})
> (s’(s—a)(s—b) + |b—c|lc —al.hh,)?
o Ngga-Npgp = s%(s —a)(s —b) + |b — c||c — a|.h h, |and analogs - (2)
Now Z nZg? via (1) z a*s?(s — a)? a?(b — c)?

hg 16r4s* 4r2s?
cyc cyc cyc

65 RMM-GEOMETRY MARATHON 1801-1900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2

1
- - 2 _ _ 2o2(__ 2
= Terts?’ Za(s a) ZZ(bc( S +sa+bc))
cyc cyc
2 Y. cyc a?b? — 16Rrs?
4-1‘2522
(2s(s2 — 4Rr — r2) — 2s(s? — 6Rr — 3r2)) _2 (—sz((sz + 4Rr + r2)2 — 16Rrs2))
16r4s?
4Rrs?(s? + 4Rr +r?) + (s? + 4Rr + r?)3 — 24Rrs?(s%? + 2Rr + r?)
+
16r4s?
N 2s%((s®> + 4Rr + r?)> — 16Rrs?) — 16Rrs> ~n;g;

4r?s? h
cyc

3s* + (8R? — 44Rr + 14r?)s? — r?(64R3 — 16R?*r — 20Rr? — 3r3)
- (i)
81‘2522
n n via (2) s(s—a)(s—b)+|b—c||lc—al.h,h
Againlz aga_ b.gb 2 ZZ ( )( ) I2 I |.hghy,
hZ ° h? h2h?

cyc cyc

Yeye (bzcZ (—s? +sa + bc)) 1
= arisZ +2r252.2(ab.|b—cllc—a|)

cyc

T“a“gle;‘eq“a“ty —s2((s? + 4Rr + r?)? — 16Rrs?) + 4Rrs?(s? + 4Rr + r?)
- 8r4s?

(s? + 4Rr + r?)3 — 24Rrs?(s? + 2Rr + r?) 1
+ arts2 + 2r2sZ" Z(ab(b —0o)(c— a))

cyc
_ —s%((s® + 4Rr + r?)? — 16Rrs?) + 4Rrs?(s? + 4Rr + r?)
B 8r4s2
(s? + 4Rr + r?)3 — 24Rrs?(s? + 2Rr + r?)
+
8r4s2

1
+—. acha—Zazbz —acha+acha
2rs?

cyc cyc cyc cyc
_ —s%((s® + 4Rr + r?)? — 16Rrs?) + 4Rrs?(s? + 4Rr +r?)
B 8r4s2
(s? + 4Rr + r?)3 — 24Rrs?(s? + 2Rr + r?)
+
8r4s2

(s? + 4Rr + r?)? — 16Rrs? — 8Rrs? )
n “ Y a’b?>abc ) a
2r2s2

cyc cyc

Ngga NpGp
. >
22( hZ hZ > =

cyc
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5s* — (68Rr — 10r?)s? + r?(64R3 + 112R?r + 44Rr? + 5r3)

81‘252 ~ (i)
n n
. via (i) and (ii), Z naga +2 Z a'ga. b'gb >
hZ ~ h?
cyc cyc
3s* + (8R%? — 44Rr + 14r?)s? — r2(64R3 — 16R?r — 20Rr? — 3r3)
8ris2
5s — (68Rr — 10r?)s? + r?(64R3 + 112R?r + 44Rr? + 5r3)
8ris?
_ s*+(R* — 14Rr + 3r?)s* + r’(4R + )2 ? R? + 3Rr — r?
r2s? - r?

Gerretsen

o s* — (17Rr — 4r?)s? + r2(4R + r)2 0 and - (s —16Rr+5r?)? > 0
®

- in order to prove (), it suffices to prove : LHS of (¢) > (s? — 16Rr + 5r?)?

< (5R — 2r)s? % r(80R? — 56Rr + 8r?)
(e°)

Rouche
Now, (5R — 2r)s2 > (SR —2r) (ZR2 +10Rr —r2 — 2(R — 2r).v/R? — 2Rr)

> r(80R? — 56Rr + 8r?)
& (R — 2r)(10R? — 14Rr + 3r2) 5 2(R — 2r)(5R — 2r)YR2 — 2Rr

(...)
Euler
and “ R—2r = 0 . inorder to prove (), it suffices to prove :

2
(10R% — 14Rr + 3r2)2 > (2(5R —2r)J/RZ — 2Rr) & r2(80R? — 52Rr + 9r2) > 0

Eul
& r2(54R? + 26R(R— 2r) + 9r2) > 0 > true * R = 2r = (s0e) = (s0) = (+)
2
. NgYa naga naga Ny Gy R? + 3Rr —r?
is true - Z = + 2 Z . =
h2 h? r2
cyc cyc
Nofa Mg  Defe VR? + 3Rr — r2
h2 hZ h2 r
v A ABC,” =" iff A ABC is equilateral (QED)
1845. In AABC the following relationship holds:
hy hy h?
> .an+1 , ..n
sin—sinE-I_sinEsing-l_singsiné_4 ’ ' nel
2 2 2 2 2 2

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Tapas Das-India

A T Euler 1
nsin— = < -1

2 4R 8
3 Gm-Hm 3
h,hpyh, > —q = 3r (2)
2,
hy N hy N Z‘z? AméGm

- A_. B . B_C . C.A
Sll'12Slll2 SlllZSll‘l2 Sll‘lZSll’l2

n
3(h h,h. )3 (D&2)
> ( a’b c)z >

(s

Equality holds fora=b =c

3.3%" 4 = 4,371 .

1846. In AABC the following relationship holds:

a N b N c - 27
(b+c¢) (c+a)® (a+b)3 ~ 32s2

Proposed by Mehmet Sahin-Turkiye
Solution by Tapas Das-India

WLOGa>b>cthena+b>a+c>b+c

a b c _ a _
(b+c)3+(c+a)3+(a+b)3_z(b+c)3_

a 1 Chebyshev 1 a 1
= . > — =
Z(b+c(b+c)2> - 3 b+cz:(b+c)2

1 a 13 Radon &Nesbitt 1 3 (1+ 1+ 1)3 27
= — > —_ —
3 Z b + cz (b + ¢)? - 3 2 (4s)2 32s2

Equality holds fora = b = c.
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1847. In AABC the following relationship holds:

e ( tans _I_etanc> eb< tan2 N etanA) e ( tan2 n etanB)

eb + ec e + e e + eb

@

>3e3

Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India
Walter Janous'inequality:
Leta,b,c and x,y, z be positive real number then:

x y z
- > 1
y+z(b+c)+Z+x(c+a)+x+y(a+b)_\/B(ab+bc+ca) (1)

ZZta ;1 _ eZ(4§+r) Doicet 23 (2)

(4 (4 A B
e ( tan2 _I_etan ) eb( tany _I_etan ) e ( tan2 +etan )

_I_ j—
el +ec e + e e + eb
e’ B c\ (D A B B c A c\ AM-GM&(2)
_ Z _ ( tany | tany ) > B(etanzletanz 4 plany ptang 4 ptany tany ) >
e’ + e€
1 V3
> w/9(e2¢§)3 =3e3

Equality fora=b=—c
1848. In AABC the following relationship holds:
3 3 3
r r r 27r
a + b + c >
(b+c)2 (c+a)?2 (a+b)?2~ 16

Proposed by Mehmet Sahin-Turkiye
Solution by Tapas Das-India

4R +1)? ul
g >3 and 4R +7) > 9r (2)
r3 N r; N r?  Radon (J1,)° (4R+71)°
(b+¢)? (c+a)? (a+b)? ~— (45)2  16s?
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(4-R + r)2 4R + 1 (1)&(2) 27r
s2 16 = 16

Equality holds fora = b = c.

1849. In AABC the following relationship holds:

a” b" c" , O
T+ 5+ 622"+-32-r",n€N
cos? 5 cos? > cos? 5

Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India

WLOGa>b>cthena">b">c and

A T Euler 9
cos—<cos—<cos— cos ——2+— < -
2 2R 4
am b" ¢ Chebyshev
+ + >

A 2B C
24 2
cos cos? 2 cos®5

9
2 (z )(zcos 3 3n- 1(a+b+C) m(CBS) >

2"s™.9

>
- 9
-1 =

3.3n 1

3n n
> 2n2ypn37, 37" = 2n232y

Equality fora=b =c

1850. In AABC the following relationship holds:

NgYGa npgp
+ + > 18
sinA sinB smC var?

Proposed by Zaza Mzhavanadze-Georgia

Solution by Daniel Sitaru-Romania

2F 2F
Ngga + nygp n.g. — haha — 27 7 —
sinA sinB sinC sinA sinA
cyc cyc
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1 14 RADON
=4F2'Z =4Fz'z —8RFZZ_
a’sind a
e cye ¥ 2R cyc

> 8RF2 1+1+1)* _ 8Rr2s? . 81 81Rr2 MITRINOVIC
a (a+b+c)3 TS gss s =

81Rr? 5412

= = = 18372
3Vv3R V3
2

Equality holds fora = b = c.

1851.InAABC,nme N; n>m+ 1 then:

A B C
tan™ 5 tan™ > tan™ 5 om

sinmA  sin™B sin™C 3"+'2"‘2

Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India
S Mitrinovic 3\/_

A Jensen
tani > 3tan— V3 (1) and ZsmA— < — (2)
tanm+1 g tanm+1 g tanm+1 g om
e forn =m + 1 we need to show sin™ A Sin™ B Sin™ C = 32";_1
m+14 m+1 B m+1 C A mt m+1
tan™1's  tan™'l5  tan Radon (Z tan —) (1)&(2) (v3) 2m
2 2 2 S\ T 2) _
. . . = . = 2m-1
sin™ A4 sin™ B sin™ C X sinA)™ <3\/_> 3 s
tan™ % tan™ g tan™ % m

e forn > m+ 1we need to show

sinm4  sinmB  sin™C 3"+’2'“2
n C A n

tan"g tan"g tan 2 1 m 1414 nmet Holder
. . ~ tan =
sin™ A + sin™ B + sin™ C (z sin ) A+1+1) - (Z an 2)
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tan™ 4 tan™ B tan™ ¢ A" 1 1D&(2)
2, 2, 2], (Z tan—) >
sinA  sin™B sin™C |~ 2) (Osing)m3n-m-1 =

(v3)" 2"
= \/— m = Tntm-2
<32_3> 3n-m-1 3 2

1852. In AABC the following relationship holds:

T, Tp T 27r
+ + >
b+c—r c+a—-r a+b—-—r 4s-—3r

Proposed by Mehmet Sahin-Turkiye

Solution by Tapas Das-India

WLOGa=b=>c thenr, 2 r,>2r.anda+b> a+c=>b+c

r r r
a + b + c >
b+c—r c+a—-r a+b-r

Chebyshev 1 1 Bergstrom
> — -
- B(Zr“)(2b+c—r) >

(1+1+1)? Euler 1 9 27r
G 2 _.91'. —
4s — 3r 3 4s —3r 4s-—3r

1
>§(4R+r)

1853. In AABC the following relationship holds:
a" b" c"
- + >
sin?A  sin?B sin?C

Proposed by Zaza Mzhavanadze-Georgia

n
2n+2. 37 .1 nenN

Solution by Tapas Das-India

R3V3R

3
abc = 4Rrs < 4R >3 (Euler & Mitrinovic) = R3(V/3) (1)
d 2 4 a? + b% + c¢? Leibniz 9 9
. _ @ +Db”+c Leibniz 9
an Z st 4R? < 2@
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P g3
sin24  sin?B sin?C — r

a N b N c ZRZ 1 4R221Am;6m
sin2A4  sin?B  sin2C sind a

forn =1,we need to show

1
1 \3 (D 12R?
212R2(—> > = 8V3r (Eul

abe RV3 V3r (Euler)

a? b? c?
— 2
for n =2 we need to show SinZ A + SinZB + SInZ C > 48r

aZ bZ 2

= 12R? > 48r2%(Eul
sin2A+sinZB+sinZC 2 48r*(Euler)

n bn cn

n
>2"%232r" ne N

or n > 2 we need to show — + — + — >
! sin2A  sin?B sin2C

a® b" c" i 4) (1414 1)1-2 Holder ( b X
-2 >
(sin2 A + sin2 B + sin? C) (Z s ) +14 - atbtc
amn bm" ch 2) Jagn 4 Mitrinovic on 33_11 4rn 2n+232 n
> . > 2, = 2
(sinZ At sinzB T sin? c) = 4593z = 9.3n-2 r

Equality fora=b =c

1854. In AABC the following relationship holds:
a" b" c" nt+1
+ 5+ 622n+132 ", VneN

A B ¢
cos 2 cos 2 cos 2

Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India

a b c
e for n = 1 we need to show A+ B+ C212r,

COS5 COS5H COSH
2 2 2

@ el kY s 2R (L) =
4+—Ft—¢=4R) sing > R =
COSE COS? COSE

W =

_12r(" S 12r L = 12
= 4RrZ) = ‘R™ AT
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aZ bZ 2
e for n = 2,we need to show 17t gt C > 24+/3 12
COS5 COSH  COS%

a’ b? c? (a+ b + c)? Jensen
+ + > >

At BT CE s A
cos3 COS7  COS3 cos3

4s% Mitrinovic 2
> = = 4.27r',—=24V3r?
3 cosg 3v3
" bn cn n+1 ntl n
é + B + C= >2 32 r
CoOS5 COS>

e for n > 2 we need to show

a” b" ct
ﬂ + E + g (Z cos
cos > cos > cos )

)
Holder
)(1+1+1)" 2 > (a+b+o)™

N[

am b c" (2 S)n Jensen
LI A (= )(1+1+1)n2
Ccos 2 Ccos 2 Ccos 2 cos

2n1en Mitrinovic 2"372 2 rn n+1
= = — =2+l 37

3 cos (%) .3n-2 32_\/5 3n-2

Equality fora=b =c

1855. In AABC the following relationship holds:

_ va?b? + b2c? + c2a?
- 4
Proposed by Mehmet Sahin-Turkiye

Solution by Tapas Das-India
Heron's formula: 2 (z azbz) - z a* = 16F? (1)
(b%2 — c?)? + (c* —a®>)? + (a®> —=b*)?2 =0 o0or

b%c? + c?a® + a?b? < a* + b* + ¢* (2)

(2)
From (1): 16F% =2 (z azbz) — Z a* <
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< oY ) (3 ) (3 ab) or

- Vazb? + b%c? + c2a?
- 4
Equality fora=b =c

1856. In any acute triangle ABC, the following relationship holds :

— /sm +— /sm +— /sm >— V3.3/8

Proposed by Vasile Mircea Popa-Romania
Solution by Soumava Chakraborty-Kolkata-India

A a (2 cos B ;_ ¢ cos B ; c) 0< cos?s 1 and analogs
z asin— = z >
2 B—c
cyc cyc 2 cos 2
B+c B—c
a (2 COS—H—Cos— ) a(cosB+cosC) 1
z 2 =z 2 =§z a ZcosA—cosA
cye cyc cyc cyc

1 (zcosA)<z >_zmsA :;<w_nzsmm>

cyc cyc cyc cyc
1 2s(R+r) 1/2s(R+ r) 4R.4Rrs
—— — 4R | | sin A
2 R 2 R 8R3
cyc
<25(R +r) 2rs> 2Rs

A
Zasm—> s— (1)

cyc

a + + A
h sm2 by sm sm er sm2
cyc
1

0< smA <— 1 and analogs as A ABC is acute 2

. A
VZ 1 a’.sin
= > .
2rs 2rs Z 1

sm cyc ﬁ

Chebyshev 4,/2 A
= —_— E asin— E a
6rs 2

cyc cyc
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A B C
* WLOG assuming a > b > ¢ = sin— = sin— = sin =\ via (1) ‘{/_
P BN Ol D)

= asm2 > bsin— > csin—

2 2
‘{/_ sMntrmovnc \/_ 3\/_r
V_V_> \/_‘V_@3>2\/_(:>9>8—>true

— sm2+h— sm +— sm > \/_\/_VacuteAABC(QED)
\‘ b \I \I

1857. In AABC the following relationship holds:
h} hy h!
aA+ bB+ CC22.3"+1r",nEN
siny  siny  sing

Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India

A B C
WLOGa>b > cthensini > sinf > sini and

1 1 1
h, < hy < h. and h* < h? < h®,

sin 2 sin 7 sin 2

Z ha = (ZF)nZ % _ (ZTS)"Z (1()11:1 Ragm

(zrs)n3n+1 B (er)n3n+1

> — — n3n+1 1
“(a+b+o)” (Zs)" r W
z 1 AM-GM 3 ( R)3 Euler 6 (2)
2 = —_— >
sing IT sm r

h" hz h" Chebyshev 1 . 1 (1&(2)

AT Bt _¢ 2 3 (21| .- il =
sin 2 sin 2 sin5 2 sin 2

>— 37+l 6 =2 371
Equality fora=b =c
1858. In AABC the following relationship holds:
a” b" c" n+2 (n+2) n
A.B+.B.C+.C_A>2 .32 .rt vneN
7 sin 7 sin 7 sin 7 sin 7 sin = 2

sin

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Tapas Das-India

Euler & Mitrinovic 3
abc = 4Rrs > 4.2r.7.3vV3r = (2rv3) (1)
A T \2 Euler 1
in2-=(—) < — (2
and ns‘“ 2 (4R) < e @
n
a” b ct Am-6m  3(abc)3 D&(2)
+ + Y =2 —g =2
sSin 7 sin 7 sin 7 sin 7 sin 7 sin 7 (H sin2 %)3

n (n+2)
>3-2"-y"-32-4=2"2.3"2 .p"

Equality fora=b =c
1859. In AABC the following relationship holds:
tan’3  tansZ tans & 8
2 2 2. °
sinA4  sin® B  sin3C — 27

Proposed by Zaza Mzvavanadze-Georgia

Solution by Tapas Das-India

AR Do’&cet

> V3 (2)

S Mitrinovic 3\/§
Z sin4 = R < > (1) and

5C

tansg tansg tan® 5 p 3 Li1a1 Holder A5
: i > tan -
sin3 4 + sin3 B + sin3 C (Z st ) A+1+1) = (Z an 2)

5 5
tan® g tan® g tan® % (Z tan %) (4R S+ r) (1)&(2)
or > = >
sin34  sin3B  sin3C |~ Ysind)3(1+1+1) <3 3)3) -
R

s
32 _9-8 8

> =
T 2433 243 27
8

Equality for A=B =C
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1860.

» 0D bisector of £XQY and {POQ. £XO0Y =40, LPOQ=p

_ 0P, __0Q

» PPOPyis #, QQi0Qzis#. wmy= op,’ m = 0Q,

b [ml = f](‘), p) =7, m; = f;(().,n) == 7]

Proposed by Thanasis Gakopoulos — Greece
Solution by Mirsadix Muzef ferov — Azerbaijan

Y

P, "X
. (0—p
my = g—llzi = 103—1;1; in OPP4 rule sine : an Ee f_ p) Zl;i
sin (—
o, _pp, _sin(®5P) sin(3)cos(5) - sin(§)cos 3)
' opP, 0P, sin (9 ; p) sin (g) cos (g) + sin (g) cos (7)
_tan (g) — tan (g)
tan (g) + tan (g)
00, 00, . ~sin (P) o,
m,; = 00, = Q—Qz; in 0QQ, rule sine : - (0 ;p) = 20,
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_ 00, _0g, _sin("7®) _sin(g)cos(§) +sin(§) cos (3)
$T00 700 (T52) i (§)cos(§) i (§) os ()

tan (g) +tan ()

i (§)-an(5)

1861. In AABC the following relationship holds:
1 1 1 2
ro(ry+1p) * ry(ry +1.) * ro(ro+r.) = 3R?

Proposed by Ertan Yildirim-Turkiye
Solution by Tapas Das-India

(ra+rp)p+r)a.+1,) =
= (Z ra) (Z rarb) —1.rp7c = (4R + 1)s? — s*r = 4Rs?

1 1 1
ra(ra + rb) .rb (rb + rc) .rc(ra + rc) B

1 1 Euler & Mitrinovic
= = >
rarprc(rg+ry)(ry+r)(r.+r,) s?r.4Rs? -
1 8
> = (1)
27 , R 27 .,  RS.36
T R . 7 . 4’. R. T R
1 1 1 Am-Gm

, + + >
Tq (ra + rb) rp (rb + rc) rc(ra + rc)

- 33 1 1 1 (;) 33 8 2
- r,(ro+ry) ry(ry+1) 1. (rg +7) T R6.36  3R2

Equality holds fora=b =c
1862. In any AABC we have:

a? b?
. +
sin? x cos?

2 km
2 _ I D
xz(z\/ur + 8Rr c) Vx €R {2}

Proposed by Radu Diaconu-Romania
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Solution by Tapas Das-India

Gerretsen Euler

s > 16Rr — 5r2 = 8Rr + 8Rr — 51* >

> 8.(2r).r + 8Rr — 51> = 161%* + 8Rr — 51> = 11r?> + 8Rr (1)

a’ b2 Berg;trom (a+ b)z

2 2
= = 2 —_ =
sinfx 'cos?x = costx+sinix (a+b)" = (25 —c)

2 (1

2
=(2/s2—¢c) = (2J/11r2+ 8Rr —c)
1863. In AABC the following relationship holds:

1 1 1 9
+ + > ——
ha(ha + hb) hb (hb + hc) hc(hc + ha) 2s

Proposed by Ertan Yildirim-Turkiye

Solution by Daniel Sitaru-Romania

1 1 1 1
+ ' = s =
Ralhy +hy) * hy(hy + 7o)~ he(he+ha) — Liho(hg + hy)

1 1 1 1 a’b
:ZZF_(E_I_E):4F2'21_(1+1):4F2'Za+b2

cyc a a b CyCa a b cyc
AMZEM 1 3 a3b3c3
> ——.3. =
~  4F? (a+b)(b+c)(c+a)
_ 3abc 1 Ma"™3 - 4RF 1 _
C4F? Ya+b)b+olcta) 4?2 atbtbtctcta
3

9R EULER 18+ 9
> =
F-4s ~— 4rs? 2s2

Equality holds for:a = b = c.
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A
1864.
Suppose that £LDBA = 20°,2DAB = 30°,4DBC = 40°,2.DAC = 60°

Prove that : £1DEC = 140°
Proposed by Jafar Nikpour-Iran

Solution by Mirsadix Muzefferov-Azerbaijan

Construct the media AE.AABE equilaterial triangle. Here AE bisectors

A A
D € AF ,CBD = 40°.Then BED = 40°.
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A A
That's why AED = 20°.0n the other hand CEA = 120°.
So,

A A A
DEC = AEC + DEA = 120° + 20° = 140°
A
DEC = 140°

=

1865.
l-incenter.Prove that :
1 b
cot =——-|2—cosA+—— (1 —-2cosA)
sin A a+c
Proposed by Thanasis Gakopoulos-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

A

C

d
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in AABC BE and CF are the bisectors. Then:
bc _ B bc _ _ac
AE_a+ctAF_a+b'BF_a+b ™
In AAFE rule cosine:
FE? = AF? + AE? — 2AF - AE cos A (2)
in AABE rule cosine:
BE? = AB? + AE* —2AB - AEcosA =
= (AF + FB)? + AE* — 2(AF + FB) - AE cos A (24)
in AFEB rule sine :
sin@® sinBFE sin(0 + a)
BF ~ BE _PE=BF —a g

in AAFE rule sine :
sin(0+a) sinA FE — AE sinA 4
= = e  ——
AE FE sin(0 + a) )

From (3) and (4) we have :
BE - FE = BF - AE - 22 (5)
sin@

in AFEB rule cosine :
FE%+BE%—BF?
cos@ =———— (%)
2FE-BE

Let’s use the expressions (2),(2A) and (5) in (x)
AF? + AE? — 2AF - AE cos A + (AF + FB)? + AE? — 2(AF + FB) - AEcos A

(3)

cos0 =

sinA
i 2BF - AE - Sind
. AF AE AF 2AFcos(A)
cot(0) sin(4) = BF AE + BF + 1E- " BF cos(A)

Let's use expression (1)
bc >2a+ba+c bc a+b bc a+c

cot(B)sm(A)z(a_l_b ac b+c+a+c ac +a+b bc
2bc a+ b ) A
o cos cos(4))

a
_(a+c)b b(a+b) a+c 2b

" (a+b)a + a(a+c) + a+b FCOS(A) ~ cos(4)

b b b) 2b
= ZI;( ) %—zcosm)—cosm)
_ate bla +b) QCOS(A) — cos(4)

a

a ala+c) a
¢c b(a+b) 2b
= ((1 - COS(A)) + E + m - ?COS(A)>
cla+c)+b(a+b) 2b
=1-cos(4) + ala+to — Fcos(A) =
ac+c*+ab+b* 2b
=1—-cosAd+ ——C0sA =
a(a+c) a

83 RMM-GEOMETRY MARATHON 1801-1900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

ac + ab + a*> + 2bccos(4) 2b

——cos(4)
a(a+ c) a
b(a+ 2 A 2b
=1-cos(4)+1+ (@ + 2¢ cos( )) os(4)
a(a+c)
b [(a+2cos(A) 2(a+ c) cos(A4)
a+c

=1—cos(4) +

=2 —cos(4) +
a a
b a—2acos(4 b
=2-—cos(4) + @ =2 —cos(4A) +—— (1 —2cos(A))
a+c a a+c

cot(9) = <2 —cos(4) + L 1-2 cos(A))) (proved)
a+c

1
sin(4)

1866. In AABC the following relationship holds:

(a+b+c)<1 +l+ 1)>6\/_

Tq Tp

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

1 1 1 s—a s—b s-—c
(a+b+c)(r—+—+—>=25( + + )=

a Tp T¢ F F F
2s 2s 25 MITRINOVIC 5 . 3. /3
=—@Bs—-a—-b—-c)=—(3s—-2s)=— > =63
F rs r r

Equality holds fora = b = c.

1867. In AABC the following relationship holds:

1 1
(h, +hb+hc)( +—+ )29
rq Tp re

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

(ha +hb+hc)( +—+ ) D kg z—:

cyc cyc
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2F s—a 1 1 1
=Z—- =2(—+—+—>-(s—a+s—b+s—c)=
a a b c

F
cyc cyc
—> ab + bc + ca 3 b_c) =2 s2 + 12 + 4Rr (352 )GERRgTSEN
B abc s—a €)= ARF s—2s >
16Rr — 512 + r2 + 4Rr _, 20Rr — 417
4Rrs $= 4Rr
o FULER R 1
=1 e — > 1 —2‘—’—:1 —1:
0-+ = 10 > g =10 9

Equality holds fora = b = c.

1868. In AABC the following relationship holds:

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

a+b+c_za_za_1 -
h, h, h, Z.h, Z.2F 2Fl.%

cyc e q cyc
1 GERRETSEN
=ﬁ-2(sz—r2—4Rr) < F-(4R2+4Rr+3r2—r2—4Rr)=
= < _ ] —_— =
rs - r-3v3r 3372

1 9R* +3R?
33r2 2 2r?

Equality holds fora = b = c.
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1869. In AABC the following relationship holds:

(a+b)?® (b+c)? (c+a)
sin2A sin’B sin2C

> 4-(4V3r)°

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

(a+b)?® ((Bb+c)? (c+a)? (et b)3 3
sin?A sin’B sin?C sin?A
cyc
(a + b)3 (a + b)3 RADON
cyc cyc

(a+b+b+c+c+a)3_4R2 8 (a+b+c)3

- " = 2.g. >
(a+ b+ c)? (a+ b+ c)? 4R"-8-25 2

> 4R? -

EULER MITRINOVIC 3
> 4-4r2-16:s =  4-4°r?-3V3r=14-(4V37)

Equality holds fora = b = c.

a

%
1870. If in AABC holds ———2— < 2 then AABC is an equilateral one.

sinA+sin B+sin C

Proposed by Radu Diaconu-Romania

Solution by Tapas Das-India
In an equilateral triangle holds R = 2r

Proof: Let us assume AABC is equilateral and
/1
AB=BC=CA=aand A=B=C=

3
] B V3 a
a=2RsinA =2Rsin— =2R — or,R =— and
3 2 V3
) [ABC]

a T atna a

ABC=\/§_’r:a+a+a:
[ABC] = V3 2 " 2v3
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a
—=#=20rR=2r (1D
T 4 _

2V3

Zraa—r=2f=2#=ZM lza(s_a)
s—a

., _ rs—r(s—a)=;
S —
=;Z(s—a) =%(3s—ZS)=; (2)

- - - S
sin4 + sinB + sinC = R (3)

a

L, %)
< M < :
sind +sinB +sinC ~ Zor, % < 2 (using (3)& (2))or

R
i 2 ,we know that; > 2 (Euler)

So we can say 7= 2 ,and using (1) we can say AABC equilateral
1871.

In AABC 24 = 90°,CD — internal bisector,
D € (AB), BE perpendicular on BC,
CD N BE = {E},R{,R, — Circumradii of ABCE ,ABDE.
Prove that:

R, + R,)?
2[BDE] < BD? < %
Proposed by Radu Diaconu-Romania
Solution by Tapas Das-India

Clearly, /EBC = £DAC = 90°,2.BCE = «DCA = gand

c
2 BED = £ADC = £BDE = 90° — 7 ,from AEBD we have:
BE = BD( Since < BED = +«BDE) (1) and £EBD = C
1 1
[BDE] = 2 BE.BD.sin/EBD @ EBD2 sin C or

2[BDE] = BD? sinC < BD*(as sinC < 1) (¥)
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BD BD BD Cc
from A BDE ,2R, = SinZBED — . ( — <\ - C or,ZchosE=BD (2)
sin (90 ——) COS 5
2 2 c
BE (1) BD
from ABEC ,2R, = C @ C or,2R, sinE = BD (3)

ins ins
Sinz Sy

C C
Now from (2)& (3) we get BD?> = BD.BD = (ZRZ cos E) <2R1 sin f)

C C
= 2R4R, (2 sinEcos E) = 2R;R,sinC

AaM-6M /Ry + R,\> (R; + R,)?
< 2R{R;(as sinC<1) < 2( 12 2) =( 1 . 2)

(R1 + Ry)?
2

(%)

Now from (x)&(x*)we have 2[BDE] < BD? <

1872.
Let ABC be the triangle in which the following relationship holds:

(-5)(a-3) -

1 2
Prove that : oSinB + osint > T
eV2

Proposed by Tapas Das-India
Solution by Mirsadix Muzefferov-Azerbaijan

T T
(- r)le-r) -2 >
L) re

(rpy—1 )T —1y) = 2.7 T, => Tple — Tl —ToTe+ (r)? = 2.1p.7

A
Tl + 1T + 7. = ()2 =>|r,=p. tgi

A B B C A c A A4
tgi.th-Ftgi.tgz+tgi.tgz—tg E_)tg E_l_)
A =90° (Right triangle)

A B B C A C
Here : tgi .tgi + th .th+tg§.th= 1| (true)

1 + 1 — p—SinB + —sinC Aéc 2 —sinB-sinC
esinB esinC =e e = e
B+C B-C_, A B-Ci2" 1 B-C
2 .COS 2 = COS2 .COS 2 = \/E .COS 2

sinB + sinC = 2sin

<

NIl

1 1 _Zz

2
sTnE + sinc >2.\e V2= — (Proved)
ez
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1873. In AABC the following relationship holds:

1 1 1 1
—+vtand+ ——+vVtanB + —— tanC2—4\/27
—a+b+c a—b+c a+b—c 2r

Proposed by Vasile Mircea Popa-Romania
Solution by Tapas Das-India

A+B+C=morA+B=m—Aortan(A+ B) = —tanC or

tanA+tanB_ tan C Zt A—l_[t A @
1—_tanAtanB b or ana = an

ntanA=ZtanA]e1§en3tan——3\/_—(\/_) (2)

Z 1 _332—Zs(a+b+c)+ab+bc+ca_
s—a (s—a)(s—b)(s—0c) N

_T(4R+71) 14R+7r Do;cet \/_

; > = (3)
sr “r s
1
—VtanA + \/tanB + —+/tanC =
—a+b+c +b—-c
Chebyshev
——+tanA+ ——+vVtanB+——+tanC >
2(s— a) 2(s —b) 2( —c)
11 AM GM
25-5(2 ) ZV“‘“

z%.%(zsia)s(ntam)" (3)2(2)1\/_ ((\/_))

3
v3, -1 (V3)! 3% 1, __
:21'( 3)2: 2r  2r 2r 27

N| W

Equality holds fora = b = c.
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1874. In AABC the following relationship holds:

= é 2 - B 2 - C - E 2 - A 2 - C - g 2 - A 2 - B
(smz) b*sinz + c*siny (smz) a®siny + ¢” siny (smz) a”sinzy + b” sin

- B_. C B+bC AL CT LA C B AT A B
sin 2 sin 2 csin sin 2 sin 2 sin 2 c sin 2 asin 2 sin 2 sin 2 sin 2 asin 2

> 12\/_ 3r
Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India

. A_ . B_ C A . B . C
WLOGaZbZc,then.smEZsmEZsmE and asmEstmEchmE

b? sing + ¢? sin% b(b sin g) + c¢(csin %) Chebyshev
B c -~ B C =
csm7+bsm7 csm7+bsm7

1 B C
5(b+c)| bsins + csinz 1 AM-6M 2+/ab
2 ( 2 2)=E(b+c) > > =+Vab

(bsing + csin%)

a? sing + 2 sinz a? sin';1 + b? smB
Similarly: >+acand B >+Vab
csin7+asin7 bsin7+asin2

using above relation:

= é 2 = B 2 = C = E 2 - A 2 - C = g 2 - A 2 - B
(smz) b siny + ¢ siny (smz) a”siny + ¢*siny (smz) a sm7+b sm7>

B CT B o C A CT A€ Bl AT A B
SanSlnz csmz smz SanSlnz CSan asmz smz smz smz aSan

c
sinisini sinfsini sin+ 7 sm 2

3 (siné) (sinE) (sm
>3 | = 2 = Vbe.—— 2 ~.Vac. —.Vab =3
sin Vi sin 2 sin 2 sin 2 sm sm H sm

1
4.R\3 Euler & Mitrinovic 1
=3(4Rrs-7> > 3(4-2r-r.3\/§r-4-2r)3=

(sin g) Vhe+ (s;n g)c Jac 4 (s;n C) Jab AM>GM

=
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=3(647°(v3)")’ =3.4.v3r = 12/3r

Equality fora=b =c
1875.
In any A ABC and V n € N, the following relationship holds :

2n+1

B
b2n+1 COt—

C
cots +c

a(bn+1 + Cn+1)

2> 3\/—(abc) 3

cyc
Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle
(~ (A+B) +(B+C) > (C+A) and analogs) = VA + B,VB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

22:(A+B)(B+C)—Z:(A+B)2 =ZZ Z:AB+B2 —ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc
=6ZAB+ZZA2—ZZAZ—ZZAB:4F=2 ZAB—>(1)
cyc cyc cyc cyc cyc
xy ? \/_ x2y? ? 3
Now,V x,y,Z > 0, — s Z > —
owvLy.z \/ (y+z)(z+x) xy(y+z)(z+x)w4
(Beyexy)” _ (Beyexy)”

Via Bergstrom, LHS of (x) >

chc (xY(chc xy + ZZ)) (chc xY)Z + xyz chc X
2

? 3 ? xy ?\/§
> — >
_4<:> ny _3xysz—>true \/ (y+z)(z+x)_ - — - (2)

cyc cyc
p2n+1 cot% + ¢2n+l cotg c2n+l cot% + q?n+1 cotg
a2+l cotg + p2n+1 cot%

bn C, B cn A a“ C a" B b‘l A
- 1 1 1 1 1 1
a (cn+1 + bn+1) b (an+1 + cn+1) c (bn+1 + an+1)
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1 1
an+1 c"a" cotg a"b" cot% pn+i a"b" cot% b"c" cot;—\
= : + + : +
1 1 pn+1 cn+1 1 1 cn+1 ar+1
bn+1 + cn+1 Cn+1 + an+1
1
o+l b"c" cot% c"a" cotg
+ : +
1 1 art1 pnr+1

an+1 + bn+1

X y Z
=——(@B+C —((C+A —(A+B
y+z( + )+z+x( + )+x+y( +B)

1 1 1 b"c" coté c"a" cotE a"b" cotE
an+1 ’ bn+1 ’ cn+1 4 an+1 4 bn+1 4 Cn+1
X 2 2 VA 2 Oppenheim
=—— VB+C +L.\/C+A +——.VvA+B =
y+z Z+Xx x+y

X via (1) and (2) V3
4F. y > 2 AB.—
y+2)(z+x) Z 2
cyc

cyc

bncn cot% clan® cotg 3(abc)m A B
= SZ — = —.Z(c““.cot—cot—)
a pn+1 (abc)nt1 2 2

cyc cyc

A-G 3 1 3 be)2n+1 A 3 b 2n-2 3 s6
= 3. |—. n+1, t— = 3 . |
- abc (abc) n“’ 2 (abe) (ryrpr.)?
cyc
n-1 6| g6 n—1 ,[§ Mitrinovic n-1
= 3(abc) 3. /W = 3(abc) 3. 3\/; > =3(abc) 3 .V3

p2n+1 cot% + ¢2n+1 cotg c2n+1 cot% + q?n+1 cot% a?n+1 cotg + p2n+1 cot%
" a(bn+1 + cn+l) + b(ch+1 + an+1) + c(a™1 + br+1)

n-1
> 3v3(abc) 3 VAABC" =" iff A ABC is equilateral (QED)

1876.

In any A ABC, the following relationship holds :
h, + h, + h, + 8
aT™ Wp n b T Wc n c T Wq > r

m,rIy, my T, m.r, R?

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Soumava Chakraborty-Kolkata-India

ha+wb+hb+wc+hc+wa

mgIy myr, mgr,
h h h h h
a b C b C
> + + + +

m,Iy, myr, m.r, m,Ij,

2 Rs
mompmg < ——

> 66 (Hcyc ha) aMpM¢ 2

(Hcyc ma)z (Hcyc ra)z

mpr, m.r,

2r2g2 Mitri;ovic

Rs2 ,
R. T.FS

S 6. 2r2s? B 23 16r ; 8r
- Rs2 27RZ R* ~ R?
16r ? 64r3

? h, +w h,+w. h.+w
FZ R & R? > 4r? - true via Euler - —= by b C4= 2

mgIy myre m.r,
8r
> Rz v A ABC,” =" iff A ABCis equilateral
Rs?
Proof of m,m;m, < -
mZmim? = —(2b2 +2c¢? —a?)(2c? + 2a? — b?)(2a? + 2b? — ¢?)
Y —42 6+6 Z a*b? + Z a’b* | + 3a?b%c? | - (1)
cyc cyc cyc

Now,z a® = Z a’? | —3(a?+b?)(b?% + c?)(c? + a?)
cyc cyc
3

= Z a’? | —3| 2a?b?c? + Z a’b? Z a? — c?
cyc cyc cyc
3

= Zaz + 3a%b?c? -3 Z:azb2 Zaz
cyc

cyc cyc

3
.'-Za(’z Zaz +3a*b%c® -3 Z:azb2 Zaz - (2)
cyc cyc

cyc cyc
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Also,z a*b? + Z a’b* = Z a’b? Z at—c? ) |=

cyc cyc cyc cyc

Z a? b? Z a? | - 3a2b2c2 > (3) = (1),(2),(3) = m2mZm?

cyc cyc
3
/—4 Z a’? | —12a%b?c? +12 z a? b? z a? \
— il cyc cyc cyc I
B 64| |
\ +6 Z a? b? Z a’? | — 18a?b?c? + 3a®b?c? /
cyc cyc
3
1
= %1 —4 Zaz +18 Zaz b? Zaz — 27a?b?c?
cyc cyc cyc
3 2
1
=21 —4 Z a’ )| +18 Z ab | — 16Rrs? Z a? | — 27a%b?c?
cyc cyc cyc

1 (—32(s2 — 4Rr — r?)3 + 36(s2 —4Rr — r?)(s? + 4Rr + rz)z)

~ 64 —576Rrs2(s2 — 4Rr — r2) — 432R%r2s?
1
=16 (s® — s*(12Rr — 33r?) — s2(60R?*r? + 120Rr3 + 33r*) — r3(4R +r)3)
R2s*
< 1=
4

()
s® —s*(4R? + 12Rr — 33r?) — s2(60R?*r%? + 120Rr3® + 33r*) —r3(4R+r)? <0

Gerretsen

Now,LHSof (¢) < —s*(8Rr— 36r?)— s?(60R?r?+ 120Rr3 + 33r*%)
?
-r34R+r)3<o0

?
& s*(8R — 16r) + s2(60R?*r + 120Rr? + 33r3) + r2(4R +r)3 > 20rs*
)
Gerretsen
Now,LHS of (¢¢) > s%(16Rr —5r%)(8R — 16r)
)
+s2(60R?r + 120Rr? + 33r3) + r2(4R +r)3 and
Gerretsen
RHS of (¢¢) <  20rs?(4R? + 4Rr + 3r?)
)
(%), (x+x) = in order to prove (¢¢), it suffices to prove :
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s2(16Rr — 5r?)(8R — 16r) + s?(60R?r + 120Rr? + 33r3) + r?(4R +r)3
> 20rs%(4R? + 4Rr + 3r?)
& s?(108R? — 256Rr + 53r2) + r(4R+r)3 >0

(000)
& s?(108R? — 256Rr + 80r?) + r(4R + )3 > 27r?s?
Gerretsen

Now, LHS of (¢e¢) > (108R? — 256Rr + 80r?)(16Rr — 5r?) + r(4R + )3
(***)

Gerretsen

and RHS of (e¢¢) <  27r%(4R? + 4Rr + 3r?)

(****)
(xxx), (xxxx) = in order to prove (ee¢), it suffices to prove :

(108R?% — 256Rr + 80r?)(16Rr — 5r%) + r(4R +r)3 > 27r%(4R? + 4Rr + 3r?)
R
© 22413 — 587t +308t— 60 >0 (where t= ;)

& (t—2)((t—2)(224t +309) + 648) > 0 > true - t E‘ier 2 = (s00) = (o0)

R%s* Rs?
= (¢) is true > m2mim? < 3 = Mgmpme < —- (QED)

1877. In AABC the following relationship holds:

tEsinC_I_ tgsinB
zco 2sind " “°*2sinA > 6
sinC + sin B o

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

A B C
WLOGa=>b > cthencoti < coti < cotz andsinA > sinB > sinC

. 1 1 B
BsinC Csin B - cot5 + cot ) (sin C + sin B))
Z cot+ 2 SlnA + Cotim Chebishev Z S]nA (2 ( 2 ) _
sinC + sin B - sinC + sin B

B AM éM 1 B C
2 Z sin4 (COtZ +cot ) Z smA (cmECOtE) B

3 A
1 B C\ AM—-GM 3 HCOtf 2 Fuler 3B 6
= —_ —_ > = — :>
Z sinA4 (COt 2 cot 2) - [[sinA r
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Equality holds forA=B =C

1878. In AABC the following relationship holds:

(a+b)3+ (b+c)3"_|_(c+a)3 - 192313
my,+r, my+r, m.+r, R

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

a+ b)3 b+ c)3 ¢ + a)3 Holder (2a + 2b + 2c¢)3 Leuenberger
@B b+ (c+a)® Hotter )? teent

mg+r, my+r., m.+r,  3QEmig+Xr,) -
64s3 Mitrinovic & Euler 3\/§T 192\/'3_”,3
NI NS > 64 -27r2- =
3(4R+1).2 o 2R R
2

Equality holds fora=b =c
1879. In AABC the following relationship holds:

BsinC CsinB

n=>=- n_-- "

zcot 2sind ' cot 2sinA
sinC + sin B

n-1
2

>6-32 neN

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

A B C
WLOGa=b>=c thencoti < coti < cotz andsinA > sinB > sinC

. . 1 (1, ..B o .
cot™ g:;gg 1+ cot™ g :gg Chebyey < Sin A <7 (cot > + cot 7) (sin C + sin B))
>
Z sinC + sin B - Z sinC + sin B

_12 1 ( wB, tnC>AM;GM1 1, ( B tnc)_
T2 Lisina\®t 27 3) = 2/ sima” \°V 2 2) 7
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A
1 B C\ AM-GM 33 Hcot“i

— n__ n__ > —_ =
zsinA (c"t 7 ot 2) = [Isin4

n-1
n-1

3% (;)T MitriZnovic 6(\/§ )n—l —6-3

n—1 pyler

N‘

Equality holds forA=B =C

1880.
ABC ,A'B'C'and A"B"C" are 3 similar triangles.

If the sides BC,B'C'and B"C"
are sides in aright triangle then the area of the biggest triangle

is the sum of the areas of the other two triangle.
Proposed by loannis Stampouloglou-Greece

P A
a‘&g A—5

Solution by Tapas Das-India
Theorem: If APQR and ADEF are similar(4P = 2D, 2Q = 2E, LR = £F )then

|PQR] B QR? B PR? B PQ?
[DEF] EF? DF? DE?
Proof: APQR ~ ADEF and
(4P =14D,2Q = LE, LR = £F )so corresponding sides are proportional
QR PR PQ o
. EF DF DE
Now \PQR] _ zPQ PRsinP (since 2P = D) = PQ PR QR QR QR®
ow = since = —— = =
[DEF] %DE.DF. sin D DE DF EF EF EF
Similarl |PQR] _ PR? |IPQR] _ PQ?
ATy toer] ~ prz “"® pEr] T pE? °"
|PQR] B QR? B PR? B PQ?
[DEF] EF?2 DF? DE?
According to the given problem AABC,A A'B'C'and AA"B"C" are similar,
let side BC > BC ,BC > B'C'and according to the question
they formright angle triangle, so
B"C"* = BC? + B'C'? (2) and we need to show [ABC| + [A'B'C'] = [A"B"C"]
now using the above theorem we have
[ABC] B [A'B'C'] B [A"B"C"] _ K( )
B¢ _ BC? _ B'Cc? O

(proof complete)
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[ABC] = K.BC? [A'B'C'] = K.B'C"?, [A"B"C"] K B"C"?

[ABC] + [A'B'C'] = K.BC* + K.B'C'> = K( BC*> + B’ C’Z) = KB"C"Z [A"B"C"]
or [ABC] + [A'B'C'] = [A"B"C"](proof complete)

1881.
In any A ABC, the following relationship holds :

z (2n, + ny) Ha >z 3 Wa
n,+ny). [—|= Pa-
b np da

cyc cyc

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF2=ZZ< ><b2> 216 = z b Z _16r%s

a b c
rs (T3 FT3) rs r
> [DEF] = =1 | £—2—2|= =1 =5- 1)

4

. . . C 2B+C B+m-—A
. Spieker center is incenter of A DEF, . m(AAFS)=B+E= > = >
T A-B nd (4AES) ciB T A-C
= — — = —_—_——,—,—
> > and m(# > =5 > (2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
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AS? = —rZ +ﬁ— 2r (E) sinA_ B
- C 14 C/\2 2
2

Zsinz

N 2r cy, . A-B 2r by 0 A-C
ow, —C (E)sm > + B (E)sm 2

ZSlni

_r<4R c.A-B . B A—C)
—2 COSZSIH 2 coszsm 2
. (2_ A+B _A-B _ _ A+C_ A—C)
= Rr sin 2 sin 2 sin 2 sin 2

= Rr (1 - ZSinzg + 1 — 2sin? ; -2 (1 — 2sin? %))
_ 2Rr <2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s — b))

N abc

_ RC a3+ b+ a2 — 2a(b? + ¢2) — (b + (b — ©)2)

A)>

8Rrs
A bc| (2s — a)sin? A_ a (1 — 2sin? %
4(b + c)bcsin? 5 — 2a.2bccosA 2
8s - 2s
bc | (2s + a)sin? A_ a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s S
R 2r (c) . A-B 2r (b) . A-C
— —) sin — — | sin
2sin% 2 z Zsing z 2
) —2s+a)(s—b)(s—c
® ( )( )( )+ IRr
2s
Avai r? N rr rz( ca N ab )
gaim, C - 24\G-0G-a)  (G-a(s—b)

B
- 2 - 2
4sin 2 4sin 2
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r? ab + ca w) 12
= (ca(s —b) + ab(s — c)) = — 2Rr © + C

4r2s ., B .2 L
4sin 2 4sin >

(i), (4), (+n) = 2482 = 2T tabtoa (st a)s-b)s-9

_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

1"2

8s
b3 + ¢3 — abc + a(2b? + 2¢? — a?) Gi) b3 + ¢3 — abc + a(4m?)
= = 2AS% =

4s 4s
L. r AS cAS
Via sine law on A AFS, = =
. . A—B . C
Zsmisma cos—5— (a+ b)smi
S esing O F@tb) i sinel A AES. bsing (=0 F@t ©)
csina = —-=— andviasine alw on ,1 sinf = AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (+++) p,(@a+b + a + c) 4s AS
= = = =
4AS ST Pa= 551 a
, via (iD) 16s? b3+ c3 — abc + a(4m?)
= = .
Pa (2s + a)? 8s
) 2s

2 (b3 + ¢3 —abc + a(4m(21))

P (2s + a)?

Now, b3 + ¢3 — abc + a(4m?) = b3 + ¢3 — abc + a(2b? + 2¢? — a?)
= (b + ¢)(b%? — bc + ¢2) + a(b? — bc + c2) + a(b? + c% — a?)
= 2s(b%? — bc + c?) + a(b? — bc + ¢ + bc — a?)
(b+c)? —(b—c)? a2>

4
a(b+c+2a)(b+c—2a)_a(b—c)2
4 4

_ _ _ M2
=(Zs+a)(b2—bc+c2)+a(zs a+2c;)(b+c Za)_a(b4 c)
4b% + 4c?> —4bc+a(b+c—-2a) a(b-—c)?

4 4
= (2s+ a).
4z+x)?+4x+y)? -4+ 0)x+yY)+ Y+2)(z+x) + (x +y) — 2(y +2))
4

= (2s + a)(b? —bc+c2)+a<

= (2s + a)(b?> — bc + ¢?) +

= (2s+ a).

_ a(b — ¢)?

4
4x(x +y+1z)+2x(y+2z) + 3(y — z)? _a(b —)?

4
= (Zs+a)<s(s—a)+%(b—c)2+

(a=y+zb=z+x,c=x+Yy)

= (2s+ a).

4
a(s—a)\ a(b-c)?
2 > 4
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- — _ 2
= (ZS + a) <S(S — a) +%(b _ C)Z n a(SZ a)> _ (a + 2s is)(b c)

(b —c)? N a(s — a)> N s(b — ¢)?

=(Zs+a)<s(s—a)+ > > >

— _ 2 _ 2
~|b3 + ¢ — abc + a(4m?) ©@s+a) <(S Q)25+ a) + (b= > + stb—©)

2 2 2

. . 2s (s—a)2s+a)®? (2s+a)b-c)? s(b—rc)?
..(.),(..):pg_(ZS_l_a)Z( . + > +—— )

s 2 S 1 1
— — - 2 4 4
=s(s—a)+(b-o0) <(ZS + a) + 2s+a * 4 4‘>

(b — ¢)? s 1\2
4( +)(2b_(c)2'(2)sz+a+f)
b—-c 4s + a

=s(s—a)+ i <(25+a)2_ >

3 b — ¢)2
S p2 (o) S(s—a) + s( S(;rsai(a)z c)

2 — )2 via (eee
Now, m,n, > 2+uvmé))
Y a**a — pa 18

M2 — A2\ _ <2\ 2
(s(s —a)+ ® 4C) )(s(s —a)+ s(b a2 ©) > > <s(s —a)+ 5(35(—2i—sai(‘l1))2 ©) >

(b—c)* (b-1c)? s(3s+ a)(b —¢)?
TT322 T o '<S(S_“)+ 2s + a)? >

s(b—c)* ? s2(3s +a)?(b —c)*
= s(s—a)b-o)? (E-I_Z) + 4a = (2s + a)*

s3s+a)(b—c)? (b—-c)* (b—c)? s(B3s+a)(b-c)*
+ +s(s—a). +
(2s + a)? 324 9 9(2s + a)?
( ) s+1 2s(3s+a)(b—c)? 1
@ J— — [RE— —_—
ER P (2s + a)? 9
s s?Bs+a)? 1 s(3s+a) ?
—_ — — b — 2 > 0 o b _ 2 > 0
<4a 2s+a)* 324 9(2s+ a)2>( 7200 (-0 20)
s(s —a)(144s3 — 52s%a — 16sa? + 5a?)
=3
36a(2s + a)?
N 1296s5 — 772s*a — 608s3a? + 48s%a3 + 37sa* — a®
324a(2s + a)*

s(s—a) ((s — a)(144s? + 92sa + 76a?) + 81a3)
= +
36a(2s + a)?

=s(s—a)—

s 1

2s(s — a).

.(b—-0c)2=>0
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(s—a) ((s —a)(1296s3 + 1820s%a + 1736sa? + 1700a?) + 1701a4) ,
324a(2s + a)* (b—c)

? - . (b—0)? =
> 0 — true (strict inequality) . m,n, > p2 + 18 >pi=|/mgn, > p,

Now, Stewart’s theorem = b%(s — ¢) + c2(s — b) @ an? +a(s—b)(s—c)
= s(b%? + ¢%) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢%) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +
4sbc(s —b)(s—c)(s — a)
bc(s — a)
as(c+t+a—b)(a+b-oc) 5 <a2—(b—c)2
- =as?—-as|————

2

s(2bccosA — 2bc) = as? — 4sbcsin? 5 =as

2

= as
a a
) a’? — (b —c)? 5 (ere) (b —c)?
>n;=s 5—7 >n; = S|s—a-+ p

Also, Stewart’s theorem = b?(s — ¢) + ¢2(s — b) = an? +

a(s —b)(s —c¢) and b%(s — b) + c%(s — ¢) © ag?+ a(s —b)(s —c) and
adding (4) and (5), we get:
(b%2 4+ ¢®)(2s—b—c¢) = an? + ag? + 2a(s—b)(s—¢)
= 2a(b?+c?) =2am%(+g3)+al(a+b-c)(c+a—Db)
= 2(b% + ¢?) = 2(n?% + g2) + a®> — (b — ¢)?
=>2Mb%+c?)—a’+(b-c)?=2m2+g2) >4m2 + (b—c)? =2(n2 + g32)

(******)
=>2(b-—c)?+4s(s—a)=2m%2+g%)=>n: +g2 = (b-0c)?+2s(s—a)
Using (xxx*x) and (xxxxxx), we get : g2 = (b — ¢)? + 2s(s — a) — s?
+4s(s—b)(s—c) 3 +4s(s—b)(s—c)

s?2—2sa+a*+ (b—-c)? —a?

a
:(s—a)z+(b—c+a)(b—c—a)+4S(S_';)(S_c)=(s—a)2—
4-b)s -0+ 2CTDEZO (oot ais-byis- o (3-1)
=(S—a)2+4(s_a)(sa_b)(s_c)=(s—a)<s—a+w>

(k) b —C 2
= g(zl = (s—a) <s — ( p ) > S (rrkrx), (ekkxkkx) = ntzlgtzl =

— )2 _ )2
s(s—a)(s—a+(b ac)><s—(b C)>
(b—c)? (b-c)? (b—C)“)

- s—a
a a

=s(s—a)<s(s—a)+s

= nig? @ s(s—a) (s(s —a)+ (b—-c)? - e
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) 9 g (b—c¢)?+4s(s—a) 4bcs(s —a)
Again, mgw; = 2 b+ 02

= miwg 2 s(s - @) oz (b= 02 + 4505 — @) = (1, (2) = ngh — miw

4
=s(s—a) (s(s —a)+(b-0c)? - (® aZC) N :)_cc)z ((b —c)? +4s(s— a)))

/S(S_a)+(b_c)2<w>\

=s(s—a)| be a® |
(b + b+ o - aZ)/

— 2

_ Y
- ss—a) (((b +¢)?2 — a? — 4bc) + (a®> — (b —¢)?) <4(b 5 ©) + (b44l—32)2>>

4
s(s—a) 4b—c)* _4bc
_ ((b —0o)?—-a*+ (a* - (b—-0)?) < 2 b+ c)2>>

4
s(s—a) 4(b —¢)? 4bc
= (a? — (b—-10¢)?) e + b+ o2 - >

4
s(s—a) 4(b-c)? (b-oc) 4 1
= m .4(s—b)(s— C)( - - b+ c)2> =r?s%(b — c)? (?_([)4_—(;)2)
2 1 2b+2c—a

(I m)
= ‘\/ naga \/ mawa

n
2.0 9 2n,
= (n, + ng + ny).

na+nb

We have : (2n, + ny). Do © > (2ng + ny).
l b

nb

2n? n,
- 2n, = Z 2 . /— > Z 2 Z
n, + n +2ng <( nq +np) nb> n, + n, +
cyc cyc
Bergstrom Z(chc n, (mmm)
> + 2 Z n, = z 2n, +ng). [— = 3 n
2 chc " ( a b) n, a

cyc cyc cyc
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/ /ﬁ / ng
n, _ Nefa W, Via(>..) My We. W, v Mgy, via (m)

Now, = > 1
p.. [We Pa Pa Pa
“NYa
(mmmm) w, n, via (mmm)
=(3n, = 3pg [— :Z (2n, + ny). |[— > SZna
Ya ny,
cyc cyc
via (mmmm) w, n, W,
> (3 ./— 2 | @ngrm). 242 | 3p, |28
Pa Ja a b n, Pa Ja
cyc cyc cyc
v A ABC,” =" iff A ABCis equilateral (QED)

1882.

In any A ABC with w — Brocard'’s angle, the following relationship holds :

; o)\ VB +VE
z <2+si;w)<3+2_a)2 %

cyc cyc

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

Yeye@?b? 2 (¢ +a?)?  Yeat+16F 2 ¢t + at + 2c2a?
= = >
4F2 cZa? 8F2 cZa?
Yyeat 2 ¢t +at  Yycat 2 8F?
8F2 ~ c2qa2 ct+a* ~ cla?
Yeyeat — (c* +a*) ; 2a%b? + 2b%c? — (chc a“)
ct+ at - 2c2a?
b* N b* N ct+at ; b2(c? + a?)
o >
ct*+a* 2c2a? 2c2a? cZa?
b*(c? +a?)? c*+a* 2 b%(c? +a?)
2c2a2(c* +a*) 2c2a? — c2a?

?
& b*(c? + a?)? + (c¢* + a*)? = 2b?%(c? + a?)(c* + a*) - true via AM — GM
a 1 ®Wc¢c a

2h2
Y.ca?b?  (c? + a?)? chca b
y
= >—+—= >—+ P and analogs

c
4F2 —  c2q? = 2F a ¢ sinw " a
Now, Stewart’s theorem = b%(s —c¢) + c?(s—b) = an? + a(s — b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢%) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +
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A 4sbc(s —b)(s — -
s(2bccos A — 2bc) = as? — 4sbcsin® - = as? - sbe(s —b)(s (s —a)
2 be(s — a)

=as?—s(a? - (b—-c¢)?) =as(s—a) +s(b—c)?
= n2 =s(s—a)+2(b—c)2—>(1)
Now. n ;bz—bc+c2@ "'bz bc+c2(:)n_ﬁ_1 <b2—bc+c2>2_1
e = 2R h, — bc h2 bc
(b—0c)?(b?>+c?) n2-h%2 (b-c)?(?+c?)
= chZ ST 2 bZc?

via - —0)2 »
4:21) s(s—a) +— (b—c)z—s(s—a) sGs a)gb ©) >

C2(R2 4 +2) R2e2 _ (o N2Z(R2 L 2
(b —¢)%(b* + ¢%) b*c @(E_'_s(sa a)>(b )é(b c)*(b +c)®

b?c? " 4R? 4R?

s? 2 b+ ¢ 2 202 2 g2R2 4 (202 PP :
P > TV (~ (b—c)* = 0) © 4R*s* > a*b” + c*a* - true (strict inequality)
Goldst ) b%? — bc + c?
- 4R%s% > Z a’b? > a’b? + c?a? ~ n, > R and analogs
cyc
1 b b? — bc + c?
and () (24 )(3+ o) (2404 6) (34 B0
nw h, b 2R PC
"2R
(b+c)2 (b+c)2 n,\ b+c
) >
be smoo 3+ ha) S and analogs
n
S a> AN
sin w
cyc cyc cyc cyc

3 o) T e

cyc
with equality iff A ABC is equilateral (QED)
1883. In AABC the following relationship holds:

b+c—a a+c—b a+b-c 1 1 1
+ + SZR(—+—+—)
m, my, m, a b c

Proposed by Ertan Yildirim-Turkiye
Solution by Tapas Das-India

(a+b+c)( +11’+1) ;9 (1)
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z\/s—aczs J3(Bs—a-b—c)=+3s (2)

b+c—a+a+c—b+a+b—c"‘a2vs(5‘“)
m, my, m,

2(s—a) 2(s—-b) 2(s—o¢ @ ) i
\/S(S—a)+JS(S—b)+JS(s—c) Z sTas Vs V3s=2V3=

2 9 (1) ( b ) ( 1 1) 4s (1 1 1) Mitrinovic
=2 — ——(@a+b+c + -+
3\/5 \/_ b ¢/ 3y3\a b

4(3vV3R)
<T(1+1+1)—2R(1+1+1)
- 33 \a b ¢/ a b c
Equality holds fora = b = c.

1884. In AABC the following relationship holds:

Xrg + yr T+t 2r, xr.+2zr 3/1’
a T YTp n Yrq c n c b >12°—
zZr, XTp yr, 4R

Proposed by Mehmet Sahin-Turkiye
Solution by Tapas Das-India

XTg +yry N yrq + zr, N XT+ 21y
zr, xry, yr,

xXr T Xr r ZrTr zZrTr AM-GM
:(__a+X_a+__C>+<X_b+ ¢z b) >

Zr, XT, YT, Zr, Xr, Yyr,

1
3

-6 (xra yT1, xrc> (yrb zZr, zrb)
- Zr. X1, yry) \zr. xry yr,) |
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1 1
1 1 1\3 T \3 Euler r 3[ T
=6(1)3=6=12--=12|2| =12(— > 12\ oo | =12 |—
6(1)3 =6 2 (8) (8r) - (8_R> 4R
2

1885. In AABC the following relationship holds:

3V3r < + + <(=-1

ar, br, cre (R ) s
r,+7r, Trc+1r, To+1p \1r

Proposed by Mehmet Sahin-Turkiye
Solution by Tapas Das-India

WLOGa=>b =cthenr,>r,>r.and (ro+1ry) = (ro+r.) = (r,+1r,)
Tq Tp Tre

nd > >
(rb + rc) (ra + rc) (ra + rb)

a F
Zara:l?ZS—az(s—at)(S—b)(s—c)(zal(s_b)(s_c))=

F
= F(sz(a+ b+ c¢) —2s(ab + bc + ca) + 3abc) =

a

F F 2s(2Rr — r?
= — (25 — 2s(s* + 12 + 4Rr) + 12Rrs) = — (2Rr —r?)2s = ¥ (1)
sTr sTr r
b AM-HM 1
ar, N T N e _ Z ar, Z _a(r_a Ta, _
rp,tr., ro+r, r,trTy r,tr. 4 'r, 71,

zl (ra+ra+ra 1)_2 <1+1+1)1 Za_

24 r, T, Tq — LM ry T, TJ4 Zi4
1 s 1)2s(2Rr—1%) s s/2R R

LI SWEERI) s SR ) (R )
4r 2 r(4r) 2 2\r r

ara brb Crc Chebishev

+ +
ro+r., rot+r, roa+r,

1 r, Nesbitt 1 3 Mitrinovic
> > —25.— > 3v3
_S(Za)<2rb+rc> = z2s.5 = 3V

Equality holds fora = b = c.
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1886. In any A ABC, the following relationship holds :

9 _ 1 N 1 1 1
27 (rg+hy)?  (np+ h,i,)2 (r. + h,)? — 12r2

Proposed by Mehmet Sahin-Turkiye

Solution by Soumava Chakraborty-Kolkata-India

a(s—a)_ (a—Zs+Zs)(s—a)_
b+c 2s —a N
cyc cyc
—a+ 2s — 2s
Z(s—a)+25 Z—+ SZ—
2s—a
cyc cyc cyc
1 (c+a)(a+b)
= — 2 Z— 6s —4 Z—=5 —ZZ.Z
s+2s + 6s —4s brc s —2s ICETS
cyc cyc cyc
5 g2 (Zeyca® +2Xycab) + Xy ab 5 g2 4s? + s? + 4Rr +r?
B ' 2s(s2 + 2Rr + r2) B " 2s(s2 + 2Rr +r?)
5s2 + 4Rr + r? a(s—a) s(6Rr + 4r?)
=5s—s. = = - (1)
s2 + 2Rr + r? b+c sZ + 2Rr + r?

cyc

1 1 1 a’(s — a)?
Now, E e E =33 2
(ry +hg) rs _ 2rs r’s (b+c¢)
cyc C cyc

ye (s—a+T)
2

- 1 a(s—a) Via>(1) s?r?(6R + 4r)? 2 9
~ 3r2s?’ b+c ~ 3r2s2(sz + 2Rr +r?%)2 — 4s2

cyc
?
& 4s%(6R + 4r)%? > 27(s? + 2Rr + r?)?
?
& (144R? + 84Rr + 10r?)s? > 27s* + 27r%(2R + r)?

()
Gerretsen

Now,RHSof (*) <  (108R? + 108Rr + 81r?)s? + 27r%(2R +r)?

) ?
< (144R? + 84Rr + 10r?)s? © (36R% — 24Rr — 71r?)s? > 27r2(2R +1r)?
(*%)

Euler
Again, - 36R? — 24Rr — 71r? = (R — 2r)(36R + 48r) + 25r? > 25r?>0
Gerretsen

?
~LHSof (**) > (36R? — 24Rr — 71r?)(16Rr — 5r?) > 27r2(2R + r)?
? R
& 14413 — 168t2 — 281t +82 >0 (t = ;)

Euler

?
e (t—2)(144t2 +99t+21(t—-2)+1)>0—>true~-t > 2
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9

1
= (xx) = (x)is true - Z (r T+ h,)? = 452

cyc

Al Z A- G Z a(s—a)
S0, (r, + ha) 4r,h, 8r2s2

cyc cyc

= 1 ( (2 ) 2( 4R 2)) _ 4'R +r Gerretseél + Euler AR +r
= 8r2s2’ S(<s S r—r = Ars? < ™ 3r(4R " r)
1
= d
(ra + ha)z ~ 12r2 and so,
cyc
9 1 1 1

< + + < Vv A ABC,
2 (ra + ha)z (rb + hb)z (rc + hc)z 121‘2

" =" iff A ABC is equilateral (QED)

1887. If in AABC: a = %then:

D>

> r
sm 2 2R

Proposed by Marian Ursarescu-Romania
Solution 1 by Tapas Das-India
Lemma:

B-C 2r
2 R
2 R
(Reference : Geometric Inequalities Marathon, First 100 problems and solutions)(1)

B-C

Ccos

b+c
Mollweide's: =

b+c cos
or

A A>r
2 orsn > Z 2R

or 2sin—- = cos
Solution 2 by Tapas Das-India

Now a =

B-C B ¢ _B _ C
= CO0S—COS— + SIn—SIn— =

s 2 €952 2 5115
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\[s(s—b)\/s(s—c) \[(s—a)(s—c)\[(s—a)(s—b)
ac ab ac ab

1
X —=b+0 (VsG=aG-bG-0)
= a)\/(s—b)(s—c) = =
avbc v Js(s—a)
1 (b+c)2 (\/s(s—a)(s—b)(s—c)) E(b+ )
= a\/l; = a ¢ = ﬁ =
2./s(s—a) 2./bcs(s—a) Wa
(b + ¢)bc (Z(S —-a)+ a)\/_c aM_GM
2R 2./ bcs(s — s(s —
2 2(s — a)abc 8Rsr 2r (1)
"~ 4R\/s(s—a " 2R
2 b +c
Mollweide's: 1
. a
siny
2
B-C
b+c cos — b+c
Now a = or = 2
2 . A a
siny
2
2 sinA = B—C(;) 2r _2A>r
or 2siny =cos—— > |- orsin®o >

1888. In AABC the following relationship holds:

2<1+1+1< R
R™ s, s, 27?2

Proposed by Marian Ursarescu-Romania
Solution by Tapas Das-India

2bcm,

Sa = p2 ¥ 2

m,

1
b2+c> e s(b—c)*=0s0 m, > s, (1)

ma—sazma(l—Zbc
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x| N

1 1 1 Bergstrom (1 41 4 1)2 (1) 9 Leuenberger 9 Euler 9
—+—+— = =>. > = op =
Sa Sp S Sq+ Sp+ S m, +my, + m, 4R +r 9R
2
R
1+1+1 1+1+1 1 rEu<ler7 R
Sq  Sp sc_h h, h, v 12 — 12 2r?

Equality fora = b = c.

1889. In any A ABC, the following relationship holds :

9 9R
§Sz(br

= 16r
cyc

.sin A)

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-lndia

Ta
Z(b+c smA 2R Z(s—a)(Zs—a)

cyc cyc
T Za((Zs—a)—(s—a))_ r Z a—s+s Z
2R’ (s—a)2s—a) 2R b+c
cyc cyc cyc
T s(4Rr +r?) Z (1) r (4R —2r
2R b+c b+c
cyc cyc
_r [4R-2r zZs—(b+c) _r 4R—2r_|_3 5 4s? + s? + 4Rr +r?
“2rR| " b+tc | 2R >72s(s? + ZRr + 1)
cyc
(4-R 4r)s? + 2Rr(4R + ) ? 9
—s (7R-16 Rr(14R — > 0
2R(s? + ZRr 1 18) 28 ¢ ©)s* + Re( r) g
7R — 16r > 0 and then : LHS of (+) > Rr(14R —r) > 0 = (x) is true
(strict inequality)

7R — 16r < 0 and then : LHS of () > (7R — 16r)(4R? + 4Rr + 3r?)
? ? R
+Rr(14R—1) > 0 © 143 — 11t? — 22t — 24> 0 (t = ;)

Euler

?

e (t—-2)(14t2 +17t+12) >0 > true vt > 2= (x)istrue
9
smA) 3

T,
~ combining both cases, (*) is true for all triangles .. Z (b : c

cyc

111 RMM-GEOMETRY MARATHON 1801-1900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

AainZ( I, sinA)Via—(l)L 4R—2r_ a Nes<bittl(4R—21‘_§)
g/ \br ¢ = 2R\ r b+c) - 2R\ r 2

cyc cyc

_8R- 7r ? 9R ? ?
=R _16 & 9R? — 32Rr + 28r?2 > 0 & (9R — 14r)(R — 2r) > 0 - true
9R

Euler I‘a . 9R
"R = 2= (b+c'smA)SFand508 z smA 16r

cyc cyc

Vv A ABC, with equality iff A ABC is equilateral (QED)

1890. In AABC the following relationship holds:

b c 8R s—-a A
+ = : - sin
s—b s—-c r a 2

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
b c
s—b "

s—a
a

1 1 1 \awem 2 11 \_, (4R\_8R
=4 ctT— B = T4 .B.C"(T)_T
2

S—c_ 1 ( ab 4 ac )_
Sn;l sinA\=-b)(s-a) (s-0(s-a)

. 2 & 2D a fad L
siny \sin®5  sin®5 siny \sin5 sin

b c B8R s—a _ A

or + > — -sin —

s—b s—c r a 2

Equality fora=b = c.
1891. Prove that:
sin(6°) = 4sin(12°).sin(18°).sin(24°)
Proposed by Murat Oz-Turkiye
Solution by Shirvan Tahirov-Azerbaijan

. . . 2 . 2r
sin(m — x) = sinx — sin (n — ?> = sm?
3 2 (3 4 ) 258 T T
—_ = _ — J— J—
sin = = sin = sin— = sin? = sin¢ cos ¢
3 — 4sin? L = 2cos~ - 3 — 4(1 — cos? E) — 2cos—
5 5 5 5
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Vi3 (4 T JV5+1
4cos? E—Zcos§—1—0—>cos§ 2
n V5+1 ,m 3-v§ ., m (VE-1\
1- 2sml—0 2 sml—o 3 smﬁ < 2 )
m V5-1 ] V5-1
smﬁ 2 — sinl18° = 2

We must prove that:
4sin12°sin18°sin24° = sin6° <
< 8c056° 4sin12°sinl18°sin24° = 2c0s6°sin6° <
< 8c0s6°sin12°sin18°sin24° = sin12° < 8cos6°sinl18°sin24° =1 <

1 1
< sin24°co0s6°sin18° = 3 S 3 (sin(24° + 6°) + sin(24° — 6°))sin18° =—

R =

] ] ) 1 1 V5-1\v/5-1 1
< (sin30° + sin18°)sin18 —Z@<E+ 1 > 4 —Z(:»
v5+1+v5-1 1 5-1 1 1 1
= - e — ===
4 4 4 16 4 4 4

1892. In AABC the following relationship holds:

Z 1> or
prcomAzp

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

ha in A bc a abc Bergstrom
btc " =) 25 2 b+c 4R22b+c =

abc (1+1+1)% abc 9 4R 9  9r
Z4RZ Za+2b+2c aRZ as_ TRTS'16R?s 4R

Equality holds fora=b =c

1893. In AABC the following relationship holds:

Zhisz:wﬁ

Proposed by Marin Chirciu-Romania
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Solution by Tapas Das-India

. B2
Lemma : h; < 1rp1,

4F? F?
Proof:h% < ryr.or <
a? ~ (s—b)(s—0)

ord4(s—b)(s—c) < ((s —b)+(s— c))2 true

or4(s—b)(s — ¢) < a?

2
since ((s —b)+(s— c))2 AM;M ( 2((s —b)(s — c))%> =4(s—b)(s—c¢)

Sri=(Yr) - 3((r) (ren) - rarare) =

— (4R+71)3 -3 ((4R +1)s% — szr) — (4R +1)3 — 12Rs% (1)

2 Gerretsen
Z rir? = (Z rbrc) — 21,17, (Z ra) =s*-2s’r4R+r) <

< s%(4R? + 4Rr + 31> — 8Rr — 2r%*) = s?(2R—1)? (2)

Z h3 Lenéma Z(rbrc)\/m Cgs \/ (Z(rbrc)) (Z 7”12;7”%) (;)

< /s2s2(2R —1)? = s2(2R—1) (3)

from (1)&(2) we need to show (4R + r)3 — 12Rs* > s*(2R — 1) or
Gerretsen

(4R +1)3 > s2(14R—1)or (4R+71)® >  (4R? + 4Rr + 3r*)(14R —1r)or

R
7—x>2

(4x+1)2 > (4x*+4x+3)(14x—-1) or
64x3 + 48x%. +12x + 1 > 56x3 + 52x%2 + 38x — 3 or
4x3 —2x2 -13x+2>0
or(x —2)(4x*+6x—2) >0trueasx > 2

Equality holds fora=b =c

1894. In AABC the following relationship holds:

12913 — 6R3 < 2 r3 < 82R3 — 57573

Proposed by Marin Chirciu-Romania
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Solution by Tapas Das-India

Z Ta = (Z r“)g -3 ((Z Ta) (z rarb) - rarbrc> =

— (4R+71)3 -3 ((4R +1)s% — szr) — (4R +1)3 — 12Rs% (1)
Euler & Mitrinovic
Now from(1) Z rd < (4R +1)3 — 12R(16RT — 51%) =

= (64R3 + 48R?*r + 12Rr?* + r3) — 12(2r)27r?* =
= (64R3 + 48R%*r + 12Rr? + r3) — 64813

We need to show that:

(64R3 + 48R%*r + 12Rr? + 1r3) — 64813 < 82R3 — 57513 or
6 (3R3 —8R?*r —2Rr? +12r3) > 0 or
§=x22
3x3-8x2-2x+12 > Oor
(x—2)(3x2-2x—-6)>0o0r

(x—Z)(x(x—Z) + 2(x? —3)) >0trueasx > 2
Gerretsen
From (1) Z rs > (4R +1)3 —12R(4R? + 4Rr + 31%) =
= (64R? + 48R%*r + 12R7r? + r3) — 12R(4R? + 4Rr + 31?)
We need to show that:
(64R3 + 48R%*r + 12Rr%? + r3) — 12R(4R? + 4Rr + 3r%) > 12913 — 6R3
or 22R® — 24Rr? — 12813 > 0 or
2(11R3® — 12Rr3 — 641r3) > 0 or
(R — 2r)(11R? + 22Rr + 321?%) > 0 true

Equality holds fora=b =c

1895. In AABC the following relationship holds:

B C
Z a(sini + sin E) < 3V3R

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India

A B Cc
WLOGa=>b > cthensini > sinE > sinEand
A B B _C . C A
sm2 smz_sm2 sm2_51n2 st
B C Chebyshev 1 A B 2s A\ Jensen
Za(sin5+sini) < g(Za)(ZsinE+sinE)=;.2(Zsin§) <

4s b4
< ?3 sing = 25 < 3v/3R( Mitrinovic)

Equality fora=b =c

1896. In AABC the following relationship holds:

9R
a™ab™ ™ < (RV3) 2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
WLOGa=b =>cthenm, <m, <m,

Chebyshev 1
amg, +bm,+cm, < §(a+b+c)(ma+mb +m,) =

1
= §Zs(ma +my, + m.)(1)

Leuenberger Euler 9R
(mg, + my, + m,) < 4R+1r < 7(2)

1
am, + bm, + cm, (V) —Zs(m +m, +m ) 1 Mitrinovic 2 3\/§R
a b c<3 a c _1, s §—:\/§R(3)

(mg+my+m,) -~ (mg+my+m,) 3

AM—-GM (ama + bmy, + cmc)(m“"'mb"'mf) (Z)i(3) (R\/§)¥

amap™bcMe <
(mg, + my + m,)

Equality fora=b =c
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1897. In AABC the following relationship holds:
27R?

m,r, + mpyry, + m.r, <

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

WLOGa=b=cthenm, < my<m.andr, > r, =1,

Chebyshev 1 Leuenberger
m,r, + myr, + m.r, < 3 (Z ma) (z T, ) <

<lar+m@r+ P <ler1(4R+R)2—27R2
=3 T =3 2) T a

Equality fora=b =c
1898. In AABC the following relationship holds:

. V 3
an —
b+ c 2 =2
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A B C a b c
WLOGa > b > c thentan— > tan— > tan— and > >
2 2 2 b+c c+a a+b

a AChebycv1 Nesbitt 1 3 4R + r Doucet \/3
tan — t > > === >
Zb+ a2 Zb+c (Z an ) = =327 s T 2

Equality fora=b =c

1899.
In any acute A ABC, the following relationship holds :

o)

sin sin

A . B C
2 B\ 51"z C\"z 342
. B . C _3v2
+ (smz) + (smz) > =

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

Sll’lé . A
LHS>31_[ K 73\/_ Zsmzl( A) Lt
\Sln / 2 3 n Sll‘l2 =2 1n
cyc

cyc

A A\\ ? 1
= Z (sin—.ln (sin—)) >3In—

cyc (L*S \/E
Letf(x) = sm— In (sm 2) VxE€ (0 1;) and then :
1) = 1- (sm ZZ Eizn-l;cln (sm ;)) L)
2
“In (sin;) < sin; e (sm ?) (2 +In (smi)? < (sm E) (1 + sin ;) ; 1
& csc ;> 1+smyzc<:;cot2;>sm;=)cos ;>51n ;—>true 0<;<;
1> siny :
= coszyz—c > sinzyz—c >>Slnz sin3; (sm 2) (2 +1In (sm ;)) <1 vngl) f'"(x)>0

. A . A))Jemsen g . T 1
--Z(smi.ln<smi>> = BSlng.ln(sm—)—E

. — — = (*
cyc

A sin% B sing C sin% 3\/2
o sin= in— in— >—
(sm 2) + (sm 2) + (sm 2) z2—

V acute A ABC,” =" iff A ABC is equilateral (QED)

1900. In AABC the following relationship holds:

Z m,cscA > 6V3r

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1 1 hAM—HM 9 or (1
- = — > _—
D=y = Sp=or @
Xy
a

WLOGa=>=b > cthenm, <m, <m,

m, Chebyshev 1 1
Zm cscA=2R ) — = 2R-§(Zma)<2—)>

a
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1 1\ Leuenberger & (1) 1 V3
> - - > — — =
_2R3(Eha)(éa) = 2R3 (9r) 7 = 6V3r

Equality for a=b =c

119

RMM-GEOMETRY MARATHON 1801-1900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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