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1901. In AABC the following relationship holds:

2
<3+r)< atothe  Jphetha |- Rathy " (S5R? - Rr+ 6r?)
"27R h, h, Th, | Sm? e

Proposed by Radu Diaconu-Romania

Solution by Tapas Das-India

We know that Vx,y,z > 0,(x +y + 2)? > x? + y* + z*

=

G‘IP-‘
QIm

1
WLOGa>b>cthenA>B>CandE

2
h, + h, h.+ h, h, + h,
\]A. n, + \[B. h, + |C. h. >

h,+h h.+h h,+h
b c_I_B_c a_I_C_a b=

>A-

h, h, h,
B a a b b C c Chebishev
—A(E+E)+B E+E)+C(E+B) =

1(A+B+C) (a+a)+(b+b)+(c+c) AM;GM
3 b ¢ c a a b
>1 6 (a a) (b b) (C C)_Z _ (3+1)Etger (3 T)
3" o) \ca) \ap/) T 272 m2tR
2
h, + h h.+h h,+h hy, + h,
ateFhe, Jpletfa, fofa®ip) €2 (A+B+C)Z b
ha hb hc
_ Z(a_l_a)_ Z(a_l_b)BmglilaSn-R
- b )T b a — r

3R
We need to show — < F (5R? — Rr + 61%) or

5R? —13Rr + 61% > 0 or (R — 2r)(5R — 37r) > 0 True (Euler)

Equality holds fora = b = c.
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1902.

Let ABC be a triangle with the measures of all its angle smaller than 2?" and
T its Torricelli’s point. Prove that:

my2.TA+m,2.TB +m2.TC > /432 F°
Proposed by Tapas Das-India

Solution 1 by Mohamed Amine Ben Ajiba-Morocco

Since m,, my,, m, can be the sides of a triangle A,, with area F,,, =
%F ,then by using Oppenheim’s inequality in triangle A,,, we have, forall x,y, z >
0,

my2. x + my?.y+m2.z>4F,,. /xy + yz + zx. (1)
Letx =TA,y =TB,z = TC. Since we have

TATB+TB.TC+TC.TA

_ 2 (1TATB i 27T+1TBTC i 27T+1TCTA i Zn)
=7z 214 .sin—-+5TB.TC.sin— + S TC.TA.sin
43 43
= —( [TAB] + [TBC] + [TCA]) = TF’
4\/_
then the inequality (1) becomes m,%.TA + m,%.TB + m 2. TC>44F 3
= V432FS.

Equality holds iff AABC is equilateral.
Solution 2 by Mohamed Amine Ben Ajiba-Morocco

Letx =TA,y =TB,z=TC. We have
1 .2 1 2 1 . 2@
F = [TAB] + [TBC] + [TCA] = ETA.TB.sm?+ETB.TC. sm?+ETC.TA. sin—-

V3 V3
=T(TA.TB+TB.TC+TC.TA) =T(xy+yz+zx),
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2w
a’ =TB? + TC? — 2TB.TC. cos —- = y%? + z? + yz (and analogs).

4m,? = 2(b* + ¢?) — a® = 4x* + y*> + z® + 2xy + 2xz — yz (and analogs).

4(m %2 TA+my2.TB + m2.TC) = z 4m,%. TA
cyc
= Z:(élx2 + y% + 7% 4+ 2xy + 2xz — yz)x

cyc

AM-GM

=4§:x3 +3Zx2(y+z)—3xyz > 32x3+32x2(y+2)

cyc cyc cyc cyc

3
= SZxZ.Zx > BZyz. 32yz= J3(xy +yz +2x) = 41/432F6.

cyc cyc cyc cyc
So the proof is complete. Equality holds iff AABC is equilateral.

1903. If in A ABCholds : cosA + 2 cosB + cosC = 2,then :
1 1 1 3R

9<(a+b+o)(o+i+ )6+

a b c 2r

Proposed by Tapas Das-India

Solution by Soumava Chakraborty-Kolkata-India

r
cosA+2cosB+cosC=2:>2cosB+(1+E—cosB) =2

= COo B—_l——r—>(1)
Ccos R

Again,cosA + 2cosB+cosC=2 = cosA+cosC=2(1-cosB)

psinBeos® A gqipzBoCte B o B o
= — = —= = == =
sin 2 COS 2 sin 2 b sin 2 sin 2 C a

ia (1) ry\2
= 25 = 6Rsin B = s = 9R%(1 — cos2B) = 9R?2 <1—(1—§) >

2r r? 2Rr — r?
_ ap2 _ ap2 2 _ 2
— 9R <———2>—9R <—2>:>s = 18Rr — 9r2 - (2)
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1 1 1 3R 2s(s?+4Rr+r?) 3R+ 12r
Now,(a+b+c)<—+—+—)£6+—<= <
a b c 2r 4Rrs 2r

via (2)
& s2<3R?2+8Rr—r? < 18Rr —9r?2 < 3R? + 8Rr — r?

Euler

& 3R2-10Rr+8r’>0< (R-2r)3(R-2r)+2r)>0—>true~R > 2r

1 1 1 3R ) 1 1 1\ AM-HM
-'-(a+b+c)<—+—+—>£6+—andf1nally,(a+b+c)(—+—+—) > 9
a b c 2r a b c
1 1 1 3R
-'-9S(a+b+c)<E+B+E>S6+EVAABCwithcosA+2cosB+cosC=2

" =" iff A ABC is equilateral (QED)
1904. If in A ABCholds : cosA + 2 cosB + cosC = 2,then :
1 1 1 3R
9<(a+b+o)(o+i+ )6+
a b c 2r

Proposed by Tapas Das-India

Solution by Soumava Chakraborty-Kolkata-India

r
cosA+2c0sB+cosC=2:>2cosB+(1+ﬁ—cosB) =2

= B = 1——r —>(1)
Ccos R

Again,cosA + 2cosB+cosC=2 = cosA+cosC=2(1-cosB)

psinBoos® A gqipzBoCte B o B o
= — = —= == == =
sin 2 COS 2 sin 2 b sin 2 sin 2 C a

R
2r r? 2Rr — r?
= 9R? <— — —) = 9R? <—> = s2=18Rr — 9r? - (2)

ia (1) ry\2
= 25 = 6Rsin B = s = 9R%(1 — cos2B) = 9R?2 <1—(1——) >

RZ

Now, (@ 4+ b + )(1+1+1><6+3R Zs(sz+4Rr+r2)<3R+12r
4= —
ow; \d ¢ a b ¢/~ 2r 4Rrs - 2r
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via (2)

& s2<3R2+8Rr—-r? < 18Rr —9r? < 3R? + 8Rr — r?

Euler

& 3R2-10Rr+8r’>0< (R-2r)3(R-2r)+2r)>0—>true~R > 2r

1 1 3R 1 1\ AM-HM
(a+b+c)( +b+ ><6+Z—andf1nally,(a+b+c)( +b+ ) > 9

1 1 3R
9<(a+b+c)( +b+ ><6+EVAABCwith cosA+2cosB+cosC=2

" =" iff A ABC is equilateral (QED)

1905. In any acute A ABC, the following relationship holds :
] 3
z m, sm < —. |3 Z hZ < max(ma, my, m.)
cyc cyc

Proposed by Tapas Das-India
Solution by Soumava Chakraborty-Kolkata-India

b2 + c2
2

A , A
.cos5 & 8m3 < (b2 + c?). (4 cos E)

m, <

& 2(2b? + 2¢2 — a?)bc < (b2 + c?)((b+ ¢)? —a?)
?
& 4bc(b? + ¢?) — 2a’bc < (b% + cz)2 + 2bc(b? + %) — a?(b% + ¢?)
?
e ((b2 +c2)? - a?(b? + cz)) — (2be(b? + %) — 2a%bc) = 0

& (b% + c?)(b% + c? — a?) — 2bc(b? + ¢ — a?) >0

? ?

& (b% +¢2 —a?)(b? + c¢* —2bc) = 0 & (b% + c? —a?)(b—c)? = 0 > true

2, b2 + c2 A
- AABC being acute = b? +c? —a? >0 . m, < 2 .COS 2 and analogs
A CBS A b2 + 2 A A
:Zmasm— < V3. ngsinz—sﬁ. Z .cosZ —sin2 —
2 2 2 2
cyc cyc cyc
b2z +c2 a? V3 b2cz /3
=3 [y )= =2 D om
2 16R? 2 4R? 2
cyc cyc cyc

7 RMM-GEOMETRY MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

A 1 3 Tereshin
Z m, sinE 7 3 Z h% and again, = max(ma, my,mg) > = 2 Z m, =
cyc

cyc

1 b? + ¢? z > 3zb2 ,_ 1 3z“bzcz_l BZhZ
22.7aR "R ¢ 4RZ ~ 2 a
cyc cyc cyc cyc cyc

A 1
3 Z h2 < - max(ma, my, m.) and so, Z m, sin 5 < 2 3 Z h2
cyc cyc cyc

max(m,, my, m.) V acute A ABC,” =" iff A ABC is equilateral (QED)

<

N| W

1906. In any A ABC, the following relationship holds :

\/% ; (Sb+Sc) sin? ) czyc((mb-l_mc)SinZA) 2%-\/10 (%)_8(%)2

Proposed by Tapas Das-India

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Z(Sb +s.)sin? A + Z(mb +m,)sin’? A = z:(sin2 B +sin®C)s, + z:(sin2 B + sin® C)m,

cyc cyc cyc cyc

b%> +c? 2bc b? + c? ) 1 2 o
= 1R 'b2+c2ma+ agz Ma = 4Rzz:(b+c) m, < RZZz(b +c®)m,

cyc cyc cyc cyc

bz + C Tereshm

Lelbnlz 6(m 2 +mb +mc )

-2 mg 2 2 me 2
Rcyc 4R S [aZ + b2 + c2

Again, we have

1
Z(sb + s.)sin? A + Z(mb +m,)sin? A = WZ(b +¢)?*m, >

cyc cyc cyc

AM-GM

24—;22(a+2(s—a))(b+c)wa S 4:\»222\/2“(5_") 2./bes(s — a) =

cyc cyc

\/Zsabcz( ) 2sV2s%Rr Gerrgsen 2s\/2(16Rr — 5r2)Rr  2F ( 5 )
s—a)=———>— —

R? = R? R
cyc
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_6F o] 8(r)2+4(1 21')(8 9r)E‘L>£e"6F o7 8(r)2
"R R R 9 R R) = R R R/

which completes the proof. Equality holds iff AABC is equilateral.

Solution 2 by Soumava Chakraborty-Kolkata-India

<
My = 4 4 16
?
& a* + b* — 2a?b? — a’c? + 2abc? — b%*c? >0
? ?
e (a+b)2a-b)?2-c?(a-b)2>0< (a-b)2(a+b+c)la+b—-c)=>0

? 2¢2 + ab <2b2 +2¢% - a2> <2c2 +2a® - b2> 2 (2¢2 + ab)’
& <

2¢2 + ab
- true = m,my < 1 and analogs — (1)
Now,z ((sb + s.) sin? A) + z ((mb + m,) sin? A) <
cyc cyc
. 2bc A-G
z ((mb + m_) sin? A) + z ((mb + m,) sin? A) “SaT pzy ez Ma S mg
cyc cyc and analogs

cyc cyc cyc

vie(1) 1 2a% + bc
< spe Zaz.\/Zaz(mf,+m§)+z<2a2.T>

cyc cyc cyc

1 5 \/ a%(b2 + c2 + 4a?) <4a4 + 2a2bc>
= —_—. a“ . z + _—

2 2 €8s 1 2 2 2
=mz (my + m,) < IR Za. Za (my + m,)

4 4

cyc cyc

(g}
<
[}

1
= —. az. 3 4 Zz:azbz—16rzs2 +z:a2b2+8Rrs2

cyc cyc cyc

1 \/ ((s%Z + 4Rr + r2)2 — 16Rrs2) — 64r2s2 + 8Rrs? ; 6 Ycycmz
—. a?.

2 va? +b? + c?

?
(s + 4Rr +12)” — 16Rrs ) 64r?s? + 8Rrs? < 162R*

/chc a’

?
& 9s* — (64Rr + 461?)s? + 9r?(4R +1)? — 162R4EO
®

Now, Rouche = s> — (m —n) > 0 and s? — (m + n) < 0,wherem =
2R? + 10Rr —r?andn = 2(R — 2r).v/R%2 — 2Rr - (sZ —(m+ n)) (sZ —(m-— n))
<0=s*-s%(2m) + m? —n? < 0= s* —s?(4R? + 20Rr — 2r?) + r(4R +1)3

9 RMM-GEOMETRY MARATHON 1901-2000
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< 0 - in order to prove (»), it suffices to prove :
9s* — (64Rr + 46r?)s? + 9r2(4R + r)? — 162R*
< 9s* — 9s%(4R? + 20Rr — 2r?) + 9r(4R + 1)} &
(*%)
(18R? + 58Rr — 32r?)s? | < |81R* + 288R%r + 144R?*r? + 18Rr? and

Gerretsen

again,LHS of () <  (18R? + 58Rr — 32r?)(4R? + 4Rr + 3r?) <
R
RHS of (*x) & 9t* — 16t3 — 14t — 28t +96 > 0 (t = ;)

Euler

o (t—Z)((t—Z)(‘)tz +20t+30)+12) >05true ~t > 2
= (*%) > (%) is true

z ((Sb + s.) sin? A) + z ((mb +m,) sin? A) < 6 Ycycm7

e e va? +b? + c2
Again, Z ((sb + s.) sin? A) + z ((mb + m,) sin? A) > 2 Z ((hb + h,) sin? A)
cyc cyc cyc
1 1
=m.2az(ca+ab)=m.z a? Zab—bc
cyc cyc cyc

(s + 4Rr + r?)(s? — 4Rr —r?) — 4Rrs? ? 2 6F

L oo (D

2

_ 6brs 5
=Rz 10Rr — 8r
2
o ((s2 + 4Rr + r?)(s? —4Rr — r?) — 4Rrsz) ? 36r2s2(10Rr — 8r2)

4R6 - R*
& s — 8Rrs® — r?(16R? + 16Rr + 2r?)s* — Rr3(1312R? — 1216Rr — 8r?)s?

? 4 Gerretsen

+r*(4R+1)*| > (0 and - (s? — 16Rr + 5r?) 0 - in order

(%%)

to prove (xxx), it suffices to prove : LHS of (xxx) > (s2 —16Rr + 5r2)4
& (14R - 5r)s° — r(388R? — 236Rr + 38r?)s*
+r?(3768R% — 3536R?r + 1202Rr? — 125r3)

(%)
—-r3(16320R* — 20544R%r + 9576R?*r? — 2004Rr> + 156r*)| > |0and

Gerretsen

~ (14R — 5r)(s — 16Rr + 5r2) 0 . in order to prove (x*xx), it suffices

to prove : LHS of (****) > (14R — 5r)(s? — 16Rr + 5r2)3
& (284R? — 214Rr + 37r%)s* — r(6984R% — 7024R?r + 2248Rr? — 250r?)

(xxxx%)

+r2(41024R* — 53696R%r + 26424R?*r? — 5746Rr® + 469r*)| > |0and

Gerretsen

+ (284R? — 214Rr + 37r2)(s? — 16Rr + 5r2)° 0 - in order
to prove (xxx*x), it suffices to prove : LHS of () >

(284R? — 214Rr + 37r%)(s? — 16Rr + 5r2)°

10 | RMM-GEOMETRY MARATHON 1901-2000
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(ko)

& (526R3 — 666R?r + 269Rr? — 30r%)s?| >
r(7920R* — 11632R%r + 6097R?*r? — 1381Rr? + 114r*)

Gerretsen
Finally, (526R3 — 666R?r + 269Rr? — 30r3)s?

(526R3 — 666R’r + 269Rr? — 30r3)(16Rr — 5r?) >
r(7920R* — 11632R%r + 6097R?*r? — 1381Rr? + 114r*)
& 496t* — 1654t% + 1537t — 444t + 36 > 0
Euler

s (t-— t— t“ + t+ + =>0->true -t >
( 2)(( 2) 496t% + 330 873 1728 0 2

= (xxxxxx) = (kxxxx) = (xxxx) = (**%) is true

z ((sb + s¢) sin? A) + z ((mb + m,) sin? A) > %_\/10 (%) -8 (E)Z

R
cyc cyc
6 e m2
and s0,————2% > z ((sb + s.) sin? A) + z ((mb + m,) sin? A)
va*+b%+c¢2 e
> o 10(+) s(r)2 v AABC” =" iff A ABC is equilateral (QED
2R R R S =" is equilateral (QED)

1907. In any A ABC, the following relationship holds :

\/% czyc: (sp + s¢) sin? ) ;((mb+mc)sin2A)Zf.jlo(;)—B(;)z

Proposed by Tapas Das-India

Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Z(sb +s.)sin? A + Z(mb +m,)sin’ A = Z:(sin2 B +sin? C)s, + z:(sin2 B + sin? C)m,

cyc cyc cyc cyc
b%2+c% 2bc b% + c¢? 1 1
= . m, + .m :—Zb+c2m _—ZZ b2+ c2)m
4R?2 'bZ 42 ¢ 4R? @ 4R? ( )"myg 4R? ( Jmq
cyc cyc cyc cye
b2 + c2 Tereshm Lezbnlz 6(ma2 + mb +m, )
= — .mg < Z ma <
Ry 4R R va? + b? + c?

Again, we have

1
Z(sb + s.)sin? A + Z(mb +m,)sin? A = Wz(” +¢)¥m, >

cyc cyc cyc

11 | RMM-GEOMETRY MARATHON 1901-2000
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AM-GM

24—11?22(a+2(s—a))(b+c)wa > 4113222\/2‘1(5_“) 2 /bcs(s —a) =

cyc cyc

vV2sabc 25V2s2Rr €St 25./2(16Rr — 5r2)Rr  2F 5r
R? z““”: RZ = RZ R 2(16 )

cyc

= ﬂ\/mf— 8(1)2 +3(1 _E) (8—&)151‘”2[“”% 10%— 8(5)2.

which completes the proof. Equality holds iff AABC is equilateral.

Solution 2 by Soumava Chakraborty-Kolkata-India

> 2c2+ab  (2b? + 2¢% — a?) (2c? + 2a® — b?) ? (2¢% + ab)’
my < =14 <

4 4 16
?
& a* +b* — 2a’b? — a’c? + 2abc? —b%c?2 > 0

o (@+b)2(a—b)? —c2(a-b? 20 (@a—b2@+b+c)@+b-c) =0

2c? +ab
- true = mymy < — and analogs — (1)
Now,z ((sb + s.) sin? A) + z ((mb + m,) sin? A) <
cyc cyc
. 2bc A-G
Z ((mb + m,) sin? A) + z ((mb + m,) sin? A) "SaTpz 1 ez Ma S mg
cyc cyc and analogs

cyc cyc cyc

vie(1) 1 2a% + bc
< spe Zaz.\/Zaz(m§+m§)+z<2a2.T>

cyc cyc

1 Z 5 Z a%(b% +c2 + 4a2) 4a* + 2a%bc
2Rz | 4 4
cyc

cyc cyc

1
= T Z E azb2 16r2s2 Z a?b? + 8Rrs?
cyc cyc cyc

1 Z ) \/9((52 + 4Rr + r2)2 — 16Rrs2) — 64r2s? + 8Rrs? ; 6 Ycycm2
=—. a?. <
2R2 o 2 Ja? +b? + c2

2 2 CBS 1 2 2 2
=mz (mp+m,) < IR Za. Za (my + m,)

12 | RMM-GEOMETRY MARATHON 1901-2000
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9y .ca?
_ yc

—_— =
2 ’chca2

?
& 9s* — (64Rr + 461r7)s? + 9r?(4R + 1)* — 162R*| < (0
()
Now, Rouche = s> —(m —n) > 0 and s? — (m + n) < 0,wherem =
2R? + 10Rr —r?andn = 2(R — 2r).v/R%Z — 2Rr - (s2 — (m+ n)) (s2 —(m— n))
<0>s*—s%(2m) + m? —n? < 0 = s* — s2(4R? + 20Rr — 2r?) + r(4R + r)3
< 0 - in order to prove (»), it suffices to prove :
9s* — (64Rr + 46r?)s? + 9r2(4R + r)? — 162R*
< 9s* — 9s2(4R? + 20Rr — 2r?) + Ir(4R +r)* &
(+%)
(18R? + 58Rr — 32r%)s? | < |81R* + 288R°r + 144R%r? + 18Rr?® and
Gerretsen
again, LHS of () <  (18R? + 58Rr — 32r?)(4R? + 4Rr + 3r?) <
R
RHS of (+*) © 9t* — 16t3 — 1412 — 28t +96 >0 (t = F)

Euler

& (t-2)(t—2)(9t? + 20t +30) +12) > 0 > true = t > 2
= (xx) > (%) is true

z ((Sb +s.) sin? A) + z ((mb + m,) sin? A) < 6 Ycyc m}

?
9((s? +4Rr +1?)" — 16Rrs?) — 64r?s? + 8Rrs? < 162R*

e e va% +b?% +c?
Again, Z ((sb + s.) sin? A) + z ((mb + m,) sin? A) > 2 Z ((hb + h,) sin? A)
cyc cyc cyc
1 1
=m.2az(ca+ab):m.z a? Zab—bc
cyc cyc cyc

(s + 4Rr + r?)(s? — 4Rr — r?) — 4Rrs? ? 2 6F ry2
2R3 = R 10 (R) 8 (E)
_brs 5
=Rz 10Rr — 8r
2
((s2 + 4Rr + r?)(s? —4Rr — r?) — 4Rrsz) » 36r2s2(10Rr — 8r2)
And 4 6 = R4
& s — 8Rrs® — r?(16R? + 16Rr + 2r?)s* — Rr3(1312R? — 1216Rr — 8r?)s?

? Gerretsen

+r*(4R+1)*| > (0 and ~ (s? — 16Rr + 5r2) 0 - in order

(%)

to prove (xxx), it suffices to prove : LHS of (xxx) > (s2 —16Rr + 51'2)4
& (14R - 5r)s° — r(388R? — 236Rr + 38r?)s*
+r?(3768R% — 3536R?r + 1202Rr? — 125r?)

(xxxx)
—-r3(16320R* — 20544R%r + 9576R?*r? — 2004Rr3 + 156r*)| > |0 and
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Gerretsen

~ (14R — 5r)(s — 16Rr + SrZ) 0 - in order to prove (x*xx), it suffices

to prove : LHS of (****) > (14R — 5r)(s? — 16Rr + 5r2)3
& (284R? — 214Rr + 37r%)s* — r(6984R® — 7024R’r + 2248Rr? — 250r3)

(*****)

+r2(41024R* — 53696R°r + 26424R?*r? — 5746Rr> + 469r*)| > |0 and
3 Gerretsen

+ (284R? — 214Rr + 37r%)(s? — 16Rr + 5r?) 0 - in order
to prove (xxxx), it suffices to prove : LHS of (rxkkx) >
(284R? — 214Rr + 37r%)(s? — 16Rr + 512)°

(******)

& (526R3 — 666R?r + 269Rr? —30r%)s? | >
r(7920R* — 11632R%r + 6097R?*r? — 1381Rr? + 114r*)

Gerretsen

Finally, (526R3 — 666R’r + 269Rr? — 30r3)s?

(526R® — 666R’r + 269Rr? — 30r3)(16Rr — 5r2) >
r(7920R* — 11632R%r + 6097R?*r? — 1381Rr? + 114r*)
& 496t* — 165413 + 1537t% — 444t+ 36 > 0
Euler

& (t—2)((t—2)(496t% + 330t + 873) + 1728) 20 > true v t > 2
= (******) = (*****) = (****) = (***) is true

z ((Sb + s) sin® A) + z ((mb + m,) sin? A) > %.\]10 (%) -8 (%)

2

cyc cyc
6 .cm2
and so, ———2%_ > z ((sb + s.) sin? A) + z ((mb + m,) sin? A)
va*+b%+c¢2 e
> 1o (E) -8 (5)2 v AABC," =" iff A ABC is equilateral (QED)
~ R’ R R ’

1908. In AABC the following relationship holds:

(a? + b®)?2 (b® +c®)? (c% + a?)?
sinZ A sin? B sinZ C

>9- (4r)*
Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India

(a®? + b*»)?2 (b®>+c*)? (c?+ a?)? B (a? + b?)?
sin2 A sinZ B sin2C sin2 A

(a b2)2 Bergstrom 4R2(2a + 2b% + ZCZ)2
_ 4_R2 Z >
a? + b? + c?
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Neuberg

Eul
—16R2(a® + b2 +¢2) > 16R2.36r2 > 16(2r)236r2 = 9(4r)*

Equality holds fora=b =c
1909. If in AABC, abc = 1 then:

b? cotg+ c cotE
Z 2 >33

b+ c

Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India

A B C
WLOG a = b = cthen coti < cotE < coti

b? cotg + c? cotg Chebyshev %(b2 +c?) (cot% + cot g) CBS

> >
b+c b+c
2 2
%(b-;c) (cotg+cotg) w(cot2+cotg)
- b+c B b+c N
b+c C B AM GM
= (coti+cot2> Vb cot cot— (1)

B
b? cot + c2 cotx (1) C AM—-GM
E b+c 2 > E vbc cot cot— >

1 1
A\3 = S\ 3 Mitrinovic
> 3 (abc 1_[ cos E) abe=1 4 (—)3 > 3v3

r

Equality holds fora = b = c = 1.

1910. In AABC the following relationship holds:

b3 cot% + 3 cotg
Z >33

sin A (b2 + ¢ Silll’B)

sin C
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Proposed by Zaza Mzhavanadze-Georgia

Solution by Tapas Das-India

A B C
WLOGa = b = cthen cotE < cotE < coti

b3 cot£ +c3 cotE Chebyshev %(b3 +c3) (cotg + cot g) Chebyshev

2 Zb > >
. 2 2 .2R(b? + ¢2
sin4 (b sinC " € sin B) ZR ( )

1 C B
4 (b + c)(b2 + c?) (cotc + cot g) Z<(b +c) (COtf + Cmf)) AM—-GM

= >
2 2 a
2R .2R(b?% + ¢?)
\/ B
cot— cot— (D
a 2
3 C 3 B
b cot7+c coti 1 vbc B AM-6M
Z b = Z p cotzcotE =
; 2 2
smA(b smC+c smB)

S Mltrmomc 1
> 3 / cot—— 3\/7 3(3v3)% =

Equality holds for a=b =c
1911. In AABC the following relationship holds:
a+ b)*
z ( ) > 36(41r)*

. A . B
smf(l +sm7

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

A Jensen T
Z sinE < 3 sm— == (1)
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4
(z sin %(zl-:biin g)) (Z sin ;) (Z 1+ sin g) 1+1

Holder

+1) > (a+2b+2c)*

Z (a+ b)* 16(2s)* (1)&Mig"inovic
sin%(1+sing)_(Zsin%)(21+sing)(1+1+1) B
- 256(3V3r)" _ (4.9)(81)(4r)*

Equality holds if f AABC is equilateral
1912. In AABC the following relationship holds:

= 36(4r)*

alb+c) b(c+a) cla+b)

+ + <4
9R? — a? 9R%Z —b?> 9R? — (2

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

We know that in AABC:
b+c>aor2(b+c)>a+b+cor2(b+c)>2sorb+c>s

similarly,(a+b) >sand (c+a) > s

Leibni ¢Bs (b + ¢)?
9R2_a2 1212a2+b2+c2_a2:b2+6,22( 2) (1)
Similarly: 9R? — b? > ( ) (2) ,9R% — ¢ > ( s ) 3)

a(b +c) N b(c + a) N c(a+b) (1)'(2<)&(3) a(b+ c) N b(c + a) N c(a+b) _
9R2 —a? 9RZ-—b%2 O9RZ -2 ~ (b+c)?  (a+c)?  (a+b)?
2 2 2

2a 2b 2c 2a 2b 2¢c 2(a+b+c) 2s
= + + <—+—4+—=——"-—""=2-—=4
b+c a+c a+b S S S S s
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Equality holds for:a = b = c.
1913. In AABC the following relationship holds:

.2
sin“ A 4
Zszi:nAsinB =3 then GI? > 2r?

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
e . b
sind =, sin ;ZR'Sm =>n
we know that GI? = 5 (s® + 51 — 16RT)
(Reference: Useful Identities and inequalities in Geometry,
contributor: Samer Seraj, Andrew Krik, Reda Afara, Luis Gonzales)

Y sin? A B Y a? 3 2(s?> — 1?2 —4Rr)
YsinAsinB Yab  s?+41r2+4Rr

Y sin? A 4 2(s2—1r%2—4Rr) 4
YsindsinB 3 s irzrarr 3%
6(s> — 1> —4Rr) = 4(s* +r?> + 4Rr) or
252 —101r? — 40Rr = 0 or
s2=5r2+20Rr (1)

1
We need to show GI? > 2r? or 5 (s* + 512 — 16Rr) = 21r?% o1
(€]
(s? + 512 — 16Rr) > 1812 or (5% + 20RT + 57> — 16Rr) > 181r% o1

4Rr > 81r% or R > 2r True(Euler)
1914. In any A ABC, the following relationship holds :

A
tan®5 4R+ 71 (1 /4R +1\°
2, =2 ) 1
B C p 2

Ge tanz + tan 5 p

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
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tan? é tan* é Bergstrom
) o y >
=

B A B A C -
e tans +tans ‘oo tan? Ztanz + tan? 7 tanz

> (ZCYC tan® %)2

- A B A C
Yeyc tan? s tanz + Ycyc tan? 5 tanz

1
F(MR +r)? — 2p?)?

A A B A B C
(chc tan 7) (chc tan tan 7) —3tanztanztanz

_((4R +1)? —2p*")” ? 4R+ 1 ((4R+1)? —2p’
a p4(M_£) P 2p?

P P
& 2(4R+1)2 — 4p? > (4R — 2r)(4R + 1) © p? < 4R? + 5Rr + r?
& (p? — (4R? + 4Rr + 3r%)) - r(R — 2r) < 0 > true

Gerretsen Euler

v p?—(4R?+4Rr+3r2) < Oand -r(R-2r) < 0

2A 2
tan® > 4R+r (1 /4R +r
E, B c= E( ) -1

v A ABC,” =" iff A ABC is equilateral (QED)

1915. In any acute triangle ABC, the following relationship holds :

m,vVcotA + myvcotB + m.vVcotC > 6r

Proposed by Vasile Mircea Popa-Romania
Solution by Soumava Chakraborty-Kolkata-India

? ?
LetVcotA = x,V/cotB =y,VcotC =z - z\/cotA > 2 @Zx >2

cyc cyc
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2
?
o Zx S 4 = 4. ,szyz -.-ZcotAcotB=Zx2y2=1
cyc

cyc cyc cyc
4
?
& Zx 16Zx2y2—>(2)
cyc cyc

Assigningy+z=Xz+x=Yx+y=2=>X+Y-Z=22>0,Y+Z—-X=2x
>0andZ+X-Y=2y>0=22X+Y>ZY+Z>X,Z+X>Y=>X,Y,Z form
sides of a triangle with semiperimeter, circumradius and inradius = s,R,r (say)

yielding22x=ZX=2s:>Zx=s—>(i)=>x=s—X,y=s—Y,z=s—Z

cyc cyc cyc
and such substitutions = Z xy = Z(s -X)(s—-Y)> Z xy = 4Rr + r? - (ii)
cyc cyc cyc
2
via (i) and (ii)
and szyz = ny — 2xyzZ Zx =
cyc cyc cyc

(4Rr +r?)2 -2 n(s —X) |.s = (4Rr + r?)? — 2r?s.s
cyc
N Z x2y? = r2((4R + 1) — 2s2) - (iii) ~ via (i) and (jii), (2) ©

cyc
? ?

s*>16r?((4R+r)? —2s?) o s* + 32r25216r2(4R +1)?
®

Gerretsen Gerretsen ?
Now,LHSof (*) > (16Rr+27r%)s? > (16Rr + 27r%?)(16Rr — 5r?) >
Euler

?
16r’(4R+r)? © 76r(R—2r) + 148Rr+r? >0 - true~R > 2r= (2) = (*)
is true . Z vcotA > 2 and WLOG assuminga >b > c=>m, < m, < m,

cyc
Chebyshev
and VcotA < VcotB < VcotC .. m,VcotA + myvVcotB + mVeotC >

1 Chebyshev 1
= Zma z\/cotA = = Zha Z\/cotA

3 3
cyc cyc cyc cyc
1 1 Bergstrom 1 9 Ycyc VCOtA > 2
== ZI'SZ— z\/cotA > —(2rs.—> Z\/cotA > 6r
3 a 3 2s
cyc cyc cyc
v A ABC,” =" iff A ABC is equilateral (QED)
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1916. In AABC the following relationship holds:

3 3 3

(sec2 % + csc? %) (sec2 g + csc? g) (sec2 g + csc? %) 16384
81

+ + >
(sin2 A + cos? %)2 (sin2 B + cos? g)z (sin2 C + cos? %)2

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

A A 1 1 (cos2 % + sin? %)
(sec2 — + csc? —) = + = =
2 2 AT A A A
cos?5  sin’3 cos?5 sin?5
1 4 4 4

(1)

A. A A A A A2 sinA
cos?5sin25 4 cos25sin?s T a
2 2 2 2 (2 sinz cos 2)

A A\ @ 1 Bergstom (1 41+ 1)2
Z(sec2—+csc2—> = 42 > 4-!:

2 2 sinZ A Y sin? 4
_ 36 _ 144R% ez 144R7
5 a2 Ya: ~ 9RZz (2)
4R?
2A 2 r Eu<ler 2 1 9 3 d
ZCOS E— +ﬁ = +Z—Z()an
2 4 a? + b? + ¢* Leibniz 9RZ 9 4
i = — < —_— =
Z st 4R? S - W

3

C C
(sec2 5+ csc? 7) Radon

2 2

(sec2 g + csc? g)s (sec2 g + csc? g)s
z T z T

(sin2 A + cos? g) (sin2 B + cos? g) (sin2 C + cos? %)

A Ay®
y (Z (sec2 5 + csc? 7)) (2).(;).(4) (16)° 256 x 16 x 4 _ 16384

B (Z sinZ A + Y cos? g)z - (% n %)2 - 81 81

Equality holds if f AABC is equilateral.
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1917. In AABC the following relationship holds:
m2 + mj — c? N m? + m2 — b? . mZ + m? — a? _ 3p?

sin2(A4) + sin2(B) = sin2%(A4) + sin%(C) = sin%(B) + sin?(C)
Proposed by Ertan Yildirim-Turkiye

Solution by Mirsadix Muzefferov-Azerbaijan
a b c
Sll’l(A) = ﬁ ; s1n(B) = ﬁ ; sm(C) = ﬁ (1)
4m? = 2(b? + ¢?) — a?
4mj = 2(a® + c?) — b* (2)
4m? = 2(b? + a?) — c?
Let's write the expression (1) instead
, (4% +mj — c?) N 4(m? + m? — b?) N 4(m? + mi — a?) _
b? + a? c2 +a? b2 + c?
, (4m2 + 4m} — 4c? . 4m2 + 4m? — 4b> . am? + 4m% — 4a?\ ¢
b? + a? c2 +a? b2 + c?
R 2(b? + c?) — a?® + 2(a? + ¢*) — b* — 4¢?
( b? + a?
2(b? + c?) — a? + 2(a? + b?) — c¢? — 4b*
+ +
c2 +a?
+2(a2 +¢%) —b%* +2(a*? + b?) — c* - 4a®
b? + ¢? )=
c®+a* b?+c? 5
+ 71 o + i) = 3R* (proved)

Also —» {

N
~—

13

R b? + a?
b? + a?

1918. Ifin AABC, A:B:C = 1: 3: 6 then find : ;
Proposed by Samir Cabiyev -Azerbaijan

Solution by proposer
A:B:C=1:3:6 =B =3A,C =64
A+B+C=180°=A4+3A+64A =180°= 104 = 180°,
A=18°B =54°C =108°
bcsinA

1 1
F = —bcsind = rs = =bcsinA > r =
2 2s
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ro bcsinA B 2RsinB - 2RsinC - sinA _

s 2s2 a+b+c\
2 (Y5
B 2R?sinAsinBsinC _ 2sinAsinBsinC
" (RsinA + RsinB + RsinC)? (sinA + sinB + sinC)?
s _ (sinA + sinB + sinC)? _ (sin18° + sin54° + sin108°)?

r  2sinAsinBsinC ~  2sin18°sin54°sin108°
_ V5-1 ) V5 +1 ] V5 ++5
sin18° = , sin54° = , sin108° =
4 4 V8
Then:
s _15+V5+2yV50 +10V5
r 10 + 25
1919.
W,

Prove that:
VP—AV_PB(_ AVb Dao Thanh 0 )
20 = ocC =W y Dao Than ai

Proposed by Thanasis Gakopoulos-Greece
Solution by Mirsadix Muzefferov-Azerbaijan
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In AAPQ by theorem Menelaus :
WA QN PV PV WA PV WQ PV —-AV WQ-WA
= =

—r—=1—=—-s5——-1= -1= =
WQ NP VA AV WQ AV wA AV WA
PV—-AV AQ PV -AV AV
= = =
AV WA AQ AW
Now let us prove that :

PB _ AV
QC AW
For this also by Menelaus theorem in the triangle ABC
WA CM BV WC BV AV BV BP+ PV AV BP+ PV
WC MB VA WA v AW WC WA+ AC WA WA+ AC
PB + PV WA + AC BP PV AC BP AC waQ
= —=—+1> =—+t1-——>=
AV WA VA VA ~wa VA WA WA
BP AC-WQ AC+WA-WQ
5S—=—+4+1=>
VA A
BP _AQ+QC+WA-WA-AQ_QC_PB_AV .
VA~ wAa “wa~qc” aw (@ed)
1920.
iy
P
B M <

AP
AB = BC = CA,BM = MC,[APMC] = 5,,[CMQ] =S, , 5= =x> 1,
%: y. Calculatey = f(x). If [APMC] = [CQM] then find %.
2

Proposed by Thanasis Gakopoulos-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

S1+S2 _ %AQ-PQ-sinQ _A4Q-PQ
S lcq-qm-sing QM

(*)

. A ,
So let's find % =? Z—IQW =?. Let's use Menelaus theorem for this :
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QC-AP-BM ___ QC 1 AC AP BP 1
—_— = =—(1)=> =x—-1, —=Xx=> =
QA-BP-MC QA X CQ BP BA x+1
Also ,Menelaus theorem :
BP-AC-MQ_ MQ x+1 PQ 2x

BA-CQ-PM PM x—-1 MQ x+1
Let's use (1) and (2) in (%)

SI+SZ sz Sl sz—x—l ;
Then S, Txv17 775, T xe1 =Ry
2x2 —x—1=x+4+1=2x2—-x—-1=0
V541
X = > =@

1921. In any A ABC, the following relationship holds :

Z I, S3+S_ha_hb_hc
s+ n, 2r
cyc

Proposed by Bogdan Fustei-Romania
Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b%(s — ¢) + c?(s — b) = an? + a(s — b)(s — ¢)

= s(b? + ¢%) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢%) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? > an? = as? +

A 4sbc(s—b)(s—c)(s—a
s(2bccos A — 2bc) = as? — 4sbcsin? - = as? — ( )( )( )

bc(s — a)
4sr?s 2F F
= as? — = as?—-2a.—. = as? — 2ah,r, = n%2 = s — 2h,r,
s—a a’'s—a
and analogs = Z = Z TS~ Ma) _ N7Ta(S — 1a) Z
g s+n, s2—n2 L. 2h,r, 2h,
cyc cyc cyc cyc cyc
na
:>Zs+na 2r Zhaﬁ(l)
cyc cyc
N ;bz—bc+c2 na;bz—bc+c2 n? 17 b2 — be + c2\
OWMa = 75R h,~  bc h2 be
_(b-0)?(b%+c?)  nZ-hZ? (b-0)%(b?+c?) via (1)
B b2c2 hz ~ b2c2
s s(s—a)(b—c)? ? (b—c)?(b% + c?) b?c?
— — — )2 — — >
s(s—a) + (b c)“—s(s—a)+ — “2 2_ 2 gzcz “ARE
s(s—a) 27(b—c) (b +c%) s=?2b*+c
— — - > - -'- — 2 >
@(a+ )(b g2 P ) S bz 0)
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? L. . Goldstone
© 4R?%*s? > a?b? + c%a? - true (strict inequality) - 4R?*s? > 2 a’b?

cyc

9r2 | 2 2 b% — bc + c? s n,
> a“b” + c“a -'-naZTandanalogs:ﬂ—EZha—B
cyc
s b? — bc + c? S a(b? + bc + c?)
s——z =T 4 =——z
2r 2bc 2r 2abc
cyc cyc
s (chca)(zcycab)—3abc+3abc_ s 1x°bc s—h,—h,—h
C2r 2s.4Rr - 2r 2rZu2R 2r
cyc
via:(I)Z I, _3Ss—ha—hb—hc:'z r, 33+s_ha_hb_hc
s+n, 2r s+n, 2r

cyc cyc

Vv A ABC, with equality iff A ABC is equilateral (QED)

1922. In AABC the following relationship holds:
cos(B—C)cos(C—A)cos(A—B) >8cosAcosBcosC

Proposed by George Apostolopoulos-Greece
Solution by Tapas Das-India

bcosB + ccosC R(sin 2B + sin 2C) B
a B 2R sin A B

2sin(B + C) cos(B — C) A+B+C=m
2Rsin A B

cos(B—C) (1)

cos(B —C) cos(C—A)cos(A—B) = 1_[ cos(B—0) L

=8cosAcosBcosC

nbcosB + ccosC AM;GM 1—[2\/bccosA cosC

a a

T
Equality holds forA=B =C = 3

1923. In AABC the following relationship holds:
-2

(R)" -2 cos2a+ cos2B + cos2c <5 - ()
4 ZT 4 < COs Cos Cos = 2 \2r
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Proposed by George Apostolopoulos-Greece

Solution by Tapas Das-India
cos 24 + cos 2B + cos 2C = 2 cos(A + B) cos(A — B) + cos 2C
= 2cos(t—C)cos(A—B) +2cos’C—-1
—2cosC(cos(A—B)—cosC)—1
—2cosC(cos(A—B)+cos(A+B))—1
—4cosAcosBcosC—-1 (1)

From (1):cos2A + cos 2B + cos2C = —4cosAcosBcosC—1 =
1 (2R +1)? — 5 X Gerrétsen 4R? + 4Rr +1r?> — 16RT + 512

N 4R? R2

2

=5—2—12%+6(£) =

3R? — 12Rr + 6712 2

= ' =3—12%+6(%)

-5-8 (%)2 ~24 (%) . (%) +6 (%)2 =

2 2 2 2 13 2 13 /R\ 2
< 5—8(%) —24 (%) +6(£) =5—26(%) =5—7.4(%) ==5—7<§)

From (1):cos2A+ cos2B +cos2C = —4cosAcosBcosC—1=

(2R +1)? — 52 Gerretsen (2R + 1) — 4R? — 4Rr — 31?
=g -1 2 RZ

:ﬂ:_z(i)z_lz_2(1)2_(5_2):

) R 2@ -

- 2 _r\? 15 r2 15 9 2rn? 15 9/R\? 15
211-(3) ~2(5) =G ~5-3(%) 2-iG) =7
Equality holds for:a = b = c.

1924. In AABC the following relationship holds:
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2
1—2(%) SZCOSZA—(ZCOSA—l) SB—IO(%)

Proposed by Marin Chirciu-Romania

2

Solution by Tapas Das-India

ZCOSZA—(ZCOSA—l)Z =ZcosZA—(2cosA)2+22cosA—1 =

r s +1r?
=ZZcosA—ZZcosAcosB—1=2(1+E)—2 W_l —-1=

_ 4Rt — s2 — 1% + 6R? (1)
- 2
2R ,

From (1):2 cos? A — (Z cosA — 1) =

4Rr — s* — r? + 6R? Gerretsen 4Rr — 16RT + 412 + 6R? Euler
- 2R? = 2R? =

- (6R* —12(2r).r +41%) 6R®> — 20Rr r)z

2R? 2rz 510 (E

2 ARr — s — 1?2 + 6R? Gerretsen
From (1):2 cos? A — (Z cosA — 1) = SR? >

4Rr—4R2—4Rr—3r2—r2+6R2_2R2—4r2_1 5 2
2R2 - 2RZ T T (_)

Equality holds if f AABC is equilateral

1925. In AABC the following relationship holds:

n 2n
(a + b)? - (4v37) ,n

= EN
wa+rb R

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
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(a + b)>™ Holder (a+ b + b + ¢ + ¢ + a)*™ Wasma

— = >
Wa F Ty (Ewo) + Ery) - 322

(45)n Leuenberger (4s)%" Euler & Mitrinovic
= = =
322 (Zmy) + (212)) 3°n2(2(4R + 1)

g (4.3v3r)" _ (4V31)"

= 9R R
2n-2 afintel
34n .2.2

Equality holds fora=b=c

1926. In AABC the following relationship holds:

(a+b)* _ (4V3r)"
W, + rp o R

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

(a+ b)4 Holder (a+b+b+c+c+ a)4 Wqsmgq 256s% Leuenberger
> = =
Wo + T Ewa) + B1a)9 9IXm,) + (X7ry)

y (45)* Euler & Mitrinovic (4. 3\/§r)4 _ 81(4\/§r)4 B (4\/§r)4
~9(2(4R+ 1)) - 9_2.¥ - 81R R

Equality holds fora=b=c

1927. In AABC the following relationship holds:

T
rg+ 3rr, +9r

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

r2 " 3rr, + 9r? L 3rr, + 9r? AM_GM
r2+3rr, +9r2 ~  ri+4+3rr,+9r2 (2 +912) + 3rr,
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3r(ra+3r)_1 re+3r 1 r 2

T
2 T T —-1- =1-=-———=-—-—(1
6rr, + 3rr, 3r, 3 r, 3 ra()

Si-tSea-i-to
a
2
e L) X
> S )=o- =2-1=1
Zr§+3rra+9r2 - 3 "

Equality holds if AABC is equilateral.

1928. In AABC the following relationship holds:

>1
zh2+3rh +9r2 —

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

hZ _ 4 3rh, +9r> L 3rh, + 9r? AM_GM
hZ +3rh, + 912 hZ +3rh, +9r2 (h%2+9r2)+3rh, ~

- 3r(h,+3r) h, +3r
- 6rh, +3rh, 3h,

Zl_lz _Zs_l(z)

h, 2FL.%T2F 7

» 2y (E-a) gy Pe-1-
h2+3rh+9r2_ 3 h,) 3 | Lh, =

Equality holds if AABC is equilateral.

Wl N

1 r r
173 TR, T3 R

1929. In any A ABC, the following relationship holds :

tan® 3 1

>

) vney W v
e V3 tan? 7 +2tans
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Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-Kolkata-India

A B C
Letx = \/§tan5,y = \/§tan5,y =3 tan= and then :

2
Z tanZ% 1 \/5%
>— —>1
A B~™ 2 -

=N z x(y? +2z)(z% + 2x) > 1—[(x2 + 2y)

cyc cyc

x%y?z? — Axyz + Zx3y2 >0

cyc

A A A
o 27 1_[tan2 > 12\/§.Htan5 + 9\/5.2 tan? Etan2

expanding and re—arranging
=4

B >0
52
cyc cyc cyc
2
r A B|®|4r
©3V3.5+3 z tan3 —tan?=|>|—
S 2 2 S
cyc
A B A, B\?
A B tan3 5 tan3 7 Holder 3 (chc tanztan 7) s
Now,SZ tan3itanZE:32 B > n T
cyc cye tan~ 3 Yeyctan > r
z 2
2 2
r A B r S
=3 3.—+3Zt 3_tan’=| >(3V3.—+
g an“ptany Batirer
cyc
27r* s? 61/3r% Truchtor Doucet 27r% s? 18r?
= + + > + +
s (4R+r1r)? s(4R+r) s4 (4R+1r)?2 (4R +71)?2

? 1612
>

?
7 e s*(s? + 18r?) + 27r*(4R + r)? — 16r’s?(4R+1)* > 0

& s + 18r2s* — r2s%(256R? + 128Rr + 16r%) + 27r* (4R + r)?

{v -~
=

~
*

*)
Gerretsen
Now, LHS of (xx)

> (16Rr +13r?)s* — r?s?(256R? + 128Rr + 161%)
+27r4(4_R + I‘)Z Gerr;tsen < (16RI‘ + 13r2)(16Rr _ 51‘2)

> s +27r*(4R +r)?
—r?(256R? + 128Rr + 16r2)> ( )

31

RMM-GEOMETRY MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Trucht or Doucet

= —81r*s? + 27r*(4R + r)? = 27r*((4R + r)? — 3s?) >

2

r? A B 16r?
= (*+) is true - 3\/5.—2 +3 Z tan® —tan’= | >——= (+) istrue
S 2 2 s

cyc

v A ABC, with equality iff A ABC is equilateral (QED)

il

tanZ%
y >
. z - = >
cyc \/gtanz 7 +2 tani

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
A B Cc
Let x := \/§tan2,y = \/§tanE,z = \/§tan2.We have xy + yz + zx = 3.

The desired inequality is equivalent to

2

Sy
x2+2y

cyc

By CBS inequality, we have

2
Z - (\/F i \/? " \/?) — Leye x> +2 chc(yz)%

= o =
o x?+ 2y Yeye X(x% + 2y) Yeye X3 +2 %0, VZ
3
2
Power Mean chc x3+2.3 (ZC}’; yZ)
= =1
Yeye X3+ 6

which complete the proof. Equality holds iff AABC is equilateral.

1930. If x, ¥,z > 0 then in AABC the following relationship holds:

x+y a y+z b z+x ¢ 6

+ + >
z b+c X c+a y a+b 3 2R
++—-

Proposed by Mehmet Sahin-Turkiye

Solution by Tapas Das-India
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abc B 4Rrs _
(a+b)(b+c)(c+a) (a+b+c)(ab+ bc+ca)—abc
4Rrs 2Rr

~ 25(s2+1r2 +4Rr) — 4Rrs s:+ 12+ 4Rr — 2Rr

2Rr Gerretsen 2Rr
= > =
s2+r24+2Rr ~  4R?+ 4Rr + 3r2+1r?+ 2Rr

2Rr _ 1 Etger 1 _ 1 (
4R? + 6Rr + 412 2R 2r = 2R 4L 2R
- +34+ 5 C+3+1 445

1)

x+y a y+z b +z+x c
z b+tc x c+ta y a+b

AM-GM Jx AM-GM
Zx+y a Z ZZ y a 3

z b+c — z b+c
1
>6( abc )5(;) 6
~ \(a+b)(b+c)(c+a) _34+2R

r
Equality holdsforx =y =2z,a=b = c.

1931. If A, u > 0 then in AABC the following relationship holds:

r Aa+ub 3R(A+
4\/§(A+M)-Esz r” < (F M)-\/9R2—sz

c

cyc

Proposed by Mehmet Sahin-Turkiye
Solution by Tapas Das-India

Zla+ub za Zb AZ uz
T =A r—c+ﬂ r—c—F a(s—c)+F b(S—C)—
cyc
A Z u z
— 2 _ L 2 _ —
= F(Zs ac)+F(Zs bc) =

_Atu At 2 _
—T(Zs —Zbc)—T(Zs —S§“—1r“—A4Rr) =
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_A+up

F

A+
(s> —r?> — 4Rr) =2—Fu 2(s>—1r%2—4Rr) =

A+u Leibniz ,1+M )
~2F (Za) < 5 OFY

A+ 3R(A+
We need to show 7 (9R?) < % VOR? — s2 or

3R z

9R
- SVIR? —s?or,— —< 9R?* — s*

27R?

or s’ < true (Mitrinovic)

Again from the previous result:

Z Aa + ub _ A+u (Z az) Ionescu—u;zitzenbock
T, 2F -

cyc

A+u

uler
AVIF = 4\/‘(/1+u) s 3@+ W+
1932. In AABC the following relationship holds:

9
smA <—

b

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

9R

Zl_Zab<(a+b+c)2_ 452 s Dmget4R+rEu2?r 2 _\/§()
a abc~ 3abc  12Rrs 3Rr ~ 3vV3Rr ~ 3V3Rr 2r

2F

zha 'A_ZT(a)< F 1 AM;HM
btc T L b+c\2R) LR b+c

1 1 1 (1) F \/_ 1 S\/_ 3 Mitrinovic 1 3\/_ 2 \/_
—_. < —
= 4R Z ( C) 2R Z ZR ZT 4- R - 4
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Equality holds for a=b =c

1933. In AABC the following relationship holds:

tan’ A + tan’ B
). <
tan*A4 + tan* B

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A+B+C=morA+B=m—Aortan(A+B) = —tanC
tanA 4+ tan B
=—tanC

1—tanAtanB

or ZtanA = ntanA (1) and

or

tan? A + tan? B ¢Bs tan? A + tan’ B 2 AM-GM
S =
tan* A4 + tan* B (tan2A4 + tan?B)? tan?A +tan?B
2
2 1

(1)

< =
~2tanAtanB tanAtanB

tan’ A + tan’ B (2 1 _YtanA
tan*A+tan*B ~ tanAtanB [[tan4d

Equality for A=B =C
1934. In acute AABC holds:

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

T
Let be f(x) =sinx + tanx,x € (O’E)

f"(x) =sinx (2sec3x — 1) > 0assecx > 1,f is convex.
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Jensen

fA+fB)+fO) = 3f(A+TB+C) = 3f(§) -

=3(sin(§)+tan(§))= 3<§+\/§> =92_\/§

_ 93
ZsmA +ZtanA = 5

Equality forA=B =C = g
1935. In AABC the following relationship holds:

a
2—22@
ra

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

T h

2r(4R + 1) _ 2(4R +71) Do;cet
rs s -

1
=7 (252 — 252 + 212 + 8Rr) = 2V3

Equality fora=b =c
1936. In AABC the following relationship holds:

a N b N c -
hy,+h., h.+h, hg+h,

V3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

a N b N c _z a _z a _
hy+h, h.+h, h,+h, ZLih,+h. Li2F 2F"
cyc e p C
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Z abc abc 1

>
“2F/1 1 2F/.b+c 2F L.b+c
cyc b + cyc cyc

BERGSTROM 4 pF (1+1+1)?2 9k 9 _
= 2F b+c+c+a+a+b 2(a+b+c)

9R MITR{LVOVIC 9R 3
2s 3V3 V3
2->5="R
Equality holds fora = b = c.
1937. In AABC the following relationship holds:
a b c
>3

+ +
Tb+1'c TC+T'a T'a+1"b

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

a b c
) Y et
r,+r, r.+r, ro+r, T, + 71, _F

cyc cyc’g + s—c

a(s—b)(s—c) 1 a(s—b)(s—c)_
Fz 1 FZ s—c+s—b s a B

cyc’g + s—cC cyc cyc

R+ rPOUCET /3
2 -
s

V3

=r—tZ(s—b)(s—c)=r—t-(4R+r)r=4

cyc
Equality holds for:a = b = c.
1938. In AABC the following relationship holds:

a? b? c?

+ — > 2
2 2 2 2 2 2 =
my +mZ mé+m; mi+m;g

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India

WLOGa=b =>cthenm, <m, < m,and
m2 +mj <m? +m2 < mj +m?

1 1 1
=

2 2 Z2 2
mZ+m;  mZ+mi mj+m?

a’ b? c Chebyshev 1 1 Bergstrom
2 2T 2t — 7 = _(za2)<z 2 2) =
my +mZ mg+mg m;+mg 3 my, + mg
1 Ca®>)A+1+1)? 1 (Xa*)(3)? 5
. > — . =TI
3 2(Xm3) 3 9 (%2 az)

Equality fora=b =c

=

1939. In AABC the following relationship holds:

: A
n2024 42

S1
2
). B c=
2

ol w

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A B Cc
WLOGa=b > c then sini = sinE > sinz and
A B A C__C B
s1n2 sm2 > sm2 sm2 _sm2 sm2
sin2024 A A sin2922 A
2 = sin? = . 2 (D

2

B C B C
in2022 2 4 ¢jp2022 = in2022 2 4 ¢jp2022 &
sin 5 + sin 2 sin 5 *sin 2

) A 1 T Euler 1
i —_ = —_— > —
Z S 3 2R =

1 3
i
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s 2024é

sin®0%* 35 1 A sin2022 %4 Chebyshev
E = E sin? — . >
B C 2 B C

in2022 in 2022 in2022 in2022
sin 5 + sin > sin 5 + sin >
7+ 2 7+ 2

1102022 é

1 . ZA sin 2 Nesbitt&(2) 1 3 3
=3(2.sm3)( 2. B ¢l =2 333z

12022 12022
Sin ey sin Y
2t 2

Rl w

Equality holds forA=B =C

1940. In AABC, I —incenter, the following relationship holds:

Jabc — alA? + \ abc — bIB? + \ abc — cIC? < V6abc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Z alA? = Z <w> = abc Z% = abc (1)

CBS
Jabc — alA? + \Jabc — bIB? ++/abc — cIC? <

< \/3 (3abc — Z aIAZ) = J(B(Babc — abc)) = Véabc
Equality holds fora=b =c
1941. In AABC the following relationship holds:

a A b B c

sec— + sec— +
b+c 2 c+a 2 a+b

C
sec22\/§

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

Letbe f: (0,m) - R, f(x) = Sec%
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1 smx 1 1-cos3£+sin£-2-1-sin£cos£
, " 2 2 2 2 2 2
f=5—2 f'@=5 —

cos? > cos*

2 X , 2 X . 2 X
oS 2+2sm 2_1.1+sm 2

X - X
3 4 3
cos®5 cos®5

-PIH

fll (x) —_

x € (0, » g € (Og) - sing > 0,0055 >0- f"(x) >0 - f convex
By Jensen’s inequality:

+B+C
£+ £B) + £(©) = 3 ()
A T
ZsecEZBSecE=ﬁ=2\/§ (1)
cyc -5
WLOG:a>b =>c—
1 1 1
-b+c<a+c<a+b- = > -
b+c a+c a+b
a - b > c 9
b+c a+c a+b (2)
o b A>B C A< B< C
- > —>— — — -
a>b> 5 25 25 0S5 0S5 < cos
A> B> C 3
_) — — —
sec 2_secz_sec2 3)
By (2), (3)'
A CEBYSHEV 4 ANESBITT
- - >
z sec z 3 b+ z:sec2 >
cyc cyc cyc
13 a®1
> c=5=.2V3=
—3 2 Z 2=2 V3=13
cyc

Equality holds fora = b = c.

1942. In any A ABC, the following relationship holds :

I, ( B+ C)+ Iy ( C+ A>+ I, ( A+ >>2\/_
——y sec2 sec2 iy sec2 sec2 Sy sec2 sec2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle
(+~(A+B)+(B+C) > (C+A) and analogs) > VA + B,VB + C,VC + A form
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sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)2 =ZZ ZAB+B2 —ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc

= 6ZAB+ZZAZ —ZZAZ —ZZAB = 4F = 2 ZAB - (1)

cyc cyc cyc cyc cyc
Now, V >0 Xy . \/_ Yo z x’y* .3
) ) ) Z ) -
owvxy (y+z)(z+x) xy(y + z)(z+x)(w)4
cyc
x x
Via Bergstrom, LHS of (x) > (chc Y) = (chc Y)

Teye (4V(Zeyexy +22))  (Zeyexy)” + xyz Leyex
2

7 3 ? xy ?\/_
s = > -
2,© ny _3xysz—>true \/ (y+z)(z+x)_ - — - (2)

cyc cyc
“ B C Iy C A
We have : (sec— + sec —) + (sec— + sec —)
I, + I 2 2 I.+r, 2 2
Tc ( A B) X i i y 1 i Z / /
= =]=——@B +C —(C' +A — (A +B
——y sec2+sec2 y+z( + )+z+x( + )+x+y( + B')

! A ! B li C
(xzra,yzrb,z=rc,A =secE,B =secE,C =secE)

zoppenhelm
B+ 2O+ B
y+z

AF' xy via (1)>and (2) ) AR \/§ 3 A B
' (y+2z)(z+ x) - Z 2 z(seciseci)
cyc cyc cyc

\/3 sec sec—sec— Zcos—

cyc

6R 2 sin B -ZI_ c cos B— 5 Co< cosBZc <1 and analogs
N T'Z B—C =
cyc cos —,

6R 12R s
\/T.Z(sinB +sinC) = —~ R- 2V3

cyc

I, ( B+ C>+ Iy ( C+ A>+ I, ( A+ B)

o I n r. sec 2 sec 2 . n r, S(-':C2 sec 2 r, n I sec 2 sec 2
> 2v/3 Vv AABC, =" iff A ABCis equilateral (QED)
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1943. In any A ABC, the following relationship holds :

B-—C C—A A-B B C
COoSs 2 COST COST tani tani
+ + <2 + +—=4

A B - C mB € A
Sln2 Sln2 sm2 anz anz anz

tan %

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

tan% tang tan% s—b (s — b)z Bergstrom
2| Btk )=2) o=2) e 2
tan5 tan; tany cye s—a cye STa)ls—

2 B-C b+c) . A
Z(chc(s - a)) _ 2s? ; Z Cos—5 B Z ( a ) siny
- - > _
Yoc((s—a)(s—b)) 4Rr+r £ sinh £+ sind
1 2s
ARTS Z( c(2s — a)) ARrs (s2+4Rr +r r)
cyc
2s? ; s2 —2Rr + r? 5 ; 8RZ _ 2R )
(= = — —
AR+r 2R ST r—r

?
& s?2 — (4R? + 4Rr + 3r?) — (4R? —6Rr—4r?) <0
?
& s?— (4R?> +4Rr + 3r?) —2(2R+r)(R—2r) < 0 - true

Gerretsen Euler

~$2—(4R>+4Rr+3r?) < Oand -2QRR+1rn(R-2r) < 0
B-C C—-A A—B A B C
cos cos COS —5— (tan 5 tan; tan 7)

2 2 2
-é+-E+-ES2tE+tE+té
sin sin > sin ans tans tans
v A ABC,” =" iff A ABC is equilateral (QED)
1944.

Prove that in any acute AABC:
cos? A+ cos’?B+cos’C+6cosAcosBcosC < cosA+ cosB + cosC

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The desired inequality can be rewritten as

Z(l —cosA—2cosBcosC)cosA >0,

cyc
which is true because cos A > 0 (and analogs), and

1—cosA—2cosBcosC =

B+C=m—-A
=1-cosA—cos(B+C)—cos(B—C) = 1-cos(B-C) >0 (and analogs).

So the proof is complete. Equality holds if AABC is equilateral.

1945. In any A ABC, the following relationship holds :

a2024 R2026 2026 2025
z b2024 + c2024 + r2026 — =2 + Z b2025 + C2025

cyc cyc

Proposed by Nguyen Van Canh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a?025 Reverse Bergstrom 1 a?025 2025
E < — ——= 1t S
b2025 + C2025 4 b2025 CZOZS

cyc cyc
2025 b2025 2025
z b2025 1 (2025 — 42 <c2°25 bzozs) - (1)
cyc cyc
1,292 2025 2025 1 /2025 1
- — 2025 2024 2023
(x+x> ( 0 )x +( 1 )x ' +< 2 )x ‘2t
2025 1 2025 1
1013 1012
+ (2012>x iz (2013)x ‘03 T
+(2025> ) 1 +(2025> 1 +<2025) 1
2023) " "x2923 T \2024) ¥ x2022 T (2025 32025
1 2025 1 2025 1
_ 22025 2023 2021
= 4ot (T ) (2 4w (T ) (2 o)+

+Gora)-(+3) (+ () =(,")
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A=G 1 2025\ /2025 2025 1
2 XM 4 e 2 (( 1 ) * ( 2 ) H (2012)) =+ s
(2025) N (2025) . (2025) N (2025) - (2025) N (2025)
1 2 2012) " \2013 2023) " \2024
.e n — n n — 22025 1
(2() =)+ (," ) =7 + s
/(2025) N (2025) N (2025) - (2025) N (2025 2025 \
0 1 2 2023 2024 2025
+| (2025) .\ (2025)
\ 0 2025

— 2025 4 ﬁ + (22025 — 2) ( (g) + (rll) 4o (2) = 2“) and putting x = E

\_

2025

c>2025 p2025 (2025 p2025

we get : 9+— > ——oc + 422025 2 4 °
gL\ p = 2025 ' 2025 2025 ' 2025 =

b 2025 Bandil R 2025
B a2 ()

p2025 2025\ 3 ,R\2025 3 3
2025 .
42 <c2025 bzozs) = Z(F) —3%2 Tty (2) -~ (1), @2)=>
cyc

— 22025 4 2 and analogs

2025 3 R 2025 3 2025 3 . 2024 R2026
Z b2025 1 czozs 4 (r) % 2 + 27 (i)|and Z p2024 § (2024 + 12026

cyc cyc

R 2026

. 2025
_ 2026 Neszbltt 3 " (_) _ 22026 E‘g"r 3 12 ((E) _ 22025)
2 r 2 r

2025 2025 s (i
> E + E (E) _ 22025 E Eger 2= (E) _ 22025 >0 Vlaz(l)
2 4\\r r r

2025 2024 R2026 2025
2025 + c2025 b2024 + c2024 r2026 2 b2025 + C2025
cyc

cyc cyc

v AABC," =" iff A ABC is equilateral (QED)
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1946. In any A ABC, the following relationships hold :

2025 b+ c 2025

A B
2025 |COS = > + COSf
>1+ | | and
a Zr C

cyc cyc Cos 5 2

2025

2025 cOSA + CcoS = B 2025 |p +
: [ [
_ >1
@ 1_[ C i (Zr) + a

cyc Cos 5 2 cyc

Proposed by Nguyen Van Canh-Vietnam

Solution by Soumava Chakaborty-Kolkata-India

A B A A B A
1—[ COS 5 + COS > _ (chc cos ) (chc COS 7 COS 7) — [Ieyc cos 5

c .
cyc cos5 cyc COS 5

3v3 A 3V3 (4R+r
]erzen 5 (chc cos? 7) - 5 (T) 1 Mitriélovic 3\/5(4R +r)
- % ﬁ B 3V3r

B
2025 COS + (.tOS2 2025 (4R
>| /— - (1)
COS r

cyc

0< cosH <1 and analogs

A B—-C
2025 [b + ¢ 2025 [4R cosicos 2 2
Again, | | = | | <
cyc a cyc 4R cos s

ln
2025 b + C 2025 (4R
2025 . i (2)
]_[cyc sm cyc

R 2025 , 2025 2025 , 2025 | R
ow,ms\/§+(—> 21+ | — 2"Zi/_+( ) >1+ V8.

2r 2r

? 2025 | R
& 4100625 _ 1 > /g (t—1) [t= |—
3 2r

Euler

We have : t4100625 _ 1 — (t — 1) (4100624 4 14100623 | .. 1) >
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2025 | R Eul
(t—1)(4100624) > *¥/8. (t — 1) ( t—1= /E 1 > 0) = (%) is true

R 2025 2025 4R
2025\»/’2—3 n (ﬂ) >14+ T - (3) and also,

B
2025 b + c n 2025 COS + COS+ 2 Cesaro 202
CyC

——" V8- @) - (1),(2) and (4)
cyc cos

= in order to prove (1) and (2), it suffices to prove :

R 2025 2025 [4R
202378 | (E) >14 — - true via (3)

~ (1) and (2) are both true v A ABC,” =" iff A ABC is equilateral (QED)

1947. In AABC the following relationship holds:

a b c >2( b ) 1 1 1
(b+c+a>_3a+ +c<a+b+b+c+c+a)

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

We will show that:
(a+b+c> a N b 4 c 3
b ¢ b+c c+a a+b Zor

3
Z(g_b-la—c)zf

cyc

2
ac
b Bergstrom

a a ac
”"°°f=z(rb+c)= b(bmzz btc =

cyc T
<\/7 \/7 \/7> vy 20 (0233 ey 32\/7\/7
= 2(a+b+c) 2(@a+b+c)

3¥%VaZ 3(a+b+c)_3

“2(a+b+c) 2(@+b+c) 2
so the proof complete.
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b c a b c 3
Now <—+—+—)2 + + +52
c 2
c

b+c c+a a+b

_1( a N b N c )+2( a N b N )+3Nes>bitt
3\b+c c+a a+b 3\b+c c+a a+b 2
>1 3+2( a 4 4 c )+3_
=32 3\b+c c+a a+b -
_1+3+2( a b c )_

"2 2 3\b+c c+a a+b/

_2+2< a N b N c )_2(3+ a N b N c )_
b+c c+a a+b/ 3 b+c c+a a+b)
_22(1"' B Z(a+b+C)

3 b+c 3 b+c

=S@+bt0Y o=@t bt o (gt et )
—3\¢ ¢ b+c 3¢ “\a¥b b+c c+a

Equalityif a=b=c
1948. Let a, b, ¢ be sides in the right triangle ABC, A = 90°. Prove that:

s b+a®
¢ . P > ( )
2
Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India
b? + ¢ cBs (b + ¢)?
2 o 4

AABC right triangle at A, b*? + ¢* = a? and or

(b? + ¢%) > (b+0)”

(1)
Let us consider c with associated weight c¢* and b with associated weight b?
c2+b*? AA+b* D (c+b)? c+b

ﬁ_l_b_zz c+b T 2(c+b) 2
c b

1
G.M = H.Mor (¢ p"")*+b* >

c%+b?

¢ pp? < c+b> (
rc.b ( >

Equality holds for: A = g,B =C=
1949. If AABC is right in A then:

) (as b? + ¢* = a?)

s
4
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+|(—a® + b® + c)(—al* + p1* + c11)
21(a* — b%c?)?
Proposed by Dang Ngoc Minh-Vietnam

=4Rr(2R + 1)

Solution by Tapas Das-India

AABC is right at A,so a*> = b? + ¢?
1
2R = a and for right angle triangle inradius r = 3 (b+c—a)or

b+c=2r+a=2r+2Rand
2s=a+b+c=2R+2r+2R=4R+2ror s=2R+1r (1)

Let a? = x,b* = y,c¢* = zthen (—a® + b® + ¢®) = (—x3 + y3 + 23)
a?=b%+c%or x=y+z

=-(#-0%+29) = - (y+2°-y* - 2%
=-(’+2°+3yz(y+2) -y’ - 2°) = =3yz(y + 2) (2)

a?=bZ+c%or x=y+z

—a b1 4 e = (7 — y7 — 77) = —((y+2) -y —27) =
= —(y7 + 7y®z + 21y52% + 35y*2% + 35y32z* + 21y?25 + 7yz° + 27 -y —27) =
= —7yz(y + z)(y* + 2y3z + 3y%z%. +2yz3 + z* (3)

2= 24 c2or x=v+
(a* — b%c?)? = (x* — yz)? ¢ = ((y+ 2)? —yz)? = (y? + 2% + yz)*

= (y* + 2y3z + 3y%2%. +2yz3 + z*) 4)

using formula (p+q+1r)*=Y p%+2 Y pq (

+/(—a® + bb + c®)(—a'* + b'* + c1*) @.3.@w
21(a* — b%c¢?)2 B

_ 4| ((=3yz(y + z) )(—=7yz(y + 2)(y* + 2y3z + 3y2z2.+2yz3 + z%))
B (y* + 2y3z + 3y2z2.42yz3 + z* )21

2_p2 2 — 2_ 2_ 2 _
_ 4 (y T z)zyzzz a“=b +c:orx—y+z 4 (x)zyzzz a —x,b:—y,c =z
¢)
= Ya*b*c* = abc = 4Rrs = 4Rr(2R + 1)

1950. In any A ABC, the following relationship holds :
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Proposed by Bogdan Fustei-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ (b? at 1 16r?s?
2 _ _ | _ - 2Ww2 _ 4) —
Now, 16[DEF] 22(4)(4) 216 16(22"‘b Za) 16

a b c
rs_fztztz)\_rs_ T
:>[DEF]=Z:>1' =7 >r=5-O®

4

. . . C 2B+C B+m-—A
- Spieker center is incenter of A DEF, . m(5AFS) = B + 2 = > = >
~m A-B B nm A-C

273 andm(ziAES):(H-E:E_T_)(Z)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

UL (E)sinA_B
- C'g C|\2 2

2L i b
4sin 2 ZsmZ
r? N b? 2r (b) A-C
= —— | ——=]l=])sin
4sinzg 4 Zsing 2 2

49 RMM-GEOMETRY MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2r (c)_A—B+ r? +b2
o 5)sin— —B+3

el 2D
2 4sin 2

+ c?
4
(b A—-C
sm
Zsm B 2

N (C) . - B n 2r (b) . A-C
ow,| ——= || = sm — ] sin
ZsinE 2 2 Zsing 2 2

2
_r<4R C . A_B+4R B . A—C)
= coszsm 2 coszsm 2

2 . A+B _ . A-B . A+C _ A-C
=Rr<251n 2 sin 2 + 2sin 2 sin 2 )
= Rr (1 — 2sinZE + 1 — 2sin? £ 2 (1 — 2sin? é))
2 2 2
_2Rr<2a(s—b)(s—c)—b(s—c)(s—a)—c(s—a)(s—b)>

abc

r2

= 2AS?% = O

4-sm2

— Y 243+ (b + 0a? — 2a(b? + ¢2) — (b + (b — ©)?)

8Rrs
A be | (2s — a)sin? A_ a (1 — 2sin? é)
4(b + c)bcsin? 5 — 2a.2bccosA 2 2
B 8s B 2s

. 2 A

bc <(2s+ a)smzi— a) (25 + @)(s — b)(s — ©)

= = - ZRI‘
2s 2s

R 2r (c) . A-B 2r (b) . A-C
— — ) sin — —]sin
Zsin(Z: 2 2 Zsing 2 2

*) —2s+a)(s—b)(s—c)

+ 2Rr
2s
Acai r? N r? r2 ( ca .\ ab )
ain, -
¢ 4sin? 5 4sin2% (s—o(s—a) (s—a)(s—b)
ab + ca (+x) r? r2
b) + ab(s —¢)) = —2Rr = n -

B
;2D 2
4sin 2 4sin )

] _b2+c?+ab+ca (2s+a)(s—b)(s—c)
(i), (%), (x+) = 2AS% = 2 - 9

_(a+b+c)(b*+c*+ab+ca)-(2a+b+c)c+a-b)a+b-0)
B 8s
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3 b3 + ¢ — abc + a(2b? + 2¢? — a?)

i) b3 + ¢3 — abc + a(4m?
= 2AS? = (4my)
4s 4s
L. r AS cAS
Via sine law on A AFS, = =

Zsinisin(x cosA ; B (a+ b)sinE
. (=r(a+b)
= csina —_

(****) r(a + C)
9AS and via sine law on A AES, bsinf

2AS

1
Now, [BAX] + [BAX] = [ABC] = —pacsina + EpabsinB =rs
via () and () pala+b+a+ c)

4s AS
4AS ZPeT 55 a
,vie) 16s*> b3+ ¢ —abc + a(4m?)
=Pa = .
(2s + a)? 8s
O] 2s
RS 3., 3 2
S Pa = s+ a)? (b + ¢® —abc + a(4ma))
2s
22 _ 3, .3 _ 2y) _
= p2-mZ= Zs 1 a)? (b +c¢3 —abc + a(4ma))
2s 8sa
[ 3 _ o 2
(Zs + a)? (b® + ¢* —abe) — ( (2s + a)z) Ma
_4(a+b+ c)(b3® + ¢ — abc) — (2b? + 2¢? — a?)(b + ¢)?
B 4(2s + a)?
B a’(b—-c)?2+4a+c)(b—-c)? +2(b?% —c?)?
B 4(2s + a)?
(b — ¢)?

"~ 4(2s + a)?
(b — ¢)? (b —¢)?(8s? — a?)
~ toe e @@+ b+ 0 —a?) =

4(2s + a)?
. p?— m2 © (b —c)?(8s* — a?)
T ra e 4(2s + a)?
Lascu + A-G
Now, miw, > m3.s(s —a) > s?(s — a)2 Pg © mé > s?(s—a)?.p?
mg ? Pa
-t _1>2
s2(s— a)2 -1 m2 -1

via (¢) (S(S —a)+ (b c)? ) X

((a +2ab+¢) + (b+0)2)+ ((b+c)?+2alb+c) +a?) — )

“s-a)® ; (b c)2(8s? - a?)
>
< sz(s — a)? T~ 4(2s+a) . m2
b - c)* b — ¢)?
o 2( 16) +s(s—a).( > ) ;(b—c)2(8sz—a2)
Ma- s2(s—a)? - 4(2s + a)?
b-—c)? s(s—a
& (b— o) e+ Y et a >0
7\ Ma s2(s — a)? 42s+a)? | =

~

m)
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 (b—c)? > 0and m% > s(s — a) - in order to prove (m), it suffices to prove :

s(s — a)-s(sz_ 9 gez_g2

s2(s — a)? "~ 4(2s + a)?

>0 22s+a)?>8s2—a? = 8sa+3a?2>0

4
mg, Pa

s?(s—a)? — w_a

m, 4 pa ma h 4(Pa
= > — and analogs
IpIe h \/
2ris?
N m,mym, hahbhc > 4| PaPbPc N mg,mymc R > 4| PaPbPc
h,hyh, " rrpre — [wowyw,  hghyh,  rs? T [w,wpw,
m,m,m, R 4 paPpPc . . .
——>—. |— VAABC"” =" iff AAB ED
= h.hoh. = 2r ’Wawwa v C i Cis equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have the following known formula (see [1, pp.1]),

- true > (m) is true -~ miw, > s?(s — a)?.p, =

s(3s+ a)(b — ¢)?
(2s + a)?

paz =s(s—a)+

And by the formulas for median and angle bisector of triangle ABC,m,?

1
= Z(sz + 2¢% — a?)
2./bcs(s — a)
b+c

— )2 _ _ M2
®-o” 40) and w2 =s(s—a) — s (bai(f)z ‘)

andw, = ,we can easily get

m,2=s(s—a)+

Using these identities, we have

pa2 +wg? s(3s+a) s(s—a)

PaWa =5 = sts—a)+ <(Zs +a)? (2s-— a)2> (b—c)*
B s(4s3 — 4s?a + sa? + a®)(b — c¢)?
=s(s—a)+ @s% — a?)?

1 4sa(s—a)(4s+a)+a
=s(s—a)+ (Z - 1(4s% —a?)? > (b —¢)?* <m,?

Then
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i 4| PaPbPc pawa 4 ma
2r |wowyw, 2r w,?
cyc cyc

Panaltopol

Rm,mym, Rm ,mym,

= <
Zrm Zr\[m

Rm ymym, abc.m,mym, m,m,m,

2s2rz (2F)3 "~ hghyh,
Equality holds iff AABC is equilateral.
[1] Bogdan Fustei, Mohamed Amine Ben Ajiba,
SPIEKER'S CEVIANS IN THE GEOMETRY OF TRIANGLE.

1951. In AABC the following relationship holds:

rla+ b+ c

: <"a-"b-"c

Proposed by Dang Ngoc Minh-Vietnam

"fa-Nb-"{c <

Solution by Tapas Das-India

WLOGa=b =cthenr,=> r,>1,.

a b c Chebyshev 1 1 1
Now—+—+— < —(a+b+c)( +—+ )(1)
rq Tp T¢ Tq Tp

1 1
We know that Z—: Z_ =
r, ha

h, = bhy, = ch, 2k bZF 2k 2F (3)
ah, = bh, =ch,=a--=b—-=c——=

1 1
Let us consider a with associated weight ot b with associated weight o
a b

1
¢ with associated weightr—
c
1 a b ¢ 1 1
I rtrte (1)3(a+b+c)( +—+r—)

GMSAMor<‘{/_l{/_\/_)T_5 r” < _

Z—ra Z—
b + +b+ Zi()
a+b+c . — T a C\*Ta (2
=—F——or Ya. Vb. {c < (—3 ) =
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1
_<a+b+C)F_ra+b+c )
a 3 B 3

1 1
Let us consider a with associated weight—,b with associated weight —

h, hy
1
¢ with associated weighth—
L1 Zi 3) Zi c b
1 3 2) 2F S 2s a+b+c
GM > HM or (h%h%h%)zhu > ha > ha (=) —_—=2r———— =
ZL 3 3r 3r 3 3
ah, 2
1 1
1 1
or ("a."\/b"5/c) e = (" "VB'/c)r =
r a+b+c
= ("a. ") 2221 o
rla+b+c
"afa"ip"/e > ——®

rla+b+c

T < "ara. "b"/c

Equality holds for the equilateral triangle.

From (A) and (B)we have "4/a. ¥b. $c <

1952. In AABC the following relationship holds:
2R-r

1 1 _1 3R? \
(hy — 2r)ha=2r (hy — 2r)w=27 (h, — 21r)hc2T < <2R — r>

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

a  Ya(s—b)(s—c) Ya(s*—s(b+c)+bc)
Zs—a_(s—a)(s—b)(s—c)_ (s—a)(s—b)(s—c)

_s?(a+b+c)—2s(ab+ bc+ca) +3abc 25’ —2s(s* + 1>+ 4Rr) + 12Rrs _
B (s—a)(s—b)(s—c) B s12 B

B 2s% —2s%2 —2r%2 — 8Rr + 12Rr _4R-2r
- r2 T r

(1)
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1 1 1 1 4R-2 2R —
Z—<h,,_2r)=Z(ZLT Y= T_ZRIT )

2r)=§ s—a 2r r r2
a

Let us consider (h, — 2r)with associated weight —— X,
(ha - 21")

1
(hy, — 2r) with associated weight ——— and (h, — 2r) with
(hy —2r1)

1
(he —21)

1
1 1 1 N\ T
By G.M < A.M or <( h, — 2r)ha—2r (hy — 2r)v—27 (h, — 2r)hc—2T> (ha=27) <

1 1 1
B Py T G B (T D R Py T TN
) 2; “ 2R-—-7r
(ha - 21") 1"2
B 312
" 2R-Tr
1
1 1 L : ,
(( h, — 2r)ha—27 (hy — 2r)v-27 (h, — ZT)W>Z(haTr) < 2;1‘_ .

1 2R-r
1 1 1 312 \Ga-20 2) ( 3R% \ 72
( h, — 2r)ha—2r, (hb — ZT)hb_Zr. (hc - Zr)h”_zr =< <2R —7r ) - <2R — T>

Equalitya=b =—c
1953. In any A ABC, holds :

3
3+ 18 + 18 — 3y, > 7((13 + b3 + ¢3 - 3abc)

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

V3
r2 + 18 + 13 - 3rnr > 7(a3 + b2 + ¢ — 3abc)

3
S Z r,| —3 Z I, z Iohy | — rghple | — 3r,rpre =
cyc cyc cyc
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V3
- 2s(s? — 6Rr — 3r%? — 6Rr)

& (4R +1)3 — 3s2(4R + 1) > V3s(s? — 12Rr — 3r2)
(4R+7r1) ()
& ———((4R+r1)? — 3s2) > s — 12Rr — 3r?
V3s
Now, via Doucet (or Trucht), LHS of (*) > 16R? + 8Rr + r? — 3s?
> s — 12Rr — 3r? & s? <4R2+5Rr+r
& (s? —4R? — 4Rr — 3r?) —r(R—2r) S 0

Gerretsen

Euler
—>true~vs? < 4R?’+4Rr+3r?and —r(R—-2r) < 0= (x)istrue

3
rd+rd +1d - 3rnr > g(cﬁ + b3 + ¢3 — 3abc)
v A ABC,” =" iff A ABC is equilateral (QED)
1954.In any A ABC, the following relationship holds :
B 1-2 sing

Y\(mg) wz) )=o)

cyc
Proposed by Dang Ngoc Minh-Vietnam

. B
2 siny

Solution by Soumava Chakraborty-Kolkata-India

sinB sing
sin? A\"2 sin? A i in?5
2 2 Bernoulli . B sin 2
=1+ B~ 1 < 1+ smE B~ 1
2 in2 = in2 =
Sin 2 sin 2 Sin 2
. B
. 2 A . 2 smi
sin"5 B By [sin“5 . B A B
=1+ —smE:>(smE> B Ssmz+sm E—sm E
sin > sin? 5
( ) A)Z sinz ( ) B)l— ZSing < ] B + . A L B d l
= = : = = =~ - =
Sin 2 sin 2 < Sin 2 Sin 2 Sin 2 ana anatogs
- A 2 sing - B 1-2 sing B
Z (sm —> . (sm —> Z sm + (sm — —sin —) =
2 2
cyc cyc cyc

A ]ensen 3 3r Euler 3r
=) sy = &= Pm
cyc
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A 2 sing B 1-2 sing T
z (sm E) . (sm E) < |3 (1 — ﬁ)

cyc

v A ABC,” =" iff A ABC is equilateral (QED)

1955. In any A ABC, the following relationship holds :

A\l B\! 7T C\1 B\! 7 C\ 1Ty A\l
(tan E) . (tan E) .<tan E) + <tan E) .(tan E) .(tan E)
C 1—% A 1—% B 1—%
+ (tan E) . (tan E) .<tan E) <1

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

_ _ ) A B o
Weighted GM > Weighted HM = (tan —) . (tan —) . (tan —)

2 2 2
r r r
PR ror
> T T T and - —+—+—=1,
A+ + C | Y I |
Ir,. tanf Iy tani Ie. tani

r r r

) A\rq B\rp C\rc 1 1
. (tani> .(tan§> .(tanz> = 1 = ( 12 1 >
Is. (

IS. — =) _ =
Deye 2 Yeye l'a) 2 Yeye I
_ 1 _ 1 _ rs
- 1 2(4R+r1)\ s2 — 8Rr — 2r2\ s2 — 8Rr — 2r2
N (B () () (tan) tan)
(tan _) . (tan _) . (tan _) _ : i _
2 2 2 A\t B\ro C\re
(tan 7) . (tan 7) . (tan 7)
r) 2 2
(g _ s —8Rr—2r
( rs ) = ) - 1)
sZ — 8Rr — 2r?2
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(L rL+rL) r r r
. : _ e B\ C\™ Ayre
Again, Weighted GM > Weighted HM = (tan E) . (tan E) . (tan E)

r . r . r
T TR r r
> = = - and - —+—+—=1,
+ + a Tb [
B C A
I'y. tanf Iy tani Ic tanf
r r r
(t B)E (t C)E (t A)E S 1 1 S
~(tan=) .(tan=) .(tan— = =
2 2 2/ 1 Is 4R +r
Irs. chc ﬁ rs2 (4R+71)
A B C
8% (o (o avh (1) (nd) (wn)
(tan E) . (tan E) . (tan E) = T T T
( B\ra C\rp ANre
tan 7) . (tan i) . (tan 7)
(g) 4Rr + r?
e
4R+r
(Fatig*ie) T T T
. . @b C\rq A\rp B\r.
Also, Weighted GM > Weighted HM = (tan E) . (tan E) . (tan E)
r  r r
PR roror
> T T F and - —+—+—=1,
+ A + B | Y I |
. tani I} tanf Ie. tani
r r r
(t C)E (t A)R (t B)E - 1 1 S
~|(tan=) .(tan—=| .(tan— = =
2 2 2) 1 Is 4R +r
rs. chc ﬁ rs2 (4’R + l')
A B C
¢\'% ( A\"% ( B\'%__ (tanj)(tany)(tangz)
(tan E) . (tan E) . (tan E) = T T T

(tanS)*. (tanl)" . (tanB)*
(g) _4Rr + r?

( s ) @M +@+@) =
r

r r r r r r
1

A\1r, B\l O\l B\t C\ 1 A\l
(tan E) . (tan E) . (tan E) + (tan E) . (tan E) . (tan E)

c\ A\ B\!% s%—8Rr— 2r? 4Rr + r2
+ (tan E) . (tan E) (tan E) < ) + 2. 2
A\ B\ T o\l B\ 7 al'm o, AR
(tan E) . (tan E) . (tan E) + (tan E) . (tan E) . (tan E)
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r r r
O\ A\ B\ X
= : = : = <
+ (tan 2) (tan 2) (tan 2) <
v A ABC,” =" iff A ABC is equilateral (QED)

1956. In AABC the following relationship holds:

z:cosBcosC< 244 2p 4 2 ¢
——— < cos cos coSs
cos(B — ()

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

bcosB +ccosC R(sin2B +sin2C) B
a B 2Rsin A N

_ 2R sin(B+C)cos(B—-0C) A+B+c=n 2R si n(A) cos(B - C) B
B 2RsinA B 2RsinA B

bcosB + ccosC
= cos(B—C) andcos(B—C) = p =

B R(sin2B + sin 20) B (sin2B + sin 20)
B 2R sin A B 2sinA

(D

sin2A + sin2B + sin2C = 2sin(4 + B) cos(A — B) + 2sinC cos C
=2sin(m— C)cos(A—B) + 2sinCcosC =
=2sinCcos(A—B)+2sinCcosC = 2sinC (cos(A—B) + cosC)
=2sinC (cos(A —B) + cos(n‘ —(A+ B))) =
=2sinC(cos(A— B) —cos(A+ B)) =4sinAsinBsinC (2)

cos(B—C) =cosBcosC +sinBsinC (3)
zcosBcosC €) z ( 1 sinBsinC) ®
cos(B—C) cos(B—-C))
—3_ Z( smBsmC) D 3 Z(ZsinAsinBsinC) _
cos(B—0C) sin2B +sin2C /
1 Bergstrom

sin 2B + sin 2C>

=3—2sinAsinBsinCZ(

1+1+1)? @
2(sin2A4 + sin 2B + sin 2C)

<3 -2sinAdAsinBsinC
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) . . 9
= 3_2SmASmBSlnCBsinAsinBsinC_ 3 -

-PI\D

(4)

] a? + b? + c¢? Leibniz
cosZA+coszB+coszc=S—ZsmzA=3—— >

4R? -
> 3 9R? _3_ 9 (5)
- 4R?
cos B cos C
From (4)and(5)we get Z ——————— < cos?A+ cos?’B + cos?C
cos(B—C)

Equality holds for A= B = C.
1957. In AABC the following relationship holds:

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

3 3r 3 3r GM> HM 3
o Ta +1+1 Te 5 (1)
171 3r

Z 3 31' (1) z Z 12 Bergstrom 3(1 +1+ 1)2
>
a L - 1
+ 2 3r +2

37 TatTp+7)+6

*I%‘|»—*

_ 27 8lr _ 8lr rum_8ir
4R+T T AR+r+18r 4R+19r - ,p 19R
3r 2
— a1 2 _ 6r _ 16r 10r EUéER 16r 10: 1 16r 5

“S5%RTR R R < R 2 R

Equality holds for the equilateral triangle.
1958. In AABC the following relationship holds:

ey Th ey
h,  h, h,
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Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

F
Ta Tp E_Z’"_a_ s—a_lz a _
h, Ry h, L.h, L. 2F 2/l.5—a
cyc ¢ a cyc
- : Y a(s—b)(s— o) =
T 2-a)G-bi-oL*® $STO=
cyc
2y(2R -

=ZS(s—a)(s—b)(s—c) F?

s’r2R-1r) 2R-r EUéER ar —r

s2r2 r - r

Equality holds for:a = b = c.
1959. In AABC the following relationship holds:

A
zcosA+2 z:tanz—zz
2 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Z A+22t 2A—(1+r)+2 (4R+r)2 2
COS an 2— R S
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2(16R* +8Rr+1*) r 13
> — (Gerretsen) or

ARZ +4Rr +312 R 2

2R(16R? + 8Rr + 1r?) + r(4R? + 4R1 + 371?) - 13
(4R? + 4Rt + 3r5)R =2

(64R% + 32R%*r + 4Rr? + 8R%*r + 8Rr* + 61°%) >

13(4R? + 4Rr + 3r%)R or (64R3 + 32R?> r + 4Rr? + 8R* 1 + 8Rr? + 613) >
> 52R3 + 52R? r + 39Rr3 or (64R3 + 40R?*r + 12R13 + 613) — (52R3 + 52R?r + 39R13)

12R3 — 12R?*r — 27Rr* + 613 > 0 or
(R —2r)(12R? + 12Rr — 31?) > 0 true (Euler)
Equality holds forA=B =C

1960. In AABC the following relationship holds:

A 1
ZcosA+ZZsecz—Z—9
2 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

ZCOSA+ZZSGC2é= (1+£)+2(3+Ztan2é):
2 R 2

r 4R + 1\? 4R + 1\%> 1 Gerretsen
=(1+;)+6+2 ( ) —2 =3+2( ) +— >
R S S R

2(16R*>+8Rr +1%) r

> 3 —

=T 4RTv4Rr+3r2 'R
We need to show. 3 4 2GR HBRT TS 1 19
e need oS OW ST TARZ v aRr +312 'R~ 2

2(16R*+8Rr+1%) r 19

—_>___3
AR+ 4Rr+3r2 ' R- 2 or
2(16R*>+8Rr +7r%?) r 13

b=
4R?% + 4Rr + 312 R~ 2
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2R(16R? + 8Rr + 1r?) + r(4R? + 4Rr + 371?)

(4R% + 4Rr + 31r%)R

13
2_
2

(64R3 + 32R?*r + 4Rr?* + 8R?*r + 8Rr? + 613) > 13(4R? + 4Rr + 3r>)R o1

(64R® + 32R%*r + 4Rr? + 8R*r + 8Rr? + 61°%) >
> 52R3 + 52R?r + 39Rr> or(64R® + 40R*r + 12Rr® + 61%) — (52R® + 52R?r + 39Rr3)

12R3 — 12R%r — 27Rr? + 613> 0
(R — 2r)(12R? + 12Rr — 3r?) > 0 true (Euler)

Equality holds forA=B =C
1961. In AABC the following relationship holds:

Z . A+Z t2A>21
Sl‘n2 co 5=

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A Jensen

Tt 3
Zsini < 35ing == (f(x) = sinx is concave in ( ) (1)

21
We need to show Z sm + Z cot2 > > or

21
ZSm +Zcosec ——3>7or

21 27
ZSm +Zcosec —>—+3—70r

Zsm +Zsm2A = (2)
A c
letsmi = x, smi = y,smz =z
Using (1)and (2) we need to show z x+ Z 2 > 227

3
wherex+y+z SE and x,y,z € (0,1)
1
we will show x + — =12 — 15x (3)
X

1
proof:x tz2 12— 15x0r x3 + 1 > 12x% — 15x3 or
16x3 —12x2+1>00r 2x—1)?(4x+1) > 0trueasx € (0,1)
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Z<x+ ) 2(12 15x) =3 x12-15(x+y+2) =

27
=36—15(x+y+z)236—15x2=7(as x+y+z£—) or

2
Zx-l_ZxZ_ 2

Equality hold —y—z=Yorsina—sinC—sinC=torAd=B=cC="
quality ho sforx—y—z—zorsmz—smz—smz—zor =B=C=g3

1962. Ifin AABC,a # b + ¢ # a then:

1 1 1)\ 1 1 1 1 1 1,2
= 2\1nz 7z) Tz 2\72 72 +ﬁ<_2__2) =0
mZ —mi\h% h mj —mZ\h; h¢ mZ —m2 \hZ h3%

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India

2b% + 2¢% — a? 2aZ+2c2—b2 3
m2 —m} = 2 2 =Z(b2—a2)

1 1\ (a2 B\ 1 @ — )’
nz nz) " \arz” aF?) T 16F%2 "

2
1 1 1 1 4 1
ﬁ<———> = Tepz (@ =P o=

mZ —m2 \hZ h? 16F2 (b%2 — a?)
1 1
— _ 2 _ p2) — 2 _ 2
12/ @ ~ P = (" - a)
1 (1 12+ 1 (1 12+ 1 (1 1)2_
mz—m2\hZ h2) "~mZ-mZz\h: hZ) ~mZ-mZ\hz hZ)
2
1 1 1 1
— S — b2_ 2y —
ng—m,%(hg h,2,> 127z (0"~ @)
1 2 2 2 2 2 2
:12F2(b —a*+c*—b*+a*—-c*)=0
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1963. In any A ABC, the following relationship holds :

m mbm Hpa+wa
h hb o Zr

cyc

Proposed by Bogdan Fustei-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF]? = zZ( ><b2> Z T z 22b? — Z 16r252

a b c
rs (T3 FT3) rs r
> [DEF] = =1 | £—2—2|= =1 =5- 1)

4 2

. . C 2B+C B+m—A
- Spieker center is incenter of A DEF, .- m(£AFS) = B + 2 = > = >
T A-B nd (4AES) c+o T _A-C
= — — = —_——_——_—
2 2 and m(% > =5 > 2)
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
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AS? = —rZ +ﬁ— 2r (E) sinA_ B
- C 14 C/\2 2
2

Zsinz

N 2r cy, . A-B 2r by 0 A-C
ow, —C (E)sm > + B (E)sm 2

ZSlni

_r<4R c.A-B . B A—C)
—2 COSZSIH 2 coszsm 2
. (2_ A+B _A-B _ _ A+C_ A—C)
= Rr sin 2 sin 2 sin 2 sin 2

= Rr (1 - ZSinzg + 1 — 2sin? ; -2 (1 — 2sin? %))
_ 2Rr <2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s — b))

N abc

_ RC a3+ b+ a2 — 2a(b? + ¢2) — (b + (b — ©)2)

A)>

8Rrs
A bc| (2s — a)sin? A_ a (1 — 2sin? %
4(b + c)bcsin? 5 — 2a.2bccosA 2
8s - 2s
bc | (2s + a)sin? A_ a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s S
R 2r (c) . A-B 2r (b) . A-C
— —) sin — — | sin
2sin% 2 z Zsing z 2
) —2s+a)(s—b)(s—c
® ( )( )( )+ IRr
2s
Avai r? N rr rz( ca N ab )
gaim, C - 24\G-0G-a)  (G-a(s—b)

B
- 2 - 2
4sin 2 4sin 2
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r? ab + ca (+) 12
Ar%s (ca(s —b) + ab(s — c)) = — 2Rr = + C

B
. 2D sn2
4sin 2 4sin >

(i), (4), (+n) = 2482 = 2T tabtoa (st a)s-b)s-9

_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

1"2

8s
b3 + ¢3 — abc + a(2b? + 2¢? — a?) Gi) b3 + ¢3 — abc + a(4m?)
= = 2AS% =

4s 4s
r AS cAS
Via sine law on A AFS, = 5=

Zsini sina  cos A% (a+ b)sin%
(%%%) r(a + b) (k%) r(a + C)

= csina = — = and via sine law on A AES, bsinff = 3AS

1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (+++) p,(@a+b + a + c) 4s
iy _

4AS =SS PaT g M
via(ii) 16s? b3+ c3 —abc + a(4m?)
>p: = )
(2s + a)? 8s

(b3 + ¢3 —abc + a(4m(21))

= p2—m? = @st a2 (b3 + ¢3 —abc + a(4m¢2,)) —m?
2s 8sa
- (2s + a)? (b + c* — abe) — (1 ~(2s+ a)z)
4(a+b + c)(b3 + c3 — abc) — (2b?% + 2¢? — a?)(b + ¢)?
- 4(2s + a)?
a’?(b—c)? +4a(b + c)(b —c)? + 2(b? — ¢?)?
- 4(2s + a)?

2
a

RY)
= P9 (@4 2ab+ 0+ b+ 07 + (b + 02 + 2a(b + ) + a?) — a?)

4(2s + a)?
(b — ¢)? (b —¢)?(8s? — a?)
:m(z(a+b+c)2—a2)= 125 1 a)?
22 (b — ¢)?(8s? — a?)
“Pa™ Mg = 4(2s + a)?
G ?

2 Lascu + A— ?
Now, 2m:w, > 2m,.s(s—a) =s(s—a)(p, + w,)
’ m;—w;?pi-mg
Smg—w, =p,—m, & = and in order
m, +w, Ppg,+m,

?
to prove this, it suffices to prove : m2 — w2 > p2 — m2
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( - - 1 - 1 ) via ()
= =3
Pa = Ma = Wo m,+w, Pp,+m,
(b —¢)? s(s—a)(b—c)? 7 (b-c)?(8s% —a?)
— — — >
sts—a)+ 4 ss—a) (b + ¢)? - 4(2s + a)?
s(s —a) ? 8s?—a?
and in order to prove this, it suffices to prove :

(ZS — a)? > 4(2s + a)?
¢+ (b —©)? >0)<=4S(S_“)+(ZS_ )2 ) 8s*—al

>
4(2s — a)? 4(2s + a)2
 16s3 — 12s? a+4sa +ad >O=>(s—a)(16s + 4sa) + a? >0—>true
's—a>0.2miw, > s(s—a)(p, + w,)

+w
> ./s(s—a). ’Pazw 2 and analogs
a

- m,my,m, > l_[cyc \/rbrc 1_[ Pa + Wg _ IaIp T 1_[ Pa + Wq
h,hyh, = hghph, - ~ h,hyh,’

cyc

1_[ Pqa + W, . rnarnbrnc Pqa + W,
(21‘Z ) " hghyh, Z 25
cyc

cyc

v A ABC,” =" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morooco
We have the following known formula (see [1, pp.1]),

s(3s+a)(b—c)?

2 _ (e
Po” =s(s—a)+ (2s + a)?

And by the formulas for median and angle bisector of triangle ABC

m,? = i(Zb2 +2c? —a?) andw, = Z—Vb;i(j_a),we can easily get

(b — ¢)?

— — 2
m,% =s(s—a)+ and w,2 = s(s — a) — s(s—a)(b—rc)

(b + c)?

Using these identities, we have

Pa+Wa\> P +we? s@Bs+a) s(s—a) B
( 2 > ST_S(S @) + <(Zs+a)2 (2s—a)2>(b_c)2_

s(4s® —4s’a+sa’ +a®)(b-c)*

=s(s—a) + (@52 — a?)?

68 RMM-GEOMETRY MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 4sa(s—a)(4s+a)+a

—s(s—a)+<—— >(b—C)2Sma2=’

pa W a
—_—<<
4 4(4s% — a?)?

2 —Ma

Then

Panaitopol

1—[ Pa t+ wa 1 Zma Rm ,m,m, =
8 L Lw, ZT«/Hcyc mew,

cyc

Rm,mym, Rm ymym, abc.m,mym, m,m,m,

< = = =
= 212 3
- ’l_[cycs(s ) 2s%r (2F) h,h,h,

Equality holds iff AABC is equilateral.

[1] Bogdan Fustei, Mohamed Amine Ben Ajiba,
SPIEKER’S CEVIANS IN THE GEOMETRY OF TRIANGLE.

1964. In AABC the following relationship holds:

a’eb"rc"e > (2V3r) or

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

WLOGa=b > cthenr,>r, =1,

T, Chebyshev 1 (1 1 1> Leunberger 11 1 \/_ 4R +r
— < — < —
. < 3\ b (ro+ry+r.) < (4R r) =20 (1D
1 1 YTy AM-HM 3
We know that Z_:_' > ———=3ror
Ty T 3 y 1
ra

Zra >9r (2)

Let us consider a with associated.weight r,, b with r, and c withr,

1 (rg4rpy4r)® 4R+
GM = HM or(a"eb"vc"e)ratmpro) > STa > 2Ry = (2V3r)
a 2\3r

(2)
arabThcre > (Zﬁr)(raﬂﬂbﬂ"c) S (Z\/§T)9r
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Equality holds fora=b =c

1965. In any A ABC, the following relationship holds :

m,m,me

FalpIe

Proposed by Bogdan Fustei-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

B

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ [b? at 1 16r2s?
2: _ ) — _ 2p2 — 4 =
Now, 16[DEF] ZE<4><4> E = 16(22ab Ea) =

a b c
rs_fztztz)\_rs_ T
:>[DEF]=Z:>1' =7 =>r=5-O®

4

. . . C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(£AFS) = B + 2 = > = >
~m A-B B nm A-C

273 andm(ziAES):(H-E:E_T_)(Z)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
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AS? = —rZ +ﬁ— 2r (E) sinA_ B
- C 14 C/\2 2
2

Zsinz

N 2r cy, . A-B 2r by 0 A-C
ow, —C (E)sm > + B (E)sm 2

ZSlni

_r<4R c.A-B . B A—C)
—2 COSZSIH 2 coszsm 2
. (2_ A+B _A-B _ _ A+C_ A—C)
= Rr sin 2 sin 2 sin 2 sin 2

= Rr (1 - ZSinzg + 1 — 2sin? ; -2 (1 — 2sin? %))
_ 2Rr <2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s — b))

N abc

_ RC a3+ b+ a2 — 2a(b? + ¢2) — (b + (b — ©)2)

A)>

8Rrs
A bc| (2s — a)sin? A_ a (1 — 2sin? %
4(b + c)bcsin? 5 — 2a.2bccosA 2
8s - 2s
bc | (2s + a)sin? A_ a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s S
R 2r (c) . A-B 2r (b) . A-C
— —) sin — — | sin
2sin% 2 z Zsing z 2
) —2s+a)(s—b)(s—c
® ( )( )( )+ IRr
2s
Avai r? N rr rz( ca N ab )
gaim, C - 24\G-0G-a)  (G-a(s—b)

B
- 2 - 2
4sin 2 4sin 2
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r? ab + ca w) 12
= (ca(s —b) + ab(s — c)) = — 2Rr © + C

4r2s ., B .2 L
4sin 2 4sin >

(i), (4), (+n) = 2482 = 2T tabtoa (st a)s-b)s-9

_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

I.2

8s
b3 + ¢3 — abc + a(2b? + 2¢? — a?) Gi) b3 + ¢3 — abc + a(4m?)
= = 2AS% =

4s 4s
r AS cAS
Via sine law on A AFS, = =
. . A—B . C
Zsmisma cos—5— (a+ b)smi
S esing O F@tb) i sinel A AES. bsing (=0 F@t ©)
csina = — - =— and viasine law on ,bsinB = AS

1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (+++) p,(@a+b + a + c) 4s
iy _

4AS =SS PaT g M
via (ii) 16s? b3+ c3 — abc + a(4m?)

(2s+a)?’ 8s
W p? = —(b3 + ¢3 —abc + a(4m¢21))

2
= Pa

Z = st (b3 + ¢3 —abc + a(4m¢21)) —m?

2
a

8sa
- (2s + a)? (b +¢® — abc) - (1 (2s+ a)z)
4(a+b + c)(b3 + c3 — abc) — (2b?% + 2¢? — a?)(b + ¢)?
- 4(2s + a)?
a’?(b—c)? +4a(b + c)(b —c)? + 2(b? — ¢?)?
- 4(2s + a)?

2
_ %((az +2ab+c)+(b+c)®)+((b+c)? +2alb+c)+a?) - az)
(b — ¢)2 (2@+b+ 07 —a?) = (b —¢)?(8s? — a?)

" 4(2s + a)? 4(2s + a)?
,  _, ®(b—0)*(8s?—a?)

“Pg— Mg =

4(2s + a)?

Lascu + A-G ? ?
Now, miw, > m3.s(s —a) > s?(s—a)?.p, © mé > s?(s — a)?.p?
mg S S
@ _— —_—
s?(s —a)? T mZ
b - c)?\
via () (S(S )+ 4 ) ) —s*s-@* ; (b - )2(8s2 - a?)
S >
s2(s — a)? ~ 425+ a)%.mZ
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b-c)* b — )2
- mz ( e ) + S(S — a)( > ) ; (b _ C)Z(SSZ _ aZ)
— 0)2 _
@ - . J—
M T 2 s —ap? 42s+a)? | 3
v (b—c)?> = 0and mZ > s(s — a) - in order to prove (m), it suffices to prove :
ss—a).35-D g o
2 _ oS a ) s s X
s2(s — a)? 4(Zs_l_a)2>0(=>2(25+a) >8s*—a“ © 8sa+3a“>0

4
mg, Pa

s?(s—a)? — w_a

m, 4(Pa m,m,m, 4| PaPbPc
= > |— and analogs = =
\/ In,re Wq FalpTe W, WpWe
v A ABC,” =" iff A ABC is equilateral (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

- true > (m) is true -~ miw, > s?(s — a)?.p, =

We have the following known formula (see [1, pp.1]),

s(3s+ a)(b — ¢)?

2 _ _
pa S(S a') + (ZS + a)z

And by the formulas for median and angle bisector of triangle ABC,

1 2./ bcs(s—a
m,? =~ (2b%*+ 2c?> —a?) and w, = ( ),we can easily get
4 b+c
(b — ¢)? s(s—a)(b—c)?
2 _ _ 2 _ —a) —
m, s(s—a)+ 1 and w, s(s—a) b+ )2

Using these identities, we have
P+ w,? 1/s(83s+a) s(s—a)
———=s(s—a)+> —

2 2\(2s+a)? (2s—a)?

pawa S

>(b—C)2=

s(4s® — 4s’a+sa’* + a®)(b—c)?*

=s(s—a)+ @52 — a?)?
1 4sa(s—a)(4s+a) + a*
:s(s—a)+<z— 1(4s% —a?)? >(b—c)2 <m,>

Then
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2 Panaitopol
4 papbpc pawa< 4 mg _ m,mpymc g
2 - —
W, wpw w /
a'WbWc cye cyc a Hcycmawa

mamb m, ma mym,

\/ Hcyc bT¢c TalpTc

Equality holds iff AABC is equilateral.

[1] Bogdan Fustei, Mohamed Amine Ben Ajiba,
SPIEKER’'S CEVIANS IN THE GEOMETRY OF TRIANGLE.

1966. In AABC the following relationship holds:

A A\’
Z(tan§+cot7) >64\/§
3

. A . B
sm7+sm7

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

A 4R +1r S Doucet &MltTan‘UlC
Ztan +2cot—= +— V3+3V3=4V3(1)

r

A Jensen T 3
in- < in—=—
Z sing < 3 sin =73 (2)

x
f(x) = sinz is concave € (0, )

3
Z (tan% + cotg) Hol>der 1 (Z tanA + ) cotA) (1)i(2) (4\/§)3 B 1923 B 643

. A . B - 3 A 3 9 3
sinz + sin> ZZsmi 3.2.7

Equality holds forA=B =C = g
1967. In AABC the following relationship holds:

a
z 22a2+2rr—2rr
[4m2 — hZ + \[c2 — hZ “e b

Proposed by Dang Ngoc Minh-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan
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/4m,2, —h%—./c?—h2

1
/4m§—h5+\/cz—hﬁ ( 4m§—h£+\/c2—hﬁ>.< 4m,2,—h,21—,/cz—h§>

/4m§—h§—w/cz—hﬁ /4m§—hﬁ—\/c‘2—hﬁ

4mi — c? az + (a? + c% — b?)
Lemma 1: ac =r,r.+1rr, (true)

Lemma 2: b%* = (a— c)? + 4rr, (true)

From Lemma 1 and Lemma 2, we have :
b? = a%? —2ac + c¢? +4rry, = a® + ¢® — 2(r v, + 1Y) + 411y,
=a’® + c¢* - 2r r. + 2rr,
a’ + c¢? — b? = 2r,r, — 211y,

Now let prove that : /4m,2, —hZ2—,/c?—h2=a (2)

For this: /4m,2, —hZ=a++c*—h2

4m? — h% = a® + ¢ — h:2 + 2a/c — h2
4m? — a? — ¢* = 2a/c — h2
a’ + ¢* — b? = 2a\/c — h?
(a? + ¢® — b*)? = 4a%c? — 4a*h?% ( Because AABC acute )
4a’h? = 4a?*c? — (a? + ¢* — b?»)? = (2ac — a® — ¢? + b*)(2ac + a? + ¢* — b?) =
(b2 — (a—c)?]l[(a+c)*—b?*]=(b—-—a+c)b+a—-c)la+c—b)(a+c+b)=
(2p — 2a)(2p — 2¢)(2p — 2b)2p
4a’hf = 16p(p —a)(p —b)(p — ©)
2ah, = 4/p(p —a)(p — b)(p — ©)
S =p(®—-a)(p—b)( - c) (true)
So (2) true
Analogously, it is true in the other three.
1968. In any A ABC, the following relationship holds :

r, Iy I, 3R

+ + <
asinA bsinB c¢sinC — 2r
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

I, I, I, 2Rs tan % s <« sec? % Chebyshev
inA ' bsinB ' csi c:Z A LA :EZ =
asin sin csin £ 4Rtan % cos? 2 . a L a
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Doucet or Trucht
and

s , A 1 s s2+ (4R+r)? s? + 4Rr + r? Gerretsen + Euler
< —.Z sec —.Z — . <
6 2 a 6 s? 4Rrs

4R +1)? s?
_S ( 3 ) +(@R+1)* s+ 1 16 (4R+r)2Elier1 16 81R2
~6 s2 "4Rrs 6 9 4Rr ~ 6 9 16Rr
Iy I, ¢ 3R . . .
— V A ABC,” =" iff A ABC is equilateral (QED)

" asinA + bsin B + csin C = 2r

1969. If A > 0 then in AABC the following relationship holds:
1 1 1 3

+ + <
A+tandAtanB A+ tanBtanC A+ tanCtand A+ 3

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

We know that in AABC ,tanA + tanB + tanC = tanAtan Btan C
1 1 1
LettanA = —,tan B =—,tanC = — then
X y z

tanA +tanB +tanC = tanAtanBtan C can be writenasxy+yz+zx =1 (1)
1 1 1

A+tanAtanB+A+tanBtanC+A+tanCtanA -

_ _ _ Xy _
_Zl+tanAtanB_zl+1_1_ Axy+1
Xy

3 1 12 Bergstrom
R <
Az ( Axy + 1) A 2 (Axy + 1) -

3 1 (1+1+1)? (1)3 1 9

A A /1(xy+yz+zx)+3 A A2 2+3
1( 9 )_1 34 _ 3
A+3/) 2 /1+3_/1J1rts

A
Equality holdsA=B =C = 3
1970. In AABC the following relationship holds:
2r
2sr (7 — F) < 2 a(hy + h.) < 6Rs
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Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

ac 5 Chebyshev
= <
Z alhy + he) Z (2R + ZR) ZRZ (bt+e) =
1 Leibniz QR?
S§_R Zb+c < —2(a+b+c)——3R 2s = 6Rs

2F

et 50 = Yathy by - Yk, = (V) (Ne) - Yo 2 -

=2 (bc+ca+ab) 6F = 25 22¢ 6 -
S\2R " 2R " 2R 2R
S Gerretsen §
=% (s’ +712+4Rr)—615 > —(16Rr —5r2+1%2+4Rr) — 615 =
2rs(10R — 2r — 3R) 2rs(7R 2r) 2r
= = = 2sr (7 - —)
R R R

Equality holds fora=b =c

1971. In AABC the following relationship holds:

2 A
csc” o
E = 2V3
t5 + cot S
cot + cot

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

B € osBainC s cosCsinB
C COSZ COSZ coszsmz COSZ smz

B
COtE+COtE: - E‘|‘ ] £: ] E ] g =
siny sing sin sins
sinu cosé
_ 2 A+B+C=m 2
5. ¢ - _B.CW
sin sins sin sins
24 2A 2A . B C
Z csc’ 5 (:) Z csct 5 :zcsc ZSIHZSlnzAM;GM
B ol ] A =
cot— + cot5 cos 5 cos
sinésing
2 2
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3 A 3|4 R Mitrinovic 3
>3 secE =3 ry = 3

(Equality holds for A=B =C)

1972. In AABC the following relationship holds:

2 A
SCCE \/_
s

tani + tani

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

C sinE sing sinEcos£+cosEsin£
tan -+ tan 5 = Z 2__" 2" "2 2772 _

B * c B .C
COS 2 COS 2 COS 2 COS 2
sinB+¢ a4 cosd
_ 2 2z 2
= = = c @D

B os& B osE B osE
COSZCOSZ COSZCOSZ COSZCOSZ

2 A B C
sec” 5 1€)) 1 COS 5 COS 5 5
an +tany coszg cos5 cos* 5

COS 5 COS ¢
2 2

secZé COSECOSEAM GM 1
z - 2 C(QZ zAz M g3 _
tanz + tan cos3 5 I1 cos
2

3[4 R Mitrinovic
=3 T = 3

Equality holds forA=B =C = g
1973. In AABC the following relationship holds:

A
cotz 9
> —
2 F >3

tani + tani

N[>

w

= =23
3
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Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

T A B m C
=E ortan(—+—) =tan(———) or,

* 2 2

+

N
N| &
N

(tan% + tan g)

e & Zt A ans = 1(1)
= cot—- or an —tan— =
1—tan%tan7 2 2 2

Berg;trom 1+1+ 1)2 19

Z COt 5 Z
tan + tan ¢ tan tan + tan g tan g B 2 Z tan ;tan g 2

/4
Equality holds A=B =C = 3

1974. In AABC the following relationship holds:
a b
22523
l, , .~
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan
2bc A

l, = b+c'cosf

a b c a(b+c b(a+c c(a+b) A€
_a( )+ ( )+ ( )2

L, 1, 1 A B ¢
a c 2bc.cos2 Zac.cos2 Zab.cos2

avbc bVac cvab 476
+ + >

= A
bc. cos»  ac.cosu ab. cosy 1

3( a’b’c” )3 3( R (4 2 )§ 2v3
> 3 =3(— 3 L —) =
azbzcz.cosg.cosg cosg 3V3
Equality holds if thetriangle is an equilateral one.

1975. In AABC the following relationship holds:
3R)
2

9R

mym;"m rc<(
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Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

WLOGa=b=cthenm,<m,<m.andr, =1, >,

Chebyshev 1
m,r, + myr, + m.r, < 3 (z ma) (z ra) (D
Euler 9R Leunberger Euler 9R
and (Zra)=4R+r < 7(2) (Zma) < 4R+r < 7(3)

1
rao 1p. Ty AM=Gm M T, + myr, + mer, (D 3 Qmgy) X7y
(myrmPme)Cra) < 5 < 5 =
a a

_1(2 )(2)19R_3R
3\l ™M) =372 7
9R

. 3R QEra (2) 3R\ 2
ormiempmic< () < ()

Equality holds fora=b =c

1976. In any scalene A ABC, the following relationship holds :

=S ) (IR

cyc cyc
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

+mj—hz * s(s—a) + (b ;c)z - (s(s —a)— s(s — a()lgb - C)2>
wi-hi s(s—a) - s(s-_abo o (S(s —a)— s(s —a)(b— C)Z)

(b + ¢)? a?
1 s(s—a) 4s? — 4sa + a? (2s — a)?
_ it _° 4a? _ 4a?
o0 _sboa) | SBot (bror-at) | 352D, (ass - )

_ 4 (b+o)t :>4m§—h§_1 b+c d '
= |TesGs= o wZ_hZ- 2 o and analogs
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Z h2 ZZX/:ZS;_C_’(D

cyc cyc

Agam L (ﬁ r£> Cyc (f f ) z y +: ;\/(s —b)(s - 2)

Z:\/s(s—a)(s—b)(s c).
- JG-b)(s—0)

cyc

b+c ’rb ’ b+c
; v S(S - ) 2;( ) Cyc v S(S - -

finally, Z

cyc

s(s a)

b+
erh Zwa zz\w_ca)_’@)

cyc cyc
b+c

ONONOESYNE: —hz = (\/T" J;) - Z\/E (QED)
=

cyc cyc

1977. In any A ABC, the following relationship holds :

+ + <
J(b+c)2+8a2 . (c+a)?+8b2 ./(a+b)2+8c2 8

m, m,, m, 1 5R
(1)
2r
Proposed by Tapas Das-India
Solution 1 by Soumava Chakraborty-Kolkata-India

Lets—a=x,s—b=yands—c=z-.s=x+y+1z
>a=y+zb=z+xandc=x+y

sz st st sZ ® (Zeye ) 4R
Now, 5 =F = s(s — a)(s — b)(s —c):> XyZ and 1 +--
4sabc +z
4s(s — a)(s — b)(s —¢) XyZ
4'R (**) Xyz + Hcyc(y + Z)
=1+
XyZ
+ _—. x+ + 7)?
Also, Z y Z a (:) chC(( NG +2)7) (%), (%), (xx%) >
b Z+ x b Hcyc(y +2z)

cyc cyc
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(chc x)

e (26 a2y B

cyc

(xyz + [eye(y + Z)> <chc((x +yV)(y+ Z)2)>
Xyz [leye(y +2)

3
n(y+Z) Zx > xy2+1_[(y+Z) Z((x+y)(y+Z)2)>

cyc cyc cyc cyc

Q)]
N Z xty* + Z x3y3 XyZ z x%y + 3x%y?z?
cyc cyc cyc
A-G
Now,if u,v,w > 0,then : v3 + v3 + u® > 3v?u,

A-G A-G
w3 +w3 +v3 > 3w?vand u?® + u? + w3 > 3u’w and adding these three :
Z ud > Z uv? and choosing u = xy,v = yz and w = zx, we get :

cyc cyc

Zx g3 (; xyz(Zx y |and z y* > 3x2 272 - (00) + (e00) = (o) is true
cye cyc cyc
s2 a 4R
=2 > (ZB) (1 +T) - (1)
cyc
Z+ x b () Leye((x + V' +2) o (%), (%), (xxkx)

[leye(y + 2)
s? b 4R (Zeye x)3
T (Zﬂa)(”ﬂ i

<xyz + [leye(y + Z)) <chc((x + Y’y + Z)))

Moreover, Z Z
y+ z

cyc cyc cyc

xXyz [leye(y + 2)

- <n(y , z)> <z ) . (m o z>> (ZYC«H o zD)

cyc cyc cyc

(....)
s Z xty? + Z x3y3| > xyzz xy? + 3x%y?z?
cyc cyc cyc
Now, if u,v,w > 0,then : u® + u3 +v3 > 3u?v,
A-G
3 > 3w?u and adding these three :

A-G
vi+vi+wd > 3viwand w3 + w3 +u
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cyc
( ..... ) A G
Z x3y3 > Z xy? |and Z xty?
cyc

> 29252 .
> 3x°y“z
cyc cyc ( )

s? b 4R
F2(2e) 0 )
r a

r
cyc

<2b2 +2¢% — a?
PN

= (eeee) is true .

- (2)

? 2c®+ ab
Now, m,m; <

Z u® > Z u?vand choosing u = xy,v = yzand w = zx, we get :
cyc

(ooooo) + (oooooo)

2c¢? + 2a% — b?
4 4

?
o a* + b* — 2a?b? — a?c? + 2abc? —b%c? >0

- true =

o (a+b)?@—b)?—c*a-b)?>0o (@a—b?@+b+c)(a+b—c) =0

2c? + ab
m,m <

I and analogs — (3)
Lascu
and
1 Sm,mym, Tereshin
NOW,E 1+ ~ oz Z m, =
cyc
1 - 5 n(b+c A) Z:b2+c2
2 9r2s? 2 %2 4R
cyc cyc
1 - 5 (2s(s?+2Rr+r?) s
2 9r2s?2
? s2

“r(4R+r) <

) ()

5(s? + 2Rr + r?)(s? —4Rr —r?) ? 2s? —4Rr —r?
144R?%r?2

?22 2
<(c+ab)

16

r(4R+r)
& (20R + 5r)s* — rs?(328R? + 10Rr) + r?(416R3 — 16R?r — 50Rr? — 5r3)

and = (20R + 5r)(s? — 16Rr + 5r?)?

Gerretsen

=

{v-

—~
||
—

(mm)
< (156R? — 25Rr — 25r2)s?

=
Finally, (156R? — 25Rr — 25r?)s?
?

0 - in order to prove (m),
it suffices to prove : LHS of (m) > (20R + 5r)(s? — 16Rr + 5r2)2
r(2352R3 — 952R?r — 125Rr? + 65r3)
Gerretsen

>

Euler

(156R? — 25Rr — 25r2)(16Rr — 5r?)

- ?

> r(2352R3 — 952R?r — 125Rr? + 65r3) © 24t3 — 38t2 —25t—-10>0 (t = —)
?

e (t—2)(24t2 + 10t —5) > 0 - true -

‘'t > 2= (mm) > (m)istrue
83
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1 5m,mpm, s? a b
2| 1t op2 (Z m“) @R+ (ZE) (ZE)

cyc cyc cyc

s? a b
FWand ()= reTy 2 (Z B) ’ (Z E)

cyc cyc

I

I

I

2 I

- (Ze)(2) s ]

e ()= [ze) (2ol o
cyc cyc cyc

2m, 2m, 2m,

./
'\

Now, implementing (4) on a triangle with sides

whose medians and area

3’3’3
ab c F
as a consequence of trivial calculations are 2'2'2 and§ respectively, we get :
abc 2m
1 / L1 \ )
E + F2 Ez Z Zmb Zma
9, 9 cyc cyc cyc

m, m, ) 5.41;1'5
4 Z m—b Z m—a < E 1+ E S
cyc cyc )
(Zm)(zm)<003)- o

m, my, m,

A-G
ow, + + < Z—a
Jb+c)?2+8a2 /(c+a)?+8b%2 /(a+b)?+8c? £~ /4bc + 8a?

Yl ) (22

via (5) 1 (1 > m,
= B 2r \/(b+c)2+8a2 \/(c+a)2+8b2 J(a+b)2+8c2
1 5R
§ (1 + 2—) v A ABC,” =" iff A ABCis equilateral (QED)
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality, we have

(b+c)*+8a?=(b+c)?>+4a?+4a* >4a(b+c) +4a? =
= 4a-2s = 8sa (and analogs). Then:

m m,? B 2(b% + c¢%) — a?
Z\/(b+c)2+8a2 \/zF \[BSZ \[ z 4a

cyc cyc cyc

- 323abc< Z be(b® + c*) - “bcz >

cyc cyc

()=

3
- j 17852y [4(8* =17 — 4Rr)(s* + 12 + 4Rr) — 3. 4RsT25]

3
128s%Rr

B 3[s* —1r2(4R + 1r)? — 65%RT]
B 32s2Rr

Gerretsen

_ 13 [ gpy TARET?] B 3 [ e g T3S
= 132rr|° T 2 = |32Rr rwer 2

_ 3(2R—r)AMéGM1<3+2R—r)_1(1+R)E'é"1<1+5R)
- 16r - 2\4 4r ) 4 r/ ~ 8 2r)’

Equality holds iff AABC is equilateral.

1978. In any A ABC, the following relationship holds :

(o % (< (o) [ I3 (-9

cyc cyc

Proposed by Tapas Das-India
Solution 1 by Soumava Chakraborty-Kolkata-India
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12
Za222\/§=> e ;S
cyc a a (ZCYC az)
2 2
Zaz —3a’?(2b* +2c2-a?>) >0 Zaz — 3a? ZZaZ—BaZ >0

cyc cyc cyc
2 2

PEN Zaz —6a22a2+9a420=> Z:aZ—Sa2 >0

cyc cyc cyc

1
am,

2

a
& (b% + ¢2 —2a%)? > 0 - true = am, < =~

~ 2v3
mq

n er)na nZ E Bernoulli 1‘12 m n lelna
N ,—“)“: 1+(—-1 > 1 —"—1.—“>1=>(—“)“>1
ow (ha ( +<hg )) = +<hg h,~-""\n,) =

n “  /n n <
and analogs - (h—a> Pa | (—) b+ (—c) P >3 (2)
a

m, mb> (mb mc> Z m? my,m,
—+=2)(=+=)]=) 5 +3 <
Z (( h,  hy/\h,  h, £ hyh,

cyc

and analogs — (1)

mg LNMyme 1 (vmg ) 4 3 e
h2 hyh, ' 3 h, 3 h,
cyc

cyc cyc

cyc

A m, m,
| 2oz ) Z((h_a+h_b>

cyc cyc

1 3 Z . Z tA Z (ma_l_mb)(mb_l_mc) <sz—4Rr—r2
VErr 3Lt T\ Lz h, hy/\h, h /)= 12

cyc cyc

b hc

< —. —_—
~ \/3r 2rs
cyc

—+

(ﬂ mc>) 2s am, Via<(1)

R 4R
- (3) ~ (2) and (3) = it suffices to prove : 3 + (; + 1) (T — 3) >
s2—4Rr—-r? 4R?+Rr s?—4Rr-r?

> =3 — 2 > & s? < 4R? + 5Rr + r?
r r r
& (s2 — 4R? — 4Rr — 3r%?) — r(R — 2r) < 0 - true via Gerretsen and Euler
= main inequality is true,” =" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since n, > h, (and analogs), then
2mg 2my 2m,

Ng\he (T (E)"—C> _
(ha> +(hb> +hc >1+1+1=3. (1)
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m R
By Panaitopol’s inequality, we have h_a < > (and analogs), then
a

a c V3
j;(?—;'lﬁ—:)(l‘—,ﬁ%)sjZ(%%)(%%F?- @

cyc

By Doucet’s inequality, we have

Z tA s<4-R+r 3)
cot—=-< .
2 r V3r

cyc

From (1), (2) and (3),we get

() o m) - ()

ha hb hb hc Tr
cyc

cy;R+r \/§R_<R 1)(4R )=3

P =3
V3r r r
2m, 2my 2m
na> e (nb> i (n> e
< (-2 b <) "
= (ha \n,) T\&,

Equality holds iff AABC is equilateral.

S cotd, j

r

<

1979. In AABC the following relationship holds:

D i
—_— 2=
hb+hc rb+rc

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

1 1 12 Bergstrom
= —_— = ZRZ =
Zhb+hc Znga_b ab + ac
2R 2R
(14+1+1)2Cx0*3%xy 9R.3 27R 27R
> 2R————— = = = (1)
2 ab Ca)2 (2s5)2 4s?
Z 1 _ Z(ra + rc)(ra + rb) _ 2(7'(21 + Tl +TpTc + rarc) _
L) + re H(rb + rc) H(rb + rc)
CXre+3%rery,  Qry))?+XYrer, (AR+T)2+sE

[y +r)  QCrodErery) —IIres (AR +1)s? — s?r
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(4R +1)? + 52 Gerretsen 16R? + 8Rr + 1% + 4R? + 4Rr + 31?

4Rs? - 4Rs?
20R? + 12Rr + 412
= (2)

4Rs?

1 1
We need to show Z = z or
hb + hc Ty + re

27R usini 2&3 20R? + 12Rr + 412
452 - 4Rs?

or,

27R? > 20R? + 12Rr + 412 or,
7R? — 12Rr — 4r?> > 0 or (R — 2r)(7R + 21) > O true (Euler)

Equality holds for an equilateral triangle

1980. In AABC the following relationship holds:

1 1 R
e
R hb+hc 41"2

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

Bergstrom 1+1+ 1)2 mg=h,
_ >
Z h, + h, h,, + h, - 2) h, -

9 Leuenberger 9 Euler 9

= =
2Ym, 2(4R + 1) 2.(4R+§)

1 AM-HM 1 R Euler R R
< ——_— < _
Z h,+h, ~— 4 ( c) 2 Z (hb) 2r 2Rr ~ 2.r.2r 4r?

Equality holds fora=b =c

1
"R

=

1981. In AABC the following relationship holds:
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3A
sec” 5
Z B C24

tani + tani

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

. B

C Slni
tan—+tan—- =
an2+ an2

0 sin® cos €+ cosBsin€
smz _ San COSZ COSZ San _

BT ¢~ B_C
COSZ COSZ COSZ COSZ

.. B+C . T—A A
sin——  sin—5—  cos3

- (1)

B iost cosBcosé cosBcosE
COSZCOSZ COSZCOSZ COSZCOSZ

34 B ost
sec’y () 1 _ €Os5 oSy 5
B [ A A (2)
tanz + tan A cosy cos*
cos3 5—p—=—F
2 B C

COS 5 COS 5
2 2

sec3é COSECOSEAM GM ’ 1
Z:B—ZC(QZ:Z—AZ 2 33—A:
Ll L 442 24
tan> +tans cos*> II cos >

2

3

3| /4R 2 Mitrinovic
=3 (_> >

4R _33(8)_3
s 3V3R " \3v3 '
2

Equality holds for A=B =C =
1982. In AABC the following relationship holds:

12rs < Z a(r, +r.) < 6Rs

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

WLOGa=b>c thenr,>r, =1,
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Z a(r,+7r,.) Chebés,wv %(Z a) (Z(rb + Tc)) = %25- 2 z Tq =

_4- (4R + )Eu<ler4- (4R+R)_4.9Rs
3% o= 3% 2) "3 2

= 6Rs

AM-GM Am-Gm 3
Za(rb +r,) = ZZa ryre = 63/abcr,ryr, =

3 Euler 3
= 6+/4Rrs.s2r > 6+/4.2r.rs.s’r = 12rs

Equality holds for a=b =c

1983. In AABC the following relationship holds:

z a(hy, + h,) < z a(ry, +1.)

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

F
Zara_FZS—a:(s—a)(s—b)(s— )(Za(s—b)(s—c)):

=— (sz(a + b+ c¢) — 2s(ab + bc + ca) + 3abc)

F F 2s(2Rr —r?)
=57 (2s® — 2s(s®2 + 1% + 4Rr) + 12Rrs) = = (2Rr —1?%)2s = — (1)
z h, = bc Z bc _ s2 +r%2 + 4Rr Gerrétsen

2R 2R =

<4R2+4Rr+3r2+r2+4Rr_4(R+r)2_2(R+r)2
= 2R 2R R

Za(hb+hc)=Za(ha+hb+hc)—2aha=

2
Z Zh ZZF(Z)u.#—m:%umw)z_sm)(3)

(2)
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Z a(ry +7.) = Z a(ry + 1, +7,.) — Z ary) =

- (Z a) (Z ra)— 25@RY ) _ o (4R+7)—25(2R—7) = 25(2R+1) (&)

r

We need to show Z a(hy, +h,) < z a(r, +r.) or

3)&4) 2s
2s(2R+1r) = = ?(Z(R +1)%2 —3Rr) or

2R%? 4+ 2Rr > 2R? + 4Rr + 2r%> — 3Rr or Rr = 212 or
R > 2r True Euler
Equality holds fora=b =c
1984. In any A ABC, the following relationship holds :

I n
z<ma. /?“—1>z 5R—r+z ;g“ Zha
a

cyc cyc cyc

Proposed by Bogdan Fustei-Romania

Solution 1 by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
and b%(s —b) + c?(s — ¢) = ag? + a(s — b)(s — ¢) and via summation, we get :
(b%2 +c?)(2s—b—c) = an? + ag? +2a(s —b)(s — ¢) = 2a(b? + c?) =
2a(n%+ g2)+ala+b—c)(c+a—b)=2(0b*+c?) =2(nZ+g2)+
a?—(b-c?=2(0b*+c?)-a*+(b-c?=2(n2+g2)=>4m’2+ (b—c)?=
2(n2+g2%)=2(b-c)?+4s(s—a) = 2(nZ + g2)

:>n§+g§(;)(b—c)2+25(s—a)

Again, Stewart’s theorem = b%(s — c¢) + c?(s—b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s* — s(2s — a) + bc) = s(b? + %) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +

2 4sbc(s—b)(s—c)(s —a)

s(2bccos A — 2bc) = as? — 4sbc sinzi = as

be(s — a)

, as(cta-b)a+b-oc) 5 a? - (b—-c)?

= as? — =as? - as| ———
a a

a? — (b —c)? - b —c)?

=>nf,=s<s—%>=>n§(=)s<s—a+( a)>
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N 4s(s—b)(s—c)

Via (*) and (), g2 = (b — ¢)? + 2s(s — a) — s? o
N 4s(s—b)(s—c)

=s?2—-2sa+a*+ (b—-c)?—a?

a
=(S—a)z+(b—c+a)(b—c—a)+4S(S_b)(s—c)

a
4s(s—b)(s—c¢)

=(s-—a)?—-4(s—b)(s—c) +

a
= (s-a@? +4(-b)s-0) (- 1)

4(s—a)(s—b)(s—c¢) ,  4r’s
=(s—a)*+
a a
zgﬁ 1 z
+2rand analogs=> ) —=-—. » a(s? —2sa+ a?) + 6r
h, 2rs
cyc cyc

1
=5 (52(25) — 4s(s? —4Rr — r?) + 2s(s? — 6Rr — 3r2)) + 6r

=(s—a)i+

g_ﬁz a(s — a)?

h, 2rs

= (s —a)? + 2rh,

_ 4Rrs — 2r2s

2
) ga _
rs +6r.-zha—2R+5r - (1)

cyc

_ 4sbc(s—b)(s—c)(s—a) 4r?s

A
28 2
—=as as
2 be(s — a) s—a
rs 2rs 5 n: s?
.— = as“ — 2ar,h, ® — = — — 2r, and analogs
s—a a h, h,

2

2 2 2 2 2
n; S S n; s“—8Rr—2r

=) —=)—=2 =——2(4R Sy 2= 2

Zh Zha ). P 2URED ) r - @

Again, an? = as? — 4sbcsin

= as? - 2a.

e ¢ cyc cyc cyc

_ Rada ) (N, | € _ ng Zg_?z D
<5R r+z ~ )( ha> < |[sR—rt D5 D4 h,
cyc cyc cyc cyc cyc

2

A-G 1 n2 g2 via (1) and (2)
< [|5R—r+[ ) =2 E =4 E h =
r+ > ( h, + h, a
cyc

cyc cyc

1 (s%2 — 8Rr — 2r?
5R—r+§ - + 2R+ 5r Zha

cyc

N

B s2 4+ 4Rr+r?2 |s?2 + 4Rr+r?
B 2r ' 2R

2 2
Ngg, s“+4Rr+r
5R—r+ E - E h, | <————||— (3) and also,
( h, )( ¢ V4Rr ®

cyc cyc
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Z F La;cuz b+c A S L
mg. |-~ > 5 €05 [
cyc cyc
_z b+c [s(s—a) a?
B 2 bc a(s—a)
cyc

2 2
\/ﬁza(b+c) mz z(ma.\/r?uj>2s +\7%+r

cyc cyc

- @4)~3)and 4) > z <ma. /r?a — 1) > <5R -r+ ; n;fu) (; ha>

cyc

v AABC,’ =" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

b+c A
cos— (and analogs), then

We have m, >

Z ’ra . zb+c s(s— ( 1_z:b+c sa
Ma h - 2 +bc
cyc

cyc

cyc
(b+c)
-> F

cyc

ab + bc + ca 2R(h +hb+hc)
— Zh
2vVRr 2VRr £
By AM — GM inequality, we have
b — ¢)? b —¢)?
n,9. n,2 + g2 s(s—a+—( a)>+(s—a)<s——( a))
< - = =
h, —Z 2h, Z 2h,
cyc cyc cyc
2s(s—a) + b—c2 1
=Z al2s( iF( )] 2s2 Za ZsZa +Z Zbc—9abc
cyc cyc cyc cyc

cyc

cyc cyc

1
4F<2$2 2s — 25.2(s? — r? —4Rr)+2522Rh —94Rsr>—r—5R+ Zh
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n,g R T
(5R—r+2f)2has\[;.2haSZma /Ta—l.

cyc cyc cyc cyc

Equality holds iff AABC is equilateral.

1985. In AABC the following relationship holds:

(2b + 2¢ — a)a > 4\/3F
Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India
AM-GM
(2b + 2c — a)a = 2ab + 2ac — a®? = 2(ab + bc + ca) — a? — 2bc >

> 2(ab + bc + ca) — a? — (b? + ¢?) = 2(ab + bc + ca) — (a®? + b? + ¢?) =

ucet

Do
=2(s2+12+4Rr) —2(s* —r? —4Rr) = 4r(4R+71) > 41rV3s=4V3F
Equality holds fora=b =c
1986. In AABC the following relationship holds:

4

R
7+cot2A+cotzB+cotzCS8(ﬂ)

Proposed by George Apostolopoulos-Greece

Solution by Tapas Das-India
4R?

7+cot2A+cotZB+cotZC=7+chc2A—3=4+ - =

2 2 2

1 Steining  4R? R\? Euler (R R R
=4+4R* ) — < 4+—=(2)2+(—) < (—) +(—) =2<—) =
a? 412 T T T r

=2

R?R? euter 2(R)* _ 8(R*) _ (R)4
r2R2 ~ r2-4r2  16r*  \2r

Equality holds forA=B =C
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1987. In AABC the following inequality holds:

Ht A+t B)>21_[t AZt 2A+3
(anz anz = anz( anz )

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

A 1, B 1 C r.
We know thattan— = — ,tan— = — ,tan— = — ,and
2 S 2 S 2 S

() (H557) -2 Jang - (Ceann) -
an2 = p , anz—s, an2 an2 =
n(t A+t B)_(Zt A)(Zt At B) Ht A_4R+r r_4R
an2 an2 = an2 an2 an2 anz— p P
A ,A r( (4R +1\* 2r ( (4R +1\*
ZHtan—<Ztan —+3>=2.— ( ) —-24+3)=— ( ) +1
2 2 S S S S

21 (/4R + r\* 4R
We need to show?( p )+1 STor

2Rs?* > r(4R + 1)% + rs?

or using Gerretsen
2R(16Rr — 51%) > r(16R? + 8Rr + 1%) + r(4R? + 4Rr + 31?)
or 12R*r — 22Rr?* — 413 > 0 or 2r(6R + 1)(R — 2r) = O true (Euler)
Equality holds for A=B=C

1988. In AABC the following relationship holds:

EDIEIRD W

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
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We k thtzl—zl—l 1
e know tha h, ra_r()
We need to show
1 1 ¢))
Zhazr—aSZrazh—aon h, SZra
mg=hg,
or Zma < 4R +r

(which is true by Leuenberger inquality)
Equality holds for equilateral triangle

1989.
In any A ABC with p,, pp, Pc — Spieker cevians, n,, n,, n, — Nagel cevians,
the following relationship holds :
2 a’+b? +c2—ab—-bc—ca

na+nb+nc2pa+pb+pc+§. S

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(4BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’'(say)

a?\ [b? at* 1 16r2s?
2 _ - i R 2W2 _ 4 —
Now, 16[DEF] _ZZ<4><4> 216 16(220Lb Za) 16
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a b

rs +o+5 rs r
= DEF| =~ o1 (222 ) =25 r =25 1)
. L. C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(5AFS) = B + 3 = > = 2
B nm A-C
=5~ @

m A-B
=573 andm(zﬁAES):C+E—2 >
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at
A—B
2

r? c2 2r c
G

c B C
2L in b
4sin 2sin 2
r2 >
sm

2sin >

) sin

AS? =

- BT
2
4sm2
rZ +f— 2r (E)sin + +—
4 Zsin% 2 2 B 4

= 2AS? o
4sin? %

2r (b) . A-C
—|sin
. b [\2 2
Zsm2

Now, —) sinA B + 2r (E) sinA —¢
Zsin% 2 2 Zsing 2 2
r C. A-B B A-C
=E(4Rcosism 2 +4RcosEsm )

.A+B _ A-B . A+C  A-C
=Rr<Zsm 2 sin 2 + 2sin 2 sin 2 )

= Rr <1 - Zsinzg+ 1-— 2sin2§— 2 (1 — 2sin? %))
<2a(s —b)(s—c)—b(s—c)(s—a)—c(s —a)(s — b))
= 2Rr
abc
(Za + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)
A_ 2a.2bccosA  PC <(25 — a)sin’ % —a (1 — 2sin’ %))

4(b + c)bcsin? > .
B 8s B 2s

. 2 A
bc <(Zs + a)sin® 2~ a) (2s+a)(s—b)(s—c)
_ P — 2Rr

2r (c

~ 8Rrs

- 2s
2r (c) . A-B 2r (b) . A-C
—)sin - — | sin
2sin (2: 2 2 ZSinlz3 2 2
—2s+a)(s—b)(s— c)
= 23 2Rr

ﬁ_
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A . I'2 n I‘Z I‘Z ( ca 4 ab )

ain, =

® 4sin2g 4sin2% 4\(s—c)(s—a) (s—a)(s—b)
r? ab + ca (% 12 r2

= (ca(s — b) + ab(s — ¢)) = _ore &

2
4r®s 4sin2g asin2 &

2
) _b2+c2+ab+ca 2s+a)(s—b)(s—¢)
(@), (%), (xx) = 2AS? = - s

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
_ b3+ ¢ —abe+a(2b? +2¢% - a?)

a2 @ b3 + ¢ — abc + a(4m?)

4s 4s
q sine | r _ AS _ cAS
Via sine law on A AFS, —C = A_B- —C
2sins sina cos—5— (a + b)sins
2 2 2
S esing O F@tb) o iasinel A AES bsing "2 F@t©)
csina = — - — andvia sine alw on ,1 sinf = AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (=) p (@ +b + a+ c) 4s AS
= = = =
4AS ST PeT 55t a
,viaG)  16s? b3 +c® —abc+ a(4m2)
Pa = (2s +a)?’ 8s
) 2s
2 3, .3 2
o pa = 25+ a)? (b +¢® —abc + a(4ma))

Now, b? + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2¢2 — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)

= 2s(b%? —bc + c?) + a(b? — bc + % + bc — a?)
b 2 _ b— 2

:(Zs+a)(b2—bc+c2)+a<( o) 4( o

a(b+c+2a)(b+c—2a)_a(b—c)2

a’

=(2s+a)(b?—bc+c?)+ 2 2
a2s—a+2a)(b+c—2a) a(b-c)?

=(2s+a)(b?—bc+c?)+ 2 2
4b% + 4c? —4bc+a(b+c—2a) a(b - c)?

= (2s+ a). 1 2
= (2s+ a).
4z+x)?+4(x+y)? -4+ x0)x+y)++2)(Z+x) + (x+y) —2(y+12))
4
_a(b—c)2

(a=y+zb=z+xc=x+y)
4x(x+y+2z)+2x(y+z)+3(y—2z)? alb-c)?
4
3
= (Zs+a)<s(s—a)+z(b—c)z+

= (2s + a).

4
a(s—a)\ a(b—c)?
2 > 4
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- — — )2
=(25+a)<s(s—a)+2(b_c)2+a(s a) _(a+ZS 2s)(b—c¢)

2 4
— )2 _ 2
= (Zs+a)<s(s—a)+(b zc) +a(s2 a)>+s(b2 ©
_ ERY) ERY
~|b% + ¢ — abc + a(4m?) © 2s+a) <(S a);Zs+a)+(b Zc) ) S(bz ©)
. ,  2s (s—a)2s+a)?> @2s+a)b-c)? s(b-c)?
SORCOES i (2s+a)2< > + > +——
= s(s— @)+ (b— 2 (5o )2+ s 1.1
B 2s+a 2s+a 4 4
(b—c)? s 1\2
=s(s—a)- +(b_c)2'(25+a+f)
3 (b—0)?/(4s + a)? 1
S R <(Zs+a)2_ )
5 (49 s(3s+ a)(b — ¢)?
SPa = sls—a)+ (2s+a)?

Again, Stewart’s theorem = b?(s — c¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) —bc(2s — a) = an? + a(s* — s(2s — a) + bc) = s(b? + ¢%) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +

A 4sbc(s—b)(s—c)(s—a
s(2bccos A — 2bc) = as? — 4sbcsin? = = as? — ( ) X )

be(s — a)
, as(c+ta-b)a+b-oc) ) a? - (b—-c)?
= as? — =as? - as| ———

a a
a? —(b—-c)? b — ¢)?
:nﬁzs(s—%):nﬁzs(s—a+( a)>
(oo.o) S
>n: = s(s—a)+a.(b—c)2
o —p, 8Ty L, OO
ow’na pa— (a )4 na—pa 3a
? b—c 2p
23 2 a N2
S n; > p;+ od2 +3a.(b c)
via (eee) and (e

) s ? s3s+a)(b—c)? (b-c)*
2
s(s—a)+a.(b—c) >s(s—a) Zs+ a)? + oa2
2
3‘:: .(b=c)?and ~ (b—c)? >0 - in order to prove this, it suffices to prove :
s s(3s+a)? (b-c)? 2
P (és - a)z > ( 9a2) + 31“ and - (b — ¢)? < a? - in order to prove this,

i+ suffices t s s(3s+a) 1 2 2p, 36s3 +5s?a—4sa® — ad 2 2Pa
f— e — o

1t sutlices toprove : 2s+a)2 9 3a 9a(2s + a)? 3a

via (+++) (3653 + 5s%a — 4sa? — a3)2 ? 4 s(3s+ a)(b — ¢)?
AN > s(s—a) +
81a2(2s + a)* 9a? (2s + a)?
s>a
( 36s® + 5s’a—4sa’? —a® =36s3 +a(s—a)(5s+a) > 36s3 > 0)

+
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and - (b — ¢)? < a? - in order to prove this, it suffices to prove :

(36s% + 5s%a — 4sa? — a3)2 » 4 (S(S —a)(2s+a)? +sa’*(3s + a))
>
81a%2(2s + a)* 9a2(2s + a)?
? S
& 7205 — 21615 — 407t* — 11263 + 6t> + 8t + 1> 0 (t = E)

720t5 + 504t* + 72t3 + 15t2(t— 1) + 9t(t + D(t— 1)\ ?
e (t-1) 2 >0
+E-D(?+t+1)
t t=>51 >(b_c)25;a(b_c)2 d anal
- ct=— -

rue a L T > 35 andanalogs

2 2
=) =) Pazg| )@t ) ab
cyc cyc cyc cyc

2 a’2+b%*+c2—ab—-bc—ca

.'.na+nb+nc2pa+pb+pc+§. S

v A ABC, with equality iff A ABC is equilateral (QED)
1990.

In any A ABC with p,, pp, Pc — Spieker cevians, n,, n,, n, — Nagel cevians,
the following relationship holds :

n,—p, Nnp—Pp nc—pc>a2+b2+c2—ab—bc—ca
h, hy h, - 3F

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

B

Let AS produced meet BC at X and m(4BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r’'(say)

a?\ [b? at* 1 16r2s?
2 _ - i R 2W2 _ 4 —
Now, 16[DEF] —ZZ<4><4> 216 16(22“" Za) 16
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a b
= [DEF] rS=>’—2+2+2 Bor=Isa
= — = — = —
2 " 2 2 1)
. L. C 2B+C B+m—A
- Spieker center is incenter of A DEF, .. m(5AFS) = B + 3 = > = 2
m A-C
5= @

M _AB o ndm(AES) = C+
ST T andmiEAR) =Lro=o T
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at
r? c2 2r (c) A—-B
— sin
4sin? 5 C 2sin 2 2

DeinC

2

r2 >
sm

B

i 2D
4sin 2 2s1n2
2 bZ

r? c? 2r c\ .
+ 2 —C (E) sm > + BT 1
Zsmi 2

AS? =

= 2AS? o
4sin? %

2r (b) . A-C
— | sin

. Db [\2 2
Zsm2

2r (c) . A—B+ 2r (b) . A-C
—)sin —|sin

Zsin% 2 2 Zsin% 2 2

r C. A-B B A-C

= E (4Rcosi sin + 4Rcos E sin )
_R (2_ A+B A—B+2_ A+C . A—C)
= Rr|( 2sin 2 sin 2 sin > sin >

B C
_ s 2 02 02
= Rr <1 — 2sin —2 + 1 — 2sin 2 2 (1 2sin 2))

<2a(s —b)(s—c)—b(s—c)(s—a)—c(s —a)(s — b))
= 2Rr
abc

(Za + (b + c)a? — 2a(b? + c?) — (b + ¢)(b — ¢)?)

A A
_ in2 2 _ _ in2 2
4(b + c)bcsin? % _2a.2bccosA  P€ <(25 a)sin 2 2 (1 2sin 2))
B 8s B 2s
be| (2s + a)sin? A_,
2 (2s+a)(s—b)(s—c¢)
= — 2Rr
2s
-B 2r (b) .
— —)sin
2 Zsinlz3 2

Now,

~ 8Rrs

- 2s
2r (g) sinA

—2s+a)(s—b)(s— c)
= 2Rr
2s

A-C
2

:>_
. C
2sin 2
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A . I'2 n I‘Z I‘Z ( ca 4 ab )

ain, =

® 4sin2g 4sin2% 4\(s—c)(s—a) (s—a)(s—b)
r? ab + ca (% 12 r2

= (ca(s — b) + ab(s — ¢)) = _ore &

2
4r®s 4sin2g asin2 &

2
) _b2+c2+ab+ca 2s+a)(s—b)(s—¢)
(@), (%), (xx) = 2AS? = - s

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
_ b3+ ¢ —abe+a(2b? +2¢% - a?)

a2 @ b3 + ¢ — abc + a(4m?)

4s 4s
q sine | r _ AS _ cAS
Via sine law on A AFS, —C = A_B- —C
2sins sina cos—5— (a + b)sins
2 2 2
S esing O F@tb) o iasinel A AES bsing "2 F@t©)
csina = — - — andvia sine alw on ,1 sinf = AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (=) p (@ +b + a+ c) 4s AS
= = = =
4AS ST PeT 55t a
,viaG)  16s? b3 +c® —abc+ a(4m2)
Pa = (2s +a)?’ 8s
) 2s
2 3, .3 2
o pa = 25+ a)? (b +¢® —abc + a(4ma))

Now, b? + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2¢2 — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)

= 2s(b%? —bc + c?) + a(b? — bc + % + bc — a?)
b 2 _ b— 2

:(Zs+a)(b2—bc+c2)+a<( o) 4( o

a(b+c+2a)(b+c—2a)_a(b—c)2

a’

=(2s+a)(b?—bc+c?)+ 2 2
a2s—a+2a)(b+c—2a) a(b-c)?

=(2s+a)(b?—bc+c?)+ 2 2
4b% + 4c? —4bc+a(b+c—2a) a(b - c)?

= (2s+ a). 1 2
= (2s+ a).
4z+x)?+4(x+y)? -4+ x0)x+y)++2)(Z+x) + (x+y) —2(y+12))
4
_a(b—c)2

(a=y+zb=z+xc=x+y)
4x(x+y+2z)+2x(y+z)+3(y—2z)? alb-c)?
4
3
= (Zs+a)<s(s—a)+z(b—c)z+

= (2s + a).

4
a(s—a)\ a(b—c)?
2 > 4
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- — — )2
=(Zs+a)<s(s_a)+%(b_c)2+a(s a) _(a+ZS 2s)(b—c¢)

2 4
— )2 _ 2
= (Zs+a)<s(s—a)+(b zc) +a(s2 a)>+s(b2 ©
_ ERY) ERY
~|b% + ¢ — abc + a(4m?) © 2s+a) <(S a);Zs+a)+(b Zc) ) S(bz ©)
. ,  2s (s—a)2s+a)?> @2s+a)b-c)? s(b-c)?
SORCOES i (2s+a)2< > + > +——
= s(s— @)+ (b— 2 (5o )2+ s 1.1
B 2s+a 2s+a 4 4
(b—c)? s 1\2
=s(s—a)- +(b_c)2'(25+a+f)
3 (b—0)?/(4s + a)? 1
= sG-a)+ g <(Zs+a)2_ )
5 (49 s(3s+ a)(b — ¢)?
SPa = sls—a)+ (2s+a)?

Again, Stewart’s theorem = b?(s — c¢) + c?(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) —bc(2s — a) = an? + a(s* — s(2s — a) + bc) = s(b? + ¢%) — 2sbc
= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +

A 4sbc(s—b)(s—c)(s—a
s(2bccos A — 2bc) = as? — 4sbcsin? = = as? — ( ) X )

be(s — a)
, as(c+ta-b)a+b-oc) ) a? - (b—-c)?
= as? — =as? - as| ———

a a
a? —(b—-c)? b — ¢)?
:nﬁzs(s—%)ﬁnﬁzs(s—a+( a)>
(oo.o) S
>n: = s(s—a)+a.(b—c)2
o —p, 8Ty L, OO
ow’na pa— (a )4 na—pa 3a
? b—c 2p
23 2 a N2
S n; > p;+ od2 +3a.(b c)
via (eee) and (e

) s ? s3s+a)(b—c)? (b-c)*
2
s(s—a)+a.(b—c) >s(s—a) Zs+ a)? + oa2
2
3‘:: .(b=c)?and ~ (b—c)? >0 - in order to prove this, it suffices to prove :
s s(3s+a)? (b-c)? 2
P (és - a)z > ( 9a2) + BI:: and - (b — ¢)? < a? - in order to prove this,

i+ suffices t s s(3s+a) 1 2 2p, 36s3 +5s?a—4sa® — ad 2 2Pa
f— e — o

1t sutlices toprove : 2s+a)2 9 3a 9a(2s + a)? 3a

via (+++) (3653 + 5s%a — 4sa? — a3)2 ? 4 s(3s+ a)(b — ¢)?
o > s(s—a) +
81a2(2s + a)* 9a? (2s + a)?
s>a
( 36s® + 5s’a—4sa’? —a® =36s3 +a(s—a)(5s+a) > 36s3 > 0)

+
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and = (b — ¢)? < a? - in order to prove this, it suffices to prove :

(36s% + 5s%a — 4sa? — a3)2 » 4 (S(S —a)(2s+a)? +sa’*(3s + a))
>
81a%2(2s + a)* 9a2(2s + a)?
? S
& 7205 — 21615 — 407t* — 11263 + 6t> + 8t + 1> 0 (t = E)

720t° + 504t* + 723 + 15t2(t— 1) + 9t(t + 1)(t— 1)\ 2
e (t-1) 2 >0
+t-1D(2+t+1)
S (b— C)Z Ny — Pa (b— C)Z (b— C)Z
—>true-t—a>1..na—pa2 3a = h, Zsaer— oF
b —c)?
and analogs:z —Pa z( ) = SF Za —Zab
cyc cyc cyc cyc
—p,,t_l_nb—pb_l_nc—pc L8 2+b% +c2—ab—bc—ca
h, hy, h, 3F

v A ABC, with equality iff A ABC is equilateral (QED)

1991. In AABC the following relationship holds:

c 41
a+b

_|_
b+ c c+a

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

We know that in AABC,b+c>aor2(b+c)>a+b+cor
1
b+c>§(a+b+c)

1 1
similarly,(a + b) >—(a+b+c) andc+a>i(a+b+c)

> ey X6
b+c 1(a+b+c) a+b+c

a b C CBS 32 a @
\]b+c+ c+a+\]a+b < \ b+c '

We need to show

41 22
V6 < — or5\/3<4><7 or,35\/g<88or,

5
squaring
1225 %X 6 < 88 x 88 01,7350 < 7744 (True)
a a a
N <b <1
ow a +c,sob+c ,we can say b+c>b+c
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, a b , c a b C Nesbitt 3
> > =
b+c+ c+a+ a+b b+c+c+a+a+b 2

1992. In AABC the following relationship holds:
1 1 1
(a+b+c) ( + + ) > 33

Tgt+tTp, Tpt+7r, T.+T,

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

A
According to the known formula : |r, =71. tanE
. A+ B Cc
A B sin—, cosy
ra+rb—r(tani+tan5>—r. a E—r. A B
cos» . CoOs» Cos» . COS>
2 C
_ r.cos*5
A B 4
C0S» . COS— .COS>
1
Then Z
ra+rb
cyc
1 A B C( 1 )
=—.C0S— . COS— .COS—
r 2 2 2 T coszg
L () ot -
cyc
A B _C P A
Cos% . €0S5 .cOSa=7=|(true) , |Ycyctan?s=1|(true)
! (P> 3+Zt AT S — 17 3+1)
- \ar) ( an”3) = r 4R’
cyc
_ P
" Rr
R,,:aibc
(@+b+c) Z 1 L, P _,. 2atbto 1ol gp?
. - Ta+1y P gr =P abc B abc
cyc
3
2p)® _ (3Vabc)
abc abc

Equality holds iff a=b=c
1993. In AABC the following relationship holds:
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a b C
+ +
(sinB + sinC)? (sinC + sinA)? (sinA + sinB)

> > V3R

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan
a 2RsinA B 4Rsin%. cos% B

. . 2 = — — -
(sinB + sinC) B+cC . cos? B 5 ¢ 40052% .cos? B > ¢

4sin?

R. tan% A B-C
———=_>R. tan— (Because cos? < 1)
cos? B_C 2 2

A

S0 —— = >R. tan—

° (sinB + sinC)? — a3
Analogously:

C
———— S =2R.tan-; —/—— = =R .tan
(sinC + sinA)? a3 (sinA + sinB)? a3

Let's summarize the results :
a + b + >R (t A+t B+t C)>\/§R
(sinB + sinC)? " (sinC + sinA)? ' (sinA + sinB)z = "\'4tg Ttang Tany )=

A B C
(tanE + tang + tanE> > /3| (true)

But

Equality holds iff a=b=c
1994. If n € N then in AABC the following relationship holds:
a" b" c"

n
+ + >2M2 . 32 .
sin?A  sin?B ' sin?C

Proposed by Zaza Mzhavanadze-Georgia
Solution by Mirsadix Muzefferov-Azerbaijan

a b" et A (abc)™
——t ==t T3 2 ; - 7 =
sin“A  sin“B sin“C (sinA .sinB . sinC)
Euler Mitrinovic 3
~” =
abc = 4RS > 23.32.13

3n
(abco)™ > 23" .32 .r3*|(1)

) . 1 @
S3.2n.37. 4. S
— 7 77 7 |(sinA. sinB. sinC)%? —

S 3V3R?
inA . sinB . sinC = — <
sinA. sinB . sinC 2R (2)|S< I 3)
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3V3
From (2) and (3) we have [sinA. sinB. sinC < 5 4

3 2n % 2 — 2n+2 3%
' (3\/_ )

V3

1995. In A ABC ,prove that theperimeter can
be represented by 3 following sums:

zngz(rc+r) =Z(a+b)cosC

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

Z(a+b)cosC= (a+b)cosC+ (b+c)cosA+ (c+a)cosB =
=Z(bcosC+ccosB) :zaZZS (4)

r rs+s—c r(2s—c
re+r=——+r= ( ) ( )

s—c —c s—c
o F N F F(Zs—a b) cF
TaTle =5 a s5—b " G-—a)(s-b) GG-a)s—b)
_F _r(s—s+c)_ cr ro+T, cF s—c (s—o)s
Tem = e "™ 5—¢ “s—c' ' ro—-r (s—a)(s—b) cr (s—a)(s—b)

(s —c)?*s _(5-0% (s—0? |rg+r, s-c
“G-aG-o@-b sz 1 ' |r.-r r

ro+r, r(2s—c) s—c
(re+r) |—= b - . =2s—cand
Te—T s—c T

%Z(rc +71) /1:0;_1:=%Z 2s—c¢ =%.(4s) =2s (B)

(Reference: Bogdan Fustei,Mohamed Amine Ben Ajiba about NAGEL cevians)

(b—c)* sr? (b —¢)? sr2(s —b)(s —¢)
e A Py | Sy s b
— )2 2(c — _ _ 2
=s(s—a)+(b 4C) +sr (s sz)(s C)=s(s—a)+(b 2 +(—b)(s—c)

107 RMM-GEOMETRY MARATHON 1901-2000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
b — 2 b _ 2
zs(s_a)+(5—b)(s—c)+( 46) =2s2—s(a+b+c)+bc+( 40) =

(b — c)2 + 4bc (b + (:)2

2 2 and

Z /ma+rra—2——a+b+c—25 (©
from (4),(B), (C) we get Z ’mﬁ +7rri = EZ(rc +7) ’% = Z(a + b) cosC

1996. In AABC the following relationships holds:

asinA Z r2 Z a(cosB + cosC) Z 1 Z
= = sin sin? -
2(r, +1.) 2 + 52 2(b+c¢) -2 Ty,

Proposed by Dang Ngoc Minh-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan
, B
a SinA .€0S 5 . COS»

asinA asinA _a sinA _ _
2(rp+71) B ¢\ 25’ B _Cy 25’ 4 -
¢ 28 (tan2 + tanz) sin (2 + 2) cosy
cosE ¢
> - COS5
. A A B
a Zsmf . €055.€055 . COS7  a 2 A S _2RsinA . A
28 A “2s “MM2arT T ar T2
cos»
. A A
Zsmf . €COS5 A A
= 5 tanz = sinzi
- ‘ asinA z ,4 1
erefore : 20, £ 1) sin? (D)
cyc cyc
r2 s*tan® 5 tan?5 tan? é
a 2 2 2 _ .27
2 s A, ., . LA, .1 ~—Smy
a s’tan’5 +s?  tan’3+1 —
cos’=
2
r2 A
S0t ) =) sinty @

cyc cyc
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a(cosB + cosC) 3 2RsinA(cosB + cosC) B

2(b + ) "~ 2.2R(sinB + sinC)
, B+C B—-C
SinA. 2cos—— . c0Os—— B+ C
= ~B+rC __B—C _gzSmAdctg——=
2. 2sin 7 - C0S—
A1 A A A_ A
—zsm . anz—2 sm2 cosz.anz—sm2
So : Za(cosB+cosC) , A 3
o 2(b +¢) sin"5 ()
cyc cyc
1
2
1 rr, 1 r.S. tan% 1 (r tanz';l )1
—sinA = —sinA = —sinA(- . 2 =
2 ryr. 2 B [4 2 S A B C
¢ S. tanZ.S. tlan2 tanz.tanz.tan2
A\2
1.Artan27 —1'At A_-ZA
2sm 5 g —Zsm . an2 = sin >

1 .
Also : EZsmA o Zsm 7 (4) (Proved)

cyc cyc

1997. For non-right triangle ABC the following relationship holds:

L]

cyc

6sin22A_zcosA+cosB_ Z Tg—T 1
— hZz 21, B (rg+rp)rg+r.)] R
cyc

cyc

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

4qa? a? a?
Sin2 2A = 4sin2A (1 - Sin2 A) = m 1-—- W = W(‘I-RZ - az) and
b2 2 c2
2 2 _ 2 _ 2 2
C—ha—C—4R2—W(4R —b)
az

1—[ 6 sm2 2A 1—[ 6|ggs 4R* —a®) 1—[6\/ az(4R?% — a?) 1—[ azb2cz 1
2 - 2,2 2 _ p2 R6a2h2¢2 R
cyc cyc —4322 (4—R2 - bZ) cyc R%c (4R b ) R°a®b%c R
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A+ B A-—B A+ B A—B
ZCOSA+COSB chos 57— C0S— 122cos 57— C0S—
cyc 21, 2stan% 2s ZStang
5 sinC cos A= B 2 cosCcos A= B
=lz sinz cos = =Z CoS5 COS— _
2s Zstan% 2s
_1ZZ_A+B A—B_lz 'A+'B—2 s 1
=29 sin——cos—; =23 (sin sin )_Zs'R_R
s ar
—_— = —1 =
Ta™T r(s—a ) s—a
N —F( 1 N 1) F(2s—a-—>b) Fc 4
Ta T =X \s_a " s—b (s—a)(s—b) (s—a)(s—b)an
bF
Te+7T:.= ,using above result we get
(s—a)(s o g g
T, ar a’r a?

(ry + rb)(ra +r.) ~bcs  abcs  4Rs?

Ta—T ’ a \2 %(a+b+c)2 1
; (ro+ry)(ry+r.) :(225\/?) - 452 R

1998. In AABC the following relationship holds:

Z Ra8 >4F
r,+r. 3

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India
Euler R
Z(r,, +r,) = ZZra —2(4R+71) < 2<4R+E) —9R (1)

(Zr +1‘> Z(Tb+rc) (1+1+1)6 Oger (a+b+c)® = (25)% = 28s®
b

a8 ) 28S8 (1) 28 8 <2>8 8
Ra®
rb + r.

(2) 4 38 s Mltrmovlc 4s A4F
= > — 3\/_ 3r=—-=—
\/§ V3

Equallty holds for a=b=c

rb +1.) Z (G +7.))3° ~ 36.9R @
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1999. In any A ABC, the following relationship holds :

2+ z C(rr lrrb) - 161_[(1 * rb)

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-KoIkata-lndia

c(r + rb) 16 I,
2

3
_2+Z s(s—c¢) 1—[4Rcos _2+z s—c 7 64R°. 16R2
rs s(s 16’ abc

rs?
e g ab cyc cyc

N s(s? + 4Rr +r?) 3 7R s24+r?2 7R s?+4r?— 7R? Gerretsen

3" _ - = <
4Rrs 4r 4Rr 4r 4Rr -
- 4R?> + 4Rr+3r>+r? —7R> 3R’ —4Rr-4r>  (R-2r)(3R+ 2r) Euler 0
B 4Rr B 4Rr B 4Rr -
2+ e =rel (1)
r.(r, + rb) 16
v A ABC,” =" iff A ABC is equilateral (QED)

2000. In AABC the following relationship holds:

3 e )= o e

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

on AM_GM . 2 AMZOM
n J—
(e gm) " e a2

63/(abo?r =" 6 <(%)3>3 =6 (%)
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Equality holds fora=b =c

It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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