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If a,b,c > 0 and ab + bc + ca + 2abc = 1, then prove that :
a+b+c=>2(ab + bc+ ca)
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

ab+bc+ca+2abc=1=>a(b+c+2bc)=1—-bc=>b+c
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—2bcand so,a+b + ¢ = 2(ab + bc + ca) becomes :

1—-bc
a-+ a —2bc > 2(1 — 2abc) °-'Zab=1—2abc

cyc

()
& a?+1—bc—2abc > 2a —4a’bc © (1 +4bc)a? — 2(1 + bc)a + 1—bc0
Now, LHS of (%) is a quadratic polynomial in a with discriminant, § =

1
4(1+ bc)? — 4(1 + 4bc)(1 — bc) = 4(5b%c? — be) and if be < 5

(x) is trivially true and so, we now focus on the scenario when : bc > 3

. . . 911 4+ bc — V5b2c? — bc
and in order to prove (x), it suffices to prove : a| < 1+ 4be
Now,1 —bc = a(b + c) + 2abc A; 2a.vbc + 2abc = 2a.vbe(1 + Vhbe)
= (1 +vbc)(1 — Vbc) = 2a.Vbe(1 + vbe) = 1 — Vbe = 2a.vbe
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We have : 6m3 —4m? + 3m— 1= — ¥+171<m——)>>0
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o (m-1)22m-1)2(4m? + 1) > 0 - true -~ (¥**) = (**) = () is true
~a+b+c=>2(ab+bc+ca)Vab,c> 0|ab+bc+ca+2abc= 1,
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