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In July 2016 was founded “Romanian Mathematical
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Many thanks to RMM-Team for proposed problems and
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PREFACE

Solving problems is an integral and inseparable part of any
Mathematical learning process. The present book ‘Olympiad
Problems ‘ is aimed to be a step in this direction. The book
contains over 230 carefully crafted fully solved problems
from Algebra. However, the Problems are neither calibrated
nor arranged in any order of difficulty. The problems range
from simple to very difficult.Some of these problems have
already appeared in the online Romanian Mathematical
Magazine (RMM). The RMM team consists of more than
9000 mathematics experts, lovers and enthusiasts.
Whenever a problem is proposed in RMM, several group
members put up their untiring efforts to provide different
solutions to the problem. More than one solution to a
problem shows the intrinsic beauty of mathematics - that
we can reach the same result by following different
approaches.The book ‘Olympiad Problems’ provides a good
opportunity for Mathematical lovers to learn some of the
new techniques to solve problems. How a simple
substitution, use of an algebraic identity or geometric
visualisation reduces a daunting problem to a simple
problem are very well illustrated through solutions to the
problems in the book.It is hoped that the readers will enrich
their mathematical knowledge by using the book. Regarding
the misprints and errors in the book, we hope there is none
but the experience of last several years suggests otherwise.
Whenever you come across an error or misprint in the book,
you are requested to bring it to our notice.
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McGraw Hill Educations 1. Complete Mathematics for JEE
(Main) 3. Comprehensive Mathematics for IlIT (Advanced) 4.
Coordinate Geometry for Engineering Entrance
Examinations 5. IIT Mathematics- Topic wise Solved
Questions from 1978 5. Algebra | for JEE (Main) and JEE
(Advanced) 6. Algebra Il and Statistics for JEE (Main) and JEE
(Advanced) 7. Trigonometry for JEE (Main) and JEE
(Advanced). (Forthcoming) Books Published by Oxford
University Press 1. Advantage Mathematics for Class 8
Books Published by Pearson 1. Mathematics for Class 9
(Forthcoming) 2. Mathematics for Class 10 (Forthcoming)
IGONU Project Associated with IGNOU with development of
course material Areas of Interest: Real analysis, Complex
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papers in reputed international Journals.

Dr. Ravi Prakash
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EQUATIONS
1.1 Solve for real numbers:
1 1
4* + 25x +4* . 25x = 101
Solution:
1 1
E = 4% + 25x + 4* . 25x = 101

1 1
x < 0=4% + 25x + 4% - 25x < 3 < 101: false

If x > 0, we notice that x = 2 and x = log, 5 satisfies the equation.

1
Let f:R; — (0,4), f(x) = 4* + 25%

We prove that f is strictly decreasing on (0, \/E) and strictly increasing on
(\/E,+oo), where a = log, 25, 4108425 = 75 f(x) =4% + 4x

Suppose thatva < x <y = f(y) — f(x) = (4¥ — 4%) + (4% — 4%) =

a/ aly—x)
=4*(4Y*-1)—4v (4 v1

Buta < xy = f(y) — F(x) > 45 (47% — 1) — 4y (4% — 1) =

— (@*—1) (4x - 43)

=>f)—fx)>0e f(y) > f(x) & fis strictly
y>xand%<\/a<x

1
increasing on (v, +0) . Similar for (0,/a) = f(x) = 4% + 25x is strictly

convexe (1)
a 1 (24 a
Let g: R — (0, +0), g(x) = 4%, 4% . 25x = 4% - 4x = 4* "%, a = log, 25

e d _oaxtd a
glx) =4 x:af(x)—ll xln4(1—x—2)

d ay d a 2x
ﬁf(x) = 1n4(1—x—2)af(x) =4x+x ]n4ax—4=
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=44 (1-S+ad)

x2 x3

>0 —3—’ = g""(x) > 0 = g is strictly convexe (2)
1-S+a5=""5">0

E=f(x)+ g(x), which is a sum of 2 strictly convexe functions = E has

maximum 2 solutions which are x = 2 and x = log, 5

1.2 Find (a,,) < N such that:

n

Z“k@)(ﬁii) =M+ 1)(2:),116 N

k=0
Solution:
(n+1)_ (n+1! n+1 n! _n+1(n)
k+1/ (k+D!'n—-k)! k+1 k'(n—k)! k+1\k

n

O TN IS8

k=0

S

wesnon () =320 () + T ()T = 0 0 (%) =

:>(n+1)zk+1 —(n+1)z

Thus a possible sequence is a;, = k + 1,Vk € N.

1.3 Solve for natural humbers:

cos‘*( i )+cos4< 2m >+cos4< 3T )+ +
2n+1 2n+1 2n+1
nmw 55
4 _2°
+cos (2n+1) 16
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Solution:

8cos* x = 3 4 4 cos 2x + cos 4x

1.4 Solve for natural numbers:
x4+ Y)Y =(x+1)" - (y+1)" neN
Solution:
n n 1) n n
x+y)* " =x+D* (y+1)

(1)= (x™ + yn) In(x + y) =x"In(x+1) + yn ln(y +1) o x"In (x+y) n

X+l
y™In (H—y) o

y+1

x+y
vxz2lixt+yz2y+ls———21
y+1
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X + x + ®
=>1n< y)20=>y"ln( y)ZO(':y"ZD
y+1 y+1

A/so,'-'y21:-x+y2x+1:>’;+731’21

y x+y)(ii)
> n > i Tl>
1)_O:xln(x+1 >0(x"=>1)

(i)+(ii)= LHS of (1)= 0, equalityif x =y =1

x +

= ln<
x +
andLHS=0 . x =y =1 (Answer)

1.5 Find all m, n, p € N such that: m3 = np(n + p)
Solution:

Rearranging we have: n?p + np?> —m3 =0 (%)

—p2+/p*+apm? _ Py [p*+am3p

Solving quadratically we have: n = 27 2 2p

Note that m,n,p € N which implies p must be an even integer. Setp = 2k

N 4 3
givesusn = —k + W. It is worthy to note that:
Ni % 3
SR k> 0 = VI6kT + 8mik > 4k?

Squaring on both sides yields 16k* + 8m3k > 16k* = m3k > 1
Forall k > 1,0 < m3 < 1 which tells us that
m = 1is the possible value. Plugging in (*) we get
n’p+np?=1=>npn+p)=1

{npzl D
n+p=1 (2)

Squaring on both sides yields 16k* + 8m3k > 16k* = m3k > 1
Forall k > 1,0 < m3 < 1 which tells us that m = 1 is the possible value.
Plugging in (*) we get n’p + np? =1=>np(n+p) =1

{np=1 D
n+p=1 (2)
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Further squaring in 2™ equation we observe
n+p2+2np=1=>n?+p?=-1
Asn? > 0,p? > 0 = n? + p% > 0. Hence n? + p? = —1 is impossible
which proves there exists no solution for m,n,p in N.

1.6 Solve for natural numbers:
xy+yz+zx=2,/xyz+ 4

Solution:

Maz=Mg

xy+yz+xz=2[xyz+4zx+y)+xy = 2Jz(x+y) xy
= 2(/xyz + 2) = 2\/xbz(x + b), \[xyz + 2 = \Jxyz(x + y)
Ifx=0=>y - z=4=>y=4z=1y=1z=4y=2z=2
= sol. (0,2,2),(2,0,2),(2,2,0),(0,1,4), (1,0,4), (1,4,0)
(4,1,0),(4,0,1),(0,4,1).PT P=xyz+#0
IfP=xyz=1=>x=y=z=1=3=2+4false.
IfP=xyz=2=>x=2y=2z=1=22+4+2+1=2VJ2+4 false.
IfP=xyz=3=>x=3,y=z=1=23+4+3+1=2/3+4 false.
IfP=xyz=4=>x=y=2,z2=1=2>44+2+4+2 =4+ 4true.
x=4y=z=1>4+4+1=4+4false>sol. (2,2,1),(1,2,2),(2,1,2)

Jxyz + 2 =\ xyz(x + y)|:\/xyz,(P #0),P >4 =

- <1+ - =1+1=2
xXyz Va

> /x+y<2x+y<4=>x+ye€{123}

> Jx+y<1+

x+y=0=>x=y=0
Ifx+y=1=x=0o0ry =0, seeabove
fx+y=2=x=y=114+z+2=2Vz+4,
2z=2Vz+3,z=k*Vz€EN,2k* -2k =3
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2-(k*-k)=3=> gfalse. Ifx = 0ory = 0 see above.
fx+y=3=2x=1y=22+z+2z=2\2z+4
6k? —2—4k=0,3k*-2k—1=0,(k—1)(Bk+1) =0,
f3k+1=0=k=—false. fk—1=02k=1=z=2x=1y=2
2+2+4=2-2+4true.
1.7 Find all pairs (m, n) of positive integers for
8™ =2n*+8n3+12n?+8n+5
Solution:
Given: 2n* + 8n3 + 12n? + 8n + 5 = 8™
which further can be written as 2(n + 1)* = 8™ — 3
shows that 8™ —3 =223 1-1)-1
is always an odd integer where left hand expression is an even integer. Thus,
there is no solution in Z.*.

1.8 Find the number of ordered quadruples of positive integers
(x,y,p, q) such that the following holds: x>y — xy®> = pq, and p, q
are primes.
Solution:

The given equation is equivalent to xy(x — y)(x + y)(x? + y?) = pq. Asp

and q are primes, there exist a bijection such that
Gyix—yx+y+x2 +y) > (L L Lp ).
For x >y, the possible pair should be (x;y) = (p; 1) or
() = (g D.

Both cases result in(x; y; x — v; x + v; x? + y?) = (2;1; 1; 3; 5) (contradictory

to the bijection). In other words, the problem has no solution.
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1.9 Solve for natural numbers:
a+a?+ad+a*+a®+ab=pb?

Solution:

a,beN,a+a’+a®+a*+a®+ab=>h2

Ifa=0= b =0, true.
Ifa # 0. Orp|la,p = prime number,
b =a(l+a+a®)+a*(l+a+a?),b>’=0+a+a?)(a+a?
b2=0+a+a®)a(l+ ad),
b =ala+1)(@®—-a+1D@+a+1)
Ifpla+1=pla=>p|lfalse=pt(a+1)

1
Ifpla? +a+ 1,pla = pla? = pla+ 1,pla=> Pi | false
>pt@+a+1)
2 _ 2 _ p|1
Ifpla® —a+ 1,pla® = pla 1,p|a=>p=1false

= p t (a® — a + 1) = The number a is a perfect square, b*> = perfect square
= (a+ 1)(a? —a+ 1)(a? + a + 1) = perfect square,
a = perfect square = k?,k € N*

Ifgla+1,qprime, q # 3= qla’+ a.Ifqla®* +a+ 1= q|1,q = 1 false
=>qt@ +a+1).Ifqla’> —a+1landqla? +a = q|2a — 1 and
qla+1=ql2a+2>q|3
sa+1=u3k*+1=vueNkeN, (u—-ku+k)=1

.

Ifg=33la+1=>a+1=M;=>k?>+1=M;=k%*=M;+2 false

=>2u=2,u=1k =0 false.

In conclusion,a = b =0 € N.
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1.10 Solve for real numbers:
(x + sinx + cos x)3 =

= (x +sinx — cosx)3 + (x + cosx —sinx)3 + (sinx + cosx — 3)3

Solution:
(x + sinx + cosx)® = (x + sinx — cos x)3 +
+(x + cos x — sinx)3 + (sinx + cosx — x)3

x+y+2)°3—x3—-y3-22=3(x+y)(y+2)(z+x) >
= 3(x)(cosx)(sinx) = 0. x = 0,x = nrm, (Zn;rl)n

Combining these values: x = %,m el

1.11 Solve for real numbers:
1 1 1 3

1+8x+1+27x+1+64x_1+24x

Solution:
e*(e*-1) 0,

Let be f:[0,0) = R, f(x) = 1+1€x'f”(x) = rery =

f — convexe

If u,v,w = 0 then by Jensen’s inequality:

F(F) <5 + £ + F)

1 <1< 1 4 1 4 1 )
urv+w = 5 u v w
1+te 3 3\1+e 1+e 1+e
Denotea = e“,b = eV,c = e%

1 1 1 1 1
; s—( + + )
1+3abc 3\14+a 1+b 1+c
1 1 1 3
+ + < —
1+a 14+b 1+4c 1+ Vabc

Equality holds ifa = b = c.
Denote a = 8%,b = 27%,¢c = 64*
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1 N 1 N 1 - 3 3
148 1427% 1+464% 1+ 3/8%-27%-64% 1+ 24%
Equality holds for 8* = 27* = 64* > x =0
1.12 Solve in R:

10g,(2°5% + 1) + log3(3°5* + 2) + log,(4°°5* + 3) = 327 — cos x
Solution:
If0<cosx <1,
2€05% +1> 2= log,(2°%* + 1) > 1
305X +2 >3 = logs(3°°5* +2) > 1
405X 43 > 4 = log, (4°°5% +3) > 1
= log,(2°°5* + 1) + log5(3°°5* + 2) + log, (4°°S* + 3) > 3

and (27 — cos x)§ < 3. Similarly, if —1 < cos x < 0, then
LHS < 3 and RHS > 3. Thus, only possible solution is
cosx=0=>x=(2n+1)§,nEZ
1.13 Find x, y, z > 0 such that:

2x2 + 4 N 2y% + 4 N 222 +4
z2+2y+3 x2+2z+3 y2+2x+3

Solution:

2y<y?+1=>2242y+3<z’+y*+4>

2 2
E:Z 2x°+4 :3:>E:Z xX“+2 E(l)

z2+y2+4 y242+42242 2

letx?*+2=a,y?+2=b,z>+ 2 = c = (1) becomes

TE-=2 2

b+c

a 3
BUtZE ZE (3)

From(2)+(3)>a=b=c=>x*=y?’=z’=3x=y=z=1.
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1.14 Solve for real numbers:

1 1 1
x+1+x(x+2)+x(x+ 1)(x+3)+m+
+ ! E

x(x+1-..-(x+99)(x+101)
1 1

"3 x(x+1D&+2) ... -(x+100)(x + 101)

Solution:

101 101
LHS (x—l)!(x+r—1)

1 1
(x+7) =>(x_l)!rz;((x+r—1)!_(x+r)!)=>

1 (x—=1)! (1) Rﬁsl_ (x=1)!
x  (x+101)! T3 (x+101)!

r=1

(2)

From (1) and (2): x = 3 is the only solution.

1.15 Solve for real numbers:

(en.x2018 + 1)(e2nx2018 + 1)(e4_ﬂx2018 + 1)(e81'[X2018 +1) . (eznanOIB + 1) ez"+1nx2018_1

2e 4e 8e 16e 2n+le = 2n+2e
(nx +1>(1'tx +1>(1'rx +1)(1'rx +1)... T x +1 m x —1

Solution:

2018
Put e™* =tnmx =u

Numerator of LHS= (t + 1)(t? + D(t* + 1) ... (¢*" + 1)

1 n 1 n
=—— W -DE+D*+ 1D .. (T +1) = = —— (2" = 1)
t—1 t—1
Denominator of RHS
n 2n+1 1 -1 2n+1_1
=w+D@?+1)..(u¥" +1) =uu_1 LHS=1;_—1';2nT_1 (1)

on+1

Also, RHS:;TI: (2).From (1), (2), weget u—1=t—1=>u=t
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1
2elnm (Zelnn)zow
>x =

T

X

1 1 1 1 1 1 1 1
e

e e* e el |[e& e* e _p
e2x e 2x o2 o2 ) e3* e 3% @3 3|7
e4x e—4x e4 e—4 e4x e—4x e4 e—4
Solution:
1 1 1 1
a ;b
1
leta=e*,b=e. PutA = a2 LZ b2 Lz =a4b4A2
a b
1 1
(,l4 ; b4 b_4
1 a* 1 b*
A =@ a® b b3
37 1a®2 a%? b% b2
a* 1 bp* 1
G > C—CyC3>C3—Cy
1+ a? a* 1+ b2 b*
a a b b3
A, = (1 —a?)(1 — b?)A; where A, = 0 22 0 b2
—-(1+a® 1 —-(1+b% 1
Expand along R;
1+ a? 1+b% b* 1+a®> a* 1+0b?
A, = —a? a b b3| — b? a ad b
-(1+a®» -(1+bp?» 1 —-(1+a® 1 —-(1+b?
R; > R; + Ry
1+a® 1+05b? b* 1+ a? a* 1+ b2
Ay =—-a*| a b b3 |—Db*| a a3 b |=
0 0 1+ b* 0 1+ a* 0

=—-a?(1+bH)[A+a®)b— (1 +b?a] +
+b2(1 +a®)[(1 +a®)b — (1 + b?)a]
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=[(b—a) — ab(b — a)][b? — a? — a?b?(b? — a?)] =
=(b-a)(1—-ab)(b? —a®>)(1 —a?b?) =
=(b—-a)*(b+a)d —ab)*(1+ ab)

Thus, A, = ((1;;3 (1-b?)(a+b)(A + ab)(1 — a)(b — a)?(1 — ab)

1 1 1 1
0 = b = 1 a* 1 b
Next, put A, = (11 I1J =——A-whereA. = | & @ b b3
, P 2 a3 ; b3 E 4b4 5 5 = a3 a b3 b
L ! a* 1 bp* 1
a4 ; b4 ﬁ
UseC; » C; — C,,C3 » C3 — Cy
1+ a? a 1+ b? b*
3 b b3
= 1_ 2 1— ZA A = a a
(1 —a*)(1 — b*)Ag where Ag o ! 2 b
—(1+a?») 1 -(1+b%) 1
R4 _)R4+R11R3 _>R3 +R2
1+a* a* 1+4b* b*
A=| @ a’ b b | _
° 0 a+dd 0 b+b3
0 1+a* O 1+b*
a3 b b3 a 1 + b2 p*
=1+a®)|a+a® 0 b+b3|—ala+ad 0 b+ b3 =
1+a* 0 1+p* 1+a* 0 1+ b*

+a(1+b3)[(a+a®>)A+bY) - A +a*)(b+b3)] =
=(a—-b)1 —ab)[(a—b)(A —a3b3®)+ (1 —ab)(a® — b3)]
= (a—b)*(1 —ab)?[1 + ab + a?b? + a? + b? + ab]
Thus,

=—A+a®>)b[A+a®>A+bH) - A +a®)(b+b3)] +

A= @b)® b)8 —— (1 -a®)?(1 -b*?*(b —a)*(1 —ab)*(a+ b)(1 + ab)
(1 + 2ab + a?b? + a? + b?)

Asa,b >0,b#1
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A=0ea’?—lorb=aorab=1oe*=1ore*=¢ el =1
©ox=0x=1x=-1.
1.17 Solve for real numbers:
cos'?2x + 4 cos® xsin2x + 2sin? 2x (3cos*x — 4) +
+4sin32x —3cosx+19=10
Solution:
cos'? x + 4 cos® x sin 2x + (3 cos* x — 4)(2 sin? 2x) + 4 sin3 2x —
—3cosx+19=0
= cos'? x + 8 cos? x sinx + 24 cos® x sin? x + 32 cos® x sin3 x —
—32cos?xsin?x—3cosx+19=0>
= (cos® x + 2sinx)* — 16 sin*x — 32 cos? xsin?x —3cosx+ 19 =0
= (cos3 x + 2sinx)* — 16(sin? x + cos? x)? + 16 cos* x —
—3cosx+19=0
= (cos®x + 2sinx)* + 16 cos* x = 3(cosx — 1)
LHS > 0and RHS <0
Equality when LHS = 0,RHS =0
(cos®x + 2sinx)* + 16 cos* x = 0,cosx —1 =0
= cos3x + 2sinx = 0,cosx = 0andcosx = 1

Thus, no solution.

1.18 A € M,(R),det A = tr A = 1. Solve for real numbers:
det(A* + 1) + 10det(A% + I;) + x = 4det(A4% + I;) + 16 det(4 + I)
Solution:

11+/12=1
11/’12=1

pA(x) =x* —tr Ax + detA = x> —x + 1, with{
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det(A2+ L) =2+ 1DA3+1) =W A)2+ 22+ 22 +1=2+
A +2,)2 =240, =2+1-2=1 (2)
det(A+ L) =B+ DA +1) =)+ 3+ +1
=2+ A +2,)(A2 = 142, + 13)
=24+ 2+ 204A,+ 23 -34,4, =2+ (A, +24,)? =344, =2+1-3=0(3)
det(A* + L) =T+ DA+ 1) = QU A)*+ AT+ A5 +1 =
=241+ A5 =24 AT+ A3+ 222 + 23— 27223 =
=24+ A2 +22)2-2=((4 + 1) =211,) =1 (4)
From (1)+(2)+(3)+(4)=>
x+14+10=4-04+16-3=>x+11 =48 =>x =37

1.19 Solve for real numbers:

1 1
G+t T v 2 Txt1

=156 +logs(x + 1)

Solution:

Denotex + 1 = t, thent%+tiz+%= 156 +logst (1)

domain the equation (1)t > 0:f (x) = t% + tiz + % Lin (0; + )

g(x) = 156 + logs t Tin (0; +)and has at most one root

4
t—§:>X+1—§:>X——§

1.20 Solve for real humbers:

(x+\/x2+1)(x—[x]+\/(x—[x])2+1) =1,

[«] — great integer function

Solution:
(x+\/xz—+1)(x—[x] + (x—[x])2+1) =1 (%
Ifx>0thenx+Vx?2+1>1;{x}=x—[x]=0=>{x}+/{x}?+1>1
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= LHS (*) > 1 = no solution. If x < 0 then (*) becomes

{3 +V{xP+1=—x+/(—x)?2+1

Let f(u) =u+vVu?+1withu =0

=>f(w=1+

Y S 0(Vu=0) = f 2 [0,+e)
Ve de= '

Sf{x)=f(x)eoxl=—xox—|x]=-xo2x=[x]€Z
More, 0 < {x}<1=0<-x<1e©-1<x<0
©-2<2x<0e-2<[x]<0e[x]=—1or[x] =0
S x = —%orx= 0. Answer: x = —%orx =0.
1.21 Solve for real numbers:

x x
|cosx . cos7| cos?x + coszi

B 02 2 X
\[(Z_Coszx)(z_coszg) 2 + sin“ x + sin 2

Solution:
x X
|cosx - COS 7| cos? x + cos? 5

h in2 in2
J(Z—coszx)(Z—coszgz—C) 2 + sin“ x + sin )

|cos x~cos§| cos? x+c052)2—c
= ) (1)

(= > s
X X -— b
J4—2(c052 x+coszz)+coszx COSZE 4 (cos x+cos®

b
T 4-b

cosx-cosgza al
“tet <cos2 x+cos? = D Fizpre
a? 2 2

“4-2b+a2  (4-b)
o a?b? — 8a?b + 16a® = a?b? — 2b3 + 4b? & —4a’b + 8a? = —b3 + 2b?

- b3 —-2b?>—-4a’h+8a? =0 b?(b—-2)—4a*(b—2)=0

o a’(4—-b)? =b%(4—2b+a?)

b=2
o (b-2)(b?—4a*)=0o {bzb—_42a2_—0 01 b=2a
B b =-2a
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x X
b:2—>coszx+coszz=2—>coszx=coszi=1:>x=2k+1(k€Z)
x x
b=2a—>c052x+c052522cosxcos§<—>

x\ 2 x
(cosx — cos—) =0 e cosx = cos—

2 2
3x 3x
H—ZsinT-sinZ=O<—> 3 o i o X = 3
sin—=20 Z:k+1 x = 4km
b——2a<—>coszx+coszf——2cosx~cosf<—>(cosx+cosf)2—0
B 2 2 2/
3x
o cosx+cos—=0e2cos—-cos—=0o 4 -
2 4 4 X _
cos—=0
4
3x w
=4 k2n _2m  8km
ot 2 =3T3 ke
Z=z+k27‘[ x = 2w + 8km

1.22 Solve for real numbers:
(1 + sinx) - (sinx)°%* + (1 + cosx) - (cosx)’"* =1 + sinx + cos x
Solution:
1+ sinx + cosx = (1 + sinx)(sin x)°$* + (1 + cos x)(cos x)5"*

l l
LHS RHS

cosx sinx

RHS = (1 + sinx)(1 + (sinx — 1))

Bernoulli
(1+sinx)(1 4+ cosx -sinx —cosx) + (1 + cosx)(1 + cosxsinx — sinx)

+ 1+ cosx)(l + (cosx — 1))

=1+sinx —cos3x+ 1+ cosx —sin3x
= (1 +sinx + cos x) — (cos® x + sin®x) + 1
= LHS — (cos® x +sin3x) + 1
So, RHS = LHS if-fcos® x + sin®x = 1
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x =2km k €L Vx =2kn+g,ke z
1.23 Solve for real numbers:
2%.3% + 3% . 2x = V6(VZ +v3)(5 - V6)
Solution:
Equation & 2% - 3 + 3% - 2% = 4v/3 + 92
Ifx<0=>2x'3?1c<1and3x~291?<1=>
2% . 3i + 3% Zi < 2 = equation can’t have negative solutions
Letx > 0;x = % and x = 2 are solutions for this equation. We’ve proved that
this are its only solutions.
Let p: (0,4+2°) -» R;p(x) = axbal_c, ab>1
We show that p is strictly increasing for (m, +<><>)
and strictly decreasing for (0, \/m) (1)
p strictly increasing for (\/logj , +<><>) S Vxq, x5 > \/logﬁ

Such that x; < x, = p(xy) < p(xy) ©

1 1 Xa—X3
a*1b¥1 < a*2ph¥2 & ph ¥1X2 < g¥2 7M1 &

b < a**2 (because a,b > 1and x; < x,) &
log, b < x1x,, relation which is true because x,,x, > m
Similarly, for (0, Jlogﬁ)
Let p;(x) = 2% - 3% andp,(x) = 3* - 2:17
For (1)= p itis increasing for (\/log7 , +°°) and strictly decreasing for

(0,4/1og23) (2)
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For (2)= p, itis strictly increasing for (w/ logs 2, +°°) and strictly decreasing

for (0,/logs 2). Because logs 2 < log, 3 = p;(x) + p,(x) itis strictly
decreasing for (O, J/logs 2) = for this interval the equation

1

p1(x) + p2(x) = 43 + 9v2 has a unique solution x = .

p1(x) + po(x) itis strictly increasing for (\/log; 3, +e°) = for this interval the
equation

p1(x) + p,(x) = 43 + 92 has a unique solution x = 2.

For internal (,/logs 2, /log; 3),p1 (x) + p2(x) < 4V3 + 92 =
the only solutions are x = %,x =2

1.24 Solve for real numbers:
sin(7mr sin? x) + sin(m cos? x) = 2 sin?(2x)
Solution:
Let a = msin?(x) (1)
b =mcos?(x) (2)
then: (a + b) = w = sin(a + b) = 0 = sin(a) - cos(b) + cos(a) sin(b) = 0
= sin(a) cos(b) = — cos(a) sin(b) (3)
(a+b)=m = cos(a+b) =—1= cos(a) cos(b) — sin(a) sin(b) = —1
Multiplying both sides by sin(a):
= sin(a) cos(a) cos(b) — sin?(a) sin(b) = —sin(a)
From (3) = — cos?(a) sin(b) — sin?(a) sin(b) = —sin(a)
= —(cos?(a) + sin?(a)) sin(b) = —sin(a)
= sin(b) =sin(a) > a=>b (4)
If a = 0 then from (1), x = nm and this a solution of the original equation.

Otherwise we have from (4):% = 1where b #0=> % =1=tan’(x) =1

T T
=>x=n7rizorx=2n7rig
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and these 4 solutions satisfy the original equation
Set of solutions: x = nmwor x = (nn + %) orx = (Znn + g)
1.25 Solve for real numbers:
sin? x - sin"1(cos? x) + cos? x - sin~1(sin’x) = 1
Solution:

f(x) = sin? x sin"*(cos? x) + cos?(x) cos~*(sin? x)

, sin 2x
f'(x) = sin2x sin"*(cos? x) — (—) sin? x

V1 —cos*x

(cos* x) sin 2x

—sin2x sin~(sin? x) + ——
V1 —sin*x

= sin(2x) (sin"*(cos? x) — sin"1(sin? x))
+sin2 < cos? x sin? x )
sin 2x -
V1 —sin*x V2 —costx
cos? x sin? x
= sin 2x | sin™*(cos? x) — sin~(sin? x) + - )
( V1—sin*x V1 —cos*x
Now, f'(x) =0

(1) when sin2x = 0 = 2x = nm

= (3

Which is not possible as 1 — sin*x = 0 = f'(x) = e

cos?x sin? x

— cin—1(cin2
= Ssin SIN“ X) + ——
V1-sin*x ( ) V1-cos*x

(2) sin~*(cos? x) +
which is clearly possible when x = %ﬂ wheren =2m+1
T
x=02m+ 1)2

also f'(x) < 0atx = (2n + 1)% = f(x) is maximum at x =

r(=r(D=3(6)-5<

But RHS of f (x) = 1 which is not possible. Hence no solution.

Lk
18
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1.26 Solve for real numbers:

{ 1 }—{ 1 }=[cot2x]—[tan2x]

sin? x cos? x

{x} = x — [x], [*] - great integer function

Solution:

(s a1 = feott )+ { o = () = o)
(=4 = [—1 =
sin? x an-x cotmx cos? x sin? x cos? x

and [tanz x] _ [COtZ x]’{smlzx} _ { 1 } N {sin2x+c052x} _ { 1 }=>

cosZ x sin2 x cosZx

a2 2
= {1+ cot?x} = {w} = {1 + tan? x} = {cot? x} = {tan? x}, but

cos2x

= tan*x =1

tan® x] = [cot? x] = tan?x = cot? x = tan’x =
[ 1=1 >
tan“ x

>tanx € {-1;1} = x € {%+ kr|k € Z}orx € {—%+ kr|k € Z}
1.27 Solve for real numbers:

x% — 3x% + x*(sinmx + cos mx + 2) — 3x3(sinmx + cosmx) +
1
+2x? (sinnx + cos mx +§> -3x+2=0

Solution:

Letsinmx + cosmx = a
:>x6—3x5+x4(a+2)—3x3a+2x2(a+%)—3x+2=0
= (X% —3x° +2x* +x?2 —3x+2) +alx* —3x3+2x?) =0

S5+ Dx-Dx—-2)+ax?(x—1D(x—-2)=0
Sx-D-2[x*+1+ax?]=0 (1)
* a = sinmx + cos mx
>-V2<a<V2=2-V2<a+2<2+V2
> (a+2)€[2-vV2,2+4v2] «(a+2)>0
vxt+ltax?*=0?-12%+(@+2)x* ~(a+2)>0
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st ax®+1) >0
From(1):(x —1D(x—-2)(x*+ax*+1)=0 =~ (x*+ax?+1)>0

=>(x—1)=0o0r(x—2) =0=x = {1,2} - real solutions

1.28 Solve for real numbers:
log ,-1,(sin"1x) - log(1 + cos ™' x) ==log,-1,(cos ' x) - log(1 + sin™' x)
Solution:
0 <sin~'x,cos™'x # 1, then we have:
logeos-1,(sin™1x) - log(1 + cos 1 x) =
= loggin-1,(cos™1 x) - log(1 + sin"! x)

log(sin™! x) log(cos™ x)

1 1 -1 = -1 1 ia—1
log(cos—1 x) 0g(1 4+ cos™'x) log(sin—1x) og(1 +sin™! x)

log(1+cos™*x)  log(1+sin~1x)
log2(cos™1x) - log2(sin~1x)

)

plogt— 21 (141)
Let f(t) = ‘°g(1”) 0<t#1sf(t) =28 08

log3t
f’(t) >020<t<1=f() 70n(0,1)
ff)<0et>1= f(t) Nvon (1;+x)

O]
= f(cos™1x) = f(sin"tx) © cos™1x =sin"! x © sin(cos™! x) = sin(sin™! x)
1 1#x>0 V2
& x = 1—x2@x2:§ =4 X =

1.29 Solve for real numbers:

(2018"™/x + b +2019"Vx+ b + 1)(2018"Va + b + “Va+ b +2019) _
(*Yx+ b +2019°Yx + b +2018)(2018"Va+ b+ “Va+ b +2019)

="/(a+b)(x+b), n=1;a,b>0

Solution:

4an

= x+b=>iz=2n\/x+b

1
Sea: {u >2=""(a+b)(x+b)
p="Na+b=>p*=""Na+b *
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La ecuacion toma la forma:
(2018u + 2019 +u?)(2018p* +p +2019) p -
(u+ 2019 + 2018u2)(2018p + p2 + 2019) u

u® +2018u” +2019u _ p® +2018p* +2019p
2018u% + u+ 2019  2018p2% +p + 2019

Se observa lo siguiente:

_ u3+2018u?+2019u _ p3+2018p%+2019p

: = > =
Sea f(”) 2018u2+u+2019 f(p) 2018p24p+2019

Entonces en la ecuacion:

Volviendo al CV
f(u)=f(p)=>u=P=>§:1 ST @ G =1

Por lo tanto: x = = b
a+b

Nota: Propiedad De Funciones:Si: f(3y = fu) Entonces: A = u

Si: fa) - fqw = 1 Entonces: A-p =1

1.30 Solve for real numbers:

(cos 2x)15 - (cos 4x)°® - cos 6x = cos1%% x
Solution:
(cos 2x)*° - (cos 4x)® - cos 6x = cos®? x (*)
We have: cos 2x = 2 cos? x — 1;cos 4x = 8cos* x —8cos?x + 1
cos 6x = 32 cos® x — 48 cos* x + 8cos?x — 1
Llett =cos?x;(0<t<1)
*If0 <t < 0,146447 we have: LHS(,) < 0 < cos'®? x = (*) no roots.
*If1>t>0,146447 we have: cos 2x < cos* x © (cos?’x —1)? >0 &
(t —1)? > 0 (true) = (cos 2x)*> < (cos* x)*®> = cos®® x (1)
cos 4x < cos®x & 8cos* x —8cos?x +1 < cos'®x
& (-1t +2t>+3t* +4t3 +5t2+6t—1) >0
(True because: 0,146447 <t <1)
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= |cos 4x| < cos'® x = |cos 4x|® < (cos'® x)® = (cos x)%®
cos 6x < cos3® x (= |cos 6x| < cos3° x)
& 32cos®x — 48 cos* x + 18 cos?x — 1 < cos3® x
& t1® —32t3 +48t2 - 18t +1 =0
& (t— 1)2(t2 + 215 + 3t + 413 + 5¢12 + 611 + 7t1° + 8t° +
+9t8 + 10t7 + 11t° + 12¢° + 13t* + 14t3 + 15t2 — 16t + 1) = 0 (True)
= LHS(,) < c0s®% x - cos? x - cos®® x = cos'®? x
Equality s x = kn (k € Z)
1.31 Solve for x € (O, g)

1
sinx + cosx + tan x + cotx + 5 (secx + cscx) = 2(1+v2)
Solution:

T
X € (O;E) = sinx;cosx >0

sinx cosx (AM-GM) [sinx cosx
tanx + cotx = + > 2

cosx sinx - cosx sinx

1
sinx+cosx+—(secx+cscx):sinx+cosx+ )
2 Ccos x smx

= (sinx + cos x) (1+ )
2-cosx-sinx
(AM-GM)

1
= ZVSinx-cosx(l +—,)
2-cosx-sinx
(t=+Vsinx-cosx) 1 (AM-GM)
= 2e4+— 2 2V2

) 1
= sinx + cos x + tanx + cotx +§(secx + cscx) > 2\/5

T
tanx = cotx 0<x<; .
Equality < 1, e x=-=
Vsinx - cos x = ————
Vsinx-cos x 4
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1.32 Solve for real numbers:

Vxt +16x3 + 49x2 + 81 + 3/x3 + 25x% + 27 = /423 + 25x2 + 100x + 36
Solution:

Vx* + 16x3 + 49x2 + 81 + /%3 + 25x2 + 27

= /4x3 + 25x% + 100x + 36
(1) can be written as \/A + YB # \/C where A, B, C the respective polynomial
roots.
1) Assume x > 0 then all roots have meaning. We have (A,B,C > 0)
VB >3VA o B*— 43> 0o x%- f(x) > 0 where f(x) = 52x° + 2835x% +
53808x7 +

+353647x° + 79476x° + 1488x* — 162324x3 + 2130624x2 — 236196x
+ 1033833

f(x) > 0 forx > 0 as can be easily shown [if x = 1 obvious, if x < 1 the
constant overweight the negative terms]
VC > 2B & C® > 64B% & (3 — 64B? > 0, because C*> — 64B% = x - g(x)
where
g(x) = 64x® +1200x” + 12300x° + 77289x5 + 325900x* + 863900x> +
+1552096x2 + 1090800x + 388800 > 0
Therefore V€ > 23/B > /B + /A so, (1) has no solutions.

2) Assume x < 0. The inequalities A = 0,C = 0 are true when x = 9 where
9 =~ —0.4s0 —|9| < x < 0inwhich B > 0 too. The above polynomial f(x) as
positive (easy as the negative terms — powers of 9,7,5 are smaller than the
constant term).

We can also show that VC < 23/A & €2 — 164 <0 e x-h(x) <0
h(x) = 16x° + 200x* + 1409x3 + 5032x2% + 11016x + 7200 as all

negative terms are less than constant for x = —0.4 in which they become
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maximal. Now,/C < 2Y/A < YA + ¥B hence no solution. Therefore, the only
solution is x = 0. Done.

1.33 Solve for real numbers:

16x* —16x2+2=V1+x+V1—x

Solution:
Equation is defined for —1 < x < 1.

Putx = c0s(26),0<20 <m0Or0<6 <=
16 cos* 20 — 16 cos? 20 + 2 = V2(cos 0 + sin6)

= 2cos 860 = 2cos(0—%) = cos 80 =cos(9—%)

=86 = 2nm + (8 —Z) (1). Taking + sign in (1)

80 = 2nm 40— nEZ=>70=Bn—1)"=0=(8n—1)—
=2nm 4,n = (8n 2 = (8n 58
=0 = %,1;—8” « Not possible. Taking - sign in (1)
80 = 2 9+T[:99_8n+1 =>6’_8n+1 =>0_7T7T17
- ent 4 T4 "TY7736 "TY7T36'4"36"

T T 17
Thus, x = cos (—) , COS (—) , COS (— n)
2 18 18

x = 0, cos (17T—8) , — COS (17T_8)

y=+Vit+z++Vv1l—=

y = 16z* — 16> + 2

10 1 2 3 4 5

1.34 Solve for real numbers:
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6x7+1)° +23Bx*+1)* +3R2x%*+1)? =6(6x*+1)(3x%2 +1)(2x% +1)
Solution:

leta=6x*>+1,b=3x>+1c=2x*>+1

a6 b3 2 b
6 3+2—ac
a® b3 b3 % % c?

R - - . _ I b
676 6 te e s T W"
AM-GM
ab6266a—6'b—6'£:abc.50,a:b:c

6 6 6

6x24+1=3x2+1=2x*>+1

3x2=0Ax*>=0

4
x=0

1.35 Solve for x > 0:
X
e’ + f (t‘°g‘(1 + 2log t)) dt = x*
e

Solution:
Let] = [ 18t (1 + 2log t)dt= [ o8¢ (Zlog t) tdt+ [ t°8t dt

Let t'°8t = y = logy = (log t)(log t)

ldy _ 2(logt) J‘ [logt (2logt) gt = fdy E——

y dc
Thus,
X X

X
I = t-tlogt]e —ftlogtdt+jtl°gtdt
e e
= x . xl08X _o. o = ylogx+1l _ 52
Thus, the given equation becomes e? + x1*108% — g2 = x*

= x - x198% = x* = x1°8% = x3 > y = 1orlogx =3 =>x=1orx = &3
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1.36 Solve for real numbers:

3sin2 x+sinx + 3sin2 y+siny + Bsin2 z+sinz _ 35inx+siny+sinz

Solution:

1
AM-GM =
PEN 35in2 x+sinx 3$in2 y+siny 4 :.}sin2 z+sinz © S 3(32 sin? x+Y, sin x)3

= (3sin x+siny+sinz)3 > 27. 32 sin? x+Y sinx

= 33(sin x+sin y+sin z) > 33+Z sin? x+Y sinx

:3Zsinx23+Zsin2x+ZSinx:ZSinzx—ZZsinx+1SO

= (sinx —1)? + (siny — 1)? + (sinz—1)2 <0
But for any real
x,y,z= (sinx —1)? + (siny — 1)? + (sinz—1)?2 > 0
So, this is possible if and only if
& (sinx —1)2+ (siny — 1) + (sinz—1)2 =0
(sinx —1)?2 = (siny —1)2 = (sinz—1)2 =0 = sinx = siny =sinz =1
Sx=y=z=“n+ 1)§[n € Z) (Answer)

1.37 Solve for real numbers:

(x*=3x2+1DVx+2=1
Solution:
Itis clear that x > —2 and x < 2. We can make the substitution: x = 2 cost,
here
t € (0;m). We have:
(16 cos*t — 12 cos? t + 1)\/m =1

sin 5¢

16cos*t —12cos?t +1 = 16sin*t —20sin?t +5 = pr

We have:

sin 5t

- -2cos£= 1 =>sin5t=sin£or5t=£+27rk:
sint 2 2 2
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t = 47'L'k
x = 1 not root
2) k = 1;x:2cos%n
3)k =2;x:2cos%n
in5e ot . 27T+47Tk
= —_ s t=—4 —
sin sm2 EREET]
_5 21 _5 6n
x = cos11 cos11

root{Z cos%ﬂ, 2 cos%n, 2 cosf, 2 cosi—f}
1.38 Solve for real numbers:
a’* + a** + b3* + b** = a*b*(a* + b* + 2),a,b > 0
Solution:
We denote:
a*=u>0b=v>0=3ul+u*+v3+vi=w=wW+v+2)
Butu? +v? > aviu+v),Mu>v>0
w+v)W? —w+v?)—wlu+v)=0,u+v)(u—v)?=>0(true)
Equality foru = v. And u? + v? > 2uv, V)u,v > 0,(u —v)? > 0
Equality foru = v.
Adding the two inequalities =
W+rH+@+vd)>wu+v)+2uww =wlu+v+2)

x 0
= Equality holds foru = v = a* = b* = (2) = (Z) =>x=05={0}

a

1.39 Solve for real numbers:

X

f logt—1 dt—ll (e—l)
tZ—loth —2 %1
1
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Solution:
x x
In(t) —1 In(t) —1
I = f— t= f—zdt
t2 — In2(t) _ (ln(t))
t
Put: z = ln(t)’ sodz = —1_1121(” dt
t t
In(x)
X
f 1 ln(x) —x
J ln(x) +x
x In(t)-1 _ 1 e—1
Then, if J; iy 4 = Eln(eTl) (E)
In(x)-x _ e-1 x-In(x) _ e-1 x
( ) In(x)+x T e+ x+ln(x) e+1 Tl ln(x) =exV ln(x) =
Put: f(x) = ln(x) x €10, 4o0[
ln(x)
fx) =———

So: f >0=>1>ln(x)=>x<e

f<0=>1-In(x) <0=>x=>e

X 0 1 0 + oo

~f 2forx<eandf \for:x>e

Q|-

So: ln)(cx) ~l<ovxe 10; +oo[

1
y= /5 the maximum of x - —— ne)

f'(x) = 0 © x = e unique value for real numbers

= S(E) = {x = e}

41 OLYMPIAD PROBLEMS ALGEBRA-VOLUME 1



DANIEL SITARU MARIAN URSARESCU

1.40 Solve for real numbers:

1 1 1 1
logx log(ex) log(e*x) log(e3x)
log? x log?(ex) log?(e’x) log?(e3x)
log3x log3(ex) log3(e’x) log3(e3x)

=7+210 4 ]og, x

Solution:
4" grade Vandermonde Determinant
(Inex —Inx) - (Ine?x —Inx)(ne®x —Inx)(Ine?x —Inex)(Ine3x — Inex) -

-(Ine3x —Ine?x) =7+ 210 + log, x

Ine-lne?-lned-lne-Ine?-lne=7+2*10 +log,, x
12—-7-2*"10 =log,x,x >0
5—2%10 =l]og;, x
So,x=12=>5—-4=log,,12;1 =1 = x = 12 is a solution
f:(0,20) > R, f(x) = logy, x 7 on (0, )
g:(0,0) > R,g(x) =5—2%"10 N 0n (0, )
= Equation f(x) = g(x) has an unique solution x = 12.
s = {12}

1.41 Solve for real numbers:

i/x2—5x+4+ i/2+x—x2=5\/6—4x

Solution:

a=3x2—5x+4b=132+x—x2a5+b5=6—4x
Va2 —5x+4+ 32 +x—x2=36—4x
a+b=Ya5+b5= (a+b)’=a’+b5= (a+b)>—a5—b5=0
a® + 5a*b + 10a3b? + 10a?b® + 5ab* + b5 —a® — b5 =0
S5ab(a® + 2a?b + 2ab®> + b3) =0
S5ab(a®(a + b) + ab(a + b) + b?>(a + b)) =0
S5ab(a + b)(a? + ab + b?) =0
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a=0=x>-5x+4=0=>x,=1,x, =4
b=0=>2+x—x2=0,x3=—1,x, =2
2 2 3
a+b=0=>x"—-5x+4=x —x—2$x5=§
> 3p?

2 2 _ e el
a‘+ab+>b (a+2)+4 *0

1.42 Solve for real numbers:
33/ e3* —ex —2./e2* —ex =¥ + 1
Solution:

By Rado’s inequality:

+b+ +b
3(¥—i/abc)zz(a2 —x/%)

33abc — 2vab — ¢ < 0, equality for a =b = c

a=e*,b=e*—1,c=e*+1

3Ved3* —eX —2Je2* —eX —(e¥+1) =0 &

o3e(e*—1)(e*+1) —2/eX(e*—1) —(e*+1) =0 o

o e* =e* —1=e*+ 1. No solutions.

1.43Find x,y,z € (0, g) such that

sinx siny sinz 8—4m 2 2
+ + =3+——=— " +y°+2°)
X y z T
Solution:
T 8 —4nm
Letbef:(O,E]%R,f(x):sinx—x— — x3
, 8—4m " 8 —4m
fx)=cosx—1-3 = x?, f (x)=—-sinx—6 X
8 —4nm

. T
f (x) =—cosx—6 , fV=sinx>0,Vx6(O,E]

3
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x 0 i1 [ 3 g
Vv + + + + + + + +

- - 0 + + + +

f 0 - - ffM-0 4+ + +

f 0 - - - - - 0 + +

f 0 \ N — )

4n—8_24n—48—n3

e (IO 4T —8
(5)=6 —— lim f () = ~1+6

<0
2 X>0 m? m?
i O = 00 T ,8—4m n_—n2—24+12n
lim f(x) = 0; f(z)——1—6 5= — >0
x>0
lim ) = 0 £ (%) = 38—47‘[ n?  2-m —6+3n 0
xlg(l)f(x)—,f(z)—— S = 3= >
x>0
_ s n 8—4m w3 T 2-m
I =0 f(5) =13 F =137
x>0
_2—n+n—2_
= 5 =

So f(x) =0.vx € (0,%] equality just for x = % =

sinx sin sin z 8 —4m
4 <3 +——@* +y*+2%)
X y 3 T

Vx,vy,2zE€ (0, %] equality justfor x =y =z = %

1.44 Solve for real numbers:
32x6 —48x*+36x2—2—-3=0
Solution:

32x6 —48x* +36x2 - 2—-V3 =0
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(2x)® — 6(2x)* +36(2x)2 —4 —2V3 =0

let2x=Vt+2=>x=-\t+2=t3+6t+(16-23) =0
p q

How

r’

2
q
A=
727

=75—-16V3>0=13t; ER t, t; EC

Applying Cardano Theorem:

t=3\/\/§—8+ /75—16\/§+3\[\/§—8— /75—16\/§

vt+2>=

x =4 i/\/§—8+ /75—16\/§+3\[\/§—8— /75—16\/§+2

Howt = +

N |-

1.45 Solve for real numbers:

1 1 1 1
X er eBx 2

e
e3x e6x e9x 8 =0
e4x eSx ele 16
Solution:
let:a =e*; b = e?*;c = e3* and
1 1 1 1
_la b o 2
A= a® b® 2 8
a* b* ¢* 16
Using cq = €1 — C4; €3 = Cy — C4; C3 = C3 — C4. We get:
0 0 0 1
_| a=-2 b-2 c—2 2 |_ /. _ _ _
A= P-8 b-8 -8 8l (a—=2)(b—2)(c—2)7,,

a*—16 b*—16 c*—16 16
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where
1 1 1
A= a’+2a+4 b? + 2b + 4 c2+2c+4
a®+2a’+4a+8 b3+2b>+4b+8 c3+2c?+4c+8
USingR3—)R3—2R2; Rz—)R2—4R1
1 1 1
A= |a?+2a b*+2b c?+2c
a® b3 c3
Using C; = C; — 2C5y; C, » C, — C3. We get: Ay= (a — b)(b — ¢©)A,
0 0 1
A= a+b+2 b+c+2 c*+2c
a’?+ab+b? b%+ bc+ c? c3
Using C; = C; — C, ,we get:
A= a—c b+c+2
27 la=c)(a+b+c) b?>+bc+c?

= —(a—c)(ab+ bc + ca+ 2a + 2b + 2¢)
Thus,
A=(a—2)(b—2)(c—2)(a—Db)(b—c)(c—a)(ab + bc+ ca+ 2a + 2b + 2c¢)
a=2o0orb=20orc=20ra=borc=a
X € {log2,110g2,110g3, 1}
2 3

1.46 Solve for real numbers:

sin2x = (V2 — 1)(sinx + cosx + 1)
Solution:

sin2x = (\/E — 1)(sinx +cosx +1)..(1)

Put sinx + cosx =t. sinx=t%—1
Now, (1) becomes: t? —1 = (V2 —1)(t+ 1)
t+1=0o0rt—1=+v2-1; t=—-lort=+2

sinx + cosx = —1 or sinx + cosx = V2
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1

T T
cos(x—z>=—ﬁorcos(x—z)=1
1T—2 +31T 1T—2 ; EZ

X 1= nm + 2 orx i mm; m,n

T T
X € {2nn+Z;(2k+ 1)n;2mn—5/n,k,m € Z}

1.47 Solve for real numbers:

x%-1

(a—1Dx+2=a+a 3 ,a>1

Solution:

x2-1
(a—Dx+2=a+a 3 ,a>1..(»
x2-1 x2-1
(a—-Dx+2—-a—-a 3 =0a>1;a+a 3 —(a—-1Dx—-2=0
1
Let be the function: f(x) = a + ezto9(@(x*=1) _ (a—1x—-2
lim f(x) = +eo
X—>—o0

a e%log(a}(xz—l) 7
lim f(x) = lim [x —+f—(a—1)—; = oo

X—oo X—oo x
’ 1 1-log(a)-(xz—l)
f(x)zglog(a)-Zx-e3 —(a—-1)
2 1 1 1 1
') = glog(a) e309(@(¥*-1) 4 §log(a) 2% - @309 (*-1) -§log(a) - 2%

HOE (§10g<a> + glogz(a) 12) s @10 5

X —0 1 a 2 oo
f’(x) B R S
F(x) —o0 PV I oo
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? ? ?

Usprove1<a<2. f(1) = glog(a) — (a—1) <20, let us prove that:

Let be the function g(x) = glog(x) —(x-1

2 1 _2-3x, N _2
g =5--1=== g0 =0ex=3
(2)— I ()+1<0
2
X
0 z oo
3 +
g'(x) ++++4+40—————
a(x) 2 (2) 1
—0 PP/ = )42 NN —oo
@ 309(3) 3

Vx>1,9kx) <0,s0:9(1) =1
?

Let us prove: f'(2) = galog(a) —(a—-1) So

Let be the function: h(x) = gxlog(x) —x+1
, 1
h(x) = 3 (4log(x) + 1)

1
hFx)=0 @ x=—

e
h(l)— 41
Ve/ 3V
1
X
0 o + oo
Ve
) | ————— 0+++++
2
hix) WA —=+1 222
3Ve
So, h(x) >
0,Vvx >0
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4
galog(a) —(a—1)>0,vx>1and hencel <a <2

X —o00 1 a 2 + oo
fix) |  ———==- 0 +++++
fix) +eo NN 0NN f(a) 2720 27 4eo

Equation (*) has two solution: x=1, x=2.

1.48 Solve for real numbers:

52x+1 4 20x2 +29x+ 6 = 11 5% 4 x - 5*+2

Solution:
52¥*1 +20x* +29x + 6 = 11 5% + x - 5**2
5-52% + 20x% 4+ 29x + 6 = 11 - 5% + x - 5**2
5:572¥ — (25x +11)-5* +20x2 +29x + 6 =0
ox 25x 4+ 11 £ /(25x + 11)2 — 20(20x2 + 29x + 6)
10
_ 25x + 11 + v625x2 + 550x + 121 — 400x2 — 580x — 120
- 10
_ 25x+ 11+ (15x — 1)
B 10

5*=4x+1o0or5* =x+2
)5* =4x+1e x€ {01}
ii) 5* = x + 2 = x = —1 one solution
Let f(x) =) 5% —x —2
f(0)=1-1-2<0and f(1) =5—-1—-1-2> 0= 3a € (0,1) such that
f(a) =0. So:x€ {-1,0,a,1}

1.49 Solve for real numbers:
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1 1 1 1
Vx VYx Vx 2
x 3xz x4=0
xzxi/z x 16

Solution:

Let\x =a ¥x=b,Yx=c

1 11 1
la b c 2
A= a? b% c? 4
a* b* c* 16
Using ¢; = €1 — C4,Cy = C3 — C4,C3 = Cy
0 0 0
A= a—2 b—2 c—2
a’ —4 b? —4 c?—4

1
2
4
a*—16 b*—-16 c*—16 16

=—(a—2(b—-2)(c—2)A

where
1 1 1
A= a+?2 b+ 2 c+2

a®+2a’+4a+8 b3+2b>+4b+8 3 +2c*+4c+8

Usingcy = ¢; — ¢3,C5 = €3 — C3,Cp = 3 we get
A= (a—)(b - ),
0 0

1
1 1 c+2

a?+c?+ac+2(a+c)+4 b*+c?+bc+2(b+c)+4 c3+2c*+4c+8
A=(@a—c)b—0o)[b*+c*+bc+2(b+c)+4—a?—c*—ac—2(a+c)—4]
=(a@a-cb-c)b—-a)la+b+c+2)
A=—(a—-20b—-2)(c—2)(a—c)b—c)(b—a)(a+b+c+2)

A=0=>a=20rb=20rc=20ra=borb=corc=a

A2=

>x=40orx=8orx=00rx=1; So,x € {0,1,4,8}
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1.50 Solve for complex numbers:
3x6 —9x5 + 18x* —21x3 4+ 1522 —6x+1=0
Solution:

3x% —9x% + 18x* — 21x3 +15x2 —6x+1 =0
1
x6—3x5+6x4—7x3+5x2—2x+§=0
For: (x> —=x+a)(x?> —x + b)(x?> —x + ¢) = 0 we have:
x=3x°+(@a+b+c+33)x*—QRa+2b+2c+ 1)x® -
—(a+b+c+ab+bc+ca)x? + (ab+ bc + ca)x +abc =0

3abc =1
=) at+tb+c=3
ab+ bc+ ca =2

363 -9a’+6a—-1=03@-1°*-3(e-1)-1=0

a-1=w 3 3 1 w=s+r
— 3w’ -3w—-1=0w —W+§=0=

1
s3+r3+(35r+1)w+§=0

1
sS+r3—-=0

(
4' = 27153
\ 3

34+ V-3 w=s+r
—_—

27s®—9s3 +1=0=>s3=
s s s 8
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( _*3+V-3  3[3-v-3
W= "1 Tt 18
) < \/_><3+\/_> <1+\/—_3><3—\/—_3>§
Wy =
2 18
_(-1++-3 % 1+v/-3 3+\/—_3%
= () ) - () ()
a1:W1+1
{a2:W2+1
az=ws +1

let:ay =a; a, =b; a3 =c=
(2 —x+w + D2 —x+w, + D2 —x+w; +1) =0

a = 2.1371580426 ...
b =0.25777280103 ...
¢ = 0.60506915636 ...

(x? — x + 2.1371580426 ... ) (x* — x + .25777280103 .. )(x* —x + ¢
=.60506915636...) =0
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FUNCTIONAL EQUATIONS

2.1 Determine all functions f with the following property: They are
defined for all real numbers except i and — i, and for each of those

real numbers the equality

f ( 1 ) + f(x) = x holds.

1-3x
Germany NMO
Solution:
<x+1) () = v il . 1
f 1 + f(x) = x; Vx 3% 3
x+1
x+1 1-3c 1 (x+1) x+1=>
- = f| ——— =
¥ U103 ) 1-3x)  1-3x
1-—3x
x-1 x+1 x+1
f(3x+1) +f(1—3x) - (1)
x—1
_)x—1:f xr1T 1 N (x—l)zx—l:
3x+1 1_3(X+1) 3x+1/ 3x+1
3x+1

-1
= f+ £ (55 =3a1 @
From hypothesis and (1) and (2) =

F(35) +rw =

(
4 x—1 (x+1)_x+1
f 3x+1 +f 1-3x) 1-3x

| x—1 x—1
\ f(x)+f(3x+1):3x+1

@2<f(x)+f<1x—+31x)+f(;x_+11)>=x+1x—+31x+;x111
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ﬁf@0+f(fj;)+f<;;i)_%( ff;;:iii)

(x—l) (x+1) x+1
f3x+1 1-—3x 1—3x

1( +x+1 +x+1) x+1
T 3x T3x+1) 1-3x"

2.2 Find all continuous functions f: R — R such that:
f(x) + f(3x) + f(9x) = 91x% + 26x + 3
Solution:
f) +fBx) + f(9x) =91x% + 26x +3 (3)

Put g(x) = f(x) — x* — 2x — 1. We have
(1)=2g(x)+x>+2x+1+gBx)+9x2 +6x+1+g(9x) +81x2 +18x+ 1 =
=91x2 +26x +3=>gx) +g(Bx) +g(Ox) =0 (2)

Put x — 3x, we have (2)= g(3x) + g(9x) + g(27x) = 0(3)

(2)and (3) = g(x) = g(27x) (4)

Putx - :—7, we have (4)=> g(x) = g (;—7) (5)

Put x - 2"—7, we have (5) = g (;—7) =9 (L)

272

Similarly, we have g(x) = g (;—7) =g (Zx?) =-=g (27n) vn € N.

X
27

The sequence (u,) such that ug = x,Up4q =
We have lim,_,, o u, =0
We have g(uo) = g(uy) = - = g(u,) = gluy, + 1) = - = g(limy,c, u,) = g(0)
Putx — 0, we have (2)=>3g(0) =0=>g(0)=0=>g(x) =0Vx€ER
So, f(x) =x*+2x+1 Vx€R
We have (1) = x> + 2x + 1 +9x%? + 6x + 1+ 81x? + 18x + 1 = 91x? +

26x + 3 (True)
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Therefore f(x) = x> +2x+1 Vx €R

2.3 Find all continuous functions:
fFROR (X)) - f(®) = (* +xy+y)f(x —y),Vx,y €ER
Solution:
Consider a continuous function f satisfying the proposed property. Let P(x,y)
be the property f (x®) — f(y®) = (x* + xy + y*)f (x — )
From P(1,1) we conclude that f(0) = 0.
From P(x,0) we conclude that f (x3) = x?f(x) for every x
From P(tx, x) for x # 0 we get
t2f(tx) — f) =2+t +DF(E-Dx) (1)
Which is also true when x = 0 according to the first point.
Setting t = 0in (1) we conclude that f is odd.
Setting t = 2 in (1) we conclude that f(2x) = 2f (x) for all x.
Now suppose that f (nx) = nf (x) for some positive integer n and for all x.
Applying (1) witht = n + 1 we get
n+ D2 ((n+Dx) = f(x) + M +3n+ Dnf(x) = (n+ 1)3f(x)
that is f((n + 1)x) = (n + 1)f(x) for all x. Thus, since f is odd, we have
proved that
Vx € R, Vn € Z, f (nx) = nf (x) (2)
Applying (2) with positive n and% instead of x we get also

Vx ER Vn € N*,f(%) = %f(x) (3)
Combining (2) and (3) we get forn € N*,m € Z and x € R the following

1

F(2x) =20 =2f00 @)
Thus f(r) = f()r for all v € Q. Now, the continuity of f shows that
f(x) = f(x for all real x.
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Conversely, any function of the form x — ax satisfies the proposed functional
equation.
2.4 Find all continuous functions f: R — (0, ) such that:
fOf2x)f(4x) =2*,vxeR
Solution:
fOOf(2x)f(4x) = 2%, vx ER
f (2x)f(4x)f(8x) 2%~
T F@f@of@n) | 2
X, x X

=:ﬂm=z%(§=2%2§fga=2??§3(%)

fQRx)f(4x)f(8x) =

=2*= f(8x) =2"f(x) =

flx) = 2§+siz+s%+"'+sinf (8%) = Zg(l_(%)n)f (;C_n) Taking limit as n — oo we

get f(x) = 2§f (0) [ f is continuous].
Also, f(x)f(2x)f(4x) = 2* = f(0)f(0)f(0) =1 = f(0) = 1. Thus,

f@=2

2.5 Find all continuous functions: f, g, h: R — R such that:

X+ xX)+h
f( y>:g( ) (y),Vx’yeR
2 2
Solution:
Let'ssety = 0: f (E) = M = g(x) =2f (g) =h(0) (1)

setx = 0:f (3) = “’“’””%Mw—z ®)-90 2
Using (1), (2) we have: f(u) () (%) h(o)+g(o)

fla+b)=f(a)+ f(b) — Mwhere a:;,b:%,a,b € R. Now let’s set

k(a) = f(a) — M. Then k(a + b) = k(a) + k(b),Ya,b € R. Sok isa

Cauchy function and continuos. So k(x) = cx,c E R =
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= f(x) = cx—w,‘v’x € Rand

g(x) = cx — h(0) _w -
B0, BOHO

and similarly these functions satisfy the equation.

=>g(x) =cx

2.6 Find all continuous functions f: R — R such that:
f) +f) +x*y+xy? = f(x+y),Vx,y €R
Solution:

3 3
F@+FO) = fa+ M) =1y +9) = f@) =T+ f0) 5= flx+7) =
x3 y

=L Ly > fO S+ fO) -5 = fE+) =56+ ()

Now, let g(x) = f(x) — g,g continuous (2)
From (1)+(2)=> g(x) + g(y) = g(x +y) = g(x) = ax,a € R (3) (from

3 3
Cauchy equation). From (2)+(3) = f(x) — x? =ax = f(x) = x? + ax

2.7 Find all function f: R — R satisfying:
fx+ny?) >+ D" f(x),vx,yE R,1<neN
Solution:

Setx=x—ny=1= f(x) =0,Vx € R(*)

Lety:%:f(x+%) > (1 +%)nf(x),‘v’x ER (1)

Set:x:=x+%:>f(x+%)2(1+%)nf(x+%),‘v’x€]l% (2)

,(2) 2 1\%"
> f(x+;) > (1 +;) f(x),vx e R
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) . k 1\kn
By induction we have:f (x + ;) > (1 + ;) f(x),vx e RkeN

letk=n=f(x+1) = (1 +%)n f(x),vx eR (3)

Suppose exists x, € R such that f(xy) # 0 = f(x,) > 0 (because (*)).

From (3) we let n from to oo

nZ

_ 1 , 1" N
Foo+ 0> tim (1+2) 16w = fim |(143) | £ = e = 4o

But f (ty + 1) is real number = contradiction = f(x) = 0,Vx € R.

2.8 Find all functions f: R — R continuous in x = 0 such that:
f(2018x) = f(2019)x + x?
Solution:

More general: 1 < a < b = f(ax) = f(bx) + x?, lethx =t >x =-=

t
b

f( ) f(t)+—t2 now;=af1,ae(0,1)=>

flat) - f(t)——t2
f(a?t) — f(at)——a t? (

flam™) — f(a”‘lt) _ ﬁaz(n—l)tz

fl@*t) = f() =33 ~ (14 a ot a2 D)

at —1

11m f(ant) f@) = llm —1:2 pra]

=

f(%iﬁn;a"t) f(@) _—1:2 T

2 2

FO) =0 = 55— = O~ F() =
1=32

— a?
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£2
(b—a)(b+a)

Letf(0)=c=>f({t)=c—

2
Inourcasea = 2018,b = 2019. f(x) =c¢ -
4037

2.9 Find all ROLLE functions f: [0, 1] — R such that:

2019
f(0)=f1)= 2018
2017f'(x) + 2018f(x) < 2019,vx € (0,1)
Solution:
, , 2018 2019
2017f (x) + 2018f(x) <2019>f (x) +mf(x) < m

2018x

Multiplying both sides by e 2017 to obtain:

2019 2018x  ( [ 2018x 2019
2017 B — 2017 e — <
e = x [e (f () 2018)] <0

2018x

%[e o f(x)] = 2017

2018x
= F(x) = e 2017 (f(x) - %) decreases on [0,1]
ButF(0)=F(1) =0

=~ F(x) must be constant on [0,1]

=>F(x)=F(0)=0>= f(x) :%,Vx € [0,1]

2.10 Find all functions f: R — (0, eo) such that Vx,y € R:

2(F(0) + FO)) (F2(0) + F2(0) + 3F(0) + 3f () =
=3(f()+3)FO) +3)FX) + f(y) — 2)
Solution:
Let x = y and put f(x) =t > 0. Equation gives us:
2+ 0)(? +t2+3t+3t) =3t +3)t +3)(t+t—2)
=20t +3)=3t+3)2Q2t-2)=4t>=3(t+3)(t—-1)
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24t2 =3(t*+2t—-3)=2t>—-6t+9=0
= (t—3)2=0>t=3.Thus, f(x) =3Vx€ER

2.11 Let a, B > 0. Find all functions f: R — R such that:
a

2
-xy,Vx,y ER
ﬂ) Yy y

FOOfG) = fx +) + (
Solution:

FOFO) = fa+ ) +(8) xy (7

f(@=0

In(*), weputx =y =0 - (f(O))2 =f(0) & [f(O) _1

f(@ =0

() 2
lety=0- f(x) =0~ (%) xy = 0 (contrary)

f0)=1

Withf(g) =0, lety =§(j:f(x+§) = —%xef(x) = —%x+1
Withf(—g) =0,lety = —g(j:f(x—g) :%xef(x) =%x+1

Solution: f(x) = —%x +1lorf(x) = %x +1

2.12 Find all functions f: R — R that satisfy:

2019
2020

20 -2 =fx+y) + xy,Vx,y € R

Solution:

Let @®> = 2019, 8% = 2020
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26 20 = fa 4 +(8) o @)

In(1) weput:x =y =0 - f*(0) = f(0) > [;83 zg

Case: f(0) =0
2
In(1)weput:x=0- f(x) =0 - (%) -xy = 0,Vx (contrary)

Case: f(0) =1

B =
n(@)weputx =5y ==L f2(8) 72 (-£) =0~ lff((_“g) =00

a

f(g)=O.In(l)weput:y:§—>f(x+§)+%x:0_,

a B a 2019
f&) =E(x_E)=Ex_1: /2020’5_1

f(_g) =0.In(1)weput:y = _g

%f(x—%)—%x=0—>f(x)=%(x+§)=%x+1=\/ﬁx+1

We check two case |: don’t satisfy. No solution.

2.13 Let a, B > 0. Find all functions f: R — R such that:
[ fO) = fxty) + 5 x Y yxyeR
Solution:
f@ - fO)=fa+y)+5-x%yF (%)

fx) =0
f(x) = £(0)

Case: f(x) =0.In(*), welety = 1: f2(x + 1) = —%-x“,Vx ER

In(*), weputy = 0: f(x) - f(0) = f2(x) &
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It is false because we choose x =1 - f2(2) = — % (contrary)— No solution.
Case: f(x) = f(0) = ¢ (const)
From (*) we have: c - ¢ = ¢? + % x%yP o % -x%-yB =0 (contrary)-
No solution.
2.14 Let a, B > 0. Find all functions f: R — R satisfying the following
relationship:
flax+ By) - f(Bx+ay)=f(x+y)+af -xy,Vx,y ER

Solution:

flax+By) - f(Bx+ay)=f(x+y)+af-xy (*)Vx,y €ER

f(0) =0

In(*)weput:x =y =0 f2(0) = f(0) & [f(o) =1

Case: f(0) = 0. In (*) we let:

)’=—Ex—>0=f<x—§x)+aﬁ-x-(—§x)ﬁf(a_ﬁx)=ﬁ’2x2

a a

If & = B then f(0) = a?x? & 0 = a®x? (contrary)

Ifa + thenf(%x) = B2x?

x? = (%)2 x?

o?
(a — p)?
But:

- f() =p*-

Deg of LHS(,) = 4 > 2 = deg of RHS(,) — No solution.
Case: f(0) = 1. In (*) we let:

y:—gxef(ax—ﬁ'gx)-l=f(x—§x)+aﬁ'x'(_§x)

52

a

Ifa =B then1=1-p?x* & 0 = B2x? (contrary)
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If a #  then we put x = ﬁx —>f((oc +ﬁ)x) =f(1) _ (%)sz

1= 10 () () = - ()
Butf(0)=1-f(0)=f(1) =1

2 2
Hence:f(x)=1—( ap ) x2—>f(1)=1—( af ) # 1 - No solution.

aZ_BZ aZ_ﬁZ
Answer: No solution.

2.15 Find all functions f: R — R such that:

fxy+x) - flxy—x) = f(xy) +@xy,‘v’x,y eER

2020
Solution:
flxy+x) flxy—x) = flxy) + %xy (*)
0)=0
In(*)welet:x =y =0 - f2(0) = f(0) » )
Case: f(0) =0
In(*)welet:y =1- f(2x) - f(0) = f(x) +%x - flx) = —%x
. 2019 2019 2019 2019
We check in (*): ~020 (xy + x) rord (xy —x) = 5020 XY T 5050 XY, VXY
2019\*
it U 2 _.2) _
o (Sa35) - @) =x) = 0,vx,y
(This is contrary) — No solution
Case: f(0) =1
In(*)welet:y =1- f(2x) - f(0) = f(x) +%x - f(2x) = f(x) +%x
22 (x)+2019 x+x2+ +x"
N — J— | - — ves -
F20=1{z) * 2020\2 * 22 on

x 2019 x (g)n—l
=f(z—n)+ms<—;_1> )

Suppose: f —continuous in x = 0
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2019 x 0-1 X
In(l)we/etn—>+°<>.f(2x)—f(0)+ﬁ~?,2_cj—1—g

We also check in (*) — contrary — No solution.
2.16 Find all functions f: R — R such that:
fPx+y) = fx) - f(y) +2019x%y* Vx,y € R
Solution:
F(f) = F(f2x —x)) = f(2x) f(—x) + 8076x*
Moreover f(f(x)) = f(x)f(0)
f(F20) = fF(f(x +2) = f(x)? +2019x* = f(2x)f (0)
and f(£(0)) = f(f(x — x)) = F)f(—x) +2019x*. As f(f(x)) =
fGOf(0)
hence f(x)f(0) = f(2x) f (—x) + 8076x* multiplying each member by f(0)
we have:
f)f(0)2 = f2x)f(0)f(—x) +8076x*f(0)
f)f(0)? = (f(x)? +2019x*) f(—x) + 8076x*£(0)
FOF0)2 = FO)fF()f(—=x) +2019x*f(—x) + 8076x*£(0)
FOOF(0)? = FO)(F(F(0)) —2019x* + 2019x* f(—x) + 8076x* £(0)
F(£(0)) = £(0)? 50 2019x*f (x) = 2019x*f(—x) + 8076x*£(0),Vx € R
and f (x) = f(—x) + 4f(0),Vx € R we deduce f(—x) = f(x) + 4f(0) then
£(0) = 0. Finally: 0 = £(£(0)) = £(0)? = f(x)? + 2019x*. No solution.

2.17 Find all continuous functions f: R — R such that:

f(0) =%.f(5x)—f(x) =x,VxeR

Solution:

f60 - f0=x=f@-f(3)=5=rE)-f(5)=-5=
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k=1
YR
X n
f(x)—f(g)—x-S%S_l
11,
lim <f(x)—f(5—n)>=rlli_r)1;<x.5(l_1 ))
_x+1

2.18 Let a > 0. Find all functions f:[0; 1] —» R such that:
flax+y) = af?(x) —2020-x* -tV vx,y € [0,1]
Solution:
flax+v) = af2(x) — 2020 - x% - Vo . (%)

f()=0
In(*)putx =y =0€[0;1] = f(0) = af?(0) > 1

Fo) =2

Case: f(0) = 0. In (*) we let:
x=0> f(y) =af?(0) —2020'0"‘)1‘/a = f(y)=0= f(x) =0,vx,y € [0,1]
Checking:
0=a-O—ZOZO-x“-yﬁ:>—2020-x“-y‘/5=0; vx,y € [0,1]
if x =y =0= —2020 = 0 which is contrary.

No solution.

Case: f(0) = %
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1 1

I let:tx =0=f(y) =af2(0) =a-—=—

n (x) we let: x f) =af*(0) @ =
Checking:

1 1
o= a-a— 2020 - x* -y‘/E = —2020 - x% -y‘/a =0,Vx,y € [0,1]
if x =y =1= —2020 = 0 which is contrary. No solution.

2.19 Let a > b > 0. Find all functions ¢: R — R such that:
a-@(bx*) =b- @*(ay) + x2019x2020 yx y € R

Solution:
a-p(bx?) =b-¢?*(ay) + x2019x2020 (*)
In(*)put x =y =0-a-¢(0) =b-<p2(0)—>{(p(0)i2
¢(0) = >
(i) Case: @(0) =0,in(*)put x =0 - b-p?(y) =0,
VyER - ¢(y) =0,Vx ER

Check:a-0=b-0+ %xzow - 2020 %-x2°19y2°2° = 0 (contrary) = no

solution.

(ii) Case: (p(O)— Lin (*)putx =0 - a- ——b 0% (ay) - ¢? (ay)———>

q ¥=% a
~
play) =1—- = o) =+—
b b
Check:

a a a’  a_2019,2020 2019..2020
<P(x):g_’a'g:b'ﬁ+3x x —>bx x = 0 (contrary) = no
solution
2 2

a a a’ a
=3, % _p. % % 20192020
o) =—3 b 2 b
2
- 2L = 25201952020 _, 94 — 5201952020 contrgry.. no solution

b b
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2.20 Find m, n € N* such that x* — x + 3 divide
(x+2)"—(x%2+2)", xeR.

Solution:

We have (x +2)™ — (x> +2)" = (x> —x + 3).Q(x) (1)

Putx = 1+l\/_ , we have (1) = (5+im)m = (_HTl\/ﬁ)n (2)
Put x = = 12\/_ we have (1) = (5 l;/_) ( 1= l\/_)n (3)
2 e hve (Y o (ST () ()

Put a is the angle satisfy cos a = _—5 andsina = \gﬁ
We have (4) = cos(2ma) + i - sin(2ma) = cos(na) + i - sin(na)

{cos(Zma) = cos(na) (5)
sin(2ma) = sin(na) (6)

2ma = na + k21 (7)
We have (5) = [Zma = —na + k2 (8)

Lemma: /f% is a rational number, we have cos § € {il; + %}
Prove
We have = is a rational number = B = rr (r € Q)

With De Moivre’s Formula we deduce that cosrm + i - sinrm and cosrm — i -
sinrm are algebraic integers = 2 cos rm is an algebraic integer.
But2cosrm € Q = 2cosrm € Z
Now from —2 < 2cosrm < 2sowe have 2cosrm € {—2; —1;0;1;2 }
orcosf € {il; i%}

We have:

(7)=>(2m—n)a=k27r=>2m—n=0(since§€1): 2m=n (9)
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We have:
B> C2m+n)a=k2r=>2m+n=0 (sinceg el)=-2m=n (10)
We have:
(10) = —sin(na) = sin(na) = sin(na) =0>na=q2n(q€Z)=>n=0
(sinceg € 1) (Absurd)
We have (9) = sin(na) = sin(na) (True)

Therefore with 2m = n, x* — x + 3 divide (x + 2)™ — (x> + 2)",x € R
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SYSTEMS

3.1 Solve for real numbers:

22+ .y +12 =/y2 +60
y2 +/22 + 12 =+/22 + 60
22 +/x2 +12 = /x2 + 60
Proposed at Spanish-TST

Solution:

Find all x,y, z € R satisfying:

x? +.y2+12 =./y2+60 - (a)

y2 +Vz2 +12 =Vz2 + 60 - (b)

z?2 +Vx2 +12 =Vx2 + 60 - (c)
VaZz +60 —Va?+12 >or<4 Va2 +60 >or< 4 ++Va? + 12
©a’+60>0r<16+a’+12+8Va2+12 e 4>o0r<Va?+12

©16>o0r<a’?+12 < a’<or>4

~Vaz+60—Va2+12>4©a’><4- (1)

andVa?+60—-Va2+12<4oa’>>4- (2)

Let us assume x* > 4 - (a) = \/yz + 60 —\/y2 +12 > 4= y?2 <4 (by(1)

(b)) =>Vz2 +60—Vz2 +12< 4> 2% > 4 (by (2))

s (c) = Vx? + 60 —Vx2 + 12 > 4 = x% < 4 (by (1)), thus leading to a
condition. Hence, x*> #* 4 — (i)
Similarly, if we assume x? < 4, we shall obtain x* > 4, this again leading
to a contradiction. Hence x? < 4 — (ii)
(i), (ii)=> x*> =4 o (c)=>z2 =4~ (b)=> y? = 4

x =2 x =2 x =2 x =2 x=-2 X =-2 x=-2 x=-2
z=2 z=-2 z=2 z=-2 z=2 z=-2 =2

z z=-2
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are all possible solutions.
3.2 Solve for real numbers:
abc>0
abc=1
a*b + b*c + c*a=ab + bc + ca

Solution:

a* b* c* Bergstrom (qZ 4 h% 4 ¢?)
a*b + b*c + c* a——+—+— > —_—
ab bc ac +ab + bc

(ac+bc+ab)?
> >
ey 2t bc+ab (1)
(a? + b? + ¢?)
ac + ab + bc

= ac+ab + bc > a? + b? + c¢?, but (1)

ab + bc + ca = a*b + b*c + c*a >

=>a’*+b*+c*>ac+ab+bc>
= a’*+b%*+c*=ab+ac+bc
“=?q=b=c=2>abc=1=2a*=1a=1b=1c=1
(a,b,c) = (1,1,1)
3.3 Solve for real numbers:

x,y,z>0
x+e¥Y+lnz=1+e

e () + e () 0 () = (G3) a2 () + 00 ()

Solution:

In2 (g)—ln (xy)+1 Z(z) In? (23) + In’ (;)
[ln (g)—ln (’ZC—Z)] [ln (;)+ln )] [ Z)~In (z—f)] [1n +In ]+
+[n(5) - )] [m ()““ )| =0
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Z2 x2 x2 yZ yZ ZZ
=>ln—z-ln—2+ln—2~ln—2+ln—2~ln—2= 0
y z z X X y

zZ x x _y y z
= ln1,4<1n—1n—+ln—~ln—+ln—ln—) =0=1Inl
y z z  x x y
X X
mZ mEsmE mZ+mZ - mZ=o0
y  z z  x x y

Let:ln%= a,ln§=ﬁ,ln§:y=>ﬁy+ya+aﬁ =0

buta+ﬁ+y=1n(§+ln§+ln§)=ln%=ln1=0

xyz

Sa+pf+y=02=2a*+p2+y*+2@B+ay+Pfy)=0=1

Z X
a2+32+y2=0:a=ﬁ=y:0=>]nz=ln—=1n—=0
x y oz

sSx=y=z=>x+e*+lnx=1+ebute>1= f(x) =x+e*+Inx

f has unique solutionx = y=>x=y=z=1.

3.4 Three different nonzero real numbers a, b, c satisfy the equations:

+2—b+2— +2— eER
Ty c ¢TaThPP

Prove that: abc + 2p = 0
Proposed as subject- Argentina NMO

Solution:

2P bp—ab2 2 cp—bc&a2 L ap—ca,(1)+(2)+(3)=6=p(Ea)—
Yab (a)

Al 2 (4) 2 (5) 2 (6)

SO;; - p_a;; =p—- ;E =p—c

(4)  (5) x (6) = —— = p® — p*(Ra) + p(Lab) — abc = p* —p(pLa —
Y ab) — abc

by (a) .
(bz) P3_6p—abc,(1)-(2)=>0=p(b—c)+b(c—a):ﬁ=_§ (7)
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(2)_(3)=’0=P(C—a)+6(a—b):>%(i)_2

Cc

(3)=(1)=0=pla=b)+alb-c) == =7 (9

(7)% (8) X (9) = 1 = L = abc = —p* (c)

(c) = (b) becomes:_ip3= 2p3 —6p=>p®—3p*+4=0.letp® =t
Then, t3 —3t?+4=0=>(t—2)’(t+1) =0
>t=2(t#*—-last=p?2=20)=>p?=2=>p?2-p=2p=>p3=2p>
p3 +abc = 2p +abc = 0 =2p + abc (by(c))

3.5 Find x € R such that:

{(tanx)“’sx €EZ
(cotx)S"* e 7

Solution:
As (tan x)cosx — ecosxln(tanx) and (COtx)Sinx — esinxln(cotx)
We get (tan x)°S* and (cotx)S™* are defined when
tanx > 0 and cotx > 0i.e. when x lies in the first and the third quadrant.

Also,for0 < x<1,0<a<10<x%<1.

1
For0 <x< %,0 <tanx < 1,—2 <cosx<1=>0< (tanx)°s* <1
1 . i
For%< x < %,0 < cotx < 1,—2 <sinx<1=0< (cotx)s"* < 1
~for0<x < %, we have to just check up for x = %.
. . 1
Forx =7, tanx = cotx = 1, (tan x)°* = (cotx)S™"¥ = 1vz2 = 1.
51 1 .
Formr<x<—,1<cotx<owagnd——=<sinx<0
4 vz
sinx _ —sinx Pt 51 3r
= 0 < (cotx) = (tanx) < 1. Similarly, forT <x <=

0 < (tanx)®°S* < 1. For x = %n,(tanx)cosx = (cotx)S"¥ = 1,

Thus, general solution is x = nmt + %,n E 7.
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3.6 Fora,b € R, a # b solve the system:

3x+z=2y+a+b
3x2+3xz=y*+2(a+b)y+ab
x3 4+ 3x%z = (a + b)y? + 2aby
Solution:
3x+z=2y+a+b (D
3x2+3xz=vy%2+2(a+b)y+ab (2)
x3 4+ 3x%z = (a + b)y? + 2aby (3)

We have (1)=> a+b=3x+2z—2y (4)
Similarly, we have (2) = ab = 3x% + 3xz — y?> —2(a + b)y (5)and (3) =
= 2aby = x3 + 3x% — (a + b)y? (6)
(4) and (5) = ab = 3x? + 3xz — y? = 2y(3x + z — 2y) (7)
(4) and (6) = 2aby = x3 + 3x%? — y?(3x + z — 2y) (8)
(7) and (8) = 2y[3x?* + 3xz — y* — 2y(3x + z — 2y)] = x> + 3x% —
y2@Bx+z-2y) =
= x3 + 3x%z + 9xy? + 3y%z — 6x%y — 6xyz — 4y3 = 0
> x—y)2(kx—4y+32)=0>x=yorx—4y+3z=0
I)x=y
Wehave(1)=3x+z=2x+a+b>x=a+b—z
We have (2) = 3x?> + 3x(a+b —x) = x* + 2(a + b)x + ab =
>x>—(a+b)x+ab=0=>x—-a)x—b)=0=>x=aorx=>b
ll)x=a=>x=y=z
Wehave(l)=z=a+b—x=>z=a+b—a=b=(x,y,z) =(a,ab)
12)x=b=>x=y=b
Wehave(l)=z=a+b—x=>z=a+b—-b=a=(x,y,z) =(b,b,a)

2)x—4y+32=0=>z=4y3_x

Wehave(1)=>3x+4yT_x=2y+a+b:x=%(a+b)
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We have (2) = 3x% + x(4y —x) = y2 + 2(a+ b) + ab = 2x? + 4xy =

2y+3(a+b)2 2y +3(a+b)
— =8 +4y~—8 =

=y2+2(a+b)y+ab=>2<

1 1 9
=y2+2(a+b)y+ab=>§y2—gy(a+b)+3—2(a+b)2—ab=0

1 1 1 1
Zv2_ 24 - 2 _ op
=37 8y(a+b)+32(a+b) +4(a+b) ab=0=

1 b 2 —p)2
:E(y_%) +¥=O=>a:b(Absurd)

So the system has 2 roots: (x,y,z) = (a,a,b) and (x,y,z) = (b,b,a)

3.7 Solve for real positive numbers:

|{27 x2 +l 2 l 2 l — 3
4 ( y2><y +Zz)(z +x2)—8(x+y+z)
Ik x+y+z=i
Xyz
Solution:

1 1 1\ 3
mj(xz P D)ot 2) (e 1) Doty

@ 1
xX+y+z=—
xyz

LHS of (1) = 362—3]72\/(9623/2 + 1)(y%z%2 + 1)(z%x% + 1)

@ 27
T xyz

Vix2y? + xyz(x + y + 2)Hy?22 + xyz(x + y + 2)}{z2x2 + xyz(x + y + 2)}
(v 1=xyz(x +y+2))
(b)
Now, x?y? + xyz(x + y+ z) = xy(xy + zx + yz + z%) = xy(y + 2)(z + x)

(o)
Similarly, y?z% + xyz(x + y + z) = yz(x +y)(z+x) &
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. (d)
z°x* +xyz(x+y+2z) = zx(x+y)ly + 2)

(a), (b), (c), (d) = LHS © 27(x +y)(y + z)(z + x)

Now, x=2{x+»+ G +2) +@+x} = Y@+ N0 +2E +x)
> (22x)3 >27x+y)y+2)(z +x)

3 (if)
=8 (Z x) > 27(x+y)y+2)(z+x)
(i), (i) = RHS of (1) = LHS of (1), with equality occuring when x =y = z.
ButLHSof (1) =RHSof (1) " x =y =2z

) 1 1
= using (2), 3x=;=>x4=§:>x=

5l

= only possible solution is: (x,y,z) = (%,%,%) (answer)
3.8 Solve for real numbers:

{ 2Y+22+tan"1z=9
|3sinx —4cosx| =y? — 6y + 14
Solution:

- we know that
—mgacosx+bsinxS\/az—+bZ:>—\/m
< 351nx—4cosxS\/?,Z—-l-ll2
= —5<3sinx —4cosx <5=0<|3sinx—4cosx| <5
|3sinx —4cosx| =y? — 6y + 14
|3sinx —4cosx| =(y—3)2+5= LHS <5RHS >5= LHS =RHS =5
>(@y-32=0=>y=3

3 4
|3sinx —4cosx| =5 = 3sinx —4cosx = +5 :gsinx—gcosx =+1

S sinx — 2 cosx = +1
5Sll’l)C 5COS)C—_
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sin(x — a) = sin(i%),tana =§:>x—a =nm + ()" (ig)

T 4
x=nm+ (1" (E) +tan~?! (3),n €l

Now, 2¥ + 22 +tan"'z=9:.y=3=>8+2%+tan 1z =9 > 27

tan"lz=1
leth(z) =27 +tan~1z — 1;b'(2) = 2%In2 + —

2> 0=>b(2)>0=b(2)
is increasing function. So, b(z) can have atmost one root - b(0) =0=>2z=0

is the only possible solution.

T 4
x=nw+ (D" (E) + tan! (3),11 el

y=3

z=0
3.9 Solve the following system:

( x"’+y"’+z‘3+u‘3=—56
12w
(xy)€ + (x2)¢ + (xuw)€ + (y2)°¢ + (yw)® + (z2t)¢ =
3

1212
(xyz)€ + (xyuw)® + (xzw)® + (yzu)¢ = 56
1273
1
\ (xyzu)® = pry
Solution:

Lettx® = a,my® = b,mz® =c,mu® =d

This system of equations reduces to

rz _56
=12
Z b_89
AR
Z b _56

aC—12

\ abcd =1

Let us create a biquadratic equation in which a, b, c, d are its roots.
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t* (56) t3+ (89) t2 (56) t+1=0
12 12 12 -
12t* — 56t3 4+ 89t%2 =56t +12 =10

Dividing throughout by t?> (- t # 0) = 12t> — 56t + 89 — % + 1—3 =0

1 1
=>12<t2+—2)—56<t+—)+89=0
t t

1\2 1
=12 <t+z) -2 —56(t+?)+89=0

=>12(t+%)2—56(t+1)+65=0 Letk=(t+%)

t+-=2 202 -5t4+2=0,t=2,~
t 2 2

Ort+%=1—63,6t2—13t+6=0

o~

1]
TR
Wl N
Y

I
~
N| —
N W
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Note: Since (x,y, z, u) are symmetric in the given problem, so any combination

of the above set is possible for (x,y, z, u).

3.10
p
y—7<t 3m 4 si n)x
xY = an = sm7
{ 1
10¥* + 95
— =2019
1
L Ty
Solution:
3r  S8tan—

Denote: z = tan-= — 4 sinZ = tan % — 14
7 7 7 1+tan2a

as tan— = tan (E — 3—71) = cot 3—7T, thus
14 2 7 7
31 8cot3—n tn3 —7co t3
_ 7 _ 7 7
z = tan ~ - 37 37
1 + cot? va 1 + cot? va

Let ¢ =3—n='37t= 7¢ = 3¢ + 4¢ gives tan4¢ = —tan 3¢

3tan ¢ — tan® 4 tan ¢ (1 — tan?
? ¢ —tan(3¢p + ¢) = ¢( ¢)
1—3tan? ¢ — 6tan ¢ + tan* ¢
For the sake of convenience, let tan? ¢ = x, then: —— + 41-x) _

1-3x = 1-6x+x2

simplifying yields x3 — 21x% + 35x — 7 = 0, since x = tan? 377[ # 0, so, cubic

_n2
equation can be written as: x(x — 7)? = 7(x + 1)? = x(gcx_17))2 =7.
Replugging, we obtain that:

(2 =7|(v7)"
X
3T 8 cot— tan3Z—7 cot3—n
zZ =tan— — —=—7 7 =.[7. Hence, we have: { 1
7 1+cot? 1+cot2=— [ 10 2,
(s = 2019
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x 14y logx ..
Wenotey # 0;xY =714 = x = Wshowsx > 0 putting in the second
1
log 7~y<103’2+95>
equation we have: = 2019

14y2log x—log7

2019 is rational so, log x should be in the form of log 7* for a € N. We have

then:
a a-1
x=7%=14ay,vVa =2,y = 174—a = 72—a > 1 (by induction) and hence
1 4a? = _aa? P
32 = a9a1 < 1 which implies 10¥* = 102971 = 104 ¢ N, where p,q € Z* and

p<qas
4a? < 49%71,va > 2 (by induction) and being the g.c.d (p,q) = 1.

P
This shows that 104 € N ifand only if q|p but p < q and p, q are co-primes
integers so, q  p thus, only case we can haveisq =1 =491 = q =1,

which gives us

x=7y= % The required answer therefore is (x,y) = (7, %)

3.11 Solve for real numbers:
( sinx = cosy
j sin(x +y) sin(y +/xy) sin(/xy + x)
| |cos(x +y) cos(y +./xy) cos(/xy+x) =0
\|cos(x — y) cos(y — /xy) cos(/xy —x)
Solution:
sin(x+y) sin(y +./xy) sin(\/xy +x)
A [cos(x+y) cos(y+,/xy) cos(/xy+x)|=0
cos(x —y) cos(y —/xy) cos(\/xy —x)

I
sinx = cosy = sinx = sin(z—y)
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sin(x + y) = sinx cosy + siny cosx = cos?y +sin?y =1 (1)
~ sin®x = cos?y
1—cos?x =cos?y = cos?x=1—cos?y = cosx =siny
cos(x +y) = cosxcosy —sinxsiny =sinycosy —cosysiny =0 (2)
cos(x —y) =cosxcosy +sinxsiny = siny cosy + cosysiny =
2sinycosy =sin2y (3)
1 sin(y+,/xy) sin(/xy+x)
A=| 0 cos(y+,/xy) cos(/xy+x)|=0
sin2y cos(y —/xy) cos(\/xy —x)
We develop after the first column:
cos(y + /xy) - cos({/xy — x) — cos(y/xy + x) - cos(y — \/xy) +
+sin2y (sin(y + \/E) . cos(\/x_y + x) - sin(\/x_y + x) : cos(y + \/x_y)) =0=
=>cos(y+\/x_y)-cos(\/x_y—g+y)—cos(\/x_y+g—y)-cos(y—\/x_y)+
+sin2y (sin(y + \/x_y) - COS (\/x_y + g - y) — sin (\/x_y + g - y) . cos(y + \/x_y))
=0
cos(y +57) - sin(y + y5) = sin(y — y5) - cos(y — 5) +
+ sin 2y (sin(y + \/x_y) : sin(y - \/x_y) - cos(y - \/x_y) : cos(y + \/x_y)) =0>
R sin2 (y + \/H) 3 sin 2(y —\/W)
2 2

—sin2y (cos2y) = 0>

2sin2.,/xycos 2y )
= > —sin2ycos2y =0

cos 2y (sin2 \/E —sin2y) =

Casel:c052y=0:>2y=ig+2k7r:> - T
X:E—y E+Z_kn

Case ll:sin 2,/xy — sin2y = 0 = sin 2,/xy = sin2y = sin2,/xy =

_ y=0 sinx > 0
sin 2 y.y:{ng_l_zkﬂ,keN,becausexiy, y>0
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3.12 Solve in real numbers the system of equations:

x+y+z+t=0,
X +y?+ 22 +t2 =4,
xt+yt+zt et =4

(a) (b) (o)
Zx < O,sz = AL,Zx4 2 4

letx+y+z=0(x),x*+y%+ 2% =0(x?) and x* + y* + z* = o(x*)

Solution:

Now, a(x*) W 4 —t* and o(x?) @ 4 —t2
£ 00" 2 {0
n4—t2> §(4 — t2)2 (using (1), (2))= 12 — 3t* > 16 — 82 + t*
=>4t* -8t +4<0=>4(1t*-1)*<0
5t2-1=0~{#*-1)?2=20and (t*? - 1)?*<0)=>t?’=t*=1
o(x?) b;%) 3 and o(x*) by=(c) 3 (using (1), (2))

Again, o(x*) > g(a(xz))z e (v o(x?)=3)

= o(x*) > 3 with equalityatx = y = z and - a(x*) = 3 - equality occurs
Sx=y=z

Puttingx =y = zin (3), we get 3x? = 3

= x?2 =y2 =22 =t?=1and " Y x = 0 all possible solutions are:
X = x=1 x=1 x =-—1 x=-1 x=-1
y=1 y=-1}|(y=-1 y=1 y=1 y=-1
z==1'\z==1)'\z==1)'\ z=1 |'\z==-1)'\ z=1
t=-1 t=-1 t=-1 t=-1 t=1 t=1
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3.13 Solve for real numbers:

1<xyz<3

{( v )<1+1+1)_35
XY Ty 2) T3
k 3Y+log,z=3

Solution:
ifz € (1,3] then:z—z >0elog,z>0

ify € (1,3 then3” >3  (4)

So:3Y +log,z >3
Likewise, ifz € [1,3] vy € (1,3] and z € (1,3] vy € [1,3]
3 +log,z=3iffy=z=1

Then(x+y+z)(i+i+§)=§because(x+2)(§+2) ==

2 35 1 oo 1 10 3«
1+2x+—+4=—<:>2(x+—)=—<:>x+—=—<:>
X 3 X 3 X 3
©3x2-10x+3=0
18

X

_10+v100-4-9 10+8
B 2-3 6

(x,v,2) = (3,1,1)

3.14 Solve for real numbers:

{((mg(xy) +x)° = (log(xy) — x)* + (x ~log (g))s +(x+ 1og G))g

x¥+y*+z*=5
k x,y,z>0

Solution:
(a +b)2 - (a—b)%=2bBa?+b?) (¥
(a +b)2 + (a—b)3 =2a(a? +3b%) (**)
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First equation is equivalent with:

(log(xy) + x)3 — (log(xy) — x)3 = (x —log (;C_/))3 + (x + log (§)>3
)

()

X
2x(3log?(xy) + x%) = 2x (xz + 3log? (3—/))

“ u

log?(xy) = log? G) xy = ii (sign “—“ not accepted)
y =§<:>y = 1. Second equation: x + 1+ z* =5; x +z* =4
letx =a,a € (0,4) = z = Y4 — a. Conclusion:
Solution is (a, 1, Y4 — a),a € (0,4)

3.15 Solve for x,y,z > 0:

( 1
| x-y+z=5
43( . — )=2G+y+2)
|"\1+2x+4xy 1+2y+4yz 1+2z+4zx) XTyrz
k 8xyz =1
Solution:

Find all

@ (ii)
x,y,z>0|x—y+z=l,3( L + ! + ! )=22xand
2”7 \1+2x+4xy | 1+2y+4yz | 1+2z+4zx

(iii)

8xyz =1
8 1 1 1 1
v 8XyzZ = = = =
Y 1+2z+4zx 8xyz+2z+4zx 2z(1+ 2x + 4xy)
1 ® 1
= and
1+2z+4zx 2z(1+2x+4xy)
1 _ 1 _ 1 by (1) 1
142y+4yz  8xyz+2y+4yz  2y(142z+4zx) 4yz(1+2x+4xy)

. 1 @ 1
"1+ 2y+4yz 4yz(1+ 2x + 4xy)
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S22 3 (et et ) =

1+2x+4xy 1+2y+4yz 1+2z+4zx

1 1 1
=3( )
1+ 2x + 4xy + 4yz(1 + 2x + 4xy) + 2z(1+ 2x + 4xy)

- (144 )
~\1+42x + 4xy 4yz  2z)

=8 ( 3 )(L+1 +1)—
~ Y\ T+ 2x + 4y 4yz " 22) "

=\————]) (@8 2x + 4 =
<1+2x+4xy)(xyz+ x + 4xy)
—( 3 )U+2 +4xy) =3
—\1+ 2x + 4xy x Xy =
1 1 1 by (ii)
"'3< + + ):3 =
1+2x+4xy 1+4+2y+4yz 1+ 2z+4zx
(iv) 3
=22x=>x+y+z=§
) by (iii) (wi)
(V)+(i)=>2(z+x) =2>z+x = 1 (iv)-(v):y=% "= 4o 21

by (iv) by (iv)
V= zZ+x)?=12Z—-x)?+4z2x=1 = (z—x)?+4zx=1 =

(vii)
5(Z-x)2+1=1=20EZ—-x)?=0>z2 = x

(i), (vi)= 4x> =1=>2x+1)2x-1) =0=

1 by (vii) 1
= —(" >0 = =7 =—-
x=3 (v x ) x=z=g

nX=y=z= % (answer)
3.16 Solve for integers:
{ x+y+z=6
@y -+y*(z-0+z22(x—-y) =2
Solution:
@y —D+yHz -0 +220 - y)=xyx — y) — z(x + y)(x —
N+22x ==& -y -2)- 20 - 2)) =& - NG -
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Z)(x— z) =2

“(x — y),(y — z)and (x - z)are integers whose product = 2,

Case (1)

Case (2)

X

X

Case (3)|x

Case (4)

Case (5)

Case (6)

Case (7)

X

X

X

X

~ the following are all possible cases :
y=1ly —z=1landx —z=2=>y=x — landz

=x —2and “x+y+z=6,~x+x —1+x —2=6

>x=3.y=2andz=1

y=1ly —z=2andx —z=1=>x —y+y —z=3

= x — z=3=3=1- impossible

= no solution exists under this case

y=1ly —z=—=landx —z=—-2=2>x —y+y — z

=0=>x —z=0=0=—2 - impossible

= no solution exists under this case

y=1y —z=—=-2andx —z=—-1=2>y=x — landz

=x +1land “x+y+z=6,~x+x —1+x+1=6

:|x=2:.y=1andz=3|

y=2y—z=landx —z=1=>x —-y+y —z=3
=>x — z=3=3=1- impossible

= no solution exists under this case
y=2y—z=—landx —z=-1=>x —y+y — z
=1=2>x —z=1=1=—1- impossible

= no solution exists under this case
y=—-1ly—-—z=2andx —z=—-1=>x —y+y — z
=1=2>x —z=1=1=—1- impossible

= no solution exists under this case
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CaseB)|x —y=—-1y —z=—-2andx —z=1=>x —y+y — z

=—3=x —z=—3=—3=1- impossible

= no solution exists under this case

Case(9)|x —y=—-2,y —z=1landx —z=—-1=>y=x+2andz

=x+1land “x+y+z=6~x+x+2+x+1=6

>lx=1.y=3andz=2

Case |x —y=—2,y —z=—1landx —z=1=>x —y+y — z

=—3=x —z=—3=—3=1- impossible

= no solution exists under this case

~ all possible integer triplets of (x,y, z)satisfying

the 2 given equations are |(3,2,1), (2,1,3) and (1,3,2) | (answer)

3.17 Solve for x,y,z > 0:

1
x-ytz=35

1 1

!
-

Solution:

1+2x+4xy+1+2y+4yz+1+Zz+4zx

)=2(x+y+z)
8xyz=1

32 ! =2x+y+2)=
1+42x +4xy xTyva=

1 1 1
+

+
1+ 2x + 4xy 1+2y+4-% 1+2-%+4-%

( 1 4 2x 4 4xy )_
1+2x+4xy 2x+4xy+1 4dxy+1+2x)

31+2x+4xy 3= 2x+y+2) o 3
=3 = = = — —
1+ 2x + 4xy XTYTH=ATYTE=S
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1 1 1
x—y+z=5:>2y=1=>y=5=>x+2=1.8'§xz=1

1 t2—t+ 1 0 (t 1)2 0=t =t !
:> = - - -_ = _—— = :> = = —
XZ 4, 7 B > 1 5 >

1 1
=>x=z=E.So,x=y=z=E

3.18 Solve for x,y,z > 0:

( 4(xy+yz+2zx) =3

43( ! + ! + ! )—2( +y+2)
1+2x+4xy 1+2y+4yz 1+2z+4zx) 7Y%

k 8xyz =1

Solution:

3 3
Weknowthatx+y+2231/xyz<:)x+y+222

3 3 3 1+—+2z7
We also know that: = r=rTT1T<—%&
1+2x+axy  1+42x+- THT 5, 3
2x
1 1 1
=3( + + )g
1+2x+4xy 1+4+2+4yz 1+ 2z+4xz

1 1 1
3+ oy o2ty +2) _34342(x+y+2) _ 6+2(x+y+2)

< (1)

3 3 3

3
x+y+22§:>4(x+y+z)26:>6(x+y+z)26+2(x+y+z):>

6+2(x+y+z
N (x+y+2z)

. <2(x+vy+2z) (2

(1)::52) ( ! 1 : )SZ(x+y+z),
1+2x+4xy = 1+2y+4yz = 1+2z+4xz
but we know that:
3( ! + ! + ! )=2(x+y+z):>
1+2x+4xy 1+2y+4yz 1+2z+4xz
=>1=i=22=i=2x=l=2y:x=y=z=l
2x 2y 2z 2
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3.19 Solve for real numbers:

x,y,2>0
X+y+z+xyz=4
Vx+ y+Vz=x+y+z
Solution:

With x,y,z > 0 we have:

.C.S

B
x+y+z=1-Vx+1-Jy+1-vz < V3-x+y+z

> x+y+z<V3=2x+y+z<3 (¥

(x+y+2)3 (x+y+2)3
< - =7 < < 7 7
xyz < >7 >4<xyz+x+y+z< >7
©x+y+2)3+27(x+y+2)—108=>0

t=x+y+z>0
PEN t34+27t—108>0 (t—3)(t>+3t+36) >0

(,(+%)
stz3ex+y+z=23 (**) > x+y+z=3ex=y=z=1

+(x+y+2)

= (x;y;z) = (1;1; 1) (Answer)
3.20 Solve for x,y,z,t > O:

xt = 4e
x2+y? yr+z2 Z% + x?
=x+y+z
x+y y+z Z+x
tlosy = 4
Solution:
2 2
Forall a,b > 0 we have: ~ 7 ath (*)
a+b 2
e2@+b?)=>(a+b)?ea*-2ab+b*>0
e (a—b)?> >0 (true)
Equality & a= b
2 2 2 2 2 2
So, T XL I ST Y P Xty +z
x+y y+z Z+x 2 2 2

II=/I®x=y=Z
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t'°8Y = 4 = log(t'°8¥) = log(4)
= (logy)(logt) = log(4) = (log x)(logt) = log(4)

t=4 4e 4e
g t= ” = (logx) (logy) = log(4)

< (log x)(log(4e) —logx) = log(4)
< (logx)(1 + log(4) — log x) = log(4)

a=log

<=>xa(1+log(4)—a)—log(4) =0
o —-a’+a+(a@a—-1logd) =0 —ala—1) + (a —1)log(4) =0
S (a—1Jog(d) —a) =0 a=1ora =log(4)
(la=1=>x=y=z=e>t=¢

(*Ja=log(d) @>x=y=z=4>t=e

3.21 Solve for real numbers:

x=>0,y,zt>0,[x] — greatinteger function
4 [x](x—[xD+y+t=x*+2z
1 1 1 6 6 6
Gtz T o 32T e P 2 TGy 12

Solution:

AM—-GM
c+2+2=(+23+1+1 3 3Y(y+23 1-1=3(y+2)
Similary:
z+)3+2=23@z+tand (t+y)> +2=3(t+2)

6 6 6
+ +
+2)B34+2 (z+t)3+2 (t+y)3+2

2 2 2 101 1, 1,1 1y 1,1 1
< + + s—(—+—)+—(—+—)+—(—+—)
y+z z+t t+y 2\y z/ 2\z t 2\t vy
—1+1+1—‘P('W j * <1+1v >0)
= t s = Weusing: —— < — ik a, B
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y:z:t

1
y+z=z+t=t+y=1ﬁy:z:t:§

Q=l1’<:){

y=z=t
-

[xX]x=[xD+y+t=x2+2z = [x](x—[x])
=x2..(1);(x=0=[x] >0)
(D) & [xl{x} = ({(x} + [xD? & [x]{x} = ([xD? + 2[x]{x} + {x}?
& (xD? + [x]{x} + {(x)? =0
But:
[x] = 0; {x} = 0,equality for [x] ={x}=0=>x=0
So,

111
(x,y,2,t) = (O;E;E;E)
3.22 Solve for real numbers:

x3 +1log, x +log,y = 67
1 1 2 2
X xY.y\/x_y+x\/x_y.y\/x_y=ﬂxx+y.ym+ /yx+y.xm

Solution:

1 1 x+y 2 x+y 2
x VXY . y\/xy + xVxy . yvxy =x 2 - yx+y + y 2 - xx+y

1 1

1 1 1 1 x +
xC -y +x6-yS =xM . yM + yM . xM, M = Y

,G = /xy,M =G
eGln(x)+éln(y) + eéln(x)+Gln(y) — eMln(x)+%ln(y) +eM1n(y)+%ln(x) (*)

(*) satisfying when G = M
WhenG = M = 4 and x = 4,y = 4 then:

In(4) In(4)
@ | In@

S={(xy) =44}

From (*):

w3+ =64+2+1=67

eGln(x)+%ln(y) _ eMln(x)+%ln(y) — eMln(x)+%ln(y) _ eGln(y)+%ln(x)
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1
Suppose: f(t) = et MO ¢ 5

f'@) = <ln(x) - tizln(y)) ) etln(x)+%ln(y)

Ac¢, € |M, G| such that:

1

f(G)—fM) = <ln(x) o ln(y)> G - M)\
1

in a similarlly way:
Ac, € |G, M| such that:

fM) - £(G) = <ln(x) —Cizln(y)> M - G)J
2

b =

(ln(x) — C%ln(y)) (G—-—M)+ <ln(x) —%ln(y)) M-G)=0

1 2

(ln(x) — C%ln(y)) (G—M)— <ln(x) —%ln(y)) (G—-M)=0

1 2

[ln(x) — Clzln(y) —In(x) + Clzln(y)] (G-M)=0
1 2

1 1
<g—g>-1n(y><c—zw>=o
20

So:G—-M=0=G=M.

3.23 Solve for real numbers:

{ xt+ty+z+u=4

x2(x? — v?) + y?2(y? —v?) + v* = 22(v? — 2%) + u* (v* —u?)
Solution:

x* oyt 2t rut vt = (% +y? + 22 FuP)v? (%)

1 Am:_‘Gm 1
noxt +Zv4 > 2 |x* -Zv‘* = x2v?

1 Am;‘Gm
- y4- + Z.U4- > yZUZ
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4
x4+y4+z4+u4+zv4=(x2+y2+zz+u2)v2(:>

x*+yt+ 2t +ut vt = (% +y? + 22 +u?)v? = (H)true.

Equality © x%2 = y? = z2 = u? =Ev2 =a? (a>0)

= lxl =yl =zl = lul = a; [v| = aV2
clfx;yizzuz0=2x+y+z+u=4a=4=sa=1=
=>x=y=z=u=1;v=i\/§
> yzw=015151),v=14V2
clfx;y;zzu<0=2x+y+z+u<0<4

No solution.
. xy <0 {XZ<0 {xu<0 _
If{zu<00r yu<00r yz<0thenx+3’+Z+u—0<4=>

No solution.
elfx=>0;y=z=u<0(and cyclic)thenx+y+z+u=a—a—a—
a = 4= a = —2 =no solution.
elfx<0;y=z=u=2(and cyclic)thenx+y+z4+u=—a+a+a+
a=2a=4=
a=2:>x=—2;y:Z:u:2;v=iZ\/§
= (x;y;z;u) = (—=2; 2; 2; 2)(and cyclic),v = +24/2

3.24 Solve for complex numbers:
x7 y  z (x+y+2)
y30 T 730 T 330 T (45 1 5 1 25)6
x*—3y3-2z22-3y+1=0
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Solution:
x7+y7+z7 B x7 N y? N z7 Radon (x4 y 4 2)7
30 1 730 T 330 - (y5)6 " (z5)6 ' (x5)6 T (x5 +yS +25)6
Equality for
x y z
—_ = —_=—S X = y =Z
y z X

x€Zx*-3y3—-2z2-3y+1=0&
2 —4x+D*+x+1D) =0
X2 —4x+1=0=x,=2+3

-1+iV3

x2+x+1=0<:X3’4: 2

3.25 Solve for real numbers:
( x+y+z=11
{ yz + 36x zx + 36y xy + 36z

Xy -0z-20 ya-ya-y) G- -2)
k xyz = 36

Solution:
LletY.x =11 (1); [Ix=36 (3)
From second questions (+(1),(3)) we get:
B y?z® +36%
36(x —y)(z—x)

-36 H(x —y) =y322 —y223 + 36%y — 36%z + z3x* — z%x3 + 36%z —

—36%x + x3y% — x?y3 4+ 36%x — 36%y
—-36 H(x —y) =x222(z—x) + ¥}z + ) (z — x) —y*(z3 — x?)

-36] Joe-n=-C-00 -6 -Gy +yz+ 20

—36I1Cx—Y)='—IICK—JO(EZXY)

If x =y ory = zorz = xno real solution!
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x+y+z=11
System become \xy + yz + zx = 36 ; x,y, z solution of the equation:
xyz = 36

t3—11t* + 36t —36 =0
t-2)t-3)(t—-6)=0
Solution are (2,3,6) and permutations.
3.26 Solve for real numbers:

( xy+yz+zx =26
{48+yz(y+z) 48+zx(z+x) 48+xy(x+y)

x-yx-2 G-0@-2 @E-0z-y)
k xyz = 24

9

Solution:
XEVVFZ,ZEX,X%Y,Z%#0
xy +yz+zx = 26;xyz = 24
48+yz(y+z) 48+zx(z+x) 48+xy(x+y)
G-NG-2  G-D0-2 " G0y
48( ! + ! + ! ) +
x=yx-2) -0@-2 (@-x0z-y)
yz(y + z) zx(z + x) xy(x +vy)
<w—wu—@+@—@@—@+@—m&—w>:””
48({y—2)—(Z—X)—(X—JO>+

9o

(x=y)y—2)(z—x)

< yz(y + z) N zx(z + x) N xy(x +y) )_9
x-N&x-2 G-00-2 G@-0E-y))

<—yZ(y +2)(y—2z) —zx(z+ x)(z —x) —xy(x + y)(x — y)) _ o

(= —-2)(z-x)
yz(y? —z%) + zx(2* — x*) + xy(x* = y*) = =9(x — )y — 2)(z — %)
3y +y3z+ z3x — (xy3 + yz3 + zx3)
+9(x%z+ 2%y + y*x —xz2 —zy? —yx?) =0
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XEY;V+Z,ZEX

x—y)oy-202-x)x+y+z-9)=0———x+y+2z—-9=0
x+y+z=9
So, by Vieta’s Theorem:
—9X? 426X —-24=0
(x;y; z) = (2;3;4) and cyclic.

3.27 Solve for real numbers:

(x+2)(y+3)=8

VIl - ] + & = XDy = y]) = /=y

{x, y = 0;[+] — great integer function

Solution:

Because:
x;y = 0then[x];[y] = 0and x = [x];y = [y]
=x-[x{y}=y—- [yl

Now,

VEI- D+ = DO = DD =V - ]+ Vi3 - )
Bcs 2 2 2 2
2 (VBT + V&) (VBT +V01') < V@ + D3 + B = 5

Equality for
o x=0 y=0 x = [x]
x—y—a>00r{y>oor{x20or{y:[y]
Ifx=0then(0+2)(y+3)=0andy=1=>0
lfy=0then(x+2)(0+3):8andx—§20

x+2)(y+3) =822 (¢ +2)(@+3) =8

( —5+\/_
x=y

—5\/_

X

|
thena2+5a—2=0=>4
x=v
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—5++/33
2

x=[x]eZ%y=[y]eZ"

But:x,y=20=>x=y=

8 yez* x,yezt
(x+2)(y+3)=8=>x=m—2=>y+36{4,8}:>y=1;x=0

So,

o efon; Gio) (B2 2T

3.28 Solve for real numbers:

0<xyz<2
X y z

6
+ + + xye* = — + 4e?
y+z+1 z+x+1 x+y+1

5

Solution:

Let: fi(x,y,2) = + xye*

y+z+1

1
+ —xye”

_ y
fZ(x'y'Z)_Z+x+1 3

1
+ -xye”

(,y,2) = ——
foya) = T3

f,y,2) = filx,y,2) + fo(x,y,2) + f3(x,y, 2) is convex function.

A={x,y,z€ R,0<x,y,z < 2}is aclosed convex set

f(2,.2,2) = g + 4e? s the greatest value, then f(x,y,z) < 9 + 4e? is sum of

there convex functions is convex.Let’s prove f,(x,y,z) = Y +1 xye is
convex.V2(f) is a positive semi definite matrix.
0 e’ — —1 ye? —
(y+z+1)2 (y+z+1)2
I 1 2x 2x '
| et — —— e — xe? 4 —— |
| (y+z+ 1)? (y+z+1)3 (y+z+1)3 |
\ ; 1 Py 2 /
ef ———= xef+———= xye‘
Y (y+z+1)2 (y+z+1)3 y (y+z+1)3

96 | OLYMPIAD PROBLEMS ALGEBRA-VOLUME 1



DANIEL SITARU MARIAN URSARESCU

Therefore, x = y = z = 2 is only solution for the given equation.
3.29 Solve for real numbers:

{ x+y+[z] =37

x+2[yl+3[z] = 47 [*] —great integer function.

Solution:
{ x+y+[z]=37; (1
x + 2[y] + 3[z] = 47;(2)

{x+y=3T—MEZ :%X=V]
x =47 =2[y]-3[z] €Z _ ly =[y]

(2)-(1)
let: [z =k€eZ—7y=10—k,x =k + 27

(x,y,2) € {(la] + 27,10 — 2[a],a); a € R}

>Xx,yEL

3.30 Solve for real numbers:
{ 6x+3y+2z=18
108(x + y + 2)*1V+7 = xy2z3 . 6*+¥+z
Solution:
From second equation x +y + z > 0, since 6x + 3y + 2z > 0 we conclude:

x,vy,z>0

(=) = (2) ()

GO

. X+y+z

— =1 tt=1 > 1;(2). From (1),(2) we have:

_Y_7Z
x—2—3 >x=1Ly=2,z=3

6x +3y+2z=18
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COMPLEX NUMBERS

4.1 For z,, Z, € C, satisfy: |z; + z,| = |z,| + |z,|. Prove:

|2y — z;| = max{|z4]; |2;|} — min{|z,[; |z [}

Solution:
|z, + z,| = |z1| + |z,| = z; = kz, forsome k = 0. Now,
|zy =z = |(k — D z,| = [(k — 1z,]
Ifk = 1, then |z,| = klz,| = |z,|,
and |z — z;| = (k = Dlzz| = klz3| — 23| = |z1] = |z,

= max{|z |, 121} — min{|z,|, | 2|}
If0<k<1,l|z| =klzy| <|z,| and
|Zl _Zz| = |k — 1||Zz| =(1- k)|Zz| = |Zz| —k|22|

= |z,| = |z1| = max{|z|, 12,1} — min{|z,|, | z,[}

4.2 Solve for complex numbers:

2 2
+1+i\/§ P w3 +1z—1]> - 3|z|* =
Z 2 2 Z 2 2 ¥4 Z|" =12

Solution:

Usingw:( 1+‘/§i)'w2 :(_3_@)

T2 2 2 2
The given equation reduces to
z—wP+z—wl?+|z-1?=-3|z|? =2z
We know that
1z =222 |z — 0?2 = (z — WD) (z — w?) = (z — WD) (Z - w)
=zZ—zw—Zw* + w3 =|z|? —zw —Zw? +1 (1) {~ w® =1}

Here, w is the cube root of unity
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z-wP=Cz-w)(Z=0)=Gz-w)(Z-0)=(z-w)(Z-w?)=
=z7—zw* —Zw+wd =|z1?—zw? —Zw+1 (2)
z-1?=C-DEz-D=z-1DE-1)=|zI?-z—-2+1 (3)
~ Adding (1); (2); (3):
z—??+|z—w|?+|z-1|?
=3z -z(w+w?+ 1) - Z(w+w?>+1)+3
{two+w*+1=0}>3|z|2+3
> |z—w?P+z—w|l?+]z—-1>=3|z|>+3
Slz—w??P+z-wl?+1z—1?-3|zI2=3 (4)
But we have:
z—w?+|z—wl?+1z-11?=-3|z|? =z (5)
So, from (4) and (5) = z = 3.
431fz € C,a = 2 then:

a
|Rez|* + |[Imz|* > 2172 - |z|*

Solution:

1 1 POWER MEANS 1
3 |Rez|® + 3 |Imz|* > §|R€Z|2 +§|Imzl2 ,(a=>2)

1 1 1 1
> |Rez|® + > [Imz|* > —g(lRezl2 + |Imz|?)® = = |z|*
22 22

1 1 1 L
> |Rez|* + > |[Imz|* > — |z|* - |Rez|* + [Imz|* = 277 2|z|*
22

4.41fz € C |z% — 2| = |4z + i| then: |z| < 25
Solution:
letz = x+1iy,z> = x* —y? + 2ixy
Now, |z? — 2| = |4z + i| = |(x? —y% — 2) + 2ixy|? = |4x + (4y + 1)i|?
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= (x2 —y?2 —2)2 + 4x2%y? = 16x% + (4y + 1)?
=% —y)?2+4—-4(x?—y?) +4xly=16(x>+y?) +8y+1
= (x2 +y2)2 —20(x% + y?) + 3 = —8y? + 8y

= (x? +y?—-10)> =97 —8y? + 8y
2

=97-8((y-3) ~3)=99-8(y-3) <100
2 4 2
= |x2+y2-10| <10 = ||z|> — 10| < 10
= |z|> =10 < ||z|> — 10| < 10 = |z]? < 20 = |z| < 2V5
4.5 z4,2,,23 € C, dif ferent in pairs,
|z4| = |z3| = |z3| = 1,A(z1), B(23), C(z3). If
|zy + 23 — 24|+ |23+ 2, — 2|+ |2, + 2, — 25| = 6

then AABC is an equilateral one.

Solution:
|Zz+23_Z1|=|Z1_Z2_Z3|=|2Z1_(Z1+Z2+Z3)|
Z1+2,+2z Zo + 2
=2 zl—% =2z — 02 ”|=2AN,

0 — circumcentre, H — orthocentre, N — ninepoint center
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|zs + 2z, — z,| = 2BN, |z, + z, — 23] = 2CN,  2AN +2BN +2CN =6

AN + BN +CN =3 (1)

o 2(A0? + AH?) — OH?
AN — median in AAHO — AN? = =

4
_ 2(R*+4R*—a?) —9R*+a*+b*+c* R*+b*>+c*—a®
= 7 = 7 =
1+b*+c*—a? , 3+4b2+c2+a?B7 3409
= —>ZAN = < — =
4 4 4
cyc
CBS

AN + BN + CN < /3ZANZS\/3-3=3 2)
cyc

By (1), (2) -» AABC — equilateral

4.6 A4, A,, ..., A, —regular polygon,n € N,n > 3,

Al(zl),Az (Zz), ...,An(zn),zi € (C,i € 1,—n
If 0(0) — centre of polygon and exists i, j € 1,n,i # j such that

z;-z, + Z, - z; = 0 then n is divisible with 4
Solution:

Aik‘('zib)

Aj(z)

In order to avoid confusion with imaginary number i, we use k instead of i, so

that:
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zjZ + 71z, = 0;j # k (1). We havez, = Re n ,z; = Re =

2mij 2mik omik  2mij

Now, (1)givese n e n +ene n =0

2mi(j—k) 2mi(k—j)

2w 2 m 3m
e n 4+e n =0 2cos 7(]—1{) =0=>7(]—k)=§,

2

= 4|j — k| = n,3n. Ifn = 4|j — k|, we are done.
If3n = 4|j — k|, then 3|4 |j — k| = 3| |j — k|, [+ 3is prime]

Let |j — k| = 3m, where m; € N .. n = 4my = n is a multiple of A.

47p € R,p #+ 1,A(z, + pz, + p*2z3),B(z, + pz3 + p*z,),
C(z3 + pz, + p*z,) ,M(z,),N(z;),P(z3),2,,2,,23 € C.Prove that:
AB = BC=CA = MN=NP=PM
Solution:
Let wy = z; + bz, + p?z3,wy = 2z, + pz3 + p?zy, w3 = 2z3 + pzy + p?2z,
leta=2z,—23,b=23—2,c=21 — 2,
AABC is equilaterals (w, — w3)? + (w3 — w1)? — (w; — w3)? = 0. Now,
wy, — w3 = a+pb+pic,w; —w, =b + pc+p?a,
w; — wy; = ¢ +pa+p?b
= (0 — w3)* + (w3 — w1)? + (w1 — wp)?
= a’ + p?b? + p*c? + 2pab + 2p?ac + 2p3bc +
+b?% + p?c? + p*a® + 2pbc + 2p?ab + 2p3ac +
+c? + p%a? + p*b? + 2pca + 2p?bc + 2p3ab
=@+h*+cH)A+p®+p*)+ 2p+ 2p% + 2p3)(ab + bc + ca) (1)
Asa+b+c=0=a?+b%+c?>=-2(bc+ca+ab) (2)
~ From (1), (2), we get:
(w2 — w3)? + (w3 — w1)* + (w1 — w)? = (@ + b* + )1 +p* +p*) —
—p(1+p+p?)(@®+b>+c?) =
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= (@ +b*+AHA +p* +p*—p-p*-p*)
=(@®+b?>+c®)(1—p+p*-p%)
=@ +b?>+cA)[1-p-p3(1—p)]
=(@®+b*+ A -p)A-p)A+p+p?)
=@ +b*+cHA-p)*A+p+p?)
Now, AABC is equilaterale (wy — w3)? + (w3 — w1)? + (w; —wy)2 =0
> @@+b2+c2)A-p)?*A+p+p?)=0
Asp #land1+p+p?+0,weget a?+b%+c?>=0
= (2, — 23)% + (23 — 21)? + (2, — z,)? = 0 © AMNP is equilateral.

4.8 Q, = |zy + 3i| + |z, — i| + |25 — 2i|,24,2,,23 € C
Q, =z, + 2z, — 23+ 4i| + |z, — 2, + 23 + 2i]
+ |-z, + 2z, + z3 — 6]
Prove that: Q; < Q,
Solution:
20, = (|24 + 25 — z3 + 4i| + |2y — 2, + 253 + 2i])
+ (|21 — 25 + 25 + 2i| + | -2, + 25, + 23 — 6i])
+ (|21 + 2z, —z5 + 4i| + | -2, + 2, + 23 — 6i]) =
> |z, + 2, — 25+ 4i+ 2y — 75 + 23 + 2i]
+|zy — 2z + 23 + 2i — 2z + 2, + z3 — 6]
+lz1+ 2, — 23+ 40 —2z; + 2, + 23 — 60| =
= |22, + 6i + |225 — 4i + |22, — 2i| = 20,
0, <q,
4.9 z,,z,, z3 € C — {0} different in pairs
|z4| = |z;| = |z5| = 1,A(z,), B(2), C(z3)

21(z, +23)*  zy(23+21)*  2z3(z1 + 2,)*

= 217373
|Zz —23|2 |23 —Z1|2 |Z1—Zz|2
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Prove that: AB = BC = CA.

Solution:
If:|z4| = |z5| = |z5] = 1,A(z1), B(23), C(z3)
21(2, +23)?  2,(23 +2)° | 23(21 + 2,)?
= 71752
|z, — 23/ |23 — 2112 |z, — 2, |? 172
A(zl)
B(zz)
1 2 1 2, 1 2
le(zz +23)° + ﬁZZ(Z3 +2)° + C_ZZ3(Z1 +2,)° = 212,25
1 2,(22 + 25 + 22523) 1 z,(2% + z2 + 2232;) N 1 z5(z2 + 22 + 22,2,)
a? 217973 b? 212575 c? 212975
=1
1 (z, z 1 /z3 =z 1/zy z
—- (—2+—3+2) +—2(—3+—1+2) +—2(—1+—2+2) =1
a? \z; 2z, b%\z; zj c*\z, 74
1 {2z 1 1 [z 1 1(z 1
—(Z+—=<+2 ]|+ +o+2 |+ +to—~+2]=1

a?\ z; (Z_Z) b2\ z, (Z_3) cz\ z, (Z_l)
Z3 Z1 Z3

Zo Zy (Zy 1 Z5
g-1-28-1-55-0)
Z3 Z3 Z3 (_2) Z3

Z3

1 /2, Zo 1 /z3 Z3 1 /74 71
S(Z+ () +2)+ (24 (2)+2) + 5 (24 (2) +2) =1
a?\z3; \zg b2\z, \z c?\z, \z,
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% (2 cos (arg (i—;)) + 2) blz (2 cos (arg (;)) + 2)
+ci2<2 cos (arg (j—l)) + 2) =1
%(COS(GZ —65)+1) +%(cos(93 -60)+ 1)+ %(cos(@l —-0,)+1)=1

(cos(92 6)+1) =1

2 2
— (cos(6; — 6,) + 1) + ﬁ(COS(93 61) +1) +
cos(0; — 6,) =?

a? =2 —2cos(0; — 6,)
2

2cos(0; — 0,) =2 —a?, cos(8; —0,) =1— -

wle2) el 2) al-5)

a?=14+1-2(1)(1) cos(65 — ),

4 4 4 4 4 1 1
_2_1+ﬁ_1+_2_1:1' _2+_2+C_2 4:>—2 b_+_2_1
A2 2 e T A
@ +&) +6) >(a+z+z)
3 - 3 ’
B +6) +() =3G+5+Y
a b c/ ~3\a b c
Rty cis (B iely <5
3\a b - b -
1 1 1
1,11 _gzatpte |1 1,11 21
a b - 3 abc a b ¢ abc
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3| 1 1 1
V3:3 |—<+V3=> <— = 3abc >3
abc Yabc ~ V3
abc > 3V3 = 2RsinA-2sinB-2RsinC >3V3,R=1
33

851nAsinBsinC23\/§, sinA~sinB~sinCZT

But as we know: sin AsinBsinC < %E. So:sinA -sinB -sinC = %

Equality holds when A = B = C = 60°
So: AABC is equilateral.
4.10 Q, = |21 + 2y + 23|,24,25,23 € C
Q, =z, + 2z, — 23+ 4i| + |z, — 2, + 23 + 2i]
+ |-z, + 2z, + z3 — 6]
Prove that: Q; < Q,
Solution:
|zy + 2z, — z3 + 4il + |z — 25 + 23 + 2i| + |—2; + 2, + 25 — 6] =
>|zy+zy—23+2y— 2+ 23— 2, + 2, + 23| = |z, + 2z, + 23| (QED.)
Let’s prove that |a| + |b| + |c| = |a+ b+ c|;Va,b,c € C, let a = x; + y4i,

b=x,+yiandc =x3 +y3i &

o Jxi+yi+ i +yi+xi+yi=

VO + x5 +%3)% + (g + 5, +¥3)2 (?)

From Minkowski’s inequality we have that

[yt [yt 2 Ve O+ x4 =

S [y [y B4y

Z\/(951 +x2)2 4+ (v, +y1)? + /x_?z, +yi =

> /O +x; +x3)% 4+ (y1 +y, + ¥3)2 (QED.)
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4.111f z € C — {0} then:

4 4
1-iV3 1+iV3
|z — 1]* + z+T‘ + Z+T >3(1 +2|z|*> + |z|*)?
Solution:
leta=|z—1>=|z]? = 2Re(2) + 1
2
1++/3i
b=|z+ 5 =|z—-w?]? =|z|? = 2Re(Zw?) + 1
2
1—+/3i
c=|z+ 5 =|z—w|?=|z|? —2ReGw) + 1

a+b+c=3z]?-2Re(zZ(1 + w + w?)) +3 =3]z12 +3 =3(|z]* + 1)

a?+b%+c?
Now, 3 = (

a+b+c
3

>3(z?+1D? =3(z|*+2]|z]?+ 1)

2
) =z + D2 |z =11 + 12— 0l + 12— w?]*

4.12 z,,7,,2z5 € C — {0}, different in pairs, |z,| = |z,| = |z3| = 1
A(z4), B(z,), C(z3).Prove that:

1 Zq
+Z—2=0:>AB=BC=CA
Z1Z373 e (z; — z3)

Solution:
LI S S 0 0
=0; 292,23 #
212273 (22 —23)% (21— 23)% (24 — 22)?
737,75 757473 752.Z;
1+ 5 5 =0
(z; — 23) (zy —23) (2 — 23)
2 2 2
i+ 737,74 N 727,74 N 7%2,7, “ o
75 — 22523 + 2% 2} — 22923+ 75 72} — 2247, + 73
2 2 2
Z1 Z Z3
Yo o m otn ot )
Z3 | Zy 73 | 74 7y | 74
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z.|=1 71 = _ _
12| le_l 1 Zy; 1Ip Z; 13 Z3
|z, =124z, =12 = ==1>—==—=(—
= Z3 Z zZ Z Z
(Z_2)<Z_2)_1@ Z2| _ 4
Z3/ \Z3 Z3
2 2 2
Zy Z; Z3
1+ =0

— +— T
(Z_3)+Z_3_2 (Z_3)+Z_3_2 (Z_1)+Z_2_
Zy Zy Zq Zq Zy Zq

Z Z
(—3> +2-2= 2c0s0;
Z3 Zz

- 0, = arg(z; — z,)
3
] ( ) +——2=2cos0, =46, = arg(zz —z;)

. 0; = arg(z; —7,)
( 1>+——2 = 2c0s0;
\z,/  z3
7% 75 7%

=0..(3
2(c0591 — 1) 2(cosB, — 1) * 2(cosB; — 1) M

a2=1+1-2-1-1-cosb,
= 2c0s0; — 2,analogs — b? = 2cos0, — 2; —c? = 2c0s03 — 2
Subbtituted in relation (i), we obtain:

i 75z}

3 .
1+—a2+—b2+—c2_0"'(n)
2 2 2
Zy 2 73
— b_2+_2_1
AiE,E @+@ ||
a® b2 c2 - b? c?
1 1 1
2tptazt

a’b? + b%c? + c?a® > a’b?c?
a = 2RsinA; R = 1; a? = 4sin?%A
= 16(sin?Asin®B + sin?Bsin?C + sin?Csin?A) > 64sin?Asin?Bsin?C

sin?Asin?B + sin?Bsin?C + sin?Csin®A > 4sin?Asin?Bsin?C ... (iii)
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The triangle ABC is equilateral.
4.13 z4,2,, z3 € C — {0}, different in pairs, A(z,), B(z,), C(z3),

— _ _ Z1 zZ) Z3 E _
|Z1| - |ZZ| - |ZS| - 1. If Z2+z3—-21 + z3+z1—-2) + z1+zp—-23 + 2 - 0

then: AB = BC = CA

' A(zy)

C(z3)

B(z,)

Solution:

Z1 1 Zy 1 Z3 1
i ) i) -
Zyp +z3—2z1 2 Zz3+2z1—2z, 2 Z1+ 2y —2z3 2

(221+zz + z3 —Zl> (222 +2z3+ 2, —Zz) (223 +z,+ 2, —Z3) —0
2(z; + 23 — 71) 2(z3 + 21 — 75) 2(zy + 2, — z3)
Z1+ 2z, + 23 1 1 1
2 (ZZ+Z3—Zl+Z3+Z1—Z2+Z1+Z2—Z3):0
1 1 1 1
EZG(Zl+ZZ+Z3—2Z1+Z1 + z, +Z3—2Z2+Z1 +Z2+Z3—ZZ3):0

1 ( 1 4 1 4 1 ) 0
2 326 — 2z 3z —2z, 3z;— 223
1 [925 — 62326 — 62,7 + 42,25 + 922 — 62525 — 62,25 + 47,25 + 922 — 6252, — 62,7 + 42122]

2% (3z5 — 22,)(3z5 — 22,)(3z5 — 323)
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1 2722 — 12232 — 122,25 — 122,25 + 42,25 + 42,2, + 42,75 _
% (3ZG - 221)(326 - 222)(32G - 223) N

There are two cases: zg = 0
or:27z2 —12(z3 + 2z, + 21) - zg + 42123 + 4212, + 42,23 = 0
27z — 3622 + 4(212y + 2p23 + 2123) = 0

922 = 4(z12y + 2y23 + 2123) = 72 = 5(2122 + 2,73 + 2123)
4 1 1 1

2 2 — = =

zp = =212,z —+—+—)=>Z =—=(212,23)(21 + 2, + Z

R T e R CEED GRS

4 4
261 = 517 + 5 + 51 = |zl = 5 - 317G

4 4 4 |Zl+ZZ +Z3|
|21 =§|ZG| = |zgl =§=>§=fﬁ |z1| + | 25| + 1231

4 < 3. This is impossible, so: |zg| = 0> z; =0=>2z; + 2z, + 23 =0
Zz=0,50:G =0
Note: center of circle and centroid has the same point so the triangle ABC is
equilateral triangle.
AB =BC =CA

A Azy)

C(z3)

B(zz)
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C(z3)

4.14 If z,, z,, z3 € C — {0}, different in pairs, |z,| = |z,| = |z3] = 1,

A(z,), B(z,), C(z3),
Yeye 21(22 + 23)? |25 + z3|* = 3212, 25 then: AB = BC = CA.
Solution:
|z | = |zz| = |z5] =1
zzl(zz +23)?|z, + 230° =321 - 25 - 23
cyc
21(2y + 23)°1 2, + 231% + 2,(21 + 23)° - |21 + 231% + 23(21 + 2,)%| 21 + 2,|?
= 3212573
|1z, + z31° = (2, + 23) (2, + 23) = (2, + 23)(Z; + Z3)
=2y ZytZy Z3+ 23723 t 7373
(Iz1l=12,-21=1)
|z, +231P =2+ 2, 3+ 23+ 2
21 (23 +23)2 =20(22 + 22y - 23+ 25) =2, - 25 + 22, - 2, - 23 + 2, - 23
21(zy + 23)% |2y + 2312 = (2 - 25 + 2212323 + 2122) (2 + 2,23 + 232;)

z1(zy + 23)?% |2, + 23|? Z,22 z,22
1(Z; + 23 2+ 231" _ (2%, %%

Zy " Zy 23 21223 21273

) 2+ 2173 + 2373)

Z Z
Z3 )
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1 1 1 1 1 _ 1
21 =" 2y = ==,Z2) =, 23 = —,Z43 =, 23 " Z3 = =
Zq 2 Zy Z3 Z3 Z2 " Z3
2 Zy Z3 20
—+—+—; 2232, + 2z, + z3; 2cos* = =1+ cos O
1 Z3 Zy 2
5 1+ cos 26
cos QZT

C(z3)

21(zy + 23)?|z, + z3|?
O S Q42,73+ 2323) 2 + 2,73 + 2373)
212373

=2+ zy73 + 2,23)%> = (2 + 2 cos(B, — 03))? = [2(1 + cos(8, — 65))]?
0, — 6:\1 6, —0
=4 [2 cos? ( 2 5 3)] = 16 cos* (%)

o (252 o (2 o (2] -3

4—a?)? (4—DbH? (4—c?)?

( 16>+< 16>+( 16>]:3
(4—a®)?*-(A4-b*)?+(4—-c?)?=3
0<a<20<a?<40>-a’>-44>4-a*>>0

0<(—-a%®?<16

= This equation holds only when a = b = ¢ =+/3
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\==]

L
2 a
2

0<a<20>—-a>-24>4—-a>216>4—-a)* >4

2 2 2
1="-+h h*=1-"h? =—h=

92—03 4—a2
os (B 57) =3
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ABSTRACT ALGEBRA

cost —sint
sint cost

A* —4A%3 + 64> -4A+1, = 0,

5.1Find A = ( ),t € R, such that:

Solution:

A= (cost —sint)
sint cost

cost sin t)

det(4) = cos?t +sin’t =1= A existsand A~ = ( )
—sint cost

2cost 0 )
0 2cost

Given equation is A* — 443 + 64*> —4A+ 1, = 0,
S A2 —AA 46l —4A N+ A2 =0, > A2+ A2 —4(A+ AD) + 61, = O,
SA+A D)2 —4A+A D) +4L,=0,2(A+A41-21,)?=0

= (B - 2]2)2 = 02
2

letB=A+ A1 =(

(2 cost —2 0 )

(cott —1)? 0 )_0
0 2cost — 2 -

=0 =>4(
z 0 (cost —1)2

_1)2 — 1 anf—n-a—(1 0)_
= (cott — 1) —0:>cott—1,smt—0.-A—(0 1)—12

a b

5.2 Find A4 € M,((0,)),A = (c d) such that:

1 1
a? +d? = 4,3 +; =2,(detA)3 — 6(det4)? + 11detA =0

Solution:
(detA)® — 6(detA)? + 11detA = 0 = (detA)[(detA —3)?> +2] =0
As, det(A) is real, we get det(4) = 0 = ad — bc = 0 orad = bc
Now, 2ad < a’+d?=4=ad <2 (1)
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A/so,\/b_czﬁ=?=2=>bcz4
2

z(z’fz)
>ad=bc=4 (2)

As (1) and (2) contradict each other, no such matrix exists.

5.3Find 4 = (Z _ab),a,b € R, a? + b? # 0 such that:

A* —3A%3+44*>-34+1, =0,
Solution:

a
b

M= {(Z _ab)|a,b € ]R} then z - (Z

Ifweusez=a+ib— ( _ab) ,a,b € R as field isomorphism of C onto

_ab) will make the equation as:
1 1

z¥ =323 +4z2 -3z + 1 =0:>z2+—2—3(z+—)+4:0
z z

:(z+§)2—3(z+§)+2:0=>z+§=1orz+§:2
z=-w,—-wlorz=1

In this case |z| = 1, and corresponding matrices became:

1 V3 1 V3

2 2 2 2 1 0\ ., . _
a3 1 Il 3o or (0 1) as identified earlier.
2 2 2 2

5.41f A € M,(R),detA = 0, (Tr A)? = 3Tr(A?%) then:
Tr(A3) =3 -detA-Tr(4™1)
Solution:

We will note the eigenvalues of A: A1, A5, A3, A4. We have:

TTA=/11+/12+/13+14
Tr (A?2) =22+ A5+ 2% + %

=3+ +25+25) =
= 2y + 2 A5 + A Ay + A5 + Apds + A34,) = 2(A3 + A5 + A3 + A3)

= A+, + A3 + 14)?
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= WAy + A3 + A + A5 + Ay + A3,
=M+ +B34+22- A+ +25+2,)
> A+ A+ 23+ )M, + A3 + 44, + 2,45 + A4, + A3A,)

= Z 22 Z A
= 1A (A + 42) + 24 4,(A3 + Ag) + A1 A3(A1 + A3) + 41 45(A; + 4y)
+ 14,4 + 2Ay) +
41444z + A3) + 224345 + A3) + A45(A1 + A) + 224442 + A4)
+ 2,41 + A3) +
+2A344(A3 + A4) + A32,(A1 + 1)
=BG ) A+ A)
1<i<j<4
= A3 4234 23 4+ 23 = 31,2005 + 34,454, + 3450, + 32,050,
TrA3=8+8+13+14

detA1= /11/11213/114 | = (detA)(Tr A7)
-1 - - J— —_—
TTA 11+AZ+A3+A4
= M3 + MA2 A4 + 2304 + 222304

= Tr A% = 3(det A)(Tr A™)

5.5 Find x,y,z,w € R such that:

(sin X cos y)n

(sin"x cos™y
tanz cotw

,VneN—-{0
tan"z cot™ w) (0}

Solution:

For simplicity, we will note in x = a,cosy = b,tanz = c,cotw = d. Thus, the

» ) a b\* _ (a™ b"
condition can be written as: ( ) = (
c d c* d"

Forn = 2 we have:

2
@ D@ D=4 e (L HiD)= %)

).vn € N\ {0}
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=>bc=0=>b=0o0rc=0.

I. b = 0. That means the only equality left is (ca + d) = c?

If c = 0 then the matrix (g 2) satisfies the identity in the hypothesis. (for any
. (0" 0Y_(a 0\
diagonal matrlx( 0 d") = (O d) )

Ifc #0=c=a+d. Forn =3 we have:
3

3 3
¢ 3 =(?3 Zz)‘:’(aid 2 =((a-c|l—d)3 0?3)‘:’(613 )
@( a3 O)=( al 0)
ala+d)?>+d*(a+d) d? (a+d)? d3
Thus, we have:
ala+d)?+d?*(a+d)=(a+d)3:(a+d)=a®+ad + d?
= a? + 2ad + d?
2ad=0=>a=00rd=0

0

o o, , 0 a 0 .
Ifa=b = 0o0rd = b = 0 then the matrices (c d) and (c 0) satisfy the

identity in the hypothesis.

Thus, in this case the matrices (g 2) , (2 2) and (: 8) satisfy the

identity.

By applying the same algorithm we obtain the solutions:

(g 2) (duplicate), (g g),(g Z)

Thus, the matrices (g 2) , ((c) 2) , (? g) , (3 g) and (g Z) are the only

ones which satisfy the identity above, a, b, c,d € R. Thus, the solutions for
X,y,Z,w are:

Lx,weRy= kn+%/\z=tn,k,z€ Z,w +qu,¥Yq€EL

n.zweRx=knAy= tn+g,k,tEZ,wiqnandZ;tpn+§,Vq,p EZ
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m.x,zeR,y= tn+§,w= kn+%,k,tEZ,z¢pn+g,Vp EZ
IV.x,y ER,z = tn,w=kn+§,t,k EZ

V.yyw € R x =km,z=tnt k €Zw+*qn,Vq €L

561fA € M,(R),n>2 A%+ A% + 74 = 91, then find:
Q = det(4 + 21,)
Solution:
A3+ A2 +7A=91, > A3 +A>+74—-91,=0

= the minimal polynom of A |x3 + x*> + 7x — 9

mgy

my|(x —1) <x2 + 2x + 9)

2<0
X+xt+7x—-9|x—1
—x3 + x? x> +2x+9

Then (Frobenius)

P,(x) = det(xl,, — A) and m, have the same ireductible divisors.
So, Py(x) = (x — DP(x? + 2x + 9)9 = (=1)" det(4 — xI,,)
withp+2qg =n
P(-2)=(-3)P(4—-4+4+9)9=(—1)"det(4 + 21,,)
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(—1)" det(4 + 2I,,) = (—3)P - 324
det(4 + 2I,,) = (=)™ - (=3)? - (=3)249; det(4 + 2I,)) = (—1)"(=3)2a+P
det(4 + 2I,) = (—=1)™(—3)"; det(4 + 2I,) = 3"

57X,Y € MZ(R)'Xl‘) +X17 = y21 + Y19 = (_11 —11)

Find:
Q=L n|Tr (X"+1)
T e | Tr (Yn?)

X € My(R); x™ +x'7 = (_11 _11) =A

Solution:

e
= D =0G2a 25D

X=( b): ~ . N
© =0 D=0 50

XU +Xx7=4=

=

b:c;a:d:X:(Z Z):

(a@a+b)*+(a—-b)" (a+b)"—(a—Db)"
(a@a+b)*—(a—b)" (a+b)"+ (a—Db)"
2 2
(@+b)?®+@-b" (a+b)"+@-b" N
_ 2 2 B
:X19+X17_A:>4(a+b)19—(a—b)19 (a+b)7 = (a—b)"”
\ 2 * 2 -

= (a+ b)Y+ (a+ b)Y =0 = a+ b = 0unique solutionb = —a

-1

1 1
=>(a—b)19+(a—b)17=2=>a—b=1:a=§,b=§
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1

_| 2z "2
. Thesame for Y = 1

1
2 2

2 2
n|Tr (X"1) = 1_
’Tr o = \ﬁ = 1 constant sequence.
0=1

581f A€ M,(Q),detAd # 0,42+ (A" 1)2 =I,then: n: 4

=
I~

Solution:
A2+ (A D2 =1, A’ > A* +1, = A?
A* — A2+ 1, = 0, > mg|x* —x? + 1. But x* —x? + 1etc
Irreducible in Q[x]
*—x?+1=(x2+V3x+1)(x> —V3x +1) =

- (3= 28) o - ) e ) e )

>my=x*—x*+1

Then, according to Frobenius

Py = (x* —x?+ 1)k
But grade Py =n

5.94,B € M,(R),

(4 + /10 + 2\/§> (A% + B?) = (V5 — 1)(AB — BA)

If det(AB — BA) # 0 then n is divisible with 20.

|=>4k=n=>n§4

Solution:

. 5-1
We know that sm% = ‘/—T

2
T T V5 -1 s
sin—+cos?—=1= 2 +cos?P—=1=

10 10 10
T 16—6+2V5

cos? — =

10 16
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;T _104+2V5 om _ J10+42V5
10T 16 ST0T T 2

Then (1 + cos 110) (42 + B?) = sin = (AB — BA)

T T
——<COS—

20 2O(AB—BA)

T
2 cos? %(A2 + B?) = 2sin
T A
— (A% + B?) = sin— (AB — BA
coszo( + B?) sm20( )
A
A% + B? = tan— (4B — BA)
20
A?> + B> =(A+iB)(A—iB) + iAB — iBA
= (A+iB)(A—iB) +i(AB — BA)
So, (A+iB)(A—iB) = A> + B> +i(BA — AB)

n ; - Ty _
= tan% (AB — BA) — i(AB — BA) = (tan 20 l) (AB — BA)

det[(A + iB)(4 — iB)] = (tan% _ 1)n det(ABH — BA)

0
in X _icos )
sm20 lCOSzo

det(4 + iB) det(A — iB) = = det(AB — BA)
COSH{H{
20
o . T, T\"
- —1 Slnﬁ—lCOSE
det(A + iB) det(A + iB) = = det(AB — BA)
COSﬁ

—_in. T T\
(—0) (c0520+lsm20)

= det(AB — BA) - — € R
(cos ﬁ)
. nm 0 nm 20k
= — > — = = =
sin 20 20 nt=n

5.10 4, B € M;(R), det(I3 + (AB — BA)?) = 0. Find:
Q, = det(AB — BA),Q, = Tr ((AB — BA)?)
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Solution:

Letbe A = (aij)i=1,_3; B = (bij)i=1,_3
j=13 j=13

Letbe C = AB = ¢;j = Z;’;=1 aikbk}- =>C; = Zi:l Ak bkj
Letbe D = BA = d;j = Y3_1 bix axj = dij = Xy bir Qi
Letbe E = C — D(= AB — BC) = e;; = Y.3_1(aibxi — birax)

3
Z(aikbki — b ay;) =

k=1

3
z bixay; =0

1

=>Tr(AB—BA) =TrE =

Mw

1l
Y

i

3 3
=zzaikbki_3

i=1k=1 i=1 k=
So, TrE =0
det(I3 + E?) = det(E? + I3) = det(E? — (il3)?) =
=det(E —il;)det(E +il3) = 0 = Pg(x) = (x? + 1)(x — 1) but
Tr E)> —Tr E?
Pg(x) = x3 —TrEx2+( ) 5 x —detE
Pe(x)=x3—rx>+x—-r=>TrE=r=0
3 (Tr E)? —Tr E?
B 2

NNGE

=

=2=-TrE*=>TrE*=-2

detE=r=0
Ql=00nd02=—2

5.11 4 € M,(R),detA = —1,det(4? + I,) = 0.Find: Q@ = Tr (4*)
Solution:
det(42 + 1,) = det(A — il,) det(A + il,) =0
= i or - i root of P,(x), the characteristic polynomial of A. But P,(x) € R[x]
Then, i and - i roots of P, (x)
Let be A, and A, the other roots of P,(x)
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We have P,(x) = x* + ax® + bx? + cx + d
A= i i A Ay = A
b=id;+idy —i?—id; —idy + 110, =1+ 4,4,
—Cc=—iMAy + il — 24 —i2A, =2, + A,
d = —i2,4, = A2,
Py(x) = x* — (A, + )x3 + (1 + 132,)x% — (A1 + A,)x + 44,

PA(O) = /1112
PA(O) = detd

Pi(x) =x* — (A + )x3 — (A, + 1)x — 1
Py(x) = x* = Tr (A)x3 + Tr(4¥)x? + cx + det A
So, TrA*=0=Q
5.12 Find X € M3(R) such that:
2 2 0
X1 + X = (0 2 2)

0 0 2

}:1112:—1=>

Solution:

2 20 2 20
X2°2°+X2=X<0 2 2>:(0 2 2>X
0 0 2 0 0 2
b
e
h
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a b c 0 0 b?
whereB=(0 0 b|,B2=|0 0 0 |=B3=0;

0 0 O 0 0 O

n
_ _ n —kpk
= X" = (als + B)" = ; (k) (al3)"*B

n n
TlI3 a™ 11 1B + (2) an—21§l—232

nn-1
a’> nab nac+ %ab2
0 a2 nab
0 a?®
2019 2018)
2019ab 2019ac+—— =ab
X2019 4 x — 42017 2
2019ab
aZ
a2 2ab 2ac + ab? 2 20
0 a? 2ab ={0 2 2
0 0 a? 0 0 2
q2919 L g2 — 2
= { 2019a2%18p + 2ab =2
2019a?%18¢ 4+ 2019 - 1009a2°18p2 + 2ac + ab?> =0

We have:
a?®® +q2-2=0
Let f(a) = a?°'® + a? — 2, f (x) = 2019a2°'® + 2qa

2017 2
@ =0,a=~ 5579

a -

oo a, 0 co

f@)| —o0 — ——————— =2)+ 400

2
= = = = = —
a=1=2019+2b=2=b 5021
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2 2 2

2019c¢ + 2019 - 1009 - ( +2c+ (M) =0

2021)

c= (1+1009-2019)

20213
So,
/1 2 __¢ (1 + 1009 - 2019)\
2021 20213
X =| 2 I

\0 1 2021 /
0 0 1

5134 € M,(R),A- AT =1,,Tr A = 0. Find: Q = Tr(4%°19)
Solution:
AeM,(R);A-TA=1,Tr A=0,Q=Tr (42°19)
det(ATA) = 1= (detd)? =1=>detA=+1=>34"1=T4

1
TrTA=TrA=0=>TrA 1=0A4"1=— 4" A" =detd-A7!

detA
Tr A* =detATr A 1 =0,TrA*=0
1) detA=1

A*—0A3 +0A2 —XA+1, = 0,A* — XA+ 1, = 0,
2) IfdetA=-1
A —XA-1,=0,
Let be the spectrum A = {A1,A,,A3,A,} 0

Then the spectrum A= = {%, %; %,%}
1 2 3 4
Tg — 4-1 Tg_(1.1.1. 1
andas “A = A~ = the spectrum of A_{Al’lz’ﬂg’h}
Tg 1,11 1
ButTr'A=0= ;755 =0
$/12/132.4+2.12.214 +111213=0$x=0

So,if1)detA =1 A*=—I,
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if2)detA=—-1A*=1,
1) A2019 = (44)504 . 43 = (—[,)504 . A3 = A3
2) A2019 = (44)50443 = 1204 A3 = 43
So, Tr A%?°1% = Tr A3
1) B=-A1=2A83=-TA=>TrA3=-TrTA=0
2) B=A1B=TA>TrA3=TrTA=0
3)
5.14 Let be A € M;(R).Prove that:
det(A? + I3) = 0 © detA = TrAand TrA* = 1,A* —adjoint of A
Solution:
A € M;(R)
det(A> + ;) = 0 & det(4?> —i’L) =0 &
det(A—ill)(A+il;) =0 & det(A—il;) =0ordet(A+il;) =0
& ior-iareroots for Py
S P(X)=X3—TrA-X?>+TrA* —detA- I
PLX)=X-nNX+d)X-i)reRe
PX)=X-nNX?*+1D)eprPX)=X3-rX?+X—r
© TrA=detAandTrA* =1

5151fA,Be M,(R),neN,n>2,A+ B = AB,det(AB) +# 0 then:
det((ln — A3 - B3+ (4B)3)(I,— A5 —B5 + (AB)%)(I,— A" - B" + (AB)7)) >0
Solution:

A+B=AB© A+B—-AB=0,AB—-A—-B+1,=1,
cAB-1,)-B-1,)=1,< (A-1,)(B-1,) =I, that mean
XY=, eY=X1aYX=1,
A-1)B-1,)=1,2BA—B—A+1,=1,>BA=A+B=AB =BA
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and (In - A)(In - B) = In; (1)
IL,—A*—B3+(AB)%=1,—A>—B3+ A3B3 =1, — A3 — B3(I, — A3)
=(,-A%{,-B*=U,— AU, —B)(U, + A+ A*>){, + B + B?)

€
2, +A+ A%, +B +B?%); (2

I, —A°> —B%>+ (AB)° =1, — A°> — B®> + ASB® = I, — A°> — B>(I,, — A®)
= (I, — A°>)(I, — B®)
=, —A)U, - B)(, + A+ A*+ A+ A")(, + B+ B? + B3 + B*)

€)
S, +A+ A2+ A3+ AU, +B+B*+ B3>+ B%); (3)

IL,—A”"-B”+(AB)" =1,—A”" —B"+A’B” =1, — A’ = B’(I, — A7)
= (I, —A")(I, — B7)
=, — AU, —B)(U, +A+A?> + A3+ A* + A°> + A%)(U, + B+ B? + B3 +
B* + B + +B°)

¢h)
S, +A+A> + A3+ A+ A>+ 49U, +B+B*+B3+B*+B>+

B®); (4)

From (2)+(3)+(4) we must show:

det(I, + A+ A?)det(I, + A+ A% + A3 + A%)det(l,, + A + A% + A3 + A*

+ A% + A%) -

-det(I, + B + B?)det(I, + B + B?> + B3 + B*)det(I, + B+ B* + B3 +

B* + B>+B®%) > 0 true because
det(I, + X + X% + -+ X?™) > 0 (article-R.M.M.-22)
http://www.ssmrmh.ro/2019/01/24/old-rmm-22/
5.16 A,B € M,(C),B3 = 1,,A® = AB? + BA?,

28 18 36 723

120 121 45 891
330 27 151 210

450 150 180 181

C =
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Prove that: det ((CA — CB)(A% - BZ)) #0

Solution:
det((CA — CB)(A% — B?)) = det(CA® — CAB? — CBA? + CB?)
= det(CA® — C(AB? + BA?) + CB3) = det(CA® — CA3 + CB?)
= det(0, + Cl,) = det(C)

| was working in mod10

(9%

Il
) ©) ©) 0O
O\ ) OO
) ) UD OV
) O ) L)

1
7
0
U(det(C)) = 8 = det(C) # 0

det(C) =8-

I
o

O ) UD
) O)
I
(o0)]

N =)
=) UD

5.17 A(a,b,c),B(d, e, f),C(g, h, i) belongs to S: x* + y*> + z?> = R?.

Prove that:

SN
SIS S
IA
=
[=)}

~ S5 0

Q

Solution:
Let d be unit vector along 04,b along OB and ¢ along OC, then
0A = ai + bj + ck = Ra; OB = di + ej + fk = Rb;
0OC = gi+ hj + ik = R¢
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2
c
f| =[040B0oc] = [RaRrbRe]" = RS[abé]”. But

l

Now,

ST

Q

~ ~ ~ 12

[dbé] = + volume of parallelipiped with sides a, b, ¢ = [dbé] <1
a b cp?
d f
i

e < R®
g h

5.18 In A ABC the following relationship holds:

1 0 a

0 1 1 1 ) 2

1 a2 0 ¢ S4abcR\[(z sin A) (z cos A)

1 b2 ¢ 0
Solution:
1 0 a? b? 1 0 a? b?
01 1 1|_f0o 1 1 1 =alz _tz Czibz
1 a2 0 2 0 a2 —a? c¢%2—-p? b2 2 _g2  —p2
1 b%2 %2 0 0 b%? c?—aqa? —b?

a’b? + a®*c? — a* + b%c* — b* + a?b? + a?b?* — (¢ —a?)(c? - b?) =
= 2(a?b?® + b*c?* + a®*c?) — (a* + b* + ¢*) (1)

From (1) we must show this:

2(a?b? + b%c? + a?c?) — (a* + b* + ¢*) < 4abcR/ (X sin24) Y. cos2 A (2)
From Cauchy inequality =
VY sin?4 > % (X sinA) and /Y. cosz A > \/% X cosA) (3)
From (2)4(3) we must show this:

2(a?b? + a®c? + b?c?) — (a* + b* + ¢*) > gabcR(Z sin A)(X cos 4) (4)

a+b+C
2R

But) sinA = (5)
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> a(b?+c?-a?)

b2+c2-a
Z cosA = Z 2bc 2abc

(6)
From (4)+(5)+(6) we must show this:
2(a®b? + a?c? + b?*c?) — (a* + b* + ¢*) >
2%(a+b+c)(ab2 +ac?—a®+ba? +bc?—b3+ca’?+ch?-c3) e
6(a’b? + a®c? +b?c?) —3@* +b*+c*) = —a*—-b*—c*+a®(b+c) +
+b3(a+c)+c3a+b)—a®+c®) —b@®+c*) —cla®+b3) +
+a?(b? + c?) + b%(a? + c?) + c?(a? + b?) + abc(b + ¢) + abc(a + ¢)
+ abc(a + b)
o 2(a* + b* + ¢*) — 4(a?b? + b?c? + a?c?)
+2abc(a+b+c) =20

& a* + b* + c¢* — 2(a?b? + b?c?* + a*c?) +abc(a+b+c¢c) =0 (7)

s a*+b*+c*+abcla+ b +c) = 2(a?b? + b?c? + a?c?) (8)
By Schur’s inequality we have:
a*+b* + c* + abc(a+ b+ c) = ab(a? + b?) + bc(b? + c?) +
ca(c? +a?) (9)
From (8)+(9) we must show:
ab(a® + b%) + bc(b? + ¢?) + ca(c? + a?) = 2(a®b? + b%c? + a®c?) (10)
But ab(a? + b?) > 2a?b? & a? + b? > 2ab which its true. Similarly:

bc(b? + ¢?) = 2bc and ac(a? + c?) = 2a%c? = (10) its true.

5.19 In A ABC the following relationship holds:

a 0 ¢ b

0 a b c 4
>

b ¢ 0 a|— 432r

c b a O
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Solution:
a b c 0 a ¢ 0 a b
LHS=a X |c 0 a|+c X|b ¢ —-blb ¢ 0=
b a 0 c b 0 c b a

= a{a(—a?) — b(—ab) + c¢ - ca} + c{—a(—-ac) + c(b? — c¢?)} -
—b{—a(ab) + b(b? — c?)} = a(—a® + ab? + ac?) + c(a®c + b%?c — c3) +
+b(—a?b + b3 — bc?)
= a?(b? + c? —a?) + c?(a? + b? — c?) + b?(c? + a® — b?)
= 2a’bc cos A + 2c?abc cos C + 2b%*ca cos B = 2abc (Z acos A) =

= 2Rabc(sin 24 + sin 2B + sin2C) = 2Rabc - 4sinAsin B sinC
R%rs - Rrs
R3

= 2R - 4R (4 abC) =16
= TS 8r?) =

s=3v3

V3r
=161r%s? > 16-27r* =432r*

5.20If a,b,c,d, e, f > 0 then:

1 b b b b
a c 0 0 O
1 1 1 1 1
64la 0 d 0 0 g(a+f)2(b+e)2(c+d)2(— ———————— )
a 00 e 0 ab ¢ d e f
a 0 0 0 f
Solution:
1 b b b b
a c 0 0 O
letP=64|la 0 d O O0|. Expanding this determinant, we get
a 0 0 e O
a 0 0 0 f
P = 64(cdef — abdef — abcef — abcdf — abcde).
P = 64abed (1 1 1 1 1)
= b4abedef ab ¢ d e f
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1 1 1 1

P = (4af)(4be)(4cd) (= -2 -2 -2 -2) By am-Gm: Jaf < 2L =

daf < (a+ f)?

b+ +d
Vhe <=— == abe < (b+e)Ved s — == ded < (c+ P >
=>P<(a+f)2(b+e)2(c+d)2(i—l ——————
- ab ¢ d e f
5.211f A € M,(R) then:

det(A? + 2A +2I,) > (2 + Tr A)?

Solution:

Let A = (Ccl Z

A2+ 2442, =(A+ L)+ L =A@+ L +iL)(A+1, —il,)
=A+L+iL)A+L +1ly)
det(A% + 24+ 2L,) = det(A + (1 + DL) (A+ (1 + V1)

),a,b,c,d eR

=det(A+ (1 +i)L)det(A+ (1 +0)L,)

= |det(4A + (1 + ))|? =
2
=|1+D?+(@+d)(@+1i)+ad - bc|?

|a+(1+i) b |
c d+(1+10)

—l(a+d+ad—bo)+Q2+a+d)il?= 2+ (a+d)’ = Q2+ trA)?

5.22 A,B € M;(R),detA # 0,detB +# 0,
Tr(AB™1!) = det(AB™1) = 1.Find: @ = det(I, + A™1B)

Solution:

LletX = AB7 1. Astr(X) = 1, we take X = (a b )
c 1—a

1 =det(X) =a(l—a)— bc

a+1

dewEU=mm+m=|c

b |=(a+1)(2—a)—bc
2—a
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=2+a—a*—bc=3
Now det(] + A™1B) = det{A"*(AB~* + I)B} =
= det(A~1 det(AB~! + 1)) det(B) = (det(4)) *(det B) det(X)
= [det(4) (det(B))*]7'(3) = (det(4AB™"))"*(3) = (1V(3) =3

5.231f A,B € M5(R),A3 + 715 = A%, B3 + 915 = B? then:
det(4B) >0
Solution:
A? — A3 = 715 > det[A%(Is — A)] = det(715) = (detA)? - det(ls — A) =
75 #0=>detA#0 (1)
B? — B3 = 9]¢ = det[B?(Is — B)] = det(915) = (detB)? - det(Is — B) =
9> +0=>detB#0 (2)
Now, A3 =A% -7l > A* = A3 -74 >
A =22 -7l —TA=> A* = A —TA-T7I5 =
SA =A3—-TA2-TA=A*-T7s—-T7A*-7A>

5 _ _ 2 _ _ 5 _ _ 2 Z Z
=A% = —6A7 ~TA =TIy = A5 = —6(A + A+ 15) =

7 7
det A° = det [—6 (A2 +€A +615)]

7 7
(detA)® = (—6)° - det (A2 +-A+ —15)
6 6
= 7 7 =
But det(A2 +-A +—15) >0
6 6
= (detA)> <0 =>detA<0 (3). Now,B>=B? -9l = B*=B>-9B =
(B> =B*—-9B?) B*=B?-9B —9]; = B°> = B®-9B? — 9B

= B? -9l —9B? — 9B
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9 9
= B5 = —8B2 —9B — 9I; = B5 = —8 (32 +5B +§15) == det(B5)

9 9
= det[—8 (BZ +38 +§15)] =

(det B)S = (—8)5 det (B2 +2B + 215)

L, o 0 = (detB)> < 0= (detB) <0 (4)

det(B? +2B+25) 2 0

From (1)+(2)+(3)+(4) = det A < 0 and det B < 0 = det(4B) > 0.
Observation: A € M, (R),p € (0,4) = det(4%2 + pA + pl,) = 0

p? p?
because < det (A2 +pA+T I =+ pln) =

2
2 — 2_|_4 2 4y — p2
e (4 2) | <] (a4 2,) +(ﬂ> 2

) o (@)2,% _

= det (A+Bln >

2
p 4P —p? p 4p — p?
<A+§In+lTln><A+z+lTIn >0

5.24 If A, B € M5(R), A3 — 215 = A%, B3 — 315 = B? then:
det(AB) > 0

= det

Solution:
A3 A% =21 = A2(A-I5) =25 =
= (detA)? -det(A—1I5) =2° > detA#0 (1)
A3 = A% + 215 = det A3 = det(4? + 2I5) =
(detA)? = det(A +V2ils) (A —V2il5) =
(detA)® = det(A + VZil5) - det(A + V2us) = 0 (2)
From (1)+(2)= detA > 0 (3)
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B3—B?=3l;=>B?*(B—-1I5) =35>
= (detB)?-det(B—1I5) =3°> > detB # 0 (4)
B3 = B? + 3l = detB® = det(B? + 3I5) =
= (detB)? = det(B + V3ils) (B — V3il5) =
= (det B)? = det(B + V3ils) - det(B + V3us) = 0 (5)
From (4)+(5)= det(B) >0 (6)
From (3)+(6) = det(4AB) > 0
5.25 Find 4, B € M,(R) such that:
detA < 0,det(A — B) > 0,det(A+ B) < 0,det(2A+B) >0
Solution:
Suppose that A and B satisfy the proposed conditions. Let C = A™1B and let
x(A) = det(Al, — C) = 22 — tr (A)A + det(C)

be the characteristic polynomial of C. The proposed inequalities yields

det(4 — B)
x() = detA
(1) = det(—A — B) _ det(4 + B)
detA detA
2(=2) = det(—24 — B) _ det(24 + B)
detA detA

But x(Q) is positive for large ||, so the above conditions imply the second
degree polynomial y has at least 4 zeros and this is absurd. Thus, no such

matrices exist.

5.26If A € M,(C),det A + 0,Tr A = 0 then:
Tr (43) = 3(det A)(Tr A1)
Solution:
Let A = (a;),,, € Ms(C) and Tr (A) = 0,det(4) # 0.

Let f(t) = t* — at® + Bt? — yt + & be the characteristic polynomial of A.
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Thena = Tr (A) = 0and 6 = det(4) = 0.
Sf@) =t +pt2—yt+6
We have
A* = —BA% +yA — 61, (1)
= A3 = —BA—yl —5A7?
Tr (4%) = —BTr(A) + 4y — 6Tr (A7) = 4y — 6Tr(47Y) (1)
Let A4, Ay, A3, A4 be eigen values of A, then

ZAi - o,z/uj - B
Let A be an eigenvalue of A = 3Aa x + 0 such that Ax = Ax =
= A%(x) = A(Ax) = A(Ax) = 14x = 2(Ax) = 1%x
Similarly, A®> = 23x = A3 is an eigenvalue of A3. If A= exists, then
A 1(Ax) =AY () =2 17 x = A x
~ A7LYis an eigenvalue of A~ 1.

If 11,25, A3, A4 eigenvalues of A, then A, + A, + A3 + A, = Tr (A) = 0.
Now, Tr(A®) =23 + A3 + 25+ 43 = (A +1,)% = 344,(A, + 24,) +
(A3 + 24)% = 3234,(A3 + 44)
= (A3 = 4)% + 342, (A3 + Ag) + (A3 + 14)° + 3234, (A; + 13)
[“A+A,+ 23+ 1, =0]

= 3,250, (/1—11 + /1—12 + /1—13 + /1—14) — 3det(A) Tr (471)

11 11
I:'-' /11).2).3).4 = det(A) and TT‘(A ) = Z + Z + Z + Z

> Mg =¥; Aadgdady =8
Note
(il 1) “1
y = 5(11 Frto +A4) = det(4) Tr (A1) (2)

From (1), (2): Tr(43) = 3det(4A) Tr (47Y)
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5.271f A,B € M,(C),det(A + B) = 1 then:
det(A-detB + B -det A) = det(AB)
Solution:
If det(A) = 0 ordet(B) = 0,
then det(det(4)B + det(B)A) = 0 = det(A4) det(B).

Suppose det(A) # 0,det(B) # 0. Let A = (a1 bl)'B - (az b2>

Leta = detA, B = det(B). Now, I = det(4 + B) = det[A(B~1 + A" 1)B]
= det(4) det(B) det(B~* + 4™1) (1)

But A~l = 1( dq —b1) 1= 1( d, —bz)

a\—c; a B\—C; ap

[ 41, % _(ﬁ+ﬁ)1
B_1+A_1=| a P a B/
|_(c_1+c_z) @ a |
l a f a BJ

G 4% b by

_ 1y _ a p a P

Now, note det(B~! + A™1) = det aLe b, d

a B a B

. -1 -1\ _ 1 1
«det(B™1 + A )—det(;A+EB) (2)
1 = 1 1py_- L aB ap
Thus, from (1), (2): 1 = af det(aA +;;B) = det[a A+ 3 B]

[+ A B are2x 2matrices] = det(BA + af) = af

or det[(det B)A + (det A)B] = detAdet B = det(4B)

5.281f A € M,(R), B € M3(R), C € M,(R),
A2 —A=1,B*—B=1I,C*—C=1I, then:
|det A + det B + det C| < 28
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Solution:

letf(x) =x?—x—1,f(x) =0=>x,, = %\E Now the own values for A is

A4, 1, = from McCoy theorem = 44,1, € {¥, 1+\/§} =) < 1+2\/§’l_

1,2 =

2
|det Al = [4145] = [44] - [A2] < (1+2\/§) (1)

Let A4, A5, A5 the own values for B = from McCoy theorem = {A,1,, A3} €
{1—\/5 1+\/§}

]

= |4 <

1++5
> ,i=123=

1+v5)°
=) @
Let A4, Ay, A3, A4 the own values for C =

1—+/5 1++/5 14++/5
2 2 2

|det B| = 12,112 1125] < (

{A1, 42,43, 44} € { } = |4l <

1+/5
2

4
) 3)

From (1)+(2)+(3)=> |detA + det B + detC| < |detA| + |detB| + |detC| <

1+v5\° [1+v5\ [1++5

= 2 + 2 + 2

i = 1234 |detCl = 1] 1] 1As] - 4] < (

4
) =7+3V5<28

5291fA,B,C,D € M,,(C),n € N,n > 2,det(ABCD) + 0 then:
rank(AB - det(CD) + CD - det(AB)) =

= rank (—1 B A7t ——M— ‘IC‘I)
detC -detD detA-detB

Solution:

We use two properties:
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(1) rank (a - A) = rank A,Va # 0 (obvious)

(2) rank (A) = rank (A - B~1), VB = invertible (from Sylvester)
rank (AB - det(CD) + CD - det(4B)) = rank(B det(CD) + A~'C -
D det(4AB)) =

= rank (det(CD) I, + B"*A1C - D det(4B))
= rank(det(CD) D' + B~1A71C det(4B)) =
= rank(det(CD) D' - C~ 1+ B 1471 . det(4B)) =
=rank(detD -D 'detC-C ' +detB'-detd-A4A"1)
= rank (D*C* + B*4*) (3)

1 -14-1 1 -1,-1
NOW, rank (det C-detD B~A + detA-detB b=¢ )
- ran detAdetB detC detD detAdetB detC detD B

= rank(B*A* + D*C*) (4)

From (3) + (4) = relation from hypothesis.

5.30IfA,B € M,(C),det(A + B) = 1 then:
det(A-detB + B -detA) = det(AB)
Solution:
If det(A) = 0 or det(B) = 0, then det(det(4) B + det(B)A) =0 =
det(4) det(B)

Suppose det(4) # 0,det(B) # 0. Let A = (al bl), B = (‘7‘2 bZ)

Let a = det(4),B = det(B). Now, I = det(4 + B) = det[A(B™! + A™1)B]
= det(4) det(B) det(B~* +471) (1)

But A-1 = i( dq —b1) B-1— 1( dp —bz)
a _Cl al ’ B _CZ az
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4, a2 b1 by
Now, note det(B™1 + A™1) = det fl ci :1 fz
«'p @B
) -1 -1y — 1 1
~det(B~1+ 4 )—det(aA+ﬁB) (2)
Thus, from (1), (2):

I =af det(%A +%B) = %det [?A +0;T'BB]

[ A,Bare2 X 2matrices] = det(BA + aB) = aff
or det[(det B)A + (det A)B] = detAdet B = det(4B)

5314€ M,(R),detA+0,a € (—1,1),A> + A2 =a(A+A471)
Find: |det A|

Solution:

Let A € M,,(R) be an invertible matrix with
A2+A2%2=a(A+AY), forsomea € (—1,1) (H)
Find |det(4)|
Step 1. If a € (—1,1) then all the complex roots of the polynomial
Px)=X*—aX3—aX+1
belong to the unit circle.
Indeed, P(z) = 0 is equivalent to z3 = % thus

2

az—1 1—a?)(1—|zl?
1= __-a)a-iz?)
zZ—a |z — al?
and consequently
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1-—a?
(Jzl?=D[1—-|zP+|z]*+ — =0
|z — al?
positive
Thus, |z| = 1

Step 2 |detA|l =1
Consider A as a complex matrix. If A € C is an eigenvalue of A then according

to (H), A satisfies

2= (/1 + 1)

2=\
Equivalently P(1) = 0, hence |A| = 1 according to Step 1. But det A is the
product of all the eigenvalues of A, (each one is repeated according to its

multiplicity), so |detA| = 1.

5.32 Solve for real numbers:

1 3 +sinx 2+ 3sinx 2sinx

1 2+sinx+cosx 2sinx + sinxcosx sin2x _

1 1+4sinx+cosx sinx+ cosx+sinxcosx sinxcosx

1 3+ cosx 2+ 3cosx 2cosx
Solution:

After simplification we have:

sinx + 3 3sinx + 2 2sinx
cosx +sinx+ 2 sinxcosx+ 2cosx 4+ 2sinx sin 2x
cosx +sinx+1 sinx cosx + cosx + sinx sinx cos x
1 cosx + 3 3cosx+2 2Ccosx

[EE SR

—i(sinx — 2)(sinx + cosx — 1)?(4 sinx + cos 2x — 2(sinx + 2) cos x +

1). Solve for x:

1
—Z(sinx —2)(—=1+ cosx + sinx)?(1 + cos 2x + 4 sinx — 2 cos x)(sin x

+2)=0
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Multiply both sides by a constant to simplify the equation.
Multiply both sides by —4:

(sinx — 2)(—1 + cosx + sinx)?(1 + cos 2x + 4sinx — 2 cosx)(sinx +2) =0

Find the roots of each term in the product separately. Split into three
equations:
sinx —2=0o0r(—1+cosx +sinx)> =0or
1+ cos2x +4sinx —2cosx(sinx+2)=0
Isolate terms with x to the left hand side. Add 2 to both sides: sinx = 2 or
(=14 cosx +sinx)?=0o0r1+ cos2x + 4sinx — 2 cos x (sinx + 2) = 0.
After solving each equation separately and some calculations we have the

following solutions

= (n_7)- = 2mnyx = 2mn + Six = 2nn 2 x = 2mm —
X =T 4 ;X = 4ATIN; X = 4TIn 2,x— m 4,x— mn 4

1 1
x=2nn —2itanh™'—;x = 2nn + 2itanh ' —;x = 2nn + m —sin™1 2

V3 V3’

5331fA,B,C € M,(Z),n > 3,(A*B*)* = BA,(B*C*)* = CB then:
detA4 + detB + detC < V10

Solution:
IfdetA = 0ordetB = 0 ordetC = 0 obvious.
LetdetA # 0,detB # 0,detC # 0.
Lemma 1: (AB)* = B*A* (1)
Lemma 2: (A*)* = (detA)" 2?4 (2)

@

From (A*B*)* = BA® = ((BA)*)" = BA =

(det BA)""2BA = BA
BA invertible

detBA = +1 = detA - detB = +1
butdetA anddetB € Z

}: (det BA)"™2 = 1 =

}=> detA,detB € {—1,1} (3)
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Similarly: det B ,det C € {—1,1} (4)
From (3)+(4)= det A + detB + detC < 3 <10

534IfX,Y,ZeM,(R),n=>2,neNXY =YX YZ=2Y,ZX =XZ

then:
det(9X? + 5Y% +5Z% + 12XY + 6YZ +12ZX) >0

Solution:
We use: det(A - A) = 0,VA € M,(R) (1)

Because XY =YX,YZ = ZY and ZX = XZ we can make algebraic calculus:

det[(BA +Q2+DB+Q2-D0)(3A+Q+1B+(2— l)C))] >0 (2)
(From (1))
Butdet[BA+(2+i)B+(2-1DC)BA+(2+1)B+(2-10)| =
=det[BA+ 2+ DB+ 2 -1)C)BA+2—-DB+2+1i)0)] =
= det(9X? + 5Y2 + 522 + 12XY + 6YZ + 12ZX) (3)

From (2)+(3)= det(9X? + 5Y2 + 5Z%2 + 12XY + 6YZ + 12XZ) = 0

5.35A4,B € M,(R), Tr((AB)?) = Tr(A*B?),n € N,n > 2. Find:
Q =Tr[(AB — BA)"]
Solution:
If X and Y are two n X n matrices, then: Tr(XY) = Tr(YX)
Tr(X +Y) =Tr(X) £+ Tr(Y). We are given: Tr((AB)?) = Tr(4*B?) =
= Tr{ABAB — AABB} = 0 = Tr{A(BA — AB)B} = 0 =
= Tr{BA(BA — AB)} = 0 (1)
= Tr((BA)?) = Tr(BA?B) = Tr(BBA?) = Tr(B?4?) >
= Tr{BABA — BBAA} = 0 = Tr{B(AB — BA)A} = 0 =
= Tr{AB(AB — BA)} =0 (2)
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Now, Tr{(AB — BA)?} = Tr{AB(AB — BA) + BA(BA — AB)} =
= Tr(AB(AB — BA)) + Tr(BA(BA — AB)) = 0 + 0 = 0 [from (1), (2)]
Let x = AB — BA, then Tr(x) = Tr(AB) — Tr(BA) = 0.
Also, Tr(X?) = 0 [Prove above]

tetx = (¢ 2 ) [ Tr00 = 0]

2
X2=<a + bc 0 )
0 a® + bc

Tr(X?)=0=>2@®>+bc)=0=>a’+bc=0

. 2 _ 0 0 ny —
“ X _(0 0)=>Tr(x)_0\m22

5.36 If A € M,(Z) then:
Q=det(A+A" + A*) + det(—4A+ AT + A*) + det(4 — AT + 4*) +
det(4 + AT — A*) is divisible with 12.

Solution:

LetA=(CCl Z),AT=(Z 2),A*=(_dc _ab),a,b,c,dEZ

2a+d c _
b a +2d) =B (say)

d c—2b
b—2c a

d -—c\ _
5 X)) =Bz (say)

2a—d c+2b\ _
2c+b 2d—a)_B4(say)

~ det(B,) + det(B,) + det(B;3) + det(B,)
=QRa+d)(a+2d) —bc+ad—(b—2c)(c—2b) +ad — bc
+2a—d)(2d —a) — (c + 2b)(2c + b) = 2a® + 5ad + 2d? — bc
+ad — (5bc — 2¢? — 2b?) + ad — bc
+5ad — 2d? — 2a® — (2c? + 5bc + 2b?)
= 12(ad — bc) which is divisible by 12.

A+ AT+ 4 =
—A+AT+A*:( )=Bz (say)
A—AT+ 4 =

A+aT -4 =(
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5.37 GENERALIZATION FOR A DAN RADU SECLEMAN’S INEQUALITY
IfA,B€M,(R),n>2,p=>1npeEN,
A%Pt1 4 B2 = [ A%P*1 = A?P then:
det(l,, + A*’ + B??) > 0
Solution:
A2p+1 4 B2p — L CA2P = AYPHL L B2D . A2 — A2P o
A?P + BZPA%P = A%P = B2PA?P = 0, (1)
A?P|AZP*1 4 B2P = [ = APYL 4 A2PB2P = A%P = A?PR?P = 0, (2)
From (1)+(2) we must show:
det(I, + A?? + B?P + A?? .B?P) > () &
det[(I,, + A??)(I, + B??)] = 0 & det(I,, + A%P) - det(I,, + B??) >0 (3)
But det(I + A%P) = det(I? — i?A?P) =
= det[(I,, + iAP)(I, — iAP)] = det[(I, + iAP)(I, +1AP)| = 0 (4)
Similarly: det(I,, + B*?) > 0 (5)
From (4)+(5)= det(I, + A%P) (I,, + B??) > 0 = (3) its true.

5.381f A,B € M,(C),detA +# 0,det B # 0 then:

A B
det(AdetB + BdetA) + det (detA + detB) -

1
= det(4 + B) (det(AB) + m)

Solution:
First we prove this: Theorem (by Vasile Pop and Ovidiu Furdui)
IfA,B € M,(C) and x,y € C then:
det(xA + yB) = x? det A + y? det B + xy[det(4 + B) — det A — det B]

Demonstration: we use a determinant formula:
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IfA,B € M,(C) A x € C then:
det(4 + xB) = detA + (det(A + B) — det A — detB)x + (det B)x?

For our theorem if x = 0 = then its trivial.

Ifx # 0= det(xA + yB) = det[x(A +§B)] =
= x? det(A +§B)

2
= x%[det A + (det(4 + B) — det A — det B)] % + detB i—z

= detAx? + (det(4 + B) — det A — det B)xy + det By? (done)
Now for our problem:
Letx =detB,y = detd =
det(AdetB + BdetA) = (detB)* + detA + (detA)* - detB +
+ det(4AB) (det(A + B) — detA — detB) (1)

1

1
letx = deta’) = dets
A B 1 1 1
det (detA + det B) ~ deta detB det(4B) (det(A + B) —detA — detB) (2)

From (1) + (2) =

det(AdetB + BdetA) +d t( 4 + 5 )—
€ € € € detA detB)

= detA (detB)? + (det A)? det B + det(4B) det(4 + B) —

(detA)? - detB — detA - (detB)? + ! + ! +det(A+B) !
¢ € € € detA " detB ' detAB  detB

1 —

detd
_ det(AB) - det(d + B) + U+ B _ t(A+B)(d t(AB) + — )
- de € detap ¢ € det(4B)
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5.39
sin? x sin®’y - cos*x cos*y-cos*x
2 = |cos*y - cos?*x sin? x sin’y - cos?x|,x,y €R
sin’y - cos>x cos*y-cos*x sin? x
Prove that: |2| < 1.
Solution:
sin? x sin?ycos?x cos?ycos?x
Q = |cos? y cos? x sin? x sin? y cos? x
sin?ycos?x cos?ycos? x sin? x

R{ = Ry + R, + R3, we get

1 1 1
Q = |cos? y cos? x sin? x sin?y cos? x
sinycos?x cos? ycos? x sin? x

Using C; = C; — €y, C3 = C3 — (1, we get
1 0 0
Q = |cos? ycos?x  sin?x — cos?ycos?x  cos?x (sin?y — cos? y)| =
sin?ycos?x (cos?y—sin?y)cos?x  sin?x —sin? y cos? x
= (sin? x — cos? y cos? x)(sin? x — sin? y cos? x)
+ cos* x (sin? y — cos? y)?
= sin* x — sin? x cos? x (cos? y + sin? y) + cos* x sin? y cos? y +
+ cos* x (cos* y + sin* y — 2 sin? y cos? y)
= sin* x — sin? x cos? x — 3 cos* x sin? y cos? y + cos* x (cos? y + sin? y)?
= sin* x + cos* x — sin? x cos? x — 3 cos* x sin? y cos? y
= (sin? x + cos? x)? — 3 sin? x cos? x — 3 cos* x sin? y cos? y
=1 —3sin?xcos?x —3cos?* xsin?ycos?y < 1
Also, 3 sin? x cos? x + 3 cos* x sin? y cos? y = zsin2 2x + %cos4 xsin?2y <

3 3
=—=>1—ES1—35in2xcoszx—3cos4xsin2ycoszys1

<3+
4 4 2
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1
:>—§s031:>|0|31

5.401f A,B,C € M,(R),AB = BA,AC=CA,BC=CB,neN,n>2
then:
det(4%* — 6AB + 10B* + 16BC + 10C* — 6AC) > 0
Solution:
We make a generalization:
Lemma 1: Let P € R[x],p(x) = x?> + ax + b,A = b?> — 4b < 0. Then
VA, B € M, (R) the following statement is true:
det[(4 + x;B + x,C)(A + x,B + x,C)] = 0, x4, x, being the roots of p
Demonstration: If A < 0 = x4,x, € C,x, = x; and using det(x - X) = 0,
Vx € M,,(R) = det[(A + x;B + x,C) (A + x,B + x,C)]
= det[(4 + x;B + x,C)(A + x,B + x,C)] = 0
Lemma 2. If AB = BA,AC = CA, BC = CB then the conclusion of this theorem
can be written this way:
det[4%2 + b(B? + C?) — a(AB + AC) + (a®? — 2b)BC] = 0
Demonstration: det[(A + x1B + x,C)(A + x,B + x,C)] =
= det[A? + x;x,(B% + C?) + (x; + x,)(AB + AC) + (x7 + x3)BC] =
= det[A%? + b(B%? + C?) —a(AB + AC) + (a®* — 2b)BC] = 0
(we used AB = BA,AC = CA,BC = CB and Viéte relations)

Now, in our case: a = 6,b = 10. Done.

5411f A,B € M,(R),AB = BA,detA=a > 0,det(A+iaB) =0
then find:
Q = det(4? — aAB + a*B?)

Solution:
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If AB = BA,det(4) = a > 0,det(4 + aiB) = 0, find det(4?> — aAB + a?B?).
As
det(4) > 0, A~ ! exists. Let C = A 1B.
Now, det(4 + aiB) =0 (1)

= det|aid (—21+47'B)| = 0= det(aid) det (C - 1) =0 (2)
= det(C —él) =0
[ det(iad) = —a?(a) # 0]
Characteristic equation of C is
t?2 —tr(O)t +det(C) =0 (3)
In view of (2), ésatisfies (3) = —% —étr(C) +det(C) =0
= det(C) = —and tr(C) = 0
As det(C) # 0, we get det(A™1B) # 0 = det(B) # 0 and det(B) = i =
= det(B) # 0 and det(B) = % = B! exists. Let D = AB™. From (1):
det[(D + ia)B] = 0 = det(D + ia) det(B) = 0 = det(D + ia) =0 (4)
Characteristic equation of D is t* — (tr(D))t + det(D) =0 (5)
In view of (4) —ia satisfies (4)
~—a?+tr(D)(ia) + det(D) = 0 = det(D) = a?, tr(D) =0
= characteristic equation (5) becomes t? + a? = 0.
Now, A?> — aAB + a?B? = (AB™2 — aAB™ ' + a?I)B? = (D?> — aD +
a’)B? =
= (0—aD)B? = —aAB™'B? = —aAB
det(4? — aAB + a?B?) = (—a)? det(4B) = a? det(4) det(B) = a?

5.42 Find A, B € M,(R) such that:
detA < 0,det(A—B) > 0,det(A+ B) < 0,det(24+B) >0
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Solution:
We will use the following formula:
det(A + xB) = ax? + bx + ¢, when: a = detB,b = tr(AB*),c = detA
We will note p(x) = det(A + xB). Because p is a polygon of second degree,

it’s obvious that it can be at most two changes in the value of sgn (p(x)). But:
p(—=1) > 0,p(0) < 0,p G) > 0,p(1) < 0 = 3 changes of sign. That means

there are no matrices with the properties in the hypothesis.

Observation:

1 1 1
det(24 + B) =4det(A+EB) =4p(§) >0=>p(§) >0

5.43 A € M3(R),det(4% + 2A + 2I3) = det(A+13) =0

Find: Q = det4
Solution:
A € M5(R) then characteristics polynomial has highest degree 3
~ We have to find a polynomial with their eigen values
~ det(4%2 + 24 + 2I;) = 0 . then polynomial is

x2+2x+2=0

It has two different eigen values (—1 + i) and (—1 — i)

[by solving quadratic equation].
Here|A+1| =0
-~ one eigen value of A is —1 .. characteristic polynomial is
=(x+D?+2x+2)=x3+2x* +2x + x> +2x +2 =x3 + 3x? +
4x + 2 .~ then det(A) = product of eigen value = —2
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5.44 Solve for real numbers:

MARIAN URSARESCU

1 1 1
X+ 2 x+3 x+4
1 1 1 0
y+ 2 y+3 y+4 |
1 1 1
sinx+2 sinx+3 sinx+4
Solution:
We notice that it is determinant of Cauchy type:
1 1 1
a1+b1 a1+b2 a1+b3 a1 =X bl — 2
1 1 1 . _ —
D; = 4tb, a,1b; a3tbs Wlth{ a; =y and{bz =3
1 1 1 asz = sinx b3 =4
a3+b1 a3+b2 a3+b3
2
D. = D, ) 1_ (az — ay)(bs — by)
* " az+b; 1 1(az +a)(bs + by)
D (sinx —x)(4 —2) (sinx —y)(4—3))
* T sinx+4 (sinx+x)(4+2) (sinx+y)(4+3)
1 1
r =
D, = x+2 x+3 _ y—Xx
2 1 1 (x+2)(x+3)y+2)(y+3)
y+2 y+3
_ (y—x)(sinx—x)-2-(sinx-y) _ _
= D3 - 6(sin x+4)(sinx+x)(sinx+y)-7(x+2)(x+3)(y+2)(y+3) =0= y=xor

sinx = xorsinx =y

5.45 A € M,(R),p € R — {0}, det(42 + 2pA + 2p?I,) = 0. Find:
Q =detAd
Solution:
A%+ 2pA+2p%, = (A+pL)*+p*L, =[A+ (p+ ip)L][A+ (p — ip)L]
0 = det(A? + 2pA + 2p?L) = det{(A+ (p + ip) L) (A + (p + ip)1,)}
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=det(A+ (1 + i)pl) det(A + (1 — i)pl,) > det(A+ (1 +i)p) =0
ordet(A + (1 —i)p) = 0. Assume det(A + (1 + i)p) = 0.
= —(1 + i)p is eigenvalue of A another eigenvalue is —(1 — i)p
~det(4) = (1 + D —i)p? = 2p?
5.46
x*y=xm+ym,xoy:xy—5x—5y+30,6= (5,00)
Prove that (R,*) = (G,o) as abelian groups.

Solution:

We first show that (R,*), where x * y = x\/l + 92 + yV1 + x2
is an abelian group. Clearly, x * y € R, Vx,y € R

* js associative suppose x,y,z €E R. letx =tana,y =tanf,z = tany

T T
——<apfy<-=

2 2
sina + sin
X*y = (tana)\/m+tanﬂmzv(:()sﬁ’ﬁ)

sina + sin

( ) sin0£+sinﬁ’)2
X * *x 7 = —
Y cosa cosf

1+tan’y +tana 1+(
cosa cos f8 Y \/

sin a+sin ,8)2 _ (1-sin? a)(1-sin? p)+sin? a+sin? f+2sinasin f
cosacosf - -

But1+(

cos2 acos? B
(1+sin a sin B)?
cos? acos?2

53]
sin @ sin 8 siny(1+sinasinf)

Thus, (x xy) * z =

cosacosfBcosy cosacosf cosy

_sina +sinf +siny + sina sinf siny

cos @ cos ff cosy

sina+sin f+sin y+sin a sin B siny

Similarly, x * (y x z) =

cosacosfcosy
Thus, (x xy) *z=xx*(y *z);Vx,y,Z €R

* j[s commutative is obvious.
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Identity Element = 0; x * 0 = xV1 + 02 + 0V1 + x2 = x;Vx € R
Inverse Element.For each x € R, —x € R s inverse of x.Indeed x * (—x) = 0
~ (R,*) is an abelian group. Next, we show that if G = (5, =), and
aob =ab—5a—>5b+30;Va,b € G, then (G,°) is an abelian group.
Noteaob =(a—5)(b—5)+5
o js commutative and its identity element is 6.

o js associative
Lleta,b,c € G,
(@aeb)oc=((a=5)((b -5 +5)oc

=((a=5bB-5+5-5)(c=5+5
=(@—-5)(b-5)(c—-5)+5
Similarly, ao (boc) = (a—5)(b—5)(c—5)+5
“(aob)oc=ao(boc);Va,b,c € G

Finally, ifa € 5, thena > 5,and b =5 + a_is is inverse of a. Indeed,

aob=(a-5)b-5+5=(a—5) (=) +5=1+5=6 =identity
element.
We now show that ®: R — G defined by ®(x) = 5 + 5sinh ™" x
is the required isomorphism of R onto G
As55iPhTIX 5 0 vy € R, O(x) € G;Vx € R
Forx,y €R
O *y) = Ssinh—l(xW+ym) +5 (1)
and ®(x) o ®(y) = 5sinh™x . gsinh™y 4 5 (7)

— gsinh™'x+sinh™'y 4 ©

Butsinh™! x + sinh™1y = sinh‘l(x\/l +yZ2 +yV1+ xz) (3)

~ from (1), (2), (3): ®(x * y) = ©(x) o D(y)

153 OLYMPIAD PROBLEMS ALGEBRA-VOLUME 1



DANIEL SITARU MARIAN URSARESCU

Thus, ® is a homomorphism from (R,*) to (G, a)
@ is one —to —one
Letx,y € Rand ®(x) = O(y)
= 5sinh™x 5 —gsinh™ly L5 o ginhlx =sinh ly > x =y
~ ®isone—to-one
@ is onto
letyeG=>y>5=>y—-5>0
lett =logs(y—5)=5'=y-5
Ast € R,3x € Rsuch that sinh™ x = t or take x = sinht.
Then ®(x) = 55" "X 41 5 =50+ 5=y—-5+5=y
=~ @ is onto.
Hence, (R,x) = (G,°) as abelian groups.
5.47 Let A be a ring with identity. For each a € 4 we define
E,={x€A:xa=1}
Show that if ¢ € E, and |E,| > 2 then the function ¢, E, - E,
defined by
@q.(x) = ax + c — 1isinjective but not surjective.
Solution:
To show injective, suppose @, (x) = @, (y), then:
ax+c—1l=ay+c—1=2ax=ay=>cax=cay=>x=1y.
To show it is not surjective, we argue by contradiction. So, we suppose it is
surjective, there is x € E, such that: ax + c —1 = c € E, therefore ax = 1
since |E,| = 2, we can choose y € E,,y # x such that: ya = 1
multiplying x on the right on both sides we have: yax = x =y = x

which is a contradiction. Hence the mapping is injective but not surjective.
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5.48 Find the last 3 digits of:

201920192019...201953
ﬂ = 20 19 50 times "2019"

Solution:

201920192019 ...2019 53 =

2019 times

=2x 1027 +0x10%°° +1 x 101 + 9 x 10%%8 + ... +
+2x10°+0%x10*4+1x1034+9%x102+5x10+3x10°

We can use Euler’s quotient function and Euler’s theorem:
Since 1000 = 8 x 125. We evaluate Q(mod 1000)
Evaluating Q(mod 8); ¢(8) = 4; 2019 = 3(mod 8)

20192019 ...201953 = 53 = 1(mod 4)
Since all other terms are multiples of 4.
So, Q = 3" = 3(mod 8);Evaluating Q(mod 125)
¢$(125) =4 x 25 =100
2019 = 19 mod 125
20192019 ...201953 = 53 (mod 100)
Since all other terms are multiples of 100, so Q = 19%3 (mod 125)
=192 x 19 = (19)® x 19 = 113 x 19
= (71*)3 x 71 x 19 = 563 x 71 x 19
=116 x 71 X 19 = 109(mod 125)
So,Q=3mod 8 =3+ 8kand Q = 109 mod 125
3+ 8k =109 mod 125; k = 107 mod 125
So, Q = 859 mod 1000, The last three digits are 859.
5.49 F,;: n™ Fibonacci Number.Prove that:

F B (n+k)!
n+l L (n— k)! (2K)!
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Solution:

Let S(n) = Xr-o (n +k

ok ) We call S(n) the main sum.

Let P(n) = X}-o (2nk+—k1)’ where P is called auxiliary sum.

We use the well-known Pascal’s identity (Z) = (n ; 1) + (Z : 1) (*)
Let us find the recurrence between S and P!

letn €N
s _Z[n+k_1 (n;{k_—ll)]

n n
Zn—1+k +z n—1+k
4 ("1

k=0
=¥t (" 21k+ k)+2 ( 2_kl_+1k)=S(n—1)+27§;é(nz_k1_+1k)+
Gn = 1)

By(**)=>S(n) =S(n—1)+P(n—1)+1 (**¥
On the other side: n € N

P(n)_z n+k )z|n2—k1_+1k|+kzn:_o|n2—k1_+2k
n—
an_k1—+1k|+|2n |+
N k—1)
Z(n;(lf—n) =k-1

—Pn—1+1+ ?;&|n2tt| :P(n)+(32)+

|" | = P(n) =
P(n—1) +S(n) (****)

By (***)=> P(n—1)=S(n) —S(n—1) — 1;n € N (****%)
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By (*****)= P(n) = S(n+ 1) — S(n) — 1 (*****¥)
By (****)= P(n) — P(n—1) = S(n)
By (*****) and (******)=> S(n+ 1) —-S(n) —1-(S(n) —-Sh—-1)—-1) =
S(n)
S(n+1)—25(n) +S(n—1) = S(n), so, we obtain:
Sm+1)=35n)—-S(nh—1);neEN=212=31-121>-31+1=0
3++5 3-+5
1= AN, = >

S(n) =¢ (3+2‘/§)n +c, (?)n (Vi)

Obviously, S(0) = 1and S(1) = 2

We have: ¢; + ¢, = 1 and ¢; (?) + ¢,y (3_2\@) =2

C2=1_C1

3++5 3-+5
c1< 3 >+(1—c1)< 5 >=2

<3+\/§ 3—\/§> 3-4/5
cq — + =2

2 2 2

3—-+5
Cl\/§=2— 2
1+\/§@ 1++/5
C:
2 PN

2V5-1—/5
2v/5

V5-1_ 1-+5
2v5  2V5

Now, S(n) = ¢; (3+£)n +c, (#)n

2

Cl\/g =

c;=1—1c¢y,50,¢cy =

Cr =

_1+\/§<3+x/§>”+(_1).1—\/§<3—\/§>"
245 2 25 2
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a1V 1448 1-vE[([1-vE\)
w=g(77) (=) ) = (=)

1 ({1445 15"
w=g((=7) (=)

By Binet’s formula = S(n) = Fyp4q

Moreover, by (******). P(n) = S(n+ 1) — S(n) — 1

P(n) = Fytny1)41 — Fany1 — 1
P(n) = Fppyz — Fopyr — 1
P(n) = F2n+2 -1

Therefore,
P(n) = ﬁ:o (an-l__kl) = F2n+2 —1and
n
+k
Sn) = z (nZk ) = Font
k=0

5.50

+1=(x+D(x*+ax+1)(x*+bx+1)(x2+cx+1)(x* +dx + 1)
Vx € C.Find: @ = a® + b® + c® + d°

Solution:

Buscamos ias 9 raices de x° + 1

k . . (k
= cos (?”) + isin (?”), para k = +1,+3,+5,+7,9
Para encontrar factores con coeficientes reaies, multiplicamos ios pares

conjugados

o5 - () e e (42) - con (1) -
(- (D) (osn() =z

Entonces
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x9+1:(x+1)(x2—2cos(g)x+1)(x —2cos(39)x+1)

(= 205 () 1) (2 - 2c08(2Z) 1)

Q= (—2 cos (g))6 + (—2 cos (3?”))6 + (—2 cos (%))6 + (—2 cos (%))
Q = 2°(cos®(20°) + cos®(100°) + cos®(140°) + cos®(60°))

Sabemos que si:

6

i) a+b+c=0,secumple:
6 6. 6 a® +b® + 3\’ a? + b? + c2\’
a®+b°+c®=3|——F—| +2|——
3 2
i) cos? x + cos?(120° + x) + cos?(120° — x) = %

iii) cos3 x + cos3(120° + x) + cos3(120° — x) = %cos 3x
Entonces como
cos x + cos(120° — x) + cos(120° + x) = 0, se cumple i)

Reemplazando ii) y iii) en i)

3 cos3x 3\°
cos® x + cos®(120° — x) + cos®(120° + x) = 3 ( 3 ) +2 (Z)
Six =20°
3 27
c0s®(20°) + cos®(100°) + cos®(140°) = e cos?(60°) + 32

Finalmente

3 27

Q=26 [cos6(60°) + e cos?(60°) + ﬁ]
3 1 27

_64[64 16 1732
Q=1+3+54=58
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551Lt{ Xo = 2020
Pr M ey = 22, — 2 + 20+ 2019 - 20200 = 0,1,2, ...

Find: Q = X2030
Solution:

n+2_ n+1
Using the formulas: S; = x + 22x2 + - + nx™ = = ((:j;))zx =

Sy = x4+ 22x% + -+ + n?x™
3 n2x™t3 4 x"2(=2n? —2n+ 1)+ n+ 1)%x" ! —x? —x
(x—1)3
We denote a = 2019 - 2020, b,, = —n? + 2n + @™, x4y = 2%, + by,

X1 = sz + bo,XZ = 2x1 + b1 = 22x0 + 2b0 + bl,X3 = X3 + bz
= 23x0 + 22b0 +xn =

n-—1 n-1

=2"xg+ ) 2"K 1y =2"xo + ) 20K (—k? + 2k + a¥)
=0

k=0 k=

T k% + 2k + ok B

xn = 2nx0 + 271—1 ¢ kz_oz—k

n-—1 n-—1 n—1
1\* 1\* ark
Y () n-1,|_ 21 R - —
=27 +2 [ zk (2) +sz (2) +Z(2)]
k=0 k=0 k=0

202 2029 2029

k=0

ST N a
= 2050 = 2090y 4 27079 [ EOREIICEINC

k=0
2029 k 2029 a 2050 -1 2030 _ 92030
Y@ @ e
2029 nE 1 12 2029
;k(z) =3+2(3) +r 22 3)
2031 2030
_ 2029 (%) — 2030 (%) +% _
1
4

)
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2029 2030 | 1
22031 ~ 2030 T 2029 — 4060 + 22030 22030 — 2031

1 - 22029 - 22029
4
2029 i
Sy -
2
k=0
11,2032 , 14,2031 L (V290 3
2029 (5)  +(-2-20292-2-2029+1)(3)  +2030*(3) -3
B _1
8
2029 8237739 4120900 3 8
- (22032 T 52031 T 52030 _Z) ' (_I) -
2029 — 16475478 + 16483600 — 3 - 22030 8 3.22030 _10-151
= 22032 ) (_ I) = 22029

Q = 220302020

322030 — 10151 22030 — 2031
22029 + 22028

a

2030 _ 2030
+ 22029 (g _ 2)] =

2030 _ 22030

= 270302020 — 3 22°%0 + 10151 + 2°°°" — 4062 + ———— =

2030 _ 22030

= 22%0(2020 — 3 +2) + 6089 + ——— — =

201920202030 _ 22030
20192018
40767684341 - 22030 + 122949197602 + 20192020%°3°
Q= 20192018

Q =2019 - 2293° 4+ 6089 +

5.52

n
x4 1= (x+ 1) n(xz +ax+1),VxecC
k=1

Find:
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n
Q=Za‘i‘,a,- eECieln
i=1
Solution:

8cos* x = 3 + 4 cos(2x) + cos(4x)

ai = (—2 cos (2n7:- 1))4 =16 cos‘*( " )

2n+1

ar_; = <—2 cos <%>> = 16 cos* (%) =
4

22n - 3)m 42n - 3)m
=6+ 8cos|————— |+ 2cos| ————
2n+1

2n+1
2n-Dm 2n—-1Dm
a?L = <—2 CcosS <W = 16 cos* W =

22n - Dn 42n - Dm
=6+8cos| ——— |+ 2cos| ——————
2n+1

2n+1

i = o+ 8| (z257) ;‘;‘ (z257) Y s (a5 D) sin (5 7)
2sin (Zn—-l-l)

2 sin (2:%)

4anm

at = 6n+8 [—Slf’(zn;,:) ] +2 [—S’?(Z“:;) ] > af = 6n +4(=1) + (-1);
zsin(zs)] - 2sin(z)

~ap=6n->5
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553IfFy=0,F{=1,F,,, =F,,1 +F,,mn,p,q € N then:

FZ, F? F2 3
z T z t 72 F2
(FgFn+ Fg41Fp)"  (FoFp+ Fgy1Fm)”  (FqFm+ Fgi1Fy)” Faez
Solution:
From Cauchy’s inequality
2 2 2 2
* () + ) * ) 2
FyFn+Fg41Fp FqFyp+Fq41Fm FgqFin+Fq41Fn
2
1 F, E F
> = < 2 + B + < )
3\FyFy + Fyi1Fy  FyFy + FourF  FyF + FounFy
2
F,
Then we must show this: ( Fim + [ + L ) > o
FqFp+Fg41Fp = FqFp+Fgy1Fm  FqFm+Fq41Fn Fys
Fn Fp Fp > 3 (1)
FqFp+Fgi1Fp  FqFp+Fgy1Fm  FqFm+Fqs1Fn — Fgiz
Fm Fn

But from Cauchy’s inequality we have
FqFn+Fq41Fp  FqFp+Fgqi1Fm

B
FqFm+Fg41Fm
E? E? E?
m + n + P >
FnFyFy + EnFoi1Fy  FyFyFy+ FoFyiiFy  FyFyFy + EyFqy1Fn

g (Fp+FE, +E)’° ~
" Fy(FuF, + E,F, + E,Ey) + Fpy1(EnFy + FyFy + EyFy)

_ (1~"m+1~"n+1~",[,)2 _ (1~"m+1~"n+1~"p)2 2)
(FnFn+FnFp+FpFm)(Fq+Fqy1)  (FnFn FnFp+FpFm)-Fqsz
(F+Fn+Fp)° 3
From (1)4(2) we must show: S

(FnFn+FnFp+FpFm)Fqrz — Fg+2
2 2 2 2
& (Fn+E, +E,)" = 3(EnFy + FyFy + FyFy) © (F2 + E2 + F?)
> FpFy + E,F, + F,Ep,
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554Fy,=0,F,=1,F,+ F, .4 = F,.,,n € N. Prove that:

sin3 t cos®t 1

)

- + - =
sint-F,+cost-F,,, cost-F,+sint-F,,.;1 F,.»
4
nEN*,tE(O,E)

Solution:

Z sin3t Bergs>trom
sint-F, +cost- F,4q -

cyc
- (sin?t + cos? t)? 3
“sint(sint - E, + cost - Fy.q) +cost (cost-F, +sint-Fn,;)
1 1 1

> =
E, +2sintcost - Fpyq;  F,+ (sin?t + cos? t)F,41  Fpyo
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MISCELLANEOUS INEQUALITIES

6.1Leta,b,c >0anda+ b + ¢ = 3. Prove that:

) ( b ) 4 b ) ( c ) n ) ( a ) < T

. r —_— . r . r [—

a- arcsin b+1 arcsin c+1 Cc-arcsin a =5
Solution:

Given inequality can be written as:

(s () * (g o™ () + (o) () <

b
Letza_a =Py, = pz,i = p;. Thenp; + p, + p; = 1. Now,
v () = ——8D 20, vx >0+ f(x) =sin~! (L),Vx >0
(er)s(ZE5)2 o
(x+1)2

is concave, - by Jensen,

@
LHS of (1) = p,f(b) + p.f(c) + psf(a) < f(p;b + p,c+ psa) =

ab 4+ bc + bc )
=sin~! (ﬁ) =sin™?! (%) w3 (Z ab) < (Z a) =9 . Zab <3
Ya

3 3 Yab ®

il <1 =-—=
Yab+3 ™~ 3+3

2
(2),(3)= LHS of (1) < sin™* (1) = £ = RHS of (1)

Solution:

1
exx < e*, x € (0,)
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1 1
eXESex®1+;longx®x+logx—x2SO,xE(O,OO)

1
f(x) =x+logx —x2,x € (0,00),f"(x) = 1+;—2x,x€ (0, 0)
1
f’(x)=0=>1+;—2x=0:x=1

f"(x) = —xiz—Z < 0,x € (0,00) > max{f(x)|[0 < x <o} =f(1)=0

Sf)<f()=0=>x<x+logx—x2<0,x€(0,0) =
1 1 1
exx < e* x € (0,0) = enxfl x;in < eX1tHan

6.31f x,y = 0 then:

(e*+1)VeY + (e? + Ver < (e* +1)(e? + 1)

Solution:
x x x
e*+1>2e2,Vx>0=>e*+1—e2>e2,Vx>0>
X Y XYy
= (ex+ 1 —eZ) (ey+ 1—62) >ez2e2,Vx,y,> 0=

= (e*+1)(e¥ +1) >VeY(e* + 1) +Ve*(e? +1),vx,y > 0

6.41fa b,c > 0,abc = 1 then:

3

b3 3
+e“ >3e

a3a3 b3
e +e

Solution:

2

3x
3% > x3% > x3. Hence for a, b, c > 0 and

forx > 0, we get x3*° > x

abc = 1, we have:
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3 3 3 3a3,3b3 .3¢c3 3
a3a b3b eSc > a3b3c3 — (abc)3 =1 e b°" ¢ > e(abc) — el

3
- e Va3adp3b3.3c3 > el = e3ﬂ/a3a3b3b3c353 > ol

3 3 3
(asa +p3b +C3C)

>e >ed =

3 3 3 3 3 3 3
3a 3b 3c 3a 3b 3b
:\/e(a ThI e )Ze:e“ + el +eP >3e

6.5 A = (a;j)1<izn, @;; = 10i + j,n > 2,n € N". Find X,Y € M,(R)
1<js<n
such that: det X < 0,detY < 0,A+Y = X.

Solution:
A= (aij)nxn' where a;; = 10i + j. Let x = (xl-]-)nxn, where x;; = a;j
ifi>j=0ifi<j,xy; =—-landx;; = a; +1,Vi = 2
LetY = (yij)nxn' wherey;; = 0ifi >j = —a; ifi <j
yin=—12=—(a;; + D, y; =1Vi=2
Notethat A+ Y = X and det(Y) = =12 < 0 and
det(X) = —(23)(34) ...(10n+n+1) <0

6.6 Ifn € N,n > 2 then:

n

log(n!) +1 <Z(1+1+1+ +1)<l (n)
og(n! n k_zz 311 K og(n!

Solution:

kazzmk—1<0=m2—mz<§(u
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[\

A / [/

Fig. 1

Fork > 3,In(k) — 1 <In(k) —In(2) = fzkidx <%+§+ +klfl[see

> ¥ (Ink—1) <Y, G +o bt %) [using (1), (2)]
=>In(n) -(n—-1) <X}, G+ § + 4 %) (3)

Fig. 2
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Fork > 2,Ink = flkidx >%+§+---+% [see Fig. 2]

= In(n!) = X3, Ink > X}, G + -+ %) (4)
From (3), (4) the inequality follows.

6.7 If? < a,b,c < 1 then:

ab + bc + ca ab + bc + ca
Vabc - tan™1 \/f < /f - tan~'(Vabc)

Solution:
-1
Letf(x)=tanx To<x<1
X 1 x—(1+x*)tantx
! _ _ -1 _ —
f(x)_(1+x2 tan x)x2,0<x<1 D ,

0<x<lletglx)=x—(1+xH)tan"1x,0<x<1

—2xtan"'x = —2xtan"'x < O for

g'x)=1-1+x%

1
1+x2
0 < x < 1> g(x) is strictly decreasing on [0,1].
sg(x)< g0 vxe(0,1)=x—(1+x*)tan"1x < 0;vVx € (0,1)
Thus, f'(x) < 0for 0 < x < 1= f(x) is strictly decreasing on (0,1]

V3 ab+bc+ca 2
Now,?Sa,b,cS 1> ——>(abc)3 =
1

: 1 2
abc < [E (ab + bc + ca)] =

1 tap-t ,ab +bc+ca
1 ab + bc + ca tan~(abc)3 3
> f((abc)3) >f = — =
3 (abc)3 /ab + bc+ ca
3
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3 ab + bc + ca ab + bc+ ca 3
= Vabctan™! ’f < /ftan‘l(S\/abc)

6.8Letx,y € (0;+x)Ax+y=1andn € N*.Prove:

16" +1 1

(xy)™ =

Solution:
Putx = cos?0,y =sin’0,0< 8 <§

P = (xy)"+ (xy)™ = (cos 8 sin 8)?"™ + (cos O sin §) 2"

d
£ = (2n)(cos 8 sin 8)?" 1(cos 20) — 2n(cos O sin 8) 2"~ 1(cos 26)

= 2n(cos 26)(cos O sin 0) 2" 1 (cos O sin 8)*™ — 1]
AscosBsinf > 0,0 <cosfsinf <1,
dp . T
7] <0ifo<cB < "
. s
=0iff = "

T

>0if%<6’<§:>Pislea.<;twhen9:Z

Thus, P 2 P(Z) = -+ 220 = 1221

22n 4mn

691fa>4,b,c >20,a+c<2b,x,y,z€ R then:

(a-3)c—x*—y*—-z-)<(b—x—y—2)*
Solution:
(a=3)(c—x2—y?—2?) (é) (b—x—y—2z)?
(1) cla-3)-(a-3)Xx?)
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2

Sb2+(zx) —Zb(Zx)
2N (a—3)(2x2)+(2x)2—2b(Zx)+b2—c(a—3) (é)O

2
-.-zxzz%&a—3z1>o,

« LHS of (2) = (‘%”+ 1) (X2 — 2b(3 x)

2

+b? —c(a —3) =§(Zx) —2b(Zx)+b2 —c(a—3)

(;) 0 a(Zx)2—6b(Zx)+3{b2 —c(a—3)} ; 0
B (3
wa=>4>0&LHSof (3)isaquadraticin Q. x) & Y. x € R (as

x,y,z € R), -~ it suffices to prove that the discriminant is < 0 that is, it
suffices to prove:
36b?> —4a-3{b*—c(a—3)}<03b?—a{hb?—-c(a—-3)}<0 &

saca—3)—-b*(a-3)<0e (a-3)(ac—b?) <0

(4)
wa—32>1>0,- it suffices to prove: ac — b> < 0 & 4b? > 4ac

ButLHSof (4) > (a+c)?(~2b>a+c;b=>0;a+c=>4>0)

?
> 4ac © (a —c)? = 0 > true = (4) is true (proved)

6.101f x,y € (0,%) then:

(tanx + cotx)(tany + coty)(tanz + cot z)
(tanx + coty)(tany + cotz)(tanz + cotx) —

Solution:

lettanx = a,tany = b,tanz =c¢ + x,y,Z € (0,%) =a,b,c>0
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(e o)erd)
So,toprove( %)(m )( ) 1

(a+2) () (er)z(ary) () (c+)

ac bc ab a b 1 1
—+——2=abc+a+c++ +b+ += +E

=>abc+7+—+—+ﬁ+ The > 5
ac bc ab a b 1 1 1
$?+;+ E —+—b_(a+b+C)+(a+E+E)=>
(azb2 +b3c?+c?a’+a*+b*+¢c )> (azbc+b2ac+czab+ab +bc+ac)
abc - abc

or (a®b? + b%c? + c?a? + a? + b? + ¢?) = (a’bc + b?ac + c?ab +

ab + bc + ac) (1) - we know that
p>+q*+1r2=pq+qr+opr

Taking p = ab,q = bc,r = ac, we get

a’b? + b%c? + c?a® = a’bc + b%ac + c?ab (2)

Takingp = a,q =b,r =
a’?+b*>+c?>ab+bc+ac (3)
Adding (2) & (3), we get (1)= (2)+(3)= (1)
So, (1)= X a?b? + Y. a?) = (3 a®’bc + Y, ab)

This is true
1 1 1
and hence (a+5)(b+5)(c+;) > 1 (tan x+cot x)(tan y+cot y)(tan z+cot z) >1
(a+%)(b+%)(c+%) - (tan x+coty)(tan y+cotz)(tanz+cotx) —

6.11

a( )_iZnZ+(2x+2y+5)n+2xy+6x—y -0
Xy 3*(n+y)(n+y+1)(n+y+2) XY

Prove that:
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1
Qlx,y) - Qy,x) <
(x,y) -0y, x) 9%y
Solution:

oo

o )_22n2+(2x+2y+5)n+2xy+6x—y
%Y= 3t(n+y)(n+y+1Dn+y+2)

8

( n+x n+x+1 )
31 (n+y)(n+y+1) 3"(n+y+1D(n+y+2)

n=1
_ x+1
"+ +2)
1 1 1 1

. < .
x+1+1 y+1+17 3x 3i/§

= Q(x,y) - Ay, x) =

1
Qx,y) - Ay, x) < 5y

6.12 If x > 0 then:

1 1 1 1
x2 (x+3)2 (x+1)2 (x+2)2
(e te )<1+e"+1+e"+3>>(e te )<1+ex+1+1+ex+2)

Solution:
Let f(x) = e** —e(+D* yx > 0
f'(x) w_ 2 ((x + 1)e&+D? — xexz)
Now, (x + 1)?(Ine) > x?(lne)(* 2x +1 > 0as x > 0)

= e(x+1)2 (;) ex2

(i)
Also, x+1 > x &= x>0 (i)fi)) = (x + De®tD* — xex* >0 =

= f/(x) <0 (by (1)) f(X) Lo ex2 _ e(x+1)2 < e(x+2)2 _ e(x+3)2 =

= e,x2 + e(x+3)2 (;) e(x+1)2 + e(x+2)2
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1+eX  1+4e**1

Now, let g(x) = Vx>0

e*t1l(e* +1)? —e*(e**! + 1)? _et(t+ 1)%2 —t(et + 1)?
(e**1 + 1)2(e* + 1)2 T (et +1)2(t +1)?
et(t? +2t+1) —t(e?t?+2et+1) t(l—e)(et?—1)

) (et + D2(t + 1)? = Ctr 2z <"

(vet?>1last=e*>1(x>0))~g(x)!
1 1 1 1
Trer 1+ei 1ter? 1+ed
1 1 (b) 1 1
=>1+e"+1+e"+3 > 1+e"+1+1+e"+2

(a).(b) = given inequality is true (proved)

g'(x) = (t = e¥)

n+x

6.13 Q(x) = -2 +4%% L ) mr ) (ne3)’

,XER.Ifae (0,1),b>1

then: (@)™ + (@)™ <1+ 9(a) - 2(b)
Solution:
- n+x
Q) = _1Jr‘*';(w1)(n+2)(n+3)"“E R

= (@)™ + (@)™ < @ab) +1,0<a< 1,b>1

1 1 1
m+1Dn+2)(n+3) n+2 (n+Dn+3)

1 1 1
_n+2(2(n+1)_2(n+3))

_1 1 1
‘E((n+ Dn+2) m+2)n+ 3))

. 1 _1N 1
re =0(n+1)(n+2)(n+3)_5 Z((n+1)(n+2) (n+2)(n+3))
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_1. 1 1 1
" 2noe (E‘(N+2)(N+3))‘Z

n 1 1
m+Dm+2)n+3) n+2)n+3) m+Dm+2)(n+3)

[ee]

- n 1
52=;(n+1)(n+2)(n+3)=Z(n+z)(n+3)_51

=0

. N(1 1)5_1_ (1 1)1_1
~ e n+2 n+3 1= e \2 T N+ 3 B

n=0

- n+x
Q(x)=—1+4’;(n+1)(n+2)(n+3)=_1+4(52'x+51)=

(bl
= 4 4X =X

Q(a)

Q(b)

Q@) + (a))
Sal+b*—ab-1<0,0<a<1l,b>1
Letf(b) =a’ +b*—ab—-10<a<1,b>1
f'(b) = a’log(a) + ab* ' —a = a’log(a) —a(l — b* 1) <0 Vb
> 1= f\ (1,0)
Forb>1e f(b)<f(l)=0ea’+b*<1+ab,0<a<1,b>1

< Q@) +1

6.14 Let x, y, z be positive real numbers such that: x* + y* + z> = 3.

Find the minimum of value:
x y z

P:ﬁ+ﬁ+ﬁ+&+ﬁ+ﬁ

Solution:

X

Vy+/z

Let x,y,z > 0 such that x? + y%2 + z?> = 3. Find Min: P = ),
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x2 (x+y+2)?

By Cauchy-Schwarz we have: P = Zx\/%x«/i T T

(x+y+2)?
2\/(x+y+z) (xy+yz+2zx)

2_
Lett=x+y+zthen0<t§30ndxy+yz+zx=¥. We will

prove that:

3_
9“2—3”@ t(2t3 —9t2 +27) > 0 &

t(t —3)2(2t +3) = 0 (true)

So,PZ%:PMinzg(:)x:y:z:l.

6.15If x, y € R then:
5sin’x 5cos?x-sin’y 5cos?x - cos?y
+ . . . =
1+cos?x 1+sin*x+cos?x-cos’y 1+ sin®>x+ cos?x-sin’y

Solution:

5 sin? x 5sin? x
14+1—sin2x 2—sin?x’
5cos? x - sin? y

5cos?x - sin?y
1+ sin?x + cos?x-(1—sin?y) 2 —cos?x-sin?y
5cos? x - cos?y

5cos? x - cos?y
1+sin2x +cos2x-(1—cos2y) 2—cos?x-cos?y

We take the function f(x) = i—xx, this function is convex,

f"(x) = (252)3 > 0 then by Jensen’s inequality, we have
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f(sin?x) + f(cos? xsin?y) + f(cos? x cos? y)
3
- <sin2 x + cos? x sin? y + cos? x cos? y)
- 3

or f(sin? x) + f(cos? xsin?y) + f(cos?xcos?y) =3 f G)
(since sin? x + cos? x sin? y + cos? x - cos?y = 1)

f G) = ZST = 1, we have:

W |~

WK

f(sin? x) + f(cos?x - sin?y) + f(cos?x - cos?y) >3

6.16 If a, b, c > 0 then:

9+4a+4a* 9+4b+4b> 9+ 4c+4c?

>
1+a * 1+b * 1+c =24
Solution:
9+ 4a +4a* (2a+5)(2a—1)
f-(O,OO)*R,f(a)—l_I_—a,f (@) = A+ a)?

min(f(a)) = f(%) =8-f(a) =8

f@+f(b)+f(c)=>8+8+8=24

6.171fa,b,c,d € N—{0},a > b > ¢ > d then:

bd(2% — 1)(2° — 1) > ac(2? - 1)(2¢ - 1)
Solution:
bd(2* — 1)(2°—1) > ac(2’ - D24 -1) (1)

20—1 261 _ 2b_1 2dg
OEEE -
a c b d
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2%—-1
X

denote f(x) =

we prove that f increasing function

2x-ln2-x—2x+1_2x(ln2x—1)+1

f'(x)= 2 2z >0=>f1

—>— (@
thenwe have®4 * . = f(a)- f(c) > fb) - f(d)
—> (3)

6.181f x,y,z € (O, g) then:

x(cosx + cosz) + y(cosy + cos x) + z(cosz + cos y)
x(cosx+ cosy) + y(cosy+ cosz) + z(cosz+ cosx) —

Solution:

xcosx+xcosz+ycosy+ycosx+zcosz+zcosy
= XCcosx+xcosy+ycosy+
+ycosz+zcosz+ zcosx
XC0SZ+ycosx+2zcosy = xcosy+ycosz+ zcosx
x(cosz — cosy) + y(cosx —cosz) — z(cosx —cosy) =0
x(cosz — cosy) + y(cosx — cos z) — z(cosx — cosz + cosz—cosy) = 0
x(cosz — cosb) + b(cosx — cosz) — z(cos x — cosz) — z(cosz — cosy) = 0
(y —z)(cosx —cosz) + (x —z)(cosz—cosy) =0
(x — z)(cosz —cosy) = (z— y)(cosx — cos z)
Ifx=z2=02=20true. Ifz=y = 0= 0 true.
Ifx#z,z#¥y,x—z>0andz—-y>0=>y<z<x=

cosz < cosy,cosx < COSZ
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= (x — z)(cosy — cosz) < (z—y)(cosz — cosx)

(=1

COSy — CoSsz < COSZ — COSXx

z—y o xX—z
COSY — COSZ S COSZ — COS X

— > e f(x) =cosx

T. Lagrange [x, z],[y, z], f' (x) = — sinx
—sinc¢; = —sinc,,sinc¢; < sinc,
@€ (y,2), @) €(z,x),y<z<x=c¢, <cy, =sinc <sinc,
true.

6.19For0<a<b<lAmneNAmM=n=2.Prove:

bmb—a"\‘/l;>mn+n
byb—a¥a mn+m

Solution:

"V_—a"V_ mn+n
bbb —a¥a mn+m

Vb —a™a) Zm(bW—a%)

b b m-n Ly
N fa x dx > fa Vxdx ©x">x" e (%) > 1, which is true

v1=2x>0

6.20 If x € (O,g),n € N,n > 3 then:

n

1.1, .1 n+t
k . el
Vsink x + cosk x > 2123t 2

k=3

Solution:
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1
For k > 3. Let f,(x) = (sin® x + cos® x)k,0 < x <§

1
Inf,(x) = Eln(sink x + cos® x)

1 1 k[sin®*=1x cosx — cos*! x sin x]
—fi(x) =" , =
fie () k sin® x + cos¥ x

(sin x cos x) (sin®*=2 x — cos¥~2 x)
= fi(x) = — 7 fie(x)
sin® x + cosk x

filx) <0for0<x <7

s
—Oforx—z

>0fort<x <=
4 2

1

k
~ fi(x) attains its minimum value at x = % = fi(x) > <£E> —
22

11
2k 2 =

n an _igl, 1 m2_ 11
= [Tios () 2 2% wherean, = S+ 5+ +-——==1+_+3+

1 n+1
n 2
1 1 1 n+1
. —_ 1+_+...+___
Thus [1}_5(sin® x 4+ cos* x)k = 2772702

6.21If x,y,z € R then:

1 1 1 1 1 1 <1 \/E>
3=+ —

esin?x T esin?y T esin?z T ecosix T ecos?y t ecos?z

Solution:

1 1 1 2 1 1 2 1 1
esin? x + eCos? x = 21’esin2x+coszx ~ Ve = esin? x + eCOs% x = Ve > 2 + Ve

1 1
[becauseﬁ >- e
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2>\eo 4>e) > bt >t —

’ sm2 ecos?y 2 Je’'esin?t ' pcos2z 7 5 U /g

1 1 1 1
2.t ) >3 )

6.22Ifa,b € N,a,b > 2 then:

2a-1)Ba-1)-..-(a?>-1)+ (2b—-1)-3b—1)- .- (B> —1) > 2

Solution:
Consider f (x) = In(1 — x) + x. Clearly f""(x) = — (x—11)2 so fis

concave. Thus the function

(F)-f(0) .
(x—0)

x - is decreasing on (0,1). Thus, for x € (0,1) andn > 2 we

have: f(z) ACD) (x)

X

Consequently f (x) f(x) > 0. Applying this to x = = and adding we

get:
0 AR T SRS D L ELRE
Inm ,(kn—1) m% =z
L nm1lml nm-1 !n(kn_l)
k=2

So, we have proved that for integers n,m = 2 the next inequality holds:

m o (kn—1) > (1)

n-mm
Applying (1) withn = m = a and n = m = b and using the AM-GM

inequality we get
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a b - -
B(ka -1+ B(kb -1) =2 B(ka ~1)- B(“’ — 1)

aa! bbb!
—
a-aa b-bb

Which is equivalent to the proposed inequality.

6.23Ifm,n e N,a,b,c > 0,u = 0 - fixed then:

e 1 3(m+1)(n+1)(a+b+c)
Z(m+a 1)<n-|_(b+c+u)m+1)2 2(a+b+c)+3u

Solution:

m+am™l=1+1+-+1+a™'>m+1)""Y1-1-..-1-am*?

m+a™t>(m+1)a (1)

N ———— =14+ 14t 14—

(b+c+u)ntt (b+c+n)nt1 —

n+1 1-1-..-1 1 n+1
(n+1) \’ (b+c+u)nt? =nt (b+c+u)ntt 2 (b+c+u) (2)

From (1) and (2) ineqality becomes:
Z(m+am+1)(n+ )2(m+1)(n+1)2 2

b+c+u

1
(b+c+u)ntt

. a 3(a+b+c
We must show this: Y, > ( )
b+c+u 2(a+b+c)+3u

(3). From Cauchy’s

inequality = ¥ —— =Y a? Yab+ac+au)=(a+b+

b+c+u a(b+c+u)
c)? =
+b+c)?
Z a > (a c) (4)

b+c+u — 2(ab+bc+ac)+(a+b+c)¥
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(a+b+c)? > 3(a+b+c)
2(ab+ac+bc)+(a+b+c)u — 2(a+b+c)+3u

(a+b+c) 3
= > =
2(ab+ac+bc)+(a+b+c)u 2(a+b+c)+3u

o 2(a+b+c)>+3u(a+b+c)
>6(ab+ac+bc)+3u(a+b+c) e

From (3)+(4) we must show:

o (a+b+c)>>3(ab+ac+bc) © a?+b?>+c?>ab+ac+ bc
(true)
6.241f a,b,c > 1 then:

1 1 1
logac+Zlogab+logba+Zlogbc+logcb+210gca

Solution:
Z _ loga (loga)?
logac+210gab logc+210gb logalogc+210galogb
(Zeyclog a)
~ 3XY¢yclogalogh —

6.25Ifx,y,z€ R x+y+z = 0then:

12x+ 3|+ |2y + 3|+ |22+ 3|+ 9
2

>|x—-3|+|y—3|+|z—- 3|

Solution:

HLAﬁI:t‘/KA
[2x +3+2y+3+2z+ 3|+ Z |2x + 3| = |2x + 3 + 2y + 3|
cyc(x,y.2) cyc(x.y.2)

2(x+y+2)+9|+ Z [2x + 3| =2 z |x + y + 3|
cye(x,y,z) cyc(x,y.2)
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1
. Z 12x+3]+9 | > z |-z + 3| = Z Ix — 3|

cyc(x,y.z) cyc(x,y,z) cyc(x,y,z)

6.26 If x € (0, ’2—’) then:

2 (sinx —cosx)(1—tanx) <z
sinx + cosx 1+tanx -
Solution:
LetP = |- 2 (sin x—cos x)(1-tanx)
sin x+cosx 1+tanx
2 (sinx — cosx)(cosx — sin x)
~|sinx + cosx (sinx + cosx)
coS X
coS X
p 2 — (cosx — sinx)? 2—1+sin2x|
- (sinx + cosx) sinx + cosx

1+sin 2x (sin x+cos x)?

P = |sinx + cos x|

J

sin x+cosx sin x+cosx

P=\/§|sin(x+g)|sﬁ

6.27 If x,y,z > 0 then:

LN SR S 33
Jx+y Jy+z Vz+tx [2(x+y+2)
1 1 1
22x/§< + + >
Jx+2y+z \Jy+2x+z [x+2z+y

Solution:

1 1 3 3
f:(0,00) - (0,),f(a) =a"2,f'(a) = —Ea’i,f”(a) = Za_%

> 0, f — convexe
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POPOVICIU

3Zf(a) f(a+b+c> s SZf(a+b)

a=x+y,b=y+z,c=z+x

POPOVICIU 2

%Zf(x+y)+f(2x+23y+22> N : f(x+22y+2)

I B ) S S
344 /x+y \[2(x+3y+z) 3 fx+22y+z
Y s st e
\/x+y \/2(x+y+z) x+2y+z

6.28Ifa<b<c<d<e<f<g<h,ahb,cdef,g hEeERthen:

(a+b+c+d+e+f+g+h)?>16(ah+ bg + cf + de)
Solution:
va<b<c<d<e<f<g<h wecanconsiderb=a+ x,c=
at+x+y,
d=a+x+y+ze=a+x+y+z+uf=a+x+y+z+u+v,
g=a+x+y+zt+u+tv+wh=a+x+y+z+u+tv+w+t,
where x,y,z,u,v,w,t > 0 - by these substitutions, given inequality
transforms into:
(Ba+7x+ 6y +5z+4u+ 3v + 2w + t)?
—l6a(a+x+y+z+ut+v+w+t)—
—16(a+x)(a+x+y+z+u+v+w)
—l16(a+x+y)la+x+y+z+u+v)—
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—16(a+x+y+z)(a+x+y+z+u)=0
& t? + 8tu + 6tv + 4tw + 14tx + 12ty +
+10tz + 16u? + 24uv + 16uw + 8ux + 16uy + 24uz + 9v? + 12vw
+ 10vx + 20vy +
+30vz + 4w? + 12wx + 24wy + 20wz + x2 + 4xy + 6xz + 4y? +
12yz+ 922 > 0 - true ~ x,y,z,u,v,w,t > 0 (proved)
6.291f b > a > ethen:

b — 2

> mt
e-loga

Solution:
f:la,b] > R f(x) = 7% f'(x) = n* - logn,
g:la,b] » R, g(x) = logx, g'(x) = %

mb —m® _ f(b) = f(a) “AUHY f'(c) _ melogn

log 2 g -g@  g©" 1

>c-n¢>e-nt,

b>c>a>e

630Ifx,y,z>0,x+y+z =§ then:

Z tanx (1 + tany) > 2\/tanx -tany-tanz
Solution:

W m 5 B s
—>x+y+Z—Z,x+y—Z— ,tan(x+y)—tan(z—z),
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tanx +tany 1-—tanz

1—tanxtany 1+tanz
(tanx + tany)(1 + tanz) = (1 —tanz)(1 — tanx tany)
> tanx +tany +tanz +
+tanxtany +tanytanz+tanxtanz =1+ tanxtanytanz =

> Ytanx (1 +tany) =1+ tanx tanytanz.

1+tanx tanytanz

Using AM-GM:

> Jtanx -tany-tanz = 1+ tanx +

tanytanz > 2,/tanxtanytanz =

Z tanx (1 +tany) > 2,/tanxtan y tanz

631 —1<ab,c<1,0(a)= fgwdx. Prove that:

Ccos X
1
—2(!22 (a) + 22%(b) + 0? (c)) > Z(sin‘l a-sin"1b)
/5
Solution:

1 . . .
Let f(a) = InQ@+acosx) ;o g continuous function in a = Q'(a) =

cosx
fT[ 1
0 1+acosx

X 2
Let tanizt:>x=2arctant:>dx=1+tzdt}:>

x=0=>t=0x=n=>t=0
1 2
Q(a)=f1+ T2 T+
0 tTAT ¢
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[00]

=2J‘1+t2+a—at2dt=20 (1—a)ti+1+adt
_ 2 f 1 e
1—a0 t2+< itz>2
) T

arctan = =
f , V1 —a?
al,

Q(a) = ﬂfﬁda = narcsina+c}
ButQa)=0=>c=0

= Q(a) = marcsina = we

must show:

Y.(arcsin a)? > Y. arcsin a - arcsin b, which its true because

Yx2=>Yxy

6.32Ifx,y,ze R x+y+z=0then:

2\2(1+e)(1+e)(1+e%) = (1 + %) (1 + \/%) (1 * \/13_2)

Solution:

QM—AM

-~ 1 1
Viter S ﬁ(1+\/?)—>1_[ 1+ex2m]_[(1+ve—x)ﬁ

zf]_[m> JJa+ve) a+y+z=0 0

xty+z

22 +e)(1+e)(1+e%) = 1_[(1 * \/%)
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6.33If x,y,z > 0 then:

(x+y+2)/xyz(x+y+2) - 3v3
x+y)y+2)(z+x) ~ 8

Solution:

a=y+zb=z+x,c=x+y,s=x+y+2zS=xyx(x+y+z)

MITRINOVIC 3. /3p S 343 sS 33
S < ©

< © < <
2 4RS 8 abc 8
(x+y+2)Jxyz(x + y + 2) - 3V3

x+y)y+2)(=z+x) ~ 8

634Ifx,y,ze R x+y+z=0then:

4% + 47 + 4% > 2(2%1Y 4 27+7 4 2%7%) — 3
Solution:

fiR-R,f(x) =4%f"(x) =4*log?4 > 0, f — convexe

By Popoviciu’s inequality:

20 (552 0 () -

1 2O xty
H§Z4x+402524z o 4x2222x+Y—3

6.35Ifa,b,c>0,a+b+c=30<x<1then:

a(g)"+b(g)"+c(g)"+b(g)"+c(§)"+a(§)" <6
Solution:

3m

Becausea + b+ c =3 = 3Im,n,p > 0such that: a = ,b =
m+n+p
3n ,C = 3 Inequality becomes:
m+n+p m+n+p
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m n\* n p\* D m\”* n m\*
m+n+p ' (;) + m+n+p . (;) + m+n+p . (;) + m+n+p ' (;) +
P (nY L_m _ (p)*
m+n+p ' (p) + m+n+p (m) =2 (1)
Let f:(0,+) - R, f(a) = a*; f'(a) = xa* L, f"(a) =
x(x — 1Da*? = f"(x) < 0, we use Jensen’s generalization:

p1f(x1) + pof (x2) + p3f(x3) < f(p1x1 + P2x, + P3x3) With
P1,D2,P3 > O0AD + Dy +p3 =1 Letpy =———,p, =——,ps =

m+n+p’ m+n+p

14
m+n+p’

x x x
m m n n m

X, =2, ;=" (—) + (B) + L(—) <
n D m+n+p \m m+n+p \n m+n+p \p

(M)x =1 (2

X1 =

n
_)
m

m+n+p
n p m m n p
Let = = = X1 =— Xy == X =— >
b1 m+n+p'p2 m+n+p'p3 min+p’ 1 n’72 T p’ 3 T
x x x x
n m p n m p m+n+p
(@) e @ e ) <y -1 @
m+n+p \n m+n+p \p tntp M m+n+p

From (2)+(3) = (1) its true.

6361 x,y € (0,%) then:

(sinz x + sinz y)sinz x+sin2y . (COSZ x + COSZ y)cos2x+cos2y -
(Sinx)ZSinzx . (Siny)zsinzy . (cosx)z cos? x . (cosy)ZCOSZy -

Solution:
Letsin? x = a,sin? y = b,cos?x = ¢,cos?y =d

a+b c+d €]
(a+b)*+P(c+d)ct < 4

a%bbcegd -

Then, given inequality <
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weighted GM—HM (a) a+b
+b +b +b
Now, “"Vaapb > arh _atb , gaph > @D T )b .
_+E 2 2a+
a
S l l Cdd (b) (C+d)c+d
imiiarty,c ZCT
b c+d a+b ctd
arb .cad - (@+b)tl.(c+a)ctd (a+b)?*P(c+d) _
(a)(b): a®b’ccd® =z 2a+b+c+d " 5(sin? x+cos? x)+(sin? y+cos? y)
a+b)a*tb(c+a)ctd a+b)a*b(c+a)ctad ,
(ath) 4( 5! 3abb£Cdd) < 4 = (1) is true (Proved)

6371fx,y>0,x+2y<53x+y=>7((x+2y)3x+y) =20
then: 4x+ 3y >9

Solution:

Lety = tx; t > 0.We have:

x+2y<5ex<

T 142t 7 8
5>——<x< 50t<8=>t<—
7 3+t T1+27 07 =9
3x+ty=27x=>——
3+t
(x+2y)Bx+y) =20 x%2> 20 =
XT ey Ty = x ~“(1+2t)(3+2t)
xz_1 ;VE <= :>x>ﬂ[1)
Weneedtoprove4x+3y>9<:>x>—1nfact— > o
4+ 3+t 4+3t
12t+1
(3+t)(4+3t) >0 (true)
Sx>->—— Vte(O,E]andtS§:>L22>ﬂ (true)
3+t 4+3t’ 9 9 3+t 5 35
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6.381f0 < x < ’2—’then:

eZ',}ﬂ log(cos(zik)) > 9
Solution:

For0<x<— 0<cos( )<1VkENLet

_ x x x
a, = Cos B Ccos 2 ... COS on

Note a,, ;1 < a, =< a, > is a strictly decreasing sequence. Also

oM gin (an) a, = 2n1 [2 sin (an) cos (zxn)] cos (2:—_1) ...COS (g) =

=272 [2sin (%) cos (2:—_1)] e €08 (g)

_ sin(x)
= =8inx = Ay = ——— 0~
2™ sin (2")
sin x 2 sm X sin x
lim a,, = lim (1) =
n—-oo n—-oo X Sln ( )

sin x

As < a,, > is strictly increasing and lim,,_,, a, = -

SlIl X

a, > ;VneN (1)

[sm X

= g/b(ay)|

Also, for 0 < x < ;

d (sinx) __Xxcosx—sinx __ cosx

sinx . .
dox 2 = 2 (x—tanx) < 0= TIS strictly

X
decreasing on (O, E] =

sin x
=

> =—f0r0<x< (2)

T

X
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From (1), (2): a,, > %,Vn € N. Now,

Zlog cos— =loga, >log( ) 1_[ - logcos( )
2
> ne“’g(E) =2

6.39Forb>a>1An€eNAn=> 2. Prove:

ﬁ b2k+1 — a2k+1 (Zn + 1)|

11 bZk _ aZk = 4n(n!)2

Solution:

We know x?* > x?*~1 forall x > 1
b b

b2k+1 _ a2k+1 2k +1
2k 2k-1
fx fo dx = ok — gok > T

a a

L /p2k+1 _ g2k+1 m ok +1 _1-3-5-...-(2n+1)
aliGz=r 21_[( 2k )‘ 2" -l

k=1 k=1

__1-2:3-..2n-(2n+1) _ (2n+1)!
2n!(2-4-6-....2n) 4n(nh)?2

(proved)

6.40 In acute AABC the following relationship holds:

1
p (Atan“A + Btan“B + Ctan“C) > /3¢

Solution:
WLOG:A<B<(C-

tanA < tanB < tanC - tan%A < tan®*B < tan®*C
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CEB):J:S“HEV 1 T
Z Atan®A > 52 A z tan®A = 52 tan®4 &
1 1 JENSEN 4 A+B+C

o —Z Atan®A > —z tan*A = —=-3tan® (—)
T 3 3 3
« _ 35
=t — =
an 3

6.411fa,b,c € (0,1],x,y > 0 then:

;log(x2+y2) >(a+b+c)logx+(B3—-a—b—c)logy
Solution:
Ifa,b,c € (0;1],x,y >0 then%log(x2 +y3)>(a+b+c)logx+
B3—a—-b—-c)logy (1)
Case 1. log (f—/) >0
We have
(1)=> (a+b+c—3) (logx —logy) + 3logx < %log(x2 +y?2) =
x

3
=>(a+b+c-3)- log(y) + 3logx < Elog(x2 +y?)

Wehavelog(§)>0anda+b+c—3SOso
X
(a+b+c—3)-log(;)£0
X
:>(a+b+c—3)-log(;)+310gxs310gx

On the other hand, we havezlog(x2 +y?) > glog(xz) = 3logx. So,

(a+b+c—-3)- log(i) + 3logx < glog(x2 +v2) = (1) true

Case 2. log (i) <0
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We have (1)
> (a+b+c) (logx—logy)+3logy < glog(x2 +y3) =

x 3
=>(a+b+c): log(;) +3logy < Elog(x2 +y?)

Wehavelog(i)<0anda+b+c>050,
x x
(a+b+c)-log(;>< 0:(a+b+c)-10g(;)+310gy<310gy

On the other hand, we have%log(x2 +y2) > %log(yz) = 3logy

So(a+b+c)-log (i) + 3logy < %log(x2 +y2) = (1) true

Therefore, we have QED.

6.421f a > 2 then Y,;}_,(§(ak) — 1) < %where ¢ denote the Riemann

function.

Solution:
For a = 2 prove that Y,;»,({(ak) — 1) < Z where { is the Riemann

zeta function.

Clearly the function a — Y;»,({(ak) — 1) is decreasing on [2, ) so

PIACOEDEPYCEOERES Y DIIEDY <Z]ik>

k=1 k=1 k=1 \ j=2 j=2 \k=1
_Z 1 _12(2]'—1 2j+1)_3
S Ljr-1 24\jG-1) (+1D)j/) 4
j=2 j=2
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6.43Ifn € N*, m € R*,x; > 0,k € 1,n then:

n
1 m+1 n-gmtl
Z <(tan‘1 xk)m+1 + (tan‘1 x-) = ozmii

k=1 k

Solution:

m+1 m+1 M * .
a +b > om ,Va,b > 0,n € N* (demonstration by

induction)
m+1
1 m+1 (arctan xk+arctanx—)
= (arctan x;)™*! + (arctan x—) > p k (1)
k

But arctan x + arctani = % (2),V¥x > 0, because function
f:(0,+») > R,

f(x) = arctanx + arctan%,f’(x) = 0= f(x) = const = k, but

fO=3=k=7

pymrt (@™
From (1)+(2)= (arctan x,)™*! + (arctan x—) > 22 =
k

(arctan x;)™*! + (arctan— s (3)
k Xj = S2m+1

TlTL’m+1

22m+1

m+1
From (3) = Yk= [(arctan x )™+ (arctan i) ] >

Xk

6.44Fora,b € [1;,+) Am,n € N*Am =>n > 2. Prove:

m ., amkpk  m+1
Loa™ bt “n+1

Solution:

Ifa=b»b

196 OLYMPIAD PROBLEMS ALGEBRA-VOLUME 1



DANIEL SITARU MARIAN URSARESCU

m

z a™kpk = (m + 1)a™
k=0
and
n
Ymoa™kpk  m+1 m+ 1
n—kpk — Da™ .. = — -n >
Za bt =(n+1a Dk—oa™kbk n+1t Th+l
k=0
[va=1,m—-—n=>0]
Ifa # b,
b m+1
m a™ <(a) -1 pm+l _ gm+1l
Z amkpk = —
k=0 a
and
n 1 1
Z . pntl _ gn+
b—a
k=0
;{nzo am—kbk bm+1 _ am+1 (m + 1)Cm
S = = =
7}:=0 an—kpk pntl — gn+l (n + 1)Cn
[By Cauchy’s Mean Value Theorem] for some cycling between a and b.

+1 _ +1
em-n > ps1<a<c<borl<b<c<a
n+1 n+1

6.45I1fa,b,c,d,e, f > 0 then:

=5 =

b
a+b+c <3\/def(%+z+£)

m(ng;Jrg)— dte+f

Solution:

Foralla,b,c,d,e,f >0,weleta=m3,b=n3c=p3,d=x3%e=

y3, f = z3. Consider
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(a+b+c) < \/ def(a+€+2)

Vabe(S+5+L) = (@ve+n)
D < (510 ) (41
(Ji e BB ) st
B+ ) (D) 2 (e ) (4o

ZZ x2 y2 2 m2 Tl3

3 2
itistobetruebecausex—2+y—2+—32—+—+Z—and—3+—3+p—32
z x yz  xz = xy n p m

— + + — Therefore it is to be true.
np pm

6.46 In AABC the following relationship holds:

(@+ 1D+ D(c+ 1))2

ea+b+c <1
Solution:

ebtc>e?t>qag+1

et >eb>p41

edth > o> 41
N neb+c > n(a + 1) N eZa+2b+2c > H(a + 1) N

(a+1)b+1)(c+1))?

e®b+c > fla+ Db+ D(c+1) - ( Y ) <1

6.471f x,y,z € (0,%) then:

2
| | 24 . | | 2.) < | | z( )
In(1 + tan® x) In(1+ cot®y) < In Sin 22
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Solution:
For0 <x < g;ln(l + tan? x) In(1 + cot?x) <
In(1 + tan? x) + In(1 + cot2x))* (1 z
< { ( ) 5 ( )} = {Eln(sec2 x csc? x)} =

- ()

Now, 0 < x,y,z < g; [TIn(1 + tan? x) [TIn(1 + cot? y) =

= 1_[ In(1 + tan? x) (1 + cot?x) < 1_[ [ln (sinZZx)]z

_x+y _ .
648Ifx,y>0n=>1n€eQ,AM _T'GM = ,/xythen:

2
) > AM*" + GM?*"

(x" + y"

Solution:

The power means inequality gives us:

nlyn n n n, 2
’x -;y 2AM26M<—>(%) > AM?" > GM?" -

n n, 2 n n. 2
_>z(x +y> 2AM2”+GM2"—>(u> > AM2" 4 GM2"
2 V2

sinxsiny sinxcosy cosx
cosx sinxsiny sinxcosy
sinxcosy cosx sinxsiny

6491Ifx,y e R, Q = then:

Q] <1

199 OLYMPIAD PROBLEMS ALGEBRA-VOLUME 1



DANIEL SITARU MARIAN URSARESCU

Solution:
04 = sinxsinyi + sinxcosyj + cosxk
OB = cosxi + sinxsiny] + sinxcosyk
0C = sinxcosyl + cosx] + sinxsinyk
|0_A)|2 = |mf|2 = |5E|2 = sin®xsin®y + sin*xcos®y + cos*x =
= sin?x(sin?y + cos?y) + cos?’x =1 -
|04] = |0B| = |oc| =1

HADAMARD
0l = [04- (0Bx0C)] 2 [0A|-[0B|- [o¢] = 1

6.50 If 0 < a < b then:

2
1 P— 1
ot < (a_“’)wﬁ—ﬁ) < et
2vab
Solution:

a+b

SupposeO<a<b,thena<\/ab<T<b

Letf(x) =Inx,x € [\/@,a:—b]

. . b
By the first mean value theorem, there exists ¢ € (\/ ab,%) such that

1
Cc

1n(aJ2rb)—1m/E_1 2 <a+b)

a-é—b_m _cﬁ(@_ﬁ)zln 2vab

2
a+b \/E—\/Ez— %
:(ZM)( V=e (1)
Buta<\/ab<c<azﬁ<b:>%<%<% (2)

From (1), (2), we get
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< (LT <

6.51 If P € R[x] with distinct roots x{, x5, ..., X, € R,n € N* then:

Vx € R—{x1, x5, ..., X, }

P"(x) (P’(x))z - P (xp)
P(x) P(x) P'(x)’

Solution:

Let P(x) = A(x — x1)(x — x3) ... (x — x3,)

P'(x) = A(x — x3)(x — x3) ... (x — x,)
+ ACc — x)(x — x3) .. (x — xp)
+o+ Al —x)(x — x5) oo (X — x5—1)

Alx —x3)(x — x4) .. (x — x3)
P"(x) = [+A(x — x3)(x — x4) ... (x — x,)
++ Al — x3) o (X — xp_1)
Alx —x3)(x — x4) ... (x — x3)
+ [+A(x — x) (x — x4) ... (x — x,)
+o+ A —xg) o (X —xp_1)
Alx —x3) . (x — x5_1)
+-+ ] FA—xq) . (= xp_1)
+o+ Al —xq) o (0 — xp_3)

P"(x;) 2 2 2
P'(x1) x1—x; X1—X3 X1 — Xp
Similarly,
PG _ Z 1L NP _
P’(xr) =1xr_xj by P’(xr)
Jj#ET
P'(x)  (P'()\? P'(x)
AISO’ P(x) N (P(x)) [P(x)] dx [dx (l (P(x)))] 11’1|A| +

lnIx — x|+ -+ In|x — x,]]
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_d[ 1 1 1 |
Cdxlx—x; x—x, X — Xy,
1 1

1
- [<x o A eI PR ey P

<0

1" ’ 2 17
P (x) P'(x) n P(xy)
Hence, P(x) < (P(x)) + 27 P'(xy)

6.521fa,b,c >0,a+ b+ c = 3,x € Rthen:

(i/a sin? x + i/b cos? x) (i/b sin? x + i/c cos? c) (i/c sin? x + i/a cos? x) <4
Solution:

1

3\3 3
i/a-sinzx-1+§/b-coszx-1s(%3+% )3(3\/sin2x +

1

WT (%3 + VIS)%, (Holder)
i/a-sin2x+ Vb -cos2x < 3\/m,i/a-sinzx+ i/b - cos? x
(Va -sin2x + Vb - cos? x)(Vb - sin? x + V¢ - cosZ x)(Vc - sin? x +
Va-cos?x) < 32(a+b)2(b +c)2(a+c),
(§/a -sinZ x + b - cos? x) (i/b -sinZ x + ¢ - cos? x) (i/c - sin? x

+3/a- cos? x) <2/(a+b)(b+c)a+c)

at+b+b+c+c+a
3

Zi/(a +b)(b+c)la+c)<2

73

=4,(M,=M,)

(i/a~sin2x+i/b-coszx) (i/b-sinzx+i/c-coszx)(i/c-sinzx+Va-coszx) <4.

6.53Ifa, b, c,d € R then:
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a+b+c+dS%+(a+b)(c+d)+a2+b2+cz+d2
Solution:
(a+b+c+d—-1)2%2+(a—-b)?*+(c—-d)?=0
>a’+b*+c?+d*-2(@+b+c+d)+1
+2(ab + bc + cd + ad + ac + bd) + a? + b* — 2ab + ¢* + d? — 2cd
>0
=2>2(@+b*+c?+d*)-2(a+b+c+d)+2(a+b)(c+d)+1
>0

1
=>a+b+c+ds§+(a+b)(c+d)+a2+b2+c2+al2

6.54|f0<a§b<§then:

tanb S Q20-0)

tana —
Solution:

f:la,b] » R, f(x) = In(tanx)

LAGRANGE
f)—f@ = f'(c)b—a),cc€ (ab)- In(tanb) — In(tana)

1
=——  (b-
sinccosc ( @)

tana 2(b—a) tana
ln( > = — >2(b—a)—-In (—) > [ne?-® -
tanb sin2c tanb

tana > p2(0-a)
tanb

—_
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6.55 Prove that:
2*+3*+4* > xln24 + 3,vx e R
Solution:

f(x) = 2* — xIn2 f'(x) = (2* = 1)In2 fx)=fO)=1
gx)=3*=xn3 >4g'(x)=3*—-1In3->3g9gx)=g(0)=1->
h(x) = 4* — xln4 h'(x) = (4* —1)In4 h(x) > h(0) =1

fx)+gx)+h(x)=3->2*—xln2+ 3*—xIn3 + 4* — xln4 > 3
2% +3* + 4% > xIln24 + 3,Vx € R

6.561fa,b € R,A,B € M,(R),AB = BA then:

det(I,, + 2(a® + b*)(4% + B?) + 2(a + b)(A + B) + 8abAB) > 0
Solution:
We first show that if x,y € M,,(R) and xy = yx, then
det(x? +y%) > 0.
Note that x?> + y? = (x + iy)(x — iy) [+ xy = yx]
det(x? + y?) = det((x + iy) (x — iy)) = det(x + iy) det(x — iy)
= det(x + iy) det(x F 1y) = det(x + iy) det(x + 1y) = |det(x + iy)|2 =0
Now, for a,b € R,A,B € M,(R),AB = BA, we have
I, +2(a? + b?)(A> + B?) + 2(a+ b)(A+ B) + 8abAB =
=1I,+ [(a+ b)?>+ (a—b)?](A%> + B?) + 2(a + b)(A + B)
+ [(a+ b)?> — (a — b)*](24B)
=1I,+ (a+b)?(A> + B> + 2AB) + 2(a + b)(A+ B)
+ (a — b)?(A%? + B> — 24B)
=1I,+(a+b)*(A+B)*+2(a+b)(A+B)+ (a—b)*(A— B)?
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=, +@+b)A+ B+ ((a—b)A-B)) =x2+y?
wherex = I, + (a + b)(A + B) € M,,(R) and
y =(a—b)(A—B) € My(R)
Thus,
det{l, + 2(a® + b?)(A? + B?) + 2(a + b)(A + B) + 8abAB} =
=det(x?> +y2?) =0

6.57For0 < a < b Axq,x3,...,X, € [a;b] Aa > 0. Prove:

T, @
l_[xk+ z<a*+b

n

— n
k=1 k=1xk
Solution:
n n g
anl,xz,...,anbea"S| |xksb"—>a"‘s X, <b% >
k=1 k=1

(e J) - []) o

k=1
n a n a 2
—>(ab)“—(a“+b“)1_[x,§+< x,f) <0-
k

k=1
n 2 n n
O e s g T T, ()"
xe | +(ab)® < (a® + b%) X, = xg+—=
k=1 k=1 k=1 k=1%p

< a%+ b*®

6.58 P(x) = a,x" + a,_1x" 1+ -+ a;x+ ay € R[X],n>2

fao,ay, ..., a, > O then: P(1+1) 2 P(1) + 2 P'(1)
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Solution:
k
Fork e Nn € N,(1+l) >1+4+
n

P@+3=§k4ﬁ%f2§k%“%)h%>m

k=0 k=0
n

- Z a + Zz:kak — P(1) + %p'(n

k=0 k=1

3|

6.59 If a, b,c > 0 then:

a+b b+c c+a
a.pb c>(a+b> 2 (b+c> 2 (c+a)T>( b )a+131+c
a ct > > > > > (abc
USA-TST
Solution:
Applying Weighted AM=>GM;
aabb>ﬂ b+cbb c>w d”‘{/_
2
a+b
a + b\**? a+b\yz
=] [e=][5) =]]e=] (5 )
cyc cyc cyc cyc

Again applying Weighted AM > GM;

atb+c
a+b) \

I/ chc(T I _ (a+b+c)
| a+b)/ (b+c)/ (c+a)/ | 3
\(a+b)/ (b+c)/ (c+a)/

a+b+c
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6.60If 0 < x; < xp < x3 < -+ < x,, is an arithmetical progression
with common difference d then:

d d d X
tanl———+tan ' ———+ -+ tan" ' —— < In |[—
1+ x1x; 1+ x,x3 1+ x,_1Xn X1

Solution:

Inx 1 1 (x —1)2
= =1, _ ! = —_— <
fx) = tan™'x 2 f@) 1+4+x2 2x 2x(1 +x2) — 0

- f —decreasing; x; < x, = f(x1) = f(x,)

d X — Xp—
Z tanl ——— = z tan~1—~ k-1 _ Z(tan_lxk —tan"1x,_4)
1+ X—1Xk 1+ Xk—1Xk

xn

=tan"x, —tan"1x; < In [— o tan"x, — =Inx tan"'x, — =Inx

n 1 x 1 2 1 n 2 n
1

o fx1) = flxn)

6.61Fora,b € (0; +©) A0 < 0 < m. Prove:

(a® + b3)(a® + b®)(a® + b®) ]
<1+siné@
(a + b)(a’ + b3)(all + b11)
Solution:
Consider
(a® + b3)(a® + b®)(a® + b®) — (a + b)(a® + b>)(a'* + b11)
= (a® + b3)(a'® + aBb® + a®b® + b'*)
— (a + b)(a'® + a®b* + a''b® + b'®)
= a' + a11b5 + a®b® + a®b™ + b7 + a®h1! + a®h® + al*h? —
—[al7 + a®b'! + al2b® + ab'® + b7 + al'b® + b12aS + al6b]

— a9b8 + a8b9 + a3b14 + a14b3 _ a12b5 _ a5b12 _ ab16 _ a16b
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= a’b>(b3 — a?) + a®b°(a® — b3) + ab™(a? — b?) + a**b(b? — a?)
= a®b>(a® —b3)(b® —a®) + ab(b*® —a'®)(a®> - b?*) <0
= (a® + b3)(a® + b%)(a® + b®) < (a + b)(a® + b°)(a'! + b*)
(a® + b3)(a® + b®)(a® + b8)

<1<1 6
(@+ D)@ + b +pm = L=
(0<6<mn)
6.621fa,b > 0,a # b then:
a—b>b —
O<lna—lnb_ ab<1
a+b
Jab
Solution:
YTy
Put A = W We need to prove that 0 < A < -
1]LEMMA >\/ abwhena,b >0anda # b
lna Inb 1 ln b b
Wehaveln >‘V <\/ﬁ :>K<\E (1)
Put——t(t> 0,t+1), Wehave(1]:>ln—t<\/_ (2)
Put f(t) =1nt—%
(\f 1)
f'(t) = < 0 = f(t) is decreasing function = f(t) < (1)

whent > 1 and
f()>f(Q)whent <1= f(t) <O0whent > 1and f(t) > 0when
t<1.

1.1.) Ift > 1. We have (2) = Int < % (True)
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1.2)Ift < 1. We have (2) = Int > % (True)

Ina-Inb 1
= (1) true = N
Ina-Inb 1
Applying the lemma = > Vab (since 0 < < ﬁ)

On the other hand, by AM-GM inequality, we have aT - \/@ >0
(sincea # b)

2) We need to prove that A < § =

3(a—»>b +b 3(a—>b +b
L 3a-b) [ _athb —  3@-b) a
Ina—Inb Ina—Inb 2

3(5‘1 P a
= ln(%) < . +2\/; (3)

3(t 1)

2Vab

Put——t(t>0 t # 1), we have (3) > ——

it @

t+1

Put g(t) = —+ 2t — S(t 1)

3(t—1)—3t-lnt
t-ln?t

1 1
(t)_ﬁ 5T
2Vt In*t+t-Int+6(t—1)—6t-Int
2t -In?t
Puth(t) =2vt-In?t+t-In*t+6(t—1)—6t-Int
Int-(—4vVt+4+ (Vt+1)-Int)
Jt

KW(t)=0=>Int=0(5or—4t+4+(Vt+1) Int=0 (6)

(5):Int=0=t=1

h'(t) =

_ Int = _ Ay
(6): —4Vt+4+(VE+1) Int =0=Int ==
g D)
Puty(t) =Int N
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2
t((\f/—;ll))z > 0 = y(x) is increasing function= y(x) = 0 has at

y'(t) =

most 1 root
On the other hand, we have y(1) = 0 = t = 1 is the root of (6)
Soh'(t) =0=>t=1
So we have
21)g'(t) <Owhent <1
Sowhent < 1 = ¢g(t) is decreasing function
= g(t) > lim,,+ gt) = g(t) >0
22)g'(t) >0whent > 1
Sowhent < 1 = g(t) is an increasing function = g(t) >
lim,_+ g(t)
So,g(t) >0VvVt>0
= (4) true= (3) > A< § = Q.ED

t 0 1 400

g(t) 0 o

—6/ /

6.63If x,y,z > 0 then:

vtz ( z+2 >+l ( y+2 )
YTy T I M G- D2—2x+5 " z=-12-22z+5

+1 ( X+2 )+3
n (y—1)2-2y+5

Solution:
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f(x) = e* 1 (x% — 4x + 6) is convex because f"' (x) = e* " 1x? >

0,vx >0
y=f'"(1)(x—1+f(1) ©y=x+2is the tangent line at (1, f (1))
2_4x4+6>0
sowe have: e* 1 (x? —4x+6) > x + 2 e e 1> XZ;Z
(x—1)%-2x+5
(1)
. . y—1 y+2 z—1 z+2
Likewise we have e?™" > ODi2y1s (2) and e*™" = D225 (3)
QIR (x +2) (v +2) (z+2) Inx

x=1y,y-1,2-1 > . .
&Y e =y o D2—2y+5 (z—1)2-22+5 (x—1)?—2x+5

(x_1)+(y_1)+(z_1)Zzln((y—lj)c2+—22y+5)@

cyc

x+2

x+y+222cycln(m

) + 3 (proved)
equality holds whenx =y =z = 1.
6.641fa,b,c > 0,x,y,z > 1then:

3a
b+c

logyb,c x* +10g,b,c y* + l0g,byc 2% >
Solution:

. 3a
Inequality < a(logybzc x +1og,b,cy +10g,b,c z) > P g

1 1 1 3
log, ybz¢ + log, zbx¢ + log, xPy¢ = b+c
1 1
et blog,y + clog, z * blog, z + clog, x *
N 1 - 3 -
blog,x+clog,y “b+c
In x Iny nz 3 (1)

blny+clnz = blnz+clnx  blnx+clny = b+c
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Letlnx =m,Iny=n,Inz=p,mn,p >0
()=

Inequality (2) is a generalization of Nesbitt inequality (to prove let

T T > (2)

bn+cp bp+cm  bm+cn ~ b+4c

bn +cp = x4,

bp+cm=xzandbm+cn=x3andusex+i22,Va>0

2 2
—e?

6.65 For 0 < a < b. Prove: * > (a+ b)(ab + 1).

—-a

Solution:
Let f(x) = 2xe*” forall x > 0
F(x) = 2e*" + 4x2e*”, f"(x) = 4xe*” + 8xe*” + 8x3e*" > 0 forall

x = 0.Hence f is convex . applying Hermite - Hadamard Inequality.

b
f(a) + f(b) 1 f a+b
> > fl——
2 “b—a f(x)dx—f( 2 ):)
a
b
1 ) a+b (@)2
:>—f2xex dx22( )e 2
b—a 2
a
eb? — gad? a+ b\?
=>———2>=(a+b) 1+(—> ver>21+x
b—a 2
ebz—ea2

PR (a+ b)(1+ ab) (proved)

6.66 Fora > 1 A b = 1. Prove:

Zgzo b8—kak - 9
Yi_pa’kpk — 8
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Solution:

Let ¢ > 1. By the Cauchy’s mean value theorem, there exists a € (1,c)

such that

c?-1 9a

8-1  8a’ - > (1)
Casela =b =1, then
8_ b8 kqk ~ 2
reobka’k 8

Case2a + b. Leta>b > 1. Put%= ¢ > 1. Now,

_ b (c —1) b7(c®-1)
8_o b8 kak = and Y.;,_,a’~* bk = —

Thus,
8_ b&Fkak b(c -1)
Y=o bka’k -1
[+ b>1]
6.67 For a,b,c € (0; +). Prove:

9b>9
8 8

ea”+bc+c“+ac+cb+ba
6

ab+cba+cca+b =e

Solution:

From the graphs of y = e* and y = x + 1, it is clear that:
Vx,e*>2x+1- (1)

ab (@)
Choosing x = a? — 1in (1), Weget:eab —1=2a’> e—b =e

eb® (b) c@ () a¢ (d) b (e b ()

Slmllarly, e—>e—>e >eb—>e

C =

al+bC+cC+aC+cb+pa

(@) (b) () (d)- (&) () > —preparears— = €°
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6.68If a, b, c > 0 then:

e® +eb + e

x/E+x/E+\/E>2

Solution:

>0

1 1
fx)=e*=2Vx,f'(x)=e —E,f x)=¢e +2x\/§

ensen b
@+ B+ > 3f (Sansape

atb+c a+b+c
oet—2Ja+el —2Vb+ec—2Jc>3e 3 -6 /T>

2

a+b+c a+b+c a+b+c
3(T+1>_6 —3 3 T3 1) =20

e+ eb 4 €

Vatvhave ’

ed—2va+e?—2Vb+ec —2/c>0-

6.69 For A ABC have BAC = g, put ABC = a, ACB=and 0 > 2

Prove:

2 <sin®a+sin®B<1
(2)

Solution:

2 O (i)
s <sina+sin®p <1
(v2)

A=§:>B+C=§:>a+,8=g:>sin,8=cosa (1)
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I I
'.‘a+,8=E,-'-O<a,,8<5:>0<sina,sinﬁ<1'.'922

(a) (b)
~sinfa < sina & sin? B < sin? B = cos?a

(a)+(b)= sin® a + sin? B < sin? @ + cos? a = 1 = (ii) is true (*)
Leta="+x & f=-—x; ——<x<=
4 4 4 4

2 T

) ] cosx + sinx
~sina = sm(Z+x) =—

V2
3) —si
sin 8 = cos G + x) = %{2}, (3)

1
6

0 0
= sin a + sin? g = [{(cosx + sinx)?}2 + {(cos x — sin x)z}f]

@ 1
= ]
(v2)
From Bernoulli’s inequality, we have,

Vvr=1&Vt>—-1,(1+t)"=1+1rt (5)

6 2
I(l +sin2x)2 + (1 + (—sin 2x))zl

“ 7T<2 <n' 1<sin2x<1
‘-3 X <o sin 2x
So, sin2x>—1&§21,
6
~(1+sin2x)z2 =1+ g -sin2x  (5)
Again, » —sin2x > —1 &221,
g )
(1 + (—sin 2x))2 >1 +;(— sin 2x) (6)

2+§ sin 2x—§ sin 2x

(v2)°

(5) + (6) along with (4) = sin® a + sin® g >

2

(v2)°

= (i) is true (*)
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6.70 For 0 < a < b < 1. Prove:

i/_i/_s
b\/_a\/_9

Solution:

4 3
Let f(x) = x3; g(x) = xz,a < x < b.

By the Cauchy’s mean value theorem 3c € (a, b), s.t
4 4

O —f@ ) bi-as 42 81
9B —g@ g s 233 179\ 1

8
>5 '-'c3<b3<1]
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2.13,2.14,2.18,2.19,3.19,3.20,3.21
3.23,3.26,3.27,6.37

HOANG LE NHAT TUNG

1.21

LAZAROS ZACHARIADIS

1.22,3.13,6.4,6.63

SANTOS MARINS JUNIOR

1.24

REMUS FLORIN STANCA

1.26,3.18,4.10

AMIT DUTTA 1.27,3.8,3.9,4.2,5.20,6.10,6.26
6.30
JHOAW CARLOS 1.29
MICHAEL STERGHIOU 1.32

BEDRI HAJRIZI

1.34,1.48,3.14,3.25,3.29
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AVISHEK MITRA 1.36
RAHIM SHAHBAZOV 1.37
KAMEL BENAICHA 1.39

FLORENTIN VISESCU

1.43,5.6,5.8,5.9,5.10,5.11,5.12
5.13,5.14,5.16

ORLANDO IRAHOLA ORTEGA

1.44

KHALED ABD IMOUTI

1.47,3.22,4.9,4.12,4.13,4.14

LETY SAUCEDA

1.50

KHANH HUNG VU

2.2,2.20,6.41,6.62

OMRAN KOUBA

2.3,5.25,5.31,6.22,6.42

CHRIS KYRIAZIS 2.5
BADO IDRISS OLIVIER 2.16
SEYRAN IBRAHIMOV 3.2

KHANH HUNG VU 3.6

ADRIAN POPA 3.11

PETRE DANIEL ALEXANDRU 3.24

JALIL HAJIMIR 3.28,3.30
ANDREW OKUKURA 5.4,5.5,5.42
SRINIVASA RAGHAVA 5.32

DJEERAJ BADERA 5.43
DANIEL BACIU 5.44
KELVIN HONG 5.47

AJAO YINKA 5.49
JOVICA MIKIC 5.49
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SERGIO ESTEBAN 5.50
SOUMITRA MANDAL 5.54,6.19.,6.24,6.39,6.58,6.65
DIMITRIS KASTRIOTIS 6.2,6.13
SHAFIQUR RAHMAN 6.12
DO HUU DUC THINH 6.14
SANONG HUAYRERAI 6.45

HENRY RICARDO 6.48
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