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2401. Prove that:

1+ xHIn(x*)In(y) In(1 + y) w2 {(3)
f J 8v2 1+ +8 2 17, dxdy = — (3"'2‘/5)
x°y“+x°y+y +y+xtys +x*y 36

Proposed by Abbaszade Yusif-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

® (1+x*)In(x?)In(y)In(1 +y)
f f x8y? + x8y + y2 + y + xty? + xty
3 (1+ x*)In(x?) In(y)In(1 + y)
_fo f y+yH®+x*+1)
® (14 x*)In(x) *In(y)In(1+y)
T ) g
1+ x*)In(x) “(1—x°)In(x)
I= f Sy G|
(- xs)ln(x) (1 xg)ln(x)
[, (-

1 _f w Zf (x127 — xB+120) In(x) dx =

Z (12n+ 9)2 Z (12n+ 1)2 144<¢(1)< ) Lo ( : ))

*(1-2)n@ f 1(1- )‘“(x)dx f T @)
0 1

dxdy

dxdy =

dy = 2JK

dx =], +];

J2 = 1 1—x12 _1 1—x12 -
x12
J (x12n+10 12n+2)ln(x)dx — Z 1 _ z 1 —
0 (12n+3)? L (12n+11)?
n= n=

144<”’(1)( ) "’(1)< )>
]=]1+]2_144<¢(1)<> Il’(l)( )+¢<1)() ¢(l)( ))

Notes:
polygammareflection formula:

(C)mpm (1 -2 —pm () = =2 cot(mn)

e =00 (=3 w0 ()0 (-5 v G3) -
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(211 —4m?(2 + \/_)) n—2(3 +2v3)
144— 72
_ f°° In(y)In(1 +y) _ J‘l In(y)In(1 + y) f"" In(y)In(1 +y)
" mmay) " Pmopma+y noina ),
n(y)In(1+y n(y)In(1+y n(In(1+y
Kl_jo y(1+y) fo 4y fo 1ty

3 (-1 . In(y)In2(1+y) . 1 'In2(1+y)
-2 fo tIn(dy — [ 4 [

1)" 1In2(1 +y) 1 1
d { =t dt = —t*d ,t[—;l]}
z f y 4 1+y Y 2

n=1
1In2(t) dt 1 (! In2(p)
= n(3) + él 1§=——<<3) f e

t
((3) ~5¢(3)
8

dy:K1+K2

dday =

oo

= 3@+ 22[ - n2(e)dt = 4 {(3) +

1
K, - f1°°1n(y)1n(1+y) dy - f“n( y)n(1+3) 4 folan(y) Iny)In(t+y)

y(1+y) y(1+$) 1+y
N ! In(y) In?(1 + y) In?(1 +) (1)
— _1q1\n N2 1 —
=D foyln Oy - B @=2) Gty
K=K, +K,= 13¢(3) _5¢@3) _ (3)
8 8
(1 +xHIn(x?)In(y)In(1 + y) B _ m*{(3)(3+2v3)
f f x8 Z+x8y+y+y2+x4y2+xydxdy_z]K__ 36
2402. Prove that:
jljl x’y? +4xy +1 dd 3G
o Xyt —xt — y* +8x3y3 + 16x2y% + 8xy + 1 XY=

Proposed by Amin Hajiyev-Azerbaijan
Solution 1 by proposer

trt x?y? + 4xy + 1 11
I= dxdy = ;y)dxd
fofox4y4—x4—y4+8x3y3+16x2y2+8xy+1 xay foj;)f(xy) Xy

X’y?+4xy+1 3
y* —xt —y* + 8x3y3 + 16x2y2 + 8xy +1

fey) =
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3 X’y +4xy+1 B
C(x2yD)2 + (4xy)? + 1+ 2(4xy) (x2y2) + 2(4xy) + 2x2y2 — x* — y* — 2x2y2
x2y? +4xy+1

T (2y2 + 4xy + 1)2 — (2 + y2)?
X2yt Axy+ 1+ x2y? +Axy + 1+ yE 4+ x? —x - y?

C2(x%2y? +4xy + 14+ x2 + y2)(x2y2 + 4xy + 1 — x2 —y2)
1

== +
2<xzyz+4xy+1+x2+y2 x2y2+4xy+1—x2—y2>
101

( 1

|11=ff dxdy |
1 2y2 +4xy + 1+ x% + y?

I=2(11+12){ 0 ‘o XYTTAIRyT LTI }

1
I, = dxd
kZ j;)foxzyz_}_zl_):y_:l_xZ_yZ xy}

1 -1 1 1
1 jo_[oxzy2+4xy+1+x2+y rey jojo(1+xy)2+(x+y)2 xey

J fo (1+xy)2 1+(x+y)2)dxdy

1+xy
x+y t—y dx 1-y?2 1—y?
fet {1+xy brX=1o yt dt ~ (1-yp?’ Ty 1—yt't[ 24
I, = f ' f ' 1-y° dtdy = f f ! dtdy
0o Jy (1-y2\? (1+t5)(1-y%)
( ) (1+t2)(1 yt)?
1

p_\
Il

‘<

o~

tan‘l(t)]ldy =

1 1+y
v= fl ydy ln(l_ )l

=Ej dy - f 1tan_1(y) — IBP y

4 y? 0 _ 1 du 1
k u=tan (y)'dy_1+y2 J

1+y
; _zfl 1, _zfl 1, +1j”“(1—y)d f2=0 0(0;11}
1% ), 1=92% 1-y YT2), 1+y2 1y
3 In6) = 1 . 1 G S
’1—‘zf0 md"—‘sz‘“ f” ‘““’)d"—zz @nti12 2
n= n=0

1 -1 1
I, = s dxd dxd
2 fo foxz 2+4xy+1 x% — y xay= f f (1+xy)2 (x—y)? ey

f Jo (1+xy)2 (x—y)2>dxdy

1+xy
Jep | XY _ _ m+y dx  1+y° - 1+ 1-y ]
et 1+xy_m'x_1—my'dm_(1—my)2' xy_l—my'm 1+y’ ¥
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1+y 1+y2 1+y
’Z‘If 2 —dmdy = ff Ty Y
(2 (- md-my)

1 1 1-y
jﬂ 11y [arctanh(m)]i;ydy:

_f1arctanh( ) J‘larctanh(y)d _zflarctanh(y)d _ J‘lln G%)
0 1+ y? o 1+y° o 1+y° o 1+y°
RLLICO N S G D
- _f1+y y_n=0(2n+1)2_
1=—(11+12)=1(G+E)=E
2 2 2 4

Solution 2 by Pham Duc Nam-Vietnam

* xty* + 8x3y3 + 16x2y? + 8xy —x* — y* =
= (xzyz)2 +16x%y% + 1+ +2x2y? e 4xy+ 2 e4xye1 + 20 x%y?e1
— (x* +y* +22%y%) =
= (x2y% + 4xy + 1)2 — (x? +yz)2
= (xzy2 +4xy+1+ (2% + yz)) (Juczy2 +4xy+1— (22 + yz))

1
== dxd
2<f0 J;) x2y?2 +4xy+1+x2 +y? xay
1 -1

1 1
dxdy | = - K
+f0 J;, x2y? +4xy+1—x2 —y? o y) 2(]+ )
1arctan(x+—y)

trt 1 1+xy) 4
]_J;,fox2y2+4xy+1+(x2+y2)dxdy_J;,[ 1-—y2 lody
fl 1 (= tan(y) | d
= — — arctan =
xy+x—y+1
K_Jljl 1 dxd _ljl[ln(xy—x+y+1)]1d B
o Lo 2y Haxy+1- (22 +y2) =2 0 1+y? oy =

1t 1 1+y
- EL 1+y2 ('“ (=5)- ‘“(”) dy
1-y 1-1

1 1 T 2
= - t dy,l t:{tZ—, =—.d :_—dt}
J fol—y2<4 arcan(y)) y.te 1+yy 1+¢" 1+1)?

1

1 T 1-t 11/ =
]:Zf m Z—arctan<1—+t) dt:if - Z—Z+arctan(t) dt =
0o —— -7 0

(1+t)2

2 t 2

1 j Larctan(t) d G
0
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101 1+ ! In(y) in(722)
y) f n(y f 1-y
K== 1 —1 =—= - | —=
zfo 1+y2<n(1—y “(y))dy 2, 132 72) 112 ¥
1-y
2 2, 1+y? Y 1+yy_1+t' Y= T A+ o2
k_G ljlln(t) . G G —
2 2),1+¢2 272
1 G\ 3G
I—E(I+K)——(G+ ) "
Notes:
arctan(t) - (— 1" C "
ttdt= ) ————=B(2)=G
J;, Z f (2n+1)? B(2)
n=0 n=0
U In(e) 1 (=) 1-t
— _1q1\\n 2n — _
j1+t2dt ZO( 1) Lt In(t)dt (2 +1)2 -G; arctan(1+t)

11
=1 arctan(t)

2403. Prove that:
1 .= h_1 L 3—-2 2 l z 14++2
f sinh™'(v) | _ i \/—) m? _ n*( > \/—)+ln(1+\/§) In(2)
0

Proposed by Ankush Kumar Parcha-india

Solution by Amin Hajiyev-Azerbaijan

sinh™(x) _f”"(‘/”xZ+x)dx=_f”“(m-")dx
0 0

1
=f —dx =
0 x x x

1-—t? 1+ ¢t?
substitution {\/ 1+x2—x=tx= T ,dx = —?dt,t[\/f -1; 1]}
In(t) (1+¢*)dt fl (1 +¢2)In(t) g —
2-1

1
0=-
fﬁ_1<1—t2> 2t2 t(1—t2)
2t
1 In(t 1 tin(t
S R S C IS
a1 t(1—t%) aoal-t
1 In(t T In(t T tin(t T In(t
pom [ O g [P O [ [P O,
vz-1t(1—t%) 7-1 L vz-11-1t vz-1 t

In?(t ST
2= [—( )]\1@—1 + Z f t**1In(t) dt =
n=0°V2-1

2n+2 1

2
2n+2 "Bz o -1

RMM-CALCULUS MARATHON 2401-2500

7]



ROMANIAN MATHEMATICAL MAGAZINE

WWW. ssmrmh ro

zn2(1+f) ln(\/_ 1)2(\/_ 1)™" z z(f )" _
4lin?

ln2(1+\/—) ln(\/_ 1)ln(2\/— 2) m?

= ﬁ ZLIZ(S 2\/_) =
_ ln2(12+ \/_) ln2(12+ V2) 1n(1 + \/_) In(2) 121_4 Li@-2v2) -
_ ZLiz(3 —2v2) - nz ln(l i f) n2)

ln2(1+\/f)=1u (3—2&)—”2 ln(1+\/_)ln(2) n2(1+\/_)
5 =4lb

'QZ='QI+

2
2 2
0=—(2,+92,) = —lLiZ(S —2v2) +”—+ In(1++2)In(2) - tn (1 al \F)
'sinh (x) le(3 2v2) w? mm*(1++2)
Lde_—f R — +ln(1+ﬁ)ln(2)

2404. Prove that:
1
T 421
sinh~1 sh 1(x)dx==(1—-——+—<)4
fo i (x) co (x) 2 < r2(1/4)>
Proposed by Ankush Kumar Parcha-Iindia
Solution by Cosghun Memmedov-Azerbaijan

IBP

fol sinh~1(x) cosh~1(x)dx = f In(x+VaZ +1)ln(x+Va2 -1 )dx =
xIn(x+y/ x%- xIn(x+ x2+ IBP +

gl el l)dx)—ln(4)+f ey

0 VaZ+1 0 NEZE NEZE NE 2—1
(x*-x) 1
i .r1l x ~ mol o 2 __’ _ i3 1
=?-2’Lf0 ﬁdx = ?-f 4(1 —x) ZdX B( )
_m i F(%)xf(%)_nl w4 2n_g( 4\/2_1: )
T2 2 r(s) T2 2 T2 (1)_2 r2(1/4)
Notes: F()—F(1+)——F()F() F()—\/—

2405. Prove that:

ety — 1 , 2
ff x+y+1dxdy=4)(2(e)—4le(e)+?—1

Proposed by Ankush Kumar Parcha-India
Solution by Amin Hajiyev-Azerbaijan

x+y_
a—f j ex+y+1dxdy

8 RMM-CALCULUS MARATHON 2401-2500
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subtitation {e*™Y = t, dt = tdx t[e”y ey]}

eY+1 t—1
= dtd ——— dtd =
7= ff t(t+1) Y= ff 1+t t Y=

f [2In(1 + &) — In()]% " dy =
0

= Zf In(1 + e*Y)dy — Zf In(1 + e¥)dy — f dy =

=-2 Z (_an e"dy + 2 Z (-1) "ydy —1=

_ZZ(_ )n[ﬁ]o—zi(_l)ne eny 1_q=

& (e o Ecayen (-Dre
=2 n? _ZZ n? _ZZT-I_ZZ n? -1=

n=1 n=1 n=1 n=1
= 4Li,(—e) + 21(2) — 2Li,(—e?*) — 1

Notes:

Zl'l
Polylogarithm function: Li,(z) = Z o lz| <1
n=1

Lia(zz)'_

21 a (Lla(z) + Lig(— Z))

2n+1
Legendre chi function: y,(z) = Z GniDe E(Li“(z) — Liy(-2))
11'2
o = 4Liy(—e) — 4Li,(e) — 4Li,(—e) + 4x,(e?) + ——1 =
2 ¥
= 4y,(e?) — 4Li,(e) + o 1
2406. Prove that

jOOO joooe—x <§)2 In (1 + i—j) In(y) dxdy = (2 — )

Proposed by Ankush Kumar Parcha-India
Solution by Amin Hajiyev-Azerbaijan

CC (X y? y
—J;) fo e x(;) ln(l +x—2>ln(y)dxdy,{;—t,dt—dy,t[OO,O]}
® r®e=XxIn(1+ t?) In(xt
=f f ( 3 ) ( )dxdtz
o Jo t

9 | RMM-CALCULUS MARATHON 2401-2500
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*In(t)In(1 + t?)

*In(1 + t2 ®
—f e‘xxln(x)f dedt+f e‘xxf >
0 0 0 t

00 0o 2
24 =f xxln(x)f ln(1—-I_)d dt=1-]
0

I= j e *xln(x)dx = llm—f x%e *dx = llm—F(a+ 1) =
0
= lim POa+Dra+1)=9p@R2)=1-y

dxdt =

note: {Gamma function: f e *x* ldx I"(a)}
0
1ln 1+t2 *In(1 +t2
1

*In(1 + ¢2
=f (tz )d=f .
0 0

o J: ln(lt:- t2) nz: (- 1)"] 2n-2 gy — in((z_:znl) _
D

J2 = f n(=1 ) {% = u,du = —u?dt,u[0; 1]}
J2 —f In(1+ u?)du — Zf In(u) du = — Z

(1)nf udu — 2[uln(u) — ul =
0

NGk GG 1)n , T
—;m-i-z 2n+1 ———2+ln(2)+2—i+ln(2)
2y=]eI=m(1-y)

J=J1t]: =E—ln(2)+2 +ln(2)— T,
“In(t)In(1+ tz)d Ux— MoK

'szf e"‘xf
0 0 t?
M= je‘xxdx rz)=1
*In(t)In(1 + t?
1

_ jow ln(t)lnt(zl +t2) it Jol ln(t)lnt(zl +t2) Qe+ tz
K, Jol ln(t)lnt(zl +) ;gftm_z In(t) dt = nzl% _
v 1)n 2(;1)1;+2 % = —26-1n(2)
K, = fl ) ln(t)lnt(zl LI {t = u,du = —u?dt, u[0; 1]}

K, = —flln (1 +l) In(u) du = —f In(w)n(1 + u?)du + Zf In?(u)du
0 0 0

RMM-CALCULUS MARATHON 2401-2500
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(_1)n+1

© _ayn 1 d
_ Z ﬁf w2 In(w) du + 2 [2u + uln?(u) — 2uln(w)]} = Z nEnt 1zt
0 n=1

D" o D" o (-Dm ™
—22 2 —z 4=2G6—4+—+1n(2 4 =
12n+1+ @n+ 12 L n + Tz tm@)+

n= n=

- za+g+1n(2)

T T
K=Ki+K;=5-26-In(2)+26+5 +In(2) =

2, =KeM=mn
Q=0+ =n+rn(l-y)=n(2-7y)

Jow fom e* (g)z In (1 + g) In(y)dxdy = (2 —y)

2407. Prove that:
dxdv < 2Li 37(3) v |
” x+y) xdy =2Li(—e) + ==+ g3

Proposed by Ankush Kumar Parcha-India

Solution by Amin Hajiyev-Azerbaijan

e_x
dd )dd -
ffm ex+e3’ X6y = ffm 1+eV > xey

:ff In(e” ")dxdy—ff In(1+e¥*)dxdy =
[0;1]2 [0;1]2

ffm xdxdy+z( anfmzmdxdy_

1 w— (-1D" e 1 w(-D"e™ 1
= - [ ey =-3- (55-2) [ emay =
n=100 n [0:1] n n;l n n n [0;1]
1 Z (—1)m <e n 1) e | 1 Z (—)m <e n 1) (e" 1)
2 n n n/'n'% 2 n n nJ\n n/
n=1 - n=1
1 (=)™ ( 2 em e") B
2 n \n2 n%2 n?2/
n:
1 (D" °°(—1)n oG (- De" _
-y LS,
2 n3 n3
n=1 =1 n=1
1 1 (3) w2 1
=—E+2n(3)+L13 <—E)+L13( e) = 2Liz;(—e) + <3

11 RMM-CALCULUS MARATHON 2401-2500
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Li (2) + (—1)5Li, G) _ @mi)® (( 1 ln(—z)>

-5+ :
r(s) s 2 2T

.

_ 1 1, _ 1 1
notes: { Lis(~2) — Liz (=) = = <In3(2) = {D)In(2); Lis(~e) — Lis (~3) = —= = ¢(2)
)n+1

& n(Z)=§( n

n=1

= (1-2"%)¢(2)

2408. If:

2

2
Yy z
®In(1 + x?)In(x) 1 (In (1 + T) In(y) 1 reIn (1 + 7) In(2)
0 = j~ dx + JN 2 d}l+——-jﬂ > d
0 0 y 9 0 VA4

x2 4
Then,show that: 2 =n({(3) —J'(3))
Proposed by Ankush Kumar Parcha-India
Solution by Amin Hajiyev-Azerbauan

wln
2= anf

Q- > e [

n x2

Z

ln(x)

dx 1+ a?x?

aad @ =20 | G {ta“'l(“’@‘tﬂ‘L”E;“]}

z tan(t) z z
Ef(a) = ZL ln( " )dt = Z-fo ln(tan(t))dt — Zln(a)f0 dt = 21 — win(a)
I= Fln(tan(t))dt, {; ~tot} 1= Fln (tan (g - t)) dt = Fln(cot(t))dt
0 0 0
1( (2 z 1(z
I= —( f In(tan(t))dt + f ln(cot(t))dt) == f In(tan(t)cot(t))dt = 0
2 0 0 2 0
%f(a) = —mln(a); f(a) = —njln(a)da = ma— naln(a),{a = %}
1 T 1 In(n) 1
f(;)=;‘;‘“(z)="< n z>
1 1 1 -
R SO

m(;—z(s n) +m{(3) = -n¢'(3) + m{(3) = m({(3) — ¢'(3))

S
I
[]s

[y

I
=‘ﬁ

12 | RMM-CALCULUS MARATHON 2401-2500
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2409. Prove that:

Lo T
[[ 22 —txty- "
0 -0 /sinh (5) 2V2
y
where @, is the lemniscate constant .

Proposed by Ankush Kumar Parcha-Iindia
Solution by Amin Hajiyev-Azerbaijan

X dx
dxdy; subtitation {; =t dt = 7,t[00; 0]}

1 1
K=J. ydy ==
0 2
dtdy=KeM,

@ t
e[

o +/sinh(t)
M—foo t dt—xfifoo L at

o +/sinh(t) o Vet—et

subtitation:{ et = u,du = —udt; u[0;1]}

M= -3 ! Vuln(u)

0o uvl —u?

V21 In(w) \/i.dfl u®

du, {u?-u}

du=——1lim —
3 1
4 Jo u41—u 4 “"‘%da 0 1-uw)2

1
= —— lim iﬁ(a+ 1;—) = _\/Ti lim3%<—r(a+ 1)T(7)> =
a->—= a->-7

r@+1) <¢(°>(a +1) -9 (a+3)

4 a*i( r(a+3)
)

2

1 fo R
=—F/wW=—7=W, ff—dxdy=KoM=—w
22 0 %o [sinn (%) 22

13 RMM-CALCULUS MARATHON 2401-2500
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m

d
rpolygamma: (—1)™pm™ (1 - z) — Pp™(2) = T cot(1rz)W

1
notes: < gamma: I'(1 — z)I'(z) = wesc(mz); F(E) =r

1
lemniscate constant: @ = —1"2 (Z)
: 2\2m J
2410. A Reciprocal integral relation: If we define the function Y (q)

W(q) = J_‘” tanh(4nx) —

» Cosh?(2mx) — q

then prove the relation

92
@ — 2q(q - 1) a‘/;(zq) +(2q+1) ‘Mq)

Proposed by Srinivasa Raghava — AIRMC - India
Solution by Rana Ranino — Algeria

(@) = j‘” tanh(4mx) d j“’ dx
viq) = _ocosh?(2mx) — q x4 _wCosh?2(2mx) — q

odd function

dx t=tanh(2mx)

Vi@ = quo cosh?(2mx) — q =

d—¢ =— ! tan~! T _ 1
dq 2n(1—-q)\/q(1 — q) 1-q 2rn(1-gq)
dy 1 2q+1
aq = 2qa-9 " ? " ma o
dp  2q+1 2qg+1
24+ D) 4 =20 -9 ¥ P " 2n— 9
>y 1 d*y 2qg -1

1
dq* 2q(1- q) dq? i 2q%(1— q)zlp(q) 2n(1 — q)?
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2
w dp 2q-1 q
2q( 1) =——= @ +———=
7= dq q(l—q)lpq n(1-q)
d21p 4q -1 2q+1
2q(q —1 = — ik S
q(q —1) g2 2q(1 = q)tlJ(q) 2m(1— )
4q-1 2q+1 2q+1 2q+1
24(q - 1) it (2 1) B _Zq(l—q)‘p(q) T om0 T 200-0 YD " iy
2q(q - 1) L+ 2q+ DL d"’ "’(") Proved

Y(g) = f‘” tanh(4mx) - q dx = 1|4 tan‘1< 1 )

_Cosh?(2mtx) — q T [1—q 1—q
2q(q - 1)2 +(2q+1) —"’ Y@
dq q
2411. Prove that:
N 1 2n (—Dk1 2
Z nZZ" Z 12

n=1
Proposed by Hikmat Mammadov-Azerbaijan

Solution by Amin Hajiyev-Azerbaijan

_ 2n ( )k 1
Notes
~ ( 1)k1 ( 1)k1 11_x2n
Skew harmonic series: H, dx
o 1+x
= HZn - Hn}
had x2n-1 1 1 had x2n-1
{Generatlng Binomial series: an (Znn) = ——— f z an (21;1) dx
n=1 xV1 x x n=1
1—\/1 x2
x 1- x2
x_ 2n _ _ -1 )
Zn4"(n)_ 2In(x) —2tanh™"{1—x
n=
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H; " Hyp — H - 1 11— x2n
)= 3 a2 S L o) [ 1 e
=

n=1

g =

~ I

[ee]

1 o x2n
:fo 1+x(;% Zn _anw( L

n=1
_J‘ —2In(1) — 2tanh~1(0) + 2tanh~ V1 — x2 +21n(x)
a 0 1+x

tanh~1v1 — x2 n(x)
= Zf dx—Zf dx Using IBP method:{v =1In(1+x),u
0 1+x o 1+x
_ tanh-1J1— 22 du 1
= tan X . 1—x2}

In(1 +x) w2 In(1 + x) _n?
a=21n(1+x)tanh‘1\/1—x21+2f ———dx——= Zf ———dx——
[ 0 0o xV1— a2 6 0 xV1 — x2 6

Using Feynman's integration method
1@ zj‘lln(1+ax)d dl() fl 1 4
a) = —_—_ a)= X
0o xV1—x2 1+ ax)V1l —x2

Subtitation {x = sin(t),dx = cos(t) dt}

T

I'( )—zf2 1 dt{t (t)— dt = 2 inge) = 22 [1-0]}
»= o asin(®)+1 anlz)mwat = e S T el
tan‘l(u+a>

1 1
1 du V1 — a2
I'(a):él-f 2 2=4J- 1o 11 u=4f 1-a ]%:
01f32+11+u o U +2ua+1 V1 — a2

_ v%(ﬂ(tan‘l ( %)—tan—l ( &)) (1) =o 1(0) = 0}
1

i 4f 1 ¢ _1( 1+a) ¢ _1< a ) d
= an — tan a
o V1 —a? V1 —a? V1 — a?
a+1 a 1 VA
Substitution: { tan~! ( ) —tan 1 (—), dg=————:0 [O;—]}
V1 — a? 1—a? 2V1 — a? 4

B 6* % 8m? m?
I—8J 0do = 8[—]0_3—2_T
_OO 1 2n (1)"1 11'2 o’
2412. If:
N (oY 4 (ol
Z(( s+ -l >xm=z
then find t value of the expression x°> —x3 —x* — x

[ ] is the floor function
Proposed by Srinivasa Raghava-AIRMC-India

16 | RMM-CALCULUS MARATHON 2401-2500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solution by Amin Hajiyev-Azerbaijan

m+1 m-1
2= mZo(_l)[T]xm n ;0(—1)[T]xm =0, +0, =2

m+1<5k=0
],meNo; m+1>5,keN
m<1, keZ~

m+1] [m—l
n=

0<x<1; k=[
x 5 5

[ee]
m+1
0, = Z(—l)[T]xm=1+x+x2+x3—x4—x5—x6—x7—x8+x9...

m=0
3 8 13
Y-S S
o m=0 m=4 m=9
= 2 L 23 4 x4 x5 _ 6 _ 7 10 4 ,11
.(22=Z(—1) Slxm=-1+x+x*+x>+x*+x>—x°—x" - —x"+x" + -
m=0

2,+02,=2, 2x +2x2 +2x3 —2x6 —2x7 —2x8 4+ .. =2
x+x2+x) =S+ 2 +2) + 2%+ 22 +2%) .. =1

(x+x2+2)(1—2% + 210 — x5 +x20— .. ) =1
oo
x + x2 + x3
x+x% 4+ x3 Z —)MySm =1, —— =
( ) 0( ) 1+ a5
m:
X +x+xt+x3=1; x°—x3—x2—x=-1

2413. Prove that:

X+y_ 2
o Jo S dxdy=ay; (€2) - AL (e)+= - 1

0 ex+y4+1

where Yy, is the Legendre’s chi function, Li, (z) is the dilogarithm or Spence’s
function.

Proposed by Ankush Kumar Parcha-India
Solution by Cosghun Memmedov-Azerbaijan

{x+ty=t}

1 r1e¥7-1 1 ,y+1
fo fo dedy = fo fy

et-1 1l cy+11-et _
et+1dtdy_f0 fy 1+e—tdtdy_

1 ,y+1 1 y+1 et 1 . Loyl
=/ f;’+ dtdy- 2 f;”r ee_tdtdy=f0 dy+2y.> (D" [, f;”r e dtdy=

1+
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o D" 1 _ - o (!
=1+22n 1Tf ( m — (y+1)n)dtdy_1+2( Zn:l -

n2

23, Co o i () a0 ()

-1+2(-— 2= le(—ez)+1+—+L12 (e?)-2Liy(e))= 1+— +4x, (e%) — 4Liy(e)-2=

=4y, (e?)- 4Li2(e)+%— 1
Notes: Dilogarithm formula

Li,(—z)+Li, (—1)— W@ aLiy(=1), Liy(z) + Liy(— z)-—le(zz)

Legendres chi function XV(Z)=E[Liv(z) — Liy(-2)]

2414.

0 1
Green Area?
@® f(x)=xtan'(x)

@® z(x)=xtan’ .

X

Proposed by Sonu Aarnav-india

Solution by Daniel Sitaru-Romania
1 1

Green area = f(g(x) — f(x))dx = f (xtan‘1 (%) - xtan‘ix) dx =
0 0
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1 1
X
-1 _ —
f tan™ x) xtan x) dx f ( 2 2xtan” x) dx
0 0
1 , 1
T 1 x> 1
= ——— -2 tan‘lxdxz——z(—)tan‘11+2 - dx =
4 2 2 x¢+1
0 0
1 1 1
i[5 n 241- 1 x2+1 1
=——— = dx — dx =
4 4 Cx2+1 xZ2+1 x2+1
0 0 0
T
=1-—tan” 11+tan‘10=1—z

2415. Find a closed form:

J“X’ f arctan(x?)arctan(y*)
x%y3

dxdy

Proposed by Ankush Kumar Parcha-india
Solution by Shirvan Tahirov-Azerbaijan

dxdy =

j j arctan(xz)arctan(y4)
y3

® arctan(x? arctan(y*
:f__ﬁ;_uxf.__7@zhzxy
0 x 0 y
_3
©arctan(x?)  1BP arctan(xz) °° 1(® x4
_[aretantet,, Y
0 X 0 1+x 2)p 1+x

Y =

©arctan(y*) = IBP arctan(y‘*)
fo v Y < >

3
1(° y4 1 (1 3 n
4), 1+y 4" \4" 4) " 22

® arctan(x? ® arctan(y* T T 2
[Faretn ,(areant o w
0 x 0 4

y3 VZ U 2v2
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2416. Find a closed form:

In3(x) dxd
f_oojl (3 —2x2+x)(1+y+y?) Y

Proposed by Cosghun Memmedov-Azerbaijan
Solution by Shirvan Tahirov-Azerbaijan

n3(x)

In3(x) dxd
f_oojl (x3-2x2+x)(1+y+y?) Y= f (1+y+y2)2J (3 — 2x2 + x)
=Y. X

B —o0 1+ + 2)2 —o0 1 2 EZ_ —o0 1 2 3
A+y+y9) G+ty+y:+p (z+y) +p?

2

_V3
y+1="5-tan(z) g ?secz(z) d V3 16 2 % 2( )d A

o RN 222_29 _focoszz_3\/§
dy=§sec2(z) 2((5-sec(2))?)

1
©  In3(x) o (e (x)

X= dx = Z f i (xd

fl (3 — 222 + x) x , (1= x)z n3(x)dx

o]

6;# Z((n+1)3 (n+1)4) Z(n+1)3 Z(n+1)4

n:

nA-
=6(3) — 6¢(4) = 6(§(3) — 51)

Oo dy ©  In3(x) _ _8m 11'4
f—wm fl @z )X A= FCB -5y

2417.1f 0 < a < b, then:
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b
4jtanhxdx > cos2a — cos2b
a

Proposed by Daniel Sitaru-Romania

Solution by Soumava Chakraborty-Kolkata-India

b b b
ex_e—x (eX+e—x)I
4ftanhxdx=4f—_dx=4f—_dx
e*+e™* e*t+e™*
a a a

?
=4In(e®+e™?)—4In(e® + e %) > cos2a — cos 2b

?
< 41In(e’ + e™) + cos2b > 4In(e® + e™?) + cos 2a
? ia MVT
< f(b)—f(a) >0 (f(x) =4In(e*+e*) +cos2x Vx> 0) Yo
? ?

? 7 et — @€ ”
b-—a)f'(c)>0(a<c<b)ef'(c)=0(+b=>a) 4.
b-@f'(©=0(@sc<b) < f(©20(:b2a) & 4———r

e’ +1-2 . ? . 4 2

@4.W—Zsm2c20@2—sm2c—e2c+120 - (1)
vy
LetF(y)zsmy—y+z—mVyE[0,00)

vty y3
~ F(y) = cosy — 24 + > 1and F'(y) = — (Siny - <y — E))

—2sin2¢>0

LetP(y) = siny — y+% Vy € [0,0) .. P'(y) = cosy +y? —1and
P'(y) =y—siny> 0= P'(y)is T on [0,00) = P'(y) = P'(0) =0 = P(y)is T
3
on [0,00) = P(y) > P(0) = 0 = siny > y—% Vye€E|[0,m)
>F'(y)<0=>F'(y)isl on[0,0) = F'(y) <F'(0) =0 = F(y)is ! on [0,0)

3 5
. y y
< = < —_—
=>F(y)<F(0)=0=siny<y 6+1ZOVyE[0,00)
: vy
.-VyE(0,00),smy<y—€+m—>(1)

2
Leth(y)=ey—1—y—y? Vy€e[0,©)~h'(y)=e¥—1—-y=>0=h(y)is?T
2
on [0,00) > h(y) >h(0)=0=Vye€ (0,o),e¥> 1+y+y?—>(ii)

>1-sin2c+1————
e2c+1 + 2c+1+1

2 c—1
=1—sin2c+1—c+—1:(1—sin2c)+c+—120:>(1) is true

0 < ¢ < 1 and via (i), (ii), 2 — sin2¢c —

Case 1|c > 1 and we have : 2 — sin2c —

——>
e +1
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s (2 8c3+32c5 4
“"76 120 (1 o2

+C+7) +1
_ > 15— 15c + 20c3 — 4¢° 8
B 15 4(1+c)2+c*+4c2(1+c)+4

_ —2c3(4c® +16¢° + 12c* — 48¢® — 113¢% — 115¢ — 100)
B 15(4(1+c)2+c4+4c2(1+c)+4)
—2c3(4(c —1)+16(c5—1)+12(c*— 1) — 48¢3 — 113¢? — 115¢c — 68)
1541 +c)2+c*+4c2(1+c)+4)
v0<c<1=>4(c®-1)+16(c5—1)+12(c*—1)—48c3—113c2 - 115¢c— 68
< 0 = (1) is true . combining both cases, (1) is true V c € (0, )
b

~ 4 j tanhx dx > cos2a — cos2b whenever 0 < a < b (QED)
a
2418. Find a closed form:

j j <ln(1+xy)> dxdy

Proposed by Abbaszade Yusif-Azerbaijan
Solution 1 by Amin Hajiyev-Azerbaijan

f f (ln?:x;y)) dxdy, { fo 1 fo 1 f(xy)dxdy = — fo 1ln(x) f(x) dx}

IIn(x) In?(1 + x) .
0 = —f dx,using IBP method
0

1+ x)2

( 21 In(1 + In?(1 + \
iu =In(x) In?(1 +x), du = ( n(xi _Ir_l(x *) + n (x x)) dx i
| = J-—dx = — 1 I
k 1+ x)2 1+x }

0- In(x) In®(1 + x)_, jlln(x) In(1+ x) jl In?(1 + x)

B 1+x 0 0 (1+ x)2 o x(1+x)

Q=20,+0,
IIn(x)In(1 + x)
0N, = i IBP
1 -fo e dx,using method

u =In(x)In(1 + x), du = <ln(x) + In(1 +») d

)
1+x x ) x¥
_ _ 1 |
_f(1+x)2dx_ 1+x )

|
\
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In(x) In(1 + x) 1 In(x) IIn(1 + x) IIn(1+x)
4 =1- 1+x o (1+ x)? fo x dx—fo 1+x 7
> _1\yn 1 2
= - nZln(—l)"f 2" In(x) dx — nZ:: ( :) fo x" ldx — [ln(lT+x)](1) =
o EDT OEDT 2 (2) z(2) In?(2)
a Z n Z —Tp - Th@+ 2
Q, = Tiea 0, ing IBP method
2 = j;) m X, using metho
( =In*(1+x), du= 21n@ + 1) )

B 1+x
1 1 1
{kvzjx(l_l_x)dx=f;dx—f1+xdx=ln(x)—ln(1+x))

IIn(x) In(1 + x) 11n%2(1 + x)
_ _ 1_ ST
2, = [In?(1 + x)(In(x) — In(1 + x))]} Zfo — dx +2 _L 1+ x dx

=-In3(2) — 21 +2J

Mm@+ o, v CDH,
I—J;) 1+ % dx——nz;(—l) Hnjoxln(x)dx_ =1(n+1)2_

0 n 1 (o] o0 "
B Z (-1) (Hn+1 - n—-l—l) N ED™Hyyg -n*
- 4 (n+1)2 (n + 1)2 4 (n+1)3
4 Z (- 1)"H 3((3) _5¢(3) 343 <B3)

1= - _
4 8 4 8

11n2(1 + x) Z1n?(x) 21n?%(x)
]=f0—dx=f1 . alx:[lrﬁ(x)]i—zf1 "

p—i

dx =1n3(2) — 2
1+x * n*(2) J

In3(2)

3/ =In3(2) J =
_ {3) 2n(2) (B) In’(2)
0, =-In3(2) + T T3 "1 3

ln(1+xy) _ 2 ((3) ]n3(2)
[ L) -t 521

Solution 2 by Togrul Ehmedov-Azerbaijan

11
logZ(1 + xy)
= —————dxdy
(1 +x
00

11
j 1j log?(1 + m) IBP
= | = mdx
x) (1+m)? =
0 0

xy=m
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IBP log(x )Jlogz(l +m) ] B jlog(x) logZ(1 + x)

= (1 + m)? (1+x)?
x=0 O
3 log(x) log?(1 + x)
- _f 1+ x)2 * =
IBPlog(x)log?(1 + x) =1 1logz(l + x) : log(x)log(1+x)
= (1 + x)2 0 B f x(1+x) X .f (1+x)? -
1 1
B log?(1 + x) log(x)log(1+x)
“j XA+ T f a+nz = "h-2k

1 2 1 2 1 2
- [lE i, (g0, [lediD,, L lige

x(1+x) x 1+x
1 o1 1 1
I = f log(x)log(1 + x) d IBP log(x)log(1+ x) J‘ log(1 +x) log(x) d
2= (1+x)?2 * = 1+x o xar ) aror™
0 0

1 1 1
_ f log(1 + x) A — f log(1 + x) d log(x)

X+
x 1+x (1+ x)?
0 0 0

_1 1.
dx = EC(Z) - Elog (2) —log(2)

I=-I1,-2I, = —%C(B) —-G(2) + %log3(2) + log?(2) + 210g(2)

2419. Find a closed form:

f J tanh~ 1(xy)d xdy

1 — x2y?
Proposed by Ankush Kumar Parcha-India
Solution 1 by Amin Hajiyev-Azerbaijan

1 1 -1
f f tanh~ (xy) dxdy = — fo In(x)tanh (x)d

1 - 2 & 1
_ _f In(x)In (1 + x) dx = — lz z 1 f X2+ () dx =
2
0 0

2 1— x2
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:%ZZ(2k+ 1)(2k+2n+2)2 422(2"+1)(’:+k+1)2

n=0 k=0

(_ 1)n+1 ]

W; ae{Z = 1}}

{polygamma function: @ (n+1) =

ll)(l)(k + 1) 1 ((2) _ H( ) *® H(Z) _
42 2k + 1 4/, 2k+1 (2)22k+1 22k+1 B

<(2)j — dx—_f 2}1(2) 2"dx> ( (2)[ln< x)](l,—l)

i
{we know <> Z x"H® = A
4 1—x
n=

18 1Li,(x%)
:j sz"H,(cz)dx :j 2( >-dx,using IBP method

x
1 1 1 1In(1 — x?)In
_Liz(xz)](l)J zdx_J (1+x) dx =
2 o 1—x 0 x

Lia(l) = ((a)}

I=[

dx

_ ((2)f11 1x2 dx_flln(1—x2)1n(i —)
0

X

<“2)f1_ dx—I) 4]0“"(1 M (155)

x
1 1In?(1 —x) —In?(1 +x) 1 (1In?(x) 1 1 In?(1 +x)
=—f O x——f "+ -
4 ), x 40 1—x 4 Jo x

Z f X" () dx — —1 - —c(s) - —1
jllnz(l + x)
0 X

1 1
dx, substttutwn{l—_l_x =y, y [E 1]}
1 In2(y) UIn2(y) Hn?(y)
J = fl dy = _L dy +f1 dy =
1yA-y) L > 1=y

In3(2) 1ln2(y) %lnz(y) _ 1n3(2) ~ In3(2) )
3 +f0 . —fo e OB HORE S
{@3)

B _9_1 3 1 _1 3 1 3 7 3
== =54 >h—1—1 —«)——«)—1—65()
fftan (xy)d dy __((3)
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Solution 2 by Togrul Ehmedov-Azerbaijan

IBP tanh~1(m) log(x) tanh™ 1(x) log(x) tanh~1(x)
log(x) f 22 Edm f dx = f dx
= 1—x? 1 —x?
x=0 0 0
1 1+x
tanh~ 1(x) = —log( )
: Flog(x) log —) ;
T2 f 1-— x2 f — x2 X B
0 0 1-x_
1— T+x 2
s o5,
4

0

1
_ lj‘ log(z)log(1 —z) g — 1 f log(z)log(1 + z) dz
4

y 4 4 y/
0

’ S DUSRUR VAR IS B SN
=253 - 7{-35®} = 7e5®
2420. Find a closed form:

1 .1 X
= f f tanh™! (— - X) dxdy
0 Jo y X

Proposed by Ankush Kumar Parcha-Iindia
Solution 1 by Amin Hajiyev-Azerbaijan

y y(y* — x*)dx
), du =

x
u = tanh™1 <—+— =T 5%
fftanh1 )dxdy IBP - y X A xTyt+y

v=fdx=x

1 Xy 1 xy(y? — x?)
= t h‘l(—+—) 1—J dx)dy =
Jo([ MM oG T *o o x*+x2y? +yt x)dy

1 1 1 1 xy(yz_xZ)
o=t h‘1<—+ )d —jj dxdy = 0, — 0
J0 an y Y&y 0 Jo x*+x2y? +yt Xy ! 2
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1 1—y?
1 1 u=tanh_1(y+—>, du=%dy
.lef tanh‘1<y+—>dy,IBP—> y Ty ty
0 y _f —
v=|dy=y
1 1yl -y ly -2y} +y°
0, =t h_l( —) - | ———>—dy=tanh™1(2) - ——dy =
1 = [tan y+y Ylo 112y A%y = tan (2) g y
St 1. 1+2
=tanh‘1(2)—2f y6n+1_2y6n+3+y6n+5dy=_ln( )_
 Jo 2 "\1-2

i( 1 )_ In(3) it 1 1 N
6n+2 6n-+4 6n+6 B 24 (3n+1)(3n+2)

n=0

5 ot w2t

1 ir w In(3) T
| ©® — ) (= _ _ _ —
* 6(”’ Y-y ( )) ) - "3 Td 12y

31n(3) A in_ /3 31n(3) in

12 4 2
" xy(y — x%)
'QZ = f J- 1 2 d dy =
x + x2y? + y4
101 xy3 x3y
= J- J- Aty t y S dxdy — f f Ayt gt 2 dxdy = 0 {symmetry}
nv3 3In(3) im
tanh~ 1 )d dy =0, — 0, = — il
J- f an xay = 2, — 2, 12 + 4 2
Solution 2 by Togrul Ehmedov-Azerbaijan
1
11 1 X
Xy 1 IBP
l=fftanh‘1 <—+—>dxdy =fxftanh‘1 (m+—>dmdx
y X m =
00 V., 0 0
X
1 x=1
X 1 1
IBP x? _ 1 l 1 ~ 1 1
— | tanh 1(m+—>dm +—ftanh1<x+—)dx= ftanhl(m+ )dm+
= m | 2 X 2 m
0 | 0 0
x=0
1 1
1
+thanh 1(x+ )dx—ftanh1<x+ )dx
0 0
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1 1 1 1
tanh~! (x+—) =z = tanh (tanh‘1 (x+—)) = tanh(z) = x+—= tanh(z) = x+ —
X X
e?z -1 ., X t+x+1 . Z4x+1
== —ﬁ:log(e )—log— =z

1 — x2
_1l x2+x+1
2 08 x—1-—x2

. h_1< +1)—11 x2+x+1
an X X —Zog x—1—

X2
1 1
flog <z _+ X_+X;> dx =%{f log(x?> +x+ 1) dx—flog(x— l—xz)dx}
0 0
1(/3 ) my) T3 3 in
=E{<Elog(3)—2+2\/§)—(m—2+\/—§)}— —?+Zlog(3)—?

2421. Find a closed form:
Q- j x(Inv1 + x2 + arctan? (x))
A 1+ x2

Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Amin Hajiyev-Azerbaijan

|{Q B 1xln\/1+x2d
J‘ Tx(InvV1 + x% + arctanz(x)) C 040 4 1 _-fo 1 + 2 X
0 1 + x2 T g _flxarctanz(x)
k z - 0 1+x2
IxlnVv1+x% 1BPq 5 511 1 (txin(1+x%) 1,
lej —; dx [ In (1+x)] ——j ———5 dx=—-In*(2) -
o 1+x ~ 2102 0 2J, 1+« 4
1 1
20, = Zan(Z) &K=>» 04 = §ln2(2)
q _flxarctanz(x)d “i”[l tan?(x)In(1 + 22 ]1
2—0 1+ 22 x—zarcanxn( x)o
f Larctan(x) ln(1+x2)
0 1+ x? B
w? Larctan(x) In(1 + x?2) dt 1
3—21n(2) _jo 1+ 22 dx K=> {arctan(x) =t - m;x
= tan(t)t[E;O]}
4
28
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2 T

Q- In(2) f"u (1+¢ Z(t))dt—nzl (2)+2f2tl (cos(t))dt
2= 32 n . n an = 32 n n({cos
2

0
=2 @) +21
“32 "

Note :
{We know - In(cos(t)) = —In(2) — z (=1)"cos(2nt) Fourier series }
T b4 n;l "
(% o i oD
I= jo tin(cos(D))dt = —In(2) j tdt Z

1 ?
f tcos(2nt)dt = ——1In(2) —
0 32

z (—1" cos(Znt) N tsin(znt)]%

4n?
2

T (-1
=—3m (2)‘2 "

n=1
[ee]

-5y S () -

7T sin (%n) N cos (%n) 1

8n 4nz

oy sm

S ()13 3
0y

2 n3
n=1 n=1
@)+~ - 1)n+1+1 1(1 L2 ) L (1-219¢(3) =
32 8 L (@n- 12 2\23 23733 " 4 ¢B)=
2 x n+1 2
@) 1D mow 3X(3) 33
_321 n(2) + G+ 16 32 . 3 =g M@ -t 18 T
n=
2 21¢(3
T o™ Inc2) - 23
g 32 128
0, =" (2) + 21 ~ @) +26 o ) K@ 7. "21 2) - 2@
2_3 n BEY I 4" 16 64 4 n 64
x(Inv1 + x2 + arctan?(x 2 1 3
f ( 2 ())dx=Ql+QZ G——ln() (()
. 1+x 4" 732

_ 2
64 + 3 In“(2)
Solution 2 by Ankush Kumar Parcha-India

1 1 xIn(1+x?) 1 xarctan?(x)
We have, Efo Tia2 dx +f 1+—2d (1)

1 (lxin(1+x2)  *¥2*1
x——f mery)
0

In(1 + x) <ln2 1+ x)) 1
dx = f —dx=>|—7-—"—
2 1+ x? 4), 1+x 8 0
1 (1xIn(1 + x?) In%(2)
- f T D ax =
2)y 1+x? 8
29 | RMM-CALCULUS MARATHON 2401-2500




R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Lxarctan?®(x) tan~!()-x IBp d -
— 2 - 2 4
X x“tan(x)dx = X Incos(x)dx +
fo 1+ x2 fo (x) ( .f dx (x) )

T

Note section 2 (_ )n
j xlncos(x)d x ’f —In(2) - Zln(2)j xdx — Zz f xcos(2nx)dx =
0 @D 32 nen
IBP 2 w?1n(2)

= —In(2) -
32 (2) 16

(—1)™ | (xsin(2nx) % 4 sin(2nx) o
_ZZ n [( 2n )0_f0 2n dx]——ﬁln(z)—

nenN m
2 m~— (—1)"sin (7)
= In(2) - —Z -
32 4 n?

n LU
(-1-) [1 sin (n_n) N (cos(an)) )

2 4n? 0
nenN nenN
n-2n+1
(- COS _1\n+1 Notesectwn 2 —1)n
2 Z Z ( ) T Tp@+ Z (z( +)1)2
nenN nenN (2) nen u{0} n
n_mh (—1)n+1 2
(- 1)" )" T
= ——n(2 G - —n(@3
16 Z n3 2B +y "( )
nEN
Tx(Inv1 + x% + arctanz(x)) ) | n?(2) m?In(2)
X+Y=f dx=—6—-—73)+ -
0 1+ x2 4" 64 8 32
Note section :
-1 n+1 T
1. In(2 cos(x)) = z -1 cos(2nx), |x| < Z
(_1)nnEN
2. Znt1)2 = G (Catalan's constant)

nenN u{0}
3. n(s) = (1-21).¢(3)

2422. Find a closed form:
Q- fl In(1 + x?) (arctan(x) + x)
0

1+ x?2
Proposed by Shirvan Tahirov, Abbaszade Yusif-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

f1ln(1 + x?) arctan(x) dx + f IxIn(1 + x?) dx = 0. + 0
— 5 —dx =4 2
0 0

1+ x2 1+ x2
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dx (4
1+ x2 't [Z 0]}

0, = fol In(1 + x*)tan"1(x)
0, = fztln(l + tan?(t)) dt = —2 fztln(cos(t)) dt
0 0

dx, {tan_l(x) =t,dt =

s

1 + x2
T

i i _ C (=1)"cos(2nz)
Fourier series of In(cos(z)) = —In(2) — ; 2 }
n o _ n s 2
2, = 21n*(2) j4tdt +2 Z (-1) j4t cos(2nt) dt = — 11116(2) +

= (—1)" tsin(2nt) 7 o) d ,In(2) = o (=1D)"sin (%)
nZ:: on ——f sin(2nt) dt| = n? T +Zn=1 2 +

(—=1)™ cos(2nt) %_
+; n2 [ 2n lo =
1t

L@ o (D" (-Dcos () 1 (-0
=" e +4 L (2n-1)? zz 52

3
n=1
o 2In(2) 1t T ln(Z) T
16 —ZG——((3)+ ((3)— 16 2 +6—4Z(3)
IxIn(1 + x%)
2= L de, {x = t,dt = 2xdx, t[l; 0]}
0 flln(l +1) . 11In*(1+¢t) , In%(2)
2 = = — 0=
1+t 2 2 4
flln(l + xz)(tan‘l(xg + x) Q= 0. 40 m?’ln(2) n o 3) + In?%(2)
o 1+ e T T e T a ( 4

2423. Find a closed form:

© 2 (_1)n+1
a=) 2,
2m+n(m + 1)3
n=1m=1

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Bui Hong Suc-Vietnam

n+1 n 2 m+1
Qg0 = Z Z aom+(ﬂm1(2fn + 1)k _z ( 1) Z (m + 1)" (aﬂ) -

n1m1 n=1
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As:a =2, a=p=1, k =3.

R —1)n+1 ,
D A i

n3(2) % In(2) 1

125® 18 3
Solution 2 by Amm Hajlyev-Azerbaijan
1 o
( 1)n+1 ( 1)n 2 B
Zl Z 2mt(m + 1)3 Z Z zm(m T1)3 141 Z m+1(m +1)3
n=1lm= 2 m=1
1 1y 1 n3 2) m?In(2) 1
§<lemms‘§>—§L‘3 @3-+ - s

Solution 3 by Pham Duc Nam Vietnam

=2 ( 1)n+1 ( 1)n+1 had _ o 1 B
Z Z 2min(m + 1)3 ~ (2 Z 2m+1(m + 1)3) _(2 £ 2"‘m3> B

i o)t

== E — m=1] dx == 1 d E
L 2myy3 2m=1 sz X n®(x)dx ZL n“(x)dx ) om

1 (1in?(x) )
fo d

E 2—x

2 1+x X732
1m2(1—x 1m2(1 +x 1
*Izj -2, jzf ¥alxz—an(Z)
0 0

1 tin*(1—-x 1
_f -, _1,
0

1+x 1+x
1
I_]_jllnz(l—x)—ln2(1+x)dx_flln(1+x)1n(1 x )dx x_)l—x_
o 1+x o 1+x ' 1+x

1In(0) () .

f (1+x)2 dx = fln(x)(Zln(2)+ln(x) 21n(1+x))

0 1+x 0 1+x

_21(2)f (x)

_ﬁ
12
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12 (x) In(x)In(1 + x)
f dx — Zf dx
o 1+x 0 1+x

3
H{E)

2 = 1
- _%111(2) + ;((3) +2 Z(—1)"Hnj0 x"In(x)dx =

~ 11'21 3 - (-D"H, 1
=@ +5{@-2) = rlm@)+; z(3)+zz

n=0

()

2

2 3 5 3 _om 7 B
—?ln(2)+5((3)+2 —56(3)4—16(3) ——?ln(2)+Z{(3) =>>

7 w2 n%(2)
=—((3)——ln(2)+ =
_1 lnz( 2\ 1 7 n3(2) m*In(2) 1
( ((3)——1 (2) + >—§—E((3)+ s 18 3
Solution 4 by Ankush Kumar Parcha-lndia
. x - ( 1)n+1
QX e WU ) e o o
nenN n,menN n,menN

11
—3+Lis (E) 2(1)
(Liy(1— 2) + Li (z — 1) - _ I"Z(Z) . zeC\{0})

Divide both sides by — z(1 — z) and integrate if with respect to z. We get.

[ [ () - 3| zlc'ff% =
deig(zgl)—f“Z(lZ—Z)dz—f%dz
IBP

_zflnz(z)dz+2fl;lz_(z)d Li3<z;1)+dei3(1—Z)

z
—Li;(1-2)In(2) + = f lrz_(z) dz = f dln63(z) =

ln2 (z)In(1 - 2) In(z)In(1-2) dy — In3(2)
2 f z =%

Li, (Z;I)+ng(1—z) Li,(1—2)In(z) -

Z; 1) + Li3(1—2) — Li,(1—2)In(2) — Li;(2)In(2) + Liz(z) =>
In®(z) n?(z)In(1-2)
6 + 2
2
<* Li,(z) + Li,(1—2) = o In(z)In(1-2),z € C) =

+C

33 | RMM-CALCULUS MARATHON 2401-2500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www ssmrmh.ro

— 3 2 _ set z=1
Lis(z) + Lis(1 — 2z) + Lis (Z -~ 1) In(2) + In (Z) In"(2) l;(l 2) +C =>
2 —
Liz(1)+0 = — lim In”(2) l;(l 2) €= C=1@3)

=0

3 ) 3 atz=;
ln6(z) 3 In“(2) l;l(l z) =
3(2)

2
Lis(2) + Lis(1 — 2) + Lis (1 - 1) —2(3) + "—m(z) +

s () = 223 - @) +

1
Put the value of Li; (E) in equation — (1). We get:

1 2 2 n3(2) e
= _§+3< (@) @+ —¢ > =), ). 2 (m + 1)?

ln3(2) m? In(2) 1

- E((g) ) 18 3
Note : {(3) — Apery's constant

2424. Find a closed form:
B jl jl In(1+x+7y+xy)tan~1(1+x)
B A+x1+y

dxdy

Proposed by Lamiye Quliyeva, Abbaszade Yusif-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

_ flflln((l +2)(1+y))tan"!(1+2) dxdy = 0, + 2
= — 841 2

1+ +y)
P 1In(1 + x)tan"1(1 + x)
l_f f (1+x)(1+y)

IIn(1 + x)tan™1(1 + x)
dx
14+x

dx dy=ln(1+y)|(1,f
0

=In(2) eI
IIn(1 + x)tan™1(1 + x) 2ln(x)tan"1(x)
I= fo 1+ x dx = fl o dx
B fz In(x)tan~1(x) g f1ln(x)tan‘1(x) p
o x * 0 x
I = foz In(x)tan1(x)

X

x=11—12

dx, using IBP method

34 RMM-CALCULUS MARATHON 2401-2500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

dx
= In(x), du =—
x

f \.
4 tan~1(x) - (-1 . > (—1)nx2n+1 IBP ¥
I\v_f dx = f dx (2n+1)2 )I

X 2n+1

(0]

note {z Ayniy = (Z a, — Z( 1)"%)}

n=

— Z il Z . —. (Liz(—ix) — Liy(ix))

Zln ] n? _Zn ] n?
2 — —
14 —[ ( )(le( ix) — Liy(ix)]% — fo Ly lx)x le(lx) =
lln(Z)

(le( 2i) — LlZ(ZL)) —— Ll3(—lx) — Liz(ix)]% =

= Eln(z) (Liy(—2i) — Li,(20)) — E(ng (—2i) — Li3(20))

1In(x)tan " (x) o (Dt ~

I :L o dz = n=0mjo 2" In(x) dx =
" _
(2n+ 1)3 =B = 32

-(21 = ln(Z) (I, - 1) =
(le( 2i) — le(Zl)) — (2) (ng( 2i) — Ll3(21)) + —ln(Z)

_ 1In(1 + y)tan‘l(l + x)
ﬂz‘fof A+ »A+2)
2 13an-1 2 2tan-1
_ [ln (12+ y)l 0, 1]f tan (1 + x) dx — In (2).[ tan~'(x) dx
0

i In? (2)

14+x
In%(2) / r?arctan(x) Larctan(x)
el )’
iln2(2) ] ..~ In%(2) GV
= 2 (le(—ZI) —LlZ(ZL)) - (2n+ 1)2
1n2(z) 1n2(2)

G

(le( 2i) — L12(21)) —
1 1ln(1+x + y + xy) arctan(1 + x)
f f A+x)1+y)

=1

dxdy = 2, + 02, =
In%(2) In?(2)

2

7 3
=3i (Liy(—2i) — Li,(20)) — ' 1112(2) (Lig(—2i) — Liz(20)) + ;T—zln(Z) _

2425, Find a closed form:

G
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1 roq/xIn(x) + yln (arccosz(l — y))
B f J (1+ x)2
Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Amin Hajiyev-Azerbaijan

dxdy

d.X'dy = 'Ql + 'QZ

ff xln(x) J-fooyln arccosz(l y))
(

1+ x)2 (1+ x)?

0 jj xln(x)dd bstituti {1—tdt— t’d t[O'l]}
1= a+ )ny,suSLuwnx—, = x, t|0;

1

1 © oo n
0, =- &dx=zn(_1)nj; xn_;ln(x)dx=—4z(( 1)"n
n=1

o V(1 + x)2 £ (2n-1)? -
NG i G O m m
=2 <n=1 n-1 L (2n - 1)2> = —2(=6- Z) =264y
Ooyln arccosz(l y) 1 1
02, = f f A+ 22 )dxdy = —[m]ffo yin (arccosz(l — y)) dy =

= J(-) In(arccos(y)) dy — fol)’ln (arCCOSZ(LV)) dy=1-]

I= flln(arccos(y)) dy {cos‘l(y) =t dt =— dy =— dy t [OE]}
0 ’ ’ m sin(t)’ 172
I= fjsin(t) In(t) dt = [—In(t) cos(t)]%[ + jj cos(t) ~1+1 dt =Ci (g) -y

1 n L
J= j yIn(arccos(y)) dy = fzsin(t) cos(t) In(t) dt = 1jzsin(Zt) In(t) dt =
0 0 2

0
1 In(Hcos(2H) ™ 1 (305@D -1 4 3y
T ke t dt+-| cdt=
2 2 07y 4)y ¢
0 {2t-t} 0

= 2 (0 () + @) + 4 (€iCm) —y ~ In(w) + ;10 () ~ 7 In®) =

1 1 . In(m) 1 1. /4
ziln(§)+_cc AL R 1

;T) y——Cl(n) + - ln(4) +£— Cl(z) —%Ci(n) —34—Y+Zln(%)

2, =1-]=ci(
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1 ro+/xIn(x) + yIn (arccosz(l - y))
f f (1+x)?2
T 3y 1. /4
= ZG+E+Cl(2)——Cl(n)——+—ln<n)

4 4 4
L, , cos(z) — 1
note {cosine integral: Ci(x) =y + In(x) + f fdz
0

dxdy = 241 + 02, =

Solution 2 by Exodo Halcalias-Angola

VxIn(x) 1 )
fl A+0? ——=dx + f yln(arccos(1 — y))“dy
1
Vxln(x) = *x In(2) IBP arctan(\/_) _
Hl_.[l (1+x)2dx B Oﬁ(1+x)2dx_.[(, x 0(1+x)xdx_

Larctan(x) 1 1 i3
zf —dx+1f —dx = 26+~
0 x o 1+x 2

1 1 1-y-y
H, = f yln(arccos(1 — y))%dy = Zf yln(arccos(1 — y))dy
0 0

y
=

1 1
2(f0 In(arccos(y))dy — f yln(arccos(y))dy)

1 arccos(y)-y IBP n
E,= f In(arccos(y))dy = f sin(y) In(y)dy = [In(x) (1 — COS(}’))] 2
0 0

T T
2 COS -1 T 2 COS -1

f ) dy = In (_) + f ) dy
0 y 2 0 y

Ci(z) —y=1In(2) + F%d% E,= Ci(g) -y

arccos(y) >y

1
E, = f yln(arccos(y))dy f In(y) sin(y) cos(y)dy = f In(y) sin(2y)dy
0

Zy—>y IBP
f In(y/2) sin(y) dy = ~ f 1n(y)sm<y>dy——ln<z) f sin(y) dy 2

Tcos(y) —

! moya " dy! - 2Ine2) =
Z{[ n(y)( —cos(y))]0+f0 y}—Z n(2) =

. . Zcos(y) — 1
Recalling that: Ci(z) —, = In(z) + J ——dy
0

1 . L n
Ey =4 (Ci(m) —y + In(m) — In(4)) =  (Ci(m) — , +In()

H, = 2(E E)—ZC'(n) Ci(m) 3 1l T
H=H,+H —26+26'(") Ci(m) _3 1 (4)+”
STz = H2 2 22 ™M) T2
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f f Vx1In(x) + yln(arccos(1 — y))?
(1+ x)?2
my  Ci(m) 1 4
=26+za(5)— +E(n—3y+ln(;))

2
2426. Find a closed form:

dxdy

1
Q= f Li,(—x?%) arctan(x) dx
0

Proposed by Abbaszade Yusif-Azerbaijan
Solution by proposer

1n(1 + x?2 1 r1arctan(x) In(1 + x?2
R TR TS T
0
( —In(1+x2y) du=—22_
u = In( x°y) du 1722y

1
tdv = arctan(x) v = arctan(x) — Eln(l + x%)

11 T 1 12x2yarctan(x LxyIn(1 + x?
Q:—j - ln(1+y)(———ln(2))—j yarctan(z) x+f @+ oy
oy 4 2 0 1+ x°y 0 1+x°y
1In(1
4 y
ln(2) 1 ln(l +vy) arctan(x) x ln(l + xz) B
f dy +ij 1+x2 dxdy —ff 1+x2 dxdy =
w3 w?In(2 1 11n2(1 + x2
= ——+ ( )+2f In(1 + x?) arctan(x) dx —f ¥dx
48" 24 . . x
w3 w?In(2 3
., ()—(()+Ql,
48 24 8 L
Q=2 f In(1 + x?) arctan(x) dx
0
= 2[arctan(x) (xIn(1 + x2) + 2 arctan(x) — 2x)]}
1xin(1 + x%) 4+ 2 arctan(x) — 2x
_zf dx
0 1+ x?2
0 =% (2)+1't 5 2flxln(1+x2) 4flarctan(x) 411 i
1=gn@) o= -2 ) e Pt e o 1+x2 "
q _1rln(2)_|_1r2 In2(2) 1t2+21 @)
3 21_()2()4 n() 2 ] z(n) 2
n® nw“In(2) {3) wIn(2) = In“(2) m
Q=-— - = - +2In(2
28" 24 8 ' 2 ‘a2 " T2 8 @
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m® w?In(2) ¢(3) mIn(2) In2(2) n?
_E-I_ 24 8 + > - +§+Zln(2)

Q=

2427. Prove that:

i
I = log\/l + sin(x) + cos(x)dx = G — glog(Z)

e

Proposed by Ankush Kumar Parcha-India
Solution by Togrul Ehmedov-Azerbaijan
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n
2
= f log /1 + sin(x) + cos(x) dx
0

log \/sinz (;) + cos? (;) + 2 sin (;) cos (;) + cos? (;) — sin? (;) dx

2

log\/(sin (;) + cos (g)) + cos? (;) — sin? (;) dx
log\/z (sin (;) + cos (;)) cos (;) dx

g
log\/Z\/— sin 4 )2() cos (;) dx = %f log (2\/2 sin (E + E) cos (E)) dx
0

O T T T T T i

T[ T(

2 )
Jlog(Z\/_)dx+flog sin : )2()) dx+!log(cos (;)) dx}

E

g
3ZTTtlog(Z) + f log (Sin (g - ;)) dx + f log (COS (2)) dxl
0 0

3

1(3 1
Tlog(z) +4 f log(cos(x)) dx} = E{Tﬂ log(2) + 4{EG - glog(z)}}

i
1 T
=G— —log(Z) Note: J log(cos(x)) dx = 3 G-— Zlog(Z)
0

2428. Prove that

: 1 sin(x) cos(x) 7 n?
:ff] ( )dxdy=§§(3)+Tlog(2)
00

cos(y) ' sin(y)

Proposed by Ankush Kumar Parcha-India
Solution by Togrul Ehmedov-Azerbaijan
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_ H 21 sin(x) cos(x) A
_Ofof Og<cos(y) sm(y)) dy = bf

LU
2 2
2
+jjlog(cos(x—y)) dxdy — f f log(sin(2y)) dxdy = 1TZlog(z) +1L -1,
00 00

L LU
2 2 x—) 2 2
cos
flog sin(Zy) )dxdy— f flog(z) dxdy +
0 00

N[A
N[A

y

h1

2 IBP
f log(cos(m)) dmdy
-y

°‘~|=

m T
22

I; = fflog(cos(x y))dxd
00

T
y=2 n

]

4
Jx—y m
T
2

27y
v log(cos(m))dm]l + [ ylog(sin(y)) dy - f ylog(cos(y)) dy =
0

2y Jy . ,

(1]

; flog(cos(m)) dm + Jylog(sm(y)) dy — fylog(cos(y)) dy =

T

2
™ s

z 2
— 5 | 1ogtcosm)) dm + [ ylog(siny)) dy - [ (5 - v)log(sin(y)) dy =
0 0

Ll T LS

2
-2 f log(cos(m)) dm + f ylog(sin(y)) dy - > f log(sin(y)) dy + f ylog(sin(y)) dy =
0 0

% 2 2
~2 [ yiog(sin() dy =2 {~ T log(2) + 55| = - log@) + 753
0

log(sin(y)) dxdy +

S —— 7

L L
2 2 2
log(sin(2y)) dxdy=fflog(2) dxdy+J
00 0

ORN\:I

T
2
I, = j
T T[o M T
22 22 2
+ j j log(cos(y))dxdy = —log(Z) + ZJ j log(sin(y)) dxdy = T[Tlog(Z) +
00 00

TZ_I 2 2
+1'[f log(sin(y)) dy = %log(z) +n (— ;log(z)) =— %log(z)
0

2 7 2
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7
) 2 7
Note: f ylog(sin(y)) dy — ?log(Z) +1e S(3)
0

2429. Prove that

B r log(1 + x)
B f x(1 + x)*

Proposed by Vasile Mircea Popa-Romania
Solution by Togrul Ehmedov-Azerbaijan

49
dx =¢(2) — ==

log(1 + x) B r log(y) q B 1z3log(z)
fx(1+x)4 ) (y- 1Dyt __,[ 1-z 2
0 1+x=y 1 %:z
oo 1
fzk+3 log(z) dz =
1 1 1 49
kZO{ (k+4)2} Z k+ 42 (k+1)2 <§+§+?>:“2)_£
n!
NOteZb[X lOg (X) dx = (—1) W
2430. Find a closed form:
1 reyx?2(In(x) + 1)%2ln? (1 + y?
0n [[[(REO@ DA,
x*+1*(y*+1)

Proposed by Shirvan Tahirov, Abbaszade Yusif-Azerbaijan
Solution 1 by Djamel Arrouche-Algeria

* x%(In(x) + 1)? lyin?(1+y*) (11 -1nx))? tm?(1+¢t) dt
jl @+ ), T ot _JO (x2 + 1)2 fo 1+t 2
1 L(ln*(x) —2In(x) + 1) 1
= gln3(2).f o2+ 1)2 dx = gln3 2). 0
1 lnz(x)
=) e f (xz f iy
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fl dx _fﬁf dy _f” . '[41+cos(2y) _11'+1
0(x2+1)2_01+tan2(y)_ocos Yy = Y=8"a

1
(xz = 1)2 Zn( 1)" 1 2n 2

n=1
1 In(x)

o 12"
1
= Z n(—l)"‘lj;) " 2In(x)dx = -2 Z n(-1)"1 [— (2n+1)2] =

nz1 n=1

n(-D"12n-1+1) (—1)n? (-1t 4
nZl (2n —1)2 Z 2n-12 ' L (2n—1)2 C+a
1 lnz(x) n— n— n-— 1 —
T 1)? ————dx = f In?(x) nZln( 1) 1x2n-2dx = nZln(—l) I.W =
(-p* G O
(2n—1)3Jr Li(2n—1)2 32

3

Q= +1+G+ +G+n 1 64G + n® + 12w+ 8
8" 1 4 32~ 32( T T +8)

Solution 2 by Quadri Faruk Temitope-Nigeria

[ f""xz (In(x) + 1)? Lyln?(1 + y?)
LT @ ez ) T o
A B

1
4o ]‘X’xz(ln(x) +1? T x - +1]*dx fl [ In(x) + 1]?
) (x% + 1)2

X = =
(x2 +1)2 pdx 0 g (xz + 1)2 x?
- 2

xz

X

arctan(x) dx fl arctan(x) d
x

, 1

[=InGx) +1] [ 2 +2(x2+1)]0+f0x2+1
1 In(x) In(x) Tln(x) arctan(x)

B f x2+1 J- dx

_|_ Z(_l)nf 2ndx+zz(; -|-)1;f 2n-1+1g,
_ ;(—1)" fo X2"n(x)dx —

[}

o (—D)" (1 T 1 -, - (-« (-1m
(1) fxzn“‘lln(x)dx:— — E ) —( ) >+ D >+
2n+1), 8 4 n+1 (2n+1) 0(2n+1)

n=

n= n=0
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o 3

D" ™ 37,1
0(2n+1)3_ 32 8 4
n=
lyln?(1 + y? IBP 1 Lyn?2(1 + y?
O y)dyg_lns(y2+1) _, [y +YT)
o O*+1) 2 0 o O*t+1)

B
1 1 1 1
B+ZB=§ln3(y2+1)0 ) BB=EIn3(2) B=31n3(2) This I=A. B
1

I In3(2) ZG+”3+3”+1 —113(2) 1(64G+ 3+12m+8) =
6 328 4) 6" " 32 i Tre=

1
Eln3 (2)(646G + 3 + 12w+ 8) Note : G — Catalan’'s constant ...

2431. Find a closed form:
1 rlln(xy)In(1 + 2
I:jj n(xy)In( xy)dxdy
o Jo

Xy
Proposed by Abbaszade Yusif-Azerbaijan
Solution 1 by Ankush Kumar Parcha-India

1 01 1
We know,j j f(xy)dxdy = —j In(t)f(t)dt
0 /o 0

I_flflln(xy)ln(1+2xy)d gy — J‘llnz(x)ln(1+2x)d
- 0o Jo Xy = 0 x *

=IBP [In%(x) [ d(Liz(—Zx))](l) -2 f
0
1Liz(—2x)
2
2],

1 ] —
ICOLE(2) 4 197 2inCx) [ d(Lis(~2))]

1
dx =2 j d(Liy(—2x)dx = 2Liy(-2)
0

Li,(—z) + Li (— 1) = —7—n4— w?ln?(z) — In*(z)
4 41 Z ~ 360 24
I:f f In(xy)In(1 + 2xy) dx dy
0 Jo Xy
7t wiIn%?(2) In*(2)
360 12 24

= Liy(—2) — Li, (—%) -

Solution 2 by Arowolo Isaiah-Nigeria

__ (@A +20 _,, (@420 2 i)
__jo x - [ 3 L_EL 1+2x
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=—(Z( 2)n j X303 (x) dx)

2 1ln3(;\c)
’=§f

- _%(Z(—z)" fo 2" 1nd (x) dx)

LA O S . .
. _51;(_2) (@&)) =2 )~ = 2Lig(~2) = Lig(~2) + Lig(~2)

n=1
4
I= Li4(_2) — Liy (— %) + In? (Z)Liz(—l) + ZLi4(—1) _ lnzfl_Z)

, , 1 ) 1 7 In*(2)
I=Liy(—2) - Li, (— E) +In2(2) <—Ez(2)> 42 (-51(4)> o
1\ n?In%2(2) 7n* In*(2)

['=Liy,(=2) - Lis (_E) T 12 360 24
2432, Find a closed form:
« In(x+1)

=), GrD&E+22(+3)3 dx

Proposed by Ankush Kumar Parcha-India
Solution by Alireza Askari-Iran

B “°In(x + 1) 5 ®°In(x+1) +9 © xin(x + 1)
o G+ 12 1)y G+32 Y% 74), GrOG+rDE+D
10 In(x + 1)
+ dx=A+B+C+D+W

o x+1)(x+2)(x+3)

W D_9 © In(x+ 1) x
* ‘Zfo GrDE+2E )"

10 © In(x +1) dr = - f‘”ln(x—l) .
0o x+1D(x+2)(x+3) i . x(x%2—-1)
°°ln(x—1)
+ZL x2 -1

1 1 1
1 z2xIln(1 — x) 9 r2In(1 — x) 9 rz(x— 1Din(x)
x—>—=—2f —zdx+—f —de+—f L dx
X o 1—x o 1—x o 1—x?
1
1f2xln(x)
0

2 mdx=<b+¥+‘l’+A=W+D
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1 1
2xIln(1 —x) 3 2In(1 — x2?) 3
® = —zf ————dx = —21n(2)ln(—)+f — " ldx= —21n(2)ln(—)
o 1—x 5P 4 o 1—x 4
1 1
2In(1 — x 2In(1 + x 3\ In(2)?2
I I ()2,
x
Y2 In(1+x 1 In(2-x tn(1-5
P=f gdx = f de=ln(2)f de
o 1-x 1roxll2 X ox
=(ln(2))2—zz—1 lx"‘ldx=ln(2))2—z(i) +Z(Z) =
n2n ji n? n?
n=1 2 n=1 n=1
. (1 . /1 e
=(In2)? - Li, () + Liz (3) > ® = —=In(2)In(3) + 3In(2)? + Li, () -
i i (L) = ™ (m2)?
12 note: Li, (2) T 12 2
9 (12In(1 -
Y:_f n(1-x)
4), 1—x2
9 (1/2]n(1 - x) 9 (1/2In(1-x) 9 91n(2) © (%)n
—_ - - - _ 2
_sfo 1-x dx+8f0 17x = et n+1
o 1 n+1
9 -(3) )
16 2 (n+ 1)?
n=0
Y 91 2)1 (3)+9 In2)? 9n2+9L' 1
N =— — -4 — —
g (2 In(3) 47 (In2)" =5+ gl
1
-1 (zxln(x)
A=—
4‘ 0 1_x2
o) 1 oo
-1 2 In(2 1
:—ZJ 2" 1 n(x) dx = (2) —
4n=00 5p 8 n=04 n+1)
oo 1 co
+lz 1 f2x2"+1dx=i Zan(n+1)+1=
4 2n+2 ), 16 4n+l(p +1)2
n=0 n=02
—In(2)In(3) (In2) 1 1
A= — Liy(=
8 . T1el@
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jl/z (x — 1)ln(x)
—dx

1— x2

Y=

-9 1/21n(x) 9ln(2) Z (= 7)"

4 J x+1 s n+1

o o 1
+9 (-1)" fl/z ng 9ln(2)z (="
4 0n+1 0 n+1 8 0(n+1)2
n=

n=

_91n(2)1n(3)_9(1n2)2 9 ( 1)

4 4 4
9In(2)In(3) 27(ln2)> 9 1\ 9n? ]
= 4 — 3 3 ly < > +— note: le (Z)

1
+ Liy(—2z) = —Liz(zz)

2
>W+D= <l>+Y+ll’+A——(l n2)% + = LZ()+—

°°ln(x+1) dx x+1 oo

A== 0o (x+ 2)2 5P 0o (x+1(x+2) ln(x + 2] 0 ~In(2)

=5 “°In(x+ 1) o 5(® dx 3 5l x+1 o In(3
4 )y G324y GGy g "Gi3lo “g"®

c f°°ln(x+1) 1
B o (x+3)3 “ (x+ 1)(x+3)2
iy L dx+ j d
~ 16 J, (x+1 x+3) *T8l, (x+3)2 .
-1 x+1 o 1 o0 In3) 1
- — I - = -t
16 x+3'0 8(x+3)0 16 = 24

ANSWER: 1=A+B+C+D+W=_"Li, (3) + 5 + = (In2)? - =In(3) —In(2) + 5.
2433. Prove that

y10g(1 + XY xlog(Z — X B a b 1
I_f.f 1 — xy? ff 1-x2y ——C(b)log(\/ﬁ)—gq(a)

For:a,b € Z+ and GCD(a,b) = 1. Find a,b.

Proposed by Bui Hong Suc-Vietnam
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Solution by Togrul Ehmedov-Azerbaijan
11
= f ylog(1 + xy?)

1 — xy?

f 1f log(l + m) IBP

dx dy] - dx

00

X x=1
lBPlIlog(x)flog(1_+ m) dm] B flog(x) log(1 + x) dx

xy?=m

1—x

0 x=0 0
2

1 m? 1 T
= —E{C(S) - Zlog(z)} = —E§(3) + 3108(2)

B log(x) log(1 + x)
__Ef 1-x
0
1 3 1 3
=—56(3) +,6(2)10g(2) = —56(3) + EC(Z)log(\/f) >a=3;b=2

2
dx = §(3) — - log(2)

_ fllog(x) log(1 + x)

Note
1-—x

0

11 1
xlog(2 — x? log(1 — x%)log(2 — x?)
- f f dxdy = — f dx
00 x2ox

1 — x2%y X
0

N |

X 1-—x

fl g(1—-x)log(2 — x) ‘ 1 flog(x) log(1 + x)
= — dx
0 x—-1-x 0

NIH NIH

2 1.[2
{§(3) - —108(2)} =-3 §(3) + glog(z)

1 3
= —E§(3) + ZC(Z) log(2) = -5 6(3) + EC(Z)log(\/f) >a=3b=2
2434, Find a closed form:

11
B In(1 — xy) Liy (1 — x)
-l

xA -0 -xy) W

Proposed by Bui Hong Suc-Vietnam
Solution by Togrul Ehmedov-Azerbaijan

11 1
3 In(1 — xy) Lis(1 — x) 1 (In*(1 —x)Liy(1—x)
Q_ff x(1 —x)(1—xy) dXdy__Eb[ x2(1—-x)

dx

1 llnz(x)Li4(x)
__Ef x(1 — x)2

0
_ __{ f In*Q)Li, ) flnz(x)Lu(x) s flnz(x) Liy(x) dx}

1-x (1-—x)2
0 0
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1 = 1 it
In2 (x) Lig(x) 1 1
Ql=f%dx=ngxk‘llnz(x)dx=ZZF=Zg(7)
k=1 0 k=1

0

o f In2 (%) Li, (x)

T dx = 26(3)6(4) + 206(2)S(5) — 366(7)

0

o, - flnz(x) Li,(9) | 18P _ f Lyt f Ly InGO

JCENE X _ x(1 —x) x(1—x)

_ fl Lis(O (0 f L@ I f Li4(x3( me f LG G

X 1—x 1-x
0 0 0 0
LI o1 | SE
i3(x) In?(x _
ﬂ3a=ffdx=2§f)(k 1ln2(x)dx=ZZF=2q(6)
o k=1 ¢ k=1

1
: 2
Q3p, = f—ng(lx)_ln ) dx

0, - J‘ L14(x) ln(x) i kij k1 1) dx = — i % — _c(6)
k=1

0

= G%(3) — G(6)

1
Li 1 25
Q3q = f%dx = G2(3) —E§(6)

0

31
Q3 = Q3, — Q3p — 2Q3, — 2034 = ?§(6) —3G2(3)

1 31 3
Q= = {0 + @ + 03} = 175(7) — S(3)S(A) — 105(2)5(5) - T55(6) + 2 G(3)
2435. Find a closed form:
L fez f"z log,(y*) + log, (")

Jxy

Proposed by Lamiye Quliyeva-Azerbaijan

dxdy
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Solution by Abbaszade Yusif-Azerbaijan

o . xln(y)+yln(x)
:fe fe logx(yx)+logy(xy)dxdy:f f In(x) ~ InQy) xdy

N N

_ Vain() yin@) “Vx InG)
=1 (i i) o8 St [ [ g

¢t ln(y)
dxdy = 21, x I
fe ln(x),f 172
3t

e \x 202 3x1? 3

t[1;2] . i ]
I, = d —dt=E [—] =Fi(3)—E (—)
1 L In(x) X Time=tT ]1 t "2 1 i3) "\2

= e’ ln(y) =IBP e? — ¢ i — —_ ¢* =
I, f T dy = 2,7, f 5 v = [2/700) - 47,
1=2I, xI, =4/e (Ei(S) — Ei (;))

Note section :
ax

1] (eT) dx = Ei(ax) + ¢

2436. Prove that

- [ A o (o 3) - ()

where @4 (s) denotes trigamma function
Proposed by Vasile Mircea Popa-Romania
Solution by Togrul Ehmedov-Azerbaijan

Letx3 = m
- 2
4 ( m3log(m) m3(1 m)log(m)
=—| ——————dm =
9/ m?+m+1 9 1—m3
1 1
Letm = 1/z
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j z 3(z—1) logx) 4 f z%log(z)d 1 f z 310g(z)

I=—— = —— VA
9 3-1 9 z3 -1 9 3-1
0 0 0
11 1 2
4 z310g(z) 4 rz 3log(z)
=—|——dz—=| ————dz
9 1-—23 9 1-—12z3

k=09

o 1
4 2
=5 f 31”3 log(z) dz — EZJ.zm‘_ﬁlog(z) dz
0 00
4 1

3
B et el IR E)
81k=0(k+%)2 81k=0(k+%)2 81\ "'\9 1

2437. Find a closed form:
1 1 142427 1n(xyz
=fff ' 2Inyz) ) dydz
0o Jo Yo 1 - (xyz)

Proposed by Cosghun Memmedov-Azerbaijan
Solution 1 by Amin Hajiyev-Azerbaijan

JJJ‘ _Z;;(;;Z)d dydz, U f f(xy)dxdy = — fln(x)f(x)dx}
Py jjlxzzln(xz)ln(x)

dxdz

1 1
—Zf f x#*+2z20+1(1n2(x) + In(x) In(2) )dxdz =

oo 1 1
Z.f 22n+1dzf 2042 1n 2(x) dx — Zf 2"“ln(z)dzf 42 In(x) dx =
0

n=0

1 1
Z 2n+2)2n+ 3)3 (Zn + Z)Z(Zn + 3)2

nZ 2n +3)2 Z (2n+ 3)3 42 (n+ 1)2
we have. {Z a, = Z azni1 + Z aZn}
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(2)
z:(n+2)Z Z:(2n+2)2 z:(n+2)3 Z(2n+2)3 {42

1
=Trﬁ+4+22“3)(‘)‘““3) —
_T B3
12 2+ 4 ’ 2
[ a7 2

Solution 2 by Togrul Ehmedov-Azerbaijan

111, log (xy2) o 111
x?y2zlog(xyz
Q:jff 1 — x2y2z2 dx dy dz :szjx}’(xyz)zmllog(xyz) dx dy dz
000 k=00 0 0

Letxyz = m
Xy

0 11
IBP

Q:ijf m?**1log(m) dmdy dx
000 B

k=0
=1

Xy y 1
ny m?k+1]1og(m) dm} - '[(xy)Zk*zlog(xy) dy ; dx =
0 _

y_

(=)

g8 ST ————

w 11
m?k+1]og(m) dm dx — Z f f(xy)Zk+2 log(xy) dy dx =
0

X 1 1
= Z {’xf m?+1]og(m) dm] — j x?k+21og(x) dx}
0 0

k= ) x=0 O
oo X
1
- j - j p?*Z1log(p) dp dx =
k=00 Xo
o 1 o 1 o 1
= mem‘“ log(m) dm — Z fok” log(x) dx + zfxzmz log?(x) dx =
k=00 k=09 k=0

0(2k+2)2+lZ(2k+3)2+ Z(zk+3)3

k= =0
[ee)

1 1 - ) )
__Zkzo(k+1)2 (2k+1)2 + Z(2k+1)3_ -

L

2 1.[2
:_ﬂ+<§_1> ( <3)- )—E+4q(3>—3——c(2)+ 5(3) -3
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2438. Find a closed form:

fol(xln (cos‘l(l — xz)) + (In (x * ) +1)%)dx

+1
Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Djamel Arrouche-Algeria

1

1 1
f xln (cos‘l(l - xz)) dx=0, 1-x*=y; Q= —f In (cos‘l(y)) dy; y = cos(s)
0 2Jo

IBP 1
= f In(s) sin(s)ds = u =In(s), v’ = sin(s); u’ = s v(s) =1 — cos(s)
1 T q1z1- 1 15
[(1 — cos(s) In(s)] 2 2-3 J-Z%(S)ds _ Eln (g) 3 E.foz csos(s) ds

Zcos(x) -1

Ci(z) =1In(z) + +f

=3l 3)- ]

Q, fll(x)+12d X >d dy
— _ = - X —: = —
Sy vV sy o=y T Aoy
1 1 1
2 dy 2 In?(y) 2 In(y) dy
(ln(y)+1)2 2 = 2 Zf 2T 2
-y) o 1-y) o -y (1-y
1 1
ln2 221n = In 7z 2
lim |2 2D f —(y)dy+2 2 n) , —f dy +1 = 2In%(2) +
x-0|lx 1-— y y(l y) xl—y x y(l_y)

— In? (;) + In*(x) — 41n(2) — 1lr:(;;) —2In (%) +21In <%) +21In(x) +

1
(y)d = In?(2) — 41n(2)+1+2f2m(1_(1_y))
y 0 1-y

Zln(l—x)—ZJ

1= d(1-y)

+

_ In?%(x) n(x)
19161_1)1[— T +ln2(x)+21n( )—1— 2kn(1 —x) ‘=

nys n -0
0’ gclltgxln =0

= n*(2) - 41n(2) + 1 - 2| Li, (%) - 16, L (%) _ ;r_; B anZ(Z)
Li,(1) = %2
2

T
O, =2In*(2)—4In(2) +1 + 3
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2

Q=0+ O, =%[Ci(§)—y] +Zln2(2)—4ln(2)+1+%

Solution 2 by Quadri Faruk Temitope-Nigeria

1
) +1)?3)dx = fo xln (cos‘l(l — xz)) dx +

1= fol(xln (cos‘l(l - x2)) +(In (x _T_ 1

A

+ fol(ln (x j: 1) +1)%dx

B

! -1 2 ﬁ:i ! -1
A=.f0xln(cos (1—x))dx = foxln(cos (l—p))

_dp
dx—ﬁ

dp
2x

= %folln (cos‘l(l — p))dp =
%Ci (cos‘l(l — p)) +%(p -1 In (cos‘l(l — xz))| (1) =
1 @
=5lciz) -] 1 1
In? (xi—l)dx+zj0 1n(xj:1)dx+f0 dx =

1 1 1
f In?(x)dx — Zf In(x + 1) In(x) dx + f In?(x + 1)dx
0 0 0

B= fol(ln(xil)+ 1)2alx=f1

0

1 1
+2 J. In(x) dx —2 f In(x + 1)dx
0 0

1 o (-1 (1 2
+f dx=2+22 f x"ln(x)dx+f In?(x)dx — 2
0 = n Jd 1

(_1)n 1
+2 z xtdx + 1
n Jjo
n=1
n+1

B—2+ZE(_1)nd i b +2(In(2) — 1)2 2+2§oo
B 4 n dn\n+1|0 (In ) ‘
n=

(_1)n xn+1
n <n+1

! +1
0

w
B = 1—4+?+4ln(2) +2In%(2) — 4In(2) + 2 + 2 — 4In(2)

2
T
B = 1+?—41n(2)+21n2(2) This: I=A+B
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fol(xln (cos‘l(l - xz)) + (In (x _T_ T

)+ DHdx
- %[Ci (;) -y +2m?@) - 4m@) +1+ m

6
" . , . ZCOS(X) -1
Note : "'Ci(z)" Cosine integral ... Ci(z) =In(z) +, + f 7dx
0

Solution 3 by Exodo Halcalias-Angola

J:(xln (cos‘l(l - xz)) + (ln( ad 1) + 1)%)dx

X+
2, 5 cos~1(x)-x L

1 1—-x%> 1 1
H, = f x ln(cos‘l(l - xz))dx = —f ln(cos‘l(l - xz))dx = —f In(x) sin(x) dx
0 2 0 2 0

gcos(x) -1 1 T %cos(x) -1
2L <23 + [0 | -

IBP | g
[(ln(x) (1 — cos(x)| o + f 2 2 x

o =
2 0

@G)+)  m=3@i)+) 1

H, = O(In(lix)+1)2dx=Lllnz(ﬁ)dx+2f0 1n(xj:1)dx+f01dx

1 1 1 1
A= fo In? (1L+x) dx = fo In%(x)dx + L In?(1 + x)dx — Zfo In(x) In(x + 1) dx =
' 2(x)dx + fllnz(l + x)dx J-lln2 (x)dx + lenz(x)dx
A = In“(x)dx =
! -fo " 0 0 1
J- In?(z)dz = z(In*(z) — 21In(z) — 2) Ay =2In*(2) —41In(2) + 4

1 IBP ) )
A; = f In(x) In(1 + x) dx 2 [xin(1 + x)(In(x) — 1)] 1 f de
0 0

0 1+x
tox Lxln(x) 114+x-1
A, =—ln(2)+f dx—f dx=—ln(2)+f ——dx —
o 1+x o 1+x o 1+x
S ! o (—1)k1 2
k-1 k _ _
kz:l(—l) jox ln(x)dx——ln(2)+1—ln(2)+;m— —21n(2)+2—§

2
m 2

1+x
—2In(2)
2

szolln( X )dx=jolln(x)dx—JOlln(l+x)dx=f011n(x)dx—jlzln(x)dx=

w
HZ=A+ZB+1=?+Zln2(2)—4ln(2)+1
1 m ) 2
H=H1+H2=E[Cl(5)—y]+21n (2)~4In(2) +1+—
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2439. Find a closed form:
jln(l + x*)(tan"1(x) + x)
1+ x?
Prop?:sed by Abbaszade Yusif, Shirvan Tahirov-Azerbaijan

Solution by Alireza Askari-lran

1 1

In(1+ x*)tan"1x In(1+x*)x

Q:_f dx+j—dx=A+B
1+ x2 1+ x2

0 0

1
B J‘ In(1+x?*)tan"1x

il

0

x
1+ x2
0
T s s
4 4 0 4
-2 f x Incosx dx = 2[ xln2dx + 2 Z xcos(2nx)dx
0 n=1

tan—1(x)-x

%) 4
2 (-1
= 1—ln2 + 2 Z " fxcos(an)dx = {IBP METHOD}

T

lZ+ Z( D in T i(_l)nf in(2nx) dx =
n ) sin 2 ‘nZ sinznx X =
0

0
T

2 H™ (= D" sy CL"
" m2+Z + z —
16 " 1L @n+ 1)2 cos ,“2m?
n=
A—”zzz o v 1)n—”zzz Te+ilem)
- 4L n+1? 164 m)° 16 n2 -4 Cteat
n=
_ f ln(1 + x?) X (In(1+x%))? 1 (In2)?
T 4 0- 2
0
ANSWER = A +B = “omn2 - X¢ + 3) + (In2)*
16 T 4 ( 4

2440. Find a closed form:

11
B In(xy) ln(1 + ny)
ol

Proposed by Abbaszade Yusif-Azerbaijan
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Solution by Alireza Askari-lran
11
In(xy) In(1 + 2x
Q:jf(y)( y)dxd
Xy

1y © 1)y

In(¢t) In(1 + 2t -2)" 1
f f ® ( ) 4 y:_z( n) f f ~In(t) t*'dtdy = {IBP method)
00 n=1 00 y

xyot
&) 1 0 1)
(-2)" it (2" [ et
=—Z " fln(y)y dy+z " jf ) dtdy =A+B
n=1 0 n=1 00
oo 1 e 1
(=2)" 1 (=2)" (=1)™n!
A= —Z 2 fln(y) yn dy =z " {notefxm lnx)"dx = W
n=1 0 n=1 0
o (—2)n ([t > (—2)m [ (-2)
o5 [ [ = 5 -5
2 y dtdy 3 y' dy -
n=1 00 n=1 0 n=1
I—A+B—ZZ(_2)n—2L' (—2) {note Liy(~2) = —Li (1) 7t mi(In2)”
- TfL T T 4 (note Liy(=2) = ~Lis (5] =345 12
n=
(In2)*
24

nf(n2)? 7t (In2)*

I=Liy,(—2)— Ll4(_)_ 12 360 24

2441. Find a closed form:

: 1ln(1 +x+y+xy)tan(x + 1)
:H x+ D@ +1)

dxdy

Proposed by Abbaszade Yusif, Lamiye Quliyeva-Azerbaijan
Solution by Alireza Askari-lran

dxdy =

11
_ In(1+x+y+xy)tan 1(x + 1)
ﬂ_ofof x+1D@y+1)

11 11
B In(1+y)tan~1(x+ 1) In(1+ x)tan1(x + 1) B
‘Ojoj G+DOTD || = o porn sy =ate
1 1 2
dy (In(1+x)tan"1(x+1) In(x) tan=1(x)
B = Of Ty ybf 1 dxx;?_)xln(Z)f p dx {IBP}
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2

_ (In2)3tan"1(2) _In2 (Inx)? Dy — (In2)3 tan~1(2) _In2 c

X =
2 2 1+ x? 2 2
1

2 1 1
B (lnx)zd 1 (lnx)zd 1 ( (Inx)?

—ax P
1+x2 7 4 2) 1+ix 2) 1-ix
1 /x 1 1

)

i e +( l)nf(lnx)zx"dx =

n=0 IBP

2

2 in n "+ (—)"

n=0 n=0

N| H'\)H

x"dx

(an)Zi("+( l)")( n_ 2~ i"+ (- it (—D)"

T L 2 L (n+ 12 @™+ ., t 1)2

N‘H\H

(22 it + ()" 2o i+ (D" 1o i+ ()"
4 ;g; nr1l T L (n+1)?2 2 )_'Enzo (n+1)3

i 4 (=)
— (n+1)3

C=- 2™)

i o (B (L1 o (B (L1
_ n2y'tan 1(2)+an82)32(z) +n( 2) +(ln42)zz(2) +(-3)

n=1 n=1
- n—1 - n—1

+ln2 - (%) +(— %) lnz it in—1_|_(_l-)n_1

4 n3 2 n3
n=1

= (In2) tan”}(2) + (tn2)” tan~! (2> + M(le <l> Li, (_—l)>

2 2 2i 2 2
In2 ] . =i e
— E(ng (i) — Liz(—i) + Lis (?> Lig (E>)

flln(l + y)tan~1(x + 1) fln(y) f tan1(x) p
/TGO ) x

ORH

1+y—>y

2
In2)? f tan~1(x) p
= x

2 X
1
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2 2o 1 3
(In2) jtan (x) dx = (In2) ta

(an)zf In(x) p

= n1(2) - =
2 J x 5p 2 2 J x2+1 x:%
In2)3 n2)? ( In(x) In2)? In2)?
n n n(x n n
( )tan‘12+( ) f dx=( )tan‘12+( ) w
2 2 J x2+1 2
2
: In(x) 1 2 In(x) 1 : ln(x) "+ (="
sz > dx=—j - dx+—] z—f x™" In(x) dx
x<+1 2)1+ix 2)1-—
1 1 1 1/2
2 2 ] z
2 GV G Qi (- [
IBP = z - J- "d
UBP} 4 n 2m+1) J O
n=1. n=0 1/2

oo in_ —L - © ~Np— n— _n
w2 "+ ) 1_21 T+ (=) 1"’2(2) T+t

4 ] n ] 2n? ] 4n?
n= n= n=
o w4 —i_ o
_m2)* o 2 Q" T+ m2)r o i+ (it
=T tam 24y Z n T4 Z n2
n=1 . n=1
0 l _ —l ., _
N (In2)? Z " T4 " !
8 n?
"n2)? In2)3 1
n2 n
= (In2) tan"12 + (Ttan‘1 (E)
(In2)? Ly (D) — Liy (=) — L ] Li —i
T\ TR l2(2)+ 12(2)
ANSWER = A + B = m(In2)* + 3(In2)” Li (l) Li (_i)
= -T2 4i 2\3) 723
n2 ] . =i e
T (Liz(i) — Liz(—i) + Lis (7> — Lig <E>)

2442. Solve for real numbers:

) T, E %xsin(x)
X +\fl“ () cos(x = 3x

Proposed by Daniel Sitaru-Romania
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Solution by Shirvan Tahirov-Azerbaijan

” n _ZE zxsm(x)
x +\/;I‘ (4)f —cos(x =3x

First, let's look at the solution integral ...
7 xsin(x) IBP T 7 7
f dx = ( wa/cos(x)) + Zf cos(x)dx = Zf cos(x) dx
0 /cos(x) 0 0
Substitution : cos(x) =t,—sin(x)dx = dt, dx = — Y t[0; 1]
- t
1 2tdt dy

=2

d 1 11
f vy y y“(l y)Zdy

0

3 1 3
2 1) F(Z)F(E) _r(gve
4°2 3. 1\ 5
riz+z) 13
The Solution of our integral is completed,now let's return to the previous
expresswn

” T E z xsm(x)
" \/;I‘ (4)f 1/cos(x =%

T z xsm(x)
* +Ir2( )j ,/cos(x =3

71 F(%)ﬁ_
x2+‘g'r2c%>' r(3) e

, . [T LA _ s
x+21r T T = 3%

1-7(1-7) r(1+g)

, . [T Wrm
x“+ |= ——3x—0

fy‘*(l y) Zdy B(

x2-3x+2=0 - (x—1D(x-— 2)—0—> Answer : x=1and x=2
2443. Find a closed form:

dx

! 2\\2 fan-1
ﬂ=j (In(x*))“tan™"(x)

1x(1+x2)(1+}+;€ex)

Proposed by Abbaszade Yusif-Azerbaijan
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Solution by Alireza Askari-lran

(In(x?))? tan~1(x) : (In(x?))? tan"1(x) e*
:f 5 T-x & S N T Nt
x(1+x)(1+1+xe) x——x x(1+x)(e R g x)
oy — (ln(xz))2 tan"1(x)
B - x(1 + x2)
0 1
(In(x?))? tan"1(x) (In(x%))? tan~1(x)
=_1 x(1+x2) X J x(1+x2) dx=A+B=
1 2V\2 tan-1 1 2V\2 g —1
A - (In(x%))“ tan™*(x) dr & B (In(x%))“tan™*(x)
el x(1+x2) x(1 + x2%)
o (In(x?))2tan"1(x) I 1 (In(x))? tan"1(x)
2=A+B=2 x(1 1 22 dx—>Z= X+ %) dx =1=?
I : (Inx)? tan~1(x) 1x(lnx)2 :an‘l(x)
—= f dx — f 5 dx=Q—-Y¥
4 J by ] 1+x
1 2401 2
= f (Inx)” tan™"(x) dx = % . f x* 1tan™1(x) dx
=05
_8 ] N D" [
" 0a?|_ Lo+t 1ofx o dx
RN (—1)" o (—1)n
92| _ LiCn+Da+2m+ D L@+ D 2p(4)
1 0o 1
x(Inx)? tan~1(x) (Inx)? tan™! (E)
‘P=0f 1+ x2 dx :1! x(1+ x2) dx
B (Inx)? (lnx)2 tan"1(x)
B j x(1+ xz) x(1 + x2)
o - (Inx)? (lnx)2 tan~ 1(x) : (Inx)? tan1(x)
B _f x(1+ xz) B o x(1+ x2) x , x(1+ x2)
(Inx)? (lnx)2 tan‘1(x) : (Inx)? tan"1(x)
== x+ dx —
f x(1+ xz) x(1 + x2) ,I x
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oo 1

(Inx)? (Inx)? tan"1(x) (Inx)? tan1(x)

_fx(1+x2) , x(1 + x2) +f x dx=M-N+0
Q=2p(4)
o) 1
n (Inx)? m 97 n n+a+ —
:E!—x(1+x2) xffa 5 OTZ( 1) Of 22 ldx =

_m d? (-1)" > (=) B -3 3n((3)
" 29a? azO;a+2n+2 8 (n)3 a 8 4n3 32

‘ (Inx)? tan"1(x) (lnx)2 tan~ 1(ax)

N= x(1 + x2) = fla)= x(1 + x2) =f)=N

. trick d @ c><)(lnx)ztan‘l(ax)
q_ e —
(Feynman trick} daf a —dao x(1+ 22

B ) (Inx)? tan~1(ax) p
- J %( x(1+ x?) ) *

z (Inx)? 1 oo(lnx)2

d (@) = f (Inx)? dy = a
daf v= , (1+ (ax)?)(1 + x2) S 10 1+ (ax)? T —10 1 + x2
=K-H
%) [e%] X 2
a? (Inx)? a (ln (E))
K = X = f dx =
-1) 1+ (ax)? i I | 1+ x2
0 ax—x

0
a GO(lnx)z Zaln(a)J‘ In(x) +a(lna)2j‘o 1

—1) 1+ x? 1+x 74 a’-1 ) x> +1
0 - 0
o 2
. (Inx)? a? ft @ gy = 2 1 a+1 1—a_1r3
{note (tanx)%dx = 9a? .z 2 2 8}
0 =

a=0

x =
1+ x2 da?
0

o0 7
ln(x) 0 1 a+1 1-a |
{note: j 5 d j(tanx)“dx—— =B . = 0}
1+x 2=0 2 2 2
L J
- 1 (lnx)zd B 3
_ﬂ—101+ﬂ x‘mﬂ—1)

az-1

1
l 2
f(l)—fdf(a)—f(K H)da_’; Ly zf“("a) da

el

f(0)=0& f(1)=N
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1

3 2 ®
mwo

Zfa2n+b+1 da

b=0 =0

N=f) =@ 2=

n3l ) T 9%
g 2 9b?

(3

i 1 s ) i 17 2) N
o oliZnib+z 8 T/.8n3 8 " 8
=Un=0 Q_ n=1

M N
I=4ﬂ—4‘l’=4ﬂ—4(?—5+§)=29—2M+2N
I=4p(4 o 3 nl 2 z 3
= 4(4) - 4@ + - In(2) - 74(3)

1
P& @ = 7n 3
192 24 1653+ n(2)

ANSWER =1 =

{note section}
1
Pp® (Z) 8t
768 768

B(4) =

2444, Find a closed form:
1

Q= fLiz(—xz)tan‘l(x)dx
0

Proposed by Abbaszade Yusif-Azerbaijan

Solution by Alireza Askari-lran
1

Q= fLiz(—xZ) tan~1(x)dx =
0
. n In2
= LoD (5 -

1
) +2 f In(1 + x?) tan1(x)dx —
IBP o

f(ln(l + x2))? Ix
) x

1 1 g
A= fln(l +x®)tan"1(x)dx & B = j@dx
0 0

1 1
T n2)? 2x%tan"1(x) — xIn(1 + x?
A= fln(l +x2)tan 1(x)dx = —In2 _(n2) —f *x) ( )dx
I‘EP4 2 1+ x2
0 0
1 1 1
T (In2)? tan~lx xIln(1 + x?)
—In2 — —than‘lxdx+2j dx+]—dx
4 2 1+ x2 1+ x2
0 O(I 27 , ©
T n M T
A=|—+1 2 — —_———
(4 +1)in 2 16 2
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(ln(1+x))2d _ ‘ (Inx)? J
f * S J2a-™

e
1+x-x 1

(lnx)zd : (Inx)?
2x T J 200-%)
2
1
-(3)

0= 2(a+n+1)

_ [n@+ad?
- f x x2—>x

(Inx)? : (Inx)?
2x(1 — x) 2x(1—x)

dx =

dx =

N\HSH

x-11
X2
a+n+1
x“*" (ln2)3 a2

2 6

(ln2)3

2,2
Baaono

8
N"'“‘;H N

n

o o 1
(an)3 Z(i Zg (mZZ)ZZ lZZ
)-

— In2Li, (;) = B = z(:)

) (an)3 ﬂz 73(3) m?

_1m>3" @2y -

B
6

? (an)2
12

n2 + =2 &Li(-1) = - —
+ 3 2(—=1) 12

+4(3) — Lis (
Lis

N|HN|H»—\

te: Li —> =
note: Li
+2A-B

ANSWER = + ”2 mz
48 24
nd m?in2 (In2)? N 2 {(3)

=t 2 +(;+2)ln2— y T g T g

2445. Find a closed form:
1
f Li,(—x) In(1 + x)
= dx
x(x+1)
Proposed by Abbaszade Yusif-Azerbaijan

Solution by Alireza Askari-lran

1 1
[ Li; (—x)In(1+ x) Li,(—x)In(1 + x)
Q=A- —Of x dx—j T
1
- ;a2
A= leZ( x)In(1 + x) dx = — (Liy(—1)) _ (note: dLiy(—x) = — In(1+ x) dx
X 2 X

0

. o , 1 5
:lez( (xx):_nl()1+x) dx . Li,( 1)2(ln(2)) +f(ln(12-; x)) dx
IBP 5
R ZUM@Pd _ [ @y
_f . = Z(x—l) x 1,7, 2(x — x2) x

1+x—
x

64 | RMM-CALCULUS MARATHON 2401-2500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 1 w 1
(In(x))3 (In(x))3 (ln(Z))4 1
dx + dx = + 2" (In(x))3 dx =
2x 2(1—x) z lf
3

1/2 1/2 n=0

N |

[

w0 1 z
>D= Z %.lfx"(ln(x))3 dx = (f x"(In(x))3dx — bfx"(ln(x))3dx) =¥Y-o
2

n=0

ooy ax - _C0 :
{note: j (In(x))"dx = W fn>-1"m=+*-1}}

w = Z%f 2(In(x)3dx = Z o 1)4 — 37(4)

1
1 n+1 o 2
ORI E e
_ -z x" (In(x))2dx
IBP 2 n=0 n+1 2n=0(n+1)0 1
n+1 n+1 5
. 1 . 2
_ @ (2) _sw2rs ) | S [emeoa
IE‘P 2 n=0 n+1 2 (n + 1)2 n=0 (n + 1)2
o 1 n+1 . %
) (2) 3 [wa
= -3z ) B - ) o atdx =
IBP =" ey 0
1\ n+1

1 n+1 o 1 n+1
(In(2))? :
©- anZ Z(nz_l 3(ln2) Z( +1)2—31n22($l_?_1)3 Z ( )
I )i )

2

_—(m2)* m*(n2)* 21 !
- (1n(82)) T = 334) + (’"82) T (’;’2) t %znz (3 + 310, 3)
e 2 2 2
(p_LlCDME@Y? w2
{ 2 . 24
w
\ 4= 288
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21 /1y (In2)* w*(n2)? 53n*
ANSWER: 4 — B = —1In2 {(3) + 3Li, (—) + — _
8 2 8 12 1440

{note section}
4 3 2 2 2
(=" 1y (1) =T Ti) 1y () =T D)

2 6 12 2) 12 2
2446. Find a closed form:
© loge
(x _|_ y _|_ Z)x+y+z>
.f f f 11 extviz dxdydz

Proposed by Amin Hajiyev-Azerbaijan
Solution by Pham Duc Nam-Vietnam

f°°f°° ®x+y+2)In(x+y+2z)
* ) = —

1 + exty+z
Let:x > e*,y-> eY,z—-> e ?-> 0

_flflflln(xyZ) In(-In(xyz))

dxdydz

dxdyd
0 Jo (0 )1+xyz reyas
11n3(x) In(=In(x) 1 (°x3In(x)
try - — dx = —— ~xq
Symmery_)zfo 1+x x zfo 1+exc ¢

1 c
=—| x3In(x)e™* ( (—1)"e‘"x> dx

= ——Z(—l)"f BIn(x)e *+Dgy =
2 0

- __ (- — | =4f xS~ le—m+Dx g,
24 ds °=* ),

1< d
= —52(—1)'; ls=aM{e~+DT}(s) =

OO

1 2 I(s)

22, (-1) |s 0+ 1)
1 - n Y(s)r(s) In(n+1)r(s) 3
‘_E;(_l) <(n+1)3_ 1 >s=4‘
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1 —6ln(n+1) -6y + 11
AN e ( ) -6y
2 4 (n+1)%

o)

11 (—1" (-1 3 z (—D"In(n + 1) _

T2 Lm0t T Lmr Dt LT mr e
T, I (LW T o) -
“2 720 3720 (‘ g 720" >)—
7nt 77nt* 217(4) w*t
= Y~ - - In(2)
240 1440 8 240
notes:
o (-Dn dw ()" d
;=@ -2 - g0 = ()1 - 219)
;’OEH 1) dsLi(n+1)°  ds
-1 1
Z( ()n:(f): ) (25— 2)0(s) + 21n(@) 1(s)

2447. Prove that:

4
® r® rsin(x+y+2z) . cos(x+y+ \/15+11\/f—2\/116+82\/2
Q=f ff (xty+z) (ty Z)dxdydz=—1'55/2
0 0 0

[ ) 10

Proposed by Shirvan Tahirov-Azerbaijan, Ankush Kumar Parcha-India
Solution by Amin Hajiyev-Azerbaijan

® e regin(x+y+2z).cos(x+y+z
j j f x+y+2) (x+y )dxdydz
o Jo Jo

1 %° *® r®sin(2x + 2y + 2z
- —f f f (ZX+ 2y +22) Jvdydz =
2 0 0 0

1 © (00 0O erieZyieZZi
=—Im f f f 1 1 1 dXdde =
2 0o Jo Yo 8

x2,y4.z8

1 oo oo oo . _1 i _1 . _1
= —Imf f f e?*x2e?Vy 2e??z 6dxdydz =
2 o Jo Jo
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1
=2 Im(K. M .N)

1
%} 'l = —
K= f €2 x2dx = (2) LIS /f = e @ == _eaim /f
0 V2i3  iv2i 2 2 2

r@) _r@i_r@ee @)

7 v2yiy iy — &) _
M—J;) ezyly 4dy —(_Zi)% = % = % %
7
N=foerZ"z_%dz= r(%)7=r(%7)i§=el_76i"l7%)
0 (—2i)8 28 28
7 3
—llm \/ﬁ.ir(%).ellﬁ" =—1.\/§.M.sin(1)
2 (V2 2848 2 V2 25,48 16

1 \/ﬁ n*sin (1)

220, 48 sin (5) sin(5) r(Pr 3)
X 4\/15 +11v2 - 2V116 + 82v2
48 ’"(%) .r(%)

1 sin(x) 2 T

f -——— dx = -

R \X X 3
Proposed by Ankush Kumar Parcha-India

2448. Prove that:

Solution by Amin Hajiyev-Azerbaijan

0 . 2 0 .2 . . 2
X — sin(x x“ —2xsin(x) + sin“(x
—oo X 0 X

=2 foo L1 {%} (s)L{x* — 2x sin(x) + sin?(x)}(s)ds

Laplace transform: L{f}(s) = foof(t)e‘“dt
0
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1 Y+IiT
Inverse Laplace transform: L{F(s)}(t) = f(t) = — lim] estF(s)ds
2TTi T- y—iT
n! a atm1 1 s3 s
_ Y el _ -1) = -2 _2
L{e")(s) = gt b {sm} = (m—-1)! L {x‘*} (s) = 31 6
! 2
L{x*}(s) = 21 g3
. , ar a . 4s
L{t"sin(at)}(s) = (-1) @(su—az) > L2xsin)6) = 7 102
1 cos(2x)
_ ) _ _
L{cos(at)}(s) = 71 g2 - L{sin“(x)}(s) = L{E — 2 }(s) =
T 2s 2(s2+4) s(s?+4)
!2—2[0083(2 4s N 2 )d _
7 )y 6\s3 (s2+1)2 s(s2+4) $=
8r* 1 8 r* 1 4 r* 1 8m 81 4mm &
=—f - ds——f ds——j —— —ds=—.——————.— ==
3), s2+1 3)y s2+4 3)y (s2+1)2 32 34 34 3

2449. Find:

3/ tanlx \°
Q :f 1. dx
; \x—tan"lx

Proposed by Daniel Sitaru — Romania

Solution 1 by Yen Tung Chung-Taiwan

n
3

3/ tanlx \° y 2
f ———] dx = f (—) sec?ydy =
; \x—tan1x = \tany —y

let y=tan~1 x=>x=tany,dx=sec? ydy

y2

n
3
= d
,f% (siny — ycos y)? Y

2

m ) 1 y
4 (1+y2%) siny — cosy

J1+y? J1+y?

Wiy
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1

_J 1+y
- s (cos(tan~1y)siny — sin(tan~1y) cos y)2

4

B %sinz(y—tan‘ly) yoman oy =

Wiy

T
= L csc?(y —tan~'y)d(y —tan"ly) = —cot(y — tan1y)|3
n z

4

T
1+ytany|3
1 —tan T m_

ylr 3 V3 71

~ tan(tan~ly) —tany |z
4

_1t\/§+3+4+n
_11'—3\/§ 4 -1

Solution 2 by Pham Duc Nam-Vietnam

arctan?(x) _ [ (arctan(x) — x)? — (x* — 2xarctan(x))
f (x — arctan?(x))2 (arctan(x) —x)?

B x* —2x arctan(x) -2 arctan(x)) (1+x3) 4
- (arctan(x) — x)2 —x f (1 + x2)(arctan(x) — x)2 *
If . ( 2 arctan(x)> 1+ x2) (du _ 2(1 - x*)(arctan(x) — x)

X - x2
{ x? 1 = { 1
L

dv = dx k

1 + x2 (arctan(x) — x)2 " arctan(x) — x

arctan?(x)
= f (x

— arctan?2(x))?2

1 2 arctan(x) 1 — x2
= x— 1-—= (1+x2)+2f dx
arctan(x) — x x x?2
_ xarctan(x) +1 fﬁ arctan?(x) B
~ arctan(x) — x (x — arctan?(x))2

x arctan(x) + 1 ‘/§_4+1t mV/3 + 3

1 _4-—1t_3\/§—1t

~ arctan(x) — x

Solution 3 by Ravi Prakash-India
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Puttan lx=0,x = tan@

sz <—> seczedezf3 x dx
m \tan@ — 0 %(sinx—xq:osx)2

Wi

1T -
3 Xsinx X

= - 5 o dx
i (sinx — xcosx)? sinx
n n ]
-1 x |§ f? 1 (sinx — x cos x)dx
sinx —xcosx sinx% % sinx — xcosx sinZ x
T
-1 X |3 3
= — - — — cotx|z
sinx — xcosx smx% vy

. 2m 41T N 1 mw+4 [4m/3+9—-37
T 4-m 9_3rm

V3 4-m | V3(9-3m)

m+4 9 + 337 m+4 3 ++37m
4-m 33V3-m) 4-m 3V3-m

Solution 4 by Hikmat Mammadov-Azerbaijan
3/ tanlx \°
1 \x—tan"'x

3 xz 2x
B L <1 Th—tan 02 (x- tan‘l(x))> @

V3_xZ 4 2x-tan"1(x)  say

=(\/§—1)+f dx — S
1

(x — tan—1(x))2

2

! 1+x2

X

Note: —(x—tan—l(x)) =u-u = —(x—tan—l(x))z
x2
Bra——s(1+x%)— (1 +x2) - (—tan"1(x) + x)
B 3 (1+ x2)
s=(3-1)+ fl e dx
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V3_(tan1(x) —x)" - (1 +x2) + (1 + x2) - (tan"1(x) — x)
=(\/§—1)'|“f1 (x—tan—l(x)) dx
2+1 7 12 8
=@‘1+[m1 =V3-l+ o ey
12 8
:ﬂ=\/§—1+n_3\/§—n_4
2450. Find:

4

Q j 2024 ln(g . x) d
- V X
. 22 [In(9 — x) + **/In(x + 3)

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

y=6—-x>x=6—-y=dx=—dy

x=2=y=4, xX=4=y=2
2

ﬂ—f 202 /in(9— 6 +y) (—dy)
2 /m(9—6+y) + */In(6 —y + 3) Y

4

4
0 j‘ 22 /n3 + y) d
= —ay
) 2024 ln(3 + y) + 2024 ln(9 _ y)

4
Q- f 224/ (3 + x)
223 + x) + **/In(9 — x)

2
4
20 — f 2024/ (9 — x) + **/In(x + 3)
| 2024 2024
5 Vin(9—x) + In(x +3)

20=4-20=1

dx

dx

2451. Find a closed form:

1 ;o 3 -1
o f j In(1+ x°)(In(1 + y) + tan™"(y)) dxdy
0 Jo

1+ y)?2(1 + x?)

Proposed by Shirvan Tahirov-Azerbaijan
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Solution by Ankush Kumar Parcha-India

L r*In(1+ 2®)(In(1 + y) + tan"1(y))
We have : f f 1+ 201+ 22) dxdy -
“In(1+ x3) In(1+y) + tan~(y)
f 1+ x2 j (1+y)? dy (D)
0 0 y)
Q
@ ln(a + x)
c id Qa) = ———=dx (2
onsider, (@) -fo 1522 (2)
Differentiate above equation both sides with respect to 'a’.We get,
Leibniz Irrlieéral (rule) d Q( )_ © ln(a+x) e © dx
da Y7 ( 1y o (@+x)(1+x%)

Partical fractlon

f darctan(x)

a f‘” dx N 1 f°°< 1 1 )d
% p—
1+a%?), 1+x2 1+4+a%?), \a+x 1+ x? *Tira
4 a foodl (a+x) dQ() na ln(a)
n -»—0(a) = -
1+a?), [1+x2 da 2(1+a? 1+a?
Integrate above equation both sides with respect to.We get

J-—Q(a)da—;tf a da—fln(a)zda—>ﬂ(a)+C=

1+ a? 1+a
1P In(1+
jdln(1+ a?) — In(a) arctan(a) +3Ju =Q(a)+C=

=—Liy(ia)

—ln(l + a?) — In(a) arctan(a) — S{Li,(—ia} > Qa=0+C=-C
"a=0

“ In(x) “ In(x) @ ln(x)
f 2dx=C—>f dx—j dx=-2C->C=0
0o 1+x o 1+x2 o 1+x2%

Q(a) = fwM dx = gln(l + a?) —In(a) arctan(a) — S{Li,(—ia} (3)
0

1 + x2
Now 00 f‘”ln(1+x3)dx J‘°°ln(1+x)dx+f°°ln X 1 iV3)\ dx
= _— - _— —_——— | —
)y 14a? o 1+xZ 0 2 2 )1+x?
. Utilising Equation—(3) .
o 1 iV3\ dx by T T [1+iV3
In(x-—>+—= — ZIn(2) — F{Liy (-} +=1
+J0 n(x 2+2>1+x2 4n() J{Liy( n)}+4n< 2

I -1-iv3 -1-iv3 51 i—+3 n'l 1+iv3
- n(TV>arctan(TV>_J{ 12( Y )}W n< A )_
-1+iv3 -1+iv3 L fi++V3
ln<T>arctan<T>—3{le< 2 )}

In(x? +
(In(x tiy) = #y) + iarctan (y) x>0andy > 0)

)_
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(Lis(£D) = —27n(s) £ iB(s))
(Clym (0) = F{Lisy,(e) m > 1}

T 2in(m  In(2++3)\ 2in/ m In(2++3) T 5
Zln(2)+[3(2)—T Z-l'l 2 )- 3 <—Z+IT _CIZ(E)_Ch(?)
B2)=6 sin(ﬂ) cos(ﬂ) i 172 i 172
—_ _ 2 3 L T L _
> -2 2, = +6+7In(2) ———+3In(2 +V3) + ——+ 2 In(2 + V3)
n
=" G 0k (G Vi 2n /4
- —— Yy — N 4 6+—In(2+V3)+-In@2)-
(6n+ 3)? (2n+ 1) 6n—3)2 "3 n(2+V3)+ 7 In(2)—
nezg nezy nenN
2G G 21 T
—?—G—§+G+?ln(2+\/§)+zln(2)
IIn(1+y)+ tan™! LBP  (In(1+ y) + arctan 1 1 d
Now,92=j (1+y) : W 4y = _< 1+y) (y)> +f Y
0 1+y) 1+y 0 J, 1+y)

! dy 1m vty 1ty 1 (! dy
+ =1 m@)- d(_)__j d +_j &y
o 1+y)(A+y?) 2(4 n( )) jo 1+y/ 2J), 1+y? Y2 o 1+

Partial fraction

11 1 7 In(2) In(2) In(2) 1
_f __m _In@2) n()+n()+_+§
2y 1+y2 8 2 4 2 '2'8
q _flln(1+y)+tan‘1(y) _2-In(2)

2=, (1+y)2 Y=

Put the value of Q4 and Q, in equation— (1). We get :
0 0 = flf‘” In(1 +x3)(n(1 + y) + tan~1(y))
SRR A A (1+y)2(1 + x2)
2 —-1In(2) G 2m 14
< 1 )(—§+?ln(2 +\/§)+11n(2))
Note : G — Catalan's constant

dxdy =

2452. Prove that:
[ S T L S
, sinh(x) " " J, sinh@3By) Y " ), sinhG) YT T 4

Proposed by Ankush Kumar Parcha-India
Solution by Shirvan Tahirov-Azerbaijan

00 x o . X
—1\n — _4\n _
Z( 1) j;) Sinh(x(zn n 1)) dx Z( 1) j;) ex(Zn+l) _ g—x(2n+1) dx
n=0 n=0 >
:E(—l)".[m 2x dx=2§:(—1)"fm x gy —
— o ex(2n+1) _ o—x(2n+1) ~ 0 ex(2n+1) _ o—x(2n+1)
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o (D" (1In() o (D" .
T L 1)2f0 -T2 L 12 Z f eIn() dt =

1 1 2
26 (3@ - g -7 - )=2 (c<z>—ﬁ>="za

3) sinh(x) =
x(2n+1) _ e—x(2n+1)

4)sinh(x(2n + 1)) =
2453. Find a closed form:

f jz sin(y) sin(Zx)d

sin(x) |sin(2y) xdy

Proposed by Ankush Kumar Parcha-India
Solution by Shirvan Tahirov-Azerbaijan

B 2 Tz_tsin(y) sin(2x) 3 (2 sin(2x) |[sin?(y) 3

_J;, fo sin(x) ’sin(Zy) dxdy = ,fo J;, jsinz(x)'\/sin(Zy) dxdy =

z sin(2x) z sin2(y) B z 2 sin(x) cos(x) z sin(y).sin(y)
fo ’sinz(x) dxfo ‘sin(Zy) dy _fo \[sin(x).sin(x) dx 'fo jZ sin(y) cos(y) dy
f : ‘Zs(i(r)ls(ix f /zsclgs(g;)]) f V2 cos(x)zsm(x) de f Tsm(y)zcos(y) Zdy—

141 -4 .
(2 ) e B ) 3 ) 06 -
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NP MRS LS.
sin (1) sin (Z) 4 2 2
Note :
r(m). r(n) T
B(m,n) = m , 'n). IT1—n) = Sin(n)

2454, Find a closed form:

jflln(l x?y?) — xyln(lliz)

dxd
1— x2y2 xay

Proposed by Shirvan Tahirov-Azerbaijan, Ankush Kumar Parcha-India
Solution by Quadri Faruk Temitope-Nigeria

f f1ln(1—x y?) xyln(i;;g)

1-x2y? ddy
TIn(1 — x?%y 1xyln 1+xy
1—ff _xzzdd—ff oy 4wy =
IIn(1 —xy) + In(1 + xy) Ixy(In(1—xy) —In(1 + xy))
f_f 1— x2y2 J-_f 1— x2y2 xdy =
IIn(1 - IIn(1 - TIn(1 +
ff In(1 —xy) xJ’) J’f n( xy)dd L1 ff n( XY)d xdy +
1+xy 1-—xy
IIn(1 +x IIn(1-—x 1ln1 X
ff( y)dd+ff( Y) dx ff( y)dy_
1—xy 1+xy 1—xy

jflln(1+xy)d dy+ 1 fjlln(1+xy)d xdy

I—J jlln(l xy)d dy +j Jlln(1+xy)d xdy

fl In(1—xy)In(1+ xy)1 flln(l + xy) l f fl In(1 + xy)
= + dx +
0 I x 0 J 1- 1-—xy
_ ('In(1 - x) In(1 + x) IIn(1 + xy)
I= ,[0 X dx ,[ J 1—xy

dxdy

———dxdy
Recall that :
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1In(1—x)In(1 + x 5
f ( )x ( )dx=_§((3)

Hence :
TIn(1 + xy) _n?
j’_f T, dxdy = In() - ¢(3)

= 3)+2 In(2 3—1[212 213
1-;«)+{Zm>—aﬂ—7nu—;«)

2455. Find a closed form:
1 X3
In* 4 d
fo ((n x)+x )+3—x3> X

Proposed by Shirvan Tahirov-Azerbaijan

Solution by Quadri Faruk Temitope-Nigeria

x3

1 3 1 1 1
I=f ((ln4(x)+x4) + 3>dx=f In*(x)dx + f x4dx+f s dx
0 3—x 0 0 0o 3—x

A B C

In(x)=-—p
x=e7P 0 +00
j mt@dx =" [ (=p* (—eP)dp = f p5-le=P = [(5) = 24
0

dx——epdp —0o
[~00;0]
1 .1 1

1
B:f0 x4dx=§x50=

5
C fl x d 1f1—x3 d 100 (x)3n 3d
= — 3 X =— X x:_zf = X X =
0 3—x 301_(\/_§)3 34y V3

OH
WI

. x3n+4 1w 1 1
3Z(ﬂsnf 3113‘1"_323"'<3n+4> ;3_"'(3n+4):
__4\/_.1"(1)

- sr(-g)

Hence :

1 4V3m. r(%)_lZl 43w . I‘(%)

I=A+B+C=24+ - 51‘(—%) == - sr(—%)
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— 3
j1<(1n4(x) + 1) + i )dx _121 i F(Z)
o ) a0y

2456. Prove that:

Jm(mﬂ)(mﬂ)e_wx:?_
0

Proposed by Srinivasa Raghava-AIRMC-India
Solution by Pham Duc Nam-Vietnam

Q= fm( tanh(mrx) + 1) ( coth(mx) + 1) e~ dx — E N :\/\/: (_) )
0
Q= jm( tanh(mx) + 1) ( coth(mx) + 1) e *dy T
0

= %fow (\/coth(x) + y/tanh(x) + 2) e *dx

= % + %foo (\/coth(x) + \/tanh(x)) e *dx
0

. g—arccoth(t?) — ?-1

. _ 5 2
Let: t = /coth(x) = x = arccoth(t*) = dx = - v
1
2 1 r® 1\ [t2—1 2t 2 2 r® 1 =7
>Q=—4— (t+—> —————dt=—+— dt —
T m t/Jt?+1t* -1 T wl); Vit —1
2+2 ' dt
mowly V1—F
1 1
4 11 4——1 4 1 11 2 1 F(i)F(Z)
=—+—j tHF " (1 —t*)2 d(t)—— —B(—,—>=—+——
2 \4’2) m 2m r(ﬁ)
4

)= m=r () =7 mar()=r() () 35

r4F(§) 5 2, 42 5
>0= —+§m/14[‘()—;+”—ﬁrz(1),henceproved.

2457.1f 0 < a < b then:
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b 2

X

e“+e‘“+2J dx < el +e?
a In(x+Vx% +1)

Proposed by Daniel Sitaru — Romania

Solution by Hikmat Mammadov-Azerbaijan
b xZ
0<asb;c“+c‘a+2.f dx < cb+c?
a In(x+VxZ +1)

Since sinh convexon R, = Vt € R,,sinh(t) >t >0

vt € R,,sinh?(t) > t?, vVt € R,,1 + sinh?(t) > 1 + t?
vt € R,, cosh?(t) > 1+ t?

Vvt € ]R{Jr,\/cosh(t) > Vl + t2

J/ cosh(t) >1
Yive ~

The Cauchy - Schwarz inequality gives =

So=> VvVt € R,,

VxE]RjL,f0 cosh(t)dtf \/m ( Erewd

X dt X 2
vx € R ,fcosh(t)dt.[ > (f dt)
* o V1 +¢2 0

i.e: Vx € R,, sinh(x) arcsinh(x) > x?

So = Vx € [a; b],

< sinh(x)

arcsi nh(x) -

b x2 b
f ———dx < f sinh(x) dx
a arcsmh(x) a

dx < cosh(a) — cosh(b)

e: fa ln(x+\/1+ 2)

Zfb x dx<el+e b —et—e@
a In(x + V1 + x2)

2
Finally = ¢® + ¢ + 2 [*—% dx < cP +c?

a ln(x+\/ 1+x2)

2458. Find:
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n n !
1 (k—1Dk
Y (S v&
lim kZijk_m e ()

Proposed by Daniel Sitaru — Romania

Solution by Hikmat Mammadov-Azerbaijan

n

1 (k— 1k -
Q = lim ~ k
oo Z\/Zk 1+2/(k— Dk (,Z:l >

; |

1_i Jk-(k—1) '<"
S = N = S5

-1

e

‘1:;—%%@;2 Zn:\/_V(I‘ +\1F Z(k Vk—1-(k—1)-Vk)
Zn:((k 1) Vk—1+Vk—1-k-Vk+Vk)
=
i((k 1) VEk—1-k-VE)+ Z(Ww—)
=
:_n-m+1+<zkzﬂ@_m+1>:ms Hﬁs@

N n C 2 2
ﬁsz—lsf ﬁsZ@=s:>s—ﬁ+1s§-m/ﬁ—§ssz>
k=2 1 k=2

2
=>S~—-n\/ﬁ

H(nx/_+z+zs 2vn +1)
=0 =
S

-1

=>ﬂ~1-(1-n\/ﬁ)-(§-n\/ﬁ) =0=>0=0
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Q(x) = r(f) . r(x+ 1) . r(l ;x) r(221> _sin(mx)

2 2
Solve for real numbers:
4x 1

2459.

Proposed by Daniel Sitaru-Romania
Solution by Shirvan Tahirov-Azerbaijan

Q(x)=l"(;).F(le).F(lgx).l"(z;x).sin(n’x)
Note: I'(x) . I'(1—x) = —
. - . s;cn(nx) -
F(E)'F( 2 ):r(f)'r(l_f):sin(gx)

r(x+1> r(l—x> _r(x+1) I‘(l x+1>_ (4 _ T
2 - 2 2 . 2 sin(g—gx) cos(gx)

Q(x) = I"(;) . I"(x+ 1) F(l —x) F(Z—_x) .sin(mx)

2 2 2
- in(7mx)
=—. 7 -sin =
sm(ix) cos(ix)
2m? )
———— .sin(mx) = 2n?
sin(2. Ex)
24x+10 24x+10<1>20
x*— ——+ —F/—=0->x*—-—+ —/—=0-> (x——) =
Qlx) n* 2n2  nt w2
1
Answer : x =—
T

2460. Find a closed form:

. joljol ngz\/y—\z/i_y\/}dxdydz

Proposed by Cosghun Memmedov-Azerbaijan
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Solution by Abbaszade Yusif-Azerbaijan

£ = flflfIZ— VY ixdydz = =3flf1f1— VY dxdydsz
f_yz+\/§ symmetry 0 Jo Jo r—yz_*_\/z

a2=xb2=y,c =z dx =2ada,dy = 2bdb,dz = 2cdc a,b,c € [0,1]
1 01 (1 g2p2,
E=3f jf X 8dadbdc
0o Jo Jo a+bc

azbzc
= 24f f j dadbdc {a + bc = t,bdc = dt}
a+b 2b2 t a dt a+b Z(t_ )
&= 24fff x—dadb—24fff ————dtdadb

f:24L1.L1(a2(a+b—a)—a3ln(1+§))dadb=

1 ~1 1 1 1 3
1 a’b
=24 f fazbdadb—f a31n(1+—)da+Jf
0 Jo 0 a 0o Joath
4 1 1,4

1 a 1 a 1 a+l g3
§=24 E‘Z‘“(”;)(ﬁf Z(Ha‘a d“*” X (¢~ wdtda
0

1
£ = 24<%_11n(2)+lln(2)_%x%_1_16+f (“3(““‘“)‘“4‘“(1%))‘1“)

T R I e (N N A T
§=2g s 16 vl gty ) ) s\1ia

1 1 1 47 1 1
E—Z4<——+———ln(2)+ X =% _ In(2 )——)

dadb) {a+b=t

24 4 5 5 60 5 25
24(3—31 (z))
§=24{150 M
39 48
3 —?—?ln( )
2461. Find:
= H, 2k
Q= k
 (k+ 1)

Proposed by Vincenzo Dima-Italy

82 RMM-CALCULUS MARATHON 2401-2500



M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Shirvan Tahirov-Azerbaijan

Z(IZ Z k(k+1) :Z(Z’,: (k+1) f xkdx =

k=1 k=1

AN 11“(1_%) x
L(;Hk(z)k)dx=—]0de=—(—ln(1—i)
— (—an(Z)) = In?%(2)

)o-

Note :

z H ok = ln(l - X)

— X

Where Hk is the harmonic number.
2462. Prove that:

= Fy, 11 /
;2671—1(42111— 3) (;Z) =§\[§<3 V5 Z\EJ’S)

Proposed by Srinivasa Raghava-AIRMC-India

Solution by Pham Duc Nam-Vietnam

=3 sy =3 [ [ s)
c F, Tin Fy 2
$=2) a3 (2n) ZZ @an =3 (n)

Now, using the ordinary generating function of central binomial coefficients:

o)

1 1 1
DGO B S B N
n 1—4x ] n x1—4x2 x

n=0
o x2m3 o 8x2V1 —4x2 +V1—4x2 -1
= z = — 3 +C
12 3x
n=
S X o 8x%V1 —4x2 +V1 —4x%2 -1
:>ZZ - 3 =
n=1
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i x" (Zn) 8xv1l—-4x++V1—-4x—-1
= = —
n
n=1

2n—3 3

And the Binet’s formula for Fibonacci sequence: F,, = \/ig((p" —(1-¢)"), where @ =

1+/5, .
+T\F is the golden ratio

2 @ T il T
1 pemk (1 - p)em™ 1 2n
:S_ﬁzz« 8 ) _< 8 >>2n—3(n)
- 1 1
(e”’ (1—(p)\/1+ie‘”k(<p—1)+\/1+Ee‘""(<p—1)—1>+

1% I/
=— > |
\/gkzzll 1 ik 1 ik 1 ik
\ +§ —e" 1—Ee Q- I—Ee ¢o+1
2
11 ’1 1 11 ’1 1
:§ﬁ< E(Z\/E-}-S)—ﬁ):gﬁ ( E(Z\/§+5)—ﬁ> =

zgé 34V5—-v2V5+5 :%\/%(3 ++5—-+2V5+ 5), hence proved.

2463. Find a closed form:

|
)

[t [ (M l0g(e?) log(y?) log(z?) log(xy2)
=L L

1+ xyz dxdydz

Proposed by Hikmat Mammadov-Azerbaijan
Solution by Shirvan Tahirov-Azerbaijan

1 1 1n(x2) In(y?) In(z%) xyz
“=fff ()(y)()ydxdydz=
0o Jo Jo

1+xyz

d (11 1In(x?) In(y?) In(z?) (xyz)?
Jo 0o

dxdydz =
0 1+xyz
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811ma—2(—1)"f f f x%In(x) y*In(y) z%In(z) (xyz)"dxdydz =
811ma—2( 1)"f f fln(x) In(y) In(z) x*tny2tnzatdxdydz =

3 1 1 1
8lim— E (—1)"(j x4 In(x) dx +j y**In(y) dx+f 2" In(z) dz) =
a~0 da . 0 0 0
nz

1 1BP ln(x) n+a+ly 1
a: j Min(x)dx £ |————

1 n+a 1
— — dx=0- f "t adx = —
fon+a+1 nm+a+1)), (n+a+1)2

The other two integral's are solved in the same form ...

8lim—— Z(_ )n<< (n+:+1)2)'(_(n+:+1)2>' <_m)>:

"o -n" _ - (-
-8lim— ) —————=48lim ) ———— =48 =
a-0 da = (n+a+1)° a—0 (n+a+ 1)7 >O(n+ 1)7
n= )n+1 n=z
= 48 E 7 = 48

nx1

Where n(v) is the Dirichlet eta function.
2464. Prove the below closed form:

1 sin(x) + cos(x) + tan(x)
o (1+sin(x))(1+ cos(x))(1 + tan(x))

1
dx—ln( 2V2 +3

2t 7)
Proposed by Ankush Kumar Parcha-Iindia

Solution by Pham Duc Nam-Vietnam

1 sin(x) + cos(x) + tan(x)
Q= - dx =?
o (1+sin(x))(1+ cos(x))(1 + tan(x))

N oottt
By letting: t = tan(x), we have: @ = || N Y i | 1re dt
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1 1

1

=(—/1+t2+t—In(1+t¢ f—dt=
( re e +))|0+01+\/1+t2
Vi1+t2=u+t

1 u?+1
=2-V2-In@2)+| —=d
V2-In(2) fz_lu(1+u)2 v
1

=z—x/§—ln(2)+f¢1z—1<%_(1f—u)2)du=2_‘/§ -+ (g )|

=2-v2-In(2)-v2+1-In(v2-1)=3-2v2-1In(2v2-2) =

1 1 1
=3—2\/§+ln(2\/§_2)=n<5+ﬁ)—2\/§+3
2465. Prove that:
log?(x) sin 3(x) ny? my o n
dx =————"log(3) + — — —log?(3
jm - x="7 "V log(3) + 1 — - log(3)

Proposed by Ankush Kumar Parcha-India

Solution by Amin Hajiyev-Azerbaijan
_ (Tlog’(x) . , o dP
.Q—J;) L sin (x)dx—!ll_l)%w

f x4 1sind(x)dx =
0

=lim—

dZ ©
a0 dazf L;l{xa_l}(S)Lx{Sing(x)}(s)ds =
0

. d? 6 f‘” s4 4
=lim s=
a~0da’I'(1—a)), (1+s5%)(9+s?)

—a

li d? 1 (f°° s d f‘x’ s ds)
=—1lim -
1a0da’T(1-a) ), s2+10° " ), s2+9%°

dt = 2/tds,  t[0; ]}

—-a

® s
I(a) = ds, s =t
(a) fol+sz {
1a,
I(a) 1f°° tz2 2 dt 1ﬁ1 a1+a
2Jo (1105 2P\27 2272
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2

[oe] —-a 1 o] —-a 2
J(@) =f u dsz—f > ds {S—z t, dt=-ids, t[O;OO]}
0 0 9 3

9 + 52 9 sz
9+1
1a ,
J(@ 3‘“J‘°° 272 Qe 3‘“‘1B<1 a 1+a>
a) = = Pl s
6 Jo (14 5ss 2 P\2 27272
1 al a 1 a 1 a
__n2—-a-1 ~_=£. 2 =_=“ = bt
3, d (1-38(z-3i2+3) 3 & (1- 31—a)r(2 2)r(z+3)
8 a0 da? r1—a) 8 a0 da? ri-a

note: {I‘(l -a)lf1+a) =rna csc(n'a)’p<1 ; a) F(l -zl-a) = 1T sec (?)}

—1— ma
9_3”1- d? (1_3 1 41)5(-:(3(7)_311;(.Q 2,)
=8 av0da? rd-—a g T2

(=

@
& =lml ra a))

Ta
- al—l;l(}%))( 401 - a)? -4y (1 - a) + n? <tan2 (ﬂza) + sec (ﬂza))
+4mtan ( ) 1[)(0) 1-a))=
2 2 2 2
=9p©1)2 - yp®(1) +— =y _?_{_11:__ 2 +%

(2)
1 3 “%sec (nza)
Q, = -lim| ——2/
3 a-0 I‘(1 - a)
1 37 %sec? (11'2a)
=3 }zlaom (n?sin? ( > ) + n? + 2msin(ra) (P@ (1 — a) — log(3))

+4cos? ( ) PO —-a)2-—¢g® 1 —-a)-210g(3) PP (1 - a) +10g?(3))) =

1

= (? + 49 (1) — 49 D(1) - 81og(3) YO(1) + 410g?*(3)) =
o N y? m? N 2ylog(3) N log?(3) m* y* 2ylog(3) N log?(3)
12 3 18 3 3 36 3 3 3
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3m(mn? 2y? 2ylog(3) log%(3))
g8 \18 3 3 3 B

3n
=2 @1—-2)=

_m® my? ymlog(3) mlog?(3)
48 4 4 8

Q —f% l ! + ! d d
17 e xn(cos(x) sin(x)) roan

2466.

NN
NI ]

{1 = L yin (cosl(y) B sinl(y)> dy

21 9
Prove that: Q; + Q, = a((B) - Enzln(Z)

Proposed by Shirvan Tahirov-Azerbaijan, Ankush Kumar Parcha-India
Solution by Quadri Faruk Temitope-Nigeria

_ z 1 1 B 2 sin(x) + cos(x) _
N= f%r xin (cos(x) + sin(x)) dx = f%r xln< sin(x) cos(x) )dx -

3

J: xIn(sin(x) + cos(x))dx — 'Lz xIn(sin(x) cos(x))dx =

4
14 s s

szln(sin(x) + cos(x))dx — szln(sin(x))dx — szln(cos(x))dx =A;+A,+ A3

This :

4

A= foln(sin(x) + cos(x))dx = foln <\/§sin (Zn - x)) dx =

ff xIn(V2)dx + ff xIn(sin (Z - x))dx - %ln(Z) ffxdx ' ﬁf (Z T x) tn(sin(x) dx =

™ T

x? 3 [z ) z . 1 n* m*\ 3 (G ®
Zln(2)+znf% ln(sm(x))dx—j;%xln(sm(x))dx—Zln(2)<z—ﬁ)+Z11:(E—Zln(2))—
T 21 3
_ I 2
(86+128«;i 32" 1"3(2)> ’
T
= — - - a2
i} A1—4G 128((3) o’ In(2)
A —fz In(sin(x))dx = %6 + —=¢(3) — —n? In(2)
Z—Exnsmx x—8 128( 3211' n

4
T

2 T 3 35
= = G- —q2 -
As J;T xIn(cos(x))dx 86 32" In(2) 128((3)

4
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3 (4 3
I=A,—A,—As = ( G - m((s) - o 1n(2)) (86+m((3)—3—2n ln(Z))
3 3 9
<—§G—3—21T21n(2)—m((3)>:—6—m((3)+aﬂ ln(2)
Hence :

1 sin(y) — cos(y) _
M= j cos(y) sm(y) dy = j ( sin(y) cos(y) )dy B
L yin(sin(y) — cos(y))dy f yin(sin(y) cos(y))dy = By — B, — By
4 1

Since the M — integral is symmetric with the N — integral, we can
directly write the answer of the M — integral,the integral's are similar ..

B, =11n(2)<"—2—"—2> En(—f—fln(Z))—(——(;——z(?,)—in ln(Z))

4 4 16 2 2 8" 128
3
B, = ——G m((:;) —6—471' ln(Z) M=B;—B; — B3
3 3
N g _ - _ 2
M-( 64” In(2) G+—128((3)) (86+128((3) 11' ln(Z))
35 3 9
22 i3 -2 In(2) ) = ——2(3) - 26 + —n? In(2
( g6 12853 3™ In( )> 128((3) G+64” n(2)
Then: Q0 +Q, =N+M
Q+0, =26 (3) +— 2 In(2) + - 7(3) — a+9 2In(2)
1T =y 128( ga™ In 128° 6a”

Q Q, = < 3 T l 2
1 + 2 - ( ) + — n( )
2467. Suppose:

f(x) = f In(1 + e 2 dt
0
Prove without any software:

=<f(x) < %(1 +In(2))

Proposed by Khaled Abd Imouti-Syria
Solution by Pham Duc Nam-Vietnam

* 1du
1 ZJ In(1+e2)dt,u=e? = -2t =In(u) > dt = >
IIn(1+u 1 (1) n*  m?
:”:_f ( ) _ 1 )J 1 duy - o (- ) "
2 0 2n= n1 24
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* We need to prove: E < E = (1 +In(2))

2
ont>9

a)

R lw

<

2|3

. . . . 2 %8
Since the series expansion of sin(x) = x — o
. - T 1 T 2
= sin(x) < x Vx € R = sin . =Esg=>1t>3<:>n > 9, done.

2
b) :—4 < %(1 +1n(2)) © % < 6 + 61n(2). We will show that: w2 < 10

1 x*(1-x)* 22 22
Indeed, we have: 0<f ( 2) ==-ma>n<=>
1+x 7 7
. 490
= 72 < 28 < 10, true since: 10 = 22
49 49

Now, we will show that: 10 < 6 + 61n(2) © In(2) >

W‘IN

1 2 2
Since the series expansion of: In (:ﬁ) 2x + §x3 + Exs + >

3 3 3 3\3

141 2 2/1\3 2 2/1\3 2
:>ln<1—§>=—+§(—) +---:>ln(2)=—+—(—) +~--:>ln(2)2§,true

= m? <10 < 6 + 61n(2), done. Combine all results we conclude that:

3.7 1 i
824" 4( +1n(2))
2468. Find:
n 1
_ logk\" " |sinx|\ "
Q = limlogn - z . j
n—oo — k 0 X

Proposed by Khaled Abd Imouti-Syria

Solution by Hikmat Mammadov-Azerbaijan

Euler — Maclaurin summation gives us

Z logk _ S log k log2 n
4 k 2

as n — oo, so that
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n
. logk
lL%(Z k ) =1

k=2

S|

n |smx|
—dx

We also have f ~ ilogn as n — oo (proved below), and it follows that

1

] = logk\" / (" |sin x| 1o
lim logn Z f dx =—
n-co k 1 X 2

k=2

Letm = FJ so that mm < n < mm + m. We have

kn

nIsmxI 1t|smx| |sin x| n |sinx|
SR dx = [ dx + I, [ e dx 4 [ S dx (1)

Using f]]: ”Isin x| dx = 2, we can find the following upper and lower bounds for the

terms on the RHS of (1):

T Ismxl 2 kn |sin x| 2 om 1
0<f xSlOgn,;Zk ZkS k 2 (k- 1)n—de—Zk=2E (Z)
n Ismxl mn+mn 2
0< dx < dx < —
mit X mit mm+mn

Dividing both sides of (1) by log n and applying the bounds in (2), we get

1 n|sin x| logm 2
=< f dx < +
nlognk_zk logn); «x logn nlogn k (mn+ m)logn
Taking the limit as n — oo, the first and third terms on the RHS of (3) tend to 0. We also
have the following asymptotic behavior for the harmonic sums, where y is the Euler-

Mascheroni constant,

L logm <y +log™ ~ logn, 3 L~y 41 <y+1log(=
kZZENY-I- ogm <y +log_~ ogn,kZlE~y+ oglm—-1)<y+ og(E—l)

~logn

and it follows from the squeeze theorem applied to (3) that

1 "|sin x| 2
f d

lim
n-ocologn); x /4
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2469. Find:

s/((n+ 1)H,

Q=li !
= l1m
an+1

noo |\ M (n+ 1)!

Proposed by Daniel Sitaru — Romania

Solution by Adrian Popa — Romania

First, we will calculate:

. nn"cp. . (n+ 1)n+1 n!
lim [—=lim——— - — =
n-o | n! nso (n+1)! nnt
n

n+1)"-(n+1) - n! om+1\" 1
m =llm(—) =11m<1+—) =e=
n—oo n!(n + 1)n" n-oo\ N n—oo n

n+1 (n + 1)n+1
(n+1)!

1 s|(n + DH,, wit|(n+ 1" 1 s|(n+ 1DH,
Q = lim = lim .
o0 ™ T )1 | MHpyg n—oo (n+1)! n+1] nH,,
5 H

. 5 (n+ 1)Hn . n
=lime =e- lim =0
n-o  |nH,, (n+ 1)3 n-o |Hypq -n(n+ 1)%

= lim =

n—-oo

2470. Find:

3 2
1—-2x) r—(1—-3x) x
ﬂ=lim( ) ( )

x—0 X

Proposed by Vasile Mircea Popa — Romania

Solution by Pham Duc Nam-Vietnam

3 2 3 2
L l. (1 - Zx)_i - (1 - 3x)_i l. e_Eln(l_Zx) — e_E(l_3x)
- xl—l;l(} X - xl_l;r(} x =
2 e—f—cln(l—Zx)+%ln(1—3x) 1
= lim e—zln(1—3x) lim
x>0 x—-0 x
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3 2
e xIN(1-20+3In(1-3x) _ 4 (— %ln(l —2x) + %ln(l — 3x))

= e®lim =
x—0 _E _ Z _ X
( =In(1 - 2x) + $In(1 3x))
61 2In(1—-3x) —3In(1 — 2x)
= e®lim >
x—0 X
Let: K = lim 21n(1—3x)—23 In(1-2x) X —x
x—-0 X
_ 2In(1+3x) —31In(1 + 2x) _ 2In(1—-9x%) —3In(1 — 4x?%)
= K = lim = 2K =lim
x-0 x2 x—0 x2
~ In(1-9x?) ~ In(1 - 4x?)
=2-9lim————-3-4lim—————=18+12=-6> K = -3
x—0 9x?2 x—0 4x2
= L =-3e®
c1im S22 = 1,1im 22 — _1 are basic limits.
x>0 X x—0 X

2471.
Find the general form of the integral and if a,aja3 ... a, = 1,

2k >2n+1 prove that:
xZn

= dx <
J jo (22 + a%)(x%? + a3)(x? + a3) ...(x® + a) r=
4n—k

k
_T Z (-1)"a, >
— 2k — Mg (@ — a)

Proposed by Abbaszade Yusif-Azerbaijan

2n 2n

Solution by proposer
z

let Z) = =
& = Gy )+ dd) . (rad) T (Z+ )
Consider : T U(—R;R) is the anti — clockwise and semi
— circular contour in the upper half of C plane

if(Z) dz = frf(z) dz + f_if(x) dx
k

V4

(aml) 2n

2a,1 Ht€[1;k]\m(a% — a%)

ff(z) dz = 2miy Res(f; poles of f) = 2mi Z
c

m=1

k
Z (—Drafi !
=n
£ Miepan) \m(af — a%)
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R R
f=x) = f(x) => f fodx=2 | fodx=2¢
0

(Rei®)™

. x iRe'?do
e (R2e2 + af)

3
z = Re'®,dz = izd6 ,0[0; ] ff(z)dz-f
0

T lR2n+1 2in6+i6
- de
| e ap

Tli|RE et m REet g
< z)|dz = f - do < j do = T
jrlf( )| o ME [R%e%0 + 7| o X, (R?) R2k

jrf(z) dz

=0
k

o Z (-D"az!
Lo Meepm(af — af,)
Ezk: (—1)na2n-1 _m k (—1)"a2r1
2 eih\m (@ — @) (@ + @) = 2 L [ aqm (ZM(at - am))
(—Drafi!

k-1 k
m=1 2 l'l-=1(a]-)
m2 X ! a, l-lt€[1;k]\m(at - am)

k 4n—k

m Z (—D"azr ™! Z (-D"a,,
2k 5—1 2 Ht€ 1,k \m(at am)

m=1 a12n l-[t€[1;k]\m(at - am)

2n bR (—1)"(1%,?_1

x
w33
.[0 (2% + a?)(x% + a2)(x2% + a3) ... (x% + a2) 72 « Meerq\m(af — ak)
4n k

f T
x —_—
o (x2+a%)(x%+ a3)(x2+ a?)..(x% +a2) ey \m(at a,)

2472. Let be f, g: [2; +) > RT: f3(x)) = x + 3f (x), f(2) = 2
and g(x+1) +4x+ 3 = g(x) + 4x3 + 6x%,g(2) = 2

5% glf (0]
flg(®)]

Proposed by Bui Hong Suc-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan
The solution of the functional equation:
gx+1)+4x+3=g(x)+4x3 +6x%,g2)=2
is the polynomial

Find : Q = f2024

94 RMM-CALCULUS MARATHON 2401-2500



ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
gx)=ax*+bx3+cx*+dx+e
Let’s find the coefficients a,b,c,d and e from here.Because of this
gx+1D)—g@=a((x+D*—xH +b(x+1)3 -2 +c((x + 1) —x?) +
+d((x+1)—x)=4ax3+ (6a+3b)x*+ (4a+3b+2c)x+(a+b+c+d) =
=4x3+6x*—4x-3

From here
4a=4
6a+3b=6 Al e A
4a+3bi2c=—a > a=1,b=0;c=-4,d =0
a+b+c+d=-3
We have

gx)=x*—4x*+e,g2)=2=>g(x)=x*—4x*> +2 = (x* —2)%> -2
gx) = (x*-2)* -2
The solution of the functional equation

f2x) =x+3f(x),f(2) =2
fx)=2

is

So,
gx)=x*—-2)2-2 ,f(x) =2
Therefore
gf@) =(f2(x)—2)2-2=(4-2)2-2=2

f(g(x)) =2

Then
o gl
% flg)]

2473. Find all values a € [—2024,2024] such that:
2024

f (12025x| — x% + 2026x) dx < a? + 2025 (1)
a

Proposed by Nguyen Van Canh-Vietnam
Solution by Khanh Hung Vu-Vietnam

Put m = 2024 for easy demonstration. We consider 2 cases:
Casel.-m<a<0
We have a < 0 < m, so we have:

m

m 0
j(I(m+1)x|—x2+(m+2)x)dx=.[ ((2m+3)x—x2) dx+j(x—x2) dx

0
2

- f(l(m+ Dx|—x2+ (m+2)x)dx = %(4m +9) +%a2(2a -3)
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So we can rewrite the inequality (1) as:
2

m 1
?(4m+9)+ga2(2a—3) <a’+m+1
a® 3a? 2m?® 3m?

— - —m-12>0
- 3 > + 3 + 2 m =

a® 3a? 2m3® 3m?

Consider the function f(a) = 32 + 3 + 5 m — 1inrange [-m,0)

We have f'(a) = a? — 3a = a(a — 3) > 0.So the function f(a) is a increasing function
3

inrange [-m,0) - f(a) = f(-m) - f(a) = m?— m-—1>0Soforall-m<a<0,

the inequality (1) is satisfied.

Case2.0<a<<m

We have 0 < a < m, so we have:

r r a> a*® m?* md
j(|(m+1)x|—x2+(m+z)x)dx=f(x—xZ)azxz?——JrT—T
a (14
So we can rewrite the inequality (1) as:
al a? m? m3< 2 m i1
3 2 2 3> @Tm
a® 3a? md® m?
>———-—+—-m-1<0
3 2 3 2
) ) a®> 3a? md: m? )
Con5|derthefunct|ong(a)=?—T—?+7—m—1|nrange [0,m]
Wehave g'(a) =a?—-3a=a(a—3).S0g'(a) =0>a =3
We have:
()= -, ™ 1<0
|9\ =gy Tm
3 m2
| g3)=——+—-m<0

3 2
\ gm)=-m?-m-1<0
- g(a) <0V ace[0,m].Soforall 0 < a < m,the inequality (1) is satisfied.
In conclusion, all real numbers a € [—2024,2024] satisfy the inequality (1).

2474. Prove that:
Q- f‘” jl xIn?(x)In(y + 1)
o o (x+D2(1+y2)?

dxdy = — % (? — 9¢(3))(46G + m(In(2)

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Exodo Halcalias-Angola

G2 A+ Y = | G ™), @ ® T

f°° fl xIn?(x)In(y + 1) dxdy — fl xIn?(x) dxf‘”ln(y +1)
0o Jo 0
6 | RMM-CALCULUS MARATHON 2401-2500
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[ [
;

O D] X Un?(x)dx+ ) (-1)"n | 2" ln?(x)dx)

;N (y+1{ (—1)"% (1f)"1 “In(y +1)
D ~ LT o Ayt
[ a2 e [ -

2((1-22@) - (- 2002@) (| pa ln(f; _131_) O gy + ol%dw

: (L(S)—« ))(fll"f’f:)

n(y + 1) 1 yZIn(y) n(y + 1)

ka2 Ayt a2z ®™ "

2
2 y? 2 In(——
<3((3) 1t> flln(y+1)d 1 ln()’)d (3((3) n) fl (y+1)dy
0

2 6 1+y2 V7, Ay Y 2 6 y2+1

1 [
3 (— }y'z"fy ) 1) tan-l(y)> .

1! 1 tan1(y) ~(34(3) ?
+5fo <_1+y Ty )dy)_<T_?>

ln(Z) 1 dy 1 (! dy 1 (ltan (y) 3¢(3) m?\ In(2)
f 2+1 zf 2+1+5f0 y W= < __>( '

2 6

2 2 6 8 8 2
®© 1 xIn?(x)In(y + 1)
J Jo (x + 1)2(1 + y?)2

+T12(1)) _ (3((3) _n_2>< In2) = G)

dxdy = — 4—18 (m? — 9¢(3))(46 + m(In(2) — 1)

Solution 2 by Quadri Faruk Temitope-Nigeria
1 xn?(x)In(y + 1) 1 xIn?(x) *In(y + 1)
I = = _— =A.B
J fo @+ D2+ y22 Y fo @+ 1)? d"fo a+y52
working or A :
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A= Zcth(;;)z Z( 1)"f () dx = — Z( V'n—— (f xdx) =

Z( V'n ((1+2 )3) ZZ< 1)n((1: )3)
=2 ;(_1)n ((1 +1n)2 (1 -:n)3) -

zm—(_l)n zw—(_l)n—2”21 2(373) -1 ”2233
CLavnr L (E‘) 2(36®-1) = 42450

-2 =

n=1

2

= @) - = (973 — )

4 1 xIn?(x) p _1(9 3) — 1)
=), TN
working or B:
“In(y + 1 1
=j > )dy Recall that : In(y+1) = f Y dy
o (1+y%)? o 1+xy

y (" y _

LL A+ )@+ 52 XY _J;) jo(1+x2)2(y2+1)d"dy

x dxdy + x dxd
_f f (1+x2)2(y% + 1) xy+f f(1+y2)2(x2+1) ¥y =+

Y dxd i dxd
f f(1+y2)2(x2+1> - j f(1+x2)2(xy+1) gid

,[(1+x2)2 f 2+1y f 2+1f (1+x2)2
y (' x
0 (1+y2)2f0 12

+foo dxf Y __d foof i dxd
o 1+x2 (1+yz)2 y (1+x2)2(xy+1) ray

B—[lt ) - 5| o N +1) Ctani © S 1,

B 2(2+1)02“y m Yo 2az+Do
+—[ Y +tan‘1(y)] ——ln(x +1) +tan‘1(x)oo &1—
zly? +1 0 2 0 0232+1)0

x3

- j;, j;, (1+x2)%(xy+1) dxdy

T In(2) 1l m/In(2) nl =« G w(In(2)
B—z< 2 )‘?1*1( 2 >+E'Z_E' +5‘z( 2 )

P
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B—nl (2) n+G—14G+ In(2) -1
=gln2)—gty =gt tm(n )

_ f°°ln(y+ 1)
0

= %(46 +n(In(2) — 1)

(1+y%)?
B (! xIln?(x) “In(y+1) (1 5 1
I=A.B= , m X . m y—<g(9((3)—n ))(§(4G
+n(In(2)—1))
_ % (w2 — 9(3)) (4G + m(In(2) — 1)
Note : G — Catalan's constant , {(3) — Apery's constant

2475. Prove that:

ot | arcsin®*(1 — x) p 1 Cilm) — 45 o 3 1
llj—foxn 211 x—zy i(m 1(2) n16
Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Bui Hong Suc-Vietnam

1 oo

. Si(z) = f%dt; Ci(z) = —f

Zcost—l
dt=y+ln(z)+f "

(1]

0 z

1 arcsin?(1 — x) 1 ]

P = J xIn > dx = 2.[ xIn(arcsin(1 — x))dx —
0 x+1 0

cost

1
—f xIn(x* + 1)dx—2A—-B
0

1 1-x-1 1
wA= f xIn(arcsin(1 — x))dx 2= f (1 — x) In(arcsin(x))dx =
0 0

X= smt

1 1
=f ln(arcsin(x))dx—f xIn(arcsin(x))dx = f In(t)d(sint) —
0 0

IBP

L n

2 2
z fsmtdt 1f' 26)In(t)dt =
0 ) . 2051“( )In(t)dt =

z
—f cos(t) sin(t) In(t)dt = sin(t)In(t)
0

2t-t

=In (g) —si (g) + %f In (5) d(cos(t)) = In (g) ~ Si (g) +
0

EUT In(t)d(cos(t) — 1) —ln(Z)f d(cos(t))L +
“ |

I 0
k IBP
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+%{cos(t) ~ Din(t) |: - f cos i “Lat+2 ln(2)]= In (g) _si (;) 4 %(—ZIn(n)

° 1 3
— Ci(m) + ¥ + In(r) + 21n(2)) =—{y Ci(m) — 4Si (2) +In < Z )}

1
’BP( 2+ 1D In(x*+1) (x2 + 1Dx

~B=|xInG2+ Ddx | X
ofxn(x ) 2 0"/ &P+ D)

3 1
=In(2) —jxdx = In(2) -3
0

. o —_ 1 3 1 f—
Therefore:yp =2A—B =2 4{)/ Ci(m) — 4Si (2) +1In (Z)} - (ln(z) _E) =

1
2(1 +vy — Ci(m) — 4-Sl +ln< ))
Solution 2 by Ankush Kumar Parcha-India

1 arcsin®*(1 —x)
xIn 5 dx
x-+1

We have, f
()}

1 1
= Zf xinsin™1(1 — x)dx — j xin(1 + x?)dx
0 0

x-1-x x2ox

1 1 1 sin(2x)=2 sin(x) cos(x) 2
= 2] (1 — x)Insin™ldx — Ef In(1+x)dx = 2f In(x) cos(x) dx —
0 0 0
x-sin(x) 1.B.P 1.B.P
n
2
j In(x) sin(2x) dx
0
IB.P

n
2 _

~ (ln(l + x) f ax) | 1 f x+1-1, _ (2In(x) f dsin(x)) ¢

dc In(2 ldx 11 d
—zf asiCo + (5 fdws(z"))z foz ;(x)‘n;)J’ OTx_Efo 1-:Cx

(fxl_cfos(t)dt =, +In(x) — Ci(x), |Arg(x)| <)
0

T my 1 . In(x) ci(m) , . In(2x) In(2) 1
=2mn(3) ~25i(3) ~gn(5) i - i T 4y
din(1+x) ny Ci(m) 3 ,m\ In(2) 1
e T Y gsi(2) - S (S) F—— — In(2) + =

fo 2 2 ‘(2) 2 +zn(z)+ 2 2)+3

v _ Ci(m) Vr 2
E—ZSl(;)— lzn +ln<n2—n>—ln<ﬁ)
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1 arcsin®*(1 — x) . _my  Ci(m) s
'fo xln( 211 >dx=§—251(5)— > +ln(Z\/1te)
1 arcsin?(1 — x)
f xIn > =
0 x“+1

= 1 Ci 4Si d 1 m 1
1[)—2 y — Ci(m) — l(2)+ n{Te +
Solution 3 by Quadri Faruk Temitope-Nigeria

1 arcsin*(1 — x) A
I= f xIn > dx RecallThat: In <—> = In(A) — In(B)
0 x-+1 B

1 1

I= f x1n (arcsinz(l - x)) dx — f xIn(1 + x?) dx

0 - o 5
Working or A:

1 1
A= f xIn (arcsinz(l — x)) dx = Zf xIn(arcsin(1 —x))dx let: 1—x=x
0 0
1 1
A= ZJ (1 —x)In(arcsin(1 — x))dx =2 J In(arcsin(x))dx
0 0

1
-2 f xIn(arcsin(x))dx
0
Very integration by parts :
A = 2[xIn(sin"1x)) — Si(sin~1(x))] (1) — 2[x(xIn(sin~1(x)) — Si(sin™1(x))] (1) -

1 1
—f x%In(sin™1(x))dx + f x Si (sin™1(x))dx
0 0

a2 G) st ()] -2[im(D) -1 () Jm ()4 47

a=2m(3)-2si(3) +Z—11n(f) LG

L 2z 2z C%)
T T Y /T i(m
a=2m(z)-3in(g)+3-25(3) -5

e Working or B :
1 had (-1 (1
B = f xIn(1+ x®) dx = —z f x? gy
0 n Jo

n=1

@) mIn@2) 1

_ 1 In(2 = In(2 !
= —[-In(2)] + 5= @) 3

| |
—
=
N
[\
—/
I
[y
e
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This , I=A4A-B

1=2(3) - %ln (3)+5-2si(3)- %Ci(n) - [m - %]
r=2tn(3) 2 (3)+ - 251(3) - citm ~n@) +

Recall that: InA® =BlnA
In(4) + In(B) = In(AB)

A
In(A) — In(B) = In (E)
2
I=In (”—) —In <ﬁ> —In(2) +g— 25Si (E) Leim+ 2

4 2 2 2 2
w32\ y oy 1 1
I=ln<T>+E—ZSl(E)—ECl(T[)+E
1 arcsin®*(1 — x) 1 3 T )
I=f0 x1n 21 dx=§ In 16 +y—4Sl(E)—Cl(1t)+1

Solution 4 by Exodo Halcalias-Angola

1 arcsin*(1 —x) 1 . 1 5
f xIn dx = f xlnarcsin“(1 — x)dx —f xln(x* + 1)dx =
0 0 0

x2+1

arcsin(1—-x)-x x2+1-y
n

n ) n
fz(l — sin(x))dxcos (x)In(x*)dx — lf In(x)dx =2 fzcos(x) In(x) dx —
0 2 0

I1.B.P
3

2 1 d 1 l 2
Zfo sin(x) cos(x) In(x) dx — E(y n(y) —y) 1

” -
Zsin(x)

T
_ : 2 _ _
= 2((In(x) sin(x)) 0 f dx)

0

fozln(x) sin(2x) dx [2x - t] — %(2 In(2)—2+1) =2(ln (;) — sin (E) —Si (E)) —

2 2
% fnsi“(t) In (%) _In(2) + % - 2(<ln (g) _si (g)) _ % f " sin(t) In(t) dt +
0 0
1.B.P

1fn in(t)In(2)dt +1 (1>+1
20Sln n nz 2

=2In (g) —2S8i (g) —%(— In(t) cos(t):+ f:%ﬂdt)
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_ ln;Z) J: dcost +1n (%) + 1 = Zln(g) - ZSi(g) - % (In(r)

2
Tdt Tcost—1
+ —+f dt) —
o ¢ 0 t
ln(Z)( 2) 4 (1)+1
2) 2
=2n(3) - 2si(7) _ L nm + mam + fnCOSt “lan o=
B 2 2/ 2 0 2

%(4 In (g) _ asi (g) +1)- 1(m(n) + Ci(n) - )

1 arcsin*(1 —x) 1 3
jo xln( 211 )dx—2<y Ci(m) — 4Sl(2)+ln<16>+1>

2476. Prove that

In? (%) L{® n? 3
f<x2n3 Ar2P*=6+—5 +3—z‘ﬁ+ﬁ

Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Bui Hong Suc-Vietnam

1 LBP yk[j (x
Let : Sn,sz k=1pi (x)dx o XL ()1
0

kK |0
1 -

_E xk= 1Lln 1(x)dx = Llnk(l) Ilcsn 1.k =

() ('(n 1) 1 ((n) n-1) 1

k k k n -2,k k2 +an—2,k

i z(n D n-2)

Ok k2 k3 .
1 = L Sn+1-i) (-2 - L Sn+1-1)
5 Snosie = =Z(—1) S Z(—n P

(-t i S(n+1— l) (- 'H
s fo x*1In(1 - x)dx—Z( 1)i-1 i o k

g _fl lnz(x) p
T ) ar e ™

LB.P _1\n
Z(— ) (n+ 1)[ x*"n?(x)dx = Z( 12)n(-l1-1: )( Zn+1in2 (x)
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2x2n+11n(x) 2x2n+1

2n+1 * (1 + 2n)?
o ED"En+2) O ED"Rr+1+) o (D"
—Z (1+ 2n)3 _Z (1+2n)3 - 0(1+2n)2+
NG n®

m =p2)+pB) = G+§

< x“ In?(x) 1 1 In?(x)
k-1 § _ k-17 _
Then: Q= f (x a_l +(1+ 2)Z)dx fo x Lln(x)dx+f0 DL dx =

L dm+1-i) (-1 H, 3
Snk+ S1 =Z(—1)‘ 1 " e tGt g

lZ
Asn=3,k=2: Q f Z—+(1Z(2))2)d

1 1 an(X)
=J xng(x)dx+j0 mdx

z( 1)11(( i) Hz m ¢(3) n? 3

1

Gt = G
TR +32 24 16

Solution 2 by Exodo Halcallas-Angola

j Z () _i 111 wigy, [P _i 1
TareP T Lw ) Y G ™ T L wmr o
n=1 n=1

1 _
(lnz(x)< x +tan‘1(x)>)|1 f In(x) dx _J‘ In(x) tan 1(x)dx:
0

2 \x2+1 x% + 1

X

2 n3 4.2”2 4Zn(n+2) Z( 1)"1.[ 2n-2 In(x) dx —

n=1
N 1)" ! n— ((3) ((2) 1 ( l)n 1
e Raal S TiS S SESN
ngt 1)n-1 3 1 72 1} 3 )
((Zn)1)3 (g)_l-%—zf xln(1 - x)dx+ﬁ(2)+3(3)_@_’2’_4_
n=1 0

3 3

Z'(Z("Z‘l)ln(l x) = x(x +2))| +G+:—2—?—Z—4+G+g—z+%

In?(x) (3 m® w* 3
J(x2n3 ArP¥ =6t 357227 16

Solution 3 by Quadri Faruk Temitope- ngeria

B 1 © XM an(x) 1 In 2( ) _
I_fo(xnzlﬁ (1+x2)2)dx f Z—dx+ —Z)de—A+B
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Working or A:

f Z_dx_Z fn+1dx— ﬁ'(n+2) Zm=

5(3) 1 1, ¢(3) 1
ZZ—" > 8Z[n il = @)= @
1
A=¥——zc>
Working or B :

(P WP(x) dx (dy = 1 1 x 4
—fm—x) =G v e )
{u = In?(x), Z—Z = er;(x)}

(%) ~ 1 1 In(x)
B_jo m = (= ( +1+tan 1(x))lnz(x))lo—f0 1+x2dx—
lIn(x)tan™1(x) 1 In(x) ln(x)tan™1(x)

f dx=—f 1+x2dx_f0 o dx =

12n+1) Jo

N n 9 n N (_1)11 n B = (="
_;(—1) E(L x*"dx) — (2n+1)dn(f x2"dx) = 0—(2n+1)2+
( n"
(2n+1)3 G+3_2
(3) 1 3 w3 {3) n? 3

I=A+B="—- 4@+ +6+-=C+ rr. .2
S+ 16633 2 +32 24 " 16

m(x) 43) ™
J<x2 At ™ G+T+§‘ﬁ+16

Solution 4 by Abbaszade Yus:f Azerbaijan
2

fl ix" lnx fz"*ld_l_f(lnx)d_ N
0 o 1+x2 3 1+ x? X=4td

_Z(—l)" f in(odx - Y ) 2n+1—11n(x) dx =
n=0

f Z "+1 1 n? —2n+4 1
1= n3 a n3(n+2) 8 T n+2
1w (1 1 ) 2+4 1+1 ) 1r2+4(3)
= — —_— - — —_— = — —_— X —
$1 8 n n+2) n?z n3 8( 2 6 ¢

_1(3 m? 3 3 (3)
g5 5w )= -
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1, lnx \?2 In?x, x 1 1, Inx Inxarctanx
fzz.[ ( ) dx = ( +arctanx) —j ( + . )dx
0

1+ x2 2 \1+x2 0 1+ x2
" Inx ; 1 1Ti,(x)
$2 = —.l; 1422 dx —InxTiy(x), +J0 dx x = tan(0)
_ %ln(tan 0) ) _ ~ 3 % ) 3
fz——J;) WXSeC 0d0+Tl3(1)—3—2—.l;ln(tane)dg_3_2+G
1 > xn Inx \2 gy — P ((3) w2 T 16
J;(x;n3+<1+x2>) x=§+&E =6+ > +32 24-.|_3

Note Section :

s
*Ti, (¢t 1
f ntl( )dt =Ti,(x), f4ln(tanx) dx = -G
0 0

2477. Prove that:

*  (In(x) + x)? p _G+((2) 21 3) 3l (2)+1
L A+ A+02 T 2 3263 @)+
Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Exodo Halcalias-Angola
1

®  (In(x) + x)? x;E 171 2 x?
L A+ A+ = fo (x_z — @+ n? (x)> A+a+02

(! 1 dx— 2 1 xln(x) p
_fo A+ )1+ x2 "~ fo(1+x2)(1+x)2 X+

J.l lenz(x) d H=H 2H, + H
- = —
o (1+x2)(1+x)? * 1 2 3

1
1
H1—f0 (1+x2)(1+x)2dx
11 1

1j1 dr (17 _dx lfl = _d —1jldl 1+x) + fldl (1 +x)
v x+12), A2 2}y @+ T2) T T T Ty T

2
_ln(2)+1 1 ln(2)_ln(2)+1
2 2'2 4 4 4
1 xln(x)
HZZ X =
o (1+x2)(1+ x)?
_lflln(x)d
“z), 142 ™
1 (! In(x)

“2), A+ 02 ™
1 1
= %z (—1)k1 fo x2k=2 In(x) dx — %Z(_l)k_l kfo x*11n(x) dx =

keN keN
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(-1)*1
Y _1\2
ZkEN(Zk 1)

k-1
S

keN

_ 3(2) lf Z( 1)k-1 kldx__g _fllixdx:
0 0

keN

__+ fdl(1+ )——— 1n§2)
e L x2n?%(x) _ 1 (txln?(x)
27 )y A+ D)1+ x)? x_ffo 1+x2
1 2 1 2 1
Ty ST Y
keEN
1 1
%;(_1)"-1 fo k-1 mZ(x)dx+%;v(—1)k—1k fo x1 In? (x)dx
DR DR k(DR
(2k)3 - DI
(_l)k—l (_1)k—1 el e ((2) 21
Yy L+ (-2 -2 B
keN keN
In2) 1 G In(2 2) 21
H=H;—2H, + H; = ni )+Z_E+ ng )+¥__(( 3)
3@ 21
=G+ T—_((s)__l (2)+_

Solution 2 by Ankush Kumar Parcha-India

®  (In(x) + x)? p x;% 1 (1-xIn(x))?
fl (1+x2)(1+x)2 * = fo A+ x)A+x2 "

x%In?(x) 1 xln(x)
j a+ dx — Zfo dx +

x2)(1 + x)? (1+x3)(1+x)?
1
o (1+x3)(1+ x)? dx

lflxlnz(x)

2)y 1422
1flln2(x)

-= dx
2, x+1

+1 L n?(x) x4 1 In(x) 4 fl ln(x)d lfl X e
2), a+02 T, v 02 1+ 2 T 2) 1+ 2™

1f1dx 11 dx

— +_ F—
2)p 14+x 2), (1+x)?

(~ Zn( x)n—_(1+ o7 x| < 1)

nenN
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1

1
ZZ( 1) 1[ Zn‘llnz(x)dx—%z:(—l)"‘lfo x"‘llnz(x)dx+%2(—1)"‘1nfox"‘llnz(x)dx+
nenN nenN

nenN

+Q o f G dx -y (-1t | et InGo) dx - [ s, [ 4ty

nenN nenN
2| 4(53)
2 )y 1+x

1 _1)\n
(f t"n"(H)dt = ————— D™ /\mat 1)
0

( + 1)n+1 ’
B (- (-1 N (-1 -D" In(2) +ln(2) N 1
8 n3 n3 n? (2n + 1)2 4 2 4
nenN nenN nenN nenN

1 —
G(Catalan's constant)

(.-.zil:—ln(l—x), IxISI/\x;tl)

nenN
®  (In(x) + x)? (2 21 3 1
dx =6+~ -43) - In@) +
L A+a)@+x02 2 32533
G - Catalan's constant, {(3) - Apery s constant

2478.
Let: a€ R,o;m,nk,b € Z*
Find : S = 1 kLi ™ (x) d
ind : _jo <x ln(x)+m> x
Proposed by Bui Hong Suc-Vietnam

Inspired by Shirvan Tahirov-Azerbaijan
Solution by Quadri Faruk Temitope-Nigeria
.fl(kai (x) +ﬂ> dx = flkai (x)dx + 1wdx =1, +1
0 M @Hamb )Ty T o (M+xe)p™" 7L T2
Working or I,

T In™(x d
Iz=f _nTx) dx y=x% x=yv"% dx= Y

o (1+x®)b ayl_%
1 m
1 1
1ln™ <ya> d 1 1 —
e = | 2 ")
o N gyia @ o (14 yynyt
—-b
Recall that : (1 + y)? = Z ( ¢ )yt
t=0
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1™ o
’2:(62 Z(_tb)f:y lnnll_(y)dy— = (' _b f Y )y
t=0 =
( )m+lz f yt+a llnm(y) dy

t=0

A
Working on A

1 1
:] yHa ™ (y)dy let:In(y) =p dy =—e®?, y=eP [o;0]
0 0 1
f (eP)"a " (—p)™ ~ ePdp

) 1 " )
- f (—p)m(e ) a " Vdp = (-1)™ f e P D) g
0 0

1 x dx
let : p<t+—>=x s p=—7gdp=—7 [0; 0]
;+E t+
x
= o [ pmer -
0 t+— t+E
- :)m fwxme‘xdx = (_:)m fmxm“‘le‘xdx =
(t+ _)m+1 0 (t +_)m+1 0
(—1ym a a
N '(m+1) Note that:

(c+h
(—=1)™mr (m)

(t N %)m+1
m+1 b

I = (-)’"“; ) [y ay = () z( t )<_(1>mm5n(+,:,>
A

f Cxmle* —P(m) I(m+1)=mlm) A=
0

Hence :

@ oy () evmmron = (2 g ) () mmrom -
P t=0 t=0
m+1 )

(a5 )t = CommtonS () e

1
= Commron S () i
Working on I,
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1 du Li,_1(x) xk+1
_ ki — 7 n-— — ok _
I = fo x*Li,(x)dx u =Li,(x), e pa— dv = x*, v= 1
1
I, = | x*Li,(x)dx
h
“k+ 1Ll"(x)
YLiy_(X)x**  g(n) 1 [Li,()x***1 1 ' B
_fo (k+ Dx x_k+1_k+1[ k+1 o_k+1foxk"‘"‘2(x)dx] -
OO ) ot Hi
e R s R S e e R
n-1
{(n-p+1) Hjq
= pP— 1— —_ n_l—
pzl( D (k+1)P =D (k+ 1)
((n pt+1) Hjyq
— — p-1 _1qyn-1_ _"*T2
I=h+l= Z( 1 S (k+ 1P + 1 (k+1)"

+ (—1)™mI(m) Z ( )W

2479. Prove the below closed form
111

o [ [ 108 cr) e = 0o+ aou()

Where, {(3) is the Apery’s constant.

Proposed by Ankush Kumar Parcha-Iindia
Solution by Togrul Ehmedov-Azerbaijan

111 111
1 dxdydz dxdydz
Q=]jjlog< ffjlog(xyyzzx) =
xyyzzX 1+xyz 1+ xyz
000 000
111 dxdvd 111 dxdvd
xdydz xdydz
=-3 1 ) -3 1 =
ff.f 0g(x") 1+xyz fffy og(x)l + Xyz
000 000

111
=-3 Z(—l)kjffyk“zkxk log(x) dxdy dz =
000
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1
0% (-1
B (k+1)20f0fyk+1 kdydz_SZ(k+1)2(k+2)0 ztdz =

® (—1)K e 1)k+t
ZBI(Z k+1D3(k+2) RZ Kk+1)
N 1 1
-3Z< D [ il -
b (_1)k+1 ® (_1)k+1 ® (_1)k+1 ® (_1)k+1
:3{2 KB Y k+1}:
k=1 k=1 k=1 k=1

=3[13) ;1@ + 2108 - 1} = 213 - 712 + 31057
4 2 4 4 e
2480. Find a closed form:
“In(x + 1) In(x? + 1)
j1 (x + 1)?
Proposed by Shirvan Tahirov-Azerbaijan
Solution by Quadri Faruk Temitope-Nigeria

x—o=
x

dx 2
dx=-2%% 1 1 1+x 1+x
[ fooln(x +1) ln(xz + 1)d xmxl IO In (;+ 1) In (F + 1) dx B fl In (—x )ln <—x2 dx B
A (x+ 1)2 T (x + 1) 2 ), (x+ 1)2 xZ
X2

X

~ 1ln (1 I x) In (—1 :2x2>
- fo (x+1)? ¢
A
Recall that : n (E) — In(4) — In(B)
[ - J‘ [In(1 +x) — In(x)][In(x? + 1) — ln(xz)] J‘l [In(1 +x) — In(x)][In(x* +1) — Zln(x)]

(x+ 1) 0 (x+1)2
In(x + 1) In(x? + 1) TIn(x + 1) In(x) In(x) In(x? + 1) 1 m?(x)
fo Grz _Zfo G+ 1)? _fo e i TS ha

Integration by parts : fudv =uv —fvdu

| Im(x+1)+1 Ix(1+In(1 + x))
"[_ x+1 ‘1“(1+x2) y A+ +12) ]
In(1+x)+1 1 11n(x+1)+1
—2[——1+ .ln(x)0+f0—x(1+x) d]—

xln(x) 1 x*In(x) 1xin(1 + x)
[(1+ ~In (”")>'“(1+"2) ~2 m""*zfowd"]*
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xln(x) (x) lIn(x + 1)
2[<x+1 —ln(x+1)>.ln(x)—f T 11 +f0 p” dx]
In?2(2) 1n(2)

2 2

+2J’1 X 4 +2f1 xin(1 + x) d zflln(lﬂc)d zfl ! dx + In?(2) +

———dx ————dx - x— x+In

o (1+x?%) o (1+x)(1+x?) o x(1+x) o X(1+x)

1 2In(x) 1xln(1+ x) LIn(x) In(1 + x)
—zdx—zf —de—ZJ’ —dx+2f dx
(1+x)(1+x) o 1+x o Xx+1 0 x

ln2(2) ln(Z) 1 dx 1 xdx ln(x + 1) ln(x + 1) Ixln(x +1)
f f +f —f dx+f dx+f ———dx —
2 1+x 1+x2 Jy1+x2 J, 14+x o 1+x? o 1+x%
In(1+ x)
L[ marn,
o x
11n(1+
2[ ( x)dx
o 1+x
1 dx 1n(x) 1 In(x) Lxin(x) Lxln(1+ x)
+2f +f dx—f 2dx+f de—zf s T dx -
o 1+x Jy 1+x o 1+x o 1+x o 1+x
1In TIn(1 +
Zf ﬁdx—zf In@+% ;.
o 1+x 0 x

i n?(2) In(2) 1 1 2 1 1 2 1
This: I= R —1In(2) +arctan(x)0 +Eln(1+x )0 —Eln ¢! +x)0

Un(x + 1) Lxin(1+x)
[ A [ B
o X*+1 o 1+x2

dx

UIn(1 +x 1 1
4[ ( )dx+lnz(1+x) +2In(1 + x) —f
0 x 0 0o J,

3 n?(2) In(2) T 1 1
= 2 - 2 —ln(2)+z+zln(2) —Ean(Z)

In(1 + x) Lxln(1+x) In(1 + x)
([Bn,, [,
o 1+x o 1+x X

ln(1 4+ x 1 In(x Lxin(x
Grn,, [ 06, (‘2
1+x o 1+x o 1+x

dx + In?(2) +

0
1 1 n(x) Lxin(x)

— _In? — I
2in(2) - 5 n*(2) L1+x2dx+f0 —

In(1 +x)
1+ x?

dx

T
Note that: f dx =§ln(2)
0

0

2 T T N U oon N GO
I=1n(2)+ In (2)+Z+§ln(2)+2(—1)"f x2n 1n(1+x)dx+zZTf X ldx —
n=1 0 n=1

[ee)

Z (—1)" f ' In() dx ni(—n" fo "1 InGo) dx

n=1

I=In@)+m2@) + Z+ 7 (z)+§ PR GO +2§w o D"

TomsiTam 27" V%0 "), T G L @n+ 17
n= n=

L1 o (—1)"
Y
- )nHZn 1 (_1)11”

I=ln(2)+ln2(2)+E+Eln(2)+lz( ! ) "+2[__+G__

I=6+1n(2)+ —an(Z) + 5;—6 +—=(2 +1n(2))

2481. Find a closed form:
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j°° In(x + 1) In(x? + 1)
1 (x + 1)?
Proposed by Shirvan Tahirov-Azerbaijan

Solution by Exodo Halcalias-Angola

; J‘°°ln(x +1)In(x?+1)  'BP In(x+1)In(x?+1)1 ® xln(x+1)
— x = — ————
1 (x + 1)? x+1 0 1 (PF+DE+1)
In(2
2
-t 2
[T et et Gt f In(x) fl(x+1) In (x+1)d
=) @i T ) @i 0P ), @ a2, 1 .
1 In(x) 1 (1xIn(x)
f 21 Efo 211
1flln(x) ln(Z)f x+ 1 1(x + Din(x + 1) dx 4 B2 3 fl In(x) d
2o x+1 x2+1 x2+1 2 8Jyx+1

In(2) (In(2) w\ 1 (‘xin(x+1) 1 (lIn(x+1) B2 3 (l'In(x+1) In?*(2) min(2)
= +— ——j— x——f d +—j dx = + -
2 \"z '4) 2), 2+1 2), 41 2 '8, =x 4 8

1 In(x + 1) In(x? + 1)| 1
2¢ 2 |0

2
1 ('In(x? +1) 1 1ln(—x+1) 3t In*(2) mn(2) In*(2)
_ - e _ - _\XT 1/ _- Li, (—x) = _

2[0 vl zjo r1 e BLdlZ( N=""% *"% z °

1 1ln(x2+1) _In(2) dx_ G _ 3Li(-1)
il oy

x+1 x2 + 1 8
nln(Z) ! vz 1n(2x2 —2V2x + 2) _min(2) 6.7 2
8 4 )2 x 16 2 ' 32

(+ Lip(r,0) = —5

frln(x —2zcosf +1
2

0 V4

_min(2)  In%(2) .2 T m2z\ G m
“ 16 ' a +4 2le cos’(3))-(G-32) ) *z* 32"

2 2 2 2 2
=11'ln(2) n?(2) 1<2<n In (2))_n>+g+n_

dz)

16 2 T2\z\127 72 6
nln(2)+3ln2(2) 5n? G

17716 16 19272
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| f""ln(x +1) 1ln(x +1)

= X =

27 ), (x+1)2 o (x+1)?

! In(x) In(x*+1)|1  (tx+1
zdx = — f 5 x

o (x+1) x+1 |0 J, x2+1

fl dx + 2In(2
0o x+1 n@

I 3ln(2) f lfl dx T o ine2
2= 2+l 2),xr1 ath®

In(2
;)+211+12

I:

_ln(2)_|_2 11:ln(2)+31n2(2)+ +G L +l .
=72 16 6 tT19z72)TatIn®@

G — is the Catalan’'s constant ...

2482. Prove that:

Lrem?(x)n*(1 +y?%) 3
|l " = as®
Proposed by Shirvan Tahirov-Azerbaijan
Solution by Ankush Kumar Parcha-India

® In2(x) 1?21 + y?)
We h ; _— —— dy(1
e have fo D) xfo y (1)
K N i<t
© In?(x 1m?(x «®In?(x 12 (x X<
K = J. () f ()d +J. —()dx=2f ()dx”=“‘
(1+x2) 1+ x? 1 1+ x?2 o 1+x2
x—>§
Note Section (1
2 Z (—1)“]1x2"ln2(x)dx R, Z ﬂzw(m:z}."—s
0 (2n+1)3 —— 32
neNu{0} neNu{0} w3
32
3
-3 2
1m?2(1 + y? Y2*1L tm?(1+x 111 1—x
o [, T e 3y
0 y 2 )y x 4)y x 1+x
1-x
T2 %

1 (1in?2(1 - x?)
+—f T ax
4 ) x

x2-x
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1 (1n?2(1 —x) 1 1n2(x) 1 (1in?(1 —x) 1 (1in?(x)
2 =) Toa s, )

1-_2%**g

X 2 X - 2 1—x dx =
x-1-x x->1-x
1 (1in?(x)
—f dx
3 (1in®(x
__f ( )dx
8/, 1—x
1 Note Section (1)
1 3 -
=5 Z f xznlnz(x)dx—gz " 1n?(x)dx =
neNu{0} 0 nenN
1 3«1 7 3 {(3)
PR Lo L R
neNu{0} nenN
© In?(x) xflln2(1+y2)d _ ((3)_13{(3)
o (I+x2) 7 Jy y Y=8 "8 64

K N

2483. Find a closed form:

1 xIn(x)

0o X+ D% +1) dx

Proposed by Shirvan Tahirov-Azerbaijan

Solution by Arowolo Isaiah-Nigeria

1 xln(x)

- 0o x+1D(x%2+1) .

1 (1xIn(x) 1 (1In(x) 11 In(x)
MY PR Y L CE Y IO
2)y x2+1 2)y x+1 2)y x2+1
x>x* 1 (1n(x 1 (YIn(x 1 (! In(x
Mg—f ()dx——f ()dx+—j (x) x
8Jy x+1 2y x+1 2)y x2+1

3 (1n(x) 1 (3
=——f dx+—f In(tan(x)) dx
8 x+1 2 )y
3 (lln(x) 12xin(x) 1 1 m 1 T
M=—— d d —(—=CI, (=) —=CI, | =
fol—x x+f T W +55Ck(5) 5L (5)
3 1In(x 3 (lln(x 1 12
M=——f @ s> ()dx——CIZ(—)—>M
8Jy 1—x 16), 1—x ~ 2 2\2
3 (lln(x) 1 T
——dx —=Cl, (=
16), 1-x" 2 2(2)
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3 2 6 7wt G

3
M=—(2)—~=— ———=
165P 727166 27327 2

2484. Find a closed form:
L rlx2ln(x? + 1)In?(y)
f J 5 dxdy
x*+1D)(y+1)
Proposed by Shirvan Tahirov-Azerbaijan

Solution by Izumi Ainsworth-Japan

I‘f fl x%In(x? + 1)In?(y)

_ (1P + 1) 1 In?(y)
Do _fo dy ... ()

(x2+1) )y v+ 1D
12

W[ Dy o, . S
o 1 )
;(—1)211(':"1‘5):%+;( i)fi _(_ Zn((anj- - B(Gz) nll;(Z)_
Z(_:)n+2n0:12(;1)1;=6_n 2( )+ln(2)+5-z___ .
“In(2) %_1
K :fol(l;i(};)) ( 1)"f y"in*(y)dy = ZZ( LD 3(2(3) e

n(3)
L, " L * (B)/\(v) - (o)
_ [("x"In(x*+1) In“(y) ~3¢(3) min(2) T
I_J;,—(x2+1) xfo (y+1)dy— > <G— > +ln(2)+2 2>
I I
= %{(3)(26 +m+1In(4) —mIn(2) — 4)

2485. Find a closed form:

LremIn(vx) In*(y+1)
LL< x Y )dd

Proposed by Shirvan Tahirov-Azerbaijan

EN|

Solution by Izumi Ainsworth-Japan
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TIn(vVx
sz ( )dx

n

3 (1in3(y+1)
X 4+ Jo y?

Iy

Iy
T In(/x 1 (TIn(x) P&®-x 9 (In(m x2| In(m)
I1:fn ( )dx:E_L ()dx = —f xdx =
s * !

i 7 2 In (%) )
In%(m) — In? (%)

o

T
) 2 =In(2)In (E)
S )
I :jlln3(y—+1)dy1+é B Lyln3(y) Y= Lyin3(y) . 2 yln(y) ,
: y? 1 1-y)3 o (1—y)3 o (1—y)3
I3
yln3(y)
3=

Iy

1 . n(n 1)
L y)3 —EZn(n 1)] y lln3(y)dy——32

1 mw’
i 3n=1(_3‘ﬁ) )
[z yIn3(y) 4 :%2 1yln3 (%) d
) (1—y)3 L(z—y)3 g
B _ 1
= 1;? 2 . y"2(In(y) — In(2))3dy =
n=3
= ;(" ) <f0 Y in (y)dy
n=3

1

~3In(2) j Y22 (y)dy + 3 In? (y) j Y2 1n(y) dy —

" 0 0

—In3(2) f yn-2dy)
0

_i(n—l)(n—z) 3

3In(2)2! 3In%(2)
zn
n=3

_ _ _ n3(2)
n-1D* (-1)3 ®m-1)?

n-1"_
Z 61n(2)22n

27[

(o] n—
- 3ln2(2);2n(n_ 5 zn3(z)nZ
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® 1

—31In (2)2( 2 1) ) 3ln;(2)12<21_n_(2n>_1n1(2)2%:
31 (5) - v (3)] - 3102 [1a () - 1 ()] - 52 1 - 1 3)

ln3 (2) Li_, (1)

4 2
n?(2) w?Iln(2) 7 w2  In%*(2) w2  In%*(2)
3( 6 1z T8® 1t > Sln(z)<ln(2)_E 2 >
3In%(2)
3 3 2
+31n2(2) lnz(Z) E((3)—%—31n2(2)
I, = ln(Z)ln(z)
_ (PGt yln’(y) ;yln3(y) m’
I3 14
21 T2 3 m?
+5 803~ —3In*(2) = - 543 + - —3n*(2)

_ f”ln(ﬁ) g ST RO

3
T 4 Jo y

I

ny 3m( 3 2
=1n(2)In (E) ~ | 5@+ 3 (@)

I

4
33

392 ((3)+8zn2(2))+1n(z)1n(’2’) e

2486. Find a closed form:

1
j "1 —x%dx
0

Proposed by Marin Chirciu-Romania
Solution by Shirvan Tahirov-Azerbaijan
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2

1 XX 1 51 1
I=f0x" —x2dx = Efo x272(1 - x)2dx
(B3 1r(3+9)rG) 1 Ve r(z+g) _vm
2 2 '2) " 2 I(2+ﬂ T2 2 FQ+2)_4

n 1
I=f1x" 1—x2dx—\/—_u
0 4 I"(2+2)

j"o dx
0o Xt+x%+1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

F( %)

2487. Find a closed form:

dx _ 1 _ 1 _ Ax+B + Cx+D
r+a2+1 (2+1)2—-x2 (2—x+1D)2+x+1) x2—x+1 x2+x+1
A+C0)x*+(A+B-C+D)x*+(A+B+C—-D)x+ (B+D)

(x2—x+1)(x2+x+1)

( ( 1

A= ——
2
A+C=0 A+C=0 g1
A+B-C+D=0_ |A+B=0_ 2
A+B+C-D=0 |B+D=0 1
B+D=0 c-p=0 | ¢=3
1
\ (D= 2
1,1 1 .1
1 _T2*t3, 32%**3
x*+x2+1 x*—-x+1 x+x+1

f°° dx 1f°° x—1 d +1f°° x+1 d 1J‘°° 2x—1 Ao+
————=—=| 5——dx+;| ——dx=——| ——dx
o x*+x2+1 2)y ¥*-x+1 2)p x¥*+x+1 4y x¥*—x+1

1 1 @ 2x+1 1(” 1
| o | x| dx-
4-0 x2—x+1 0o ¥*+x+1 4)y *+x+1

fOOd(x —x+1)+1j°°d(x2+x+1)+1j°° dx +1f°° dx
a4l 2 _ i1 2., 21 a2l T 1., 3742 T 1., 3~
4‘0 x x+1 4‘0 x*+x+1 0 ( _§)2+Z 4‘0 (x_|_i)2_|_Z
£ (- In( 1) + In D1 42 ax +f°° =
—(—In(x* - x+ n(x*+x + — e T— B

0 "4, (x—%)2+3 0 (x+%)2+%
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1
1 2 +x+1 OO+1 2 . x_i+ ; x+7 %)
i Gy | Iy arcan\/§ arcan\/§ 0=
2 2
_11_ +x+1 1) + 3(11' 1t+1r+1r)_0+\/§ V3
T\ —xt1 2 6 26/ """ "
0 dx V3
fo P rZrl T Proved

2488. Find a closed form:

vz dx
L xV—x*+ 3x% -2
Proposed by Kader Tapsoba-Burkina Faso
Solution by Mirsadix Muzefferov-Azerbaijan

—>1 1
j\/f dx xﬂtj\/f —zdt _Jl tdt
p Z_9 T )1 o4 71
1 xV—x*+3x2-2 /1 1 1,3, \Ti\/ 2t +3t2 -1
t t t
dt2 u—>t2 du =—4u+3
C2)iv2it3e-1 2h V22 t3u-1
V2
3—v 1
{v=—4u+3—>u= —>du=—1dv}
(3 —v)? 3—v 9-6v+v?) 9-3v
=—2u’+3u—-1=-2. + 3. —-1=- + -1=
16 8
_—9-v*+6v+18-6v— 8 _1- 1——dv
- f e ff
8 1
V2 ' oadv V2 _ V2 _ _ V2
=7 2 fo T 3 (arcsin(v)| 0= 72 (arcsin(1) — arcsin(0)) = 2 (proved)

xV—x*+3x2-2 4

J‘ﬁ dx 2
1

2489. Find a closed form:

jl dx
X2+ x+1+Vxt+3x24+1

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Mirsadix Muzefferov-Azerbaijan

1 3 x2+x+1—x*+3x2+1 3
x2+x+1+/xt+3x2+1 (x2+x+1+\/x4+3x2+1)(x2+x+1—\/x4+3x2+1)

x2+x+1—VJxt+3x2+1 2+x+1—-vxt+3x2+1 B

(x2+x+1)2_(x4+3x2+1)_x4+x2+1+2x3+2x2+2x—x4—3x2—1

_x2+x+1—\/x4+3x2+1_1 1 Vxt+3x2+1

2x(x2 + 1) S 2 T 1) O 2x(x2+1)

Vxtr+3x2+1 111 1 Vxt+3x2+1
d f—dx+f = f
x2+1 2

- x(x2+1)

fl 1 N 1
J— - X =
_1( 2x 2(x2+4+1) 2x(x*2+1) 2) ,x

\/ﬁ
f(x) =% , gx) = xx(-l;cz3-|)-cl)-l- 1 - f(x) and g(x) odd function
flldXZ f Vxt+3x2+1
1X x(x2+1)
lflldx+lf1 dx _1f1\/x4+3x2 1dx=0+1f1 dx _Ozarctan(x) 1 _
2/ ,x 2)x*+1 2)_ x(x2+1) 2/ x2+1 2 -1

1 1m =« T
=3 (arctan(1) — arctan(—1)) = E(Z + Z) =

2
J‘l dx T
x4+ x+1+Vxtr+3x2+1 4

2490. Find a closed form:

j4 dx
1 X2+ xvx

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan

Let Vx =t — dt f zfz dt
et Vx=t-dt=—— = -
\/— t4+t3 1 B+t
1 1 At+B+ C
t3+t2 t2(t+1)  t2 t+1
(At+B)(t+1)+Ct* =1, At? + At +Bt+ B+ Ct*? =1

A+C=1 (A=-1
m+mﬂ+m+3n+B=L{A+B=0a{B=1
B=1 c=1

1 —t+1 1 1 1 1

Then : = + = +—=+
t3+t2 t2 t+1 t t2 t+1
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zfz dt fz 1+1+ Q= (1 <t+1 1))|1_
LB ( rr o=z ¢))12 =

= 2((ln (;) — %) - iln(Z) —-1)) = 21n((Z) + %) = Zln(Z) +1

f T amCy+1
— n(—
1 x2+x\/; 4

2491. Prove that:
3

fn In? (cos (2)) dx = 2min?(2) + o

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Shirvan Tahirov-Azerbaijan

fn In? (cos( )) dx

dx = llm— dx = lim

o a-00%a 1 x2 a-0 0%a j \/ —x
dt

{Z—t 2 2\/—1 dt 11 o 1“ dt =
=50 dx_ = al—>n(}OZ f\/ tZ\/_ 2a—>002 o V1—

1l FYAS a+1_1 L l_ldt—ll % ia+1 1
2 a0 9%a f 1-12 2 a0 9%a ﬁ( 2 ’2)

T (F(“?l)F(%)>:

=z im . (&)

+1 +1
ﬁlim 92 (F(az ))zﬁlimr(az ) (1/)(0)(;+1)—1p(°)(a+1)))2

Jl In? (2)

2 o0 %a\r(Z41)) 2 aar(Ze1)" 2
— () +
(1 \/Er(l) © o (1)) _ 4o (1
0 (5) =5 g (PO -9 3)) —vPW ¥ (3) -
2 2 2 3
?((a _ (=8 -2In(2))? - % + ”7) —4 .%(41112 @) + %) — 2min2(2) + %
2492. Find a closed form:
XVX
f1 x—5
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Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

dx 2=
x—5 t2 — 4
Let : Vx—1->t=>x=1t>+1=>dx = 2tdt

1 20 t3 1 1 12+¢1
=2(j (e +5-7=)ae=2((5+5¢)[ -20.;m|z—]| ) =
o 4—t 3 0 4 7 [2-t¢llo

1 16 32
—2 <(— + 5) _ 5(In(3) - ln(1))> —2 (? _5 1n(3)) =5 10In(3)

3

Zxx—1 32

j dx =——10In(3) (proved)
1 X — 5 3

2493. Find a closed form:

2xx—1 VIOt 1242(¢% 4+1) et +¢2
| | =z
1 0 0

1 xIn(x)

o (1+x)(1+x%)

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Ankush Kumar Parcha-India

dx

J.l xln(x) Partialﬂ{ractionl.[1 ln(x) 1.[_1xln(x)
X = — — —
o (L+2)(1+2) 2y 1+ 2277 2), 1122
x2ox
1 (lIn(x) A Notesection G 3 rllp(x) G 3
2), 1+x 2 8Jy1+x 2 8
B G+ 3 2) - w2 G
2 16{ 32 2
fl xln(x) G
s A+01+x) 7732 2

Note section :

+ t2

B (_1)2—1 llnz—l(x)
D@ =" ) 1rx
3)n(s) = (1 -21).4(s)

1In ()
1)] 1 dt = G (Catalan’s constant)
0

dx, R(z) >0

2494, Find a closed form:
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1x2In(x) + In?(Vx)
- jo G+ DR+
Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Exodo Halcalias-Angola

dx =

1x%In(x) + In*(Vx) 1 x%In(x) 11 m*QWx)
]0 (x+1D(x2+1) dx_fo1+x+x2+x3 x+1f0 1+ x+x2+x3
1 (1 — x)x%1In(x) 1 (1 (1 — x)In*(Vx)
,[0 (1—x)(1+x+x2+x3)d +_L 1-2)1+x+x%2+x3) X
fl (1 — x)x%1In(x)
dx
0

1—x*

1(1 — x)In?(Vx ) 1 1x%_1ln(x) n(x)
f 1- x4 dx = R(O 1—x dx_,fol—x

dx) +

1
1 ! x4 L2 (x) 1xz 71 n?(x)
[, (e,

0

256 *J, 1-—x 1-—x

1, n-1p,k
{ fo %fz(z)dz = PO vke N}

(o) v @) )

{~p® @) = —D*r(k+ 1) {(k +1,n)}
2

116< 2 56) + ™ ) +o (- (~2n? - 56¢3) - 14(3))

1 8G i + 1 (42¢(3) + 2m?)
16 6 ) T 256%¢ T

fl 2In(x) + In?(Vx) Dy — G N 21{(3) w3 5m?
0

= +
x+DE2+1) 27 128 128 96

Solution 2 by Cosghun Memmedov-Azerbaijan

1x2 In(x) + In?(Vx)
Q =f dx
D(x2+1
o (x +_)(3; + x)z o d e
1 _g) ((x;r1)(x2+1) i“’fo G+ DGE+ 1) 1
B x“In(x _ 1 r*xIn(x) 1 In(x) 1 rIn(x)
1 —.[0 d J;) d f d f d

X =—
(x+1D(x*+1) 2 0o Xx+1

dx=ﬂl +‘QZ

x
x2+1 2

X+
0o X2 +1 2
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1+ 1
EZ(—I)“.[ x> 1n(x) dx
0
n=0

- %Z(—l)" fol x*In(x) dx + %Z(—l)"folx" In(x) dx =

1w (-1 +1 = (=D 1w (1D 6 5 (2)_0 5772
2. (2n+2)?2  24.2n+1)2 2L.(n+1)2 2 g =37 96
n=0 n=0 n=0
_fl In(Vx)
27 ) a+r @@+
1t In(x) B 1jlln2(x) 1j1xln2(x) N
(x+1)(x2+1) 80x2+1 x 8J, x2+1 x

1ot _1 cor 1S (—1)" A
5;("1) fox ’"Z(x)dx‘Z (2n+1)3_§  (n + 1)3+Zn=0(n+1)3‘

1 3 7 3) = 3 2 3)
4 32+32 4( 128+128{
0=0,+0Q +3+21 (3) sm”
T T2 T 9 T 128 128( 96
2495, Find a closed form:
1 x31In(x)
4—dx
o X*+1

Proposed by Vasile Mircea Popa-Romania
Solution by Shirvan Tahirov-Azerbaijan

flxgln(x) ,_A_ flln(u) du
0o x*+1 1+u 4

4-x3 d du

~ 1ln(u)d 1 l z earkdy =
“16), 1+u"" " 16 n(")k_o( Yutdu =
1 [1¢ 1 — 1 LB.P
- 16, Z(—l)"ukln<u)du=1—62(—1>k j wHln(u)du =
k=0
ln ) uk+l Lkt gy 1)k
Z(—)" i ()fud:
~ 16 k+1 o k+1u 16 k+1
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uk+1
< k+1

1 = (—1)k 1
>) 16 <_k=0(k+1)2> 16 (1) =
1 g2\ _ 1 n?\  m?
T 16 < ) <_E> T 192

_1)k-1
Note : |n(s) = Z( k)S , n(s) = (1 =217%)¢(s)

k=1

o)

N

2496. Find a closed form:

L x3In(x)
j 5 dx
o Xx*+1

Proposed by Vasile Mircea Popa-Romania
Solution by Arowolo Isaiah-Nigeria

1
13In(x) . *2x"1 1xln(x2> 1 xln(x)
[, 1 el g
0o X +1 4/, x+1 4),

Z( 1)"f "“ln(x)dxx=£+1
z(_l)na f xXtdx =7 Z(_ )nax(x+1) Z(_ " <

(- 1)"

1
Tl z(z ("’“)(1) v (E))) -
1 ? w2 1
E(‘P“’(” s (z)) = _R<4 7) 81

48 4

(n+ 2)2)

2497. Find a closed form:

1 rlarcsin(x) + arccos(y)
f f dxdy
0 VXY

Proposed by Ankush Kumar Parcha-India

Solution by Amin Hajiyev-Azerbaijan

f f arcsm(x)+arccos(y)d dy _f f arcsm(x)d dy +f J' arccos(y)d xdy =M +K

arcsm(x) arcsm(x) 1arcsin(x) 1B.P
M = f f dxdy = f f dx=2 | ——=——dx =
o Vx

2\/— arcsin(x) — 4 f dx
0

X
N
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K= f f arCCOS(y) f arccoS(y) yf 1 f arccos(y) gp

VY VY
2\/ arccos(y) + 4[ dy :4f dy
0 /1—y? 0 /1—1y?2

1 \/} 1 \/y
M+K=21r—4f dx+4f dy =21
0o V1 —x2 0 /1—y? Y

2498. Find a closed form:

J"’3 In(x) — 4
ez (1—In?%(x))

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Arowolo Isaiah-Nigeria

I}

fe3 In(x) — 4 i x=e* (3 x_ 4 p 1f3x_4d 1f3x_4d
-_— = —dx = — X — — X =
ez (1—m%(x)) , (1—x2) 2), x+1 2), x—-1

13x+1-5
L[ars,
2), x+1

13x-1-3 1 (3 53 dx 13 303 1
_—j ——ax = dx——J _—f dx+—j dx
2), x-1 2), 2), x+1 2, 2), x—1

ng dx +3f3 L g =2+ )+ 2 - 1)1 =
2, x+1 2, x—1F " 2" 2 T2V 2°

5 3 B 5 5 3 B
- E(ln(4) —1In(3)) + 2 (In(2) —In(1)) = — Eln(4) + Eln(S) + Eln(z) =

3 5 B 5 7
—5In(2) + —ln(Z) + Eln(B) = Eln(B) - Eln(Z)
3 ln(x) —
ez (1- nz(x))

e

5l 7
E n(3) - Eln(Z)

2499. Find a closed form:

In(2) zeBx + er -1
j dx
0

e3x fe2x —ex 1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan
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In@2 23 +e2* -1 etz 284+t2-1
J 3 > dx = J- T dt
0 e*+e*—e*+1 1 P+t —t+1)

263 +t2 -1 —A+ Bt? + Ct+D
t3+t2—t+1) t 3+t2-t+1
A+B=2 A=-1
D-A=0 B=3
A+C=1 > c=2
A=-1 D=-1
23+t -1 1+ 3t2+2t—-1
t3+e2—t+1) t B+t2—-t+1
fz 263 +t2 -1 it 21dt+fz 3t2+2t—1dt
L tB+e2—-t+1) )t B2 —t+1
2 Zd3+t2-t+1) 2
—In(t +f =—In@)+InEB+t?-t+1)|_ =
()Il 1 B+tE-t+1 2) ( )|1

11
“In(2) + In(11) = In(2) = In (T)
In@2) 23 +e2* -1 11

_[ 3x 2x X dx =In (_)

0 e*+e*—eX+1 4

2500. Find a closed form:

Ll 11+ xyz)(3 + xyz)
jo jo fo (2 +xyz)(4 + xyz) dxdydz

Proposed by Ankush Kumar Parcha-India
Solution by Rana Ranino-Algeria

1,1 01 1 r1
Useful identity: f f f f(xyz)dxdydz = 2 f f(x)In?(x)dx
0 Jo Jo 0

3 11 11+ xyz)(3 + xyz) 1 T1+2)3 +x)
Q‘fo fo fo (z+xyz)(4+xyz)d’“lydz_Ef0 2+ 204 +x)

11 1 (1in%(x) 3 (1in%(x)
—j lnz(x)dx——j dx——J dx
2 )y 4)y 2+x 4)y 4+«

In?(x)dx =

~—_——————

2
f ' IZZ(’;) dx = —(—1)"n! Li, (-%)
0
o= i) 2
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f1f1f1(1+xyz)(3+xyz)d ivd —2+1L' ( 1>+3L' < 1)
o o ) @ty @+ ayn) PET AT T2) T2 T

It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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