'SOCIETY.

ISSN12501 0099




Romanian Mathematical Society-Mehedinti Branch | 2025

ROMANIAN MATHEMATICAL
SOCIETY

Mehedinti Branch

ROMANIAN MATHEMATICAL MAGAZINE

R.M.M.

Nr.45-SUMMER EDITION 2025

1 ROMANIAN MATHEMATICAL MAGAZINE NR. 45



Romanian Mathematical Society-Mehedinti Branch | 2025

ROMANIAN MATHEMATICAL
SOCIETY

Mehedinti Branch

DANIEL SITARU-ROMANIA
EDITOR IN CHIEF

ROMANIAN MATHEMATICAL MAGAZINE-PAPER VARIANT
ISSN 1584-4897

GHEORGHE CAINICEANU-ROMANIA

D.M.BATINETU-GIURGIU-ROMANIA

CLAUDIA NANUTI-ROMANIA

FLORICA ANASTASE-ROMANIA

NECULAI STANCIU-ROMANIA

MARIAN URSARESCU-ROMANIA

MARIN CHIRCIU-ROMANIA

DAN NANUTI-ROMANIA

IULIANA TRASCA-ROMANIA

EMILIA RADUCAN-ROMANIA

DRAGA TATUCU MARIANA-ROMANIA

DANA PAPONIU-ROMANIA

GIMOIU IULIANA-ROMANIA

DAN NEDEIANU-ROMANIA

OVIDIU TICUSI-ROMANIA

LAVINIU BEJENARU-ROMANIA

EDITORIAL BOARD

ROMANIAN MATHEMATICAL MAGAZINE-INTERACTIVE JOURNAL

ISSN 2501-0099

WWW.SSMRMH.RO

DANIEL WISNIEWSKI-USA

VALMIR KRASNICI-KOSOVO

EDITORIAL BOARD

2 ROMANIAN MATHEMATICAL MAGAZINE NR. 45



Romanian Mathematical Society-Mehedinti Branch | 2025

CONTENT

A NEW PROOF FOR IONESCU — WEITZENBOCK’S INEQUALITY USING THE TORICELLI’S
POINT- Daniel Sitaru, ClaUAiQ NGNULI............cuueeeeeeieieieieeeeeccetee e e tee e e e et e et et seestre e aeaeas 5

A SIMPLE PROOF FOR SANDOR'’S INEQUALITY AND APPLICATIONS- Daniel Sitaru,Hikmat

LAY Lo Tt T2 Lo e Lo 1V ANOT OO 8
A SIMPLE PROOF FOR DURELL’S INEQUALITY - DANiel SitQru ........ccuuueeeveeveeeeeeeeeeeneeerneeeennnn. 10

A NEW GENERALIZATION FOR HADWIGER-FINSLER’S INEQUALITY IN TRIANGLE-

D.M.Bdtinetu-Giurgiu,Mihaly Bencze, Claudia NGNULi.............oeuvvieieieeieeiiiieieeiesieneeieieeiinnnn 13

A NEW GENERALIZATION FOR GORDON’S INEQUALITY IN TRIANGLE- D.M.Bdtinetu-

Giurgiu,Mihaly Bencze, Claudia NGNULI..........cc.ueeeieeeieieieesciiie e esttiteeeseivieaesesiearaessssses s eneas 14

A NEW GENERALIZATION FOR TSINTSIFAS’ INEQUALITY IN TRIANGLE- D.M.Bdtinetu-

Giurgiu,Mihaly Bencze, Claudia NGNULI..........ccccoueeeeeeeieieieeeietie e eeesteeae ettt aesssataeaeesssns e eeeas 15
NAGEL’S AND GERGONNE’S CEVIANS-APPLICATIONS AND RESULTS-Bogdan Fustei............ 16
RMM SOLVED PROBLEMS IV- MQrin CRIICIU ..........cevuueeeeeeiieieieieeeeeee et 23
RMM SOLVED PROBLEMS V- MQrin CRIrCIU ........cc.ueeeeoeeeriiiiiieiieieieeeeee et e 39
RMM SOLVED PROBLEMS VI- MQrin CRIICIU .....coueeeeeeiaiieeiieee et 59
ABOUT THE SPIEKER’S CEVIANS IN TRIANGLE-BOGdan FUSEEI...........cceueereueesceeeceieeeeeeeaee 77
PROPOSED PROBLEIVIS......... oottt ettt st et et st st et sae s s st eeat saeeessen sea e e ene 82
PROPOSED PROBLEMS FOR JUNIORS..........coooi ittt sttt ettt e e e et e e eenas 82
PROPOSED PROBLEMS FOR SENIORS............ocoooiiiteinint ettt ettt st s seee s e eee e 104
UNDERGRADUATE PROBLEMES........cciiiiiiiiiiiniiiitieiesstrreterseensssssssssssssssssssisssssssssssssssnenens 129
RMM-SUMMER EDITION 2025.......ccccettimimmmmmmiiimiiiimininnnsnieieiisesesssssssssmsmsssessssesssssssssssns 152

3 ROMANIAN MATHEMATICAL MAGAZINE NR. 45



Romanian Mathematical Society-Mehedinti Branch | 2025

PROPOSED PROBLEMS FOR JUNIORS...........ccooiiiiiiiii ittt e 152
PROPOSED PROBLEMS FOR SENIORS.........ccooiiiiiieireerir et e ee s e s 154
UNDERGRADUATE PROBLEMES........ccotuuiiiiiiinniiiiiiniiniiniaiinneensssnssinmsmniesssesessssnsn, 156
INDEX OF PROPOSERS AND SOLVERS RMM-45 PAPER MAGAZINE...........ccccoommnirreneeenns 160

4 ROMANIAN MATHEMATICAL MAGAZINE NR. 45



Romanian Mathematical Society-Mehedinti Branch | 2025

A NEW PROOF FOR IONESCU — WEITZENBOCK’S INEQUALITY USING THE
TORICELLI'S POINT

By Daniel Sitaru, Claudia Nanuti -Romania
Abstract: In this paper we will find the distance between the Toricelli’s point and the centroid in any
triangle and we will use this to prove the lonescu — Weitzenbock’s inequality.

Lemma: Let M be an arbitrary point in the plane of AABC and G the centroid of AABC. In these
conditions: MA? + MB? + MC? = 3MG? + GA? + GB? + GC>.

Proof:

)

A'B =A'C; AA" - medianin AABC; AB =c;BC =a;CA=b;AA' =m,

GA = Ema;GA’ = %ma; G - centroid, A'B'=A'C =%, MA’ - median in AMBC:
MA'? =2 (MB? + MC?) - ;BC? (1)

We will use Stewart’s theorem in AMAA':

MG? - AA' = MA? - GA' + MA'? - GA— GA - GA' - AA'

MG?-m =MA2-1m +MA’2-Em —Em -lm -m
a 3 a 3 a 3 a 3 a a

1 2 2
MG? = =MA? + SMA2 —Zm2
gMAT+3 gMa
By (1):

1 2/1 1 2
MGZ = §MA2 +§<§(MBZ +MCZ) —ZBCZ) —§mczl

3MG? = MA® + MB? + MC? — Spc? ~ 2(PF 4
2 3\ 2 4
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5 5 5 5 a’® b%*+c? a?
3MG* = MA“ + MB“ + MC —7— 3 +6

MA? + MB? + MC? = 3MG? + %(a2 +b2+c2) (2)

4 4 3
GAZ+GBZ+GCZ=§(m,§+m§+m§)=§-Z

Replacing in (2): MA%? + MB? + MC? = 3MG? + GA? + GB? + GC?
Back to the main proof: We take M = T — Toricelli’s point in lemma.

TA%? + TB? + TC? = 3TG? + GA%? + GB? + GC* (3)

Denote: TA=x;TB=y;TC =z
Replacing in (3): x2 4+ y2 +z? = 3TG? + GA%? + GB? + G(C?
3TG? =x?>+y? + 22— (GA? + GB?> + GC?)
1 1 4
TGZ=§(x2+y2+ZZ)—§-§(m§+m§+m§)
1 4 3
TGZ=§(x2+y2+ZZ)—2—7-Z(a2+b2+c2)
TGZ=§(x2+y2+zz)—§(a2+b2+c2) (4)

1
[ATB] = STA - TB - sin(<ATB)

1 X
[ATB] = Exy sin120° =7ysin(180° —60°)

_xy o _xy V3 _xyV3
[ATB] = > sin60° = 7 2 - a4
[AaTB] = 22 (5)
Analogous:
(BTC] =22 ()

4

1
(a? + b%2 + ¢?) =§(a2+b2+cz)

6 ROMANIAN MATHEMATICAL MAGAZINE NR. 45
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zx\3

[CTA] ==

(7)

By adding (5); (6); (7): [ATB] + [BTC] + [CTA] = 2 (xy + yz + zx)

V3 V3
[ABC] =T(xy+yz+zx), F=T(xy+yz+zx)

xy+yz+zx=% (8)
By cosine’s law in AATB:
BC? =TA? + TB? — 2TATB cos(%ATB), a? =x?+ y? — 2xycos120°
a? = x?+y? — 2xycos(180° — 60°), a? = x?+ y? — 2xy(—cos 60°)
a?=x*+y%+xy (9)
Analogous:
b%? = y? + 2% + yz (10)
¢t =z +x*+zx (11)

By adding (9); (10); (11): a® + b? + c? = 2(x®> + y? + z2) + (xy + yz + zx)

BY (8): a? + b2 + 2 = 2(x? +y* +27) +

4F
2(x?2+y2+z)=a?+b%+c?——
(x“+y ) 7

X2+y?+z22=2(a2+b%+c?) -5 (12)
2 V3

Replacing (12) in (4):

1/1 2F
TG2=—(— 2 bZ 2y )
3 2(a + b% +c?) Ne

1
—§(a2+b2+c2)

1 2F 1
TG? ==(a?+b?>+c?)————=(a? + b?* +c?
6 ) 3v3 5( )
_3(a* +b*+c?)—2(a*+b*+c?) 2FV3

TG?
18 9

2 4 b2 +c%2—4F\3 2 4 b2 +c%2—4F\3
ez =2 1‘; ‘/_, TG2>0= 2 1; B

=a?+b*+c2—4FV320, a?+b%+c?>4FV3
which is lonescu — Weitzenbock’s inequality

Reference: www.ssmrmh.ro — Romanian Mathematical Magazine
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A SIMPLE PROOF FOR SANDOR’S INEQUALITY AND APPLICATIONS

By Daniel Sitaru-Romania, Hikmat Mammadov-Azerbaijan

Abstract: In this paper we will give a simple proof for Sandor’s inequality and a few applications.
SANDOR’S INEQUALITY
If x > 0 then:

X sinh x

(D

arcsinh x < X
Proof: Letbe f:[0,0) - R; f(x) = sinhx — x
f'(x) =coshx —1
f'(x)=0=coshx—1=0= coshx =1

eX+e™™

—1=0>e*-2+e*=

(VeF —ve™)" = 0= Ve¥ = e =
ef=eFoa3x=—x=22x=0>x=0
minf(x) = f(0) =0= f(x) 2 0;(V)x 2 0
sinhx —x > 0= sinhx > x

sinh?x > x2=1+sinh?x > 1 + x?

cosh?x >1+4x2 = y/cosh?x > 3/1+ x2

Vcoshx > /1 + x2
vcosh x 1 @
Vi+aZ ™

By Cauchy — Schwarz’s inequality (integral form):

2 2

x x 1 2 x ./ h ) x

f (\/coshx)zdx~f (4—) de( ﬁdx) > (f dx) = x?
0 0 v1+x2 0 \/1+x2 0

X X
1
coshx dx f dx > x?
J;) 0 v1+x2

sinhx-ln(x+ 1+x2) > x?

sinh x - arcsinhx > x?2

8 ROMANIAN MATHEMATICAL MAGAZINE NR. 45
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For x > 0 we obtain (1):

X sinh x

<
arcsinh x X
Application 1: If 0 < a < b then:

b 2
b+e—b

x
e“+e‘“+2f dx <e
o In(x + V1 + x2)

Solution: By (1):

x sinh x x?

< sinh x

- = :
arcsinh x X arcsinh x

b 42 b
f +dx£f sinh x dx
q arcsinhx a

b x2
dx < coshb —cosha
J;l ln(x +V1+ xZ)

x2
d
ln(x ++v1 +x2) *

et +e @ fb x? < el +e?
x _—
2 a In(x + V1 + x2) 2

< coshb

b
cosha + ]
a

xZ
dx <
In(x + V1 + x2) r=e

Application 2: In AABC the following relationship holds:

Z sinh A Z arcsinh A4 | > w?

cyc cyc

b_l_e—b

b
ea+e‘“+2f
a

. (1) A2 B2 c2
Solution: sinhA + sinh B + sinhC >

+ + >
arcsinh A  arcsinh B arcsinh C

BERGSTROM (A+B +(C)? 72
>

arcsinh 4 + arcsinh B + arcsinh C - arcsinh A + arcsinh B + arcsinh C

Z sinh A z arcsinh A4 | > w2

cyc cyc

Application 3: In AABC the following relationship holds:

Z sinh a Z arcsinh a | > 10872

cyc cyc

9 ROMANIAN MATHEMATICAL MAGAZINE NR.
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. (1) a2 bZ
Solution: sinha + sinhb + sinhC >

CZ

arcsinha  arcsinhb arcsinhc —

BERGSTROM (a+b+c)?
>

arcsinh a + arcsinh b + arcsinh ¢

MITRINOVIC 2
Zsinha Earcsinha > (a+b+c?) = 4s? > 4-(3v3)" -r% =108r?

cyc cyc

Reference: www.ssmrmh.ro — Romanian Mathematical Magazine

A SIMPLE PROOF FOR DURELL’S INEQUALITY

By Daniel Sitaru-Romania
Abstract: In this paper we will give a simple proof for Durell’s inequality in any triangle ABC and a
few connections with Docuet’s; Euler’s and Mitrinovic’s inequalities.
DURELL’'S INEQUALITY

In any triangle ABC the following inequality holds:

24 2 B 2 €
mn5+mn5+mn521(n

Proof: Lemma 1:
Ifx,y,z€eR:
3xy+yz+zx) < (x+y+2)? (2)
Solution: 3xy+3yz+3z<x?+4+y?+2z%+2xy+ 2yz+2zx
x2+y2+z2>xy+yz+zx, 2x%+2y%+4+222>2xy+2yz+2zx
x2—=2xy+y?+y?—2yz+2z>+22—-2z2x+x?>=>0
x—v)2+(O—-2)2%+z—-x)?2=0
Lemma 2: If r,, ry, . are exradies in AABC then:
T rp+1Tpre+rrg=5* (3)

Solution:

F F
rarb+rbrc+rcraerarb=25—a's—b:

cyc cyc

10 ROMANIAN MATHEMATICAL MAGAZINE NR. 45
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B F? \Os(s—a)(s=b)(s—c) _
_;(S—a)(s—b)_; (s—a)(s—b)

=sZ(s—c)zs(3s—Zc>=s(35—23)=52

cyc cyc
Lemma 3: If r,, 1y, 7 are exradies in AABC then:
Te+rp+r.=1r+4R (4)

Solution:

F 1 F
ra+rb+rc=zra=25—a=FZs—a=(s—a)(s—b)(s—c);(s_b)(s_c):

cyc cyc cyc
_ Fs
B s(s—a)(s—b)(

cyc

s s
=F<352—6sz+32a+2bc> =g(—352+252+sz+r2+4Rr) =

cyc cyc
1
=;(r2 +4Rr) =1+ 4R
Lemma 4: (Doucet’s inequality): In AABC the following relationship holds:

sV3<r+4 (5
Solution: Wereplacein 2):x =1y =1,z =1,
3(rary + 17 + 1o10) < (1, + 1 +7)2
By (3);(4):
352 < (r + 4R)?
sV3 <7 +4R

Back to the main result: Durell’s inequality (1) can be written:

s(s—a)
cyc cyc

Z(s —b)2(s— )2 = s(s —a)(s — b)(s — ¢) = F?
cyc

By C-B-S inequality:

- C);(sz —s(b+c)+bc) = gZ(sz —s(2s—a)+ bc) =

11 ROMANIAN MATHEMATICAL MAGAZINE NR. 45
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2

Z(s—b)z(s—c)ZZ% Z(s—b)(s—c) =

cyc cyc

2

2
=% Z(sz—s(b+c)+bc) =% 352—52(25—a)+2bc =

cyc cyc cyc

2

1
=3 352—6sz—sZa+sz+r2+4Rr =

cyc

1 1
= 5(—35 + 252+ s+ r?2+4Rr)? = 3 (r? 4+ 4Rr)?
Remains to prove that:

1
§(r2 + 4Rr)? > F?, r2(r + 4R)? > 3r?s?, 352 < (r + 4R)?

sV3 <r+4R

which is (5) — Doucet’s inequality. Using Euler’s inequality:

_R
=3

we can obtain by (5):

R 9R
S\/§Sr+4RSE+4R=—

2

9R _ 3+3R
S<25= 2

which is Mitrinovic’s inequality. Another proof for (6) is based on the concavity of the function:

f:(0,m) » R; f(x) =sinx, f'(x)=cosx;f"(x) =—sinx <0

By Jensen’s inequality:

A C
£+ £B) + £(©) < 3f (o)

3
sind +sinB +sinC < 3sm§, 2RsinA + 2RsinB + 2RsinC < 6R-7
a+b+c 32 3v3
a+b+c<3V3R, < ;/_R, SST\/_R

Observation 1: In AABC (not right angled) the following relationship holds:

cot?A+cot’?B +cot’C > 1

12
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Proof: Let’s consider the triangle with angles:
m—24;1 —2B;t—2C
Let’'s observe that: (m —24A)+ (m—2B)+ (m—2C)=3n—2(A+B+C)=3n—-2n=m

By (1):

X 2(n—2A>+t 2(n—ZB)_l_t 2(n—2€>>1
an > an > an > >
2 (T 2 (T _ 2 (T _
tan (2 A)+tan (2 B)+tan (2 C)Zl
cot? A+ cot?B+cot’C>1

Observation 2: In AABC the following relationship holds:

t 25A+t 25B+t 25C>1
n® — n® — n—=
a4y rhan oAy

Proof: Let’s consider the triangle with angles:
2w — 5A4;2m — 5B; 2w — 5C
Let’s observe that:
2r—-54A)+ (2n—5B)+ (2n —5C)=6w—5(A+B+C)=6m—5n=m

By (1):

2 — 54 2w — 5B 2w — 5C
tanz( 5 )+tan2< 5 >+tan2( 5 )21

54 5B 5C
tan? (n — 7) + tan? (n - 7) + tan? (n - 7) >1

25A 2SB 25C
tan 7+tan 7+tan 721

Reference: Romanian Mathematical Magazine — www.ssmrmh.ro

A NEW GENERALIZATION FOR HADWIGER - FINSLER’S INEQUALITY IN
TRIANGLE

By D.M. Bdtinetu — Giurgiu, Mihaly Bencze, Claudia Nanuti — Romania
Abstract: In this paper we will give a generalization for Hadwiger — Finsler’s inequality.

Main result: If m > 0 then in any triangle ABC the following relationship holds:

1_
chc a?m+2 > gm+l (\/3) s %chc(am+1 _ bm+1)2 (1)

13 ROMANIAN MATHEMATICAL MAGAZINE NR. 45
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If m = 0 then (1) becomes the classical Hadwiger — Finsler’s inequality:
2 1 2
Za > 4\/§F+52(a—b)
cyc cyc
Proof1: Y. (a™ —b™1)2 =23, a®™*2 —2%  (ab)™! =
1
z q2m+2 — Z(ab)mﬂ + Ez(amﬂ _ bm+1)2 >
cyc cyc cyc

RADON (ab + bc + ca)™*!
- (1+1+1)m

1
+ EZ(aﬂl+1 _ bm+1)2 >

cyc

+1
GorDoN (44/3F)" 1
> (3—m) +§ E (am+1 — bm+1)2 —

cyc

= 4m+1, (\/g)m+1—2m . Fm+l + %Z(am+1 _ bm+1)2 —

cyc

= 4m. (ﬁ)l_m CFm+l %Z(amﬂ _ bm+1)2

cyc

Proof 2:

z a?m+2 = Z(ab)m+1 + %Z(an‘wl —pmH2 >

cyc cyc cye
AM—GM 1
>3- (Vabbeca)" 42 ) (@t -y =
cyc
3 . 3m+1 m+1 1
_ W . (3/(abc)2) +EZ(am+1 _ bm+1)2 >
cyc
CARLITZ 3 m+1 1 M+l pm41n2
= 3m+1 (4\/§F) * Ez(a R
cyc
1

= (\/g)Zm L4m+l (\/?—))m+1 LFmMEL %Z(amﬂ _ bm+1)2 —
cyc

1- 1
= 4m+1., (\/§) m . Fm+1 +§Z(am+1 _ bm+1)2
cyc
Equality holds fora = b = c.

Reference: [1] - Romanian Mathematical Magazine — www.ssmrmh.ro
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A NEW GENERALIZATION FOR GORDON’S INEQUALITY IN TRIANGLE

By D.M. Batinetu — Giurgiu, Mihaly Bencze, Claudia Nanuti-Romania

Abstract: In this paper we will give a generalization for Gordon’s inequality.

Main result:

Ifm>0,M e Int(AABC);d, = d(A,BC);d, = d(B,AC);d. = d(C,AB) thenin AABC
the following relationship holds:

am+1 -b bm+1 .c cm+1 .
+ +
dr dm dm

Lsomz ()" F ()

If m = 0 then (1) becomes the classical Gordon’s inequality:

ab + bc + ca > 4V3F
Proof 1: Denote: F, = [MBC];F, = [MCA];F, = [MAB]

am+1 -b am+1 . bm+1 (ab)m+1

ar L (b-dy™ L @F)™
cyc cyc

cyc

1 (@)™t RADON (ab + bc + ca)™**
S om Fm = 2m(E,+F, +F)m™

cyc

_ (s +4Rr +r2)m*!

m+1

(s2+71(4R + 1))

om . Fm = 2F)m
DOUCET MITRINOVIC
> (2F)m (s2+sV3- r)m+1 > (2F)m (s +3V3r +sr\/_)m+1 =
— — I lFm .4m+1 (\/5_))"”1 . FmHl — om+2 (ﬁ)m+1 .F
Proof 2:
am+1 -b 3 am+1 . bm+1 3 (ab)m+1 3
ar (b-dy)™ — Lu 2F)™
cyc cyc cyc
1 (ab)m+t 1
=om B =2m.Fm-(ab+bc+ca)m+12
cyc
AM-GM 1 m+1 CARLITZ
Z ompm (33 (abcz)) >
+1
m+1 22m+2 3 2 Fm+1 m+1
2m Fm (4\/_1:) om . Fm =2m2. (\/5_)) -F

15 ROMANIAN MATHEMATICAL MAGAZINE NR. 45



Romanian Mathematical Society-Mehedinti Branch | 2025

Equality holds fora = b = c.

Reference: Romanian Mathematical Magazine — www.ssmrmh.ro

A NEW GENERALIZATION FOR TSINTSIFAS’ INEQUALITY IN TRIANGLE
By D.M. Bdtinetu — Giurgiu, Mihaly Bencze, Claudia Nanuti-Romania

Abstract: In this paper we will give a new generalization for Tsintsifas’ inequality and its
consequence: Goldner’s inequality.

Main result:

Ifm > 0;M € Int (AABC);x,y,z > 0,d, = d(A,BC);d, = d(B,AC),d. = d(C,AB)
then in AABC the following relationship holds:

m+1 a3m+4

Z + Z m+1 d“l
(y ) a
cyc

> 22m+3 . Fm+2 (1)

If m = 0 then (1) becomes the classical Tsintsifas’ inequality:

x z

att Y bty C .t gR? (2)
y+z zZ+x x+y

Proof: Denote: F, = [MBC];F, = [MCA];F, = [MAB]

m+1 3m+4 m+1 am+4

a

z X a _ z X
+z)m dp L+ 2™ (ad)™
cyc cyc

xa* m+1 xa* m+1 m+1
B Z (E) RA[;ON (chc E) B 1 z xat 3
B (2F)m™ T 2m(F,+F,+F.)m 2m.fm y+z )

cyc cyc

xat x2q* BERGSTROM (xa? + yb? + zc?)? KLAMKIN
= >
y+z Xy + xz - (xy+xz)+ (yz +yx) + (zx + zy)

cyc cyc

16(xy + yz + zx)F?
_ lo(xy +y ) _8r2 (4)
2(xy +yz + zx)

By (3):

m+1
Z xmt1 a3m+4 . 1 Z xa* .
(y+z)ym+tt qnr —2m.fFm y+z -
cyc cyc

(4) 1 3m+3 , F2m+2

2 1 — — 22 3. 2
2 ZmFm(SF )‘m+ — Zm.Fm _2 m+ Fm+

16 | ROMANIAN MATHEMATICAL MAGAZINE NR. 45



Romanian Mathematical Society-Mehedinti Branch | 2025

Observation: If we take in (2): x = y = z then we obtain Goldner’s inequality:

1 1

1+1-a4 -c* > 8F?

LA
+1+1 b +1+1

1
S (@ +b%+ch) = 8F
a* +b* +c* = 16F?
Equality holds for:a = b = c.

Reference: Romanian Mathematical Magazine — www.ssmrmh.ro

NAGEL'S AND GERGONNE’S CEVIANS - APPLICATIONS AND RESULTS
By Bogdan Fustei-Romania

Extended Abstract: This paper is a new study in the field of geometry of triangle involving
Nagel and Gergonne cevians. We obtain new identities and inequalities involving those two
types of cevians using very well-known relationships in triangle geometry involving other
elements of a triangle. After obtaining new identities involving those type of cevians, we
obtain new inequalities using well known inequalitys both geometric and algebraic.

Those type of cevians as we will see are very close related with very well-known elements of
triangle, which helps us to manipulate the expressions we obtain for a better form.

This paper is not the first written by me involving Nagel and Gergonne’s cevians, but the
results are new, we also use previous results in papers written by me with this topic for
keeping fresh the interest of the readers, sometimes the expressions obtain are not friendly
and they must be manipulated to obtain a better form, for using in future research. This
paper like others was born from passion and curiosity for obscure elements which in school
of math from Europe and USA was not studied so much. This topic is very rich and as we will
see, we can obtain hundreds of results, even more. | hope this topic will be researched in the
future and new results will be obtained.

Keywords: Nagel’s and Gergonne’s cevians, geometric inequalities, identities in triangle

1. Research methodology

In this paper we will present applications and results with Nagel and Gergonne cevians.
Results about those type of cevians are very rare in Europe and USA math school. We will
present the new connections of those cevians with very well-known elements of a triangle.
These new results will lead to obtain new geometric inequalities in triangle and inequalities
related with already very well-known.

We consider triangle ABC with sides BC =a, AC=b, AB=c and p = %(a +b+c)

circumradius R, inradius r, [, [}, l.: the angle-bisectors; 1, 13, 7. the radii of excircles; m,,
my, m.: the medians; h,, hy, h.: the altitudes; n,, g, - cevians of Nagel and Gergonne from
A to BC (and analogs);
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2
We know that: g5 = (p — a) [p - % ] (and analogs) [1;3]

41,1 = 4(p — b)(p — ¢) = a® — (b — ¢)? (and analogs), we will obtain:

—4rarip—a) (and analogs), but we know that r, = ﬁ (and analogs),

ga—(p—a)’=
2S = ah, = 2pr and after banal computations we obtain a new formula:
g2 = (p — a)? + 2rh, (and analogs) (1)

Fromr, = S (and analogs) SEE_P (and analogs)
a p-a r Iy

From S? =p(p-a)(p-b)(p-c) (Heron) and ctg% = /% (and analogs) we will obtain

ctg% = p—;a = % (and analogs); From (1) and this identity we obtain:

2
g
rZ

2

= ctg §+ ZTha (and analogs) (2)

Now we use p2 = n2 + 2r,h, (and analogs) [2] and we obtain:

2 2
n 2h 2h
(&) = (—a) + — + —% (and analogs) (3)
r Iy r Iy
2S ah r a h b+c
Fromr, = =—2 52 = —» —2 =——1 (and analogs
4 2(p-a) b+c—a h, b+c-a 1, a ( gs)

ah, =2pr=(a+b+c)r— h—:‘ =1+%(and analogs)

h h
2 a 2hy — 2(b+c_ 141 +b+c) _ 4b+c(andanalogs)
r Iy a a a
From (3) we obtain a new result:
2 2
8a _ (M b+c
(r) = (ra) + 4—a (and analogs) (4)

After summation we obtain new identities:

gi+gp+g?

2 A Z(ha+hb+hc)
= ——32 2«
= 2 ctg® . (5)
sifiad_y () 4 g phi ©
r2 o I, a
From ctg2 A _ (B)Z 2 _ n|23+n€+2h1;rc+2hcrC > 2(nbnc+hb2rc+hcrc) we obtain:
2 ry/ 2 2ry 2rg
A +hpre+h
ctg? 7 W (and analogs) (7)
a
2
. +hpre+h 2h
From (2) and (7) we obtain: (g—:) > W + Ta (and analogs) (8)
a
From 2rh, = g2 — (p—a)? = (g, + p —a)(g, + a — p) we obtain:
h +p- . .
a_ — 8a™P78 ong analogs), and after summation we obtain:
gata—p 2r
ha _ 8at8pt8c+P (9)
gat+ta—-p 2r
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h +
a__ — 8a™®"P 3hd analogs), after summation we obtain:
gat+tp— a 2r
hy _ Bat8b+8c—P
gatp—a - 2r (10)
2 h .
From [4] we have Z Ja + 2 Z ra and = m + 2 erf—::and using (9) and (10)
a
we obtaln new results:
h, __ 8at8b*8c _ ( ny I )
23, A= r X +2) v (11)
h, __ 8at8pht8c _ (na+nb+nc E 2ra+ha)
Z gatp—a o r 3r + 3 Z n,+p (12)
h, _ 8at8pt8c Na Ta
2) oy T+ 2 + 22na+p (13)
h, __ Bat8pht8c n,+np+ng E 2ry+h,
Z gata—p o r + 3r + 3 Z n,+p (14)

From p? = nZ + 2r,h, (and analogs) we have: 2r,h, = (p + n,)(p — n,) and

__ 2rah, p—n, _ 2h, 1 _1 -
p—ny, = in, - = o, (and analogs) also we use ), o= —we obtain:
P_yM 2ha_
r - Z ) P + Z p-l—Ila (15)
and using (9) and (10) we obtain:
h, _ 8at8bt8c _ g )
2 Z ga+p—a - r (Z 1 P9 + Z p+na (16)
h, ga+gb+gc + Z na + Z (17)

gata—p p+na

From (1) we obtain: (ﬁa) (ph_a) + % (and analogs); We will use the well-known

relations: Zh— = ;; rprc = p(p — a) (and analogs); 2rpre = h, (1 + r¢) (and analogs);

p—a _ Tp+re

Y rpre = p?; and we have: (and analogs) and after simple manipulation we

h, B 2p
YY) 1
obtain: (p a) =-4 2 Db ¢ I‘a+rb+rc and ¥ (ga) =247 (p a) .
h, 2 2p2 ha
We will obtain:
2 2,2, .2
8a _ § i+ +ré
2z (ha) =t T e (18)
. 2 5 24r24r2 11 2,22 2
From (18) we can write: ), (&) — > ratnptre (11 _ 5 Tatrp#re—p
h, 2 2p? 2 2 2p2

Is easy tosee r2 + rf +r2 — p? =r2 + rZ + r2 — Y rpr. and we obtain:

1
I'g + rlz) + I‘g - Z Ipre = E [(ra - rb)z + (rc - rb)z + (Tc - ra)z]

> (g_a)Z =3+ ﬁ[(ra —1p)% + (1 — 1,)% + (e — 1,)?] (19)

h,
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From well-known relation: r,rir. = Sp = p?rand 2ryr. = h,(r, + r¢) (and analogs)

- W = p? (and analogs). From Taha(fhre) _ p? and p? = n2 + 2r,h, (and analogs)
we obtain:
n2 =r,h, (% — 2) (and analogs) (20)
Fromr, + rp + ro. = 4R + r and (20) we obtain:
phot_g (21)

r,h, r

From h, = (1 + b%c)r (and analogs) and % = % — 1 (and analogs) we obtain

roh, = (2r, + h,)r (and analogs). From ryh, = (2r, + h,)r (and analogs) and (20) we

obtain:
= (2r, + h,) (rbﬂc Zr) (and analogs) (22)
From m,l, = p(p —a) = ryr. (Panaitopol inequality) [5] and 2ryr. = h,(ry + r¢) (and
r'b'|' c

analogs) we obtain hala > —— (and analogs) and from (22) we obtain:

a

(2r, + hy) (mhLla — Zr) > n2 (and analogs) (23)

We will use now well-known inequality \/: > La, (and analogs) (for proof see [6]) and using
(23) we obtam.

(2r, + hy) (ma\/g — 2r> > n? (and analogs) (24)
From (23) and (24) after summation we obtain two new inequalities:

Y (2r, + hy) (‘“a 2 2r) 2 ¥ n (25)

Y(2r,+h,) (ma\/g — 2r> > Y n? (26)

From (1) and abc = 4RS; a? + b? + ¢ = 2(p? — 4Rr — r?);
a3 + b3 + ¢ = 2p(p? — 6Rr — 3r?) and 2S = ah, = 2pr (and analogs) we have:

Zg“ = 6r+Z(p and Zga 2R + 5r (27)

From (27) and Bergstrom inequality: if xi-real numbers and a; > 0,

(1 +x5++x,)?

ke {1,2,..,n} then + + N i > with equality only if

an aj+az+-+ay
2
L_L_.=t ,we obtain: 2R + 5r > _Mwich can be written as:
a,  a, an ha+hp+h,
J@R+5r)(h, +hy, +h) > g, +gp + 8 (28)

From g, = h,(and analogs) and (28) we obtain:
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2R+5r>g, + 8, + 8. (29)

From (28) and (9), (10) we obtain two new inequalitys:

h, < p+/(2R+5r)(h,+hy+h)

g.+ta-p 2r (30)
h, < —p+y/(2R+5r) (h,+hy,+h,) (31)
g.+tp—a 2r
From (4), (8) and (28) we obtain another two inequalitys:
3 ( ) " 4 \/(2R+5r)(ha+hb+hc) (32)
r
D annc+hbrc+h e | ra < \/(2R+5r)(1lﬂ13+hb+hc) (33)

We use now Wolstenholme’s inequality: if X, y, z are real numbers, A, B, C angles of triangle
ABC then we have:

x2+y% + 2?2 > 2xycosC + 2yz cosA + 2zx cos B with equality if and only if:

x _ Y _  Z

[7] and (25) and (26) and we obtain:

sinA sinB sinC

2.(2r, + hy) (mhLl‘" - Zr) > 2nyn.cos A + 2n,n. cos B + 2n,n;, cos C (34)

2.(2r,+ hy) (ma\/g — 2r> > 2nyn.cos A + 2n,n.cos B + 2n,n,cosC  (35)

h
Using Wolstenholme’s inequality and3—p = Daffbihe 222:"—:;we obtain:
h,
3p = 2) cosA,/nyn, + 2r era+ (36)

n,+p

From% = Z +2

p b
rZZZcosA /hb +22naer (37)

From (6) and Wolstenholme’s inequality we obtain:

2 2

g"+§¢>22 K CcosA+4ZE (38)
Ny b+c 8b8c

Z(ra) + 4) — >22—r2 cos A (39)

From (15) and Wolstenholme’s inequality we obtain:

P [Bune h,
-2 2) cosA o +2) e (40)

From (27) and Wolstenholme’s inequality we obtain:

2R+ 5r>2) =225 gbg“ cos A (41)

From (18) and Wolstenholme’s inequality we obtain:
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5 | rd4np+rd Eb8c

z a_ b ¢ 5 8b5¢

; + w2 2 hon, 05 A (42)
The last result presented is the following:

I, <m, < p, < n, (and analogs) (43)

pa-Spieker cevian from A to BC

For the demonstration of this result, we will use this theorem: Points |, G, Sp, N, are
colinear, line that passes through these points is called Nagel line.[8]

| (incenter), G (triangle centroid), Sp (Spieker center), N, (Nagel point)

Figure 1.

2. Conclusion

The field of geometry is full of surprises and we can find new connections between well
known elements of a triangle.
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RMM SOLVED PROBLEMS-IV

By Marin Chirciu — Romania

J.2563. In AABC the following relationship holds:

b%2 c? N a? - 3612
va b +c  V3RZ

Daniel Sitaru - Romania

Solution:

LoD a? aon 3% eyt L 5 45\ . 45\s @ 3672
=—=+—=+—== = abc)z = 3(abc)z = (—) = (—) =
va b e V3

= RHS

3

3
- 2 - 2 2
where (1) © 3 (%)4 = 432;2 S (%)4 = 41222 S (fg) > (132 N which follows from Mitrinovic

inequality s > 3+/37. It remains to prove that:

. 3 2 4
(4r 3\/§r) > (12r2) & (12r2)3 > @ © 3R%? > 12r%2 & R? = 472, Euler.
V3 3R 3R

3

We've used above Carlitz’s inequality: abc > (j—;);

Equality holds if and only if the triangle is equilateral. Remark: The problem can be strengthened.

In AABC the following relationship holds:

bZ CZ 2

a
— 4+ —+—> 611/10812
va b ¢
Marin Chirciu
Solution:
1
b2 2 g2 AM—cH 33 b2 Sm s abert 4sy: \°
—t—=t—= = e abc)z = 3(abc)z = (—) =
Va Vb e 3

A4S\ 4sr\a Mitrinovic (47 - 3y/3r
=3 (ﬁ) =3 (E) = 3 <T> = 3(121’2)4 = 3#(121’ )3 =

(1) 3612
= 6r\/ 108r2 >
Y/3R2

where (1) follows from Euler’s inequality R = 2r.
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3

We've used above Carlitz’s inequality: abc = (%)2
Equality holds if and only if the triangle is equilateral.
Remark: We can write the following inequalities:

In AABC the following relationship holds:

b2 ¢% a? 3612
—+—+—2>6ry/108r2 >
va b +c V3R?

Solution:

b2 a 5 , . >
See 2 7 + 7 + 72 6r3/10872 and Euler’s inequality R > 2r-.

Note: The inequality strengthen Problem J.2563 from RMM — 43. Remark: The problem can be
developed.

In AABC the following relationship holds:

bn n

n a 3( Z)Zn 1
+—=+—= 12r%) + ,n e N"
va \/b \/c

Marin Chirciu

Solution:

LHS pn  cn an AM—-GM 33 pn cn qn 3 ( b ) 3( b )Zn—l Carlitz
- 4 > - . = abc) z = 3(abc) s >
Va Vb Ve Ve

2n—-1

2n-1 2n-1 2n-1

3\ 6 2n-1
45\2 45 Asr Mitrinovic 4r - 3+/37r\ * 2n-1
1) o7 o (2
7 7

3
We have used above Carlitz inequality: = (\/_) .Equality holds if and only if the triangle is
equilateral. Note: For n = 2 the inequality strengthen Problem J.2563 from RMM —43.

J.2564. In AABC the following relationship holds:

32s°—a’>—b°>—¢>
STy 2 12007

Daniel Sitaru, Claudia Ndnuti - Romania

Solution: Lemma. In AABC the following relationship holds:

32s°—a®—b5—c® 5 3s*+ 2s%2(Rr+1r?) —r?(8R? 4+ 6Rr + 1?)
8s3—a3—-b3-¢c3 3 s2 +2Rr +r?
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Proof: We have ) a® = 2s[s* — 10s%(Rr + 12) + 5r?(8R? + 6Rr + r?)] and

Z a® =2s(s®>—3r?—6Rr)
Using Lemma, the inequality can be written:

5 3s*+ 2s?(Rr +7%) —r2(8R%?+ 6Rr +12)

>120r¢
3 S2+4+ 2Rr + 12 - r

& 3s* +252(Rr+12) —r2(8R%2+ 6Rr +12) > 72r?(s* + 2Rr+ r?) &
© s2(3s%2 4+ 2Rr + 2r?) —r2(8R? + 6Rr + 12) = 72r%(s? + 2Rr + 1r2),
which follows from Gerrentsen’s inequality 16Rr — 512 < s? < 4R? + 4Rr + 3r2.
It remains to prove that:
(16Rr — 5r2)(3(16Rr — 512) + 2Rr + 2r?) — r?(8R? + 6Rr + 1%) =
> 72r?(4R? + 4Rr + 3r% + 2Rr +1?)

& 504R? — 896Rr — 22412 > 0 © 9R?> — 16Rr — 4r? > 0 © (R — 27)(9R + 27), which follows
from Euler’s inequality R = 2r. Equality holds if and only if the triangle is equilateral.

Remark: Let’s find an inequality with opposite sense.
In AABC the following relationship holds:

32s° —a® - b5 - ¢’ )
853 a3 _b3_c3 -0

Marin Chirciu-Romania

Solution: In AABC the following relationship holds:

8s3—a3—b3—-¢c3 3 s2 4+ 2Rr +1r?

Proof: We have Y a® = 2s[s* — 19s52(Rr + r?) + 5r2(8R? + 6Rr + r?)] and

32s°—a®—b°—c® 5 3s*+ 2s%(Rr+1r?) —r?(8R? + 6Rr + 1?)

Z a3 = 2s(s?—3r2 —6Rr)
Let’s get back to the main problem. Using the Lemma, the inequality can be written:

5 3s*+ 2s?(Rr +712) —r%(8R? + 6RR +12)

<30R*’ &
3 S2+4+2Rr + 71?2 -

& 35* 4+ 2s2(Rr +12) —1r%(8R? + 6Rr +1%) < 18R?(s*+ 2Rr+r¥) o
& s?(18R? — 2Rr — 2r? — 3s%) + r(36R3 + 26R*r + 6Rr2 +1r3) >0
We distinguish the cases:

Case 1. If (18R? — 2Rr — 2r? — 3s2) > 0, the inequality is obvious.
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Case 2. If (18R? — 2Rr — 2r? — 35%) < 0, the inequality cand be rewritten:

7(36R3 + 26R?*r + 6Rr? + r3) > s2(3s% + 2r? + 2Rr — 18R?),
which follows from Gerretsen’s inequality s> < 4R? + 4Rr + 3r2.
It remains to prove that:

r(36R3 + 26R?r + 6Rr? +13) >
> (4R? + 4Rr + 3r?)(3(4R? + 4Rr + 3r?) + 2r? + 2Rr — 18R?)
© 244R* + 4R3r — 56R?*r? —80Rr3 - 32r*>0 o
© 6R*+ R3r —14R*r?> —20Rr3 —-8r* >0 &
< (R —2r)(6R3® + 13R?r + 12Rr? + 4r3) = 0, which follows from Euler’s inequality
R =2r.

Equality holds if and only if the triangle is equilateral. Remark: We can write the double inequality:
In AABC the following relationship holds:

120 2<32$5_as_b5_c5<30R2
rU < < .
8s3—a3 - b3 -3

Solution: See above.

J.2423. In AABC the following relationship holds:

r 9
Z 2 JVsind <=
b+c 8

Mehmet Sahin - Turkey

Remark: The problem can be developed: In AABC the following relationship holds:

Marin Chirciu-Romania

Solution: Right inequality.

Ty i AM-GM Ty i JTa : CBS 1\/ Ty .
< —_— = < — —_— =
E A C\/smA E 2\/b_cvsmA E 2\/l%,/rasmA > E e E 7, Sin 4

1 |2R—7r s(2R—71) 2R-r s_(l 1) F
2. 2Rr R 2R x]2r_ r 2R).|2
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2R-r
2Rr

s(2R-1)
—=

We have used above ) % = and ). 1, sinA =

Left inequality:

7, ____ AM—GM 3 7,\/sinA 3| [Iry _ 3 rs? ST
E sinA = 3 | | =3 | | sind =
b+c b+c [1(b +¢) 2s(s?2 +r2 4+ 2Rr)\N2R?

Gerretsen & Euler

We have used above [[(b + ¢) = 2s(s? + r2 + 2Rr) < 16sR2.
Equality holds if and only if the triangle is equilateral.
J.2399. In acute AABC the following relationship holds:

b% + ¢? r\2
Z ——cosA>24(7) —3

Mehmet Sahin - Turkey

Solution: Lemma: In AABC the following relationship holds:

b? + c? s® —s*(12Rr + r?) + s*r?(8R?> — 8Rr — r?) + r3(4R + )3
Z cos A =
a? 8R2r2s2
Proof:
Z:b2+c2 A_zb2+cz b>+c?—a® 1 (b? +c?)(b* +c* —a?)
a? cosa= a? 2bc ~ 2abc a h
1 s® —s*(12Rr +712) + s*r>(8R* —8Rr —r?) +r3(4R +1)° _
"~ 2 -4Rrs Rrs B

We have used above:

(b* +c*)(b* +c*—a?)  s®—s*(12Rr +1%) +s*r*(8R*> —8Rr —r*) + r*(4R +1)?
a B Rrs

Let’s get back to the main problem. Using the Lemma, we obtain:

sz + ¢? 2 s —s*(12Rr +12) + s?r?(8R? —8Rr —r?) + r3(4R +1)3
COS A = =
a? 8R?r2s?
1 3(4R +1)3] Gerretsen
— 2(c2 _ 172 __ 2 2 _ 2
= gRE2 [s (s —r*—12Rr)+r*(8R* —8Rr —r*) + 2 >
Gerretsen 1 r3(4R+71)3
m |:(16RT —5r2)(16Rr — 5r2 —r2 —12Rr) + r?(8R?* — 8Rr — r?) + T RGRIE =
2(2R-1)

27 | ROMANIAN MATHEMATICAL MAGAZINE NR. 45



Romanian Mathematical Society-Mehedinti Branch | 2025

2r(2R—r)(4R+1)|

(16R —5r)(4R — 61) + (8R?> —8Rr —1%) + 7

" BR?

_ 72R® —108R?r + 25Rr? — 213 Euler 24R3 3 Euter ” (r)z 3
B 8R2 - 8RZ T T '
Equality holds if and only if the triangle is equilateral. Remark: The problem can be developed.

In AABC the following relationship holds:

b2 + c2 R\3
SSZ ) cosAS3(—)
a 2r

Marin Chirciu-Romania

Solution: Right inequality:

cos

Z b% + ¢? Ao s®—s*(12Rr +712) + s*r?>(8R* —8Rr —r?) + r3(4R +7)° _
a? a 8R2r2s2 -

! T3(4R + T')3 Gerretsen
= 2(s2 2 20qp2 2
_8R2r2[5 (s> —=712—=12Rr)+r*(8R —8Rr—r)+s—2 <

| [(4RF+ AR+ 3r®)(4R% + 4R + 3r% — 1% — 12Rr) +
Gerretsen 5 5
< 5573 r3(4R + 1) _
T 8RM? +72(8R? — 8Rr —12) + —
R+1

[(4R? + 4Rr + 37%)(4R? —8Rr + 2r®) + r2(8R? —8Rr — 2) + r?(4R+1)(R + 1)] =

~ 8R%2
3RS 3
_ 16R* — 16R3r — 19Rr3 + 61* Euéer - 3R3 _3 (R)
B 8R2r2 ~ 8RTZ 8r3 " \2r
Left inequality. Using the Lemma, we obtain.
b? + ¢? s®—s*(12Rr +71?) +s?r?(8R* = 8Rr —r*) + r®(4R+1)* _
Z a? cosd = 8R2r2s2 -
1 73(4R + 1)3] Gerretsen
= SRz [52(32 —1r2—12Rr) + r?(8R? —8Rr—r2)+s—2 >
(16Rr — 5r2)(16Rr — 51> —r2 — 12Rr) + r?(8R?> = 8Rr — r?) +
Gerr;tsen 1 T‘3(4R + 7‘)3 _
- 8R%r? R(4R+7)?

2(2R-T)

1

_ 2r2R—r)(4R+71)| _
~ 8R2 B

R

[(16R —5r)(4R—67) + (8R?> —8Rr —r?) +

72R3 — 108R?r + 25Rr? — 2r3 Euler 24R3 Euler 7\2
= > > 24( ) -3
8R2 8R2
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Equality holds if and only if the triangle is equilateral.
Remark.

We can write the following inequalities:

24(1)2_3<3<Zb2+C2COSA<3(£)3
R - —\2r/

Note: The right inequality strengthens the Problem J.2399 from RMM —42.

J.2381 TRUE OR FALSE. If I — incenter in AABC then holds:

IA*? IB%? IC?

< RV3.
BC+CA+AB_ V3

George Apostolopoulos - Greece

Solution: Lemma: In AABC the following relationship holds:

Z 1A% B s2(s2 4+ 2r2 —12Rr) + (4R + 1)
a 4Rrs

Proof:

2
1A? <sm—> 1 1
2 Z -7 Zasmz -7 Ea G-DG-0 ~

bc

3 ZZ bc ., xb*c?  _s[s?(s®*+2r? —12Rr) + (4R +1)]
h a(s—b)(s—c) 4 abc [I(s —a) s 4Rs - sr?
s2(s?24+2r? —12Rr) +r3(4R+ 1)
a 4Rrs
1 2613(b2+c2 —a®) 1 Ya*(b*+c*—a®) F(s*—3R*—4Rr —r?)
8RB bc ~ 8R3 abc B R*

We have used above ), b%c? = s[s?(s? + 2r? — 12Rr) + r3(4R + 1)]
Let’s get back to the main problem. Using the Lemma the mequahty — + — + — < R+/3 can be
written:

s?(s?+2r2—12Rr)+r3(4R +71)
4Rrs

<RV3

With Gerretsen’s inequality s < 4R? + 4Rr + 372 we obtain:

IAZ s?(s?2+2r2—12Rr)+r3(4R+71) Gerrétsen
a 4Rrs

Gerrétsen (4R? 4+ 4Rr + 3r?)(4R? + 4Rr + 3r% + 2r2 — 12Rr) + r3(4R + r)_
4Rrs

29 | ROMANIAN MATHEMATICAL MAGAZINE NR. 45



Romanian Mathematical Society-Mehedinti Branch | 2025

_ (4R? +4Rr + 3r?)(4R* —8Rr — 5r2) + r3(4R+71) _ 16R* — 16R>r + 16r* _

4Rrs 4Rrs
5
4(R4 —R3r+ r4) Euler 4 - :% 9R* Mitrinovic 9R* \/5_’R4 R\/§ R\3
= < —= = < = = —
Rrs ~ Rrs 8r2s T 8r2.3y3r 8r?-r (2r>

s2(s2+2r2-12Rr)+r3(4R+7)

TRre < R+/3 is false. Remark: The problem can be developed.

The inequality
In AABC the following relationship holds:

4r IA2 IB%? IC? R\3
—@R-1)?*<—+—+—<RV3 (—)
Rs a b c 2r

Marin Chirciu-Romania
Solution: Using the Lemma, we obtain: Right inequality:
With Gerretsen’s inequality s? < 4R? + 4Rr + 372 we obtain:

14>  s%(s?+2r>—12Rr) + (4R + 1) Gerretsen

a 4Rrs
Gerretsen (4R* + 4Rr + 3r?)(4R* + 4Rr +3r%> + 2r? —12Rr) + r*(4R + 1) _
- 4Rrs
9RS
AR Rraregrd gy SR mogme SRR 5(RY
Rrs ~ Rrs 8ris - 8r2.33r 8r2-r 2r)

Equality holds if and only if the triangle is equilateral.Left inequality:

1A*>  s*(s*+2r?—12Rr)+r*(4R+ 1) Gerretsen
a 4Rrs -
Gerrgtsen (16Rr — 5r*)(16Rr — 51% + 2r? —12Rr) + r®(4R+71) _
- 4Rrs B
_ (16Rr —5r*)(4Rr —3r*) +r3(4R +r)  64R’r? — 64Rr> + 161"
- 4Rrs B 4Rrs B

_ 16r%(4R* —4Rr +7?)  4r(4R* —4Rr +7r?) 4r(2R—1)?
- 4Rrs - Rs a Rs '

Equality holds if and only if the triangle is equilateral.
J.2346.If x,y > 0 and m > 0 then:

2m+2 2m+2
(x*™m+e 4+ 1) (ya™+= +1) > o

D.M. Batinetu - Giurgiu - Romania

CBS
Solution: LHS = (x2™*2 4+ 1)(y?™+2 4 1) = (x2™*2 4+ 1)(1 + y2™m*2) >
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CBS Holder [(x + v)™1\? (x4 y)2m+2
> (xm+1+ym+1)2 > <( 2):3 ) =( i}i = RHS.

Equality holds if and only if x = y = 1. Remark: The problem can be developed

Ifx,y >0,m=>=0and 1> 0then
(x2m+2 + A)(y2m+2 + /1) > ( 43;

Marin Chirciu-Romania

Solution:

LHS = (x2m+2 +/1)(y2m+2 +/1) — ((xm+1)2 + (ﬁ)Z) ((ﬁ)Z + (ym+1)2) >
m+1\ 2 m+
2 (VAxm+1 4 yTymH1)* = J(am+t 4 yme1y2 =72 <(x +23:3 1) Py +i'n)12 " Rus

1

Equality holds if and only if x = y = A2m+2,

Note: For A = 1 we obtain Problem J.2346 from RMM —42.

J.2484. If m,n > 0 then in AABC holds:

A
Z tan3 5 . ((4R +1)% — 25?%)?
m-tan§+n-tan§_ (m+n)s*

D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

Solution:

A
tan* = Holder
2 >

tan —
ey Y :
m- tan +n- tan— m'tangtan§+n-tan§tan§

24\ 2 4)?
Holder (Z tan E) (Z tan E)

> =
Z(m~tanétan§+ n- tan%tang) (m+ n)ZtanztanE

(4R+7)2 2522
(—) _(R+1)?—2s%)? _ RHS

s2

- (m+n)-1 (m +n)s*
2_9c2
We have used above }; tanZ%1 = % and )’ tangtang =1.

Equality holds if and only if the triangle is equilateral. Remark: The problem can be developed

Ifm,n > 0and k € N then in AABC holds:
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k+1
2k+14 (2-2)
R

y s
m- tan +n- tan2 ~ 3k1(m +n)

Marin Chirciu - Romania

Solution:
A A
tan2k+1 tal’l2k+2 a Holder
m- tan +n- tan— m-tan;tan;+n-tan;tan5
A\k+1 ke+1
Holder (Z tan® ) (Ztan )

=

o B, C
3’<—1Z(m~tan;tan;+n-tan;tan5) 3k—1(m+n)2tan;tan5

-0 -

= 3k- Im4+n)-1 3%k 1(m+n)

Zt Bt C—l
anzanz—

Equality holds if and only if the triangle is equilateral.

= RHS

Note: For k = 1 we obtain Problem J.2484 from RMM —43.

J.2550. In AABC the following relationship holds:

A A
tan- 1< cot-
2 = 2

hi —3 h3

D.M. Batinetu - Giurgiu, Dan Nanuti - Romania
Solution: Lemma 1: In AABC the following relationship holds:

A
tany s2(R — 2r) + r>(5R + 2r)
ht 4534

s3-sier
lza‘*(s—b)(s—c)z

T 165%S

1 s?(R—2r)+7r%(5R + Zr)
- . 2[¢2 _ 2
= 16555 4rs?[s“(R—2r)+ r*(5R + 2r)] = I

Proof:

LS G069
1654 \/s(s—a)(s—b)(s—C)

We have used above ¥ a*(s — b)(s — ¢) = 4rs?[s?(R — 2r) + r?(5R + 21)].
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Lemma 2: In AABC the following relationship holds:

A
cot>  s2(R+2r) —r(12R?* + 11Rr + 2r?)
hi 45314

s(s a)
Z COt— G- b)(s ) s(s—a)

(25 16542 Js(s—a)(s—b)(s—c)

a

Proof:

4 _ 2 _ 2 5 _
165452 (s —a) =T 55 4rsls*(R+2r) =r(12R* + 11Rr + 2r*)]

s2(R+ 2r) —r(12R? + 11Rr + 2r?)
B 4s3r4

We have used above Y. a* (s — a) = 4rs[s?(R + 2r) — r(12R? + 11Rr + 2r?)]

Let’s get back to the main problem. Using the above Lemmas we have the sums:

s2(R+21r)— r(12R2+11Rr+2r2)

45374

tang s2(R=21)+1%(5R+271) cot
Y2 = S and ), —% =
hq ha

45374
The inequality can be written:

s?(R=2r)+r%(5R+ Zr) 1 SZ(R +2r)—r(12R?> + 11Rr + 2r2)
4s3r4 3 45314

© 3s2(R—2r)+3r2(5R + 2r) = s?(R+ 2r) —r(12R?*+ 11Rr + 2rH) &
& s%2(R —4r) + r(6R? + 13Rr + 4r?) = 0. We distinguish the cases:
Case 1. If (R — 4r) = 0 the inequality is obvious.
Case 2. If (R — 4r) < 0 the inequality cand be rewritten:
7(6R? + 13Rr + 41r?%) > s2(4r — R), which follows from Gerretsen’s inequality
s% < 4R? + 4Rr + 3r2. It remains to prove that:
7(6R? + 13Rr +41?) > (4R? + 4Rr + 3r?)(4r—R) © 2R3 - 3R’ r—4r3 >0 &
< (R —2r)(2R? + Rr + 2r?) = 0, obviously from Euler’s inequality R = 2r.
Equality holds if and only if the triangle is equilateral. Remark: The problem can be developed.
In AABC the following relationship holds:

3 /R\2 tans 3 g\

) Y )

rs3 \2r ht ~ rs3\2r
Marin Chirciu-Romania
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Solution:Lemma: In AABC the following relationship holds:

A
tano s2(R—2r) + r*(5R + 2r)
hi 4534 '

Z (25)
lz a*(s—b)(s—c) =

T 1654S

Proof:

Z (s=b)(s—c) _
" 165* JsGs—a)(s—b)(s—¢)

s?2(R—2r)+7r%(5R + Zr)

-4rs?[s?(R—2r)+r?(5R + 2r)] = yye

~ 165515
We have used above Y a* (s — b)(s — ¢) = 4rs?[s?(R — 2r) + r2(5R + 21)].
Let’s get back to the main problem.Using the Lemma we obtain:

Right inequality:

A
tan> s?(R—2r)+7%(5R + 2r) Gerrétsen

h;‘; N 45314
3R*
Gerrétsen (4R2 + 4Rr + 3T2)(R ZT) + T2(5R + 27‘) R3 — R%r—13 Eu<ler Tler _
45374 s3r4 T oS3t

_ 3R* 3 (R )4
© 16835 rs3\2r/
Equality holds if and only if the triangle is equilateral.

Left inequality:

A
tan; _ s2(R —2r) + r2(5R + 2r) Gerr;tsen (16Rr —5r2)(R—2r) + r%(5R + ZT)
he 45374 4s3r4

3R?
_4R?—8Rr+3r?ruer =~ 3R’ _ 3 (R)Z
B 2r

s3r3 = $313 45313 rsd
Equality holds if and only if the triangle is equilateral.Remark: The problem can be developed.
In AABC the following relationship holds:

9 (R cot? 9 ,Ry\?
L) S
rs3\2r ht ~rs3\2r

Marin Chirciu -Romania
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Solution: Lemma: In AABC the following relationship holds:

A
coty s2(R + 2r) — r(12R% + 11Rr + Zrz)
hi 4534

s(s a)
Z COt— G- b)(s ) s(s—a)

(25 16542 Js(s—a)(s—b)(s—c)

a

Proof:

4 _ 2 _ 2 5 _
165452 (s —a) = Jo55 4rsls*(R+2r) —r(12R* + 11Rr + 2r?)]

2(R +2r)—r(12R?> + 11Rr + 2r2)
4s3r4

We have used above Y a*(s — a) = 4rs[s?(R + 2r) — r(12R? + 11Rr + 2r?)].

Let’s get back to the main problem. Using the Lemma we obtain:

A
cot>  s2(R+ 2r) —r(12R% + 11Rr + 2r?) Gerretsen
- <
ha 4s3r4

Gerrétsen (4R? + 4Rr + 3r%)(R + 2r) — r(12R* + 11Rr + 2r2)

4s3r4
9R3
R3+7r3Fuer =~  9R® 9 (R )3
= S = = —
s3r4 s3rt  8s3rt  rs3\2r

Equality holds if and only if the triangle is equilateral.

A
. . cot>  §2(R+27)-r(12R%?+11Rr+2r2) Gerretsen
Left inequality: Zh—j = ( ) >
a

453714

Gerr;tsen (16Rr —5r2)(R+ 2r) — r(12R?* + 11Rr + 2r2)
45314

9Rr

R2+4Rr—3r2Etier - _9R 9 (R)
2r

s3r3 s3r3  s3r2  rs3
Equality holds if and only if the triangle is equilateral. Remark: The problem can be developed.
In AABC the following relationship holds:

oy ()
rs3 ¥ T rs3\2r

a

3

Marin Chirciu-Romania

Solution: Lemma: In AABC the following relationship holds:
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A
Z tan s —12Rr
rd  s3r3

Proof:

A (s=b)(s—¢)
Ztang_z s(s—a) _iz( )4 (S_b)(s_c)
rd S e sTa

* \/s(s—a)(s—b)(s—c)z

1 H(s - a)z(s _ s*—12Rr

s3rs3

We have used above Y.(s — a)® = s(s? — 12Rr). Let’s get back to the main problem.

Using the above Lemma, we obtain: Right inequality:

A
Z tan> s2—12Rr Gerrétsen 4R? + 4Rr + 3r%> — 12Rr B

o s3r3 - s3r3
2 2 3R 3 3
4R* —8Rr + 3r Euéer e 3R 3 (R )
B s3r3 = s3r3 8s3rt  rs3\2r)

Equality holds if and only if the triangle is equilateral. Left inequality:

A
z tan > 3 s —12Rr Gerr;tsen 16Rr —5r%2 — 12Rr _ 4Rr — 512 Euler 312 3

T s3r3 s3r3 s3r3 ~ s3r3 s$3r

Equality holds if and only if the triangle is equilateral. Remark: The problem can be developed.
In AABC the following relationship holds:

2

A
9 /R cot 9 (R
) <
rs3 \2r rd T rs3\2r

5

Marin Chirciu-Romania

Solution : Lemma: In AABC the following relationship holds:

A
z cots  s%(s”> —20Rr) + 20Rr?*(4R + r)
rd s3rs

Proof:

A s(s—a)
cot= (s-p)s-¢) 1 . s(s—a)
E—4=E—=—4§(s—a)
Ty s S

* \/s(s—a)(s—b)(s—c) B
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1s S
- ﬁgz(s = )° = —— - s[s*(s* = 20Rr) + 20Rr*(4R + 1)] =
_ s2(s* — 20Rr) + 20Rr2(4R + 1)

s3rs

We have used a above Y.(s — a)® = s[s?(s? — 20Rr) + 20Rr?(4R +1)].
Let’s get back to the main problem. Using the above Lemma, we obtain:

Right inequality:

4

A
Z cot>  s%(s? —20Rr) + 20Rr?*(4R + 1) Gerretsen
T, 5375 N

Gerretsen (4R* + 4Rr + 3r?)(4R? + 4Rr + 3r> — 20Rr) + 20Rr*(4R + 1) _

s3r>
9R®
_ 16R*— 48R’ + 40R*r? — 16Rr® + 9r* puter 50 9R® 9 (R )5
B s3r3 = $3r3 7 32831t rs3\2r

Equality holds if and only if the triangle is equilateral.

Left inequality:

4

coté 2(g2 2
2 S°(s*—20Rr) + 20Rr*(4R + 1) Gerr;tsen
T 5375 =

a

Gerretsen (16Rr — 5r2)(16Rr — 5r? — 20Rr) + 20Rr*(4R + 1) _

s3rs

9R?
_ 16R* — 40Rr + 25r% Fuler ==  9R? 9 (R)2
B s3r3 = $3r3 7 48313 rs3\2r)

Equality holds if and only if the triangle is equilateral.

Remark: The problem can be developed. In AABC the following relationship holds:

Ztang - 1 (Zr)5z cotg
re ~3\R e

Marin Chirciu-Romania

Solution: Lemma 1: In AABC the following relationship holds:

A
Z tan s —12Rr
rd  s3r3

Proof:
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4

A (s=b)(s—¢c)
Ztan;_z se-a) 1 Z( ) (s=b)(s—0)
rd s BV

1 H(s - a)z(s s2 - 12Rr.

s3r3
We have use above }.(s — a)3 = s(s? — 12Rr).

Lemma 2: In AABC the following relationship holds:

A
Z cot>  s?(s*—20Rr) + 20Rr*(4R + 1)
rs s3rs

s(s a)
ZCOt‘ Z (s- b)(s 9 _

Proof:

s(s—a)

(—)4

5452(3 —a)® = —— - s[s*(s* — 20Rr) + 20Rr*(4R + 1)] =

52(52 — 20R7) + 20R7%(4R + 1)
- s3rs

We have used above Y.(s — a)® = s[s?(s? — 20Rr) + 20Rr%(4R + 1)].

Let’s get back to the main problem. Using the above Lemmas, we have the sums:

A A
z:tanz _ s?-12Rr » cot”  s2(s2—20Rr)+20Rr2(4R+7)

rd T 33 ra s3r5
We obtain:
tan?
any S2—12Rr 3
X © 1 1.2r\°
Ta _ s3r3 rs3 — — (2
coth  S2(s2-20Rr)+20Rr2(4R+1) = o (R)S 3(R)5 3\R/
) 4 s3> rs3 \2r 2r
a
A
tan— 12RT COt R\>
where (1) follows from: ), —2 >3 3 (—) , see:
Tq rs 2r

\/s(s —a)(s—=b)(s—0) B

\/s(s —a)(s—b)(s—0) B

4

A
ztan— s —12Rr Gerrétsen 4R? 4+ 4Rr + 3r%2 —12R 4R2 8Rr + 3r? Elier

o s3r3 s3r3 s3r3

3R3

Euler o= 3R3 3 /R
£ e e 5
— s3r3 8s3rt rs3\2r

3
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4

coté 2(c2 2
, _ 52(s?—20Rr) + 20Rr2(4R + 1) Gerretsen
a

Gerretsen (4R* + 4Rr + 3r?)(4R? + 4Rr + 3r> — 20Rr) + 20Rr*(4R + 1) _

s3r>
9R®
16R* — 48R°r + 40R?*r? — 16Rr® + 9r* buler 5,7 9R® _ 9 (R )5
s3r3 T s3r3 32s3rt rs3\2r

Equality holds if and only if the triangle is equilateral.
RMM SOLVED PROBLEMS V

By Marin Chirciu — Romania
J.2585. In AABC, I - incenter the following relationship holds:

(a? + b? + c¢?)?
27

IA* + IB* + IC* >

Daniel Sitaru - Romania

Solution:
cs (X 14%)% D (a? + b? + ¢?)?
LHS=ZIA42(Z ) 2( ) = RHS
3 27
2)2 24524 22)2 2,02, .2
where(l)(:)(zlg) > (Etbie) S NIA2 > I 4 35142 > a2 + b2 + 2,

Lemma: In AABC, I —incenter the following relationship holds:
BZIA2 > a? + b?% + ¢?
Proof: Using Y 1A% = s? + r?2 — 8Rr and Y, a® = 2(s? — %2 — 4Rr) the inequality can be written:
3(s2+1r?—8Rr) > 2(s? —r? — 4Rr) © s? > 16Rr — 512, (Gerretsen).
Equality holds if and only if the triangle is equilateral. Remark: The problem can be developed.

In AABC, I —incenter and n € N the following relationship holds:

(a? + b?% + c®)"

2 2 2
IA®™ 4 [B? 4 [C?" > Yo

Marin Chirciu - Romania
Solution: For n = 0 we obtain equality 3 = 3. For n = 1 we obtain the Lemma.

For n > 2 we use Holder’s inequality.
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Holder [A2Y" D) (g2 + b2 + )"
LHS = ZIAZ" g QI DL ) _ RHS,
3n-1 32n-1
2\ 2,32, .2\ 2,324 .2
Where (1) = (ZIA ) > (a +b°+c ) P ZIAZ 2 a“+b“+c

3n-1 - 32n-1 3

Lemma: In AABC, I —incenter the following relationship holds:

a? + b?% + 2
ZIAZZ#.

Proof:
Using Y I1A? = s? +1r? — 8Rr and Y, a? = 2(s? — r? — 4Rr) the inequality can be written:
3(s2+71r?—8Rr) > 2(s? —r? — 4Rr) © s? > 16Rr — 512, (Gerretsen).
Equality holds if and only if the triangle is equilateral.
Note: For n = 2 we obtain Problem J.2585 from RMM —43.
J.2555. If x, ¥,z > 0 then:

x3+y3+223 > z(xz + yz + 2xy).

Daniel Sitaru - Romania

Solution: We have x3 + z3 > xz(x + z) © (x + z)(x — z)? > 0, with equality for x = z.

Analogous y3 + z3 > yz(y + z). Adding x3 + z3 > xz(x + z) and y3 + z3 > yz(y + z) we obtain:

LHS =x3+y3+ 223 > xz(x + z) + yz(y + 2) (;) z(xz + yz + 2xy) = RHS,
where (1) © xz(x + z) + yz(y + 2z) = z(xz + yz + 2xy) © z(x* + y?) = 2xyz &
< z(x —y)? = 0. Equality holds if and only if x = y = z. Remark: The problem can be developed.
If x,y,z,t > 0then: x3 +y3 + 23 +3t3 > t(xt + yt + zt + xy + yz + zx)

Marin Chirciu - Romania

Solution: We have x3 + t3 > xt(x + t) © (x + z)(x — 2)? = 0, with equality for x = z.
Analogous y3 + t3 > yt(y +t) and z3 +t3 > zt(z + t)
Adding x3 + t3 = xt(x + t),y3 + t3 > yt(y + t) and z3 + t3 > zt(z + t) we obtain:

€3)
LHS =x3+y3+ 23+ 3t3 > xt(x+t) +yt(y+t) +zt(z+t) =

D
> t(xt+ yt+zt + xy + yz+zx) = RHS,

where (1) @ xt(x +t) +yt(y+t) +zt(z+t) > t(xt+ yt +zt +xy +yz +2zx) ©
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otx?+y?+z8)>tlxy+tyz+zx) © tZ(x —y)2=0.
Equality holds ifand only if x =y =z = t.
Note: Inequality is an extension of the Problem J.2555 from RMM —43.

J.2539.If x, ¥,z > 0 then

6Z(x +y)*>96xyz(x+y+2z)+ Z(y —-x)(x+y+22)
Daniel Sitaru - Romania
Solution:

WehaveY(y —x)(x+y+22) =2 xy—2Yx2<0,see Y x? > Y xy, with equality forx =y =
z. It suffices to prove that:

62(36 +y)*=>9%6xyz(x +y+2) & Z(x + )t > 16xyz(x+y+2z) &

= Zz:x4 + 4ny(x2 +y23) + 62 x?y? > 16xyz(x +y+z) ©
o Yx*+2Yxy(x?+vy?)+3Y x%y? > 8xyz(x + y + z), which follows from:
Yxt=Yxly?and Xxy(x? + y?) =2¥ x%y?, see x% + y? = 2xy.
It remains to prove that:
Yx2y? +2Y x%y? +3¥ x%y?2 > 8xyzY x © Y x%y? > xyzY. x,see Y a’ = Y ab,
for (a,b,c) = (xy,yz, zx).
Equality holds if and only if x = y = z. Remark: The problem can be developed.

Ifx,y,z> 0and A > 0 then
AZ(x +9)* > 6Axyz(x +y+2z) + Z(y - x)(x+y+22)
Marin Chirciu - Romania

Solution:

WehaveY(y —x)(x+y+22) =2Yxy—2Yx2<0,see Y x? = Y xy, with equality forx =y =
z. It suffices to prove that:

AZ(x + )t = 6Axyz(x+y+2z)e Z(x +y)*t=16xyz(x+y+2z) &

=3 22x4+ 4ny(x2 +y2) +6§:x2y2 >1l6xyz(x +y+z)

o Yx*+2Yxy(x?+vy?)+3Y x%y? > 8xyz(x + y + z), which follows from:
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Yxt=Yxly?and Y xy(x? + y?) = 2Y x?y?, see x% + y? = 2xy.
It remains to prove that:

Y x2y?2 +2¥ x%y? +3Y x%y? > 8xyzY x © Y x?y? > xyzY x,see Y a® = Y. ab, for (a,b, c) =
(xy, vz, zx). Equality holds ifand only if x = y = z.

J.2545.If a,b,c > 0,a + b + ¢ = 3 then

1 1
NN S B
Za3 + b3 ab(a + b)

Daniel Sitaru, Dan Nanuti - Romania

Solution: Lemma: If a,b > 0 then

1 N 3 - 16
al+b3 abla+b)  (a+b)3

Proof:

1 3 1 1 1 1
a3 +b3+ab(a+b) " (a+b)(a? —ab+b2)+ab(a+b)+ab(a+b)+ab(a+b)

AM;GM 44 1 1 1 1
= (a+b)(a?—ab+b2) ab(a+b) ab(a+b) ab(a+b)

4 1 AM-GM 4 1

— > . =
a+bif(a2—ab+b?)-ab-ab-ab ~ a+h (az—a“bz):ab*“b*ab

4 4 4 4

6
" a+b a?+2ab+b?  a+b (a+b)?2  (a+bh)?’

with equality for a = b.

Let’s get back to the main problem. Using the Lemma, we obtain:

LHS 1 3 1 Lemma 16 16 1 3 Holder
— _ _— > _— = >
Za3+b3+ Zab(a+b) - Z(a+b)3 z<a+b) -

Hol>der 16 (2(113)3 C>5 16 (ﬁ)3 — 16 (ZZLa)3 - 16 (%)3 —
= - 9 9 9

C)

=16-%—= 6 = RHS.
9

Equality holds if and only if a = b = ¢ = 1. Remark: The problem can be developed.

Ifa,b,c > 0,a+ b + c = 3 then:

Z 1 + 9 >12
a’? —ab+ b2 abc

Marin Chirciu - Romania
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Solution: Lemma: If a,b > 0 then

1 N 3 - 16
a’—ab+b%? ab  (a+ b)?
Proof:
; 3 < (3a? —2ab + 3b?)(a+ b)? = 16ab(a®? — ab + b?) &
—ab+ b2 (a + b)? -

© 3a* —12a3b + 18a?b? — 12ab3 + 3b* = 0 & 3(a — b)* = 0, with equality for a = b.

Let’s get back to the main problem. Using the Lemma, we obtain:

D T Lemmaz(a+b)2—162( — ) :
) e )
3 3

S 16 16 16 =16
> > = = =
- - 3 3

FromZ +32—>12anda+b+c-3=>2 +32:—bZlZ=>

b+b2

@z ! +3 a+b+c>12<:)z ! +3 3 >12
a? —ab + b2 abc a? —ab + b? abc —

1 9
_——+—>12.
@Zaz—ab+b2+abc_

Equality holds if and only if a = b = ¢ = 1. Remark: The problem can be developed.

b+b2

In AABC the following relationship holds:

Z > 3(361% — s2)

a Talp rb

Marin Chirciu - Romania

Solution: Lemma: Ifa,b,c > 0,a + b + ¢ = 3 then

Z 1 + 2 >12
a2 —ab+ b2 abc

Proof:

1 3 16

2 _ 2 2> 2 _ 2
Z—ab+b2 T ( +b)2<:>(3a ab +3b?)(a +b)* = 16ab(a* —ab + b?*) &

< 3a* —12a®b + 18a?b? — 12ab® + 3b* > 0 © 3(a — b)* = 0, with the equality a = b.

Let’s get back to the main problem. It is known the identity in triangle
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1 1 1 1 3r 3r 3r

I T 4 =3
Ty Ty To T T T, T

Using the Lemma for (a, b, ¢) = (S—r i 3—r) we obtain:

Ta ’ Tp Tc

1 9 1 9
Z(i)z—z.z+(3—r)z+3r w2 L e e e 2 S

Ta Ta Tp b

1 1
@Zﬁ 9r2+9r2 3r3_12<:>29r2 9r? 9r2+3 zl2e

2 2 52
ré  rarp rp rs rarb

1 1 1 1 )
@Z : T : +?®Z T T T +=36r° e
9r2(———+—) Sl 3( 4 )

Equality holds if and only if the triangle is equilateral.

J.2526. In AABC the following relationship holds:

9
b VsinA 8

Mehmet Sahin - Turkey

Remark: The problem can be developed. In AABC the following relationship holds:

sr Z 1\/s(8R2 2312)
\l by VsinA <o or r

Marin Chirciu - Romania

Solution: Right inequality.

BS Ta \? . 8R?% — 23r2 s_ , 5
b VsinA \/Z(b+c) ZSIHAS\/T J—(8R — 23r2).

We have used above:

Z( T, )2_ 2 505 2 1 ra 1 8R*+ 2Rr —s?
b+c/ (b+c)? — 4bc  4Zibc 4 2Rr
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B 8R2 4+ 2Rr — 52 Gerrétsen 8R2 4+ 2Rr — 16Rr + 512 B 8R2%2 — 14Rr + 512 Gerr<tsen

8Rr - 8Rr - 8Rr
Gerretsen 8R? —28r% + 512 8R? —23r? 7Z 8R?+2Rr —s?
- 8Rr B 8Rr '’ bc 2Rr '

Equality holds if and only if the triangle is equilateral.

Left inequality:

Z Ta AM_GM \/1—[ _gt M / 4=
e sinA P Vsin 4 H(b e sm
3 Hra ] 3| rs2 , , rs
1_[ sinA =3
H(b +c) 16sRZ\2RZ 2R2 2R 2R2

3

=2 ( We have used above:

2 2R2

Gerretsen

n(b +¢)=2s(s?+r2+2Rr) < 2s(4R*+4Rr+3r?+r?+2Rr)=

Euler
= 25(4R? + 6Rr + 41?) = 4s(2R? + 3Rr + 2r?) < 4s-4R? = 16sR>.
Equality holds if and only if the triangle is equilateral.

J.2486 In AABC the following relationship holds:

cot” - S
A C\ =
2s — (cot— — cot —) 612
2 2
D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

Solution: We have 2s — (cot% —cot g) > (0 and the analogs.

LHS — 2 cot2 cs (Z cotg)2 _ G)Z _ 52 _ RHS
25 — cot— — cot ) D (25 — (cot% _ cotg)) 6s  6r

Equality holds if and only if the triangle is equilateral. Remark: The problem can be developed.

In AABC the following relationship holds:

Z COt"Z S
= neNn=>2
A = _ 1] ] =
2s — (cot; — cotg) 23012

Marin Chirciu - Romania
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Solution: We have 2s — (cot% —cot g) > (0 and the analogs.

(Zcots) O

LHS = z COtn Holder
2 _— —
2s — cot— — cot n-2 _ A . C ) 3n-2 . g
) 3n-2y (25 (cot : cotz)
> __ = RHS. Equality holds if and only if the triangle is equilateral. Remark: In the same way.

T 2anip2

In AABC the following relationship holds:

tan™ - 1
2
> ,NMENn=>2
ZZS—(tané—tan ) 23725

Marin Chirciu - Romania

Solution: We have 25 — (tan%1 —tan g) > 0 and the analogs.

2 2
A 4R+T
tan? = Holder (Z tan 5) ( . )

LHS = E > =
¢ _ A c 3n-2.6s
2 t n tan 2y — - — -
S a a ) 3n (25 (tan 5 tan 2))

(4R+1)2
(4R+71)? R(4R+1)2 2(2R-T1) 2R-1 3
_ —sz Gerretsen 2(2R-1) _ R _ R Euler > _
3n-2.6s - 3n-2. f(s 3n-2. f(s 3n-2.3¢ ~— 3n-2.3g
1 RHS
S 2-3nm2g 0 T

Equality holds if and only if the triangle is equilateral.

J.2480. In AABC the following relationship holds:

1.m, —wy ++/mZ + w2 >,/2(m2 — m,w, +w2)

m, — hg +m2 —mgh, + h% > \/2m2 — 3myh, + 2h2
Nguyen Van Canh - Vietnam

Solution:

1.mg — wg +m2 + w2 > /2(m% — mw, + w2).

Squaring the inequality transform itself equivalently:

ma—wa+\/m(21+W§2\/Z(mﬁ—mawa+wg)<:>

46 ROMANIAN MATHEMATICAL MAGAZINE NR. 45



Romanian Mathematical Society-Mehedinti Branch | 2025

2
@(ma—wa+ /m§+w§) >2(mi —myw, +w?)

© m2 —2mawg + w2 +2(mg —wy) [m2 + w2 +m2 + w2 =2(m2 —mew, + w2) ©

© 2(mg — we)m2 + w2 = 0, which follows from m, > w,.

Equality holds if and only if the triangle is isosceles, with b = c.

2.my — hg +m2 —mghy + h% > /2m2 — 3mgw, + 2h2.

Squaring the inequality transform itself equivalently:

mg — hy +\/m621 —mghg + hZ > JZmé — 3mgw, +2h% &

& m2 —2mgh, + hZ + 2(mg, — ha)\]m(zl —mghg + h2 + m2 —mgh, + hZ >

>2mZ —3mgyh, + 2h &

& 2(mg — hy)yJm2 —mgh, + h2 > 0, which follows from mg > h,.

Equality holds if and only if the triangle is isosceles, with b = c. Remark: The problem can be
developed.

In AABC the following relationship holds:

3.my — Wo +m2 — Amw, + w2 = /2m2 — (A + 2)mow, + 2w2, -2 < 1 < 2

4.m, — hy +/AmZ — myh, + AhZ > /(A + 1)m2 — 3m,h, + (A + 1)hZ -1 >

N | =

Marin Chirciu - Romania

Solution:

3.my — Wo + M2 — Amaw, + w2 = \/2mZ — (A + 2)maw, + 2w2.
We havem2 — imaw, + w2 = 0,see A =12 —-4<0,for—2< 1< 2.
We have 2m2 — (A + 2)maw, + 2w? > 0,see A= (1+2)? —16 < 0,for—6 < 1 < 2.

Squaring the inequality transform itself equivalently:

Mg — W, +\/m§ —Amgw, + w2 > \/Zm,zl - A+ 2)maw, +2w2 &

m2 — 2mow, + w2 + 2(m, — wa)\/mﬁ — mgw, + w2 + mZ — imaw, + w2 =

>2m2 — (A + 2)mgw, + 2w2
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& 2(mg —w — a)yymZ — Amw, + w2 = 0, which follows from m, > wy,.
Note: For A = 0 we obtain Problem J.2480, 1. from RMM - 43.

Equality holds if and only if the triangle is isosceles, with b = c.

4.mg — hy +JAM2 —mghg + A2 = /(A + 1)m?2 — 3maw, + (A + 1)A2.
We have Am2 — mgh, + Ah2 > 0,see A =1—412 <0, for1 = %
A+ 1)m2 —3mewy+ (A + 1)h2,seeA=9 —4(A1+ 1)2 <0, forA > %

Squaring the inequality transforms itself equivalently:

mg — hg + \/)lmé —mghg + AhZ > \/(A + 1)m2 —3maw,+ A+ 1hi &

& m2 —2mgh, + h2 + 2(mg — ha)\/lmﬁ — mghg + AhZ + Am2 —mgh, + AhZ >

> (A+1)m2 —3maw, + (A + 1)h?

& 2(mg — ho)JAmZ —mgh, + Ah2 > 0, which follows from m, > hy,.
Equality holds if and only if the triangle is isosceles, with b = c.

Note: For 1 = 1 we obtain Problem J.2480, 2. From RMM — 43. Remark: In the same way.

In AABC the following relationship holds:

5.w, — hy + W2 — Aw,h, + hZ > \/2w2 — (A + 2)w,h, + 2h2,-2 < 1 < 2.

N | =

6. W, — hy +AW2 — wyh, + AhZ > /(A + 1wz — 3w,h, + (A + 1)h2.A >

Marin Chirciu - Romania

Solution:

5.Wg — hg + /W2 — Awghg + h2 = /2w2 — (A + 2)wgh, + 2h2.
We havew? — Aw h, + h?2 > 0,seeA=21>—-4<0,for—2< A1 < 2.
We have 2w2 — (A + 2)wyh, + 2h2 > 0,see A= (1+2)2—-16<0,for—6 < 1 < 2.

Squaring the inequality transforms itself equivalently:

wa — hg +JW§ — Awghg + hZ > \/2w§ — (A + 2)wgh, + 2h% &

w2 —2wghg + hZ + 2(w, — ha)\/w,f — Awghg + h2 + w2 — Aw hg + hZ =
>2w2 — (A+ 2)wyh, + 2h2 &
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2(Wq — ho)\/W2 — Awghg + h2 = 0, which follows from wg > wy,.

Equality holds if and only if the triangle is isosceles, with b = c.

6. Wg — hg +JAWZ — wehg + A2 = /(A + w2 — 3wah, + (A + 1)R2.
We have AwZ — wyhg + Ah2 = 0, see A =1 — 442 < 0,for 1 > -,
A+ Dw2 —3wahy +(A+1)h2=>0,seeA=9—-4(1+1)2 <0, for A 2%.

Squaring the inequality transforms itself equivalently:

w, — hg + \/lw(f —wghg + AR2 = \/(A + Dw2 —3wgh, + (A + 1Dh2 &

o w2 —2wgh, + h2 +2(w, — ha)\//lw,f —wghg + AhZ + AWZ —wyhg + ARZ >

>+ Dw2 -3wh,+ A+ 1DhZ &

& 2(Wg — ho)\JAWZ — wghg + Ah2 = 0, which follows from w, > hy,.
Equality holds if and only if the triangle is isosceles, with b = ¢. Remark: In the same way.

In AABC the following relationship holds:

7.Mmg — S+ M2 — Amys, + 52 > /2m2 — (A + 2)mgs, + 252, -2 < A < 2.

8. My — 54+ /AmZ — mys, + As2 > J(A +1)m2 —3mgs, + (A + 1)s2.1 > %

Marin Chirciu - Romania

Solution:

7.Mmg — Sq + M2 — Amgsg + 52 = /2m2 — (A + 2)mgs, + 2s2.
We havem?2 — Aimys, +s2 > 0,seeA =12 -4 <0,for—2 <1< 2.
We have 2m2 — (A + 2)mgs, + 252 > 0,see A= (1+2)? —16 <0,for—6 < 1 < 2.

Squaring the inequality transforms itself equivalently:

Mg — Sq + \/mi — AMgSg + s2 = \/Zm,zl —(A+2)mgs, + 252 &

mZ — 2mgys, + s + 2(m, — sa)\/m(zl — AMgSq + 2+ mZ — Amgs, + s2 =

>2m2 — (A+2)mys, +2s2 &

2(mg — 5q)\Jm2 — Amgsg + s2 = 0, which follows from mg > s,.
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Equality holds if and only if the triangle is isosceles, with b = c.

8. My — Sq +/AmZ —mgs, + As2 = /(A + DmZ — 3mgs, + (A + 1)s2.
We have Am2 — mys, + As? > 0,seeA=1—41%2 <0, for1 > %
A+ 1)m2 —3mygs,+ (A +1)s2 >0,seeA=9—4(1+1) SO,for/lZ%.

Squaring the inequality transforms itself equivalently:

Mg — Sq + \/Amé —MgSy + A2 = \/(A + 1)mZ —3mys, + A+ 1)s2

S m2 —2mys, + 52+ 2(mg, — sa)\/lmfl —MgSq + ASE + Am2 — mys, + AsZ >

>A+1)m2—-3mys,+ A+ 1)s2 &

o 2(m, — sa)\/lmg —mgSg + As2 = 0, wich follows from m, > s,.
Equality holds if and only if the triangle is isosceles with b = c. Remark: In the same way.

In AABC the following relationship holds:

9.5, —hg+/s2 — Asgh, + h2 > /252 — (A + 2)sah, + 2h%,—2 < A < 2.

10. s, — hy + /452 — sghy + Ah2 > \/(A+ 1)s2 — 3s,hy + (A + 1)h2.1 >

N | =

Marin Chirciu - Romania

Solution:

9.5q — hg ++/s2 — Asghg + h% = /252 — (A + 2)s,hg + 2h2.
We haves?2 —As;h—a+h%2 >0,seeA=212—-4<0,for—2<1<2.
We have 252 — (A + 2)s hy +2h2 > 0,see A= (1+2)2 - 16 <0,for—6 <A1 < 2.

Squaring the inequality transform itself equivalently:

Sq — hg +\/s§ — Asqhg + h2 > \/253 — A+ 2)sgh, +2h%2 &

s& —2s4hg + h% + 2(s, — ha)\/s,f — Asghg + h% + s2 — Asqh, + hZ >

>2s2 — (A+2)s h, + 2h%2 &

2(5q — ho)y/s2 — Asqghg + h2 = 0, which follows from s, > hq.

Equality holds if and only if the triangle is isosceles, with b = c.

10. 5 — hg + /A2 — sghgq + Ah2 = \/(A+ 1)s2 — 3s,hy + (A + 1)RZ.
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We have AsZ — s h, + Ah2 > 0,see A =1 —44% < 0, for A 2%.
(A+1)s% = 354hg + (A+ 1Dh2 2 0,see A= 9— 4(A+1)2 < 0,for A > =,

Squaring the inequality transforms itself equivalently:

Sq — hg + J/mg —Sqhgq + AhZ > \/(/‘L + 1)s2 —3sahy+ A+ Dh2 &

S 52— 2sghg + 52+ 2(sq — ha)\//lsg — Sqhg + AhZ% + As2 — sgh, + AR2 >

> (A + 1)s2 — 355hg + (A + Dh2 © 2(54 — ho)JAs2 — sghg + Ah2 > 0, which follows from s, >
hg.

a

Equality holds if and only if the triangle is isosceles, with b = c.
J.2487. In AABC the following relationship holds:

w - 32413
1+wp)(1+w.)  9R?2+12R + 4

Zaza Mzhavanadze - Georgia
Solution:

LHS = Z Wa g (Ewa)* (1) (9r)? _
A+w)A+we) — 3LA+wp)(A+wd) ~ 3-2(9R2 +12R +4)

32413

—————— = RHS
9R?> + 12R + 4

where (1) it follows from Y} w, = 9rand (1 + w,) (1 +w,) < Z(9R2 + 12R + 4), see

27R?

2(1+wb)(1+wc)=3+22wa+zwbwcs3+2-?+7=%(9R2+12R+4).

Equality holds if and only if the triangle is equilateral. Remark: The problem can be developed.

In AABC the following relationship holds:

wh - 12(3r)*
1+wy)A+w,) (BR+2)?%

neNn=>2

Marin Chirciu - Romania
Solution:

B wk Holder Sw )" (€Y
LHS = Z A+w)(d+w) = 32y +w)A+wy) =
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- Or)" 123"
“3n-2.3(3R+2)2 (BR+2)?
4

= RHS,

where (1) it follows from Y w, = 9rand }.(1 + wp)(1 + w,) < 2(3R + 2)?, see

9R 27R? 3
Z(l+wb)(1+wc)=3+ZZwa+ZWbWCS3+2-7+ =2 OR +12R+4)

3
=—-(3R+2)?
LGR+2)

Equality holds if and only if the triangle equilateral. Remark: In the same way.

In AABC the following relationship holds:

mp 12(3r)"
Z = ,MmMeNNn=2
1+my)(1+m,) ~ (3R +2)2
Marin Chirciu - Romania

Solution:

LHS z mg Holder Emy)" @ (9r)"
= > = =
(1+mp)(1+m,) 3231 +mp)(1+my)  3n-2. %(3R +2)2

123"

=—————=RHS
(BR+2)

where (1) it follows from Y m, = 9r and }.(1 + my)(1 + m,) < %(3R + 2)?, see

9R 27R?
Z(1+mb)(1+mc)=3+22ma+2mbm6§3+2-7+ R

3 3
=7 OR? +12R +4) = 2 (3R +2)".

Equality holds if and only if the triangle is equilateral. Remark: In the same way.
In AABC the following relationship holds:

st - 12(3r)*
1+s,)(1+s.)  (BR+2)?%’

neNn=>2

Marin Chirciu - Romania

Solution:

LHS z Sa Holder s )™ @ (9r)"
= 2 > =
(1 +sp)(1+s0) 3231 +s,)(1+s.)  3n-2. 3(3R +2)2

12(3r)"

="~ —RHS,
(3R + 2)2
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where (1) it follows from Y. s, = 9rand (1 + s,)(1 +5.) < 2(3R + 2)?, see

9R 27R? 3
Z(1+sb)(1+sc)=3+225a+25bscs3+2 S+ =S ORP 4 12R +4)

= %(3R + 2)2. Equality holds if and only if the triangle is equilateral. Remark: In the same way:

In AABC the following relationship holds:

h? - 12(3r)"
1+ h,)(1+h,)  (BR+2)?%

neNn=>2

Marin Chirciu - Romania

Solution:
ld n (1
LHS = Z g (2. o) >
1+ hb)(l +h.) 321+ hy)(1+h,)
(€D 97 ) 12(3r)™
SO o LR L C ) LN

~ 3n-2 -%(3R+ 2)2 - (BR+2)2

where (1) it follows from Y} h, = 9r and (1 + h,)(1 + h,) < %(SR + 2)?,see

9R 27RZ
Z(1+hb)(1+h)—3+22h +Zhbh <342+ =

3 3
= Z(gRZ + 12R +4) = Z(3R + 2)2.

Equality holds if and only if the triangle is equilateral. Remark:In the same way.
In AABC the following relationship holds:

i - 12(3r)"
A+r,)(A+7r.)  (BR+2)%

neENn=2

Marin Chirciu - Romania

Solution:
Hold n (1 9r)n
LHS = Z o_ er - (Z T‘a) ~ (3 T‘) _
a+ rb)(l +70) 32y +r)(1+71)  3n-2. ~(3R +2)?
_ 12(3r)" — RHS
(3R + 2)2 ’

where (1) it follows from Y7, = 9rand X (1+1,)(1 +71,) < %(3R +2)2, see

9R 27R? 3
Z(1+rb)(1+rc)=3+22ra+2rbrcs3+2 7 2 =Z(9R2+12R+4)=

53 | ROMANIAN MATHEMATICAL MAGAZINE NR. 45



Romanian Mathematical Society-Mehedinti Branch | 2025

3
=—(3R + 2)2
LGR+2)

Equality holds if and only if the triangle is equilateral.

J.2527. In AABC the following relationship holds:

Z 1 - 32
r3(r, +r.)  243R®
Zaza Mzhavanadze - Georgia

Solution:

ig Holder (Z i)5 (Z i)5

Ta Ta

1
Ta (Tb + Tc) T, +1¢ 33 Z(rb + Tc) 33 era

(1)5 1 1 Euler 32

r

= = = > =
33.2(4R+71) 33r5-9R 243Rr5 = 243R6

RHS.

We used above: Zrl = %and Yra=4R+r
a

Equality holds if and only if the triangle is equilateral. Remark: The problem can be developed.

In AABC the following relationship holds:

1 1
= ,NEN N> 2
Z ro(rp+r1r.)  (3r)"R

Marin Chirciu - Romania

Solution:
1 n n
LHS — Z 1 _ z E Hol>der (Z %) _ (2 %) _
1t (r, + 1) n+r. — 3"2¥(rp+r) 32237,
1 n
(;) Euler 1 1 1

RHS.

= > = —_ =
3n=2.2(4R+r) — 3" 2rn.9R 37rn.R (3r)"R

We have used above: ), Ti =2and > 1, = 4R + r. Equality holds if and only if the triangle is

=7
equilateral.
Note: For n = 5 we obtain a straighten problem of the Problem J.2527 from RMM — 43.

Remark: In the same way. In AABC the following relationship holds:

Z 1 - 1
hi(hy +h,) — (3r)"R

MENN=>2

Marin Chirciu - Romania
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Solution:

1 1\" 1\"
LHS 1 hn Holder (Z h_) (Z h_)
— - a > a — a >
Z hy(hy + he) z hy+h., — 3"2%(hy+h,) 3%2-2%h,

1

(_) " Euler 1 _ 1 1

T

> > = =
=3n-2. 2(4R + T') — 3n-2ym.9QR 3nyrn. R (3T')nR

= RHS.

We have used above: Zhi = %and Y hg < 4R + r. Equality holds if and only if the triangle is

equilateral.

Remark: In the same way: In AABC the following relationship holds:

1 1,2\"
Z—> (—) ,neNn=>2
wit(wp, + w,) 3R

Marin Chirciu - Romania

Solution:
1 1\" 1\"
LHS — z z W_(rll Hol>der (Z W_a) _ (Z W_a)
(Wb + Wc) Wp + We - 3n-2 Z(Wb + Wc) 3n=2.2 Z Wq -
n
(%) Euler n on on 1/2\"

= = =\ = RHS.
=3n-2.2(4R + 1) 3n-2Rn.9R 3"Rn-R (3R)"R R <3R)

We have used above: ZWL > % andY w, < 4R +1,see )y, w, < Y m, < 4R + r (Leuenberger).

Equality holds if and only if the triangle is equilateral.

Remark: In the same way: In AABC the following relationship holds:

1 1,2\"
Z > = (—) mENR>2
mit(my,+m,)  R\3R

Marin Chirciu - Romania

Solution:
1 1\" 1\
LHS — m Holder (Z m_) (Z m_)
—a > a a
Z (mb +m.) Z my+m, ~  3"2)(m, + mc) 3n=2.2%m,
n
(%) Euler n on on 1/2 n
3n=2.2(4R+71) 3n—2Rn.9R 37R".-R (3R)"R R \3R

We have used above: ) mL > % and Y} m, < 4R + r (Leuenberger).

Equality holds if and only if the triangle is equilateral. Remark: In the same way.
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In AABC the following relationship holds:

1 1,2\"
PR SR V6 R
sh(s,+s.) R\3R

Marin Chirciu - Romania

Solution:
1 1\ 1\"
LHS 1 S_n Holder (Z s_) (Z s_)
— — a > a — a
Z sg(sp +sc) z sp+s. 3" 2)(sp+s.) 32-2)s,
n

(%) Euler 2" 2" 2" 1/721\"

> > = = = —(—) = RHS.
3n=2.2(4R + 1) 3n—2Rn.9R 3"R"-R (3R)*R R\3R

We have used above: Zsi > %, see Zsi > ZmL > %andZsa < 4R+, see
s, < Y.mg < 4R + r (Leuenberger). Equality holds if and only if the triangle is equilateral.
J.2502. If a, b, ¢ > 0 then:

a2 +b?
2

2 2 2
2. f%+23\/abc3a+b+a

Lucian Tutescu - Romania

1. ++vab <a-+b,

Solution:

2 2
1. /“ ;” ++vab<a+b.

a? + b? a? + b2
> +Vab<a+be 5

a? + b? /a2+b2 a? + b? a? + ab + b?
= +ab+2 > -vab < a?+2ab+ b2 2 -\/%sf@

+vab | <(a+b)? e

2 2

a? + b2

o4 -vab < a? + ab + b? & 8ab(a? + b?) < (a® + ab + b))% &

& a* —4a3b + 6a?b? — 4ab® + b* > 0 © (a — b)* = 0, with equality for a = b.

Equality holds if and only if a = b.
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2 2 2
2. /a +b3 v 23fabc<a+b+ec.
2

a? + b? +c? a? + b? + c?
/#+23\/abc§a+b+c(:> ’f+23\/abc <(a+b+c)i e

a?+b%+c? a? 4+ b? + c?
#+4 — Vabe + 43 a?b2c? <
< a?+b%*+c?+2ab+2bc+2cae

a?+b?+c? 3
12 — Vabc + 123/ a?b?c? < 2a? + 2b? + 2¢? + 6ab + 6bc + 6ca ©

o6 /azﬁ;zﬂz -Yabc + 6Va?b%c? < a? + b2 + ¢ + 3(ab + bc + ca), which follows from:

2 2 2
We denote /a H; ™ — t and ¥abc = x. From ab + bc + ca > 33 (abc)? = 3x?, it suffices to

prove that:
6t-x+6x2<3t?+3-3x?=3t2+3x2—-6tx=>03(t—x)2=0,

aZ2+b2+c?

with equality fort = x & =Yabcea=b=c.

Equality holds if and only if a = b = c. Remark: The problem can be developed.

2 2 2 2
3. /w+34\/abcd§a+b+c+d.

Ifa, b, c,d > 0then:

Marin Chirciu - Romania

+3Vabcd<a+b+c+de

\/a2+b2+cz+d2
4

+3Vabcd | <(a+b+c+d)? e

Ja2+b2+c2+d2
4

a®+b?* +c* + d? a?+b? +c? + d?
& 2 + 6\/ 7 -Vabcd + 9%/ (abcd)? <

Sa2+b2+cz+d2+22ab@

57 ROMANIAN MATHEMATICAL MAGAZINE NR. 45



Romanian Mathematical Society-Mehedinti Branch | 2025

a?+ b?+c?+d?
24\/ 2 -Vabcd + 36%/(abcd)? < 3a% + 3b% + 3c2 4 3d? + 82 ab,

which follows from:

We denote /w = tand YVabcd = x. From ¥ ab > 6%/ (abcd)?® = 6vabcd = 6x2,it

suffices to prove that:
24t - x +36x%2 <3-4t? +8-6x% © 12t? + 12x% — 24tx > 0 © 12(t — x)? = 0, with equality
a?+b?+c2+d?

fort=x© lelabcd@a:b:c:d.

Equality holdsifand onlyifa =b =c = d.
J.2499. Solve in C the equation:

25x2 74

2 _F
T 2x15)2 29

X

Bianca Negret, Horia Musat - Romania

Solution: We transform the equation equivalent:

X

2, 25%% T4 2+( 5x )2_74@< 5x )2 5x_ _74
2x+52 497 "\2x+5) Ta97 Tt X' x+5 49

- 2x2 2_|_10952_74(:)4 x?2 2+10 x?2 _74@
2x+5 2x+5 49 2x +5 2x+5 49
o2 xt 2+5 x: —37

2x +5 2x+5 49
7

2
With the substitution zj:T = t we obtain the equation 2t + 5t = i—g S

© 98t2 + 245t — 37 = 0, with A = 273%

. 1 -37 . . . .
We obtaint; = > andt, = e Returning to the substitution we obtain:

2

x 1 . . 116
=-& 7x% —2x — 5 = 0, with the solutions x; , = XX =

2x+5 7
2 - . : —37+iv/ —-3742iy/
2;5 = % © 14x2 + 74x + 185 = 0, with the solutions x; , = 37_; 1221 37_271 308

Remark: The problem can be developed: Let A > 0,n > 0 fixed. Solve in C the equation:

) A2%x? 24+ 2An + n?
x2 + =
(nx + 2)2 (A + n)?

Marin Chirciu - Romania
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Solution: The left-hand side of the equation becomes equivalent to:

A%x?
+ (nx + 1)

- nx? \? N 2Ax2 o 2 x2 \? Y x2
n . .
nx+ A nx+ A nx+ A nx+ A
222 42An+n?
(A+n)?

2

X @x2+(

X
nx+/1) ®<x_nx+/1> +2x.nx+/1@

2
With the substitution njﬁ = t we obtain the equation n?t? + 21t =

S n?2(A+n)%t? + 241 + n)?t — 2% + 2An + n? = 0, with

' = 2(2 2)2 =L — Z2A-2in-n?
A =A+n)*(A*+ An+n%)* Itfollows t; = /Hnand t, = G
Returning to the substitution we obtain:
x2 1 n+(2A+n)

=— & (A +n)x* — nx — A = 0, with the solutions x; , =

nx+A  A+n 2(+n)

A x? 2> =2In-n?
T A+n’ nx4+1 n?2(A+n)

X1 = 1,x2

& n2(A+ n)x? + n(2A2 + 2An + n2) + A(242 + 2An+n?) = 0,

with A = n?(n* — 4A%2(n + 1)?) and the solutions:

—n(n+ 2nd+ 22%) £ nn* — 442(n + 1)2 _—(n+2n1+22%)+ Jnt —422(n + 1)2
2n?(n+ A1) - 2n(n+ 1) '

X34 =

Note: For n = 2,1 = 5 we obtain the Problem J.2499 from RMM —43.

RMM SOLVED PROBLEMS VI

By Marin Chirciu — Romania

J.2594. Solve for real numbers:

1 4 1 2
1+ tan*x 10 1+ 2tan?x

Daniel Sitaru - Romania

Solution: Lemma:

L4 =2 o3t3-19t2+33t-9=0&
1+t 10 1+2t

Denoting tan? x = t we obtain:
< (t—3)?(3t — 1) — 0, with the solutions t; = 3and t, = é

Fromtanzx:3:x=i\/§=>x=+§+kn,kez.
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1 1
Fromtanlx=-=tanx=+—>=x
3 V3

The set of the equation’s solutions is S = {i% + km, k € Z} U {i % +km k € Z}
Remark: The problem can be developed: Let A > 0 fixed. Solve for real numbers:

501

332+ 1)2
—+ 42 [
1+ tan*x 1+ Atan?x
Marin Chirciu - Romania
Solution:
2
Denoting tan2 x = t we obtain: — + 4] + 3 = 2CAtl)”

1+t2 1+At

(A2A+3)t3 - 2721+ 14)t? + (5421 +3)t— 271+ 36 =0

& (t—3)2((41+3)t+4-31)=0

. . 31-4
with the solutions t; = 3andt, = e

Fromtanzxz3:>tanx=i\/§:>x=+§+kn,kez

31-4 31—4
Fromtan?x = 2= =tanx = +

4 31-4
+ . forAl>-=>x=+arctan [—+ kn,k €EZ
41+3 42+3 3 42+3

The set of equation’s solutions is S = {ig + km, k € Z} U {i arctan /ii—;: + km, k € Z}, ford =

If1e (0, %) the set of equation’s solutions is S = {ig + km, k € Z}.

w |

Note: For 1 = 3 we obtain the Problem J. 2594 form RMM - 43

J.2592 In AABC the following relationship holds:

Z(Zb + a) (2c + a) < 81R?

Daniel Sitaru - Romania
Solution: Lemma: In AABC the following relationship holds:

Z(Zb +a)(2c+ a) =2 (5s5%+ 3r%2 + 12Rr).

Proof:
Z(Zb +a)(2c+a) = SZbc + z a’? = 2(5s%2+ 3r2 +12Rr)
We have used above . bc = s2 + r?2 + 4Rr and Y, a? = 2(s? —r? — 4Rr)
Let’s get back to the main problem. Using the Lemma, we obtain:
60 |
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Gerretsen

LHS = Z(Zb +a)(2c+a) =2(5s2+3r2+12Rr) <

Gerretsen

Euler
< 2(5(4R?+4Rr +3r%)+3r?>+ 12Rr) = 4(10R?> + 16Rr +9r?) < 81R? = RHS
Equality holds if and only if the triangle is equilateral.
Remark: Let’s find an inequality with opposite sense.

In AABC the following relationship holds:
Z(Zb +a) (2c + a) > 32412

Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:
Z(Zb +a)(2c +a) = 2(5s% + 3r2 + 12Rr)
Proof:

Z(Zb +a)(2c+a)= 82bc + Z a’? = 2(5s%+ 3r? +12Rr)

We have used above: Y bc = s2 + r2 + 4Rrand Y, a? = 2(s? — r2 — 4Rr)

Let’s get back to the main problem. Using the Lemma, we obtain:

Gerretsen

LH5=Z(2b+a) (Zc+a) :2(552+3T2+12R7") =

Gerretsen Euler
> 2(5(16Rr —5r%) + 3r® + 12Rr) = 4(46Rr — 11r?) > 324r® = RHS

Equality holds if and only if the triangle is equilateral.

Remark: We can write the double inequality: In AABC the following relationship holds:
324r% < 2(21; +a)(2c + a) < 81R?

Solution: See above. Equality holds if and only if the triangle is equilateral.
Remark: The problem can be developed.

If A > 0, in AABC the following relationship holds:
36(1+ 1)%*r? < Z(Ab +a)(Ac + a) < 9(A + 1)2R?

Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:
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Z(Ab +a)Ac+a)= (A2 4+22+2)s2+ (A2 +241—-2)r2+ (422 +81-8)
Proof:

Z(Ab fa)(dc+a) =A% + 2/1)2 be +Za2 -
=A% +21+2)s?>+ (A2 + 21— 2)r?> + (42> + 81— 8)
We have used above Y bc = s2 —r?2 + 4Rr and Y. a? = 2(s? —r2 — 4Rr)
Let’s get back to the main problem.Using the Lemma, we obtain:

Right inequality:

Gerretsen

Z(Ab FQ)AcH+a)= (A2 +21+2)s2+ (2 +21 —2)r2 + (412 + 81 —8) <

Gerretsen

< (A2+22+2)(AR*+4Rr+3r1)+ (A2 +21—2)r> + (42> + 81— 8) =

ule

Euler
=4((22%2 + 21+ 2)R? + (84> + 16)Rr + (422 + 84+ 4)r?) < 36(1+ 1)?r?
Equality holds if and only if the triangle is equilateral.
Note: For 1 = 2 we obtain the right inequality from Problem J.2592 from RMM —43.

J.2586 In AABC,AM, BN, CP — medians, I — incenter, then:

abc
a-IM2+b-INZ+c-IPZZT

Daniel Sitaru - Romania
Solution: Lemma: In AABC, AM, BN, CP — medians, I —incenter, then:

s(s? +5r%2 — 14Rr
a-IM?>+b-IN? +c-1IP? = ( )

2
Proof: Using median theorem in AIBC, we obtain:
2IB? + 2IC? — a?
IM? = =
4
5 2IB2+2IC? —a? 2% (b+c)IA?> —Y a® s(s?+5r%2—14Rr)
Za'IM =Za' 4 - 4 - 2

We have used above) (b + ¢)IA? = 2s(s? + r2 — 10Rr) and Y, a® = 2s(s? — 3r? — 6Rr).

Let’s get back to the main problem. Using the Lemma, we obtain:

s(s2 4572 —14Rr) M abc
LHS:Za-IM2 Lemma S 5 )L — = RHS.
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245r2-14R b 2+5r2—14R 4R
where (1) © S(Srz—r) > % G TZ ) > 4TS & s? > 16Rr — 512, (Gerretsen).

Equality holds if and only if the triangle is equilateral. Remark: Let’s find an inequality of opposite
sense.

In AABC,AM,BN, CP — medians, I —incenter, then:
a-IM?> +b-IN? +c-IP? < 2s(R* — 3r?%)
Marin Chirciu - Romania
Solution: Lemma: In AABC, AM, BN, CP — medians, I —incenter, then:

s(s? 4+ 512 — 14Rr)
2

a-IM?> +b-IN*+c-IP? =

Proof: Using median theorem in AIBC we obtain:

2IB% + 2IC? — a?
IM? = 2 =

z M2 = Z 2IB* +2IC* —a* 2% (b+0)IA> =Y a® s(s*+5r”—14Rr)
a =>Ya T = A - ;

We have used above Y.(b + ¢)IA%? = 2s(s?> + r? — 10Rr) and Y, a3 = 2s(s? — 3r%2 — 6Rr).

Let’s get back to the main problem. Using the Lemma, we obtain:

Lemma S(s% — 572 — 14Rr) Gerretsen s(4R? + 4Rr + 3r% + 5r? — 14Rr)
z a-IM? = < =
2 2
_ s(4R* —10Rr + 81?)
B 2

ule

Euler
=5s(2R?> —5Rr+4r?) < s(2R?*—-10r?+4r?)=

= s(2R? — 6R?) = 2s(R? — 3r2).
Equality holds if and only if the triangle is equilateral.
Remark: We can write the double inequality:
In AABC,AM, BN, CP — medians, I — incenter, then:
Rrs<a-IM?+ b-IN?+ c-IP? < 2s(R? — 31?)
Solution: See above. Equality holds if and only if the triangle is equilateral.
Remark:The problem can be developed.
In AABC,AM, BN, CP — medians, I —incenter, then:
36r*< (a-IM)?+ (b-IN)?+ (c-IP)? < 2(5R* — 62r*).

Marin Chirciu - Romania
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Solution: Lemma: In AABC,AM, BN, CP — medians, I —incenter, then:

s2(s%2 + 6r%2 — 16Rr) + r2(16R?* — 8Rr — 31%)

(a-IM?+ (b-IN)? + (c-IP)? = .

Proof: Using the median theorem we obtain:
2IB? + 2IC? — a? 2IB% + 2IC? — a?
IM? = 2 :Za2-1M2=Za2- T =

_2X(b*+c?)IA? —Ya*  s*(s®+6r? — 16Rr) +1r?(16R* — 8Rr — 31?)
B 4 B 2 '

We have used above Y(b? + ¢?) I1A? = 2[s?(s? + 61r% — 16Rr) + r2(16R? — 8Rr — 31?)]
and Y a* = 2[s* — s?2(8Rr + 6r2) + r2(4R + 1)?].
Let’s get back to the main problem.

Right inequality:

s2(s2 + 612 —16Rr) + r%2(16R? — 8Rr — 3r?) Gerretsen
Z(a-IM)2= ( )2 ( ) <

Gerretsen (4R? + 4Rr + 3r?)(4R? + 4Rr + 3r? + 612 — 16Rr) + r?(16R?* — 8Rr — 312%)
- 2

1
= 5(16R4 —32R3r + 16R?r? — 8Rr3 + 24r*) = 4(2R* — 4R3r + 2R?*r? — Rr3 + 3r%)

Euler

5
< 4<§R4 - 31r4) = 2(5R* — 62r%).

Equality holds if and only if the triangle is equilateral.

Left inequality:

s2(s% + 612 —16Rr) + r%2(16R? — 8Rr — 3r?) Gerretsen
Z(a']M)Zz ( )2 ( ) Z

Gerr;tsen (16Rr — 5r*)(16Rr — 5r% + 61> — 16Rr) + r*(16R* — 8Rr — 3r?)
—_— 2 -

rz Euler
= 7(16R2 —8Rr —8r2) =4r2(2R? —Rr —r?) > 4r%.9r%2 =36r*

Equality holds if and only if the triangle is equilateral.

J.2590 In AABC the following relationship holds:

i/(a +b)(b+ c)(c+ a) = 4V3r
Daniel Sitaru, Dan Ndanuti - Romania

Solution: Lemma: In AABC the following relationship holds:
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(a+b)(b+c)(c+a)=2s(s>+1r%+2Rr)

The inequality can be written:

2s(s®>+r%2+2Rr) > (4\/§r)3 & 25(s? + 1%+ 2Rr) = 64 - 33/3r3, which follows from Mitrinovic
inequality s > 3+/37. It remains to prove that:

2-3V3r(s24+ 124 2Rr) > 64 - 3v3r3 & s2 + r2 4+ 2Rr > 322,
true from Gerretsen’s inequality: s2 > 16R — 5r2.
It suffices to prove that: 16Rr — 572 + r? + 2Rr > 32r? & 18Rr > 3612 & R > 2r, (Euler).
Equality holds if and only if the triangle is equilateral.
Remark: Let’s find an inequality of opposite sense.

In AABC the following relationship holds:

Y@+ b)(b+c)(c+a)<2V3R
Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:
n(b +¢) = 2s(s®?+ 1%+ 2Rr)
Solution: The inequality can be written:

2s(s®>+r%2+2Rr) > (2\/§R)3 © 2s(s? + 1%+ 2Rr) = 8- 3v/3R3, which follows from Mitrinovic

inequality s < #. It remains to prove that:
3Vv3R
2- V3 (s2 472+ 2Rr) <8-3V3R3 @ 52 +r2% + 2Rr < 8R?,

2

true from Gerretsen’s inequality: s? < 4R? + 4Rr + 372
It suffices to prove that:

4R? + 4Rr +3r?+r?+2Rr <8R? © 2R?>-3R-2r2>0o (R—2r)(2R+r) = 0, obvious
from Euler’s inequality R = 2r.

Equality holds if and only if the triangle is equilateral.
Remark: We can write the double inequality:

In AABC the following relationship holds:

4V3 <{(a+b)(b+c)(c+a)<2V3R

Solution: See above. Equality holds if and only if the triangle is equilateral.
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Remark: In the same way: In AABC the following relationship holds:

5vV3R
2

5V3r<{(s+a)(s+b)(s+¢) <

Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:
1_[(5 + a) = s(4s* + % + 8Rr)
Left inequality:

Gerretsen

1_[(5 +a)=s(4s?+r?2+8Rr) < s(s(4R?>+ 4Rr+3r?)+r?+8Rr) =

3
Euler  125R2 Mitrinovic 3+/3R 125R2 5v3R
= s(16R2 + 24Rr + 13r2) < s- 2 < \/2_ . 2 = ( > )

Equality holds if and only if the triangle is equilateral.

Right inequality:

Gerretsen

H(s +a)=s(4s>+r2+8Rr) = s(4(16Rr—5r?)+1r2+8Rr)=

ule Mitrinovic

Euler 3
= s(72Rr —19r?) > sr-125r > 3v3r- 1251 = (5\/§r) .
Equality holds if and only if the triangle is equilateral. Remark: In the same way.

In AABC the following relationship holds:

8V3r < 3/(2s + a)(2s + b)(2s + ¢) < 4V3R
Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:
H(Zs + a) = 2s(9s% + % + 6Rr)

Left inequality:

erretse

G n
1_[(25 +a) =2s(9s2+71r2+6Rr) <  2s5(9(4R?>+4rR+3R?)+ R?>+ 6Rr) =

Euler Mitrinovic 3v3R 3
= 4s(18R*+ 21Rr + 14r?) < 4s-32R? < 4~%~32R2= (4V3R)

Equality holds if and only if the triangle is equilateral.

Right inequality:
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Gerretse

n
1_[(25 +a) =2s(9s?2+7r?2+6Rr) = 2s(6(16Rr —5r%)+1r?+8Rr) =

ule Mitrinovic

Euler 3
=4sr(75R—22r) > 4sr-128r >  4-3+3r-128r = (8V3r).
Equality holds if and only if the triangle is equilateral. Remark: In the same way.

In AABC the following relationship holds:

4r < 3{/(r +ry)(r+ryr+r) <2R
Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:
n(r +71,) = 2r(s> +r* + 2Rr)

Right inequality:

Gerretsen

n(r +1,)=2r(s?+7r24+2Rr) < 2r(4R?+4Rr+3r% +7r?+2Rr) =

Euler Euler
=4r(2R?* +3Rr +2r?) < 4r-4R* < 2R-4R? = (2R)?

Equality holds if and only if the triangle is equilateral.

Left inequality.

Gerretsen

H(r +1,)=2r(s?+7r2+2Rr) = 2r(16Rr—5r?>+7r?+2Rr) =

Mitrinovic

Euler
=4r2(9R —2r) = 4?-16r =  64r3 = (8r)s.
Equality holds if and only if the triangle is equilateral. Remark: In the same way.

In AABC the following relationship holds:

2r<{(ra—-m,-r(.—1r) <R
Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:
H(ra — 1) = 4Rr?
Right inequality:

Euler
n(ra —r)=4Rr? < R3.
Equality holds if and only if the triangle is equilateral.

Left inequality:
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Euler
H(ra —r)=4Rr? > 8r3

Equality holds if and only if the triangle is equilateral. Remark: In the same way.

In AABC the following relationship holds:

2r % 5 R
9r (;) < Y (hg + 2ry)(hy + 21y (h, + 21,) < >

Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:

n(h +2 )—234
a ra - R

Right inequality:

L ) 2s% Mitrinovic 2 27R?% 27R? 9R\?
= — < — =\—=) -
1_[( AR N (2 )

Equality holds if and only if the triangle is equilateral.
Left inequality.

254 Mitrinovic 2

2r
H(ha +2r,) = = > R 27r? - 27r% = = (97)3.
Equality holds if and only if the triangle is equilateral. Remark: In the same way.

In AABC the following relationship holds:

6r <i(ro+ry),+r)r.+1ry,) < 3R
Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:

H(rb + 1.) = 4Rs?

Right inequality:

Mitrinovic 27R?
H(rb +1)=4Rs> < 4R YR (3R)3.

Equality holds if and only if the triangle is equilateral.

Left inequality:
Euler&Mitrinovic
H(rb +7.) = 4Rs? > 8r - 27r% = (67)°.

Equality holds if and only if the triangle is equilateral.
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Remark: In the same way.

In AABC the following relationship holds:

2

61 (%)5 < *[(Chy + hy)(hy + R (R, + hy) < 3R

Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:

r2(s® + r% + 2Rr)
[ e +no= —

Right inequality:

i . 2
s2 (sz+r2+2Rr) MltTanVlCiL Gerretsen %(41;2 +4RT+3T2+T2+2RT)_

2R 2R

[1Chy + he) =

27R?
4

(4R? + 6Rr + 47%)  27(2R? + 3Rr + 2r?) puler 27R - 4R?

— 3 3
= : < Z 27R3 = (3R)

Equality holds if and only if the triangle is equilateral.

Left inequality.

s2(s% 4+ r? + 2Rr) Mitrinovic & Gerretsen 27r%(16Rr — 5% + % + 2Rr)
n(h"‘ *1a) = 2R = 2R B

_ 27r?(18Rr —4r?)  27r?-2r(9R — 2r) Eu>ler 27r% - 2r - 161 <2r) 6)°
- 2R - 2R = 2R “\rR)™T

Equality holds if and only if the triangle is equilateral.

Remark: In the same way: In AABC the following relationship holds:

1

2r () < YTy~ Py~ I~ ) <R

Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:

H(h -r) = r—z(sz + 1% 4+ 2Rr)
@ 2R

Right inequality:

R? Gerretsen v2(4R? + 4Rr + 3r%2 + r2 + 2Rr
n(ha—r)zﬁ(sz+r2+2Rr) < ( R -

R2
r2(4R? + 6Rr + 4r?) _ 12(2R? + 3Rr + 2r?) Euler - 4R?
— — <

=R3
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Equality holds if and only if the triangle is equilateral.

Left inequality:

72 Gerretsen r2(16Rr — 512 + 12 + 2Rr
n(ha—r):ﬁ(sz+r2+2Rr) > ( R )_

r2(18Rr —4r?)  r2.2r(9R — 2r) Euler v2 . 2r - 161  (2r
= = 2 _— = (—) (27‘)3
2R 2R 2R R

Equality holds if and only if the triangle is equilateral.

Remark: In the same way: In AABC the following relationship holds:

r (%rf <3/ (hy - 2r)(hy, — 21)(h, — 21) < g

Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:

(h 2)_2_1”4
1_[ a” 4T ="

Right inequality:
3

4
B 5 2r4Euler2:_6 R3 R
— = < —=—= |-
H(“ =% <R3 (2)

Equality holds if and only if the triangle is equilateral.

Left inequality:

2t 2r
[ [tha-2m=F =0 -

r2(18Rr — 4r%) r?-2r(9R — 2r) Ewler 2. 2r - 16r (21
= = S LA T (—) 2r)?
2R 2R 2R R

Equality holds if and only if the triangle is equilateral.

Remark: In the same way: In AABC the following relationship holds:

V@ =-2rntry-2r)a.—-2r)<r
Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:

n(ra —2r) = r(16Rr — 41r% — s?)

Gerretsen

n(ra —2r)=r(16Rr —4r? —s?) < r(16Rr—4r? —16Rr+5r?)=r-r? =713,
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Equality holds if and only if the triangle is equilateral. Remark: In the same way.

In acute AABC the following relationship holds:

i/(b2 +c2 —a?)(c? + a2 — b?)(a? + b% — c2) < 3R?
Marin Chirciu - Romania

Solution: Lemma: In AABC the following relationship holds:

l_l(b2 + c? — a?) = 32r%s%(s> — (2R +1r)?)

Mitrinovic & Gerretsen
1_[(b2 +c%2—a?) =32r?s%(s? = (2R +1)?) <
27R?
= T T re— Tr = or-- AT =
3212 (4R% + 4Rr + 3r2 — (2R +1)?) = 8r2 - 27R? - 2r2

Euler

=16r*-27R? < R*-27R?=27R®= (3R?)3.
Equality holds if and only if the triangle is equilateral.
J.25711f M € Int (AABC),d, = d(M,BC),d;, = d(M,CA),d,. = d(M, AB) then:

a? b? c?

>12
dohy, | dyhy | doh, -

D.M. Batinetu - Giurgiu, Claudia Nanuti - Romania

Solution: Lemma: If M € Int(AABC),d, = d(M,BC),F,; = Aria[MBC(] then:

a? a*
d,h, 4FF,
Proof:
a? a’? a? a’ a? a*

a a
d,h, d, h, ad, ah, 2F, 2F 4FF,

Let’s get back to the main problem. Using the Lemma, we obtain:

=12 = RHS.

2
a? a* cs 2)2 1-w (4F+/3 16F2 -3
LHS=2—= s (Ba?)” 1 (4FV3)" _
d,h, 4FF, = Y 4FF, 4FYF,  4F-F

We have used above lonescu — Weitzenbock inequality: . a? > 4F+/3.
Equality holds if and only if the triangle is equilateraland M = 0.
Remark: The problem can be developed.

If M € Int(AABC),d, = d(M,BC),d, = d(M,CA),d, = d(M,AB) and n € N then:
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aZn bZn CZn 4F)n—1

+ + > 12 (—
daha dbhb dchc \/§

Solution: Lemma: If M € Int (AABC),d, = d(M,BC),F, = Aria [MBC] and n € N then:

aZn a2n+2
d,h, 4FF,
Proof:
2 2 2 2 2 2n+2
e A e S N P T S e
dyh, d, hg ad, ah, 2F, 2F 4FF,

Let’s get back to the main problem. Using the Lemma, we obtain:

LHS aZ‘l’l Lemma a2n+2 Holder (Z aZ)n+1 -w (4F\/§)n+1
— = > —
Zdaha 4FF1 - 3n_1Z4FF1 - 31’1—1 * 4F2F1
__16F2-3 <4F)"‘1 — RHS
T 3n-1.4F . F V3 - :

We have used above lonescu — Weitzenbock inequality: ¥ a? > 4F+/3. Equality holds if and only if
the triangle is equilateral and M = 0. Note: For n = 1 we obtain the Problem J.2571 form RMM -
43.

J.2567.1f x,y,z > O thenin AABC:

yz yz yz R?

S+t o< —((x+y+2)?
hz " hZ" h2 arz Xy +o)

D.M. Batinetu - Giurgiu, Dan Nanuti - Romania
Solution:

2 4F2

a

: : Z Z 1 Lemma RZ2
LHS = :;l/_2= %zm E yzaz < (X+y+Z)2=RHS
a

Lemma:If x,y,z > 0 then in AABC:
Lemma
z yza? < R*(x+y+z)?

Proof: We use:

(x +y +z)(xMA? + yMB? + zMC?) = yza® + zxb? + xyc?, where x,y,z > 0 and M an arbitrary
point in the plane AABC. Indeed:

OS(x'm+y-m+z~1\75)2=

=(x+y+2z)(x-MA?2+y-MB? +z-MC?) — (yza® + zxb? + xyc?)
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Putting M = 0 in (x + y + z) (xMA? + yMB? + zM(C?) > yza? + zxb? + xyc? we obtain:
(x +y+2)(x0A? + yOB? + z0C?) > yza? + zxb? + xyc?
S (x+y+2)(xR? + yR? + zR?) = yza? + zxb? + xyc? ©
SR*(x+y+2)(x+y+2z)=yza® + zxb? + xyc?
© R?(x+y +2)? = yza® + zxb? + xyc?
Equality holds if and only if the triangle is equilateraland x =y = z.
Remark: The problem can be developed.
If x,y,z > 0thenin AABC the following relationship holds:
2
:lz+::2)+y2_£72(x+y+z)2 RHS
Proof: Putting M = 0 in (x +y + z)(xMA? + yMB? + zM(C?) > yza® + zxb? + xyc? we obtain:
(x 4+ y+ 2)(x0A% + yOB? + z0C?) = yza? + zxb? + xyc? &
S (x +y +2)(xR? + YR? + zR?) = yza? + zxb? + xyc? &
SR*(x+y+2)(x+y+2z)=yza® + zxb? + xyc? ©
© R?(x+y +2)? = yza® + zxb? + xyc?

Equality holds if and only the triangle is equilateraland x = y = z.

Remark: The problem can be developed: If x,y,z > 0 thenin AABC:

2

Yz yz }’Z 2
+— < X+y+z
w2 wi 2 4F2 (x+y+2)
Marin Chirciu - Romania
Solution:
yz yz Lemma R?
= < = A < - 2 —
LHS w2 hZ (ZF 2 ~ 4F2 Z Y&t = e (x +y+2)° = RHS
a

The problem can be developed.

If x, ¥,z > 0thenin AABC the following relationship holds:
yz yz yz _ R?

— < x+y+z)?
sz s2 ' st 4F2( y+2)

Marin Chirciu - Romania

Solution:
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vz vz vz 1 Z , Lemma R? )
= — < — = - = < - —
LHS Esa <L (E 2= 20V = am (x+y+2)*=RHS
a
Equality holds if and only ift the triangle is equilateraland x = y = z.

Remark: The problem can be developed.

If x,y,z > 0thenin AABC the following relationship holds:

yz yz yz 13R?

— —< x+y+2z)>
2 12 1z 4F? (x+y+2)
Marin Chirciu - Romania
Solution:
yz vz 1 Lemma 13R?
LHS=Z—=Z—=—Z —a)? < +y+2)? =RHS

WALy ya(s =) aFz XY+

S—a

Lemma: If x,y,z > 0 then in AABC the following relationships holds:

13R?
Zyz(s—a)zs ) (x+y+2)% Z:yzaZSRz(x+y+z)2

Proof: We use:

(x +y +z)(xMA? + yMB? + zMC?) > yza® + zxb? + xyc?, where x,y,z > 0 and M an arbitrary
point in AABC’s plane. Indeed:

OS(x-m+y-W+z-m) =(x+y+2z)(x-MA>+y-MB?+z-MC?) —
—(yza? + zxb? + xyc?)
PuttingM = 0 in (x + y + z) (xMA? + yMB? 4+ zM(C?) > yza? + zxb? + xyc? we obtain:
(x +y + 2)(x0A% + yOB? + z0C?) = yza? + zxb? + xyc? &
S (x+y +2)(xR? + yR? + zR?) = yza? + zxb? + xyc?
SR*(x+y+2)(x+y+2z)=yza® + zxb? + xyc? ©
© R*(x+y +2)? = yza? + zxb? + xyc?

Equality holds if and only if the triangle is equilateraland x = y = z.

Z:yz(s—at)2 =Zyz(sz—25a+a2) =SZZyZ—ZSZyz~a+Zyz-a2 <

2.1 2 _ . 2 2
<s 3(x+y+z) ZSZ_’)/Z a+R(x+y+2) <

27R?
<
4

1
~§(x+y+z)2+R2(x+y+z)2—22yz-a=
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9R? 1
:T(x+y+z)2+R2(x+y+z)2—ZsZyz-az

RZ
2 (x+y+z)2—252yz-a

13R?
< 2 (x+y+2)>%

J.2601 If x, ¥,z > 0, in AABC the following relationship holds:

21 yt+z_18
wz x  s?

Mehmet Sahin - Turkey

Solution:
1 y+z AM-GM 3 v+ 2z 1 Cesaro
- T2 s o Tl - ol T
wy; X
6 (MWe 18
=3 2 F== RHS,
ng 3 S
2 Mitrinovic 2 6
Where (1) & JTIw? < s?, see[[w2 <[[r2=(@s?)?=1r%s* < ;—7 st = ;7

Equality holds if and only if the triangle is equilateral. Remark: In the same way: If x,y,z > 0, in
AABC the following relationship holds:

1y+z 18
JE— 2_
hZ «x s2

Marin Chirciu - Romania

Solution:

1 y+zAM GM 3 1y y+z 1 Cesaro 3 1

LHS = Z 3 1_[—2 = =z 3 81_[—2=
X a ha

6 (

[1h;

=
~—

v

18
= —2 = RHS,
S

Il
w
]
w |2 o

Mitrinovic

2 2 56
where (1) @ /] h2 < S?, see[[h2 <TIw2 <[[r2 = (rs?)2=r2s* < T .s4t=21
Equality holds if and only if the triangle is equilateral. Remark: In the same way.

Ifx,y,z > 0,in AABC the following relationship holds:

Zl y+z 8
_—2_
m2 x 3R?

Marin Chirciu - Romania
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Solution:

1 y+2zAM-GM 3 1 y+ z y+z 1 Cesaro 3 1
LHSZZ_Z >" 3 1_[ > 38| 5=
m; x

mg

6 M 6 8 RIS
= > = =
3 l—lm(ZI - (2)2 3R2 4
2

2

2
3R\ 2 Rs2\2 Mitrinovic R.ZR 27R3\ 2 3R\6
Where (1) & {[Im2 < (7) ,see [[m2 < (—) < < 4 = ( ) = (_)

2 - 2 8 2

Equality holds if and only if the triangle is equilateral.

Remark: In the same way.

Ifx,y,z > 0,in AABC the following relationship holds:

Zly+z> 8
s2 x ~ 3R?

Marin Chirciu - Romania
Solution:

1y+zAM-GM 3 ly

s = Y LRI T Ly
Sa X a

e O ¢

sz CB)

2 27R?\ 2 2 6
Rs? Mitrinovic [ R - —— 27R3 3R
Hsgsnmgs 2 = 2] =73 =(_>

2

y+z 1 Cesaro 3 1
Z-3 > 3 81_[—2=
Sa

8 3 3R\?2
=7 =RHS, where(1) & Vst < (7) , see

Equality holds if and only if the triangle is equilateral.

Remark: In the same way.

If x,y,z > 0,in AABC the following relationship holds:

1y+z 18
yar
r2 x s?2

Marin Chirciu - Romania
Solution:

1y+zAM-GM 3 1y+Z y+z 1Cesaro 3 1
s 3225 T =T
e x T/
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6 We6 18
= > —=— =RHS,
3 l_[T'Z s” S
a 3
3 > $2 2 N2 ) Mitrinovic g2 s6
where (1) © /[, S?,msee]_[ra = (rs?)? =r2st < ;-s“z;.

Equality holds if and only if the triangle is equilateral.

ABOUT THE SPIEKER’S CEVIANS IN TRIANGLE

By Bogdan Fustei-Romania

ABSTRACT: We consider ABC a triangle with usual notations. We will study the Spieker’s cevians in
a triangle ABC. Spieker center is obtain as follow: Le be M;-middle of the side BC,M,-middle of the
side AC,M;-middle of the side AB. Spieker center of AABC is the center of the circle inscribed in
the medial triangle of AABC. (AM;M;M3).Notation for Spieker center: S, ;

RESULTS:

Notation for Spieker center: S, ; We consider AA;= p, Spieker cevian from A (and analogs);

We consider: a = 4BAA; and = 4CAA; ; a+ B=A, M;M,,M;M;, M; M3-middle lines in triangle ABC
MM, = %C,M2M3 = %a, M;M; = b

From direct manipulations using Heron formula we obtain: area AM; M, M5 = is

S = area of triangle ABC.

1 11 1 1
5 (MM, +M,M; + M;M3) =2 -(a+b+c)=-2p=-p.

We consider r;-inradius of the circle inscribed in medial triangle of AABC.

1 1 1 . r r
From —pr=-pr; > r; = -r. We consider AAM; S, , M3 Sy,= —L-=—— (and analogs)
4 2 2 sin; Zsing

: . M3S AS
In AAM; S, we use sinus law and obtain: 37D = P

ina sin AM3 Sy

4AM3 M,=4ABC because M,M; || BC

4M;M3; M, =4ACB because M; M3;M, C parallelogram and two angles are opposite angles.

4 AM3 S, =4 AM3 M, + = (8M; M3 M, ) = 2B+3-C

M3S,  ASp M3Sp

AS,, r ASp r ASp

= - =
. 1 . . C . 1 . . C . _(2B+C
sm(B+EC)' Zsmocsm; sm(B+EC) Zsmasmz sm( 5 )

sina sin AM3 Sy, sina

A+B+C=m»>B+C=m—A->2B+C=n+B-—-A

r _ ASp ASp
. . C . (1'[+B—A)_ . (n A—B)
2sin asin— sin sin
2 2 2 2

. T .
We use the well-known formula:sin (5 — x)=cos x and obtain:
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. (T A-B A-B A-B _ a+b
sin (5 — T) = C€0S——, COS—— = —sm (and analogs) (Karl Mollweide formulas)
We obtain:
r = A% ino = 2P
2sinasing  *Psin c 2AslJ

Using same method for AAM, S, obtain:

atc r
b 2AS,

o (2)

sin =—

_1 . __1r(a+b)
SaBaA,*Sacaa, =S=P T, Sapaa, =3 CPasina =-—"-—p, and
1%

_1 . _ 1r(ato) 1
Sacan, =3 bPasinB =7 0c"pa, s -pa(a+b+atmpr

Pa=—— At AS,, (and analogs) (3)

2p+a

We will use this theorem: Points |, G,Sp,N, are colinear, line that passes through these points is
called Nagel line. | (incenter), G (triangle centroid), Sp (Spieker center), N, (Nagel point).[1]

A

From this we obtain:

I, <m, < p, < n, (and analogs) (4)

From (3) and (4) —

I, <m, < p— AS, < n, (and analogs) (5)

We obtain
AISAG= AS,, < AN,(6)

Al= —4Rsm B sm— =vbc — 4Rr(and analogs), AG= g m,(and analogs)

Sll’l*
2

AN,=/4r?2 + (b—c)? = %(and analogs). From (3), (6) and
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an,

ANa T - pa = 2p+a na(7)
From (3), (6) and AGz%ma1 -
8p
Tans Ma < Pa(8)

From (7) after some banal manipulations and summation we obtain

p/1 1 1 n, . ny
Pl 2)g=<a gy b
2 (a +b)+2 ~ Pa + pb(g)

(a+b+c)(§+%)S4(E—Z+E—E)—2(10)

From (8) after some banal manipulation and summation we obtain

8p [ 4p+a+b
(2p+a)(2p+b)

| <2 -+ 2 (1)

Now we will use some proprieties of Nagel line and well-known results:

1)N,Sp = Spl =ASp-median in AAIN,

2)2N,1=3N,G=4Sp]=6GI=12GSp

3)9GI%2=p? + 5r? — 16Rr - N,I?=p? + 5r2 — 16Rr [1]

4ASp%=2(AI2 + AN,%) — N,I2 =2(AI2 + A N,?) — p? — 5r% + 16Rr(and analogs) (12)

and an equivalent form
4ASp2=2(b% + c% — bc) + 8Rr + 3r% — p?(and analogs) (13)
4ASp2=b2 + c2 + (b — c)2+8Rr + 3r2 — p?(and analogs) (14)

From (3), (13), (14),3) we obtain:

Pa = \/2 (b2 + c2 — bc) + 8Rr + 3r? — p?(and analogs) (15)

2p+a

Pa = \/Z(AIZ +AN,%) — p?—5r2 + 16Rr(and analogs) (16)

2p+

pPa = 2p+ \/bz +c¢2 + (b —c)? + 8Rr + 3r2 — p? (and analogs) (17)

p. = 2(AIZ + A N,%) — 9GI2(and analogs) (18)

2p+

4ASp®=2(a® + b2 + ¢ — bc — a?) + 8Rr + 3r% — p?=2(a? + b? + c?) — 2(a® + bc)+ 8Rr + 3r? —
p?. We use a? + b? + ¢? =2p? — 8Rr — 2r?

4ASp2=3p2 — 8Rr — r? — 2(a? + bc) (and analogs) (19)

Pa 2p+a \/3p — 8Rr —r2 — 2(a2 + bc) (and analogs) (20)

From (13) and 4m2=2(b? + c?) — a? (and analogs) we obtain:

4ASp?=4m2 + a% — 2bc+8Rr + 3r2 — p2(and analogs) (21)
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From (3) and (21) we obtain:

pPa = %Jl&mﬁ + a2 — 2bc + 8Rr + 3r2 — p2(and analogs) (22)

From (21) and 4m2 = n2 + g2 + 2ryr. (and analogs) [2] we obtain:

4ASp*=n? + g% + 2ryr+a? — 2bc+8Rr + 3r2 — p2(and analogs)
We know that: bc=rr, + ryryp(and analogs) and using (22) we obtain

4ASp%=n2 + g% + a% — 2 rr, + 8Rr + 3r2 — p%(and analogs) (23)

From (23) and (3) we obtain:

Pa = %\/ng + g2 + a2 — 2 rr, + 8Rr + 3r2 — pZ(and analogs) (24)

From (23) and p? = n2 + 2r,h, (and analogs) we obtain:
4ASp®=n2 + g% + a® — 2 rr, + 8Rr + 3r2 — n? — 2r,h,
4ASp*=g2 + a2 + 8Rr + 3r2 — 2 r,(h, + r)(and analogs) (25)

From (3) and (25) we obtain:

Pa = %\/gg + aZ + 8Rr + 3r2 — 2 r,(h, + r)(and analogs) (26)

From (19) and p? = n2 + 2r,h, (and analogs) [3] we obtain:
4ASp®=nZ + n? +n? + 2ryh, + 2ryhy + 2rch, — 8Rr — r2 — 2(a? + be)
(and analogs) (27)

From (3) and (27) we obtain:

__2p
_2p+a

Pa n2 + n? + n? + 2r,h, + 2rphy, + 2rch, — 8Rr — r2 — 2(a2 + bc)

(and analogs) (28)
From (19) and n,n,, + nyn. + nyn. = p? [4] we obtain:
4ASp? < 3(nyny + nyn, + nyn,) — 8Rr — r2 — 2(a? + bc)(and analogs) (29)

From (3) and (29) we obtain:

pPa < Z;:)-a J/3(nyny, + nyn, + n,n.) — 8Rr — r2 — 2(a? + bc)(and analogs) (30)

From (19) and Y. \/n,m,l, g, = p? [5] we obtain:
4ASp?* <33 ./n,m,l,g, — 8Rr — r2 — 2(a? + bc) (and analogs) (31)

From (31) and (3) we obtain:

Pa < 2p \/3 Y. /nam,l,g, — 8Rr — r2 — 2(a2 + bc) (and analogs) (32)

2p+a

From m,l, = p(p — a) (and analogs) (Panaitopol) after summation we obtain:
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mgl, + mply + mcl. = p? and from (19) we obtain:
4ASp? < 3(m,l, + mpl, + ml,) — 8Rr — r2 — 2(a2 + bc) (and analogs) (33)

From (33) and (3) we obtain:

pPa < le)lia V3(mg,l, + myl, + ml.) — 8Rr —r2 —2(a% + bc) (and analogs) (34)

From [6]: p., Pw, Pc- are sides of a triangle regardless the shape of triangle ABC.
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PROPOSED PROBLEMS

PROBLEMS FOR JUNIORS

Romanian

Magazine

'nuunu

-

J.2806 In any triangle ABC with the area F the following inequality holds:

a3 b3 3

+ + >
b+c c+a a+b

2V3F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2807 Let be t > 0, then in AABC the following inequality holds:

a* b* c*
(22+t2 Nm=+t? | (5= +t% ] = 12t*
UNe riTy G 1y

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2808 If x, ¥ > 0 then in any triangle ABC with the area F the following inequality holds:

4 4 4
r,a b r.Cc 16
a + b + c > F2

Xry +yr. xr.+yry xrg+yr,  x+Yy
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2809 If m = 0, x,y > 0, then in triangle ABC with the area F the following inequality holds:

q2m+4 pem+4 c2m+a 36t4
<—2+t2>-(—2+t2>-<—2+t2> > ———— F?
(bx + cy)?m (cx + ay)?™m (ax + by)?m (x +y)zm

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2810 If t, x,y,z > 0 then:

1 1 1 729
(xzyz + 1)(y222 + 1)(sz2 + 1) . (m'l‘ t2> . (m + tz) . ((Z+ ) + t2> = ﬁtll'

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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J.2811Ifm = 0,a,b,c,t > 0 then:

4

t
(a2m+2(a + b)2m+2 + tZ)((ab)2m+2)(b4m+4 + tZ) > T 32m_1 (a + b)4m+4

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
J.2812 In triangle ABC with the area F the following inequality holds:
(a* + 2)(b* + 2)(c* + 2) = 144F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2813 If x,y > 0 and x? + y? = 1, then:

N W

x*+DHy*+1) >

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2814Ifm = 0anda,b,c, x,y,z > 0 then:
a2m+2 b2m+2 x2m+2 3(a+ b + C)2m+2
2] 2] 212
< x2m + ) < yZm + ) ( ZZm + > - (x+y+z)2m

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2815 If x,y,z > 0 then:

x? ) y? 5 z? ) >27
(o2 (o) (eet?) 2%

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
J.2816 In triangle ABC with the area F the following inequality holds:
(a®+2)(b® +2)(c® +2) = 728F*
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2817 Ifa, b, c,x,y,z > 0 then:

a‘*_l_2 b4+2 c4+2 >3(a+b+c)4
x?2 y? z? T (x+y+2)?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2818 If t,u,x,y,z > 0 then:

729
(xzyz + tZ)(yZZZ + tZ)(ZZxZ + tZ) . < + uz) 2 _t4u4—

(x-l—ly)4+u2> ' ((y-:z)‘*-l_uz) ' ((z +1x)4 256

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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J.2819 Ifa, b, c,t > 0 then:
(a*(a+b)* +t*)(a*b* +t*)(b® +t?) = %t‘*(a +b)®
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
J.2820 If t > 0 then in triangle ABC with the area F the following inequality holds:
(a?b? + t?)(b?c? + t?)(c?a® + t?) = 36F?t*
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
J.2821 If x,y > 0 then in any AABC with the area F the following inequality holds:

ad b3 c3 43
+ + >
bx+cy cx+ay ax+by x+Yy

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2822 If t, x,y,z > 0 then in any AABC with the area F the following inequality holds:

x2a4- y2b4 ZZC4
<—(y ) + t2> . <(Z g + t2> . (—(x ) + t2> > 9t*F?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2823 Let M be an interior point in AABC with the area F and d,, dj, d. the distances of point M to
the sides BC,CA, AB. Prove that:

> 24F

a’bh b%*c c?a
_+ R
db dc da

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2824 If x,y,z > 0 then:

1 1 81
24,2 2 2,2 2 242 2 ( ) >—
Yy 20727+ 2"+ 2) (x+y)4+(y+z)4+(z+x)4 16
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2825 If M is an interior point in AABC with the semiperimeter s and the area F and

x =MA,y = MB,z = MC, then:

x* y* z* 81
2 2 2 2
(E'FS)(F-FS)(F-FS)ZTF

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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J.2826 In AABC the following relationship holds:

3 A B C s=T
—_ f— — < -
E \]cotztanztanz_%/ 5

Proposed by Marin Chirciu - Romania

J.2827 In AABC the following relationship holds:
2F(5—£) <Zr h coté< 2F(E+1+2)
R/~ araTire T r R

Proposed by Marin Chirciu - Romania

J.2828 In AABC the following relationship holds:

T A
2F (4 +E) < Z hyhe cot < OF
Proposed by Marin Chirciu - Romania

J.2829 In AABC the following relationship holds:

A A
3 ) 1pre tanE < z TpTe cotE

Proposed by Marin Chirciu - Romania

J.2830 In AABC the following relationship holds:

A  9Rrv3
9V3r2 < Z Tpretanz < 2\/—

Proposed by Marin Chirciu - Romania

J.2831 In AABC the following relationship holds:

A 1/R\? A
Zrahatani S§(§> Zraha cotz

Proposed by Marin Chirciu - Romania

J.2832 In AABC the following relationship holds:

8R A 2R
F(T_ 7) < ZTchCOtE < F(T_ 1)

Proposed by Marin Chirciu - Romania

2
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J.2833 In AABC the following relationship holds:

Z Sa < 1
m2 + hyh, ~ 2r

Proposed by Marin Chirciu - Romania

J.2834 In AABC the following relationship holds:

z Sq < 1
m2 + 1,1, ~ 2R
Proposed by Marin Chirciu - Romania

J.2835 In AABC the following relationship holds:

r A
4F (1 +E) < Zha (hy +ho) tan < 6F
Proposed by Marin Chirciu - Romania

J.2836 In AABC the following relationship holds:

A A
Z hq(hy + he) tanE < z T (1, + 1) tanz
Proposed by Marin Chirciu - Romania

J.2837 In AABC the following relationship holds:

12F (2= 1) < hy(hy + h)cot 2 < ar (2R 4 T
F( —E)_z a( b+ C)COtE_4F<T+E)

Proposed by Marin Chirciu - Romania

J.2838 In AABC the following relationship holds:

A A
3 z Ta(rp + 1) tanE > Z ra(rp + 1) cotE
Proposed by Marin Chirciu - Romania

J.2839 In AABC the following relationship holds:

A A
Z hq(Chy + he) cotE < z T (ry + 1) cotz
Proposed by Marin Chirciu - Romania

J.2840 In AABC the following relationship holds:

A A
3 z ha(hy + ho) tan < Z ha(hy + he) cot’s

Proposed by Marin Chirciu - Romania
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J.2841 In AABC the following relationship holds:

\/‘ Z %1<_

Proposed by Marin Chirciu - Romania

J.2842 In AABC the following relationship holds:

oSt s ()
= h Cco S

Proposed by Marin Chirciu - Romania

J.2843 In AABC the following relationship holds:

(7)< Yo =i (F)

Proposed by Marin Chirciu - Romania

J.2844 In AABC the following relationship holds:

z t ! tA
Cco Ta co 2

Proposed by Marin Chirciu - Romania

J.2845 Let be n = 2,n € N. Prove that if one of the numbers 4™ — 1 or 4™ + 1 is a prime number,
the other one is a compose number.

Proposed by Olivia Bercea- Romania

J.2846 Solve in R the system:

Xy=2x—y+2
yz=2y—z+2
zx=2z—x+2

Proposed by Lavinia Trincu -Romania
J.2847 Prove that there it doesn’t exists a number of four digits abcd such that
abcd=5-a-b-c-d
Proposed by Cornelia Neacsu, Laura Zaharia -Romania
J.2848 Let be p a natural number such that p and 16p — 1 to be prime numbers. Prove that
16p + 1is a compose number. Proposed by Gigi Zaharia, Monica Matei -Romania

J.2849 a. Prove that there it exists an infinity of natural numbers n such that n + 2024 divides n!.
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b. Prove that there it exists an infinity of natural numbers n such that n + 2024 does not divides n!
n=1-2-..-n,0=1.

Proposed by Mihaela Ddianu, Simona Chiritd -Romania

J.2850 In any AABC with the area F the following inequality holds:

a* b* ¢* _16V3
LA I ER
Tple Ty Talp 3

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

J.2851 Ifa,b,c,d,x,y > 0, then:

a*+d?* b*+d* c*+d* _ 6d
+ + >
bx+cy cx+ay ax+by x+y

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

J.2852 Ifa,b,c,x,y > 0, then:

ax+b bx+c cx+a 9(x +
Y, Y, Y (x+y)
c? a? b2 a+b+c

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

J.2853 In any AABC with the area F the following inequality holds:
1
Ta + 15 4+ 1 = 9F? +§((Taz — rbz)z + (7 - rcz)z + @2 - raz)z)

Proposed by D.M. Batinetu - Giurgiu, Claudia Nanuti-Romania

J.2854 Let M be an interior point in AABC, then:

AM2+2 BM2+2 CM2+2 =>12
nz % 12 =

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru-Romania

J.2855 In any AABC with the area F the following inequality holds:
1
a*+b*+c* > 16 F? +§- ((@®> = b?)? + (b? — c?)?2 + (c? — a?®)?)

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru-Romania

J.2856 If m = 0 and g4, gp, g are Gergone’s cevians of AABC with the area F, then:

1-m
9o  9p 9o _ 2F-(V3)
Ja Ib I,

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru -Romania
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J.2857 Ifm = 0 and a, b,c > 0 then:

1 1 1
(a™*% 4 pmH2 4 cmH2) (a + + ) >3(a+b+c)

m+1 pm+1 cmtl

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

J.2858 In any AABC with the area F the following inequality holds:

81v3
81V3

A B C
(mézl-cosz—+ 2)-(m§-c0525+2)-<m§-cosz—+ 2) =—

2 2

Proposed by D.M. Batinetu - Giurgiu, Claudia Nanuti-Romania

J.2859 If ABC, A, B, C; are triangles with the area F respectively F; and M and interior point in
AABC and d,,dp, d. are the distances of point M to the sides BC,CA, AB then:

a®-b? b3-c? 3-a?
+ + =>32V3-F-F
d, ~ dp  d V- F-F,

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru -Romania

J.2860 If m > 0, then in any AABC with the area F the following inequality holds:

a2m+2 b2m+2 CZm+2 4m+1\/§
+ > F

ettt et 3™
Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru-Romania

J.2861. In any AABC with the semiperimeter s the following inequality holds:

1 +2 1 +9 1 +2)> 243
R r2 12 T2 rf st

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru-Romania

J.2862 If x,y,x > 0, then in AABC with the area F the following inequality holds:

ax . by b-x . Cy Cx . ay 4—x—y— x+y—-z
e YT T 2 2747 - (V3) I
c a b

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru-Romania
J.2863 In AABC let be I, I, I. excenters and m = 0 then:
Ia15m+2 4 [,I2MH2 4 [ [2mA2 > p4mtd  3mi2 . p2mt2
Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru-Romania
J.2864 If m = 0,x,y > 0 and ABC, A, B;C; are triangles with the areas F respectively F;, then:

xZ . (a2m+2 + b2m+2 + C2m+2) +y2(a%m+2 + b12m+2 + C12m+2) >
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— 2
> 22m3 - (3) T (YER)™ 4 ) (et = yag )
cyc

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.2865 Triangle Ty = A¢ByCy = ABC with the area F is associated with the triangle

k
Ty, = A By Cy with the sides a, = °a, by, = Vb, ¢, = *\/c and the area F,. Prove that:
A gy + bebisr + CeCreir = V8- 3243 - 4,/Fk3

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru-Romania

J.2866 In any AABC with the area F the following inequality holds:

1 1 1 93
— 42| (=42 |=4+2]|>—
(2+2) (3+2) (2+7)=%

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru -Romania

J.2867 Triangle ABC with the area F is associated with triangles MNP, UVW with the sidesm =
Va,n =+b,p =Vc,u = Ya,v = Vb,w = {c with the areas F; respectively F,. Prove that:

3 21 3
mu+nv+pw = 24- 332 Fs

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru-Romania
J.2868 Ifa,b,c > 0 and m = 0, then:

m+2 p\ 1 m+1 b
G +G) Q) =grer

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru-Romania

J.2869 In any AABC with the area F the following inequality holds:
3
m2 +m? +mé > 3\/§-F+§((a—b)2 +(b-0)?+(c—a)?

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru-Romania

J.2870 In AABC the following inequality holds:

Sth A>zl tA
hy 2= L, %2

Proposed by Marin Chirciu - Romania
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J.2871 In AABC the following inequality holds:

3r hb+hc<1<1 1)<3
R

< - =
R? =~ Lub?+c%2 7 2 ~ 4r
Proposed by Marin Chirciu - Romania

J.2872 In AABC the following inequality holds:

3 —tan <z—cot—

Proposed by Marin Chirciu - Romania

J.2873 In AABC the following inequality holds:

72r4
Zh - 1A? < —

Proposed by Marin Chirciu - Romania

J.2874 In AABC the following inequality holds:

Zha-mzzzra-mz

Proposed by Marin Chirciu - Romania
J.2875 In AABC the following inequality holds:

hb +hC< Tb+rc
bc bc

Proposed by Marin Chirciu - Romania

J.2876 In AABC the following inequality holds:

3RT(4R +1)?
473 Z h aWqlq < W

Proposed by Marin Chirciu - Romania

J.2877 In AABC the following inequality holds:

2R A R? R
4(——1)SZCSC2—S4 ——-—+1
T 2 rz2 r

Proposed by Marin Chirciu - Romania

J.2878 In AABC the following inequality holds:

A A
3 E 2_< E 2
sec 5 csc 5

Proposed by Marin Chirciu - Romania
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J.2879 In AABC the following inequality holds:

3 )8 277‘_|_6r2 N\ Ma 3R
R R?)™ a? ~ 8r?

Proposed by Marin Chirciu - Romania

J.2880 In AABC the following inequality holds:

3\/6732,/rb+rc < 3v3R

Proposed by Marin Chirciu - Romania

J.2881 Let M be an arbitrary point in AABC’s plane. Find:

) (a-MA2+b-MBZ+c-MC2>
) = min
abc

Proposed by Marin Chirciu - Romania

J.2882 In AABC the following inequality holds:

(2-5) <y mo <2 ()

Proposed by Marin Chirciu - Romania

3

J.2883 In AABC the following inequality holds:

Ar
Zha+F(R—2r) SEra,

where 4 < 5.

Proposed by Marin Chirciu - Romania
1.2884 In AABC the following inequality holds: 1Y, cscA — ¥ cotA < v3(2A — 1) (%)2
where 1 > 1.

Proposed by Marin Chirciu - Romania

J.2885 In AABC the following inequality holds:

xz cscA — yz cotA <V3(2x —y) (%)

2

wherex >y = 0.

Proposed by Marin Chirciu - Romania
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J.2886 If x,y > 0 then prove that:

1 x\*/1 y S | 2x+y 2y +x
G+3) (G+2) zqe(1+ 1+ >1
2 2y) \2 2x 16 3x2y 3 [xy?

Proposed by Neculai Stanciu - Romania

J.2887 Prove that:

n.a a,+a; a,+a; a+a
Yk=1 k_Z(z 3+1 3+122>26,Vak>0

n? a? a3 a?
cyc

Proposed by Neculai Stanciu - Romania

J.2888 If x,y,2z,> 0,x + y + z = 1, then prove that:

(Zx3+2x2—2xy)-xiyzz3

Proposed by Neculai Stanciu - Romania

J.2889 Prove that in all triangles ABC with usual notations holds:

9 2 10
B Y —
Ejnqa mg +'n1b Ejnla

Proposed by Neculai Stanciu - Romania

J.2890 If a, b, c > 0 then prove that:

ﬂ(az tab+b < (% (a=b)(b—c)(c— a))2 + Z(3ab)2 (a -; b)z

Proposed by Neculai Stanciu - Romania

J.2891 Ifa, > 0 (k =1,2,...,n) and p € N, then prove that:
2p+2 2p+2

a a
Z ( 1422 ) > Z(alagp + afpaz)
a, a;

cyc cyc

Proposed by Neculai Stanciu - Romania

J.2892 Prove that in all triangles ABC holds:

aZ
Z4s(s—a) =1

Proposed by Neculai Stanciu - Romania
J.2893 Which of the following is true and which is false?

(i) If ABC is a triangle, then Y a(3 a? + Y ab) > 3Y.a?(b +¢);
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(i) If ABC is a triangle, then 352 < 5(r2 + 4Rr).
Proposed by Neculai Stanciu - Romania
J.2894 Ifa; >0 (i =12,..,n),k € {1,2,...,n} such that Y. a;a, ...ax = 1, then prove that:
n+Daa; ...a;
cye ((1 +a)(1+df) .. (1+ a,’j));‘n

Proposed by Neculai Stanciu - Romania

<1

J.2895Ifa; >0 (i =1,2,..,n),k € {1,2,...,n} such that }.yc a;a, ...ax = 1, then prove that:

n+Da,a; ...a;

cyc ((1 + a{‘)(l + a’Z‘) (1 + a,’i))in

Proposed by Neculai Stanciu - Romania

<1

J.2896 Prove that in all triangles ABC with usual notations holds:

ZZ < R(s?2+r?2+Rr)
3L, = 2r

Proposed by Neculai Stanciu - Romania

J.2897 If a, b, c > 0 then prove that:

23(2a+b+c)_ Z3(b+c)_

Proposed by Neculai Stanciu - Romania

J.2898 If x,y,z > 0,n € Nand (xy)" 1 + (yz)" 1 + (zx)" ! = 1, then prove that:

x2n yZn Z2n
—+—+—=>1
vz zZX Xy

Proposed by Neculai Stanciu - Romania

J.2899 If x,y,z > 0, then prove that:

Z 16xyz 5
2x+y+z o) 12x +y+z)) 2Y x

Proposed by Neculai Stanciu - Romania
J.2900 Prove or disprove the following statement: In all triangles ABC holds: 552 < 3r2 + 2Rr

Proposed by Neculai Stanciu - Romania
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J.2901 If ] is the incenter of AABC and R, Ry, R are circumradii of triangles BIC, CIA respectively
AIB, then:

4 4 4

. +2])- R +2]- < 12)20
r2(sinB + sin C)2 rZ(sin C + sinA4)? r2(sinA + sin B)? 27

Proposed by D.M. Batinetu - Giurgiu, Mihaly Bencze - Romania

J.2902 In any AABC the following inequality holds:

—a4 2 —b4 2 —C4 2|>27-R?
((hb+hc)2+ >'<(hc+ha)2+ )'((ha+hb)2+ )‘ '

Proposed by D.M. Batinetu - Giurgiu, Mihaly Bencze- Romania

J.2903 In any AABC with the area F the following inequality holds:
(ab+2)-(bc+2)-(ca+2)=>36-V3-F

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze - Romania

J.2904 If x,y,z > 0 and xyz = 1, then in any AABC with the area F the following inequality holds:
(@®+x2+y2) - (b2 +y*+2z%) - (c®+22+x%)=236-V3-F

Proposed by D.M. Bdatinetu - Giurgiu, Claudia Nanuti- Romania

J.2905 If t > 0, then in any triangle ABC with the area F the following inequality holds:
(a?b? +t2) - (b%c? +t?) - (c?a? +t?) > 36 t*- F?
Proposed by D.M. Bdtinetu — Giurgiu, Claudia Ndnuti- Romania

J.2906 Ifu,b = 0,u + v,x,y,z > 0thenin any AABC with the area F the following inequality holds:

ux v 2 u vz 2 uz vX 2
( a’ + 4 bz) +< Y b?% + 'cz) +( c? + a2> >4(u+v)?-F?
yv+z zZ+x zZ+x x+y x+y y+x

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
J.2907 Ifx,y,z > 0and x3 + y3 + z3 = 6, then:

x+ 2 y+2 z+2 9
>

+ + >
2x2+1 2y2+1 222+1° 4

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.2908 Ift,u,x,y,z> 0and x + y + z = 1 then:

X y z 9
+ + >
t+uyz t4+uzx t+uxy 9t+u

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
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J.2909 Ifa, b, c,x,y,z > 0 then:

(ax +by)* o\ (Gytez)® o\ (Czta)® o\ 243 .0
72 x? y? 8

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2910 If x,y,z > 0, then in any AABC with the area F the following inequality holds:

o +F yeb” +F z7c” +F >9F3
(y+ z)%h, (z +x)?hy (x+y)?h, —2

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.2911 If m,n, t,x,y,z > 0 then in any AABC with the area F the following inequality holds:

a* 5 b* 5 c* 5 324 -t* - F?
——— + | | ——+t?) | ———= +t? ) =
(my + nz)? (mz + nz)? (mx + ny)? (m+n)2-(x+y+2z)>?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.2912 In any AABC with the area F the following inequality holds:

ab? bc? ca?
— +—+-—2>4V3-F
c a b

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.2913 If m,n,x,y,z > 0 and xyz = 1 then in any AABC with the area F the following inequality
holds:

(@ 4+ xm™+y") - (b2 +y™ 42" - (c2+2zm4+x") >36-V3-F
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.2914 Ifx,y,z > 0, then in any AABC with the area F the following inequality holds:
(x2-a*+y2+22)-(y? - b*+2z2+x2) - (z%2-c*+ x? +y?) > 144 - F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.2915 If x,y,z > 0, then in any AABC with the area F the following inequality holds:
((x+y)2a* + 22z2) - ((y + 2)?b* + 2x%) - ((z + x)?c* + 2y?) = 576 - F?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2916 If u, v > 0, then in AABC with the area F the following inequality holds:
u*(a® +v2) - (b®+v2) - (c® +v?) + v*(a*bh* + u?) - (b*c* +u?) - (c*a* +u?) = 384 - u*v*. F*

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
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J.2917 If x,y,z > 0, then in any AABC with the area F the following inequality holds:
x%2-a®+2(y+2)2) - (2 b8 +2(z+x)?) - (2% - c®+ 2(x + y)?) = 1536x2%y?z? - F*
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.2918 If t > 0, then in any AABC with the area F the following inequality holds:
(a®+t2)-(bB+t?) - (c®+t?)>192-t*- - F*
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2919 Let be M an interior point in AABC and x = MA,y = MB, z = MC, and t, u, v the distances
of point M to the sides BC, CA, respectively AB. Let m,n,p > 0 then:

G y+222+2 Y 4 Z+x22+2
mu+vn\/v_tpvu mv+tn\/aptv

2\ 2
Z tn——tp- L) 42])227 (m + 2n + 4p)?
. m. " — . — .

t+u Juv p ut - p

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.2920 Letbe x,y = 0,x + y > 0 and A, B,C;, A, B, C, triangles of areas F; respectively F,,then:

(xaya; + ybiby)™*t + (xbyb, 4 yeyc,)™+ + (xcic + ybiby)™ 1 >

1_
> 4m1(y3) T (x4 y)mHt (JFF,) T, vm € R, = [0,00)
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.2921Ift,v,x,y,z>0and x +y + z = s, then:

X y z 9
+ + >
ts+uyz ts+uzx ts+uxy 9t+us

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

J.2922 Ifx,y,z>0and x + y + z = s then:

243
2)2 25

( +2)( +2)-( >
SX +yz sy +zx SZ + xy 4s?

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania
J.2923 In any triangle ABC the following inequality holds:

r2.g2m-1

A B c
(tan2 > 2" + 2) . (tam2 5 2" + 2) . (tan2 > 2" + 2) > 375

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

J.2924 Ifa,b,c,x,y,z > 0, then:
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., " < 2)s 213
(bx + cy)* (cx + ay)* (ax + by)* “(x+y)*-(a+b+c)?
Proposed by D.M. Batinetu - Giurgiu, Claudia Nanuti- Romania
J.2925 Ifu,x,y,z>0andu+x+y+ 2z =1, then:

u x y z 64
+ + + >—
1+uyz 14+uyz 14+uzx 1+uxy 65

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndanuti- Romania

J.2926 If x,y,z > 0 then in any AABC with the area F the following relationship holds:

x2 - qb y2 . b6 22 . c6
<—(y+z)2-h§+F>'<—(z+x)2-h§ +F>'<—(x+y)2-h§ +F> >12-F*
Proposed by D.M. Batinetu - Giurgiu, Claudia Nanuti- Romania
J.2927 If x,y > 0 then in AABC the following inequality holds:

r, T, T r2 r? 2 3v3 - s?
(_a+b+_c).( a + b c >

— >
a b ¢ Xrp +yre Xr.+yry xra+yr,)  2(x+y)2R-71)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

1.29281ft = 0,x,y,z,u,v,w>0andx+u =y + v =z+w = 1theninany AABC with the area
F and the semiperimeter s the following inequality holds:

(az 421 . (xt+1 + ut+1)) . (bz 42+ . (yt+1 + vt+1)) . (Cz 42t . (Zt+1 + Wt+1)) > 324F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2929 If x,y,z > 0, then in any AABC with the area F the following inequality holds:

x z +z z+x x+
( a+—>—-b+ -c)-(y ca’® + b3+ y-c3>248F2
y+z zZ+x x+y X y z

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2930 Let ABC, A, B; C; triangles of area F respectively F;, then:

64+/3

af~a4+b12'b4+clz-C4ZT-F1-F2

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.2931Ifx,y,z > 0, then in any AABC with the area F the following inequality holds:

1 1
GtyE Gt2? Zta?

(xa2+yb2+zcz)-< )236-F2

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
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1.2932 Ifx,y,2z > 0, then: (x2+y2+22)'( b — )>2

(x+y)2  (y+2)2  (z+x)%2) — 4
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.2933 Let be x,y,z > 0 and ABC a triangle with the area F, then:
2. .3

c 8
+ + >—(xy+yz+zx) F
h m . 3 (xy +yz + zx)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.2934 If a, b, c, A1 B, C; are two triangles with the area F respectively F; and hg_, hy , he, are the
heights of A; B, C; then:

1 1 1 V3
>

+ + >
ha1 ' hb hb1 ’ hc hcl ' ha JF - F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2935 Let be x,y,z > 0, M an interior point in AABC with the area F and d, d,, d . the distances of
point M to the sides BC, CA respectively AB, then:

3. p4 3. .4

VAN 3
72 + 7z > 16(xy +yz +zx)z-F
b c

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.2936 In any AABC with the area F the following inequality holds:

((a+b)2+2)-(c?+2) =243 -F
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2937 In any AABC with the area F the following inequality holds:
((mé +m2) + 2) : ((mlz, + m?)z + 2) -((mZ +m2)? +2) =324 - F?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2938 Ifa,b,c,x,y > 0 then:

a? ) b? ) c? ) > 27
((xb + yc)? + ) . ((xc + ya)? + ) . ((xa + yb)? + ) ~ (x + y)?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2939 Ifa, b,c,m,n > 0, then:

a b z b c 2 c a 2 27 /m+n+2\°
( + ) +2)- ( + ) 42 .(( + ) +2)2—-(—)
b+c mc+na c+a ma+nb at+b mb+nc 4 m+n

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
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J.2940 Ifa,b,c > 0anda + b + ¢ = 1 then:

a? ) b? ) c? ) >243
<(1+bc)2+ )'((1+ca)2+ )'((1+ab)2+ )‘W

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.2941 In AABC the following relationship holds:

4r(4R +1)? <z b+ 0 tA<2R(4R+r)2
Rtr L, eVt =",

Proposed by Marin Chirciu - Romania
J.2942 In AABC the following relationship holds:

4r(4R +1)?
R+r

A R3(4R 2
_R(4R+1)

< e i e
< Zha(b +c) cot2 < 22(R-1)

Proposed by Marin Chirciu - Romania

J.2943 In AABC the following relationship holds:

i_ %Z(Ta +hy) = (3 —21)Y cotA, where 1 >

w N

Proposed by Marin Chirciu - Romania

J.2944 In AABC the following relationship holds:

n n
T+l + 1l = 3" 4Fz2, wheren € N*
Proposed by Marin Chirciu - Romania

J.2945 In AABC the following relationship holds:

Zacos(A—%) <0

Proposed by Marin Chirciu - Romania
J.2946 In AABC the following relationship holds:
2 A

8(2R )2<ZCSC ;<8 R* —R3r +r*
F s sinA T F r2

Proposed by Marin Chirciu - Romania

J.2947 In AABC the following relationship holds:

A A
csc2= sec?=

: 2 2 3 : 2

Z sin A Z sin4

Proposed by Marin Chirciu - Romania
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24 3
J.2948 In AABC the following relationship holds: % <> B, < 3R

sinA ~ 4rZs

Proposed by Marin Chirciu -

J.2949 In AABC the following relationship holds:

A A
Zha(b +c) cotE > Zra(b +0) cotE

Proposed by Marin Chirciu -

J.2950 In AABC the following relationship holds:

24
ES ZCO'C 2 o 2s(R—1)?
T sin A r3

Proposed by Marin Chirciu -

J.2951 Ift, x,y,z > 0, then:

x? y? z2 27
<(y+—z>z”2>'((z+x)z+t2)'(m”2) ST

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -

Romania

Romania

Romania

Romania

J.2952 Letbe x,y,z,u > 0,v € R then in any AABC with the area F the following inequality holds:

ux Uu 2 u uz 2
<( -a4-sin2v+—y-b4-coszv) +2>-<< 4 -b*-sin?v + -c4-coszv) +2>-
Z+Xx x+ty

y+z Z+Xx

uz ux 2
. ( -c*-sinfv + -a4-coszv) +2|>192-u?-F*
x+y y+z

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -

Romania

J.2953 Let M be an interior point in AABC,x = MA,y = MB,z = MC and u, v, w the distances from

point M to the sides BC, CA, AB, then:

() )
vw o \Jwu wu  uv u  \ow

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -

J.2954 In any AABC with the area F, the following inequality holds:

1 1 1 93
— 42 =4+2)] [=+2]|>—
<h§+ ) (h§+ ) (h&* >— F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -

J.2955 If t, x,y,z > 0 and ABC is a triangle with the area F then:

Romania

Romania
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x4_a12 x2_a4 y4—,b12 y2_b4
(1 4\+2 4. (1 4N4+2 .
<(y+z)4+(y+z)2 (1+a")t +t) <(Z+x)4+(z+x)2 ( +b)t>

<Z4,C12 x2 - ¢t

+ c(1+ et +t* ) =432-t8 - F°
CE T A )

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2956 If x,y,z > 0, then in any AABC with the area F the following inequality holds:

1 1 1 3
(x%a* + y2b* + z%¢*) - ( )

+ + >=.F?
x+y)? (+2)? (z+x)? 4
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.2957 If t = 0 then in AABC with the area F the following inequality holds:
(na + ga)
1(4)

t+1

t+3
(nb + gb)t+1 . (nc +gc)t+1 . 22t+2 (\/?‘,) el
u(B) u(C) qt+l . pt+1

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.2958 If t € R, then in any AABC with area F the following inequality holds:
((a? - cos?t + b? - sin?t)? + 2) - (b? - cos?t + c? - sin?t)? + 2) - ((c? - cos?t + a? - sin?t)? + 2) > 144 - F?
Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru- Romania
J.2959 If x, v,z > 0 then in any AABC with the area F the following inequality holds:

X 2 2 x 2
<( a2 -b2> +2>-(( Y prgZ -c2) +2>-<( Z 4 -az) +2>
y+z zZ+x zZ+x x+y x+y y+z

> 144 - F?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.2960 If t > 0, then in any AABC with the area F the following inequality holds:
(@2 +t2) - (b*rZ +t2) - (12 +t?) =36 V3t* - F3
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.2961 In AABC the following relationship holds:
mim, + mpm, + mim, =3@r)"* L, neNn=2
Proposed by Marin Chirciu - Romania
J.2962 In AABC the following relationship holds:

4R + 1r\" 2
) neNn= 2.

Ty, + i + i, = 81r3 (

Proposed by Marin Chirciu - Romania
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J.2963 Let x, y € R. Find the maximum and minimum value of:
A = sin? x + sin? y + sin?(x + y)
Proposed by Nguyen Hung Cuong - Vietnam
J.2964 Ifa + b+ c = 3then: a® + b? +c¢ >3
Proposed by Nguyen Hung Cuong - Vietnam
J.2965 In any AABC the following relationship holds:

o+ e e + 15 I _ lér
3,.3(,-2 2 3,.3(,-2 2 3.,.3(,-2 2y — 4
Ta rb (ra + rb Tb e (rb + L ) L (rc + ra) 9R

Proposed by Zaza Mzhavanadze - Georgia
J.2966 Let a, b, c € R. Prove that:
3lal 43161 4 3lel > 34 \fa2 + b2 + ¢2
Proposed by Nguyen Hung Cuong - Vietnam

J.2967 In any AABC the following relationship holds:

mg +m3 mp +mg m2 +m3 16

=
memg(mg +mp)  mimi(my, +m.) mimg(m.+mg) ~ 27R*
Proposed by Zaza Mzhavanadze - Georgia

J.2968 In AABC holds:

F(a-2) <Y mcorh < or (£)
R) =L =7 g

Proposed by Marin Chirciu - Romania

1.2969 In AABC holds: 9F < Y12 cot? < 9F (ﬂ)
2 2r
Proposed by Marin Chirciu - Romania
J.2970 In AABC the following relationship holds:

mg my, m, R? T, T,
e e I
T, 1, 1. A4r? m, m, Mm,

Proposed by Nguyen Van Canh - Vietnam

J.2971 In AABC holds:

r
4r (4 + E) (2R —-71)?< Zrbrc (rp +7.) < R(4R + 1)?

Proposed by Marin Chirciu - Romania
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1.2972 If a; € (0,),i € 1,n then:

2 n
1+-1 i <
+nog(. al>_
i=1

Sl

2
a;

n
i=1
Proposed by Khaled Abd Imouti-Syria
J.2973 If x,y,z > 0 then:
1
Z x8z*- Z— > 2
(xy?+yz2)* ™~ 16
cyc cyc
Proposed by Khaled Abd Imouti-Syria
J.2974 Ifa, b > 0 then:

a2+b2+ 2 S 3
b a a%+b%2—

Proposed by Nguyen Hung Cuong - Vietnam

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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$.2804 In AABC the following relationship holds:

2 —
Tﬁ(&ﬁ_ug) JHR=D)
C

r\r, 1 r

Proposed by Bogdan Fustei - Romania
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$.2805 In any acute triangle ABC holds:

a b c 43
—+/sind + —+/sinB + —+/sinC > i
ha hb hc

3
Proposed by Vasile Mircea Popa - Romania

$.2806 In AABC the following relationship holds:

3
NgNpNc > \/7_ (max(a, b, c) —min(a, b, c¢))

TaTpTc
Proposed by Bogdan Fustei - Romania
$.2807 In any acute triangle ABC holds:

a

b c
vVsin4 + vVsinB + b\/sinC> 1

b+c c+ta a+
Proposed by Vasile Mircea Popa, Mihai Neghind - Romania
$.2808 In AABC the following relationship holds:

. . ) 243
sinf A-cosA + sin® B - cos B + sin® C - cos C SSE

Proposed by Mohamed Amine Ben Ajiba-Morocco

$.2809 If a = min(a, b,c),I — incenter in acute AABC then:

121412 2(@_'_&)4_ Z(nb+hb)+ Z(nc'l'hc)
Tr hC h'b Ty e
cyc

Proposed by Bogdan Fustei - Romania

$.2810If x,y,z € RY, Y ). G + ﬁ) = 6then: X G + Jx/_i) = Yeye (ﬁ + y)

Xz ;
Proposed by Kerimov Elsen-Azerbaijan

S.2811 1. Compare: €223 and 72929, 2. Find all values of k, m such that:

m <+ Jx*—x2 + 2022 4 2023|x% — x| < k,Vx € [-1,1]
Proposed by Nguyen Van Canh-Vietnam
5.2812 Let A = O fixed. Solve in R:

(x—*
(x2—=21—1)2

+(x?2=21-1*+ =3x%2—2Ax+ %> — 41 -2

(x —2)?

Proposed by Marin Chirciu - Romania
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$.28131fa,b,c > 0and 1 > gthen:

ab+bc+ca _(a+b+c)?

> 27 1
a? + b2 + ¢? abc 2272+

Proposed by Marin Chirciu - Romania

$.2814 In AABC the following relationship holds:
1—[ cos A (3)3
S —_
tanz é 2
2

Proposed by Marin Chirciu - Romania

S.2815 Leta,b,c = 0:+/a + Vb ++/c = Vab + bc + ca > 0. Find Min value of P:

p= a+b+c
Vabc ++ab + bc + ca

++vab + bc+ ca

Proposed by Phan Ngoc Chau-Vietnam

S.2816 Ifa,b,c > 0,a+ b+ c=1andn, k > 0 then:

Z:a2+ab+b2> 3
na+kb ~Tn+k

Proposed by Marin Chirciu - Romania
S.2815 If x, y, z € R}, in any acute triangle ABC holds:

1 1 1 9R
>

+ + >
x+ysinA+zcosB x+ysinB+zcosC x+ysinC+zcosA~ (3x+z)R+yp+ zr

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania
$.2816 Determine all pairs (p, q) of prime numbers such that

q—1 p*+p+1
p—1 q

qlp* +p+1,

Proposed by Neculai Stanciu - Romania

$.2817 If m,n € R}, then in any triangle ABC holds:
2 C\2

(+ tA tB)+(+ tB t>+
mncozco2 mnc02c02

C A\?  (3m+n)?r2 4+ 8m(3m + n)Rr + 16n2R?
+(m+n~cotz~ cotE> = 372

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania
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S$.2818 If a, b, c > 0, then prove that:

z ac(b+c) .
(a+b+c)/(@+b2)(a?+c2)

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
$.2819 Ifx,y € R,, then in any triangle ABC holds:

sin? A sin? B

+

+
- C
xcos22 +ysm2 sng x cos2 2 +ysm2 smz2

sin? C 1652

x cos2 + y sin2 —sm2 8(4x —Y)R? + 8Rrx + y(s? +1?)

+

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

$.2820 If m,n € R}, then in any triangle ABC holds:

tan® 2 tan3 2 tan3< (4R + 1)r

2 2 2
B C + C A + A B — 2
m-cot;+n~cot5 m'cot5+n-cot5 m-cot;+n-cot; (m+n)p

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

2 243
$.2821 If x;, > 0 (k = 1,2, ...,n) then prove that: chclicx 1xz (x1+x1x2+x2) >n
142

2x1+%,
Proposed by Mihaly Bencze, Neculai Stanciu - Romania
$.2822 Prove that in any triangle ABC holds:

sin? A sin? B sin? C 16p?

+ + >
c0s2Zcos2E  cos2Scos?2  costicoszZ p?+ (4R +7)?
2 2 2 2 2 2
Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania
$.2823 If x, y € R, then in any triangle ABC holds:

sin? A sin? B sin? C
=
2B B

=+ -+
xsin22 +yc052—cos2 xsin22 +ycosz—cos2 xsin2< +ycosz—cos

4p?
16(x + y)R? + 8(2y — x)Rr + yp?

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania
S.2824 If x, y € R}, then in any triangle ABC holds:

sin* A sin4 B

-+ =+
xsin?= sm2 +y cos2 = cos2 x st - sm2 + ycos? = cos2
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sin* C 4(s? — 4Rr —r?)?

=
x sin? gsin2 % + ycoszgcoszg R2((x + y)p? + (x + y)r? + 8(2y — x)R? + 8Rry)

+

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

$.2825 If x, y € R}, m € R, then prove that in any triangle ABC holds:

A B c
tan- tan— tan - (4R + r)m+1

2
m m + =
(x+y-tan§-tan§) (x+y-tan§-tan§) p(x(4R + 1) + 3ry)m

(x +y-tanZ- tan%)
Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania
$.2826 In any triangle ABC holds:

sin? A N sin? B N sin? C - 16p?
B . ,C' . .C. A" . A ., B> 212 _ap2
sin? > sin? > sin? > sin? N sin? > sin? > p*+7r*—8R

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

$.2827 If x;, > 0 (k = 1,2, ...,n) then prove that

(xf + %122 +x3)°
= X1X>
(221 + x3) (X1 + 2x3) |
cyclic cyclic

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

$.2828 Prove that in any in all nonisosceles triangles ABC with usual notations holds the following
identities:

3
i (Z ha—hb) (Z he ) _ 48R3+1652Rr(s2+r2+4Rr)—(s2 412 +4Rr) —4852R?r?
he hg—hp 16s2R?r?

i (Z ra—rb) (E e ) _ (4R+7)((4R+71)%-52) —6

2
Tc Ta—Th s?r

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

S.2829 If x, y, z € R}, then prove that in any triangle ABC holds:

C0t2m+1 é Cot2m+1 E
2 2
+ +
m B c c, A
(x cotZ + ycotE + ztan> tan £) (x cot—+ytan— + ztan—tan—)
2 2 2 2 2 2 2 2

cot2m+1 ¢ 2m+1

p

+ c A A, B\™ = mom+1
(x cot>+ytan +ztan tan ;) (Bx+y)p+3zr)r

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania
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$.2830 If m, n € R}, then prove that in any triangle ABC holds:

A B c
tan > tan > tan 3 (4R +1)?

+ + >

m+n~tan§-tan§ m+n'tan§-tan§ m+n-tan§-tan§ s(m(4R + ) + 3mr)

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu -

S.2831Ifa, b, c,d > 0, then prove that:

(g+1)<§+1)(g+1)(§+1)>( +b+ +d)<l+1+1+l)>16
b c d a =@ ¢ a b ¢ d/—

Proposed by Mihaly Bencze, Neculai Stanciu -

S.2832 Solve for real numbers: x3 —7x+7 =10

Proposed by Mihaly Bencze, Neculai Stanciu -

$.2833 If x, y > 0, then what can you say about the following double inequality

x4 x" 2y 4y 24y > (= Dx +y) Y xy™ 1 2 nxy ?

Proposed by Neculai Stanciu -

$.2834 In all nonisosceles triangle holds
2C

sin2=2 sin cos?< 16R 2
——sin“~ > s

2 2 2 _ i
z ¢ Z 4 =5- r + (r)

2 . A-B __ ,C
cos? = sin——sin? =
2 2 2

Proposed by Mihaly Bencze, Neculai Stanciu -

$.2835 In all nonisosceles triangle holds

. C-B, A C-B . A
sin—tan— cos— —sin= 16R  /s\2
E 2 2 E 2 2 | _
~C¢-B . A <B4 |=°~ T + (;)

. C— . A . C-B
sin— —sin— sin—tan—
2 2 2 2

Proposed by Mihaly Bencze, Neculai Stanciu -

S$.2836 Prove that in all triangle ABC holds:

Z(a +b)* + 4abcz a= 42 ab(a + b)?

Proposed by Mihaly Bencze, Neculai Stanciu -

S$.2837 In all nonisosceles triangle holds:

Romania

Romania

Romania

Romania

Romania

Romania

Romania

cosC sin(4 — B) sin? C 4sr(s?— (2R +1)?)

<Z sin(4 — B) sin® C) (Z cosC ) s (82— 4Rr —12)(4s%r? — (s> —r2 — 4Rr) + 48s2R?r?

Proposed by Mihaly Bencze, Neculai Stanciu -

Romania
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S.2838 If x,y, z € N such that x? + y2 + z2 = 2002, then prove that x + y + z < 70.
Proposed by Mihaly Bencze, Neculai Stanciu - Romania

S.2839Ifx,y,z > 0 and x? + y? + z2 < 1, then prove that:

1 9
2_
Zﬂl{-xz 4

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

$.2840 If m,n € R}, then prove that in any triangle ABC holds:

tan3 2 tan3Z tan3< ((4R + )% — 252)2
2 2 2
B ct C at A 5= )
m-tan;+n-tan; m-tan5+n-tan; m'tan;+n-tan; (m+n)p

Proposed by D.M. Bdatinetu - Giurgiu, Neculai Stanciu - Romania

S$.2841 Prove that in any triangle ABC holds:
cot?2
2

B c
cot? = cot? =
2 2

S

+ + >

2s — (coté - cotg) 2s — (cotE - coté) 2s — (cotE - cotg) 672
2 2 2 2 2 2

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania
$.2842 If m,n € R}, then prove that in any triangle ABC holds:

A B c
cot3= cot3 = cot3 = 52
2 2

+ + 2
B C C A A B =—
m-tan;+n~tan; m-tan;+n-tan; m~tan;+n-tan; (m+mn)r?

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

$.2843 If x, y, z € R}, then in any triangle ABC holds:

A B
c0t3; c0t3;
B B ct C C at
x+ytan;+ztan;tan; x+ytan;+ztan5tan;

c
cot3 > s3

+ >
x + ytang + Ztangtang ((4R +7)x + sy + 3zr)r

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania
S.2844 If x,y, z € R}, then in any triangle ABC holds:
cot3 % cot3Z

+ 2 +
A B B Cc c A
xtan;+ytan; xtan;+ytan;+ztan5tanz
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c
cot3 > 54

+ C A i B2 4R 2 —2x)s2 + 3 2
xtan-+ ytan— +ztan—tan > ((4R +7)°x + (y — 2x)s* + 3zs7)r

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

$.2845 If m,n € R}, then in any triangle ABC holds:

B c
N tan; N tan; (4R +1)?r
m+n-cot2§ m+n-cot2§ m+n-c0t2§_(Tl52+m7”(4R+T))T

A
tan—
2

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

$.2846 If m,n € R}, then in any triangle ABC holds:

B c
cot; cotz s3
+ +

cot2
2 >

A B c = 2 2
m+n-tan?> m+n-tan’> m+n-tan’: (ms? + n(4Rr +r2))r

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

$.2847 If m,n € R}, then in any triangle ABC holds:

cotg cotg Os
+

coté
2

T 5 =
m+n.tanz.tan; 4mR+(m+3n)T‘

+
m+n-tan§~tang m+n-tan§-tar1%1

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

S$.2848 Prove that in all triangles ABC holds the following inequalities:

hqhp 9 Talh 9
—_"ta’h 57 —'a'b 57
2.2 o)) = 2 b. Z\/ (r—ra)(r—p) = 2

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

S$.2849 If a, b, c > 0, then prove that: 4 < (a—+b + Z—a) (ﬂ + ﬂ) < (9 + 2)2

2a a+b 2b a+b b a

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
S$.2850 If a, b, c > 0, then:

a(2a+3b+ 3c) -
3(bb+c)2a+b+c)

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

S.2851 Ifa, b, c > 0 then:

(2b + 5¢)? (2¢c + 5a)? (2a®? + 5b)? 1323
2 ——+2) | ———+2)=—
a? + 3bc b% + 3ca c2+ 3ab 4

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
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$.2852 If x, y, z > 0 then in any AABC with the area F the following inequality holds:
(x%a* + 2)(y?b* + 2)(z%c* + 2) = 144WF2
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
S$.2853 If t > 0, then in AABC with the area F the following inequality holds:
(a*b* + t2)(b*c* + t?)(c*a* + t?) = 192t*F*
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2854 I1fm = 0,t,u,x,y,z > 0 then:

tx +u ty+vyz tz4+ux
y+y y+

Zm xm ym

> (t+ u)(\/g)mﬂ(xy +yz + zx)l_Tm

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2855Ifx,y,z > 0 and xy + yz + zx = 1 then:

<3xy+1 ) (3yz+1 ) (3zx+1

+ 2) > 48
(xy + z)? (yz + x)? zx+y

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2856 If x, y,z > 0 then:

x? ) y? ) z? ) >27
<(x+y)2+ >((z+x)2+ )((x+y)2+ )—T

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2857 If x, y,z > 0 then in triangle ABC with the area F the following inequality holds:

x? y? z2 64
_* .8 ) 8 N S 2 e
<(y+z)2a +2> <(Z+x)2b +2> <(x+y)2c +z)_ iy

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2858. Let be I, I, I excenters of AABC and pg, pp, pc exradii of the triangles ACI,, CAl,, ABI,,

then:
< 1 2> ( 1 2) < 1 2>>12
piwZ pawf piw? R*

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

S$.2859 In AABC the following inequality holds:

a? b? c? 4(a®?+b*+c?)(a+b+0)
Zi2)(S+2) (S5+2)> > 36
wj wp W abc

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
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S$.2860Ifa,b,c,t,u >0anda+ b + c = 1 then:

a” + t? ( +1)4+ z b +t2 (b+1)4+ 2
1-2a2 + a* T Y )I\T=2p2 10 b) T

c? 1\
N 2 _ 2] > 4,4
<1_2C2+C4+t><<c+c> +u>_67500tu

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2861Ifx,y,z> 0 and xy + yz + zx = 3, then:

(./4—xy+\/x—y)2+2 _ (,/4—yz)2+\/ﬁ+2 .<(\/4—zx)2+\/z_x+2)>6(2+\/5—,)
(22 + x)’ (2x+2)° @y+vm) )

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

S.2862 Ifa,b,c,t > 0 then:
(a*(a+ b)* + t?*)(a?b* +t*)(b* +t*) = %(a + b)*t*
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
$.2863. If t > 0 then in any AABC with the area F the following inequality holds:
(a*b* + t2)(b*c* + t?)(c*a* + t?) = 192t*F*
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
$.2864. If x,y > 0 then in any AABC with the area F the following inequality holds:
(a* + x2)(b* + x?)(c* + x?) > 36x2F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
$.2865 In any triangle ABC with the area F the following inequality holds:
(r2rZ + 2) (12 + 2) (P12 + 2) = 81F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
$.2866 Ift = 0 and m, n, x,y,z > 0 then:

x N y N 7z - 3t+1
(my +nz)*1  (mz+nx)1  (mx+ny)t*t ~ (m+n)*(x +y +2)¢

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
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$.2867 In triangle ABC with the area F the following inequality holds:
(Z+2)(r2 +2)(2 +2) = 27V3F
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2868 Let M be an interior point in AABC with the area F and d, d, d. the distances of point M to
the sides BC, CA, respectively AB, then:

ab b6 c®
+2 +2 + 2| > 36F?
(G2) (G2 (72

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
$.2869 If x, y,z > 0, then in any AABC with the area F the following inequality holds:
((x+y)2a® + 2z3)((y + 2)b® + 2x2)((z + x)c® + 2y?) = 3072F*
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
S$.2870 Lett > 0, then in any AABC with the area F the following inequality holds:
(a* + t2)(b* + t?)(c* + t?) = 36t*F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

3k+1
k(k+1

S.2871Ifk(a’?+b%?+c?)=1landa+b+c = then find:

n
lim ) ((a? —bc)? + (b? — ca)? + (c? — ab)?)
n—oo
k=1

Proposed by Neculai Stanciu - Romania

S.2872 Prove that:

1 z (5a, + a,)(5a; + 4a,)
6

Vap, >0 (k=1,2,.
8a; + a, Z e Ve ( )
cyc k=1

Proposed by Neculai Stanciu - Romania

S$.2873 Prove the following inequalities:

2

<y=

3y? +2yx+322 2xyz’

(i) Ifx,y,z>0, thenZ—_Z

(ii) In all triangles ABC with usual notations holds:

552+ 12+ 4Rr a <52—r2—4Rr
8s(s?+ 12+ 2Rr) - 3b2 + 2bc + 3c? 16sRr

Proposed by Neculai Stanciu - Romania
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$.28741faq; > 0 (i = 1,2,..,n),k € {1,2, ...,n} such that .y a;a; ...ax = 1, then prove that:

1
(n+Daja; ...ax <1

cye ((1 +a)(1+af)..(1+ a,’j))%n )

Proposed by Neculai Stanciu - Romania

$.2875 In AABC the following relationship holds:

5r
Zha+?(R—2r)S2ra

Proposed by Marin Chirciu - Romania

S.2876 Let be a, b, ¢ real positive numbers and k = 2. Prove that:

a b c 3(a+b+c)
+ + <
Vka+b ~kb+c +kc+a k+1

Proposed by Marin Chirciu - Romania

S.2877 Let 0 < a < b fixed. Solve in R:

xz[\/x+a2+(a—b)2—b]( x+a2+a)

Proposed by Marin Chirciu - Romania

S$.2878 In AABC the following relationship holds:

A 9R?
361 < Z(b +c) cotE < -

Proposed by Marin Chirciu - Romania

$.2879 In AABC the following relationship holds:

1(7R 6)<ZcosA<R(R 1)
4\ r - sinfA~ r\r

Proposed by Marin Chirciu - Romania

S.2880 Solve in R the ecuation:

log, (a? — b? + 2bx — x?) =n*"b + nb~%,

wherea >1,b > 0,n > 0,n # 1, fixed.

Proposed by Marin Chirciu - Romania
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S.2881 Let a > 1 fixed. Solve in real numbers:
xlogava+1l — \/; +1

Proposed by Marin Chirciu

ax?-3ax+a+1

1
5.2882 Letbe R\ {z},a > Tand f:4 > Y, f(x) = —

. Find rglelglf(x)

Proposed by Marin Chirciu

$.2883 In acute AABC the following relationship holds:

sin24 “9r R2—2Rr—r?

zsm B +sin’C s 3R?—8Rr—57?

Proposed by Marin Chirciu
$.2884 In AABC the following relationship holds:

A 9v3
6F SZaz cosEST\/_RZ.

Proposed by Marin Chirciu

S.2885 In AABC the following relationship holds:

1 B Z sin? A - 1
32R?r(2R—3r) ~ Zua* +b* ~ 32R%r?
Proposed by Marin Chirciu

$.2886 In AABC the following relationship holds:

z hph T rc

Proposed by Marin Chirciu

$.2887 In AABC the following relationship holds:

4S<Z — < 3R 2+R
YE cos—

Proposed by Marin Chirciu

$.2888 In AABC the following relationship holds:

SeC -
3R Z'rb + TC

Proposed by Marin Chirciu

- Romania

- Romania

- Romania

- Romania

- Romania

- Romania

- Romania

- Romania
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$.2889 In AABC the following relationship holds:

3 Zrb +7, 3R?
—-< < —
R a? 8r3

Proposed by Marin Chirciu - Romania

$.2890 In AABC the following relationship holds:
3Nt _3
R bc 2r
Proposed by Marin Chirciu - Romania
$.2891 In AABC the following relationship holds:
zhb +hC <Zrb+rc
a? = a?

Proposed by Marin Chirciu - Romania

$.2892 In AABC the following relationship holds:

3 Z hy+h. 3
R bc 2r
Proposed by Marin Chirciu - Romania

$.2893 In AABC the following relationship holds:

hb +hC< Tb+rc
bc bc

Proposed by Marin Chirciu - Romania
$.2894 Let be n,, ny, n,. Nagel’s cevians of AABC with the area F, then:
(a*+2x-1,)- (b*+2y-1.) - (c* +2z-1,) = 144V/3 - F3
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

$.2895 Let bem = 0;t,u > 0, then in any AABC with the semiperimeter s the following inequality
holds:

a N b N c - 2-9m.gl-m
(ts + ubc)™  (ts +uca)™ (ts + uab)™ — (5us + 9t)™

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

$.2896 In any AABC the following relationship holds:

12 LA Ty B 2 . C 243 r?
p2gz 08 E+2 \z2gz " €08 E+2 \gzpz " 08 §+2 ZE-F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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$.2897 In any AABC with the area F the following inequality holds:

AN O (R AP DY NP PP
((rb+rc)2+ >'<(rc+ra)2+ )'(cra+rb)2+ )‘ '

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
$.2898 If s,, s, S are the lengths of the symedians of AABC with the area F, then:
(a* + 25,)(b* + 25.) (c* + 254) = 144+4/3 - F3
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
$.2899 In any AABC the following inequality holds:

1

(r(f-rbz+2)(rbz-rc6+2)-(rcz'rae’+2)Zg-rz-(4R+r)6

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

$.2900 In any AABC the following inequality holds:

2 6
r“(4R+ 1) -

9 2
3 =

r?s®

(hZ-rf+2)-(h2-12+2)-(RE-1£+2)=
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
$.2901 In any AABC with the area F the following inequality holds:
(h2 -1+ 2)(hird + 2)(h2r + 2) > 27F? - 52
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
$.2902 In AABC the following relationship holds:
R3+h+h3<rd+ri+13
Proposed by Marin Chirciu - Romania

$.2903 In AABC the following relationship holds:

S e )
2tan§+tan§+tan§_ 16 \r

Proposed by Marin Chirciu - Romania

$.2904 In AABC the following relationship holds:

Proposed by Marin Chirciu - Romania
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$.2905 In AABC the following relationship holds:

A A
sec?= sec? =
2 E 2

ha Ta

Proposed by Marin Chirciu - Romania

$.2906 In AABC the following relationship holds:
2 R
i z (B < IR
4 a 8r
Proposed by Marin Chirciu - Romania

$.2907 In AABC the following relationship holds:

Z >. Z
Ta hq
Proposed by Marin Chirciu - Romania

$.2908 In AABC the following relationship holds:

r T mec B

< <
R T, ~ 4r?
Proposed by Marin Chirciu - Romania
5.2909 Ifx,y,z > 0 and A > = then:

31 3 - 34-1
xy+yz+zx (x+y+z)? x2+y?+2z?

Proposed by Marin Chirciu - Romania
$.2910 Let be x are real positive number and a a real number, such that:
x?—a(a®>+2)Vx=a*>+1
Proposed by Marin Chirciu - Romania

$.2911 In AABC the following relationship holds:

mg, R3
<[l
h, ~— 8r3

Proposed by Marin Chirciu - Romania
$.2912 In AABC the following relationship holds:

1272 a? b? c? 3R?
< + + <
R m,+m, m.+mg, mg+m, 2r

Proposed by Marin Chirciu - Romania
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$.2913 In AABC the following relationship holds:
(a+b)(b+c)(c+a) =8abc+ Ar?(R—2r)
where 1 < 12+/3.
Proposed by Marin Chirciu - Romania

$.2914 In AABC the following relationship holds:

R —-2r
R+ 2r

(a+b)(b+c)(c+a)=8abc+ Ar3-

where 1 < 48+/3.
Proposed by Marin Chirciu - Romania

$.2915 In AABC the following relationship holds:

Jb+c Jc+a Ja+b
+ + =6
s—a s—b s—c¢

Proposed by Marin Chirciu - Romania

$.2916 In AABC the following relationship holds:

2r
me/hahbhC > ?Z ho/TalpTe

Proposed by Marin Chirciu - Romania

$.2917 In AABC the following relationship holds:

Yz lory (2
-3 my
Proposed by Marin Chirciu - Romania

$.2918 If x, y, z > O then:

2 3 1
— >
xy+yz+zx (x+y+2z)? x?2+y?+2z2

Proposed by Marin Chirciu - Romania
$.2919 Ifa,b,c > Osuch thatab + bc +ca =1and 1 > %then:

1 + 1 4 1 < 9
a4+ A b2+ c24+1732+1

Proposed by Marin Chirciu - Romania
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$.2920 In AABC the following relationship holds:

Z a3 - 4+/3F
A+Ac—a 24-1

where 1

v
N e

Proposed by Marin Chirciu - Romania

$.2921 If x,y,z > 0, then prove that:

31_[(x2+3y2+22+3xy+3yz+zx) 24(235)2 (Zx2+32xy)2

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

$.2922 Solve for real numbers the following system:
Jxi =3+ [x2—4x,+3—/(x3—2)3=0

Jxa =3+ (x5 —4x34+3 —/(x,—2)3-0
Jxn—3+ [x2—4x;+3—/(x,—2)3=0

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

$.2923 If a, b, c > 0, then prove that:

z (c7L+b)‘Ec;2 + b?) > Zaz

Proposed by Neculai Stanciu - Romania

S.2924 Ifa,b,c > 0, then:

D@ e)Ew) oY

Proposed by Neculai Stanciu - Romania

$.2925 Ifx;, > 0 (k = 1,2, ...,n), then prove that:

3

n
(1 + 2, +x3)° —x — x5 — x3 5
(it x5 4 10)3 T3 <10 ) xj
X1+ x,+x3)3 —x3—x3—x
cyc 1 2 3 1 2 3 k=1

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
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$.2926 If a; > 0 (i = 1,2, ...,n), then prove that:

k-1

St (St (T <(Be) eenzen-n
a— | . a; ) yly e, L —
ENES ERRERES RSN l

2 a; as a, a; an

a; a a, i=1

Proposed by Neculai Stanciu - Romania
$.2927 Solve in R, the system:
x2+xy +y? = (2x +y)xz?

y2 +yz+z% = 2y + z) 3/ yx?
22 +zx + z% = (2z + x)3/ zy?

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
S$.2928 Ifa,b,c,A > 0and a + b + ¢ = 1, then prove that:

a 1
Z JA(?Z + ¢2) + b = JAY ab +3(1— A)abc

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
$.2929Ifa;, >0 (k=1,2,..,n),A = 2n+ 1and X}}_; ax = n, then prove that:

n 1

L . . <D
k=177aZ < 1+/1_What happens if 1 does not verify the hypothesis?

Proposed by Neculai Stanciu - Romania

$.2930 Prove that in all triangles ABC with usual notations the following inequality is true:

2
2Rr < Z Mo
3cos;

Proposed by Neculai Stanciu - Romania

S.2931 Prove that:

n
(1 + x2) (X2 + x3) (x5 + x4) (x4 + x1) _
4(x1x5X3 + XoX3X1 + X3XX1 + X4X1X5)
C

x; =0, Vx> 0,(k=12,..,n)
cy k=1
Proposed by Neculai Stanciu - Romania

S$.2932 If a, b, ¢ > 0 then prove that:

S @Iy a

Proposed by Neculai Stanciu - Romania
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$.2933 If ABC is a triangle, then prove that:

1

2
Z <
A B\ =
V3 (cot; + cot;)
Proposed by Neculai Stanciu - Romania

S$.2934 If ABC is a triangle, then prove that:

(4R + r) 52
s

Proposed by Neculai Stanciu - Romania
$.2935 If p and p + 2 are both prime numbers, then prove that: p> —p? —4p —4 >0

Proposed by Neculai Stanciu - Romania
S$.2936 Ifa, b, c > 0, then prove that:

a+b b+c cH+a 54
Z( + + )2
c? a? b2 a+b+c

cyc

Proposed by Neculai Stanciu - Romania

$.2937 Prove that 10™ + 10™*! can be written as a sum of four perfect squares for any natural
number n.

Proposed by Neculai Stanciu - Romania
$.2938 If ABC is a triangle such that Y tan? % > 1, then prove that ), tan% > /3.
Proposed by Mihaly Bencze, Neculai Stanciu - Romania
$.2939 Prove or disprove that:
{(x,y) €ZxZ2xy+3y+y+2=0}={(x,y) EZXZ|2xy+x+ 3y + 8 = 0}
Proposed by Mihaly Bencze, Neculai Stanciu - Romania

$.2940 If n,, ny, n, are Nagel’s cevians of AABC with the area F and semiperimeter s, then:
S
(ngb? + npc? +n.a?)? = 32- ra F3

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

$.2941 In any AABC with the area F the following inequality holds:

a(@®+b3)  b*+a®  c(cP+ad - 83

> -F
a2+ ab+b?%? b%2+4+bc+c? c2+ca+a? 3

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania
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S$.2942 Ifa,b,c > 0anda+ b + c = 1, then:

a? b? c?
+2)- +2)- +2)=>-
<81bzc2 +18bc + 1 > (81cza2 +17ca+1 ) <810L2b2 +18ab + 1 > 4
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

$.2943 Ifa, b, c,x,y > 0 then:

a b c 9
>
(bx + cy)3 + (cx + ay)? + (ax +by)® ~ (x+y)?(a+b+c)?

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

S.2944 Ifa,b,c > 0anda + b + ¢ = 1then:

a? ) b2 ) c? ) >243
<(b+c)2+ )'((c+a)2+ )'((a+b)2+ >—ﬁ

Proposed by D.M. Bdatinetu - Giurgiu, Claudia Ndanuti- Romania

$.2945 Ifa, b, x,y,z > 0 then:

X y z 2x+y+2)
X +y- / +z- >
ay + bz az + bx ax + by 1+a+b

Proposed by D.M. Batinetu - Giurgiu, Claudia Nanuti- Romania

$.2946 Ifm,n > 0and m + n,t,x,y,z > 0 then:

x? y? z? 27
— | | ———=+ | | —=+2| 22— t*
(my + nz)? (mz+ nz)? (mx + ny)? 4(m+n)?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2947 Ifu,v = 0,u + v,x,y,z > 0 then in any AABC with the area F the following inequality
holds:

ux v 2 % vz uz vx 2
( ca? 2 -bz) +2]- ( 4 ~b2+—~c2)+2 . ( et + -az) +2]=36(u+v)?- F?
y+z Z+x z+x x+y x+y y+z

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2948 If m,u,v = 0,u + v,x,y,z > 0, then in any AABC with the area F the following inequality
holds:

ux v m+1 u vz m+1 uz VX mtl - gmil(y 4 p)mtl
( ~a4+—y~b4) +( 24 ~b4+—~c4> +< et + ~a4) 24-172’"”
y+z zZ+x z+x x+y x+y y+z 3m

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
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$.2949 In any AABC with the area F the following inequaity holds:

r2.sh

3n—5

(hZ -2 +2)- (h2 -2 +2)- (h22" +2) >
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2950 In AABC the following inequality holds: (%)2 + (S—b)2 + (S—C)2 < 1(5)3

b ¢/ T32\r
Proposed by Marin Chirciu - Romania
$.2951. In any AABC with the area F the following inequality holds:
(rZ-rt+2)- (2 rd+2) @2 r+2)=108-V3-F3

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

$.2952 If x,y,z > 0 and xyz = 1 then in any AABC with the area F the following inequality holds:
@+x-my+y) - B3+y -m.+2) - (c+z-mg+x)=72-V3-F?

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

$.2954 Ifm = 0 and x,y,z > 0 then:
2+ xy+z)™ + (y2+yz+z2)™ + (22 + zx + x2)™ >3- (xy + yz + zx)™H!

Proposed by D.M. Batinetu - Giurgiu, Claudia Nanuti- Romania

S$.2955Ifa,b,c,d > 0anda+ b + c+d = s, then:

a b c d 64
+ + + >
s+bcd s+cda s+dab s+ abc s?+64

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

$.2956 Ifu,v = 0,u + v,x,y,z > 0 then in any AABC with the area F the following inequality
holds:

ux % 2 u vz 2 uz vx 2 64
( Lot 4 -b‘*) +( Y bt -c‘*) +< et 4 -a‘*) >—(u+v)* F*
y+z z+x z+x x+y x+y y+z 3

Proposed by D.M. Batinetu - Giurgiu, Claudia Ndanuti- Romania
$.2957 In any AABC with the area F the following inequality holds:
(a*+1)-(b*+1)-(c*+1)=>36-F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti- Romania
S$.2958 In any AABC with the area F the following inequality holds:
(a+2-hy) - (b+2-my) - (c+2-wy)=>144-F3

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
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$.2959 Let s be the semiperimeter of AABC, then:

1 1 1 9
+ + >—
V2sa+bc 2sb+ca 2sc+ab 4s

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.2960 Let be M an interior point in AABC and x = MA,y = MB,z = MC and u,v,w, are the
distances from M to the sides BC, CA respectively AB, then:

x? y 2 y? z \° 72 x \°
(_+ )+z . (_+ >+2 . (_+ >+2 > 675
W o w+u wu u-+c uv v+w

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru- Romania

$.2961 Let x,y € Rsuch that x? + y2 = x3 + y3. Find the maximum and the minimum value of:
A=x+y.

Proposed by Nguyen Hung Cuong - Vietnam
5.2962 If m,n,p € N,p — odd, then: 4(p —3)(23" + 4™) + (p — 1)p? = 0(mod 3)

Proposed by Khaled Abd Imouti -Syria

S.2963 a. Find all numbers a, b € Z such that b EZ

a%2-ab+b?

2_ 2
b. Find all numbers a, b € Z such that% €EZ

Proposed by Nguyen Van Canh - Vietnam
S$.2964 Find n, m, k natural numbers such that: n! + 2™ = 3k,
Proposed by Elsen Kerimov-Azerbaijan

$.2965 If a, b, c = 0 with ab + bc + ca # 0 then prove that:

Z“—3> +b+c+AB Y (a=b)(a+b—c)((a—b) +ab)
b7 —perez>C c a a c)*((a a
cyc cyc
3 2(a®+b3+c3)
“2(az+b2+c2)+(a—b)2+ (b—c)?+(c — a)?
(a+b)(b+c)(c+a)
(a3 +b3)(b3 +c3)(c® +a3)

A

When does equality holds?
Proposed by Sidi Abdullah Lemrabott-Mauritania

S.2966 Ifa,b,c > 0,ab + bc + ca = 3 then:
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1 4 1 4 1 - 2 4 3
a+b b+c c+a a+b+c+1 a+b+c

Proposed by Marin Chirciu - Romania

$.2967 Ifn € N,n > 1 then:

7'[2

2n+1? " L2k +1)7 "8

Proposed by Khaled Abd Imouti-Syria

$.2968 In AABC holds:

h2 2r 2
2. B Z R D
2 2
Proposed by Marin Chirciu - Romania
$.2969 In AABC the following relationship holds:
n2 + 2r,h, = rp1. + myhy + meh,

Proposed by Bogdan Fustei - Romania

$.2970 Let A,n > O fixed. If a,b, ¢ > 0,a? + b? + ¢? = 1 then find min of

S=Aa*+b3+c>—n(a+b+c)

Proposed by Marin Chirciu - Romania

$.2971 In any AABC the following relationship holds:

(h2 + w2 +m2)° , (g 4w +m3)° (hEtwiami) 460110
(rs + rb5)2 (r5 + TCS)Z (rs + rj)z ~ (81R> — 256015)2

Proposed by Zaza Mzhavanadze - Georgia
$.29721fa,b,c > 0and =+ y +~ < 3 then:

1 1 1
+ + <1
V7a% — 2ab + 4b?> \7b%2 —2bc +4c?2  \7c? — 2ca + 4a?

Proposed by Nguyen Hung Cuong-Vietnam
$.2973 Ifa;, b;,¢; = 0,1 < i < 3 then:
M =A+ B —6a,b;cia,b,ca3b3c3 =0
Such that:

A= a}(b3c; + c3b) + i (cFad + aded) + ¢ (albi + biad)
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a,, ap;, as
by, by, b3

B = Zﬁic G ((Z?;iz'fi'ci(%bl)?’ (c3 + c3) — 3(aybic1)*(azbycy + a3b3c3))>.

And prove that:

3

BB S B

i=1 i=1 i=1 i=1
Proposed by Sidi Abdullah Lemrabott-Mauritania
$.2974 Solve the equation:
\/m =3x—x3
Proposed by Ibrahim Abdullayev Masalli - Azerbaijan
$.2975 In AABC the following relationship holds:

Z m3 +3R2>Za+9
tangtanc 4Rz = Lip T 79adpTe

2

Proposed by Nguyen Van Canh-Vietham

$.2976 Ifa,b,c > 0and a® + b® + c® = 3 than prove that:

ai/a(a5 + a3b? + b5)° bi/b(b5 + b3c? + ¢>)> ci/c(c5 + c3a? + a®)° -
/(a5 + a2b3 + b5)2 3 (b5 + b2c3 + ¢5)?2 V(5 + c2a3 + ab)?

> /3(a% + b? + ¢2)5
Proposed by Zaza Mzhavanadze - Georgia

$.2977 In the bicentric quadrilateral ABCD with sides a, b, ¢, d in whicha < b < ¢ < d, we have the

inequality:
4 a 4 b 4 C R
-+ =+ |=-<3 |=
T r T T

Proposed by Emil C. Popa - Romania

$.2978 Let ABCD be a bicentric quadrilateral with sides of lengths a, b, ¢, d. Then:

1 1 1 1
3R\/§-min( )5

a3+b3+c3a3+b3+d3"a3+c34+d3'b34+c34d3
2 R\/E 3 3 3 43 3 3 43 3 3 33 3 3
<F ST-maX(a +b3+cca*+b’+d3a’+c’+d3 b3 +cc+d?)

Proposed by Emil C. Popa - Romania
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$.2979fa,b,c > 0anda + b + ¢ = 3 then:
ab+cbc+aca+b <1
Proposed by Nguyen Hung Cuong - Vietnam

$.2980 If a,b > 0 then:

a+b
bra <
@bt < ( 2 )
Proposed by Nguyen Hung Cuong - Vietnam

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

UNDERGRADUATE PROBLEMS

Romanian

Magazine

. .unll "

U.2806 Find:

0= f ' x%Inx 4
h 0o X2—x+1 x
Proposed by Vasile Mircea Popa - Romania

U.2807 Show that:

T

j tan (o) In (sin(2:0)) dx = S 4 ln3(2)—”—1 )
0

4 6
Proposed by Vincent Nguyen-USA

U.2808 Prove that:

. AM)
EE}@Z =

where A(n) is Von Mangoldt function.

Proposed by Fao Ler-Iraq
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U.2809 Find all functions f(x) = x* + ax3 + x? + ax — 2 (a € R) such that:
min f'(x) + max f"(x) = max f""(x),Vx € [1966,2022]
Proposed by Nguyen Van Canh - Vietnam

U.2810 Prove that:

B (1)
4(1—p)

Proposed by Hikmat Mammadov-Azerbaijan

J-4ln(cos x)cost 1 2xtan 2x dx = (u>0)
0

U.2811 Find:

Q_J°°ln(1+x)d
B o x(x+1)3 X

Proposed by Vasile Mircea Popa - Romania

U.2812 Show that:

1 01 1 dxdvd 134_ 2
fff XAydz ey T
0o Jo Jo 1—xyz+,1—xyz 6 6

Proposed by Vincent Nguyen-USA
U.2813 If n € N — {0} then:

i (Zﬁ) <202 -1)

m=1
Proposed by Khaled Abd Imouti-Sirya

U.2814 Prove that:

(7 (MIn(1+ y)In® (1 + x%) _G{(3)  mIn(2)
Q‘fofo Aty Y=gt

Proposed by Shirvan Tahirov-Azerbaijan
U.2815 Prove the integral

3 5 7 9
7'[(6 +9¢2 + 4e% 4+ 7ez + 3e3 + 5ez + 8e* +365+65)

8eS

cos(x)dx =

2
o [ cos G) + cos(2x)
f_oo 1+x?

Proposed by Srinivasa Raghava-AIRMC-India

U.2816 Prove that:
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7w @) 2w wh@ Lis(])
e T T3 T T2

Proposed by Shirvan Tahirov - Azerbaijan
U.2817 Prove that:
2ae* — (a? +x%)e?* <e%*—e % x € [—a,a]
Proposed by Khaled Abd Imouti-Sirya

ax?+bx+c

U.2818 Let f (x) = =2 such that £(1) = 2, f(2) = —, f(-1) = 2, f(=2) = =1, (=3) = -

6
.

Compute: f(2023) + f(—2023) =?
Proposed by Nguyen Van Canh-Vietnam

U.2819 If x, y, z > 1 then find the minimum value of

3 3 3

x y z

P -t -2

Proposed by Marin Chirciu - Romania
U.2820 Ifx,y,z > 1and n € N,n > 3 then find the minimum value of

_ le yTl Zn
R AT AR O

Proposed by Marin Chirciu - Romania

P

U.2821Ifa,b,c,m,n > 0,mna + mb + nc = abc then find:

1 n m )

szax( + +
Vi+a? Vn?+b%2 Vm?+c?

Proposed by Khaled Abd Imouti-Sirya

am nl-L%
U.2822 Find lim

2
n-oo M

, where (a,)n>1,a1 =1, ap41 = (n+ 1)!- a,, Vn € N and Lyis k-th Lucas
an

number.
Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

U.2823If f, f', f", f'"" are continuous functions [0, A] with f(1) = a, f'(A) = b, f""" (1) = c and

folf(x) dx = d then compute

2
f x3f"(x) dx
0

Proposed by Marin Chirciu - Romania
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ab(a?+b?)+2ac(a?+c?)+4bc(b?+c?)
8a+4b+2c N

abc

U.2824 a,b,c € N, 7a? + 3a%c — b%?c = 72,
a,b,c=?
Proposed by Samed Ahmedov - Azerbaijan
U.2825 In AABC the following relationship holds:

6ar? N 6br N 6cr? - 324Sr?
6+V3a(a+b+c) 6+3bla+b+c) 6++3(a+b+c) R(8+20S)—4Sr

Proposed by Elsen Kerimov-Azerbaijan

U.2826 In AABC the following relationship holds:

. 2A . 5B
sin?=  sin? s T

— st A=t
sin? > sin? 3 L

Tp

Proposed by Bogdan Fustei - Romania
U.2827 In AABC the following relationship holds:
(4R + 1) (ry + 1c — ho) Z G + gg + myhy + mche — 15(hg — 27)
Proposed by Bogdan Fustei - Romania

U.2828 In any AABC and the following relationship holds:

Mg We\3 My Wwg\3 /me  wp\3 3-29.r6
i) ~Geviy) +Gevad) =
w, hg w, hy w, he 3-(9R3 — 64r3)2 —128r®

Proposed by Zaza Mzhavanadze - Georgia

U.2829 In any AABC and the following relationship holds:

3
MaWy | Wohe | hema 3 9(5) — 64
Wcha hamb mpwe 8 r

Proposed by Zaza Mzhavanadze - Georgia

U.2830 In AABC the following relationship holds: 2792 > 1, 47, > Mottt Tcle

Ta
Proposed by Bogdan Fustei - Romania

U.2831 In AABC the following relationship holds:

. A . A

Sin— Sin— T T a b
a b

—§+ 1232 —+ |—2= /—+ —

sin; sin; Tp Ta b a

Proposed by Bogdan Fustei - Romania
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U.2832 In AABC show that:

Zl+cos(A—B)-cosC_ 3
h. - secC " 2R

Proposed by Ertan Yildirim-Turkiye

U.2833 Leta,b,c,d € E, 1] anda = b = ¢ = d. Prove that:

2<a+b+c+d>>b+c+d+a+4
b ¢ d a/ " a b ¢ d
Proposed by Minh Vu - Vietnam

U.2834Ifa,b,c > 0,a+ b+ c=1andn, k > 0then

Zaz+ab+b2> 3
na+kb T n+k

Proposed by Marin Chirciu - Romania

U.2835 Leta,b,c > Osuchthata+ b > c,b+c > a,a+ c > b. Find all values of kK = 0 such that

b
(k-|_b+ccl—a)(k+a+c—b)(k+a+lca—c)2(k+1)3

Proposed by Nguyen Van Canh - Vietnam

U.2836 Compute:

2022 17x 4+ 2023
= dx
1980 \/40 ++v20x + 11

Proposed by Nguyen Van Canh -Vietnam

K

U.2837n € N, 1 € R, A —fixed. Find a € R such that:
x" AL (xA - In x)(n+1) —A=n)-x"*=a Vx>0
Proposed by Khaled Abd Imouti -Sirya
U.2838 Find all values of x,y € Z such that: x® — y® = 32.
Proposed by Nguyen Van Canh-Vietnam

U.2839 Leta,b,c > 0:ab + bc + ca = a + b + c. Prove that:

a b c
—+—+—+33>4(V8a+1+V8b+1+V8c+1)
bc ca ab

Proposed by Phan Ngoc Chau-Vietnam
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U.2840 Leta,b,c > 0:abc = 1. Prove that:

1 4 1 4 1 - a+b+c
a(a+b) bb+c) c(c+a) ab+bc+ca—1

Proposed by Phan Ngoc Chau-Vietnam
U.2841 Prove that for any acute triangle ABC the following inequality holds:

secA +secB +secC

> 242
vcos A + +/cos B + +/cos C

Proposed by Vasile Mircea Popa - Romania

U.2842 Prove that:

(" (MIn(1 4 xH) In(xy)
v=] |

1
dxdy = ﬁ(—SnZG —91{(3) — 18¢(3) — 2m3)
Note: G — Catalan’s constant, {(3) — Apery’s constant
Proposed by Shirvan Tahirov- Azerbaijan

U.2843 In AABC the following relationship holds:

ma N mj N m¢ - 108 - r*
wp + 2wpwe + Wi wd + 2wew, + Wl w4 2wawy, +wp T 27R3 + 2R%2 — 19213

Proposed by Zaza Mzhavanadze - Georgia
U.2844 Find all functions f(x) = x* + ax3 + bx? + cx + d such that:
£(20) = f(11) = £(1980) = £(2022) = 0
Proposed by Nguyen Van Canh-Viethnam

Uu.28451fa,b,c > 0,a+b + ¢ =§then

a+b 9
m21+a2+b2+cz

Proposed by Marin Chirciu - Romania

U.2846 Prove that in all triangle ABC with usual notations holds:

9 2 10
B Y —
Zma mg +mb Zma

Proposed by Neculai Stanciu - Romania

U.2847 Let P(x) = x?> —x +1and Q(x) = x2 + ax + b, (a, b € R). Find all values of a, b such that:

P(Q(x+2))=Q(P(x—2)),vx€R

Proposed by Nguyen Van Canh-Vietnam
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U.2848 In AABC

142 _4(R—1)*

4(R-r) < <
T, r

Proposed by Marin Chirciu - Romania

U.2849 If
J‘f | <y2 — xz) dx dy
= n
[0,1]2 y2+x2 xV1 —x*
then show that: 3{Q} = — gm, where, 3(z) is the imaginary part, and w is lemniscate constant

Proposed by Ankush Kumar Parcha-India

U.2850 Prove that:

Proposed by Hikmat Mammadov-Azerbaijan

U.2851 Prove that:

2
> ((Tl —Dy+H, 1+ Hn—z)
1
%—log 1+ Hy ———logn

i

,n € N*
=1

Proposed by Khaled Abd Imouti-Sirya

U.2852 Prove the below closed form

_ _ xy xy 4G
In~1 Ig(1——,1+—)dxdy =—
fﬁmﬁn B (1-2 1+ )avay ==

Where, B(x, y) is the Euler integral of the first kind and G is the Catalan’s constant
Proposed by Ankush Kumar Parcha-India

U.2853 Prove that:

T xIn?(x) 8¢(3) 4nmd
Q=J > dx = -
o X2 +x+1 9 813

Note: {(3) — Apery’s constant
Proposed by Shirvan Tahirov-Azerbaijan
U.2854 Prove that:

1 x In(x)
LG DEEFD

L 166)
—32\
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Note: G — Catalan’s constant

Proposed by Shirvan Tahirov-Azerbaijan

U.2855 Ifin AABC a: B:y = 1:3: 6 then find: Q = =

-,
Proposed by Samir Cabiyev-Azerbaijan
U.2856 a. Find all values of x,y € Z such that x? + xy + y? = 2023

5
b. Find all value of m € Z such thatw EZL
ms-m+1

Proposed by Nguyen Van Canh-Vietnam

U.2857 Prove that in all triangle ABC with usual notations holds:

2 R(s?+1r?+Rr)
23
3 2r

Proposed by Neculai Stanciu - Romania

U.2858 In any AABC the following relationship holds:

hawg + wpm. mchg < 9R
“hetwp+2m,  wp+me+2h,  methg+2wp T 8

2
271'3< howp wpm2 mch2 <27R2

2.

R 7 hg+wp  wp+m, m+hg,~ 8
Proposed by Zaza Mzhavanadze - Georgia

U.2859 Leta,b,c = 0:ab + bc 4+ ca = 3. Prove that:

Va+10b +1+vVb+10c+ 1 ++Vc + 10a+ 1= 6V3
Proposed by Phan Ngoc Chau-Vietnam

U.2860 Prove that:

flK(—x)—E(—x)ln(l _x>dx=n_4ln21"2 (1)
0

xWx +1 1+x 4\m 4
where:
V1 —t2x 1 1
E(x) = —dt,K(x)=f dt
0 V1 —t2 0x/1—t2\/1—t2x

Proposed by Fao Ler-Iraq

U.2861 Leta,b,c = 0:a+ b+ c=2andab + bc + ca > 0. Prove that
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ab+1+ bc+1+ ca+1>2_|_\/z
ab +c bc+a ca+b
Proposed by Phan Ngoc Chau-Vietnam

U.2862 In AABC the following relationship holds:

4 tA+b tB+C tc<ﬁﬁ R
b |2 T [T 2r

Proposed by George Apostolopoulos-Greece

U.2863 If x, y, z > 0, then prove that:

Z 1 N 16xyz < 5
2x+y+z QCo)(I2x+y+2)” 2Yx
Proposed by Neculai Stanciu - Romania

U.2864 In AABC

cotzn+14 AR
Z—gzz(——s),neN*
COth—l — r
2
Proposed by Marin Chirciu - Romania
U.2865 Find the general term of the sequence: 0,2,4,1,1,0,3, ...
Proposed by Khaled Abd Imouti -Sirya

U.2866 Leta,b,c > 0anda + b + ¢ < 3. Find all values of k € R such that:

1 1
+ + >1
ak+a+1 bk+b+1 ck+c+1

Proposed by Nguyen Van Canh -Vietnam

U.2867 In AABC the following relationship holds:

mg R* h,
O LS o I
hg +hy 12 my +m,

Proposed by Nguyen Van Canh - Vietnam

U.2868 In AABC the following relationship holds:

b+c 1
Yty
a T

cyc cyc

Proposed by Hasan Mammadov-Azerbaijan
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U.2869 In AABC the following relationship holds:
A
z:(b2 +¢?) cos > > 12F

Proposed by Marin Chirciu - Romania
U.2870 Let a, b, c > 0 such that abc = 1. Prove that:

1 1 1 8 11
+ + + >—
a*+a?+a b3+b% +b c3+c?+c a+b+c 3

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.2871 In AABC prove that:

2)24-9

500
2
- S z (sz -sa )<2c _la ) .(chca - (Beyemq - cos A)
H500 4 (500 S 7. 4374 3499 2 Yoy a0 - ¥ . cos? A

cyc

cyc
Proposed by Elsen Kerimov-Azerbaijan

U.2872 Prove the below closed form.

fl In(x) In (x2 +x+1

0 x x2—x+1

)dx = — %{(3), where {(3) is an Apery’s constant.

Proposed by Ankush Kumar Parcha-India

U.2873 Prove the below closed form:

+ In2
ff x y _1(x y)dxdy-ZG——an—n—
[0,1]2 xX+y 2

where G is a Catalan’s constant
Proposed by Ankush Kumar Parcha-India

U.2874 Let f(x) = x3 + x? + x + m, (m € R). Find all values of m such that: f(x% — f(x)) <
0,vx eR

Proposed by Nguyen Van Canh-Vietnam
U.2875 Ifx € (0,%) then:

2sinx +tanx < 3x +InxIn(1 —x)

Proposed by Khaled Abd Imouti -Sirya

a?-a+2023 a3+a?+2023
a3+a?+2023 a?-a+2023

U.2876 a. Find all values of a € Z such that P =

b. Find all values of a, b € Z such that 2023a? — ab + 2024b%> = 0

Proposed by Nguyen Van Canh - Vietnam
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U.2877 If x, y > 0 then:
1

1 2>3
x y x+y  Jxy

Proposed by Nguyen Hung Cuong - Vietnam
U.2878 Prove that:

1 _ n-1 m _ -1 — k1
Z(_l) o 1)2(—1)’”(4m+1)ﬁiz( o 1)2(_1)1(‘”“)[; Lo
o<n m=0 k=1 =0

6

480T (%)8

(2n)5B7 (2k)3B3

Proposed by Hikmat Mammadov-Azerbaijan

U.2879 If
0o _n 2 1 b 1 0o
yriaon oy @ (1) v () S P g
n - n-2
] T (5) 2c ] 6n X 2
Prove that:
(a+b) 1
Ve dlen(—)lnz(l + x) 372 3
1-x
dydx =—7@4)+—{(4)In(2) — 3GJ(4
| Rty e = @+ @ @) ~ 36

Note: £(x) is Riemann Xi function
Proposed by Abbaszade Yusif -Azerbaijan

U.2880If 0 < a < b then:

a+1 b e* \* 1
— < < 3 3
b a+ln(b 1>_Lln<x 1) dx_3(b a’)

Proposed by Khaled Abd Imouti-Sirya

U.2881 Inany AABC and n € N: n > 2; the following relationship holds:

h N wj N mn 32-3"5 .1
r2r.( +13) P2 +r2)  rir@d +1n2) T 3(9R3 —64r3)2 — 12816

Proposed by Zaza Mzhavanadze - Georgia

U.2882 Let a, b € R. Find the maximum value of:

1 a2+b2 1 (a+b)2

1= -

Proposed by Nguyen Hung Cuong - Vietnam
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U.2883 Let: n > 1 be positive integer. Prove that:
16™"lcm(1,3,5,...,2n + 1)
2n
( ! )(Zn +1)

is an integer.
Proposed by Toubal Fethi -Algeria
U.2884 Let be g, b € R. Find the minimum value of:
A =2Va* b _|q 4 p|
Proposed by Nguyen Hung Cuong - Vietnam

U.2885 Ifa,b,c,A > 0and a + b + ¢ = 1, then prove that:

a 1
Z JA(?Z + ¢2) + b = JAY ab +3(1— A)abc

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
U.2886 Inany AABC and n € N: n > 2; the following relationship holds:

h? wy mp 16- 373 .70

+ =
2. +wime  12rg+mihy  rir, + k3w, — 3-(3R? —8r2)2 4+ 3R* — 64r*

Proposed by Zaza Mzhavanadze - Georgia
U.2887 Find all continuous functions f: R — R such that: f(x2°23) + f(—x2023) = x202% x € R
Proposed by Nguyen Van Canh - Vietnam

U.2888 Ifa, b € [0; 1] then:

a b

0< + <
34+ b2 3 +a?

1
2
Proposed by Nguyen Hung Cuong - Vietnam

U.2889Ifx,y,z > 0and x3 + y3 + z3 < 3, then:

(x+2)2+2 (y+2 >2+2 <z+2 +1)>27
2x2+1 2y +1 2z2+1 -

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

U.2890.Ifa,b,c,t > 0 then:

o’ + 2t - b7 +2t2 - L+2t2 >zt4
(b+c)? (c+a)? (a+b)? T4

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania
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U.2891Ifm>=n>0anda, b,c > 0, then:

a2m p2m c2m —m+n
- _1 p—
<—(bn oyt 2) : <—(cn Tat 2) : <—(a” ot 2) > 4m-n-1(y3) O Fmon

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania
U.2892 If a, b, c > 0 then:
((1+ @)?@°=2b¢ 4+ 2)((1 + b)?P* 2@ + 2)((1 + ¢)2¢"~2eb + 2) > 27

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2893 If t,u > 0 then in any AABC with the area F the following inequality holds:
t*(a* + u?)(b* + u?)(c* + u?) + u*(a?b? + t?)(b%c? + t?)(c?a? + t?) = 72 - t* - u* - F?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2894 Let be m,n, x,y,z > 0 then:

2 y2 ZZ 9

+ + >
(my+nz)? (mz+nx)? (mx+ny)?  (m+n)3(x+y+2)

X

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
U.2895Ifa,b,c,x,y,m,n > 0and m+n = 1 then:

aZn bZn C2n 6

+ + >
(bx + Cy)z(m+n) (cx + ay)z(m+n) (ax + by)z(m+n) (x + y)m+n

a®™ + b¥™ + c*™ +

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

U.2896 Let be a, b,c, m,n > 0 such thata + b + ¢ = 1. Prove that:

@ + 2 b’ + 2 ¢ +2]= 243
(m +nbc) (m + nca)? (m + nab)? ~ (9m +n)?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

U.2897 Ifa, b, c > 0 then:

(G0 ) (B0 ) (€ o) s 0

b8 c8 a®
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

U.2898 In any AABC the following inequality holds:

1 1 1
12| | —————+2 | | ——————+2]|=27

4 4 4
. A . B . B . C . C . A
(sm— + sin —) (sm —+ sin —) (sm— + sin —)
2 2 2 2 2 2

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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U.2899 Let g,, gp, g Gergone’s cevians of AABC with the area F, then:
(a*+x- gpty- gc)(b4 ty9c+ Zga)(c4 +29q + xgp) = 144+3F3
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2900 Letbe x,y,z = 0,x + y + z > 0 and the triangles ABC, MNP, UVW with the areas F, F;
respectively F,, then:

- x Y Z
a*-a¥ -wZ+b*-pY -u?+c*-m¥- -v?>= 2x+y+z(‘{[§)4 (x+y+Z)F5F12F22

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
U.2901 If ABC is a triangle with the area F, then:
((@®+b%?+2)-(c* +2) = 96F?
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania
U.2902 In any AABC with the area F the following inequality holds:
((@®>+bc)?2+2)- (b2 +ca)>+2)-((c?+ ab)?>+2) =576 F?
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania

U.2903 If x, y, z > 0, then in any AABC with the area F the following inequality holds:

X A +z Z+x x +
( a®+ 4 b? + cz>-<y b? + cz+—ya2)248-F2
y+z Z+x x+y x y z

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania
U.2904 If x,y = 0,x + y > 0 then in any AABC with the area F the following inequality holds:
((x-m§+y~m§)2+2)-((x-m§ +y~m§)2+2)-
“((x-m24+y-m2)2+2) =81(x+y)?- F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
U.2905Ifx,y = 0,x + y > 0 then in any AABC with the area F the following inequality holds:
((xa? +yb?) +2- ((xb* + yc?)? +2) - ((xc? + ya?)*> +2) = 144 - (x + y)? - F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

U.2906 If M is an interior point in AABC,x = MA,y = MB,z = MC and u, v,w are the distances of
point M to the sides BC, CA, AB then:

x2 y? 72
(o) (G ?) (Gt ?)2

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
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U.2907 In any AABC with the area F the following inequality holds:

(wg+2)-(wg+2)-(w;*+2)236-@-2—2
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania
U.2908 If ABC is a triangle with the area F and semiperimeter s and x,y > 0,x + y = s then:
(a2 +2-(x2+y?)) (% +2(x2+y%)) - (2 +2(x2 +y%)) = 243 - V3 - F3
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2909 If x, y, z > 0 then in AABC with the area F the following inequality holds:

2 2
2 Y

x +z z+x z x+
(( a2+y—b2)+2>-(( 4 b2+—c2) +2)-<( c? + a2> +2>2900-F2
y+z x zZ+x y x+y z

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.2910 If x, y,z > 0 and ABC is a triangle with the area F then:

>=-(xy+yz+zx)

Q
N
<
N
=
N
N
N
N
wl &

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania
U.2911 If x, y, z > 0 then:
((c+y)2+222) - ((y+2)?+2x2) - ((z+ x)? + 2y?) = 108 - x?y?z?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.2912 In any AABC the following inequality holds:
(1+1) _2A+(1+1) _ZB+(1+1) _2C>1
ny k) S 2T \n TR ) 2T, TR, T 2 2

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2913 Let be x,y,z > 0 then in AABC with the area F the following inequality holds:

3

X a y b3 z

._+ - —_ .
v+z h, z+x h, x+y h

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
U.2914 In any AABC with the area F, the following inequality holds:
(@a+b)(b+c)+ (b+c)c+a)+ (c+a)(a+b) = 16V3F
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.2915 In any AABC with the area F the following inequality holds:
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(a® +2b2)(b? + 2¢?)(c? + 2a?) = 192 -3 - F3
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.2916 In any AABC with the area F the following inequality holds:

a b c
—+—+—>2vV3
hb+hc+ha_ V3

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2917 Let be m = 0, then in any AABC the following inequality holds:

a b c W3

+ + >
(bx + cy)™*t * (cx + ay)™t1 = (ax+ by)™*1 — (x + y)m+l.R™

;Vx,y >0

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.2918 Let be x,y,z > 0 and ABC a triangle, then:

x a y b z c V27
—+ —+ —>—
y+z |hy z+x |hy x+y [h. 2

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.2919 In any AABC with the area F the following inequality holds:

(a+b+1D)(b+c+D(c+a+1)=36V3-F
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2920 In any AABC the following inequality holds:

1
2., - >
(a+b+c) E (Ta+7‘b)2_9
cyc

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.2931Ifa, b, c,d > 0 then:

a+b+b+c+c+d+d+a 16 >1_|_1_|_1_|_1
d? a? b2 c? a+b+c+d a b ¢ d

Proposed by Marin Chirciu - Romania

U.2932 In AABC the following relationship holds:

A B S\" (4R n-1
3In—-1__ - > —_
E cot 2C0t2_9(3r) (r 5)

wheren € N*

Proposed by Marin Chirciu - Romania
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U.2933 In AABC the following relationship holds:

n

z tan% 2\
=3()
cos% 3

wheren € N

Proposed by Marin Chirciu - Romania
U.2934 In AABC the following relationship holds:

a? cel(1-T 2
Z b% +c2 ™~ ( - E)
Proposed by Marin Chirciu - Romania

U.2935 If x, y, z > 0 such that % + % + i = 3 then find the maximum of

1 1 1
= + +
(x+y+4)3 (y+z+4)3 (z+x+4)3

Proposed by Marin Chirciu - Romania
U.2936 In AABC the following relationship holds:

Y a? > 4+/3S + Ar(R —2r), where A < 6

Proposed by Marin Chirciu - Romania

U.2937 If x, y, z > 0 such that i + % + i = 3 andn € N then find the maximum of

1 1 1
C (x+y+2n)nt? * vy +z + 2n)ntt * (z +x + 2n)ntt

Proposed by Marin Chirciu - Romania
U.2938 In AABC the following relationship holds:

Z a? >3+A(R 2)
bZ+c2= 2 2R 4
where1 <1

Proposed by Marin Chirciu - Romania
U.2939 In AABC the following relationship holds:

H(raz + 11y + 1) = 27(31r)°

Proposed by Marin Chirciu - Romania

145 ROMANIAN MATHEMATICAL MAGAZINE NR. 45



Romanian Mathematical Society-Mehedinti Branch

2025

U.2940 Ifa,b > 0withna+b<n+1,n€ N and A1 = 0 then:

n 1 n+1
+ >
Va+21 Vb+a JA+1

Proposed by Marin Chirciu - Romania

U.2941 Ifa, b, c > 0 with a® + b% 4+ c? = 3 and n > 0 then:

1 1 1 3n 1 1 1

+—= + + +
ab bc ca n+1 ab+n bc+n ca+n

Proposed by Marin Chirciu - Romania

U.2942 In AABC the following relationship holds:

4
(2r>§ wo\2 s?2—12Rr
() =2 <
R T, r?

Proposed by Marin Chirciu - Romania

U.2943 In AABC the following relationship holds:

n(hg + hohy + h2) = 27(3r)°

Proposed by Marin Chirciu - Romania

U.2944 In AABC the following relationship holds:

T, N T
- 2R?+3Rr+2r%2) — hy/ — r

Proposed by Marin Chirciu - Romania

U.2945 In AABC the following relationship holds:

5

mg
1< <3 (—)
WpW, 2r

Proposed by Marin Chirciu - Romania

U.2946 In AABC the following relationship holds:

2

2 mg 1(R)
R wpw, 1 \2r

Proposed by Marin Chirciu - Romania

U.2947 In AABC the following relationship holds:

Z 1 Z 1
2n2 n,.n
W, e
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wheren € N.
Proposed by Marin Chirciu - Romania

U.2948 In AABC the following relationship holds:

w(5=F) Y asz(2-p)
2R? R)=LSMA=R\CTR

Proposed by Marin Chirciu - Romania
U.2949 Let f be a function that is continuous on the interval (0, g) such that f(x)+ f (g — x) =1.

Evaluate the integral:

f? fx) d
————dx
o tanx + cotx

Proposed by Marin Chirciu - Romania

U.2950 If m = 0, then in any triangle ABC with the area F the following inequality holds:

a- bm+1 b - Cm+1 c- am+1

>4/3-F

cm am b
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze
U.2951 In AABC the following relationship holds:
wawy, + witw, + wltw, = 3@r)"",ne N,n > 2
Proposed by Marin Chirciu - Romania

U.2952 In AABC the following relationship holds:

a+b+c
2+ h2+w2+m2=>4S /T

Proposed by Marin Chirciu - Romania

U.2953 Let x, y, z be positive real numbers such that x + y + z = 3. Prove that:

1 Oxyz

1 + 1
Xy z xy+tyz+zx
Proposed by Marin Chirciu - Romania

U.2954 Prove the below closed form:

fff a2kl dxdyd e In2(2) +2In2
X Z=———1In n
012 X+ +2)(z+x) y 12

Proposed by Ankush Kumar Parcha-India
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U.2955 Prove the below closed form:

fff[o'l]gg;z %dxdydzzg(z—ﬁ)

Proposed by Ankush Kumar Parcha-India

U.2956 In AABC the following relationship holds:
81
81r3 < hd + hg +h3 < §R3

Proposed by Marin Chirciu - Romania

U.2957 In AABC the following relationship holds:
Sq \2 Sp \2 Se \¢ 9
<
(b+c) +(c+a) +(a+b) 16

Proposed by Marin Chirciu - Romania

U.2958 In AABC the following relationship holds:
R 2 3 3 3 1 2 2 2
E(4R+r) Srg+ry g S3—R(4R+r) (4R* —31%)

Proposed by Marin Chirciu - Romania

U.2959 Prove the integral relation:

f e_% Y/ coth(3mx) + 1dx
0

e ] coth(3mx) —

Proposed by Srinivasa Raghava-AIRMC-India

U.2960 Prove the below closed form:

dx dy d
jJJ ey dz % (314 4vZ - 2595 + 36V6)
[0,1]3 x+2y+3z 45

Proposed by Ankush Kumar Parcha-India

U.2961 Show that:

log(x3 + 1) G
L% =%10g(3\/§—4)—%10g(2—\/§)—§

x*+1
where G is Catalan’s constant

Proposed by Vincent Nguyen-USA
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U.2962 Find:

! 1
Q= d
fo VA —x)(1+x)3 *

Proposed by Vasile Mircea Popa - Romania

U.2963 Prove the below closed form:

xVx +
ff In V¥ y\/; dxdy=£—3ln2
[0,1]2

xJx+y+y/x+y V3

Proposed by Ankush Kumar Parcha-India

U.2964 Prove the integral:

34
® /135 A 8 4F(;)
Jo oFa(5ggi2die)ean =3\ 1-— -

sF,(a, bc; x,y; q) is Regularized Hypergeometric function
Proposed by Srinivasa Raghava-AIRMC-India
U.2965 Find all values of a > 1 such that foalx3 —x%2+x—1|dx <2023.
Proposed by Nguyen Van Canh - Vietnam

U.2966 Find:

T
zsin(nx) cos(nx)

Q(n) = f _ dx, n € N*
0 sinx

Proposed by Khaled Abd Imouti-Syria

U.2967 Prove without using Dilogarithm identities:

ofi (=02) -t )

3 denotes the imaginary part

Proposed by Rana Ranino-Algeria

U.2968 If,

O fff Z—‘/} dx dy d
= xayaz
[0'1]3x,y,z’/x +y+z

Then, show that:
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4 252

—— -+ 8V3+2In2 +In(1++2) — 4In(1+3)

Proposed by Ankush Kumar Parcha-India

U.29691f Q= [ [~ Py e™dx dy then, show that:

where, 3(z) is the imaginary part
Proposed by Ankush Kumar Parcha-India

U.2970If n € N,n > 2 then:

3§:H,; (EH:H> >+ n(H,—y=1)

k=2 k=2

Proposed by Khaled Abd Imouti-Syria
U.2971 Compute (without any software):

4
! f
0

sinx — cosx

sinx + cosx + 1
Proposed by Nguyen Van Canh - Vietnam

U.2972 Prove that:

R I e
n 1 had _1\n
f edx_zzk'(u?ﬂ)nﬂ'f dx=2%

n=0 k=

Proposed by Emil C. Popa - Romania
U.2973 Find all functions F € C*(R) such that:
f(5%) =5%- f'(5%) + 5%, Vx € R
Proposed by Khaled Abd Imouti-Syria

U.2974 Find all functions f: R — R such that:

n

. _( O0Ifin=2kkeN
ZW (f(k))‘{1 Ifin=2k+1,keN
k=1

Proposed by Toubal Fethi -Algeria
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U.2975 Prove the below closed form:

fljljl V2 dydr=——In3+ on2+
I R R T R

Proposed by Ankush Kumar Parcha-India

U.2976 Prove the below closed form:

J‘ f f dx dy dz o’
(0,03 (1 +x2y2)(1 + y?2z2)(1 + z%x?) 42
Proposed by Ankush Kumar Parcha-India

U.2977 Prove the integral relation

J:LX COS(E_?;)S(XJFE) (y)dy = ’%(1+\/§)+%(\/§—5)

where L,[...](y) is Laplace transform

Proposed by Srinivasa Raghava-AIRMC-India

U.2978 Find all values a € R such that:
T ax ™ ax
f |sm—| dx +f |cos—| dx <2022
0 2 0 3

Proposed by Nguyen Van Canh - Vietnam

U.2979 Find:
T ()t
Qx) = — Gi-Da ¥ € [—1,1]
k=1 2k2
Proposed by Khaled Abd Imouti-Syria
U.2980 Prove that:
sin12 Z—Z - sin12 171—8 =83 (—3 sin49—n + sinzg—ﬂ)

Proposed by Vasile Mircea Popa - Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR JUNIORS

JP.5411If a, b, c sides in acute AABC with s — semiperimeter; r —inradiiand x,y,z € (0, g)
are such that:

a b c
COS X = ;COSY = ;CO0SZ =
b+c y c+a a+b
then:
2
X y z X y zZ r
tan? — + tan? = + tan? — ) tan? — tan? = tan? — = —
( 2 2 2) 2 2 2 s2
Proposed by Daniel Sitaru - Romania
JP.542 Solve for real numbers:
(6x + 6y
—_— =7
9 + 4xy
6y + 6z
& =X
9+4yz
6z + 6x
\Q + 4zx y

Proposed by Daniel Sitaru - Romania

JP.543 Find x,y,z > O suchthatx+ y+2z =1and

x5 5 25 x7 y7 77 1
+ + + + =
y+1 zx+1 xy+1)\yz+1 zx+1 xy+1 72900
Proposed by Daniel Sitaru - Romania
JP.544 If x,y € R then:
log(1 + 3sin? x) - log(1 + 3 cos? x sin? y) - log(1 + 3 cos? x cos? y) < log3 2

Proposed by Daniel Sitaru - Romania
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JP.545If x,y,z > 0 then:
X y z 3
+ + <—
7x +5y+5z 5x+7y+5z 5x+5y+7z 17

Proposed by Daniel Sitaru - Romania

JP.546 In AABC the following relationship holds:

4

.4 A .
Z sin? 5 +sin
A .
sin? 5T sin?

3
> —
4

N[N | &

Proposed by Marin Chirciu - Romania

JP.547 In AABC the following relationship holds:

A B
z cos45 + cos“; 9r
A B= 9op
cos2>+ cos2= 2R
2 2
Proposed by Marin Chirciu - Romania

JP.548If x,y, z € [0, ) solve the system:

{xz =y(y+2)
y2 =z(z +x)

Proposed by Cristian Miu - Romania
JP.549 Let ABC be a triangle with inradius r and circumradius R. Prove that:
sin?4 +sin* B (R\?
> = ——=<(-)
sin® A + sin> B T

The sum is over all cyclic permutations of (4, B, C).

Proposed by George Apostolopoulos -Greece

JP.550 The non-coplanar points are given: 4, B,Cand D. If K is the middle of the segment

[BD], (KM = bisector AKB,M € (AB), (KP = bisector AKD,P € (AD),and N € (AC),

BD

AC
such that — — —— = 1. Prove that:
AN 24K

AN -NC + AM - MB = 2PD - (AN + AM — AP)
Proposed by Gheorghe Molea - Romania
JP.551 Find the real numbers x, y, z knowing that they meet the conditions:
x+y+z=Lxy+x+y)(z+1) =§

Proposed by Gheorghe Molea - Romania
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JP.552 Justify if exists non-zero natural numbers a, b, c, d, different in pairs, such that we
have:

a+b+c
alb+c—a)=b(a+c—b) = c(a+b—c)=T
Proposed by Gheorghe Molea - Romania
JP.553 Prove that for any a, b, c € R, we have the inequality:
a’+a N b3+b N 3+c <>
a*+a?+1 b*+b*2+1 c*+c?2+17

Proposed by Laura Molea and Gheorghe Molea - Romania
JP.554 Solve for integers: x(x — 1)?> + y(y —1)%2 = x(3x + 7y)
Proposed by Laura Molea and Gheorghe Molea - Romania

JP.555 In AABC we know: m(4) = 90°,AD 1 BC,D € (BC),DE 1 AB,E € (AB),

DF 1 AC,F € (AC),BE = a,CF = b,BC = c,a,b,c > 0. Prove that ¢ < 2Va? + bZ2.

Proposed by Gheorghe Molea - Romania
PROBLEMS FOR SENIORS

SP.541 Find all continuous functions f: R — R such that:

X
£(5) -3 =155 WMxeR

Proposed by Daniel Sitaru - Romania
SP.5421If z,, 25, 73 € C; |z4| = |2,| = |z3]| = 1,24 + z; + z3 = 1 then find:
n n n
2= (7)) ()
k=1 i i=1
Proposed by Daniel Sitaru - Romania
SP.543 Letbe f:[0,1] - [0,20]; f(x) = 2-3*+ 4 - 5* — 6. Find:
20

Q= flxdx
0

Proposed by Daniel Sitaru - Romania
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SP.544 Find the maximum value of n € N* such that:

Z": 1 L3
i (k+ DVE+ 1+ kVk 32
Proposed by Daniel Sitaru - Romania

SP.545 Let a, b, ¢ be positive real numbers such that a = max{a, b, c} and a?b5c> > 1,
and let

ab + bc + ca
F(a,b,c) = — s VYabc

Prove that
111
F(a,b,c) ZF(—,—,—)
ab c

Proposed by Vasile Cirtoaje and Vasile Mircea Popa - Romania

SP.546If a,b,c € (0,1) then:

V3a—a?++5b—b2+7c—c2<15(a+b+¢) — (a+ b+ c)?
Proposed by Daniel Sitaru - Romania

SP.547 Prove that if x,y > 1 then:

3
Inx-Iny <3 log, y + Bflogy x) < 21In?(xy)
Proposed by Daniel Sitaru - Romania
SP.548 If a,b,c > 0 then:

ab+bc+ca
a+b c+a a+b

(Va+Vb +ve)' +2( ) 2 4(Vab + Vbe + Vea)

Proposed by Daniel Sitaru - Romania
SP.549 Let be AABC with sides a, b, c. Let be x,y, z € R such that:

a b c
COS X = ;COSY = ;COSZ =
b+c y a+b

Prove that:

x y z 3
tan—tan—tan— < —
2 2 2 9

Proposed by Daniel Sitaru - Romania
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SP.550 Prove that (V)x € (0; 1) and n € N*, we have the inequality:
1+x@1 ")<1+1+1+ + !
XTI T XIS T3Ty n+1

Proposed by Gheorghe Molea - Romania

SP.551 Find:

Q=Ilimn

n—oo

J-lx3 (1 + x4—n—8)
o (@ +xhH)m

Proposed by Daniel Sitaru - Romania

SP.552 If a > 0 then find:

a
Q= f log, (\/ a’x?+1— ax) dx
-a

Proposed by Daniel Sitaru - Romania

SP.5531f0 < a < b < 1 then:
b 1+x
6] log (—) dx > (b* —a?)(b?> + a% + 6)
a 1-—x

Proposed by Daniel Sitaru - Romania

SP.554 Find:
8x -1
Q= fmdxix € (0,)

Proposed by Daniel Sitaru - Romania

SP.555 Find:
1/1 (* dt
Q =1lim— —.f -1
x-0x\xJy t+et
Proposed by Daniel Sitaru - Romania
UNDERGRADUATE PROBLEMS

UP.541 Find:

V3 x—tanlx

Q= d
1 (1+x2)%2(tan—1x)3 x

Proposed by Daniel Sitaru - Romania
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UP.542 Find:

@ it _1( = )
= n
1a 49 + (7n+ 1)(7n + 8)
n=

Proposed by Daniel Sitaru - Romania
UP.543 Prove:
1/,2 z 3
L <%g£2x)> dx=G+2—3312
G represents the Catalan’s constant.
Proposed by Said Attaoui -Algeria
UP.544 For x,y,z > 0 let us denote:

xyz(xy + yz + zx)
X3y3 + y323 + 2313

F(x,y,z) = [x2(y — 2)® + y*(z — x)* + 22 (x — y)?]

If u,v,w = 1, prove that:

111
F(uv,w) = F(—,—,—)
uvw
Proposed by Vasile Mircea Popa - Romania

UP.545 Find:

1

0 j‘E x5 — 3x3 p
= X
0 3x6 —x*—-3x2 +1

Proposed by Daniel Sitaru - Romania

UP.546 Prove without any software:

Proposed by Daniel Sitaru - Romania

3
er+;dx

Proposed by Daniel Sitaru - Romania
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UP.548 Find:

Q_Je 1-Inx d
)i 22 +1n2x o

Proposed by Daniel Sitaru - Romania

UP.549 If 0 < a < b then find:

o b)_fb Inx p
b= a X+ (a+b)x+ab x

Proposed by Daniel Sitaru - Romania

UP.550If f:[0,1] — R; f continuous and
1 1
f xf(x)dx = a;f f(x)dx = b;a,b e R
0 0
then:

1
f £2(x) dx > 3(a — b)?
0

Proposed by Daniel Sitaru - Romania

UP.551 Calculate the integral:

dx

f‘” arctanx
o V3x*+x%2+3
Proposed by Vasile Mircea Popa - Romania

UP.552 Calculate the integral:

o VxInx
;1 (x+1D(%2+1)

Proposed by Vasile Mircea Popa - Romania

UP.553 Prove the equality:

* ICOS(x)I 1"
fo 1+ x2 =1- 22(4n2—1)e2"

Proposed by Vasile Mircea Popa - Romania

UP.554 We consider the equation: (1 + iz)?" =i - (1 + z%)™, where n > 1 natural
number and i% = —1.

a. Prove that the complex number i is a solution of the equation for any n > 1.
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b. Solve the equation in the case n = 1 and in one of thecases n = 2 orn = 3.
c. Find the solution of the equation in the general case n € N*
Proposed by Adalbert Kovacs - Romania

UP.555 Find the solutions of the system:

V8x+5+,/9y+6 =,/8x+ 9y +29 V12x+19 - .,/3y+15 =
J12x+3y—6

Proposed by Bela Kovacs - Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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NOTA: Pentru a publica probleme propuse, articole si note matematice in RMM puteti trimite

materialele pe mailul: dansitaru63@yahoo.com
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