
 
𝐈𝐟 𝒂, 𝐛, 𝐜 > 𝟎, 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝒂 + 𝐛 + 𝐜 𝒂𝐧𝐝 𝐧 ∈ ℕ, 𝛌 ≥ 𝟎, 𝐭𝐡𝐞𝐧 ∶ 

𝐧(𝒂 + 𝐛 + 𝐜) + 𝛌 ∑
𝟏

𝒂𝐧+𝟏

𝐜𝐲𝐜

≥ 𝟑(𝐧 + 𝛌) 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐧 ∈ ℕ ⇒ 𝐧 + 𝟏 ≥ 𝟏 ∴ 𝐧(𝒂 + 𝐛 + 𝐜) + 𝛌 ∑
𝟏

𝒂𝐧+𝟏

𝐜𝐲𝐜

= 

𝐧(𝒂 + 𝐛 + 𝐜) + 𝛌 ∑ (𝟏 +
𝟏

𝒂
− 𝟏)

𝐧+𝟏

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐧𝐨𝐮𝒍𝒍𝐢

𝐧 ∑ 𝒂

𝐜𝐲𝐜

+ 𝛌 ∑ (𝟏 + (𝐧 + 𝟏) (
𝟏

𝒂
− 𝟏))

𝐜𝐲𝐜

 

= 𝐧 ∑ 𝒂

𝐜𝐲𝐜

+ 𝟑𝛌 + 𝛌(𝐧 + 𝟏) (∑
𝟏

𝒂
𝐜𝐲𝐜

− 𝟑) ≥
?

𝟑(𝐧 + 𝛌) 

⇔ 𝐧 (∑ 𝒂

𝐜𝐲𝐜

− 𝟑) +
𝛌(𝐧 + 𝟏)

𝒂𝐛𝐜
(∑ 𝒂𝐛

𝐜𝐲𝐜

− 𝟑𝒂𝐛𝐜) ≥
?

𝟎 

⇔
𝒂𝐛+𝐛𝐜+𝐜𝒂 = 𝒂+𝐛+𝐜

𝐧 (∑ 𝒂

𝐜𝐲𝐜

−
𝟑 ∑ 𝒂𝐛𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜

) +
𝛌(𝐧 + 𝟏)

𝒂𝐛𝐜
(

∑ 𝒂𝐛𝐜𝐲𝐜

∑ 𝒂𝐜𝐲𝐜
. ∑ 𝒂𝐛

𝐜𝐲𝐜

− 𝟑𝒂𝐛𝐜) ≥
?

𝟎 

⇔
𝐧

∑ 𝒂𝐜𝐲𝐜
((∑ 𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟑 ∑ 𝒂𝐛

𝐜𝐲𝐜

) +
𝛌(𝐧 + 𝟏)

𝒂𝐛𝐜 ∑ 𝒂𝐜𝐲𝐜
((∑ 𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟑𝒂𝐛𝐜 ∑ 𝒂

𝐜𝐲𝐜

) ≥
?

𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐧, 𝛌, (∑ 𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟑 ∑ 𝒂𝐛

𝐜𝐲𝐜

, (∑ 𝒂𝐛

𝐜𝐲𝐜

)

𝟐

− 𝟑𝒂𝐛𝐜 ∑ 𝒂

𝐜𝐲𝐜

≥ 𝟎 

∴ 𝐧(𝒂 + 𝐛 + 𝐜) + 𝛌 ∑
𝟏

𝒂𝐧+𝟏

𝐜𝐲𝐜

≥ 𝟑(𝐧 + 𝛌) ∀ 𝒂, 𝐛, 𝐜 > 𝟎│𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 = 𝒂 + 𝐛 + 𝐜 

𝒂𝐧𝐝 𝐧 ∈ ℕ, 𝛌 ≥ 𝟎,′′ =′′  𝐢𝐟𝐟 𝐧 = 𝟎 ∧ 𝒂 = 𝐛 = 𝐜 = 𝟏 (𝐐𝐄𝐃) 
 


