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ABOUT THE FAMOUS BATINETU - GIURGIU’S SEQUENCES

By Daniel Sitaru, Claudia Nanuti — Romania

Abstract: In this paper we will give the definition of Batinetu — Giurgiu’s sequences, a few properties
of these and some applications.

The original Batinetu — Giurgiu’s sequence is defined as:

(n+ 1)

nz
n+1 —a=nz
Va+1) Vnl

(B - G)n =

2

We will prove that:

lim(B-G),=e

n—oo

using only elementary methods. (without Stirling).

Main result:

lim(B—-G), =e

n—oo

2 n
Proof: Letbe: v, = (”nLl) v‘/%,n >2

i i n+1 “n! n+1 i (n+1) " n|n! A (n+ 1)+t
et T ame\Tn n it D! Tnte\ 0 ) eee [t e (n+1)!

(n+1)! (n+2)n+2

CAUCHY-D' ALEMBERT 1.1 (n+1)n+1 (n+2)!
= - lIm . =

n—oo nt noo (n+1)n+1

nn (n+1)!

i n'(n+1) n" m+2)™-(n+2) (+1!
Thhemt+ DM+ D) nl ase m+DI-(m+2)  (n+ D

n+1

lim (= )n I (n al 2) lim (1+—— 1)n I (1 Lt 1)
= . = — - 11m —_ =
nl—rgo n+1 nl—rﬂo n+1 nl—r>¥>lo n+1 n-oo n+

n n+1

-1
=1im(1+ ) -lim(1+ ) =el.el=1
+1

n—-oo n n-oo

n+1

limv, =1

n—-oo

n+ 1)2" n!

e VD=
2n . n+1
- lim <1+%) . lim n'-n ,/(n+1)!‘(n+1)=

n—>oo(n+1)!' n+1 n

lim v} = lim (
n—-oo n—-oo n

n—oo
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n n+1 (i + 1! nt1| (n+ 1)!
=e?. lim . - lim ( )=ez~1~1~lim —( ) =
nooon+1 n n-oo n+1 1n—00 (n+1)n+1

= e2. lim (n+2)! .(n+1)n+1_ . m+1)!'(n+2) (n+1>n+1

nee(n+ 22 (m+ D! ¢ e m+2)m+ ) \nt2

n+ 1 n+1 1 n+1
=e?- 11m<1+?—1) =e2~lim(1+?) =e?.-el=¢
n—oo n—-oo

lim (B — 6) (n+1)? n? . n? (
m = = lim -
n1—>oo n —>oo ""‘1/( + 1)[ n n! n1—>oo 1/n! Un

1) =

im (2o 1 1( _11n)— 1-lne =
~ale nl Inv, Mo | = 200 tl Inw, Hn =€ ne=e

Definition 1: Let be t > 0 and (a,),,>1; @, > 0 a sequence. The sequence (a,), -1 has the
Batinetu — Giurgiu’s property if exists:

. Ani1
lim

=a>0

n-ont - a,

The couple t and a,, define a (t, B) — sequence .

Property 1: If t > 0 and (a,,),,>1 is a (t, B) — sequence then:

lim-—=— (1)

n-oo N et

Proof: (a,),s; is a (t, B) — sequence hence exists:

a
lim — =g>0

n-ont-a,

n nt
. A/Aan ., n|Qn CAUCHY'S-D'ALEMBERT _ Api1 n
lim — = lim — = =lim——+—-—=
n-o N n-oo NN n—-oo (n + 1)(n+1)t a,

(n+1)t

(n+1)t
_rlawnimaln.(n:l) =a-71i_)rg(n:1) :%

. n+1v An+1
Property 2: If t > 0 and (a,,),,>1 is a (t, B) — sequence and u,, = Ao ;n > 2 then:

limu? =et (2)

n—-oo

Proof:

fim , = lim " n (1) D 0ot
nooo nooo (M+1)°t an n et

-1 = 1. Hence:

. up-1
lim *— =1 and:
n—oo MUy
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lim u? = lim Int1 ! = lim Ay (n+ 1) ( n )t—a el 1=¢et
n-oo ' now a, sy noont - a, "a,, mtl a

Definition 2: If t > 0 and (a,,),>1 is a (t, B) — sequence we define:
(n + 1)t+1 nt+1
Bn = n+1 T n =z 2
vV An+1 vV an

and the name of this sequence is the t - Batinetu — Giurgiu’s sequence noted as (t, B — G).

Theorem 1: If (t, B — G) is a Batinetu — Giurgiu’s sequence then:

. T (n+1)t+1 _ nt \ e
lim By, = lim <"+m va—n) =2 @

t+1 no
Proof: Let be: v, = (nTH) %n >2
n+1

_ (n+1 (n+ 1)t Ya, et a
lim v, = lim — =1 == =1
v, —1
lim — =1
n-oo Inv,
_ o m4+ 1M g . i1 e Gnemt T apy m+1 t
lim v} = llm( ) . . = ettt lim . ( ) =
n—0co noo\ n Ani1 n-w apy; (m41)¢ n
1 a
- et+1____t_1 =e
a e
(n+ 1)t pt*l nt+1 nt+l oy —1
lim B, = lim — = lim —(, — 1) = lim +—lny, | =
noe n_)oo< n+1\/ Ane1 an> n-oo 1 an( " ) n—eo (Tva_n Inv, n)

_ nt v, -1 et e
= lim -lnv} :;-1-lne=

now \"fg - Inv,

Definition 3: If t > 0 and (a,,),>1 is a (t + 1, B) sequence we define:

B n+1/an+1 _ '\l/a_nn > 2

G, = ;n =
" (n+1Dt nt

SN

and the name of this sequence is the t + 1 - Batinetu — Giurgiu’s sequence noted
(t+1,B - G).

Theorem 2:
If (t + 1, B — G) is a Bitinetu — Giurgiu’s sequence then:

(%_W>_L

(n+1)t nt ) et+l (5)

lim G,, = lim

n—->oo n—->oo
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Proof: Let be: w, = (n+1r;t ’i/_ jn =2 2.By (1) lim —o = =
i — i +1\/ Any1 N — i n+1\/ An+1 ( n )t _
n n n+1 la, ™ N an n+

i "VYane ntt n+1 a ettt 1=1
ne (n + 161 a7 ot g

i (n+1)“r1 ( n )"t ( n )t+1 1 ett!
n—oo nt+1a n+1/an+1 n+1

n+1/ n n
lim G, = lim < ni1 @) \/_

= lim —
n—-oo

n-co noo \ (n+1)¢ nt

T %Wn_ll

1im . . . —
n-cwo nt*tl  Inw, t+1 ettt

Theorem 3:

Ift > 0;(a,)ns1; A, > 0;n € N* and lim =1 = g > 0 then:

n—-oo an

1111_1)?0 nt+1(n+1/a_n+1 \/a_n) = —ate' (6)

n+1y
Proof: Denote d,, = — ity >0

Vo TS
CAUCHY-D'ALEMBERT
lim nt - */a, = lim Ya, -n™ =
n—-oo n n—-oo n
t(n+1
. Gpyg - (n+ 1)t(n+1) _ Gpypont om+1 (n+1) ¢
= lim = = lim . =a-e
n-oo a,-n n-oo Ay n
lim nt-"*/a, =a- et 7
lim nt - %/, 7)
_ _ ”+i/m-(n+1)t n \t a-ettl 1
lim d, = lim — . ( 1) = ——=1
n-oo n—oo ,an ‘n n+ a-e e
d,—1
lim =1
n-o Ind,
An+1 1

lim d} = lim

n-oo n-o  Qq, n,an+1

“a, w,—1
-(wy, — 1) = lim "-:‘1 :
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= lim

ey (e D e
,{i_)nc}ont-'-l (n+1/an+1 _rva—n) =rli_l,lgont+1 'TVa_n'(dn_l) —

nt - api 1 (n+1)t 1
. =q-——=¢e

n

. n dn_1 . n dn_1 @ -
:il_l;rolont-'-l' /an' lndn 'lndn=711_1}20nt' ,an'm'd?l = a.et.l.]ne 1=_a.t.et
Application 1:
Fort =1in(4):

. (n+1)2 n? \ _ e
711—{1010 <n+1\/ An+1 B ri/a_n) T a (8

For a, = nlin (8):

=e

. < (n+1)? n? )
1m -

noeo \" (I Vnl
Application 2:

Fort =1in(6):
T{l_r){)lo n?("Yan, — fa,)=—-a-e (9)
— 1 H .
For a, = —in (9):

1 1

- A
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A SIMPLE PROOF FOR BERGSTROM'’S REVERSED INEQUALITY AND
APPLICATIONS

By Daniel Sitaru, Claudia Nanuti-Romania

Abstract: In this paper we will give a simple proof for Bergstrom’s reversed inequality and a few
applications.

BERGSTROM'’S REVERSED INEQUALITY

Ifa,b,c x,y,z> 0then:

xZ yZ ZZ x2+y2 y2+22 + ZZ +x2 (1)
b2+c2  c2+4a?2  a?+b%? T 4c? 4q2 4p2
Proof: Inequality (1) can be written:
2 2 2 2 2 2 2 2 2
x“ + +z zZ°+x X z
Y 47 + — S A— >0
4¢2 4q2 4p2 b%2+c?2 c2+4+a? a?+ b?

2(1_1_1 1)+2(1+1 1)+2(1+1 1)>0
x 4b%  4¢?2 b2 + (2 y 4a?  4c? a?+c? d 4b%2  4a? a?+ b2~
, (b? + ¢?)? — 4b?c? 2 (c? + a?)? — 4a?c? L2 (a? + b?) — 4a®b? -0
4b2%c2(b? + c2) y 4a2c¢?(a? + c?) d 4a2b%(a? + b2%) —

(b2 — c2)2 , (c? — a?)? , (a2 — b?)?
: +y“- +z°- =0
4b2¢c2(b?% + ¢2) 4a2c?(a? + c2) 4a2b2(a? + b2?)

2

X

Equality holds fora = b = c.
Corollary 1: If a, b, ¢ are sides in AABC then:

a? N b? N c? <az+b2_|_b2+c2+c2+a2
bZ+c2 c2+a? a?+ b2~ 4c? 4q? 4.b?

Proof: We takein (1): x = a;y = b;z = c.
Corollary 2: If a, b, c > 0 then:

1 N 1 4 1 < 1 4 1 4 1
bZ+c2 c2+a? a?+ b2~ 2a?2 2b% 2c?

Proof: Wetakein(1):x =y =2z =1.
Application 1: In AABC the following relationship holds:

Z m2 <3+1 a2+b2+c2+b2+c2+a2
b2+c2~ 4 16\b%? ¢ a? a%2 b%? 2

cyc

10| ROMANIAN MATHEMATICAL MAGAZINE NR. 44
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Proof: m2 + m? = (b2 +c?)—-a’?+= (a + b?) — =

a? + 4b% + ¢? mZ+m2  a®+4b% + c?

_2b2+2c2—a2+2a2+2b2—cz_

4 4 ’ 4h2 16b2
Z m2 (i) m§+m§_za2+4b2+c2_z a? +z4b2 +Z cz
b2 +c¢2 ~ 4b2 16b2 ~ £u16b? 16b2 16b2
cyc cyc cyc cyc cyc cyc
_3+1 Za2+zc2 _3+1 a2+b2+c2+ 2+ 2_|_a2
T4 16 b2 b2 | 4 16\b%2 2 a? a? b2 2
cyc cyc

Equality holds fora = b = c.

Application 2: If x,y,z > 0 then:

2
4x*y*z* ! + ! + ! <Z iy X D
xZ +y2 yZ +ZZ ZZ +x2

Proof: We take in (1):

z z x2 42 x2y?z2 _ ZZZ(xz +y2)
1= 2 2 = 24,2
4 ye+z & x°y

cyc 37 ZZ cyc cyc
1 1 1 1
LN T P
yZ + 72 yZ x2 yZ + z2 = x2
cyc cyc cyc cyc cyc

Equality holds for x =y = z.

Application 3: In AABC the following relationship holds:

2 2 2
w w w
a b c < (

1 1 1
b2+cz+cz+a2+a2+b2_4 )

+-—+
a b

Proof: We take x = wy,y = wy,,z = w, in (1):

+ W} GUGGENHEMER Z s(s—a)+s(s—b) _ 25(25 —a—b)

Yoy
< < =
bZ +c¢2 ™ 4¢2 42 42
cyc cyc cyc cyc
_sza+b+c—a—b_521_5(1+1+1)
4 c? 4 c 4\a b c
cyc cyc

Reference:

[1] Romanian Mathematical Magazine — www.ssmrmh.ro
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A SIMPLE PROOF FOR ROGER’S INEQUALITY AND APPLICATIONS
By Daniel Sitaru, Claudia Nanuti-Romania

Abstract: In this paper we will give a simple proof for Roger’s inequality and a few applications.
ROGER'’S INEQUALITY
ifa,,a,,..,a, by by, .., b, >0;n€N;s € (0,1)then:
n n s ,n 1-s
Sarore=($a) (50
i=1 i=1 i=1
Proof: Let be f:(0,®) - R; f(x) = x* —ax; a € (0,1)
ffxX) =ax®* 1 —a=akx*1-1)
ffX)=0=>x*1-1=0=>x*1=1=2x=1
f increasing on (0,1), f decreasing on (1, o)
max f(x) = f() =1~-a
fO<fM=2x*—ax<l—-a (2)
Legbep = %: q=
ae(01)>p>1

ForA,B > 0 letbe x zgin(Z):

1

B (e B -2@e-]

Ay 1/A 1 Ar A 1
G -eh Al
q

B/ p\B/Tq g2 pBTgq
11
Ar - B A 1 1 1 i1 A4 1.1 1,1
plq——-Bqlg—-Bq, Ap-Bq——-Bp+q1§—-Bp+q
g P q p q

1 1 1 1
Av-Ba—2.p11<l.p gr.Ba<i4E (3
p q p q

Let be:

p
A ;B

_ v
=y
=17

Ly

in (3)
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1 1
< x; )”( v >q<1, I S i
Z?:N“? Xy yiq P Z?:N‘f q i, v}

1 1
&L 1S yn xf yn 4 7
= x
(Z 1xp) (Zz 13’1) P iz " 2=
By summing:
Z-{llxlyl 1 Zl 1xp+1 Zl 1yl :l.l_'.l.l:l_'_l:l

N N A T

Zl 1%y < (Zl 1xp) (Zl 1Y; )q (Holder)

In Holder’s inequality we take:

) 1 1

x=alyi=bi™% p=2ia =17

1\ 1-s

n n ) S n 1 1-s
Yotz (Y)Y (o)
i1=1 i=1 =1

n n N n 1-s

z aibi™ < (Z ai> . (Z bl>

i=1 =1 =1

Application 1 (Huygens’ inequality): If a,, a,, b1, b, > 0 then:

2
(a1 + az)(bl + bz) = (\/albl + \/azbz)
Proof: We takein (1):n = 2;s = %

1 1 1 1

= = = 1 1
ai - b +ai- bl < (a;+ay)z(b; + b,)' 2

\/albl + \/azbz < \/(al + a,)(by + by), (a; + ay)(by + by) = (,/albl + ‘/azbz)

Application 2: If a4, a,, a3, by, b,, bz > 0 then:

2
(a1 +a, + a3)(b1 + bz + bg) = (\/albl + \/azbz + \/a3b3)

Proof: Wetakein(1l):n =3;s =§

1 1 1 1 1 1

pt =t 1 1
ai'bi+a;'b§+a§'b§S(a1+a2+a3)5'(b1+b2+b3)1_5

\/albl + \/azbz + \/a3b3 < \/(al + a, + a3)(b1 + bz + b3)

2
(ay + ay, +a3)(by + b, + b3) = (\/albl + \/azbz + \/a3b3)

13| ROMANIAN MATHEMATICAL MAGAZINE NR. 44
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Application 3: If a, a,, b1, b, > 0 then:

3

(a1 + az)(bl + bz)z > (i[alb% + i[azb%)

Proof: We takein (1):n = 2;s = é

1 2 1 2

= z = z 1 2
ai . bi +a; . b; < (a1 + a2)§~ (b1 + bz)E

3
S’Cllb% + : a2b22 < 3i/(al + az)(bl + bz)z, (a1 + az)(bl + bz)z > (3’a1b% + 3’a2b%>

Application 4: If a4, a,, a3, by, by, b3 > 0 then:

3

(a1 +a; + a3)(b1 + bz + bg)z > <3\[a1b% + 3\[(1217% + i[a3b§>

Proof: We takein (1):n = 3;s = %

1 2 1 2 1 2

- = - Z = = 1 2
aibi + a;b; +a:3,) * b; S (al + az +a3)§' (bl +b2 +b3)§

3\/a1b12 + i/azb% + 3\/(1319% < i/(al + a; + a3)(b1 + bz + b3)2

3

(a, + ay + a3)(by + b, + b3)? > <3\/a1bf + i/azbg + 3\/a3b§)
Application 5: If a,, a,, ..., a,, by, by, ..., b, > 0;n € N*; s € (0, 1) then:

ot ()7 =0t @) @

Proof: We replacein (1): b; — %

i

Application 6: If a{, a,, b1, b, > 0 then:

2
1 1 aq a,
a1 )> _ )
(a1 + az) (b1 + b2> = /bl + sz

Proof: We takein (4):n = 2;s = ;

14 ROMANIAN MATHEMATICAL MAGAZINE NR. 44
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o |Q
R N[R|R N R
+
ISy |Q
NNIRINN|R
IA
~

1
1 /1 1\z ’al ’az 1 1
=+ — — L < - 4
a, + az)z <b1 + bz) , b1 + bz < \/(al + az) (bl + b2>
2
1 1 aq a,
— 3 —|> — -
(a + a2)<b1 * bz) = ( /bl * /b2>

Application 7: If a4, a,, a3, b1, b,, b3 > 0 then:

2
1 1 1 aq a, as
14> ’_ ’_ ’_
(a1+a2+a3) <b1+b2+b3>_ b1+ b2+ b3

Proof: We takein (4):n = 3;s = %

LN L yTE 1 1T 11 1\"7:
al-(b—1> +a2-<b—2) +a3-(b—3) S(a1+a2+a3)2(b—1+b—2+b—3)
11 1 1
a? a: a? 171 1 12
—}+—f+—§s(a1+a2+a3)z-(—+—+—)
b2 b2 b by by b3
1 2 3

SRS
+

a, as (@ +a, +a) ( 1 1 4 1)
by = [\t a2t as) (ot
a, az as

(a; +a; + as) (bl b3 (ﬁ \ﬁ \/;)

Application 8: If a,, a,, a3, b1, b, b3 > 0 then:

3
1 1 142 3|@y  3(Az 3|A3
(a; +a +a)(—+—+—> > |5+ |5t |5
1E72 7 \by " by by b |b%  |b?

Proof: We take in (4):n = 3;s = §

ol

1 1
1

1 1
S A NS A S O 1 1 1\
a; - (—) +aj - (—) +aj- (b_) <(a,+a,+az)3 (b1 b, —+ b_3)

fe fie fire Jormron o)
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3

1 1 1)? 3,a1 3,a2 s|as

Yt — 4 —] > — - —
(a1+a2+a3)<b1+b2+b3) > b1+ b2+ b,

Application 9: If x,y € (O, ;—t) then:

Vsin 2x + \/sin 2y < \/Z(Sinx + sin y)(cos x + cos y)
Proof: We takein (1):n = 2;s = %;

a, =sinx;a, =siny;b; =cosx;b, =cosy

\/albl + \/azbz < \/(al + az)(bl + bz)

Vsinx cos x + \/sinycosy < \/(sinx + siny)(cos x + cosy)

V2 sinxcosx + \/2 sinycosy < \/Z(Sinx + siny)(cos x + cos y)

Vsin2x + \/sin 2y < \/Z(Sinx + siny)(cos x + cos y)

Application 10: If x,y € (O, g) then:

Vsin 2x + \/sin 2y +Vsin2z < \/Z(sinx + siny + sin z)(cos x + cos y + cos z)
Proof: Wetakein(1l):n =3;s =%

a, =sinx;a, =siny;a; =sinz; b; =cosx;b =cosy;b; = cosz

Vsinx cos x 4 ,/siny cosy + Vsinzcos z < \/(sinx + siny + sin z)(cos x + cos y + cos z)

V2 sinx cos x +\/2 sinycosy +V2sinzcosz <

< y/2(sinx + siny + sin z)(cos x + cos y + cos z)

Vsin 2x + \/sin 2y +Vsin2z < \/Z(Sinx + siny + sin z)(cos x + cos y + cos z)
Application 11: If x,y,z,t € R then:

Verty + \Jerrt < \[(e¥ + e?)(e? + ef)

Proof: We takein (1):n = 2;s = ;

a, =e*;a, =e%; by =eY;b, =€t

Jaiby +\Jazb, < \J(ay + ay)(by + by), VeX- eV +4/e? et < J(e* +e?)(e¥ +et)

Vexty +Jez+t <\ [(e* + e?)(e¥ + et)

Reference: [1] Romanian Mathematical Magazine - www.ssmrmh.ro
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A SIMPLE PROOF FOR JANIC&VASIC’S INEQUALITY AND APPLICATIONS

By Daniel Sitaru, Claudia Nanuti -Romania

Abstract: In this paper we will give a simple proof for Janic&Vasic’s inequality and a few
applications.

JANIC&VASIC'S INEQUALITY

If0 <k <nneN";aa,,.., a, > 0then:

Zn ajt+az+--+ay > nk
k=1gq, . +ayi2++a, — n-k

(1)

Proof:

n n
a+a;+--+ag a+a;+--+ag
= Qeyr + iy + o0t ap Qg1+ Agqz T+ ap

=1

n
za1+a2+---+ak+ak+1+---+an
p— —n:

k=1

A1+ Qg2 T+ ap

1

n
=(a1+a2+---+a)z -n=
" = Apyr + gy + o0 Ay

2
1+1+-'-+1>

BERGSTROM ( for "n" times

= a;t+a;+--+ay)- —-—n=
(a1 +a n) (n—k)(a; + ay+..+ay)

3 n? _nz—n2+nk_ nk

n—k n= n—k Tn—k

Application 1: If a, b, c > 0 then:

a+b+b+c+c+a > 6 2)
a b

c

Proof: We take in (1): n = 3; k = 2. Equality holds fora = b = c.

Application 2: If x,y,z > 1 then:
log,(xy) + log,(yz) + log,(zx) = 6
Proof: Wetakein(2):a=Inx;b=Iny;c=Inz

Inx+Iny Iny+Inz Inz+Inx
- + >6

In z In x Iny

17 ROMANIAN MATHEMATICAL MAGAZINE NR. 44
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In(xy) In(yz) In(zx)
> >
g + nx + ny = 6, log,(xy) +log,(yz) +log, (zx) = 6

Equality holds for:x =y = z.

Application 3: If a, b, c,d > 0 then:

a+b+c b+c+d c+d+a d+a+b
d+a+b+C212(3)

Proof: We take in (1): n = 4; k = 3. Equality holds fora = b = ¢ = d.
Application 4: If x,y,z,t > 1 then:
log,(xyz) + log,(yzt) + log,(ztx) + log,(txy) = 12

Proof: Wetakein(3):a=Inx;b=Iny;c=1Inz;d =Int

Inx+Iny+Inz Iny+lnz+Int Inz+Int+Inx lnt+lnx+lny>12

Int Inx Iny In z

In(xyz In(yzt) In(ztx In(tx
(y)+ (v )+ ( )+ (y)>

12
Int Inx Iny Inz —

log;(xyz) + log,(yzt) + log, (ztx) + log,(txy) = 12
Equality holdsforx =y =z = t.
Application 5:

Ifa,b,c d, e > 0 then:

a+b+c @ b+c+d ct+d+a d+a+b a+b+c 15
+ + + + >—
d+e et+a a+b b+c c+d 2

(4)
Proof: Wetakein(1):n =5k =3
Application 6:

Ifx,y,z tu>1then:

15
log., (xyz) + log,,(yzt) + log,, (ztu) + log,,(tux) + log,,(uxy) = >

Proof: We take in (4):

a=Inx;b=Iny;c=Inz;d =Int;e =Inu, a,b,c,d,e>0

Inx+Iny+Inz_15 In(xyz) 15 15

> > ] >

Z Int+lnu ~— 2’ In(tw) — 2’ Z 08 (xyz) = 2
cyc cyc cyc

Equality holdsforx =y =z =t = u.

Reference: [1] Romanian Mathematical Magazine - www.ssmrmh.ro
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A NEW MEHMET SAHIN’S CONFIGURATION

By Daniel Sitaru, Claudia Nanuti-Romania

Abstract: Let be the triangle ABC with sides a, b, c. Let be the points X,Y,Z & Int(AABC)
such that m(«xBAZ) = m(xCBX) = m(xACY) = 90° and m(xBXC) = m(<A4);

m(&xCYA) = m(xB); m(xAZB) = m(xC). In this article we will study the properties of this
configuration.

z

X

Property 1: [BXC] + [CYA] + [AZB] = 2[ABC(]
Proof: Lemma: In any triangle ABC with area F holds:
16F? = ZZ a’b? — Z a*
cyc cyc
Proof of lemma: By Heron’s formula:
F2=5s(s—a)(s—=b)(s—c)

_a+b+c b+c—a a+c—b a+b—-c
B 2 2 2 2

16F2 = ((b +¢)? — a?®)(a® — (b — ¢)?)

FZ

16F? = (b* + c* — a® + 2bc)(a® — b* — ¢ + 2bc)
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16F? = 4b%c? — (b? + c? — a?)?
16F% = 4b%c? — b* — c* — a* + 2a?b? + 2b%c? — 2b?%c?
16F? = 2(a?b? + b%c? + c?a?®) — (a* + b* + c*)
16F? = 2¥cyca’h? — Yeyca* (1)

Back to the main proof: In ACBX:

BX
cotd = B_C = BX = BCcotA =acotA

Analogous: CY = bcotB;AZ = ccotC

BC-BX CA-CY AB-AZ a?cotA b%cotB c?cotC

BX YA AZB| = = =
[ C] + [C ] + [ ] > + + 5 5 + > + >
_ZazcotA_lza cosA z 2(b2+cz—a2)_1z:a2(b2+c2—a2)_
N 2 2 sin A 2bcsin A T2 4F N
cyc cyc cyc cyc
z:(azb2 + a%c? —a* z z @ i 16F? = 2F = 2[ABC]
T 8F T 8F h a
cyc cyc cyc

Property2: AZ+ZB+BX+XC+CY +YA=2(,+1r,+71.)

Proof: Lemma: In any triangle ABC with r —inradii; R — circumradii; r,, 1}, 7, — exradies
holds:

Tet+r,+1r.=4R+1 (2)

Proof of lemma:

+ 1+ G .
r, 41+ = =
ath T T e _a s—b s—c

_FZs—a (s—a)(s—b)(s Z(s b)(s =) =

Fs
s(s —a)(s—b)(s—¢)

Z(s —s(b+c) + bc) —FZZ(S —s(@2s—a)+ bc) =

cyc

s s
=—Z(52—252+sa+bc)=— —352+52a+2bc =
F TS

cyc cyc cyc
1 1
=;(—352 +5-25s+s%2+1r%+4Rr) =;(4Rr+r2) =4R +1

Back to the main proof: In ABXC :

XC? =BX?+ BC? =a?cot? A+ a? = a?(1 + cot? 4) =
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5 cos? A 5 sin? A + cos? A a? a 2R sin A
=a + N = ‘ . = ) XC = = . =
sinZ A sinZ A sinZ2 A sin 4 sin 4

Analogous: YA = ZB = 2R

AZ+ZB+BX+XC+CY+YA=ccotC+2R+acotA+ 2R+ bcotB + 2R =

a
=6R+ZacotA=6R+Za +Z_—~cosA=6R+ZZRcosA=
sinA

cyc cyc cyc cyc

r
=6R+2R2C0$A=6R+2R(1+E)=6R+2R+2T=8R+2T=2(4R+r)=

cyc

()
=20 +m,+7.)

Property 3: [AZBXCY] = 3[ABC]
Proof: Lemma:in AABC the following relationship holds:
sin24 + sin2B + sin2C = 4sinAsinBsinC (3)

Proof of lemma:

2A+ 2B 2A — 2B
sin24 + sin2B + sin 2C = 2 sin > cos > +sin2C =

= 2sin(4 + B) cos(4 — B) + sin2C = 2sin(r — ¢) cos(A — B) +sin2C =

= 2sinC cos(A—B) + 2sinC cosC = 2sinC (cos(4A — B) + cos(C) =

) A—B+C A—B-C ) m— 2B A—(r—A4)
= 2sinC - 2 cos > cos > = 4sinC cos > cos > =

= 4 sin C cos (g—B) cos (A —g) =4sinCsinBsin4

Back to the main proof: [AZBXCY] = [ABC] + [ABZ] + [BCX] + [CAY] =

_F+ZAB-AZ_F+ZC cotC Z cosC +1z c C=
= 2 T3 sinc | T2Zisinc ¢ T

cyc cyc cyc cyc

1 . 1 . . 3
=F+EZZR-2RschosC=F+§-2RZZZSlnCCOSC=F+Rzzsm2C =

cyc cyc cyc
— F4R2-4sinAsinBsinC=F +4R2- L. 2. ¢ _pyabe_p  ARE
= sinAsin B sin 2R 2R 2R 2R 2R

= F + 2F = 3F = 3[ABC(]
Reference:

[1] Romanian Mathematical Magazine, www.ssmrmh.ro
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NEW INEQUALITIES WITH FIBONACCI AND LUCAS NUMBERS

By D.M. Batinetu-Giurgiu, Mihaly Bencze, Daniel Sitaru and Neculai Stanciu

ABSTRACT. In this paper we present new limits of sequences and functions.

Fibonacci sequence: (F, )n>0,F =0,F =LF,,=F,.,+F,VneN.

17 n+2 n+1
=2, =1L,,=L,+L,VneN.

n+2 n+1

Lucas sequence: (L, )

n>0"

Theorem 1: In any triangle ABC with usual notations and the area F holds the following
inequality

aFn bFn+2 bFn CFn+2 CFn aFn+2
+ +
h:n+1 thn+l hCFn+l

2 2Fn+Fn+2 (\/§)2_Fn+2 F Fa

Z F bFn+2 Z aFn+Fn+1bFn+2 Z( ) Radon
Proof: — = mE2
oo h Fni1 oo (aha ) Fni1 (2 I:) n+1 oo
Radon 1 1 Gordon 1
> Sab)™ > L(4F+/3)F2 =
2Fn+l F Fo 3Fn+2_1 o0 2Fn+1 F Foa 3Fn+2_1

— 2Fn+Fn+2 (\/§)Z_Fn+2 F F QED.

Theorem 2: In any triangle ABC with usual notations and the area F holds the following
inequality

a L, b Lhs2 b L, C Lhs2 C L, a Lhi2
+ +
haLn +1 thn+1 hCLn+1

2 2Ln+|—n+2 (\/é) 2-Ly, F L,

aLn+Ln+lb Lhio Radon

ap
Proof: ZW:Z (aha)L““ (ZF) . Z( ) 2 >

cyc cyc cyc

Radon 1 1 Gordon 1

2Ln+l F Lo 3Ln+2_1 (Z ab) " - 2Ln+l F Lo 3Ln+2

cyc

1 (A'F\/g)l_m2 =

— 2Ln+|-n+2 (\/§)Z_Ln+2 F Ly QED.
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Theorem 3: In any triangle ABC with usual notations and the area F holds the following
inequality

a Fnz b F2n+1 b Fnz C F2 n+1 C Fn2 a F2 n+l
+ +
h n+l h n+1 h n+l

2 2F2n+1+|:n2 (\/g) 2-Fyna F Fn2

2 2
b FZM a P . Radon
Proof: Z Z (ab)™rs >
cye n+l (ah ) n+1 (2 F) n+1 oc
Radon 1 Font Gordon 1 -
- n+1 Fn2+1 3F2n+1 (Z ab) 2 Fn2+1 Fn2+l F2n+1*1 ' (4F \/g) o -
2 F cyc 2 F 3

— 2F2n+1+|:n2 (\/g)z_FZnﬂ F Fnz QUED.

Theorem 4: (a) If a,b,ce RI such that abc =1, then the following inequality is true

1 N 1 N 1 S 3 ;
as(Fnb + Fn+lc) b3(FnC + Fn+1a) (:?’(I:na + Fn+1b) I:n+2
(b) f a,b,c e R such that ab+bc+ca =3, then s true
1 1 1 3
3 += +— > ;
a (Fnb + Fn+lc) b (Fnc + Fn+1a) C (Fna + l:nJrlb) I:n+2
(c)if a,b,ceR] suchthat a+b+c=3,then istrue
1 1 1 S 3
a*(F2b+ Fnilc) b*(F2c+ Fn+1a) c*(Fla+F2b) F,.,
Proof:
1 1 1
1 Bergstro (a o Cj
2 =
(a)- czyc: a*(F, b+ F ..C) czyc: abF, +acF > (abF, +acF,,;)
cyc
(ab + bc + ca)? _ab+bc+ ca 3-3/(abc)’ 3
(abC) (F + Fn+1)(ab + bC + Ca) I:n+2 Fn+2 I:n+2
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1 1 1 1
gergstron | 3 b | ¢
(b). Z 3 Z 2 -
S a’(F, b+ F...C) 47 abF, +acF > (abF, +acF,,;)
cyc

B (ab+bc +ca)? B 3
(abc)’(F, + F,)(ab+bc+ca) (abc)’F,,,

(1)

But, ab +bc +ca > 3-3/(abc)® < (ab +bc +ca)® > 27(abc)? < (abc)® <1< % >1,(2).
abc
From (1) and (2) yields the desired inequality.

1 1 1 1Y
2 Bergstrom g + B + E
a >

) Czyc: a’(F? b +F2.c) %c: abF? + acF? D (abF? +acF,) -

n+1
cyc

1 1 1Y 1 1 1Y 9
S S
3 a b c _\a b c pergrem a+b+c
(I:n2 + Fn+l)(ab + bC + Ca‘) I:2n+1 (ab + bC + Ca) - I:2n+1 (ab + bC + Ca) -
9 = 3 Q.E.D
(a+b+c)®> F,.,
F2n+1 T 4
3
Remarks:

e If a,b,ceR; suchthat abc =1, then

Y= ,(IMO 1995 - Toronto — Canada).
o0 a (b+c) 2

e The problem from above show that the inequality also occurs if a,b,c € R such

that a+b+c =3 andif a,b,c € R} such that ab+bc+ca=3.

Theorem 5: If a,b,ce RI such that abc =1, then holds

1 1 1 3
3 + 3 + 3 2
a’(F,b+F,c) b°(Fc+F,a) c’(Fa+F_b) F.,
1 11 1Y
Bergstro (a o Cj
Proof: > =
czycl a’(F, b +F_,C) czyc: abF, + acF > (abF, +acF,,;)
cyc
(ab + bc + ca)? _ab+bc+ ca 3-3/(abc)’ 3
(abC) (F + Fn+1)(ab + bC + Ca) I:n+2 I:n+2 I:n+2
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Theorem 6: If a,b,c € R such that ab+bc+ca =3, then is true

1 1 1 3
3 + 3 + 3 > .
a (Fnb + Fn+lc) b (Fnc + Fn+1a) C (Fna + I:nJrlb) I:n+2
1 1 1 1Y
Bergstrom (a + B + Cj
Proof. Z = Z > =
~a’(F, b+ F,.C) 47 abF, +acF > (abF, +acF,,;)
cyc

ab +bc + ca)? 3

( ) B ().

" (abc)?(F, +F, )(@b+bc+ca) (abc)?F,

But, ab +bc +ca > 3-3/(abc)?® < (ab+bc+ca)® > 27(abc)® < (abc)? <1< i >1,(2).

From (1) and (2) yields the desired inequality.
Theorem 7: If a,b,c € R such that a+b+c =3, then

1 1 1 .3
a3(Fn2b+Fn2+1c) b*(F2c+F? a) c*(Fla+F2b) F,.,

n+1 n+1

1 1 1 1Y
2 Bergstrom a 7t B E
a >

Proof: =
%c: a’(F? b +F2.c) czyc: abF? + acF? > (abF}? +acF},)

n+l
cyc

[1 1 1) [1 1 1) ( 9 jz
+=+ +—+=
a b c _\a b c pergem a+b+c

- (F? +F?2,)(ab +bc +ca) B F,,,(@+bc+ca) ~ F,  (ab+bc+ca)

9 3

(@a+b+c)? F,,
I:2n+1 ' f

, Q.E.D.

Remark: If a,b,c € R such that abc =1,then Z% 5 (IMO — 1995 - Toronto —
oy +C

Canada). The inequality also occurs if a,b,c e R: such that a+b+c=3 and if a,b,c e R: such
that ab+bc+ca=3.

2(m+1) > (m +1)2(m+l)

mZm

Theorem 8. If m>1, ne N"then > (1+L,)

k=1

(L.L.—2).

n —n+l

Proof : We consider the function f :R. — R, f(x) =m™(1+x)™" —(m+1)™"x with
£/(x) = (M+D)((M+mx)" —(M+1)™) and £7(x) =(M+1)-m™ (L+Xx)"* >0, ¥xeR’.
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1 1
Therefore, f is convex and it has the minimum point X, = —.So, f(X) 2> f(—j =0,i.e.
m m

(m + 1) 2(m+1) )

m™(L+x)™ > (M+1)""x < L+ x)*™ > x?, (1).
m

2m

(m + 1) 2(m+1)
m2m

(m +1)2(m+1) n

Zn:(1+ L)%™ > s Z L2,

k=1 m k=1

From (1) we get (1+ L, )*™ > L?, Yk € N*, so we obtain that

n
and taking account by Z L? =L,L,,, — 2 we obtain the desired inequality.
k=1

2(m+1)
(m+1) FE

2m n' n+l®

Theorem 9: If m>1, ne N then Z(1+ F )2 >
k=1 m

Proof: We consider the function f:R. — R, f(X)=m"(@+x)™" —(m+1)""x with
£/(x) = (M+D)((M+mx)" —(M+1)™) and £7(x) =(M+1)-m™ (1L+Xx)"* >0, ¥xeR’.

1 1
Therefore, f is convex and it has the minimum point X, = —. So, f(X) > f(—j =0,i.e.
m m

2(m+1)

m" @+ x)™ > (M+D)™x < (L+x)2™D 2%%, (1).

(m +1)2(m+1)
mZm

n m+1 2(m+1l) n
Z(l+ Fk)z(m+1) > 7 ( ) Z Fk , and taking account by Z FZ =
)

From (1) we get (1+ Fk)z("”l) > sz , Vk € N*, so we obtain that

n n+1
we obtain the desired inequality
Theorem 10: If x,y,z >0, then
NG N yz N 72 y 3
(5F2y+22)(5F2z+2y) (5F2z+2X)(5F2x+2z) (SF2x+2y)6F2y+2x) L2 °
Proof:
5F22n+2:5%(a2”—ﬂZ”)2+2:a4”+,B4" 2@p)" +2=a™ +p*" =1L, (2).
XZ X2
(5F22ny+22)(5F22nz+2y) 25F,} yz +10F} y* +10F} z° +4yz
X2 PM-GM X2
= > =
4 2 2 2 - 2 2
(25F,, +4)yz +10F,, (Y +z°) (25F; +4). y +1z +10F2 (y2 +27)
2x? 1 S 1 0 2x* 1

_ ) — = i = — 2).
y>+2? 25F, +10F} +4 y>+2? (BFZ2+2)?* y*+2* L§ @)

And other two similar inequality, i.e.
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y’ o2yt 1 (3).
(5F2z+2X)(5F2x+2z) z%+x* L2 '
2 2
2 : 2 2 22Z 2’ :2L ’ (4).
(5F,, x+2y)(5F,,y+2x) Xx“+y° Lj,
Adding up the inequalities (2), (3) and (4) and taking account by Nesbitt-lonescu inequality ( i.e.
a > § forany a,b,c > 0) we obtain:
cyclicb +C 2

X2 y2 ZZ

+ + >
(5F2y+22)(5F)z+2y) (BFZz+2X)(5F2x+2z) (5F2x+2y)(5F2Y+2X)

2X2 1 2 2 1 222 1 Nesbitt-lonescu 3
z— 2'L2 + zy 2'L2 T3 2'L2 = =12 QED.
y°+z° L, z°4+x° Ly, X +y° L, 4n

, 3.1
2 L4n

Theorem 11: If ABC is a triangle with a,b,c the lengths of the sides, R the lengths of
circumradius, r the length of the inradius and s the semiperimeter, then

2.2 2 12)\2 22 2 2?2 2.2 2 23?2
(—Fna * Foab ] +[F”b *FouC J +[F”C J;F””a j >2F7 (s> —r? —4Rr),
Cc a

YneN”.

Proof: By Bergstrém’s inequality and the formula a® +b® +¢* = 2(s*> —r? —4Rr) we have

Ffa2+F2b2\ (F2?*+Fic?) (Fi?+Fia?) F2a? +F2 b2 Y’
c " a i b 2P ey B

cyclic C
2
(Ffa® +F’ b’
~ Z(FnZaZ + Fn2+1b2)2 Bergitrom[c;c n n+ B (Fn2 + Fn2+1)2(a2 +b2 +C2)2 ~
cyclic c? - a’+b®+c? a? +b? +c?
=2F7 (s> —r? —4Rr), q.e.d.

Theorem 12: If ABC be a triangle with a,b,c the lengths of the sides, R the lengths of

circumradius, r the length of the inradius and S the semiperimeter, then

2 2\2 2 2\2 2 2\’
(ﬂj (Fb_FJ (%j 2 2F 7, (7 ~17 ~4Rr), Ve N
c a

Proof: By Bergstrdm’s inequality and the formula @® +b® +¢* = 2(s*> —r? —4Rr) we have

2 2 2 2
(Fnaz - lesz +(Fnb2 - FMCZJ J{Fncz - leazj _ Z(F,,a2 - Fn+lb2J _
c a b

cyclic C
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2
2 2

Fa?+F _b? 2Bergstrom[z.(lzna +Fn+lb] F F 2(32 + b2 2\2

:z( na + N+l ) > cyclic :( n+ n+1) (a + +C)

2 a’+b%+c? a’+b%+c?

cyclic C

=2F?,(s* —r> —4Rr), g.e.d.

n+2

Theorem 13: If a,b,c e (0,%) , then

tan a N tanb N tanc S 3
F sin2b+F,  sin2c F sin2c+F,  sin2a F sin2a+F  sin2b 2F '

Yne N’

n+1 n+1 n+1

Proof. From a,b,c e (0%) yields that tana > a,tanb > b,tanc > ¢ and

sin 2a =2sin acosa < 2sin a < 2a, similarly sin 2b < 2b, sin 2c < 2c.

Hence:
tan a tanb tanc 3
F.sin2b+F,  sin2c F sin2c+F,  sin2a F, sin 2a+F, ,sin2b
Bergstrom
22 _ tana _ >Z a :_z S 1 (a+b+c)?
GeF.sin2b+F, sin2c = &u2bF, +2cF,,, 2 fowabF, + acF 2 Z(abF + acF,Hl)
cyclic
1 (a+b+c)? _ (a+b+c)? . 3(@b+bc+ca) 3 q.e.d
2 (F,+F _)@b+bc+ca) 2F ,(ab+bc+ca) 2F ,(ab+bc+ca) 2F_, =~
Theorem 14: If a,b,c e (0,%) , then
tana tanb N tanc YneN”
F.7sin 2b+ F2, sin 2 F2sin2c+F’,sin2a F?’sin2a+F2, sin o~ 2F,. .,
Proof: From a,b,c € (O,Ej yields that tana > a,tanb > b,tanc > ¢ and
sin 2a =2sin acosa < 2sin a < 2a, similarly sin 2b < 2b, sin 2¢c < 2c.
tana tanb tanc
Hence: +
F?sin 2b+F’,sin2c F’sin 2c+F?2, sin 2a FZsin 2a+F?, sin 2
tan a a 1 a’ Bergsrom]  (a+b+c)?
= Z 2 Z 2 2 5 2 7 2 2
gmF2sin2b+F? sin2c  fa2bF? +2cF, 2 &abF” +acF?2, 2 Z(abF + acFM)

cyclic
(a+b+c)? _ (a+b+o)? . _3(@b+bc+ca) 3
(F?+F?)@b+bc+ca) 2F,,  (ab+bc+ca) 2F, ,(ab+bc+ca) 2F,, ,

_L
2

Reference:
Romanian Mathematical Magazine-www.ssmrmh.ro
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CERTAIN LIMITS OF FIBONACCI AND LUCAS’ SEQUENCES AND FUNCTIONS

By D.M. Batinetu-Giurgiu, Mihaly Bencze, Daniel Sitaru and Neculai Stanciu
ABSTRACT: In this paper we present new limits of sequences and functions.

Fibonacci sequence: (F, )n>0, =0,F =LF,,=F,+F,VneN.

10 n+2 n+1
=2,L,=1L,.,=L,+L,VneN.

n+2 n+1

Lucas sequence: (L, )

n>0"

uynlL, ™i(n+1)!F
Theorem 1: lim (\“/n!)z[\/ — - \]/( ) “*lJ.=ﬁ(1+%ln5]
N—o0 n

(n+1)? e’
Proof: We have Ln:(x”+ﬂ”,Fn=a 5 ,a:1+\/§,ﬂ=1_\/§
V5 2 2
ik, [niL n+1)IL o "L
lim =lim n/—= =lim (n+1) "l”- n = lim LI B =£-a=g,and analogous
e oo\ " o (n+D)™ L, —=(n+l) L, e e

lim =

n—oo n
n/nlL
( 1):F (n+1j we deduce limu_ =1; IImu
ny(n + n

iF,
3

-1
If we denote U, = =1 and

n—o n—» |n u

IL, . Win+DIF,, L
lim u? = lim n [n+1j (n+1!F,,, =e?lim (+DFs Ly _
n—oo n—o (n + 1)| F n—oo n+1 Fn+1
e &, Ilmw ae-ﬁze\/g.
e mw gt —p" a
Hence,
nL, ™y(n+D'F, n+,y n+1)'F
lim (¥/n!)? J D) = lim (V/n1)? (—)2"+1(un ~1)=
n—o0 (n +1) n—oo ( +1)
B L T N
N (n+1)? Inu, "
2
ot nf(n+1)!F -
= lim Vnt (n+1 LIS 1-Inun”=i2-g-l-l-ln(e\/§)=g3 1+1In5.
ool N n+1 n+l Inu, e’ e e 2
. cos? sin? n sin? sin ? I:m
Theorem 2:1f me N, then lim n**" (D™= — @i ) = S

sin“ F,
n n
_An 1 . n! 2
Proof: We have well-known lim =250 IIm( =g " Fn

n—ow n e n—o0| n
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ypr ,Vn>2,s0 limu, =1and lim =1.
nt

n—o n—w |n un
Sin? F sin? Fy,
. . n+1! " 1 . n+1 in2
limu’ = Ilm{( ) j lim| ——— =e™
§ ”

e e R O (R
denot _ _ B
We have Xn e: encos2 Fin ((n+3/(n +1 !)sm2 Fo (Q/ﬁ)s”ﬁ Frn ): ncosz F. (Un _1)(m)sm Fin _

sin® R, sin? F,,
2 L2 w W u -1
— r,Icos Fo+sin® F, (_J (un _1) — n( n |n u =
n

n Inu "

o/r sin? F,, 1
n! u, —
= " —Inu,.
n Inu

n

n+3/(n +1 !JSIHZFm u, -1

We denote U, =(

n

Hence,

A 2
lim n°>’ ((n+,y(n +)H)T o — (@/nny Fm): fim x, =e " 1 e e = SN Fn
= n—o0

esin2 Foy
"J’\]j (n+1)!Fn+l -4 4
. SIn " X+COS X
Theorem 3: lim ( \/—dx) >
nN—o0 Q/ﬁ 8 4e
L _ - . _ (sin?x+cos’*x)* 1
Proof: By Bergstrém’s inequality we have SIN * X+ C0S™ X > 5 = E , (1).
From (1) we deduce that
Y (n+D)IF, -4 4 = (n+1)IF, .,
sSin™ X+cos” X 1 1
L= \/—dxz— [dx ==(g(n+1)F,, —ynIF,), @)
e, 8 SR
Next, we have:
. F F F F F
e F.,-F,-F=0,vneN o2 | Qe2._ w10
Fn Fn Fn+1 Fn Fn
. F F F . F 1++/5
= lim| 2.1 _11-0 x?—x—1=0,where X=1lim 2%, s0 x = \/_.
n—o Fn+1 Fn Fn n-»o | 2

E
Since —L > 0, yields x = lim i: \/§+1:a
F. oo [ 2

ok [mE . (n+D)IF n" . F n\ «a
e lim ”=I|mn—n”=llm( )nffl' =lim -~ — | ==,
noo noo | N o (n+1) nF,  m= F (n+l e

Therefore

ml(n+D!F,, —yn!F, =g/n!F, (u, —1) =/n!F, -

u, -1
—-.Inu, =
Inu,
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ayntE u, -

1 J(n+)!F
= ——-Inu;,vn>2, (3), where unzg.
n Inu, /nlF,

. [ Y (n+DIF, n n+l e .
e limu, =lim (D A2 % 121,50 lim -~ =1, and
n—o n—o0 n+1 ﬁ n e o = nu,
e dimun = fim 0D 1 im e ML 8
Y nl Fn n+3[(n +1)!Fn+1 n—oo Fn n+y(n +1)!Fn+1 a '
By (3) we obtain
lim (ﬂ+\1/(n+1)!Fn+l —Q/n!Fn)zg-l-ln(lim u:)zﬁ.me:ﬁ.l:ﬁ,m)_
n—ow e —®© (] e e
From (2) and (4) yields the desired conclusion.
n+\] (NI, = 6 6
. In"- X X
Theorem 4: |lim ( 3\/5 05 dx)zﬂ.
AR 16 de
_ _ 6 s _ (sin?x+cos®x)® 1
Proof: By Radon’s inequality we have SIn° X + C0S”~ X > 52 :Z,(l).
From (1) we deduce that
nti N+, Sin 6 X + COSG X n+’2 (DL, 1 1 n+\]7(n+1)”-n+1
l, = 3 > [ 3fSdx=2 [dx =
oL, 16 o, VY4
1
= Z(M\]/(n +DIL,,, —8/nlL, ), (2).
Now,
. L L L L L
L.,-L.,-L =0,VneN' &2 M _J-Qc 2. M _ 1 _1-0=
Ln Ln n+1 n Ln
. (L L L . L +
= lim| 2.t _ 11 -0 x* —X—-1=0, where X = lim =%, so x=1 \/E'
n—ool Ln+1 Ln Ln n—oo Ln 2
L L
Since — > 0, yields X = lim L”:\/g—ﬂ =«
n n—oo Ln 2
i, L (neDIL, n" L n\
We deduce: lim n =I|mn—”=llm( ) L —fim o ) 2%
noe oo\ pt o moe ()™ nlL, o= L, \n+1 e
u -1
mf(n+IL,,, —y/niL, =g/niL, (U, —1) =g/nlL, - I“ nu, =
nu,
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antL, u

= Inu ,Vn=2,(3),
n  hu,
mY(n+1)IL
where U, :M.

nnllL,

"+\1/(n+1)!Ln+1- n 'n+1 _a
n+1 a/niL, N

|
fim u? = fim (DM 1 e L N

noe Tonoeonll o ngl(ne )L, e L ond(n+ DL,

By (3) we obtain

-1=1,s0 lim u _1=1,and

. . e
lim u, =lim —
e o n—» |n Un

nN—o N—0)

lim (nal/(n +1)IL,,, —8/nlL, )=%-1~InQim u:)zg-ln e=

—>0 e

From (2) and (4) yields the desired conclusion.
. a
. n | n — = —
Theorem 5:If a >0 , then l'EL*’”-Fn Ka-1) - Ina.

Ina
Ina

Proof: Since {/nlF, (\/_ 1) =q/nlF, (e n —1J o/nlF, elna_l.ln_a:

n

n

Ina

F

n'F
=0 na L ha,wehave lim /n!F, Va -1 =Ina-1-lm ¢
n n"

n

_ (n+DIF n F ;
=Ina~I|m( +1) "1*1- n =ha-lim-—=% n =%na.
e (n+1)" nlF, oo Foln+l e

Theorem 6:1f a> 0 , then im 3/(2n—DIF. (Va-1) = %I a.
n—o0 e

Proof: Since 3/(2n—D)IIF, (Va —1) =1/(2n—D)IIF, (em“a—lJ—n,/(Zn DIF, - ;1 ITa:

n
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[(2n-DUF, en —
:n( ) n & 1-|na,wehave
n" Ina

n
] ] 2n-DIF
lim 3/(2n ~)IF, Va - =In a'l'im“/% =
 (2n+)IF n _ F !
:Ina-llm( 1) 1”“- n =Iha-lim 2n+1 ”*1( n j :2—alna.
e (n+D)"™ (2n-DUIF, e n+l  F o(n+1 e

)
Theorem 7: If @ >0 and (b, ) ., is a positive real sequence with lim =2 =b >0, then

nawn n

lim /b, F, (Va —1) = %bln a.

Ina

Ina n _
Proof: Since 3/b. F, (Q/g—l) =n/b F, (e n —1J: o/b F. £ 1.In_a:

Ina n
n
Ini
bF en -1 b F
:q/M- -Ina,we have lim/nlF (Ya-1)=Iha-1-lim—~ =
n" Ina N> “(‘/— ) oo\ "
n
b ,F n" b F n \"" ab
=lha-lim — "nfl- =Iha-lim L. _nd =—Iha.
-2 (n+1)"" b F, b Fo(n+l e
L, .1 «a
Theorem 8: lim n“y/n!F sin — =—.
n—oo n e
sin 1
1 yn'F 1 n® [nF
Proof: Since n*3/nIF, sin — = “on®esin — =—"n/ =" then
n n n 1 n
n3

, : _[nIF, . (n+D)F " . F "
lim nznn!Fnsmi3=1-llmn—”=llm( +) oL ALY (LU,
N n el " onse ()™ nlF, e Fon+l e

Theorem 9: lim ny/(2n —1)!'F, sin iz _ 2
n—oo n e
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1
o/(2n—1!IF s> [en-1nF
Proof. Since Ny/(2n-HIF, Sil‘l%zé-n2 -siniz: 1n -1 ( n) L then
n n n

n

n2

[(2n-n 1 n
lim ny/n!F, sin i_l lim M = lim (2n+1)"|:1”*1 . n =
n—>o0 n? n—>o n" oo (n4+1)" @n-DIF,

_2n+1F ,( n \' 2«
= lim =—.
e n4+1 Fo\n+1 e

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro

ABOUT THE PROBLEM PP37343-OCTOGON MATHEMATICAL MAGAZINE
By Marin Chirciu-Romania

In AABC the following relationship holds:

2
Z:y+z.c_28
x hZ

By D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

Solution:

Zy+z.i:zy+zib2c2:zy+z‘b202:zy+z.azbz2_4 zy+z 1
x hi x  b2%h} x 48?2 x  4S2%a?

Lemma: Letbe x,y,z > 0 and f: D — R a function. The following relationship holds:

STl r@ =2y f0) fo)

Proof:
We haveZyTJrzfz(a) = Z(yxi+ 1-— 1)f2(a) = Z%fz(a) Y f%*(a) CZS

2 2
Ly Z S ) = ey ) EED Y o) =

= (Zf(a))z ‘Zfz(a) = Zfz(a) +2Zf(b)f(c) —Zfz(a) = ZZf(b)f(c).

Using Lemma, with f(a) = 1 we obtain

RIS ISR ) R B

We obtain
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y+ Z C ) y+z 1 Lemma 5 1 4R Euler
LHS = Z 4R Z = > 4R2.— =— > 8=RHS
X a Rr

Equality holds if and only if the triangle is equilateral. Remark:The inequality can be strengthened.

In AABC holds:
+z ¢ 4R
b hb r
Marin Chirciu-Romania
Solution:
y+z cz_zy+z b2c2_2y+z b?c? Oy+z azbzcz_4 yt+z 1
x hl b2h? B x  45%a% x a2

Lemma: Letbe x,y,z > 0 and f: D — R a function. The following relationship holds:

+
Y ip@z2) ) f©
+z x+y+2z ¢s
Proof: We have %2 f2(a )—Z(y7+1—1)f2(a)=Z+f2(a)—2fz(a) >

) 2

- f(a))z - z F@=Y f2a) +2 Y FOIfE - Zfz @=2) f®)f©

Using Lemma, with f(a) = %We obtain:

y+z 2p 1
x sz(b)f(c)_zz c abc 2.4Rrp_ﬁ

We obtain

y+z C ) y+z 1 Lemma 5 1 4R Euler
LHS = Z 4R Z — 4R E:T > 8=RHS

Equality holds if and only if the triangle is equilateral.
Note: The inequality strengthens Problem PP37343 from Octogon Magazine.

In AABC holds:

y+z c?

-—=>8
x hZ

D.M. Bdatinetu - Giurgiu, Daniel Sitaru - Romania
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USAMO INEQUALITIES — GENERALIZATIONS
By Hiiseyin Yigit Emekg¢i — Izmir — Turkey

1. Introduction

Generalization 1: Let a, b, ¢, d, n, k be nonnegative reals,n > 0 and a + b + ¢ + d = nk.
Then prove that

a b L c d k(4 —n*1)+4
kbk+1 kck+1 kdk+1 kak+1 - 4k + 4
k + nk + nk + nk
Solution:
a b c d
kbk+1 k kck+1 + kdk+1 X kak+1 X 2 p
n
n
a a b b c c d d
Kkbk+1 X - nk Kkck+1 F kdk+1 - nk kak+1 nk - F =
n n
a+b+c+d
=2p— "y =p—1

Z( akbk“ Z | akbk+1 I
k+1
nk+1 ( kb k+1 k+1 k+1 |
k b b . b
nk 4+ —+ /

cyc cyc
\nk"'l

AM—-GM akbk+1
< I —
<) (arow

cyc

(a+c)(b+d)

akb k k
=Z = (ab+bc+ca+ad)=m

nk*ti(k+1) nk1(k+1)
cyc
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2
a+b+c+d
aM-6m k (—2 ) kn?k knk—1

< = = < 1__
= k(k+1)  4ni(k+1) 4k+D - P

4k +4 —kn*1  k(4—n*"1) +4
4k + 4 - 4k + 4

->p=<
Application on USAMO 2017/ 6

Let a, b, ¢, d be nonnegative reals such that a + b + ¢ + d = 4. Find the minimum value of

a N b N c N d
b3+4 c3+4 d3+4 ad+4

Solution: This problem is a special case of Generalization 1. The problem denotes case n = k = 2.
By that

bk+1+nk_ 4k + 4 3
n

_ k-1
zk a >k(4 n )+4=2

cyc
which finishes the problem directly.

Generalization 2: Let a, b, ¢ be positive reals. Then prove that

+1

Z((k+1)a+kb+kc)2 ks
(k+ 1)a? + kb? + kc? — 2k +1

cyc

Solution: Let us see the inequality is homogenous. WLOG Assume thata + b + ¢ = 1.

((k + Da + kb + kc)* (a + k)? (a + k)?

(k+ a2+ kb2 +ke2 Zik+Da?+k(1—a)? Zi(2k + Da? —2ak + k
cyc cyc cyc

2ak 2 _ k
_ Z 1 Zak + err T k 2k+1

2k+1Jr 2k + 1)a? — 2ak + k

=S

By making some changes on denominator.

k2 k2 AGo

2k+1+ 2k +1

k? k?
> — — =)k —
> 2ak —2ak + k kT 1 k k1

2k +1Da? —2ak + k = 2k + 1)a? — 2ak +

2ak 2 k

5<Z 1 +2ak+2k+1+k T 2k+1
- 2k+1 k — k?

cye 2k+1

3k
2k+1

2k 2 _
3 2k(a+b+c)+2k+1(a+b+c)+3k

= +
2k+1 k — k?
2k+1
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2k 2 3k 2 Kk
3 2de+ =43k -2 3 . (2k + 1) (3k + 2k 2k+1)

T2+l P T2k +1 K2+ k
2k+1

3 @k+DE(3k+2-—2) 3 @k+D(3k+2--1)

2k+1 2k+1

T2k+1 k(k+1) T2k+1 k+1
_ 3 +(2k+1)(%)= 3 6k t7RHl_ 3
2k +1 k+1 2k +1 k+1 2k +1
Application on USAMO 2003 5
Let a, b, c be positive reals. Then prove that
(2a+b+c)? @b+ c+a)? (2c+a+b)2<8

2a2+(b+c)2+2b2+(c+a)2+2c2+(a+b)2_

Solution: Problem is specialized use of Generalization 2. which k = 1. By replacing it

((k + 1a + kb + kc)° ek
£, e+ Da? + kb? +ke? = Tkt

+1=8

which is the conclusion of the problem.

REFERENCES: Mathematical Association of America — United States of America
Mathematical Olympiad.

THREE REFINEMENTS OF A WELL-KNOWN INEQUALITY:
Y a’>>"ab,(ab,c>0)

By Neculai Stanciu, Romania

If a,b,c >0, then are true the following inequalities:

(i) Da’= Zab+%2|a—b|2;

.
’

(i) > a?> Zab+§2|a—b||a—c

(iii) > a’ 22ab+%2(}a—c|+|b—c|)2.

(i) WLOG we can assume that a<b<c. Let X,y >0 suchthatb=a+Xx,c=a+x+Y.
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3 a? —Zab:%((a—b)z +(b—c)? +(c—a)2):%(x2 Y74 (X+Y)? )= X2 xy+ Y2,
then the inequality becomes:
16(x* + Xy + y?) = 3(X+ Y+ X+ Y)* < 4(x—Yy)* >0, true.

(ii) Analogously as above, let a<b<cCsi X,y >0 suchthat b=a+x, cC=a+X+Y.

Inequality becomes: X? + Xy + y? > %(x(x +Y)+ Xy + y(X+Y))

o (3-Dx2+(/3-3)xy+(/3-1)y* >0,
which is true because the discriminant of equation (\/5—1)t2+(\/§—3)t+\/§—120 is
A=(3-3)2-4(3-1)2=2\3-4<0.

(iii). Analogously as in (i) and (ii), let a<b<candb=a+Xx,Cc=a+x+Yy with x,y>0.

Then, the inequality becomes:

X2 +xy+y° 2%((x+2y)2 +(2x+y)? +(x+ y)z)

2 2
<> 8x% +8xy+8y* > 6x> +10xy+6y> <= X —xy+y* >0 <= (x—%) +3% >0, true.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro

EXTENSIONS AND REFINEMENTS FOR NESBITT AND CIRTOAJE’S INEQUALITIES
By Dorin Mdarghidanu-Romania

In this short note, are presented some possibilities for extending and refining Nesbitt’s
inequality, using the monotony of a function associated with this inequality. Some
consequences and applications are also presented.

Keywords: Nesbitt’s inequality, inequality of Vasile Cirtoaje, refinement, monotony
2020 Mathematics Subject Classification: 26D15

It is very well known in mathematical literature and mathematical practice — the Nesbitt’s famous
inequality, [1],
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ifa,b,c > 0, then, =+ —— + -~
b+c

3
= >=Z2
c+ta  a+b — 2’ (1)

For this wonderful inequality, there are dozens of proofs, extensions, generalizations, refinements.
Expressions similar to the one in Nesbitt’s inequality also appear in a very nice inequality by Vasile
Cirtoaje in Gazeta Matematicd, [2]:

Let a, b, c be strictly positive real numbers. Prove that,

2 2 2
a b i a +L+L (2)

+ + = —
b2+c2  c2+a?2 ' a?+b%? T b+c c+a a+b

Inequality (2) is extended by Titu Zvonaru in a problem proposed in the Canadian magazine Crux
mathematicorum, [3]:

If m and n are positive integers such that m > n and a, b, c > 0, then

am™ bpm cm a b" c"

b™M+c™m cm+a™ a™+b™ T p"+c" c+am a+bn"

(3)

We will note, fort € Ry and a,b,c > 0,

at bt ct

+ +
bt+ct =~ ct+at = at+bt

N(t;a,b,c) = (4)

and we will call it a Nesbitt expression of type t, in the variables a, b, c.
When the variables a, b, ¢ are implied — as below, we will write V' (t) more briefly.
For Nesbitt expression of type t we will prove — in two ways — the following monotonicity result:

1. Proposition (of the monotony of Nesbitt’s expressions)

at n bt n ct
bt+ct * ct+at = al+bt

The function N: R, - R, NV (t) =

is a monotonically increasing function.
Proof 1 (algebraic)
We will prove that for any two types x,y € R, we have the implication,
x>y=>N(x) =N>y).
Indeed, after some calculations, we have:

a* ay
NG =NG) = Z(bx +cx by +cy> -

cyc

ayby(ax_y — bx_y) — Cyay(cx_y — ax_:V)
B Z (b* + c¢X)(bY + ¢¥) B

cyc

= Yoy @b¥ (@7 = b*) - (o )= 5)

(b*+cX)(bY+cY)  (a*+c¥)(a¥+cY)

(@**Y = b**tY) + (a* — b*)c¥ + (a¥ — bY)c*
b* + c*)(bY + ¢¥)(a* + c*¥)(a¥Y + ¢Y)

= Z a¥b?(a*™Y — b*7Y) -

cyc
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which justifies the assertion in the statement. The last inequality occurs because the parenthesis
(a*=Y — b*7Y) and the brackets from the numerator of the fraction below the sum have the same
sign. Equality holdsifa = b = c.

Proof 2 (analytical)

Relative to some type, x = 0 — after some routine calculations, we obtain:

a*b*(a* + b* + 2¢%)
N'(x) = % T c)2(ax 1 o) (a* = b*)(Ina —Inb)
cyc

Let’s note that for x = 0 and for the function f: R, - R, f(t) = t*, for any a, b > 0, we have with
the mean value theorem (Lagrange), a* — b* = x - ¢c*~1 - (a — b), (with ¢ between a and b), so
(a* — b*) and (a — b) have the same sigh.

Also (Ina — In b) and (a — b) have the same sign.

It turns out that the parentheses of the type (a* — b*), (In a — In b) have the same sign, for any
a,b > 0, hence, N''(x) = 0, which means that the function V' is monotonically increasing on R,..

2. Remark: The sign of N''(x) can also be determined with the help of the Cauchy mean value
theorem, considering the functions: f, g: Rso = R, f(t) = t*,g(t) = Int, where forany a,b > 0,
a¥—-p* x~cx_1 aX—-p*

Ina-lnb % Ina—Inb

there is ¢ between a and b for which we have: =x-¢*>0,s0
(a* — b*), (Ina — In b) have the same sign.

The previous proposition provides very simple (almost instantaneous) proofs for the inequalities
mentioned at the beginning of this note.

3. Corollary (Nesbitt’s inequality)
Nesbitt’s inequality (1) is a consequence of Proposition 1.

Proof: Indeed, considering the types 1 > 0, with Proposition 1, it follows NV (1) = N (0). Equality
occurs if a = b = c. In addition to dozens of proofs of Nesbitt’s inequality, this constitutes even a
new proof for this well known inequality.

4. Corollary (the inequality of Vasile Cirtoaje)
Vasile Cirtoaje’s inequality (2) is a consequence of Proposition 1.

Proof: Indeed, considering the types 2 > 1, with Proposition 1, it follows N (2) = N (1). Equality
occursifa=b =rc.

5. Corollary
Inequality (3) from Titu Zvonaru’s problem is a consequence of Proposition 1.

Proof: Takingin Proposition 1, the types: m = n, (m, n— natural numbers), it follows

N(m) = N(n).

41 ROMANIAN MATHEMATICAL MAGAZINE NR. 44



Romanian Mathematical Society-Mehedinti Branch | 2025

Based on the above monotonicity theorem, numerous refinements of the inequality of Nesbitt can be
imagined.We only illustrate here with the following multiple inequality, which is also a very beautiful
one inequality, and which would otherwise be very difficult to demonstrate in the absence of a
monotonicity result.

6. Corollary (a multiple refinement of Nesbitt’s inequality, [4])

If a, b, c are strictly positive real numbers, then,

a b c Va Vb Ve
+ + > + + >
b+c c+a a+b \b++c VJe+vVa Va++b

Va Vb Ve
> + + > >
Vb+ e Ve+¥Va Va+ b

Va Nb Ve
> + + >
Vb+ e Ne+Va Na+3Vb

The Proof immediately follows from the monotonicity proposition for types:

N| W

11
1>=->=>:>
27 3

Sk

> .-« > 0, for which we obviously have,
N 2N (3) 22 (3) 2.2 N(0).
Equality occursiffa = b = c.

7. Remark: Animmediate consequence of the above result is that,

a_ b L o < Va N Vb N Ve ) 3
= lim -
b+c c+a a+b n>o\Rp+4%c “c+WVa YVa+ b

which can also be considered as a new demonstration of Nesbitt’s inequality.

=5

On the same idea, we can obtain an extension for any natural powers of the variables a, b, ¢ from
Vasile Cirtoaje’s inequality:

8. Corollary (an extension of Cirtoaje’s inequality)

If a, b, c are positive real numbers and p € N.,,, then,
a? b? cP a1 pr-1 cP1

>
bP + cP * c? +aP * aP +bp — pP1 4 cP-1 * cP~1 4 gp-1 * ap~1 + ppr-1 =

>>a2_|_b2_l_c2 >a+b+c
~ T b2+4c¢%2 c?2+a? a?+b?2 b+c c+a a+b

The Proof also immediately follows from the monotonicity proposition for the types:
p>p—1>-->2>1,forwhich we obviously have,
Np)=2Np-1)=--=2N2)=NQ).

Obviously, expansions can also be formulated for real powers of the variables (types).
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WEIGHTED NESBITT’S INEQUALITY

By Dorin Marghidanu -Romania

Abstract: In this short note, a weighted version is presented and at in the same time an extension of
Nesbitt's inequality. Consequences of this inequality are also presented

Key words : Nesbitt's inequality , convex function , Jensen's inequality , weights
2020 Mathematics Subject Classification : 26D15
It is known in mathematical practice and in mathematical literature - Nesbitt's famous and
beautiful inequality , [1] :

a b C 3
: + + = =
e if a,b,c>0,then, btc  co+a a+b 5 (N)

For this famous inequality, there are dozens of proofs , extensions , generalizations and
various refinements . Our intention is to obtain an inequality, when in the left member

of inequality (N) weights appear. For this we will use Jensen's weighted inequality :

e if filc R —> R isaconvexfunction, | —interval, then forany X, € I

n n
and any weights W, >0 , k€{1,2,---,n}, forwhichwehave > w,x, €l , > w, =1,
k=1 k=1

n n
we have the inequality > w, f(x,) = f {ZWkaJ : (J)
k=1 k=1
with equality ifand only if x1=x2=...=x, . We will thus have the following statement,
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1. Proposition ( weighted Nesbitt's inequality )

Forany a, b, c >0 andanyweights m,n, p>0 with m+n+p=1 holds the inequality,

m a +n b +va > ma-+nb+ pc

ath = (n+p)at(p+m)b+(m+njc (wN)

with equality ifand onlyif a=b=c.

a a
Proof: With the notation S =a+ b+ ¢ and remarking that bte = S_a etc.

let be the function f:(0,S) —— R , f(x)= T x X , for which we have
f'(x) = % , fr(x)= L32 0, so the function is convex.
(S—x) (S—x)

After a slight preparation , and then with an application of Jensen's weighted inequality

for case n=3 and weights m,n,p>0 ,we have:

b Jensen
a c
+n + = mxf(a) + nxf(b) + pxf(c) =
T P (2) + nxf (b) + pxf(c)
Jensen b+ b+
> f (ma+nb+pc) = ma-+n pc _ ma+n pc _

S—(ma+nb+pc) - (l—-m)a+(@—n)b+(1—p)c B

— ma+nb+ pc » W
(n+p)at+(p+m)b+(m+n)c

2. Remark

Taking m=n=p(=1/3) in Nesbitt's weighted inequality (wN) we get Nesbitt's

classical inequality (N).We exemplify with the following simple application,

3. Corolar
Forany a,b,c >0 holdsthe inequality,

5 a + 3x b + 4 c > 2a+3b+4c
b+c cta a+b 7a+6b+5c

with equality if and only if a=b=c.
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Proof Choosing in Nesbitt's weighted inequality (wN) the weights, m=2/9,n=3/9,p=4/9,
for which we obviously have m+ n+ p =1 , we obtain the inequality from corollary .

4. Proposition ( generalization of the weighted Nesbitt's inequality ) , [4], b)

Forany ai1,az2,...,d,>0 andany weights w1, wz2,...,w,>0,
with wi+wz2+...+w,=1 , holds the inequality,

&
W, +w,
a,+a,+... +a

a, a
+..1tw
o a ta,+ ... +a, a +a,+..+a,

w4 4 (gwN)
wya, tw,a, t... twa,

e X
(I=wp)a +(1—-w,)a, +... +(1—=w,)a,

with equality ifand onlyif , a1 =a2= ... =an .

Proof With the notation S=a1+a2+...+da, , we alsoconsider here the function

X
S—X
is a convex function on (0,S) . After an easy preparation , and then with the application of
Jensen's weighted inequality (J), we have :

f:(0,8) —— R , f(x)= ., which (as we saw in the proof of Proposition 1)

& a a,
Wy +tw, Fo X =
a,+a; +... +a, a,+a; + ... +a, a,+a,+..+a

a4 ) an
SWwWy——— Wy —— W —— =

S—a; S—a, S—a,

Jensen

=w,xf(a;) + w,xf(a,) +..+w,xf(a,) =2

Jensen

wa; twya, +... twa
f— 171 272 n-n
2 f(wa +tw,a,+..+w,a,)=

S—(w,a, +w,a, +... +w,a,) B

— w3y twya, ... twha,

= X
(1-w;)a, +(1—w,)a, + ... +(1—w,)a,

5. Remark Taking wi= w2=...= w,=1/n inthe generalization of Nesbitt's
weighted inequality (gwN) the generalization of Nesbitt's classical inequality (gN) is

i + +..+ > X
obtained a,ta;+...+a, a tagt..+a, ata,+...+ta,_, n-1 (gN)

( Olympiad , German Democratic Republic ,1967 ) ..
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For n=3, the classical Nesbitt's inequality (N) is obtained .

By customizing the weights in Proposition 4 , numerous inequalities can be obtained . Here is
an example :

6. Corolar , [4], a)

Forany a,b,c,d >0, holds the inequality,

+2b+3c+
a +9 b +3 c +a d >1oa2b3c4d

b+c+d  c+d+a d+a+h atb+tc  9a+8b+7c+6d ’
with equality ifand onlyif a=b=c=d .
Proof Takingin (gwN), n=4,the weights:w1=1/10,w>=2/10, w3=3/10 ,ws=4/10,
for which we obviously have wi+ wz+ ws + wa=1, the inequality from the statement

is obtained .
References :
[1] Nesbitt, A.M., Problem 15114, “Educational Times” , 55, 1902

[2] Jensen, ). L. W. V., "Sur les fonctions convexes et les inégalités entre les valeurs

moyennes", Acta Mathematica. 30 (1), pp. 175-193, 1906 .

A NEW PROOF FOR EULER’S INEQUALITY

By Neculai Stanciu-Romania

. B-C A
sin COS —

If ABC is a nonisosceles triangle, then R z 2A Z B EC =R-2r>0.
cosE sin

Proof. » a®=2(p®—r?—4Rr); abc=4pRr; ab+bc+ca= p’ +r° +4Rr ;

a3+b3+c3—3abc=(a+b+c)[(a+b+c)2—3(ab+bc+ca)]:2p(p2—3r2—12Rr);
sin2=C

B-C b-c A_Z 2 =zb—c=_(a—b)(b—c)(c—a)_

a abc '

COS—
2
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A
Py Y (a’b+a’c-a®—-abc)

2 a
2 B—C_Zb—c_ (a-b)(b-c)(c—-a)

sin

> (a®b+a’c-a’ ~abc) =} a*(2p-a) - Y a’ -3abc =
=2pY a? -2(3 a’ - 3abc)-9abc =
= 4p(p? —r* —4Rr)-2(2p)(2p* - 2r* —8Rr — p> —r® —4Rr) —36Rrp =

—4p(p? —r? —4Rr — p? +3r? +12Rr —9Rr) = 4p(2r? —Rr).

sin cos

RY—4% 1 X5

COS — sin
2

B-C A
2 | R. (a-b)b-c)c-a)  4rp(R-2r)
-C | abc (a-b)(b—c)(c—-a)

2

R-2r

=R- =R-2r.

sin
Since, R z 2A z B EC > (0, then we obtain the famous Euler’s inequality.
COSE Sin

RMM SOLVED PROBLEMS

By Marin Chirciu — Romania
$.2400. If I — incenter in AABC then:

(a? + b? + c¢?)?

1A* + IB* + IC* <
+IB* +1C* < 7

Daniel Sitaru, Claudia Nanuti-Romania
Remark: The problem can be developed.
In AABC holds: 48r* < IA* + IB* + IC* < 4(5R* — 681*)
Marin Chirciu-Romania

Solution: Lemma: In AABC holds:
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z IA* = s?(s? + 2r? — 16Rr) + r*(32R? + 1?)

Proof:
4 / 4
r 1 \ b?c?
IA4=Z — =r4z _ =r4z =
Z sin2 \ (s—b)(s—c)/ (s —=b)*(s —c)?
2 bc
s2(s? 4+ 2r% — 16Rr) + r2(32R? + r?
=7r*. ( r4) ( ) _ s%(s? + 2r? — 16Rr) + r?(32R? +r?)
We’ve used above:
b?c? _ s%(s?+2r? —16Rr) +r?(32R* +1?)
(s=b)2(s—c)? r4

z b%c?(s —a)? = s?[s?(s? + 2r? — 16Rr) + r2(32R? + r?)]

Let’s get back to the main problem.Using the Lemma we obtain:

Gerretsen

z IA* = s2(s? + 2r? — 16Rr) +r?(32R* +1?) <

Gerretsen

<  (4R?> +4Rr +3r?)(4R? + 4Rr + 37r% + 2r? — 16Rr) + r?>(32R*> +r?) =
Euler 5R%
=16(R*—2R3r +R?*r?2 —Rr3 +r*) < 16 . 17r* ) = 4(5R* — 68r%)

Equality holds if and only if the triangle is equilateral.

Gerretsen

z I1A* = s%(s? + 2r? — 16Rr) +r2(32R* +1r%?) >

Gerretsen

>  (16Rr — 5r%)(16Rr — 5r% + 2r2 — 16Rr) + r?(32R? +1r?) =

ule

Euler
=16r2(2R* —3Rr +1%) = 16r%-3r? = 48r*
Equality holds if and only if the triangle is equilateral

J.2105. In AABC, G - centroid, d, = d(G,BC),d, = d(G,CA),d. = d(G,AB), then

a* + pb*
>
Z id Z 96\3F

D.M. Bdtinetu - Giurgiu, Dan Nanuti - Romania

Solution: We have d, = d(G,BC) = %
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LHS_za4+b4_za4+b4_9 a4+b4_9za4+b4_
B dodp, hahp hohp 2F 2F

3 3 a b

9 . 4 AGM
=m2ab(a +b) =

3
i Z ab - 2a%b? = Z( b)? Holzder 9 (Xab)? _& ab)3 Gorzdon @ _
4F2 oF2 >F2 9 T s

= 96V3F = RHS
Equality holds if and only if the triangle is equilateral.
Remark: The problem can be developed.
In AABC, G - centroid, d, = d(G,BC),d, = d(G,CA),d. = d(G, AB), then:

a®" + p*" 4F\"!
DI 72

—— ,meN
dadb ¢§)

Marin Chirciu-Romania

Solution: We have d, = d(G,BC) = %

Forn = 2 272(£) = > 36 £<:>
adp

V3 dadb 4F

> — \/— , which follows from:

LS =) = ) En = e SO T g b E
= = — = — T — >
d.d, hghp hohy 2F 2F 42 LY =

3 3 a

b

e

dadb

Gordon 9 \/§
——4+3F = —— = RHS
T 4F? 3 F
a?4b?
For n = 1 inequality can be written ), Td > 72, which follows from:
ab
a® + b? a® + b? a® + b?
:Z Rty = 2L hohy :92 2F 2F
3 3 @ a b
9 5 o AGM
= mz ab(a +b ) =
cS 9 a)? Gordon 9 4\/_F
Z( b)? = (Z ) > (4v3F) ) =72 = RHS
2F2 3 2F2 3

For n > 3 we use Holder’s inequality.

b2n aZn + b2n aZn + bZn aZn + bZn
LHS = Z d,d, =Z Rahy 0 hohy =9Z 2F 2

3 3 a b
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9
~ 4F2

9 Holder 9 (Zab)n"'l (Zab)n"'l Gordon
4Fzzab Za”b”—ZFZZ(ab)"“ T A TR T VN TR

AGM
Z ab (a®™ + b?") >

coraon (43F)"  2nv2. 37
= 2F2.3n-2  QFz.3n-2

n-1

\/§) = RHS

— 22n+1 3 —Tl+2Fn+1 2 _ 22n+1 3 > Fn 1 _ 72(

Equality holds if and only if the triangle is equilateral.

Note: For n = 2 we obtain Problem J.21015 from RMM - 40 Spring Edition 2024, proposed
by D.M. Batinetu — Giurgiu, Dan Nanuti.

In AABC, G - centroid, d, = d(G,BC),d;, = d(G,CA),d. = d(G,AB), then

a* + b*
>
Z ad > 96V3F

D.M. Bdtinetu - Giurgiu, Dan Nanuti - Romania

J.2205.1In a, b, c > 0 then:

c(b + c)? = 4

zaz(a+b+c) 9

Neculai Stanciu - Romania
Solution:

a \? LZ
LHS = z Zc(?b-:_bc;_z{:)_(a+b+C)2@g(a+b+C)%:

( a )2 Nesbitt /3\2 9O RHS
= > —_ === .
Z b+c - (2) 4

Equality holds if and only if a = b = c. Remark: The problem can be developed: If a,b,c > 0 and
A = 0 then:

az(a+b+c)> 9
Z c(b+Ac)? ~— (A+1)2

Marin Chirciu-Romania

Solution:

a 2 a 2
s = 3D 0y B € o)
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a 2 Nesbitt 3 2 9 RHS
= > = =
(Zb +AC> - (ﬂ-i— 1) A+1)2

Equality holds ifand onlyifa = b = c.

Note: For A = 1 we obtain Proposed problem by Neculai Stanciu in RMM 41, Summer
Edition 2024. If a, b, ¢ > 0 then:

Zaz(a+b+c)>9
ccb+c)2 — 4

Neculai Stanciu - Romania

Remark: The problem can be developed. If a,b,c > 0and A > 0,n € N,n > 2 then:

a"(a+b+c)> 9
Z ccb+ i) —(A+1)"

Marin Chirciu - Romania

Solution:

a*(a+b+c) (—a )n ld (Z . )n

a c b+Ac Holder b+Ac
_— >

LHS = z c(b + Ac)™ “”“”Z c - (a+b+c)3"—2(a+b+c)

1 z a n Nesbitt 1 3 n 9 RHS
= > = = .
3n-2 ( b+ Ac - 3n2 (/1 + 1) QA+ 1"

Equality holds ifand onlyifa = b = c.

Note: For A = 1 and n = 2 we obtain Proposed problem by Neculai Stanciu in RMM 41
Summer Edition 2024. If a, b, ¢ > 0 then:

Zaz(a+b+c)>9
ccb+c) 4

J.2204. In AABC holds:

m% + m? R\3
miem Ry
h% + h? 2r

George Apostolopoulos - Greece

Solution: Lemma:

m,2,+m§<(R>2
h% + hZz ~ \2r

Proof:

Using Panaitopol’s inequality m, < and h, = we obtain:
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m2 +m? (%)2‘*' (%)2 (Rs)> R?s? R? R\?
TR (g)z N (g)z T (28?7 4rrs? arr (Z) '
b b

Let’s get back to the main problem. Using the Lemma we obtain:

mg + m? Lemma R 2 Euler R 3
LHS = — 3 = Z(—) < 6(—) — 3 = RHS.
hj + h 2r 2r

Equality holds if and only if the triangle is equilateral. Remark: The problem can be developed and
strengthened.

In AABC holds:

3 < m,2,+m§<3(R)2
LR +rz =0 \2r

Marin Chirciu-Romania

Solution: Using the Lemma we obtain:

ml% + mg Lemma R 2 R 2 Fuler R 3
e = @) ) = ) -3
hi + hg 2r 2r 2r

Equality holds if and only if the triangle is equilateral. Using m, = h, we obtain

mg + m? mp + m?2
— =12 ) — =3
hi + h? hi + h?

Equality holds if and only if the triangle is equilateral.

Remark: RHS inequality strengthen the proposed problem by George Apostolopoulos in RMM 41
Summer Edition 2024

In AABC holds:
mj +mg _ (5)3 4
h% +hZz = \2r
George Apostolopoulos - Greece
Remark: Inthe same way.
In AABC holds:
- wi +w? - (E)Z
T Luihi+hZT \2r
Marin Chirciu-Romania

Solution: RHS

52 ROMANIAN MATHEMATICAL MAGAZINE NR. 44



Romanian Mathematical Society-Mehedinti Branch | 2025

Lemma: In AABC holds:

w,2,+w§<(R)2
hi + hZ ~

Solution: Using Panaitopol’s inequality m, < and h, we obtain:

Rs 2 Rs 2
Wh + Wi Wasmamp +me ) +(%) _(Rs)> R*s* R* (5)2
hZ+h2 T hZ+hE T (2s\% | (25\2 (25)2  4r2sz 4r2 \2r
‘ © %)+

Let’s solve RHS inequality. Using the Lemma we obtain:

m12,+m?L972maz(R)2_3(R)
hZ+hZ ~ 2r) " \2r

Equality holds if and only if the triangle is equilateral.

2

LHS: Using w, = h, we obtain — h wé >1= Zwbwc

> — = 3. Equality holds if and only if the triangle is
hc hZ+h?

equilateral.

Remark: In the same way: In AABC holds:
2 2
s% + s? R
2" <3 (—)
h2 h2 2r
Marin Chirciu-Romania

Solution: RHS.

Lemma: In AABC holds:

s2 + s2 <(R>2
hZ + hZ = \2r

. . . , . R 28 .
Solution: Using Panaitopol’s inequality m, < fand h, = - we obtain:

Rs\2 = [Rs\?2
S + 5¢ Sa<ma m§+m§<(7) +(2) ey rs? _ﬁ_(ﬂ)z
h2+h2 ~—  h2+h% T (2s5\%  (25\%  (25)2  4r2s2 42 \2r
v v (2) + (%)

Let’s solve RHS inequality. Using the Lemma we obtain:

SE + s2 Lemma R\? R\?
h2 + h.2 Z 2r 2r

Equality holds if and only if the triangle is equilateral.

sE+s? >3

>1:>Zhb T

LHS: Using s, = h, we obtain > > =
hb +h2
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Equality holds if and only if the triangle is equilateral.

J.2158. In AABC holds:

IR
rp,+r., r

Ertan Yldirim - Turkiye

Solution: Lemma: In AABC holds:

Z ar, (4R +1)?—2s?
r,+T. s

Proof: Usingr, = ﬁ we obtain:

s
Z ar, :z a—, :z(s—b)(s—c):(4R+r)2—252
Ty + 1 S 45 s—a s
s—b s—c

Let’s get back to the main problem. Using the Lemma we obtain:

s=—
T, + 1% S r

z ar, (4R +1)? —2s° Doicet F

Equality holds if and only if the triangle is equilateral. Remark: Let’s find an inequality with opposite
sense.

In AABC holds:

Z arg  _ 27R3
r,+1r.  8F
Marin Chirciu-Romania

Solution: Using the Lemma we obtain:

Z ar, (4R + r)? —2s2 Gerrétsen (4R +1)? — 2(16Rr — 51?) B

T, + 1% S S
27R3
16R? — 24Rr + 1172 Euler —; 27R3
= < — =
S - S 8F

Remark: We can write the double inequality:

In AABC holds:

F Z ar, 27R3
— < <
r rp,t+r, 8F

See above. Equality holds if and only if the triangle is equilateral.
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J.2106. In AABC, G - centroid, d, = d(G,BC),d, = d(G,CA),d, = d(G,AB),x,y > 0
then

xZ a4 + 2b4-
PR P T
dbdc

D.M. Bdtinetu - Giurgiu - Romania

Solution: We have d, = d(G, BC) = "%,

x*a* + x*a* + y?b* x*a* + y?b* x?a* + y?b*
LHS = z )’ z h hy =9z Y :92 2F 2}; =
2b e hbhc - .=

3 3 b c
9 z Fat+yte 9 (Bxed)+ Gy 9 G +y)EQ) s
T 4F2 1 = 4F2 1  4F2 1

bc Zbc Z
2
s 9 ;@+y2Ta? w 9 ;& +y)?(4V3F) 2y, Mitrinovic
S e T > 157 =S = 54(x + y)*2Rr >
2RT 2Rr

Mitrinovic
> 24V3(x + y)®F = RHS.

Equality holds if and only if the triangle is equilateral.

Remark: The problem can be developed.

In AABC, G - centroid, d, = d(G,BC),d, = D(G,CA),d, = d(G,AB),x,y > 0 then

2 ZTL + yZbZTl 2F n-2
—> 108(x + )nRT(—) ,NEN,Nn=>2
z dpd, Y V3

Marin Chirciu-Romania
Solution: We have d, = d(G,BC) = %

x2a2”+y2b2" 2 Zn +y2b2n 2 .2n _l_yZbZn
s - Y LSV
hp e hyhe

3 3

=9 )= x?a? +y?? 9 x x?a? 4 y?b? ¢s 9 (Txa®)" +(TybD)" _

B 2 2k 4F? 1 ~ 4F? gn-2y L
b ¢ bc bc

9 @ +yMEa)"cs 9 = G+ YT a®)

T 4F2 3n2y Ll T 4F? gn-2 1 -
bc 2Rr
1 n
w 9 = (x + }’)n(4\/§F) Mitrinovic
> &~ =54(x+y)?2Rr >  24V3(x +y)?F = RHS
4F 3n-2___
2Rr

Equality holds if and only if the triangle is equilateral.
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Note: For n = 2 we obtain Problem J.2106 from RMM 40 Spring Edition 2024, proposed by D.M.
Batinetu — Giurgiu.

In AABC, G - centroid, d, = d(G,BC),d;, = d(G,CA),d. = d(G,AB),x,y > 0 then

xZ a4 + 2b4-
PR P T
dbdc

J.2117.If x,y,Zz = 0 thenin AABC

Z e* 1>\/§
y+z+2 hZ=2F

D.M. Bdtinetu - Giurgiu - Romania

Solution: Using the inequality e* > x + 1, x € R, with equality for x = 0 we obtain:

LHS—Z e* 1>z x+1 a? _z x+1 a? 3
S Liy+z+2 2T Ly+z+2 athl Luy+z+2 4F?

B lz x+1 , 1 x+1 , 1 m ZTSi”;SifaS
T2 liy+z+2 C Tt G+ 0+ G+ ¢ Tarrlntp © <
Tsintsifas 1 V3
> —— - 2V3F = — = RHS.
- 4F?2 V3 2F
Lemma (G. Tsintsifas).
In AABC holds:
RIS 2% BN B
vl ——b*+ 2 2v/3S, where x,y,z > 0

G. Tsintsifas-Greece

. X Xty+z Bergstrom
Solution: WehaveZ—aZ=Z(—+1—1)a2:§:—a2—2a2 >
y+z y+z y+z

X a)? (25)?
Sotn LC TR T

=252 —2(s? —r%2 —4Rr) = 2(r? + 4Rr).

>(x+y+2) 2(s2 —r?2 —4Rr) =

Above we have used the known inequalities in triangle:
Ya=2sand Y a? =2(s?> —r2 —4Rr)

It remains to prove that 2(r2 + 4Rr) > 2v/3S © 1% + 4Rr > \/3rs & 4R + r > s/3, with is
Doucet’s inequality.

Equality holds ifandonlyifa =b =candx =y =2z = 0.
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SP.505. Ifxy,z>0,\/_+\/_+\/_—3then:

x2Nx + yi[y + 22z > x* + y* + 2*
Daniel Sitaru - Romania
Solution: With the substitution (Vx,/¥,Vz) = (a, b, ¢) the problem can be reformulated.
ifa,b,c > 0,%+%+%= 3then: a®+b° +c®> = a?+b* +c¢*

Proof:

Chebyshev 1 (1)
Qo= 2 ) )z )at

where(l)@%Za‘*ZaZZa‘*@Za > 3,witchfo||owsfrom2a+2i29and2%= 3

Equality holds if and only if a = b = ¢ = 1. Going back to the notation it follows that the inequality
from the statement holds, with equality forx =y =z = 1.

Remark: The problem can be developed.

Ifx,y,z>0,—=+ = 3and n € N then

241
vy «/—

&l

x"\/§+y"\/§+znx/52x"+y"+z"

Marin Chirciu-Romania

. 1 1
Solution: Forn =0, we have\/§+\/§+\/22 3,see2\/§-2\/—§29and2\/—§— 3

Next we take n € N*. With the substitution (\/E, ﬁ, \/E) = (a, b, ¢) the problem can be
reformulated.

Ifa,b,c >0, +=+1=3then
a b c
an+1+bn+1+cn+1 > a”+b”+c”.

Proof:

Z il Z n Chebyshev 12 Z (1)2
a = a” -

where(l)@iZa”Za >Ya"s Ya> 3,whichfo|lowsfrom2a2%2 9and2%= 3
Equality holdsifandonlyifa =b =c = 1.

Going back to the notation it follows that the inequality from the statement holds, with equality for
x=y=z=1.

Note: For n = 2 we obtain Problem SP.505 from RMM —42.

57 ROMANIAN MATHEMATICAL MAGAZINE NR. 44



Romanian Mathematical Society-Mehedinti Branch | 2025

SP.505. Ifxy,z>0,\/_+\/_+\/_—3then

xX2\Vx + x3Vx + x3x = x? + y? + 22
Daniel Sitaru - Romania

S.2466. In AABC

2 cot 2
h,,tcot2 > 9F

Proposed by D.M. Batinetu - Giurgiu, Dan Nanuti - Romania
Solution: Lemma.

In AABC holds:

s[s?(s? + 2r? — 12Rr) + r3(4R + r)]
Z h? cot— =
16R%*r

Proof:

2
Zhﬁcoté=z<§) —s(s—a) = 452 lz sb—a) =
2 a (s=b)(s—c) a \/s(s—a)(s—b)(S—C)
B z:s—a_4 s?(s? +2r> —12Rr) + r*(4R + 1) _
TS TS 16R?r2s -
_ s[s?(s® + 2r? —12Rr) + r*(4R +1)]
B 16R2r

s2(s2+2r2—12Rr)+r3(4R +r)
16R2r2s

We have used above: ), Sa =

Z b%c?(s — a) = s[s?(s? + 2r> —12Rr) + r3(4R + )]

Let’s get back to the main problem. Using the lemma the inequality can be written:

s[s?(s? + 2r?2 — 12Rr) + r3(4R +1)]
16R2r

=>9F &

s[s?(s? +2r? — 12Rr) + r3(4R + )]
16R2%r

= 9pr &

& s2(s% 4+ 2r?2 — 12Rr) + r3(4R + 1) = 36R?r?, which follows from Gerretsen’s inequality s2 >
16Rr — 572.

It remains to prove that:
(16Rr — 5r2)(16Rr — 52 + 2r2 —12Rr) +r3(4R +1r) = 36R*r* &

© (16R —5r)(4R —3r) +r(4R + 1) =2 36R> © 7TR?* — 16Rr + 412 > 0 &
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< (R —2r)(7R — 2r) = 0, obviously from Euler’s inequality R = 2r.
Equality holds if and only if the triangle is equilateral.
Remark: The problem can be developed.

In AABC holds:

F(4- 2r)Z<Zh2 tA<9F(R)3
R) = a COt5 =2\ 2

Solution: Lemma: In AABC holds:

Marin Chirciu-Romania

A  s[s*(s®? +2r? —12Rr) +r3(4R + 1)]
h? cot =

4R?%r
Proof:
2
Zhgcoté:z(é) &:452212. ss—a) _
_ZLSZ-sz:s—a_4 s?(s? +2r> —12Rr) + r*(4R + 1) _
Y a? TS 16R%r2s B

_ s[s?(s® +2r? —12Rr) + r*(4R +1)]
B 16R%r

52(s2+2r2—12Rr)+r3(4R+7)
16R?12s )

We’ve used above: S;—Za =
Z b%c? (s —a) = s[s?(s? + 2r* — 12Rr) + r3(4R + 1)]

Let’s get back to the main problem. Using the Lemma we obtain:

RHS:

, A s[s?2(s? + 2r? — 12Rr) + r3(4R + r)] Gerretsen

Z h; cot— = <
2 4R2%r

Gerrétsen s[(4R? + 4Rr + 3r%)(4R? + 4Rr + 3r? + 2r? — 12Rr) + r3(4R +1)]
h 4R%r

9RS
3 s(16R* — 16R3r + 161r*%) 3 4s(R* — R3r +1%) Eu<ler 4s - — 9R3 _or (R )3

32r _
4R2r R?%r

- 2r

R?r 8r2

LHS: Using the Lemma the inequality can be written:

, A s[s?(s* +2r® — 12Rr) + r3(4R +1)] Gerretsen
Z h; cot— = >

2 4R%r

59| ROMANIAN MATHEMATICAL MAGAZINE NR. 44



Romanian Mathematical Society-Mehedinti Branch | 2025

Gerr;tsen s[(16Rr — 5r?)(16Rr — 5r% + 2r?2 — 12Rr) + r3(4R + r)]
- 4R2%r

_ sT(64R? —64Rr +167) _ 4sT(4R* —4Rr +1%) _ (4 2r)2
B 4R? B R? B R

Equality holds if and only if the triangle is equilateral.

Remark: LHS inequality strengthen Problem S.2466 from RMM —42: Y h?2 cot%1 > 9F

We can write the inequalities:

In AABC holds:

or < (4-20) <3 oot < or (1)
= R) =L "= 2

Solution:

See F (4 - %T)Z <Y h2 cotg <9F (%)3 and9F < F (4 - %r)z & R > 2r, (Euler).

Equality holds if and only if the triangle is equilatearal.

Remark: Inthe same way:

In AABC holds:

A R
9F < Zrﬁ cot— < 9F (—)
2 2r

Marin Chirciu-Romania

Solution: Lemma: In AABC holds:

A
Z r2 cot = s(4R + 1)

Proof:

2

2 oot A = S ss—a) r sts—a)
Zra cotz—Z(S_a) (s—b)(s—C)_S Z(s—a)Z Js(s—a)(s —b)(s —¢)

S§%.s 1 4R +r
- Z =sr-s- =s(4R + ).
S s—a ST

1 4R . . .
We've used above: ), v S:r. Let’s get back to the main problem. Using the Lemma we obtain:

RHS:

5 A Euler R 9R 9R R
Zra cot§=s(4R+r) < s(4R +E) =s-7=sr'§=9F'§.
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Equality holds if and only if the triangle is equilateral.
LHS:
A Euler
Zraz cotE=s(4R +7r) > s(4-2r+r)=s-9r =9F

Equality holds if and only if the triangle is equilateral.
Remark: In the same way:

In AABC holds:

E h? cot—Z— T2 coté
2 R 2
Marin Chirciu-Romania

Solution: Lemma 1: In AABC holds:

s[s?(s? + 2r2 — 12Rr) + r3(4R +1)]
Z h? cot— =
4R%r

Proof:

I o o IECET M o WU it B
Zhacotz—z<a) (s_b)(s—c)_4s a? \/s(s—a)(s—b)(s—c)_

s—a s?(s? +2r? —12Rr) +r3(4R + 1)
= z =4sr-s- =
S 16R?r2s

_ s[s?(s® +2r? —12Rr) + (4R +1)]
B 16R2r

2 2 3
, . vs—a (s?+2r2—12Rr)+r (4R+r)
We've used above: ¥ —- = TR

Z b%c? (s —a) = s[s?(s? + 2r? — 12Rr) + r3(4R + )]

Lemma 2: In AABC holds:

A
Z r2cot=—=s(4R +71)

2
Proof:
2 A S\ | s(s—a) s-a)
Zra COtz_Z(s—a) G-bDG-0 Z(s—a)z Js(s—a)(s —b)(s —¢)
§2.¢ 1 4R +r
— 5 s_a:sr.s. - =S(4R+T)
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We’ve used above: Y, ﬁ = 2Rer . Let’s get back to the main problem.

Using the above lemmas we have the sums:

s[s?(s2+2r2=12Rr)+713(4R+7)]
4R?r

Y h2 cotg =

and Y. 1,2 cot%1 =5s(4R +71)
Inequality can be written:

s[s?(s? + 2r? — 12Rr) + r3(4R + r)]
4Ry

-s(4R+1) ©

s?(s? +2r2 —12Rr) + r3(4R + 1) = 8Rr%(4R + 1),
which follows from Gerretsen’s inequality s > 16Rr — 572.
It remains to prove that:
(16Rr — 5r%)(16Rr — 51r? + 2r?> —12Rr) +r3(4R + 1) > 8Rr*’(4R +1) &
& (16R —5r)(4R —3r)+r(4R+1) 28R(4R+71r) ©4R* —9Rr+2r* 20 &
(R —2r)(4R — 1) = 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
Remark: The problem can be developed.

In AABC holds:
2r 2 A
3F 'R < Zhatani < 3F

Marin Chirciu-Romania

Solution: Lemma: In AABC holds:

A 71[s*(s* +2r? —4Rr) + r(4R +1)3]
Z h2tan— =
@ 4R%s

Proof:

2. A 28 (s—b)(s—C) (s=b)(s—c) B
Zh“tanz_Z(a) CsGs—a) Zaz\/s(s—a)(s—b)(s—c)_

452 (s — b)(s -0) s?(s?+2r> —4Rr) +r(4R + )3
Z = st 16R%s? -

r[sz(s +2r?2 —4Rr) + r(4R + r)3]
4R2%s

@—bXs—d s2(s? +m2—4Rﬂ+rMR+ﬂ3
16R2s2

We’ve used above: ),
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Z b%c? (s — b)(s — c¢) = r?[s?(s?® + 2r2 — 4Rr) + r(4R +1)3]

Let’s get back to the main problem. Using the Lemma we obtain:

RHS

,. A rs[s?(s®+2r? — 4Rr) + (4R +1)?]
Z h;tan— =
2 4R2s2

r(4R + 1)3] Gerretsen
_— <

=L s2 4+ 2r%2 —4ARr +
4R? s2

Gerretsen F ) ’ 2 r(4R + T)3 _
< W 4R* + 4Rr + 3r° 4+ 2r°* — 4Rr + _r(4-R+T)2 =
R+71

F(8R? + 5Rr + 6r?) Fuler F - 12R? _

4R? 4R? 3K

F
= W[ALRZ +5r2+ (AR +1r)(R+1)] =

LHS

, A s[s?*(s*+2r* —12Rr) + r3(4R +1)]
Z ha cot = 4R2r

F (4R + 1)3] Gerretsen
=—SZ+27'2—4R7'+_ =

4R? s? -
Gerretsen F ) ) r(4R + T')3
> W 16Rr — 5r% + 2r —4RT+W =
2(2R-1)

F 2r(2R —r)(4R + 1)
_ 2 _
= aRZ 12Rr — 3r° + R =

_ Fr(28R*—7Rr —2r?) Fr-24R*> 6F _ - 2r
B 4R3 ~ 4R3 R R

Equality holds if and only if the triangle is equilateral. Remark: In the same way: In AABC holds:

81R3 2 A 82R3?—-57513
s < Z ra tani < S

Marin Chirciu-Romania

Solution: Lemma:

In AABC holds:

,. A (4R+71)?—12Rs?
z r5 tan 5= p

Proof:
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A S (s—b)(s—c) (s=b)(s—c)
Zr“ztangzz<s—a) s(s—a) Z(s—a)z JsG—a)(s—b)(s— ¢

B (s=b)(s—c) (4R + 1r)3 — 12Rrs? _ @R+ r)3 — 12Rs?
s (s—a)?2 ST rs? B s

(s b)(s—c) _ (4R+71)3-12Rs?

We'v v =
e’ve used above: }, a2 =

Z(s — D)3 (s — ) = r*[(4R + r)? — 12Rs?]
Let’s get back to the main problem. Using the Lemma we obtain:

RHS

r2tan— =

Z A (4R +1)3 — 12Rs? Gerrétsen (4R +1)2 — 12R(16Rr — 51?) B
2 s - S -

3 64R3 — 144R%*r + 72Rr? + 13 Eu<zer 82R3 — 57573
S - S

Equality holds if and only if the triangle is equilateral.

LHS
,. A (4R +71)> — 12Rs? Gerretsen (4R +1)° — 12R(4R? + 4Rr + 3r?)
z 1, tan— = = =
2 s S
81R3
_ 16R® — 20Rr? + 13 Eu;er _ 81R®
- S - s 8s

Equality holds if and only if the triangle is equilateral. Remark: In the same way.

In AABC holds:
) A 2 A
E hatanES E ratani

Solution: Lemma 1: In AABC holds:

Marin Chirciu-Romania

r[s?(s?> + 2r*> — 4Rr) + r(4R + 1)3]
th tan— =
4R?%s

Proof:

2. A 25\" |(s =b)(s—¢) AN (s=b)(s—c) B
Zh“tanz_z<a) I s(s—a) =45 Zaz JsG—a)G-bG—-0

452 (s — b)(s -0) s?(s>+2r> —4Rr) +r(4R + )3
Z = st 16R%s? -
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r[sz(s +2r?2 —4Rr) + r(4R + r)3]
4R2%s

(s— b)(s c) s?(s2+2r —4Rr)+r(4R+r)3
16R2%s2

We’ve used above: Y
Z b%c? (s —b)(s —¢) = r?[s?(s? + 2r? — 4Rr) + r(4R +1)3]

Lemma 2: In AABC holds:

,. A (4R +7)3 — 12Rs?
Zra tan— =
2 s
Proof:
5 é_ S (s—b)(s—c) (s=b)(s—c0)
Zra tan> _z<s—a) s(s—a) z:(s—a)2 JsGG—a)s-b)(s—o)
B (s=b)(s—c) (4R +1)3 — 12Rs? _ (4R + r)3 — 12Rs?
D A G

(s b)(s—c) _ (4R+71)3-12Rs?
We've used above: a7 = = :

Z(s —b)3(s—¢c)® =7r3[(4R +1)3 — 12R5?]

Let’s get back to the main problem. Using the above Lemmas we have the sums:

r[sz(s +2r2—4Rr)+7(4R+71)3]

A _ (4R+71)3-12Rs?
4R2s - )

and X 12 tan

Yhita

S
The inequality can be written:

r[s?(s? + 2r? —4Rr) + r(4R + r)3] (4R +1)3 — 12Rs?
4R?s s

& r[s?(s? +2r?2 —4Rr) +r(4R +1r)3] < 4R?*[(4R + 1) — 12Rs%] &

& r[s?(s? +2r?2 —4Rr) +r(4R +1r)3] < 4R?*[(4R + 1) — 12Rs%] &
s%2(rs? 4+ 2r3 — 4Rr? + 48R3) < (4R + r)3(4R? — r?),

R(4R+71)2

< 4R? + 4Rr + 3r°.
2(2R—1)

which follows from Gerretsen’s inequality s? <

It remains to prove that:

R(4R +71)?

SR 7y (T4R? + 4Rr +3r%) 4 2r% — 4Rr? + 48R®) < (4R + 1) (4R” = 1?) &

© R(r(4R?> + 4Rr + 3r%) + 2r3 —4Rr? + 48R3) <2(RQR—r)(4R+1r)(4R* - 1¥) &

© R(48R3 4+ 4R?r + 5r3) < 64R* — 16R3r — 24R?*r?> + 4RT3 + 213 &
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& 16R* — 20R3r — 24R?*r? —Rr3 +2r* > 0 & (R — 2r)(16R3® + 12R?*r —13) > 0,
obviously from Euler’s inequality R = 2r. Equality holds if and only if the triangle is equilateral.

JP.503. In AABC holds:

Z a+b . a+b+c
ab €= R
Marian Ursarescu-Romania

Solution: Lemma: In AABC holds:

Za+b n 2s
ab T R

Za+b b _za+b ZS z( T b) = ZZ 1 _ 2s
ab € ~ abc @ _4RS =R 28 =

Let’s get back to the main problem.

Proof.

Using the Lemma the inequality can be written:

a+b+c

2 . . .
;S = , obviously, with equality.

SP.507. In AABC holds:

Za+b >a+b+c
ab Te = R

Marian Ursdrescu-Romania

Solution: Lemma: In AABC holds:

Za+b S
ab T r

Za+b _Za+b S _SZ a+b _ 1 s
ab € ab s—c ab(s—c)_sr r2 r
a+b

ab(s—c)
inequality can be written:

Proof:

We've used above: ), = riz Let’s get back to the main problem. Using the Lemma the

a+b+c
R

> @52§®R22r,(Euler).
r r R
Equality holds if and only if the triangle is equilateral.

Remark: In the same way:
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In AABC holds:

Za+b >za+b h
ab Te = ab ¢

Solution: Lemma 1: In AABC holds:

Marin Chirciu-Romania
Z a+b S
_—r,. = -
ab ¢ r

za+b _za+b S Sz a+b _ 1_s

ab ¢ ab s—c ab(s—c)_sr r2
+b 1

b(s c) rz'

Proof:

We’ve used above: Y

Lemma 2: In AABC holds:

Za+b n _2s
ab " R

za+bh_za+b ZS z( _2 Z _12_25
ab € ~ abc " 4Rs TR TR

Using the above Lemmas we have the sums:

Proof:

a+b a+b 2s
ZH 10 andZ —?

The inequality can be written: ; = % & R = 2r, (Euler). Equality holds if and only if the triangle is
equilateral.

JP.509. In AABC holds:

n(1+cotg>2(1+v§'%>3

George Apostolopoulos - Greece

Solution: Lemma: In AABC holds:

A 2(s+r+2R)
1_[(1+cot )
2 r

Proof:

| s-a) (s—a)
[[(x+ “’tg) = 1_[(1 * [oom6- c>> B 1‘[(1 TGS Zis —abxs = c)> )
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:1_[<1+S(S;a)>:H<1+S(SS;G)>:1_[(1+s;a):2(s+1;+2R).

Let’s get back to the main problem. Using the Lemma the inequality can be written:

3
w = (1 ++/3- %r) , which follows from Mitrinovic’s inequality s > 3+/3r.

It remains to prove that:

2(3V3+r+2R) .
- >

2 3
<1+\/§'%) © 2R3*(3V3r + 7+ 2R) 2r(R+\/§-2r)3(:>

© 4R* + (6V3 + 1)R3r — 6V3R?*r2 — 36R13 — 24V3r* > 0 &
& (R—2r)[4R® + (9 + 6V3)R?*r + (18 + 6V3)Rr? + 12V3r3] 2 0,
obviously from Euler’s inequality R = 2r. Equality holds if and only if the triangle is equilateral.

Remark: In the same way. In AABC holds:

n<1+tan§)2<1+§-%>

Marin Chirciu-Romania

Solution: Lemma: In AABC holds:

1_[<1+tang> _ 2(s+r+2R)

S

Proof:

Ay (s=b)(s—10) B (s—b)(s—0) B
H(”m‘?)‘n(”} s(s—a) >_1_[<1+\/s(s—a)(s—b)(s—c)>_

(s=b)(s—0) (s=b)(s—0) (s=b)(s—c)
:1_[<1+ S >:1_[<1+ ST >:1_[(1+ ST )

_2(s+r+2R)
. :

Let’s get back to the main problem. Using the Lemma the inequality can be written:

3 3

2(s+1r+2R V3 2R r+ 2R V3 2r

¥2 14— -— @2(1+ )2 14— -—
S 3 r S 3 R

. e , 3V3R .
which follows from Mitrinovic’s inequality s < % It remains to prove tha:
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3
r+ 2R V3 2r 3
2<1+ >2<1+—~—> © 18R?(4R +3V3R +2r) >V3(3R+ 2V3 1) &
3V3R 3 R
2

& (8+3V3)R* — 14R?*r — 12R1? - 8r* 2 0 &
& (R—2r)[(8+3V3)R* + (2+ 6V3)Rr + 4r%] = 0,
obviously from Euler’s inequality R = 2r.Equality holds if and only if the triangle is equilateral.

Remark: The problem can be developed. In AABC holds:

1_[ (1 + tan%) < %n(l + cot;)

Solution: Lemma 1: In AABC holds:

1_[<1+tang) _ 2(s+1r+2R)

S

Proof:

Ay (s=b)(s—10) B (s—b)(s—c) B
H(”ta“E)‘n(”} s(s —a) >_1_[(1+\/s(s—a)(s—b)(s—c)>_

(s=b)(s—rc) (s=b)(s—0) (s=b)(s—c)
=H<”f>=ﬂ<”T>=ﬂ(”T)=

_2(s+r+2R)
s

Lemma 2: In AABC holds:

n<1+cotg> _ 2(s+1r+2R)

r

Proof:

| s6-a) (s—a)
[1(x+ “’t%l) = ﬂ(l * [eoho- c>> B H<l "G _fns(s —abxs - c)> )

(s—a) (s —a) —ay 2 2R)
=1—[<1+555a>=1—[<1+sssra>=1—[(1+sra)= s+1;+

Let’s get back to the main problem. Using the above Lemmas we have the sums:

A\ __ 2(s+7r+2R) A\ _ 2(s+r+2R)
H(1+tan5)——s andH(1+cot2)——

r

The inequality can be written:
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2(s+7r+2R) 1 . 2(s+r+2R) . .
— < A & s > 3+/3r, (Mitrinovic)
Equality holds if and only if the triangle is equilateral.

J.2116.If x,y,z = 0 then in AABC

ex
Z—-az > 2V3F

y+z+2
D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania
Solution: Using the inequality e* > x + 1, x € R, with equality for x = 0 we obtain:
e* x+1 x+1 x+1
LHS:Z—.QZ Zz—.az =Z—.a2 =Z—.a2 =
y+z+2 y+z+2 y+z+2 y+z+2

_ x+1 . m 2Tsint>sifas 2\/§F—RHS
TLG+D+GE+D T Tln+p T B

Lemma (G. Tsintsifas): In AABC holds:

= a%+ 2L b%+-Z %> 23S, wherex,y,z> 0
y+z zZ+x x+y

G. Tsintsifas-Greece

Solution:
We h Zi Z_Z(L+1_1) 2_2x+y+z 2_y ZB€T.95>t7"Om
& nave y+z @ = y+z a = y+z a a =
S ay? 25
2 + + —_ 2 = + + N 2 2 _ .2 4.R _
Gy Z)Z(Y‘i'z) a’ =ty Z>2(x+y+z) (s =7 r)

=252 —2(s? =12 —4Rr) = 2(r? + 4Rr)
Above we’ve used the known identities in triangle Y, a = 2s and Y, a® = 2(s? —r? — 4Rr)
It remains to prove that 2(r2 + 4Rr) > 2v/3S © r2 4+ 4Rr > \3rs © 4R +r > sv/3,
which is Doucet’s inequality .Equality holds ifand onlyifa =b=candx =y =2z = 0.

S.2410. In AABC:

Tr
Z ®_ b > 4V3F

L
D.M. Bdatinetu - Giurgiu, Claudia Nanuti - Romania

Solution:

1. AM—-GM 1. Carlitz
LHS:Z ® pbc > 3° a bc=33/1_[bc=33\/(abc)2 >
JTpTe VT
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4F
>3.— = 4v/3F = RHS
V3

Equality holds if and only if the triangle is equilateral.

Remark: In the same way: In AABC holds:

bc > 4/3F

Z / e
hyh,
Marin Chirciu-Romania

Solution:

LHS = Z pe S 3 “—L/_bc—B /Hbc_3mcam

>3- ——4\/_F RHS
V3

Equality holds if and only if the triangle is equilateral.

Remark:In the same way: In AABC holds:

bc > 4\/3F

z /wa
WpWw,.
Marin Chirciu-Romania

Solution:

AM GM Carlltz
LHS = z > 3° bc—3 /ﬂbc—?n/(abc)z
\/m Wch

>3- —4\/_F RHS
\/§

Equality holds if and only if the triangle is equilateral.

Remark: In the same way: In AABC holds:

bc>4\/_F

Marin Chirciu-Romania

Solution:

m AM—-GM m Carlitz
LHS:Z ® pbc > 3° a bc=33/1_[bc=33 (abc)? =
Jmpmg N MpMe
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>3.— = 4v/3F = RHS

peles

Equality holds if and only if is equilateral.

Remark: In the same way: In AABC holds:

Z % pe > 4V3F
1/Sbsc

Marin Chirciu-Romania

Solution:
AM GM Carlltz
LHS = Z > 3° bc =3 /Hbc—&/(abc)z
,/SbSC 1/Sbsc
>3.— = 4V3F = RHS
\/§

Equality holds if and only if the triangle is equilateral.

Remark: In the same way: If x,y,z > 0, in AABC holds:

x
——bc > 4V3F
Jyz

Marin Chirciu-Romania

AM—-GM Carlit
LHS = Z—bc > 33/ —bc—3 /ﬂbc—?n/(abc)z o
YZ

>3- ——4\/_F RHS.
V3

Solution:

Equality holds if and only if the triangle is equilateral.
5.2367. Solve for real numbers: x3(x +1)3 +8x3 + 8 = 12x%(x + 1)
Daniel Sitaru, Luiza Dumitrescu - Romania
Solution: Lemma: If x > 0 then:
Bx+1)3+8x3+8=>12x%(x+ 1)

Proof:

AM-GM 3
Bx+1)3+8x3+8 = 3Yx3(x+1)3-8x3-8=12x%(x + 1)

with equality for x3(x + 1)3 = 8x3 = 8 & x = 1.Let’s get back to the main problem.
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Using the Lemma we deduce that the equation admits the only positive solution x = 1.
Remark: The problem can be developed.Let a = 0,4 = a + 1. Sove for positive real numbers:
x3(x+a)® + 2323+ 23 =32%x%(x + a)
Marin Chirciu-Romania
Solution: Lemma: If x > 0 then:
Bx+a)d+23x3+23>322%x%(x + a)

Proof:

AM-GM
B+a)P+83x3+23 > 3Yx3(x +a)3 - 13x3 - 13 = 342x2(x + a),
with equality for x3(x +a)? =23x3 =B o x = 1.

Let’s get back to the main problem. Using the Lemma, we deduce that the equation admits the only
positive solution x = 1.

Note: For a = 1 we obtain Problem S.2367 from RMM —42:
S.2367. Solve for real numbers:
Bx+1)3+8x3+8=12x%(x+1)
Daniel Sitaru, Luiza Dumitrescu - Romania

SP.497.In AABC:

4
Z Ta 81\/§R4
sin 24 8
George Apostolopoulos - Greece
Solution:
4 cs 2)2 4R +1)% — 25%]? Gerret
LHS = Z .Ta S (Z.T'a) _ [( T‘z) s4] errg sen
sin24 — ) sin24 LZS
R
Gerretsen R2 R? Euler R2 /27 2
=" 5 (4R +1)% — 2(4R? + 4Rr + 312 = — (8R2 — 572) > —(—RZ)
2rs 2rs 2rs\ 4
272R6 Mitrinovic 27%R® Euler 81\/§
= > — > ——R*=RHS

32rs 32 . 3V3R 8

2

Equality holds if and only if the triangle is equilateral.

Remark: In the same way:
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In AABC holds:

2n 2n
L 3R
> 243 —
ZsinZA—2 3(2) mEN

Marin Chirciu-Romania

Solution: For n = 0 and n = 1 we use CS inequality. For n = 2 we use Holder’s inequality.

> =
sin24 — 3"23sin24 3n-2 . ZLZS
R

r2"  Hold )" 4R +1)% — 252]" Gerret
LH zz " older » a) [( ) ] err;sen

Gerretsen R? [(4R +1)%? —2s2]® R? (8R? — 5r?)™ Euler R? 1 (27 2>n
> . = . > —

2rs 3n-2 " 2rs 3n-2 = 2rs 3n2\4
R? 1 27 " Mitrinovic R? 1 337 Euler R2 1 33n
=—- (—R2> > _ . > . Rn —
2rs 3"72\ 4 o 3Y3R 3n—2 2n " 3V3R 3n-2 p2n
2

2n

3R
=23 (7) = RHS
Equality holds if and only if the triangle is equilateral.

Note: For n = 2 we obtain Problem SP.497 from RMM — 42.

SP.497. In AABC holds:

4
Z re 81\/§R4

: =
sin 24 8
George Apostolopoulos - Greece

J.2113.If x, ¥,z > O then in AABC:

x a
.—>4/3
Zy+z ha_\/_

D.M. Bdtinetu - Giurgiu - Romania

Solution:

X a X a2 X az 1 X Tsintsifas
LHSz ¢ —_= . = [p— .az 2
Zy+z hq Zy+z ahg Zy+z 2F 2FLuy+z

1
zﬁ-zx/?Fm/?:RHs

Lemma (G. Tsintsifas): In AABC holds:

—~a? + 2 b% + =% > 23S, where x,y,z > 0.
y+z zZ+x x+y

G. Tsintsifas-Greece
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. x . x ) x+y+z 2 Bergstrom
Solution: WehaveZEa =Z(E+1—1)a :ZT Za >
a)? 25)?
2(x+y+z)%— a2=(x+y+z)2(x(+—32+2)—2(52—r2—4Rr)=

=252 —2(s? —r? —4Rr) = 2(r? + 4Rr).
Above we've used the known inequalities in triangle: Y. a = 2s and X, a? = 2(s? — r? — 4Rr).

It remains to prove that 2(r2 + 4Rr) = 2v/3S & r2 + 4Rr > \/3rs © 4R + r > s/3, which is
Doucet’s inequality.

Equality holdsifandonlyifa =b =candx =y = z.

J.2107. In AABC holds:

a* + b* - 32 F
hahb B \/§
D.M. Bdtinetu - Giurgiu - Romania
Solution:
LHS—za4+b4— a4+b4_za4+b4_ 1 z b(4+b3)AgM
=L Thghy,  Zu hgh, | Zu2E 2 T apz /%0 =
a b

3
=Lzab,2a2b2= 1 X wolder 1 (S ab)® _ (S ab)? cordon (#V3F)" _
4‘F2 2F2 2F2 9 18F2 18F_2

—32F—RHS
=5F=

Equality holds if and only if the triangle is equilateral. Remark: The problem can be developed.

In AABC holds:

a’ + b 4F\""!
—
hahb \/§

Marin Chirciu-Romania

-1
azhb >8 (E) ey > \/F_§' which follows

Solution: For 5 ™"

from:

| &

1 Gordon 1
LHS = Zhhb ZE—ZF 4F22ab > — 4\/_F—F—RHS

a b

2 bZ
For n = 1 the inequality can be written ) ad +d = 8, which follows from:

atb
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a’? + b? a’?+b*> 1 , 1
LHS = Z hohy =Z 2F 2F 4F22ab(a +b) = 4Fzzab 2ab =

a b

=8 = RHS.

Z( S L G0 Gor;loni.(ll-\/:‘;]:)z
= 2F? =2F2 "3 = 2F2 7 3

For n = 3 we use Holder’s inequality.

2n 2n 2n 2n
Z +b z a"+b 1 Z AGM
LHS = h = SF3F = 4F2 ab(aZn + bZn) >
a b

1 Holder 1 (Zab)’”’l (Zab)n+1 Gordon
4Fzzab Zanbn_zez(ab)nH T A TR T I TR

(4\/§F)n+1 _ 22n+2 3nT+1Fn+1

— — 22n+1 . 3nT+1—nFn+1—2 —
- 2F?.3n 2F2.3n

n-1

= RHS

-n+1
= p2n+l 3 2 Fr—1 = 8(_)
V3

Equality holds if and only if the triangle is equilateral.

Note: For n = 2 we obtain Problem J.2107 from RMM - 40 Spring Edition 2024, proposed
by D.M. Batinetu — Giurgiu.

In AABC holds:

Z a* + p* - 32 F
hohy, — 3
D.M. Bdtinetu - Giurgiu - Romania

J.2434.If a,b,c > 0,abc = 1 then:

n(a3+1)2n(a+é>

Ilir Demiri - Azerbaijan

Solution:

H(ﬁﬂ)zﬂ(w%)“@zl [[@+vz][@+ve]] z:

Lemma: If a > 0 then:

at +1
az+1~

>+a

Proof:
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a’+1 a+1
a2+1

>a

a+1>ﬂ1<:)a —a’—a+1=20e (a—1)?%(a+ 1) =0, with equality for a = 1.

Indeed:
+1 2

2
Then a—+1 >+a o (Va—1)" = 0,with equality for a = 1. Let’s get back to the main problem.

ad+1tL
1_[ emmal_[\/a_\/ﬁab61

a?+1

Equality holds ifand onlyifa = b =c = 1.

Remark: The problem can be developed: If a, b,c > 0,abc = 1 and n € N then:

n(an+2 +1) > 1_[ (a" 4 2)

Marin Chirciu-Romania

Solution:

H(an+2 +1) > 1—[ (a” + %) gt ﬂ(an+2 +1) > Hw+1 +1) e

a™? +1
o] [

Lemma:If a > 0 and n € N then:

n+2
+1
n+1 = \/_
a +1
Proof: We have = e 1> Tl > Va. Indeed:
n+2
Z"+1: ;1 Sa"?—ag"l—ag+1>0 (@a*! —1)(a—1) = 0, because both factors have

2
the same sign, with equality with a = 1. Then aTH >+a o (\/E — 1) = 0, with equality for a = 1.

Let’s get back to the main problem. Using the Lemma we obtain

1_[ an+2 +1 Lemma 1_[\/_ W abc 1

antl +1

Equality holdsifandonlyifa =b =c = 1.
Note: For n = 1 we obtain Problem J.2434 from RMM — 42.

J.2434.If a,b,c > 0,abc = 1 then:

[+ n=][(a+d)

Reference: [1] Romanian Mathematical Magazine - www.ssmrmh.ro
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PROPOSED PROBLEMS

PROBLEMS FOR JUNIORS

Romanian

Magazine

'uuuun

J.2631 Solve the equation:

sin* x + cos* x sin® x + cos® x
4 4 cos? 2x + sin? 2x

Proposed by Gilena Dobricd -Romania
J.2632 Let a > 0,a # 1. Solve the equation x3+198a* < g2x?
Proposed by Meda Iacob, Carmen Vlad - Romania
1.2633 Let be the function f: R - R, f(x) = 2x% + x + 1. Solve the inequality f(f(x)) < 0.
Proposed by Lavinia Trincu, Monica Matei - Romania
J.2634 Find the prime numbers p, q such that 2p? + 1 = ¢°
Proposed by Gigi Zaharia - Romania
J.2635 Solve in real numbers set the system:

x®> —y* =2022-2023%
y5 —x* =2022-2023%

Proposed by Carina Maria Viespescu, Caterina Zetu - Romania

J.2636If m = 0anda,b > 0, then:

m+1

(@™+2 4 DB +1) 2 - ((a + b)? + D™+

42‘m+1
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2637 If t,x,y,z > 0and x + y + z = a, then:
3
O + D)2+ + %) 2 tha?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
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J.2638 If x, ¥,z > 0 then in AABC with the area F the following inequality holds:

SIS | (S . P) | (RSP P
(v +2)2h; (z + x)?hj (x + ¥)2h? B

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2639 Ifa,b,c > 0,x € Randt = 0,u = 1, then:

a tu b u c t+u
- + ( - ) + ( - ) >3
(b51n2x+c-coszx) c-sin?x + a-cos?x a-sin?x+ b -cos?x
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.2640Ifa,b,c > 0,x € R,t € R, =[0,0),u € [1,0), then:

a 2t+2u b 2t+2u
_ + 2) : ( _ ) +2).
<(b sin? x + ¢ cos? x) < csin?x + acos? x

2t+2u

c
. 21 >27
<(a sinZ x + b cos? x) + ) -

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.2641 If a,b,c > 0,m = 0 and x € R then:

a m+1 b m+1 c m+1
. +( : ) +(— ) =23
(b sin? x + ¢ cos? x) csin?x + acos? x asin?x + b cos? x

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.2642 In any AABC with the area F the following inequality holds: (1 + 2)(r} + 2)(r* + 2) = 81F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.2643 If x, v,z = 0, then in any AABC with the area F the following inequality holds:

at - e b%e2y , cte?z A
+z+2)24+2) \(z+x+2)? (x +y+2)?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2644 In any AABC with the area F the following inequality holds:
(212 + 2)(rZrZ + 2)(02r2 + 2) = 81F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.2645 Let be t,u,x,y,z > 0, then:
(% + t2w)(y? + t2u) (2% + t?u) = % tteu? - (x+y+2)?

Proposed by D.M. Badtinetu - Giurgiu, Daniel Sitaru- Romania
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J.2646 Ifm = 0and a,b > 0, then:

b 2m+2
2(a+ )

2 2 2 2
(a®™*2 4+ 1)(b*™*2 + 1) o
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2647 In any AABC with the area F the following inequality holds:

a\* b\* c\*
<(—) +2>-<<—) +2>~<(—) +2> > 144 -\3-F
/o p T,
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2648 If x, v,z > 0, then in any AABC with the area F the following inequality holds:

x2a*  y2p* ch4> 6 F2?

+ + =
y+z z+x x+y x+y+z

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.2649 If H — orthocenter in acute AABC, AD, BE, CF —altitudes, HD = x, HE = y, HF = z then:
yz-secA+ xz-secB + xy - secC < 6r?
Proposed by Ertan Yildirim-Turkiye
J.2650 In ABC prove that:

1 a? b? c? a* + b* + c*
< + + <
2(R—71) 7 b?ry +c?r,  c?r.+a*r, a’ry+ b%n 16F% - R

Proposed by Mehmet Sahin -Turkiye

J.2651 In AABC

4 Zhb+hc R
R T2 r?

Proposed by Marin Chirciu - Romania

J.2652 If a; > 0,i € {1,2, ...,n},n € N5, then:

1 n+1

2(1+1+ +1)< P S P (1+1+ )
2 n) el Ty n?> n+1\a; a, a,

Proposed by Sidi Abdallah Lemrabott-Mauritania

J.2653 If a;,b; > 0,i € {1,2, ...,n},n € N then:

<1+1)“i”’i>i af(1-b) + B -a)\ .
Lau\a; b; B a;b;

n
=1 i=1

Proposed by Sidi Abdallah Lemrabott-Mauritania
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J.2654 If a; > 0,i € {1,2,...,n + 1},n € N;; such that (a; - a, ...a, = 1) then:
a,—n+1 an+1—n+1>n(n+1)(2—n)

a,—n+1
n Vo ota n = -1
Vaz + -t any Vao a Va; + -+ ay

Proposed by Sidi Abdallah Lemrabott-Mauritania

J.2655 In AABC
3

D
<
hb+hc Tb+TC

Proposed by Marin Chirciu - Romania

J.2656 If a,b,c > 0,ab + bc + ca + abc = 4 then:

a
—<1
zw/3(a2+2)<

Proposed by Marin Chirciu - Romania

n n+1
2023) <a< (1+¥) VneNn>1

1-=—=

J.2657 Find all values of @ € R such that (
Proposed by Nguyen Van Canh-Vietnam

J.2658 Let a,b,c = 0:ab + bc + ca = 3. Prove that:

b+c c+a a+b a+b+c+3
+ + >
ca+1 ab+1 " +va+b+c+abc

bc+1
Proposed by Phan Ngoc Chau-Vietnam

J.2659 In AABC holds:
1+ cot*A >3
1+ cot?A —
Proposed by Marin Chirciu - Romania

J.2660 If a,b,c > 0,a + b + ¢ = 3 then find min of
P = 2(a? + b? + ¢?) + 3abc
Proposed by Marin Chirciu - Romania

J.2661 In AABC holds:

B
5.9
>—

2

ZZ+\/§tan

1 + 3tan?

[SHEN[N)

Proposed by Marin Chirciu - Romania
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J.2662 If a,b,c > 0,ab + bc + ca = 3 then:

1 1 1
’ ;+;+§>abc+2
3 - 3

Proposed by Marin Chirciu - Romania

J.2663 In AABC the following relationship holds:

1m, w, ra)
(== a) s
3<h T, )2

ol ) (R ) (- )

Proposed by Bogdan Fustei - Romania

J.2664 In AABC the following relationship holds:

(rawp)®  (pwe)®  (rowy)® - (3)6 (81R° — 2560)2
TwAwp e 4wd 24w \2 32rs

Proposed by Zaza Mzhavanadze - Georgia

J.2665 In AABC the following relationship holds:

Z<%+ﬂ>.\/a2+b2+c2Sha+hb—hc+ 2n,
3\hg  hy R he \V4r? + (a — b)?

Proposed by Bogdan Fustei - Romania

J.2666 Find n € N such that A = n! — 39 to be a perfectsquare (n!=1-2-...-nforn € N* and
0'=1)

Proposed by Elena Alexie-Romania
J.2667 Find the prime numbers p such that the number
A=5P +77° 4 9P° 1117 4+ 13P% 4 157" 4+ 177°
can be divided with p.
Proposed by Grigorie Dan-Romania
J.2668 Solve the following equation:
sin3x +2cos2x +3sinx+4=0

Proposed by Delia Popescu-Romania
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J.2669 Prove that it doesn’t exist n € N such that the number A = 28™ 4+ 19" + 10" + 3"*1 + 5 to
be a perfect square.

Proposed by Veronica Popescu-Romania
J.2670If a,b,c,x,y,z > 0, then: (a* + x2)(b* + y?)(c* +2z%) > %t“(a +b+c)*
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2671Ifm = 0and a,b,c > 0 then:

m+1

(a2m+2 + 2m+1)(b2m+2 + 2m+1)(C2m+2 + 2m+1) > (a +b+ C)2m+2

8m
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2672I1fm > 0anda,b,c,x,y,z > 0then:

m+1

3 1
(@ZMH2 4 ALY (2MEZ g ML) ((2ME2 4 gmAT) > o (a 7z + bVzx + ¢ ,—xy)m+

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2673Ifm = 0and x,y,z,t > 0 then:

m+1 t4m+4

(x2m+2 + t2m+2)(y2m+2 + t2m+2)(22m+2 + t2m+2) 2 (x +y +Z)2m+2

25m+2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

J.2674 In any AABC the following inequality holds:

<a2+bc2 b2 + ca\’ ¢ +ab\’
< > +2><< ) +2>(< ) +2>236\/§F
b+c c+a a+b

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

J.2675 In any AABC with the semiperimeter s the following inequality holds:

(G5 ) () +2) (G +2)=%

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

J.2676 If t,u,v,w,x,y,z > 0 then:

3
n(xz +t2v) + ﬂ(xz + ulw) > Z(t4v2 +utw?)(x +y +2)?
cyc cyc

(a generalization of the problem 3326 from CRUX MATHEMATICORUM)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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J.2678 If u, v, x,y,z > 0 then in any AABC with the area F the following inequality holds:

< 8+2 v b® +2 z P PO
(uy + vz)? @ (uz + vx)? (ux + vy)? ¢ ~ (u+v)?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
J.2679 If x € R, then in any AABC with the area F the following inequality holds:
((a? sin? x + bc cos? x)? + 2)((b? sin? x + ca cos? x)? + 2) - ((c? sin? x + ab cos? x)? + 2 ) > 144F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
J.2680 If u,v > 0andx,y,z € (Og) then:

tan x tany tanz 3

>
usiny +vsinz wusinz+wvsinx usinx+vsiny u+v
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2681 If m = 0, then in any AABC with the area F the following inequality holds:

5_
(@22 4 2)(h2M+2 4 2)(c2M*2 4 2) > 4m+1(\/§) ™ pme1
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2682 If m = 0, then in any AABC with the area F the following inequality holds:

64m+1 . F2m+2

((@? + bc)?>™*2 + 2)((b? + ca)?™*? + 2)((c? + ab)?™*2) > Tz

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
J.2683 In any AABC with the area F the following inequality holds:

(mé +2)(m} +2)(m? + 2) > 81F?

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

J.2684 If a,b,c,d, m,t > 0 then:
9
(a? + mt?)(b? + mt?)(c? + mt?)(d? + mt?) > e m3té(a+b + c + d)?

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

J.2685If m = 0,n,p,x,y,z > 0 then:

xm+1 m+1 Zm+1 3m+1

T A >
ny+pz nz+px nx+py m+p)Pti(x+y+z2)m

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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J.2686 If x, v,z > 0 then in any AABC with the area F the following inequality holds:

X z zX
(x%a* + 2)(y?b* + 2)(z%c* + 2) > 12 )%+ yA+ 5 |- F?
sin? > sin? 3 sin? >

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2687 If m = 0,x,y,z > 0 then in any AABC with the area F the following inequality holds:

(xZa®)mH (yZp)mtl  (g2ctymEl (\/g)m+1F2m+z
y+z Z+x * x+y  2M(x +y+z)?mt2

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2688 If x,y,z > 0 and A;B,C;, A;B,C, are triangles with areas F;, F, then:

x + +z Z+x
2 yalaz +y7b1b2 +TC1C2 > 8\/§ 1/F1 . w/FZ

(a generalization of Tsintsifas’ inequality)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2689 If p,, pp, pc — Spieker’s cevians in AABC then:

14R — r
3

Pa +Dp + Pc <
Proposed by Mohamed Amine Ben Ajiba-Morocco

J.2690 If p,, pp, pc — Spieker’s cevians in AABC then:

4R
Po Db Pc _4RHT
h, h, h._ 3r

Proposed by Mohamed Amine Ben Ajiba-Morocco

J.2691 If p,,py, pc — Spieker’s cevians in AABC then:

Pa  Pv»  Pe 42 (R 1)
2r

Proposed by Mohamed Amine Ben Ajiba-Morocco

J.2692 If p,, pp, P — Spieker’s cevians in AABC then:

1 1 1 2
—t—t+ ===
Pa P» Pc R

Proposed by Mohamed Amine Ben Ajiba-Morocco

J.2693 If p,, Py, pc — Spieker’s cevians in AABC then:
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PaPoPc _ B8R = 7r
Turpte 91

Proposed by Mohamed Amine Ben Ajiba-Morocco

J.2694 Let a,b,c = 0:ab + bc + ca = 3. Prove that:

Va+1+Vb+1+Vc+1>3V2
Proposed by Phan Ngoc Chau-Vietnam

J.2695 If x, v,z > 0 then:

z x2 - Y x2y?
2 = 2
x+/G+Na+2) EW)
Proposed by Marin Chirciu - Romania

J.2696 Let a,b,c = 0:a + b + ¢ = 3. Prove that:

3¥Vabc + 33
Va2 +a++b2+b++ct+c< —
Proposed by Phan Ngoc Chau-Vietnam
J.2697 Let A = O fixed. If a,b,c > 0,abc = 1 then:

a? - 3
z (ab+ A)Aab+1) — (A +1)2

Proposed by Marin Chirciu - Romania

J.2698 Let a,b,c = 0: 2(ab + bc + ca) = a + b + c. Prove that:

alb+c—1) blc+a-—-1) c(a+b—1)>0
a+1 b+1 c+1 -

Proposed by Phan Ngoc Chau-Vietnam

J.2699 If x; < x, < -+ < x,, are positive numbers such that: x;x; ...x, = 10" then:
n
(1+410%1)(1 + 20%*2)(1 + 103*3) ... (1 4+ 10™*n) > (1 + 1010(n+1>)

Proposed by Marin Chirciu - Romania

J.2700 Let a4, ay, ..., a, > 0 such that \/% + \/% + -4 /az—" = A. Find the minimum of expression

a, +a; a, + asz a, +aq
\/ 2 \/ 2 I 2

Proposed by Marin Chirciu - Romania
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J.2701 If a,b,c > 0:ab + bc + ca = 3 then:

1 1 1 3|9
>

+ + >
Va2 +10ab + b2 Vb2 +10bc + 2 VYc? + 10ca + a? 4

Proposed by Nguyen Thai An-Vietnam

J.2702 Prove that in all triangles ABC holds the following inequalities:

hghp 9 Talh 9
—ab > —_— > =
a) Z (r—ha)(r—hb) -2 b) Z (T—Ta)(T—Tb) -2

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

J.2703 a,b,n,m > 0 are such that (na + m)(b + 1) = m + 1, m, n fixed.

1

Find minimum of nab + -

Proposed by Marin Chirciu - Romania

J.2704 If x; < x, < -+ < x,, are positive numbers such that x;x, ...x, = a™, a > 1, then:

n
L+ @)1 +a®)(1+a¥) .. (1 +a™n) 2 (1+as+D)
Proposed by Marin Chirciu - Romania
J.2705 In any AABC the following relationship holds:

wi(m3 +73) wimd+1d) wi(md+rd) 27(9R® — 641r3)?

we+mp+r2 wimdi+rd wiimd+rdT 32r3

Proposed by Zaza Mzhavanadze - Georgia

J.2706 Given positive real numbers such that ab + bc + ca = abc. Prove that:

5 1 N 1 4 1 < 1 N a N b N c
a+bc b+ac c+ab™ 4 b+ca c+ab a+bc
Proposed by Phan Ngoc Chau-Vietnam

J.2707 Given non-negative real numbers such that: a + b + ¢ = a? + b? + c? > 0. Prove that:

1+ b2+ c? 1+c? + a? 1+ a? + b2
a|l——+b +c >2Va+b+c
bZ + ¢2 ¢+ a? a? + b2

Proposed by Nguyen Thai An, Thai Na Nhat Minh - Vietnam

2(np+mp—gp—sp)*
9R(hg+hp+h¢)

J.2708 In AABC, w — Brocard’s angle holds: ﬁ =2+

Proposed by Bogdan Fustei - Romania
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J.2709 In AABC the following relationship holds:

1 n T, m

= _a+E a 2§_a

24ah, s+ng a
cyc

cyc cyc

Proposed by Bogdan Fustei - Romania

J.2710 Let a,b,c = 0:a + b + ¢ = 3. Prove that:

\/a(8a+8—m)+\/b(8b+8—m)+\/c(8c+8—m)s3\/ﬁ

Proposed by Phan Ngoc Chau-Vietnam

J.2711 Solve for real numbers: {1 +x2=4+y%2+xy =@ +x2-2x)(1 + xz)}

Proposed by Carlos Paiva-Brazil
J.2712f aq,a,, ...,a, > 0andn € N, (n = 2,m = 0) then:
1 (a)? + (@)% + -+ (a,)? = =X 5, 2.(a;+ @+ +ap)? = =X
z
2nxs

(n-1) (nz_%>

S=aq1a; +ajas + -+ aja, + azaz + -+ azan, + -+ ay_1a,)

3.(a)™+ (@)™ + -+ (@)™ =

Proposed by Sidi Abdallah Lemrabott-Mauritania

J.2713 If a; € R,i € 1,n and k > 1 then:

iaf z(k2—1)(zn:%>

2

=1

=1
Proposed by Sidi Abdallah Lemrabott-Mauritania
J.2714 Ifa,b,c,d > 0,a+ b + c + d = 1 then:
1 1 1 1 1

>
2+4a+4+16b+6+36c+12+144d_2

Proposed by Marin Chirciu - Romania
J.2715 In all nonisosceles triangle holds:

. A-B . ,C 5 C
sin—sin“ = cos” = 16R  ,s\2
e[y BERL NG
C C r r

5 . A-B __
cos? = sin——sin? -
2 2 2

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
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J.2716 In AABC holds: (w, + wp, +w,)? < 4p? + 512 — 16Rr
Proposed by Marin Chirciu - Romania

J.2717 In AABC holds:

r a R
T(S—E)Szb_l_cmaﬁy(‘”?-l-r)

Proposed by Marin Chirciu - Romania
J.2718 In all nonisosceles triangle holds:
. C-B, A C-B . A
smTtanE Cos —— —sin— B 16R S\ 2
. C-B . A T . Cc-B, A |T S5——+ (_)
sin— — sin— sin—tan— r r
2 2 2 2
Proposed by Mihaly Bencze, Neculai Stanciu - Romania
J.2719 In any AABC with the area F the following inequality holds:

b? + c? +cz+a2 +a2+b2>24
(s—a)? (s—b)? (s—c)2 "~

Proposed by D.M. Badtinetu - Giurgiu, Claudia Nanuti -Romania
J.2720 In AABC with the area F and the semiperimeter s the following inequality holds:

a® + b8 b8 4 87 (87 4 g8
+ + > 3. 288
(s=0)®  (s—a)¥  (s—b)¥

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

J.2721 Let be x,y,z > 0, then in any AABC with the area F the following inequality holds:

2 3 3

x%-a y? - b3 z%-c

> 2F
G122 hy  Gr0E hy Rty heo

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
J.2722 If t,u,x,y,z > 0 then:
9
(2 + tu?)(y? + tu?)(z? + tu?) = thu‘*(xy + yz + zx)
Proposed by D.M. Bdtinetu - Giurgiu, Dan Ndnuti-Romania
J.2723 If t,u,x,y,z > 0 then:
9
(2 + tu?)(y? + tu?)(z? + tu?) = thu‘*(xy + yz + zx)

Proposed by D.M. Badtinetu - Giurgiu, Dan Nanuti -Romania

J.2724 In any AABC the following inequality holds:
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a* b* c*
———+2])- +2)|-|\=5—=+2]|=48
<T§ ‘ﬁ? > (72 'ﬂf ) <Tf 'Tf )

Proposed by D.M. Bdtinetu - Giurgiu, Catalin Pana-Romania

J.2725 In any AABC with the area F the following inequality holds:

2023, p87 2023 ,
+

87 c
+

2023 , 87 22110

a (o

1936
he

a

> . F87
hé936 (\ﬁ§)2021

1936
hb

Proposed by D.M. Bdtinetu - Giurgiu, Sorin Pirlea-Romania

J.2726 If a, b, c > 0, then:

1 1 1
a2+b2+cz+b(a+c)+c(b+a)+a(c+b)

+(a+b+c)*=>8

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
J.2728 If x,y > 0, then in any AABC with the area F the following inequality holds:
(ax + by)? + (bx + cy)? + (cx + ay)? = 4(x + y)*V3F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

J.2729 In a rectangular parallelepiped having the dimensions a, b, ¢ and the diagonal d the following
inequality holds:

1 1
(a2+b2+c2)-(

1 1
—+—+—=+—]220
a?  b% 2 )_

dZ
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

J.2730 If m, x,y,z > 0 then:

mx? . my? . mz? L >27m
<<y+—z)2+ )(ﬁ* )(m* )—T

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

J.2731 If a,b,c > 0, then:

a’ . b? . c? L >27
(G5 () (Grm )25

Proposed by D.M. Bdtinetu - Giurgiu, Dan Ndnuti -Romania

J.2732 Let a, b and c be the lengths of the hypotenuse and respectively the legs of right triangle
ABC. Prove that:

(a4+1)(%+1)~(b4+1)(b—t+1)-(c4+1).(ci4+1) 225

Proposed by D.M. Bdtinetu - Giurgiu, Dan Nanuti -Romania
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J.2733 If x,y,z > 0 then:

x4 . y* . z* L >27
<(y+z)4+ >'<(z+x)4+ )'((x+y)4+ >—6_4

Proposed by D.M. Bdtinetu - Giurgiu, Alecu Orlando-Romania

J.2734 If n,, ny, n, — Nagel's cevians in AABC then:

NgNp NpNe NN, R NgNp NpNe NN,
, , } <——1< max{ ) , }
hahb hbhc hcha hahb hbhc hcha

min { <
T
Proposed by Mohamed Amine Ben Ajiba-Morocco

J.2735 If ng,, ny,, n. — Nagel's cevians in AABC then:

{nanb npn, ncna} + mi {na ny nc} - R
max ) ) min T ,5 T (=
hohy hyh. h: h, hy, hy h. T

Proposed by Mohamed Amine Ben Ajiba-Morocco
J.2736 If ny, ny, n. — Nagel's cevians in AABC then:

ngny, nyn. nn, R
hqohy hyh. hchy — 1

+1

Proposed by Mohamed Amine Ben Ajiba-Morocco

J.2737 If ny, ny,, n. — Nagel’s cevians in AABC then:

na+nb+nc> 52—12Rr+6> 4R+1
he, hy, h.— r? .

Proposed by Mohamed Amine Ben Ajiba-Morocco

J.2738 If n,, ny,, n. — Nagel's cevians in AABC then:

na+nb+nc> 3R
hg+hy +h. ~ R+ 4r

Proposed by Mohamed Amine Ben Ajiba-Morocco

J.2739 In any triangle ABC the following inequality holds:

(21 +2)(rZr2 + 2) 022 + 2)( 1 1 ! ) 243

+ + >
(ra + rb)z (rb + rc)z (rcz + ra)z 16
Proposed by D.M. Bdtinetu - Giurgiu, Daniela Barbu-Romania

J.2740 In triangle ABC the following inequality holds:
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1 1 1 81

24+2)-(rF+2)- 2+2~( + + )2—
4D +2) 4D (G s G Tt 2 4
Proposed by D.M. Bdtinetu - Giurgiu, Mihaela Stancele-Romania

J.2741fa,b,c,x,y > 0, then:

a? b? c? 27
(@erer ) (erort?) (@) 2o
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
J.2742 If x,y,z = 1 then:
(2 +2)(y2 +2)(z2 +2) =27
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

J.2743 Ifm,n > 0,m + n,x,y,z > 0 and ABC is a triangle with the area F, then:
mx ., ny )\ my nz ,\*
( a“ + b ) +2- ( b +—c) +2)-
y+z z+x zZ+Xx x+y

mz nx 2
<< c? + az) +2> >36(m+n)?-F?
x+y y+z

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
J.2744 Let be x,y,z > 0, then in triangle ABC with the area F the following inequality holds:

x2a3 y2b3 Z2C3

+ + >6-F-
G+22 @+x02 (x+y)? ’

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

J.2745 If m,n = 0,x,y,m + n > 0 then in any triangle ABC with the area F the following inequality
holds:

m(ab + x)(bc + x)(ca + z)ca + n(ab + y)(bc + y)(ca + y) = 9(mx? + ny*)V3F
Proposed by D.M. Bdtinetu - Giurgiu, Cdtdlina Stan-Romania
J.2746 In any triangle ABC with the area F the following inequality holds:
(a? + 2b)(b? + 2¢)(c? + 2a) > 144F?
Proposed by D.M. Bdtinetu - Giurgiu, Ionut Ivanescu-Romania
J.2747 Let be A A, ... A1, a convex polygon having the sides with the lengths a;, = AxAk+1,

k=1,12,A,3 = A; and the area F, then:

((af+a§+a§)2+2+2)((aﬁ+a§+a§+a§)2+2)'

92 ROMANIAN MATHEMATICAL MAGAZINE NR. 44



Romanian Mathematical Society-Mehedinti Branch | 2025

T
-((ag + a3 + a3y + a?, + a?,)? + 2) > 48F? - tan? T

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
J.2748 Let be x,y > 0 and ABC a triangle with the area F, then:
(et + y1p)? + (xry + y1)? + (a1, + y1,)% = 3(x + y)?V3F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
J.2749 Let be x,y,z > 0 and triangle ABC, then:

x2q3 N y2b3 N 22¢3
+2?2 (+x0* +y)?

> 18313

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
J.2750 Let A, B,C;, A, B, C, two triangles with the area F; respectively F,, then:
(a? + b% + c3)(b? + c2 + a3)(c? + a3 + b%) = 192V3F, F}
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.2751 Find all functions f, g: R = R: yf(x) — xf(y) = g(x* — y?),Vx,y € R

Proposed by Jalil Hajimir-Canada

J.27521f f(x + [x]) = [;C—], find f(x). [x]isthe greatest integer part of *

Proposed by Jalil Hajimir-Canada

[2x] = 2[y]

[2y] = 2[x) U176

J.2753 Solve for real numbers: {

Proposed by Jalil Hajimir-Canada ‘

1 1 n
2x2+3  2y2+3  2z2+3

J.2754 Minimize: f(x,y,z) =

Subjectto:x+y+z=6, x,y,z>1

Proposed by Jalil Hajimir-Canada ‘

J.2755A,A; ... A, — convex polygon, p € N,p = 3,a4, ay, ..., a, —sides,
a,ta;+--+ap=2s,mnk>0m+n= k*. Prove that:
Z 4/na‘f + ma; Z 4/n/i‘{ +mAj | =2k%s(p — 2)n
cyc cyc

Proposed by Radu Diaconu - Romania
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J.2756 Find x, y, z € Z such that: 3% + 3% = 22
Proposed by Kerimov Elsen-Azerbaijan
J.2757 Find x, y, z € Z such that:
x* +2xy3 + 2xz3 + 2y3z + 2yz3 + 3 = y* + 2% + x%y? + 2x%yz + x%2% + 3y?2?
Proposed by Kerimov Elsen, Rustemov Kenan-Azerbaijan
J.2758 Solve in N: x5 + y5 — 22z°> = 10(3x + 3y + 5z + 5t + 8t3)
Proposed by Toubal Fethi-Algeria
J.2759 (7, 1y, 1) —triliniar coordinates of P € Int(AABC), R, = PA,R, = PB,R. = PC. Prove that:

ZR“ZZT< ) era(naga+rra)_zzra(mavgiwra)zzzra

cyc cyc cyc cyc cyc

Proposed by Bogdan Fustei - Romania
J.2760 If x,y > 0 and ABC is a triangle with the area F, then:

a3 b3 c3 43
+ + = F
bx+cy cx+ay ax+by x+y

Proposed by D.M. Bdtinetu - Giurgiu,Alina Tigae - Romania

J.2761 If m, x,y, z, t,u > 0 then in AABC with the area F the following inequality holds:

mx? - a8 1 my? - b8 i1 mz? - c8 1) 192 i
(ty + uz)? (tz + ux)? (tx + uy)? ~(t+u)?
Proposed by D.M. Bdtinetu - Giurgiu,Camelia Dand - Romania

2 2 _ 2 c (2 2 2y. (L, 1
J.2762If x,y,z > 0 and x* + y* = z%, then: (x* + y* + z%) (x2+y2+22)210

Proposed by D.M. Bdtinetu - Giurgiu,Carmen Vlad- Romania

J.2763 Ifm > 0,x,y,z > 0 and x? + y? = z? then:

1 1

(x2m+2 + y2m+2 + ZZm+2) . ( + +

m+1
x2m+2 y2m+2 Z2m+2) =10

Proposed by D.M. Bdtinetu - Giurgiu,Daniela Dirnu- Romania

J.2764 In triangle ABC with the semiperimeter s, we have:

b2023 + C2023 2023 + a2023 2023 +b2023

c a

2024
(S — a)2023 + (S — b)2023 + (S — C)2023 =32

Proposed by D.M. Badtinetu - Giurgiu,Mihaela Mirea- Romania
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J.27651fm = 0 and ¢, x,y,z > 0 then:

+1
X ame2 2m+2 | ., y Zm+2 2m+2 ) ., z zm2 2m+2 27 . +4m+4
Stz +t poape +t Ty +t 2 vt

Proposed by D.M. Bdtinetu - Giurgiu,Sebastian Ilinca- Romania

J.2766 Let be ABC, A; B, C; two triangles with the area F, respectively F;, then:
(a? + 2b2)(b? + 2c3)(c? + 2a?) = 192V3F,F?
Proposed by D.M. Bdtinetu - Giurgiu,Cristina Ene - Romania

J.2767 If t,x,y,z > 0, then:

x? y? z? >27 5
<(y+z)2+t> <(Z+x)2+t><(x+y)2+t>_ﬁ.t

Proposed by D.M. Bdtinetu - Giurgiu,0ana Simona Dascalu- Romania

J.2768 Letbe n € N,n = 2 and a, € R},Vk = 1,n, then:

Proposed by D.M. Bdtinetu - Giurgiu,Ramona Nalbaru- Romania

J.2769 Letbe m = 0,x,y,z > 0 and ABC a triangle with the area F, then:

m+1 . ,m+2 m+1 ., pm+2 m+1 . .m+2

x a y z c

+ + >2(v3)" T F
(y + Z)m+1 (Z + x)m+1 (X + y)m+1

Proposed by D.M. Bdtinetu - Giurgiu,Ileana Stanciu- Romania
J.2770 In any triangle ABC with the area F the following inequality holds:
(a? +r)(b? +1)(c? + 1) = 3F?
Proposed by D.M. Bdtinetu - Giurgiu,Mihaela Nascu- Romania

J.2771 If m = 0 and ABC is a triangle with the area F, then:

1 1
a—m+b—m+c—mZS\/§F

am+4 + bm+4 + Cm+4- +
Proposed by D.M. Bdtinetu - Giurgiu,Elena Grigore- Romania
J.2772 In any AABC with the area F the following inequality holds:
(@ +b%)?2+2)- (B2 +c?)?+2)-((c>? +a?)?+2) =576 - F?

Proposed by D.M. Badtinetu - Giurgiu,Simona Radu- Romania
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1.2773 Letbe a,b,c,d > Othen: ((a+b)(c +d) +cd) - (ot b ) 2.2

(a+b+c)? = (c+d)?  (a+b+d)?
Proposed by D.M. Bdtinetu - Giurgiu,lulia Sanda - Romania
J.2774 If x, v,z > 0 and ABC is a triangle with the area F, then:
((ax + cy)?b? + 2)((bx + ay)?c? + 2)((cx + by)?a® + 2) > 144(x + y)?F?
Proposed by D.M. Bdtinetu - Giurgiu,Sorina Tudor- Romania

J.2775 If m = 0 and x,y > 0 then in triangle ABC with the area F the following inequality holds:

a2m+4— b2m+4— CZm+4- 144 5
—_— 42—+ 2||———+ 2| > —FF—F
<(bx + cy)?m + > <(cx + ay)?m + ) ((ax + by)?m + ) T (x+y)Fm

Proposed by D.M. Bdtinetu - Giurgiu,Nicolae Radu- Romania

J.2776 Let be x,y > 0 then in any triangle ABC with the area F the following inequality holds:

mg + m; N m3 - 33 -
xRmy +yrm,. xRm,+yrm, xRm,+yrm, xr+yr

Proposed by D.M. Bdtinetu - Giurgiu,Cristian Catand- Romania
J.2777 If t = 0 and x,y > 0, then in triangle ABC with the area F, the following inequality holds:

m‘t1+2 mt+2 m(t:+2 3\/§
>

+ + > -F
(xRmy, + yrm )t (xRm, + yrmy)t  (xRmg + yrmy)t — (xR + yr)t

Proposed by D.M. Bdtinetu - Giurgiu,Dan Mitricoiu- Romania

J.2778 If m = 0,x,y > 0 and ABC is a triangle with the area F, then:

(X% + y2)(aZm+2 4 p2m+2 4 (2m2) > 22m+3xy(\/§)1_mFm+1 +
F(xa@™ T — g2 4 (xhMHL — ycMH)2 4 (geMHL — D)
Proposed by D.M. Bdtinetu - Giurgiu,Claudiu Ciulcu- Romania

1.2779 If x,y,z > 0, then:

(x-:y)‘*+2)((y-:2)4+2)((z+1x)4+2)2%

(x2y% + 2)(y?z% + 2)(z%x? + 2) (

Proposed by D.M. Bdtinetu - Giurgiu,Monica Velea- Romania

J.2780 In any triangle ABC the following inequality holds:

S, %4y o)
(Wg +myg)? (wp +mp)? (W + myp)? ~ R?

Proposed by D.M. Badtinetu - Giurgiu,Nicolae Musuroia- Romania

J.2781If t,x,y,z > 0 then:
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729
> —t4

(x2y?2 +2)(y?22%2 + 2)(z2x2 + 2) - ((x jy)4 + tz) ((y _:2)4 + tz) ((Z _:x)4 + tz) 2
Proposed by D.M. Bdtinetu - Giurgiu, Dorina Goiceanu- Romania
J.2782 In triangle ABC with the area F the following inequality holds:
G +2)(rf +2) (it + 2) = 81F?

Proposed by D.M. Bdtinetu - Giurgiu, Ileana Duma- Romania

J.2783 Ifm = 0and a, b,c > 0, then:

1
(a2m+2(a + b)2m+2 + 2)((ab)2m+2 + 2)(b4m+4 + 2) > 32m_1 (Cl + b)4m+4

Proposed by D.M. Bdtinetu - Giurgiu, Roxana Vasile- Romania
J.2784 If u,v,x,y,z > 0 and u + v = 8 then in any triangle ABC with the area F the following

inequality holds:
xa* b zc® xa¥ bt zc?
+ 224 : + 2y > 64F*
y+z z+x x+Yy y+z z+x x+y

Proposed by D.M. Bdtinetu - Giurgiu,Meda lacob- Romania

J.2785 If s is the semiperimeter of AABC, then:

b2023 + C2023 2023 + a2023 2023 +b2023

c a
> 3 .71850
(b +¢)87 - (s — a)1936 + (c + )87 - (s — b)1936 + (a+b)8 - (s — ¢)1936 = 3-2

Proposed by D.M. Bdtinetu - Giurgiu,Carmen Terheci- Romania
J.2786 If x,y > 0 thenin AABC with the area F the following inequality holds:

a* N b* N c* - 163
xb? +ym2  xc?+ym2 xa?+ymi  4x+3y

Proposed by D.M. Bdtinetu - Giurgiu,Corina Ionescu- Romania
J.2787 If x,y > 0 and x + y = 2 then in AABC with the area F the following inequality holds:
(a® + bY + ¢®)(a? + b* +¢¥) = 12V/3F
Proposed by D.M. Bdtinetu - Giurgiu,Maria Lavinia Popa- Romania

J.2788 Let m = 0 and a, b, ¢ be the dimensions of a rectangular parallelepiped with diagonal d, then:

1 1 1 1 ) sm+l

2MmA2 | p2mA2 o 2mA2 4 g2mA2
(a +b tc +d ) (a2m+2 + pem+z + c2m+2 + q2m+2

= 23m—1

Proposed by D.M. Bdtinetu - Giurgiu,Mihaela Dutd- Romania
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J.2789 If m,n = 0 and ABC is a triangle with the semiperimeter s, then:

(am+1 + bm+1)(an+1 +bn+1) (bm+1 + Cm+1)(bn+1 + Cn+1) (Cm+1 + am+1)(cn+1 + an+1)

—_ m+n+2 —_ m+n+2 — m+n+2 = 3- 2m+Tl+4
(s—=0) (s—a) (s —b)

Proposed by D.M. Bdtinetu - Giurgiu, Catdlin Nicola- Romania

J.2790. Let be m = 0, then in any triangle ABC with the area F the following inequality holds:

am+1 bm+1 Cm+1 2m+1

+ + >
(rbrc)mﬂ . h(rln+1 (rcra)m+1h£n+1 (rarc)mﬂh?ﬂ 3m . pm+l

Proposed by D.M. Bdtinetu - Giurgiu, Laura Zaharia- Romania

J.2791 Letbe t,u,x,y = 0,t + u,x + y > 0 then in any AABC the following inequality holds:

(ta + ub)? (th + uc)? (tc +1,)? - 4(t + u)?
7/'b(-xrc + yra) rc(xra + yrb) ra(xrb + yrc) Tox+ y

Proposed by D.M. Bdtinetu - Giurgiu, Gheorghe Boroica- Romania

J.2792 If m = 0 and ABC is a triangle with the area F, then:

3m+3 b3m+3 3m+3

a c

1-m
> om+1 A/ m+1
(b + C)m+1 + (C + a)m+1 + (a + b)m+1 = 2 ( 3) F

Proposed by D.M. Bdtinetu - Giurgiu- Romania

J.2793 If m = 0 and ABC is a triangle with the semiperimeter s and the area F, then:

am+1 + bm+1 bm+1 + Cm+1 Cm+1 + am+1

2
(s — c)m+1 + (s — @)m+1 + (s — b)ym+1 >3.2mt

Proposed by D.M. Bdtinetu - Giurgiu - Romania
J.2794 If x,y > 0, then in AABC with the area F the following inequality holds:
(xry + y1p)?2 + (xry + y1r)? + (x1p + y1)? = 12V3xy - F
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2795 If m = 0 then in AABC with the area F the following inequality holds:
am+1 -b bm+1 .c Cm+1 .

a 1-m
> 2m+2(y3)' " F
Rp T RE AT (3)

Proposed by D.M. Bdtinetu - Giurgiu - Romania

J.2796 If t,u, x,y,z > 0 then:
3
ut(x? + )2+t (2 + 1) + 2+ u)(r +u?) (22 +u?) = Zt‘*u‘*(x +y +2)?

Proposed by D.M. Bdtinetu - Giurgiu- Romania
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J.2797 Letbe m = 0,x,y > 0 then in triangle ABC with the area F the following inequality holds:

+3
(xry + Y1) 22 (xry + y1.)2M42 4 (7 + yr, )22 > (@)m  (x + y)2m+2 . pmtt
Proposed by D.M. Bdtinetu - Giurgiu- Romania

J.2798 If m = 0,x,y > 0 then in triangle ABC with the area F the following inequality holds:

(ax + by)?™*2 + (bx + cy)?™*2 + (cx + ay)?™2 > 4™M+1 . (x + y)2mt2. (\/5)1_"1 . FmHl
Proposed by D.M. Bdtinetu - Giurgiu- Romania
J.2799 Let be x,y > 0 and ABC a triangle having the area F, then:
((xa? + ybc)? + 2) - ((xb? + yca)? + 2) - ((xc? + yab)? + 2) > 144(x + y)? - F?
Proposed by D.M. Bdtinetu - Giurgiu- Romania
J.2800 Let be x,y > 0 and ABC a triangle with the area F, then:
((xab + yrp1.)? + 2)((xbc + y7.15)? + 2)((xca + yr,m,)? + 2) = 9(4x + 3y)? - F?
Proposed by D.M. Bdtinetu - Giurgiu- Romania

J.2801 If x, y > 0 then in triangle ABC:

ax + by\? bx + cy\* cx+a
) ) G

2
> 2
h, hy hy ) 2 4x +y)

Proposed by D.M. Bdtinetu - Giurgiu - Romania
J.2802 In triangle ABC with the area F the following inequality holds:
4 b4

a 4

+ +
b?2+m?2 c?2+m2 a?+m}

c

16
> 7\/§F

Proposed by D.M. Bdtinetu - Giurgiu - Romania
J.2803 In any triangle ABC the following inequality holds:

a b3 c3 8v3
2 2 + 2 2 + 2 2 =
b2+ ho)h, (2 +hd)hy, (a%+ hi)h, 7

Proposed by D.M. Bdtinetu - Giurgiu - Romania

J.2804 In any triangle ABC with the area F the following inequality holds:

a3 b3 3
+ + > 2V3F
b+c c+a a+b

Proposed by D.M. Batinetu - Giurgiu - Romania

J.2805If a,b,c,d >0and (a+b+c)*+b+c+d)*+(c+d+a)*+(d+a+b)* =324
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then: (a+b+c)@+b3+cA)+b+c+dDDB3*+c+d3)+(c+d+a)c+d3+a®)+
+(d+a+b)(d®+a®+b3) =36
Proposed by D.M. Bdtinetu - Giurgiu - Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

PROBLEMS FOR SENIORS

. Romanian

Magazine

'uuuuu

-

$.2643If m > 0,a,t,x,y,z > 0and x + y + z = a, then:

m+1 t4m+4 2m+2

a

(x2m+2 + t2m+2)(y2m+2 + t2m+2)(22m+2 + t2m+2) 2 25m+2

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2644 Letbe a,b,c,x,y € R} and m = 0, then:

a m+1 b m+1 c m+1 3
- > - 0
(xb + yc) * (xc + ya) * (xa + yb) T (x +y)mtt

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

S$.2645If m = 0and a, b,c > 0, then:

m+1

(a2m+2 + 1)(b2m+2 + 1)(C2m+2 +1) >

yEER (a + b + c)?m+2?

Proposed by D.M. Bdtinetu - Giurgiu, Elena Nedelcu- Romania

$.2646 In any AABC the following inequality holds:

a? b? c?
Zi2)(S+2)(=+2)=209
(z+2) Gz 2) (2 +2)

Proposed by D.M. Badtinetu - Giurgiu, Daniela lancu- Romania
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$.2647 If t = 0 and x,y,z > 0 then in any AABC with the area F the following inequality holds:

< (x +t)%a* 2> < (y + t)?p* 2) < (z+t)?c*

+2 )= 36F?
(y +z+2t)? (z+x+2t)2 (x +y + 2t)? )
Proposed by D.M. Bdtinetu - Giurgiu, Carmen Vlad- Romania

$.2648 In any AABC the following inequality holds:

a? ) b? ) c? 5) - 9
<(b+c)4+ ><(c+a)4+ )((a+b)4+ )-W

Proposed by D.M. Bdtinetu - Giurgiu, Simona Chiritd- Romania

$.2649 If x,y,z > 0, then in any AABC with the area F the following inequality holds:

x%a3 y2b3 z%c3
(oo 2) (o2 (Gt 2) 2 19
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
$.2650 In any AABC with the area F the following inequality holds:
((@® + bc)? + 2)((b? + ca)?® + 2)((c? + ab)? + 2) = 576F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

$.2651 In any AABC with the area F the following inequality holds:
2,.2 2\(1272 4 2 ) (42902 3 402 3 4
(22 + ) (22 +r2) 022 +12) = ZF
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

$.2652 In any AABC with the area F the following inequality holds:

1 1 1 3v/3
—+2|l(=+2])[=+2|=>=—
(2+2) (g 2) (e 2) =

Proposed by D.M. Bdtinetu - Giurgiu, Gabriela Militaru- Romania

$.2653 If x € R then in any AABC with the area F the following inequality holds:

a® b® c®
+2 + 2 + 2 ) > 144F?
<(a sin? x + b cos? x)2 > ((b sin? x + ¢ cos? x)2 > <(c sinZ x + a cos? x)2 )

Proposed by D.M. Bdtinetu - Giurgiu, Mihnea Alexie- Romania

$.2654 If t,u > 0, then in any AABC with the semiperimeter s the following inequality holds:
(ts+ua>2 o (ts+ub)2+2 (ts+uC)2+2 - 27 (3t + 20)?
b+c c+a a+b 16 “

Proposed by D.M. Batinetu - Giurgiu, Horia Musat- Romania
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$.2655 If x,y > 0, then in any AABC the following inequality holds:

a? b? c? 9
(@ror ) [@rar ) @rmr ) 2o
Proposed by D.M. Batinetu - Giurgiu, Vlad Oroviceanu- Romania
$.2656 If x,y,z,t,u > 0, then: (x? + ut?)(y? + ut?®)(z? + ut?) > %t‘*u2 (x+y+2)>
(a generalization of Arkady M. Alt inequality)
Proposed by D.M. Bdtinetu - Giurgiu, Alexandra Mitroi- Romania

$.2657 If ABC is a triangle, then prove that:

<1

2
z \/§(cot§ + cotg) B

Proposed by Neculai Stanciu - Romania

S.2658 If a,b,c > 0 and abc = 1,n € N* then:

z al?n 3 abm 4+ po™ 4 o™ 4+ 9
+ =
abc = a?b?c? 2

Proposed by Marin Chirciu - Romania
$.2659 In AABC holds:

2 1, + T R
< bTec~

r- hz T r?

Proposed by Marin Chirciu - Romania

$.2660 Compare:
a. 20082923 with 20072024 b. sin(cos vx) with cos(sinvx) where x € E,%]

Proposed by Nguyen Van Canh - Vietnam

S.2661 Let A > O fixed. If a, b, ¢ > 0 then find min of

d =Z(b):;c+1)

Proposed by Marin Chirciu - Romania

3

S.2662 In AABC holds:

27r Z sin® B +sin3C  27R?
< <
2Rp T, 1612%p

Proposed by Marin Chirciu - Romania
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$.2663 In any AABC and Yn,m € N:n > m + 1; the following relationship holds:

hg. erjl m? 22m . 3n—3m+1 L

+ + >
@E+r)™ @R +w)m™ @B +mdm T (9R3 —64r3)™

Proposed by Zaza Mzhavanadadze - Georgia

$.2664 In AABC:

Z sin® B + sin® ¢ - Z sin® B + sin3 C
h’a B Ta

Proposed by Marin Chirciu - Romania

$.2665 In AABC, I —incenter, the following relationship holds:

2R z mb ZAI
\I & \/(b - c)2 T oY

Proposed by Bogdan Fustei - Romania

S$.2666 If n > 1 then:

1 1 1\°
(n + 1)? +52 3( + (n!)n)
Proposed by Khaled Abd Imouti-Syria

$.2667 In AABC the following relationship holds:

+ <
( sin B) ¢’

cyc

Proposed by Khaled Abd Imouti-Syria
S$.2668 Let a, b, c > 0 such that % + % + % = 3. Prove that:
a?023 4 p2023 4 2023 4 2024 (abc)?°%* > 3(abc)?°%% + 2024 (abc)?0%3
Proposed by Nguyen Van Canh - Vietnam

$.2669If x,y,z> 0,x+y+z=1andn € N,4 = 0 then
1

Z,H\/ﬁ (31 + 1) - 3n-2

Proposed by Marin Chirciu - Romania

$.2670 Let f(x) = ax* + bx3® + cx?* + dx + ¢,(a, b,c,d, e € R). Find all values of a, b, c,d,e € R
such that: (1) = f(2) = f(3) = f(4) = f(5) = f'(6)

Proposed by Nguyen Van Canh - Vietnam
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S.2671 In AABC holds:

12 b ¢ 3R
—SZ<—+—)(COSB+COSC)S—
R c b T

Proposed by Marin Chirciu - Romania
$.2672 Find all values of m € Rsuch that: f(x) =x3 +mx? + (1 —m)x + 1 < e™,Vx € [e, ]
Proposed by Nguyen Van Canh - Vietnam
$.2673 In AABC the following relationship holds:

Z \/Ta <2(bmc + Zmb — 2F) B Ta) < Zna

cyc cyc

Proposed by Bogdan Fustei - Romania
S.2674 Let a,b,c > 0:a®? + b?> + ¢c> = a + b + c. Prove that:

1+1+1+3>\/5a2+4bc—a+\/5b2+4ca—b+\/5c2+4ab—c
a c Vbe Vea Vab

b
Proposed by Phan Ngoc Chau-Vietnam

$.2675 Let n,, ny, n. be Nagel’s cevians of AABC with the area F and m = 0 then:

(a2m+2 + b2m+2)nm (b2m+2 + C2m+2)nm (C2m+2 + a2m+2)ngl
C a

TEDL O L e e A

Proposed by D.M. Bdtinetu - Giurgiu, Adrian Barbu- Romania

S.2676 Letben € N,n > 2and x; € R} = (0,),Vk = 1,nand a,b > 0, then:
(1 1 1\ ., . 11 1
a‘\—=+—=++—=|bn 22abn(—+—+---+—)

X7 x5 x2 X1 Xy Xn

Proposed by D.M. Bdtinetu - Giurgiu, Bianca Negret- Romania

$.2677 Let be x,y > 0 then in AABC with the area F the following inequality holds:

(a*+bHh. (B*+cYHh, (c*+a)h, - 16v3

FZ
xa +yb xb + yc xc+ya ~ x+y
Proposed by D.M. Bdtinetu - Giurgiu, Ana Jipescu- Romania

S.2678 Letbe t > 0,n € N,n > 2 and a, b, x;, € R%. = (0, ), Vk = 1,n, then:

2(_L + ! + 4 ! + b? >2ab(1+1+ + )Hl
a — — “ese — n = | — — cee —
x’%t+2 x’%t+2 xﬁt+2 nt Xy Xy X

Proposed by D.M. Badtinetu - Giurgiu, Daniel Sitaru- Romania
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$.2679 In any AABC with the area F the following inequality holds:
(a? + b? +¢?)? > 3(a®b + b3c + c3a) > 48F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania
$.2680 If t,u, x,y,z > 0 then in AABC with the area F the following inequality holds:

(x2a* + y?b* + z%2c*)h, N (x2b* + y2c* + z%2a*)h, N (x2¢c* + y2a* + z2b*)h, - 8V3(x + y + 2)? 5
ta +ub th + uc tc +ua - 3(t+w)

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania

S.2681If a,b,c > 0, then:

a b c 1
>
1936b + 86¢ + 1936¢ + 86a + 1936a + 86b ~ 674

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
$.2682 If m > 0,t,u,x,y > 0and a, b,c > 0 then:

tm+1a2m+2 + um+1b2m+2 tm+1b2m+2 + um+1C2m+2 tm+1C2m+2 + um+1a2m+2 (t + u)m+1\/'§ F

c™(ax + by)™ + a™(bx + cy)™ + b™(cx + ay)™ T2m2(x +y)m

Proposed by D.M. Bdtinetu - Giurgiu, Mihaela Ddianu- Romania
$.2683 If x,y > 0 thenin any AABC with the area F the following inequality holds:

(x2a* +y?b*)h, (x*b*+y2cth, (2c* + y2a*)h,

> 22
a+b b+c c+a 2 2(x +y)°F

Proposed by D.M. Bdtinetu - Giurgiu, Anca Dumitru- Romania
$.2684 Let be x,y > 0, then in any AABC with semiperimeter s the following inequality holds:

sin? A N sin? B N sin? C .S
xsinB+ysinC  xsinC+ysind  xsinA+ysinB ~ (x+y)R

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Catand- Romania

$.2685 In a scalene triangle AABC, prove that:

b+c a+c a+b 2

(Ta - Tb)(ra - Tc) (rb - ra)(rb - rc) (rc - ra)(rc - rb) - a+b+c

Proposed Ertan Yildirim - Turkey

S.2686 If a,b,c,x,y € R} = (0,0),t € R, = [0,) and u € [1, ) then:
t+u

a t+u c t+u 3
>
(bx + cy) * (cx + ay) * (ax + by) T (x4 y)ttu

Proposed by D.M. Badtinetu - Giurgiu, Claudia Nanuti - Romania
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$.2687 If m = 0and a, b,c > 0, then:
am+1 bm+1 Cm+1 1

>
(1936b + 86¢)™*1 * (1936¢ + 86a)™*1 * (1936a + 86b)m*1 — 3m . g74m+1

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania

S.2688 If x,y,z > 0, then in any AABC with the area F the following inequality holds:

2x 2y 2z
+ 2 +2||l————at2)=2—
<(y+z+2)2h§ ><(z+x+2)2hf; )((Jc+y+2)2h£L ) 4F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania

$.2689 Let the quadrilateral ABCD circumscribe a circle of radius r and let A'B'C'D’ be the
qguadrilateral whose vertices are the points of contact of the sides of the quadrilateral ABCD with the
circle. Prove that:

W( 1 1 1 1 )_ 64

+ + + —_———
‘{/AA' VBB' VCC' VDD' sin#sin%-sin%
=5+ 12

LA . .
in>-sin—sin=-sin
sinz-sin_-sin_-s

2
Proposed by Radu Diaconu - Romania
$.2690 If a, b, c are sides in a triangle then:
18RF x? —mx +a?+b*+c*>0,Vx€R
Proposed by Khaled Abd Imouti -Syria

$.2691 Prove that in any AABC with F — area, the following relationship holds:

\/§ an+2 _|_bn+2 bn+2 +Cn+2 Cn+2+an+2
F < Tmax ,n € N*

a+b* ' bt+c* ' " +an
Proposed by Marian Ursdrescu - Romania
$.2692 In AABC the following relationship holds:

a3+b3+63> 24+ b*+c* 4+ 20—
b e a”? © T 2023(a? + b7 + cB) + 2024(a + b + 0)?

Mg R? a
N =
Ng+ga—mg 7T b+c—a

Proposed by Nguyen Van Canh-Vietnam

r2 n rE r2 10873
k+a? = k+b%2  k+c? T t+6R3

$.2693 k3 = hyhyh,, t3 = (abc)?,

Proposed by Elsen Kerimov -Azerbaijan
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$.2694 Let n = 4. In AABC the following relationship holds:

mg my me (E)" - W, wp W
2r)

+ + + +
mp,+m, mg+m., mg+tm Wp+W, Wg+w, wW;+wy

Proposed by Nguyen Van Canh -Vietnam

Proposed by Marin Chirciu - Romania

S.2696 In AABC holds:

a R?
Y i<3vE—
r

cos =
2
Proposed by Marin Chirciu - Romania
S.2697 If a,b,c > 0,a + b + c = 2then: a?b? + b?c?> +c%a® <1

Proposed by Tran Quoc Thinh-Vietnam

1 1 1
$.2698 Let a,b = 0. Prove that \/Ia — bl ++Va+b =22 -max {aE,bE}

1 1
Find all values of a, 8,y € R such that ay/la — b| + va + b > y max {aE, bE}
Proposed by Nguyen Van Canh-Vietnam
$.2699 If a,b,c > 0and a + b + ¢ = 3, then prove that:

(a® +2a*b%*(a + b) + b>)°  (b° +2b%c*(b+ ) +¢°)° (c® +2c%a?(c + a) +a®)® > 108
(a* + 2ab(a? + b?) + b*)3 ~ (b* + 2bc(b? +c?) +¢*)? * (c* + 2ca(c? + a?) + a*)? —

Proposed by Zaza Mzhavanadze - Georgia

$.2700 In AABC, the following relationship holds:

a’? b? c? 64abc
3 +C_2+ 17

b2 Pl R TS S s T
Proposed by Nguyen Van Canh-Vietnam
S.2701 Let a,b,c,d > 0, = 64, such that: a* + b* + ¢* + d* + 4abcd = 8. Prove that:
(@a+b+c+d)*+ala*+b*+c*+d*) =256 + 4a
Proposed by Nguyen Van Canh-Vietnam

$.2702 In AABC, the following relationship holds:
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@ @ /3R\?
08 (Je g To g Je) (May Moy ey 2 (3F)
h, hy, h, w1 T, 2r

3 (4)
ha + hy + he < 1oy + o1 + 1era < pV3

(4
mgmy + mpym, + memg + 4(R? — 4r2) > p?
Proposed by Nguyen Van Canh-Vietnam
S.2703 Let a, b, ¢, d € Rsuch that: |ax* + bx3 + cx? +dx| <2,V|x| <1
Prove that: |[4a + 3b + 2c + d| < 32
Proposed by Nguyen Van Canh-Vietnam
$.2704 Leta; > 0,i = 1,2, ...,n, @ > n™, such that:
n n
z ai' + 1—[ a=n+1
i=1 i=1
Prove that:
n n n
(Z ai> +a (Z a?) >n" + an.
i=1 i=1
Proposed by Nguyen Van Canh-Vietnam
$.2705 In AABC, n, — Nagel’s cevian, V — Bevan’s point, the following relationship holds:
2 2 2
NgWq + npwy, + npywy, + r(R — 2r) = mg + my + mg
2R < Al + AV < 24/2(R? — Rr)

Proposed by Nguyen Van Canh-Vietnam

$.2706 Leta; = a > 0,a,,41 = ai — a?. Find all positive real numbers a such that:

n

lim a, = 1.

n—-oo

Proposed by Nguyen Van Canh-Vietnam
S.2707 Solve inR: a.VxZ —x+1<2—x b.2¥+3X=5%47% cx3—-3x+1<|x2—1]

Proposed by Nguyen Van Canh-Vietnam
$.2708 Let a = 8 > 0. Solve in R:

2021x + a—2021x — ﬁZOle + ﬂ—2021x b.cosx —1= COSZ X — COS 2x

a.a
c.x? —ax+ B =|Bpx| + |ax — B

Proposed by Nguyen Van Canh-Vietnam
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S$.2709 In AABC the following relationship holds:

T +1¢ .+ T+ 1 .
Tu+2m, 1,+2my, 1.+2m,"

Proposed by Mohamed Amine Ben Ajiba-Morocco

S.2710 In AABC the following relationship holds:

n n n R
2422 L<—+1
mg my me

Proposed by Mohamed Amine Ben Ajiba-Morocco

S.2711 If p,, Py, P — Spieker’s cevians in AABC then:

Ty, + 1% + .+, +ra +1p .
TatPa Tht+pp Tct+Dc
Proposed by Mohamed Amine Ben Ajiba-Morocco
S.2712 In AABC the following relationship holds:

T, + 17 .+ g +1p
2 +n, 2, +mny,  2r.+n.

Proposed by Mohamed Amine Ben Ajiba-Morocco
$.2713 In AABC the following relationship holds:
WaWp + wpw, + wew, + 4R? — 1612 > p?
mgmy, + mym, + mem, + 5(R — 2r)? > p?
ab + bc +ac +2r(R —2r) < a? + b? + ¢?

Proposed by Nguyen Van Canh-Vietnam

l(ii:lzjl <1,vx € R. Provethat: [a+b| <2",vn>1n €N

S.2714 Let a, b € R such that:

Proposed by Nguyen Van Canh-Vietnam
S.2715 Let a, B > 0. Find all functions f: R = R such that:
flax)f (By) = aff (Bx + ay) + x“yPf(xFy), vx,y € R
Proposed by Nguyen Van Canh-Vietnam
S.2716 Let a, b, ¢ € R such that: max{|ax? + bx + c|, |cx? + ax + b|, |bx? + cx + al},
V1 —x2 < 1,V|x| < 1. Prove that: max{lal, |b|,|c|,la+b+c|} <1

Proposed by Nguyen Van Canh-Vietnam
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$.2717 Find all polynomials p: R = R such that:
p(x?) +p(—x?) =x*+3x2 —2x—6, VxER
Proposed by Nguyen Van Canh-Vietnam

$.2718 In AABC, n, — Nagel’s cevian. Prove that:

s3(R? — 4r?)
ZZnanb+3Zmamb<52h hy, + iz

Proposed by Nguyen Van Canh-Vietnam
$.2719 In AABC, n, — Nagel’s cevian, the following relationship holds:

3R(R — 2r)?

m2 +mi +m? + .

> nZ +n + n?
h2 + h2 +h2+2r(R —2r) < w2 + w? + w?
Proposed by Nguyen Van Canh-Vietnam
$.2720 Let a < 8 < y. Prove that:
aZ 2 2
+ B + !
la=Blla=yl " IB—callB=vl ly—ally -8l
lapla =B+ 1Byy — Bl + lyaly — )| = [(a = BB -V — )l
Proposed by Nguyen Van Canh-Vietnam

> cos(a? + p? +y?)

$.2721 In AABC, the following relationship holds:

Mmewg + muywy, + mew, + 3(R? — 41r2) > m2 + m2 + m?

’m ’m ’
max E a a —+1
ra
cyc cyc

mind > iz, ) g, Y e { < 3@R+7)

cyc cyc cyc
Proposed by Nguyen Van Canh-Vietnam
$.2722 Find all functions ¢: R = R such that:
{(p ((p((p(x))) = 20209 (¢p(x)) — 20189 (x),Vx € R
(1) =0

Proposed by Nguyen Van Canh-Vietnam
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$.2723 If t,u,x,y,z > 0 then:

9
O + )02+ u) (2 + )2 +u) (@ + 122 +ud) = TotPut( +y +2)°
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
$.2724 Letbe m = 0,x,y,z > 0 and ABC a triangle with the area F, then:
m+1
xm+1 . am+2 ym+1 . bm+2 Zm+l Cm+2 2(@) . Fm+1

(y + Z)m+1 + (Z + x)m+1 (x + y)m+1 - sm

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
$.2725 If in triangle ABC we denote by F the area and by s the semiperimeter, then:
(a* +s2+1r2)(b* + 52 +1r2)(c* + 5% +1?) > 144F*
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.2726 In triangle ABC with the area F such that a, b, ¢ > 1 the following inequality holds:

qV108a b+ylogac | pyflogya+ylogyc 4 \logca+ylogca > 44/3F
Proposed by D.M. Bdtinetu - Giurgiu, Dan Ndnuti-Romania

$.2727 If m,n = 0,m 4+ n,x,x,z > 0 and ABC is a triangle with the area F then:
mx ny 2 my nz 2
( ca* + -b4) +2)- ( -b4+—-c4) +2
y+z z+x zZ+x x+y

mz nx 2
<< ot + -a4) +2>2192-(m+n)2-F4
x+y y+z

2

Proposed by D.M. Bdtinetu - Giurgiu, Dan Ndnuti -Romania
$.2728 If x,y > 0 then in triangle ABC with the area F the following inequality holds:
(1 + yrp)? + (xry + y1)? + (xrp + y1)? = 3(x + y)?V3F
Proposed by D.M. Bdtinetu - Giurgiu, Cristian Catand-Romania

$.2729 If m, x,y,z > 0 then in any triangle ABC with the area F the following inequality holds:

mx? - a* my? - b* mz? - c*
——+1||———+1||———+1)=9m F?
(v +2)? (z +x)? (x+y)?
Proposed by D.M. Bdtinetu - Giurgiu, Razvan Lupu-Romania
$.2730 Let be m,n > 0 and ABC is a triangle with the area F, then:
((ma® + nb?)? + 2) - ((mb? 4+ nc?)? 4+ 2) - ((mc? + na?)? +2) = 144 - (m + n)* - F?

Proposed by D.M. Badtinetu - Giurgiu, Luiza Cremeneanu-Romania
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S$.2731If x,y,z > 0, then in triangle ABC with the area F the following inequality holds:

xa b zc xa3 b3 zc3
( + 224 )( L )212F2

yv+z z+x x+Yy y+z z+x x+y
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.2732If t,x,y,z > 0 then:

x? y? z?2 27 ,
<—(y )? + t2> . <—(Z oy + t2> . <—(x ) + t2> > Et

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
$.2733 In convex quadrilateral ABCD with semiperimeter s and sides of lengths a = AB,
b = BC,c = CD,d = DA the following inequality holds:

a2+b2+c2+b2+cz+d2+cz+d2+a2+d2+a2+b2>12
(s —d)? (s —a)? (s — b)? (s—0c)2 —

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.2734 If x,y,z > 0 then in any triangle ABC with the area F the following inequality holds:

2 2 2
<(yicl_—z)2'a4+1>'<(Z_T_—x)2'b4+1>'<m'c4+1>29F2

Proposed by D.M. Bdtinetu - Giurgiu, Dan Ndnuti -Romania
$.2735 In any triangle ABC with the semiperimeter s the following inequality holds:

a3+b3+ b3+ ¢3 +c3+a3 - 18
(s=¢c)2 (—a)® (s=b)3"

Proposed by D.M. Bdtinetu - Giurgiu, Dan Ndnuti -Romania
$.2736 If m,n, x,y,z > 0, then in any AABC with the area F the following inequality holds:

m2x2 m2y2 mZZZ

2 8 b8 8 > 16 FZ
(y+z)2+(z+x)2+(x+y)2+n(a+ +c®) > 16mn

Proposed by D.M. Bdtinetu - Giurgiu, Laura Marin-Romania

$.2737 If m = 0, then in any AABC the following inequality holds:

a™-b b™ . ¢ c™-a 1-m
>2m+1 3
he g T hy hn o 22 (O3)

Proposed by D.M. Bdtinetu - Giurgiu, Ana Dumitru-Romania
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$.2738 In any triangle ABC with the semiperimeter s the following inequality holds:

a3+b3+ b3+ ¢3 +c3+a3 > 48
(s=0c)2 (s—a)® (s—=b)3"—

Proposed by D.M. Bdtinetu - Giurgiu, Olivia Bercea-Romania
$.2739 In any triangle ABC with the area F the following inequality holds:

a* N b* N c* 8v3
hZ+m? hZ+m2 hZ+mi— 3

v

-F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
$.2740 In any triangle ABC we denote with F the area and with s the semiperimeter, then:
(a®b? +s +r)(b%c? + s +1r)(c?a? + s + 1) > 144F3
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.2741 In any triangle ABC with the area F the following inequality holds:

1 1 1
8 8 8
a® +b% + %+ 47+ 2 8V3F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.2742 Let t > 0 and A4, ... A1, a convex polygon having the sides of lengths a;, = AxAk+1,

k =1,12,A,5 = A, and the area F then: ((a? + a3 + a3)? + t?) - ((aﬁ +ai+aZ+a?)+ tz) :

T
((@g+aé+aiy+ai, +a%)?>+t?)=12-t*-F? -tanzﬁ

Proposed by D.M. Bdtinetu - Giurgiu, Dan Ndnuti -Romania
$.2743 Let be x,y > 0 and ABC a triangle with the area F, then:
((a®x + yrpr)? + 2)((b2x + y1.1)? + 2) ((c?x + yra1p)? + 2) = 9(4x + 3y)?F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

$.2744 Solve for real numbers: [x]* + x¥1 = 2,[+] - GIF

Proposed by Jalil Hajimir-Canada ‘

$.2745 Solve for real numbers: [x]* < x*1, [+] - GIF

Proposed by Jalil Hajimir-Canada ‘

x+y+z=6

$.2746 Solve for real numbers: 1\2 112 1\%2 _ 75,[¥]-GIF
(x+m) +(y+E) +(z+m) ==

Proposed by Jalil Hajimir-Canada ‘
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S.2747 Solve for real numbers:

z?2 — 12t =15

zz+22_ z3_|_z2 t
8t 3 3t 4 2

Proposed by Hikmat Mammadov-Azerbaijan

S.2748 If a, b, c > 0 then:

a b
=+3=+

C

> i/9(a2 + b2 + ¢2)

Proposed by Tran Quoc Thinh-Vietnam
$.2749 Find all values of x,y € Z such that x® — y® = 2024.
Proposed by Nguyen Van Canh-Vietnam

S$.2750 Let a,b,c = 0:ab + bc + ca = 1. Prove that:

1 1 1
+ +
V9a + 4bc  \9b + 4ca +O9c + 4ab

7
> —
6

Proposed by Phan Ngoc Chau-Vietnam

S.2751 In AABC:

o(7) 2T =0()

Proposed by Marin Chirciu - Romania

$.2752 Prove that in any triangle ABC with area F is true the inequality

C
z ab (1 + sin? E) > 4+/3F

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania
$.2753 In AABC holds:
m, m, mng\ ! s ng
(et L T
b c hg r Ty
cyc cyc

Proposed by Bogdan Fustei - Romania

S$.27541. Compare: (sin x)V°S* and (cos x)Vsi"* vx € E,g]

2. Find all values of k such that 2022vVx2 —x + 1 + 2023Vx2 —x + 2 = k,Vk € [0,1]

Proposed by Nguyen Van Canh-Vietnam
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S$.2755If x,y,z,t = 0 then:

X+

> y(zz +t)+xy(z+t)

P +y P4zt 2

Proposed by Marin Chirciu - Romania

S$.2756 Let a, b, c > 0. Prove that:

Vab+ac+1++Vbc+ba+1+Vca+ch+1>

\[Babc <va+@ Vb + e ﬁwa)
=1+ + +
a+b+c\ +c Ja Vb

Proposed by Phan Ngoc Chau-Vietnam

$.2757 In AABC the following relationship holds:

ab(a® +b3) bc(b®+c2) calc® +a?) - 108+v3(81R> — 25601°)

72v/3r3 <
a? + b2 b2 + 2 c2+a? s2

Proposed by Zaza Mzhavanadaze - Georgia

$.2758 If w — Brocard’s angle in AABC then:

mg my mg 2r

he hy he

2R+5r25r+4r~max( )25r+ = hg+ hy +h,

sin w
Proposed by Bogdan Fustei - Romania

$.2759 In AABC the following relationship holds:

sin2  sinZ b
> 5 T T; a

—Zy—2> |24 2> /—+ —~
sin; sinz Tp Ta b a

Proposed by Bogdan Fustei - Romania

S.2760 Prove that:

T 4 5
tan? (ﬁ) + tan? (ﬁ) + tan? (ﬁ) =93 —20v21

Proposed by Vasile Mircea Popa-Romania

$.2761 Find the largest positive constant k such that the following inequality

(a+b+c)(a\/a2+bc+b\/b2+ca+c\/cz+ab)2

> k(ab(a + b) + bc(b + ¢) + calc + a))
holds for all nonnegative real numbers a, b, c.

Proposed by Mohamed Amine Ben Ajiba-Morocco
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$.2762 1. Compare: 2024° and 2023™. 2. Find all value of m, k such that:
kE<|1—x|+x—x?+]x2 =x3| + |x3 —x*| <m,vx € [-1,2]
Proposed by Nguyen Van Canh-Vietnam

$.2763 In any AABC the following relationship holds:

3612 - (mg + my)? N wp +w)?  (hy + hy)? - 9(9R* — 80r%)
R = wy,+w, he + hg mg+my, — 32r3

Proposed by Zaza Mzhavanadze - Georgia
$.2764 Find all values of m,n € Z such that 2m* + 1945m?n? + 9n* = 6141186
Proposed by Nguyen Van Canh - Vietnam

S.27651fa,b,c > 0,a? + b>* + c? =12 andn € N,n > 2 then:

a2n
e
ad+1

Proposed by Marin Chirciu - Romania

$.2766 1fn > 1,t € [—%ﬂ then:

1

1 1 1
cosht + [sinht| < nsinhg + (ﬁ + ntz) en

Proposed by Khaled Abd Imouti-Syria

$.2767 Compute (without soft):

2023
I = f (|x2021 _ 1| + |x2022 _ 2| + |x2023 _ 3| + |x2024 _ 4|)dx
—2023

Proposed by Nguyen Van Canh - Vietnam
$.2768 In AABC the following relationship holds:

0 a0 20 3(3r)’

g+ 2+ 2

Proposed by Zaza Mzhavanadze - Georgia

S.2769 If a,b,c,A > 0,ab + bc + ca = A then:

rval+i_
Svab

Proposed by Marin Chirciu - Romania
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$.2770 In any acute or right triangle ABC holds:

2m, mn, ng

w =~ he  hy

Proposed by Bogdan Fustei - Romania

S.2771 Leta,b,c > 0:ab + bc + ca = 3. Prove that:

2(a-i_b-i_(;)-l-3> 5+4+ 5+4+ 5+4-
abc ~ |a? b2 c?

Proposed by Phan Ngoc Chau-Vietnam

$.2772 If x,y € R}, then in any triangle ABC holds:

sin? A sin® B

+ +
A - B . ,C B . .C . ,A
x cos? =+ ysin?—=sin?= ¢ cos? =+ ysin?=sin?=
2 2 2 2 2 2
sin? C 16p?

+
x cos2 + ysmz—sm2 8(4x —Y)R* + 8Rrx + y(p* + 1?)

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

S.2773 Let a, b, c > 0 such that a? + b? + c? + d? = 2023. Prove that:

1 4 1 4 1 4 1 - 64
at+2 b*+2 c*+2 d*+2 2092561

Proposed by Nguyen Van Canh - Vietnam
S.27741fa,b,c > 0and 0 < A < 2 then:
(_ 1, )z( : Aab+b2218ﬂ
a + Aab + b2 2+ 2
Proposed by Marin Chirciu - Romania

$.2775 If x4, x5, ..., x5 > 0 such that x;x5 ... x, = 1and 4 > 0 then:

n

Z(\/xf—(ZA—l)xf +/12+/'lxi> >@A+Dn
i=1

=

Proposed by Marin Chirciu - Romania

$.2776 If m,n € R}, then in any triangle ABC holds:

(metn-cot-cota) + (m-+n-cora-cots) +(m-+n-cors-cotl)
m+n - cot - cot m+n- coto - coty m+n-coty - cot
(3m +n)%r? + 8n(3m + n)Rr + 16n2R?
3r2

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania
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$.2777 In AABC the following relationship holds:

Mg Wy  he

3
Wy hc mg 8

R 3
— . <9 (—) - 64)
r
Proposed by Zaza Mzhavanadze - Georgia

$.2778 Prove that in any triangle ABC, with area S and usual notations is true the inequality:

a2(m+1) b2(m+1)

+ +
(an¢21 + Fn+1m12; + Fn+2mg)m (anlzy + Fn+1mg + Fn+2m¢21)

C2(m+1) 2m+2\/§
+ 2 2 2 = mgEgm
(Famg + Fpyamg + Foyomp) — 3MFL,

where m > 0 and Fy, is the k-th Fibonacci number.
Proposed D.M. Bdtinetu - Giurgiu, Neculai Stanciu-Romania

S.2779 In AABC holds:
24—R < z (cscEcscg)2 < 6—R3
r - 2 °2) T rs
Proposed by Marin Chirciu - Romania
$.2780 Let be m,n € N,m,n = 3 and the convex polygons A4, ... Ay, B1 B ... B, having the sides of

lengths ay, = AgAy41,b; = BjBj11,Vk = 1,m,Vj = 1,n,Aps1 = Ay, Bpyq = By and the areas F;
respectively F,. Prove that:

n

- ) ) T T
Zak+2bj >8 Fle-tan%-tanH

k=1 j=1

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2781 Let A;A, A5 be a triangle with the area F;, B; B, B3 B, a convex quadrilateral having the sides
of lengths b4, by, b3, b, having the area F, and C; C,C3C,CsCg a convex hexagon with the area F; and
the sides of lengths ¢4, 3, 3, €4, Cs, Cg. Prove that:

a,a; + ayas + asa; + b¥ + b% + b3 + bi +c? + ¢+ c5 +cZ+ck+c = 123/F F,F;
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2782 Let be m = 0 and ABCD a convex quadrilateral with the semiperimeter s and the sides with
the lengths a = AB,b = BC,c = CD,d = DA, then:

am+1 + bm+1 + Cm+1 bm+1 + Cm+1 + dm+1 Cm+1 + dm+1 + am+1 dm+1 + am+1 —+ bm+1
+ + + >12
(S — d)m+1 (S — a)m+1 (S — b)m+1 (S — C)m+1

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
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$.2783 Let be m = 0 and ABC a triangle with the area F, then:

1 1 1
+ + > 8V3F

i4m+4 b4m+4 C4m+4 -

a4m+8 +b4m+8 +C4m+8 +
a

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

S$.2784 If t,x,y,z > 0 then:

x? y? z? 27 ,
<—(y )? + t2> . <—(Z oy + t2> . <—(x ) + t2> > Et

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
$.2785 Let ABCD be a convex quadrilateral having the area F and the sides a = AB,
b =BC,c=CD,d = DA, then: ((a® + b?)* + 2)(c* + 2)(d* + 2) = 48F*
Proposed by D.M. Bdtinetu - Giurgiu- Romania
$.2786 Let be x, y > 0 and the triangle ABC with the area F, then:
((xa? +yb?)? + 2)((xb? + yc?)? + 2)((xc? + ya?)? + 2) > 144(x + y)*F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

$.2787 Let be A1 A, ... Ay, n = 3 a convex polygon with the area F and M an interior point in the
polygon and d, the distance from point M to the side Ay A1, k = 1,1, A,11 = Aq. Prove that:

Proposed by D.M. Bdtinetu - Giurgiu- Romania

$.2788 If m,n,p € Nym,n,p = 2andt =m +n+ p and 4,4, ... A; is a convex polygon having the
sides of lengths a, = AgAy+1, Vk = 1,t,A;.1 = A; and the area F, then:

2

2 2
m n p
s
<E aIZ) +21- E agﬁ_j +21- E a12n+n+p + 2 248F2-tan2?

i=1 j=1 k=1
Proposed by D.M. Bdtinetu - Giurgiu- Romania

$.2789.1f t,u, x,y,z > 0 then:

x y 2 y z 2 z x 2 108
( + ) +2)-(( + ) +2) (st o) +2)2 e
ty+uz tz+ux tz+ux tx+uy tx+uy ty+uz (t+w?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

$.2790 Letbe t > 0,m,n,p E NNm,n,p = 2andw =m+ n+ p and 4,4, ... A,, a convex polygon
having the sides of lengths a;, = AyxAk4+1,k = 1,w,A,,+1 = A; and the area F then:
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2 2

2
m n p

s
<§ aiz) +t% |- Eafnﬂ- +t? - Eafn+n+k + t? 212t4-F2-tan2;

i=1 j=1 k=1

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
$.2791 Let x,y > 0 and ABC be a triangle with the area F, then:

(xa + yb)? + (xb + yc)? + (xc + ya)? = 4(x + y)*F
Proposed by D.M. Bdtinetu - Giurgiu- Romania
$.2792If x,y > 0 and ABC is a triangle with the area F, then:
((xa2 + ymlz,)2 + 2) ((xb? + ym&)? + 2)((xc? + ymZ)? + 2) = 441(x + y)?F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

$.2793 If t,u,v,x,y,z > 0 then:

9
(x?2 +t2)2(y? +u?)?(z2 + v?)? > R(tyz + yxz + vxy)? (xuv + ytv + ztu)?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

$.2794 If x,y > 0, then in triangle ABC with the area F the following inequality holds:

xa + yb\* b + z +
(55) +(57) + (55
hc ha hb

2
) > 4(x +y)?
Proposed by D.M. Bdtinetu - Giurgiu- Romania
$.2795 If x,y > 0 and ABC is a triangle with the area F, then:
(12 + yry1)? + 2) ((xrbz + yrcra)2 + 2) ((x12 + yrymp)? + 2) > 81(x + y)?F?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
$.2796 Let be x,y > 0 and ABC a triangle with the area F, then:
(emZ + yryr)? + 2) ((xmﬁ + yrcra)z + 2) ((em? + yr,rp)? + 2) = 81(x + y)2F?

Proposed by D.M. Bdtinetu - Giurgiu- Romania
$.2797 If m,x,y,z > 0 and xyz = 1 then: (x™ +2)(y™ +2)(z™ + 2) = 27

Proposed by D.M. Bdtinetu - Giurgiu- Romania
$.2798 If x,y > 0, then in triangle ABC with the area F the following inequality holds:

(a?x + b%y)? + (b%x + c?y)? + (c?x + a?y)? = 16(x + y)?F?

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru- Romania
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$.2799If x,y > 0 then in triangle ABC with the area F, the following inequality holds:
((x -m2 +ybc)? +2) - ((x -mé + yca)2 + 2) - ((x-m2+ yab)? + 2) > 9(3x + 4y)? - F?
Proposed by D.M. Bdtinetu - Giurgiu- Romania
$.2800 If t,u,v,w, x,y,z > 0 then:
tx uy \? ty uz \? tz ux \? t+u\?
(( + ) +2><( + ) +2>(( + ) +2)227-( )
vy+wz vzZ+wx vZ+wx vx+wy vx t+wy vy+wz v+w

Proposed by D.M. Bdtinetu - Giurgiu- Romania

$.2801 Let be ABC a triangle with the semiperimeter s, then:

a® + b? b? + c? c? 4 a?

>
(a+b—c)2+(b+c—a)2+(c+a—b)2_6

Proposed by D.M. Bdtinetu - Giurgiu - Romania
S.2802 If x,y,z > 0 and x? + y? = z?, then:

1 1 1 100
4 4 . [y — L )\ 222
x*+y*+2%) (x4+y4+z4)_ 3

Proposed by D.M. Bdtinetu - Giurgiu- Romania

$.2803 Let A; A, A5 be a triangle with the area F; and B; B, B;B,B:sBg a convex hexagon having the
sides of lengths b4, by, b3, by, bs, bg and the area F,. Prove that:

alaz+a2a3+a3a1+b12+b§+b§+bz+b§+bg 28 Fl'FZ
Proposed by D.M. Bdtinetu - Giurgiu - Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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UNDERGRADUATE PROBLEMS

Romanian

Magazine

=

U.2631 Prove the integral:

[ ) ot (5] ceom(5) ﬁ+1(1 5

- 2 cosh( ) + 2 cosh(mx) — 1 4 V3

V3

Proposed by Srinivasa Raghava-AIRMC-India

U.2632

a+22 “Tea 16 s

B j‘l In(x?) + arctan(x) n? 3w 1
0

Note: {G — Catalan’s constant}
Proposed by Shirvan Tahirov - Azerbaijan
U.2633 If x > 0 then:
m(1 + (arctan x - arctan x)™1) > 8 + 2(In?(arctan x) + In?(arccot x))
Proposed by Rovsen Pirguliyev-Azerbaijan

U.2634 In AABC the following relationship holds:

3{/(1 + esinA)(l + esinB)(]_ + esinC) >1+4 e3VsinAsinBsinC
Proposed by Khaled Abd Imouti-Syria

U.2635 Find:

Proposed by Vasile Mircea Popa - Romania

U.2636 Prove that:

4 Z 4 16" = 4G — arcsinh(1) (42 +log(3 — 2v2))
" (4n +1)(4n + 2)(4n + 3)2

where G is Catalan’s constant. Proposed by Narendra Bhandari -Nepal
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U.2637 If (a,,),»1 is a sequence of real strictly positive numbers such that

2
. an+1
lim 5

n-way - n

n+1 n
lim a?,., — [a?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

=a>0

Find:

U.2637 Let be H,, = ZL‘:l%,Vn € N* and (a,)ns1 a sequence of real strictly positive numbers such
that

. an+1
hmn—+H=a>0

n-o q, - efn

Find:

lim (nﬂ\/ An+1 — 1Va_n)

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

U.2638 Let (a,),>1 be a sequence of real strictly positive numbers such that

. an+1
lim

=a>0
nowg - (2n— 1D

Find:
lim ("*4amy: - Yan)
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
U.2639

\/xz +x\/x2 +xy/x% + - =5x, x=?

Proposed by Ghulam Shah Naseri-Afghanistan
U.2640 In AABC the following relationship holds:
tanA-tanB -tanC + 3V3 > 3w
Proposed Khaled Abd Imouti-Syria

U.2641 If

1
Q:jjj In (—) dxdydz
[0,1]3 x+xy +xyz
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Then, show that

/1 m? In?(3)
Q:le<_)_ﬁ+ 2

3 —In(2)In(3) —In (Z) +3

4

Where, Li,(z) is a spence or dilogarithm function.
Proposed by Ankush Kumar Parcha -India

U.2642 Compute (without soft):
Vs
[ = f [2022 sin? x — 2023 cos? x| dx
-1

Proposed by Nguyen Van Canh - Vietnam

U.2643 If n € N, n > 2 then:

t ! zn: t ! <2+ Y
an n—lk arcank st

=2

Proposed by Khaled Abd Imouti -Syria

U.2644 Compute (without soft):

Vs T
3 3 X X
I = | |tanx — cotx|dx + |tan——cot— dx
n b 2 2
4 4

Proposed by Nguyen Van Chanh - Vietnam
U.2645 In any triangle ABC we have:

1
N T A sin™*m A
él_[ (bsmwf%*T + cSi“M%A) < Z_chc<sm nA) n(b + C)Si"wr%“T < (ZR)ZWCS“‘M%“T 1_[ (cos g)

cyc cyc cyc
Proposed by Radu Diaconu - Romania

U.2646 Find:

Q f°° x1lnx
= —— dx
1 x33+xx+1

Proposed by Vasile Mircea Popa- Romania

U.2647 Prove:

T 87r_\/13 1( ( 5 )+2) +1
C0513C0513— 6 COS 3 arccos 2@ T 12

Proposed by Vasile Mircea Popa - Romania
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U.2648 If n > 1 then:

2
2+10g(6((n+1)!—1) )sz

n(2n2+3n+1)

Proposed by Khaled Abd Imouti-Syria

U.2649 If

. fl In(v1 +x)
<= o Vi+x++V1—x

Then, show that:

In*(2) In(2) 7 ,
8 +W+En -2

+\/§ln(1+\/§)—

o (1y I?(1+v2) In(2)In(v2-1)
¢=-li (TE) B R 2

Where, Li,(z) is dilogarithm of Spence’s function
Proposed by Ankush Kumar Parcha-India
U.2650 Prove the below closed form.

1 In(1 + x) =
s A+ 02+ 0B +0@E+0 T

=it (-3) -1t (-3)] -5 ()

Where, Li,(z) is a dilogarithm of Spence’s function

Proposed by Ankush Kumar Parcha-India

U.2651 Prove that:

T = %(167IG —21¢(3) + 81n%(2) — 2 In(4))

A le(ln(m) + arctan® (x)) dx

{(3) = [Aper'y constant] :}

Note:
{G = [Catalan’s constant]

Proposed by Shirvan Tahirov-Azerbaijan

U.2652 Prove that:

Sk, (6l—-3k—1) (mk w
kZ; 3 k] csc (7 + E) = log(756 — 432V3)

where
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k
1_[(6l —3k—1)=(5—3k)(11 — 3k) ..(3k — 1)
=1

and

csc(z) = —
sinz

Proposed by Abdulhafeez Ayinde Abdulsalam-Nigeria

U.2653 Compute (without soft):

I—fi x dx
o Vx +2022 ++x + 2023 + Vx + 2024

Proposed by Nguyen Van Canh-Vietnam

U.2654 Prove the integral relation

j-oo cosh (% 1+ x)l) e mfoo cosh (g 1+ x)) n

—o cosh(2mx) — > —o cosh(2mx) +%

Proposed by Srinivasa Raghava-AIRMC-India

1 2) In(x+=
U.26551f Q; = [, x?In(1 +x?)In (x +§) dx, O, = [ In(1+2%) In(xty x)z“(“x) dx

0, —Q, =§a+§ﬁ —%. Provethat: a + f =G —wIn(2) + In?(2) + =

Proposed by Abbaszade Yusif -Azerbaijan

U.2656 Find:
x+% 1
Q= lim f t? arctan (—) dt
x-eo ), 1 t
Proposed by Vasile Mircea Popa - Romania
U.2657 Let
2N
Py = Z(—nn (2n + 1) log(2n + 1)
n=1

Show that Al,im [Hyny41 + 2N log(4N + 2) — Py] = % +y —log(2)

where G is Catalan’s constant, y is the Euler Mascheroni constant, and Hy denotes the N —th
harmonic number.

Proposed by Vincent Nguyen-USA
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U.2658 Prove the below closed form

L rlsin™(x) + cos™t
f f x) ) dx dy
XY
Where, T is the ratio of the circumference to the radius of circle.

Proposed by Ankush Kumar Parcha-India

U.2659 If:

i (tant? (e~ +45m))

n=1

sm 2 tan™! (tanh‘1 (e‘4‘/§”")))

B z z cos(2 tan_l(tanh 1(6_4‘/_’”‘))) + cosh(2k)

n=1k=1

[ee) [ee) 1
- z z sinh(kn?) sinh(27k - tan~1(tanh=1(e~4Y3m1)))

n=1k=1

then prove that:

1 746496(v/3 — 2)m*r8 (2
Q=0 +703 = —| In{ - (Fs(l)) (3) —4ln(4+ /2+\/§)
6

Proposed by Toubal Fethi -Algeria

U.2660 Prove that:

-1

> (2i)° 2 (w1
1;2(2?(}3!)4>16(10g%) (zk—4>

k=0

Proposed by Khaled Abd Imouti -Syria
U.2661If H, = X 1k vn € N7, find:

2 n
1' ZE___:E:_E_ . pHn
s 6 k2 €

k=1

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2662 Let be (x)ps1, Xn = Z’,:zlk—t and (Hy)ps1, Hy = Ll%‘ Find:

. n4
(<)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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U.2663 If (X)) 51, Xy = iglﬁ, find lim x,,.

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2664 Prove that:

2 2 4

N CDTHpO@) 1y (5(3) m In‘(2) = n
Q—; 2 —LL4<E)—}/< 2 —Tln(2)>+ 4 —ﬁlnz(z)—ﬁ

(=nk?
k

Skew Harmonic series: H,, = X}

Proposed by Shirvan Tahirov -Azerbaijan

U.2665 Compute:

2022
I=f \[40+\/20x+11dx
1

980

Proposed by Nguyen Van Canh-Vietnam

U.2666 Prove that:
1
Q= f x(In(In(x)) + arctan(x — 1)) dx = 0.5(ir —y — 1)
0

y is the Euler — Mascheroni constant.
Proposed by Shirvan Tahirov-Azebaijan

U.2667 Show that

Ztan~! (,/tan(x)) 1173
J;) and) log(cot(x)) dx = 3¢

Proposed by Srinivasa Raghava-AIRMC-India

U.2668 Prove the below closed form

y = - —Zh@)-—

flflxz tan~1(xy) y? cot‘l(xy)d gy = 146 m™ = w2
o Jo n(x) + In(y) X 3 12 6 48

Proposed by Ankush Kumar Parcha-India

U.2669 Prove that

Proposed by Vincent Nguyen-USA
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U.2670 Evaluate:

L 1
lim E \/f (1—xk)ndx
n—oo 0

k=1

Proposed by Naren Bhandari -Nepal

U.2671 For all n € N, define the limit

F(n) = lim ( W)
x—0 kZl

Let a be number of integral solutions for the equation Mf = kF(n)(k + F(n)) where M, k, 8 € N.
Then show that

llm\/_ \/_hm\/_.——

y-a
Note: !l is double factorial notation.

Proposed by Naren Bhandari -Nepal
U.2672 a,., = a, — arcsin(rsina,), a; = % Prove: for any fixedn € N

(—4+11n-9n%+2n3
12

an=%—(n—1)r+ )r3+o(r3)whenr—>0

Proposed by Hikmat Mammadov-Azerbaijan

U.2673 If S = sin? i + sin? 1 + cos? % + cos? 2 + tan? % + tan? 3 + cot? % + cot? 4

Find: Q = lim =232

X— 00 X

-S

Proposed by Hikmat Mammadov-Azerbaijan

U.2674 Prove

2

- H. 21 m G
_1yk-1_""2k _ _ o il _Z
kil( 1) h T 1 (Hg Hk;) 3 ((3) + 5 log(2) 5

21 3 G
Z( 17t 2 (B~ Hie) = 220(3) 4 20(2) log(2) — 1 + £log?(2)

(_1)k—1

where G is Catalan’s constant, Z/?=1m'

by [y 5

. . 1 . .
{(z) is Riemann zeta function, Y7, e and H,, is defined
11-x"

Proposed by Narendra Bhandari -Nepal
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U.2675 Prove

NgE

S 1

1

S
1l

where {(3) = 27,
Proposed by Narendra Bhandari -Nepal

U.2676 Prove

Lt x?log?(x) 199
fo fo A—na+an@ dy_262+_<(3)l°g( ) = 5760

(-1

where G is Catalan’s constant defined by Y. and {(3) is Apery’s constant defined by

n=0 (2n +1)2
e 1
n=1,3
Proposed by Narendra Bhandari -Nepal
U.2677 Prove that
. [n+3]

2

2 T
Z n(2n + 1)4n Z 2k—1 n) =7 " mlog(2),

where |. | denotes the floor function.

Proposed by Narendra Bhandari -Nepal
U.2678 Prove that:

In?(1 —x)
x

! 2 2 (T
Azj;)xln(arccos (1-x%)+ =2{(3) + Ci (E)—V

Proposed by Shirvan Tahirov-Azerbaijan

U.2679 If H,, = 21:1% is n th harmonic number, {(s) = X7, % is Riemann zeta function and for

m > 1, prove

(zm - kai> -

k=1

>
n+1

n=1

N m— 2 1 1
Z O (") g - 1)Zp(p+k+1)4

Proposed by Narendra Bhandari -Nepal
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U.2680 Prove that

M) _ (Y L) )
ns _J;) <x(x -1) _ln(x)> dx

Proposed by Vincent Nguyen-USA

0o
n=1

U.2681 Evaluate
n
l 2k
k
Proposed by Vincent Nguyen-USA

k
<2p) <2k—2p) _1—[4ap—2a+4
D k—p )~ ap +1

U.2682 Prove that:

k
z 1
p=0ap+1

Proposed by Fao Ler-Iraq
U.2683 Find:
1 Tx - Liz(x)
0= [ s+ [ £
L an~'x - Liz(x)dx + e
Proposed by Togrul Enmedov-Azerbaijan
U.2684 Find:

1
I = f log(x) log(x? + x + 1) dx
0

Proposed by Togrul Ehnmedov-Azerbaijan

U.2685 Prove the integral relation

J‘ min sin(2x) +1  |cos(2x) + 1 tan(x) dx
0 sm()+1 cos(§)+1

=§< /2(10+\/§)—4>

Proposed by Srinivasa Raghava-AIRMC-India

N

U.2686 If we have the function fora > 1

® (_1)§(n+1)
T = ———|d
@-=| ( (an+ (—Dm2 )
then show that
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Vs
T(-a)+T(a) =——F——
cos (Z)
Proposed by Srinivasa Raghava-AIRMC-India

U.2687 Solve for a, b:

a b
\F+b=7, \/:+a=11
b a

Proposed by Srinivasa Raghava-AIRMC-India
U.2688 Prove that there are exactly 1729 positive integer solutions to the below equation.
4x* +3y3 + 222 + w = 4311
Proposed by Srinivasa Raghava-AIRMC-India

U.2689 Find:

wo-pm( Y () 3 @) o

Proposed by Khaled Abd Imouti-Syria

U.2690If0 <m < n < 2m and

6

O =

38 + 1745 1 [2m 1+n(l 2—m>

[
_ _1 Zm ' 1 [2m
38 +17V5 —— = il—”(z T)
|
|

™~
Il
N N
+ || +
&l &
o
Il
2 % (2%

Then provethat A:B:C =1
Proposed by Hikmat Mammadov-Azerbaijan

U.2691 Prove that (where m > 0 and n € R)

foo cos (g In(1 + mzxz)) cosh(n - tan™! mx)

» 1522 dx = wcos(n-In(1 +m))

Proposed by Hikmat Mammadov-Azerbaijan

(n+k+1)!

U.26e921f: U, + U, + -+ U, = m, (k € {1,2, ...,Tl}) then:
1 1 1 1 /1 (n)!
S S (B
U, U, U, k \kl_ (n+h)!

Proposed by Sidi Abdallah Lemrabott-Mauritania
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U.2693 Leta = 1+ /2,8 = 2 + /2,7 = 3 + /2. Find all functions
f(x) =x3+ax? + bx + c (a,b,c € R) suchthat f(a) = f(B) = f(y) = 0.
Proposed by Nguyen Van Canh -Vietnam

U.2694 Let be (a,)n51, (bn)n=1 sequences of real strictly positive numbers such that:

TP_{{}O( Vi1 — \/a—n)_a>0111_1}30b( na) 2=

Calculate:

o ((n+1)2 nd
llm n+1 - n
e vV bn+1 vV bn
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
U.2695 If (a)ns1, (bn)ns1, (€n)ns1 are sequences of real strictly positive numbers such that:

b+ Cn+1
=a>0, lim—— —b>011m =c
n-on - an n-oon - n n-on - Ca

. Qnya
lim

Prove that:

n n 2 n n 2 n n 2
A%<ﬁ+t<\/f> )( nIZ’Z‘H(\/f) )(EH:(\T) > i”i(a+b+c)2

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.2696. Let be (a,)ns1, (bn)ns1 Sequences of real strictly positive numbers such that:

lim (a4 —a,) =a>0and llmbb =b>0
n—-oo

n

Calculate:

. aTl
lim

n—-oo Vb—n

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.2697 In AABC the following relationship holds:

a. 11.min {Z%,Zg} 2 > 220 4 11. max {Z 4\/Q4+b4 5 3\/113+b3}

b*+c*’ b3+c3

2(a+b+c)

4
b. i/(a +b)(b+c)(c+a) +}:—3 > 16r +
Proposed by Nguyen Van Canh-Vietnam

U.2698 If a, b, c,d > 0, then prove that:
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(a+1)<b+1)(c+1)<d+1)>( +bh+ +d)(1+1+1+1)>16
b c d a = ¢ a b ¢ d/—

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
U.2699 In AABC, AD, BE, CF —internal bisectors, Ry, Rg, R — circumradii of AAFE, ABDF,ACDE.
Prove that:

4

RZ + RZ+R%2 <
4t Rp+Re =775

Proposed by George Apostolopoulos - Greece

U.2700 If x,y > 0 then:

A/ x9 /49
\/zxz —3xy 4+ 2y2 > u
Vx7 +4/y7?

Proposed by Rahim Shahbazov-Azerbaijan

U.2701 In AABC the following relationship holds:

ey =

Proposed by Rahim Shahbazov-Azerbaijan

U.2702 In AABC the following relationship holds:

W, Mg Wy + W, m2 RV6
S (D S
wy + w, my +mg Wq my +mg r

Proposed by Nguyen Van Canh-Vietnam

U.2703 In AABC the following relationship holds:

3R a b c 3
- > + + > —
ariabc  cla+b) alb+c) blc+a) ™ 23abc

Proposed by Nguyen Van Canh-Vietnam

a+b+c
2

9 < Zs T, ZSrb2+rC2 <27R2+8p2
B 2+ 12 Ty - 36r?

Proposed by Nguyen Van Canh-Vietnam

U.2704 In AABC,p =

, prove that:

U.2705 Find all values of k = 0 such that (k + 1) (% +§+ 2) >k (Z+ % + %) + 3,VAABC.

Proposed by Nguyen Van Canh-Vietnam
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U.2707 In AABC the following relationship holds:

h b —
R
S —Ng a h, b c

cyc cyc

Proposed by Bogdan Fustei - Romania

U.2708 In AABC, I —incenter, the following relationship holds:

-1

R h Al
Ro|_ha [ |ra, mp me) _AI
r o s—ng h, b c 2r

Proposed by Bogdan Fustei - Romania

U.2709 If w — Brocard’s angle AABC, M € Int(AABC) then:
MA MB MC S 1
h, h. hg sinw

Proposed by Bogdan Fustei - Romania
U.2710 In acute AABC:

2R? (1+secA)?® /2R 2
+1< —S(——l)
T

r? tan? A
Proposed by Marin Chirciu - Romania
U271l let f(x) = x> +ax? + bx+ 1,g(x) = x>+ bx?* +ax+ 1 (a,b € 7)
Find all values of a, b € Z such that: max f(x) < ming(x), Vx € [0,1]

Proposed by Nguyen Van Canh-Vietnam

U.2712 Prove that for: a, a,, ...,a, E R;n = 2;q € (1;%;%)
q-(aay + azas + -+ ay_1a,) <a?+as+--+a?
Proposed by Hikmat Mammadov-Azerbaijan
U.2713 Let a, b, c > 0 such that abc = 1. Prove that:
15+ 12(a* + b* + c*)(a? + b? + ¢?) = 11(a® + b® + ¢®) + 30(a® + b3 + ¢3)
Proposed by Nguyen Van Canh -Vietham
U.2714 In AABC the following relationship holds:

0 >0,
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-1

-1
0 = Z nczlnizj Z Ng H(na +ny — nc)

cyc cyc cyc

1 Ng MNp Ny N N Ny
( + ’ +_'_ _)
Np Ng N¢ Np Ng N¢

Proposed by Bogdan Fustei - Romania

U.2715 In AABC. Prove that:

XX

Propose by Nguyen Van Canh-Vietnam

U.2716 Let a, b, c,d > 0 such that F +—= ‘/_ +—= \/_ +—= \/_ = 4. Find the minimum values of expression:

2
a
P = z ? _ a2022b2022C2022d2022

Proposed by Nguyen Van Canh-Vietnam

U.2717 In AABC, I — incenter. Prove that:

A B C
16 (sinEsinEsinE) z cos— z sin(BIC) < —

Proposed by Nguyen Van Canh-Vietnam

U.2718 Let a, b, ¢ > 0 such that ab + bc + ca = 3. Prove that:

1 3
<
z a? + b? + 2022 ~ 2024
Proposed by Nguyen Van Canh-Vietnam
U.2719 In AABC, I,, I, and I, are the excenters. Show that:

IbIc IaIc IaIb
LI Ny
al, T A e, T ¢

Proposed by Ertan Yildirm-Turkiye
U.2720 Let be t € N fixed and x € R}. Calculate:

n
lim t+1 Z

e ( (2n+ 1)" k=1

where [a] is the integer part of a € R.

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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U.2721 Calculate:

_ (n+ 1)? n ) n
1 — - V@n=1)I
noo <n~"+i/(n+1)! Vn! (n -1

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2722 If (Hy)ps1, Hy = ﬁ=1% and (a,)ns1 is a sequence of real strictly positive numbers such

that a,,.1 = a, + e?fn . sin%,Vn € N*. Calculate:

. an
lim

n-ow (on )Nl

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.2723 Let be (13,) 51, T > 0,Vn € N* such that lim r, = r > 0 and (a,),s1 @ sequence of real

n—->oo

strictly positive numbers with the property that a,;; = a,, - n**1r,, ¥n € N* where

t = 0. Calculate:

hm n+1 [an+1 B n [an
n-o \ (n + 1)t nt

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
U.2724 Let be (a,)n>1, (bn)n=1 sequences of real strictly positive real numbers such that

. an+1 bni1
lim

=b>0

=a>0, lim
’n—)OOn 'an n—)OOn' n

. n+1 (Apyq n [An
lim - |—
n-o b1 by

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

Calculate:

U.2725 Let be the sequence (H,,)ns1, Hy = ’,§=1%. Calculate:

lim (H, — Vn!)

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2726 Let be t,s > 0 and (a,,)ns1, (bn)ns1, (Cn)ns1 sequences of real strictly positive numbers
such that

a b c
lim —21 = 4>0, lim —~ = p >0, lim —=*

n-w q, - nt+S+1 n-o b, - nt n-owCy, - N

S=C>0

Calculate:
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. n+1 An+1 n| Qpn
lim -
n-o bry1 - Cnta by - ¢y

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2727 Let be (a,)n>1, (bn)ns=1 sequences of real strictly positive numbers such that

. a . b
lim 7*+ =g >0and lim *= =5 >0
n—oo N-dn n—ooo N-by

. n+1|Apy1  n|Qn
lim - =
n-o b1 by,

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

Calculate:

U.2728 Let (a,),=1 sequence of real strictly positive numbers such that
lim (a4 —ay) =a>0
n—oo
Calculate:
1. an
Sy

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.2729 Let be (a,) 551, (bn)ns=1 sequences of real strictly positive numbers such that

lim (a,4+; — a,) = a > 0and lim 222 = b > 0
n—-oo

n—oo an bn

Calculate:

lim ("*Y/bnr1 — /bn)

n—-oo

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.2730 Let be H, = £}_, +,¥n € N*. Calculate:

lim

( n+1 n > -
— e n
oo \p™ M+ 1) (n+1)Vn!
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2731 If (@) ns1, (Br)ns1, (€n)ns1 S€quences of real strictly positive numbers such that

an+1 bni1 Cn+1

lim =a>0,lim =b >0, lim
n—>oon-an n-oon - n n—)oon-Cn

=c>0

Prove that:
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lim

n—oo

en en

. ('{/c—,%+ "2n + 1)!!) _3@+b+c)
n? -

el e®

n
where e, = (nTH) ,Vvn=>1

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2732 Calculate:

lim (tann Yt DY — 1) V(@2n -1
n—oo 4 . W

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.2733 Let be (Hy)ps1, Hy = Ll%' Calculate:

lim (H, —n Y 2n = DY)

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.2734 Calculate:

_ n+1 n? n
(e ) V"

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
U.2735 Let be (a,) 151, (Br)ns1, (€n)n=1 sequences of real strictly positive numbers such that

b fos
=a>0,lim —=p>0,lim =L =¢c>0

n-ont . q, n-w N - Dy nowmn - Oy

. an+1
lim

Calculate:

. n+1 An+1 n| Qpn
lim —
n-o bni1 - Cns1 by - ¢y

Proposed by D.M. Bdtinetu - Giurgiu, Gabriela Bondoc-Romania
U.2736 Let be t € N fixed, (a,),>1 a sequence of real strictly positive numbers such that

lim &2 =g >0andx € R%. Calculate:

n—-oo N-ap

3223(\/__)t+ :i:
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where [a] is the integer partof a € R

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2738 If H, = $}_, 7, Yn € N*. Calculate:

lim e<in

< 1 1 ) -
noe \Vnl o "/ (n+ 1)!

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
U.2739 Let be (a,,),>1 a sequence of real strictly positive numbers such that
lim (a,4+, — a,) = a > 0. Calculate:
n—oo

. (n+1)2 n
lim ” - cay
noo \n . " (n+ 1)! Vn!

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.2740 Let be (Hy)ps1, Hy = Ll% and (a,)ns1 a sequence of real strictly positive numbers such
that:

. An+1
lim ————=a>0
n—-oo an, - ‘/Tl' . eHn

Compute:

_ n+1)3 nd
llm n+1 - n
e\ {nt1r §/0n

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
U.2741 Calculate:

2

lim

n+1 n
- - (Val
n-co (n . “+m (n+ 1)W> (V)
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2742 Let be t = 0 and (a,)n>1(bn)n=1 sequences of real strictly positive numbers such that:

Find:

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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U.2743 Let be t > 0 and (a,) =1 a sequence of real strictly positive numbers such that:

. An+1
lim . 1:a>0
n-o a, - ntt

Find:
. n+1 /_an+1 ~ n/_an
n-o \ (n + 1)t nt

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2744 If (a,),»1 is a sequence of real strictly positive numbers such that: lim (a,.41; — a,) = a >
n—oo
0. Find:

. < n+1 n? )
lim - — an
now \ MO (n+ 1)Vn!
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
U.2745. If (a,,),»1 is a sequence of real strictly positive numbers such that:

lim (ap4 —a,) =a>0
n—oo

Find:

i n+1 n )
lim | — - — an
noo \n™m+ DI (n+ DVl
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2746 Find without any software:

[ee)

x%Inx 4
o G2+ 12

Proposed by Jalil Hajimir-Canada

U.2747 Solve for real numbers:

2tan (x + [x] + 1) = tan™'(2x + 1) + tan"*(2[x] + 1)

Proposed by Jalil Hajimir-Canada

U.2748 Prove without any software:

T

s 2 sinx
< ﬁdx<2
2 o Sin>x + cos> x

Proposed by Jalil Hajimir-Canada ‘

U.2749 Find the general solution of:
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dy
— =4 + 3x?
Ix + 3x“y
Proposed by Jalil Hajimir-Canada
U.2750 Solve for real numbers:
x[log[x]] = i/igc, [*] is the greatest integer part of *
Proposed by Jalil Hajimir-Canada
U.2751 Find the general solution for:
dy  xy
dx  x2 +y?

Proposed by Jalil Hajimir-Canada

U.2752 Find U(x, y):

{\/4+x2U,’C+U,’C=1’x'yE]R

U(x,0) =x

Proposed by Jalil Hajimir-Canada

U.2753 Solve the following integral equation:

t

yt)=et+ 4f cos(2t — 3x) y(x)dx
0

Proposed by Jalil Hajimir-Canada

U.2754 Find f(x) if: fooo xf (x) cos(tx) dx = — fooof(x) sin(tx) dx and f(1) = 1
Proposed by Jalil Hajimir-Canada

U.2755 Prove without any software:

Proposed by Jalil Hajimir-Canada

U.2756 Find the general form of solutions:

dy 1
dx 1+ 2xe*¥

Proposed by Jalil Hajimir-Canada ‘
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U.2757 Prove that:

A A
tanxtan~!x > x[x], -5 <x<3y

Proposed by Jalil Hajimir-Canada

U.2758 Prove that:

(k-1 k2 —1 e"—1 2
Z { 2 2 T2 2’ e_n(_l)kﬂ} = T o2m
] k2+ 12 (k2+1) 2e e —1

Proposed by Hikmat Mammadov-Azerbaijan

1

)m then prove that Q = 22

e2

U.27591f O = lim

((m+1)~(m+2)~...~(m+2m)
m—oo

mzm

Proposed by Hikmat Mammadov-Azerbaijan
U.2760 Find a closed form:

G,

0= N !
= ;n! it DI Znt D2n+)nt)ent D ? (” +§)

Proposed by Hikmat Mammadov-Azerbaijan

U.2761If ;3 >0and 1 —a <y < 1 + min(a; B) find:

_zB

(" cos(z%) —e
] —L dz

Z1+y

Proposed by Hikmat Mammadov-Azerbaijan

— 1
1 mr tan 1m
V2762 If Q(minim) =y om0 then:

tan 'my 1412

111 1+7r2
Q(m;n;r) + Q(—;—;—) =tan™!
n'm’'r

Proposed by Hikmat Mammadov-Azerbaijan

U.2763 Prove that:

x ==t
0o V14 2x2(1+ 3x2) 2

1 tan-! 2V1+2x2 5
an V5(1+x2) d T an_l E T
5 15

Proposed by Hikmat Mammadov-Azerbaijan

U.2764 Given:
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Q= Z f (In2 xz-li-n:;)) dx

n=0

and

! 1
P=m fo mdx
Then provethat: Q + P =1
Proposed by Hikmat Mammadov-Azerbaijan
U.2765 Prove that:
(n® + m®)

n
lim m=1 7o =42
n 2n(2 + \/§) néne(@-6)n

Proposed by Hikmat Mammadov-Azerbaijan

U.2766 Find a closed form:

q f(f <1+x+\/x+x2>d )d
= x |dx
Ve +V1+x
Proposed by Hikmat Mammadov-Azerbaijan

U.2767
T
0= f cos (nx — marctan (
0

2n

)) (1+2zcosx + Zz)_% (2 cos g) dx

zsinx
1+ zcosx

Provethat: A =m
Proposed by Hikmat Mammadov, Nazenin Eyvazova-Azerbaijan

U.2768 Find:

0= 1 xIn? x p
), G+rDEE+ D

Proposed by Vasile Mircea Popa - Romania

U.2769 If we have the function

T(x) = (1 —xtan™?! (%)) tan™(x)

then prove that

[ reor@)
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7¢(3) 21 93{(5
= 3@ 10g(2) - 2 - 2 2)g®) + 5

Proposed by Srinivasa Raghava-AIRMC-India
U.2770 Prove that:

+o0 oo In3(x) d dv = 8 3 mt
f-wfl w22 00 +y 9 C P T F\ 7o

Proposed by Memmedov Cosqun - Azerbaijan

U.2771 Prove the below closed form

1 1 8
1 (—)d dydz = Li (—) 2In?(2) —3In3+=
ffj;o'l]sn xy +yz+ zx xayaz f2 4 +21n%(2) " +3

Where, Li,(z) is the spence or dilogarithm function
Proposed by Ankush Kumar Parcha-India

U.2772 If n € N,n > 2 then:

(n-2)(n+3) nh ¢
e 2 = (—)
2

Proposed by Khaled Abd Imouti-Syria

U.2773 Prove the below closed form

3 (2 (2 sin(x) 7t
J;) J;) L xyzIn (cos(y) tan(z)) dx dy dz = T {(3)

Where, {(3) is an Apery’s constant.
Proposed by Ankush Kumar Parcha-India

U.2774 Prove that:

I~ 11 _yo(n+1)
Zn:o(\/5n+2 \/5n+3)( 1)2 L

oo 11 _ Tt | 4
n=0(\/5n+1 \/5n+4)( 1)2

Proposed by Srinivasa Raghava-AIRMC-India

U.2775 Prove that:

(48G — 12 In(2) — 572)

J‘ 1 J‘ Larctan(x) In(xy) _In(2)
0 Jo

dxdy = ——
A+020+y) %Y~ 96

(G — Catalan’s constant)

Proposed by Memmedov Cosqun - Azerbaijan
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U.2776 If p is an odd integer, then find the possible closed form of the following:

© 2Zn+1+p
Z n (Zn) 1+p
P 2n-1)2@2n+ 116"\ n n+ —

Proposed by Narendra Bhandari - Nepal
U.2777 Find:

Q- f ® arctan(x) p
)y x(x3+1) x

Proposed by Vasile Mircea Popa - Romania

U.2778 Find all values of a € R such that

e ——
(0]
Proposed by Nguyen Van Canh - Vietnam
U.2779 Find:

f°° arctan(x)
0= | —/—Lax
o x(x+1)3

Proposed by Vasile Mircea Popa - Romania
U.2780 Prove that:

® xIn?(1 +x)

A=) Groe+o°

dx = %(27‘[2 —-9¢(3) —6In(4))

Proposed by Shirvan Tahirov-Azerbaijan

U.2781 Prove that:

: B ()

4
In(cos x) cos*~1 2x tan 2x dx = (u>0)
fo aa-p

Proposed by Hikmat Mammadov-Azerbaijan
U.2782 Prove that:
11 -1

_ 1 1
fl tan " tan Ve N e+
0 V2 + x? V3 + x2 (1+x2)(2+ x2)V3 +x2

tan~!

-1 1 .o—11—x
1tan sin T —
1-[ V3+x 1+x T 9 n 1
0

T
+= dx = +—In-———=tan™" —
2 B+x)V3+x 123 4 8 42 V2

Proposed by Hikmat Mammadov-Azerbaijan

2
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U.2783 Find a closed form of:

C 1 1
Q=Z an? —4n+1 h-l( )——
<( e dAnt D o v 7) T8

n=1

Proposed by Toubal Fethi -Algeria

U.2784 Prove that:

%fowt¢(—§)dt=—<(z>,

. . . . ') e_y
where ¢(—z) is the exponential integral defined as ¢p(—z) = — fz Tdy.

Proposed by Said Attaoui -Algeria

U.2785 N(t) ~ Poisson (At), X1, Xz .. Xn) ~ N, 02), Xy is the m*™ order statistic & EX ) is
its expectation define: when N(t) < m, Xy = 0. Prove: EX(y ~ 04/2In(At) ast — o

Proposed by Hikmat Mammadov-Azerbaijan

U.2786 Prove that:

® (e Xx*] 1 -1

f f e “x*In(x) (In(y) n(x))dxdyzg(y_l)
A (x% + y?)2 4
Where y is Euler — Mascheroni constant

Proposed by Cosqun Memmedov-Azerbaijan

U.2787 Prove the following:

dx = m?{(3) — 9{(5)

1Li,(x)In?(x)
_L x(1—x)

dx :(2(3)+n—

1Liz(x) In%(x) 6
fo x(1—x) 945

2
T 2(5) - 344(7)

dx =—03) + 3

1Lis(x) In?(x) m* 10
J;, x(1—x) 45

Proposed by Vincent Nguyen-USA

U.2788 Prove that:

B L rn?2(x) In?(1 + y?) )
Q_fofo ya+a) YT e

Proposed by Shirvan Tahirov-Azerbaijan
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U.2789 Find:

p 1arcsin X arccos\x
szf (xy) (y)dxdy
0 0

y
Proposed by Togrul Ehmedov-Azerbaijan

U.2790 Find:

f°° arctan(x)
0= ——dx
o x(x+1)2

Proposed by Vasile Mircea Popa - Romania

U.2791 Compute:

1

I = lem\[zozz +J1—xZdx

2023

Proposed by Nguyen Van Canh-Vietnam

U.2792 Let:
® (—1)k"1e=m(2k=1) cog (% 2k — 1))
M= 1 — e—m(2k-1)
k=1
and
2, (—1)kte Tk 5in2 (Z—IC)
Q; = z —rtk
o] k(1 + e~7k)
Prove that:
2r? v2r(2) 1
In(1+2v2Q,) +4Q, =In 4) — (4) +

Proposed by Toubal Fethi -Algeria

U.2793 Find the value of a.

[} L[ e ——)¢2( 2 gy (-22) ety e -

as(5a + 1)"{/&\]0{ -

(=2) = @D [~

11 (=) 1= [ de, g (=y) = (207 [

Proposed by Ankush Kumar Parcha-India
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U.2794 Find a closed form:

Q(x,p)=i<(n+p)(n+p—1).___.(p_l)(l 5 )n)
n=0

n! _1+ex

Proposed by Khaled Abd Imouti -Syria

U.2795 Let be t € N fixed, then calculate:

1 n
lim ————( ) [kt
am (W)t+1 <;[ x])

where x € R}, where [a] is the integer part of a € R.
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2796 In triangle ABC with the semiperimeter s and the area F the following inequality holds:

2023 + b2023 b2023 + C2023 2023 + a2023

a Cc

(S — C)2023 + (S — a)2023 + (S — b)2023

> 3. 22024—

Proposed by D.M. Bdtinetu - Giurgiu-Romania

U.2797 If a,b,m, x,y,z > 0, then:

mx? my? . mz? D> 27m
<(ay + bz) + 1> . <(az + bx)? + ) . <(ax + by)? + ) “ 4(a + b)?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.2798 Let be x, y > 0 then in triangle ABC with the area F the following inequality holds:

F

1 1
b >
b(ax+cy)+c(bx+ay)+a(cx+by)+(a+ to) =z [x ¥y

Proposed by D.M. Bdtinetu - Giurgiu-Romania
U.2799 If x,y,z > 0 and ABC is a triangle with the area F, then:

x2a3+y2b3+zzc3>8( tyz420) F
he | Ry | h, 3 2 TYETH

Proposed by D.M. Bdtinetu - Giurgiu-Romania
U.2800 If ABC is a triangle in which we denote by F the area, then:
(a?b?c* + a?b? + c* + 1) - (b%c?a* + b?c? +a*+ 1) -
-(c?a?b* + c?a® + b* + 1) = 1296F*

Proposed by D.M. Batinetu - Giurgiu-Romania
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U.2801 If m = 0 and ABC is a triangle, then the following inequality holds:

am+1 +bm+1 bm+1 +Cm+1 Cm+1 +am+1

> 24
(a+b—c)m+1+(—a+b+c)m+1+(a—b+c)m+1_

Proposed by D.M. Bdtinetu - Giurgiu -Romania

U.2802 If m = 0, then in any AABC with the area F the following inequality holds:

am+1 b bm+1 .c Cm+1 .

a 1-m
>2m+2. 3 . F
[T ST Y (3)

Proposed by D.M. Batinetu - Giurgiu,Flavius Cristian Verde-Romania
U.2803 If x,y > 0, then in AABC with the area F the following inequality holds:

a* N b* N c* - 163 F
xhi +ymZ  xhZ+ymi xhi+ymi 3(x+y)

Proposed by D.M. Bdtinetu - Giurgiu-Romania

U.2804 If a, b, x,y,z > 0, then:

x? . y? . z? D> 27
<(ay + bz)? + > . ((az + bx)? + ) . <(ax + by)? + ) ~ 4(a+ b)?

Proposed by D.M. Bdtinetu - Giurgiu -Romania
U.2805 Let be ABC a triangle in which we denote by F its area, then:
(a*b?c? + 2b?*c? + a* +2) - (b*c?a? + 2c?a? + b* + 2) -
- (c*a®b* + 2a*b* + c* + 2) = 5184F*
Proposed by D.M. Bdtinetu - Giurgiu -Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR JUNIORS

JP.526 Let a,b,c € (0,1). Prove that:

b+c_|_c+a_|_a+b> 2+vab N 2vbc N 2+/ca
1-a 1-b 1-c 1-+vab 1-+vbc 1-+ca

Proposed by Marin Chirciu - Romania

JP.527 If x,y,z > Owithx + y+z =1and A > 2 then:

1
>3(A1+3
x3+y3+z3+xy+yz+zx_ @+3)

Proposed by Marin Chirciu - Romania
JP.528If a,b,c > Osuchthata+ b+ c=3and0 <1< %then

1 4 1 4 1 - 3
al+A b3+ cB+1 A+1

Proposed by Marin Chirciu - Romania
JP.5291If a,b,c > 0; x € R then:

a b c 27
p + p + p =
(bsin?x + ccos?2x)®  (csin?2x+ bcos?2x)? (asin?x+ccos?2x)® ~ (a+ b+ c)?

Proposed by Daniel Sitaru - Romania

JP.530 In AABC, O — circumcenter. 4;, B4, C; are the intersection points of A0, BO,CO
with BC, AC and AB respectively. R4, R, and R; are circumradii of ABOC,AAOC and
AAOB respectively. Show that:

04, OB, O0C, " R2\BC AC AB

Proposed by Ertan Yildirim-Turkiye
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JP.5311If a,b,c > 0 and abc = 1 then:
a b b ¢} ,c a3 4
-4 — -4 — —+—) >3V
(2+c) +<2+a) +(2+b) =3V18
Proposed by Khaled Abd Imouti-Syria

JP.532 In any AABC, I — incenter,  — radii, R — circumradius, s — semiperimeter, the
following relationship holds:

AB+BI+CI<2(R+71)
Proposed by Marian Ursdrescu - Romania

JP.533 Let be the triangle ABC with AD, BE, CF — altitudes and H — orthocenter. Prove
that:

HA HB HC_ (R)Z X
HD HE HF r
Proposed by Marian Ursdrescu - Romania

JP.534 In AABC, I — incenter and D, E, F the points of contact of the cevians AI, BI,CI
with the circle, then the following relationship holds:

2(R? — Rr +1?)
T

ID + IE + IF <

Proposed by Marian Ursdrescu - Romania
JP.535 In AABC the following relationship holds:
4 4 22,2
T +1pr
Z a2 bZC > SZ
S T, 1
Proposed by Marian Ursdrescu - Romania

JP.536 In AABC the following relationship holds:

2R _ (4R +71)?
>—— > +1
r S

Proposed by Alex Szoros-Romania

JP.537 Find the angles of a triangle ABC if

sin A + 2 sin B 1 3v3
Vsin? B + sin? C + 2 cos A sin B sin C 2sinC

Proposed by Cristian Miu - Romania
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JP.538 In AABC the following relationship holds:

3 cos??
— <Y 2
2R h,

3
< —
4r
Proposed by Alex Szoros-Romania

JP.5391n AABC,0 € (AB),0Q || BC,where Q € (AC).P € (OC) such that RP || BC,
where R € (AC) and T € (AB). If the lengths of the segment RT is the geometric mean of

the lengths of the segments 0Q and BC, then OP < %.

Proposed by Gheorghe Molea - Romania

JP.540 Let be AACD with m(CAD) > 90°, B € (CD), such that m(BAC) = 90° and AC >
AB. The bisector ACD intersects AD in E. If (BE is the bisector ABD, prove that:

1_\/2(1 1)
AD 2 \AB AC

Proposed by Gheorghe Molea - Romania
PROBLEMS FOR SENIORS

SP.5261fa,b,c,A > 0,a + b + ¢ = A then:

> v az2(a+vb+ve)

Proposed by Marin Chirciu - Romania

SP.5271fx,y,z > Owithx+y+z = 1and 0 < A < then

9-1
xy+yz+zx—lxyz§7

Proposed by Marin Chirciu - Romania
SP.528 If a, b, c > 1 then:

- 3\/ab—l N 3\/bc—l N 3\/ca—l
3V2Z b+c+V2 c+a+V2Z a+b++V2

1
§(a+b+c)+

Proposed by Marin Chirciu - Romania
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SP.529 Let ABC be a triangle with inradius r and circumradius R and let the interior points
D, E, F be chosen on the sides BC, CA, AB respectively, so that AD, BE, CF are the
bisectors of the triangle ABC.Let 14, g, r ¢ be the inradii of the triangles AEF, BFD,CDE
respectively. Prove that:

R4

641r?

2 2 2
ryt+rgt+re<

Proposed by George Apostolopoulos- Greece

SP.530 Let a, b, ¢ be the lengths of the sides of a triangle with inradius circumradius R.
Prove that:

1—i l—i

3 1 1 1 31
<- +- +- <
Vm+ DR Vm-a+b VYm-b+c VYm-ct+a” Ym+1) 2r

for all integersm > 0andn > 1.
Proposed by George Apostolopoulos- Greece

SP.5311If a, b,c>1, then:

ab+bc+ca —MZ ab bc ca _ 1

3 3 3fabc

Proposed by Vasile Mircea Popa-Romania

SP.532 Prove that in any right triangle with the cathetus b and ¢ we have the inequality:

r< ¥ (b + ¢), where r is the inradii of the triangle.
Proposed by Laura Molea and Gheorghe Molea - Romania

SP.533 Prove that k = g is the largest positive value of the constant k such that

1 1 1 1 1
a B+E+E+E—5 >k(a+b+c+d+e—5)
for any positive real numbers a, b, ¢, d, e satisfying ab + bc + cd + de + ea =5
Proposed by Vasile Cirtoaje - Romania
SP.534 If the lengths a, b, c of the sides of a triangle are the roots of the equation
kx® — x> +9kx — 1 =0 (k-1 # 0), then find the area of the triangle.

Proposed by George Apostolopoulos-Greece
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SP.535 Determine all the numbers abcd such that:
1+a+b+c+a-b+b-c+c-a=a-b-c-d
Proposed by Neculai Stanciu, Titu Zvonaru - Romania

SP.536 Let be the triangle ABC with AD, BE, CF - altitudes and H — orthocenter. Prove
that:

HA HB HC R\?
—t—+—2>2 (—) -1
T
Proposed by Marian Ursdrescu - Romania
SP.537 Solve for real numbers:
3e* +3e3* +1=4e?* +3./et
Proposed by Daniel Sitaru - Romania

SP.538 In acute AABC the following relationship holds:

36 <4 ZtanAtanB < 9+1_[tan2A

cyc cyc
Proposed by Daniel Sitaru - Romania

SP.5391f a > 0; f: R — Ris a function such that:
1
f(ax _Z) <ax < f(x)—-1;(V)x € R then:

12V/a

a

f)+f4@)+£(8)>

Proposed by Daniel Sitaru - Romania

SP.5401If x,y € [3,4]; z,t € [1,12] then:

(x+y+ +t)(1+1+1+1><100
xryrz x y z t/ 3

Proposed by Daniel Sitaru - Romania
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UNDERGRADUATE PROBLEMS

UP.526 Prove the identity:

jmlsin(x)ld . Zi 1
o 1422 7 (4nZ —1)en
n=1

Proposed by Vasile Mircea Popa - Romania

UP.527 Prove the closed form:

f ® In x d 32n?  w

———dx=— sin—

0o X¥¥+x/x+1 81 18
Proposed by Vasile Mircea Popa - Romania

up.5281Ifa, > 0;r, > 0;a,,1 =a,+n-ryneN"and limr, =r>0

n—co

then find: Q = lim(2H,, —loga,,)
n—>oo

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru - Romania

UP.529 If a,, > 0;n € N*; lim (a,.; — a,) = a > 0 then find:
n—>oo

Q = lim

1 B 1 o
n-oo <W n+1/(n+1)!> an

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru - Romania

UP.530 Find:

2H,

Q = lim

1 1
,Hw<vﬁmtiﬁf'“V65?7ﬁJ'e

Proposed by D.M. Batinetu-Giurgiu, Daniel Sitaru - Romania

UP.531 Prove that:

f‘” x2 sinh(2x) 33
o coshZ(2x) * =128
Proposed by Said Attaoui - Algeria

UP.532 Find all continuous functions f: R — R; f(0) = 0 such that:

X

f@=f(3)+7 Wxer

Proposed by Daniel Sitaru - Romania
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UP.533 Calculate the integral:

dx

fl arccos x
-1

Vax* +x2 + 4
Proposed by Vasile Mircea Popa - Romania

UP.534 If a, b > 0 then:

b b x y ) b
jj (o + o) dxdy < 1n? ()
a Ja \(X*+Yy y*+x a

Proposed by Daniel Sitaru - Romania

UP.S35Ifx,y,z> 1;x #y #z+ xand logyx +logzy +1logz=10
z x y

then:

log, x N log, y log, z _
log3 (;) * 1og3 (7) 183 (3)
Proposed by Daniel Sitaru - Romania
UP.536If 1 < a < b;m > 1 then:

(b—l)m+1 _ (a_ 1)m+1 bm+1 _am+1
+hb-a<———
m+1 m+1

Proposed by Daniel Sitaru - Romania

UP.537 Find:

-2

P 1 (4n> (4n> (3n>
“aen-gn\n/)\2n/\n
Proposed by Daniel Sitaru-Romania

UP.538 Solve for real numbers:

fxt2+1dt=2(\/z—z)

L B3+1
Proposed by Daniel Sitaru-Romania
UP.5391f 0 < a < b then:

b
fexzdxz(b—a)-i/a2+ab+b2

a

Proposed by Daniel Sitaru - Romania
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UP5401fa,b € R,a < b, f:[a,b] - (0,), f — continuous then:

b b 4 3
3jf(x)dx+<f mdx> > 4(b — a)

Proposed by Daniel Sitaru - Romania

All solutions for proposed problems can be finded on the

http//:www.ssmrmh.ro which is the adress of Romanian Mathematical

Magazine-Interactive Journal.
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