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If x,y,z € [—2,2],then prove that :
2(x% +y® + 2% — x*y? —y*z? — z%x%? < 192
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

—2<x<2=>x+2)(x-2)<0=>x*-4<0=>4—-x>*=>0and
similarly,4 —y? > 0 and 4 — z%? > 0 and settinga = 4 — x2,b = 4 — y?,
¢ = 4 — z%, we notice that
:{0 < a,b,c < 4|(~ a=4-x% <4 and analogs) and
x* =4 —a,y? = 4 —b,z%2 = 4 — c and via such substitutions,
2(x® +y® + 2% — xty? —y*z? — z%x? < 192
©2) (4-a'- ) (4-a?@-b)-192<0

cyc

cyc
(*)
(:)Zazb+202a2 < zza3+8zab+4sza

cyc cyc cyc cyc cyc
Now, (a —4)? >0 = a? + 16 > 8a = 2a3 + 32a
> 16a? (- a > 0) and analogs

:22a3+322a2162a2—>(1)

cyc cyc cyc

cyc cyc
- (2)(v4>a>4a>a?(~ a=>0)andanalogs) and

moreover, 42 ab > a?b + b%c + c?a (* 4 > a,b,c and ab,bc,ca > 0)

cyc
abbccaz0= ¥ cycabz0

=>82ab22a2b+42ab > Zazb—>(3)

Ccyc Ccyc cyc cyc
~(D+@+@3) = 22a3 +82ab+482a22a2b+202a2
cyc cyc cyc cyc cyc

= (x)is true . 2(x% + y® + z°) — x*y? —y*z2 —z*x2 <192V x,y,z € [-2,2],
"="(x=2y=2z=2)or(x=-2,y=-2,2=-2)
or (x=2y=2,2z=-2)
or(x=2y=-2z=2)or(x=2,y=-2,z=-2)or(x=-2,y=2,Z=2)
or(x=-2,y=2,z=-2)or (x=-2,y=-2,Zz=2) (QED)



