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1401.If a,b € R, ab(a® + 64)(b® + 64) > 4400194256896 then:
a’ + b% > 128
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Let us assume : a? + b? < 128 and then :
128 > a? + b? > 2ab = ab < 64 - (1)

We have :
4400194256896 < ab(a® + 64)(b® + 64) = ab(a®b® + 64(a® + b®) + 642)

assumption
and
+ —3a?b?(a?+b?) < —6a3b3

= ab (a6b6 + 64 ((a2 + b?)3 — 3a?b?(a? + bz)) + 642) <

4400194256896
616 3 _ 313 2 . >
ab(a®b® + 64(128° — 6a’b?) + 642) ( ab = (ab + 64)(b® + 64) g 0)

~t7 4+ 64.128%t — 384t* + 642t > 4400194256896 (t = ab)
= t7 — 384t* + 134221824t — 4400194256896 > 0

6 5 4 3 2
= (t— 64) (t + 64t> + 4096t™ + 261760t° + 16752640t

) >0=>t>064
+1072168960t + 68753035264

( t = ab > 0) which is a contradiction to (1) .. our assumption is incorrect

and hence we conclude that : a? + b? > 128,” =" iff a = b = 8 (QED)

1402. If a,b > 0 then:

a’ + b> 8Vab
+ =
ab a+b
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

AM—-GM m= a+b ,ab=u?

a+b = 2Vaborm = 2u (1)

3 RMM-INEQUALITIES MARATHON 1401-1500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
a? + b? BV
= 6o0r
ab a+b

(a+ b)? —2ab BV
ab a+b_

(a + b)? 8Vab
-2+ > 6
ab a+b

> 6 or

(a+ b)2 8Vab
or >
ab a +b

> 8 or

m? 8m
—+;>8(m—a+b ab = u?)

w2
or m® — 8mu? + 8u® = 0 or

(m — 2u)(m? — 4u? + 2mu) > 0 true (as m > 2u)

Equality fora=b=1
1403. If a, b, c > 0 then:

(3+b3+ 3)(1_|_1_|_1) <b+c+c+a+a+b)
a ¢ b3 2\ a b c

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

2<;_§+g_:>_3<;+;>+z:
~2((E+2) s 2(Z42)
“2(5+) - (E ) -3+ 42

we have to show (a® + b3 + ¢3) (

, 3
Z
3+a3+a3+b3+b3+ 3+ >3(b+
or b3 3 a3 3 a ~2\a
b

a> a® b* b & B b
or2 3+ﬁ+g+$+g+$+ﬁ —3(—+
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a3 a3 b3 3

c a a
or 6+2F+2—+2—+2—+2—+2—> + )20
a® b3 a b a3
or| 2 F-I-? _3<B+_)+2 +12 C_3+E
2 b3 ¢ -3 b, c 2 (;)0
+ s (E+E)+ =
2(a+b>3 9<a+b)+2 + 2(
or b a b a
b o} b ¢
+H(2(3+3) —o(C+z)+2)z0@
c a c b
a b) AM-GM a ¢\ AM-GM 5

Letp=<—+a = 2,q=(—+—) =

b c a

From 2)weget (2p3 —9p+2)+(2¢3-99+2)+ 2r3—-9r+2)>0
or
P-2)2p*+4p-1)+(@q@-2)2¢* +4q—-1)+ (T —-2)2r*+4r—1) > 0 true (asp,q, 7 = 2)

Equality holds fora=b =c
1404.If a,b,c > 0 and a + b + ¢ = 3, then prove that :

a N b N C >5
b*+16 c¢*+16 a*+16 32

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

a b c 5 a(16 + b* — b4) 5
+ + =z —. E =5
b*+16 c¢*+16 a*+16 32 16 b* + 16 32
cyc
atb+c=3 6 5 1 ab* ab* 1
& ———

N2 NP -
32 3216 Z.b*+ 16 piri~2 " W
cyc cyc

WLOG we may assumeb >2andthen: 0<c+a<1(va+b+c=3)
=>0<ca<1-()

N Z ab* 1 (3 —b—c)b* N bc* N cat - 1
Wbt +16-2" bitt16 116 a*+16-2
cyc
(3 —b)b* bc* at b4 1
+ +c - Sy
b*+16 c*+16 a*+16 b*+ 16 2
(3 —b)b* bc* c(16a* — b%) 15b*c

N =

— <
bt +16 " +16  (a*+16)(b?+16) (a*+16)(b* +16)

5 RMM-INEQUALITIES MARATHON 1401-1500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(3 —b)b* c(16a* — b*) c3 15b3 |1
S + + bc - <5
b*+16 (a*+ 16)(b*+ 16) ct+16 (a*+16)(b*+16) 2
(3 — b)b* , —b3(b5 + 80b — 192)
LetF(b) = m Vb € [2,3] and then: F'(b) = (b* 1 16)2
_ —b%*(b* + 2b* + 4b” + 8b + 96) — 0iffb =2 and F"(b) = 5< 0
- (b* + 16)? —omb=2aan ~ 72
.. F(b) attains a maxima atb = 2 and
1 [3-bb*®1
i ini i < = <=
F(b) never attains a minima in [2, 3] .- F(b) < F(2) > = b T 16 =2
b
Now,via (i),a <1 < 2> 16a*—b*<0and - c>0
c(16a*-b*) (9
g <0
(a* +16)(b* + 16)
_ t3 oy (48—t
Again, let f(t) = 116 Vb €[0,3] and then: f'(t) = 162 - 0 iff

t=2V3.f')=0vte[0,2.V3]andf'() <OVte[2.V33]
= f(t)is T on [0,2. %] and is | on [2. V3, 3] ~Vvte[0,1],f(t) <f(1) and

¢ [®» 13 1
"'()S°S1"'c4+1es14+16=1_Z)3 )
. 4 . 4

Also,f(b) is Ton [2,2.V3] and is | on [2.V3,3] and b 116 - =1 and
b3 271 3 [69]1
b T 16 - =97 > 1 and hence, we conclude thatVv b € [2’3]’b4+—16 > 2
(), (xx)and0<a<1> ¢’ - 15b° <i_1_5_1:_2
’ - ct+16 (a*+16)(b*+16) " 17 174 68

<0and~bc=>0 - bc( ¢ — 15b° ) (2) 0
- ct*+16 (a*+16)(b*+16)) —

a b C 5

s~ (o) + (00) + (e00) > (m) = (1) is true - b4+16+c4+16+a4+162§
Va,b,c20|a+b+c= 3, =" iff(b=2,c=0a=1)or(c=2,a=0b=1)

or(a=2,b=0,c=1) (QED)
1405.
Let {x,y, z} be positive real numbers such that : x* + y? + z% = 3.
Prove that : ! ! <1

- + <
4—-—x 4-y 4-—-1z
Proposed by Shirvan Tahirov-Azerbaijan
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Solution by Soumava Chakraborty-Kolkata-India
4—x4-y,4-2>24-V3>0=> (4—x)(4—y)(4—z) >0
1 4 1 4 1
) 4—x 4-y 4- z

< 48 — 82x+2xy<64 16Zx+42xy XyZ

cyc cyc cyc cyc

x2+y?+22 =3 16
@Sny+16282x+xyz & 32xy+?. sz >

cyc cyc

cyc cyc

L xyz V3 B(chc x)(Zeye x?) + 3xyz

cyc cyc ’chc x2 ’ 3 chc x2
2
! Z +16 ! 8 21+3
S DD >r)(2 ) o
32cycx2

9 cyc cyc cyc cyc
Assigningy+z=a,z+x=b,x+y=c=>a+b-c=2z>0,b+c—a=2x
>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b=ab,cformsides
of a triangle with semiperimeter, circumradius and inradius = s,R, r (say)

(D
yieldingZszZazZs::»Zx=s:>x=s—a,y=s—b,z:s—c

cyc cyc cyc
2
= xyz = r%s and via such substitutions,z Xy = Z(s —a)(s —b) = 4Rr + r?
cyc cyc
2
3 2 2 2 2
:>ny = 4Rr +r :»Zx = Zx —Znyzs — 2(4Rr +r%)
cyc cyc cyc

cyc
@
= Z x2 2 s2 _8Rr—2r? - (1),(2),(3), (4) =
cyc
2
(+) & (s — 8Rr — 2r2) (16(s2 — 8Rr — 2r%) + 9(4Rr + rz))

> 3(8s(s? — 8Rr — 2r?) + 3r?s)?

& 32s% — (960Rr + 312r?)s* + r2s2(9864R? + 5508Rr + 747r?%)
(**)

—r3(33856R3 + 25392R?r + 6348Rr? + 529r3) | > |0

Gerretsen
and - (s? —16Rr + 5r?)3 > 0 - in order to prove (x*),

it suffices to prove : LHS of () > 32(s? — 16Rr + 5r?)3

& (576R — 792r)s* — r(14712R? — 20868Rr + 1653r2)s? +
(***)

r2(97216R3 — 148272R?*r + 32052Rr? — 4529r3)| > |0

RMM-INEQUALITIES MARATHON 1401-1500
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Gerretsen

and - (576R — 792r)(s? — 16Rr + 5r?)> > 0 - in order to prove (xxx),
it suffices to prove : LHS of (x*x) > (576R — 792r)(s?> — 16Rr + 5r?)?

(****)
& (3720R? — 10236Rr + 6267r%)s?| >

r(50240R3 — 146640R?r + 109068Rr? — 15271r3)
Euler
Now,3720R? — 10236Rr + 6267r% = (R — 2r)(3720R — 2796r) + 675r%2 >

Gerretsen

675r2 > 0 - LHS of (***+) > (3720R? —10236Rr + 6267r2)(16Rr — 5r2)
> r(50240R3 — 146640R?r + 109068Rr? — 15271r3)
? R
& 1160t3 — 4467t% + 5298t — 2008 > 0 (t = ;)

Euler
& (t—2)((t—2)(1160t + 173) + 1350) S0otruevt > 2
1 1 1
= (x¥*x%) > (xxx) > (x*) > (%) is true - + + <1
4—x 4-y 4-1z

Vxyz>0|x2+y2+22=3"=" iffx=y=2z=1(QED)

1406. If x,y,z > 0,x% + y? + z% = 3 then:

1_|_1_|_1<1
4—x 4-y 4-—z

Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Hikmat Mammadov-Azerbaijan
x’+y*+22=3
x = V/3sinfcosa
— We set: {y =+/3sinfcosa — 0,
z= \/?COSB

1
o« €ER - Then: S—4_x+ 4—y+ et

1 1 1
= + +
4 — \/3sinfcosa 4 —\/3sinBcosa 4 —\/3cosO

Note : 0 has nothing to do with o.
Hence we adjust for Local Maximum value as treating 0, a constant.

s(a) A N A L CoS (@) =4 sina cosa
- = - =A. —
% =B _cosa " B sina « (B — cosa)? (B — sina)?
T
Let : S'(a) = 0,clearly we have sina = cosa,we take o = 45° = 1
H S(@)< S (n) ! + ! + 1
— Hence:S(a —) = =
=53 —
4— ‘/Z—Esine 4— \/Z—Esine 4 —/3cos6

8 RMM-INEQUALITIES MARATHON 1401-1500
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4 1
= +
8 —/3sin@ 4 —+/3cos6
V3sin@ 4/6cos06
Use the same trick to 0 —» S'(0) = — -
(4 v3cos0)? (8 —/65in0)?2
Let: () =0 : sin@ =— and cos@ = —
\/1_ \1/?7
— Hence:S =S(a) <5(0) < + 2. =1
V6 2 4 —+/3 1
4 - .
2 /6 V3
1 1 1
Therefore : + + <1 - proved.

4—x 4-y 4-—z
Solution 2 by Pham Duc Nam-Vietnam
P=x+y+z q=xy+Yyz+zx, r=xyz

p’ -3
x*+y*+z22=3-> p?>-2q=3->q= 5
And we also have: (x +y+2)><3(x*+y>+22)=3.3=9p<3
1 1 1

<1
4—x+ 4—y+ 44—z -

4-y@d-2+@-04-2+@-0V@-y)<@-0@4-y)d-2) -
8(x+y+2z)—-3(xy+yz+zx)+xyz—16<0 -8p—-3q+r—16<0

By pqr transformation we have : r < 27 p3 -

1
8p—3q+r—-16<8p — 3q+ﬁp —16
p*-3 pP-3 1 . —
-8p—-3q+r—16 <8p-3. > +ﬁp —16 =

Now,replace q =

1
g P —3*2p-69)<0
This is true since(p—3)?=0and p<3-2p—-69<0
Equality holds iff x=y=z=1.
Solution 3 by Le Thu-Vietnam

By tangent line method, we claim that :
? ?
- -~ 18
= < ! — = — < — — — 2
@) WA DE-D=4-x> ——2 7= <->2-DE-1
>0

Which is true v x € (0,V3 < 2).

1 x? 45 2x=3
: < )
x,yandz >0 24_x_2( 3 ) 1
Equality holds iff x=y=z=1.

9 RMM-INEQUALITIES MARATHON 1401-1500
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1407. If a,b,c > 0 and abc = 1, then prove that :

c(b+¢) a(c + a) b(a + b)

.

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

Leta = x*,b =y%,c=z? (x,y,z > 0) and then :

cb+c) a(c+a) bla+b) z2(y?*+z%) x*(z%+x?) y?*(x?+y?)

FEEERE R

xyz=1 Z(y2 + z2) + x(z% + x?) n Y(xz + y2) Cgs
~ zx +y? xy + z? yz + x?

z(y? + z2 x(z?% + x? x2 + y2 A-G
(y ) N ( ) y( y9) 2% 3957 = 3
VY2 +z2.\x2 +y2  Vz? +x2.\Jy? +22  \[x% +y2.Vz? + «?

.c(b+c) a(c+ a) b(a+b)

FEEE R

=" iffa=b =c=1(QED)

BVabc>0|abc 1,

N
1408. If x +y > 0,x —y > Oand\/ Xy +\/("Ty) =27,
then prove that: x > 9
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
3

x+y x—y

=27

x+ty [x=y\[x+y x—-y [x2-y?|
:><I2+\]2><z+z x|~

10 | RMM-INEQUALITIES MARATHON 1401-1500
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x+ty x-y ’xz—y2 x2—y?\
= > + > + 2 e 2 =27

x2 — y2
>vVvx+2m(x—m)=27-(1) ( m = i

_x+yy X —y\3 A-G
Now,27—\j< > ) +\[( > ) >

9
5>5m<—<9=29-—-m>0- (2
Vi (2)
Now,we assume x < 9and then: Vx +2m.(x —m) < Vx +2m. (9 — m)

via (1)

<Vv9+2m.(9-m) (v 9—m > 0via(2)) = 27(2\/9+2m.(9—m)
9
Letf(m) =v9+2m.(9—m)VmE€ [Oﬁ]

+y>0 >0 =Y. 0 and then : f (m) = ——m
X U, X—-yV= m= = an en: m)=——
y y 4 V9 +2m

<0VmE [O%] = f(m)is | on [0%] ~ f(m) < f(0) =27

= V9 +2m. (9 — m) < 27|which is a contradiction to (*)
= our assumption is incorrect . x > 9 (QED)

1409.
If x,y > 0and x +y < 1, then prove that :

X y ) 4
+ > 25 — =
(xz +1 y2+1 5

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

42+1 42+1+1+1+1A;G
x2+—= |4x
x2 4x%  4x2  4x?  4xZz —

sf 11 1 1 ,. 1 V5 /(1 o
5. 4x'4x2'4x2'4x2'4x2:> 4x +F2;. g and similarly,

11 | RMM-INEQUALITIES MARATHON 1401-1500
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,, 1 V51 , . 1 ,. 1 V5 (1 1
4y +?2—§. 3 ~ |4x +F+ 4y +FZ—§. —§'|'—§
25 \y5 25 \x5 y5
Jensen 2\/5/ 1 \ 1 24
> 3 A 3 |< f() =5 vt €(0,1)isconvexasf’(t) = 13>0>
25 (x+y)§ t5 25t5
2
via(l)z\/g/ 1 \
> .| —|=2V5- /x2+—+ /4y +—>2\/_—>(1)
25 \(1 /
2
8
Asgi x A;G x x <2§ 3
= —_ 5
sy 1 T o_s[,1 11:>x2+1_5 (x)

1

)

d similarly —Y <25(§>, x Y
an Slmlal‘y,yz_l_l_s.y R n

x2+1 y2+1
8 3
25 /x+Yy\5 3 6
2.—.( y) ~Ft)=t5vt € (0,1) is concave as F''(t) = — <0

5 2 7
5 25t5

25 1 5 4 X y 4

= > ——

x2 +1 y2 + 1) 5 @

y ) 4
2 4 24 —
A+ @2)= /4x ++ /4y + x2+1 T 22V5-¢,

"="iffx=y= E (QED)
1410.If 0 < x <y <z < 4 and xyz = 1, then prove that :

1 N 1 N 1 _
Vi+x2 J1+y2 VJ1i+z

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
1 1 1

+ + =
Vi+ar J1+y2 VJi+z
1 1 1 1 1

= + + + +
2V1+x2 2V1+4+x2 2\/1+y2 2\1+y? V1+z

12 RMM-INEQUALITIES MARATHON 1401-1500
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CBS 1 1 1 1 1 >
< <
\/_\/4(1+ 2)+4(1+x2)+4(1+y2)+4(1+y2)+1+z_\/§
(1+z)(1+y2)+ 1+2A+x®)+20+x)A +y?) 2

<le
2(1+x2)(1+y2)(1+z)
) ? Z_E x% +y?
2x%y?z+z(x? +y?)—x?—-y?-22>0 © 2zxy+

—(x2+y)—-2>0
& 2x2y2 + a2 +y2 —xy(x? +y?) —2xy > 0
e (x% +y? —ny) —xy(x? +y2 —2xy) >0

? xy——

o @-y1-2)20 o (x— y)2(1—1)>0=>(z—1)(x Y220

Struevz>x,y>z’>xy=>z3>xyz=1=2z2-1>0

1 1 1
+ + <Vs5for0<x<y<z<4Axyz=1,
Vi+xz J1+y?2 V1i+z
ith equality iff d—2 ! ! ( 1 1)
with equality iff x = y an = = = — =
anany YO it itz J 1 xy x?
1+
1 1 1
ﬂx:y:—ﬂz: y—E

=4." =" iff (x = Z = 4) (QED)

@

1411.If a,.b > 0,ab = 1 and A > 0, then :

(a? + bz)(a+b+x)+ a4 >4(A+1)
aZ+b2~

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Z + b2 a+b
LetQ = > and A = > and then :

(a2+b2)(a+b+l)+ibz_4(x+ 1) @2Q2(2A+)L)+(2;L 4A+1)

© 2A+0)Q*-2A+1Q%+ A 2 0
Now, LHS of () is a quadratic polynomial in Q% with discriminant A=
4A+1)2 —402A+ 1) =4(A* + 20+ 1—2AL—22) ~ A=4(1-2MA - 1))
Now, if 2A(A — 1) > 1,then : A< 0 and then : LHS of (x) > 0 = (x) is true
and we now focus on : 2A(A — 1) < 1 and we have : the bigger zero of LHS of (x)
2A+1)+2J1-20A-1) A+1+4+1-20(A-1)
B 22A+2) B 2A+ 2

13 RMM-INEQUALITIES MARATHON 1401-1500
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A+1+/1-22(1-1 + b A-G
< \/2+)L ( )<'-'A=a ZVab=1:»A21and120)=1

Q-A via (1)
- the bigger zero of LHS of (*) <1 -5 (1)and Q? > A?>1 > thebigger

zero of LHS of (¥) = (x) istrue - (a2 +b%)(a+b + 1) + Tz 2 >4(A+1)
Vab>0|ab=1A1>0"=" iffa=b —1(QED)

1412. If x,y,z > O with x + y + Z = xyz, then :

1
81_[\/x2+1g 1+§Zyz

cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

o] [ o] =
x“ + \/x +x+y+z

cyc cyc

_BH\IZCW x2+xy+xz+yz)—81_[\/2cyc (x+y)(x+z)=

cyc cyc

x+y+z Xyz Zc cX
8 (chc ) l_[(x +y) = 8 —(ch’; x)3 . (Z x> (Z xy) —xyz | =

cyc cyc cyc

viya= e Z;xl (Z x) (Z xy> ~Yx|=8 (Z Xy - 1)

cyc cyc cyc cyc

:>81_[\/x2+ =8<ny—1>—>(1)

cyc cyc

Now,xyz=2x > 33[xyz = {/x2y2z2 > 3 . z xy > 33/x2y2%z2 > 3.3

cyc cyc

:>t:ny29—>(2)

cyc

3
Now,(l):>8l_[\/x2+1 < <1+%zyz> = (1+%)3 >8(t—1)

cyc cyc

14 RMM-INEQUALITIES MARATHON 1401-1500
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o (t+3)3-216t—1) >0 t3+9t2—-189t+ 243 >0
via (2)
o (t—9)(t2+15t+3(t—9))20—>true'-°t > 9

3
1
81_[\/x2+1 < <1+§Zyz> Vx,y,z>0|x+y+z=uxyz

cyc cyc

" =" iff x =y = z = V3 (QED)

1413.If x,y,z > 0,x% + y? + z% = 3 then:

x2+1 y*+1 z2+1 6
+ + >4+ —
y z X X+y+z

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

1 1 1
—+y+ZAM HM 3 1 11
xty g o <5+ )(1)
3 x+y+z X+y+z 9\x 'y z
x2 72 3x2-|- Y
y Z X x+y+Z
x* y* 7°
Proof: (x +y )< + >>3(x +y% +z%)or
Z_+Zi>22x or
Z__'_ x2 or
yx
x2)2 xv)?
(éxy) +Q§:‘.x);') ZZZ"Z (Bergstrom)

or (z xz)2 + (Z xy)z2 -2 (Z xy) (Z x? ) >0or
(Z x? — Z xy) > 0,proof complete

CBS
(x+y+2? < 3x2+y*+z0)or (x+y+2) <3(x%+y%+22)(3)

x2+1 y*+1 z2+1 6 x2 y? z? 1 1 1 6
+ + - =|l—+=+— +(—+—+—)—<—)
y z x x+y+z y z x y z x xX+y+z
W& 3(x2+y*+2%) (1 1 1\, 6/1 1 1
s LI
x+y+z y z x/ 9\x y z
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_3(x%*+y*+2%) 3(1 1 1)

x+y+z 9\x y z
Bergstrom 3(x+y*+2) 1(1+1+1)> ® 3(x*+y*+25) 1 9
N x+y+z 3 x+y+z = [3(x2+y?+22) 3./3(x% +y? +22)

33, 3 (si 2+y*+22=3) 3+ 4
= since x z" = = - =

v3.3 3.3 Y 3

x2+1 y*+1 z2+1 6
or + + >4+ —-
y z X X+y+z

Equality holds forx=y=z=1
1414. If x,y > 0, then prove that :

xt +y* . VXY _ 5
x+y)* x+y 8

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
x*+y* 1 7x* +7y* — 4x%y — 4xy® — 6x%y?

x+y)* 8 8(x +y)*
3(x2 —-y?)?+4 (x4 +y* —xy(x? + yz))
B 8(x +y)*
3(x* —yH)? +4 <—(x2 Jrzyz)2 —xy(x? + yz))
= 8(x +y)*
_ 3G -y 20y —y)? | 3 -y y)t 4+ (Y —y)°
B 8(x +y)* - 8(x +y)*
_ G-y x4yt 1 Jayem -y 4y (4y)? 1

_2(x+y)2:>(x+y)4_§ x+y = 2(x+y)? 2(x+y)2_2(x+y)2:2

x*+y* Jxy 1 1 5
>4 = "n_i ; —
(x+y)4+x+y_8+2 8Vx,y>0, iff x =y (QED)

1415. If a,b,c > 0 and 5a? + 4b? + 3c? + 2abc = 60, then prove that :
at+b+c<v60

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India
Let us assume a + b + ¢ > V60 and 60 = 5a? + 4b? + 3c% + 2abc

= (3a? + 3b? + 3c?) + 2a? + b% + 2abc > (a + b + ¢)? + 2a? + b? + 2abc

assumption
>
 a,b,c > 0 .. our assumption is incorrect and hence we conclude that

a+b+c<V60 (QED)

60 + 2a? + b? + 2abc = 2a? + b% + 2abc < 0 - impossible

1416.If a,b,c > 0,abc = 1 then:
a® + b3 6
> >
a’?+Aab+b? 1+ 2
Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
A(@®+b*) (a®+b*)A+2) o

AM-GM
a’+Aab+b> < a’*+b*+ 5 5

a® + b3 = (a + b)(a? + b? — ab)

N a’ + b3 @ (a+ b)(a®? + b? —ab) _
W aab+ b2 = (@ +b2)A+2)
2

(@+b) a’ + b% —ab 2 ( +b)<1 ab )AM—GM
. a?+b2 ) A+2 " a?+b?) ~

A+2

wen(i-)-ta

ab
(a+b)(1_2ab>_/1+2

>
T A+2
)] a+b aM-cM 6 1

> 2p2c?)6 = ——
z2 i@ b=

Z a3 + b3
>

a’+Aab+b? — LiA+2
Equality fora=b=c=1
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1417.If a,b,c > 0 and abc = 1,n € N then:

1 1 1 bn+2+cn+2
—+—+—+Z > 6
a b c a3(b™ + c")

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

(bn+2 + cn+2) Cgs b" + ch bZ + c2
2 - 2 2
1 AM—-GM
(b™*% + ¢"*2) > E(b2 +c2)(B*+c) =

or

1
> EZbc(b" +c")=bc(b™+c") (1)

1 1 1 b2 42 M1 1 1 Zbc(b"+c”)
ad3(b™ +c*)

4= - > a4
a+b+c+ a3(b"+c")_a+b+c+
1+1+1+Zbc_
“a b c a’
=E+—+—+—3+ﬁ+— =

1
3

111 bc ca ab\3 1
( ) = ( ) =6(asabc=1)

a’b?c?

Equalitya=b =—c
1418. If x,y > 0 and A < z,then :

xt +yt . Jxy >4l+1
x+y)* “x+y 8

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

xt 4yt Jxy (;;Hx“+y4 22y 14r+1
x+y)* “x+y  x+y*r T (x+y)? 8
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4 4 ”
SXtyt 1 _(1_ Zi)
(x+y)* 8 2 (x+y)?

7x* + 7y* — 4x3y — 4xy3 — 6x%y? ? _ (x—y)?

8(x +y)* T 2(x+y)?
o (7x* + 7y* — 14x%y?) — (4x3y + 4xy3 — 8x y2) 7 (x—y)?
8(x +y)* 2(x +y)?
7(x — y)2(x +y)? — dxy(x — y)? ? —y)? 5
- x—y)x+y) xy(x —y) 2)L(x y) and + 3 <> - in order
4(x +y)* o (A )2
to prove (), it sufficesto prove : 70— y) e+ y)” — dxy(x —y)” E (x—y)"
’ 4(x +y)* 4 (x+y)?
(x—y)? (7(x+y)? —4xy 5 >0(:)(x—y)2 2(x+y)2—4xy
(x+y)? (x +y)? (x+y)? (x +y)?
(x y)Z x +y > 0 - true
e +y)? (x+y)?—
xt +yt Jx 42+ 1 5
(x+;’)4 .x:;z 8 Vx,y>0and)»£z,”=” iff x =y (QED)

1419.1f x,y,z > 0,xyz = 1 then:

X 3\/y 3\/ z 3
+ + ==
y+7 z+7 x+7 2

Proposed by Shirvan Tahirov-Azerbaijan

Solution by Tapas Das-India

1 1
+ 7\3 — 1\3 Bernoulli -1 + 23
(y > _ (1 y ) < t 1 +y :y
8 . 8 24 24
8 \3 24 1 12
(—) > or > (1)
y+7 y+ 23 [y+7 y+23

2
vx,y,z> 0 (z xz) >3 z x3y (Vasc inequality)

\/ VA (l)zlzw (2)
y+ z+7 x+7_ y+23
1

then from (2):

let x3 =
etxs =1,y
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a
\[ z (Dlei/_ 122 (E) _
y+7 z+7 " x+7 y+ 23 c3 h

3 +23

Bergstrom (aZ + b2 + CZ)Z
_ _* >
1221:@3 72309 = YCbe) 1230 ah) -

@ (a* + b* + ¢*)? 3
> 12 =2
Xa?)? 23 a%)? 2

3 3

(Equality holds fora=b=c=1)

1420.1f 0 < x <y < 4, then prove that :

x(4 - y)

In
y(4 — h
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

x(4—-y)
In———<x-vehx+In4-y)—-Iny—In(4—x) <x-—
Y& =) y (4—y)—Iny —In( ) y

Slhny—-y—-In4—-y)>Inx—x—In(4—x) o f(y) —f(x) >0

(f® =Int—t—In(4—t) Vte (0,4)" S  (y—x).£(c) >0

1 1
(O<x<c<y<4)<:>(y—x)<z+—c—1>>0—>true'-'(y—x)>0

4__
1 1 Bergstrom 4 1
d - > —_—=1>- -1>0
an c+4—c - c+4—c :>c+4—c
n XA TY) o Sfor0<x<y<4(QED)
y(4 — x)
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1421.1f a,b,c > 0 and i+%+% — 3, then :

z(\/Sb—l-\/Bc—l) > 6
cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India
111
=+t

3 ab c
Z(\/Bb—l.\/Bc—l) =

cyc

T R e e =

cyc cyc

3.8

Ao, i[(a +b)(b+)(c + @) cegaro

abc

Z(\/Bb —1.V3c—1)=6Vab,c>0"=" iffa=b=c=1(QED)
cyc
1422.1f a,b € Rwithab > ; and A > 7, then :

1 N 1 - 6
a’?+A b2+A7 3A+1

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1 4 1 < 6
a’l+2A bZ+A" 3A+1

& (32 + 1)(a? + b? + 21) < 6(a’?b? + Aa? + Ab? + A?)

& 3A(a? + b?) + a? + b? + 24 < 6a?b? + 6A(a? + b?)
(*)
o a? +b%?+21—-6a’b?—-31(a’?+b%?) <0

1
Now, = ab > 3" LHS of (*) < a? + b? + 6Aab — 2ab — 3A(a? + b?)
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A2
=(a—-b)?-3Aa-b)2=(1-30)(a—-Db)? < 0= (%)istrue

W =

1 1
o <
@Z+A bZtA-3A+1

1 1
Va,bE]Rwithab2§ andlZ§ (QED)

1423.If a,b,c > Owitha + b + ¢ = 3abcand A > 3,then :

z bc - 3
Aa+bc+abc A+ 2

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

bc b2c? Bergstrom
= >
Z Aa + bc + abc Aabc + b2%2¢Z + abc.bc
cyc cyc
2 2
(chc ab) chc a_= 3abc (chc ab)
3Aabc + Y.y a?b? + abc Yy ab B
3abc 212 chc a
3Aabc. eyt + Yeyc a?b? + abc(Zcyc ab). 3abc

_ (chc ab)z. J3abcX ca ; 3
3LAabc.3abc + (X, a?b?).,/3abc Yoy ca + abe(Yeyc ab). (Tyca) A +2

2 2
oA (Z ab) . 3abcz a—27a?b?c? | +2 (Z ab) . 3abcz a

cyc cyc cyc cyc

?
>3 <Z a2b2>. 3abcz a + 3abc (Z ab).
cyc cyc cyc
2
27a*b?c?

cal[Tan) - 2220 ) oS

<cyc ) 3abc ey a (Cyc

3<z azbz>+<z ab>. sabey

cyc cyc

2 4
? ?
Now, Z ab | . 3abcz a>27a’b%*c? Z a Z ab | > 243a3b3¢3
cyc cyc cyc cyc
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3

A-G A—G
- true = Za Zab > 9abc and Zab > 27a%b?c?

cyc cyc cyc
2 2
. 27a’b?%c?
Zab . 3acha—27abc >0> Zab ————>0and
J3abcYyca
cyc cyc cyc

2

27a?b?%c?
+ A>3 - LHS of (+) — RHS of (+) > 3 z ab

T J3abcYyca
2

+2 Zab -3 Z:azb2 - Zab . 3acha

cyc cyc cyc cyc
81a?b?c? ?
—ZZ Zb2+10abc2a— Zab . 3acha20
J3abcXca
cyc cyc cyc cyc

? 81a?b?c? + 3abc a ab
2 Z a’b? + 10abcz a> (Zeye @) (Zeye ab)

T T J3abcXca

2

& 3abc Za 22a2b2+10abc2a %

cyc cyc cyc (+)

81a?b?c? + 3abc Z a Z ab

cyc cyc

Assigningb+c=x,c+a=y,a+b=z2=>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,2+x>y=xYy,zformsides
of a triangle with semiperimeter, circumradius and inradius = s,R,r (say);

soZZaszzZs:>Za=s—>(1):>a=s—x,b=s—y,c=s—z

cyc cyc cyc

=~ abc = r?s - (2) and such substitutions = z ab = Z(s —x)(s—y)
cyc cyc
2
:Zab=4Rr+r2—>(3),andZa2b2= Zab — 2abc Za
cyc cyc cyc cyc

ia (1),(2) and (3)
vie (D) and ( (4Rr +r?)? — 2r?s.s = z a’b? = r>((4R +1r)? — 2s?) -» (4)

cyc

and via (1), (2), (3) and (4), (%)
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2
< 3r2s?(2r2((4R + r)? — 2s?) + 10r?s?)2 > (81r4s2 + 3r%s?(4Rr + rz))

(***)
< (4R +1r)* + (84R?% — 120Rr — 582r?)s?2 +9s*| > |0

Gerretsen

Now, LHS of (***) > (4R +r)* + (84R% — 120Rr — 582r?)s?

(****)
+9(16Rr — 5r%)s? > 0 © (84R? + 24Rr — 627r®)s> + (4R+1)*| > |0

84R? + 24Rr — 627r2 > 0 and then : LHS of (+++%) > (4R +1)* > 0
= (x*x*x) is true (strict inequality)

Gerretsen

84RZ% + 24Rr — 627r2 < 0 and then : LHS of (%) >
(84R? + 24Rr — 627r2)(4R% + 4Rr + 3r¥) + 4R+ 1)* >0
? R
& 148t* + 172t3 — 516t% — 605t — 470> 0 (t = ;)

Euler

& (t—2)(148t3 + 468t% + 420t + 235) > 0-true~t > 2= (xxxx)is true

.. combining both cases, (xxxx) = (xxx) is true for all triangles . (xx) = (x)
bc 3

i >
lStrue:}z:)ta+bc:+abc:_)»+2
cyc
A>3"="iffa=b=c=1(QED)
1424.I1f a,b,c > 0.n € N ,n > 2 then:

Va,b,c>0|a+b+c=3abcand

b+c
>
a +\/2n-1(b" + cn)
Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

b™ + c" cgs (c+b)"
2 - 2n

21(p" + ¢™) > (c + b)*

'i/Z"‘l(b" +c*)=>c+b(1)

Z b+c (é)z b+c 2(a+b+c)
a+'V2n—1(bn+cn) - a+b+c a+b+c
Equality holds fora=b =c
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1425.If a,b,c > 0 with abc = 1 and n € N, then :

1
Zan _|_bn+3 + Cn+3 = 1

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

D TS TR S b DT
1+b3+c3- Li1+be(b+c) b+c Lia+b+c

cyc cyc cyc 1+ T cyc

1
L)y — — <
Zl+b3+c3_1_)(1)

cyc

1 1 via (1)
CaseTln = Oand then: ) oo = ) Tpryes = 1
cyc cyc
[Case2]n € N*and then: f(x) = x" = f"(x) =n(n— a2 >0

a® +b"*3 4¢3 1.a" 4+ b3.b" + 3. ¢ Weighted Jensen
- >
1+b3+¢3 1+b3+¢3 -

1 b® cb
(1.a+b3.b+c3.c>n n\/an+bn+3+cn+3 a+b*+ctac=1bc TpZ T 2

= f(x) is convex =

> = =2 >
1+b3+c3 1+b3+c¢®2 ~1+b3+c3 1+b3+c3

b? + c?
Bergstrom 1+ b3 + C3)2 A—G 1+b3+¢c3 Power—Mean Inequality 1+2 2
>

3

;

= =
- 2 2 3 3) — 2 2 -
(b2+c2+bo)@+b3+c%) = ) 5 b ;rc %(bz+c2)

_1+1+2t3—3t2 . b2 + ¢2 _1+(2t+1)(t—1)2>1
B 3t2 B 2 B 3t2 =

n\/a“ + bn+3 + cn+3 a® + bn+3 + cn+3

>1= >21(neEN">n>0
1+b3+c3 — 1+b3+c3 — (vn n>0)

1
= <
a® +bn+3 +¢*+3 7 1+ b3 +¢3

1
n 4 bn+3 + cn+3

1 via (1) 1
< ———— < 1. combining both cases,z <1
Z:1+b3+c3 & a” + b3 4 ¢nt3
cyc cyc

Vab,c>0|abc=1AneN,)"=" iffa=b=c=1(QED)

and analogs = z p

cyc
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1426.1fa,b,c > 0,a® + b%* + ¢* = 3, 1 > 0 then:

z 1 - 3
al+da+1 21+1

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

a+b+c)?
a? + b? + ¢ =3or.%s 3(CBS)or(a+b+c¢c) <3 (1)
1 Bergstrom (1 +1+ 1)2 (1)& a?+b%+c%2=3
Yo :
az+Aa+ A Qa?r)+A2(a+b+c)+ 32
9 3

> =
“3+34+314 24+1

Equality holds fora=b=c=1
1427.If a,b,c > 0 and abc = 1 then:

7
z\/1+8a22§(a+b+c)+2

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

cBs (1+ 8a)?
14+8a’=14+a’+a’+a’+a’>+a*+a*+a?+a? > — (1)

¢ 1+8a 8
Z\/1+8a222 =§(a+b+c)+1=

3

7 1
:§(a+b+c)+§(a+b+c)+12

AM-GM 7 7
> §(a+b+c)+3\/abc+1=§(a+b+c)+2(as abc=1)

Equality fora=b=c=1
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1428.If a,b,c > 0, abc = 1,n € N then:

an+2 + bn+2
D - 3
an+1bn+1(an + bn)

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

(a™ + b™)(a? + b?)
CBS >

an+2 + bn+2 a2 + b2
an+1bn+1(an + bn) - an+1bn+1(an + bn) = 2 =
a? + b?
2 AM—-GM ab 1

- antlpn+i = antlpnti = arbm (1)

2n

a*t? 4 pnt2 @ 1 AM-GM 1\3
Z >Z > 3( ) =3 (abc=1)

an+1bn+1(an + bn) - a"bn ﬁ

Equality holds fora=b=c=1
1429.1f a,b,c > 0,a® + b%> + c> =1, 1 > 0 then:

ReEIE
>
1+Abc A+3

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

Zaz =1or (Z:)Z < 1(CBS)or (z a) <3 (1)

am-em (a+b+c¢)* W3V3 3
abc < .( ) < =— (2)
27 27 9

a’ a* Bergstrom
St S
1+ Abc a? + a’Abc
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- (a? + b% + ¢*)? (1),(2)8;2 a?=1 1 3
~a?+ b%?+c%+ Aabc(a+b +c - A+3
( ) 1+,1£\/_
Equality f b 1
uali ora=b=c=—
q y /3

1430. If a,b, c > 0,then prove that :

a? b? c? \/_ (

+ +
a+b b+c c+a

Va? + b2 +/b2 + ¢ +/c? + a?)
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

a? N b? N c? B b? _z:bz—c2+c2
a+b b+c c+a Lib+c b+c

cyc cyc

c? c? a? b2 c?
=Z(b_c)+2b+c= b+c=>a+b+b+c+c+a

cyc cyc cyc

1 b? + c? _z:\/b2+c2.\/b2+c2
-2 b+c 2 b+c 2(b+c) 2(b+c¢)
cyc cyc cyc
N (CR B
ZZ Z\/b2+c2 + >
2(b+c) +b b+c ct+a
cyc cyc
V2 .
T(\/a2+b2+\/b2+c2+\/c2+a2) Vab,c>0"=" iffa=b=c(QED)

1431. If x,y > 0 and xy > 1, then prove that :
X y 1 3

+ + =
y+1 x+1 xy+1 2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

X 1 3
Clearing denominators and simplifying,y 1 + x 3’_ 1 + Xy +1 > 2
& 2xy(x2+y?) +2(x2+y?) +x+y=3xty? +xy(x+y) +4xy+1- (1)
[Case 1]xy + 1 > x + y and we have : LHS of (1) — RHS of (1)

= 2xy(x? + y?) —4x?y?) + x*y* + (x* + y?) —4xy) + x +y —xy(x +y) —
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=2xy(x—y)? +2(x—y)? + (Py? = 1) —xy(x+y) +x+y
>@xy+Day-D-(x+y)ay-1D=(@y-D(xy+1-(x+y)) =0
wxy=1landxy+1>x+y= (1)is true

x+y > xy + 1 and we have : LHS of (1) — RHS of (1) =

2xy(x? +y2) + 2(x* +y?) — 3x%y? —xy(x+y) —3xy+ (x+y—xy—1)
> 2xy(x? +y?) + 2(x% + y?) — 3x%y? —xy(x +y) — 3xy

A-G A-G
> 2xy(x? +y?) + xy — 3x%y? —xy(x +y) >
3
xy(Z(x2 +yH)+1 —Z(x+ y)? - (x+Y)>

_xy<(x+y)2+1—Z(x+y)2—(x+y)>=2—y.((x+y)2—4(x+y)+4)

x
=Ty.(x+y—2)220:>(1) is true .. combining both cases,
y 1 3
- + + >
y+1 x+1 xy+1 2
Vx,y>0|xy>1"=" iffx =y =1 (QED)

(1) istrueVx,y > 0|xy2 1

1432.If a,b,c > 0 and —+m+—— 2,then prove that :

1 1 1
—+—=+—-—=>4(a+b+c)
a b c

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 a>o0 1
< 1-~wecanset:——=1—-x(x>0andx<1)
1+a 14+a
X
a+1—1T:>a—1_x—1=m—>(1)
Similarl t11 d11 2—1+1+1
Ay, W S ™ Y e T TP T 1 ra T 1+b " 1+c

X
=1—x+1—y+1—z:>x+y+z=1—>(i).'.(1)and(i):>a=mand

1 1 1
andhence —+b+ >4(a+b+c)

42 Zx+y+z—(y+z)
y+z y+z

cyc cyc cyc

1 y+z 1
o3 —u@z<—+1>+924 >y
y+z X y+z

cyc cyc cyc cyc cyc

y
analogously,b = p— and c =

transforms into :
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1 x*+3 X
o —. Zx ny +9=>4 Zx .chc Zeye XY
XYZ Hcyc(y + Z)

cyc cyc cyc

2

& Zx ny + 9xyz .n(y+z)24xyz Zx Zx +ny

cyc cyc cyc cyc cyc cyc
expanding and simplifying
=3 Z xty? + Z xty*+2 z x3y3 > nyzz x3 + 6x2y?z?
cyc cyc cyc cyc
A-G
- true ~ Z xty? + Z xtyt = Z xty? + z x*z? > Z 2xtyz
cyc cyc cyc cyc cyc
3 3,386, 22, 1 1 1
=2xysz andZny > 6x°y°z .'-E+B+E24(a+b+c)

cyc cyc

1 1 1 _ 1
Va,b,c>0|1 =2,/ =" 1ffa=b=c=E(QED)

+a+1+b+1+c

1433.If a,b > 0 and a3 + b3 + 6ab < 8, then prove that :
1 N 1 - 3
a’?+b%2 ab 2
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

8>a’+b’+6ab > 2ab.Vab +6ab = x> + 4x* — 4 < 0 (x = Vab)
sk-1Dx+12<0=>x=Vab<1-ab<1- (1)

a? + b? 2

=)

Now, via Power — Mean Inequality, at+bd>2 <
3
a’ + b?)\2 2 () a? + b?
~8=>2 > + 6ab = (4 — ab)3 >
1

Now—+—>§<:>a2+b2+ab>§ab(a2+b2)
‘a2 +b%2 ab 2 —2

Q) a? + b? 2
< ab > (3ab — 2) and ifabS§,then:RHSOf (x)<0<ab

= LHS of (*) = (*) is true (strict inequality)

2
We now focus on : ab > 3 and (¢) = in order to prove (x), it suffices to prove :

ab > (3ab— 2)(4 — ab)3 & t* > (4 — H2(3t — 2)? (¢t = ab)
& 243t° — 1134t* + 2051t — 1800t2 + 768t — 128 < 0
& (t—1)%(243t3 — 648t% + 512t —128) < 0
S 125(Z43t3 — 648t% + 512t — 128) <0
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< 30375t3 — 81000t% + 64000t — 16000 < 0
2 676
o 1215(t - 1)(5t — 3)% — 567(5t— 3)2 — 395 (t - 5) -5
via (1) 2
— true (strict inequality) “t=ab < 1landt> 3 = (%) is true

1 1 3 .
“rapr T ap 2 EVab>0|a3+b3+6ab<8”—” iff a=b =1 (QED)

1434.If a,b,c > 0 and ab + bc + ca + abc = 4, then prove that :

\/_

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Z((Z +b)(2+0) = (2 +a)(2Z+b)2+¢)

cyc

1
=4—(ab+bc+ca+abc)=0-‘-Z—=1—>(m)
24+a

cyc

N 1 azOl . 1 _1 (>0 d <1)
Yota S 2 ‘2ta 2 ¥\*oUamaxsjy
+2 2__ - L
oo = = = — = -
@ 1-2x 4T 1-2x 1
>~ X
Similarl t: 1 —1 d 1 —1
imilarly, we se sxp -z Yyad o —_=5-1z
vewy 101 1 1 11 tvig ] ®
= =-— - —— 7= ==
2+a 2+b 2+c 2 YTz ¥TgTETATYTI=SZ A
. 2x 2y 2z
~ (1) and (i) » a = —— and analogously,b = —— and c =
y+z Z+x x+y

transforms into :

and hence : Va + Vb + ¢ — \/—<\/_

Z\/ 2% <\/H 8xyz 2. /l'[cyc(y+Z)

= +
yt+z cyc(y + Z) A/ 8xyz
_ 8xyz+ 2[lyc(y +2) < z , 2x 4xyz + [eye(y +2)
+z
J 8xyz[ley(y +2) cyc y J 2xyz[]eyc(y +2)

Now, Z 2x CBS 2 Z z (ZCYC x)z + chc xy
& TR Meyey +2)
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2 4ayz + [ooy +2)

oy + 2

2

s 2. ’xysz. Zx +ny é 4xyz+1_[(y+z)
cyc (*

cyc cyc ) cyc

Assigningy+z=A,z+x=Bx+y=C=>A+B-C=22>0B+C—A=2x
>0andC+A-B=2y>0=>A+B>(C,B+C>A,C+A>B=AB,C form
sides of a triangle with semiperimeter, circumradius and inradius = s,R,r (say)

(2)
yielding22x=ZA=2s:>Zx =s=>x=s—Ay=s—-Bz=s-C
cyc cyc cyc
3
= xyz = r%s and via such substitutions,z xy = Z(s —A)(s—B) =4Rr +r?

cyc cyc

@
5> ay = 4Rr+1? 2 (2),(3),(4) = ()
cyc
& 4r%s2(s? + 4Rr +r?) < (4r%s + 4Rrs)?
& s?2+4Rr+r? <4(R+r)? = 4R? + 8Rr + 4r?  s? <4R2+4Rr+3r

( )

Again, 0 < Va + Vb +c — \/_<:>\/_Z\/—_2\/_®Z— > 1and

- true via Gerretsen = (**) = (*)

3

3
Z z 12 Radon 32 9% ab+bctcatabe =4 3z —ab;< 0v27
Vbe B 1/chca - V4 — abc 2
= (xxx) is true (strict mequallty) ~+va+vVb ++c—+abc > 0 and so,
0<+Va+vb++ec- = 4,
\/_
"=" iffa=b=c=1(QED)

>1

1435. If a,b,c > 0 and ab + bc + ca + abc = 4, then prove that :

Vab + e +vea < |2~ Vab + |2~ Vbe + [2 - Vea

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Z((z +b)(2+0) - (2 +a)(2+b)2+0)

cyc
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1
=4-—(ab+bc+ca+abc)=O.'.Z—=1—>(m)
2+a

cyc

N 1 azol ¢ 1 _1 ( >0 d <1)
0W,2+a 2 we can se 2+ 2 X | X ana x 2
PP 2,
S = = = —_ = -
a 1-2x 271 2x 1
z—x
Similarl prr =1 nd -1
lmlary,wese 2+b 2 ya + 2 Z
via (m) 1 + 1 + 1 1 +1 +1 V4 1 ()
= =——Xx+--y+t-—z> ==>
2+a 2+b 2+c¢ 2 Xt ¥TpTzzXxTyTz=5—0U

27
Xty

and hence : Vab + Vbc + cas\[z—\/ab+\[2—\/ﬁ+ fZ—\/c_a

2 2
transforms into : Z Y lz 2 — y

y+zz+x y+zz+x

cyc cyc

Assigningy+z=A,z+x=Bx+y=C=>A+B-C=22>0B+C—-—A=2x
>0andC+A—-B=2y>0=>A4A+B>C,B+C>A4,C+A>B=AB,C form
sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r (say)

yieldingZszZAzZs:>Zx=s:>x=s—A,y=s—B,z=s—C

cyc cyc cyc
Via such substitutions, (x) becomes :

(s —A)(s—B) (s—A)(s—B)
ZZJ AB SZ 2_2\/ AB

cyc cyc

o [+ o
o2 Z sini < Z /2 -2 sinz (o, B,y — angles of triangle with sides A, B, C)

cyc cyc

X X m, 33
Let f(x) = /2—251nE—ZSlnE+(x—§).T V x € (0, ) and then :

V27

f'(x) = = (cos

) . _ X __4y _
~(M)and (i) @ a= y+z and analogously,b = p—— and c =

1

, . X
2 2—Zsm7
X 1
=——</1—sin2—> 1+ - (2)
4 2 [ X
2 Z—Zsmi

;) 1+
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V27 ?

NOW'TS<W>\H2W/

V27 2
@TS(\/I—tZ)( Zm) (t—smz)
27 ? 1 1

— <1
16(1 —t2) ~ + 4(2 - 2t) + V2 =2t
27 1 1 é 1 9—2t+16t2; 1
& ——1- s
16(1 —t2) 42 -2t) " 2 -2t 16(1—-t2) ~ 2 -2t
(9-2t+16t%)%2 2 1
<
256(1 — t2)2 2 — 2t
& 128(1 - (1 + )2 > (9 — 2t + 16t2)?
& 256t + 6413 + 420t2 — 164t — 47 < 0
71

& (2t—1)(128t3 + 96t%2 +258t+47) <0 o t < >

(+9>2>2t=>9—-2t+16t* >0)

V27 1 1
= < > (1 —t2 ( —) di t<_-ort=_ dt>-
m or (\/ ) +2\/2_72t according as > OF 5| an 5
M X _ T x L

T
S—>-—>—>>—<x<mandt=sin-<->=0<x<—
3 272 3

N
N
(=)

1
2
X / 1 \ i
S( 1—sin2—> 1+ VxE(O,—] and
2 \ 5

TZ(’ 1 — sin? >\1+2m/ Vxe[— M)
via (2)

> f'x)<0vxe (O;] andf'(x) >0VxE€E [5,11) = f(x)is | on (0;]

and f(x) is T on [g,n) = f(x) > f(g) =0VvVxe(0,m

- /2 Zsm;—ZMn;_(g—x).¥Vxe(0,n)
:Z/Z 2s1n——225m ><3.g—(a+ﬁ+y)>.3f—(n n)34—\/§=0

cyc cyc

= (¥+) = () is true ~ Vab + vbc + caSJZ—\/ab+JZ—\/ﬁ+ /2—\/5
Va,b,c>0|ab+bc+ca+abc=4,”=” iffa=b=c=1(QED)
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1436. If a,b,c > 0 and abc = 1, then prove that :
a b c

3
—+—+—-=>-(a+b+c-1
b ¢ a 2 ( )

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1

a+b+c 3( +b+c—-1) :»_ ! +b+b2>3(1+b+ 1)
pTcta=2 ¢ b2 “ =2\ ¢
1+ b3 +b3¢c3 1+ b%c + bc? —bce
S >—
b2c -2 bc

)
2b3c3 + 2 + 2b3 + 3b%c > 3b + 3b3c + 3b3c?

bc > 1 and[Case 1a]b > 1 and ~ b3c3 + b + b3 AZG 3b3c
- it remains to prove : b3c3 + 2 + 3b%c > 3b + 3b?c?
< 3b(bc—1) + (bc—1)(b%c?2 —2bc—-2) >0

< (bc—1)(b%2c? —2bc—2+3b) > 0;but ~bc—1>0and 3b> 3

s~ (bc—1)(b%c?2-2bc—2+3) =(bc—1)3 >0 = () is true

[Case 1b]b < 1 and * 2b3c? — 3b%c? + 1 = (bc — 1)2(2bc + 1) = 0 -. it

remains to prove : 2b3 —3b + 1 + 3b%c(1 —b) > 0;but ~bc>1and1-b >0

~2b3 —-3b+1+3b%c(1—-b)>2b3-3b+1+3b(1—-b)=2b3-3b%+1
=(b-1)?2(2b+ 1) > 0 = () is true

bc < 1and[Case 2alb < 1Ac>1and ~ 2b3c® — 3b%c? + 1

= (bc — 1)?(2bc + 1) > 0 .. it remains to prove : 2b3 —3b + 1 + 3b%c(1 —b)
>0;butc>1and1—-b>0.2b3—-3b+ 1+ 3b%c(1—-Db)

bs1
>2b3—-3b+1+3b%2(1—-b)=(1-b)3 > 0= (x)istrue
Case 2b/b>1Ac<1and " 2b3c® —3b%c?+1=(bc—1)2(2bc+1)>0
- it remains to prove : 2b3 —3b + 1 > 3b%c(b—1);but ~bc<1andb-1>0

? ?
~3b%c(b—1)<3b(b-1)<2b3-3b+1<2b3-3b%2+1>0
?
& (b—-1)%2(2b+ 1) = 0 > true = (x) is true

1 1 1
[Case 2¢]b,c < landwehave: - —1,——1>0andwelet:x = —1and

1 1 1
y=<- 1(x,y=0) b= T 1 and c = m . (%) transforms into :
2 3

2
Gr 3G+ T ar 3 T ar i+ D
3 3 3 simplifying
_ — _ >0
11 G+DG+1D) (x+ D2y +1)2 = <

2x3y3 + 6x3y? + 3x%y3 + 6x3y + 9x?y? + 2x3 + 9x%y + 3xy? + y3 + 3x% + 3xy
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+3y% > 0 - true ~ x,y > 0 = (x) is true . combining all cases,(x) Yb,c >0

a b ¢ 3
t—+—+—->=—(a+b+c—1)Vab,c>0|abc=1,
b ¢ a 2

"="iffa=b=c=1(QED)
1437. 1f 0<a <1,0<b <1,0 < c < 1,then prove that :

1 1 1 1
(1+—)(a+b+c)23+—+—+—
abc a b c

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 1 1
0<a<l=>-—>1landweassign:——1=x((x>0)~-—=x+1
a a a
d similarl i 1 1 (y=>0) d1 1 (z=0)
= = HE = —— 1=
a = ——— and similarly, we assign : y(y=0)and z(z>
1
=>b= and ¢ = andviasuchtransformation,(l+—) (a+b+c¢c)=>
y+1 z+1 abc

3*%*%*%“’(”““*”)(2%)23*2“3

cyc cyc cyc

@zx11+2((y+1)(z+1))26+2x

cyc cyc cyc

1 1 Q)
> >
SQETATRY BN WEOH) xS ) o) x4 )y 23

cyc cyc cyc cyc cyc cyc cyc

1 1
_— > > >
N N M 3 (R A)

cyc cyc cyc cyc cyc cyc

= = = +3>3
cye X+ 3 YeyeX +3 YeycX +3

Bergstrom 9 (chc X)Z +3 chc x+9 (chc x)z
DRSS - )

cyc

1 1 1 1
= i ue .. +—J)(a+b+c)>3+—+—+—Vab
(%) is true (1 abc>( c)=>3 PR ,b,c € (0,1],

"="iffa=b=c=1(QED)
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1438.If a,b € R and a’b? (a® + b®) > 2, then prove that :
a’?+b?>2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

(a? + b2)10 > 512a7b7 (a® + bS)

o (a? + bz)"512a7b7(a4 + b* — a?b?)
(%)

a? + b?
Now,VabeR (a—b)?2>0=ab < >
= 512a®b®(a* + b* — a?b?).ab < 512a®b®(a* + b* — a?b?) <

a’? + b?
2

& (a? +b?)8 > 256ab®(a* + b* — a?b?) (~ a? + b2 > 0)

?
e (x+y)? > 256x3y3(x% + y2 — xy) (x = a?,y = b?)
(%)

(~ 512a®b®(a* + b* — a?b?) > 0) < (a? + b?)?

Now, (x + y)* — 8xy(x? + y?) = (x% + y? + 2xy)? — 8xy(x? + y?)
= (x? +y?)? —4xy(x? +y?) + 4x?y? = (k2 +y?2 —2xy)’ = (x—y)* =0
s (x+y)* > 8xy(x? +y?) = (x + y)® = 64x2y?(x? + y?)?
?
(vx=d?y=b%2>x,y>0>xy=>0)>256x3y3(x? + y? — xy)
?
e (2% +y?)? > 4xy(x? + y? — xy)
? ?
© (2 +y?)? —dxy(x®> +y?) +4x’y* >0 o (x> +y? —2xy)2 >0
?
& (x —y)* = 0 > true = (+x) = (») is true -~ (a® + b?)1° > 512a’b’(a® + b®)
>1024 = a?+b?>2Va,beR|a’b’(a®+bb) > 2,

"no__m

iff(a=b=1)or (a=b=-1) (QED)
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1439.If x,y,z € R and xyz = 8, then prove that :

x2 y2 ZZ

+ + >1
x2+2x+4 y*+2y+4 z2+2z+4

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
2a 2b 2c

Letx=F,y=T,z=;and‘-‘x¢0,y¢0,z¢0.za¢0,b¢0,c¢0
. . X2 y? 72
andv1asuchtransformatlon,xz+2x+4+y2+2y+4+Z2+Zz+421
4a? ap? ac? 2
b2 c2 a’ z a
= >1e —_——>1 1
4a’2 4a +4b2 4b +4c2 4c - a?+ ab + b2 — -~
V+?+4 C—2+T+4 ?+7+4 cyc

3 1
Now, a? + ab + b? =Z(a+b)2 +Z(a—b)2 and so, if (a? + ab + b?) = 0,then :

a=banda=-b=a=0buta#0-a*?+ab+b?+0=>a?+ab+b%?>0
2
a
2 2\ (2 2 § >
and analogously, (b + bc + ¢*),(c* +ca+a*) >0 a2+ab+b2_1

cyc
=3 Z (az(b2 +bc +c?)(c? + ca + az)) > l_l(a2 + ab + b?)
cyc cyc
& a*b? + b*c? + c*a? > abcz ab? - true = V a,b,c € R, a*b? + b*c? + c*a?
cyc
> a’b.b%c + b%c.c?a + c?a.a*b = abcz ab? = (1) is true
cyc
N +— P >1
Tx2+2x+4 yi4+2y+4 z2+42z+4°
VXxyz€ IR{|xyz =8"=" iffx=y=2z=2(QED)

2 2 2

1440.If a,b,c > 0,a + b + ¢ = 3 then:

a3 N b3 N c3 >3
9—a?2 9-p2 9-¢c2 8

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India
Lemma : For x > 0 we have:

Proof:

45x3 —9x2 —117x+ 81 >0 or
(x —1)%(45x + 81) > 0 (trueas x > 0)

@ _.(13a-9) _(13ya-27) _3 beo3
9_a2 = 32 32 =g asa ¢=3)

X

1441.If a,b,c > 0,abc = 1 then:

1 1> (a+b+c+1)?
zb+c+i—(a+b)(b+c)(c+a)

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

(a+b)(b+c)(c+a)=a?*b+c)+b*(c+a)+c*(a+ b) +2abc (1)
a’(b+c)+ab+c)=(b+c)a*+a) AM;M 2Vbc 2\/(1— — 4avabe <" 4a
Z (az(b +¢)+alb+ c)) = Z(az(b +c¢)+ab+ac) > 42 a (2)

1> (a+b+c+1)?
T2 2@t roc+a) "

1
We need to show Z —_—
b+c

(a+b+c+1)? 1 1
@+b)btoc+a) Zb—-l—csf

(a+b+c)2+2(a+b+c)+1—(Z(a+b)(a+c))<1
[1(a + b) =2

2[(Za2)+2(2ab)+z(a+b+c)+1—(Z(a2+ab+bc+ca))] (2
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<a’(b+c)+b*(c+a)+c*(a+b)+2abc

or4(2a)—2(2ab)+2abglzaz(b+c)+2
or4(Za) SZaZ(b+c)+2(Zab) or

4 (Z a) < Z:(a2 (b + c) + ab + ac) True from (2)

Equality holds fora=b=c=1

1442.Ifa,b,c >0, 1 =9 ,a+ b + c = 3 then:

Yt
>
A—a?  1-1

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

Z a3 Hol>der (a+b+c)3

1-a (32— (a2 + b2 +¢?))-3
(a+b+c)3 -

(3-(31—(a+b+c)2+2(ab+bc+ca)))_

(a+b+c)d (a+b+c=3) (3)3 3

= z(a+b+c)2>> - 3312-9+6) 1-1

3
Equality fora=b=c=1

(3-(3/1—(a+b+c)2+

1443.If a,b,c > Owitha+b +c=ab+bc+ caand A = 2,then :

Z a - 3
Aa+bc A+1

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

a 3 1 Aa + bc — bc 3
< & —, <
Zla+bc_l+1 A Aa+bc T A+1

cyc cyc
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- 1 bc - 3 3 - bc (;) 3
ALida+bc A A+1 Aa+bc  A+1
cyc cyc
bc bZCZ Bergstrom (chc ab)Z ) 3
Now, Z = Z — > =
Aa +bc Aabc + b?c? 3Aabc + Yyca’b? ~ A +1
cyc cyc

o A+1) Z:azbZ + 2(A + 1)abc Za 29Aabc+32a2b2

cyc cyc cyc
a a

o A-2) Z:azbZ .ZCL+2(A+ 1)abc Za . Zeye
cyc chc ab cyc chc ab

> 92abc (~ a+b +c=ab +bc+ca)
2 2

e A-2) Za Z:azbZ + 2Aabc Za —SZab + 2abc Za

cyc cyc cyc cyc cyc

> 3Aabc Z ab

cyc

2
oA Za Z:azb2 — 3abc Zab + 2Aabc Za —3Zab

cyc cyc cyc cyc cyc
?
> 2 Za Zazbz—abc Za
(*%) cyc cyc cyc

Assigningb+c=x,c+a=y,a+b=z2=>x+y—-z2=2c>0,y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,2+x>y=xYyzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

soZZa=2x=25:>Za=s—>(1):>a=s—x,b=s—y,c=s—z

cyc cyc cyc

~ abc = r?s - (2)and such substitutions = z ab = Z(s —x)(s—y)

cyc cyc
2
:Zab=4Rr+r2—>(3),andZa2b2= Zab — 2abc Za
cyc cyc cyc cyc

ia (1),(2) and (3)
vie (D) and ( (4Rr +r?)? — 2r?s.s = z a’b? = r>((4R +1r)? — 2s?) -» (4)

cyc

and via (1),(2),(3) and (4),and - A > 2 .. LHS of (**) — RHS of (*x) >
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2 (srz((4-R +1)%? — 25?) — 3r?s(4Rr + rz)) + 4r?s (s2 — 3(4Rr + rz))
? expanding and simplifying

—2s(r2((4R+r)? — 2s2) —r2s2) > 0 S
6r2s(s? — 12Rr — 3r2) > 0 - true = s — 12Rr — 3r?2

Gerretsen
and

Euler
=s§2—-16Rr+5r2+4r(R—-2r) > 0= (*%) = (x)istrue

a 3
Ela+bc_)L+1 ab,c>0la+b+c=ab+bc+caandd>2,
cyc

"="iffa=b=c=1(QED)

1444.1f x,y > 0,§+§s 2 then:

Jx3+8y2 +.y3 +8x2>6
Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
1 1 <2 ( ) <2
X + <2or,(x+ Y) = 4Xy or

2. /xy<x+y<2xy(AM — GM)or /xy=>1or xy=>1(1)

2 Minkowski

JX5 1 8% +.[y% + 822 = \/(xg>2 +(2v2y)" + j(y§)2+(zﬁx) >

2 - 1)
> j(x; + y%> + (2v2x + 2V2y )2 s J4(xy)% +32(xy) >V4+32=6
Equality fora=b =1
1445.If a,b > O withab = 1 and A > 0, then:
a3 + Ab3 b3 + Aa3
+ > 2
a?(a? + Ab?%)  b?2(b?% + Aa?)

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

a® + Ab3 N b3 + Aa3 B
a?(a? + Ab2)  b2%(b? + Aa?)
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3 a(a? + Ab? — Ab?) + Ab3 N b(b? + Aa? — Aa?) + Aa3 3
B a?(a? + Ab?2) b2(b2 + Aa?) B

1 Ab3—2ab? 1 2Aa®-2Ad?’b

“at @@ b T bz 1A

1 N a’(a—Db) b%(a —b) 3
b (bZ(b2 Taa?)  aZ(a? + lb2)> -

1
==+
a

=1+1+A(a—b)<

a*(a? + Ab?) — b*(b? + Aa?)
a b

a’b?(a? + Ab?)(b? + Aa?)

=1+1+A(a—b)<

a® — b® + Aa?b?(a? — b?) 3
a b N

a’b?(a? + Ab?)(b? + Aa?)

=gty tAMa=b) aZb2(aZ + AbZ)(bZ + Aa?)

1 1 <(a2 —b?)(a* + b* + a®?b? + Aa2b2)>
b

1 1
=E+—+A(a+b)(a—b)2

b

a* + b* +a?b?(1+2) 1 1
“a b

>4
a?bZ(a? + AbD) (b2 + Aad) ) ~a

(~a,b>0 dA>0)A;GZ 1ab_=12. @’ + Ab’ + b® + Aa® >2
Fab>0andAz0) = 2 h T 2 @@+ ab?)  bI(b2 +AdD) -

Va,b>0|ab=1and1>0,"=" iffa=b=c=1(QED)
1446. If a,b > 0 and ab = 1, then prove that :
a® + 2b3 b3 + 2a3
+ > 2
a?(a? + 2b%)  b?(b? + 2a?)

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

a’ + 2b3 N b®+2a®
a?(a? +2b%) ~ b%(b2 +2a?)
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B (a® + 2b3)(a + 2b) N (b3 + 2a3)(b + 2a) Rever;e CBS
"~ a%(a? +2b2)(a +2b)  b2(b2 + 2a?)(b + 2a) -

L (@+202 P +2a®?
= @2(a? + 2b%)(a + 2b) ' bZ(b? + 2a®)(b + 2a)

_ a? + 2b? + b? + 2a? ab=1 1 + 1 4 2b* N 2a* Berg;trom
“a’(a+2b) b%2(b+2a) a+2b b+2a a+2b b+2a

4 2(a? + b2)? 4 2-%- (a +b)*
3(a+b) | 3@+b) -3@+b) | 3@+b)
t3 4 t*+8 >
=€+§(t=a+b)= ot >2

ott—12t+8>0o (t—-2) (B3 +2t2+4(t—2)+4)>0->true~t=a+b

A-G

ab=1 a3 + 2b3 b3 + 2(13 "no_mn =
2vVab = 2. ZZ(a? 7 2b%) + bZ(bZ 7 2a2) >2,"=" iffa=b=1(QED)

v

1447. If a,b,c > 0, then prove that :
a3—b3+b3—c3+c3—a3 .-
a+3b b+3c c¢c+3a
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

a3—b3+b3—c3+c3—a3_z a3 1 (27b% +a®) —a®
a+3b b+3c c+3a a+3b 27 a+3b B
cyc cyc
28 a’ 1 Bergstrom

= —. — . T . 2 9b2_3b =
27 Z.a% + 3ab 272(““r ab) =

cyc cyc

2
28 (Zeyca?) 1
> . 2 _ Z -
= 27 Ty @% + 3 Neycab 27 102“ 3..ab

cyc cyc

28x% — (x + 3y)(10x — 3y) ( 2 18x2 — 27xy + 9y*?

27(x + 3y) 27(x + 3y)

cyc cyc
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9(2x* —3xy+y?) 9(x-y)2kx-y) +
_ y+y) _9Gx-y)2kx-y) y)ZO.'.x2y>0
27(x + 3y) 27(x + 3y)

AB-b® b -c3 c3—ad
2 >Z >0/="iffa=b= ED
“SZ“ = 2, ab a+3b+b+3c+c+3a_0' iffa=b=c(QED)

cyc cyc

1448. If a,b,c > 0, then prove that :
3a3 + 7b3 s 3b3 + 7¢3 .\ 3c3 + 7a3
2a + 3b 2b + 3c 2c+ 3a

Proposed by Nguyen Hung Cuong-Vietnam

> 3(a? + b? 4+ c?) — (ab + bc + ca)

Solution by Soumava Chakraborty-Kolkata-India
3b3 + 7¢3 <3(b2 + c2) >
- —bc| =

2b + 3¢ 2

B 6b3 + 14¢3 — (6b3 + 6bc? — 4b?%c + 9b%c + 9¢3 — 6bc?)
B 2(2b + 3c¢)

3b3 +7¢®  [3(b?%+c?) 5c(c? — b?)
- - = and analogs

= i
2b + 3c 2 2(2b + 3¢)
. 3a3 + 7b3 N 3b3 + 7¢3 N 3c¢3 +7a3
" 2a+3b 2b + 3¢ 2c +3a
Z 3b3 +7c¢®  [3(b?% + c?) b 0
@ — —
2b + 3¢ 2 =
cyc
c(c2—-b2% a(a®?-c?) b(b%-a?
( ) N ( ) N ( ) >0
2b + 3c 2c+ 3a 2a+ 3b
clearing denominators and simplifying )
PEN 22a4b+32ab425abc2ab

cyc cyc cyc

al b3 Holder
Now,Zz a*b + SZ ab* = Zabcz?+ 3abc - >

cyc cyc cyc cyc

> 3(a? + b? + ¢%) — (ab + bc + ca)

2

3 3

(Zeyca) (Zca)”  Sabe 5abc

2abc.——=——+ 3abc. = . Za > .BZab
3Ygca 3Yeyca 3 3

cyc cyc
3a3 + 7b3 N 3b3 + 7¢3 N 3c3 + 7a3
2a + 3b 2b + 3c 2c+ 3a

= 5abc2 ab = (x) is true ..

cyc
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>3(a®?+b%*+c?) —(ab+bc+ca)Vab,c>0"="iffa=b=c(QED)

1449.If a,b,c > 0,abc = 1 then:

a(b3 + ¢3)
(a+ b)(a+c)

3
2_
2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
HUYGENS

B+13)(1B+13)B3+c?) S (b+0¢)3

(b +¢)3
4

(b* + ) = (1)

Cesaro
n(a+b) > 8abe (2)

a(b® + c?) (;) a(b+c)3 am-6m
(a+b)(a+c) — 4(a+ b)(a+ ¢)

(2) 3 3
> i/abc(a +b)(b+c)(c+a) = 13\/8a2b2c2 =3 (as abc =1)

Bl w

Equality holds for a=b=c=1
1450.

If x,y,z > 0 and xyz = 1, then prove that :
1 1 1

+ +
Vax2 +x+4 Jay?+y+4 Vaz2+z+4
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
b
Since xyz = 1, we can assign x = %,y = E,z = 2 and then :
1 1

i+ +
Vax?+x+4 \JAdyl+y+4 V4z2+z+4

<1

46 RMM-INEQUALITIES MARATHON 1401-1500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
b C a

~ + +
v4a? + ab + 4b%2  V4b2 + bc + 4c2  V4c? + ca + 4a?

= . (b. \/(4b2 + bc + 4c2)(4c2 + ca + 4a2))
\[l_[cyc(‘l-az + ab + 4b2) cyc

CBS 1 ;
< . Z(4b2c2 + cab? + 4a?b?). Z(4b2 +bc+4c2) <1
\/l’[cyc(4a2 + ab + 4b?2)

cyc cyc

& (4a® + ab + 4b?)(4b? + be + 4¢2)(4¢? + ca + 4a?) >

<gza2+zab>.<8zazb2+abcza>

cyc cyc cyc cyc
= 642:(a4b2 + a?b*) + 16abcz a3 + 162 a3b?® + 129a?b?c?

cyc cyc cyc

+20abc (Z a’b + Z ab2> >

cyc cyc

(e lge) ol el i)
()2

o 64 <Z a2> (Z a2b2> —192a%b?c? + 16abcz a® + 162 a’h?

cyc cyc cyc cyc

?
+129a?b%c? + 20abc (Z a) (Z ab) — 60a?b?c? >

cyc cyc

(g lge) g 33

+abc<za (z ab)

cyc cyc

s abe 162as+19<za><zab _8<za><zaz> I

cyc cyc cyc cyc cyc
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+16Za3b3—8 Zab zzazb2 \%0

cyc cyc cyc ()

Assigningb+c=Xc+a=Y,a+b=Z=>X+Y-Z=2c>0,Y+Z—-X =2a
>0andZ+X-Y=2b>0=2X+Y>ZY+Z>XZ+x>Y=>X,Y,Zform

sides of a triangle with semiperimeter, circumradius and inradius

=s,R r (say);
soZZa=ZX=Zs:Za=s—>(1):»a=s—X,b=s—Y,c=s—Z
cyc cyc cyc
. abc = r?s - (2)and such substitutions = z ab = Z(s —x)(s—y)

cyc cyc

2
ia (1) and (3
ﬂZab=4Rr+rZ—>(3),andZa2= Za —Zzabvm():an()

cyc cyc cyc cyc

s?2—2(4Rr+r?) = Z a? = s2 — 8Rr — 2r? = (4) and also,

cyc
2

ia (1),(2) and (3)
Z a’b? = Z ab | — 2abc Z a| 2N (4Rr +r?)?% — 2r?s.s

cyc cyc cyc

= Z a’b? = r?((4R +r)? — 2s?) - (5) and moreover,z a’ =

cyc cyc
3

ia (1)
Za —3(a+b)(b+c)(c+a)vm= s3—3.4Rrs:>Za3=s3—12Rrs

cyc cyc
3

- (6) and finally,z a’b?® = Z ab | —3(ab + bc)(bc + ca)(ca + ab)

cyc cyc

(4Rr +r?)? — 3r%s.4Rrs = Z a®b3 = (4Rr +r?)3 — 12Rr3s? - (7)
cyc
and via (1), (2),(3),(4),(5),(6) and (7), (x) transforms into :
r’s (16(53 — 12Rrs) + 19s(4Rr + r?) — 8s(s? — 8Rr — ZrZ)) — 123r%s?

+16((4Rr + r?)3 — 12Rr3s2) — 8(4Rr + r2).r2((4R+r)? — 2s2) > 0
& 2s* — (45Rr + 18r?)s? + 2r(4R +r)3 [>] 0 - true = 2s* — (45Rr + 18r?)s?

+2r(4R + r)3 is a quadratic polynomial in s? with discriminant =
(45Rr + 18r2)%2 — 16r(4R + r)?® = —r(1024R3 — 1257R?r — 1428Rr? — 308r3)

ule

E r
= —r(R—2r)(1024R? + 791Rr + 154r?) < 0 = (*)is true
1 1

1
+ + <1
Vax?+x+4 Jay’+y+4 Vazl+z+4

via (2) and (3)
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ny,z>0|xyz—1” "iffx=y=z=1(QED)

1451. If x,y,z > 0 and xyz = 27, then prove that:

1 1 1 1

+ + > —

VaZ+21x+9 Jy2+21y+9 Vz2+21z+9 3
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mohamed Amine Ben Ajiba-Morocco

Firstly, for all x > 0, we have

Squaring

VX2 +21x+9<x+V3x+3 S 0<2/3x3—12x+6V3x
2
= 2V3x. (Vx —V3),

which is true.

. . 3bc 3ca
Now, since xyz = 27, then there exist a, b, c > 0 such that x = ?,y = B z
3ab
= —Z,and
c
D s 2, =
S x2+21x+9 Lax++3x+3
a? AM—GM
i)
cy£3(bc+a bc + a?) 3 & pe +ab+ac a?
cgs (a+ b+ c)? 1
= ab + ac 3
3 Yeye (bc +t———+ az)
Equality holds iff x =y =z = 3.
1452.If a, b, c > 0 then:
b*Vb? + c% + a*Vc? + a?
Z > > > 3v/2abc
a-+b

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India
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WLOGa=>b >cthena*+b*>>a%*+c*>b?>+c

and/ a2 + b? > a? + ¢ > /b2 + ¢2

b*Vb? + c2 + a*Vc? + a2 Chebyshev —(b4 + a4)(\/b2 +c2 +Va? + Cz) CBS
a’ + b?

a? + b?
1(a?+b2)?2( [((b+¢)? . [(a+c)?
e (. 5
= a? + b? -
= ﬁ (a®+b*)(b+c+c+a) s % (2ab) (4(abcz)i) = \/f(asbscz)% (1)

b*Vb? + ¢ + a*Vc? + a2 O IAM GM
> V2 Z(asbs 2)a

Z a? + b?

1
> 3v2 (al2b12¢12)12 = 3+/2abc

Equality holds fora=b =c
1453. If x,y,z > 0 and x3 + y?> + z = 2v/3 + 1 then prove that

1+1+1>4\/§+9
x y2 z2— 9

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mohamed Amine Ben Ajiba-Morocco
By AM — GM inequality, we have :
1+1+1+ 3>4 > 1>4 x (1)
X x x . —3 3
1 _2V3 y?
(2)

> 7

1y2
y3x/§y2 3

w

50 RMM-INEQUALITIES MARATHON 1401-1500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1 z z z 4 1 43 z
Stgtete2im = 325 —3 @
z2 9 9 97 193 z3 9

Adding (1), (2) and (3), we get

1+1+1>10\/§+12 1 3 eys )_10\/§+12 2V3+1 _ 4V3+9
x 2 3= 9 g Ty Ta="Tyg 3 9
Equality holds iff x = 1,y = V3,z = V3.

1454.1f 0 < x <y < z,then prove that :

X3z y* z3 + 1513

>
y%(xz + y?) - z2(xz + y?) T <

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

x3z N y* N z3 + 153
y2(xz -|J—Cy:) z%(xz +yyi) x2z s
x y 1+15(2
@XZ(EZ) XZ+£(Z)X2+ ESZ) > 12
HG+@) i+@ (G
al b* 1 x y
=) bz(a(+3b2)1)6)“ 116)2 + 4+ 15a > 12 (z = a,; = b)
a’ + b

b2(a+b?) Ta+b? g 1oa=12e
a? + b* — ab? b* b* 1 a2 .1 ()
= ——prtoapr T +15a>12@ﬁ+b +5+14a > 12
a? 1 A-G a? 1 1 ?
Now§+b2+—+14a > 2. ﬁ.b2+;+14a:ﬁ+16a212

? ? X
e 16a® —-12a’2+1>0 < (4a+1)(2a—1)? >0 - true = a=_> 0
x3z y* z3 + 1523

= () is true - Yz 1y + T E— +—0z,

>12for0<x<y<z

"= iffa=b2A a=sa" =" iffa=> b=

= ura-= a_z.. =1 a_z’ _\/E

dso,” =" iffz =k x = kvk>0(QED)
and so, = 1 Z=K X=—,y=—
2V "z

1455.If a,b,c > 0, 1 = 0 then:
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> (a+ 2?(;: D) S A+ D@+ b+0

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Let (a+ Ab) = x,(b+ Ac) =y,(c+ Aa) = z then:

Z((a+ Ab)(c + Aa))_zxz_xzzz+x2y2+yzzz
b+ Ac Ly xyz
XY YVYZ+YyVZ-ZX+ZX X xyz(x+y+z
Xy yzty y _xyzlx+y )=x+y+Z=
xyz xyz

=(a+ Ab)+(b+ Ac)+ (c+ 2a)=(A+1)(a+b+c)

Equality holds fora=b=c=1

1456. If a,b,c > 0 with a® + b3 + ¢ =3 and A, n € N with A < 3n, then

1 1 1
A(a+b+c)+n<$+ﬁ+c—3>23()\+n)

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

1 1 1 \ Radon 81 3,13 .03
A(a+b+c)+n(—3+—+—> > A za +n—— I sd
a b3 c3 3
(chca)
a3 ? 3.h34c3 = 3 a3
A{ D a)+on Zeye 559 @230 +m T T 3004w, /ZW;
cyc (chca) cyc
3 3 ? 3 3
& 3n Z“y‘a3.392a3—%.392a3 > 2| 3. ch—ca—Za
(chca) cyc cyc

cyc

3
cyc
3 3
?
< 3n. 9Za3— Za .392613 =132 za . 39Za3—za
cyc cyc cyc (%) cyc cyc cyc
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(T
(3 T (PR3

(+“A2>0asAneN)

3
= 3 <Z a> . 9 chc a3 _ (chc a)3
oye / 81(Zeyc @) + (Beye @)’ + (Beye @) *[9 Teye @3

CEAA \
PRl () )2

)

O
i

pw

+

O
i

aw
~—
i
-

N

+

(o]

-
/_\
i

aw
N~~~ —

N
~—
i
>

v

3
cyc cyc (g) 3<;a>
Z 2(2 ) . LHS of (xx) >
cyc cyc
2

(Se) (3] + () {3e)-(2e)

= (x*) = (%) is true - )L(a+b+c)+n(3 b13+1)>3(7n+n)

Vab,c>0|a3+b3+c3=3withAneN|A<3n"=" iffa=b=c=1(QED)
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Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The desired inequality can be rewritten as
1 1
n (5 + ﬁ +

5-3)2A3-(@+b+] (D
Sincea+b+c< VSZ(a3+b3+c3) =3 and A < 3n,then

RHS;y <3n[3—-(a+b+c)] 2 LHS 4, (:)n(B(a+b+c)+—+

1
F + — - 12) 0,
which is true by AM — GM inequality,

1 1 1 3.3 3 1 11
3(a+b+c)+—+ﬁ+—>12 a3.b3.c3. _3b__3 12.
Equality holds iffa=b =c=1

1457.1f a,b,c > Owitha+b+c=1and A > 0, then

JAa+1+JAb+1+JAc+1=>2+ /A +

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

JAa+14+JAb+1+JAc+1>2+/2+1
S Ma+D+2) JAa+DAb+D 2 4+A+1+4/0+
cyc

cyc
a+b+c=1
(=1

A+3+22J(ka+1)(kh+1)z 5+A+4./A+

cyc

o) JGa+ DOb+D > 1+2

cyc

cyc

cyc

JA+ Now,ZJ(ka+ Db + 1) “+b+=czlz\/()La+a+b+c)(xb+a+b+c)

cyc

Reverse CBS 2
Z\/((l+1)a+b+c)(a+(A+1)b+c) > z\/\/l+1a+ A+1 b+c)
cyc
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=\/7L+1.<Za>+ A+ 1.<Za>+2aa+bg_12\/l+1+1=>(*)istrue

cyc cyc cyc

aaa+1+Jab+1+JAc+1>2+/A+1Vabc>0|la+b+c=1
andA>0,"=" iff(@a=b=0,c=1)or(b=c=0,a=1)
or(c=a=0,b=1) (QED)
1458.If a,b,c > 0,1 = 0,n > 0 then:

e :
>
b2(Aa+nb)  A+n

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
Vasc inequality :

(x? + y* + z%)?
3

3 Z a?b? < (Z a2)2 )

a3 at (aZ)Z Bergstrom
 — - >
Z b2%2(Aa + nb) Z b%2a(Aa + nb) Z Aa?b? + nab3 -

(a? + b? + c?)? (D&(2)
>
— A(a? b2 + b%¢c% + c2a?) + n(ab3® + bc3 + ca3)

Vxyz>0, > (x3y+y3z+ 23x) (1) and

- (a? + b?% + ¢?)? 3
T ME+b2+a?)? n@+b2+c?)? A+n
3 3
Equality holds fora=b=c=1

1459.If a,b > 0 and a + b = 2 then:

2(Va+3+Vvb+3)+3(Va+8+Vb+8)<26

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

2(Va+3+Vb+3)+3(Va+8+Vb+8) £

55 RMM-INEQUALITIES MARATHON 1401-1500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

< 2y2(a+3+b+3)+3,/2(a+8+b+8) =

=22(a+b) +12 +32(a+ b) + 32 "= 2v16 + 3v36 = 26

Equality holds fora=b =1
1460. If a,b,c > 0,abc = 1 then:

7 3
Z\/1+15a22§(a+b+c)+5

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

1+15a’? =1+ (a®*+a?+ - +a?) >

15 times

2
1+ a+a+---+a)
Cgs <( ( 15 times > _ (1+ 15a)?

- 16 16
1+ 15a
Now+/1+ 15a?% > 2 (1)
Z\/1+15 2(;)Zl+15a—3+15( +b+o) =
@ = 4 4 2 =
3 1 b 7 b AM—-GM
e W Z >
4+4(a+ +c)+2(a+ +c) =
3 1 3 7 abc:17 3
> —+ -3V — = — —
_4+43 abc+2(a+b+c) 2(a+b+c)+2

Equality holds for a=b=c=1
1461.If a,b,c > 0, n € N then:

Zb+c>6(a+b+c)

a® —a+c"+b"

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
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WLOGa=>b > c then: (a+b)=>(a+c)=(b+c),

b+c Chebyshev 1 Bergstrom
2w DN

2( b4 )(1+1+1)2_6(a+b+c)
=3 ar+b"+c*  a"+c"+b"

Equality holds fora=b=c=1
1462.If a,b,c > 0 and

1
S_
n

1
b

H(2a+ b + c¢) = 64 and n € N then:

cyc

2ant2pnt2
z e T

cyc

Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Since a*® — 1 and a — 1 have the same sign, then

(@ -1)(a—1)=>00ra*'—-a+1>a*"

2 qn+2 pn+2 2 qn+2 pn+2 AM GM 2 qn+2pn+2
= Z a?"tl —q + p2m + 1~ Z ‘a? + b2 z  2amb Z ab.

cyc cyc cyc cyc

Now, we have

AM-GM
64=||Catb+o) & | [2/@+B@+o
cyc cyc
AM’:\GM 8
:81_[(b+c) > 8.§Za.2bc2
cyc cyc cyc

64
2?.\/3(ab+bc+ca)3 = ab + bc + ca < 3.

Therefore
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2ant2pn+2
Z T 3

cyc

Equality holds iffa=b =c = 1.
1463.If a,b,c > Owithab + bc+ ca =3 and A > 2,then :

Z a? - 3
a’+2Ab  A+1

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z Z (\/'_) Bergstrom (chc \/L?)Z ab+bct+ca =3
a? + b B

£ £ al+Aab —  Ycad+AYgcab
2
Ycyc aby3
Seye @ +2 Leye Va¥b? _ Zeye @ + 6( 3 )
chc a3 + 34 B chca + 31
/ b 3 §P Mean I 1 b 2\
2 ower Mean Inequality
| - (_chc;a ) ) > ch‘"‘a ZW > 3<ch“ ) |
cyc

Yy ad +BA A+1

cyc

z o3 Cheb;shev % z o? Z al> % Z ab 3 Z ab ab+bc;ca =3 3
cyc cyc cyc cyc cyc

:>Z3 3> 0andA 2>O'Z @ 3
@ oot VAP Ry el Wi

cyc cyc

a3 +6 ? 3 !
ab+bcica 3 chc <:>()L_2) (2(13—3 > 0 - true

Vab,c>0|ab+bc+ca=3andr>2"=" iffa=b =c=1(QED)
1464.If x,y,z € R such that : x? + y? + z? = 8 and xy + yz + zx = —4,

58 RMM-INEQUALITIES MARATHON 1401-1500



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
h that - \/§<x3+y3+z3<\/§
en prove that : 6 _x4+y4+z4_ 6

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
x2+y?2+224+2(xy+yz+zx) =8—-8=0=>(x+y+2)?=0
>x+y+z=0-(1)

via (1) (2)
xytyz+zx=—-4=>xy+z(x+y)=—-4 > xy+z(-z)=-4>2>—-4 = xy

X + V)2 ia(1) 22  3z?
= 4Y) ('-'(x—y)ZZOVx.yelR%)vm:()Z:>734:>3ZZ_16S0_)(3)

x*+yd+72° _ (chc x)3 -3 ((chc X)(chc xy) — xyz) vie(1) 3xyz
XA+ vh 4 74 = —
x*+y*+z (chc xz)z _2 ((chc xy)z _ nyz(zcyc x)) 64 — 32

: - B d e e— = = _—
x an Xy xt+y*+zt 1024 1022
cyc

Now

cyc

;E & 27z% — 216z* + 4322% — 256 ; 0 © (3z%2 —16)(322 — 4)? é 0
- true = 3z2—16vm<(3)0:. <M>Z<i
- xt+yt+zt) T 12
1 V3 x*+y3+z2 1 43
i_iz_zsx4+y4+z4s\/ﬁ:?'
=" iff (x:i,y:i,z:—i> or (x:_i,y—_i,z:i)
BBl BT BTl
4 2 2 2 4 2
or(x=-Fy=r= ) o (=Y =-F = 55)
4 2 2 2 4 2
or (xzﬁ,yz —\/—g,z= —ﬁ> or (xz —\/—§,y=\/—§,z=—\/—§) (QED)

1465. If a,b,c > 0 and ab + bc + ca + abc = 4, then prove that :

Vabc(Va + Vb ++c) < 3
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Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

D (@+b)2+0) - @ +a)(2+b)2+0) =4 (ab+bc+ca +abo)

cyc

1
:0.'.zm=1—>(m)

cyc

Nows 2 wecanset: =1k (w5 0and < L) a2 =
0w'2+a 5 - We canse it x (x andx <) a =
2 2 2 2x (1)
=>a= — 4= -

1-2x T 1-2x 1
—-x
2
Similarl ¢ 1 _1 d 1 _1 .lvia_(m)
1m1ary,wese.2+b—2—yan 2+C—2—z.. =
1+1+11+1 +1=>++1(')
= —-—— —— —— = —_——
2+a 2+b 2+c¢ 2 YTz ¥TpTETXTYTI=S oA
. 2x 2y 2z
~ (1) and (i) = a = —— and analogously,b = and c =
y+z Z+Xx x+y

2x 2 27 2x 2 27
and hence : \/abc(\/a ++b + \/E) — \/y y \/ N y N

+z'z+x'x+y |y+z z+x x+y

2
CBS XyzZ z z 1 XYZ Y cyc X Z z
<4 |=—. X. =4, |=—. x| + X
/ncycu +y) / / vtz |lodx +y)? Y
cyc cyc cyc cyc
2
co [ s iy ) e, P s
8 16(Ycvc X
<§ (chc x)(chc xy)> cyc cyc XY
27xyz X
s T Vabe(Va+Vb ++c) < 3
3XYZ Ycyc X

Va,b,c>0|ab+bc+ca+abc=4,”=” iffa=b=c=1(QED)

1466. If a,b,c > 0 and i+%+%+%(a+b+c) =12—5,thenprovethat:
a’?+b%*+c*<3

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

3
3
A-G ab
Firstly, (Z ab) > 27a*b?c? = abc < % — (1) and also,

cyc
15 1 1 A-G 1

—=Z(—+a>+— Za > 6+ Za :Za§3—>(2)
2 a 2 2

cyc cyc cyc cyc

1 1 1 3
Now,weassume:ZaZ>3andwehave:E+B+E+E(a+b+c)=—

cyc

3 15 3
:Zab+iabc Za =7abc=> abziabc S—Za
cyc cyc cyc

cyc

via<(1)3 (chcab)3 .
< 5T S—Za -v1a(2),ZaS3<5=>5—Za>0

cyc cyc cyc
1 ab
=__<zab /2 .<5_jzaz+zzab>
2 3
cyc cyc cyc

via assumption 1 ab
: (zb>/2 .<5_ /3+zzab>
2 3
cyc cyc
:f(s V3 +2t)—2>0|> () t=Zab
cyc

via (2) 1
Now, t = Zab <§<Z a> < 392 - (3) and we denote

cyc

cyc

5. \/Zt +3—(4t+3)

f(t)=\/§.(5—\/3+2t)—2‘v’t€ (0,3] and then : f'(t) =

3t(2t + 3)
~ 25(2t + 3) — (4t + 3)2 _2(8t2 — 13t— 33)
3t(2t + 3). (5 V2t + 3 + (4t + 3)) 2../3t(2t + 3). (5 VZ2E+ 3 + (4t + 3))

3-t)(8t+11 via (3)
- (3 —)( ) > 0=f'()>0Vte (03]

- 312t +3). (5 V2t + 3 + (4t + 3))

=>f(t)isTon(0,3]2ft) <f(3)=0=> \/;(5—\/3+2t)—2S0
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which contradicts (*) and hence, we conclude that our assumption is incorrect
s>a’+b*+c?2<3”=" iffa=b=c=1(QED)

1467. If x,y,z > 0 and x? + y? + z? = 3, then prove that :

16 xy+yz+zx+1>28

_|_ R
Jx2y? +y222 + 2222 + 1 X+y+z 3

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Exactly two variables equal to zero and WLOG we may assume

1 28
=z=0(x=+3)and then: LHS = 16 + — > —
y (x=3) 573

Case 2 |Exactly one variable equals to zero and WLOG we may assume
x = 0 withy,z > 0 such that : y? + z? = 3 and then :

16 yz+1
LHS = + - (1)
Jy?z2+1 Ytz
A-Gy2+2z2 3 13 16 32
Now,yz < ~ =—ey?z2l+1<—> > > (i)

2 4 /yzzz +1 V13

? 1 ? ?
= >E<:>2yz+2>y+z<:>y(2z—1)+2—z>0

?
©+3-22.2z-1)+2—-z >0
(m)

1
(m) is true when z > 2 (+2>+v3>zasy? +z% = 3) and so,we now

yz+1
and also, y

1 ?
consider the case when : z < 3 andthen: (m) ©2—-z>+3-2z2.(1 -22)
? ?
©2-22>03-2))1-22)%? ©42z* —42° - 102> +82+1>0

? 1
©1722(1-22)2+82(1-22)+522+1>0->true~0<z < =

2
z+1 1
:(l)istrueandso,yy_l_z >E—>(ii)‘v’y,z>0|y2+zz=3s. () + (i) =
16 +yz+1> 32 +1 93752>28vm(1)LHS>28
—_— . —_— $ —
/y2z2+1 y+Z V13 2 3 3

[Case 3]|x,y,z > 0 and assigningy +z=a,z+x=bx+y=c>a+b—c=2z
>0,b+c—a=2x>0andc+a—-—b=2y>0=>a+b>cb+c>ac+a>>b
= a,b, c form sides of a triangle with semiperimeter, circumradius and inradius
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(O]
= s,R,r(say)yieldingZZx =Za: 2s=>Zx =s=>x=s—ay=s—b,

cyc cyc cyc

(CD)
Z=S—C.:XyZ = r’s and,z xy = Z(s —a)(s—b) = 4Rr + r?
cyc cyc
2
(ouu) i (o) d(ooo)
:ny =" 4Rr + r? andalso,Zx2 = Zx —szyvm =
cyc cyc cyc cyc
(““)
s? —2(4Rr + r?) = Z x* =" s?—-8Rr-2r?and also,szyZ =
cyc cyc

2

i (c)’(oo) d(ooo)
z xy | —2axyz z x| (4Rr + rz)2 —2r%s?

cyc cyc
eecee )
cyc
Leye ¥’
x2+y2+22 =3 16 che Xy + cy; 2+y2+ZZ =3
Now, LHS = + 2 -
X
[ty Gl o 55
2
16 ZCYC x + (chc x) + chc xy

\/(ZCYC xz)z +9 chc x%y? (chcx)- 3 chc x?
2 2 2
256(chc xZ) + ((chcx) + chc xY)

= LHS? = > 5
(chcxz) +9chcx2y (chcx) Bchch
SZchcx (chcx) +chcxy
\/(chcx) 49 x?y? (eyex). [3 Zeyer?
cBs 256(cycx? ) N ((chcx) +26ycxy)
T (Teyex?)” + 9 Teye x2y? (zcycx)z 3 Veye ¥
32 Y cyc X2 (chcx) + Yeye XY 2784
=9
J(chcx ) +3(chcx ) J3chcx J3chcx
Via (+),(+++),(s+++) and (s+es+)
(=4

2(c2 _ _5.2)2
768s2(s2 — 8Rr — 2r2)° + (s? + 4Rr + r2)(17s% + 4Rr +r2) [ (s* — 8Rr—2r?)" +
9r2((4R +1)% —2s%) ) » 784

3s2(s2 — 8Rr — 2r2)(52(52 —8Rr — 2r%)2 + 9r2((4R + )% — 252)) -9
& 1571s% — (37080Rr — 3924r%)s® + r?(186144R? — 23712Rr — 17562)s* +

63 | RMM-INEQUALITIES MARATHON 1401-1500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
r3(169088R> + 125952R?r + 31272Rr? + 2588r°)s? + 39r*(4R + r)4 0 and
@
~ via Gerretsen,P = 1571(s2 — 16Rr + SrZ)4 +
4r(15866R — 6874r)(s? — 16Rr + 5r2)° +

4r?(204840R? — 196830Rr + 39807)(s2 — 16Rr + 5r2)” > 0 - in order
to prove (*), it suffices to prove : LHS of (x) > P

(%)
& (105860R® — 181650R?*r + 80709Rr? — 9781r3)s? | >
r(1648584R* — 3282264R%r + 2056212R?r? — 524997Rr> + 47673r*)
Gerretsen 3 2
Again, LHS of (+5) > (105860R ~ 181650R’r +) (16Rr — 5r2)
80709Rr? — 9781r

?
> r(1648584R* — 3282264R%r + 2056212R%*r? — 524997Rr? + 47673r*)

? R
& 22588t* — 76718t3 + 71691t% — 17522t + 616 > 0 ( = ;)

Euler

& (t—2)((t—2)(22588t% + 13634t + 35875) + 71442) S0otruest > 2
16 xy+yz+zx+1 28
= (xx) = (%) is true . + yry > —
Jxiy? +y2z2 + 2222 £ 1 x+y+tz 3
under case (3) and combining all cases,
16 xy+yz+zx+1>28

+ >
Jxiy? +y2z2 + 2222 + 1 x+y+z 3
Vx,y,z>0|x2+y2+22=3"=" iffx=y=1z=1(QED)
1468. If a,b,c > 0 and a + b + ¢ = abc, then prove that :
3V3 bc ca ab a+b+c
< + + <
4 a(1+bc) b(1+ca) c(1+ ab) 4
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

bc N ca N ab - a+b+Ca+b+<c:>=abc
a(1+bc) b(l+ca) c(1+ab)™ 4
Z bc <a+b+c@( +b4+ )Z 1 <a+b+c
a( abc +bc)_ 4 a - a2a+b+c) ™ 4
ye®\a+b+c cye

a+b+c=abc abc Z 1 Z a+b+c
JEN __
a+b+cC a(2a+b+c) (a+b)+(c+a) 4

Assigning b + ¢ = x, c+a—y,a+b—z=>x+y—z—2c>0 y+z—x=2a
>0andz+x—-y=2b>0=>x+y>zy+z>x,z+x>y=xYyZzformsides
of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

soZZa=Zx=Zs=>Za=s—>(1)=>a=s—x,b=s—y,c=s—z

cyc cyc cyc
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abc = r“s - (2)and such substitutions = Z ab = Z(s —x)(s—vy)

cyc cyc
(s—y)(s—12)
=>czycab 4Rr +r% - (3) =~ Z(a+b)+(c+a) Z

yt+z
1
~ 2s(sZ + 2Rr + 12) -Z((s -V(s-2)(z+x)(x+y))
cyc

1
~ 2s(s? + 2Rr + r2)’

cyc

) / z x%(—s? +sx+yz))

z (s—y)(s—12) x2+ny

cyc \
2
ZS(S + 2Rr +r2)’ \+(S + 4Rr + rz) Z(S — (s - Z)/
cyc
—2s%(s? — 4Rr — r?) + 2s%(s? — 6Rr — 3r?) + 8Rrs? + (s% + 4Rr + r?)(4Rr + r?)
- 2s(s% + 2Rr +r?)

? a+b+Cv1a(1) S
= 4

Zr((BR 3r)s? + r(4R + r)z) < s(s? + 2Rr + r?)
& s* — (14Rr — 7r?)s?

?
—2r?2(4R +r)? >0
**)

~

Gerretsen
Now, LHS of (xx) >

Gerretsen

(2Rr + 2r?)s? - 2r?(4R+1)? >
Eu

(2Rr + 2r?)(16Rr — 5r2) —2r?(4R+1)? = 3r3(R—2r) = 0= (+xx) > (x)

ist _ bc N ca N ab

1strue - a(1+bc) b(1+ca)

bc

<a+b+c
c(1+ab) ™ 4
. ca ab
Again,
a

n n a+b+c = abc Z bc
(1+bc) b(1+ca) c(1+ab) B

a+Yeca
yc
2
b2c2 Berg;trom (chc ab) ; 3vV3 at+b+c=abc
o 2abc+b?c+bc?2  —  6abc+ (chc a) (chc ab) —3abc 4
3V3 a via (1),(2) and (3) r*(4R + r)* 227 r’s
. s >—.—
4 " Ja+b+c (3rzs+s(4Rr+r2))2 16" s
?
© 4R+ 10)*| 2 |27s*(R+1)?
(%%)

Trucht or Doucet ? ?
Now, (4R + r)* > 3s2(4R+1)2 >27s2(R+1r)2 ©4R+r > 3R+ 3r
? . . bc ca
< R = 2r - true via Euler = (xxx) is true

+ + ab
a(1+bc) b(1l+ca)

c(1+ ab)
a+b+c

4
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N 4 ab
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<
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Va,b,c>0|a+b+c=abc,”:” iffa =b = ¢ = V3 (QED)

1469.If a,b,c > 0 and ab + bc + ca + abc = 4, then prove that :

—+vab 2—-—+vbc 2-—+ca
+ + >
\/E Va Vb

Proposed by Nguyen Hung Cuong-Vietnam

abc

Solution 1 by Soumava Chakraborty-Kolkata-India

D (@+b)2+0) - @ +a)(2+b)2+0) =4 (ab+be+ca +abo)

cyc
1
:0.-_2_:1
2+a ~ (m)

cyc

N 1 azOl ¢ 1 _1 (>0 d <1)
0W2+ 2 we can se 2+ —2 X | X anda x 2
2= 2 2, L
oo = = — = N
@ 1-2x T 1-2x 1_
2 X
Similarl g1 a1 -1
imilarly, we set: o—— = —yand 5—— =5
ey 1 1 1 "1 1 g
= = —— —_— S — _-—
2+a 2+b 2+c 2 YTz ¥YTpTEmxTyTz=S =AU

. 2x 2y 2z
~ (1) and (i) = a = —— and analogously,b = and c = and hence :
y+z Z+x X

\/_b 2— \/_+2—\/a
Vb

x+y x+y 2x 2y 8xyz
. . =3
2z cyc 2z y+z z+x y+z2)Z+x)(x+y)

x+y
y

> 3.Vabc transforms into :

cyc

x+y

\/(y+Z)(Z+x)(x+y) Z \/(y+Z)(Z+x)(x+y)

, x+y Xyz
L —><6+CZYC: )\/y+z)(z+x)(x+y)
x+y

y
2
(y+2z)(z+x) x+y
cyc Zczyc:\/— (y+z)(z+x)(x+y)< Zyc: z >
PN (chcx)(zcych) _34 ZZ (y +z)(z+ x)
Xyz s xy

cyc
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® xyz <(chc x)(Zeyexy) N 3>2

= +2)Z+x)(x+y)’ XyZ
Assigningy+z=A,z+x=Bx+y=C=>A+B-C=22>0B+(C—-A=2x
>0andC+A-B=2y>0=>A4A+B>C,B+C>AC+A>B=AB,C form
sides of a triangle with semiperimeter, circumradius and inradius = s,R, r (say)

yielding22x=ZA=Zs:Zx:se(l)=>x:s—A,y=s—B,z=s—C

cyc cyc cyc

= xyz = r’s - (2)and zxy = Z(s —A)(s—B)=4Rr+r? - (3)

cyc cyc

o s(4-Rr + rz) AB
via (1),2),3), () & ——5—= -3 + 2; G-AG_B)

2

- r’s s(4Rr+r2)_|_3 4R—2r+zz «_ r2(4R + 4r)?

> . o cosec—>———
4Rrs rls r 2 4Rr.r2

cyc

o 2R—r a9 2(R +1)?
(a, B,y — angles of A with sides A,B and C) & - + z cosec > T
cyc

Jensen 2R — m 2R-r 2R+5r ? 2(R+71)?
Now,LHS of (xx) > +3 cosec = +6= - > -

? ?
& 2R? + 5Rr > 2R? + 4Rr + 2r?2 © Rr > 2r? - true via Euler = (x%) = (%)

2—+vab 2-+bc 2—-+ca

is true - + + > 3.VvabcVab,c>0
Ve Na | b
|ab+bc+ca+abc:4,”:” iffa=b=c=1(QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morroco

By AM — GM inequality, we have
(2 + Vab)(2 —Vab) = 4 — ab = bc + ca + abc = 2cVab + abc = cVab(2 + Vab)

2 —+ab
= 2—-+Vab =cVab > T > vabc (and analogs)
c
Therefore

2—\/ab+2—\/ﬁ+2—\/a>
Ve Ja | Vb
Equality holds iffa=b =c = 1.

3vVabc.

1470.If a, b, c > 0 and a? + b? + c* + abc = 4 then prove that:
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2(a+b+c)+ab+ bc+ ca—abc <8

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
By AM — GM inequality, we have
4—a?=b*+c*+abc>2bc+abc=bc(2+a)=>2—-a
> bca§2(2 —a—-bc)2-a)=0
= 4 > 4a + 2bc — a? — abc (and analogs)
Adding this inequality with similar ones, we get
12 >4(a+ b + c¢) + 2(ab + bc + ca) — (a? + b? + ¢ + abc) — 2abc
=4(a+b+c)+ 2(ab + bc + ca) — 4 — 2abc
©8=>2(a+b+c)+ab+ bc+ ca— abc.
Equality holds iffa=b =c = 1.
1471.1f a,b,c € [0,4] and a + b + c = 6, then prove that :
a’ +b? +c?+ab+bc+ca<28
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
Case1|b>2 (b < 4)andthen:a?+b?+c?>+ab+bc+ca

—bb+at+o)+ai+ct+ca”"E 6b+ (c+a)?—caE"C
—cas0
6b+(6—-b)? —-ca < b’-6b+36=28+b%2—-6b+8
=28+ (b—-2)(b—4)<28-2<b<4=(b-2)(b-4)<0

~a’+b*+c2+ab+bc+ca<?28

a+b+c=6

[Case2]b<2(b=0)andifca<2then:c+a<4 = 6-b<4
= b > 2,a contradiction . when b < 2, then, at least one of ¢, a must be > 2

*Whena=>2(a<4),then:a’?+b?+c?2+ab+bc+ca=ala+b+c)

atb+c=6 a+b+c=

+b%2+c2+bc = 6a+(b+c) —bc = 66a+(6—a)2—bc
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-bc=<0
< a’-6a+36=28+a*>-6a+8=28+(@a—-2)(a—4)<28-2<a<4

>@-2)(a—-4)<0.-a*+b?*+c?>+ab+bc+ca<?28

eWhenc>2(c<4),then:a?+b?+c?+ab+bc+ca=c(c+b+a)

+a% +b% + ab a+b;c=66c+(a+b)2—ab a+b§€:66c+(6—c)2—ab
—ab<0
< ¢c2-6c+36=28+c2-6c+8=28+(c—2)(c—4)<28+2<c<4

= (c—2)(c—4)<0.:a*+b?+c%+ab+bc+ca<28and so,
combining all scenarios,a? + b? + ¢? + ab + bc + ca < 28

Vab,ce [O,4]|a+b+c=6,”=” iff(a=0b=2,c=4)
or(a=0b=4c=2)or(b=0,c=2,a=4)or(b=0,c=4a=2)

or(c=0,a=2,b=4)or(c=0,a=4b=2)(QED)
1472. If x,y,z > —1, then prove that :

1+ x? 1+ y? 1+ z?
2+ 2+ 22
1+y+z4 1+z+x* 1+x+y

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2

We havey <
1+ x? 1+y? 1+ z?
= + + =
1+y+z2 1+4+z+x2 1+x+y?

and analogsVy € R

1+ x? 1+ y? 1+ 22

+
1+y? 1+z2  , 1+x2
> 7 txt 1+

1+

+22 1+ + y?

_2( a N b N c )
“ “"\b+2c c+2a a+2b

(a=1+x:.b=1+y%c=1+2z%ab,c>1>0)

2

2 b? 2 Bergstrom 2 a

— 9 a + + C > (chc ) >2
ab+2ca bc+2ab ca+ 2bc 3 Yeycab
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1+ x? 1+y? 1+1z2
+ + >
14+y+z2 14+z+x*2 1+x+y?

Vxyz>-1"="iffx=y=2z=1(QED)

1473.If a,b,c > 0 and ab + bc + ca + abc = 4, then prove that :

1 1 8
\/_+\/_+x/_+2(F+F+\/_) < Vabc + =

Proposed by Nguyen Hung Cuong-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

D (@+hE+09)-2+)E+D)(2+0) =

cyc

1
=4—(ab+bc+ca+abc)=0.'.Z—=1—>(m)
2+4+a

cyc
N 1 azOl ' 1 _1 ( >0 d <1)
Yota T 2 ‘24aq 2 T\Xorandxsy

+2 2=-"2 )
oo = = = — = -
a 1-2x YT 1-2x 1

2
Similarl t: 1 _1 d 1 _1 .1via_(m)
lmlary,wese 2+b—2 yan 2+C_2 Z .. =
1 1 1 71 11 T S

=——xt+-—-y+--z> =—5
2+a 2+4b 2+c 2 YTz ¥YTgTEzTmXxTYyTzZ=5=U

. (1) and () > a = —* and anal vb=-2 ande=_22
o an 1 a—y+zan anaogousy, —z+xan C—x+

\/_+\/_+\/_+2(T+T+\/_> < Vabc \/T

b+b be = 4
<abc+8" e @Vabc.Z\/E+ZZ\/abs4—Zab+8

cyc cyc cyc

@W.Z\/E+zz\/%+zabs 12

cyc cyc cyc

and hence :

cyc cyc
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XyzZ x xy
Q\/(y+z)(z+x)(x+y)' \[y+z+z\[(y+z)(z+x)
+Z(y+z)(z+x)l3

Assigningy+z=A,z+x—Bx+y C=>A+B-C=2z>0,B+(C—-A=2x
>0andC+A—-B=2y>0=>A+B>C,B+C>AC+A>B=>AB,C form
sides of a triangle with semiperimeter, circumradius and inradius = s,R,r (say)

yieldingZZx=ZA=Zs:Zx=s:»x=s—A,y=s—B,z=s—C

cyc cyc cyc
= xyz = r?s and via such substitutions, LHS of (x) becomes :

(s — A)(S—B) (s—A)(s—B)
16R2r252 ZVBC(S_ +Z\[ Z

VD22 (aAy)? e ve
\/— chc BC
2 2
> Z(S—A) s2+4Rr+r +Zsm +Zsm—
16R cyc cyc cyc

CBS
and
Jensen

(a, B,y — angles of triangle with sides A,Band C) <
V4R? + 8Rr + 4r2 3 2R—r_R+r+3R+2R—r

IR +ot R = 2R =3 = (%) is true
\/_+\/_+\/_+2(—+—+ ) abe+ —
va Vb Ve Vabc
Va,b,c>O|ab+bc+ca+abc-4,"—" iffa=b=c=1(QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have
(2 + vVbc)(2 —Vbc) =4 — bc = ab + ca + abc > 2avbc + abc = avbc(2 + Vbc)

bc<4

= 2—+vbc=>avbc 3 (2-+bc—aVbc)(2-+Vbc) =0
4+ bc +abc 2
= 4+ bc + abc > 2Vbc(a+2) = + > +a + — (and analogs
( ) 2vabc 2 Va ( gs)

Adding this inequality with similar ones, we get
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1 1 1 12 +ab + bc+ca 3vVabc
\/E+\/E+\/E+2(—+—+—)s +

va b +c 2vabc 2
16 — abc 3+vabc 8
= + = Vabc + ,
2+ abc 2 vVabc

as desired. Equality holds iffa=b =c = 1.

1474.1f a, b, c > 0 and a? + b? + c¢? + abc = 4 then prove that:

a+b+c<V2-a+V2-b+V2-c
Proposed by Nguyen Hung Cuong-Vietnam
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We will prove that :

b+c

2—a>
=

(1)

We have
(1) @42 —-a)=>b*+c*+2bc=4—-a*—abc+2bc=2-a)(2+a+ bc)
©R2-a)2—-a—-bc) =0
By AM — GM inequality, we have
(2-a)(2+a)=4—a? =b?+c?+ abc = 2bc + abc = bc(2+a) =2 —a > bc,
then (1) is true. Adding this inequality with similar ones yields the desired inequality.
Equality holds iffa=b =c = 1.
Solution 2 by Soumava Chakraborty-Kolkata-India

abc=0

Firstly, (4 — b?), (4 — c?) = (a® + ¢? + abc),(a? +b*  +abc) > 0
andwehave: a? +b?+c2+abc=4=a’+a.bc+b*+c2-4)=0
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_—bct \/bzc2 —4(b%+c2—4) _ —bct \/bz(c2 —4)—4(c2-4)

=>a > >
_ —bct /(b2 -4)(c?—4)
a 2
—bc—\/(4-—b2)(4-—c2) —bc+\/(4—b2)(4—c2)
Sa= ora=
2 2
—bc — /(4 —b2)(4 — c2
When a = ¢ \/( > ) ¢®) ,then:b,c>0
—bc — /(4 —b2)(4 — c2
S>a= ¢ \/( ) C)SO:azo(vaZO)

2

>0 20

2be+J@—-bD@-c2)=0=(b=0,c=2)or(c=0b=2)

and in either case :[a +b+ c=2|and|vV2—a+Vv2—b+V2 —c=vV2+2

=2V2=a+b+c<V2—-a+V2-b+V2—-c

—bc+ /(4 —b2)(4 — c2
When a = ¢ \/( 2 ) C),then:Z—az

- —bc+ /(4 —b2)(4 —c2) 8+ 2bc—2/(4—-b2)(4—c?)

2 4
A;GB+2bc—(8—b2—c2)_b2+c2+2bc_(b+c)2
- 4 B 4 4
b+c cta a+b
= 2—aZTandanalogously,VZ—bZTand\/Z—CZ 2

and summing up,weget:v2—a+Vv2-b+vV2—-c>a+b+cVahb,c>0,
"="iffa=b=c=1(QED)
1475. If a,b,c = 0, then prove that :
(a+bc)? + (b +ca)® + (c+ ab)? >vV2(a+b)(b+c)(c+ a)
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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Exactly 2 variables equal to zero and WLOG we may assume :
b = c = 0 and then : LHS — RHS = a? > 0
Exactly 1 variable equals to 0 and WLOG we may assume

bZCZ bZCZ
a=0andthen:LHS=b2c2+b2+c2=< > +b2>+< 5 +c2>

A-G c2 b2
> 2b?2. -+ 2¢2. - = vV2bc(b + ¢) = RHS = LHS > RHS,

" =" iff (a = 0,b = ¢ = V2) and permutations
[Case 3]a,b,c > 0 and assigningb+c=x,c+a=ya+b=z=>x+y—z=2c
>0,y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>Yy
= x,y,Z form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say);soZZa=Zx=Zs:Za=5—>(1)=>a=s—x,b=s—y,

cyc cyc cyc

c=s—1z - abc = r?s - (2) and such substitutions = Z ab = Z(s —x)(s—y)
cyc cyc
2
ia (1) and (3)
=>Zab =4Rr +r? - (3) and Zaz = Za —ZZab Ve an
cyc cyc cyc cyc

s2—2(4Rr+r?) > Z a? = s — 8Rr — 2r? - (4) and also,

cyc
2

ia (1),(2) and (3)
Z a’b? = Z ab | — 2abc Z a| 2N (4Rr +r?)?% — 2r?s.s
cyc cyc cyc
> ) a?h? = r2((4R + 1) - 25%) - (5)
cyc

Now, (a + bc)? + (b + ca)? + (c + ab)? = Z a? + Z a’b? + 6abc

cyc cyc
A-G ?
> 2 Zaz Z:azb2 + 6abc > V2(a+b)(b+c)(c+ a)
cyc cyc
o4 Z a? Z a’b? | + 36a?b?c? + 24abc. Z a? Z a’b?
cyc cyc cyc cyc

? via (2),(4) and (5)
> 2(a +b)%2(b + c)?(c + a)? s

?
12r2s.,/r2(s? — 8Rr — 2r2)((4R + r)2 — 2s2) >
16R?*r?s? — 18r*s? — 2r?(s? — 8Rr — 2r?)((4R+r)? - 2s?)
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3s.y/r2(s2 — 8Rr — 2r2)((4R + 1)% — ZSZ)E

()

s* — s2(4R? + 12Rr + 7r?%) + r(4R +r)3? and - LHS of (*) > 0 - when :
RHS of (x) < 0,then : (%) is true and so, we now focus on the scenario when :
s* —s2(4R? + 12Rr + 7r?) + r(4R+r)3® > 0O and then : () &

?

9r2s2(s2 — 8Rr — 2r2)((4R + r)? — 2s2) >
(s* — s?2(4R%? + 12Rr + 7r%) + r(4R +r)3)?
& (s* —s?2(4R? + 12Rr + 7r%) + r(4R +1r)3)? —

9r2s2(s2 — 8Rr — 2r2)((4R+r)2 — 2s2)| < |0

o]
(++)

Now, Rouche = s2— (m—n) > 0and s? — (m+n) < 0,wherem =
2RZ + 10Rr — r2and n = 2(R — 2r)./R% — 2Rr
(sz—(m+n))(s2—(m—n))SO=>S4—SZ(2m)+m2—n2 <0

1
= s*—s?2(4R? + 20Rr —2r?) + r4R+r)? < 0=
4 _ <2(AR2 2
(s* — s2(4R? + 20Rr — 2r2) + r(4R + 1)3) (S s“(4R" + 12R3.r +7r )) <0
+r(4R+r)
. in order to prove (xx), it suffices to prove : LHS of (xx) <
4 — s2(4R? + 12Rr + 7r?)
s* — s2(4R? + 20Rr — 2r? +r4R+r3(S S )
( ( ) +x( ) +r(4R +r1)3
& (8R + 9r)s* — (32R3 + 204R?r + 164Rr? — 18r3)s?

(%)
+r(512R* + 960R3r + 528R?r? + 116Rr3 + 9r*) | < |0 and via (i),

(8R + 9r)(s* — s2(4R? + 20Rr — 2r?) + r(4R + r)3) < 0 - in order
to prove (**x), it suffices to prove : LHS of (xxx) <
(8R +9r)(s* — s2(4R? + 20Rr — 2r?) + r(4R + r)?) & —8R?rs? < 0 - true
o (xxx) = (xx) = (x) is true = (a + bc)? + (b + ca)? + (c + ab)? >
V2(a + b)(b + ¢)(c + a) and so, combining all cases,
(a+bc)2+ (b+ca)?+(c+ab)2>+vV2(a+b)(b+c)(c+a)Vabc=>0"="
iff@=0b=c=v2)or(b=0,c=a=+v2)or(c=0,a=b=+2)(QED)

1476.If a,b,c > 0, then :

c+a\? (b+c\’
(a + b) + (a + b) > 9
b2 c2 ~ 4(a? + b?% + ¢?)
cyc—z(C + a)z +—2(b + C)z
a a
Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India
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VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle
(~ (A+B) + (B+C) > (C+A) and analogs) = VA + B,VB + C,V/C + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)<B+Q_Z<A+B)Z=zz<zAB+BZ>_zzAZ_ZZAB

cyc cyc cyc \ cyc cyc cyc
= 6ZAB+ZZAZ —ZZAZ —ZZAB = 4F = 2 ZAB - (1)
cyc cyc cyc cyc cyc
Xy ? V3 x2y? ? 3
Now,V x,y,z > 0, Z 2—@2 >—
oW T EE Y+DE+20" 2 PN Yo =
cyc cyc O]
2 2
(chc xY) (chc xY)

Via Bergstrom, LHS of (x) > = i
chc (xY(chc xy + ZZ)) (chc XY) + xyz chc X

2
? 3 ? xy ? V3
>= > >
_44:)<ny> _3xyZZx—>true \/cyc Gr0GIn 22 - (2)

cyc cyc

c+a\? (b+c\? a+b\> /c+a\?
We have : (a+b) +(a+b) n (b+c) +(b+c)
' 2 CZ CZ aZ
?(c+a)2+?(b2+c)2 b—2§a+b)2+b—2(c+a)2
b+c a+b
(gt
2 2
& (b+02+2 (a+b)

a? a? b? b?
_@+)’b+? T @b+ a? b+’ c+a?’ ' b+’ (@atby?
- 2 2 2 2

b 2+ c 2 c 2+ - 2
(b+c)?  (c+a) (c+a)?  (a+b)
c? c?
c+a)Z@+bZ T et a2+ o2
+ a? b2

CEANCETL

a? 1 1 b2 1 1
_G@+b)2 ((b T2 T ler a)2> CETOLE ((c Ta? (ax b)z)
- b2 c2 + c2 a?

®+0Z " (cta)? c+a)?  (a+b)?

c? 1 1
c+a? ((a Tz T o+ c)2>
+ a? b2
@+b)Z T+ o2
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S (B+0C + y (C+A)+ z (A+B)
Cy+z Z+x x+y

/_ a? B b? 3 c? \
|x_(a+b)2'y_(b+c)2'z_(c+a)2'|

A——1 B——1 C——1
\ @z T (bt o?’ _(c+a)2/

2 Oppenheim

X 2 2 y/
=——VB+C +—y VC+A +—— VA+B =
y+z Z+x xX+y

AF xy via (1) >and () 5 AB V3 3 1 1
' (y+2)(z+x) = Z "2 Z((a+b)2'(b+c)2)
cyc cyc cyc

Radon 1+1+1)3 1
> /3. J 5=9. - >
(chc((a +b)(b +0))) ((chc a)” + Deye ab)

1 9
= 9'](3 ey @ + Teye az)z - 4(a? +b? +c2)
2 2 2 2 2 2
GG | R GRY | (D

2(c+a)2+ (b+c)2 b2(a+b)2+ (c+a)2 2(b+c)2+ (a+b)2

_4(a2+b2+c2)‘v’a,b,c>0 =" iff a=b = c (QED)

1477.1f a, b, c > 0 then:

sra+c\2 5 b4\ 2
5 (axp) +<(axp) __ 9aboy
(a+c)2+Mb+c)? — 4(a? + b? + ¢?)

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

CBS
(a+c)>+(b+c)? < 2(a?+c?) +2(b* +c?) =2(a? +b*> +2c¢%) (1)

b2 (a + c>2 ) (b + c>2 AM_GM 2bc(a+ c)(b +c) 5
a+b a+b - (a + b)? (2)
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2 2b b
2 (B55) + & (255) weer - 2 g by
). @+0Z+(b+0?2 = L 2@+ +2c5) ©

[Ma2+b%2+2c2 = Y(a?+b%2+2c2) 4(a?+ b? + c?)
3

2 2
3\/ a?b?c? AM-GM 3(abc)3 9(abc)3
= >
Equality holds fora=b =c

1478.If a,b,c > 0 and abc = 1, then :
at + a?c? b* + a?b? c* + b%c?
214 2.4 T 124 212t 2.2 2423
a“b* + b4c b%c* + c“a cca* + a*b

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle
(+~ (A+B) +(B+C) > (C+A) and analogs) > VA + B,VvB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

22:(A+B)(B+C)—Z:(A+B)2 =ZZ<ZAB+B2>—ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc

=6ZAB+ZZA2—ZZA2—ZZAB:>4F=2 ’ZAB—>(1)
cyc

cyc cyc cyc cyc

xy VK] Z x*y? ?

Now,V x,y,z > 0, >— o >
owvLy.z J G+2)(z+x) = 2 S
cyc

3
xy(y+2z)(z + x) & 4

cyc

Teye (XY (Beyexy +72))  (Beyexy)” + xy2 Loy x

2

? 3 ? xy 7 \/3

> — > > —

_4<:><ny> _3xysz—>true \/ Vi@t > 2 - (2)
cyc

Via Bergstrom, LHS of (x) >

cyc cyc
a* + a*c? N b* + a*b? N c* + b%c?
a’b* + bZc*  b2¢* + c2a*  cZa* + a’b*

We have :
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X’ +xz y% + xy 22 +yz

(x _ aZ)y _ bzlc _ ZZ) xyz =1
xy? +yz?  yz? +zx?  zx? + xy?
x 1

1 1/x 1 1,z
Xy oy 1o 2,2 2(24q) 1y (241
yz Y+zx+z Xy x_y(z )+z(x+1)+x(y )
Xy Yz ' yz  zx "zx Xy y_ Z zZ_x X,y
ZX ' Xy Xy  YVZ yz ' Zx Z x'y y 'z
x1 1y y1 1y z/1 1
_§(E+E) z(z+§) §(§+E)
Sy z zZ, X X,y
zTx x+y y+z
_ X (B+0C)+ (C+A)+——= z (A+B)
CY+Z Z+X X+Y
X y y/ 1 1 1
(X:—,Yz—,Z=—,A=—,B=—, :—)
zZ y z x
Oppenhelm
via (1) and (2)
4F. Z = ZAB
(Y+Z)(Z+X)
cyc cyc
A;G\/g 3 1 xyz=1 a* + a?c? N b* + a?b? N c* + b?%c? S 3
R N P " a?b* + b%c* ' b2c* + c2a*  c2a* + a?b* T
Vab,c>0|abc=1"="iff a=b=c=1(QED)

1479. If a,b, ¢ > 0 with a® + b? + ¢ + abc = 4, then
a+b+c+ab+bc+ca<éo

Proposed by Marin Chirciu-Romania
Solution 1 by Soumava Chakraborty-india

A-G
Now,a? +b%2+c2+abc=4=4—a* > 2bc+abc=bc(2+a)
22-a=>bc>0>2—-a-bc)(2—a)>0>4—4a+a?—-2bc+abc>0

:>4a+2bc§4+a2+abcandanalogs:>42a+22abs

cyc cyc

12+Za2+3abc:>42a+42ab£12+Za2+22ab+3abc
cyc

cyc cyc cyc cyc
2,12, 2 _
s12+3§}ﬂ+3mN“+bﬂ;“c412+3@—ah9+3dm=24
cyc

:>a+b+c+ab+bc+ca§6Va,b,c>0|a2+b2+c +abc = 4
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"="iffa=b=c=1(QED)

Solution 2 by Tapas Das-India

AM—GM
a?+b2+c2+abc=40rd=a’>+b>+c*+abc > 4ya3b3c3 or

Va3b3c3 <1or,abc<1 (1D

a’? + b% + ¢* + abc = 4 can be written as
a b c

=1
2a+bc+§b+ac+20+ab
c

+ +
2a+bc 2b+ac 2c+ab
a’ b? c? Berstrom
>

= + +
2a%? + abc 2b% + abc 2c? + abc
(a+b+c)? a?+b*+c*+abc=4 (a+ b+ c)?

> = =
— 2(a? + b% + c¢%) + 3abc 2(4 — abc) + 3abc
B (a+ b + c)? (;) (a+ b + ¢)? 3 (a+ b + ¢)?

8+abc ~ 8+1 9

a+b+c)?
or12¥0r92(a+b+c)2

ora+b+c<3(2)

v x,y,z>0 (X x)223Y xy (a +b+ C)Z 2 32

a+b+c+ab+ bc+ca < a+b+c+#s 3+?=6

Now 1 =

Equality holds fora=b=c=1

1480.If a,b,c > 0, ab + bc + ca = 1 then:

(b + Ac)? - (1 + 1)?
a?+a(b+c)  a?+ b?% + c?

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

(b + Ac)?  Bergstrom (a+b+c+Aa+b+0) B
a?+alb+c) ~ a+b*+c2+alb+c)+b(c+a)+cla+b)

B A+ 1)?%(a+ b+ c)? _@+1)?(a+b+c)?
a?+b%+c?+2ab+2bc+2ca (a+b+c)? B

(A1+1)? (A+1)? A+ 1)
= = = > @ @
1 ab+bc+ca(asab+bc+ca 1)_az+b2+c2
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Equality holds for a=b =c =
1481.1f x,y,z > 1 and A > 0, then :

il =

x3 +3x 3
>
3(y2+2z3)+A+1 A+1
cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

? ?
+3x>3x2+1eo(x-1)3>0->truex>1
x3 + 3x > 3x%? + 1 and analogs

Y 1T
T L3(y2+Az2) +A+ 17 3y2+1+x(3z2+1)
cyc

a’ Bergstrom (Z a)
=) ———(a=3x2+1b=3y’+1,c=322+1) > =
Z ab + Aca (a=3x y €= ) A+ D(Zeye ab)
cyc
2
(chc a) ) Z x3 + 3x > 3
3(y2+2Az2)+A+1 A+1

> .
A+1) <_(ch§ a) ) cyc

Vx,yyz=1andA >0, =" iff x=y=z=1(QED)

1482.1f a,b,c > 0,ab + bc + ca = 3 and A > 1, then:

ZJ(M TbhAa+c) =3 +1)

cyc
Proposed by Marin Chirciu-Romania
Solution 1 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By CBS inequality, we have

Y JAa+p)@a+0 =) JIG-Da+(@+bIG-Da+ @+l

cyc cyc
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22((1—1)a+\/(a+b)(a+c)>=(A—1)Za+2\/a2+32

cyc cyc cyc
a+3 1 9 9
> (A— 1)Za+z —( _E)Z +o2 (,1——) 3) be+o =30+,
cyc cyc cyc

Equality holdsiffa=b =c=1.
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

The desired inequality is successively equivalent to
2 Z \/(Aa +b)(Aa+c)=2(A+ 1)\/3(ab + bc + ca)

cyc

2(A+1) (a+b+c—\/3(ab+bc+ca))
> [(Aa+b) +(Aa+0) - 2/GAa+ B)(Aa+ o)

cyc

2(A+1)(a? + b?> + c®> — ab — bc — ca) Z(\/l it )2
a a+c
a+b+c++3(ab+ bc+ ca) o

(A+1)[(a—b)2+(b—c)2+(c—a)2]>Z( b-c )2
a+b+c+./3(ab+ bc+ ca) T &i\Wiat+b+Viatc

A+1 1
Z( - 2>(b—c)220,
a+b+c+./3(ab+bc+ca) (Via+b+Vaa+c)

cyc
which is true because

(A+1)(JAa+b+JAa+c)222(\/a+b+\/a+c)222(a+b+c)

>a+b+c+ \/S(ab + bc + ca) (and analogs)
Equality holds iffa=b =c = 1.

1483.If a,b,c > 0 and a? + b? + ¢? = 1, then prove that :

1 1 1 9
1—ab+1—bc+1—ca) =2
Proposed by Nguyen Hung Cuong-Vietnam

(1+9abc—a—b—c)(

Solution 1 by Soumava Chakraborty-Kolkata-India

If(1+9abc—a—-b—-c)<0,then:LHS<O0
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/':Zaz =1Aab,c>0=>ab,c< 1=>(1—ab),(1—bc),(1—ca)>0\
| ove |

1 + 1 + 1 >0
=
1—-ab 1—-bc 1-ca

9
<E nd so, we now concentrate on the scenario when: (1 +9abc—a—b —¢)
1 1 1
hen : (1 —a—-—b- ( )
> 0andthen: (1+9abc—a—-b—-c) T—ab T 1-bcT1-ca
1

=(1+4+9abc—a—-b-oc) Z

cyc

a? +b?%+c2-bc

1 A-G

(1+9abc—a—-b—-c¢) ZW
a +T

cyc

1
(1+9abc—a—-b—-oc) Z—Z
cycl(a.l_w)
2 2
1 ? 9 a24b%+c2 =1
(=4

=8(1+9abc—a—b—oc). <=
e ‘ ;((c+a)+(a+b))2 2

1 ?
8 <
;((c+a)+(a+b))2
1

8 Za zaz —9abc -z((c+a)+(a+b))2+;

cyc cyc cyc

Assigningb+c=x,c+a=y,a+b=z2=2x4+y—-z2=2c>0,y+z—x =2a
>0andz+x—-y=2b>0=>x4+y>zy+z>x,z+x>y=xyzform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

soZZaszzZs:Za:se(l):>a:s—x,b=s—y,c=s—z

cyc cyc cyc

= abc = r?s - (2)and such substitutions = Z ab = Z(s —x)(s—y)

cyc cyc
2
ia (1) and (2)
=>Zab=4Rr+r2—>(2)andZaz= Za —ZZabvm ="
cyc cyc cyc cyc

s? —2(4Rr+r?) > Zaz =s?—8Rr—2r?- (3)

cyc

1
Now, via (1), (2) and (3),8 a a? | — 9abc |.
; Zy: ;((c+a)+(a+b))z
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1 1
— 2 2 2 2 2
= 8(s(s? — 8Rr — 2r?) — 9r S)'Z(y-i-—z)z > (s — 8Rr — 11r ).Z G2
cyc cyc
Gerretsen
/ and \
Euler
| ~s2—8Rr—11r2 =s2 - 16Rr+5r>+8r(R—2r) > Oand |
| 2. b24¢2 = |
\ S=Za= Za2+22ab> Zazaﬂ);c =14 /
cyc cyc cyc cyc
2
1 1
= 8(s? — 8Rr — 11r2). Z —22—
(S r r) y+z (y+2)(z+x)
cyc cyc
_ 8(s? _ 8Re _ 1152) (5% + 4Rr + r2)” 2.4s
BN r ")\ 4s2(s? + 2Rr + r2)2 _ 2s(s% + 2Rr + r2)

5s2 + 4Rr + r2)’ — 16s2(s? + 2Rr + r2

= 8(s? — 8Rr — 11r?). ( ) ( )
4s2(s2 + 2Rr + r?)2
a?+b24+c2=1
~ RHS of (x) — LHS of (*) >
9 5s2 + 4Rr + r2)’ — 16s2(s? + 2Rr + r2
=+ 8(s* — 8Rr — 11r?). ( ) ( )
4s2(sZ + 2Rr + r?)2

2
g (5s% +4Rr +12)” — 165%(s? + 2Rr + r?) Z , | vie®
4s2(s2 + 2Rr + r2)2 @ -
cyc
2
9 (5s% + 4Rr +r?)” — 16s%(s? + 2Rr + r?)
Z 2 _ gRr — 11r2 — (s2 — 8Rr — 212
+8(s2 — 8Rr — 11r% — (s? — 8Rr — 2r ))( 42T T IR £ 17)?
?
=0
1, 2r? ((SsZ + 4Rr + rz)2 —16s?(s? + 2Rr + rz))
&>
2 s2(s% + 2Rr +r?)2

?
=0
-

*

*
—~

~

& s + (4Rr — 34r?)s* + r2s%(4R? — 28Rr + 25r?) — 4r*(4R + r)?

Gerretsen
(20Rr — 39r?)s* + r?s%(4R? — 28Rr + 25r?)

Now, LHS of (xx) >
cergen ((20Rr — 39r2)(16Rr — 5r2) + r?(4R? — 28Rr + 25r2) ) s?

—4r*(4R+1)? >
Gerretsen
—4r*(4R +1r)? = 4r? ((81R? — 188Rr + 551%)s? —r?(4R+1)?) >

ar?((81R? — 188Rr + 55r)(16Rr — 5r?) — r2(4R + 1)?)
Euler ?
( 81R? — 188Rr + 55r2 = (R — 2r)(81R — 26r) + 3r> > 3r?> 0) >0
? R ?
& 432t3 — 1143t* + 604t — 92 > 0 (t = ;) & (t—2)(432t2 - 279t +46) >0

Euler
Strue~t = 2= (#x) = (%) is true
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. (1+ 9ab b )( t .t 1 )<9
- abc—a “\1-ab "1-bc 1-ca) =2
Vabc>0la’?+b%2+c2=1"="iffa=b=c= ED
| 7 (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have

a+b+c=(a®+b*+c*)(a+b+c)>3Yazb?c2.3Yabc = 9abc

> 1+9abc—a—b—-c<1.

Now,letp:=a+b +c,q:=ab+ bc+ca<1,r:=abc. We have p? =1 + 2q.

By Schur’s inequality, we have

— N2 _ 2 _
> p(4q — p*) _ 1+2q9)(2q—-1) _4q° -1 1)
p-9 9p

9
Z 1 B Z (2 1- 2bc>
1—bc 1— bc
cyc cyc

> 2
6 Z 1-2bc % &é— 2be . (Zeye(1 — 2b0))

1— bc  Yeye(1—2bc)(1 — be)
cyc

(3 -2q)? ~
=6 26—
3 —3q+2(q% — 2pr)

(3 —2q)* _ 3(35-18q - 8q¢?)
Z_1) _ 2
3_3q+2q HAC-D 31-27q+2

9
9 3(1-¢)(23-229) ";1 9
2 31-27q+2q> ~ 2
Therefore
(1+9abe—a-b—o)(;o o b ) <10 =2
apc—a Y\1—ab " 1-bc 1-ca)= 2" 2

V3
Equality holds iffa=b =c =

?.
1484.1f a,b,c > 0 and a + b + ¢ = 3, then prove that :

Va+ Vb +Yc+5= (a+b)b+c)(c+a)
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Proposed by Nguyen Hung Cuong-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

GM-HM 3a

VYa1.1 > Za+1 and analogs = i/a + W+ 3¥c+5>
2
3a? Bergstrom 3Xvca _
+5 > ( cyc ) +5a+b;c 3

2a’ +a 2y % + Yoy

cyc

27 Sal = oye +2 (Y

+. = _
p 2
2y . a? _|_(Z°Y—°a) 27 cyc 18cyca? + 3(Leyca) 27 cye
cyc 3

; (a+b)(b+ c)g(c +a)

5
27 a !
Eeyea) 45 za 27(a+b)(b+C)(C+a)
18 chc az + S(chc a) cyc (*)

Assigningb+c=x,c+a=y,a+b=z2=2x4+y—-z2=2c>0,y+z—x =2a
>0andz+x—-y=2b>0=x+y>zy+z>x,z+x>y=xyzform
sides of a triangle with semiperimeter, circumradius and inradius = s, R, r (say);

5022a=2x=Zs=>2a=s—>(1)=>a=s—x,b=s—y,c=s—zand

cyc cyc cyc
such substitutions = z ab = Z(s —x)(s—y)=> z ab = 4Rr +r? - (2) and
cyc cyc cyc
2
ia (1) and (2)
Zazz Za —ZZabvm =" s2 _ 2(4Rr +12)
cyc cyc cyc

:Zaz =s% —8Rr—2r? - (3)
cyc

_ 27s° 5
Now,via (1) and (3), () © 18(sZ —8Rr — 217) 1 352 + 5s° > 27.4Rrs

(+%)
& 11s* — (249Rr + 15r%)s? + 324Rr?(4R+ 1) | > |0 and
2 Gerretsen
11(s2 — 16Rr + 5r2) > 0, in order to prove (xx), it suffices to prove :

LHS of (++) > 11(s? — 16Rr + 5r2)

(%)
& (103R— 125r)s? | > |r(1520R? — 2084Rr + 275r?)

erretsen

G ?

Again, (103R —125r)s> >  (103R —125r)(16Rr — 5r%) >
?

r(1520R? — 2084Rr + 275r%) & 128R? — 431Rr + 350r? > 0

Euler

& (R—2r)(128R—175r) > 0 > true “ R > 2r = (x#x) = (x%) = (*) is true
~Ya+¥b+3¥c+5=(@a+b)b+c)c+a)
Vab,c>0|la+b+c=3"=" iffa=b=c=1(QED)

86 | RMM-INEQUALITIES MARATHON 1401-1500



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have

4a—a®
a®+3Va = 44/a3. (Ya)’ =4a > Ya> 3 (andanalogs)
Then

4(a+b+c)—(a3+b3+63)+

Ya+3¥b+3c+52 3

5

_4.3—(a+b+c)3+3(a+b)(b+c)(c+a)+

3 5

=(a+ b)(b+c)(c+a),
Equality holds iffa=b =c = 1.
1485.1f x,y,z > 0 and xy + yz + zx < 3, then prove that :

2 27
+ >3
[xyz (x+y)(2y +2z)(2z + x)

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have

2 27 1 1 27
Jxyz * 2x+y)2y+2)(2z + x) N Jxyz * Jxyz * 2x+y)2y +2)(2z + x) =

v

3 2 27 9
= 3\/<1/xyz> ‘2x+y)2y+2)2z+x) Vz2x +y).x(2y + 2).y(2z + x)

3.9 9
> = >
“z2x+y)+xQ2y+z)+y2z+x) xy+yz+zx_3

Equality holds iff x =y =2z = 1.
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1486. If x,y,z > 0 and xyz = 1, then prove that :

1 N 1 N 1 - 1
1+(1+x)3 1+(A+y)3 1+(1+2)3 " 3
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 1 1 _
1+(1+x)3+1+(1+y)3+1+(1+z)3_

_Z 1 1 2+x)—x

B £ (1+1+x)(1+(1+x)2—(1+x))_chc (x+2)x2+x+1)

x AM-GM

1 1
_EZx2+x+1_EZ(x+2)(x2+x+ 1)

cyc cyc

>+ ——Z—:

2 2(x2+x+1D)(y2+y+1)(z2+z+1) 2. (x+2)(3x)

cyc

1 N Yeye X2 + Ty X + 2 — xyz — x%y%2% — XyZ Yoy X — XYZ X cye Xy 1 1 xyz=1
) 2(x2+x+1)(y2+y+1)(z2+z+1) 6cycx+2 -
3 1 +chcx2 +leyeXx+2—-1-1—-3cx —chch_l Dicyc Xy + 4 Xeyex +12 B
2 22 +x+1)(y2+y+1)(z2+z+1) 6" 9+2Ycyc Xy + 4Ny X

1 1 chcx — Yeyc XY 1 YeyeXy +42cyex +12 >

~3 6 2(x2+x+1)(y2+y+1)(z2+z+1) 69+22cycxy+42cycx

1(1_ Yeye Xy + 4 Xeye X + 12) B

_3 6 942X cye Xy + 4 Xcye X
1 ey Xy — 3 1 Z AM-GM _ , xyz=1
>—~ ) xy > 3.x%y%?zZ = 3
T3 94 2 Ay + 42k 3 £ y y
. 1 N 1 N 1 1
"1+ (1423 1+(1+y)3 1+(1+2)373
Vx,y,z>0|xyz=1"=" iffx =y =z = 1 (QED)

1487.If a,b, ¢ € R and a’b?c?(a® + b3) (b3 + c3)(c® + a3) > 8
then prove that : a> + b% + ¢? > 3
Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

Firstly,V b, c € R, (b2 + ¢2)5 > 8b2c2(b? + ¢3)?2
(b% + ¢2)® 2 8b%c2(b3 + ¢3)?2
< =
c10 c10

? b
o (x? +1)5 = 8x2(x3 + 1)? (x = E)

?
o x10 —3x8 +10x% —16x° +10x* —3x2+1>0
?

o x-1)*x8+2x" —2x5+6x* —2x3 +2x+1) =0

4(x8 +2x7 —2x°+x*) 4(x*—2x34+2x+ 1)\ ?
=>(x—1)2<4x4+ ( )+ ( )>20
4 4
3\2 1) .5
4 LY 3 1),»°
x <(2x 1) <(x+2) +2>+4>\
| 4x* + 4 | -
e (x—1)2| ) | >0->truevxeR
| (2x+ 1)2 (x_i) +1 +§ |
\ 2 2) "2 /
' 2 245
b“ + ¢
~b%c?2(b3 +c3)? < % and analogsV a,b,c € R - (1)

Now, a?b?c?(a® + b®) (b3 + c®)(c® +a3) > 8

= 64 < a*b*c*(a® + b3)%2(b3 + c3)%(c3 + a3)? =

vi 2 235
=] Joread + e ,2(1)1—[_@ =
- 8

cyc cyc

=215 < l_l(b2 +c?)5=8< l_l(b2 + ¢2)
cyc cyc

A-G 2(a® + b? + c?
=2 < (@ +b2)(b% +c2)(c% +a?) < (a 3 )

~a’+b2+c2>3Vahb,ceR|a?b?c2(ad +b3)(b3 +c3)(c3 +a?) > 8

"="iffa=b=c=1(QED)

1488.1f 0 < b < a <4 and 2ab < 3a + 4b, then prove that :
a’ + b% <25
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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If b < 3,then : a? + b? < 4% 4+ 32 = 25 and so, we now focus on the

3
scenario when : [b > 3]and then : b > 7= 2b—-3>0+:2ab<3a+4b

) 4b (xx) 7
>a(2b—-3)<4b > 0<b<a§2b_3=>2b—3<4=>b < )
16b? ?
Now,via (¥),a®? + b? < ———— + b%? < 25

~ (2b—3)2
& 4b* — 12b3 — 75b2% + 300b — 225 < 0 < (b —3)(4b3 —75b +75) < 0
& (b—3)((b—3)(2b—7)(2b + 13) + 26(2b— 7) — 16) < 0 - true
“(M=3)>0and (b—3)(2b—7)(2b+ 13) + 26(2b — 7) — 16 < 0 via (%)

~ a? + b? < 25 and combining all cases, a? + b? < 25

for0 <b <a<4A2ab<3a+4b” =" iff (a =4,b=3) (QED)
1489.If a + b + ¢ = a3 + b3 + ¢ — 3abc = 2, then prove that:

23

max{a, b,c} — min{a,b,c} < 3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have: 2 = a® + b3 + ¢3 — 3abc
=(a+ b + c)(a* + b?> + ¢* — ab — bc — ca), then
a’?+b*+c*—ab—bc—ca=1,
WLOG, we assume thata > b > c. We will prove that

a?+b%+c2—ab—bc—ca
a—c<?2 3 .

(1)

[(a—b) + (b - c)]?

2 2
RHS 4, =J§[(a—b)2 +(b—-c)?+(c—a)?] > \/5[ > + (c—a)?
=a-—c,
2++3 2 2-+3
Equality holds iff a = 3 ,b = 3’ c= 3 and permutation.

1490.
Leta,b,c > 0,ab + bc + ca > 0. Prove that:
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a2+b2+b2+c2+c2+a2<6(a3+b3+c3)+9abc
a+b b+c ct+a ~ (a+ b+ c)?

Proposed by Phan Ngoc Chau-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

a’?+b*> b*+c* c*+a? b? + c?
2 _ 2 2
(a+b+c) <a+b + b c + C+a>—2[(b+c) + 2a(b + ¢) + a*]. P
cyc
b+ c)? — 2bc
=Z(b+c)(b2+c2)+22a(b2+c2)+2a2.( )
b+c
cyc cyc cyc
=22a3+32a2(b+c)+2(a2(b+c)—Zabc. a )
b+ c
cyc cyc cyc
Nesbitt 3 Schur
< 22a3+42a2(b+c)—2abc.i < 22a3+4 Za3+3abc — 3abc
cyc cyc cyc cyc

= 6(a® + b3 + ¢3) + 9abc,
as desired. Equality holds iff (a = b = ¢ > 0) and
(a =b > 0,c = 0) and permutation.
1491. If a,b,c > 0, then :
a® + a*c3 b> + b%a3 c® + c?b3 3
@3bic + abZc | ab3ct 1 aSbe? | atbed + aZbSc — abe

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

VAB,C>0,(A+B),(B+C),(C+A) form sides of a triangle

(+~ (A+B)+(B+C) > (C+A) and analogs) > VA + B,VvB + C,VC + A form
sides of a triangle with area F (say) and 16F? =

ZZ(A+B)(B+C)—Z(A+B)2 =Zz<zAB+B2>—ZZA2—ZzAB

cyc cyc cyc \ cyc cyc cyc
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=6ZAB+ZZAZ—ZZAZ—ZZAB:4F=Z /2AB—>(1)
cyc

cyc cyc cyc cyc

xy * V3 z x2y? ? 3
> >2
T y+2)(z+x)~ 2 xy(y+z)(z+x) =4

cyc Q)
(Beyery)” _ (Beyery)”
chc (xY(chc xy + ZZ)) (chc xY)z + xyz chc X

Now,V x,y,z > O,\/

Via Bergstrom, LHS of (x) >

2

; 3 ; 3 t ) ; 3 2
— _) ." __)
&S E Xy XYZ E X rue ( 2 (z ) 2

cyc

cyc cyc
Weh . a’ + a*c? N b5 + b%a3 N c3 + c2b?
CRave : B3b%c + ab%cd | ab3c* + a’be? | atbe3 + aZbSc
B a?(a® + ¢?) b2(b3 + a?) c2(c® +b?)
"~ ab2c(a?b? + c¢*)  abc2(b%c? + at)  a?bc(c2a? + bt)
a* <a3 + c3> b? (b3 + a3) c? (c3 + b3)
bZ" ac c’ ab a?’ bc
B 1 c2 1 a? 1 b2
@b2e? (G + zpz) @02 (gt pre) @V (gt )
a’? (a®+c3\ b? b®+a®\ c? (c2+Db3
_bZ'\ a3c3 c2'\ a3b3 a?'\ b3c3
I YA cz a2 a’? b2
ztaz aZ o2 bzt ez
a? /1 1 b% /1 1 cz /1 1
_W(ﬁ+$)zfﬁﬁiﬂ 2 (55t &)
= z 2 T 2 z T 2 2
b c C a a b
Ztaz oz bz bzt ez

x y zZ
=—MB+C)+——C+A)+—(A+B
y+z( + )+z+x( + )+x+y( +B)

a? b? c? 1 1 1
x:bz'y: Cz'z:aZJA:b3’B:C3’C:a3
2 Oppenheim

X 2 2 Z
- X BFC+— L VC+A +— VATB® >
y+z Z+x x+y

AF xy via (1) and (2) ) AB \/§ 3 1 1\A-G

_ > —_—= 3-3) 2
(y+2)(z+x) - Z 2 Z<b3 c3) -
cyc cyc

cyc

3 1 a’ + a?¢c3 N b> + b2a3 N c> + c2b3 - 3
abcé " ad3b%c + ab2c®  ab3c* + a’bc2  a*be3 + a?b5c T abc

Vab,c>0"="iff a=b =c(QED)
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1492.
If a,b,c > 0, then:

a’® b5 c® 1/a* b?* c?
—+—+—|=atbtc

+ + +=
a*+b* br*+ct r+at 2\c a
Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

By AM — GM inequality, we have

a’® N b? ab* N b? - ab* N b?
T gt a- g tso2a-—s 55t - =a
a* +b* 2a a*+ b* 2a 2a’2b?  2a

Similarly, we get
b5 N c? - b and cs N a? -
———+—>b and —+—>c.
b*+c* 2b ct+a* 2c

Adding these inequalities yields the desired inequality.
Equality holds iffa = b = c.

1493. If x, ¥,z > 0O then:

x2+21+1
Z > 6
y+ A4
Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

x*+20+1 (x2+1)+2/1AM;GM (2x) +24  2(x+2)

y+4 y+A = y+4A  y+4 (1)

Zx2+21+1(;) Zz(x+/1) _, (x+4) AM_GM
y+21 y+i y+4 =

263 x+21) (y+4) (z+/1):6
y+4 z+24 x+4
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Equality holds forx =y =1z

1494. If a,b > O withab =1and 0 < A <10, then :

1 N 1 . 1 - A+5
ai(b+2) b3(a+1d) a+b 2A+1)

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1 N 1 N 1 ab=1 b3 4 a3 4 1 ab=1

a3(b+2) b3@a+2) a+b  b+A a+A a+b
b? a? 1 w1 A((@+bP-3@+b)+@+b?-2 1
“1+2a 1+2b a+b 1+Aa+b) A2 taTp

A —3t2) + 3 —2t+1+ 2% + At A+5
= (t —a+b)
1+ A2+ At 2(A+ 1)

o -A3t-2)+A%(2t* -7 - 3t+2) +A(2e* + 263 — 1162 -3t +2) + 23 -9t + 2 >
> —10A%(t—2) + A%2(t—2)(2t3 + 4t2 + t— 1) + A(t— 2)2t3+6t2+t—-1)

A<10
+(t—2)(2t2+4t—1)( t=a+b > 2Vab '2and -3 > —1012)=

=t-2)A%Qe3+4t2 +t—-11D)+ 2R3 +6t2+t—1) +2t> +4t—1)
t=2
and

(12(2t3 +4(t2-4)+t+5) +At3+6t2+ (t—2) + 1)) Az0 0

=({t-2
( ) +2t2 +3t+(t—2) +1

. 1 N 1 N 1 - A+5
“a3(b+1) b3(a+A) a+bT20+1

Va,b>0|ab=1and0<A<10"=" iffa=b =1 (QED)
1495. Leta,b,c = 0,ab + bc + ca > 0. Prove that:

at+b%>—c* b*+c2-a*? c*+a’*-b* a+b+c
+ + <
a+b b+c c+a 2

Proposed by Phan Ngoc Chau-Vietnam
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Multiplying the both sides of the desired inequality by 2(a + b)(b + ¢)(c +
a), we get the equivalent inequality

ZZ(bZ +2—at)a+b)a+c) <(a+b+c)a+b)b+c)c+a)

cyc

which, after expanding and simplifying, is equivalent to

Z a3(b+c) + ZZ(bc)Z < Zz:a4 + Zacha

cyc cyc cyc cyc

o 0< zzaZ(a—b)(a—c)+Zbc(b—c)2,

cyc cyc
which is true by fourth degree Schur’s inequality.
Equality holds iff (a = b = c¢ > 0) and (a = b > 0,c = 0) and permutation.

1496. If a,b,c > 0, then :

ab bz_l_a4 .\ bc (:Z_I_b4 . ca a2+c4 _
a3+b3'\c c3 b3+c3'\a a3 cd+a3’'\b b3) ~

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India
VAB,C>0,(A+B),(B+C),(C+ A) form sides of a triangle

(+~ (A+B) +(B+C) > (C+A) and analogs) > VA + B,VB + C,VC + A form

sides of a triangle with area F (say) and 16F? =

ZZ:(A+B)(B+C)—Z:(A+B)2 =ZZ<ZAB+B2>—ZZAZ—ZZAB

cyc cyc cyc \ cyc cyc cyc

=6ZAB+ZZA2—ZZA2—ZZAB:>4F=Z ’ZAB—)(l)
cyc

cyc cyc cyc cyc

2 3
>—
xy(y + z)(z+x)(*w)4

xy 2 V3 z x2y?

>_
y+z)(z+x) ™~ 2 <
cyc

cyc

Now,V x,y,z > O,\/
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(Zeyexy)” _ (Zeye xy)”
chc (xY(chc Xy + ZZ)) (chc xY)Z + Xyz chc X

Via Bergstrom, LHS of (x) >

2

; 3 = ; 3 t ; > (2)
—_— _) .'. — ﬁ
= E xy | = 3xyz E X rue cyéc( 2z =2

cyc cyc

We have - ab b2 N a* N bc c? N b* L _ca a® N c*
AV B \c 3) P+ \a @) E+a®\b " b?
. a’b’ b2c? + a* b3c3 c?a? + b*
"~ c2a®+b3c3’\  a?b? a3b3 + c3a3’\  b2c?

c3ad <azb2 + c4>

+ .

b3c3 + a3b3

_ a’b’ c? N a® N b3c3 a® N b2 N ca’ b2 N c?
“b3c3+ a3’ \a?  b2)  c3a+ab3\b%2 2/ a®b3+b3c3 \c2  a?

x y zZ
=—MB+C0)+—(C+A)+—(A+B
y+z( * )+z+x( * )+x+y( B

c2a?

bZ CZ aZ
(x = a’®b3,y =b3c3,z=c%a? A = Z/B=7.C= b_2>

2 Oppenheim

X 2 2 Z
- X BfC+— L VCrA +— VAFB >
y+z Z+x x+y

xy via (1) and (2) V3 b2 c2
: > = -
4F\/ y+z)(z+x) - 2 ZAB 2 3Z<c2 a2>
cyc cyc

cyc

A;G3 3lbZ2 ¢2 a2 ab b2+a4 N bc c2+b4
= T ldaz’b2'cz "ad3+b3'\c 3/ b3+c3'\a a3
(P uabe>0 =" iff a=b = ¢ (QED
313 \pTp3) 2 a,b,c>0," =" iff a=Db = c(QED)

1497.If a,.b > 0 and n € N, then :

1 N 1 +8n(a+b)
a® b™ a+b+2

Proposed by Marin Chirciu-Romania

>2(2n+1)
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Solution by Soumava Chakraborty-Kolkata-India

If n = 0,LHS — RHS = 0 = LHS = RHS and so,we now focus on n € N*
d +n>1: via Bernoulli, — + — + 2@+ b)
and ~ n > 1 . via Bernou l,an A
(1e2oa) e (aa ko) Bt ),
h a b a+b+2~
1 1 8n(a+b) ? a+b—-2ab 8(a+b) ?
2+n(a—1+5—1>+—22(2n+1)=}

>
a+b+2 abv + 4
& (a+b)2 —2ab(a+b) +2(a+b) —4ab + 8ab(a + b) = 4ab(a + b) + 8ab

a+b+2"—
& (a+b)? +2(a+b)+2ab(a+b—6)0

)
[Case 1]a +b — 6 > 0 and then : LHS of (+) > (a +b)? +2(a+b) > 0

= (x) is true (strict inequality)

Case2|a+b—6 < 0andthen:LHSof (*) > (a+b)2+2(a+Db)+
(a +b)? A-G (a +b)?\ ?
5 .(a+b-6) [ 2ab ST =0

S2t+4+tt—-6)>0ot? —4t+4>0o (t—2)2 >0 - true = () is true

combining both cases, () is true Va,b > 0 + ( )> 2(2n+1)
KR % &, — —_— —_—
mi AT ’ a® b" a+b+2

Vab>0andne N,”=" iff n =0ora=>b (QED)
1498. If x,y,z € [—2, 2], then prove that :
2(x% +y® +2°) —xty? —y*z? — z%x? <192

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

2<x<2=>(x+2)x-2)<0=2x*-4<0=2>4—-x>>0and
similarly,4 —y? > 0 and 4 — z? > 0 and settinga = 4 — x?,b = 4 — y?,
¢ = 4 — 7%, we notice that
:{0 < a,b,c < 4|(~ a=4—x* <4 and analogs) and
x* =4 —a,y* =4 —b,z? = 4 — c and via such substitutions,
2(x® +y° +z%) — xty? —y*z? — z%x? < 192

©2) (4-a- ) (4-a?@“-b)-192<0

cyc cyc
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€]
@Za2b+202azsz a3+82ab+482a

cyc cyc cyc cyc cyc
Now,(a —4)? > 0 = a? + 16 > 8a = 2a3 + 32a
> 16a? (- a > 0) and analogs

:>22a3+322a2162a2—>(1)

cyc cyc cyc
Also, 162 a> 42 a?
cyc cyc

- (2)(~4=a>4a = a?(~ a=0)and analogs) and

moreover, 42 ab > a?b + b%*c + c?a (* 4 = a,b,c and ab,bc,ca > 0)

cyc
abbccaz0= 3 cycabz0

:>8Zab22a2b+42ab > Zazb—>(3)

cyc cyc cyc cyc

(1)+(2)+(3):>ZZa3+82ab+482a22a2b+202a2

cyc cyc cyc cyc cyc
= (x) is true = 2(x® + y® + z%) — xty? —y*22 — z*x2 <192 v x,y,z € [-2, 2],
"="(x=2y=2z=2)or(x=-2,y=-2,2=-2)
or (x=2y=2,z=-2)
or(x=2y=-2z=2)or(x=2,y=-2,z=-2)or(x=-2,y=2,Z=2)
or(x=-2,y=2z=-2)or(x=-2,y=-2,z=2) (QED)

1499. If a, b, c € R and abc(16a* + 1)(16b* + 1)(16c* + 1) > 4913,
then prove that :
a’+b*>+c* >3
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

abc(16a* + 1)(16b* + 1)(16c* + 1) > 4913 = 173

= a’b?c2(16a* + 1)2(16b* + 1)?(16¢c* + 1)2 > 17

= {/a?b2c2(16a* + 1)2(16b* + 1)2(16c* + 1)2 > 289
= {xyz(16x2 + 1)2(16y2 + 1)2(1622 + 1)2 > 289 (x = a%,y = b%,z = c?)
= In ((i/x(16x2 +12) (Vy(ey? + 1)?) (Vz(162% + 1)2)) > In 289
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= Zln i/x(16x2 +1)2>1In289 (~ab,c#0>x,y,z>0)

cyc

®
N z In(x(16x2 + 1)2) > 31n 289
cyc

1280x* —32x%2 + 1

Now, f(x) = In(x(16x% + 1)?) is concave as f"'(x) = — x2(16x% + 1)2

( discriminant of (1280x* —32x2 + 1) = 1024 — 5120 < 0)
= 1280x* —32x2+1>0

Jensen 1
~ ) In(x(16x2 +1)?) < 3In(t(16t2+1)?) | t= §Z x> 0>

cyc cyc

via (*)

= 3In(t(16t% +1)?) > 31n289 = t(256t* + 32t2+ 1) > 289 =

256t° +32t3 +t—289> 0= (t— 1)(256t* + 256t3 + 288t2 + 288t + 289) > 0

1
=>t=§Zx21:>x+y+z23.'.a2+b2+c223
cyc

VYab,ceR | abc(16a* + 1)(16b* + 1)(16c* + 1) > 4913,
"="jiff@a=b=c=1)or(a=1b=c=-1)or(a=b=-1,c=1)

or(a=-1,b=1,c=-1) (QED)
1500. If x,y,z > 0 and 3xyz > x + y + z, then prove that :

xy+yz+zx—1 >1
V3x2+1++3y2+1+V3z2+1 3

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

3xyz2x+y+z:><zxy>2 styz<zx>2 (z) 23

cyc cyc cyc cyc

.-.nyEer(l)and nyz 35 (2)

cyc cyc cyc

3xyz 3xyz
Now,3xyz>x+y+z=>1< y =>43x2+1< [3x2+ y
chcx cycx
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ay/3x24+1< ’Z x? + ny and analogs
cye X cyc

= /3x2 + 1 + /3y? +1+\/3z2+1cgS ’2 \[z \[Zx2+32xy
cye X cyc cyc cyc
2 2
= /3. (Zx) +nyvm£(1) V3. (ny) +ny

cyc cyc cyc cyc

- xy+yz+zx—1 - Yeyexy — 1
V3xZ+1+/3y2+1+V3z2+1 2
V3y V3. [(Zeyexy)” + Zeye xy

7 1
(':via(Z),ny>3>1=>xy+yz+zx 1>0>>§

—-2t+121 t = Z 2t2 — 7t + 3 ;0 (2t—-1)(t-3) ; 0
@— = st =t -
3(2+t) — 9 H - )

cyc

. xy+yz+zx—1
- true ~ t = Z xy = 3,via (2) - >
T V3x2+1+/3y2+1+vV3z2 +1

ny,z>0|3xyz>x+y+z =" iffx=y=2z=1(QED)

W =
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru

101 RMM-INEQUALITIES MARATHON 1401-1500



