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5739. Prove that for any triangle AABC:
R: h} B2 _sin? B sin?C  sin® A
R " h3  h3 T sin?A  sin®B  sin®C

where hg, hy, he are the altitudes respectively issued from the vertices A, B, C.

Solution 1 by Michel Bataille, Rouen, France.

Let F and R be the area and the circumradius of the triangle. Let a = BC,
b=CA,c= AB. Since ah, = bhy = ch, = 2F and 2Rsin A = a,

2Rsin B = b,2Rsin C = ¢, the inequality is equivalent to
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From an inequality of means, we have
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and from AM-GM, we have
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hence
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Combining with (2), the desired inequality (1) follows.

Solution 2 by Albert Stadler, Herrliberg, Switzerland.
By law of sines,

sinA’h. b sinB h, ¢ sinC’

hq, 9 simB hy, ¢ sinC h. a sind
a

So
—a+h—g+h—g _ sin® B sin®C sin® A
R h3  Rh3  sin®*A sin®B 0 sin®C

By Holder’s inequality,
sin? B sin?C  sin? A sin® B sin®C sin® A4
sin?A  sin?B  sin?C ~ (sin3 A sin?B  sin®C

It remains to prove that
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which is equivalent to ‘??"; i + :Eig + :Eié > 3. However this inequality follows
from the AM-GM inequality:
1 (sin3 B sin®C  sin® A) S sinB sinC sinA _
sin4  sin®B  sin®C/ T sind sinB sinC

O
Solution 3 by proposer.
First we prove that:
(1) ZM_Z*
cyc cyc
By multiplying (1) with (hghphe)?:
(2) > hSnE =3 Rihyhd
cyc cyc
We prove (2):
9hSh3
St = 3 2 -
cyc cyc
B Z ThSh? + h6h3 + h6h3 B
cyc
1 AM-GM
= LS mnenz g2+ nnd)
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1
> 03" V/(heh3)T - hh3 - hehi =
cyc
= /hs5hY-h2T = hihph?
cyc cyc
Result (2) is true. Result (1) is true.
B3 h2 (E)Q
2 > —a a =
4F% 2 b2
B ( a2 4F2) 2 a?
cyc cyc
sine-law . (2R sin B)? 4R%sin® B
Z (2Rsin A)? z; 4R?sin? A
B Z sin® B B sin® B n sin® C n sin? A
B o sinA  sin®A  sin’B  sin®C
Equality holds for an equilateral triangle: a =b = c.
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