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Ifa,b,c>1and a+ b + c = 6,then prove that :
(a? + 2)(b% +2)(c? +2) < 216
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Exactly 2 variables equal to 1 and WLOG we may assume

b =c=1(a=4)andthen: (a*®+ 2)(b*> + 2)(c* +2) = 162 < 216

Exactly 1 variable equals to 1 and WLOG we may assume
a=1(b, c>1|b+c—5)andthen (a? +2)(b% + 2)(c? + 2)

= 3(b2 + 2)((5 b)? + 2) < 216 © b* — 10b3 + 29b% — 20b — 18 < 0

—_— -t
rue -

~(@?+2)(b?+2)(c?+2) <216
a,b,c>1andthen:a=x+1,b=y+1,c=z+ 1wherex,y,z>0

such that : Zx = 3 and assigningy+z=M,z+x=N,x+y =P
cyc
>M+N-P=2z2>0N+P-M=2x>0andP+M-N=2y >0
>M+N>PN+P>M,P+M>N= M,N,P formsides of atriangle
with semiperimeter, circumradius and inradius = s, R, r (say) yielding

zzx:ZM:25:>Zx:s—>(1):>x=s—M,y=s—N,z=s—P

cyc cyc cyc

= xyz = r?s - (2) and via such substitutions,z Xy = Z(S —M)(s—N)

cyc cyc

:>ny=4Rr+r2 —>(3)and2x2 = Zx —Zny

cyc cyc cyc cyc

ia (1) and (3)
= Zx —Znyvm =" s? —2(4Rr +r?)

cyc cyc
2

Z x* =s?—8Rr —2r? - (4) and finally,z x?y? = Z xy | — nyzz x
cyc cyc cyc cyc

vie @@ and® (4Rr +r?)? — 2r?s? = z x*y? = r?((4R + r)? — 2s%) > (5)

cyc

Now, (a? + 2)(b? + 2)(c? + 2) — 216 = ﬂ(xz +2x+3)—216

cyc
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=x2y2z2+2xyszy+32x2y2+4xyZZx+6 Zx ny — 18xyz

cyc cyc cyc cyc cyc

Yeyex=3
+8xyz + 9Zx2 + 122xy+ 182x+ 27-216 "=
cyc cyc cyc
2 3
2 3 4
x%y?z? +3xyz Zx ny +5 zx szyz +5XyZ Zx
cyc cyc cyc cyc cyc
4 3 4
R DI R 3 e D DO
57 x Xy | =5 Xyz x 81 x x
cyc cyc cyc cyc cyc
4 6 6
+12 Z Z 4 18 Z 189 Z ; 0
81\ L.~ W T3\ L*) T729\ LT =
cyc cyc cyc cyc
via (1),(2),(3),(4) and (5)
N 5s* — 10(4Rr + r?)s? — 3s?(s? — 8Rr — 2r?) — 2r?s?

?
—9r2((4R +r)? — 252) —18r?(4Rr+r?) - 27r* >0

?
& s* — (8Rr — 6r?)s? —r?(72R? + 72Rr + 27r2)0
()
Gerretsen Gerretsen
Now,LHSof (x) > (8Rr+r?)s?—r?(72R? + 72Rr +27r%) >
Euler
(8Rr + r?)(16Rr — 5r?) —r?(72R? + 72Rr + 27r?) = 8(R—2r)(7R+2r) > 0
= () is true . (a? + 2)(b? + 2)(c? + 2) < 216 and so, combining all 3 cases,
(a2 +2)(b2+2)(c2+2)<216Vabc>1|la+b+c=6,
"="iffa=b=c=2(QED)



