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CHAPTER 1 

EQUATIONS.SYSTEMS-PROBLEMS 

1.1                                       Solve for natural numbers: 

1ସ

ݔ
+

2ସ

ݔ + 1
+

3ସ

ݔ + 2
+ ⋯+

10ସ

ݔ + 9
= 3025 

1.2                                         Find ݔ, ݕ ∈ ℤ such that: 

ଶݔ + ݕݔ6 + ଶݕ5 = ଶݔඥݕ6 +  ݕݔ2

1.3                                       Find (ܽ) ⊂ ℕ such that: 

ܽ ቀ
݊
݇ቁ



ୀ

ቀ݊ + 1
݇ + 1ቁ = (݊ + 1) ቀ2݊

݊ ቁ , ݊ ∈ ℕ 

1.4                                    Solve for natural numbers: 

1 −
݇

√݇! ൫݇ + 1 + √݇ + 1൯



ୀଵ

≤
1

12√5
 

1.5                                            Find ݔ ∈ ℕ such that: 


ݔ + ݇

3݇ + 2



ୀଵ

= 
݇ + 1

ݔ + 3݇ + 1



ୀଵ

 

1.6                                         Solve for natural numbers: 

ቆቀ
݇
2ቁ
2
ቇ

௫

ୀଷ

≤ 168 

1.7                                           Solve for natural numbers: 

1ଶ ⋅ 2! + 2ଶ ⋅ 3! + ⋯+ ݊ଶ(݊ + 1)! − 2
(݊ + 1)!

= 108 
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1.8                                          Find ݊ ∈ ℕ,݊ > 1 such that: 

2! (2ଷ − 1) + 3! (3ଷ − 1) + ⋯+ ݊! (݊ଷ − 1) − 2
݊ଶ − 2

= 40320 

1.9                                              Solve for real numbers: 

൜ 2௬ + 2௭ + ଵି݊ܽݐ ݖ = 9
|3 ݊݅ݏ ݔ − 4 ݏܿ |ݔ = ଶݕ − ݕ6 + 14 

1.10                                        Find ݊ ∈ ℕ, ݊ ≥ 3 such that: 

ቀ݊݇ቁ


ୀଷ

ቀ݇ − 1
2 ቁ = 21(2ିଶ − 1) 

1.11                                           Solve for real numbers: 

ଷݔ√ − ଶݔ2 + ݔ2 + 3 ⋅ ଶݔ√ − ݔ + 1య + 2 ⋅ ݔ4√ − ସరݔ3 = ௫రିଷ௫య

ଶ
+ 7    

1.12  Solve for real numbers:  ܽ[ݔ]݊݅ݏܿݎ ⋅ [ݔ]ݏܿܿݎܽ = గ௫
ଶ
−  ଶݔ

1.13                                        Find ݔ, ,ݕ ݖ ∈ ℝ∗ such that: 

ଶݔ

1 + ଶݔ
+

ଶݕ

(1 + ଶ)(1ݔ + (ଶݕ +
ଶݖ

(1 + ଶ)(1ݔ + ଶ)(1ݕ + (ଶݖ +
1

ݖݕݔ8
= 1 

1.14                                      Find ݔ, ,ݕ ,ݖ ݐ ∈ ℝ such that: 

ଶݔ5 + ଶݕ5 + ଶݖ5 + ଶݐ5 − ݕݔ5 − ݖݕ5 − ݐݖ5 − ݐ5 + 2 = 0 

1.15                                     Solve for real numbers:  

⎩
⎨

[ݔ]݊݅ݏ⎧ + ݔ)ݏܿ − ([ݔ] =
√3
2

ݔ)݊݅ݏ − ([ݔ] + [ݔ]ݏܿ =
3
2

, [∗] −  ݊݅ݐܿ݊ݑ݂	ݎ݁݃݁ݐ݊݅	ݐܽ݁ݎ݃
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1.16                                     Solve for ݔ > 0 the equation: 

݁௫ + ௫ߨ +
1
݁௫

+
1
௫ߨ

=
1

ଵ(݁௫)ିݐܿ +
1

 (௫ߨ)ଵିݐܿ

1.17                                        Solve for real numbers: 

൫3ݔ ݊݅ݏ ݔ√ − ൯ݔ√2 = ଷ݊݅ݏ  ݔ√

1.18                                      Solve for real positive numbers: 

⎩
⎪
⎨

⎪
⎧27ඨ൬ݔଶ +

1
ଶݕ
൰ ൬ݕଶ +

1
ଶݖ
൰ ൬ݖଶ +

1
ଶݔ
൰ = ݔ)8 + ݕ + ଷ(ݖ

ݔ + ݕ + ݖ =
1
ݖݕݔ

 

1.19                                        Solve the equation in ℝ:	 

ଶݔ√ + ݔ4 − 9భబ + ݔ2) − ଶݔ√(10 + 1 = ඥ|ݔ + 1|ఱ . 

1.20                                            Solve for real numbers: 

ଶݔ| − 1|[௫] + ଶݔ| − 2|[௫] + ଶݔ| − 3|[௫] = ݊ܽݐ గ[௫]
ସ

+ ݐܿ గ[௫]
ସ

, [∗] - great integer 
function 

1.21                                          Solve for real numbers: 

൝
27௫ + 2 = 3௬ାଵ
27௬ + 2 = 3௭ାଵ
27௭ + 2 = 3௫ାଵ

 

1.22                                             Solve for real numbers: 

ݔ) + ݊݅ݏ ݔ + ݏܿ ଷ(ݔ = ݔ) + ݊݅ݏ ݔ − ݏܿ ଷ(ݔ + ݔ) + ݏܿ ݔ − ݊݅ݏ ଷ(ݔ + ݊݅ݏ) ݔ + ݏܿ ݔ − 3)ଷ 

1.23                                            Solve for real numbers: 

1
1 + 8௫

+
1

1 + 27௫
+

1
1 + 64௫

=
3

1 + 24௫
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1.24                                                If ݖ ∈ ℂ	,ߙ ≥ 2 then:  

ఈ|ݖܴ݁| + ఈ|ݖ݉ܫ| ≥ 2ଵି
ఈ
ଶ ∙ ఈ|ݖ|  

 

1.25                    For ݖଵ, ଶݖ ∈ ℂ, satisfy: |ݖଵ + |ଶݖ = |ଵݖ| +   .|ଶݖ|

Prove:|ݖଵ − |ଶݖ = ;|ଵݖ|}ݔܽ݉ {|ଶݖ| ;|ଵݖ|}݊݅݉−  {|ଶݖ|

 

1.26  If ݖଵ, ,ଶݖ ଷݖ ∈ ℂ∗, |ଵݖ| = |ଶݖ| = |ଷݖ| = 1, ଵݖ) + ଶݖ)(ଶݖ + ଷݖ)(ଷݖ + (ଵݖ ≠ 0, 

∑,(ଷݖ)ܥ,(ଶݖ)ܤ,(ଵݖ)ܣ ௭భమ

(௭భା௭మ)(௭భା௭య) = 3 then ܤܣ = ܥܤ =  ܣܥ

 

1.27   If ܣ(ݖଵ),ܤ(ݖଶ),ܥ(ݖଷ), ,ଵݖ ,ଶݖ ଷݖ ∈ ℂ∗, |ଵݖ| = |ଶݖ| = |ଷݖ| = 1, 

∑ ଵ
ଶା|௭భା௭మ| = 1	then: ܤܣ = ܥܤ =  ܣܥ

1.28                                           Solve for real numbers: 

݊ܽݐ] [ݔ ⋅ ݐܿ) ݔ − ݐܿ] ([ݔ = ݊ܽݐ) ݔ − ݊ܽݐ] ([ݔ ⋅ ݐܿ] [∗] ,[ݔ − great integer 
function 

1.29  Solve for  ݔ ∈ 1)݊݅ݏ :(ߨ0,2) + (ݔ + 1)݊݅ݏ + (ݔ2 + ⋯+ 1)݊݅ݏ + (ݔ10 = 0 
 
1.30                       Find ܥ,ܤ,ܣ ∈ ܣ,(ߨ,0) + ܤ + ܥ =  :such that ߨ
 

൝
ݏܿ ܣ ݏܿ| |ܤ + ݏܿ ܤ ݏܿ| |ܣ = 1 + ݏܿ ܥ2
ݏܿ ܤ ݏܿ| |ܥ + ݏܿ ܥ ݏܿ| |ܤ = 1 + ݏܿ ܣ2
ݏܿ ܥ ݏܿ| |ܣ + ݏܿ ܣ ݏܿ| |ܥ = 1 + ݏܿ ܤ2

 

 
1.31                                          Solve for real numbers:  

ቐ

ݔ
ඥݕ

+
ݕ
ݔ√

= ݕݔ

ହݔ + ହݕ = ݕݔ8
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1.32                                           Solve for real numbers: 

⎩
⎪
⎨

⎪
⎧ ଶݔ

25
+
ଶݕ

16
= 1

ଶݔ + ଶݕ = ቆ
ଶݔ

5
+
ଶݕ

4
ቇ
ଶ 

 
1.33                                         Find ݔ, ,ݕ ݖ ∈ ℝ such that: 
 

൝
ݔ + ݕ + ݖ = 3

,ݔ)ݔܽ݉)4 ,ݕ (ݖ ,ݔ)݊݅݉− ,ݕ ଶ((ݖ ≥ 3|ݔ −  ଶ|ݕ

 
1.34                                      Find ݔ, ,ݕ ݖ ∈ (0,∞) such that: 
 

ቐ
ݔ + ݕ + ݖ = ݖݕݔ

ݔ
ଶݖଷݕ

+
ݕ

ଶݔଷݖ
+

ݖ
ଶݕଷݔ

=
1
3

 

 
1.35                                        Solve for real numbers: 
 

⎩
⎪⎪
⎨

⎪⎪
⎧

ተ

ݔ ݕ 2 3
ݕ ݔ 3 2
2 3 ݔ ݕ
3 2 ݕ ݔ

ተ = 0

ݔ + ݕ − ඥݕݔ = ඨݔ
ଶ + ଶݕ

2

 

 
1.36                                           Solve for real numbers:  
 

൝
݊ܽݐ ݔ ݊ܽݐ ݕ ݊ܽݐ ݖ = 6

݊ܽݐ ݔ ݊ܽݐ ݕ + ݊ܽݐ ݔ ݊ܽݐ ݖ + ݊ܽݐ ݕ ݊ܽݐ ݖ = 11
ݔ + ݕ + ݖ = ߨ
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1.37                                        Solve for real numbers 
 

: ቐ
1 + 2ඥݕ = ݔ√2 + 1

ଶ√௬
ଵଶ௬ାଵ

+ √௫ାଵ
௫ାସ

+ ଶඥ௬(௫ାଵ)
ଷ௫ାସ௬ାଷ

= ଷ
ସ

 

1.38                                          Find ݖ ∈ ℂ such that: 
 

ቊ ݖ| − 7 − ݅| = 3√2
ݖ| − 1 − 7݅| ≤ 3√2

 

 
1.39.                                        Solve for real numbers:  
 

൝
ݏܿ ݔ2 + ݐܿ ݕ3 = ݊ܽݐ ݖ5
ݐܿ ݕ3 + ݐܿ ݖ5 = ݊ܽݐ ݔ2
ݐܿ ݖ5 + ݐܿ ݔ2 = ݊ܽݐ ݕ3

 

 
1.40                                       Solve for real numbers: 
 

൞
[ଶଵݕ] + ቂ

ݔ
1
ቃ ∙ ቂ

ݔ
2
ቃ ∙ ቂ

ݔ
3
ቃ ∙ … ∙ ቂ

ݔ
2017

ቃ = ଶଵݕ

[ଶଵݔ] + ቂ
ݕ
1
ቃ ∙ ቂ

ݕ
2
ቃ ∙ ቂ

ݕ
3
ቃ ∙ … ∙ ቂ

ݕ
2017

ቃ = ଶଵݔ
, [∗] −  ݊݅ݐܿ݊ݑ݂	ݎ݁݃݁ݐ݊݅	ݐܽ݁ݎ݃

 
1.41                              Find ݕ,ݔ, ݖ ≥ 2, ݐ ≥ 1 such that: 
 

ቊ√ݔ − 2 + ඥݕ − 2య + ݖ√ − 2ర = ݐ√3
ݔ + ݕ + ݖ = 6 + ݐ3

 

 
1.42                        Find all functions ݂: (0,∞) → ℝ such that: 
 

݂൫ݔඥݖݕ൯ + ݂൫ݔݖ√ݕ൯ + ݂൫ݖඥݕݔ൯ = ݂൫ඥݖݕݔ൯ 
 

1.43    If ݂: [2,∞) → ℝ, (ݔ)݂ + ݂ ቀ ଵ
ଵି௫

ቁ = ݔ	∀,ݔ ≥ 2 then ∀ݔ, ,ݕ ݖ ≥ 2: 
 

(ݔ)2݂ +
1
ݔ

+ (ݕ)2݂ +
1
ݕ

+ (ݖ)2݂ +
1
ݖ
≥ 3ඨ

ଶݖଶݕଶݔ

ݔ) − ݕ)(1 − ݖ)(1 − 1)
య
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1.44                      Find all functions ݂:ℝ → ℝ such that: 
 

ݔ + ݕ ≤ 2௫݂(ݔ) + 2௬݂(ݕ) ≤ 2௫ା௬݂(ݔ + ݕ,ݔ∀,(ݕ ∈ ℝ 
 

1.45                                         Find ݂:ℝ → ℝ such that: 

ݔ) − (ݔ)ଶ൫݂ଶ(ݕ − ݂ଶ(ݕ)൯ = ݔ) + ݔ)ଷ݂(ݕ −  (ݕ

1.46                                     Find all continuous functions: 

݂:ℝ → ℝ, (ଷݔ)݂ − (ଷݕ)݂ = ଶݔ) + ݕݔ + ݔ)݂(ଶݕ − ,ݔ∀,(ݕ ݕ ∈ ℝ 

1.47           Find all continuous functions ݂:ℝ → (0,∞) such that: 

(ݔ4)݂(ݔ2)݂(ݔ)݂ = 2௫ ݔ	∀, ∈ ℝ 

 

1.48                                          Solve for real numbers: 

⎩
⎨

⎧
0 < ,ݔ ,ݕ ݖ < 1

ݔ
1 − ଶݔ

+
ݕ

1 − ଶݕ
+

ݖ
1 − ଶݖ

=
ݖݕݔ4

(1 − ଶ)(1ݔ − ଶ)(1ݕ − (ଶݖ
ଶݔ + ଶݕ + ଶݖ = 1

 

1.49                                           Solve for real numbers: 

1
ݔ) + 1)ଷ +

1
ݔ) + 1)ଶ +

1
ݔ + 1

= 156 + ݔ)ହ݈݃ + 1) 

 

1.50      ݂,݃: (0,∞) → ℝ , ݂(ݔ) = ݊݅ݏ ቀ݈݊ ௫(௫ାଵ)
௫ାଶ

ቁ + ݊݅ݏ ቀ݈݊ (௫ାଵ)(௫ାଶ)
௫

ቁ 

(ݔ)݃ = ݊݅ݏ ቀ݈݊൫ݔ)ݔ + ݔ)(1 + 2)൯ − ݊݅ݏ ቀ݈݊ ௫(௫ାଶ)
௫ାଵ

ቁቁ.   

Solve the equation: ݂(ݔ) =  .(ݔ)݃
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1.51                                           Solve for real numbers:  

⎩
⎨

⎧3௫ + 3௬ + 3௭ + 3௧ = 24
௭݈݃ ݔ + ௭݈݃ ݐ = ݕ
ݔ

ସݔ + ଶݕ
+

ݕ
ଶݔ + ସݕ

=
1
ݕݔ

 

1.52                                  Solve the system of equations: 

ቊ
ݔ√ + ඥݕ + ݖ√ + 1 = 4ඥݖݕݔ

ݕݔ + ݖݕ + ݔݖ + 3 = 2 ⋅ ൫√ݔర + ඥݕర + రݖ√ ൯
 

1.53                                             Solve for integers: 

ቐ
ݕ)ݔ + (ݖ = ଶݕ + ଶݖ − 6
ݖ)ݕ + (ݔ = ଶݖ + ଶݔ − 6
ݔ)ݖ + (ݕ = ଶݔ + ଶݕ − 6

 

1.54                                  Find ݔ, ,ݕ ݖ ∈ (0,∞) such that: 

⎩
⎪
⎨

⎪
⎧ ଷݔ − ଷݕ = ݈݊ ቀ

ݕ
ݔ
ቁ

ହݕ − ହݖ = ݈݊ ൬
ݖ
ݕ
൰

௬ݔ2 + ௭ݕ3 + ௫ݖ5 = 10

 

1.55  Solve over the set of real numbers the following system of equations 
written on base – 42 numeral system: 

ܽଶ + ܽଷଶ + ܽସଶ + ⋯+ ܽଶଵ଼ଶ = 4 ⋅ (97ܽଵ − 1) 

ܽଵଶ + ܽଷଶ + ܽସଶ + ⋯+ ܽଶଵ଼ଶ = 4 ⋅ (97ܽଶ − 1) 

ܽଵଶ + ܽଶଶ + ܽସଶ + ⋯+ ܽଶଵ଼ଶ = 4 ⋅ (97ܽଷ − 1) 

… … … … … … … … … … … … … … … … … … … …. 

ܽଵଶ + ܽଶଶ + ܽଷଶ + ⋯+ ܽଶଵଶ = 4 ⋅ (97ܽଶଵ଼ − 1) 
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1.56.                                             Solve for real numbers: 

ଷݔ + ଶݔ + ݔ2 + ଷݔ)݈݃ + ݔ2 + 1) = ଷݕ    ,ݕ + ଶݕ + ݕ2 + ଷݕ)݈݃ + ݕ2 + 1) =  ݔ

1.57                                                     Prove that: 

ܿݏܿ ቀ
ߨ

14
ቁ − 4 ݏܿ ൬

ߨ2
7
൰ = 2 

1.58                               Solve for complex numbers: 

ቤݖ +
1
2

+
݅√3

2
ቤ
ଶ

+ ቤݖ +
1
2
−
݅√3

2
ቤ
ଶ

+ ݖ| − 1|ଶ − ଶ|ݖ|3 =  ݖ

1.59                                                      Solve for ℝ: 

ଶ(2௦௫݈݃ + 1) + ଷ(3௦݈݃ ௫ + 2) + ସ(4௦௫݈݃ + 3) = √27 − ݏܿ యݔ  

1.60                                           Find ݕ,ݔ, ݖ ≥ 0 such that: 

ଶݔ2 + 4
ଶݖ + ݕ2 + 3

+
ଶݕ2 + 4

ଶݔ + ݖ2 + 3
+

ଶݖ2 + 4
ଶݕ + ݔ2 + 3

= 3 

1.61                                           Solve for real numbers: 

1
ݔ + 1

+
1

ݔ)ݔ + 2) +
1

ݔ)ݔ + ݔ)(1 + 3) + ⋯+
1

ݔ)ݔ + 1) ⋅ … ⋅ ݔ) + ݔ)(99 + 101) = 

=
1
3
−

1
ݔ)ݔ + ݔ)(1 + 2) ⋅ … ⋅ ݔ) + ݔ)(100 + 101) 

1.62                                         Solve for real numbers: 

	ተ

1 1 1 1
݁௫ ݁ି௫ ݁ ݁ିଵ
݁ଶ௫ ݁ିଶ௫ ݁ଶ ݁ିଶ
݁ସ௫ ݁ିସ௫ ݁ସ ݁ିସ

ተ ⋅ ተ

1 1 1 1
݁௫ ݁ି௫ ݁ ݁ିଵ
݁ଷ௫ ݁ିଷ௫ ݁ଷ ݁ିଷ
݁ସ௫ ݁ିସ௫ ݁ସ ݁ିସ

ተ = 0 
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1.63                                          Solve for real numbers: 

൫݁గ௫మబభఴ + 1൯൫݁ଶగ௫మబభఴ + 1൯൫݁ସగ௫మబభఴ + 1൯൫଼݁గ௫మబభఴ	ାଵ൯… ൫݁ଶగ௫మబభఴ + 1൯

൬ߨ
ଶ
௫ + 1൰ ൬ߨ

ସ
௫ + 1൰ ൬ߨ

଼
௫ + 1൰ ൬ߨ

ଵ
௫ + 1൰…ቆߨ

ଶశభ
௫ + 1ቇ

=
݁ଶశభగ௫మబభఴିଵ

ߨ
ଶశమ
௫ − 1

 

1.64.                                             Solve for real numbers: 

ଵଶݏܿ ݔ + 4 ଼ݏܿ ݔ ݊݅ݏ ݔ2 + 2 ଶ݊݅ݏ ݔ2 (3 ସݏܿ ݔ − 4) + 4 ଷ݊݅ݏ ݔ2 − 3 ݏܿ ݔ + 19 = 0 

 

1.65            Find all continuous functions: ݂,݃, ℎ:ℝ → ℝ such that: 

݂ ൬
ݔ + ݕ

2
൰ =

(ݔ)݃ + ℎ(ݕ)
2

ݕ,ݔ∀, ∈ ℝ 

1.66                                           Solve for real numbers: 

൞
ඥ1ݔ2 − ଶݕ + ඥ1ݕ2 − ଶݔ = √3

ඥ1ݕ2 − ଶݖ + ඥ1ݖ2 − ଶݕ = √3

ඥ1ݖ2 − ଶݔ + ඥ1ݔ2 − ଶݖ = √3

 

1.67                                          Solve for real numbers: 

⎩
⎨

⎧
0 < ,ݔ ,ݕ ݖ < 1

ݔ
1 − ଶݔ

+
ݕ

1 − ଶݕ
+

ݖ
1 − ଶݖ

=
ݖݕݔ4

(1 − ଶ)(1ݔ − ଶ)(1ݕ − (ଶݖ
ଶݔ + ଶݕ + ଶݖ = 1

 

1.68                                    Solve for real numbers: 

ଷݔ + ଶݔ + ݔ2 + ଷݔ)݈݃ + ݔ2 + 1) =  ݕ

ଷݕ + ଶݕ + ݕ2 + ଷݕ)݈݃ + ݕ2 + 1) =  ݔ

1.69               Find all continuous functions ݂:ℝ → ℝ such that: 

(ݔ)݂ + (ݕ)݂ + ݕଶݔ + ଶݕݔ = ݔ)݂ + ,ݔ∀,(ݕ ݕ ∈ ℝ 
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1.70                             Solve for real positive numbers: 

ቐ
ݔ + ݕ

1 + ݕݔ
+

ݕݔ
1 + ݔ

+
ݕݔ

1 + ݕ
+

ݔ + ݕ + ݕݔ2
(1 + 1)(ݔ + ݕݔ(ݕ

= 3

݊݅ݏ ݔ = ݏܿ ݕ
 

1.71                   Find all real numbers ݔ satisfying the following equation: 

ݔ) + ଶ({ݔ} − ݔ) + ({ݔ} = {ݔ}⌊ݔ⌋6 − 1 

where ⌊ݔ⌋ and {ݔ} denote the integer part and fractional part of ݔ, respectively. 

 

1.72                    Solve the following equation in set of real numbers: 

8௫ + 27
ଵ
௫ + 2௫ାଵ ⋅ 3

௫ାଵ
௫ + 2௫ ⋅ 3

ଶ௫ାଵ
௫ = 125 
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CHAPTER 2 

MATRIX.DETERMINANTS-PROBLEMS 

ܣ  2.1 ∈ ,ସ(ℝ)ܯ ଶܣ)ݐ݁݀ + (ସܫ3 = ଶܣ)ݐ݁݀ + ܣ2 + (ସܫ2 = 0.  

Find: ߗ = ݐ݁݀  .ܣ

2.2  If ܣ ∈  :ଷ(ℝ) thenܯ

ଷܫ)ݐ݁݀ + (ଶܣ = 0 ⇔ ܣ	ݎܶ = ݐ݁݀ ∗ܣ	ݎܶ and ܣ = 1. 

ܣ  2.3 ∈ ,ଶ(ℝ)ܯ ݐ݁݀ ܣ = ܣ	ݎݐ = 1.  

Solve for real numbers: 

ସܣ)ݐ݁݀ + (ଶܫ + ଶܣ)ݐ10݀݁ + (ଶܫ + ݔ = ଷܣ)ݐ4݀݁ + (ଶܫ + ܣ)ݐ16݀݁ +  (ଶܫ

2.4  If ܣ ∈  :ଶ(ℝ) thenܯ

ଶܣ)ݐ݁݀ + ܣ2 + (ଶܫ2 ≥ (2 +  ଶ(ܣ	ݎܶ

ܤ,ܣ 2.5 ∈ ,ଶ(ℝ)ܯ ݐ݁݀ ܣ ≠ 0, ݐ݁݀ ܤ ≠ (ଵିܤܣ)ݎܶ,0 = (ଵିܤܣ)ݐ݁݀ = 1 

Find: ߗ = ଶܫ)ݐ݁݀ +  (ܤଵିܣ

2.6  If ܤ,ܣ ∈ ଷܣ,ହ(ℝ)ܯ + ହܫ7 = ଷܤ,ଶܣ + ହܫ9 =  :ଶ thenܤ

(ܤܣ)ݐ݁݀ > 0 

2.7  If ܤ,ܣ ∈ ଷܣ,ହ(ℝ)ܯ − ହܫ2 = ଷܤ,ଶܣ − ହܫ3 =  :ଶ thenܤ

(ܤܣ)ݐ݁݀ > 0 

2.8  Find ܤ,ܣ ∈  :ଶ(ℝ) such thatܯ

ݐ݁݀ ܣ < 0, ܣ)ݐ݁݀ − (ܤ > 0, ܣ)ݐ݁݀ + (ܤ < ܣ2)ݐ݁݀,0 + (ܤ > 0 

2.9  If ܣ ∈ ݐ݁݀,ସ(ℂ)ܯ ܣ ≠ ܣ	ݎܶ,0 = 0 then: 

(ଷܣ)	ݎܶ = ݐ݁݀)3  (ଵିܣ	ݎܶ)(ܣ
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2.10  GENERALIZATION FOR A DAN RADU SECLAMAN’S INEQUALITY 

 If ܤ,ܣ ∈ ݊,(ℝ)ܯ ≥ 2,  ≥ ,݊,1 ∈ ℕ,ܣଶାଵ + ଶܤ = ସାଵܣ,ܫ =  ଶܣ
then: ݀݁ܫ)ݐ + ଶܣ + (ଶܤ ≥ 0 

2.11  If ܤ,ܣ ∈ ܣ)ݐ݁݀,ଶ(ℂ)ܯ + (ܤ = 1 then: 

ܣ)ݐ݁݀ ⋅ ݐ݁݀ ܤ + ܤ ⋅ ݐ݁݀ (ܣ =  (ܤܣ)ݐ݁݀

2.12  If ܣ ∈ ܤ,ଶ(ℝ)ܯ ∈ ܥ,ଷ(ℝ)ܯ ∈  ,ସ(ℝ)ܯ

ଶܣ − ܣ = ଶܤ,ଶܫ − ܤ = ଶܥ,ଷܫ − ܥ = ݐ݁݀| :ସ  thenܫ ܣ + ݐ݁݀ ܤ + ݐ݁݀ |ܥ < 28 

2.13  If ܦ,ܥ,ܤ,ܣ ∈ ,(ℂ)ܯ ݊ ∈ ℕ, ݊ ≥ (ܦܥܤܣ)ݐ݁݀,2 ≠ 0 then: 

ܤܣ)݇݊ܽݎ ⋅ (ܦܥ)ݐ݁݀ + ܦܥ ⋅ ((ܤܣ)ݐ݁݀ = ݇݊ܽݎ ൬
1

ܥݐ݁݀ ⋅ ݐ݁݀ ܦ
ଵିܣଵିܤ +

1
ݐ݁݀ ܣ ⋅ ݐ݁݀ ܤ

 ଵ൰ିܥଵିܦ

2.14  If ܽ, ܾ, ܿ > 0, different in pairs, ܾܽ + ܾܿ + ܿܽ = 1 then: 

ተ
ܽ + ܾ ܾܽ 0 0

1 ܽ + ܾ ܾܽ 0
0 1 ܽ + ܾ ܾܽ
0 0 1 ܽ + ܾ

ተ+ ተ
ܾ + ܿ ܾܿ 0 0

1 ܾ + ܿ ܾܿ 0
0 1 ܾ + ܿ ܾܿ
0 0 1 ܾ + ܿ

ተ + ተ

ܿ + ܽ ܿܽ 0 0
1 ܿ + ܽ ܿܽ 0
0 1 ܿ + ܽ ܿܽ
0 0 1 ܿ + ܽ

ተ > 3  

ܣ  2.15 ∈ ,(ℝ)ܯ ݐ݁݀ ܣ ≠ ߙ,0 ∈ ଶܣ,(1,1−) + ଶିܣ = ܣ)ߙ +  (ଵିܣ

Find: |݀݁ݐ  |ܣ

2.16                                         Solve for real numbers: 

ተ

1 3 + ݊݅ݏ ݔ 2 + 3 ݊݅ݏ ݔ 2 ݊݅ݏ ݔ
1 2 + ݊݅ݏ ݔ + ݏܿ ݔ 2 ݊݅ݏ ݔ + ݊݅ݏ ݔ ݏܿ ݔ ݊݅ݏ ݔ2
1 1 + ݊݅ݏ ݔ + ݏܿ ݔ ݊݅ݏ ݔ + ݏܿ ݔ + ݊݅ݏ ݔ ݏܿ ݔ ݊݅ݏ ݔ ݏܿ ݔ
1 3 + ݏܿ ݔ 2 + 3 ݏܿ ݔ 2 ݏܿ ݔ

ተ = 0 

2.17  If ܥ,ܤ,ܣ ∈ ,(ℤ)ܯ ݊ ≥ 3, ∗(∗ܤ∗ܣ) = ,ܣܤ ∗(∗ܥ∗ܤ) =  :then ܤܥ

ݐ݁݀ ܣ + ݐ݁݀ ܤ + ݐ݁݀ ܥ < √10 

2.18  If ܺ,ܻ,ܼ ∈ ,(ℝ)ܯ ݊ ≥ 2, ݊ ∈ ℕ,ܻܺ = ܻܺ,ܻܼ = ܼܻ,ܼܺ = ܼܺ then: 

9ܺଶ)ݐ݁݀ + 5ܻଶ + 5ܼଶ + 12ܻܺ + 6ܻܼ + 12ܼܺ) ≥ 0 
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ܤ,ܣ  2.19 ∈ (ଶ(ܤܣ))ݎܶ,ଶ(ℝ)ܯ = ,(ଶܤଶܣ)ݎܶ ݊ ∈ ℕ, ݊ ≥ 2. Find: 

ߗ = ܤܣ)]ݎܶ −  [(ܣܤ

2.20  If ܣ ∈  :ଶ(ℤ) thenܯ

ߗ = ܣ)ݐ݁݀ + ்ܣ + (∗ܣ + ܣ−)ݐ݁݀ + ்ܣ + (∗ܣ + ܣ)ݐ݁݀ − ்ܣ + (∗ܣ + ܣ)ݐ݁݀ + ்ܣ −  (∗ܣ

is divisible with 12. 

ܣ  2.21 ∈ ݐ݁݀,ଶ(ℝ)ܯ ܣ = ܣ	ݎݐ = 1. Solve for real numbers: 

ସܣ)ݐ݁݀ + (ଶܫ + ଶܣ)ݐ10݀݁ + (ଶܫ + ݔ = ଷܣ)ݐ4݀݁ + (ଶܫ + ܣ)ݐ16݀݁ +  (ଶܫ

2.22  If ܤ,ܣ ∈ ݐ݁݀,ଶ(ℂ)ܯ ܣ ≠ 0, ݐ݁݀ ܤ ≠ 0 then: 

ݐ݁݀ܣ)ݐ݁݀ ܤ + ܤ ݐ݁݀ (ܣ + ݐ݁݀ ൬
ܣ

ܣݐ݁݀
+

ܤ
ݐ݁݀ ܤ

൰ = ܣ)ݐ݁݀ + (ܤ ൬݀݁(ܤܣ)ݐ +
1

 ൰(ܤܣ)ݐ݁݀

2.23  In ߂	ܥܤܣ the following relationship holds: 

2 อ
ݏ + ܽଶ ܾܽ ܽܿ
ܾܽ ݏ + ܾଶ ܾܿ
ܽܿ ܾܿ ݏ + ܿଶ

อ

ଶݏ
≥ 8√3ܵ + 3√4ܴܵయ  

2.24  If ܽ, ܾ, ܿ ∈ (0,∞) then: 

อ
1 + ܽ 1 1

1 1 + ܾ 1
1 1 1 + ܿ

อ ≥
48ܾܽܿ

1 + ܽ + ܾ + ܿ
 

2.25  If ܽ, ܾ, ܿ, ݀, ݁, ݂ ∈ (0,∞) then: 

ተ
ܽ √ܽ݀ √ܽ݁
√ܽ݀ ܾ + ݀ √݀݁ + ඥܾ݂

√ܽ݁ √݀݁ + ඥܾ݂ ܿ + ݁ + ݂
ተ > 0 

2.26  If (ݔ)߂ = ተ

ݔ ܽ ܾ ܿ
ܽ ݔ ܾ ܿ
ܽ ܾ ݔ ܿ
ܽ ܾ ܿ ݔ

ተ ,ܽ, ܾ, ܿ ∈ (0,∞) then: 
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ܽ)ᇱ߂ + ܾ + ܿ)
ܽ)߂ + ܾ + ܿ) ≤

1
6√ܾܽܿయ +

1
2


1
√ܾܽ

 

ଶାଵܣ  2.27 =

⎝

⎜⎜
⎛

ܽ ܾ 0 ⋯ 0 0
0 ܽ ܾ ⋯ 0 0
0 0 ܽ ⋯ 0 0
⋯ ⋯ ⋯ ⋯ ⋯ ⋯
0 0 0 ⋯ ܽ ܾ
ܾ 0 0 ⋯ 0 ܽ⎠

⎟⎟
⎞
∈ ଶାଵ(ℝାܯ

∗ ),݊ ∈ ℕ∗, 2݊+1ߗ =  1൯+2݊ܣ൫ݐ݁݀

Prove that:   ఆమశళ
ఆమశఱ

≥ ఆమశయ
ఆమశభ

 

2.28  If ܽ, ܾ, ܿ, ݀, ݁, ݂ > 0 then: 

64 ተ
ተ

1 ܾ ܾ ܾ ܾ
ܽ ܿ 0 0 0
ܽ 0 ݀ 0 0
ܽ 0 0 ݁ 0
ܽ 0 0 0 ݂

ተ
ተ ≤ (ܽ + ݂)ଶ(ܾ + ݁)ଶ(ܿ + ݀)ଶ ൬

1
ܾܽ

−
1
ܿ
−

1
݀
−

1
݁
−

1
݂
൰ 

2.29  In ߂	ܥܤܣ the following relationship holds: 

ተ

ܽ 0 ܿ ܾ
0 ܽ ܾ ܿ
ܾ ܿ 0 ܽ
ܿ ܾ ܽ 0

ተ ≥  ସݎ432

2.30  If ܽ, ܾ, ܿ ∈ (0,∞), ܽ ≠ ܾ ≠ ܿ ≠ ܽ 

ଵ߂ = อ
1 ܽ ܽଷ
1 ܾ ܾଷ
1 ܿ ܿଷ

อ ଶ߂, = อ
ܽଶ ܾଶ ܿଶ

ܾଶ + ܿଶ ܿଶ + ܽଶ ܽଶ + ܾଶ
ܾܿ ܿܽ ܾܽ

อ 

then: 

ଵ߂ − ଶ߂
(ܾ − ܽ)(ܽ − ܿ)(ܾ − ܿ) ≥ 12ඥ(ܾܽܿ)ହల  

2.31  If ܤ,ܣ ∈ ܤܣ,(ℝ)ܯ =  :then ܣܤ

ଶܣ)൫ݐ݁݀ + ܤܣ + ଶܣ)(ଶܤ2 + ܤܣ2 + ଶܣ)(ଶܤ3 + ܤܣ3 + ଶ)൯ܤ4 ≥ 0 
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2.32  If ܽ, ܾ, ܿ ≥ 0,ܽ + ܾ + ܿ = 3 then: 

อ
ܽଶ + ܾଶ + ܿଶ ܽଷ + ܾଷ + ܿଷ ܽସ + ܾସ + ܿସ
ܽଷ + ܾଷ + ܿଷ ܽସ + ܾସ + ܿସ ܽହ + ܾହ + ܿହ
ܽସ + ܾସ + ܿସ ܽହ + ܾହ + ܿହ ܽ + ܾ + ܿ

อ ≤ (ܾ − ܽ)ଶ(ܿ − ܽ)ଶ(ܿ − ܾ)ଶ 

2.33  If ܥ,ܤ,ܣ ∈ ܤܣ,(ℝ)ܯ = ܣܤ = ܥܤ = ܤܥ = ܣܥ = ܥܣ = ܱଷ then: 

ଷܫ)ݐ݁݀ + ܣ2 + ܤ3 + ܥ4 + ଶܣ4 + ଶܤ9 + (ଶܥ16 ≥ 0 

2.34  If ܽ, ܾ, ܿ ≥ 0 then: 

ተ
ተ

0 ܽଶ ܾଶ ܿଶ 1
ܽଶ 0 ܽଶ + ܾଶ ܽଶ + ܿଶ 1
ܾଶ ܽଶ + ܾଶ 0 ܾଶ + ܿଶ 1
ܿଶ ܽଶ + ܿଶ ܾଶ + ܿଶ 0 1
1 1 1 1 1

ተ
ተ ≤

1
8
ෑ(ܽ + ܾ)ଶ 

2.35  If ܽ, ܾ, ܿ ∈ [0,1] then: 

ተ

1 1 1
ܽ ܾ ܿ
ܽଶ

1 + ܽଶ
ܾଶ

1 + ܾଶ
ܿଶ

1 + ܿଶ
ተ ≤

1
2

 

,ܾ,ܽ)ܣ  2.36 ,݀)ܤ,(ܿ ݁, ,݃)ܥ,(݂ ℎ, ݅) belongs to ܵ: ଶݔ + ଶݕ + ଶݖ = ܴଶ.  

Prove that:   อ
ܽ ܾ ܿ
݀ ݁ ݂
݃ ℎ ݅

อ

ଶ

≤ ܴ 

2.37  In ߂	ܥܤܣ the following relationship holds: 

ተ
1 0 ܽଶ ܾଶ
0 1 1 1
1 ܽଶ 0 ܿଶ
1 ܾଶ ܿଶ 0

ተ ≤ 4ܾܴܽܿටቀ݊݅ݏଶ ቁܣ ቀܿݏଶ  ቁܣ

2.38 If ܥ,ܤ,ܣ ∈ ܤܣ,(ℝ)ܯ = ܥܣ,ܣܤ = ܥܤ,ܣܥ = ,ܤܥ ݊ ∈ ℕ, ݊ ≥ 2 then: 

ଶܣ)ݐ݁݀ − ܤܣ6 + ଶܤ10 + ܥܤ16 + ଶܥ10 − (ܥܣ6 ≥ 0 
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ߗ  2.39 = ቮ
ଶ݊݅ݏ ݔ ଶ݊݅ݏ ݕ ⋅ ଶݏܿ ݔ ଶݏܿ ݕ ⋅ ଶݏܿ ݔ

ଶݏܿ ݕ ⋅ ଶݏܿ ݔ ଶ݊݅ݏ ݔ ଶ݊݅ݏ ݕ ⋅ ଶݏܿ ݔ
ଶ݊݅ݏ ݕ ⋅ ଶݏܿ ݔ ଶݏܿ ݕ ⋅ ଶݏܿ ݔ ଶ݊݅ݏ ݔ

ቮ , ,ݔ ݕ ∈ ℝ 

Prove that: |ߗ| ≤ 1. 

2.40 If ܤ,ܣ ∈ ܤܣ,ଶ(ℝ)ܯ = ,ܣܤ ݐ݁݀ ܣ = ߙ > ܣ)ݐ݁݀,0 + (ܤߙ݅ = 0 then find: 

ߗ = ଶܣ)ݐ݁݀ − ܤܣߙ +  (ଶܤଶߙ

2.41 Find ܤ,ܣ ∈  :ଶ(ℝ) such thatܯ

ݐ݁݀ ܣ < 0, ܣ)ݐ݁݀ − (ܤ > 0, ܣ)ݐ݁݀ + (ܤ < ܣ2)ݐ݁݀,0 + (ܤ > 0 
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CHAPTER 3 

LIMITS.SERIES-PROBLEMS 

3.1  Find: 

ߗ = ݈݅݉
→ஶ


1

݅(݅ + 1)(݅ + 2)(݅ + 3)



ୀଵ

 

3.2 Find: 

ߗ = ݈݅݉
→ஶ

݊ ∫ ൧ݔ√ൣ
మ

ଵ ݔ݀

∫ ൧ݔ√ൣ
య

ଵ ݔ݀
, [∗] −  ݊݅ݐܿ݊ݑ݂	ݎ݁݃݁ݐ݊݅	ݐܽ݁ݎ݃

3.3  Find: 

ߗ = ݈݅݉
→ஶ

ඩෑ݁ିቀ

ቁ

మ

ୀଵ



 

3.4  Calculate: 

ߗ = ݈݅݉
→ஶ

⎩
⎨

⎧ ටቀ݊ + 1
1 ቁ ቀ݊ + 1

2 ቁ… ቀ݊ + 1
݊ + 1ቁ

శభ

݁
(ାଵ)
ଶ (݊ + 1)ି

ଷ
ଶ

−
ටቀ݊1ቁ ቀ

݊
2ቁ… ቀ݊݊ቁ



݁

ଶ݊ି

ଷ
ଶ

⎭
⎬

⎫
 

3.5  If ܽ, ܾ, ܿ ∈ ℕ∗, 

(ܽ)ߗ = 
1

݊(݊ + 1)(݊ + 2) ⋅ … ⋅ (݊ + ܽ)

ஶ

ୀଵ

 

then: 

ቆ
(ܽ)ߗܾ + (ܾ)ߗܿ + (ܿ)ߗܽ

ܽ + ܾ + ܿ
ቇ
ାା

≥
1

ܽ ⋅ ܾ ⋅ ܿ ⋅ (ܽ!) ⋅ (ܾ!) ⋅ (ܿ!)
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3.6  Prove that: 

݈݅݉
→ஶ

൬
1

1! 2! 3! ⋅ … ⋅ ݇!
൰
ଵ




ୀଵ

≤ ݁(݁ − 1) 

3.7  Find: 

ܮ = ݈݅݉
→ஶ

⎝

⎜
⎛
න ൫݊݅ݏ ݔ√ ൯

ቀగଶቁ




ݔ݀

⎠

⎟
⎞

 

3.8                                                                    If: 

ߗ = ݈݅݉
௫→

൮
1

(2௫ − 1) −
1

൬ݔ ݈݃ 2
1! +

ݔ) ݈݃ 2)ଶ
2! + ⋯+

ݔ) ݈݃ 2)
݊! ൰

൲ ;݊ ∈ ℕ∗ 

Find: 

ߗ = ݈݅݉
→ஶ

ߗ



ୀଵ

 

ܣ  3.9 = ቀ0 1
1 1ቁ ܣ, = ൬ܽ ܾ

ܿ ݀
൰ , ݊ ∈ ℕ∗,ߗ = ݈݅݉→ஶ ቀ

ା
ାௗ

ቁ. 

Prove that:  ߗ < 1 

3.10  Find: 

ߗ = ݈݅݉
→ஶ

ඩෑ݁ିቀ

ቁ

మ

ୀଵ



 

 



25 
 

3.11  Find: 

ߗ = ݈݅݉
→ஶ

ቆ൬
1

1 + ݊ଶଵ
+

1
2 + ݊ଶଵ

+ ⋯+
1

݊ସଷଶ
൰ ⋅ ݈݊ ݊ቇ 

3.12  Find: 

ߗ = ݈݅݉
→ஶ

൬݊ ∙ ݊ܽݐ ൬
!݊݁ߨ

5
൰൰ 

3.13  Let ܽ ,ܾ ∈ (0,∞) and ݊ ≥ 1, ݈݅݉→ஶ(ܽାଵ − ܽ) = ܽ	ܽ݊݀ 

ܾ = ݈݅݉→ஶ ඥ√2! ⋅ √3!య … √݊!
. Find:  ߗ = ݈݅݉→ஶ ቀ

శభ⋅శభ
ାଵ

− ⋅

ቁ 

3.14 Find: 

ߗ = ݈݅݉
→ஶ

ට2‼√3‼ √5‼య ⋅ … ⋅ ඥ(2݊ − 1)‼మ

 

3.15 Find: 

ߗ = ൭൬
1

(25݇ଶ + 5݇ − 6)(݊ − ݇ + 1)ଶ൰


ୀଵ

൱
ஶ

ୀଵ

 

3.16 If ܽ,ܾ ∈ ℕ,ܽ < ,ܽ)ߗ,	ܾ ܾ) = ݈݅݉→ஶ∑
ଵ

(ା)(ା)

ୀଵ    

then: 

,ܽ)ߗ ܾ) ≥ ൬
ܽ!
ܾ!
൰

ଵ
ି

 

3.17                                                               If: 

ܽ, ܾ, ܿ > 0, ܽ + ܾ + ܿ = ,ܽ)ߗ,1 ܾ) = ݈݅݉
→ஶ

ቆ
√ܽ + √ܾ + 1

√ܾ + √ܽ + 1 ቇ


 

then: 
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ඥܾ(ܽ + 1) ⋅ ,ܽ)ߗ ܾ) ≤ 2 

3.18 Find: 

ߗ = ݈݅݉
→ஶ

ቌ ඥ(݊ + 1)!శభ − ඨ݊! ൬1 +
1
1!

+
1
2!

+ ⋯+
1
݊!
൰


ቍ 

3.19 Find: 

ߗ = ݈݅݉
→ஶ

1
݊!
න((1 − (ݔ + ݏܿ ݔ௫݀݁(ݔ݊
ଵ



 

3.20                                                              If : 

ܽ,ܾ > 0, |ݔ| < 1, |ݕ| < (ݔ)ߗ,1 = ݈݅݉
→ஶ


(ݔ−)

݅ + 1



ୀ

 

then: 

(ܽ + ߗ(ܾ ൬
ݔܽ + ݕܾ
ܽ + ܾ

൰ ≤ (ݔ)ߗܽ +  (ݕ)ߗܾ

3.21  Find: 

ܮ = ݈݅݉
→ஶ

൭ 
1
݇

ଶ

ୀଵାଵ

+ 
1
݇

ସ

ୀଵାଶ

+ 
1
݇

ସ

ୀଵାଷ

൱ 

3.22                                                                If: 

ષ(ݔ, (ݕ = 
2݊ଶ + ݔ2) + ݕ2 + 5)݊ + ݕݔ2 + ݔ6 − ݕ

3(݊ + ݊)(ݕ + ݕ + 1)(݊ + ݕ + 2)

ஶ

ୀଵ

,ݔ, ݕ > 0 

Prove that: 
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,ݔ)ߗ (ݕ ⋅ ,ݕ)ߗ (ݔ ≤
1

9ඥݕݔయ  

3.23 Evaluate: 

݈݅݉
௫→

2√1 + ݔ + 2√2ଶ + ݔ + ⋯+ 2√݊ଶ + ݔ − ݊(݊ + 1)
ݔ

 

3.24 Evaluate: 

݈݅݉
→ஶ

න ݁
ଵ
௫

ାଵ



 ݔ݀

3.25                                                            If:  

(ܽ)ߗ = lim
→ஶ

݊ଶ ቀ ඥ݁మାାଵ
శఱ

− ඥ݁మାାଵ
శళ

ቁ ,ܽ > 0 

then: 

(ܽ)ߗ
ܾ + ܿ

+
(ܾ)ߗ
ܿ + ܽ

+
(ܿ)ߗ
ܽ + ܾ

> ܽ + ܾ + ܿ + 3 

3.26 Find: 

ߗ = ݈݅݉
→ஶ

∑ ቆ݇ଶ ⋅ ටቀ2݇
݇ ቁ

ೖ
ቇ

ୀଶ

݊(݊ + 1)(2݊ + 1)  

3.27 Find: 

ߗ = ݈݅݉
→ஶ


(݊ − ݇ + 1)݁ିమ

1 + 2 + ⋯+ ݊



ୀଵ

 

3.28  If:  

ܽ > 0, ݊ ≥ 1, ݈݅݉
→ஶ

ܽ = ܽ, ܾ, ܿ > 0 
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then find: 

ߗ = ݈݅݉
→ஶ

1
݊


ܽ
ܾ + ܿܽ



ୀଵ

 

3.29 Find: 

ߗ = ݈݅݉
→ஶ

൭
݇

(݇ + 1)!	



ୀଵ

൱൭
݇(݇ + 2)

൫(݇ + 1)!൯
ଶ



ୀଵ

൱൭
݇(݇ଶ + 3݇ + 3)

൫(݇ + 1)!	൯
ଷ



ୀଵ

൱ 

3.30 Find: 

ߗ = ݈݅݉
→ஶ

1
݊ସ

 ቌ݉  


ୀାଵ

ቍ
ିଵ

ୀଵ

 

3.31 Find: 

ߗ = ݈݅݉
→ஶ

݊(݊ + 1)(݊ + 2) ⋅ … ⋅ (2݊ − 2) ݊ܽݐܿݎܽ ߨ
2

1 ⋅ 3 ⋅ 5 ⋅ … ⋅ (2݊ − 3)  

3.32 Find: 

ߗ = ݈݅݉
→ஶ

1
3݊ + 1


1
√݇!ೖ



ୀଶ

 

3.33 Find: 

ߗ = ݈݅݉
→ஶ

൫݁ + √2൯ ⋅ ൫݁ + √3൯ ⋅ … ⋅ ൫݁ + √݊൯
൫ߨ + √2൯ ⋅ ൫ߨ + √3൯ ⋅ … ⋅ ൫ߨ + √݊൯

 

3.34  If ܽ, ܾ, ܿ, ,ݕ,ݔ ݖ > 0, ܽ + ܾ + ܿ = 1 

(ܽ)ߗ = ݈݅݉
→ஶ

݊ ቆܽ
ටଵାଵଵ!ା

ଵ
ଶ!ା⋯ା

ଵ
!


ିଵ − 1ቇ 

then: ݔܽ)ߗ + ݕܾ + (ݖܿ ≥  (ݖݕݔ)ߗ
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3.35  Find: 

ߗ = ݈݅݉
→ஶ


1 + 6 + 11 + 16 + ⋯+ (10݇ − 9)

2݇ − 1



ୀଵ

 

3.36  Find: 

ߗ = ݈݅݉
→ஶ

1
݊ + 3


݇
√݇!ೖ



ୀଶ

 

3.37 Find: 

ߗ = ݈݅݉
→ஶ

1
݊ହ

݇ସ


ୀଵ

݊ܽݐܿݎܽ ൬
݇
݊
൰
ହ

 

3.38 Find: 

ߗ = ݈݅݉
→ஶ

ඪ ൮൬1 +
1
݉
൰!



ୀଵ

(1 + ଶ)൲


ୀଵ



 

3.39 Find: 

ߗ = ݈݅݉
→ஶ

1 ⋅ ݊ + 3 ⋅ (݊ − 1) + 5 ⋅ (݊ − 2) + ⋯+ (2݊ − 1) ⋅ 1
(݊ + 1)ସ − ݊ସ

 

3.40  Find: 

ߗ = ݈݅݉
→ஶ

1
݊
 ඥ7 ⋅ 5ି


ୀ

 

3.41                                                               If: 

ߗ ∈ [1,∞), ݊ ≥ 1, ݈݅݉→ஶߗ = ߗ ∈ ℝ.  

Find: 
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݈݅݉
→ஶ

݁ ඥ(ଵାఆభ)(ଵାఆమ)⋅…⋅(ଵାఆ) ିଵ 

3.42 Find: 

ߗ = ݈݅݉
→ஶ

݊ඨ
൫(2݊)‼൯

ଶ

(2݊)!



 

3.43 Find: 

ߗ = ݈݅݉
→ஶ

13 ⋅ 25 ⋅ 37 ⋅ … ⋅ (12݊ − 11)
7 ⋅ 19 ⋅ 31 ⋅ … ⋅ (12݊ − 5)  

3.44 Find: 

ߗ = ݈݅݉
௫→

൭݈݅݉
→ஶ

ෑቀ1 − ଶ݊ܽݐ
ݔ

2
ቁ



ୀଵ

൱ 

3.45 Compute: 

݈݅݉
→∞

ቀ ඥ(݊ + 1)!యశయ − √݊!య ቁ ⋅ ඥ݊ଶయ  

3.46 Compute: 

݈݅݉
→∞

ቆ
݊ + 1

ඥ(2݊ + 1)‼మశమ −
݊

ඥ(2݊ − 1)‼మ ቇ
√

 

3.47 Find: 

߁ = ݈݅݉
→ஶ

൫ߗ(݊) − ݊)ߗ + 1)൯ (݊)ߗ, = න
ݔ݀

1)ݔ + ଷ)ݔ



ଵ

, ݊ ∈ ℕ∗ 

3.48 Find: 

ߗ = ݈݅݉
→ஶ

൫ √݊! + ݊൯


(2݊)!
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3.49 Find: 

ߗ = ݈݅݉
→ஶ

ܽ݊ܽݐܿݎ ൬
9

9 + (3݇ + 5)(3݇ + 8)൰


ୀଵ

 

3.50 In ߂	ܥ,ܤ,ܣ,ܥܤܣ – angles. Find: 

(ݔ)ߗ = ݈݅݉
→ஶ

อ
݊݅ݏ ܣ ݊݅ݏ ܤ ݊݅ݏ ܥ

ܣ)݊݅ݏ + (ݔ݇ ܤ)݊݅ݏ + (ݔ݇ ܥ)݊݅ݏ + (ݔ݇
ܣ)ݏܿ + (ݔ݇ ܤ)ݏܿ + (ݔ݇ ܥ)ݏܿ + (ݔ݇

อ


ୀଵ

, ݔ ∈ ℝ 

3.51 Find: 

ߗ = ݈݅݉
→ஶ

ݏܿ 1
݊ଶ + ݏ2ܿ 4

݊ଶ + ݏ3ܿ 9
݊ଶ + ⋯+ 1ݏܿ݊

݊ଶ
 

3.52 Find: 

ߗ = ݈݅݉
→ஶ

1
(݊ + 1)ଶ4

∙ (2݊ + 1 − ݇) ቀ2݊ + 1
݇ ቁ



ୀ

 

3.53 Find: 

ߗ = ݈݅݉
→ஶ

1
2


݊ ⋅ (݊ − 1) ⋅ (݊ − 2) ⋅ … ⋅ (݊ − ݇ + 3)

1 ⋅ 2 ⋅ 3 ⋅ … ⋅ ݇



ୀଷ

 

3.54 If ܽ,ܾ, ܿ > 0 find: 

ߗ = ݈݅݉
௫→

݈݃ ൬݈݃ ൬݈݃ ൬
ܿ
ݏܿ ൰൰൰ݔ

݈݃ ൬݈݃ ൬݈݃ ൬
ܽ
ݏܿ ൰൰൰ݔ

 

3.55 Find: 

ߗ = ݈݅݉
→ஶ

√2! ⋅ √3!య ⋅ … ⋅ ඥ(3݊)!య

(3݊)!
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3.56 Find: 

ߗ = ݈݅݉
→ஶ

∑ ቀ∑ ቀ݇݅ ቁ

ୀଵ ቁ

ୀଵ

√݊!  

3.57 Find: 

ܮ = ݈݅݉→ஶ ට! + (ାଵ)!
ଵ!

+ (ାଶ)!
ଶ!

+ ⋯+ (ା)!
!


,  ∈ ℕ∗,  fixed – 

3.58                                                                  If: 

,ஹ(ݔ) ݔ > ାଵݔ,0 = ݔ + ଵ
௫
 ,  ∈ ℕ∗,  fixed – 

Find: 

ߗ = ݈݅݉
→ஶ

ଵݔ + ଶݔ + ⋯+ ݔ
݊ √݊
శభ  

3.59 Find: 

ߗ = ݈݅݉
→ஶ

൭
1
2

+ 
݇

݇ସ + ݇ଶ + 1



ୀଵ

൱
యషభ

,  ∈ ℕ∗ 

3.60                                                                   If: 

ݔ > 0, ାଵݔ = ݔ +
ܽ
ݔ

,ܽ > 0,݊ ∈ ℕ∗ 

Find: 

ߗ = ݈݅݉
→ஶ

∑ ݔݔ
,ୀଵ

݊ଷ
 

3.61 Find: 

ߗ = ݈݅݉
→ஶ

(݊ + 1)!൭݁ −
1
݇!



ୀ

൱ 
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3.62                                                               If: 

ܽ = 1 +
1
√2

+
1
√3

+ ⋯+
1
√݊

 

Find: 

ߗ = ݈݅݉
→ஶ

√݊ෑቆ1 −
1

ܽାଵ√݇ + 1
ቇ



ୀଵ

 

3.63 Compute: 

݈݅݉
→ஶ

√݊!ర ෑ൬(݇ + 1)
ଷ
ସ − ݇

ଷ
ସ൰



ୀଵ

 

3.64                                                                 If: 

ߗ = න(4ݔଶ − ݔߨ + 4݊ଶ)

గ
ସ



݈݊(1 + ݊ܽݐ ,ݔ݀(ݔ ݊ ∈ ℕ∗ 

Find: 

ߗ = ݈݅݉
→ஶ

ߗ
1 + 2 + 3 + ⋯+ ݊

 

3.65 If ߚ,ߙ and ߛ are three distinct real values such that 

௦ఈା௦ఉା௦ఊ
௦(ఈାఉାఊ) = ௦ఈା௦ఉା௦ఊ

௦(ఈାఉାఊ) = 2 and  

ߙ)ݏܿ + (ߚ + ߚ)ݏܿ + (ߛ + ߙ)ݏܿ + (ߛ = ܽ. Then find the value of  

݈݅݉
௫→

ଶݔ√ − ܽଶ

ݔ√ − ܽ + ݔ√ − √ܽ
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3.66 Find:  

ߗ = ݈݅݉
→ஶ

1
݊ଶ

 ඥ݁ଶା(ା)

ଵஸழஸ

, ܽ, ܾ ≥ 0 

3.67                                                              If: 

ݔ = ൬1 +
1
݊
൰


ݕ, = 1 +
1
1!

+
1
2!

+ ⋯+
1
݊!

, 

ݖ = 1 +
1
2

+
1
3

+ ⋯+
1
݊
− ݈݊ ݊ , ݊ ∈ ℕ∗ 

Find: 

ߗ = ݈݅݉
→ஶ

൬
ݔ2 + ݕ3 + ݖ5

5(݁ + (ߛ ൰


 

3.68                                              If ܽ,ܾ ∈ ℕ then: 

൫√ܽ + √ܾ൯√ܾܽర ≤ ݈݅݉
→ஶ

2
݊
 ඥܾܽି


ୀଵ

≤ ൫√ܽ + √ܾ൯
ଶ

 

3.69                                                                  If: 

݈݅݉
→ஶ

ܽ ⋅ ܽାଶ ⋅ ܽାସ
ܽାଵସ ⋅ ܽାଷସ = 10, ܽ > 0, ݊ ∈ ℕ, ݊ ≥ 2 

Find: 

ߗ = ݈݅݉
→ஶ

ඥܽర  

3.70 Find: 

ߗ = ݈݅݉
→ஶ

1
2ଶ(݊ + 1) 

(݊ − ݇) ቀ 2݊ + 1
2݊ − 2݇ቁ

ିଵ

ୀ
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3.71 Find: 

ߗ = ݈݅݉
→ஶ

(݊ − 1) ⋅ 1
݊ + (݊ − 2) ⋅ ቀ1

݊ + 1
݊ − 1ቁ + ⋯+ 1 ⋅ ቀ1

݊ + 1
݊ − 1 + ⋯+ 1

2ቁ
(݊ + 1)ଷ − ݊ଷ

 

3.72 Find: 

ߗ = ݈݅݉
→ஶ

൭(݊ + 1) ⋅ ට(5݊ + 5) ݏܿ
ߨ

݊ + 1
ఱశఱ

− ݊ ⋅ ට5݊ ݏܿ
ߨ
݊

ఱ
൱ 

3.73 

(ݔ)ߗ =
1

ାଶݔ
൭ෑି݊ܽݐଵ(݊ݔ)



ୀଵ

−ෑ(ݔ݊)݊݅ݏ


ୀଵ

൱ ,݊ ∈ ℕ∗ 

Find: 

ߗ = ݈݅݉
௫→

 (ݔ)ߗ

3.74  

ߗ = නݔିଵ

గ
ସ

గ


݊݅ݏ ݔ݀ + න ିଵݔ

√ଶ
ଶ

ଵ
ଶ

݊݅ݏܿݎܽ ݔ ݊;ݔ݀ ∈ ℕ,݊ ≥ 1 

Find: 

݈݅݉
→ஶ

(݊ଶߗ) 

3.75 Find: 

ߗ = ݈݅݉
→ஶ

1
݊
൬ି݊ܽݐଵ ݊ +

1
2
݊)ଵି݊ܽݐ − 1) +

1
3
݊)ଵି݊ܽݐ − 2) + ⋯+

1
݊
ଵି݊ܽݐ 1൰ 
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3.76 Find: 

ߗ = ݈݅݉
→ஶ

ෑቆ1 +
݇ସ

݊ହ
ቇ
ଵା

ర

ఱ


ୀଵ

 

3.77 Find: 

ߗ = ݈݅݉
→ஶ

ඩ
1

݊ + 1
+ ൭

1
݇ + 1

ቀ݊݇ቁቀ݅݇ቁ


ୀଵ

൱


ୀ



 

3.78 Find: 

ߗ = ݈݅݉
→ஶ

൭݊! ⋅ෑ(ି݊ܽݐଵ(݇ + 1) − ଵି݊ܽݐ ݇)


ୀଵ

൱ 

3.79 Find: 

ߗ = ݈݅݉
→ஶ

1
݊
൬

1
݁ଵାమ

+
2

݁ଶା(ିଵ)మ +
3

݁ଷା(ିଶ)మ + ⋯+
݊

݁ାଵ
൰ 

3.80 Find: 

ߗ = ݈݅݉
→ஶ


(݇ + ݊)ହ

7 + ݇)ଵି݊ܽݐ + ݊) + (݇ + ݊)



ୀଵ

 

3.81 Find: 

ߗ = ݈݅݉
௫→

݈݊(1 + ℎ݊݅ݏ (ݔ − ݈݊(1 + ℎ݊݅ݏ (ݔ
ାଵݔ

,݊ ∈ ℕ,݊ ≥ 2 

3.82 Find: 

ߗ = ݈݅݉
→ஶ


݊݅ݏ ቀ݇݊ቁ

√݇ + ݊ళ



ୀଵ
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3.83 Find: 

ߗ = ݈݅݉
→ஶ

݊݅ݏ ݊
݊

ቌቆ1 +
√݊

݊
ቇ

ଵ


+ ቆ1 −
√݊

݊
ቇ

ଵ

ቍ 

3.84  

(ݔ)ߗ = ݈݅݉
→ஶ

 2ିଵ


ୀଵ

݊ܽݐ
ݔ

2ିଵ
ଶ݊ܽݐ

ݔ
2

 

Prove that in acute ߂	ܥܤܣ the following relationship holds: 

(ܣ)ߗ + (ܤ)ߗ + (ܥ)ߗ > ܣ ⋅ ܤ ⋅ ܥ −  ߨ

3.85 

,ܾ,ܽ)ߗ ܿ) = 
ܽ݊ଶ + ܾ݊ + ܿ

݊!

ஶ

ୀଵ

, ܽ, ܾ, ܿ > 0 

Prove that: 

,ܾ,ܽ)ߗ ܿ) + ,ܾ)ߗ ܿ,ܽ) + ,ܿ)ߗ ܽ,ܾ) ≥ 3(4݁ − 1)√ܾܽܿయ  

3.86                                                               Find: 

ߗ = ቌ
1 + 2

1! + 3
2! + ⋯+ ݊ + 1

݊!
(݊ + 1)(݊ + 2) ቍ

ஶ

ୀ

 

3.87                                                                   If: 

ݔ  ݕ, > 0, ݔ ≠ ݕ ,݊ ∈ ℕ, ݈݅݉→ஶ ݔ = ݈݅݉→ஶ ݕ =  > 0 

Find: 
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ߗ = ݈݅݉
→ஶ

ݔ
௬ − ݕ

௫

ቀ 1
ݔ
ቁ
ଵ
௬ − ቀ 1

ݕ
ቁ
ଵ
௫

 

3.88                                                             Find: 

ߗ = ݈݅݉
→ஶ

൭2݇ 
1

(݊ − ݇)(݊ + ݇)

ஶ

ୀାଵ

− ݈݃ ቆ
݇ଶ

݇ + 1
ቇ൱ 

3.89                                                             Find: 

ߗ = ݈݅݉
→ஶ

ቌඨ൬1 +
1
2

+
1
3

+ ⋯+
1
݊
൰ ݈݃) ݊)

ళ
− ݈݃ ݊ቍ 

3.90                                                             Find: 

(ܽ)ߗ = (݇ଶ − ܽଶ + 1)(ܽ + ݇)!, ܽ, ݊ ∈ ℕ


ୀ

 

Find: 

ߗ = ݈݅݉
→ஶ

ඥߗ(ܽ) − (ܽ + 1)!  

3.91                                                              Find: 

ߗ = ݈݅݉
→ஶ

ඩ݈݅݉
→ஶ

ቆ
݇ଶ + ݇ − 1
) + ݇ + 1)!

ቇ


ୀଵ



 

3.92                                                            Find: 

(ܽ)ߗ = ݈݅݉
→ஶ


1

3
ଷ(3݊݅ݏ ݊݅ݏ ܽ)



ୀଵ

 

If ܽ,ܾ, ܿ ∈ ቂ0, గ
ଶ
ቁ then: 
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4൫ܾߗ(ܽ) + (ܾ)ߗܿ + ൯(ܿ)ߗܽ ≤ 3(ܽଶ + ܾଶ + ܿଶ) 

 

3.93                                                                Find: 

ߗ = 

⎝

⎜
⎛
න൫(2଼ݔ + ݔ3 + 1) ⋅ ൯(ݔ݇)ଵିݏܿ

ଵ


ିଵ

ݔ݀

⎠

⎟
⎞



ୀଵ

 

Find: 

ߗ = ݈݅݉
→ஶ

ߗ) − ߨ ⋅  (ܪ

3.94                                                                              Find: 

ߗ = ݈݅݉
→ஶ

ቌන ቆ
|(ݔ݊)݊݅ݏ|

ଶݔ
ቇ݀ݔ

ଶగ

గ

ቍ 

3.95                                                                  Find: 

ߗ = ቆ݈݃ቆ
݊ଶ + 3݊ + 2
݊ଶ + 3݊ ቇ+

1
4 ݈݃ ቆ

(݊ − 1)ଶ + 3(݊ − 1) + 2
(݊ − 1)ଶ + 3(݊ − 1) ቇ+ ⋯+

1
݊ଶ ݈݃

3
2ቇ

ஶ

ୀଵ

 

3.96                                                                Let: 

(ݔ)ߗ = න൬
ݐ − 1
ݐ − 1

൰
௫

ଵ

,ݐ݀	 ݊ ∈ ℕ, ݊ ≥ 1 

Find: 

ߗ = ݈݅݉
௫→ଵ

ݔ݊)ଵି݊ܽݐ − ݊) − (ݔ)ߗ
ݔ) − 1)ଶ  
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3.97                                                                Find: 

ߗ = ݈݅݉
→ஶ

݊

⎝

⎜
⎛

1 −
݈݃ ቆ1 + √10

݊ ቇ
ାଵ

݈݃ ቆ1 + √10శభ

݊ + 1ቇ


⎠

⎟
⎞

 

3.98                                                             Find: 

ߗ = ൭
1

3ାଵ
൬3 ⋅ ଵି݊ܽݐ ൬

3
݇ଶ − ݇ − 1

൰൰


ୀଵ

൱
ஶ

ୀ

 

3.99                                                              Let: 

Ω(ݔ) = −
1
2

+ 4
݊ + ݔ

(݊ + 1)(݊ + 2)(݊ + 3)

ஶ

ୀଵ

, ݔ ∈ ℝ 

If ܽ ∈ (0,1), ܾ > 1 then: 

൫ߗ(ܽ)൯
ఆ()

+ ൫ߗ(ܾ)൯
ఆ()

< 1 + (ܽ)ߗ ⋅  (ܾ)ߗ

3.100                                                             Let: 

ଵݔ = 1, ଶݔ = 3, ݔ = ିଶݔ + ݊,ିଵݔ2 ≥ 3 

Find: 

ߗ = ݈݅݉
→ஶ

ቆ
(−1)ାଵ(ݔଶ − ିଵݔݔ2 − ିଵଶݔ )

݊
ቇ 

3.101                                                             Let: 

(ݔ)ߙ =
4
3
ቆ൬−

1
3
൰


⋅ ቇ(ݔ3ିଵ)ଷݏܿ
ஶ

ୀଵ

, ݔ ∈ ቀ0,
ߨ
2
ቁ (ݔ)ߚ, = ߙ ቀ

ߨ
2
−  ቁݔ

Find: 
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ߗ = ݈݅݉
→ஶ

ඨ݈݅݉௫→
௫வ

ቆ
(ݔ3)ߚ(ݔ)ߚ ⋅ … ⋅ ൫(2݊ߚ − ൯ݔ(1
(ݔ4)ߚ(ݔ2)ߚ ⋅ … ⋅ (ݔ2݊)ߚ ቇ


 

3.102                                                            Let: 

ܽ, ܾ, ܿ > 0,2݁(ܽ + ܾ + ܿ) = 3݁ + (ܽ)ߗ,2 = ݈݅݉
→ஶ

݊ ቆ൬
݊ + 1
݊

൰
ା

− ݁ቇ 

Prove that: 

(ܽ)ߗ ⋅ (ܾ)ߗ ⋅ (ܿ)ߗ ≤
1

27
 

3.103                                                         Find: 

ߗ = ݈݅݉
→ஶ

න
1
ݔ



ଵ


൬
ݏܿ ݔ3
1 + ݔ3

−
ݏܿ ݔ2
1 + ݔ2

൰  ݔ݀

3.104                                                           Find: 

ߗ = ݈݅݉
→ஶ


݊݅ݏ ቀ݇݊ቁ

√݇ + ݊ଵସళ



ୀଵ

 

3.105                                                               If: 

(݊)ߗ = 
2݇ଶ + 2݊݇ + ݇ − 1

(2݇ + 2݊ + 2)‼

ஶ

ୀଵ

 

Find: 

ߗ = ݈݅݉
→ஶ

൫݊! ⋅  ൯(݊)ߗ

3.106                                                             If: 

 ܽ = ∫ ݊ܽݐ ݔ
ഏ
ర
 ,ݔ݀ ݊ = 2,3, … Find the limit 



42 
 

݈݅݉
→ஶ


1

(݊ − 2)(ܽ + ܽିଶ)൨
ଶ

 

3.107                                                            Find: 

ߗ = ݈݅݉
→ஶ

ඨ
1
݊


1 + ݇2

(݇ − 1)݇(݇ + 1)!

݊

݇=2


 

3.108                                                               Find: 

ߗ = ݈݅݉
→ஶ

ෑቆ1 +
1
݊

+
2݇
݊ଶ

+
݇ଶ

݊ଷ
ቇ



ୀଵ

 

3.109                                                              Find: 

ߗ = ݈݅݉
→ஶ

⎝

⎜
⎛
݊ ⋅ න

ݔ ݊݅ݏ ݔ + ݏܿ ݔ
2 ݊݅ݏ ݔ + 3 ݏܿ ݔ + 6

ଵ
ళ


⎠

⎟
⎞

 

3.110                                                               If: 

ߗ = ቀ݊7ቁ + 2 ቀ݊ − 1
7 ቁ + 3 ቀ݊ − 2

7 ቁ + ⋯+ (݊ − 6) ቀ7
7ቁ ,݊ ≥ 7 

Find: 

ߗ = ݈݅݉
→ஶ

ඥߗ
  

3.111 

Find: 

ߗ = ݈݅݉
→ஶ

݊ − √5 − √15 − √25 −⋯− √10݊ − 5

݊ − √10 − √20 − √30 −⋯− √10݊  
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3.112 Find: 

ߗ = ݈݅݉
→ஶ

൭
1

2
ෑ൬2 −

3
3݇ − 1

൰


ୀଵ

൱ 

3.113 Find: 

ߗ = ݈݅݉
→ஶ

݊ଶ ൫ √7శఱ − √7శఴ ൯ 

3.114                                                            If: 

߱ = ݊݅ݏ ൬
1

݊ + 1
൰ + ݊݅ݏ ൬

1
݊ + 2

൰ + ⋯+ ݊݅ݏ ൬
1

2݊
൰ , ݊ ∈ ℕ, ݊ ≥ 1 

Find: 

ߗ = ݈݅݉
→ஶ

ቆ ට(݊ + 1) ⋅ ߱ାଵାଵశభ
− ඥ݊ ⋅ ߱

 ቇ 

3.115 

ܪ = 
1
݇



ୀଵ

ܩ, = 
1
݇ଶ



ୀଵ

, ܶ =
ܪ
ܩ

 

Find: 

ߗ = ݈݅݉
→ஶ

ቆ
1)݈݃ + 2 ்)൫ଵା൯

1)݈݃ + 3 ்)(ଵାହ)ቇ 

3.116 

Find: 

ߗ = ݈݅݉
→ஶ

൭1 − ݈݃ 2 + ݊݅ݏ
1

݊ + ݇



ୀଵ

൱
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3.117 

Find: 

ߗ = ݈݅݉
→ஶ

൫1 + 2 ⋅ √2 + 3 ⋅ √3య + ⋯+ ݊ ⋅ √݊ ൯
ାଵ

(1 + 3 + 5 + ⋯+ (2݊ − 1))ାଵ , ݍ, ∈ ℕ, , ݍ ≥ 1 

3.118                                                           Find: 

ߗ = ݈݅݉
→ஶ

(−1)
ଶ

ୀ

⋅
1

ቀ2݊
݇ ቁ

 

3.119                                                           Find: 

Ω = lim
→ஶ

൭ෑቆ
݊ଶ + ݊ + ݇ଶ

݊ଶ + ݇ଶ
ቇ



ୀଵ

൱ 

3.120                                                           Find: 

ߗ = ݈݅݉
→ஶ

⎝

⎜
⎛
නቆ

(ݔ݊)ܿ݁ݏܿݎܽ ⋅ 1)݈݃ − (ݔ
ଶݔ2 − ݔ2 + 1

ቇ

ଵ
ଶ



ݔ݀

⎠

⎟
⎞

 

3.121                                                                If: 

ݔ > ାଵݔ,0 =
1
ଵݔ
 +

1
ଶݔ
 + ⋯+

1
ݔ
 , ∈ ℕ∗ 

Find: 

ߗ = ݈݅݉
→ஶ

ቌ
1

√݊ାଶ
శభ ⋅ ඨ  ݔݔ

ଵஸழஸ

ቍ 

 



45 
 

3.122   

݂: [−1,1] → ℝ,݂(ݔ) = ଵି݊݅ݏ) ଶ,݂()(ݔ − ݊ᇱݐℎ	݀݁݁ݒ݅ݐܽݒ݅ݎ. Find: 

ߗ = ݈݅݉
→ஶ

ඥ݂(ଶ)(0)మ

݊
 

3.123                                                                 Find: 

ߗ = ݈݅݉
→ஶ

൭
1

2
ෑ൬2 −

3
3݇ − 1

൰


ୀଵ

൱ 

3.124                                                                     If: 

ݔ > 0, ඥݔ
 =

1 + ݔ − ାଵݔ
ାଵݔ − ݔ

,݊ ∈ ℕ∗,  ∈ ℕ∗,  ≥ 2 

Find: 

ߗ = ݈݅݉
→ஶ

ݔ
ାଵ

݊
 

3.125                                                                      If: 

ݔ ∈ ାଵݔ,(0,1) = ඥ1ݔ − ݔ
 , ݕ > ାଵݕ,0 = ݕ + ଵ

௬
షభ , ݊,  ∈ ℕ,  ≥ 2. 

Find: 

ߗ = ݈݅݉
→ஶ

൫ݕඥݔ
 ൯ 

3.126                                                           Find: 

ߗ = ݈݅݉
→ஶ

1
݊ଶ

 ඨ
݊ଶ

݅ ⋅ ݆



ଵஸழஸ

,  ∈ ℕ,  ≥ 2 
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3.127                                                                 Find: 

ߗ = ݈݅݉
→ஶ

଼݊න
ଶݔ + 1

ସݔ + ଶݔ + 1

ଵ
ఱ



 ݔ݀

3.128                                                                  Find: 

ߗ = ݈݅݉
→ஶ

൭
1

2
൭ቀ݊݇ቁ ⋅ ݊݅ݏ

ିଵ ൬
݇
݊
൰൱



ୀଵ

൱ 

 

 

 

 

 

 

 

 

 

 

 

 

 



47 
 

CHAPTER 4 

INTEGRALS-PROBLEMS 

4.1 Find: 

ߗ = නቀݔଵ + ඥ1 + ଶቁݔ
ଶଵ
ଵ ,ݔ݀ ݔ ∈ ℝ 

4.2                                                              If: 

ܽ, ܾ, ܿ > 0,2݁(ܽ + ܾ + ܿ) = 3݁ + (ܽ)ߗ,2 = ݈݅݉
→ஶ

݊ ቆ൬
݊ + 1
݊

൰
ା

− ݁ቇ 

Prove that: ߗ(ܽ) ⋅ (ܾ)ߗ ⋅ (ܿ)ߗ ≤ ଵ
ଶ

 

4.3                                                             Let be: 

ߗ = ݈݅݉
→ஶ

݊݅ݏ ቌ
1
݊
න

ݔ݀
ඥ(ݔ − ݊)(݊ + 1 − (ݔ

ାଵ



ቍ 

True or false: −1 < ߗ < 1? 

4.4 True or false: 

If ݉ ∈ ℕ∗ then: 

ܫ = න
√݁௫(ݔ + 3)

ݔ) + 1)√݁௫ + ݉

ଵ



ݔ݀ < 1 

 

4.5  In ߂	ܥܤܣ the following relationship holds: 

ܾܽܿෑቌන ݏܿ√ݔ యݔ





ቍݔ݀ ≤ ݊݅ݏෑݏ8ܵ
ܤ − ܣ

2
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4.6 If: 

ߗ = න
ଶݔ) + 1)ଶ

൬ݔ
ଵଵଷ
ଶହ + 11

3 ݔ
ଷ
ଶହ + ݔ11

ଵଷ
ଶହ൰

ହ ݔ݀ = ݔ)ݑ + ݔ݁ + )ݔ݂ + ܳ 

Find: ߴ = − ହ


(ܽ + ܾ + ܿ) 

4.7 Find: 

ߗ = ݈݅݉
௫→ஶ

න
ସݔ

(1 + ଷ)ଶݔ

௫



 ݔ݀

4.8  If ܽ, ܾ, ܿ > 0 

(ܽ)ܫ = න
ଶݏܿ ݔ

ݔ + ܽ + ଶݔ√ + ܽଶ

గ

ିగ

 ݔ݀

then: 

(ܽ)ܫ + (ܾ)ܫ + (ܿ)ܫ ≥
ߨ9

2(ܽ + ܾ + ܿ) 

4.9  If ܽ ∈ ቀ0, గ
ଶ
ቁ find: 

ߗ = න
݈݊ ݔ

1 + ଶݔ

௧ 

௧

 ݔ݀

4.10  If ܽ > 0,݂:ℝ → ℝ continuous , ݂(ݔ) + (ݔ−)݂ = ܽ ݏܿ ݔ ݔ∀, ∈ ℝ then find: 

ߗ = න
(ݔ)݂
ଷݏܿ ݔ

గ
ସ

ିగସ

 ݔ݀
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4.11 Find:  

ܫ = න
ଶݔ ݏܿ ݔ + ݔ + ݊݅ݏ ݔ ݏܿ ݔ

ݔ ݊݅ݏ ݔ ݔ) + ݏܿ (ݔ  ݔ݀

4.12 Find: 

ߗ = න
ݐܿ ݔ ݐܿ ݔ2 ݔ݀

ଶݐܿ) ݔ − ଶ݊ܽݐ (ݔ ଷ݊݅ݏ ݔ2
 

4.13 Find: 

ߗ = න
ݏܿ ݔ2 ݐܿ ݔ ݔ݀

ଶݐܿ) ݔ − ଶ݊ܽݐ (ݔ ଷ݊݅ݏ ݔ2
, ݔ ∈ ቀ0,

ߨ
4
ቁ 

4.14 Find: 

ߗ = න݊ܽݐܿݎܽ)݊݅ݏ)ݏܿܿݎܽ)݊ܽݐ (((ݔ




,ݔ݀ 0 < ܽ < ܾ <
ߨ
2

 

4.15 Find: 

ߗ = න
݊݅ݏ ݔ3 ⋅ ଶݏܿ ݔ
ݏܿ ݔ2 ⋅ ݏܿ ݔ3

,ݔ݀ ݔ ∈ ቀ0,
ߨ
6
ቁ 

4.16 Compute the following integral: 

න
ଶ(1ݔ) − ݁ି௫) − ݔ݀(1

ସݔ + ଷ݁ି௫ݔ2 + (3 + ݁ିଶ௫)ݔଶ + ௫ି݁ݔ2 + 1
 

4.17 Find: 

ߗ = න 

⎝

⎜
⎛
ෑ൬

1
ݔ − ݆

൰


ୀଵ
ஷ ⎠

⎟
⎞



ୀଵ

ାଶ

ାଵ

 ݔ݀
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4.18 If 1 < ܽ ≤ ܿ ≤ ܾ then: 

න݈݊	(ݔ + ܾ)
ଵ

௫ା ∙ ݔ)݈݊ + ݔ݀(ܿ ≥ ݈݊
ܾ
ܽ
∙ ݈݊	(ܽ + ܾ) ∙ ݈݊	(ܽ + ܿ)





 

4.19 If 0 < ܽ < ܾ and ݔ > 0, then compute: 

න
ܾ௫ − ܽ௫ + ݔ) + 1)(ܾ௫ ݈݊ ܽ − ܽ௫ ݈݊ ܾ) + ݈݊ ܾܽ

ݔ) + 1)ଶ(ܾܽ)௫ + ݔ) + 1)(ܽ௫ + ܾ௫) + 1
 ݔ݀

4.20 Find: 

නන…
ଶ



ଵ



න ൝ ଶଵ଼ݔ

ଶଵ଼

ୀଵ

ൡ
ଶଵ଼



ଶݔଵ݀ݔ݀ …  ଶଵ଼ݔ݀

where {ݔ} represents the fractional part of ݔ 

4.21 If ݂: [1,6] → ℝ,݂(1) = 3, ݂(6) = 18 is integrable and invertible then: 

ߗ = න[݂ଶ(ݔ) + [(ݔ3)ଵି݂ݔ18


ଵ

ݔ݀ = 1935 

4.22 For ݉, ݊ ∈ ℕ∗ ∧ ݉, ݊ ≥ 2. Prove: 

න
݊݅ݏ) ݏܿ)ିଵ(ݔ ାଵ(ݔ

݉

గ
ଶ



ݔ݀ = න
݊݅ݏ) ݏܿ)ାଵ(ݔ ିଵ(ݔ

݊

గ
ଶ



 ݔ݀

4.23 Calculate: 

ߗ = න
(݈݊(݈݊(݈݊(݈݊ (((ݔ + 100)ଽଽ

݈݊)ݔ ݈݊)݈݊)(ݔ ݈݊)݈݊)݈݊)((ݔ (((ݔ


య


మ

 ݔ݀
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4.24 Find: 

ߗ = න൬
݊݅ݏ ݔ7
݊݅ݏ ݔ

൰
ଶ

గ
ଶ



,ݔ݀ 0 < ܽ ≤
ߨ
2

 

4.25 Find: 

ߗ = න
݊ܽݐ)ݔ ݔ + 2 ݊ܽݐ ݔ2 + 4 ݊ܽݐ (ݔ4

ݐܿ ݔ − 8 ݐܿ ݔ8
 ݔ݀

4.26 Find: 

ߗ = න݊ܽݐଶ ݔ ݊ܽݐ) ݔ + 2 ݊ܽݐ ݔ2 + 4 ݊ܽݐ ݔ4 + 8 ݐܿ ݔ,ݔ݀(ݔ8 ∈ ቀ0,
ߨ
2
ቁ 

4.27 Find: 

ߗ = න
ℎଶ݊ܽݐ ݔ + ℎଶ݊ܽݐ ݔ (1 + ℎଶ݊ܽݐ ଶ(ݔ

(1 + ℎଶ݊ܽݐ ଶ(ݔ ,ݔ݀ ݔ ∈ ℝ 

4.28 Find: 

ߗ = න
ସ݊ܽݐ ݔ ଶ݊ܽݐ) ݔ − 2)

(1 − ଶ݊ܽݐ ଶ(ݔ

గ




 ݔ݀

4.29 Find: 

 

ߗ = න
ݔଶ݊ܽݐ ∙ ݔସ݊ܽݐ ∙ ݔ݊ܽݐ ∙ ݔ଼݊ܽݐ ∙ … ∙ ݔଶ݊ܽݐ

ඥ1ݔଶ݊݅ݏ − ݔమାାଵ݊ܽݐ − ඥ1 − ݔమାାଵ݊ܽݐ − ඥ1ݔଶݏܿ − ݔమାାଵ݊ܽݐ
 ݔ݀

4.30 Find: 

ߗ = න
ସݔ2 + ଷݔ5 + ଶݔ6 + ݔ6 + 12
ଶݔ) + ݔ2 + ଶݔ√(2 + ݔ2 + 2

,ݔ݀ ݔ ∈ ℝ 
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4.31 Find: 

ߗ = න
(ݔ)ℎ݊ܽݐ
1 + ݁ଷ௫

ݔ,ݔ݀ ∈ ℝ 

4.32 Find: 

ߗ = න ݔ√ଵ൫ି݊ܽݐ − 1ర ൯
ଵ

ଵ

 ݔ݀

4.33 Find: 

නቆ
√1 + ݈݊ଶ ݔ (1 + ݈݊ (ݔ + ݈݊ଶ ݔ
√1 + ݈݊ଶ ݔ (݈݊ (ݔ + ݈݊ଶ ݔ + 1

ቇ݀ݔ 

4.34 Find: 

ߗ = න
ݔସ݁௫݀ݔ

ସݔ) + ଷݔ4 + ଶݔ12 + ݔ24 + 24 + 72݁௫)ଶ 

4.35 Find: 

ߗ = න
(ݔ)ℎ݊ܽݐ
1 + ݁ଷ௫

ݔ,ݔ݀ ∈ ℝ 

4.36 Find: 

ߗ = නି݊ܽݐଵ ቆටݔ + ඥݔଶ + 1ቇ݀ݔ,ݔ ∈ ℝ 

4.37 Find: 

ߗ = න
ݔ)242 + 2)ହ − ݔ) + 1)ହ − ݔ) + 3)ହ

ݔ)26 + 2)ଷ − ݔ) + 1)ଷ − ݔ) + 3)ଷ ,ݔ݀ ݔ > 0 
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4.38 Find: 

ߗ = ݈݅݉
→ஶ

݊ଶන
ଶݔ + ݊ܽݐܿݎܽ ݔ

݁௫

ଵ



 ݔ݀

4.39 Find: 

න
10 ଷ݊ܽݐ ݔ − 19 ݊ܽݐ

଼
ଷ ݔ − 36 ଶ݊ܽݐ ݔ + 10 ݊ܽݐ ݔ − 19 ݊ܽݐ

ଶ
ଷ ݔ − 36

2 ݊ܽݐ
଼
ଷ ݔ + 35 ݊ܽݐ

ହ
ଷ ݔ + 108 ݊ܽݐ

ଶ
ଷ ݔ

గ
ଶ



 ݔ݀

4.40 Find: 

ߗ = ݈݅݉
௫→

∫ √1 + యݔ2 ⋅ √1 + ఱݔ3 − 1
ݔ ௫ݔ݀



∫ √1 + యݔ3 ⋅ √1 + ఱݔ2 − 1
ݔ

௫
 ݔ݀

 

4.41 Find: 

ߗ = ݈݅݉
→ஶ

න
ݔ2 + 3

ݔ)ݔ + ݔ)(1 + ݔ)(2 + 3) + ܽ





 ݔ݀

4.42 Find: 

ߗ = ݈݅݉
→ஶ

(݊ + 1)

⎝

⎛න
ݔ݊݅ݏ

ݔ݊݅ݏ + ݔݏܿ
ݔ݀

గ
ଶ

 ⎠

⎞



 

4.43 Find: 

ߗ = ݈݅݉
→ஶ

1
݊(݊ + 1) ݇݊݅ݏ ቆ

݇ଶ + ݇
݊ଶ + ݊

ቇ


ୀଵ
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4.44 Find: 

ߗ = ݈݅݉
→ஶ

1
݊(݊ + 1)(2݊ + 1)݇ଶ ଵି݊ܽݐ ቆ

݇(݇ + 1)(2݇ + 1)
݊(݊ + 1)(2݊ + 1)ቇ



ୀଵ

 

4.45                                                                If: 

(݊)ߗ = නݔ 1)݈݃ + ݊ଷ௫)
ଵ

ିଵ

,ݔ݀ ݊ ∈ ℕ∗ 

Prove that: 

9൫1 + √2 + √3 + ⋯+ √݊൯
ଶ

> 4݁ଶఆ()൫1 + ݁ఆ()൯ 

4.46 Let be: 

߱(݊) = න
(1 + ݔ2 + ଶ)(1ݔ − ݔ2 + ଶ)ݔ

(1 − ଶ)(1ݔ + ଶݔ2 + ସ)ݔ

ଵ

ିଵ

,ݔ݀ ݊ ∈ ℕ, ݊ ≥ 2 

Find: 

ߗ = ݈݅݉
→ஶ

߱(݊ + 2) − ߱(݊ + 1)
߱(݊ + 1) − ߱(݊)  

4.47                                                                   Find: 

ߗ = ݈݅݉
→ஶ

∫ ቀ ݔ2
1 + ଶቁݔ

ାଵଵ
 ݔ݀

∫ ቀ ݔ2
1 + ଶቁݔ

ଵ
 ݔ݀

 

4.48 Let  ݂: [ܽ, ܾ] → (0,∞) be a continuos function. 

If ݉ = ݉݅݊ ݂ ܯ,(ݔ) = ݔܽ݉  :then (ݔ)݂
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ቌන݂(ݔ)




ቍቌනݔ݀
1

(ݔ)݂





ቍݔ݀ ≤
൫(݉ + ܾ)(ܯ − ܽ)൯

ଶ

ܯ4݉
 

4.49  Prove that: 

න൮
݈݊ ൬1 − (ݔ)݊݅ݏ

1 + (ݔ)ݏ൰ඥܿ(ݔ)݊݅ݏ

(1 + ඥ1((ݔ)݊݅ݏ − (ݔ)݊݅ݏ
൲

గ
ଶ



ݔ݀ = −8 

4.50 If [ܽ, ܾ] ⊂ ቀ0, గ
ଶ
ቁ then: 

න݊݅ݏ ݔ




ݔ݀ > ඥܾଶ + 1 − ඥܽଶ + 1 

4.51 If ݂,݃: [ܽ, ܾ] → (0,∞) integrable, such that ݂(ݔ) + (ݔ)݃ ≤ 8 then: 

න
(ݔ)ඥ݃(ݔ)݂ + (ݔ)ඥ݂(ݔ)݃

(ݔ)݂ − ඥ݂(ݔ)݃(ݔ) + (ݔ)݃





ݔ݀ ≤ 4(ܾ − ܽ) 

4.52 If ݂: [0,1] → (0,∞), ݂ derivable, ݂ᇱ continuous, 

݂ᇱ(ݔ) = ݂ᇱ(1 − ݔ	∀,(ݔ ∈ [0,1] then: 

න݂(ݔ)
ଵ



ݔ݀ ≥ ඥ݂(0) ⋅ ݂(1) 

4.53 If ݊ ∈ ℕ, ݊ ≥ 2, ݊ − fixed, ݂: [1, ݊] → (0,∞), ݂ − integrable, ݅ ∈ 1, ݊ − 1 

ߗ = න݂(ݔ)


ଵ

,ݔ݀ 0 ≤ ߙ ≤ ݉݅݊ ቌන (ݔ)݂
ାଵ



ቍݔ݀ ≤ ݔܽ݉ ቌන (ݔ)݂
ାଵ



ቍݔ݀ ≤  ߚ

then: 
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(݊ − ߚߙ(1 + ቌන (ݔ)݂
ାଵ



ቍݔ݀

ଶିଵ

ୀଵ

≤ ߙ) +  ߗ(ߚ

4.54 If ݂: [ܽ, ܾ] → (0,∞), ܽ < ܾ, continuous,  

݉ = ݉݅݊ (ݔ)݂ ܯ, = ݔܽ݉ (ݔ)݂ ,݊ ∈ ℕ∗ then: 

ቀ
݉
ܯ
ቁ
(ାଵ)

ଶ (ܾ − ܽ)ଶ ≤ෑቌන݂(ݔ)




ቍቌනݔ݀
1

݂(ݔ)݀ݔ




ቍ


ୀଵ

≤ ൬
ܯ
݉
൰
(ାଵ)

ଶ
(ܾ − ܽ)ଶ 

4.55 If ݁ ≤ ܽ ≤ ܿ ≤ ܾ ≤ ݁ଶ  

then: 

(ܾ − ܽ)න
ݔ

݈݃ ݔ





ݔ݀ ≤ (ܿ − ܽ)න
ݔ

݈݃ ݔ





 ݔ݀

4.56 If  0 < ܽ < ܾ < 1 then: 

1
ܾ − ܽ

න൬1 +
1

ଵି݊݅ݏ ݔ
൰





൬1 +
1

ଵିݏܿ ݔ
൰݀ݔ ≥ ൬1 +

4
ߨ
൰
ଶ

 

4.57                                                             If: 

ܽ, ܾ, ܿ ∈ (ܽ)ߗ,(∞,2) = න
1 − ଶݔ

1 + ଶݔܽ + ସݔ

ଵ



 ݔ݀	

then: 

(ܽ)ߗ2ܾܿ + (ܾ)ߗ2ܿ + (ܿ)ߗ2ܾܽ < ܽଶ + ܾଶ + ܿଶ 
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4.58 Find: 

න݈݃ଶ(1 + ݁௫)
ଵ



ݔ݀ < ቌන 1)݈݃ + ݁௫)݀ݔ
ଵ



ቍ

ଶ

+
1

12
 

4.59 Prove that: 

ߨ
8
≤ නܽ݊ܽݐܿݎ ݔ

ଵ



ݔ݀ ≤ ݊ܽݐܿݎܽ
1
2

 

4.60 Find: 

ߗ = න
√3 + ݏܿ ݔ2

ݏܿ ݔ
,ݔ݀ ݔ ∈ ቀ0,

ߨ
2
ቁ 

4.61 If ܽ,ܾ, ܿ ∈ (0,∞) then: 

൬1 +
ܾ
ܽ
൰


ቌන݁ି௫మ
ଵ



ቍݔ݀

ାଵ

+ ቀ1 +
ܽ
ܾ
ቁቌන݁௫మ

ଵ



ቍݔ݀

ାଵ

≥ ቌන൫݁ି௫మ + ݁௫మ൯݀ݔ
ଵ



ቍ

ାଵ

 

4.62 Let ݂: [0,1] → (−1,1) be a continuous function such that 

න݂(ݔ)
ଵ



ݔ݀ ∉ {−1,1} 

Prove that: 

݁∫ (௫)భ
బ ௗ௫

1 + ݁∫ (௫)భ
బ ௗ௫

≤ න
݁(௫)

1 + ݁(௫)

ଵ



 ݔ݀

4.63 If ܽ,ܾ ∈ ℝ then: 

2(ܾ − ܽ)ଶඥ݁ା ≤ 8 ቀ√݁ −ඥ݁ቁ
ଶ
≤ (݁ + ݁)(ܾ − ܽ)ଶ 
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4.64 If 0 < ܽ < ܾ < గ
ଶ

 then: 

7නݔଷ ݊ܽݐ ݔ ቀ݊݅ݏ
ݔ
2

+ ݊ܽݐ
ݔ
2
ቁ





݊݅ݏ√ ݔ ݊ܽݐ ݔ ݔ݀ > ܾ − ܽ 

4.65 Let ݂:ℝା → ℝା be integrable and satisfying 

ݐݔ)݂ + (1 − (ݕ(ݐ ≤ (ݔ)݂ݐ + (1 − ݕ,ݔ where (ݕ)݂(ݐ ∈ ℝା and ݐ ∈ (0,1) 

Prove that: 

1
݈݊ ܽ

න݂(ݔସ)


ଵ

ݔ݀ +
1
݈݊ ܾ

න݂(ݔସ)


ଵ

ݔ݀ ≥ 2න(ܾܽ)
௫
ଶ

ଵ



݂(ܽସ௫ − ܽଷ௫ܾ௫ + ܽଶ௫ܾଶ௫ − ܽ௫ܾଷ௫ + ܾସ௫)݀ݔ 

where ܽ, ܾ > 0. 

4.66 If 0 < ܽ < ܾ < గ
ଶ

 then: 

න
ݏܿ ݔ

݊݅ݏ ݔ + ݔ4 ݏܿ ݔ





ݔ݀ <
1
5
൬݈݃

ܾ
ܽ
൰

ସ
ହ
⋅ ඨ݈݃ ൬

݊݅ݏ ܾ
݊݅ݏ ܽ

൰
ఱ

 

4.67 For ܽ, ܾ, ܿ ∈ (0,∞); 	ܽ < ܾ < ܿ; ݂: [0,ܽ] → [0,ܾ]; ݃: [0, ܾ] → [0, ܿ] 

continuous, bijectifs and strictly increasing functions prove that: 

1
ܿ
න(݃ ∘ ݂)ଶ




ݔ݀(ݔ) +
1
ܽ
න(݂ିଵ ∘ ݃ିଵ)ଶ




ݔ݀(ݔ) ≤ ܽܿ 

4.68 Find: 

ߗ = ݈݅݉
→ஶ

න ฬ݊ݔ +
1
2
൨ − ฬݔ݊

ଶଵ଼



 ,ݔ݀

	[∗] - great integer function 
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4.69 Find: 

ߗ = ݈݅݉
ఌ→
ఌவ

නቆି݊ܽݐଵ ቆ
√1 + ଶݔ − 1

ݔ
ቇቇ

గ
ଶ

ఌ

 ݔ݀

4.70 If 0 < ܽ < 1, ݂: ቂܽ, ଵ

ቃ → ℝ, ݂ convexe and increasing function then: 

1 − ܽଶ

ܽ
݂ ቆ

1 + ܽଶ

2ܽ
ቇ ≤ නቆ

1 + ଶݔ

ଶݔ2
ቇ

ଵ




ݔ݀(ݔ)݂ ≤
1 − ܽଶ

2ܽ
ቆ݂(ܽ) + ݂ ൬

1
ܽ
൰ቇ 

4.71 If ܽ,ܾ, ܿ ∈ ቀ0, గ
ସ
ቁ then: 

0 ≤ නቌනቌනቀ(݊ܽݐ ݔ + 2 ݊ܽݐ ݕ ݊ܽݐ (ݖ + 4ෑ݊ܽݐ ݔቁ݀ݔ




ቍ݀ݕ




ቍ݀ݖ




≤ ܾܽܿ 

4.72 If ܽ,ܾ, ܿ > 0 then: 

݁∑∫
௫రାଵ
௫లାଵ

್ ௗ௫ ≤ ቀ

ܿ
ܾ
ቁ

⋅ ቀ
ܽ
ܿ
ቁ

⋅ ൬
ܾ
ܽ
൰


 

4.73 Prove that: 

න ൬ܽ݊ܽݐܿݎ ݔ ݊ܽݐܿݎܽ
1
ݔ
൰

గ
ଷ

గ


ݔ݀ ≤
ଷߨ

96
 

4.74 Let ݂: [ܽ, ܾ] → ℝ be continuously differentiable function and  

න (ݔ)݂



ݔ݀ = 0. 

Prove that 
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ቤන ݔ݀(ݔ)݂ݔ



ቤ ≤

(ܾ − ܽ)ଷ

12
:(ݔ)ᇱ݂}ݔܽ݉ ݔ ∈ [ܽ, ܾ]} 

4.75 Let ܽ, ܾ, ܿ > 0. Prove that 

ܽଶන
݊ܽݐܿݎܽ ݔ

ݔ





ݔ݀ + ܾଶන
݊ܽݐܿݎܽ ݔ

ݔ





ݔ݀ + ܿଶන
݊ܽݐܿݎܽ ݔ

ݔ





ݔ݀ < ܽଷ + ܾଷ + ܿଷ 

4.76 If 0 < ܽ < ܾ < గ
ଶ

 then: 

1
2
න(ݏܿ)݊݅ݏ (ݔ + ݏܿ)݊ܽݐ ((ݔ




ݔ݀ > ݊݅ݏ ܾ − ݊݅ݏ ܽ 

4.77 ܽ. 2 ቀ∫ ݁ି௫మସ
ଷ ቁݔ݀

ଶ
+ 2 ቀ∫ ݁ି௫మଷ

ଶ ቁݔ݀
ଶ
≥ ቀ∫ ݁ି௫మସ

ଶ ቁݔ݀
ଶ

 

ܾ.ቌන݁ି௫మ
ସ

ଶ

ቍݔ݀

ଶ

≥ ቌන݁ି௫మ
ସ

ଷ

ቍ

ଶ

+ ቌන݁ି௫మ
ଷ

ଶ

ቍݔ݀

ଶ

 

4.78 If ܽ,ܾ, ܿ ≥ 0 

(ܽ)ߗ = නඨ
ଶݔ)ݔ + ݔ + 1)

ݔ) + ସݔ)(1 + ଶݔ + 1)





 ݔ݀

then: 

൫ߗ(ܽ) + (ܾ)ߗ + ൯(ܿ)ߗ
ଷ
≥ෑ݈݃ ቀඥܽଷ + 1 + ඥܽଷቁ 

4.79 Find: 

න√ݔ ݊݅ݏ ݔ
ଵ



ݔ݀ >
49

135
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4.80	ܽ, ܾ ∈ ቀ0, గ
ଶ
ቁ , ܽ < ܾ 

Prove that exists ߚ,ߙ ∈ (ܽ, ܾ) such that: 

ቌන ݊ܽݐ ݔ




ݐቍቌනܿݔ݀ ݔ




ቍݔ݀ ≤
(ܾ − ܽ)ଶ

݊݅ݏ ߚ ݏܿ ߙ
 

4.81 0 <  < ݍ < గ
ଶ

; ݂:ℝ → ℝ a continuous function,  

න (ݔ)݂

௦ ௧

 ௦ ௧

ݔ݀ ≤ න (ݔ)݂


√ଶ


√ଶ

ݐ∀,ݔ݀ ∈ ቀ0,
ߨ
2
ቁ 

Prove that:  ݂ݍ ቀ 
√ଶ
ቁ + ݂ ቀ 

√ଶ
ቁ = 0 

4.82 

නඥ1 − ଶݔ
ଵ

ିଵ

ଵିݏܿ ݔ ݔ݀ >
݁ଶ

4
 

4.83 If ܽ,ܾ, ܿ > 0 then: 

න
݁௫మ + ݁ି௫మ

2௫ + 1



ି

ݔ݀ + න
݁௫మ + ݁ି௫మ

3௫ + 1



ି

+ න
݁௫మ + ݁ି௫మ

5௫ + 1



ି

ݔ݀ > 6√ܾܽܿయ  

4.84 If ܽ > 0, ݂: [0, ܽ] → ℝ, ݂ᇱ(ܽ) = ݂(ܽ) = 0, 

݂ ∈ ,ଶ([0ܥ ܽ]), ݂ᇱ݂ᇱᇱ ∈ ,ଵ([0ܥ ܽ]) then: 

60ቌන (ݔ)݂




ቍݔ݀

ସ

≤ ଼ܽ ቌන൫݂ᇱ(ݔ)൯
ଶ
ݔ݀





ቍቌන൫݂ᇱᇱ(ݔ)൯
ଶ
ݔ݀





ቍ 
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4.85 If ܽଵ, ܽଶ, … , ܽ ∈ (0,∞), ݊ ∈ ℕ∗ then: 

 න
݁௫మ

ܽ௫ + 1

ଵ

ିଵ



ୀଵ

ݔ݀ < ݊݁ 

4.86 If ܽ,ܾ ∈ ℝ, ܽ < ܾ,݂: [ܽ, ܾ] → ℝ, continuous, ݂ᇱ(ݔ) > 0 then: 

 න ݔ݀(ݔ)݂

ା(ିଵ)






ୀଶ

≤ ൭
݇ − 1
݇



ୀଶ

൱න݂(ݔ)




 ݔ݀

4.87 If ܽ,ܾ, ܿ, ݀ > 0, ܽ + ܾ + ܿ + ݀ =  ߨ

(ܽ)ߗ = න
ݔ)݊ܽݐܿݎܽ + 1)

ݔ

ଶ



 ݔ݀

then: ߗ(ܽ) + (ܾ)ߗ + (ܿ)ߗ + (݀)ߗ < 1)ߨ + ݈݃ 2) 

4.88 If ݂: [0,1] → (0,∞) is a continuous function such that 

∫ ଵ(ݔ)݂
 ݔ݀ = 1 , then 

ቌන ඥ݂(ݔ)య

ଵ



ቍቌනݔ݀ ඥ݂(ݔ)ఱ

ଵ



ቍቌනݔ݀ ඥ݂(ݔ)ళ

ଵ



ቍݔ݀ ≤ 1 

4.89 If [0,1] → (0,∞) continuous; ∫ ݂ଷ(ݔ)ଵ
 ݔ݀ = √2ళ  then: 

ቌන݂ହ(ݔ)
ଵ



(ݔ)ቍቌන݂ݔ݀
ଵ



(ݔ)ቍቌන݂ଽݔ݀
ଵ



ቍݔ݀ ≥ 2 
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4.90 In all ߂	ܥܤܣ: 

 න ݁ି௧మ

ೌమ
ೌ್ା್ାೌ

௬

ݐ݀ ≤ 3 ଵି݊ܽݐ
ܴ
ݎ6

 

4.91 If ݔ, ,ݕ ݖ ∈ (0,∞) 

(ݔ)ߗ = ݈݅݉
→ஶ

ቌ
ݔ) + 3)

ଵ
 + ݔ

ଵ


ݔ) + 2)
ଵ
 + ݔ) + 1)

ଵ

ቍ



 

then: 

(ݔ)ଶߗ + (ݕ)ଶߗ + (ݖ)ଶߗ < 3 + 2
1

ݔ + 2
 

4.92 If ݉,݊ ∈ ℕ,݉ ≥ 2, ݊ ≥ 2 then: 

⎝

⎛න ݊ܽݐ√ ݔ

గ
ଶ



ݔ݀

⎠

⎞

⎝

⎛න ݊ܽݐ√ ݔ

గ
ଶ



ݔ݀

⎠

⎞ ≥
ଶߨ

ቀܿݏ ߨ
2݉ + ݏܿ 2݊ቁߨ

ଶ 

4.93 

න ଵି݊݅ݏ ൬
ݔ2

1 + ଶݔ
൰

√ଷ

ଵ

ଵି݊ܽݐ) ݔଶ݀(ݔ <
ଷߨ

27
൫√3 − 1൯ 

4.94 Prove that if ܽ ∈ ℝ then: 

න ݁௫మ
ାଵଵ

ା଼

ݔ݀ + න ݁௫మ݀ݔ
ା

ାସ

≤ න ݁௫మ݀ݔ
ାଷ



+ න ݁௫మ݀ݔ
ାଵହ

ାଵଶ
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4.95 Prove: 

න ݈݊ଶ൫1 + ݊݅ݏ√ ൯ݔ
ଵ



ݔ݀ <
1
2

 

4.96   

,ܽ)ܫ ܾ) = න൬ܽ݊ܽݐܿݎ ൬
ܽ ݊݅ݏ ݔ

ܾ + ܽ ݏܿ ݔ
൰ + ݊ܽݐܿݎܽ ൬

ܾ ݊݅ݏ ݔ
ܽ + ܾ ݏܿ ݔ

൰൰




 ,ݔ݀

0 < ܽ < ܾ < ܿ <
ߨ
2

 

Prove that: 

2
ܾ − ܽ

(ܾ,ܽ)ܫ +
2

ܿ − ܾ
,ܾ)ܫ ܿ) +

2
ܿ − ܽ

,ܽ)ܫ ܿ) ≥ቌ√ܾܽ + ඨܽ
ଶ + ܾଶ

2
ቍ 

4.97 If ܽ,ܾ, ܿ > 0,ܽ + ܾ + ܿ =  :then ߨ

2න
ଶ݊ܽݐܿݎܽ ݔ

ݔ





ݔ݀ + 1)݈݃ + ܽଶ) 1)݈݃ + ܾଶ) 1)݈݃ + ܿଶ) <  ଶߨ

4.98 If 0 < ܽ < ܾ then: 

2
ߨ
݈݊ ൬

ܾ
ܽ
൰ + ܾ − ܽ <

ߨ
2
න

ݔ݀
݊ܽݐܿݎܽ ݔ





<
ߨ
2
݈݊ ൬

ܾ
ܽ
൰ + ܾ − ܽ 

4.99 If 0 < ܽ < ܾ then: 

∫ ݁௫మ݀ݔ


∫ ହ݁௫మݔ
 ݔ݀

<
1
4
൬

1
ܾܽସ

+
1

ܽଶܾଷ
+

1
ܽଷܾଶ

+
1
ܽସܾ

൰ 
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4.100 If ܽ, ܾ, ܿ ≥ 0,݉, ݊ ≥ 2 

(ܽ)ߗ = ඩන ඥ݁(ା)௫మ




ݔ݀


⋅ ඩන
ݔ݀

ඥ݁(ା)௫మ







 

then: ߗଶ(ܽ) + (ܾ)ଶߗ + (ܿ)ଶߗ ≥ ܾܽ + ܾܿ + ܿܽ 

4.101 If ܽ > 0 then: 

ቌන݁ଷ௫మ݀ݔ




ቍቌන݁ିଷ௫మ݀ݔ




ቍ >
1
ܽସ
ቌන݁௫మ݀ݔ





ቍ

ଷ

ቌන݁ି௫మ݀ݔ




ቍ

ଷ

 

4.102 

නቆ
1 − ଶ݊݅ݏ ݔ
1 + ଶ݊݅ݏ ݔ

+
1 − ଶݏܿ ݔ
1 + ଶݏܿ ݔ

ቇ

గ
ସ



݈݊(1 + ݊ܽݐ ݔ݀(ݔ >
ߨ ݈݊ 2

12
 

4.103 If ܽ > 1 then: 

න
݁௫

ଷݔ
ݔ݀

ଶ



≤
3݁(݁ − 1)

8ܽଷ
 

4.104 If 1 < ܽ < ܾ then: 

න ଶ݈݃ ݔ ݔ݀


ଵ

+ න ଶ݈݃ ݔ


ଵ

ݔ݀ ≥ න ଶ݈݃ ݔ

ଷା
ସ

ଵ

ݔ݀ + න ଶ݈݃ ݔ

ାଷ
ସ

ଵ

 ݔ݀

4.105 If 0 < ܽ < ܾ; 0 < ܿ < ݀; ݂,݃ integrable functions 

݂,݃: [ܽ,ܾ] → [ܿ, ݀] then: 

ܿ݀ ቌන
(ݔ)݂
(ݔ)݃





ݔ݀ + න
(ݔ)݃
(ݔ)݂





ቍݔ݀ < (ܿଶ + ݀ଶ)(ܾ − ܽ) 

 



66 
 

4.106 If ݂: [ܽ, ܾ] → ℝ, ݂ − continuous, ݂ − increasing then: 

൫√ܽ + √ܾ൯ න ݔ݀(ݔ)݂
√



≤ √ܽ න݂(ݔ)݀ݔ




 

4.107 For acute triangle ܥܤܣ: 

If: (ܣ)ߞ = ∫ ଵ

ට௦௫ା௫ቀଵାమ
ഏቁ


  ݔ݀

Prove: (ܣ)ߞ + (ܤ)ߞ + (ܥ)ߞ ≤ 2ඥ3(ߨ + 3) − 6 

4.108 Let ݂: [1,13] → ℝ be a convexe and integrable function. Prove that 

න݂(ݔ)
ଷ

ଵ

ݔ݀ + න (ݔ)݂
ଵଷ

ଵଵ

ݔ݀ ≥ න݂(ݔ)
ଽ

ହ

 ݔ݀

4.109 If 0 < ܽ < ܾ then: 

න
ݔ݀

ଷݔ) + 1)ଶ





>
5

9(ܾହ − ܽହ) ݈݊
ଶ ቆ
ܾଷ + 1
ܽଷ + 1

ቇ 

4.110 If ݉, ݊,  ≥ 2 

(݊)ߗ = 4ିଵන൬1 +
1

√2 − 	ݔ ൰ ൬1 +
1
ݔ√ ൰

ଷ
ଶ

ଵ
ଶ

 ݔ݀

then: 

()ߗ(݉)ߗ(݊)ߗ ≥ 64ඥ݉݊య  

4.111 If ܽ ∈ ℝ, ݂: [ܽ, ܽ + 2] → ℝ,݂ ∈ ,ܽ])ଶܥ ܽ + 2]), 6 ≤ ݂ᇱᇱ(ݔ) ≤ 12, then: 

1 + ݂(ܽ + 1) ≤
1
2
න ݔ݀(ݔ)݂
ାଶ



≤ 2 + ݂(ܽ + 1) 
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4.112 If ܽ, ܾ > 0 then: 

2 න ݁௫ ݔ)݈݊ + 1)
√



ݔ݀ ≤ න݁௫ ݔ)݈݊ + ݔ݀(1




+ න݁௫ ݔ)݈݊ + 1)




 ݔ݀

4.113 If ܽ, ܾ, ܿ > 0, ܾܽܿ = 1, 

(ܽ)ߗ = න
ସݔ + ଷݔ7 − ଶݔ25 + ݔ37 + 4
ସݔ − ଷݔ3 + ଶݔ5 − ݔ3 + 4

ݔ݀




 

then: 

(ܽ)ߗ + (ܾ)ߗ + (ܿ)ߗ ≥ 3 + 5݈݊ෑ(1 + ܽଶ) 

4.114 If ܽ, ܾ, ܿ > 0, ܾܽܿ = 1  

,ܽ)ߗ ܾ) = නඥ(ݔ + ݔ)(ܽ + ܾ)
ଵ



 ݔ݀

then: 

(ܽ + (ܾ,ܽ)ߗ(ܾ + (ܾ + ,ܾ)ߗ(ܿ ܿ) + (ܿ + ,ܿ)ߗ(ܽ ܽ) > 6 

4.115 Prove that: 

න൫(݊݅ݏଶߠ)௦మఏ(ܿݏଶߠ)௦మఏ + ߠ௦మఏ൯݀(ߠଶݏܿ)௦మఏ(ߠଶ݊݅ݏ) >
ߨ
4

గ
ଶ



 

4.116 Prove that: 

න ቆ
ଶߨ

4 ݔݏܿ√ − ݔݏܿ√ݔߨ + ቇݔݏܿ√ଶݔ

గ
ଶ



ݔ݀ >
ଷߨ

28
 

4.117 Prove that: 

න݁ଶ௫మ
ଵ



ݔ݀ − ቌන݁௫మ
ଵ



ቍݔ݀

ଶ

<
݁ଶ

3
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4.118 If 1 < ܽ ≤ ܾ then: 
 

න൬
ݔ)	݈݊ + ܽ)
ݔ + ܾ

+
ݔ)	݈݊ + ܾ)
ݔ + ܽ

൰݀ݔ




≤
1
ܽ
݈݊(ܽ + ܾ)ି 

 
4.119 If 0 < ܽ ≤ ܾ < 1 then: 

න݁ି√௫݊݅ݏ ቆ
ݔ√ + 100

100
ቇ





ݔ݀ ≤
2
3
൬ܾ

ଷ
ସ − ܽ

ଷ
ସ൰ 

4.120 If ܽ, ܾ, ܿ > 1 then: 

2 න ൫(݊݅ݏ ଶ௦మ௫(ݔ ⋅ ݏܿ) ଶ(ݔ ௦మ ௫൯݀ݔ

ା
మାమ



≤
1
ܽ

+
1
ܾ

+
1
ܿ

 

4.121 For ܽ < 0. Prove: 

11ିଵන ൬ݔ +
10
ݔ
൰


ݔ݀
ଵ

ଵ

≥ 9 

4.122 Prove that: 

݁)ߨ − 1)

2 ቀ݁
గ
ଶ − 1ቁ

≤
1

݁
గ
ଶ − 1

න݁௦௫݀ݔ

గ
ଶ



≤ 1 

 

4.123 If 0 < ܽ ≤ ܾ, ݂: [ܽ, ܾ] → ℝ,݂ᇱ(ݔ) > ݔ∀,0 ∈ [ܽ, ܾ] then: 

නݔଶ݂(ݔ)




ݔ݀ ≥ ܾܽ න݂(ݔ)




 ݔ݀

4.124 Find: 

ߗ = ݈݅݉
→ஶ

න
݁௫ି[௫] + ݁ଶ௫ି[ଶ௫] + ⋯+ ݁௫ି[௫]

ݔ݊

ଵ



 	,ݔ݀
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[∗] - great integer function 

 

4.125 If 0 < ܽ ≤ ܾ, ݂: [ܽ, ܾ] → ℝ,݂ᇱ(ݔ) > ݔ∀,0 ∈ [ܽ, ܾ] then: 

නݔଶ݂(ݔ)݀ݔ




≥ ܾܽ න݂(ݔ)




 ݔ݀

4.126 Prove:  

නඨݔ + ටݔ + ݔ√
ଵ



ݔ݀ ≥
2
3
ට1 + √2 

4.127 Let ܾ > ܽ > 1 and ݊ be a positive integer. Prove that: 

න
√݁௫

݁௫ + ݁(ିଵ)௫ + ⋯+ ݁ଶ௫ + ݁௫ + 1

 

 

ݔ݀ ≤ ݈݊ ඨܾ
ܽ

శభ

ݔ)			 ∈ ℝ). 

 

4.128 Prove that: 

න൫2௦ ௫ + 2௦௫൯

గ
ଶ



ݔ݀ > ߨ + 2 ݈݊ 2 

4.129 If ݂: [0,1] → ℝ, continuous then: 

1 + ቌන݂ଶ(ݔ)
ଵ



ቍݔ݀

ଷ

> ቌන݂(ݔ)݀ݔ
ଵ



ቍ

ଷ

 

4.130 If గ

≤ ܽ < గ

ଶ
 then: 

ߨ125
24

+ න൬݊݅ݏଶ ݔ +
1

ଶ݊݅ݏ ݔ
൰
ଷ

ݔ݀


గ


+ න൬ܿݏଶ ݔ +
1

ଶݏܿ ݔ
൰
ଷ

గ


ݔ݀ >
125ܽ

6
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4.131 If ݂: [0,1] → [0,∞), ݂ – continuous, then: 

න݂ଷ(ݔ)݀ݔ
ଵ



+ 25න݂(ݔ)
ଵ



ݔ݀ ≥ 10ቌන݂(ݔ)
ଵ



ቍݔ݀

ଶ

 

4.132 If 0 < ܽ ≤ ܾ ≤ ܽ + 3	, ݂: [ܽ, ܾ] → (0,∞), ݂ᇱ(ݔ) > ݔ∀,0 ∈ [ܽ,ܾ] then: 

නݔ݀(ݔ)݂ݔ ≤ ܾ݂(ܾ)ඥܽଶ + ܾܽ + ܾଶ




 

4.133 If 0 < ܽ ≤ ܾ < గ
ଶ

 then: 

නቌඨݔ +
1

4 ସ݊݅ݏ ݔ
+ ඨ1 +

1
4 ସݏܿ ݔ

ቍ




ݔ݀ ≥
4
3
ቀඥ(ܾ + 1)ଶయ − ඥ(ܽ + 1)ଶయ ቁ 

4.134 If , ,ݍ ,ݎ ℝ:ݏ → (0,∞) continuous functions, ܽ ≥ 0 then: 

න (ݔ)ݏ




ݔ݀ ≥ 4න ඥ(ݔ)ݏ(ݔ)ݎ(ݔ)ݍ(ݔ)ర





ݔ݀ − 3න ඥ(ݔ)ݎ(ݔ)ݍ(ݔ)య





 ݔ݀

 

4.135 If ܽ, ܾ, ܿ ∈ ℕ∗then: 

1
3
නି݊݅ݏଵ(ݔ(1 − ((ݔ

ଵ



ݔ݀ ≥ ඨෑ
(ܽ!)ଶ

(ܾ + ܽ + 1)!
య

 

4.136 If 0 < ܽ < ܾ < 1 then: 

1
2

+
2

ܽ + ܾ
<

2(݈݊ ܾ − ݈݊ ܽ)
ܾ − ܽ

+
1

ܾ − ܽ
න

ݔ݀
݈݊(1 − (ݔ





 

4.137 Find: 

ߗ = න
ℎ݊ܽݐ ݔ + 2 ℎସ݊ܽݐ ݔ

(1 + ℎଶ݊ܽݐ ଶ(ݔ ,ݔ݀ ݔ ∈ ℝ 
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4. 138 Evaluate: 

ߗ = ݈݅݉
→ஶ

න
(ݔ)ଵି݊ܽݐ

ݔ

ଷ

ଶ

 ݔ݀

 

4.139 Find: 

ߗ = ݈݅݉
ఌ→
ఌழ

ቌ නඨ1 + ݁௫

1 − ݁௫

ఌ

ିଵ

 ቍݔ݀

4.140 If 0 < ܽ < ܾ < 1 then: 

2(݈݊ ܾ − ݈݊ ܽ)
ܾ − ܽ

+
1

ܾ − ܽ
න

ݔ݀
݈݊(1 − (ݔ





< 1 +
1
√ܾܽ

 

4.141 If 0 < ܽ ≤ ܾ then: 

2න
1

1 + ݁ଶ௫మ





ݔ݀ ≥
ଵ൫݁మ൯ି݊ܽݐ − ଵ൫݁మ൯ି݊ܽݐ

ܾ݁మ
 

4.142 If ܽ, ܾ, ܿ ∈ ቀ0, ଵ
ଶ
ቁ then: 

ܾන
ݔ15 + 2

ଷݔ36 + 1

ଶ



ݔ݀ + ܿ න
ݔ15 + 2

ଷݔ36 + 1

ଶ



ݔ݀ + ܽන
ݔ15 + 2

ଷݔ36 + 1

ଶ



ݔ݀ ≤ (ܽ + ܾ + ܿ) ݈݊ 2 

 

4.143 If 0 ≤ ܽ < ܾ then: 

(1 + ܾܽ − ܽଶ)݁మ <
1

ܾ − ܽ
න݁௫మ݀ݔ < (1 − ܾܽ + ܾଶ)




݁మ  

4.144 If 0 < ܽ < గ
ଶ

 then: 

ߨܽ + නߨ
݊݅ݏ ݔ
ݔ

గ
ଶ



ݔ݀ > ߨ) − 2)(1 + ܽ − ݊݅ݏ ܽ) 
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4.145                                                             If: 

ܽ, ܾ, ܿ ∈ ℕ∗,ߗ(ܽ) = ݈݅݉
→ஶ

݊න
ݔ

ݔ) + (ߨ

ଵ



 ݔ݀

Prove that: 

(1 + (ܽ)ߗ(ߨ + (1 + (ܾ)ߗ(ߨ + (1 + (ܿ)ߗ(ߨ ≥ 3 

4.146 If 0 < ܽ ≤ ܾ < గ
ଶ

 then: 

න
ݏܿ ݔ ⋅ ݊݅ݏ)ଶ݊݅ݏ (ݔ

ଶ݊݅ݏ ݔ





ݔ݀ ≥ ଵି݊ܽݐ ൬
݊݅ݏ ܾ − ݊݅ݏ ܽ

1 + ݊݅ݏ ܽ ⋅ ݊݅ݏ ܾ
൰ 

4.147 For 0 < ܽ < ܾ. Prove: 

න݊݅ݏ൫√ݔయ ൯




ݔ݀ ≤ (ܾ − ܽ)√ܾయ  

4.148 

(ܽ)ܨ = න
ݏܿ ݔ

ݏܿ) ݔ6 + 6 ݏܿ ݔ4 + 15 ݏܿ ݔ2 + 10)





,ݔ݀ ܽ ∈ ቂ0,
ߨ
2
ቃ 

Prove that: 

(ܽ)ܨ](ܿ)ܨ(ܾ)ܨ(ܽ)ܨ + (ܾ)ܨ + [(ܿ)ܨ ≤ 2ିଶ(ܽସ + ܾସ + ܿସ) 

4.149 Prove that: 

ߨ
ହ
ଶ

12√2
≤ න√݊݅ݏ ݔ

గ
ଶ



(ݔ)
ଷ
ଶ݀ݔ ≤

ଶߨ

8
 

4.150 Prove: 

නቆ
9௦ ௫

4௦ ௫ + 5௦௫
+

16௦ ௫

3௦௫ + 5௦ ௫
+

25௦௫

3௦ ௫ + 4௦௫
ቇ
ଷ

ݔ݀

గ
ଶ



≥
1593

8 ݈݊ 60
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4.151 For ݊ ∈ ℕ∗ ∧ ݊ ≥ 2. Prove: 

න൭݁௫ೖ


ୀଵ

൱
ଵ



ݔ݀ > ݊ +
݊

൫(݊ + 1)!൯
ଵ


. 

4.152                                                         If: 

−1 < ܽ, ܾ, ܿ < (ܽ)ߗ,1 = න
1)݈݃ + ܽ ݏܿ (ݔ

ݏܿ ݔ

గ



 ݔ݀

Prove that: 
1
ଶߨ

൫ߗଶ(ܽ) + (ܾ)ଶߗ + ଶ(ܿ)൯ߗ ≥(ି݊݅ݏଵ ܽ ⋅ ଵି݊݅ݏ ܾ) 

4.153                                                          If: 

(݊)ߗ = නݔ 1)݈݃ + ݊ଷ௫)
ଵ

ିଵ

,ݔ݀ ݊ ∈ ℕ∗ 

Prove that: 

9൫1 + √2 + √3 + ⋯+ √݊൯
ଶ

> 4݁ଶఆ()൫1 + ݁ఆ()൯ 

 

4.154 If ݔ < ܽ	, ܽ ∈ ℝ then: 

(1 + ݔܽ − ଶ)݁௫మݔ <
1

ܽ − ݔ
න݁௫మ


௫

ݔ݀ < (ܽଶ − మ݁(ݔܽ + ݁௫మ  

4.155 If ݂: [0,1] → ℝ, ݂(1) = 3,݂ – continuous, ݂ – convexe then: 

න݂(ݔ)
ଵ

ଵ
ଶ

ݔ݀ < 1 +
1
3
න݂(ݔ)

ଵ
ଶ



 ݔ݀

 

 



74 
 

4.156                                                             If: 

ܽ,ܾ, ܿ ≥
ߨ
4

(ܽ)ߗ, = නቆ
ଶݔ + 1 + ଵି݊ܽݐ ݔ

ସݔ + ଶݔ2 + 1 + ଵି݊ܽݐ) ଶቇ(ݔ


గ
ସ

 ݔ݀

Prove that: 

൫1 + ൯ܾଶ(ܽ)ߗ2 + ൫1 + ൯ܿଶ(ܾ)ߗ2 + ൫1 + ൯ܽଶ(ܿ)ߗ2 ≤ ܽସ + ܾସ + ܿସ 

 

4.157                                                                 If: 

0 < ܽ, ܾ, ܿ ≤ (ܽ)ߗ,1 =
8
ߨ
න

ݔ 10)ݏܿ ଵିݏܿ ݔ݀(ݔ
ଶݔ) + ܽଶ)(ܿ11)ݏ ଵିݏܿ (ݔ + 9)ݏܿ ଵିݏܿ ((ݔ





 

Prove that: 

൫ߗ(ܽ) + (ܾ)ߗ + ൯(ܿ)ߗ ൬6 +
1

(ܽ)ଷߗ +
1

(ܾ)ଷߗ +
1

ଷ(ܿ)൰ߗ ≥ 27 

4.158                                                                 If: 

If ݂,݃,ℎ: [0,1] → (0,∞),݂,݃, ℎ - continuous then: 

27݁∫ ൫൫(௫)⋅(௫)⋅(௫)൯൯భ
బ ௗ௫ ≤ ቌන൫݂(ݔ) + (ݔ)݃ + ℎ(ݔ)൯݀ݔ

ଵ



ቍ

ଷ

 

 

4.159 

Prove without softs: 

ቌන(ߛ௫ ⋅ ݁ଵି௫)݀ݔ
ଵ



ቍቌන(݁௫ ⋅ ݔ݀(ଵି௫ߨ
ଵ



ቍ < ݁න(ߛ௫ ⋅ (ଵି௫ߨ
ଵ



 ݔ݀
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4.160 

If 0 < ܽ ≤ ܾ < గ
ଶ

 then: 

නቆ
ଶݏܿ ݔ + ݊ܽݐ ݔ
ସݏܿ ݔ + ଶ݊ܽݐ ݔ

ቇ
ଶ



ݔ݀ ≤ ݈݃ ฬ
݊ܽݐ ܾ
݊ܽݐ ܽ

ฬ 

4.161 If ݂: [ܽ, ܾ] → (0,∞),ܽ ≤ 5 < 7 ≤ ܾ,݂ continuous then: 

ቀ∫ ݂ହ(ݔ)݀ݔ
 ቁ



ቀ∫ ݂(ݔ)݀ݔ
 ቁ

ହ < (ܾ − ܽ)ଶ 

4.162 

If ܽ,ܾ, ܿ > 0,ܽ + ܾ + ܿ = 2 then: 

ܾଷߗ(ܽ) + ܿଷߗ(ܾ) + ܽଷߗ(ܿ) ≥
8

25
(ܽ)ߗ, = ݈݅݉

→ஶ
݊න

ݔ

ݔ) + ܽ)ଶ

ଵ



 ݔ݀

4.163 

(݇)ߗ  = ∫ ௫ೖି௫ೖషభି௫ೖషభାଵ
௫మೖశభାଶ௫ೖశభା௫ೖା௫ାଵ

ଵ
 ,ݔ݀ ݇ ∈ ℕ,݇ ≥ 1 

Find: 

ߗ = ݈݅݉
→ஶ

൭݈݃ 2 ⋅ ݈݃ ݊ − ݊ ⋅ ݈݃ ൬
3
2
൰ + ߗ(݇)



ୀଵ

൱ 

4.164 

න
ݔ ܿ݁ݏ ݔ (1 + ݊݅ݏ (ݔ
ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1

 ݔ݀

 

4.165                              If ݂:ℝ → (0,∞), ݂ continuos then: 

නනනቆ
݂ସ(ݔ) + ݂ସ(ݕ) + ݂ସ(ݖ)
݂ଷ(ݔ) + ݂ଷ(ݕ) + ݂ଷ(ݖ)ቇ

ହ



ݔ݀




ݕ݀




ݖ݀ ≥ ܽଶන݂ହ(ݔ)




 ݔ݀
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4.166                                                               Find: 

ߗ = න
ݔ ⋅ ݈݃ ݔ
(3 + )ହݔ ,ݔ݀ ݔ > 0 

4.167                                                                                Find: 

න
(2݁௫ + 1) ݊݅ݏ ݔ − ݏܿ ݔ − 1

݁ଶ௫ + ݏܿ) ݔ − ݊݅ݏ ݔ + 2)݁௫ + ݏܿ ݔ − ݊݅ݏ ݔ ݏܿ ݔ − ݊݅ݏ ݔ + 1	
 ݔ݀

 

4.168                                                             Find: 

න
݁௫ ݈݊(1 + ݁௫) − ݁ଶ௫

(1 + ݁௫)ଶ ݈݊ଶ(1 + ݁௫)݀ݔ; ݔ ∈ ℝ 

4.169                                                          Prove that: 

න
√cos ݔ
ݔ

గ
ସ

గ


ݔ݀ ≤
ߨ

24
ቀ݁

గ
ଵଶ − 1ቁ

ଶ
+
√2 − 1

4
+

152
ଷߨ

 

4.170  Prove that: 

1 ≤ න
ݔ݀

√1 − ଶݔ + ଶଵହݔ − ଶଵݔ

ଵ



≤
ߨ
2
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CHAPTER 5 

ADVANCED CALCULUS-PROBLEMS 

5.1  If 0 < ܽ ≤ ܾ then: 

නනනቆ
1

1 + ඥݕݔ
+

1
1 + ඥݖݕ

+
1

1 + ݔݖ√
ቇ





ݔ݀




ݕ݀




ݖ݀ ≤ 3(ܾ − ܽ)ଶ ݈݃ ൬
1 + ܾ
1 + ܽ

൰ 

5.2 Find: 

ߗ = න
1 − ݏܿ ݔ

8 − ݔ4 ݊݅ݏ ݔ + ଶ(1ݔ − ݏܿ (ݔ

ஶ



 ݔ݀

5.3 ݂:ℝ → [ܽ, ܾ], ܽ < ܾ 

Find: 

ߗ = ݈݅݉
→ஶ


(݊ − ݇ + 1)ଶ݂(݇)

݇(1ଶ + 2ଶ + ⋯+ ݊ଶ)



ୀଵ

 

5.4. Find: 

ܵ = 
1

16(2݊ + 1)ଷ

ஶ

ୀ

ቀ2݊
݊ ቁ 

5.5. Find: 

ߗ = න
ଶݔ + 2
ݔ + 1

ஶ



 ݔ݀
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5.6 Find: 

ߗ = න න
݊ܽݐ ݔ + ݊ܽݐ ቀݔ + ߨ

3ቁ + ݊ܽݐ ቀݔ + ߨ2
3 ቁ

݊ܽݐ ݔ3 ݊ܽݐ ݕ3

గ
ଵଶ

గ
ଵ଼

గ
ଵଶ

గ
ଵ଼

 ݕ݀	ݔ݀

5.7 Find: 

Ω = නቌනቌනቆ
ହݔ + ହݕ + ହݖ − ݔ) + ݕ + ହ(ݖ

ଷݔ + ଷݕ + ଷݖ − ݔ) + ݕ + ݔଷቇ݀(ݖ
ଶ

ଵ

ቍ݀ݕ
ଶ

ଵ

ቍ݀ݖ
ଶ

ଵ

 

5.8 Prove that: 

(ݖ)߁ = න ݁ି௫ݔ௭ିଵ
ஶ



(ݖ)	ܴ݁,ݔ݀ > 0 

5.9 Find: 

ߗ = නቌනቆ
ଷݔ) + ଷݕ − ݔ) + ݔ)(ଷ(ݕ + ݕ − ݔ) + ((ݕ

ݔ)) + ହ(ݕ − ହݔ − ହ)ଶݕ ቇ
ଶ

ଵ

ቍݕ݀
ଶ

ଵ

 ݔ݀

5.10 Calculate: 

ߗ = නන
ଷݔ)ݕݔ൫(ݕݔ) + (ଷݕ − ସݔ) + ସ)൯ݕ + ହݔ + ହݕ + ݔ) + ݕݔ)(ݕ + 2− ݔ − (ݕ − 2

ଶݔ) − ݔ + ଶݕ)(1 − ݕ + 1)

ଵ



ଵ



 ݕ݀ݔ݀

5.11 Let ݊ be a positive integer. Evaluate: 

න
(݊ − 1)݁௫ − ݊݁(ିଵ)௫ + 1

௫(݁௫݁ݔ − 1)

ஶ



 ݔ݀
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5.12 Evaluate 

ߨ
2
൮1 +

1
2
ቌ1 +

3
4
൭1 +

5
6

(1 + ⋯ )൱ቍ൲ − ቌ1 +
2
3
൭1 +

4
5
ቆ1 +

6
7

(1 + ⋯ )ቇ൱ቍ 

5.13 Find: 

ߗ = ෑቆ1 + ൬
1
݁
൰
ଷ

+ ൬
1
݁
൰
ଶ⋅ଷ

ቇ
ஶ

ୀ

 

5.14 Find: 

ߗ = ݈݅݉
→ஶ ඩන

ݔ݀

ቀݔଶ + 1
4ቁ

ାଵ

ஶ




 

5.15 Find: 

ߗ = ݈݅݉
→ஶ

ඩනݔଶඥ(1 − ଶ)ଶାଵݔ
ଵ





 ݔ݀

5.16 Find: 

ߗ = න
ݔ ݈݊ଶ ݔ
݁௫ − 1

ஶ



 ݔ݀

5.17 Find: 

Ω = නන ݔ)݊݅ݏ)݈݊ + ((ݕ

గ
ଶ



ݔ݀

గ
ଶ



 ݕ݀



80 
 

5.18 Let ݊ ≥ 1 be positive integer then prove that: 

නන൜
ݔ
ݕ
ൠ


ଵ



ݔ݀
ଵ



ݕ݀ =
1

2(݊ + 1) + 
݇)ߞ + 1) − 1

2 ቀ݊ + ݇
݇

ቁ

ஶ

ୀଵ

 

Where {. } denotes the fractional part function and ߞ – zeta function 

5.19 

නන ݈݊ ߁ ݔ) + ݕ + 1)
ଵ



ݔ݀
ଵ



 ݕ݀

5.20 Evaluate: 

න
1

(1 + 1)(‼(ଶ)ݕ + (ଶݕ

ஶ



,ݕ݀ ݊ ∈ ℕ 

5.21 Prove that: 

න
ିଵ(1ݔ − ିଵ(ݔ

(ܽ + ା(ݔܾ

ଵ



ݔ݀ =
,)ߚ (ݍ

ܽ(ܽ + ܾ)ା 

5.22 For any complex number ݉ & ܴ݁(݉) > − ଵ
ଶ
 

ܪ = ܪ
ିଵଶ

+
݀
݀݉

ቌන
ଶݔ − ݔ
(ݔ)݈݊

ଵ



−
ݔ݀

1 + ݔ
ቍ 

Where ܪ – Harmonic Number. 
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5.23 Evaluate: 

න
݊ܽݐ ݔ + ݈݊(1 − (ݔ ௫

ݔ
 ݔ݀

5.24 If 

නቌන
(ݔ)݈݊

1 − ହݔ

௧



ݐቍ݀ݔ݀
ଵ



=
ଵߖܣ ቀ

1
5ቁ + ଵߖܤ ቀ

2
5ቁ

ܥ
 

Then prove that:  25(ܣ − (ܤ + ܥ2 = 0	where ߖ(ݔ) is Poly – Gamma function. 

5.25 Find: 

ߗ = න
1

(1 + ଶ)(3ݔ − ݏܿ (ݔ

ஶ



 ݔ݀

5.26 Find: 

ߗ = න൭ 3 ℎଷ݊݅ݏ
ݔ

3

ஶ

ୀଵ

൱  ݔ݀

5.27                                                               If: 

(݉)ߖ = නݔଶ
ଵ



(ݔ)݈݊ ݔ)݈݊ +  ݔ݀(݉

then show that 

න
(݉)ߖ

1 + ݉ଶ

ஶ



݀݉ =
1
9

+
ܩߨ
6
−
ܩ
9
−
(3)ߞ
16

−
ߨ5
27

+
ଶߨ5

432
−
ߨ ݈݊(2)

36
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where ܩ is Catalan’s constant. 

5.28                                                             Find: 

ߗ = න
ݔ݀

ඥ(ߚ − ଶߚ)(ݔ − ଶ)యݔ

ఉ

ିఉ

ߚ, > 0 

5.29 Find: 

ߗ = න ቆ
1
ݔ
⋅ ଵି݊ܽݐ ቆ

ଶݔ3

ସݔ4 + ଶݔ5 + 2
ቇቇ

ஶ



 ݔ݀

5.30 Find: 

ߗ = ݈݅݉
→ஶ

݊ ൭݁

మ



ୀଵ

− ݊ −
1
2
൱ 

 

5.31 Find: 

ߗ = ൮
1

݊ଶ − ݇ଶ

ஶ

ୀଵ
ஷ

൲
ஶ

ୀଵ

 

5.32 Find: 

ߗ = ݈݅݉
→ஶ

൮(݊ + 1)න൬
ݔ2

1 + ଶݔ
൰
ାଵ

ݔ݀ − ݊න൬
ݔ2

1 + ଶݔ
൰


ݔ݀
ଵ



ଵ



൲ 
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5.33 

(ݔ)߱ =
1
ݔ

+ 
1

2

ஶ

ୀଵ

ℎ݊ܽݐ ቀ
ݔ

2
ቁ , ݔ > 0 

Find: 

ߗ = ݈݅݉
→ஶ ඨ݈݅݉௫→

௫வ

൬
ݔ

(ݔ)߱ ⋅ (ݔ2)߱ ⋅ (ݔ3)߱ ⋅ … ⋅ ൰(ݔ݊)߱
  

5.34 Find: 

ߗ = න
ݔ ⋅ ଵି݊ܽݐ ݔ
ସݔ + ଶݔ + 1

ஶ



 ݔ݀

5.35 Let’s define the function ߯(݉) for any complex number ݉,ܴ݁(݉) > 0 

߯(݉) = නݔ
ଵ



(ݔ)݈݊ ݔ)݈݊ +  ݔ݀(݉

then we have the following, 

න߯(݉)
ଵ



݀݉ =
ଶߨ − 16 ݈݊(2) + 4

72
 

5.36 Find: 

ߗ = න
ݔߨ − 2 ݈݃ ݔ

൬ߨ
ଶ

4 + ଶ݈݃ ൰ݔ (1 + ଶ)ଶݔ

ஶ



 ݔ݀
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5.37 

If 0 ≤ ݔ ≤ ܽ, 0 ≤ ݕ ≤ ܾ, ܿ > 0 

ଵߗ = නቌනඥݔଶ + ଶݕ − ݔ2ܽ + ܽଶ




ቍݔ݀




 	,	ݕ݀

ଶߗ = නቌනඥݔଶ + ଶݕ − ݕ2ܾ + ܾଶ݀ݔ




ቍ




 ݕ݀

then ߗଵ + ଶߗ ≤ (ܽ + ܾ)ܿଶ 

5.38  

If 0 ≤ ݔ ≤ 3, 0 ≤ ݕ ≤ 4, ܽ > 0 

ଵߗ = නቌනඥݔଶ + ଶݕ − ݔ6 + 9




ቍݔ݀




 ݕ݀

ଶߗ = නቌනඥݔଶ + ଶݕ − ݕ8 + 16




ቍݔ݀




 ݕ݀

then: ߗଵ + ଶߗ > 5ܽଶ 

5.39 Prove that: 

නන(ݔଶ + ଶݕ34 − ݕݔ10 − ݕ6 + 2)ଶ݀ݔ	ݕ݀
ଵ



ଵ



≥ 1 

5.40                                                              If: 

ߗ = න
݈݊(1 − ଶ)ଶݔ ݈݊(1 − (ݔ

ݔ

ଵ



 ݔ݀
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Prove that:    ߗ > ହ
ଶ
 (3)ߞ

5.41 Prove that: 

1 < නන(ݔ + ݕ݀ݔସ݀(ݕ
ଵ



ଵ



<
16
5

 

නන(ݔ + ସ(ݕ




ݕ݀ݔ݀




≤ නනන(ݔݐ + (1 − ସ(ݕ(ݐ
ଵ











,ݐ݀ݕ݀ݔ݀ ܽ < ܾ 

5.42 If ܽ,ܾ, , ݍ ∈ ℝ, ܽ < ܾ,  > ,1 + ݍ =  :then ݍ

(ܾ − ܽ)ଶඥ݁ା ≤ නන݁
௫ା௬
ା









ݕ݀	ݔ݀ ≤ (ܾ − ܽ)(݁ − ݁) 

5.43 For ܽ ∈ (0,1],∀	݅ ∈ [1, ݊] 

Prove:  

1
ߨ

⋅ෑܽଶ


ୀଵ

≤ න …





න ൭ෑ݊݅ݏ ݔ



ୀଵ

൱

భ



ଵݔ݀ … ݔ݀ ≤
1

2
⋅ ൭ෑܽ



ୀଵ

൱
ଶ

 

5.44 If ܽ,ܾ, , ݍ ∈ ℝ, ܽ < ܾ,  > ,1 + ݍ =  :then ݍ

ܽଶ + 2ܾܽ + ܾଶ

4
<
∫ ∫ ݔ) + ଶ(ݕݍ



 ݕ݀	ݔ݀

(ܾ − ܽ)ଶ( + ଶ(ݍ <
ܽଶ + ܾܽ + ܾଶ

3
 

5.45 If 0 < ܽ < ܾ then: 

1
ܾ − ܽ

ܽ නන
ݕ݀ݔ݀
ݔ + ݕ









<
13
25

݈݃ ൬
ܾ
ܽ
൰ 
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5.46 If: 

(ܽ)ߗ = ඵ ቀඥݔଶ + ݕݔ2 + ඥݕଶ + ቁݕݔ2

(௫,௬)ୀ(,)

(௫,௬)ୀ(,)

,ݕ݀ݔ݀ ܽ > 0 

then: 

(ܽ)ߗ
ܾଷ

+
(ܾ)ߗ
ܿଷ

+
(ܿ)ߗ
ܽଷ

≥ 2√3 

5.47 If ݊ ∈ ℕ∗ then: 

නන…
ଵ



ଵ



නෑ൫1 + ଶ൯ݔ


ୀଵ

ଵ



ݔ݀ + නන…
ଵ



ଵ



නෑ൫1 − ଶ൯ݔ


ୀଵ

ଵ



ݔ݀ ≤ 2 

5.48 Prove that: 

නනනቀݔඥݔଶ + ଶݖ + ଶݕඥݕ + ଶቁݖ
ଵ



ଵ



ଵ



ݖ݀ݕ݀ݔ݀ ≤ 1 

5.49 If ܽ,ܾ ≥ 1 then: 

2න൭ݕන ݈݃
ݔ
ݕ



ଵ

൱ݔ݀


ଵ

ݕ݀ ≤ (ܽ − 1)(ܾ − 1)(ܽ − ܾ) 

5.50 

If ܽ,ܾ, ܿ > ߙ,0 ∈ ቀ0, గ
ଶ
ቁ 

,ܽ)ߗ ܾ) = නቌන(ݔ ଶ݊݅ݏ ߙ + ݕ ଶݏܿ ݔ)(ߙ ଶݏܿ ߙ + ݕ ଶ݊݅ݏ (ߙ




ቍݔ݀




 ݕ݀
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then: 

,ܾ)ߗ4 ܿ) + ,ܿ)ߗ4 ܽ) + (ܾ,ܽ)ߗ4 ≥ ܾܽܿ(ܽ + ܾ + ܿ) 

5.51 If ݔ, ,ݕ ݖ ∈ (0,1], 

(ݔ)ߗ = න
݈݊(1 + (ݔܽ

1 + ܽଶ

௫



݀ܽ 

then: 

2൫(ݔ)ߗ + (ݕ)ߗ + ൯(ݖ)ߗ ≥ 3 ݈݊ 2 +  (ݖݕݔ)݈݊

5.52 If ܽ,ܾ, ܿ > 0 then: 

න ቌන ቌන ൬
1

ݔ + ݕ
+

1
ݕ + ݖ

+
1

ݖ + ݔ
൰݀ݔ

ଶ



ቍ݀ݕ
ଶ



ቍ݀ݖ
ଶ



≤ ݈݊ ඥ2ାା 

5.53 Find: 

ߗ = ݈݅݉
→ஶ

ቆ(ߨ + (ܪ
ଵାு
ு − (ܪ)

ଵାగାு
గାு ቇ 

5.54 Find: 

ߗ = (−1)ିଵ
ஶ

ୀଵ

݊)ߞ) + 1) − 1) 

5.55 Prove that: 

නනනන൫ඥݖݕݔయ + ඥݐݖݕయ + యݔݐݖ√ + ඥݕݔݐయ ൯
ଵ



ଵ



ଵ



ଵ



ݐ݀ݖ݀ݕ݀ݔ݀ ≤ 2 
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5.56 

If ܽ,ܾ, ܿ ≥ 1, 

Ω(ܽ, ܾ) = න ቌන ൫(݈݊(ݔ + (ݕ − ݔ)݈݊)(ݔ݈݊ + (ݕ − ݕ൯݀(ݕ݈݊
ଶ



ቍ݀ݔ
ଶ



 

then: 

1
݈݊2

(Ω(ܽ,ܾ) + Ω(ܾ, ܿ) + Ω(ܿ, ܾ)) < ݈݊2మାమାమ 

5.57 If 0 < ܽ, ܾ, ܿ ≤ 1, 

Ω(ܽ, ܾ) = නቌනඥ(ݔଶ + ܽଶ + ܾଶ)(ݕଶ + ܽଶ + ܾଶ)݀ݕ
ଵ



ቍ݀ݔ
ଵ



 

then: 

Ω(ܽ,ܾ) + Ω(ܾ, ܿ) + Ω(ܿ, ܽ) ≥ 6√ܾܽܿ 

5.58 If ܽ,ܾ, ܿ > 0, 

Ω(ܽ,ܾ) = න ቌන
ଶݔ) + ݕݔ + ଶ)ଶݕ

ݔ2) + ݔ)(ݕ + (ݕ2
ݕ݀

ଶ



ቍ݀ݔ
ଶ



 

then: 

Ω(ܽ, ܾ)
ܽଶܾଶ

+
Ω(ܾ, ܿ)
ܾଶܿଶ

+
Ω(ܿ, ܽ)
ܿଶܽଶ

≥
27
4
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5.59 Prove that: 

Ω = නනන൬
ݔ
ݕ

+
ݕ
ݖ

+
ݖ
ݔ

+
ݔ
ݖ

+
ݕ
ݔ

+
ݖ
ݕ
൰

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ݖ݀ݕ݀ݔ݀ <
15
2

 

5.60 If ܽ,ܾ, ܿ ≥ 0 

,ܽ)ߗ ܾ) = න ቌන ݔ)݊݅ݏ| − (ݕ ݔ)ݏܿ + (ݕ − ݔ)	݊݅ݏ + ݕ݀|(ݕ
ଶ



ቍ݀ݔ
ଶ



 

then: 

,ܽ)ߗ ܾ) + ,ܾ)ߗ ܿ) + (ܽ,ܿ)ߗ ≤ √2(ܽଶ + ܾଶ + ܿଶ) 

5.61 If 0 < ܽ ≤ ܾ then : 

නන
ସݔ + ସݕ + ଶݕଶݔ

ଶݔ + ଶݕ + ݕݔ
ݕ݀ݔ݀









≥
(ܾଶ − ܽଶ)ଶ

4
 

5.62 If ܽ ≥ 0 then: 

නනනඥݔଶ + ݕݔ + ݖݕ + ݔݖ












ݖ݀	ݕ݀	ݔ݀ ≥
8ܽସ

9
 

5.63 If 1 ≤ ܽ ≤ ܾ ≤ 2 then: 

√2(ܽ − ܾ)ଶ ≤ නනඨ
ݔ
ݕ

+
ݕ
ݔ









ݕ݀ݔ݀ ≤
√10

2
(ܽ − ܾ)ଶ 
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5.64 If 0 < ܽ < ܾ < 1 then: 

1
(ܾ − ܽ)ଶනන

௬ݔ) + ݔ)(௫ݕ + ௫ା௬(ݕ

௫(ݕ2)௬(ݔ2)









ݕ݀	ݔ݀ > 1 

5.65 If ܽ,ܾ, ܿ ≥ 1 then: 

1
2ܾܽܿ

න ቌන ቌන ቆ
ඥݕݔ + ඥݖݕ + ݔݖ√

ݔ√ − 1 + ඥݕ − 1 + ݖ√ − 1
ቇ

ଶ



ቍݔ݀
ଶ



ቍݕ݀
ଶ



ݖ݀ ≥ 1 

5.66 Prove that: 

ଵߗ = නනන ቀ tan ቁݔ

గ
ସ



గ
ସ



గ
ସ



ଶߗ,ݖ݀ݕ݀ݔ݀ = නනන ቀ tan ݔ tanݕቁ

గ
ସ



గ
ସ



గ
ସ



 ,ݖ݀ݕ݀ݔ݀

ଷߗ = නනන ቀෑ tan ቁݔ

గ
ସ



గ
ସ



గ
ସ



 ݖ݀ݕ݀ݔ݀

Prove that: ߗଵ − ଶߗ2 + ଷߗ4 ≤
గయ

ସ
 

5.67 If ܽ,ܾ, ܿ ≥ 1 then: 

2නනන൬
ݔ

ଶݔ + ݖݕ
൰



ଵ



ଵ



ଵ

ݖ݀ݕ݀ݔ݀ ≤ ݈݊ ቀෑܽ(ିଵ)(ିଵ)ቁ 

5.68 If 0 < ܽ ≤ ܾ then: 

නනඨ
ݔ + ݕ + ඥݕݔ

ݔ√ + ඥݕ + ඥݕݔర









ݕ݀ݔ݀ ≥
64
81

൬ܾ
ଽ
଼ − ܽ

ଽ
଼൰

ଶ
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5.69 If 0 < ܽ ≤ ܾ then : 

නනቆ
݁௫ + ݁௬ − 2

ඥݕݔ
ቇ
ଵ

ݕ݀ݔ݀








≥ 2ଵ(ܾ − ܽ)ଶ 

5.70 For 1 ≤ ܽ ≤ ܾ ≤ 2. Prove: 

2(ܾ − ܽ)ଶ ≤ නනඨ
ଶݔ + ݕݔ
ଶݕ

+
ଶݕ + ݕݔ
ଶݔ









ݕ݀ݔ݀ ≤
3√3

2
(ܾ − ܽ)ଶ 

5.71 If 0 ≤ ܽ, ܾ, ܿ,݀ ≤ 1 then: 

නනනන
൫√ݔ + ඥݕ൯൫√ݖ + ൯ݐ√

1 + ඥݐݖݕݔ

ௗ















ݐ݀ݖ݀ݕ݀ݔ݀ ≤ 2ܾܽܿ݀ 

5.72 Prove that: 

නනන݊݅ݏଵ(ݔସ + ସݕ + (ସݖ
ଵ



ଵ



ଵ



ݖ݀ݕ݀ݔ݀ ≤
3
5

 

5.73 

If 0 < ܽ ≤ ܾ then: 

නනቆ(ݔ + ସ(ݕ −
ହݔ + ହݕ

ݔ + ݕ
ቇ









ݕ݀ݔ݀ ≥
5
3

(ܾଷ − ܽଷ)ଶ 

5.74 If  0 < ܽ ≤ ܾ then: 

නනቌඨ
ݔ + ܽ

ݔ) + ݕ)(ܾ + ܾ) + ඨ
ݔ + ܾ

ݔ) + ݕ)(ܽ + ܽ)ቍ








ݕ݀ݔ݀ ≥
√8ర (ܾ − ܽ)ଶ

ඥܾ(ܽ + ܾ)ర  
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5.75 Prove:  

නනනන
ఱݔ√ + ඥݕఱ + ఱݖ√ + ఱݐ√

16 + ݔ + ݕ + ݖ + ݐ

ଵ



ଵ



ଵ



ଵ



ݐ݀ݖ݀ݕ݀ݔ݀ ≤
1
5

 

5.76 Prove: 

1
16

නනනቆ
ସݔ + ସݕ + ସݖ + 5
ݕݔ + ݖݕ + ݔݖ + 1

ቇ
ଵ



ଵ



ଵ



ݖ݀ݕ݀ݔ݀ ≥ 1 

5.77  For ܽ > 0. Prove: 

1
ܽସ
න න න න

ݔ + ݕ + ݔ + ݐ

ඥݔହ + ହݕ + ହݖ + ହఱݐ

ଶ



ଶ



ଶ



ଶ



ݐ݀ݖ݀ݕ݀ݔ݀ ≤ √256ఱ  

5.78 For ܽ > 0. Prove: 

1
ܽସ
න න න ቆ

ଷݔ

ଶݔ + ݕݔ + ଶݕ
+

ଷݕ

ଶݕ + ݖݕ + ଶݖ
+

ଷݖ

ଶݖ + ݔݖ + ଶݔ
ቇ

ଶ



ଶ



ଶ



ݖ݀ݕ݀ݔ݀ ≥
3
2

 

5.79 Prove that: 

නනන
ݖݕݔ

ଶݔ) + ଶݕ + ݔ)(ଶݖ + ݕ + ݖ݀ݕ݀ݔ݀(ݖ ≤
1
9

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

 

5.80   If ܽ > 0, ݖ ∈ ℝ then: 

1
ܽଷ
නන

ݕ݀ݔ݀ݕݔ
ݔ ଶݏܿ ݖ + ݕ ଶ݊݅ݏ ݖ









≤ 1 
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5.81  If ݂: [0,1] → (0,∞) continuous then: 

නන
ݕ݀ݔ݀

1 + (ݕ)݂(ݔ)݂

ଵ



ଵ



≤
1
2
න

ݔ݀
(ݔ)݂

ଵ



 

5.82  If ܽ, ܾ > 1 then: 

නන
ݔ + ݕ
ଶݔ + ଶݕ



ଵ



ଵ

ݕ݀ݔ݀ ≤ ݈݊ ඨ
ܽ ⋅ ܾ

ܾܽ
 

5.83 Prove that: 

නනනන
ݔ√ + ඥݕ + ݖ√ + ݐ√ + 6

ఱݔ√ + ඥݕఱ + ఱݖ√ + ఱݖ√ ݐ݀ݖ݀ݕ݀ݔ݀ ≥
5
2

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

 

5.84 Prove: 

නනන൬
ݕݔ
ݔ + ݕ

+
ݖݕ
ݕ + ݖ

+
ݔݖ
ݖ + ݔ

൰
ଶ

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ݖ݀ݕ݀ݔ݀ <
21
4

 

5.85 Prove that: 

නනቆ
݁௫ + ݁௬ − 4
ඥݕݔ − 1

ቇ
ହ

ݕ݀ݔ݀ ≥ 32
ଷ

ଶ

ଷ

ଶ

 

5.86 Prove that: 

න ݈݊ ݔ ଶݔ)݈݊ − 1)
ଷ

ଶ

ݔ݀ <
35
8

+ ݈݊
3
2
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5.87 If ܽ,ܾ, ܿ > 0 

(ܽ)ߗ = න න
ݔ) + ଶ(ݕ + 1

ݕݔ + ݔ) + 3√(ݕ

ଶ



ଶ



ݕ݀	ݔ݀ ⇒ (ܽ)ߗ + (ܾ)ߗ + (ܿ)ߗ ≥ ܾܽ + ܾܿ + ܿܽ 

5.88  If ݂: [0, ܽ] → [0,∞),ܽ ≥ 0,݂ – continuous then: 

නනඥ݂ଶ(ݔ) + ݂ଶ(ݕ)




ݔ݀




ݕ݀ + නනඥ2݂(ݔ)݂(ݕ)




ݔ݀




ݕ݀ ≤ 2ܽ√2න݂(ݔ)




 ݔ݀

5.89 If ܽ,ܾ, ܿ ≥ 1 then: 

නනන൬
ݔ

ଶݔ + ݖݕ
+

ݕ
ଶݕ + ݔݖ

+
ݖ

ଶݖ + ݕݔ
൰



ଵ

ݔ݀


ଵ

ݕ݀


ଵ

ݖ݀ ≤ ݈݊ ටෑܽ(ିଵ)(ିଵ) 

5.90 If 0 ≤ ܽ < ܾ ≤ 1, ݊ ∈ ℕ, ݊ ≥ 2 

ଵߗ = නන…




න(1 + ଵଶ)(1ݔ + (ଶଶݔ








… (1 + ଶݔଵ݀ݔ݀(ଶݔ  ݔ݀…

ଶߗ = නන…








න(1 − ଵଶ)(1ݔ − (ଶଶݔ




… (1 − ଶݔଵ݀ݔ݀(ଶݔ …  ݔ݀

then: ඥߗଵ + ଶߗ
మ + ଵ


< 1 + ଶ(ି)


 

5.91 If ܽ > 0 then: 

1
16

නන(ݔ + ݔସ݀(ݕ




ݕ݀




≤ න න න(ݔݐ + (1 − ସ(ݕ(ݐ
ଵ



ݐ݀
ଶ



ݕ݀
ଶ



 ݔ݀
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5.92 If ܽ ∈ (−1,1] then: 

݈݅݉
→ஶ


(−1) ⋅ ݇)ݏܿ ଵିݏܿ ܽ)

݇



ୀଵ

≤  ൫√2݁൯݈݃

5.93 If ܽ > 0 then: 

න න න
√ܽଶ + ଶݔ4 + ඥܽଶ + ଶݕ4

ඥܽଶݖ + ݔ) + ଶ(ݕ

ଶ



ݔ݀
ଶ



ݕ݀
ଶ



ݖ݀ > 2ܽଶ ݈݃ 2 

5.94 If ܽ > 0 then: 

ܽଶ ⋅ ඥ݁ଽమ
ర

< න න ඥ݁(௫ାଷ௬)మభల
ଶ



ݔ݀
ଶ



ݕ݀ < ܽ ⋅ න ݁௫మ
ଶ



 ݔ݀

5.95 If ݂:ℝ → (0,∞), ݂ continuous then: 

නනනቆ
݂ସ(ݔ) + ݂ସ(ݕ) + ݂ସ(ݖ)
݂ଷ(ݔ) + ݂ଷ(ݕ) + ݂ଷ(ݖ)ቇ

ହ



ݔ݀




ݕ݀




ݖ݀ ≥ ܽଶන݂ହ(ݔ)




 ݔ݀

5.96 If ܽ,ܾ, ܿ > 0 then: 

2 ⋅ න න න
ݔ2) + ݕ2)(ݕ + ݖ2)(ݖ + (ݔ

ݔ) + ݕ + ଶ(ݖ

ଶ



ݔ݀
ଶ



ݕ݀
ଶ



ݖ݀ ≤ 3ܾܽܿ(ܽ + ܾ + ܿ) 

5.97 If 0 < ܽ < గ
ସ

 then: 

ܽଶ ݐܿ ൬
3ܽ
2
൰ ≤ න න ݐܿ ൬

ݔ4 + ݕ3
7

൰
ଶ



ݔ݀
ଶ



ݕ݀ ≤ 2)݈݃ ݏܿ ܽ) 
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5.98 If ܽ,ܾ, ܿ > 0 then: 

3න න න ൬
ݔ + ݕ + ݖ

ଶݔ + ଶݕ + ଶݖ
൰

ଶ



ݔ݀
ଶ



ݕ݀
ଶ



ݖ݀ ≤ (ܾܽ + ܾܿ + ܿܽ) ݈݊ 2 

5.99 If ݂: [0,1] → (0,∞), ݂ – continuous, ∫ ଵ(ݔ)݂
 ݔ݀ = 1 then: 

නන݂(ݔ)݂(ݕ)
ଵ



ݔ݀
ଵ



ݕ݀ ≤ න݂ଵ(ݔ)
ଵ



 ݔ݀

5.100 Let be ߗ: ቀ0, గ
ଶ
ቁ → ℝ, 

(ݔ)ߗ = ݈݅݉
ఌ→
ఌவ

න
݊݅ݏ ݐ
ݐ

௫

ఌ

 ݐ݀

Prove that: 

(ܽ + ܾ + ߗ(ܿ ቆ
ܽଶ + ܾଶ + ܿଶ

ܽ + ܾ + ܿ
ቇ ≥ (ܽ)ߗܽ + (ܾ)ߗܾ +  (ܿ)ߗܿ

5.101 If 0 < ܽ ≤ ܾ < గ
ସ

 then: 

නනනቆ
ݔ) + ଶ(ݕ

ݕ) + ݖ)	sin(ݖ + (ݔ
+

ݕ) + ଶ(ݖ

ݖ) + ݔ)	sin(ݔ + (ݕ
+

ݖ) + ଶ(ݔ

ݔ) + +ݕ)	sin(ݕ (ݖ
ቇ݀ݖ݀ݕ݀ݔ













≥ 3(ܾ − ܽ)ଷ 

5.102 If  0 ≤ ܽ, ܾ, ܿ, ݀, ݁, ݂, ,ݔ ,ݕ ݖ ≤ 1 then: 

108නනන
ݖݕݔ3ܾ݂ܽܿ݀݁) − ݖ݀ݕ݀ݔ݀(1

(ܽଶ + ܾଶ + ଶݔ + 3)(ܿଶ + ݀ଶ + ଶݕ + 3)(݁ଶ + ݂ଶ + ଶݖ + 3)

ଵ



ଵ



ଵ



≤ 1 
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5.103 Let 0 < ܽ ≤ ܾ < గ
ସ

. Prove: 

1
ܽ + ܾ

නනݔ)݊݅ݏ)݊݅ݏ)݊݅ݏ + (((ݕ








ݕ݀ݔ݀ ≤ (ܾ − ܽ)ଶ 

5.104 

(ݔ)	݅ݏ = −න ൬
݊݅ݏ ݐ
ݐ
൰

ஶ

௫

,ݐ݀ ݔ > 0 

ଵߗ = නቆ
1
ݔ
൫݅ݏ	(݁ଶݔ) − ൯ቇ(ݔߨ)݅ݏ



ఊ

ଶߗ,ݔ݀ = න ൫(ݔ݁)݅ݏ − ൯(ݔߛ)݅ݏ
మ

గ

 ݔ݀

ܣ ⋅ ଵߗ < ܤ,ଶߗ ⋅ ଵߗ = ܥ,ଶߗ ⋅ ଵߗ >  ଶߗ

5.105 If 1 < ܽ ≤ ܾ then: 

නන ݈݃ ൬
ݔ + ݕ

2
൰
௫ା௬







ݕ݀	ݔ݀ ≥ (ܾ − ܽ)ଶ ݈݃ ൬
ܽ + ܾ

2
൰
ା

 

5.106 ݂: [ܽ,ܾ] → (0,∞)	݂ − continuous, 0 < ܽ ≤ ܾ 

,ݕ,ݔ)ߗ (ݖ = ቆ
݂ଶ(ݔ) + ݂ଶ(ݕ)
(ݔ)݂ + (ݕ)݂ ቇ

ଷ

+ ቆ
݂ଶ(ݕ) + ݂ଶ(ݖ)
(ݕ)݂ + (ݖ)݂ ቇ

ଷ

+ ቆ
݂ଶ(ݖ) + ݂ଶ(ݔ)
(ݖ)݂ + (ݔ)݂ ቇ

ଷ

 

Prove that: 

නනනݔ)ߗ, ,ݕ (ݖ




ݔ݀




ݕ݀




ݖ݀ ≥ 3(ܾ − ܽ)ଶන݂ଷ(ݔ)




 ݔ݀
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5.107 If 0 < ܽ ≤ ܾ then: 

3
2
නනቆ

ଶݔ + ଶݕ

ସݔ + ଶݕଶݔ + ସݕ
ቇ









ݕ݀ݔ݀ ≤ ൬݈݃ ൬
ܾ
ܽ
൰൰

ଶ

 

5.108 Find: 

ߗ = ݈݅݉
ఌ→
ఌவ

ቌනቆ
1)݈݃ + (ݔ
1)ݔ + (ଶݔ ቇ

ଵ

ఌ

 ቍݔ݀

5.109 

If ݊ ∈ ℕ,݊ ≥ 1 then: 

2 + 
(1 + ଵ)(1ܪ + (ଶܪ ⋅ … ⋅ (1 + (ܪ

ଶܪଵܪ ⋅ … ⋅ ାଵܪ



ୀଵ

< ൭1 +
1

݊ + 1


1
ܪ

ାଵ

ୀଵ

൱

ାଵ
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CHAPTER 6 

EQUATIONS.SYSTEMS-SOLUTIONS 

1.1. 

1ସ

ݔ +
2ସ

ݔ + 1 +
3ସ

ݔ + 2 + ⋯+
10ସ

ݔ + 9 = 3025 ⇔ ݔ > 0 ⇒
1ସ

ݔ +
2ସ

ݔ + 1 +
3ସ

ݔ + 2 + ⋯+
10ସ

ݔ + 9
= (55)ଶ 

Desde que: ∑ ݅ଷ
ୀଵ = ቀ(ାଵ)

ଶ
ቁ
ଶ
.  Si: ݊ = 10 ⇔ 1ଷ + 2ଷ + 3ଷ + ⋯+ 10ଷ = (55)ଶ 

1ସ

ݔ +
2ସ

ݔ + 1 +
3ସ

ݔ + 2 + ⋯+
10ସ

ݔ + 9 = 1ଷ + 2ଷ + 3ଷ + ⋯+ 10ଷ 

൬
1
ݔ − 1൰ + ൬

16
ݔ + 1 − 8൰ + ൬

81
ݔ + 2 − 27൰+ ⋯+ ൬

10000
ݔ + 9 − 1000൰ = 0 

൬
1− ݔ
ݔ ൰+

8(1− (ݔ
ݔ + 1 +

27(1− (ݔ
ݔ) + 2) +

1000(1− (ݔ
ݔ) + 9) = 0 

(1 − ቀଵ(ݔ
௫

+ ଼
௫ାଵ

+ ଶ
௫ାଶ

+ ⋯+ ଵ
௫ାଽ

ቁ = 0 ⇔ ቀଵ
௫

+ ଼
௫ାଵ

+ ଶ
௫ାଶ

+ ⋯+ ଵ
௫ାଽ

ቁ > 0, ya que: ݔ > 0 

Por la tanto: ݔ = 1 

1.2. 

(ݕ,ݔ) = (0,0) is the trivial solution 

ଶݔ) + ݕݔ6 + (ଶݕ5 = ݔ) + ݔ)(ݕ + ଶݔ) and (ݕ5 + (ݕݔ2 = ݔ) + ଶ(ݕ −  ଶݕ

Equation becomes: (ݔ + ݔ)(ݕ + (ݕ5 = ݕ6 ⋅ ඥ(ݔ + ଶ(ݕ − ݔ) :ଶ, Squarringݕ + ݔ)ଶ(ݕ + ଶ(ݕ5 =
ݔ))ଶݕ36 + ଶ(ݕ −  (ଶݕ

ସݕ36 = ݔ) + ଶݕଶ{36(ݕ − ݔ) + ଶ},  ቄ௬(ݕ5
మ

௫ା௬
ቅ
ଶ

= ݕ) − ݕ11)(ݔ +  (1)  (ݔ

Let ௬
మ

௫ା௬
= ݇  (2) where ݇ is integer ≠ 0 since RHS is integer ⇒ ௬మ


− ݕ =  (3)  ݔ

(1) because: ݇ଶ = ݕ) − ݕ11)(ݔ + (ݔ ⇒ ݇ଶ ቀ2ݕ − ௬మ


ቁ ቀ௬

మ


+  ቁݕ10
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⇒ ݇ଶ = ൜2ݕ ൬1−
ݕ3
݇ ൰

ൠ ൜2ݕ ൬
ݕ3
݇ + 5൰ൠ ⇒ ൬

݇
൰ݕ

ଶ

= 4 ൬1−
ݕ3
݇ ൰൬

ݕ3
݇ + 5൰ 

Let ௬


= ܶ ⇒ ଵ
்మ

= 4(1− 3ܶ)(3ܶ + 5) ⇒ 36ܶସ + 48ܶଷ − 20ܶଶ + 1 = 0 

where roots are complex or irrational numbers ⇒ ܶ = ቀ௬

ቁ is complex or irrational. 

But from (3): 6ݕ ⋅ ቀ௬

ቁ = ݔ +  .meaning that LHS is not interger ⇒ no integer solutions ݕ

1.3. 

ቀ݊ + 1
݇ + 1ቁ =

(݊ + 1)!
(݇ + 1)! (݊ − ݇)! =

݊ + 1
݇ + 1 ⋅

݊!
݇! (݊ − ݇)! =

݊ + 1
݇ + 1 ቀ

݊
݇ቁ ⇒ ቀ݊݇ቁቀ

݊ + 1
݇ + 1ቁ = 

= (݊ + 1) ⋅
1

݇ + 1 	ቀ
݊
݇ቁ ቀ

݊
݇ቁ ⇒ܽ ቀ

݊
݇ቁ



ୀ

ቀ݊ + 1
݇ + 1ቁ = (݊ + 1)

ܽ
݇ + 1



ୀ

ቀ݊݇ቁ
ଶ
 

We know ቀ2݊
݊ ቁ = ∑ ቀ݊݇ቁ

ଶ

ୀ  

∴ ܽ



ୀ

ቀ݊݇ቁ ቀ
݊ + 1
݇ + 1ቁ = (݊ + 1) ቀ2݊

݊ ቁ ⇒
(݊ + 1)

ܽ
݇ + 1



ୀ

ቀ݊݇ቁ
ଶ

= (݊ + 1)ቀ݊݇ቁ
ଶ



ୀ

 

Thus a possible sequence is ܽ = ݇ + 1,∀݇ ∈ ℕ. 

1.4.                    

1 −
݇

√݇! ൫√݇ + 1൯൫√݇ + 1 + 1൯



ୀଵ

≤
1

12√5
 

⇒ 1 −
݇൫√݇ + 1 − 1൯

ඥ(݇ + 1)!	൫√݇ + 1 + 1൯൫√݇ + 1 − 1൯



ୀଵ

≤
1

12√5
 

⇒ 1 −
݇൫√݇ + 1 − 1൯

ඥ(݇ + 1)! (݇)



ୀଵ

≤
1

12√5
⇒ 1 −ቆ

√݇ + 1
ඥ(݇ + 1)݇!

−
1

ඥ(݇ + 1)!
ቇ



ୀଵ

≤
1

12√5
 

⇒ 1 −
1
√݇!



ୀଵ

+ 
1

ඥ(݇ + 1)!



ୀଵ

≤
1

12√5
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⇒ 1−
1
√1!

+
1
√2!

−
1
√2!

+
1
√3!

−⋯+
1

ඥ(݇ + 1)!	
≤

1
12√5

 

⇒
1

ඥ(݇ + 1)!
≤

1
12√5

→ ඥ(݇ + 1)! ≥ 12√5 → (݇ + 1)! ≥ 720 → (݇ + 1)! ≥ 6! → ݇ ≥ 5 

1.5      

ݔ + 1
5 +

ݔ + 2
8 +

ݔ + 3
11 + ⋯+

ݔ + ݊
3݊ + 2 =

2
ݔ + 4 +

3
ݔ + 7 +

4
ݔ + 10 + ⋯+

݊ + 1
ݔ + 1 + 3݊ 

⇒ ൬
ݔ + 1

5 −
2

ݔ + 4൰ + ൬
ݔ + 2

8 −
3

ݔ + 7൰+ ൬
ݔ + 3

11 −
4

ݔ + 10൰+ ⋯+ ൬
ݔ + ݊

3݊ + 2 −
݊ + 1

ݔ + 1 + 3݊൰

= 0 

⇒
ଶݔ + ݔ5 − 6

ݔ)5 + 4) +
ଶݔ + ݔ9 − 10

ݔ)8 + 7) +
ଶݔ + ݔ13 − 14

ݔ)11 + 10) + ⋯

+
ݔ) + ݔ)(݊ + 1 + 3݊)− (݊ + 1)(3݊ + 2)

(3݊ + ݔ)(2 + 1 + 3݊) = 0 

⇒
ݔ) − ݔ)(1 + 6)

ݔ)5 + 4) +
ݔ) − ݔ)(1 + 10)

ݔ)8 + 7) +
ݔ) − ݔ)(1 + 14)

ݔ)11 + 10) + ⋯

+
ଶݔ + ݔ + ݔ4݊ + ݊ + 3݊ଶ − 3݊ଶ − 5݊ − 2

(3݊ + ݔ)(2 + 1 + 3݊) = 0 

⇒
ݔ) − ݔ)(1 + 6)

ݔ)5 + 4) +
ݔ) − ݔ)(1 + 10)

ݔ)8 + 7) +
ݔ) − ݔ)(1 + 14)

ݔ)11 + 10) + ⋯+
ଶݔ + 4݊)ݔ + 1) − 4݊ − 2

(3݊ + ݔ)(2 + 1 + 3݊)
= 0 

⇒
ݔ) − ݔ)(1 + 6)

ݔ)5 + 4) +
ݔ) − ݔ)(1 + 10)

ݔ)8 + 7) +
ݔ) − ݔ)(1 + 14)

ݔ)11 + 10) + ⋯+
ݔ) − ݔ)(1 + 4݊ + 2)

(3݊ + ݔ)(2 + 1 + 3݊) = 0 

⇒ ݔ) − 1) ൬
ݔ + 6

ݔ)5 + 4) +
ݔ + 10

ݔ)8 + 7) +
ݔ + 14

ݔ)11 + 10) + ⋯+
ݔ + 4݊ + 2

(3݊ + ݔ)(2 + 1 + 3݊)൰ = 0 

⇒ Por la tanto: ݔ = 1, ya que: 

൬
ݔ + 6

ݔ)5 + 4) +
ݔ + 10

ݔ)8 + 7) +
ݔ + 14

ݔ)11 + 10) + ⋯+
ݔ + 4݊ + 2

(3݊ + ݔ)(3 + 1 + 3݊)൰ > 0 ⇔ 	ݔ ∧ ݊ > 0 
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1.6.            

ቀ݇2ቁ = ଵ
ଶ
݇(݇ − 1) = ݉   (say)			∴ ቆቀ

݇
2ቁ
2
ቇ = ቀ݉2 ቁ = ଵ

ଶ
݉(݉ − 1) 

=
1
8 ݇

(݇ − 1)[݇ଶ − ݇ − 2] =
1
8 ݇

(݇ − 1)(݇ + 1)(݇ − 2) = 

=
3

24
(݇ + 1)݇(݇ − 1)(݇ − 2) = 3 ቀ݇ + 1

4 ቁ 

ቆቀ
݇
2ቁ
2
ቇ

௫

ୀଷ

= 3ቀ݇ + 1
4 ቁ

௫

ୀଷ

= 3 ቂቀ4
4ቁ + ቀ5

4ቁ + ⋯+ ቀݔ + 1
4 ቁቃ = 

= 3 ቂቀ5
5ቁ + ቀ5

4ቁ + ⋯+ ቀݔ + 1
4 ቁቃ = 3 ቂቀ6

5ቁ + ቀ6
4ቁ + ⋯+ ቀݔ + 1

4 ቁቃ = 

= 3 ቂቀ7
5ቁ + ቀ7

4ቁ + ⋯+ ቀݔ + 1
4 ቁቃ = ⋯ = 3 ቀݔ + 2

5 ቁ 

Thus, 3 ቀݔ + 2
5 ቁ ≤ 168 ⇒ ቀݔ + 2

5 ቁ ≤ 56	.		As ቀ݊ݎቁ = 0 for ݊ < ݔ  ,ݎ = 1,2,3,4,5,6 

1.7 

For ݎ ≥ 1, write  ݎଶ ≡ ݎ) + ݎ)(3 + 2) + ܴ)ܣ + 2) +  ܤ

Put ݎ = −2, 4 =  ܤ

Put ݎ = −3, 9 = ܣ− + ܤ ⇒ ܣ = −5 

∴ ଶݎ ≡ ݎ) + ݎ)(3 + 2)− ݎ)5 + 2) + 4 ⇒ ݎ)ଶݎ + 1)! = ݎ) + 3)! − ݎ)5 + 2)! + ݎ)4 + 1)! 

= ൫(ݎ + 3)! − ݎ) + 2)!൯ − 4൫(ݎ + 2)! − ݎ) + 1)!൯ 

⇒ݎଶ(ݎ + 1)!


ୀଵ

= ൫(݊ + 3)! − 3!൯ − 4൫(݊ + 2)! − 2!൯ = (݊ + 3)! − 4(݊ + 2)! + 2 

∴ ݇ଶ(݇ + 1)! − 2


ୀଵ

= (݊ + 2)! (݊ + 3 − 4) = (݊ + 2)! (݊ − 1) 

∴
∑ (݇ଶ)
ୀଵ (݇ + 1)! − 2

(݊ + 1)! = 108 
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⇒ (݊ + 2)(݊ − 1) = 108 ⇒ ݊ଶ + ݊ − 110 = 0 ⇒ (݊ + 11)(݊ − 10) = 0 

As ݊ ∈ ℕ, ݊ = 10 

1.8 

(݇ଷ − 1)݇!


ୀଵ

= (݊ଶ − 2)(݊ + 1)! + 2	,
(݊ଶ − 2)(݊ + 1)! + 2 − 2

(݊ଶ − 2) = 40320 

(݊ଶ − 2)(݊ + 1)!
(݊ଶ − 2) = 40320, (݊ + 1)! = 40320, ݊ = 7 

1.9 

→∵ we know that 

−ඥܽଶ + ܾଶ ≤ ܽ ݏܿ ݔ + ܾ ݊݅ݏ ݔ ≤ ඥܽଶ + ܾଶ ⇒ −ඥ3ଶ + 4ଶ ≤ 3 ݊݅ݏ ݔ − 4 ݏܿ ݔ ≤ ඥ3ଶ + 4ଶ 

⇒ −5 ≤ 3 ݊݅ݏ ݔ − 4 ݏܿ ݔ ≤ 5 ⇒ 0 ≤ |3 ݊݅ݏ ݔ − 4 ݏܿ |ݔ ≤ 5 

∵ |3 ݊݅ݏ ݔ − 4 ݏܿ |ݔ = ଶݕ − ݕ6 + 14 

|3 ݊݅ݏ ݔ − 4 ݏܿ |ݔ = ݕ) − 3)ଶ + 5 ⇒ ܵܪܮ ≤ ܵܪܴ,5 ≥ 5 ⇒ ܵܪܮ = ܵܪܴ = 5 ⇒ 

⇒ ݕ) − 3)ଶ = 0 ⇒ ݕ = 3 

|3 ݊݅ݏ ݔ − 4 ݏܿ |ݔ = 5 ⇒ 3 ݊݅ݏ ݔ − 4 ݏܿ ݔ = ±5 ⇒
3
5 ݊݅ݏ ݔ −

4
5 ݏܿ ݔ = ±1 

3
5 ݊݅ݏ ݔ −

4
5 ݏܿ ݔ = ±1 

ݔ)݊݅ݏ − (ߙ = ݊݅ݏ ቀ±
ߨ
2ቁ , ߙ݊ܽݐ =

4
3 ⇒ ݔ − ߙ = ߨ݊ + (−1) ቀ±

ߨ
2ቁ 

ݔ = ߨ݊ ± (−1) ቀ
ߨ
2ቁ + ଵି݊ܽݐ ൬

4
3൰ ,݊ ∈  ܫ

Now, 2௬ + 2௭ + ଵି݊ܽݐ ݖ = 9 ∴ ݕ = 3 ⇒ 8 + 2௭ + ଵି݊ܽݐ ݖ = 9 ⇒ 2௭ = ଵି݊ܽݐ ݖ = 1 

Let ܾ(ݖ) = 2௭ + ଵି݊ܽݐ ݖ − 1;ܾᇱ(ݖ) = 2௭ ݈݊ 2 + ଵ
ଵା௭మ

> 0 ⇒ ܾᇱ(ݖ) > 0 ⇒  is increasing (ݖ)ܾ
function. So, ܾ(ݖ) can have atmost one root ∵ ܾ(0) = 0 ⇒ ݖ = 0 is the only possible solution. 
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൞
ݔ = ߨ݊ ± (−1) ቀ

ߨ
2ቁ + ଵି݊ܽݐ ൬

4
3൰ , ݊ ∈ ܫ

ݕ = 3
ݖ = 0

 

1.10 

ቀ݇ − 1
2 ቁ =

1
2

(݇ − 1)(݇ − 2) =
1
2

[݇(݇ − 1)− 2݇ + 2] =
1
2 ݇

(݇ − 1) − ݇ + 1 

∴ ቀ݊݇ቁ


ୀଷ

ቀ݇ − 1
2 ቁ 

= ቀ݊݇ቁ


ୀଷ


1
2 ݇

(݇ − 1)− ݇ + 1൨ =
1
2݇(݇ − 1)



ୀଷ

ቀ݊݇ቁ −݇ ቀ݊݇ቁ


ୀଷ

+ ቀ݊݇ቁ


ୀଷ

 

=
1
2݊

(݊ − 1)ቀ݊ − 2
݇ − 2ቁ



ୀଷ

− ݊ቀ݊ − 1
݇ − 1ቁ



ୀଷ

+ ቀ݊݇ቁ


ୀଷ

 

=
1
2݊

(݊ − 1)[2ିଶ − 1] − ݊൫2ିଵ − 1(݊ − 1)൯ + 2 − 1 − ݊ −
1
2݊

(݊ − 1)൨ 

= ݊(݊ − 1)2ିଷ −
1
2݊

(݊ − 1) − ݊൫2షభ൯ + ݊ + ݊(݊ − 1) + 2 − 1 − ݊ −
1
2݊

(݊ − 1) 

= ݊(݊ − 1)2ିଷ − (݊ − 2)2ିଵ − 1 

∴ ݊(݊ − 1)2ିଷ − (݊ − 2)2ିଵ − 1 = 21(2ିଵ − 1) 

⇒ ݊(݊ − 1)2ିଷ − (݊ − 2)2ିଵ − 21(2ିଶ) + 20 = 0 

⇒ ݊(݊ − 1) − 4(݊ − 2)− 42 + 20(2ଷି) = 0 

⇒ ݊ଶ − 5݊ − 34 + 5(2ି) = 0 ⇒ 5(2ି) = 34 + 5݊ − ݊ଶ 

As RHS is an integer, and ݊ ≥ 3, 3 ≤ ݊ ≤ 7.  

But ݊ = 3,4,5,6,7 do not satisfy it . So, no solution. 

1.11  

* We have: ൜ݔ
ଷ − ଶݔ2 + ݔ2 ≥ 0

ݔ4 − ସݔ3 ≥ 0
⇔ ൜ݔ)ݔଶ − ݔ2 + 2) ≥ 0

ଷݔ3)ݔ − 4) ≤ 0
⇔ 
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⇔ ൞

ݔ))ݔ − 1)ଶ + 1) ≥ 0

0 ≤ ݔ ≤ ඨ4
3

య ⇔ 0 ≤ ݔ ≤ ඨ4
3

య
 

* Because: ݔଶ − ݔ + 1 = ቀݔଶ − ݔ + ଵ
ସ
ቁ + ଷ

ସ
= ቀݔ − ଵ

ଶ
ቁ
ଶ

+ ଷ
ସ
≥ ଷ

ସ
> 0 

- Therefore, since inequality AM – GM for 2,3,4 real numbers: 

ඥݔଷ − ଶݔ2 + ݔ2 + 3 ⋅ ඥݔଶ − ݔ + 1య + 2 ⋅ ඥ4ݔ − ସరݔ3  

= ඥݔ)ݔଶ − ݔ2 + 2) + 3 ⋅ ඥ(ݔଶ − ݔ + 1) ⋅ 1 ⋅ 1య + 2 ⋅ ඥ4)ݔ − (ଷݔ3 ⋅ 1 ⋅ 1ర ≤ 

≤
ݔ + ଶݔ − ݔ2 + 2

2 + ଶݔ) − ݔ + 1) + 1 + 1 +
ݔ)2 + (4 − (ଷݔ3 + 1 + 1)

4  

⇒ ඥݔଷ − ଶݔ2 + ݔ2 + 3 ⋅ ඥݔଶ − ݔ + 1య + 2 ⋅ ඥ4ݔ − ସరݔ3 ≤ 

≤
ଶݔ − ݔ + 2

2 + ଶݔ − ݔ + 3 +
ଷݔ3− + ݔ + 6

2  

⇔ ଷݔ√ − ଶݔ2 + ݔ2 + 3 ⋅ ଶݔ√ − ݔ + 1య + 2 ⋅ ݔ4√ − ସరݔ3 ≤ ିଷ௫యାଷ௫మିଶ௫ାଵସ
ଶ

  (2) 

- Since (1), (2): 
⇒ ௫రିଷ௫య

ଶ
+ 7 ≤ ିଷ௫యାଷ௫మିଶ௫ାଵସ

ଶ
⇔ ௫రିଷ௫యାଵସ

ଶ
≤ ିଷ௫యାଷ௫మିଶ௫ାଵସ

ଶ
  

⇔ ସݔ − ଷݔ3 + 14 ≤ ଷݔ3− + ଶݔ3 − ݔ2 + 14 ⇔ ସݔ − ଶݔ3 + ݔ2 ≤ 0
⇔ ଷݔ)ݔ − ݔ3 + 2) ≤ 0 

⇔ ݔ)ଶݔ൫ݔ − 1) + ݔ)ݔ − 1)− ݔ)2 − 1)൯ ≤ 0 ⇔ ݔ)ݔ − ଶݔ)(1 + ݔ − 2) ≤ 0 ⇔ 
⇔ ݔ)ݔ + ݔ)(2 − 1)ଶ ≤ 0   (3) 

- Other, ݔ ≥ 0, ݔ)ݔ + 2) ≥ 0. That (ݔ − 1)ଶ ≥ ݔ∀;0 ∈ ܴ therefore 
ݔ)ݔ + ݔ)(2 − 1)ଶ ≥ 0   (4) 

* Since (3), (4):⇒ ݔ)ݔ + ݔ)(2 − 1)ଶ = 0 ⇔ ൞

ݔ = ଶݔ − ݔ2 + 2
ଶݔ − ݔ + 1 = 1
ݔ = 4 − ଷݔ3 = 1

ݔ)ݔ + ݔ)(2 − 1)ଶ = 0

⇔ 

⇔

⎩
⎨

⎧
ݔ) − ݔ)(1 − 2) = 0

ݔ)ݔ − 1) = 0
ଷݔ3 + ݔ − 4 = 0; ݔ = 1
ݔ)ݔ + ݔ)(2 − 1)ଶ = 0

⇔ ݔ = 1 
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1.12 

If [ݔ] = greatest integer then,[ݔ] = −1,0,1 

[ݔ] .1 = −1,−1 ≤ ݔ < 0,	the equation becomes, 

ቀ− గ
ଶ
ቁ ߨ = గ

ଶ
ݔ − ଶݔ ⇒ ଶݔ − గ

ଶ
ݔ − గమ

ଶ
= 0 ⇒ ݔ =

ഏ
మ±ටഏ

మ
ర ାଶగ

మ

ଶ
= గ±ଷగ

ସ
= −,ߨ గ

ଶ
	.	Not possible 

2. For [ݔ] = 0, 0 ≤ ݔ < 1	The equation becomes 0 = గ
ଶ
ݔ − ଶݔ ⇒ ݔ = 0 or ݔ = గ

ଶ
 

3. For [ݔ] = 1, 1 ≤ ݔ < 2	The equation becomes 

0 = గ
ଶ
ݔ − ଶݔ ⇒ ݔ = 0 or ݔ = గ

ଶ
  ∴ in this case solution is ቄ0, గ

ଶ
ቅ 

1.13 

ଶ(1ݔ + (ଶݕ + ଶݕ

(1 + ଶ)(1ݔ + (ଶݕ +
ଶݖ

(1 + ଶ)(1ݔ + ଶ)(1ݕ + (ଶݖ +
1

ݖݕݔ8 = 1 

⇔
ଶݕଶݔ) + ଶݔ + ଶݖ)(ଶݕ + 1) + ଶݖ

(1 + ଶ)(1ݔ + ଶ)(1ݕ + (ଶݖ +
1

ݖݕݔ8 = 1 ⇔
ଶݔ) + ଶݕ)(1 + ଶݖ)(1 + 1)
ଶݔ) + ଶݕ)(1 + ଶݖ)(1 + 1) = 1 −

1
 ݖݕݔ8

⇔
1

ଶݔ) + ଶݕ)(1 + ଶݖ)(1 + 1) =
1

ݖݕݔ8 ⇔
ଶݔ) + ଶݕ)(1 + ଶݖ)(1 + 1) =  ݖݕݔ8

By AM-GM (ݔଶ + ଶݕ)(1 + ଶݖ)(1 + 1) ≥ ݔ2 ⋅ ݕ2 ⋅ ݖ2 =  ݖݕݔ8

⇒ Equality occurs if ⇔ ݔ = ݕ = ݖ = 1 

1.14 

ଶݔ5 + ଶݕ5 + ଶݖ5 + ଶݐ5 − ݕݔ5 − ݖݕ5 − ݐݖ5 − ݐ5 + 2 = 0 

or, 5 ቀݔ − ௬
ଶ
ቁ
ଶ

+ ଵହ௬మ

ସ
+ ଶݖ5 + ଶݐ5 − ݖݕ5 − ݐݖ5 − ݐ5 + 2 = 0 

or, 5 ቀݔ − ௬
ଶ
ቁ
ଶ

+ 5 ቀ√ଷ௬
ଶ
− ௭

√ଷ
ቁ
ଶ

+ ଵ௭మ

ଷ
− ݐݖ5 + ଶݐ5 − ݐ5 + 2 = 0 

or, 5 ቀݔ − ௬
ଶ
ቁ
ଶ

+ 5 ቀ√ଷ௬
ଶ
− ௭

√ଷ
ቁ
ଶ

+ 5 ቀ√ଶ௭
√ଷ

− √ଷ௧
ଶ√ଶ

ቁ
ଶ

+ ଶହ௧మ

଼
− ݐ5 + 2 = 0 

or, 5 ቀݔ − ௬
ଶ
ቁ
ଶ

+ 5 ቀ√ଷ௬
ଶ
− ௭

√ଷ
ቁ
ଶ

+ 5 ቀ√ଶ௭
√ଷ

− √ଷ௧
ଶ√ଶ

ቁ
ଶ

+ ቀ ହ௧
ଶ√ଶ

− √2ቁ
ଶ

= 0 
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,ݔ,ݐ ,ݕ ݖ ∈ ℝ ⇒ ݔ =
ݕ
2 ;
ݕ3√

2 =
ݖ
√3

 

ݖ2√
√3

=
ݐ3√
2√2

;
ݐ5

2√2
= √2 ⇒ ݐ =

4
5 , ݖ =

3
5 ; ݕ =

2
5 ݔ; =

1
5 

1.15 

Squaring and adding: ݊݅ݏଶ[ݔ] + ݔ)ଶݏܿ − ([ݔ] + ݔ)ݏܿ[ݔ]݊݅ݏ2 − ([ݔ] + 

ݔ)ଶ݊݅ݏ+ − ([ݔ] + [ݔ]ଶݏܿ + ݔ)݊݅ݏ[ݔ]ݏ2ܿ − ([ݔ] =
3
4 +

9
4 

2 + [ݔ])݊݅ݏ2 + ݔ − ([ݔ] = ݔ݊݅ݏ  ,3 = ଵ
ଶ
→ ݔ = గ


 

1.16 

We know, for ݔ > ଵି݊ܽݐ ,0 ݔ < ݔ ⇒ ଵ(ܽି௫)ି݊ܽݐ < ܽି௫; (ܽ > 1) 

⇒ ଵ(ܽ௫)ିݐܿ < ܽି௫ ∴
1

ଵ(ܽ௫)ିݐܿ > ܽ௫ ݔ∀	 > 0, ܽ > 1 

Thus, ଵ
௧షభ(గೣ)

+ ଵ
௧షభ(ೣ)

> ௫ߨ + ݁௫ > ௫ߨ + ݁௫ + ௫ିߨ + ݁ି௫  

Hence, given equation has no solution 

1.17 

Given equation can be written as 

൫݊݅ݏ ൯ݔ√
ଷ

+ ൫√ݔ൯
ଷ

+ ൫√ݔ൯
ଷ

= 3 ⋅ ݔ√ ⋅ ݔ√ ⋅  ݔ√݊݅ݏ

which is of the form ܽଷ + ܾଷ + ܿଷ = 3ܾܽܿ ⇒ either ܽ = ܾ = ܿ or ܽ + ܾ + ܿ = 0 

⇒ either ݊݅ݏ ݔ√ = ݊݅ݏ or ݔ√ ݔ√ = ݔ which has only one solution	ݔ√2− = 0. 

1.18 

27ඨ൬ݔଶ +
1
ଶ൰ݕ ൬ݕ

ଶ +
1
ଶ൰ݖ ൬ݖ

ଶ +
1
ଶ൰ݔ =

(ଵ)
ݔ)8 + ݕ +  ଷ(ݖ

ݔ + ݕ + ݖ =
(ଶ) ଵ

௫௬௭
	,		LHS of (1) = ଶ

௫௬௭
ඥ(ݔଶݕଶ + ଶݖଶݕ)(1 + ଶݔଶݖ)(1 + 1) 
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=
() 27

ݖݕݔ
ඥ{ݔଶݕଶ + ݔ)ݖݕݔ + ݕ + ଶݖଶݕ}{(ݖ + ݔ)ݖݕݔ + ݕ + ଶݔଶݖ}{(ݖ + ݔ)ݖݕݔ + ݕ +  {(ݖ

൫∵ 1 = ݔ)ݖݕݔ + ݕ +  ൯(ݖ

Now, ݔଶݕଶ + ݔ)ݖݕݔ + ݕ + (ݖ = ݕݔ)ݕݔ + ݔݖ + ݖݕ + (ଶݖ =
()

ݕ)ݕݔ + ݖ)(ݖ +  (ݔ

Similarly, ݕଶݖଶ + ݔ)ݖݕݔ + ݕ + (ݖ =
()

ݔ)ݖݕ + ݖ)(ݕ +  &	(ݔ

ଶݔଶݖ + ݔ)ݖݕݔ + ݕ + (ݖ =
(ௗ)

ݔ)ݔݖ + ݕ)(ݕ +  (ݖ

(a), (b), (c), (d) ⇒ ܵܪܮ =
()

ݔ)27 + ݕ)(ݕ + ݖ)(ݖ +  (ݔ

Now, ∑ݔ = ଵ
ଶ

ݔ)} + (ݕ + ݕ) + (ݖ + ݖ) + {(ݔ =ିீ ଷ
ଶ
ඥ(ݔ + ݕ)(ݕ + ݖ)(ݖ + య(ݔ  

⇒ ቀ2ݔቁ
ଷ
≥ ݔ)27 + ݕ)(ݕ + ݖ)(ݖ + (ݔ ⇒ 8 ቀݔቁ

ଷ
≥

()
ݔ)27 + ݕ)(ݕ + ݖ)(ݖ +  (ݔ

(i), (ii) ⇒ RHS of (1) ≥ ݔ of (1), with equality occuring when ܵܪܮ = ݕ =  .ݖ

But LHS of (1) = RHS of (1)   ∴ ݔ = ݕ = ݔusing (2), 3 ∴  ݖ = ଵ
௫య
⇒ ସݔ = ଵ

ଷ
⇒ ݔ = ଵ

ඥ√ଷ
 

∴ only possible solution is:  (ݕ,ݔ, (ݖ = ൬ ଵ
ඥ√ଷ

, ଵ
ඥ√ଷ

, ଵ
ඥ√ଷ

൰  (answer) 

1.19 

We know that |݇|ଶ = ݇ଶ for any real ݇ 

Equation becomes: (ݔଶ + ݔ4 − 9)ቀ
భ
భబቁ + ݔ2) − 10) ⋅ ඥ(ݔଶ + 1) = ݔ)} + 1)ଶ}ቀ

భ
భబቁ 

ଶݔ) + ݔ4 − 9)ቀ
భ
భబቁ − ݔ)} + 1)ଶ}ቀ

భ
భబቁ = ݔ2)− − 10) ⋅ ඥ(ݔଶ + 1)    (1) 

Also we must have that (ݔଶ + ݔ4 − 9) ≥ 0; we also have (ݔ + 1)ଶ ≥ 0 

Let (ݔଶ + ݔ4 − 9) = ݉ଵ (2) and (ݔ + 1)ଶ = ݊ହ   (3)  where ݉, ݊ ≥ 0 

Then (2ݔ − 10) = ସݔ) + ݔ4 − 9)− ݔ) + 1)ଶ ⇒ ݔ2) − 10) = (݉ଵ − ݊ହ)   (4) 

Equation (1) becomes: ൫݉ − √݊൯ = −(݉ଵ − ݊ହ) ⋅ ඥ(ݔଶ + 1) 
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൫݉ − √݊൯ = −൫݉ − √݊൯൫݉ + √݊൯(଼݉ + ݊݉ + ݊ଶ݉ସ + ݉ଶ݊ଷ + ݊ସ) ⋅ ඥ(ݔଶ + 1) 

1) ݉ = √݊ is one solution ⇒ from (4): (2ݔ − 10) = 0 ⇒ ݔ = 5 

Otherwise 1 = −൫݉ + √݊൯(଼݉ + ݊݉ + ݊ଶ݉ସ + ݉ଶ݊ଷ + ݊ସ) ⋅ ඥ(ݔଶ + 1) 

⇒ IMPOSSIBLE since ݉ ≥ 0,݊ ≥ 0,ඥ(ݔଶ + 1) > 0 meaning that RHS is ≤ 0 

1.20 

ଶݔ| − 1|[௫] + ଶݔ| − 2|[௫] + ଶݔ| − 3|[௫] = ݊ܽݐ ቀగ
ସ

+ቁ[ݔ] ݐܿ ቀగ
ସ

 ቁ    (1)[ݔ]

Note that ܵܪܮ > 0, and RHS is not defined if [ݔ] = 4݉, 4݉ + 2 and RHS is negative for 
[ݔ] = 4݉ + 3, where ݉ ∈ ℤ. Also, RHS is equal to = 2 if [ݔ] = 4݉ + 1,݉ ∈ ℤ 

For ݉ = 0, [ݔ] = 1 and (1) becomes, |ݔଶ − 1| + ଶݔ| − 2| + ଶݔ| − 3| = 2   (2) 

Let ݔଶ − 2 = (ݐ)݂  becomes (2) ݐ = ݐ| + 1| + |ݐ| + ݐ| − 1| = 2 ⇒ ݐ = 0 

 ∴ ݔ = √2							[∵ ݉ = 0] 

1.21 

൝
3ଷ௫ + 2 = 3௬ାଵ
3ଷ௬ + 2 = 3௭ାଵ
3ଷ௭ + 2 = 3௫ାଵ

	Substitutions 3௫ = ܽ; 3௬ = ܾ, 3௭ = ܿ: ൝
ܽଷ + 2 = 3ܾ
ܾଷ + 2 = 3ܿ
ܿଷ + 2 = 3ܽ

 

ܽଷ + 1 + 1 ≥⏞
ெିீெ

3√ܽଷయ = 3ܽ ,  ܾଷ + 1 + 1 ≥⏞
ெିீெ

3√ܾଷయ = 3ܾ 

ܿଷ + 1 + 1 ≥⏞
ெିீெ

3√ܿଷయ = 3ܽ.  Equality holds for ܽ = 1;ܾ = 1; ܿ = 1 

3௫ = 1 ⇒ ݔ = 0, 3௫ = 1 ⇒ ݕ = 0, 3௭ = 1 ⇒ ݖ = 0 

1.22  

Let (ݔ + ݊݅ݏ ݔ − ݏܿ (ݔ = ܽ; ݔ) + ݏܿ ݔ − ݊݅ݏ (ݔ = ܾ; ݊݅ݏ) ݔ + ݏܿ ݔ − (ݔ = ܿ 

Hence, given equation reduces to (ܽ + ܾ + ܿ)ଷ = ܽଷ + ܾଷ + ܿଷ ⇒ 

⇒ (ܽ + ܾ + ܿ)ଷ − ܽଷ − ܾଷ − ܿଷ = 0 ⇒ 3(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) = 0 

Putting the values of ܽ,ܾ, ܿ: 2)(ݔ2)3 ݏܿ 2)(ݔ ݊݅ݏ (ݔ = 0 
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ݔ = 0
ݔݏܿ = 0 ቮ

ݏܿ ݔ = 0
ݔ = (2݊ + 1)

ߨ
2

݊ ∈ ܫ
ቮ
݊݅ݏ ݔ = 0
ݔ = ߨ݉
݉ ∈ ܫ

 

Real solutions are ݔ = 0, ݔ = (2݊ + 1) గ
ଶ

ݔ; =  ߨ݉

1.23 

Let be ݂: [0,∞) → ℝ,݂(ݔ) = ଵ
ଵାೣ

,݂ᇱᇱ(ݔ) = ೣ(ೣିଵ)
(ଵାೣ)య

≥ 0,݂ −  ݁ݔ݁ݒ݊ܿ

If ݓ,ݒ,ݑ ≥ 0 then by Jensen’s inequality: 

݂ ൬
ݑ + ݒ + ݓ

3 ൰ ≤
1
3

(ݑ)݂) + (ݒ)݂ + ,((ݓ)݂
1

1 + ݁
௨ା௩ା௪

ଷ
≤

1
3 ൬

1
1 + ݁௨ +

1
1 + ݁௩ +

1
1 + ݁௪൰ 

Denote ܽ = ݁௨ ,ܾ = ݁௩ , ܿ = ݁௪: ଵ
ଵା √య ≤ ଵ

ଷ
ቀ ଵ
ଵା

+ ଵ
ଵା

+ ଵ
ଵା

ቁ 

ଵ
ଵା

+ ଵ
ଵା

+ ଵ
ଵା

≤ ଷ
ଵା √య .  Equality holds if ܽ = ܾ = ܿ. Denote ܽ = 8௫ ,ܾ = 27௫ , ܿ = 64௫ 

1
1 + 8௫ +

1
1 + 27௫ +

1
1 + 64௫ ≤

3
1 + √8௫ ∙ 27௫ ∙ 64௫య =

3
1 + 24௫  

Equality holds for 8௫ = 27௫ = 64௫ → ݔ = 0 

1.24 

ඨ1
2

ఈ|ݖܴ݁| +
1
2

ఈ|ݖ݉ܫ| ≥⏞
ைௐாோ	ொேௌ

ඨ1
2

ଶ|ݖܴ݁| +
1
2

ଶ|ݖ݉ܫ|
ഀ

	, ߙ) ≥ 2) 

1
2

ఈ|ݖܴ݁| +
1
2

ఈ|ݖ݉ܫ| ≥
1

2
ఈ
ଶ

ଶ|ݖܴ݁|) + ଶ)ఈ|ݖ݉ܫ| =
1

2
ఈ
ଶ

ఈ|ݖ|  

1
2

ఈ|ݖܴ݁| +
1
2

ఈ|ݖ݉ܫ| ≥
1

2
ఈ
ଶ

ఈ|ݖ| → ఈ|ݖܴ݁| + ఈ|ݖ݉ܫ| ≥ 2ଵି
ఈ
ଶ  ఈ|ݖ|

1.25 

ଵݖ| + |ଶݖ = |ଵݖ| + |ଶݖ| ⇒ ଵݖ = ݇ ଶ for someݖ݇ ≥ 0.  

Now, |ݖଵ − |ଶݖ = |(݇ − |ଶݖ(1 = |(݇ −  |ଶݖ(1
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If ݇ ≥ 1, then |ݖଵ| = |ଶݖ|݇ ≥   ,|ଶݖ|

and |ݖଵ − |ଶݖ = (݇ − |ଶݖ|(1 = |ଶݖ|݇ − |ଶݖ| = |ଵݖ| − |ଶݖ| = ,|ଵݖ|}ݔܽ݉ {|ଶݖ| ,|ଵݖ|}݊݅݉−  {|ଶݖ|

If 0 ≤ ݇ < 1, |ଵݖ| = |ଶݖ|݇ <  ଶ| andݖ|

ଵݖ|  − |ଶݖ = |݇ − |ଶݖ||1 = (1− |ଶݖ|(݇ = |ଶݖ| − |ଶݖ|݇ = |ଶݖ| − |ଵݖ| = ,|ଵݖ|}ݔܽ݉ {|ଶݖ| −
,|ଵݖ|}݊݅݉  {|ଶݖ|

1.26 

It’s easy to see that: ௭భమ

(௭భା௭మ)(௭భା௭య)
= 1 − ௭భ௭మା௭మ௭యା௭య௭భ

(௭భା௭మ)(௭భା௭య)
. So, 

∑ ௭భమ

(௭భା௭మ)(௭భା௭య)
= 3 ⇔ ଶݖଵݖ)− + (ଷݖଶݖ + ଵݖଷݖ ⋅

ଶ(௭భା௭మା௭య)
(௭భା௭భ)(௭భା௭మ)(௭మା௭య)

= 0   (1) 

But ݖଵ + ଶݖ + ଷݖ = ଵ
௭భതതത

+ ଵ
௭మതതത

+ ଵ
௭యതതത

= ௭భା௭మା௭యതതതതതതതതതതതതതത
௭భതതത௭మതതത௭యതതത

 

So, (1) ⇒ ଶݖଵݖ + ଷݖଶݖ + ଵݖଷݖ = 0 and (equivalent) 

ଵݖ + ଶݖ + ଷݖ = 0 

We have ݖଵ(ݖଶ + (ଷݖ + ଷݖଶݖ = 0 ⇔ ଵଶݖ− + ଷݖଶݖ = 0 ⇒ ଵଶݖ = ଷݖଶݖ ⇔ 

ଵଶݖ − ଶଶݖ = ଷݖଶݖ − ଶଶݖ ⇒ ଵݖ) − ଵݖ)(ଶݖ + (ଶݖ = ଷݖ)ଶݖ − (ଶݖ ⇒ |ଷݖ−| = 1 

⇒ ଵݖ| − |ଶݖ ⋅ อݖଵ + ଶᇣᇧᇤᇧᇥݖ
ି௭య

อ = |ଶݖ| ⋅ ଷݖ| − |ଶݖ ⇒ |ଶݖ| = 1 

ଶݖ| − |ଶݖ = ଷݖ| − |ଶݖ ⇔ (ܤܣ) =  Working just the same  .(ܥܤ)

ଶଶݖ = ଷݖଵݖ ⇔ ଶଶݖ − ଵଶݖ = ଷݖଵݖ − ଵଶݖ ⇔ ଶݖ) − ଶݖ)(ଵݖ + (ଵݖ = ଷݖ)ଵݖ − (ଵݖ ⇒ |ଷݖ−| = 1 

ଶݖ| − |ଵݖ ⋅ อݖଶ + ଵᇣᇧᇤᇧᇥݖ
ି௭య

อ = |ଵݖ| ⋅ ଷݖ| − |ଵݖ ⇒ |ଵݖ| = 1 

ଶݖ| − |ଵݖ = ଷݖ| − |ଵݖ ⇔ (ܤܣ) = (ܤܣ) ,So .(ܥܣ) = (ܥܣ) =  (ܥܤ)

1.27 

We know that ݖଵ + ଶݖ + ଷݖ = ସݖ ⇔ ଵݖ + ଶݖ = ସݖ −  ଷݖ

⇔ ଵݖ| + |ଶݖ = ସݖ| − |ଷݖ ⇔ ଵݖ| + |ଶݖ =  (1)  ܥܪ
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1 = 
1

2 + ଵݖ| + |ଶݖ =
(ଵ)


1

2 + ܥܪ =ுୀଶோ ௦  	
1

2(1 + ܴ ݏܿ (ܥ = 

=
1
2

1
1 + ܴ ݏܿ ܥ ⇒

1
1 + ܴ ݏܿ ܥ = 2

|ଵݖ| = |ଶݖ| = |ଷݖ| = 1 ⇒ ܴ = 1
ቑ ⇒

1
1 + ݏܿ ܿ = 2 

2 = 
1

1 + ݏܿ ܥ ≥
௨௬

	
9

3 + ݏܿ∑ ܣ ⇔ 2 ቀ3 + ܿܣݏቁ ≥ 9 ⇔ 

⇔ 6 + ݏܿ∑2 ܣ ≥ 9 ⇔ ݏܿ∑2 ܣ ≥ 3 ⇔ ݏܿ∑ ܣ ≥ ଷ
ଶ
    (2) 

 

݂: ,(ߨ,0) (ݔ)݂ = ݏܿ  it’s a concave function ݔ

∑௦
ଷ

≥ ݏܿ ∑
ଷ

= ݏܿ 60° = ଵ
ଶ
⇒ ݏܿ∑ ܣ ≥ ଷ

ଶ
(2)

ቋ ⇒ ∑ ݏܿ ܣ = ଷ
ଶ
, equality holds when ߂	ܥܤܣ is 

equilateral 

1.28 

݊ܽݐ] ݐܿ)[ݔ ݔ − ݐܿ] ([ݔ = ݊ܽݐ) ݔ − ݊ܽݐ] ݐܿ]([ݔ  (1)   [ݔ

For 0 < ݔ < గ
ସ

, 0 < ݊ܽݐ ݔ < 1, ݊ܽݐ] [ݔ = 0and [ܿݐ [ݔ ≥ 1.Now (1) becomes: 0 =
݊ܽݐ) ݐܿ](ݔ [ݔ ≠ 0  ∴ (1) has no solution for 0 < ݔ < గ

ସ
.For ݔ = గ

ସ
, (1) becomes 

1(1− 1) = (1 − 1)(1) which is clearly holds. 

For గ
ସ

< ݔ < గ
ଶ

, ݊ܽݐ] [ݔ ≥ 1	and [ܿݐ [ݔ = 0. Now (1) becomes 

݊ܽݐ] [ݔ ݐܿ ݔ = 0.i.e. 0 = ݊ܽݐ] [ݔ ݐܿ ݔ ≠ 0 
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∴ (1) has no solution for గ
ସ

< ݔ < గ
ଶ

.	Next, let − గ
ସ

< ݔ < ݊ܽݐ],0 [ݔ = −1, ݐܿ] [ݔ ≤ −2 

Write (1) as (−1)(ܿݐ ݔ − ݐܿ] ([ݔ = ݊ܽݐ) ݔ + ݐܿ](1 [ݔ ⇒ ݐܿ− ݔ = ݊ܽݐ) ݐܿ](ݔ  (2)   [ݔ

Let [ܿݐ [ݔ = ݇, then ݇ ≤ −2and ܿݐ ݔ ≤ ≤ of (2) ܵܪܮ ݇ −݇	and ܴܵܪ of (2) < −݇ 

Thus, (1) has not solution for − గ
ସ

< ݔ < 0. For ݔ = − గ
ସ

, (1) is satisfied 

Similarly, (1) has no solution for − గ
ଶ

< ݔ < − గ
ସ

 

As ݊ܽݐ ݐܿ and ݔ  we get solution set to be ,ߨ are periodic with period ݔ

(2݇ + 1) గ
ସ

 where ݇ is an integer. 

1.29 

1)݊݁ݏ + (ݔ + 1)݊݁ݏ + (ݔ10 + 1)݊݁ݏ + (ݔ2 + 1)݊݁ݏ + (ݔ9 + ⋯+ 1)݊݁ݏ + (ݔ5
+ 1)݊݁ݏ +  (ݔ6

2 ݊݁ݏ ൬
2 + ݔ11

2 ൰ ݏܿ ൬
ݔ9
2 ൰+ 2 ݊݁ݏ ൬

2 + ݔ11
2 ൰ ݏܿ ൬

ݔ7
2 ൰+ ⋯+ 2 ݊݁ݏ ൬

2 + ݔ11
2 ൰ ݏܿ ቀ

ݔ
2ቁ = 0 

2 ݊݁ݏ ൬
2 + ݔ11

2 ൰ ܿݏ
ݔ9
2 + ݏܿ

ݔ7
2 + ݏܿ

ݔ5
2 + ݏܿ

ݔ3
2 + ݏܿ

ݔ
2൨ = 0 

2 ݊݁ݏ ൬
2 + ݔ11

2 ൰ ܿݏ
ݔ9
2 + ݏܿ

ݔ
2 + ݏܿ

ݔ7
2 + ݏܿ

ݔ3
2 + ݏܿ

ݔ5
2 ൨ = 0 

 

2 ݊݁ݏ ൬
2 + ݔ11

2 ൰ 2 ݏܿ
ݔ5
2 + ݏܿ

ݔ4
2 + 2 ݏܿ

ݔ5
2 ݏܿ

ݔ2
2 + ݏܿ

ݔ5
2 ൨ = 0 

2 ݊݁ݏ ൬
2 + ݔ11

2 ൰ ݏܿ
ݔ5
2

[2 ݏܿ ݔ2 + 2 ݏܿ ݔ + 1] = 0 →

→ 2 ݊݁ݏ ൬
2 + ݔ11

2 ൰ ݏܿ
ݔ5
2

[4 ଶݏܿ ݔ + 2 ݏܿ ݔ − 1] = 0 

Si: ݊݁ݏ ቀଶାଵଵ௫
ଶ

ቁ = 0 → ଶାଵଵ௫
ଶ

= ݇ߨ ⇔ ݔ = ଶగିଶ
ଵଵ

→ Válido para ݇ = 1,2,3,4,5,6,7,8,9,10,11 →

݇ ∈ ℤ . Si: ܿݏ ହ௫
ଶ

= 0 → ହ௫
ଶ

= (2݊ + 1) గ
ଶ
	⇔ ݔ = (ଶାଵ)గ

ହ
→	Válido para 

 ݊ = 0,1,2,3,4 → ݊ ∈ ℤ ⇒ 4 ଶݏܿ ݔ + 2 ݏܿ ݔ − 1 = 0 → ቀ2 ݏܿ ݔ + ଵ
ଶ
ቁ
ଶ

= ହ
ସ
→ 
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ݏܿ ݔ = √ହିଵ
ସ

	ܸ ݏܿ ݔ = ି√ହିଵ
ସ

  Si: ܿݏ ݔ = √ହିଵ
ସ

→ ݔ = ଶగ
ହ

, ଼గ
ହ

, Si: ܿݏ ݔ = ି√ହିଵ
ସ

→ ݔ = ସగ
ହ

, గ
ହ

 

1.30 

ݏܿ ܣ |ܤݏܿ| + ݏܿ ܤ ݏܿ| |ܣ = 1 + ݏܿ  (1)    ܥ2

ݏܿ ܤ |ܥݏܿ| + ݏܿ ܥ ݏܿ| |ܤ = 1 + ݏܿ  (2)    ܣ2

ݏܿ ܥ ݏܿ| |ܣ + ݏܿ ܣ ݏܿ| |ܥ = 1 + ݏܿ  (3)    ܤ2

Assume ܥ is obtuse, then |ܿܥݏ| = ݏܿ− ܥ , (2) becomes0 = 2 ଶݏܿ  .Not possible .ܣ

If ܥ = గ
ଶ

, then (2) become 0 = 2 ଶݏܿ  .Not possible .ܣ

Thus, ܥ,ܤ,ܣ must be all acute angles.From (1) 

2 ݏܿ ܣ ݏܿ ܤ = 2 ଶݏܿ ܥ ⇒ 2 ଶݏܿ ܥ = ܣ)ݏܿ + (ܤ + ܣ)ݏܿ −  (ܤ

⇒ 2 ଶݏܿ ܥ + ݏܿ ܥ ≤ 1 ⇒ (2 ݏܿ ܥ − ݏܿ)(1 ܥ + 1) ≤ 0 

⇒ 0 < ݏܿ ܥ ≤ ଵ
ଶ
⇒ గ

ଷ
≤ ܥ < గ

ଶ
	Similarly, from (2), (3) గ

ଷ
≤ ܤ,ܣ < గ

ଶ
 

As ܣ + ܤ + ܥ = థߨ   and  గ
ଷ
≤ ܥ,ܤ,ܣ < గ

ଶ
 we get ܣ = ܤ = ܥ = గ

ଷ
 

1.31 

௫
√௬

+ ௬
√௫

= ହݔ  ,(1)   ݕݔ + ହݕ =  (2)  ݕݔ8

,ݔ ݕ > 0 : (1) ⇒ ଵ
௫√௫

+ ଵ
௬√௬

= 1 ⇒ ܽଷ + ܾଷ = 1,  ቀ ଵ
√௫

= ܽ, ଵ
√௬

= ܾቁ  , ݔ = ଵ
మ

  and ݕ = ଵ
మ

  

(ܽ,ܾ > 0)	(2) ⇒ ଵ
భబ

+ ଵ
భబ

= ଼
మమ

⇒ ܽଵ + ܾଵ = ܯܣ  ,8଼଼ܾܽ ≥ ܯܩ ⇒ ܽଵ + ܾଵ ≥ 2ܽହܾହ  

⇒ 8଼଼ܾܽ ≥ 2ܽହܾହ ⇒ ܽଷܾଷ ≥
1
4 ⇒ 4ܽଷܾଷ ≥ 1 

⇒ 4ܽଷܾଷ ≥ (ܽଷ + ܾଷ)ଶ ⇒ 0 ≥ (ܽଷ − ܾଷ)ଶ ⇒ (ܽଷ − ܾଷ)ଶ ≤ 0 

 

But (ܽଷ − ܾଷ)ଶ ≥ 0 ⇒ (ܽଷ − ܾଷ)ଶ = 0 ⇒ ܽଷ = ܾଷ ⇒ ܽ = ܾ,  ଵ
√௫

= ଵ
√௬
⇒ ݔ =  ݕ

2
ݔ√ݔ

= 1 ⇒ ݔ√ = √2య ⇒ ݔ = ݕ = √4య  
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1.32 

 ௫మ

ଶହ
+ ௬మ

ଵ
= ଶݔ ,1 + ଶݕ = ቀ௫

మ

ହ
+ ௬మ

ସ
ቁ
ଶ
⇒ ଶݔ = ଶݕ			ܽ = ܾ,  16ܽ + 25ܾ = 400 

ܽ + ܾ =
ܽଶ

25 +
ܾଶ

16 +
ܾܽ
10 =

16ܽଶ + 25ܾଶ + 40ܾܽ
400 =

(4ܽ + 5ܾ)ଶ

400  

400(ܽ + ܾ) = (4ܽ + 5ܾ)ଶ, (16ܽ + 25ܾ)(ܽ + ܾ) = (4ܽ + 5ܾ)ଶ 

16ܽଶ + 16ܾܽ + 25ܾܽ + 25ܾଶ = 16ܽଶ + 25ܾଶ + 40ܾܽ 

ܾܽ = 0 ⇒ ܽ = ݔ			0 = 0 ⇒ 25ܾ = 400					ܾ = ݕ				16 = ±4				 

answer (0; 4)   and (0; 	−4) ⇒ ܾ = ݕ				0 = 0 ⇒ 			16ܽ = 400				ܽ = ݔ			25 = ±5	 

answer (5; 0) and (−5; 	0) 

1.33 

Let ݔ ≥ ݕ ≥ ,ݔ}ݔܽ݉ then ,ݖ ,ݕ {ݖ = ,ݔ}݊݅݉,ݔ ,ݕ {ݖ =  ݖ

,ݔ)ݔܽ݉)4 ,ݕ (ݖ ,ݕ,ݔ)݊݅݉− ଶ((ݖ ≥ 3|ݔ −  ଶ|ݕ

⇒ ݔ)4 − ଶ(ݖ ≥ ݔ)]3 − ଶ(ݕ + ݕ) − ଶ(ݖ + ݖ) − [ଶ(ݔ ⇒ ݔ) − ଶ(ݖ ≥ ݔ)3 − ଶ(ݕ + ݕ)3 −  ଶ(ݖ

⇒ ݔ)] − (ݕ + ݕ) − ଶ[(ݖ ≥ ݔ)3 − ଶ(ݕ + ݕ)3 −  ଶ(ݖ

⇒ ݔ) − ଶ(ݕ + ݕ) − ଶ(ݖ + ݔ)2 − ݕ)(ݕ − (ݖ ≥ ݔ)3 − ଶ(ݕ + ݕ)3 −  ଶ(ݖ

⇒ ݔ) − ଶ(ݕ + ݕ) − ଶ(ݖ − ݔ) − ݕ)(ݕ − (ݖ ≤ 0 ⇒ ݔ − ݕ −
1
2

ݕ) − ൨(ݖ
ଶ

+
3
4

ݕ) − ଶ(ݖ ≤ 0 

⇒ ݔ − ଷ
ଶ
ݕ + ଵ

ଶ
ݖ = ݕ,0 = ݖ ⇒ ݔ = ݕ = ∴   ,ݖ ݔ = ݕ = ݖ = 1 

1.34 

,ݔ ,ݕ ݖ ∈< 0,∞ > ݔ	 = ݊ܽݐ ܣ , ݕ = ܤ݊ܽݐ , ݖ = ݊ܽݐ ܥ ⇔ ܣ + ܤ + ܥ =  ߨ

ܣ݊ܽݐ
ܤଷ݊ܽݐ ଶ݊ܽݐ ܥ +

ܤ݊ܽݐ
ଷ݊ܽݐ ܥ ଶ݊ܽݐ ܣ +

݊ܽݐ ܥ
ଷ݊ܽݐ ܤଶ݊ܽݐ =

1
3 	 ,

ܣܯ ≥ ܩܯ ⇔ ݊ܽݐ ܣ , ܤ݊ܽݐ , ݊ܽݐ ܥ > 0 

݊ܽݐ ܣ
ܤଷ݊ܽݐ ଶ݊ܽݐ ܥ +

ܤ݊ܽݐ
ଷ݊ܽݐ ܥ ଶ݊ܽݐ ܣ +

ܥ݊ܽݐ
ଷ݊ܽݐ ܣ ܤଶ݊ܽݐ ≥ 3ඥܿݐସ ܣ ସݐܿ ܤ ସݐܿ యܥ  
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൬
1
9൰

ଷ

≥ ସݐܿ ܣ ܤସݐܿ ସݐܿ ܥ ⇒ ൬
1
3൰



≥ ସݐܿ ܣ ܤସݐܿ ସݐܿ ܥ ,
1

3√3
≥ ݐܿ ܣ ݐܿ ܤ ݐܿ  ܥ

La cual es cierto en un ߂	ܥܤܣ equilátero, la igualdad se alcanza cuando: ݔ = ݕ = ݖ = √3 

1.35 

As ඥݕݔ	is involved, either both ݔ, ݕ ≤ 0 or both ݕ,ݔ ≥ 0. If ݕ,ݔ < 0, then  

ݔ + ݕ − ඥݕݔ < 0 and ට௫మା௬మ

ଶ
> 0 ∴ both	ݔ, ݕ ≮ 0. Thus, ݔ, ݕ ≥ 0. Let  ߂ = ተ

ݔ ݕ 2 3
ݕ ݔ 3 2
2 3 ݔ ݕ
3 2 ݕ ݔ

ተ 

Applying ܥଵ → ଵܥ + ଶܥ + ଷܥ + ߂ ସ, we getܥ = ݔ) + ݕ +   ଵ, where߂(5

ଵ߂ = ተ

1 ݕ 2 3
1 ݔ 3 2
1 3 ݔ ݕ
1 2 ݕ ݔ

ተ = ተ

1 ݕ 2 3
0 ݔ − ݕ 1 −1
0 3 − ݕ ݔ − 2 ݕ − 3
0 2 − ݕ ݕ − 2 ݔ − 3

ተ = อ
ݔ − ݕ 1 −1
3− ݕ ݔ − 2 ݕ − 3
2− ݕ ݕ − 2 ݔ − 3

อ 

ଵܥ → ଵܥ + ଶܥ,ଷܥ → ଶܥ + ଵ߂ ଷ givesܥ = อ
ݔ − ݕ − 1 0 −1

0 ݔ + ݕ − 5 ݕ − 3
ݔ − ݕ − 1 ݔ + ݕ − 5 ݔ − 3

อ = 

= ݔ) − ݕ − ݔ)(1 + ݕ − 5) อ
1 0 −1
0 1 ݕ − 3
1 1 ݔ − 3

อ = ݔ) − ݕ − ݔ)(1 + ݕ − 5) อ
1 0 0
0 1 ݕ − 3
1 1 ݔ − 2

อ = 

= ݔ) − ݕ − ݔ)(1 + ݕ − ݔ)(5 − 2− ݕ + 3) = ݔ) − ݕ − ݔ)(1 − ݕ + ݔ)(1 + ݕ − 5) 

Now, ߂ = 0 ⇒ ݔ) + ݕ + ଵ߂(5 = 0. As ݔ, ݕ ≥ 0, we get ߂ଵ = 0 ⇒ 

⇒ ݔ) − ݕ − ݔ)(1 − ݕ + ݔ)(1 + ݕ − 5) = 0 ⇒ ݔ − ݕ = 1 or ݔ − ݕ = −1 or ݔ + ݕ = 5. 

Case 1: ݔ − ݕ = 1. Let ݔ = ݐ + ଵ
ଶ

ݕ, = ݐ − ଵ
ଶ

, ݐ ≥ ଵ
ଶ
. The second equation becomes 

ݐ2 − ඨݐଶ −
1
4 = ඨݐଶ +

1
4 ⇒ ݐ2 = ඨݐଶ −

1
4 + ඨݐଶ +

1
4 

⇒ ଶݐ4 = ଶݐ + ଵ
ସ

+ ଶݐ − ଵ
ସ

+ 2ටݐସ − ଵ
ସ
⇒ ଶݐ = ටݐସ − ଵ

ଵ
<  .ଶ. Not possibleݐ

Simillarly, ݕ − ݔ = 1 is not possible. Thus, we consider  Case 2: ݔ + ݕ = 5 
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Let ݔ = ହ
ଶ
− ݕ,ݐ = ହ

ଶ
+ − where ݐ ହ

ଶ
≤ ݐ ≤ ହ

ଶ
 

Second equation now becomes: 5 −ටଶହ
ସ
− ଶݐ = ටଶହ

ସ
+ ଶݐ ⇒ ݐ = 0. Thus, ݔ = ହ

ଶ
ݕ, = ହ

ଶ
. 

1.36 

݊ܽݐ ݔ ݊ܽݐ ݕ ݊ܽݐ ݖ = 6 …  (ܣ)

݊ܽݐ ݔ ݊ܽݐ ݕ + ݊ܽݐ ݕ ݊ܽݐ ݖ + ݊ܽݐ ݖ ݊ܽݐ ݔ = 1 …  (ܤ)

Si: ݔ + ݕ + ݖ =  ߨ

݊ܽݐ ݔ + ݊ܽݐ ݕ + ݊ܽݐ ݖ = ݊ܽݐ ݔ ݊ܽݐ ݕ ݊ܽݐ ݖ ⇒ ݊ܽݐ ݔ + ݊ܽݐ ݕ + ݊ܽݐ ݖ = 6 …  (ܫ)

Desde que tenemos la suma y el producto, se puede construir una ecuación cúbica: 

ݔ) − ݊ܽݐ ݔ)(ݔ − ݊ܽݐ ݔ)(ݕ − ݊ܽݐ (ݖ = 0 ⇔ :݊ݏ	ݏ݁ܿ݅ܽݎ	ݏܽݕݑܿ ݊ܽݐ ݔ , ݊ܽݐ ݕ , ݊ܽݐ  ݖ

ଷݔ − ݊ܽݐ)ଶݔ ݔ + ݊ܽݐ ݕ + ݊ܽݐ (ݖ + ݊ܽݐ)ݔ ݔ ݊ܽݐ ݕ + ݊ܽݐ ݕ ݊ܽݐ ݖ + ݊ܽݐ ݖ ݊ܽݐ  −(ݔ

− ݊ܽݐ ݔ ݊ܽݐ ݕ ݊ܽݐ ݖ = 0 

ଷݔ − ଶݔ6 + ݔ11 − 6 = 0 → ݔ) − ݔ)(1 − ݔ)(2 − 3) = 0 

Un posible coso es cuando: ݊ܽݐ ݔ = 1, ݊ܽݐ ݕ = 2 ∧ ݊ܽݐ ݖ = 3 ⇒ 

ݔ = ݕ,45° = 63,5° ∧ ݖ = 71,5° 

1.37  

1 + 2ඥݕ = ݔ√2 + 1     (1),   ଶ√௬
ଵଶ௬ାଵ

+ √௫ାଵ
௫ାସ

+ ଶඥ௬(௫ାଵ)
ଷ௫ାସ௬ାଷ

= ଷ
ସ
   (2) 

(2) ⇒ √௬
ଵଶ௬ାଵ

+ ଵାଶ√௬
ଵଷାସ√௬ାସ௬

+ ଶ√௬ାସ௬
ଷାଵଶ√௬ାଶ଼௬

= ଷ
଼
 

⇒ ௧
ଵଶ௧మାଵ

+ ଵାଶ௧
ଵଷାସ௧ାସ௧మ

+ ଶ௧ାସ௧మ

ଷାଵଶ௧ାଶ଼௧మ
=

൫௨௦	(ଵ)൯ ଷ
଼
     ൫ݐ = ඥݕ൯ 

⇒ ݐ2496 − ହݐ2816 + ସݐ3440 − ଷݐ1728 + ଶݐ148 − ݐ160 + 93 = 0 

⇒ ݐ2) − 1)ଶ ସݐ624) − ଷݐ80 + ଶݐ624 + ݐ212 + 93)ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇧᇥ


= 0	Now, 624ݐ + ଶݐ624 ≥
ିீ

ଷݐ1248 >

 ଷݐ80
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(when ݐ > 0 and ݐ = ඥݕ ≥ 0) ⇒ ݁ > ݐ	∀,0 > 0	For ݐ = 0, ݁ = 93 > 0 ⇒ ݐ	∀ ≥ 0, ݁ > 0 

∴ ݐ2 = 1 ⇒ ݐ = ଵ
ଶ
⇒ ඥݕ = ଵ

ଶ
⇒ ݕ = ଵ

ସ
⇒ ݔ = 0 ∴ only solution is (ݕ,ݔ) = ቀ0, ଵ

ସ
ቁ 

At ݐ = ଵ
ଶ
   ݂ᇱᇱ(ݐ) = − ଷ

଼
< 0		 ∴ at ݐ = ଵ

ଶ
  ,attains a maxima (ݐ)݂,

and ∵ ݐ	∀ never attains a minima (ݐ)݂ ≥ 0,  ∴ (ݐ)݂ ≤ ݂ ቀଵ
ଶ
ቁ = ଷ

଼
 

But (1) ⇒ (ݐ)݂ = ଷ
଼
  ∴ ݐ = ଵ

ଶ
⇒ ඥݕ = ଵ

ଶ
⇒ ݕ = ଵ

ସ
 

Putting, ݕ = ଵ
ସ
 in (1), √ݔ + 1 = 1 ⇒ ݔ = 0 ∴	 only solution is (ݕ,ݔ) = ቀ0, ଵ

ସ
ቁ 

1.38  

Two circles: |ݖ − 7 − ݅| = 3√2	and |ݖ − 1 − 7݅| = 3√2 

touch each other externally as |(7 + ݅)− (1 + 7݅)| = 6√2 = 3√2 + 3√2 

Thus, |ݖ − 7 − ݅| = 3√2     (1) 

and |ݖ − 1− 7݅| ≤ 3√2	meet exactly at one point viz. the mid – point 4 + 4݅ of segment ܤܣ 
where 7)ܣ + 1)ܤ,(݅ + 7݅) 

1.39  

Let ܿݐ ݔ2 = ܽ, ݐܿ ݕ3 = ܾ, ݐܿ ݖ5 = ݊ܽݐ ,ܿ ݔ2 , ݊ܽݐ ݕ3 , ݊ܽݐ  ,are defined ݖ5
ݏܿ ݔ2 , ݏܿ ݕ3 , ݏܿ ݖ5 ≠ 0 ⇒ ܽ, ܾ, ܿ ≠ 0 

ܽ + ܾ = ଵ

    (1),  ܾ + ܿ = ଵ


    (2),  ܿ + ܽ = ଵ


    (3) 

(1) – (2) ⇒ ܽ − ܿ = ଵ

− ଵ


⇒ (ܽ − ܿ) ቀ1− ଵ


ቁ = 0   (4) 

(2) – (3) ⇒ ܾ − ܽ = ଵ

− ଵ


⇒ (ܾ − ܽ) ቀ1− ଵ


ቁ = 0  (5) 

(3) – (1) ⇒ ܿ − ܾ = ଵ

− ଵ


⇒ (ܿ − ܾ) ቀ1− ଵ


ቁ = 0   (6) 

If 1 = ଵ


, then ଵ


= ܽ ⇒ ܽ + ܾ = ܽ (form (1)) ⇒ ܾ = 0 

If 1 = ଵ


, then ଵ


= ܽ ⇒ ܿ + ܽ = ܽ (from (3)) ⇒ ܿ = 0 
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If 1 = ଵ


, then ଵ


= ܾ ⇒ ܽ + ܾ = ܾ (from (1)) ⇒ ܽ = 0 

But ܽ, ܾ, ܿ ≠ 0,   1 ≠ ଵ


, 1 ≠ ଵ


, 1 ≠ ଵ


,  (4), (5), (6) ⇒ ܽ = ܾ = ܿ 

Putting ܾ = ܿ = ܽ in (1), ܽ + ܽ = ଵ

⇒ ܽଶ = ଵ

ଶ
⇒ ܽ = ± ଵ

√ଶ
 

(ܽ,ܾ, ܿ) = ቀ ଵ
√ଶ

, ଵ
√ଶ

, ଵ
√ଶ
ቁ or ቀ− ଵ

√ଶ
,− ଵ

√ଶ
,− ଵ

√ଶ
ቁ 

ݐܿ ݔ2 = ݐܿ ݕ3 = ݐܿ ݖ5 =
1
√2

⇒ ݊ܽݐ ݔ2 = ݊ܽݐ ݕ3 = ݊ܽݐ ݖ5 = √2 

⇒ ݔ2 = ଵ൫√2൯ି݊ܽݐ + ߨ݊ ⇒ ݔ =
1
2
൫ି݊ܽݐଵ√2൯ +

ߨ݊
2  

ݕ =
1
3 ݊ܽݐ

ିଵ൫√2൯ +
݊ᇱߨ

3 , ݖ =
1
5 ݊ܽݐ

ିଵ൫√2൯ +
݊ᇱᇱߨ

5  

Similarly, ܿݐ ݔ2 = ݐܿ ݕ3 = ݐܿ ݖ5 = − ଵ
√ଶ
⇒ ݔ = − ଵ

ଶ
ଵ൫√2൯ି݊ܽݐ + గ

ଶ
 

ݕ = −
1
3 ݊ܽݐ

ିଵ൫√2൯ +
݊ᇱߨ

3 , ݖ = −
1
5 ݊ܽݐ

ିଵ൫√2൯ +
݊ᇱᇱߨ

5  

solutions are: 

⎩
⎪
⎨

⎪
⎧ ݔ = ± ଵ

ଶ
ଵ൫√2൯ି݊ܽݐ + గ

ଶ

ݕ = ± ଵ
ଷ
ଵ൫√2൯ି݊ܽݐ + ᇲగ

ଷ

ݖ = ± ଵ
ହ
ଵ൫√2൯ି݊ܽݐ + ᇲᇲగ

ହ
	

 

1.40  

ଶଵݕ = [ଶଵݕ] + ,ߙ 0 ≤ ߙ < ଶଵݔ  ,1 = [ଶଵݔ] + ,ߚ 0 ≤ ߚ < 1, 

ቐ
ቂ௫
ଵ
ቃ ∙ ቂ௫

ଶ
ቃ ∙ ቂ௫

ଷ
ቃ ∙ … ∙ ቂ ௫

ଶଵ
ቃ = ߙ

ቂ௬
ଵ
ቃ ∙ ቂ௬

ଶ
ቃ ∙ ቂ௬

ଷ
ቃ ∙ … ∙ ቂ ௬

ଶଵ
ቃ = ߚ

, 

ቂ
ݔ
1
ቃ ∙ ቂ

ݔ
2
ቃ ∙ ቂ

ݔ
3
ቃ ∙ … ∙ ቂ

ݔ
2017

ቃ ∈ ℤ	, 0 ≤ ߙ < 1 → ቂ
ݔ
1
ቃ ∙ ቂ

ݔ
2
ቃ ∙ ቂ

ݔ
3
ቃ ∙ … ∙ ቂ

ݔ
2017

ቃ = 0 

ቂ
ݕ
1
ቃ ∙ ቂ

ݕ
2
ቃ ∙ ቂ

ݕ
3
ቃ ∙ … ∙ ቂ

ݕ
2017

ቃ ∈ ℤ, 0 ≤ ߚ < 1 → ቂ
ݕ
1
ቃ ∙ ቂ

ݕ
2
ቃ ∙ ቂ

ݕ
3
ቃ ∙ … ∙ ቂ

ݕ
2017

ቃ = 0 

ݕ,ݔ	:ݏ݊݅ݐݑ݈ܵ ∈ ൜0,1, 2
ଵ

ଶଵ , … , (2017ଶଵ − 1)
ଵ

ଶଵൠ 
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1.41  

First if 
ݔ < 3
ݕ < 3
ݖ < 3

⇒ ݔ + ݕ + ݐ < 9, but ݐ ≥ 1 ⇒ 6 + ݐ3 ≥ 9 ⇒ its false ⇒ ,ݔ ,ݕ ݖ ≥ 3. 

 Let ݔ − 2 = ݕ,ܽ − 2 = ܾ, ݖ − 2 = ܿ, ܽ, ܾ, ܿ ≥ 1 

൜√ܽ + √ܾయ + √ܿర = ݐ√3
ܽ + ܾ + ܿ = ݐ3

⇒ √ܽ + √ܾయ + √ܿర = ඥ3(ܽ + ܾ + ܿ)   (1) 

Because ܽ, ܾ, ܿ ≥ 1 ⇒ √ܾయ ≤ √ܾ and √ܿర ≤ √ܿ with equality for ܾ = ܿ = 1 ⇒ 

√ܽ + √ܾయ + √ܿర ≤ √ܽ + √ܾ + √ܿ   (2). From (1)+(2) ⇒ 

ඥ3(ܽ + ܾ + ܿ) ≤ √ܽ + √ܾ + √ܿ ⇒ 3(ܽ + ܾ + ܿ) ≤ ൫√ܽ + √ܾ + √ܿ൯
ଶ

   (3) 

From Cauchy’s inequality 3(ܽ + ܾ + ܿ) ≥ ൫√ܽ + √ܾ + √ܿ൯
ଶ

   (4) 

From (3)+(4) ⇒ in Cauchy’s inequality we have equality ⇒ ܽ = ܾ = ܿ = 1 ⇒
ݔ = 3
ݕ = 3
ݖ = 3

⇒ ݐ = 1. 

1.42 

Let ݔ = ݕ = ଶయݐ√ , ݖ = 1 

݂ ቆඥݐଶయ ∙ ටඥݐଶయ ∙ 1ቇ + ݂ ቆඥݐଶయ ∙ ට1 ∙ ඥݐଶయ ቇ + ݂ ቆ1 ∙ ටඥݐଶయ ∙ ඥݐଶయ ቇ = ݂ ቆටቀඥݐଶయ ቁ
ଷ
ቇ 

(ݐ)݂ + (ݐ)݂ + ݂ ቀඥݐଶయ ቁ = ݂ ቀඥݐଶయ ቁ , (ݐ)2݂ = 0 → ݂ ≡ 0 

1.43 

If ݂: [2; +∞) → ℝ, (ݔ)݂ + ݂ ቀ ଵ
ଵି௫

ቁ = ݔ∀ (1) ݔ ≥ 2 then ∀ݕ,ݔ, ݖ ≥ 2: 

(ݔ)2݂ +
1
ݔ + (ݕ)2݂ +

1
ݕ + (ݖ)2݂ +

1
ݖ ≥ 3 ⋅ ඨ

ଶݖଶݕଶݔ
ݔ) − ݕ)(1 − ݖ)(1 − 1)

య
 

Substitute ݔ to ଵ
ଵି௫

, we have (1) ⇒ ݂ ቀ ଵ
ଵି௫

ቁ + ݂ ቀ௫ିଵ
௫
ቁ = ଵ

ଵି௫
   (2) 
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Substitute ݔ to ௫ିଵ
௫

, we have (1) ⇒ ݂ ቀ௫ିଵ
௫
ቁ + (ݔ)݂ = ௫ିଵ

௫
  (3) 

(2)+(3) ⇒ ݂ ቀ ଵ
ଵି௫

ቁ + ݂ ቀ௫ିଵ
௫
ቁ + ݂ ቀ௫ିଵ

௫
ቁ + (ݔ)݂ = ଵ

ଵି௫
+ ௫ିଵ

௫
⇒ 

⇒ ݔ + 2݂ ቀ௫ିଵ
௫
ቁ = ଵ

ଵି௫
+ ௫ିଵ

௫
⇒ ݂ ቀ௫ିଵ

௫
ቁ = ି௫యାଶ௫మିଷ௫ାଵ

ଶ௫(௫ିଵ)
    (4) 

Substitute ݔ to ଵ
ଵି௫

, we have (4) ⇒ (ݔ)݂ = ௫యି௫ାଵ
ଶ௫(௫ିଵ)

⇒ (ݔ)2݂ + ଵ
௫

= ௫మ

௫ିଵ
ݔ	∀	 ≥ 2 

We have 2݂(ݔ) + ଵ
௫

+ (ݕ)2݂ + ଵ
௬

+ (ݖ)2݂ + ଵ
௭

= ௫మ

௫ିଵ
+ ௬మ

௬ିଵ
+ ௭మ

௭ିଵ
  

By AM-GM inequality, we have ௫
మ

௫ିଵ
+ ௬మ

௬ିଵ
+ ௭మ

௭ିଵ
≥ 3ට ௫మ௬మ௭మ

(௫ିଵ)(௬ିଵ)(௭ିଵ)
య  

So, 2݂(ݔ) + ଵ
௫

+ (ݕ)2݂ + ଵ
௬

+ (ݖ)2݂ + ଵ
௭
≥ 3ට ௫మ௬మ௭మ

(௫ିଵ)(௬ିଵ)(௭ିଵ)
య     (QED) 

The equality occurs when ݔ = ݕ =  .ݖ

1.44 

Let’s set ݃(ݔ) = 2௫݂(ݔ),∀ݔ ∈ ℝ. Then the given inequality  

ݔ + ݕ ≤ (ݔ)݃ + (ݕ)݃ ≤ ݔ)݃ + ݔ For  .(ݕ = ݕ = 0 we have that: 

0 ≤ 2݃(0) ≤ ݃(0) ⇒ ݃(0) = 0. For ݕ =  :we have that ,ݔ−

0 ≤ (ݔ)݃ + (ݔ−)݃ ≤ ݃(0) ⇒ 0 ≤ (ݔ)݃ + (ݔ−)݃ ≤ ݔ∀,(0)݃ ∈ ℝ ⇒ 

(ݔ−)݃ = ݔ∀,(ݔ)݃− ∈ ℝ   (1) 

For ݕ = ݔ:0 ≤ (ݔ)݃ ≤ ݔ∀,(ݔ)݃ ∈ ℝ    (2) 

We set ݔ → ݔ−... and ݔ− ≤ (ݔ−)݃ ⇒
(ଵ)
− ݔ ≤ (ݔ)݃− ⇒ ݔ ≥ ݔ∀,(ݔ)݃ ∈ ℝ   (3) 

So, (by (2)+(3)) ݃(ݔ) = ݔ∀,ݔ ∈ ℝ. Then ݂(ݔ) = ௫
ଶೣ

ݔ∀, ∈ ℝ 

which is acceptable because it verifies the given conditions. 

1.45 

Find ݂:ℝ → ℝ such that: (ݔ − −(ݔ)ଶ[݂ଶ(ݕ ݂ଶ(ݕ)] = ݔ) + ݔ)ଷ݂(ݕ −  (1)   (ݕ
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ݕ → ⇒ (1) :ݔ 0 = ଷ(0)݂ݔ2 ⇒ ݂(0) = 0 

ݕ → 0:  (1) ⇒ (ݔ)ଶ݂ଶݔ = (ݔ)ଷ݂ݔ ⇒ ݔ](ݔ)ଶ݂ݔ − [(ݔ)݂ = 0   (*) 

Suppose that ∃ܽ,ܾ ≠ 0 such that ݂(ܽ) = 0 and ݂(ܾ) = ܾ 

ݔ → ݕ,ܽ → ܾ: (1) ⇒ (ܽ − ܾ)ଶ(0ଶ − ܾଶ) = (ܽ + ܾ)݂ଷ(ܽ − ܾ)   (2) 

Case 1: ݂(ܽ − ܾ) = 0: (2) ⇒ ܾଶ(ܽ − ܾ)ଶ = 0 ⇒ ܽ = ܾ ⇒ ܾ = 0  (Absurd) 

Case 2: ݂(ܽ − ܾ) = ܽ − ܾ:	 (2) ⇒ (ܽ − ܾ)ଶ(0ଶ − ܾଶ) = (ܽ + ܾ)(ܽ − ܾ)ଷ ⇒ 

−ܾଶ = ܽଶ − ܾଶ ⇒ ܽ = 0   (Absurd) 

So, (*) ⇒ (ݔ)݂ = ݔ	∀	0 ≠ 0 or ݂(ݔ) = ݔ∀	ݔ ≠ 0 

On the other hand, we have ݂(0) = 0 

Then ݂(ݔ) = ݔ∀	0 ∈ ℝ or ݂(ݔ) = ݔ∀	ݔ ∈ ℝ 

1.46 

Consider a continuous function ݂ satisfying the proposed property. Let ܲ(ݔ,  be the property (ݕ
−(ଷݔ)݂ (ଷݕ)݂ = ଶݔ) + ݕݔ + ݔ)݂(ଶݕ −  (ݕ

From ܲ(1,1) we conclude that ݂(0) = 0. 

From ܲ(ݔ, 0) we conclude that ݂(ݔଷ) =  ݔ for every (ݔ)ଶ݂ݔ

From ܲ(ݔ,ݔݐ) for ݔ ≠ 0 we get 

−(ݔݐ)ଶ݂ݐ (ݔ)݂ = ଶݐ) + ݐ + 1)݂൫(ݐ −  ൯        (1)ݔ(1

Which is also true when ݔ = 0 according to the first point. 

Setting ݐ = 0 in (1) we conclude that ݂ is odd. 

Setting ݐ = 2 in (1) we conclude that ݂(2ݔ) =  .ݔ for all (ݔ)2݂

Now suppose that ݂(݊ݔ) =  Applying (1) with .ݔ for some positive integer ݊ and for all (ݔ)݂݊
ݐ = ݊ + 1 we get 

(݊ + 1)ଶ݂൫(݊ + ൯ݔ(1 = (ݔ)݂ + (݊ଶ + 3݊ + (ݔ)݂݊(3 = (݊ + 1)ଷ݂(ݔ) 

that is ݂൫(݊ + ൯ݔ(1 = (݊ +  Thus, since ݂ is odd, we have proved that .ݔ for all (ݔ)݂(1
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ݔ∀ ∈ ℝ,∀݊ ∈ ℤ, (ݔ݊)݂ =  (2)        (ݔ)݂݊

Applying (2) with positive ݊ and ௫


 instead of ݔ we get also 

ݔ∀ ∈ ℝ,∀݊ ∈ ℕ∗, ݂ ቀ௫

ቁ = ଵ


 (3)     (ݔ)݂

Combining (2) and (3) we get for ݊ ∈ ℕ∗,݉ ∈ ℤ and ݔ ∈ ℝ the following  

݂ ቀ

ቁݔ = ଵ


(ݔ݉)݂ = 


 (4)     (ݔ)݂

Thus ݂(ݎ) = ݎ for all ݎ(1)݂ ∈ ℚ.  

Now, the continuity of ݂ shows that ݂(ݔ) =  .ݔ for all real ݔ(1)݂

Conversely, any function of the form ݔ →  .satisfies the proposed functional equation ݔܽ

1.47 

We put ݔ = 0 in ݂(ݔ)݂(ݔ2)݂(ݔ4) = 2௫, we get ݂ଷ(0) = 1 then ݂(0) = 1. 

We have ൝ ݂ ቀ
௫
ଶ
ቁ݂(ݔ)݂(ݔ2) = 2

ೣ
మ

(ݔ4)݂(ݔ2)݂(ݔ)݂ = 2௫
 it follows that ݂(4ݔ) = 2

ೣ
మ݂ ቀ௫

ଶ
ቁ then ݂(ݔ) = 2

ೣ
ఴ݂ ቀ௫

଼
ቁ by 

induction we get ݂(ݔ) = 2
ೣ
ఴ2

ೣ
ఴమ⋯2

ೣ
ఴ݂ ቀ ௫

଼
ቁ = 2

ೣ
ఴቌ

భషቀభఴቁ


భషభఴ
ቍ

݂ ቀ ௫
଼
ቁ for all ݊ ∈ ℕ then 

(ݔ)݂ = ݈݅݉
→ାஶ

(ݔ)݂ = ݈݅݉
→ାஶ

2
௫
଼ቌ

ଵିቀଵ଼ቁ


ଵିଵ଼
ቍ

݂ ቀ
ݔ

8ቁ = 2
௫
݂(0) = 2

௫
 

1.48 

ଶݔ∑ =
(ଵ)

1 & ௫
ଵି௫మ

+ ௬
ଵି௬మ

+ ௭
ଵି௭మ

=
(ଶ) ସ௫௬௭

(ଵି௫మ)(ଵି௬మ)(ଵି௭మ)
 

(2) ⇒ −1)ݔ −ଶ)(1ݕ (ଶݖ + 1)ݕ − −ଶ)(1ݖ (ଶݔ + 1)ݖ − −ଶ)(1ݔ (ଶݕ =  ݖݕݔ4

⇒ −1)ݔ (1− (ଶݔ + (ଶݖଶݕ + 1)ݕ − (1 − (ଶݕ + (ଶݔଶݖ + 1)ݖ − (1 − (ଶݖ + (ଶݕଶݔ = 

= ݖݕݔ4 ቀ∵ݔଶ = 1ቁ ⇒ݔଷ + ݖݕݔ ቀݕݔቁ = ݖݕݔ4 ⇒ ݖݕݔ3 + ݔቀ1 −ݕݔቁ + 

ݖݕݔ+ ቀݕݔቁ = ݖݕݔ4 ቀ∵ݔଶ = 1ቁ ⇒ݔ ቀ1−ݕݔቁ = ݖݕݔ ቀ1 −ݕݔቁ = 0 
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⇒ (1 ݔ∑)(ݕݔ∑− − (ݖݕݔ = 0   (1) 

Now, ∑ݔଶ ≥
ିீ

3ඥݔଶݕଶݖଶయ ⇒ 1 ≥ ଶݖଶݕଶݔ27 ⇒ ଶݖଶݕଶݔ27 ≤
(ଶ)

1. If ∑ݔ =  ,then ,ݖݕݔ

ቀݔቁ
ଶ

= ଶݖଶݕଶݔ ⇒ 27 ቀ1 + 2ݕݔቁ = ଶݖଶݕଶݔ27 ቀ∵ݔଶ = 1ቁ ≤
௬	(ଶ)

1 ⇒ 

⇒ ݕݔ∑54 ≤ −26. But 54∑ݕݔ > 0	(∵ ,ݔ ,ݕ ݖ > 0) ∴ ݔ∑ ≠ ݖݕݔ ∴ (1) ⇒ 1 =   ݕݔ∑

Now, ∑ݔଶ ≥ ݔ equality when)  ݕݔ∑ = ݕ = ⇒ (ݖ 1 ≥   ,ݕݔ∑

with equality when ݔ = ݕ =  .ݖ

& ∵ 1 = ݕݔ∑ ∴ ݔ = ݕ = ∵ & ݖ ଶݔ∑ = 1,∴ ଶݔ = ଵ
ଷ
⇒ ݔ = ݕ = ݖ = ଵ

√ଷ
   (ans) 

1.49 

Denote ݔ + 1 = then  ଵ ,ݐ
௧య

+ ଵ
௧మ

+ ଵ
௧

= 156 + ହ݈݃  (1)   ݐ

domain the equation (1) ݐ > (ݐ)݂  ,0 = ଵ
௧య

+ ଵ
௧మ

+ ଵ
௧
↓ in (0; +∞) 

(ݐ)݃ = 156 + ହ݈݃ ݐ ↑ in (0; +∞), and has at most one root 

ݐ =
1
5 ⇒ ݔ + 1 =

1
5 ⇒ ݔ = −

4
5 

1.50 

Let ܣ = (ݔ)݈݊ ܤ, = ݔ)݈݊ + 1) ܥ, = ݔ)݈݊ + 2) 

∴ (ݔ)݂ = ܣ)݊݅ݏ + ܤ − (ܥ + ܤ)݊݅ݏ + ܥ − (ܣ = 2 ݊݅ݏ ܤ ܣ)ݏܿ −  (ܥ

(ݔ)݃ = ܣ)݊݅ݏ + ܤ + −(ܥ ܣ)݊݅ݏ − ܤ +  (ܥ

= ܤ)݊݅ݏ + ܣ + (ܥ + ܤ൫݊݅ݏ − ܣ) + ൯(ܥ = 2 ݊݅ݏ ܤ ܣ)ݏܿ +  (ܥ

(ݔ)݂ =  (ݔ)݃

⇒ ݊݅ݏ ܤ = 0 or ܿܣ)ݏ − (ܥ = ܣ)ݏܿ + (ܥ ⇒ ݊݅ݏ ܤ = 0 or ݊݅ݏ ܣ ݊݅ݏ ܥ = 0 

⇒ ݊݅ݏ ܣ = 0 or ܤ݊݅ݏ = 0 or ݊݅ݏ ܥ = 0 ⇒ ܥ,ܤ,ܣ = ,ߨ݊ ݊ ∈ ℤ 

⇒ ݔ = ݁గ or ݁గ − 1 or ݁గ − 2	for same ݊ ∈ ℤ 
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⇒ ݈݊)݊݅ݏ (ݔ = 0 or ݔ)݈݊)݊݅ݏ + 1)) = 0 or ݔ)݈݊)݊݅ݏ + 2)) = 0 ⇒ ݔ = ݁గ, ݁గ, ݁గ − 2 

1.51  

Clearly, ݔ > 0, ݐ > 0, ݖ > 0, ݖ ≠ 1. From 3rd equation: 

൬
1

ݕݔ2 −
ݔ

ସݔ + ଶ൰ݕ + ൬
1

ݕݔ2 −
ݕ

ଶݔ + ସ൰ݕ = 0 

⇒
ସݔ) + ଶݕ − (ݕଶݔ2

ସݔ)ݕݔ2 + (ଶݕ +
ଶݔ) + ସݕ − (ଶݕݔ2

ଶݔ)ݔ2 + (ସݕ = 0 ⇒
ଶݔ) − ଶ(ݕ

ସݔ) + (ଶݕ +
ݔ) − ଶ)ଶݕ

ଶݔ + ସݕ = 0 

⇒ ଶݔ − ݕ = ݔ,0 − ଶݕ = 0 ⇒ ସݕ = ଶݔ = ݕ ⇒ ଷݕ)ݕ − 1) = 0 

⇒ ݕ = 1			[∵ ݕ ∈ ℝ,ݕ ≠ 0] 		 ∴ ݔ = 1 

From 2nd equation: ݈݃௭ ݐ = ݕ = 1	[∵ ௭݈݃ ݔ = 0] ⇒ ݐ =  ݖ

From first equation: 3 + 3 + 3௭ + 3௭ = 24 ⇒ 2(3௭) = 18 ⇒ ݖ = 2 

∴ ݔ = ݕ,1 = 1, ݖ = 2, ݐ = 2 

1.52.  

Solve in ℝ:  

ݔ√ + ඥݕ + ݖ√ + 1 = 4ඥ(1)      ݖݕݔ 

ݕݔ + ݖݕ + ݔݖ + 3 = 2൫√ݔర + ඥݕర + రݖ√ ൯     (2) 

If ݔ = 0, (1) ⇒ ඥݕ + ݖ√ + 1 = 0 

But ඥݕ + ݖ√ + 1 ≥ 1 ⇒ ඥݕ + ݖ√ + 1 = 0 is impossible, ⇒ ݔ ≠ 0 

Similalry, it can be concluded that ݕ, ݖ ≠ 0 

∴ ,ݔ ,ݕ ݖ ≠ 0 ∴ ,ݕ,ݔ ݖ > 0 

Let √ݔర = ܽ, ඥݕర = ܾ, రݖ√ = ܿ; ܽ,ܾ, ܿ > 0 

Then (1) ⇒ ܽଶ + ܾଶ + ܿଶ + 1 = 4ܽଶܾଶܿଶ    (3) 

(2) ⇒ ܽସܾସ + ܾସܿସ + ܿସܽସ + 3 = 2(ܽ + ܾ + ܿ)   (4) 
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Now, ܽଶ + ܾଶ + ܿଶ + 1 ≥
ିீ

4√ܽଶܾଶܿଶర  

∴ (3) ⇒ 4ܽଶܾଶܿଶ ≥ 4√ܽଶܾଶܿଶర ⇒ ଼଼଼ܾܽܿ ≥ ܽଶܾଶܿଶ ⇒ ܾܽܿ ≥ 1 ⇒ ܾܽܿ ≥ 1 

Now, 2(ܽ + ܾ + ܿ) ≤ 2ܾܽܿ(ܽ + ܾ + ܿ) ≤
(ହ)

2(ܽଶܾଶ + ܾଶܿଶ + ܿଶܽଶ) 

(∵ ଶߙ	 + ଶߚ + ଶߛ ≥ ߚߙ + ߛߚ + ߙ where ,ߙߛ = ߚ,ܾܽ = ߛ,ܾܿ = ܿܽ) 

(4), (5) ⇒ ܽସܾସ + ܾସܿସ + ܿସܽସ + 3 ≤ 2(ܽଶܾଶ + ܾଶܿଶ + ܿଶܽଶ) 

⇒ 2(ܽଶܾଶ + ܾଶܿଶ + ܿଶܽଶ) ≥ ((ܽଶܾଶ)ଶ + (ܾଶܿଶ)ଶ + (ܿଶܽଶ)ଶ) + 3 

≥ ൬
1
3

(ܽଶܾଶ + ܾଶܿଶ + ܿଶܽଶ)ଶ൰ + 3 

(∵ ଶݑ)3 + ଶݒ + (ଶݓ ≥ ݑ) + ݒ + ݑ ଶ, where(ݓ = ܽଶܾଶ, ݒ = ܾଶܿଶ,ݓ = ܿଶܽଶ) 

⇒ ݐ2 ≥ ௧మ

ଷ
+ 3 (where ݐ = ܽଶܾଶ + ܾଶܿଶ + ܿଶܽଶ) 

⇒ ݐ6 ≥ ଶݐ + 9 ⇒ ݐ) − 3)ଶ ≤ 0 . But (ݐ − 3)ଶ ≥ 0 

∴ ݐ) − 3)ଶ = 0 ⇒ ݐ = 3 ⇒ ܽଶܾଶ + ܾଶܿଶ + ܿଶܽଶ = 3   (6) 

But ∑ܽଶܾଶ ≥
ିீ

3√ܽସܾସܿସయ ≥ 3		(∵ ܾܽܿ ≥ 1), 

equality when ܽ = ܾ = ܿ ∴ ∑ܽଶܾଶ = 3 ⇒ ܽ = ܾ = ܿ   (7) 

∴ 3ܽସ = 3 (from (6), (7)) ⇒ ܽ = 1 ⇒ ܽ = ܾ = ܿ = 1 ⇒ ݔ = ݕ = ݖ = 1 is the only solution 

1.53 

ݕ)ݔ + (ݖ = ଶݕ + ଶݖ − 6    (1) 

ݖ)ݕ + (ݔ = ଶݖ + ଶݔ − 6    (2) 

ݔ)ݖ + (ݕ = ଶݔ + ଶݕ − 6  (3) 

Adding we get 

ݕݔ)2 + ݖݕ + (ݔݖ = ଶݔ)2 + ଶݕ + ଶݖ − 9) ⇒ ݕݔ + ݖݕ + ݔݖ = ଶݔ + ଶݕ + ଶݖ − 9   (4) 

From (1), (4): ݖݕ = ଶݔ − 3 ⇒ ଶݔ − ݖݕ = 3   (5) 
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Similarly :ݕଶ − ݔݖ = ଶݖ ,(6)   3 − ݕݔ = 3  (7) 

∴ ଶݔ − ଶݕ − ݖݕ + ݔݖ = 0 ⇒ ݔ) − ݔ)(ݕ + ݕ + (ݖ = 0, etc. 

When ݔ + ݕ + ݖ ≠ 0, we get⇒ ݔ = ݕ =  ݖ

Not possible in view of (5):  ݔ + ݕ + ݖ = 0 

From (1), we get: −ݔଶ = ଶݕ + ଶݖ − 6 ⇒ ଶݔ + ଶݕ + ଶݖ = 6 

and ݕݔ + ݖݕ + ݔݖ = −3  [from (4)] 

Also, ݔଶ + ଶݕ + ݔ−) − ଶ(ݕ = 6 ⇒ ଶݔ + ݕݔ + ଶݕ = 3 ⇒ ଶݔ + ݕݔ + ଶݕ − 3 = 0 

⇒ ݔ =
ݕ− ± ඥݕଶ − ଶݕ)4 − 3)

2 =
1
2 ቀ−ݕ ± ඥ3(4−  ଶ)ቁݕ

Thus, −2 ≤ ݕ ≤ 2. Similarly, −2 ≤ ݔ ≤ 2,−2 ≤ ݖ ≤ 3 

As ݕ,ݔ,  are integers ݖ

,ݔ) ,ݕ (ݖ = (−2,1,1), (2,−1,−1), (−1,2,−1), (1,−2,1), (1,1,−2), (−1,−1,2) 

1.54 

The system can be rewritten 

ቐ
ଷݔ + ݈݊ ݔ = ଷݕ + ݈݊ ݕ
ହݕ + ݈݊ ݕ = ହݖ + ݈݊ ݖ

௬ݔ2 + ௭ݕ3 + ௫ݖ5 = 10
 

Let ݂: (0,∞) → ܴ, (ݔ)݂ = ଷݔ + ݈݊  a sum of strictly increasing functions, so ݂ strictly ݔ
increasing ⇒ ݂ one to one ⇒ ݔ =  ݕ

݃: (0,∞) → ℝ,݃(ݔ) = ହݔ + ݈݊ ݕ similarly we have ݔ =  ݖ

The last equation becomes: 5ݔ௫ + ௫ݔ5 = 10 ⇔ ௫ݔ = 1 ⇔ ݔ = 1 

Note for ݔ > 1 ⇒ ௫ݔ > 1 so ݔ௫ = 1 doesn’t have solutions for 

0 < ݔ < 1, ݔ = ଵ


, ܽ > 1 ⇒ ቀଵ

ቁ
భ
ೌ = ଵ


భ
ೌ

< 1, again with no solution 

Hence ݔ = ݕ = ݖ = 1. 
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1.55 

2017ସଶ = 2 ⋅ 42ଷ + 42 + 7 = 148225 = 385ଶ = (9 ⋅ 42 + 7)ଶ = (97ସଶ)ଶ 

Taking into account: 2017ସଶ = (97ସଶ)ଶ, adding the equations;  

 (2017ܽଶ − 4 ⋅ 97ܽ + 4)
ଶଵ଼

ୀଵ

= 0 ⇔  (97ଶ ⋅ ܽଶ − 4 ⋅ 97ܽ + 4)
ଶଵ଼

ୀଵ

= 0 ⇔ 

⇔  (97ܽ − 2)ଶ
ଶଵ଼

ୀଵ

= 0 ⇔ ܽଵ = ܽଶ = ⋯ = ܽଶଵ଼ =
2

97 

So, the solution to the equation system is: ቀ ଶ
ଽ

, ଶ
ଽ

, ଶ
ଽ

, … , ଶ
ଽ
ቁ. 

Or, rewriting the equations into decimal numeral system: 

ܽଶଶ + ܽଷଶ + ܽସଶ + ⋯+ ܽଵସ଼ଶଶଶ = 4 ⋅ (385ܽଵ − 1) 

ܽଵଶ + ܽଷଶ + ܽସଶ + ⋯+ ܽଵସ଼ଶଶଶ = 4 ⋅ (385ܽଶ − 1) 

ܽଵଶ + ܽଶଶ + ܽସଶ + ⋯+ ܽଵସ଼ଶଶଶ = 4 ⋅ (385ܽଷ − 1) 

… … … … … … … … … … … … … … … … … … … … … .. 

ܽଵଶ + ܽଶଶ + ܽଷଶ + ⋯+ ܽଵସ଼ଶଶହଶ = 4 ⋅ (385ܽଵସ଼ଶଶ − 1) 

Adding then, we get: 

 (148225ܽଶ − 4 ⋅ 385ܽ + 4)
ଵସ଼ଶଶ

ୀଵ

= 0 ⇔  (385ଶ ⋅ ܽଶ − 4 ⋅ 385ܽ + 4)
ଵସ଼ଶଶ

ୀଵ

= 0 ⇔ 

 (385ܽ − 2)ଶ
ଵସ଼ଶଶ

ୀଵ

= 0 ⇔ ܽଵ = ܽଶ = ⋯ = ܽଵସ଼ଶଶ =
2

385 

So, the solution to the equation system is: ቀ ଶ
ଷ଼ହ

, ଶ
ଷ଼ହ

, ଶ
ଷ଼ହ

, … , ଶ
ଷ଼ହ
ቁ. 

1.56 

Let ݂(ݔ) = ଷݔ + ଶݔ + ݔ2 + ଷݔ)݈݃ + ݔ2 + 1) 
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݂ᇱ(ݔ) = ଷ௫మାଶ
௫యାଶ௫ାଵ

+ ଶݔ3 + ݔ2 + 2. We must have ݔଷ + ݔ2 + 1 > 0 for ݈ݔ)݃ଷ + ݔ2 + 1) to be 

defined on ℝ ⇒ ଷݔ + ݔ2 + 1 > 0 ∴ ݂ᇱ(ݔ) = ଷ௫మାଶ
௫యାଶ௫ାଵ

+ ݔ) + 1)ଶ + ଶݔ2 + 1 > 0 ⇒ 

⇒ is an increasing ݂ (ݔ)݂ . Let us assume ݔ ≥ is an increasing ݂ (ݔ)݂ Then .ݕ , 

	∴ (ݔ)݂ ≥ (ݕ)݂ ⇒ ݕ ≥ ∵൫ݔ ݕ = ݔ&	(ݔ)݂ = ൯(ݕ)݂ ∴ ݔ ≥ ݕ	&ݕ ≥ ݔ we must have ,ݔ =  If we .ݕ
assume ݔ ≤ (ݕ)݂ then ,ݕ ≥ (ݔ)݂ ⇒ ݔ ≥ ݕ ⇒ ݔ =  So, we conclude combining both cases .ݕ

that ݔ = ݕ ∴ ଷݔ + ଶݔ + ݔ + ଷݔ)݈݃ + ݔ2 + 1) = 0. Let ݃(ݔ) = ଷݔ + ଶݔ + ݔ + 

+ ଷݔ)݈݃ + ݔ2 + 1) ;݃ᇱ(ݔ) =
ଶݔ3 + 2

ଷݔ + ݔ2 + 1 + ݔ) + 1)ଶ + ଶݔ2 > 0 ⇒  (ݔ)݃

 is an increasing ݂  &  

∵ ݃(0) = 0, ∴ (ݔ)݃ = 0 iff ݔ = 0 ∴ only possible pair satisfying given equation is  

൜ݔ = 0
ݕ = 0ൠ  (answer) 

1.57 

Let ߠ = గ
ଵସ

 and ܽ = ݊݅ݏ ቀ గ
ଵସ
ቁ = ݊݅ݏ  ߠ

ݏܿ ଶగ


= ݊݅ݏ ቀగ
ଶ
− ଶగ


ቁ = ݊݅ݏ ቀଷగ

ଵସ
ቁ = ݊݅ݏ ߠAlso, 7 .ߠ3 = గ

ଶ
⇒ ߠ4 = గ

ଶ
− ߠ3 ⇒ (ߠ4)݊݅ݏ =

ݏܿ ߠ3 ⇒ 

⇒ 4 ݊݅ݏ ߠ ݏܿ ߠ ݏܿ ߠ2 = 4 ଷݏܿ ߠ − 3 ݏܿ ߠ ⇒ 4 ݊݅ݏ ߠ (1 − 2 ଶ݊݅ݏ (ߠ = 4(1− ଶ݊݅ݏ (ߠ − 3 ⇒ 

⇒ 4ܽ(1− 2ܽଶ) = 4(1− ܽଶ)− 3 ⇒ 8ܽଷ − 4ܽଶ − 4ܽ + 1 = 0. Now, ܿܿݏ ߠ = ଵ


= 4 + 4ܽ −
8ܽଶ 

ݏܿ
ߨ2
7 = ݊݅ݏ ߠ3 = 3ܽ − 4ܽଷ 

ܵܪܮ = ܿݏܿ ቀ
ߨ

14ቁ − 4 ݏܿ
ߨ2
7 = 4 + 4ܽ − 8ܽଶ − 4(3ܽ − 4ܽଷ) = 16ܽଷ − 8ܽଶ − 8ܽ + 4 = 

= 2(8ܽଷ − 4ܽଶ − 4ܽ + 1) + 2 = 2(0) + 2 = 2 

1.58 

Let ߱ = − ଵ
ଶ

+ √ଷ
ଶ
݅,߱ଶ = − ଵ

ଶ
− √ଷ

ଶ
݅ 
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ݖ| − ߱ଶ|ଶ + ݖ| − ߱|ଶ + ݖ| − 1|ଶ − ଶ|ݖ|3 =  ݖ

⇒ ଶ|ݖ| + |߱ଶ|ଶ − ଶ߱ݖ − ݖ ഥ߱ଶ + ଶ|ݖ| + |߱|ଶ − ߱̅ݖ − ݖ ഥ߱ + ଶ|ݖ| + 1 − ̅ݖ − ݖ − ଶ|ݖ|3 =  ݖ

⇒ ଶ|ݖ|3 + 3 − ଶ߱)̅ݖ + ߱ + 1) − ߱)ݖ + ߱ଶ + 1)− ଶ|ݖ|3 = ݖ ⇒ ݖ = 3 

1.59 

If 0 < ݏܿ ݔ < 1, 

2௦ ௫ + 1 > 2 ⇒ ଶ(2௦݈݃ ௫ + 1) > 1 

3௦ ௫ + 2 > 3 ⇒ ଷ(3௦݈݃ ௫ + 2) > 1 

4௦ ௫ + 3 > 4 ⇒ ସ(4௦݈݃ ௫ + 3) > 1 

⇒ ଶ(2௦݈݃ ௫ + 1) + ଷ(3௦݈݃ ௫ + 2) + ସ(4௦݈݃ ௫ + 3) > 3 

and (27− ݏܿ (ݔ
భ
య < 3. Similarly, if −1 < ݏܿ ݔ < 0, then 

ܵܪܮ < 3 and ܴܵܪ > 3. Thus, only possible solution is 

ݏܿ  ݔ = 0 ⇒ ݔ = (2݊ + 1) గ
ଶ

, ݊ ∈ ℤ 

1.60  

ݕ2 ≤ ଶݕ + 1 ⇒ ଶݖ + ݕ2 + 3 ≤ ଶݖ + ଶݕ + 4 ⇒ 

ܧ = ∑ ଶ௫మାସ
௭మା௬మାସ

= 3 ⇒ ܧ = ∑ ௫మାଶ
௬మାଶା௭మାଶ

= ଷ
ଶ
    (1) 

Let ݔଶ + 2 = ଶݕ,ܽ + 2 = ܾ, ଶݖ + 2 = ܿ ⇒ (1) becomes 

∑ 
ା

= ଷ
ଶ
   (2) 

But ∑ 
ା

≥ ଷ
ଶ
   (3) 

From (2)+(3)⇒ ܽ = ܾ = ܿ ⇒ ଶݔ = ଶݕ = ଶݖ ⇒ ݔ = ݕ = ݖ = 1. 

1.61 

=ுௌ 
ݔ) − 1)! ݔ) + ݎ − 1)

ݔ) + !(ݎ

ଵଵ

ୀଵ

⇒ ݔ) − 1)!൬
1

ݔ) + ݎ − 1)! −
1

ݔ) + ൰!(ݎ
ଵଵ

ୀଵ

⇒ 
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⇒ ଵ
௫
− (௫ିଵ)!

(௫ାଵଵ)!
   (1) 

=ோுௌ ଵ
ଷ
− (௫ିଵ)!

(௫ାଵଵ)!
    (2) 

From (1) and (2)  

ݔ = 3 is the only solution. 

1.62 

Let ܽ = ݁௫ , ܾ = ݁. Put ߂ଵ =
ተ
ተ

1 1 1 1
ܽ ଵ


ܾ ଵ



ܽଶ ଵ
మ

ܾଶ ଵ
మ

ܽସ ଵ
ర

ܾସ ଵ
ర

ተ
ተ

= ଵ
రర

 ଶ߂

ଷ߂ = ተ
1 ܽସ 1 ܾସ
ܽ ܽଷ ܾ ܾଷ
ܽଶ ܽଶ ܾଶ ܾଶ
ܽସ 1 ܾସ 1

ተ ଵܥ	 → ଵܥ − ଷܥ,ଶܥ → ଷܥ −  ସܥ

ଶ߂ = (1 − ܽଶ)(1− ܾଶ)߂ଷ where ߂ସ = ተ

1 + ܽଶ ܽସ 1 + ܾଶ ܾସ
ܽ ܽଷ ܾ ܾଷ
0 ܽଶ 0 ܾଶ

−(1 + ܽଶ) 1 −(1 + ܾଶ) 1

ተ	Expand along ܴଷ 

ସ߂ = −ܽଶ อ
1 + ܽଶ 1 + ܾଶ ܾସ
ܽ ܾ ܾଷ

−(1 + ܽଶ) −(1 + ܾଶ) 1
อ − ܾଶ อ

1 + ܽଶ ܽସ 1 + ܾଶ
ܽ ܽଷ ܾ

−(1 + ܽଶ) 1 −(1 + ܾଶ)
อ 	ܴଷ → ܴଷ + ܴଵ 

ସ߂ = −ܽଶ อ
1 + ܽଶ 1 + ܾଶ ܾସ
ܽ ܾ ܾଷ
0 0 1 + ܾସ

อ − ܾଶ อ
1 + ܽଶ ܽସ 1 + ܾଶ
ܽ ܽଷ ܾ
0 1 + ܽସ 0

อ = 

= −ܽଶ(1 + ܾସ)[(1 + ܽଶ)ܾ − (1 + ܾଶ)ܽ] + ܾଶ(1 + ܽସ)[(1 + ܽଶ)ܾ − (1 + ܾଶ)ܽ] 

= [(ܾ − ܽ) − ܾܽ(ܾ − ܽ)][ܾଶ − ܽଶ − ܽଶܾଶ(ܾଶ − ܽଶ)] = 

= (ܾ − ܽ)(1− ܾܽ)(ܾଶ − ܽଶ)(1 − ܽଶܾଶ) = (ܾ − ܽ)ଶ(ܾ + ܽ)(1− ܾܽ)ଶ(1 + ܾܽ) 

Thus, ߂ଵ = (ଵା)
()ర

(1 − ܾଶ)(ܽ + ܾ)(1 + ܾܽ)(1 − ܽ)(ܾ − ܽ)ଶ(1− ܾܽ) 
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Next, put ߂ଶ =
ተ
ተ

1 1 1 1
0 ଵ


ܾ ଵ



ܽଷ ଵ
య

ܾଷ ଵ
య

ܽସ ଵ
ర

ܾସ ଵ
ర

ተ
ተ

= ଵ
రర

ହ߂ ହ where߂ = ተ
1 ܽସ 1 ܾସ
ܽ ܽଷ ܾ ܾଷ
ܽଷ ܽ ܾଷ ܾ
ܽସ 1 ܾସ 1

ተ 

Use ܥଵ → ଵܥ − ଷܥ,ଶܥ → ଷܥ − ହ߂  ,ସܥ = (1− ܽଶ)(1 − ܾଶ)߂ where 

߂ = ተ

1 + ܽଶ ܽସ 1 + ܾଶ ܾସ
ܽ ܽଷ ܾ ܾଷ
−ܽ ܽ −ܾ ܾ

−(1 + ܽଶ) 1 −(1 + ܾଶ) 1

ተ 		ܴସ → ܴସ + ܴଵ,ܴଷ → ܴଷ + ܴଶ 

߂ = ተ
1 + ܽଶ ܽସ 1 + ܾଶ ܾସ
ܽ ܽଷ ܾ ܾଷ
0 ܽ + ܽଷ 0 ܾ + ܾଷ
0 1 + ܽସ 0 1 + ܾସ

ተ = (1 + ܽଶ) อ
ܽଷ ܾ ܾଷ

ܽ + ܽଷ 0 ܾ + ܾଷ
1 + ܽସ 0 1 + ܾସ

อ − 

−ܽ อ
ܽସ 1 + ܾଶ ܾସ

ܽ + ܽଷ 0 ܾ + ܾଷ
1 + ܽସ 0 1 + ܾସ

อ = −(1 + ܽଶ)ܾ[(1 + ܽଷ)(1 + ܾସ) − (1 + ܽସ)(ܾ + ܾଷ)] + 

+ܽ(1 + ܾଶ)[(ܽ + ܽଷ)(1 + ܾସ)− (1 + ܽସ)(ܾ + ܾଷ)] = 

= (ܽ − ܾ)(1 − ܾܽ)[(ܽ − ܾ)(1− ܽଷܾଷ) + (1 − ܾܽ)(ܽଷ − ܾଷ)] 

= (ܽ − ܾ)ଶ(1 − ܾܽ)ଶ[1 + ܾܽ + ܽଶܾଶ + ܽଶ + ܾଶ + ܾܽ] 

Thus, ߂ = ଵ
()ఴ

(1 − ܽଶ)ଶ(1 − ܾଶ)ଶ(ܾ − ܽ)ସ(1 − ܾܽ)ସ(ܽ + ܾ)(1 + ܾܽ) 

(1 + 2ܾܽ + ܽଶܾଶ + ܽଶ + ܾଶ) 

As ܽ,ܾ > 0, ܾ ≠ ߂  ,1 = 0 ⇔ ܽଶ − 1 or ܾ = ܽ or ܾܽ = 1 ⇔ ݁௫ = 1 or ݁௫ = ݁, ݁௫ାଵ = 1 ⇔ 

⇔ ݔ = ݔ,0 = 1, ݔ = −1. 

1.63 

Put ݁గ௫మబభఴ = ߨ,ݐ
మ
ೣ =  ݑ

Numerator of LHS= ݐ) + ଶݐ)(1 + ସݐ)(1 + 1) … ൫ݐଶ + 1൯ 

=
1

ݐ − 1
ଶݐ) − ଶݐ)(1 + ସݐ)(1 + 1) … ൫ݐଶ + 1൯ = ⋯ =

1
ݐ − 1

൫ݐଶశభ − 1൯ 
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Denominator of RHS 

= ݑ) + ଶݑ)(1 + 1) … ൫ݑଶ + 1൯ =
ଶశభݑ − 1
ݑ − 1  

∴ ܵܪܮ = ௨ିଵ
௧ିଵ

⋅ ௧
మశభିଵ
௨మశభషభ

    (1). Also, RHS=௧
మశభିଵ
௨మశభିଵ

    (2) 

From (1), (2), we get ݑ − 1 = ݐ − 1 ⇒ ݑ =  ݐ

⇒ ݁గ௫మబభఴ = ߨ
ଶ
௫ ⇒ ଶଵ଼ݔߨ =

2݁
ݔ ݈݊ ߨ ⇒ ଶଵଽݔ =

2݁ ݈݊ ߨ
ߨ ⇒ ݔ = ൬

2݁ ݈݊ ߨ
ߨ ൰

ଵ
ଶଵଽ

 

1.64 

ଵଶݏܿ ݔ + 4 ଼ݏܿ ݔ ݊݅ݏ ݔ2 + (3 ସݏܿ ݔ − 4)(2 ଶ݊݅ݏ (ݔ2 + 4 ଷ݊݅ݏ ݔ2 − 3 ݏܿ ݔ + 19 = 0 

⇒ ଵଶݏܿ ݔ + 8 ଽݏܿ ݔ ݊݅ݏ ݔ + 24 ݏܿ ݔ ଶ݊݅ݏ ݔ + 32 ଷݏܿ ݔ ଷ݊݅ݏ ݔ − 32 ଶݏܿ ݔ ଶ݊݅ݏ ݔ − 

−3 ݏܿ ݔ + 19 = 0 ⇒ 

⇒ ଷݏܿ) ݔ + 2 ݊݅ݏ ସ(ݔ − 16 ସ݊݅ݏ ݔ − 32 ଶݏܿ ݔ ଶ݊݅ݏ ݔ − 3 ݏܿ ݔ + 19 = 0 

⇒ ଷݏܿ) ݔ + 2 ݊݅ݏ ସ(ݔ − ଶ݊݅ݏ)16 ݔ + ଶݏܿ ଶ(ݔ + 16 ସݏܿ ݔ − 3 ݏܿ ݔ + 19 = 0 

⇒ ଷݏܿ) ݔ + 2 ݊݅ݏ ସ(ݔ + 16 ସݏܿ ݔ = ݏܿ)3 ݔ − 1) 

LHS ≥ 0 and ܴܵܪ ≤ 0 

Equality when ܵܪܮ = ܵܪܴ,0 = 0 

ଷݏܿ) ݔ + 2 ݊݅ݏ ସ(ݔ + 16 ସݏܿ ݔ = 0, ݏܿ ݔ − 1 = 0 

⇒ ଷݏܿ ݔ + 2 ݊݅ݏ ݔ = 0, ݏܿ ݔ = 0 and ܿݏ ݔ = 1 

Thus, no solution. 

1.65 

Let’s set ݕ = 0:݂ ቀ௫
ଶ
ቁ = (௫)ା()

ଶ
⇒ (ݔ)݃ = 2݂ ቀ௫

ଶ
ቁ = ℎ(0)    (1) 

Set ݔ = 0: ݂ ቀ௬
ଶ
ቁ = ()ା(௬)

ଶ
⇒ ℎ(ݕ) = 2݂ ቀ௬

ଶ
ቁ − ݃(0)   (2) 
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Using (1), (2) we have: ݂ ቀ௫ା௬
ଶ
ቁ = ݂ ቀ௫

ଶ
ቁ + ݂ ቀ௬

ଶ
ቁ − ()ା()

ଶ
 or  

݂(ܽ + ܾ) = ݂(ܽ) + ݂(ܾ) − ()ା()
ଶ

 where ܽ: ௫
ଶ

,ܾ: ௬
ଶ

,ܽ, ܾ ∈ ℝ. Now let’s set 

݇(ܽ) = ݂(ܽ)− ()ା()
ଶ

. Then ݇(ܽ + ܾ) = ݇(ܽ) + ݇(ܾ),∀ܽ, ܾ ∈ ℝ. So ݇ is a Cauchy function 

and continuos. So ݇(ݔ) = ,ݔܿ ܿ ∈ ℝ ⇒ (ݔ)݂ = ݔܿ − ()ା()
ଶ

ݔ∀, ∈ ℝ and 

(ݔ)݃ = ݔܿ − ℎ(0)−
ℎ(0) + ݃(0)

2 ⇒ 

⇒ (ݔ)݃ = ݔܿ −
3ℎ(0) + ݃(0)

2 ′ℎ(ݔ) = ݔܿ −
3݃(0)− ℎ(0)

2 ; 

and similarly these functions satisfy the equation. 

1.66 

൞
ඥ1ݕ2 − ଶݔ + ඥ1ݕ2 − ଶݕ = √3

ඥ1ݕ2 − ଶݖ + ඥ1ݕ2 − ଶݕ = √3

ඥ1ݖ2 − ଶݔ + ඥ1ݖ2 − ଶݔ = √3

 

These systems of equations can be further expressed as: 

⎩
⎪
⎨

⎪
ଵି݊݅ݏ⎧ ݔ + ଵି݊݅ݏ ݕ =

ߨ
3 ,

ߨ2
3 					(1)

ଵି݊݅ݏ ݕ + ଵି݊݅ݏ ݖ =
ߨ
3 ,

ߨ2
3 					(2)

ଵି݊݅ݏ ݔ + ଵି݊݅ݏ ݖ =
ߨ
3 ,

ߨ2
3 						(3)

 

Adding these equations, we have that: 

ଵି݊݅ݏ ݔ + ଵି݊݅ݏ ݕ + ଵି݊݅ݏ ݖ = గ
ଶ

 (4)     ߨ,

Notice that: ିగ
ଶ
≤ ߶ ≤ గ

ଶ
⇒ −1 ≤ ߶݊݅ݏ ≤ 1 this implies the inequality above hold true for the 

following cases ie. 

(1). If ݔ = ݕ = ଵି݊݅ݏ :then ݖ ݔ = ଵି݊݅ݏ ݕ = ଵି݊݅ݏ ݖ = గ


, గ
ଷ

 which implies that  

ݔ = ݕ = ݖ = ଵ
ଶ

, √ଷ
ଶ

 from equation (4) 
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(2). If any two of them are equal and third one is different. WLOG, let ݔ =  which directly ݕ
implies ݖ = ݔ,0 = ݕ = 1 which further follows as either ݔ = ݕ = √ଷ

ଶ
 or ݔ = ݕ = ଵ

ଶ
 and the 

same value will corresponds either ݔ = 0 case or ݕ = 0. Thus, the solutions are 0,1, ଵ
ଶ

, √ଷ
ଶ

. 

Thus, ݔ = 0, ݕ = ݖ = √ଷ
ଶ
ݔ			 = ݕ = ݖ = ଵ

ଶ
 

ݔ = 1, ݕ = ݖ =
1
2 ݕ			 = ݔ,1 = ݖ =

1
2 

ݖ = ݔ,1 = ݕ =
1
2 ݕ			 = 0, ݔ = ݖ =

√3
2  

ݔ = ݔ,0 = ݕ =
√3
2  

1.67 

ଶݔ∑ =
(ଵ)

1 & ௫
ଵି௫మ

+ ௬
ଵି௬మ

+ ௭
ଵି௭మ

=
(ଶ) ସ௫௬௭

(ଵି௫మ)(ଵି௬మ)(ଵି௭మ)
 

(2) ⇒ −1)ݔ −ଶ)(1ݕ (ଶݖ + 1)ݕ − −ଶ)(1ݖ (ଶݔ + 1)ݖ − −ଶ)(1ݔ (ଶݕ =  ݖݕݔ4

⇒ −1)ݔ (1− (ଶݔ + (ଶݖଶݕ + 1)ݕ − (1 − (ଶݕ + (ଶݔଶݖ + 1)ݖ − (1 − (ଶݖ + (ଶݕଶݔ = 

= ݖݕݔ4 ቀ∵ݔଶ = 1ቁ ⇒ݔଷ + ݖݕݔ ቀݕݔቁ = ݖݕݔ4 ⇒ ݖݕݔ3 + ݔቀ1 −ݕݔቁ + 

ݖݕݔ+ ቀݕݔቁ = ݖݕݔ4 ቀ∵ݔଶ = 1ቁ ⇒ݔ ቀ1−ݕݔቁ = ݖݕݔ ቀ1 −ݕݔቁ = 0 

⇒ (1 ݔ∑)(ݕݔ∑− − (ݖݕݔ = 0   (1) 

Now, ∑ݔଶ ≥
ିீ

3ඥݔଶݕଶݖଶయ ⇒ 1 ≥ ଶݖଶݕଶݔ27 ⇒ ଶݖଶݕଶݔ27 ≤
(ଶ)

1. If ∑ݔ =  ,then ,ݖݕݔ

ቀݔቁ
ଶ

= ଶݖଶݕଶݔ ⇒ 27 ቀ1 + 2ݕݔቁ = ଶݖଶݕଶݔ27 ቀ∵ݔଶ = 1ቁ ≤
௬	(ଶ)

1 ⇒ 

⇒ ݕݔ∑54 ≤ −26. But 54∑ݕݔ > 0	(∵ ,ݔ ,ݕ ݖ > 0) ∴ ݔ∑ ≠ ݖݕݔ ∴ (1) ⇒ 1 =   ݕݔ∑

Now, ∑ݔଶ ≥ ݔ equality when)  ݕݔ∑ = ݕ = ⇒ (ݖ 1 ≥   ,ݕݔ∑

with equality when ݔ = ݕ =  .ݖ
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& ∵ 1 = ݕݔ∑ ∴ ݔ = ݕ = ∵ & ݖ ଶݔ∑ = 1,∴ ଶݔ = ଵ
ଷ
⇒ ݔ = ݕ = ݖ = ଵ

√ଷ
   (ans) 

1.68 

Let ݂(ݔ) = ଷݔ + ଶݔ + ݔ2 + ଷݔ)݈݃ + ݔ2 + 1) 

݂ᇱ(ݔ) = ଷ௫మାଶ
௫యାଶ௫ାଵ

+ ଶݔ3 + ݔ2 + 2. We must have ݔଷ + ݔ2 + 1 > 0 for ݈ݔ)݃ଷ + ݔ2 + 1) to be 

defined on ℝ ⇒ ଷݔ + ݔ2 + 1 > 0 ∴ ݂ᇱ(ݔ) = ଷ௫మାଶ
௫యାଶ௫ାଵ

+ ݔ) + 1)ଶ + ଶݔ2 + 1 > 0 ⇒ 

⇒ is an increasing ݂ (ݔ)݂ . Let us assume ݔ ≥ is an increasing ݂ (ݔ)݂ Then .ݕ , 

	∴ (ݔ)݂ ≥ (ݕ)݂ ⇒ ݕ ≥ ∵൫ݔ ݕ = ݔ&	(ݔ)݂ = ൯(ݕ)݂ ∴ ݔ ≥ ݕ	&ݕ ≥ ݔ we must have ,ݔ =  If we .ݕ
assume ݔ ≤ (ݕ)݂ then ,ݕ ≥ (ݔ)݂ ⇒ ݔ ≥ ݕ ⇒ ݔ =  So, we conclude combining both cases .ݕ

that ݔ = ݕ ∴ ଷݔ + ଶݔ + ݔ + ଷݔ)݈݃ + ݔ2 + 1) = 0. Let ݃(ݔ) = ଷݔ + ଶݔ + ݔ + 

+ ଷݔ)݈݃ + ݔ2 + 1) ;݃ᇱ(ݔ) =
ଶݔ3 + 2

ଷݔ + ݔ2 + 1 + ݔ) + 1)ଶ + ଶݔ2 > 0 ⇒  (ݔ)݃

 is an increasing ݂  &  

∵ ݃(0) = 0, ∴ (ݔ)݃ = 0 iff ݔ = 0 ∴ only possible pair satisfying given equation is  

൜ݔ = 0
ݕ = 0ൠ  (answer) 

1.69  

(ݔ)݂ + (ݕ)݂ = ݔ)݂ + −(ݕ ݔ)ݕݔ + (ݕ ⇒ −(ݔ)݂
ଷݔ

3 + −(ݕ)݂
ଷݕ

3 = ݔ)݂ + (ݕ = 

= ௫య

ଷ
− ௬య

ଷ
− ݔ)ݕݔ + (ݕ ⇒ −(ݔ)݂ ௫య

ଷ
+ −(ݕ)݂ ௬య

ଷ
= ݔ)݂ + (ݕ − ଵ

ଷ
ݔ) +  ଷ   (1)(ݕ

Now, let ݃(ݔ) = −(ݔ)݂ ௫య

ଷ
,݃ continuous (2) 

From (1)+(2) ⇒ (ݔ)݃ + (ݕ)݃ = ݔ)݃ + (ݕ ⇒ (ݔ)݃ = ,ݔܽ ܽ ∈ ℝ  (3) (from Cauchy equation). 
From (2)+(3) ⇒ −(ݔ)݂ ௫య

ଷ
= ݔܽ ⇒ (ݔ)݂ = ௫య

ଷ
+  ݔܽ

1.70  

ݔ + ݕ
1 + ݕݔ +

ݕݔ
1 + ݔ +

ݕݔ
1 + ݕ +

ݔ + ݕ + ݕݔ2
(1 + 1)(ݔ + ݕݔ(ݕ = 3 
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ݔ) + ݕ)(1 + 1)
ݕݔ + 1 + ݕݔ ൬

1
1 + ݔ +

1
1 + ൰ݕ +

ݕ)ݔ + 1) + ݔ)ݕ + 1)
1)ݕݔ + 1)(ݔ + (ݕ = 4 

AM-GM: 

ܵܪܮ ≥
ݔ) + ݕ)(1 + 1)

ݕݔ + 1 +
ݕݔ2

ඥ(1 + 1)(ݔ + (ݕ
+

2ඥ1)ݕݔ + 1)(ݔ + (ݕ
1)ݕݔ + 1)(ݔ + (ݕ  

=
ݔ) + ݕ)(1 + 1)

ݕݔ + 1 +
2൫ඥ(ݕݔ)ଷ + 1൯

ඥ1)ݕݔ + 1)(ݔ + (ݕ
 

≥ 2ඨ
(௫ାଵ)(௬ାଵ)⋅ଶቀඥ(௫௬)యାଵቁ

(௫௬ାଵ)ඥ௫௬(௫ାଵ)(௬ାଵ)
= 2ඨ

ଶቀඥ(௫௬)యାଵቁඥ(௫ାଵ)(௬ାଵ)

(௫௬ାଵ)√௫௬
   (1) 

ඥ(ݕݔ)ଷ + 1 ≥ ට(௫௬ାଵ)య

ଶ
= ݕݔ) + 1)ට௫௬ାଵ

ଶ
≥ ݕݔ) + 1) ⋅ ඥݕݔర    (2) 

(1), (2) ⇒ ܵܪܮ ≥ 2ඨ
ଶ(௫௬ାଵ) √௫௬ర ⋅ටଶ√௫⋅ଶ√௬

(௫௬ାଵ)√௫௬
= 2ටସ⋅ √௫௬ర ⋅ √௫௬ర

√௫௬
= 2√4 = 4 

⇒ Equality occurs if ݔ = ݕ = 1 ⇒ ݊݅ݏ ݔ = ݊݅ݏ 1 ≠ 0 > 1 = 0 > ݕ → (absurd) 

⇒ system has no solution. 

1.71  

Let ⌊ݔ⌋ = {ݔ} and ܫ = ݂ ∈ ݔ ,(0,1] = ܫ + ݂ 

ܫ) + ݂ + ݂)ଶ − ܫ) + ݂ + ݂) = ݂ܫ6 − 1 ⇒ ܫ) + 2݂)ଶ − ܫ) + 2݂) = ݂ܫ6 − 1 

⇒ ଶܫ + 4݂ଶ − ݂ܫ2 − ܫ − 2݂ + 1 = 0 ⇒ ଶܫ − 2݂)ܫ + 1) + 4݂ଶ − 2݂ + 1 = 0   (1) 

߂ = (2݂ + 1)ଶ − 4(4݂ଶ − 2݂ + 1) = −3(4݂ଶ − 4݂ + 1) = −3(2݂ − 1)ଶ ≤ 0 

But,  ܫ ∈ ℤ ∈ ℝ,߂ ≥ 0. So, ߂ ≤ 0 and ߂ ≥ 0 ⇒ ߂ = 0 ⇒ 2݂ − 1 = 0 ⇒ ݂ = ଵ
ଶ
 

߂ = 0, from (1), we get, ܫ = ଶାଵ
ଶ

=
ଶ⋅భమାଵ

ଶ
= ݔ ,1 = ܫ + ݂ = 1 + ଵ

ଶ
= ଷ

ଶ
 

1.72  

For ݔ ≠ 0, let ݂(ݔ) = 8௫ + 27
భ
ೣ + 2௫ାଵ3

ೣశభ
ೣ + 2௫3

మೣశభ
ೣ = 2ଷ௫ + 3

య
ೣ + (15) ቀ2௫3

భ
ೣቁ 
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For ݔ < (ݔ)݂,0 < 1 + 1 + 15(1) < 125 

For 0 < ݔ < (ݔ)ʹ݂		1 = (2ଷ௫)(3 ݈݊ 2) + 3
య
ೣ ቀ− ଷ

௫మ
݈݊ 3ቁ+ 15 ቂ2௫3

భ
ೣ ݈݊ 2 + 2௫3

భ
ೣ ቀ− ଵ

௫మ
݈݊ 3ቁቃ 

= (3)2௫ 2ଶ௫ ݈݊ 2 −
5
ଶݔ
൬3

ଵ
௫൰ ݈݊ 3൨ + ൬3

ଵ
௫൰ (3) 5(2௫) ݈݊ 2 −

3
ଶ
௫

ଶݔ
݈݊ 3 

For 0 < ݔ < 1, 0 < 2ଶ௫ < 4, ݈݊ 2 < 0.7 ⇒ 0 < 2ଶ௫ ݈݊ 2 < 2 ⋅ 8 

For 0 < ݔ < 1, ଵ
௫మ

> 1,			3
భ
ೣ > 3, ݈݊ 3 > 1	 

2ଶ௫ ݈݊ 2 − ହ
௫మ
ቀ3

భ
ೣቁ ݈݊ 3 < 0		Also, for 0 < ݔ < 1, 

5(2௫) ݈݊ 2 < (10)(0.7) = 7	and ଷ
మ
ೣ  ଷ
௫మ

> 9	 ⇒ 5(2௫) ݈݊ 2 − ଷ
మ
ೣ

௫మ
݈݊ 3 < 0 

Thus, ݂ʹ(ݔ) < 0 for 0 < ݔ ≤ 1	,  [is strictly decreasing (0,1 (ݔ)݂

Also, note that ݂ʹ(ݔ) is continuous for ݔ ≥ 1. ݂ʹ(1) = 24 ݈݊ 2 − 81 ݈݊ 3 + 90 ݈݊ 2 − 90 ݈݊ 3 < 0 

݂ʹ(2) = 192 ݈݊ 2− 15√3 ݈݊ 3 + 60√3 ݈݊ 2−
9
4
√3 ݈݊ 3 > 0 

Thus, ∃ some ݔ ∈ (1,2) such that ݂ʹ(ݔ) = 0. For ݔ ≥ 2, 2ଷ௫ ≥ 64, 27
భ
ೣ > 1, 2௫3

భ
ೣ > 4 

(ݔ)݂ > 64 + 1 + 60 = ݔ∀	125 ≥ 2. Graph of ݕ = ,(ݔ)݂ ݔ > 0 is as follow. 

 

 

 

Thus, ݂(ݔ) = 125 has two solutions, ߙ = 1 and ߚ where 1 < ߚ < 2. 
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CHAPTER 7 

MATRIX.DETERMINANTS-SOLUTIONS 

2.1 

(ݔ)ܲ = ܣ)ݐ݁݀ − (ସܫݔ = ସݔ + ଷݔܽ + ଶݔܾ + ݔܿ + ݀ 

ܣ൫ݐ݁݀ + ସ൯ܫ3݅√ ⋅ ܣ൫ݐ݁݀ − ସ൯ܫ3݅√ = 0 ⇒ ܲ൫݅√3൯ = 0 

൫݅√3൯
ସ

+ ܽ൫݅√3൯
ଷ

+ ܾ൫݅√3൯
ଶ

+ ܿ݅√3 + ݀ = 0 

9 − 3ܽ√3݅ − 3ܾ + ܿ݅√3 + ݀ = 0, 9 − 3ܾ + ݀ + ݅√3(ܿ − 3ܽ) = 0 

⇒ ܿ − 3ܽ = 0, 9 − 3ܾ + ݀ = 0 

ଶݔ + ݔ2 + 2 = ߂,0 = 4 − 8 = ଵݔ ,4− = ିଶାଶ
ଶ

= −1 + ݅, ଶݔ = −1 − ݅ 

1−)ܣ)ݐ݁݀ + (ସܫ(݅ ⋅ ܣ)ݐ݁݀ − (−1 − (ସܫ(݅ = 0 

⇒ ܲ(−1 + ݅) = (−1 + ݅)ସ + ܽ(−1 + ݅)ଷ + ܾ(−1 + ݅)ଶ + ܿ(−1 + ݅) + ݀ = 0 

(1 − 2݅ + ݅ଶ)ଶ + ܽ(−1 + 3 ⋅ ݅ + 3(−1) ⋅ ݅ଶ + ݅ଷ) + ܾ(1− 2݅ + ݅ଶ) + ܿ(−1 + ݅) + ݀ = 0 

−4 + ܽ(−1 + 3݅ + 3 − ݅)− 2ܾ݅ − ܿ + ܿ݅ + ݀ = 0 

−4 + 2ܽ + 2ܽ݅ − 2ܾ݅ − ܿ + ܿ݅ + ݀ = 0 

(2ܽ − ܿ + ݀ − 4) + ݅(2ܽ − 2ܾ + ܿ) = 0 

൞

ܿ = 3ܽ
݀ − 3ܾ = −9

2ܽ − ܿ + ݀ = 4
2ܽ − 2ܾ + ܿ = 0

⇒ ൝
݀ − 3ܾ = −9

2ܽ − 3ܽ + ݀ = 4
2ܽ − 2ܾ + 3ܽ = 0

				൝
݀ − 3ܾ = −9,݀ = 3ܾ − 9

−ܽ + ݀ = 4
5ܽ − 2ܾ = 0

 

ቄ−ܽ + 3ܾ − 9 = 4
5ܽ − 2ܾ = 0 			ቄ−ܽ + 3ܾ = 13| ⋅ 5

5ܽ − 2ܾ = 0
⇒ 13ܾ = 13 ⋅ 5,ܾ = 5 

5ܽ = 10,ܽ = 2, ݀ = 3ܾ − 9 = 3 ⋅ 5 = 9 = 6, ܿ = 6 

ߗ = ݐ݁݀ ܣ = ܲ(0) = ݀ = 6 
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2.2 

Let ܣ = 
ܽଵଵ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ ܽଶଷ
ܽଷଵ ܽଷଶ ܽଷଷ

൩ characteristic equation of ܣ is 

(ݐ)݂ = ܣ)ݐ݁݀ − (ଷܫݐ = อ
ܽଵଵ − ݐ ܽଵଶ ܽଵଷ
ܽଶଵ ܽଶଶ − ݐ ܽଶଷ
ܽଷଵ ܽଷଶ ܽଷଷ − ݐ

อ = (ܽଵଵ − ଶଶܽ)(ݐ − ଷଷܽ)(ݐ − (ݐ + 

+ܽଵଶܽଶଷܽଷଵ + ܽଵଷ + ܽଶଵܽଷଶ − ܽଷଵܽଵଷ(ܽଶଶ − −(ݐ ܽଶଷܽଷଶ(ܽଵଵ − (ݐ − ܽଵଶܽଶଵ(ܽଷଷ −  (ݐ

= ଷݐ− + (ܽଵଵ + ܽଶଶ + ܽଷଷ)ݐଶ − ଵଵܽଶଶܽ)ݐ + ܽଵଵܽଷଷ + ܽଶଶܽଷଷ − ܽଷଵܽଵଷ − ܽଶଷܽଷଶ − ܽଵଶܽଶଵ) 

+ (ܣ)ݐ݁݀ = ଷݐ− + ଶݐ(ܣ	ݎݐ) − ଵଵܣ]ݐ + ଶଶܣ + [ଷଷܣ +  (ܣ)ݐ݁݀

ଶܣ)ݐ݁݀ + (ଷܫ = 0 

⇒ ܣ)൫ݐ݁݀ + ܣ)(ܫ݅ − ൯(ܫ݅ = 0 ⇒ ܣ)ݐ݁݀ + (ܫ݅ ܣ) + ଓܫ)തതതതതതതതതത = 0 ⇒ ܣ)ݐ݁݀| + ଶ|(ܫ݅ = 0 ⇒ 

⇒ ܣ)ݐ݁݀ + (ܫ݅ = 0 ⇒ −݅ is an eigen value of ܣ. Thus, 

−(−݅)ଷ + ൫(ܣ)ݎݐ൯(−݅)ଶ + ଵଵܣ)݅ + ଶଶܣ + (ଷଷܣ + (ܣ)ݐ݁݀ = 0 

⇒ ଵଵܣ) + ଶଶܣ + ଷଷܣ − 1)݅ − (ܣ)ݎݐ + (ܣ)ݐ݁݀ = 0. 

Equating real and imaginary parts, we get ݀݁(ܣ)ݐ = (ܣ݆݀ܽ)	ݎݐ and (ܣ)	ݎݐ = 1. 

2.3 

Characteristic eq2 of 2 by 2 matrix ܣ is ߣଶ − (ܣ)ݎܶߣ + (ܣ)ݐ݁݀ = 0 ⇒ ଶߣ − ߣ + 1 = 0 

∴ ଶܣ − ܣ + 1 = 0 ⇒ ଷܣ + ܫ = 0 and Characteristic roots are ߣଵ = −߱, ଵߣ = −߱ଶ . 

ܣ)ݐ݁݀ + (ଶܫ = ଵߣ) + ଶߣ)(1 + 1) = (1 + (−߱))(1 + (−߱ଶ)) & ݀݁ܣ)ݐଷ + (ଶܫ = 0 

Now, ݀݁ܣ)ݐସ + (ଶܫ + ଶܣ)ݐ10݀݁ + (ଶܫ + ݔ = ଷܣ)ݐ4݀݁ + (ଶܫ + ܣ)ݐ16݀݁ +  (ଶܫ

⇒ (1 + ߱ସ)(1 + ଼߱) + 10(1 + ߱ଶ) + ݔ = 4	 × 0 + 16(1−߱)(1 −߱ଶ) ⇒ 

⇒ 1 + 10 + ݔ = 16	× 	3 ∴ ݔ = 37 

2.4 

Let ܣ = ቀܽ ܾ
ܿ ݀ቁ ,ܽ, ܾ, ܿ, ݀ ∈ ℝ 
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ଶܣ + ܣ2 + ଶܫ2 = ܣ) + ଶ)ଶܫ + ଶܫ = ܣ) + ଶܫ + ܣ)(ଶܫ݅ + ଶܫ − (ଶܫ݅ = ܣ) + ଶܫ + ܣ)(ଶܫ݅ + ଶܫ + ଓܫଶതതതതതതതതതതതതതതത) 

ଶܣ)ݐ݁݀ + ܣ2 + (ଶܫ2 = ܣ)ݐ݁݀ + (1 + (ଶܫ(݅ ൫ܣ + (1 + ଓ)ܫଶതതതതതതതതതതതതതതതതത൯ 

= ܣ)ݐ݁݀ + (1 + ܣ)ݐ݁݀(ଶܫ(݅ + (1 + ଓ)ܫଶ)തതതതതതതതതതതതതതതതതതതതതതതത = ܣ)ݐ݁݀| + (1 + ଶ)|ଶܫ(݅ = 

= ቤฬܽ + (1 + ݅) ܾ
ܿ ݀ + (1 + ݅)ฬቤ

ଶ

= |(1 + ݅)ଶ + (ܽ + ݀)(1 + ݅) + ܽ݀ − ܾܿ|ଶ 

= |(ܽ + ݀ + ܽ݀ − ܾܿ) + (2 + ܽ + ݀)݅|ଶ ≥ ൫2 + (ܽ + ݀)൯ଶ = (2 +  ଶ(ܣ	ݎݐ

2.5 

Let ܺ = (ܺ)ݎݐ ଵ. Asିܤܣ = 1, we take ܺ = ቀܽ ܾ
ܿ 1 − ܽቁ 

1 = (ܺ)ݐ݁݀ = ܽ(1− ܽ) − ܾܿ 

ܫ)ݐ݁݀ + (ଵିܤܣ = ܫ)ݐ݁݀ + ܺ) = ቚܽ + 1 ܾ
ܿ 2− ܽቚ = (ܽ + 1)(2− ܽ) − ܾܿ 

= 2 + ܽ − ܽଶ − ܾܿ = 3 

Now ݀݁ܫ)ݐ + (ܤଵିܣ = ଵିܤܣ)ଵିܣ}ݐ݁݀ + {ܤ(ܫ = 

= ଵିܣ)ݐ݁݀ ଵିܤܣ)ݐ݁݀ + (ܤ)ݐ݁݀((ܫ = ݐ݁݀)ଵି((ܣ)ݐ݁݀)  (ܺ)ݐ݁݀(ܤ

= (ܣ)ݐ݁݀] ଵ]ିଵ(3)ି((ܤ)ݐ݁݀) = ଵ(3)ି((ଵିܤܣ)ݐ݁݀) = (1)(3) = 3 

2.6 

A polynomial satisfied by ܣ is ݃(ݐ) = ଷݐ − ଶݐ + 7 

Graph of ݃(ݐ) is as follows: 
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This shows ݃(ݐ) has a negative root and two imaginary roots 

Let ߙ be negative root and ߚ + ߚ,ߛ݅ − ߛ,ߚ,ߛ݅ ∈ ℝ be imaginary roots. 

Note tat ߚ,ߙ + ߚ,ߛ݅ −  .ܣ are distinct eigen values of ߛ݅

Also, ݃(ݐ) = ݐ) − ߙ)(ߙ − ߚ − ݐ)(ߛ݅ − ߚ +  .ܣ is minimal polynomial of (ߛ݅

As minimal polynomial and characteristic polynomials have same zeros, and ݇ is real. 

or ݇ = ߚ)ߙ + ߚ)ଶ(ߛ݅ − ଶ(ߛ݅ < 0	.	Also, ݀݁(ܣ)ݐ = ݇ 

∴ (ܣ)ݐ݁݀ < 0	Similarly ݀݁(ܤ)ݐ < 0 ⇒ (ܤܣ)ݐ݁݀ = (ܤ)ݐ݁݀(ܣ)ݐ݁݀ > 0. 

2.7 

ଷܣ ⋅ ଶܣ = ହܫ2 ⇒ ܣ)ଶܣ − (ହܫ = ହܫ2 ⇒ ݐ݁݀) ଶ(ܣ ⋅ ܣ)ݐ݁݀ − (ହܫ = 2ହ ⇒ ݐ݁݀ ܣ ≠ 0   (1) 

ଷܣ = ଶܣ + ହܫ2 ⇒ ݐ݁݀ ଷܣ = ଶܣ)ݐ݁݀ + (ହܫ2 ⇒ ݐ݁݀) ଷ(ܣ = ܣ൫ݐ݁݀ + ହ൯ܫ2݅√ ൫ܣ − ହ൯ܫ2݅√ ⇒ 

ݐ݁݀) ଷ(ܣ = ܣ൫ݐ݁݀ + ହ൯ܫ2݅√ ⋅ ܣ൫ݐ݁݀ + √2ଓܫହ൯തതതതതതതതതതതതതതതതതതതത ≥ 0   (2) 

From (1)+(2)⇒ ݐ݁݀ ܣ > 0  (3) 

ଷܤ − ଶܤ = ହܫ3 ⇒ ܤ)ଶܤ − (ହܫ = ହܫ3 ⇒ ݐ݁݀) ଶ(ܤ ⋅ ܤ)ݐ݁݀ − (ହܫ = 3ହ ⇒ ݐ݁݀ ܤ ≠ 0   (4) 

ଷܤ = ଶܤ + ହܫ3 ⇒ ݐ݁݀ ଷܤ = ଶܤ)ݐ݁݀ + (ହܫ3 ⇒ ଷ(ܤݐ݁݀) = ܤ൫ݐ݁݀ + ହ൯ܫ3݅√ ൫ܤ − ହ൯ܫ3݅√ ⇒ 

⇒ ݐ݁݀) ଷ(ܤ = ܤ൫ݐ݁݀ + ହ൯ܫ3݅√ ⋅ ܤ൫ݐ݁݀ + √3ଓܫହ൯തതതതതതതതതതതതതതതതതതതത ≥ 0   (5) 

From (4)+(5)⇒ (ܤ)ݐ݁݀ > 0   (6). From (3)+(6)	⇒ (ܤܣ)ݐ݁݀ > 0 

2.8 

Suppose that ܣ and ܤ satisfy the proposed conditions. Let ܥ =  and let ܤଵିܣ

(ߣ)߯ = ଶܫߣ)ݐ݁݀ − (ܥ = ଶߣ − ߣ(ܣ)	ݎݐ +  (ܥ)ݐ݁݀

be the characteristic polynomial of ܥ. The proposed inequalities yields 

߯(1) =
ܣ)ݐ݁݀ − (ܤ

ݐ݁݀ ܣ < 0 
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߯(−1) =
ܣ−)ݐ݁݀ − (ܤ

ݐ݁݀ ܣ =
ܣ)ݐ݁݀ + (ܤ

ݐ݁݀ ܣ > 0 

߯(−2) =
ܣ2−)ݐ݁݀ − (ܤ

ݐ݁݀ ܣ =
ܣ2)ݐ݁݀ + (ܤ

ݐ݁݀ ܣ < 0 

But ߯(ߣ) is positive for large |ߣ|, so the above conditions imply the second degree polynomial 
߯ has at least 4 zeros and this is absurd. Thus, no such matrices exist. 

2.9 

Let ܣ = ൫ܽ൯ସ×ସ
∈ (ܣ)	ݎܶ ସ(ℂ) andܯ = (ܣ)ݐ݁݀,0 ≠ 0. 

Let ݂(ݐ) = ସݐ − ଷݐߙ + ଶݐߚ − ݐߛ +   .ܣ be the characteristic polynomial of ߜ

Then ߙ = (ܣ)	ݎܶ = 0 and ߜ = (ܣ)ݐ݁݀ ≠ 0. 

∴ (ݐ)݂ = ସݐ + ଶݐߚ − ݐߛ +  ߜ

We have 

ସܣ = ଶܣߚ− + ܣߛ − ⇒ ସ  (1)ܫߜ ଷܣ = ܣߚ− − ܫߛ −  ଵିܣߜ

(ଷܣ)	ݎܶ = (ܣ)ݎܶߚ− + ߛ4 − (ଵିܣ)	ݎܶߜ = ߛ4 −  (1)  (ଵିܣ)ݎܶߜ

Let ߣଵ, ,ଶߣ ,ଷߣ  then ,ܣ ସ be eigen values ofߣ

ߣ = 0,ߣߣ =  ܤ

Let ߣ be an eigenvalue of ܣ ⇒ ݔ	ܽ∃ ≠ 0 such that ݔܣ = ݔߣ ⇒ 

⇒ (ݔ)ଶܣ = (ݔܣ)ܣ = (ݔߣ)ܣ = ݔܣߣ = (ݔߣ)ߣ =  ݔଶߣ

Similarly, ܣଷ = ݔଷߣ ⇒  ଵ exists, thenିܣ ଷ. Ifܣ ଷ is an eigenvalue ofߣ

(ݔܣ)ଵିܣ = (ݔߣ)ଵିܣ ⇒ ݔଵିߣ =  ݔଵିܣ

∴  .ଵିܣ ଵ is an eigenvalue ofିߣ

If ߣଵ, ,ଶߣ ,ଷߣ ଵߣ then ,ܣ ସ eigenvalues ofߣ + ଶߣ + ଷߣ + ସߣ = (ܣ)	ݎܶ = 0. 

Now, ܶݎ(ܣଷ) = ଵଷߣ + ଶଷߣ + ଷଷߣ + ସଷߣ = ଵߣ) + ଶ)ଷߣ − ଵߣ)ଶߣଵߣ3 + (ଶߣ + ଷߣ) + ସ)ଷߣ − 

ଷߣ)ସߣଷߣ3− +  (ସߣ
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= ଷߣ−) − ସ)ଷߣ + ଷߣ)ଶߣଵߣ3 + (ସߣ + ଷߣ) + ସ)ଷߣ + ଵߣ)ସߣଷߣ3 +  (ଶߣ

[∵ ଵߣ + ଶߣ + ଷߣ + ସߣ = 0] 

= ସߣଷߣଶߣଵߣ3 ൬
1
ଵߣ

+
1
ଶߣ

+
1
ଷߣ

+
1
ସߣ
൰ =  (ଵିܣ)	ݎܶ(ܣ)ݐ3݀݁

∵ ସߣଷߣଶߣଵߣ = (ܣ)ݐ݁݀ (ଵିܣ)ݎܶ	݀݊ܽ	 =
1
ଵߣ

+
1
ଶߣ

+
1
ଷߣ

+
1
ସߣ
൨ 

ߣߣߣ∑ = ସߣଷߣଶߣଵߣ  ,ߛ =  ߜ

Note  

ߛ = ߜ ቀ ଵ
ఒభ

+ ଵ
ఒమ

+ ଵ
ఒయ

+ ଵ
ఒర
ቁ =  (2)  (ଵିܣ)	ݎܶ(ܣ)ݐ݁݀

From (1), (2): 

(ଷܣ)ݎܶ =  (ଵିܣ)	ݎܶ(ܣ)ݐ3݀݁

2.10 

ଶାଵܣ + ଶܤ = |ܫ ⋅ ଶܣ ⇒ ସାଵܣ + ଶܤ ⋅ ଶܣ = ଶܣ ⇒ ଶܣ + ଶܣଶܤ = ଶܣ ⇒ 

⇒ ଶܣଶܤ = ܱ  (1) 

ଶାଵܣ|ଶܣ + ଶܤ = ܫ ⇒ ସାଵܣ + ଶܤଶܣ = ଶܣ ⇒ ଶܤଶܣ = ܱ   (2) 

From (1)+(2) we must show: 

ଶܣܫ)ݐ݁݀ + ଶܤ + ଶܣ ⋅ (ଶܤ ≥ 0 ⇔ ܫ)]ݐ݁݀ + ܫ)(ଶܣ + [(ଶܤ ≥ 0 ⇔ 

⇔ ܫ)ݐ݁݀ + ܫ)ݐ݁݀(ଶܣ + (ଶܤ ≥ 0   (3) 

But ݀݁ܫ)ݐ + (ଶܣ = ଶܫ)ݐ݁݀ + (ଶܣ2 = ܫ)]ݐ݁݀ + ܫ)(ܣ݅ − [(ܣ݅ = 

= ܫ)]ݐ݁݀ + ܫ)(ܣ݅ + ଓܣതതതതതതതതതതത)] ≥ 0   (4) 

Similarly: ݀݁ܫ)ݐ + (ଶܤ ≥ 0   (5) 

From (4)+(5)⇒ ܫ)ݐ݁݀ + (ଶܣ ܫ) + (ଶܤ ≥ 0 ⇒  (3) is true. 

2.11 

The polynomial  ܲ(ܺ,ܻ) = ܣܺ)ݐ݁݀ +   is homogenous of degree 2, so it has the form (ܤܻ
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ܲ(ܺ,ܻ) = ܽܺଶ + ܾܻܺ + ܻܿଶ. Testing (ܺ,ܻ) ∈ {(1,0), (0,1), (1,1)} and using the hypothesis 

ܣ)ݐ݁݀ + (ܤ = 1 we see that ܽ = (ܣ)ݐ݁݀ ≜ ܾ,ߚ = 1− ߙ −  It follows that .ߚ

ܣߚ)ݐ݁݀ + (ܤߙ = (ߙ,ߚ)ܲ = ଶߚߙ + (1− ߙ − ߚߙ(ߚ + ଶߙߚ = ߚߙ =  (ܥܤܣ)ݐ݁݀

2.12  

Let ݂(ݔ) = ଶݔ − ݔ − (ݔ)݂,1 = 0 ⇒ ଵ,ଶݔ = ଵ±√ହ
ଶ

. Now the own values for ܣ is ߣଵ, ଶߣ ⇒ from 

McCoy theorem ⇒ ,ଵߣ ଶߣ ∈ ቄ
ଵି√ହ
ଶ

, ଵା√ହ
ଶ
ቅ ⇒ |ߣ| ≤

ଵା√ହ
ଶ

, ݅ = 1,2 ⇒ 

ݐ݁݀| |ܣ = |ଶߣଵߣ| = |ଵߣ| ⋅ |ଶߣ| ≤ ቀଵା√ହ
ଶ
ቁ
ଶ

   (1) 

Let ߣଵ, ,ଶߣ ܤ ଷ the own values forߣ ⇒ from McCoy theorem ⇒ ,ଵߣ} ,ଶߣ {ଷߣ ∈ ቄଵି√ହ
ଶ

, ଵା√ହ
ଶ
ቅ 

⇒ |ߣ| ≤
ଵା√ହ
ଶ

, ݅ = 1,2,3 ⇒ ݐ݁݀| |ܤ = |ଷߣ||ଶߣ||ଵߣ| ≤ ቀଵା√ହ
ଶ
ቁ
ଷ

  (2) 

Let ߣଵ, ,ଶߣ ,ଷߣ ܥ ସ the own values forߣ ⇒ ,ଵߣ} ,ଶߣ ,ଷߣ {ସߣ ∈ ቄଵି√ହ
ଶ

, ଵା√ହ
ଶ
ቅ ⇒ |ߣ| ≤

ଵା√ହ
ଶ

,	 

݅ = 1,2,3,4 ⇒ ݐ݁݀| |ܥ = |ଵߣ| ⋅ |ଶߣ| ⋅ |ଷߣ| ⋅ |ସߣ| ≤ ቀଵା√ହ
ଶ
ቁ
ସ

   (3) 

From (1)+(2)+(3)⇒ ݐ݁݀| ܣ + ݐ݁݀ ܤ + ݐ݁݀ |ܥ ≤ ݐ݁݀| |ܣ + |ܤݐ݁݀| + ݐ݁݀| |ܥ ≤ 

≤ ቆ
1 + √5

2 ቇ
ଶ

+ ቆ
1 + √5

2 ቇ
ଷ

+ ቆ
1 + √5

2 ቇ
ସ

= 7 + 3√5 < 28 

2.13  

We use two properties: 

ߙ)	݇݊ܽݎ (1) ⋅ (ܣ = ߙ∀,ܣ	݇݊ܽݎ ≠ 0  (obvious) 

(ܣ)	݇݊ܽݎ (2) = ܣ)	݇݊ܽݎ ⋅ ܤ∀,(ଵିܤ = invertible (from Sylvester) 

rank (ܤܣ ⋅ (ܦܥ)ݐ݁݀ + ܦܥ ⋅ ((ܤܣ)ݐ݁݀ = ܤ)݇݊ܽݎ (ܦܥ)ݐ݁݀ + ܥଵିܣ ⋅ ܦ ((ܤܣ)ݐ݁݀ = 

= (ܦܥ)ݐ݁݀)	݇݊ܽݎ ܫ + ܥଵିܣଵିܤ ⋅ ܦ ((ܤܣ)ݐ݁݀ = ଵିܦ(ܦܥ)ݐ݁݀)݇݊ܽݎ + ܥଵିܣଵିܤ ((ܤܣ)ݐ݁݀ = 

= ଵିܦ(ܦܥ)ݐ݁݀)݇݊ܽݎ ⋅ ଵିܥ + ଵିܣଵିܤ ⋅ ((ܤܣ)ݐ݁݀ = 
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= ݐ݁݀)݇݊ܽݎ ܦ ⋅ ଵିܦ ݐ݁݀ ܥ ⋅ ଵିܥ + ݐ݁݀ ଵିܤ ⋅ ݐ݁݀ ܣ ⋅  (ଵିܣ

= ∗ܥ∗ܦ)	݇݊ܽݎ +  (3)  (∗ܣ∗ܤ

Now, ݇݊ܽݎ	 ቀ ଵ
ௗ௧ ⋅ௗ௧ 

ଵିܣଵିܤ + ଵ
ௗ௧ ⋅ௗ௧ 

 ଵቁିܥଵିܦ

= ݇݊ܽݎ ൬
1

ݐ݁݀ ݐ݁݀ܣ ܤ ݐ݁݀ ܥ ݐ݁݀ ܦ ܤ
∗ܣ∗ +

1
ݐ݁݀ ݐ݁݀ܣ ܤ ݐ݁݀ ܥ ݐ݁݀ ܦ ܦ

൰∗ܥ∗ = 

= ∗ܣ∗ܤ)݇݊ܽݎ +  (4)  (∗ܥ∗ܦ

From (3) + (4) ⇒ relation from hypothesis. 

2.14 

ଵ߂ = ተ

ܽ + ܾ ܾܽ 0 0
1 ܽ + ܾ ܾܽ 0
0 1 ܽ + ܾ ܾܽ
0 0 1 ܽ + ܾ

ተ 

ସܥ → ସܥ − (ܽ +  ଷܥ(ܾ

= ተ

ܽ + ܾ ܾܽ 0 0
1 ܽ + ܾ ܾܽ −ܾܽ(ܽ + ܾ)
0 1 ܽ + ܾ ܾܽ − (ܽ + ܾ)ଶ
0 0 1 0

ተ = อ
ܽ + ܾ ܾܽ 0

1 ܽ + ܾ −ܾܽ(ܽ + ܾ)
0 1 ܾܽ − (ܽ + ܾ)ଶ

อ = 

= −(ܽ + ܾ)ଶ[ܾܽ − (ܽ + ܾ)ଶ] − ܾܽ(ܽ + ܾ)ଶ + ܾܽ[ܾܽ − (ܽ + ܾ)ଶ] 

ଵ߂ = (ܽ + ܾ)ସ − 3ܾܽ(ܽ + ܾ)ଶ + ܽଶܾଶ 

ଶ߂ = (ܾ + ܿ)ସ − 3ܾܿ(ܾ + ܿ)ଶ + ܾଶܿଶ 

ଷ߂ = (ܿ + ܽ)ସ − 3ܿܽ(ܿ + ܽ)ଶ + ܿଶܽଶ 

As ܾ, ܿ → ଵ߂,ܽ + ଶ߂ + ଷ߂ = (16ܽସ − 12ܽସ + ܽସ)(3) = 15ܽସ. Also, in this case,  

ܽଶ + ܽଶ + ܽଶ = 1 ⇒ ܽଶ =
1
3 ∴ ଵ߂ + ଶ߂ + ଷ߂ → 15 ൬

1
3൰

ଶ

=
5
3 < 3 =  ܵܪܴ

ଵ߂ = ተ

ܽ + ܾ ܾܽ 0 0
1 ܽ + ܾ ܾܽ 0
0 1 ܽ + ܾ ܾܽ
0 0 1 ܽ + ܾ

ተ 

ସܥ → ସܥ − (ܽ +  ଷܥ(ܾ
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= ተ

ܽ + ܾ ܾܽ 0 0
1 ܽ + ܾ ܾܽ −ܾܽ(ܽ + ܾ)
0 1 ܽ + ܾ ܾܽ − (ܽ + ܾ)ଶ
0 0 1 0

ተ = −อ
ܽ + ܾ ܾܽ 0

1 ܽ + ܾ −ܾܽ(ܽ + ܾ)
0 1 ܾܽ − (ܽ + ܾ)ଶ

อ = 

= −(ܽ + ܾ)ଶ[ܾܽ − (ܽ + ܾ)ଶ] − ܾܽ(ܽ + ܾ)ଶ + ܾܽ[ܾܽ − (ܽ + ܾ)ଶ] 

ଵ߂ = (ܽ + ܾ)ସ − 3ܾܽ(ܽ + ܾ)ଶ + ܽଶܾଶ = (ܽ + ܾ)ଶ(ܽଶ + ܾଶ − 4ܾ) + ܽଶܾଶ = 

= (ܽ + ܾ)(ܽଷ + ܾଷ) + ܽଶܾଶ > ൫2√ܾܽ൯ ൬2(ܾܽ)
ଷ
ଶ൰+ ܽଶܾଶ = 5ܽଶܾଶ 

∴ ଵ߂ + ଶ߂ + ଷ߂ > 5ܽଶܾଶ + 5ܾଶܿଶ + 5ܿଶܽଶ ≥
5
3

(ܾܽ + ܾܿ + ܿܽ)ଶ =
5
3 

2.15 

Let ܣ ∈  (ℝ) be an invertible matrix withܯ

ଶܣ + ଶିܣ = ܣ)ߙ + ߙ ଵ), for someିܣ ∈ (−1,1)         (H) 

Find |݀݁(ܣ)ݐ| 

Step 1. If ߙ ∈ (−1,1) then all the complex roots of the polynomial 

(ݔ)ܲ = ܺସ − ଷܺߙ − ܺߙ + 1 

belong to the unit circle. 

Indeed, ܲ(ݖ) = 0 is equivalent to ݖଷ = ௭ିଵ
௭ିఈ

 thus 

|ݖ| − 1 = ฬ
ݖܽ − 1
ݖ − ߙ ฬ

ଶ

− 1 =
(1− −ଶ)(1ߙ (ଶ|ݖ|

ݖ| − ଶ|ߙ  

and consequently 

ଶ|ݖ|) − 1) ቈ1 − ଶ|ݖ| + ସ|ݖ| +
1− ଶߙ

ݖ| − ᇣᇧᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇧᇥ	ଶ|ߙ
௦௧௩

= 0 

Thus, |ݖ| = 1 

Step 2 |݀݁ݐ |ܣ = 1 
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Consider ܣ as a complex matrix. If ߣ ∈ ℂ is an eigenvalue of ܣ then according to (ܪ),  ߣ
satisfies 

ଶߣ +
1
ଶߣ = ߙ ൬ߣ +

1
 ൰ߣ

Equivalently ܲ(ߣ) = 0, hence |ߣ| = 1 according to Step 1. But ݀݁ݐ  is the product of all the ܣ
eigenvalues of ܣ, (each one is repeated according to its multiplicity), so |݀݁ݐ |ܣ = 1. 

2.16 

After simplification we have: 

ተ൮

1 ݊݅ݏ ݔ + 3 3 ݊݅ݏ ݔ + 2 2 ݊݅ݏ ݔ
1 ݏܿ ݔ + ݊݅ݏ ݔ + 2 ݊݅ݏ ݔ ݏܿ ݔ + 2 ݏܿ ݔ + 2 ݊݅ݏ ݔ ݊݅ݏ ݔ2
1 ݏܿ ݔ + ݊݅ݏ ݔ + 1 ݊݅ݏ ݔ ݏܿ ݔ + ݏܿ ݔ + ݊݅ݏ ݔ ݊݅ݏ ݔ ݏܿ ݔ
1 ݏܿ ݔ + 3 3 ݏܿ ݔ + 2 2 ݏܿ ݔ

൲ተ = 

− ଵ
ସ

݊݅ݏ) ݔ − ݊݅ݏ)(2 ݔ + ݏܿ ݔ − 1)ଶ(4 ݊݅ݏ ݔ + ݏܿ ݔ2 − ݊݅ݏ)2 ݔ + 2) ݏܿ ݔ + 1). Solve for ݔ:  

−
1
4

݊݅ݏ) ݔ − 2)(−1 + ݏܿ ݔ + ݊݅ݏ ଶ(1(ݔ + ݏܿ ݔ2 + 4 ݊݅ݏ ݔ − 2 ݏܿ ݊݅ݏ)(ݔ ݔ + 2) = 0 

Multiply both sides by a constant to simplify the equation. Multiply both sides by −4: 

݊݅ݏ) ݔ − 2)(−1 + ݏܿ ݔ + ݊݅ݏ ଶ(1(ݔ + ݏܿ ݔ2 + 4 ݊݅ݏ ݔ − 2 ݏܿ ݊݅ݏ)(ݔ ݔ + 2) = 0 

Find the roots of each term in the product separately. Split into three equations:  

݊݅ݏ ݔ − 2 = 0 or (−1 + ݏܿ ݔ + ݊݅ݏ ଶ(ݔ = 0 or  

1 + ݏܿ ݔ2 + 4 ݊݅ݏ ݔ − 2 ݏܿ ݔ ݊݅ݏ) ݔ + 2) = 0 

Isolate terms with ݔ to the left hand side. Add 2 to both sides: ݊݅ݏ ݔ = 2 or 

(−1 + ݏܿ ݔ + ݊݅ݏ ଶ(ݔ = 0 or 1 + ݏܿ ݔ2 + 4 ݊݅ݏ ݔ − 2 ݏܿ ݔ ݊݅ݏ) ݔ + 2) = 0. After solving 
each equation separately and some calculations we have the following solutions 

ݔ = ߨ ቀି
ସ
ቁ,ݔ = ݔ,݊ߨ2 = ݊ߨ2 + గ

ଶ
ݔ, = ݊ߨ2 + గ

ସ
ݔ, = ݊ߨ2 − ଷగ

ସ
 

ݔ = ݊ߨ2 − 2݅ ℎିଵ݊ܽݐ
1
√3

, ݔ = ݊ߨ2 + 2݅ ℎିଵ݊ܽݐ
1
√3

, ݔ = ݊ߨ2 + ߨ − ଵି݊݅ݏ 2 
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2.17  

If ݀݁ݐ ܣ = 0 or ݀݁ݐ ܤ = 0 or ݀݁ݐ ܥ = 0 obvious. Let ݀݁ݐ ܣ ≠ ݐ݁݀,0 ܤ ≠ 0, ݐ݁݀ ܥ ≠ 0. 

Lemma 1: (ܤܣ)∗ =  (1)   ∗ܣ∗ܤ

Lemma 2: (ܣ∗)∗ = ݐ݁݀)  (2)   ܣିଶ(ܣ

From (ܤ∗ܣ∗)∗ = (ଵ)ܣܤ ⇒ ∗(∗(ܣܤ)) = ܣܤ ⇒
(ଶ)

 

ݐ݁݀) ܣܤିଶ(ܣܤ = ܣܤ
݈ܾ݁݅ݐݎ݁ݒ݊݅	ܣܤ

ൠ ⇒ ݐ݁݀) ିଶ(ܣܤ = 1 ⇒ 

⇒ ݐ݁݀ ܣܤ = ±1 ⇒ ݐ݁݀ ܣ ⋅ ݐ݁݀ ܤ = ±1
ݐݑܾ ݐ݁݀ ܣ 	ܽ݊݀ ݐ݁݀ ܤ ∈ ℤ ቅ ⇒ ݐ݁݀ ܣ , ݐ݁݀ ܤ ∈ {−1,1}   (3) 

Similarly: ݀݁ݐ ܤ , ݐ݁݀ ܥ ∈ {−1,1}   (4) 

From (3)+(4)⇒ ݐ݁݀ ܣ + ݐ݁݀ ܤ + ݐ݁݀ ܥ ≤ 3 < √10 

2.18 

9ܺଶ + 5ܻଶ + 5ܼଶ + 12ܻܺ + 6ܻܼ + 12ܼܺ = 

= [3ܺ + (2 + ݅)ܻ + (2 − ݅)ܼ][3ܺ + (2 − ݅)ܻ + (2 + ݅)ܼ] ⇒ 

⇒ 9ܺଶ)ݐ݁݀ + 5ܻଶ + 5ܼଶ + 12ܻܺ + 6ܻܼ + 12ܼܺ) = 

= 3ܺ)]ݐ݁݀ + (2 + ݅)ܻ + (2− ݅)ܼ)(3ܺ + (2− ݅)ܻ + (2 + ݅)ܼ)] 

= 3ܺ)ൣݐ݁݀ + (2 + ݅)ܻ + (2− ݅)ܼ)(3ܺ + (2 + ଓ)ܻ + (2 − ଓ)ܼ)തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത൧ = 

= 3ܺ]ݐ݁݀) + (2 + ݅)ܻ + (2 − ݅)ܼ])ቀ݀݁ݐ ቀ3ܺ + (2 + ݅)ܻ + (2− ݅)ܼቁቁ 

= 3ܺ)ݐ݁݀) + (2 + ݅)ܻ + (2 − 3ܺ)ݐ݁݀((ܼ(݅ + (2 + ଓ)ܻ + (2− ଓ)ܼ)തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത 

= 3ܺ)ݐ݁݀| + (2 + ݅)ܻ + (2 − ݅)ܼ|ଶ ≥ 0 

2.19 

If ܺ and ܻ are two ݊ × ݊ matrices, then: ܶݎ(ܻܺ) =  (ܻܺ)ݎܶ

ܺ)ݎܶ ± ܻ) = (ܺ)ݎܶ ± (ଶ(ܤܣ))ݎܶ :We are given .(ܻ)ݎܶ = (ଶܤଶܣ)ݎܶ ⇒ 

⇒ ܤܣܤܣ}ݎܶ − {ܤܤܣܣ = 0 ⇒ ܣܤ)ܣ}ݎܶ − {ܤ(ܤܣ = 0 ⇒ ܣܤ)ܣܤ}ݎܶ − {(ܤܣ = 0   (1) 
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⇒ (ଶ(ܣܤ))ݎܶ = (ܤଶܣܤ)ݎܶ = (ଶܣܤܤ)ݎܶ = (ଶܣଶܤ)ݎܶ ⇒ 

⇒ ܣܤܣܤ}ݎܶ − {ܣܣܤܤ = 0 ⇒ ܤܣ)ܤ}ݎܶ − {ܣ(ܣܤ = 0 ⇒ ܤܣ)ܤܣ}ݎܶ − {(ܣܤ = 0   (2) 

Now, ܶܤܣ)}ݎ − {ଶ(ܣܤ = ܤܣ)ܤܣ}ݎܶ − (ܣܤ + ܣܤ)ܣܤ − {(ܤܣ = 

= ܤܣ)ܤܣ൫ݎܶ − ൯(ܣܤ + ܣܤ)ܣܤ൫ݎܶ − ൯(ܤܣ = 0 + 0 = 0 [from (1), (2)] 

Let ݔ = ܤܣ − (ݔ)ݎܶ then ,ܣܤ = (ܤܣ)ݎܶ − (ܣܤ)ݎܶ = 0. 

 Also, ܶݎ(ܺଶ) = 0 [Prove above] 

Let ܺ = ቀܽ ܾ
ܿ −ܽቁ	

[∵ (ܺ)ݎܶ = 0] 

ܺଶ = ൬ܽ
ଶ + ܾܿ 0

0 ܽଶ + ܾܿ
൰ 

(ଶܺ)ݎܶ = 0 ⇒ 2(ܽଶ + ܾܿ) = 0 ⇒ ܽଶ + ܾܿ = 0 

∴ ܺଶ = ቀ0 0
0 0ቁ ⇒ (ܺ)ݎܶ = 0		∀݊ ≥ 2 

2.20 

Let ܣ = ቀܽ ܾ
ܿ ݀ቁ ்ܣ, = ቀܽ ܿ

ܾ ݀ቁ ∗ܣ, = ቀ ݀ −ܾ
−ܿ ܽ ቁ , ܽ,ܾ, ܿ,݀ ∈ ℤ 

ܣ + ்ܣ + ∗ܣ = ቀ2ܽ + ݀ ܿ
ܾ ܽ + 2݀ቁ =  ଵ   (say)ܤ

ܣ− + ்ܣ + ∗ܣ = ቀ ݀ ܿ − 2ܾ
ܾ − 2ܿ ܽ ቁ =  ଶ   (say)ܤ

ܣ − ்ܣ + ∗ܣ = ቀ ݀ −ܿ
−ܾ ܽ ቁ =  ଶ   (say)ܤ

ܣ + ்ܣ − ∗ܣ = ቀ2ܽ − ݀ ܿ + 2ܾ
2ܿ + ܾ 2݀ − ܽቁ =  ସ  (say)ܤ

∴ (ଵܤ)ݐ݁݀ + (ଶܤ)ݐ݁݀ + (ଷܤ)ݐ݁݀ + (ସܤ)ݐ݁݀ = 

= (2ܽ + ݀)(ܽ + 2݀)− ܾܿ + ܽ݀ − (ܾ − 2ܿ)(ܿ − 2ܾ) + ܽ݀ − ܾܿ 

+(2ܽ − ݀)(2݀ − ܽ) − (ܿ + 2ܾ)(2ܿ + ܾ) 

= 2ܽଶ + 5ܽ݀ + 2݀ଶ − ܾܿ + ܽ݀ − (5ܾܿ − 2ܿଶ − 2ܾଶ) + ܽ݀ − ܾܿ 
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+5ܽ݀ − 2݀ଶ − 2ܽଶ − (2ܿଶ + 5ܾܿ + 2ܾଶ) 

= 12(ܽ݀ − ܾܿ) which is divisible by 12. 

2.21 

Characteristic eq2 of 2 by 2 matrix ܣ is ߣଶ − (ܣ)ݎܶߣ + (ܣ)ݐ݁݀ = 0 ⇒ ଶߣ − ߣ + 1 = 0 

∴ ଶܣ − ܣ + 1 = 0 ⇒ ଷܣ + ܫ = 0 and Characteristic roots are ߣଵ = −߱, ଵߣ = −߱ଶ . 

ܣ)ݐ݁݀ + (ଶܫ = ଵߣ) + ଶߣ)(1 + 1) = (1 + (−߱))(1 + (−߱ଶ)) & ݀݁ܣ)ݐଷ + (ଶܫ = 0 

Now, ݀݁ܣ)ݐସ + (ଶܫ + ଶܣ)ݐ10݀݁ + (ଶܫ + ݔ = ଷܣ)ݐ4݀݁ + (ଶܫ + ܣ)ݐ16݀݁ +  (ଶܫ

⇒ (1 + ߱ସ)(1 + ଼߱) + 10(1 + ߱ଶ) + ݔ = 4	 × 0 + 16(1−߱)(1 −߱ଶ) ⇒ 

⇒ 1 + 10 + ݔ = 16	× 	3 ∴ ݔ = 37 

2.22 

Let ܣ = ൬ܽଵ ܾଵ
ܿଵ ݀ଵ

൰ ܤ, = ൬ܽଶ ܾଶ
ܿଶ ݀ଶ

൰ and ߚ,ߙ ∈ ℂ 

ܣߙ + ܤߚ = ൬ܽߙଵ + ଶܽߚ ଵܾߙ + ଶܾߚ
ଵܿߙ + ଶܿߚ ଵ݀ߙ + ଶ݀ߚ

൰ 

ܣߙ)ݐ݁݀ + (ܤߚ = ଵܽߙ) + ଵ݀ߙ)(ଶܽߚ + (ଶ݀ߚ − ଵܾߙ) + ଵܿߙ)(ଶܾߚ +  (ଶܿߚ

= ଶ(ܽଵ݀ଵߙ − ܾଵܿଵ) + ଶ݀ଵܽ)ߚߙ + ܽଵ݀ଶ − ܾଵܿଶ − ܾଶܿଵ) + ଶ(ܽଶ݀ଶߚ − ܾଶܿଶ) 

Let ݀݁(ܣ)ݐ = ܽ = ܽଵ݀ଵ − ܾଵܿଵ; ݀݁(ܤ)ݐ = ܾ = ܽଶ݀ଶ − ܾଶܿଶ 

∴ ܣܾ)ݐ݁݀ + (ܤܽ = ܾଶܽ + ܾܽ(ܽଶ݀ଵ + ܽଵ݀ଶ − ܾଵܿଶ − ܾଶܿଵ) + ܽଶܾ 

and ݀݁ݐ ቀଵ

ܣ + ଵ


ቁܤ = ଵ

మ
(ܽ) + ଵ


(ܽଶ݀ଵ + ܽଵ݀ଶ − ܾଵܿଶ − ܾଶܿଵ) + ଵ

మ
(ܾ) 

=
1
ܽ +

1
ܾ +

1
ܾܽ

(ܽଶ݀ଵ + ܽଵ݀ଶ − ܾଵܿଶ − ܾଶܿଵ) 

Thus, ݀݁ܤ(ܣ)ݐ݁݀)ݐ + (ܣ(ܤ)ݐ݁݀ + ݐ݁݀ ቀ ଵ
ௗ௧()

ܣ + ଵ
ௗ௧()

 ቁܤ

= ܽଶܾ + ܾܽଶ + ଵ


+ ଵ


+ ቀܾܽ + ଵ

ቁ (ܽଶ݀ଵ + ܽଵ݀ଶ − ܾଵܿଶ − ܾଶܿଵ)     (1) 

Also, ݀݁ܣ)ݐ + (ܤ = 1ଶܽ + 1ଶܾ + (ܽଶ݀ଵ + ܽଵ݀ଶ − ܾଵܿଶ − ܾଶܿଵ) = 
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= ܽ + ܾ + (ܽଶ݀ଵ + ܽଵ݀ଶ − ܾଵܿଶ − ܾଶܿଵ) 


1

(ܤܣ)ݐ݁݀ + ܣ)ݐ൨݀݁(ܤܣ)ݐ݁݀ + (ܤ = 

= ൬
1
ܾܽ + ܾܽ൰ [ܽ + ܾ + (ܽଶ݀ଵ + ܽଵ݀ଶ − ܾଵܿଶ − ܾଶܿଵ)] 

= ܽଶܾ + ܾܽଶ + ଵ


+ ଵ


+ ቀܾܽ + ଵ

ቁ [ܽଶ݀ଵ + ܽଵ݀ଶ − ܾଵܿଶ − ܾଶܿଵ]   (2) 

From (1), (2): ݀݁ܤ(ܣ)ݐ݁݀)ݐ + (ܣ(ܤ)ݐ݁݀ + ݐ݁݀ ቀ ଵ
ௗ௧()

ܣ + ଵ
ௗ௧()

ቁܤ = 

= ൬݀݁(ܤܣ)ݐ +
1

ܣ)ݐ൰݀݁(ܤܣ)ݐ݁݀ +  (ܤ

2.23  

2
ଶݏ
൫(ݏ + ܽଶ){(ݏ + ܾଶ)(ݏ + ܿଶ) − ܾଶܿଶ} + ܾܽ{ܾܽܿଶ − ݏ)ܾܽ + ܿଶ)} + {ܾܽܿଶ − ݏ)ܿܽ + ܾଶ)}൯

≥ 8√3ܵ + 3√4ܴܵయ  

ܵܪܮ =
2
ଶݏ
൫(ݏ + ܽଶ)(ݏଶ + ଶܾݏ + (ଶܿݏ + ܽଶܾଶ(−ݏ) + ܽଶܿଶ(−ݏ)൯ 

=
2
ଶݏ
൫ݏଷ + ଶ(ܽଶݏ + ܾଶ + ܿଶ)൯ = ݏ2 + 2(ܽଶ + ܾଶ + ܿଶ) 

= (ܽ + ܾ + ܿ) + 2(ܽଶ + ܾଶ + ܿଶ) 

Now, ܽ + ܾ + ܿ ≥ 3√ܾܽܿయ ܯܣ)	 ≥ (ܯܩ = 3√4ܴܵయ     (1) 

Now, 2(ܽଶ + ܾଶ + ܿଶ) ≥ 8√3ܵ ⇔ (ܽଶ + ܾଶ + ܿଶ)ଶ ≥ 48ܵଶ = ݏ)ݏ48 − ݏ)(ܽ − ݏ)(ܾ − ܿ) 

⇔ (ܽଶ + ܾଶ + ܿଶ)ଶ ≥ 48൬
ܽ + ܾ + ܿ

2 ൰ ൬
ܾ + ܿ − ܽ

2 ൰൬
ܿ + ܽ − ܾ

2 ൰ ൬
ܽ + ܾ − ܿ

2 ൰ 

⇔ (ܽଶ + ܾଶ + ܿଶ)ଶ ≥ 3((ܽ + ܾ)ଶ − ܿଶ)(ܿଶ − (ܽ − ܾ)ଶ) 

⇔ (ܽଶ + ܾଶ + ܿଶ)ଶ ≥ 3(ܿଶ(ܽ + ܾ)ଶ − (ܽଶ − ܾଶ)ଶ − ܿସ + ܿଶ(ܽ − ܾ)ଶ) 

⇔ ܽସ + ܾସ + ܿସ + 2ܽଶܾଶ + 2ܾଶܿଶ + 2ܿଶܽଶ ≥ 3(2ܿଶ(ܽଶ + ܾଶ) + 2ܽଶܾଶ − ܽସ − ܾସ − ܿସ) 

⇔ 4ܽସ + 4ܾସ + 4ܿସ − 4ܽଶܾଶ − 4ܾଶܿଶ − 4ܿଶܽଶ ≥ 0 
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⇔ 2ܽସ + 2ܾସ + 2ܿସ − 2ܽଶܾଶ − 2ܾଶܿଶ − 2ܿଶܽଶ ≥ 0 

⇔ (ܽଶ − ܾଶ)ଶ + (ܾଶ − ܿଶ)ଶ + (ܿଶ − ܽଶ) ≥ 0	which is true  2(ܽଶ + ܾଶ + ܿଶ) ≥ 8√3ܵ     (2) 

(1) + (2) ⇒ ܽ + ܾ + ܿ + 2(ܽଶ + ܾଶ + ܿଶ) ≥ 8√3ܵ + 3√4ܴܵయ  

2.24  

(1 + ܽ) ቂ1 + ܾ 1
1 1 + ܿቃ − 1 ቂ1 1

1 1 + ܿቃ +  1 ቂ1 1 + ܾ
1 1 ቃ ≥

48ܾܽܿ
1 + ܽ + ܾ + ܿ 

⇒(1 + ܽ)[(1 + ܾ)(1 + ܿ)− 1] − 1[1(1 + ܿ)− 1] + 1[1− (1 + ܾ)]

≥
48ܾܽܿ

1 + ܽ + ܾ + ܿ 

⇒(1 + ܽ)(ܾ + ܿ + ܾܿ)−ܿ −ܾ = ܾܿ + ܾܽ + ܽܿ + ܾܽܿ = 

= 3ܾܽ + 3ܽܿ + 3ܾܿ + 3ܾܽܿ ⇒ 3(ܾܽ + ܽܿ + ܾܿ + ܾܽܿ) ≥
48ܾܽܿ

1 + ܽ + ܾ + ܿ 

Desde que: ܽ, ܾ, ܿ > 0, dividimos la expersión ÷ (ܾܽܿ): 

⇒ 3 ൬
1
ܿ +

1
ܾ +

1
ܽ + 1൰ (1 + ܽ + ܾ + ܿ) ≥ 48 

Por: ܣܯ ≥ ܪܯ → ଵାାା
ସ

≥ ସ
భ
ೌା

భ
್ା

భ
ାଵ

→ 3 ቀଵ


+ ଵ


+ ଵ


+ 1ቁ (1 + ܽ + ܾ + ܿ) ≥ 48 

La igualdad se alcanza cuando: ܽ = ܾ = ܿ = 1 

2.25 

ܽ ቈ
ܾ + ݀ √݀݁ + ඥܾ݂

√݀݁ + ඥܾ݂ ܿ + ݁ + ݂
 − √ܽ݀ ቈ√ܽ݀ √݀݁ + ඥܾ݂

√ܽ݁ ܿ + ݁ + ݂
 + √ܽ݁ ቈ

√ܽ݀ ܾ + ݀
√ܽ݁ √݀݁ + ඥܾ݂

 

ܽ ቆ(ܾ + ݀)(ܿ + ݁ + ݂) − ൫√݀݁ + ඥܾ݂൯
ଶ
ቇ − √ܽ݀ ቀ√ܽ݀(ܿ + ݁ + ݂) − √ܽ݁൫√݀݁ + ඥܾ݂൯ቁ + 

+√ܽ݁ ቀ൫√ܽ݀൯൫√݀݁ + ඥܾ݂൯ − √ܽ݁(ܾ + ݀)ቁ 

ଵܶ = ܽ ቆ(ܾ + ݀)(ܿ + ݁ + ݂) − ൫√݀݁ + ඥܾ݂൯
ଶ
ቇ 



154 
 

ଵܶ = ܽ൫ܾܿ + ܾ݁ + ܾ݂ + ݀ܿ + ݀݁ + ݂݀ − ݀݁ − ܾ݂ − 2ඥܾ݂݀݁൯ 

⇒ ଵܶ = ܾܽܿ + ܾܽ݁ + ܽ݀ܿ + ݂ܽ݀ − 2ܽඥܾ݂݀݁,  

ଶܶ = −√ܽ݀ ቀ√ܽ݀(ܿ + ݁ + ݂) − √ܽ݁൫√݀݁ + ඥܾ݂൯ቁ 

ଶܶ = −√ܽ݀൫√ܽ݀ܿ + √ܽ݀݁ + √݂ܽ݀ − ݁√ܽ݀ − ඥܾ݂ܽ݁൯ ⇒ ଶܶ = −ܽ݀ܿ − ݂ܽ݀ + ܽඥܾ݂݀݁ 

ଷܶ = √ܽ݁ ቀ൫√ܽ݀൯൫√݀݁ + ඥܾ݂൯ − √ܽ݁(ܾ + ݀)ቁ 

ଷܶ = √ܽ݁൫݀√ܽ݁ + ඥܾ݂ܽ݀ − ܾ√ܽ݁ − ݀√ܽ݁൯ ⇒ ଷܶ = ܽඥܾ݂݀݁ − ܾܽ݁ → ଵܶ + ଶܶ + ଷܶ = ܾܽܿ >
0 ⇔ ܽ, ܾ, ܿ, ݀, ݁,݂ ∈< 0,∞ >. 

2.26  

(ݔ)	߂ = ተ

ݔ ܽ ܾ ܿ
ܽ ݔ ܾ ܿ
ܽ ܾ ݔ ܿ
ܽ ܾ ܿ ݔ

ተ = ݔ) + ܽ + ܾ + ܿ) ተ

1 ܽ ܾ ܿ
1 ݔ ܾ ܿ
1 ܾ ݔ ܿ
1 ܾ ܿ ݔ

ተ =

= ݔ) + ܽ + ܾ + ܿ) ተ

1 ܽ ܾ ܿ
0 ݔ − ܽ 0 0
0 ܾ − ܽ ݔ − ܾ 0
0 ܾ − ܽ ܿ − ܾ ݔ − ܿ

ተ 

(ݔ)߂ = ݔ) + ܽ + ܾ + ݔ)(ܿ − ݔ)(ܽ − ݔ)(ܾ − ܿ) 

݈݊ (ݔ)	߂ = ݔ)݈݊ + ܽ + ܾ + ܿ) + ݔ)݈݊ − ܽ) + ݔ)݈݊ − ܾ) + ݔ)݈݊ − ܿ) 

(ݔ)ᇱ߂
(ݔ)߂ =

1
ݔ + ܽ + ܾ + ܿ +

1
ݔ − ܽ +

1
ݔ − ܾ +

1
ݔ − ܿ 

ܽ)ᇱ߂ + ܾ + ܿ)
ܽ)߂ + ܾ + ܿ) =

1
2(ܽ + ܾ + ܿ) +

1
ܾ + ܿ +

1
ܿ + ܽ +

1
ܽ + ܾ ≤

1

6(ܾܽܿ)
ଵ
ଷ

+
1
2

1
√ܾܽ

 

2.27  

(ଶାଵܣ)ݐ݁݀ = ܽଶାଵ + ܾଶାଵ =  ଶାଵߗ

ቀ

ቁ
ଶ

+ ቀ

ቁ
ଶ
≥ 2 (True) ⇒ ቀ


ቁ
ଶ

+ ቀ

ቁ
ଶ
− 1 ≥ 1	| ⋅ ቀ


+ 


> 0ቁ 

ቀ
ܽ
ܾቁ

ଷ
+ ൬

ܾ
ܽ൰

ଷ

≥
ܽ
ܾ +

ܾ
ܽ | ⋅ ݔ) ⋅ ݕ > 0) 		ቀ

ܽ
ܾቁ

ଷ
⋅ ݕݔ + ൬

ܾ
ܽ൰

ଷ

⋅ ݕݔ ≥ ൬
ܽ
ܾ +

ܾ
ܽ൰  ݕݔ
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ଶݔ) + (ଶݕ + ቀ
ܽ
ܾቁ

ଷ
⋅ ݕݔ + ൬

ܾ
ܽ൰

ଷ

⋅ ݕݔ ≥ ଶݔ) + (ଶݕ +
ܽ
ܾ ⋅ ݕݔ + ൬

ܾ
ܽ൰ ⋅  ݕݔ

(ܽଷ ⋅ ݔ + ܾଷ ⋅ (ݕ ൬
1
ܽଷ ⋅ ݔ +

1
ܾଷ ⋅ ൰ݕ ≥

ݔܽ) + (ݕܾ ⋅ ൬
1
ܽ ⋅ ݔ +

1
ܾ ⋅  ൰ݕ

ܽଷ ⋅ ݔ + ܾଷ ⋅ ݕ
ܽ ⋅ ݔ + ܾ ⋅ ݕ ≥

1
ܽ ⋅ ݔ + 1

ܾ ⋅ ݕ
1
ܽଷ ⋅ ݔ + 1

ܾଷ ⋅ ݕ
				ݔ = ܽଶାସ

ݕ = ܾଶାସ൨ 

ܽଶା + ܾଶା

ܽଶାହ + ܾଶାହ ≥
ܽଶାଷ + ܾଶାଷ

ܽଶାଵ + ܾଶାଵ ⇒
ଶାߗ
ଶାହߗ

≥
ଶାଷߗ
ଶାଵߗ

 

2.28 

Let ܲ = 64 ተ
ተ

1 ܾ ܾ ܾ ܾ
ܽ ܿ 0 0 0
ܽ 0 ݀ 0 0
ܽ 0 0 ݁ 0
ܽ 0 0 0 ݂

ተ
ተ. Expanding this determinant, we get 

ܲ = 64(݂ܿ݀݁ − ܾ݂ܽ݀݁ − ܾ݂ܽܿ݁ − ܾ݂ܽܿ݀ − ܾܽܿ݀݁). 

ܲ = 64ܾ݂ܽܿ݀݁ ൬
1
ܾܽ −

1
ܿ −

1
݀ −

1
݁ −

1
݂൰ 

ܲ = (4݂ܽ)(4ܾ݁)(4ܿ݀)ቀ ଵ

− ଵ


− ଵ

ௗ
− ଵ


− ଵ


ቁ. By AM-GM: ඥ݂ܽ ≤ ା

ଶ
⇒ 4݂ܽ ≤ (ܽ + ݂)ଶ 

√ܾܿ ≤
ܾ + ݁

2 ⇒ 4ܾ݁ ≤ (ܾ + ݁)ଶ;√ܿ݀ ≤
ܿ + ݀

2 ⇒ 4ܿ݀ ≤ (ܿ + ݀)ଶ ⇒ 

⇒ ܲ ≤ (ܽ + ݂)ଶ(ܾ + ݁)ଶ(ܿ + ݀)ଶ ൬
1
ܾܽ −

1
ܿ −

1
݀ −

1
݁ −

1
݂൰ 

2.29 

ܵܪܮ = ܽ	 × 	 อ
ܽ ܾ ܿ
ܿ 0 ܽ
ܾ ܽ 0

อ+ ܿ	 × อ
0 ܽ ܿ
ܾ ܿ ܽ
ܿ ܾ 0

อ − ܾ × อ
0 ܽ ܾ
ܾ ܿ 0
ܿ ܾ ܽ

อ = 

= ܽ{ܽ(−ܽଶ) − ܾ(−ܾܽ) + ܿ ⋅ ܿܽ} + ܿ{−ܽ(−ܽܿ) + ܿ(ܾଶ − ܿଶ)} − 

−ܾ{−ܽ(ܾܽ) + ܾ(ܾଶ − ܿଶ)} = ܽ(−ܽଷ + ܾܽଶ + ܽܿଶ) + ܿ(ܽଶܿ + ܾଶܿ − ܿଷ) + 

+ܾ(−ܽଶܾ + ܾଷ − ܾܿଶ) = ܽଶ(ܾଶ + ܿଶ − ܽଶ) + ܿଶ(ܽଶ + ܾଶ − ܿଶ) + ܾଶ(ܿଶ + ܽଶ − ܾଶ) 
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= 2ܽଶܾܿ ݏܿ ܣ + 2ܿଶܾܽܿ ݏܿ ܥ + 2ܾଶܿܽ ݏܿ ܤ = 2ܾܽܿ ቀܽ ݏܿ ቁܣ = 

= ݊݅ݏ)2ܴܾܽܿ ܣ2 + ݊݅ݏ ܤ2 + ݊݅ݏ (ܥ2 = 2ܴܾܽܿ ⋅ 4 ݊݅ݏ ܣ ݊݅ݏ ܤ ݊݅ݏ ܥ = 2ܴ ⋅ ݏݎ4ܴ ൬4
ܾܽܿ
8ܴଷ൰ 

= 16
ܴଶݏݎ ⋅ ݏݎܴ

ܴଷ = ଶݏଶݎ16 ≥
௦ஹଷ√ଷ

16 ⋅ ସݎ27 =  ସݎ432

2.30  

ଶ߂ = อ
ܽଶ ܾଶ ܿଶ

ܾଶ + ܿଶ ܿଶ + ܽଶ ܽଶ + ܾଶ
ܾܿ ܿܽ ܾܽ

อ 

ܴଶ → ܴଶ + ܴଵ 

= (ܽଶ + ܾଶ + ܿଶ) อ
ܽଶ ܾଶ ܿଶ
1 1 1
ܾܿ ܿܽ ܾܽ

อ =
ܽଶ + ܾଶ + ܿଶ

ܾܽܿ
อ
ܽଷ ܾଷ ܿଷ
ܽ ܾ ܿ
ܾܽܿ ܾܽܿ ܾܽܿ

อ = 

= (ܽଶ + ܾଶ + ܿଶ) อ
ܽଷ ܾଷ ܿଷ
ܽ ܾ ܿ
1 1 1

อ = −(ܽଶ + ܾଶ + ܿଶ)߂ଵ 

ଵ߂ = อ
1 ܽ ܽଷ
1 ܾ ܾଷ
1 ܿ ܿଷ

อ = อ
0 ܽ − ܾ ܽଷ − ܾଷ
0 ܾ − ܿ ܾଷ − ܿଷ
1 ܿ ܿଷ

อ = 

= (ܽ − ܾ)(ܾ − ܿ) ฬ1 ܽଶ + ܾଶ + ܾܽ
1 ܾଶ + ܿଶ + ܾܿ

ฬ = (ܽ − ܾ)(ܾ − ܿ) ฬ1 ܽଶ + ܾଶ + ܾܽ
0 ܿଶ − ܽଶ + ܾ(ܿ − ܽ)ฬ 

= (ܽ − ܾ)(ܾ − ܿ)(ܿ − ܽ)(ܿ + ܽ + ܾ) 

∴
ଵ߂ − ଶ߂

(ܽ − ܾ)(ܾ − ܿ)(ܿ − ܽ) 

= (ܽ + ܾ + ܿ) + (ܽ + ܾ + ܿ)(ܽଶ + ܾଶ + ܿଶ) ≥ 

≥ 3(ܾܽܿ)
ଵ
ଷ + 3(ܾܽܿ)

ଵ
ଷ(ܽଶ + ܾଶ + ܿଶ) = 3(ܾܽܿ)

ଵ
ଷ(4)(ܽଶܾଶܿଶ)

ଵ
ସ = 12(ܾܽܿ)

ହ
 

2.31 

Let 

ܺ = ൫ݔ൯	×	 where ݔ ∈ ℂ 
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തܺ = ൫̅ݔ൯	×	 

ܺ)ݐ݁݀ തܺ) = (ܺ)ݐ݁݀ )ݐ݁݀ തܺ) = തതതതതതതതത(ܺ)ݐ݁݀(ܺ)ݐ݁݀ = ଶ|(ݔ)ݐ݁݀| ≥ 0 

Now, 

ଶܣ + ܤܣ + ଶܤ2 = ܣ) + +ܣ)(ܤߙ (ܤതߙ = ܣ) + ܣ)(ܤߙ +  (തതതതതതതതതܤߙ

Where ߙ = ିଵା√
ଶ

 

∴ ଶܣ)ݐ݁݀ + ܤܣ + (ଶܤ2 = ܣ)ݐ݁݀| + ଶ|(ܤߙ ≥ 0. Similarly 

ଶܣ)ݐ݁݀ + ܤܣ2 + (ଶܤ3 ≥ 0 

and ݀݁ܣ)ݐଶ + ܤܣ3 + (ଶܤ4 ≥ 0 

∴ ଶܣ)}ݐ݁݀ + ܤܣ + ଶܣ)(ଶܤ2 + ܤܣ2 + ଶܣ)(ଶܤ3 + ܤܣ3 + {(ଶܤ4 ≥ 0 

2.32 

ተ

ተ
ܽଶ ܽଷ ܽସ

ܽଷ ܽସ ܽହ

ܽସ ܽହ ܽ
ተ

ተ
= อ

ܽଶ ܽଷ ܽସ
ܾଷ ܾସ ܾହ
ܿସ ܿହ ܿ

อ
௬

+ อ
ܽଶ ܽଷ ܽସ
ܿଷ ܿସ ܿହ
ܾସ ܾହ ܾ

อ
௬

 

[All the other vanishes after splitting] 

= ܽଶܾଶܿଶ(ܽ − ܾ)(ܾ − ܿ)(ܿ − ܽ)∑ܾܿଶ − ܽଶܾଶܿଶ(ܽ − ܾ)(ܾ − ܿ)(ܿ − ܽ) 	∑ ܾଶܿ  

= ܽଶܾଶܿଶ(ܽ − ܾ)(ܾ − ܿ)(ܿ − ܽ)(ܾܿଶ − ܾଶܿ) 

= ܽଶܾଶܿଶ(ܽ − ܾ)ଶ(ܾ − ܿ)ଶ(ܿ − ܽ)ଶ 

Now, ܽଶܾଶܿଶ ≤
ீெିெ

ቂଶାଶାଶ


ቃ
ଷ

= 1   As ܽ + ܾ + ܿ = 3 

∴
ተ

ተ
ܽଶ ܽଷ ܽସ

ܽଷ ܽସ ܽହ

ܽସ ܽହ ܽ
ተ

ተ
≤ (ܽ − ܾ)ଶ(ܾ − ܿ)ଶ(ܿ − ܽ)ଶ 
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2.33 

Let ݖ = ൫ܽ൯ଷ×ଷ
 where ܽ ∈ ℂ  and ݖ = ൫ܽ൯ଷ×ଷ

, then 

(ݖݖ)ݐ݁݀ = (ݖ)ݐ݁݀(ݖ)ݐ݁݀ = (ݖ)ݐ݁݀(ݖ)ݐ݁݀ = ଶ|(ݖ)ݐ݁݀| ≥ 0 

Assuming ܥ,ܤ,ܣ commute so that 

ܣܤ = ܤܣ = ܣܥ = ܥܣ = ܥܤ = ܤܥ = 0 

Now, let ܦ = ܣ2 + ܤ3 +  ܥ4

⇒ ଶܦ = +ܣ2) ܤ3 + ଶ(ܥ4 = ଶܣ4 + ଶܤ9 +  ଶܥ16

Let ܧ = ܫ + ܣ2 + ܤ3 + ܥ4 + ଶܣ4 + ଶܤ9 + ଶܥ16 = ܫ + ܦ +  ଶܦ

= ܦ) ܦ)(ܫ߱− −߱ଶܫ),߱ =
1
2
൫−1 + √3݅൯ = ܦ) − ܦ)(ܫ߱ −  (തതതതതതതതതܫ߱

(ܧ)ݐ݁݀ = ܦ)ݐ݁݀| ଶ|(ܫ߱− ≥ 0 

2.34 

ተ
ተ

0 ܽଶ ܾଶ ܿଶ 1
ܽଶ −ܽଶ ܾଶ ܿଶ 1
ܾଶ ܽଶ −ܾଶ ܿଶ 1
ܿଶ ܽଶ ܾଶ −ܿଶ 1
1 0 0 0 0

ተ
ተ = 

= ܽଶܾଶܿଶ ተ

1 1 1 1
−1 1 1 1
1 −1 1 1
1 1 −1 1

ተ = ܽଶܾଶܿଶ ተ

1 1 1 1
0 2 2 2
0 −2 0 0
0 0 −2 0

ተ = 

= ܽଶܾଶܿଶ ⋅ อ
2 2 2
−2 0 0
0 −2 0

อ = 8ܽଶܾଶܿଶ ≤
1
8

(ܽ + ܾ)ଶ(ܾ + ܿ)ଶ(ܽ + ܿ)ଶ 

⇒ 8ܾܽܿ ≤ (ܽ + ܾ)(ܾ + ܿ)(ܽ + ܿ) 

ܽ + ܾ ≥ 2√ܾܽ 

ܾ + ܿ ≥ 2√ܾܿ 

ܽ + ܿ ≥ 2√ܽܿ 
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⇒ (ܽ + ܾ)(ܾ + ܿ)(ܽ + ܿ) ≥ 8ܾܽܿ 

2.35 

Put ܽ = ,ߙ݊ܽݐ ܾ = ,ߚ݊ܽݐ ܿ = ݊ܽݐ  ߛ

0 ≤ ,ߚ,ߙ ߛ ≤
ߨ
4 

The given determinant becomes 

߂ = ቮ
1 1 1

ߙ݊ܽݐ ߚ݊ܽݐ ݊ܽݐ ߛ
ଶ݊݅ݏ ߙ ଶ݊݅ݏ ߚ ଶ݊݅ݏ ߛ

ቮ 

= ଶ݊݅ݏ) ݊ܽݐ)(ߙ ߛ − ݊ܽݐ (ߚ + ଶ݊݅ݏ ߚ ݊ܽݐ) ߙ − ݊ܽݐ (ߛ + ଶ݊݅ݏ ߛ ݊ܽݐ) ߚ −  (ߙ݊ܽݐ

As (݊ܽݐ ߛ − (ߚ݊ܽݐ + ߙ݊ܽݐ) − ݊ܽݐ (ߛ + ߚ݊ܽݐ) − (ߙ݊ܽݐ = 0 

Either two of them non-negative and one is non-positive or one of them is non-negative and 
two are non-positive. 

Case 1  

ߙ݊ܽݐ − ݊ܽݐ ߛ ≥ 0, ݊ܽݐ ߚ − ߙ݊ܽݐ ≥ 0, ݊ܽݐ ߛ − ߙ݊ܽݐ ≤ 0	then 

߂ ≤ ଶ݊݅ݏ ߚ ݊ܽݐ) ߙ − ݊ܽݐ (ߛ + ଶ݊݅ݏ ߚ݊ܽݐ)ߛ −  (ߙ݊ܽݐ

≤
1
2

ߙ݊ܽݐ) − ݊ܽݐ ߛ + ߚ݊ܽݐ − (ߙ݊ܽݐ 	ቂ∵ 0 ≤ ,ߚ ߛ ≤
ߨ
4
ቃ ⇒ ߂ ≤

1
2

ߚ݊ܽݐ) − ݊ܽݐ (ߛ ≤
1
2 

ቂ∵ 0 ≤ ߛ,ߚ ≤ గ
ସ
ቃ	Similarly for other such cases. 

Case 2  ߙ݊ܽݐ − ݊ܽݐ ߛ ≥ 0, ߚ݊ܽݐ − ߙ݊ܽݐ ≤ 0, ݊ܽݐ ߛ − ߙ݊ܽݐ ≤ 0 

∴ ߂ ≤ ଶ݊݅ݏ ߚ ݊ܽݐ) ߙ − ݊ܽݐ (ߛ ≤ ଵ
ଶ
	Similarly for other such cases. 

2.36 

Let ොܽ be unit vector along ܱܣሬሬሬሬሬ⃗ , ܾ  along ܱܤሬሬሬሬሬ⃗  and ܿ̂ along ܱܥሬሬሬሬሬ⃗ , then 

ሬሬሬሬሬ⃗ܣܱ = ܽଓ̂ + ܾଔ̂ + ܿ ݇ = ܴ ොܽ; ሬሬሬሬሬ⃗ܤܱ	 = ݀ଓ̂ + ݁ଔ̂ + ݂ ݇ = ܴܾ; ሬሬሬሬሬ⃗ܥܱ	 = ݃ଓ̂ + ℎଔ̂ + ݅ ݇ = ܴܿ̂ 
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Now, อ
ܽ ܾ ܿ
݀ ݁ ݂
݃ ℎ ݅

อ

ଶ

= ሬሬሬሬሬ⃗ܣܱൣ ሬሬሬሬሬ⃗ܤܱ	 ሬሬሬሬሬ⃗ܥܱ	 ൧
ଶ

= ൣܴ ොܽ	ܴ ܾ	ܴܿ̂൧
ଶ

= ܴൣ ොܽ ܾܿ̂൧
ଶ

. But ൣ ොܽ ܾܿ̂൧ = ± volume of 

parallelipiped with sides ොܽ , ܾ, ܿ̂ ⇒ ൣ ොܽ ܾܿ̂൧
ଶ
≤ 1 ∴ 	 อ

ܽ ܾ ܿ
݀ ݁ ݂
݃ ℎ ݅

อ

ଶ

≤ ܴ 

2.37  

ተ
1 0 ܽଶ ܾଶ
0 1 1 1
1 ܽଶ 0 ܿଶ
1 ܾଶ ܿଶ 0

ተ = ተ
1 0 ܽଶ ܾଶ
0 1 1 1
0 ܽଶ −ܽଶ ܿଶ − ܾଶ
0 ܾଶ ܿଶ − ܽଶ −ܾଶ

ተ = อ
1 1 1
ܽଶ −ܽଶ ܿଶ − ܾଶ
ܾଶ ܿଶ − ܽଶ −ܾଶ

อ = 

ܽଶܾଶ + ܽଶܿଶ − ܽସ + ܾଶܿଶ − ܾସ + ܽଶܾଶ + ܽଶܾଶ − (ܿଶ − ܽଶ)(ܿଶ − ܾଶ) = 

= 2(ܽଶܾଶ + ܾଶܿଶ + ܽଶܿଶ) − (ܽସ + ܾସ + ܿସ)   (1) 

From (1) we must show this: 

2(ܽଶܾଶ + ܾଶܿଶ + ܽଶܿଶ) − (ܽସ + ܾସ + ܿସ) ≤ 4ܾܴܽܿඥ(∑݊݅ݏ ଶݏܿ∑(ܣ2  (2)   ܣ

From Cauchy inequality ⇒ ඥ∑݊݅ݏଶ ܣ ≥ ଵ
√ଷ

݊݅ݏ∑) ଶݏܿ∑and ඥ (ܣ ܣ ≥ ଵ
√ଷ

ݏܿ∑)  (3)   (ܣ

From (2)+(3) we must show this: 

2(ܽଶܾଶ + ܽଶܿଶ + ܾଶܿଶ) − (ܽସ + ܾସ + ܿସ) ≥ ସ
ଷ
ݏܿ∑)(ܣ݊݅ݏ∑)ܴܾܿܽ  (4) (ܣ

But ∑ܣ݊݅ݏ = ାା
ଶோ

  (5) 

ݏܿ∑ ܣ = ∑ మାమିమ

ଶ
= ∑൫మାమିమ൯

ଶ
   (6) 

From (4)+(5)+(6) we must show this:  2(ܽଶܾଶ + ܽଶܿଶ + ܾଶܿଶ)− (ܽସ + ܾସ + ܿସ) ≥ 

≥
1
3

(ܽ + ܾ + ܿ)(ܾܽଶ + ܽܿଶ − ܽଷ + ܾܽଶ + ܾܿଶ − ܾଷ + ܿܽଶ + ܾܿଶ − ܿଷ) ⇔ 

6(ܽଶܾଶ + ܽଶܿଶ + ܾଶܿଶ) − 3(ܽସ + ܾସ + ܿସ) ≥ −ܽସ − ܾସ − ܿସ + ܽଷ(ܾ + ܿ) + 

+ܾଷ(ܽ + ܿ) + ܿଷ(ܽ + ܾ) − ܽ(ܾଷ + ܿଷ) − ܾ(ܽଷ + ܿଷ) − ܿ(ܽଷ + ܾଷ) + 

+ܽଶ(ܾଶ + ܿଶ) + ܾଶ(ܽଶ + ܿଶ) + ܿଶ(ܽଶ + ܾଶ) + ܾܽܿ(ܾ + ܿ) + ܾܽܿ(ܽ + ܿ) + ܾܽܿ(ܽ + ܾ)
⇔ 2(ܽସ + ܾସ + ܿସ) − 4(ܽଶܾଶ + ܾଶܿଶ + ܽଶܿଶ) + 2ܾܽܿ(ܽ + ܾ + ܿ) ≥ 0 ⇔ 
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⇔ ܽସ + ܾସ + ܿସ − 2(ܽଶܾଶ + ܾଶܿଶ + ܽଶܿଶ) + ܾܽܿ(ܽ + ܾ + ܿ) ≥ 0  (7) 

⇔ ܽସ + ܾସ + ܿସ + ܾܽܿ(ܽ + ܾ + ܿ) ≥ 2(ܽଶܾଶ + ܾଶܿଶ + ܽଶܿଶ)   (8) 

By Schur’s inequality we have: 

ܽସ + ܾସ + ܿସ + ܾܽܿ(ܽ + ܾ + ܿ) ≥ ܾܽ(ܽଶ + ܾଶ) + ܾܿ(ܾଶ + ܿଶ) + ܿܽ(ܿଶ + ܽଶ)   (9) 

From (8)+(9) we must show: 

ܾܽ(ܽଶ + ܾଶ) + ܾܿ(ܾଶ + ܿଶ) + ܿܽ(ܿଶ + ܽଶ) ≥ 2(ܽଶܾଶ + ܾଶܿଶ + ܽଶܿଶ)  (10) 

But ܾܽ(ܽଶ + ܾଶ) ≥ 2ܽଶܾଶ ⇔ ܽଶ + ܾଶ ≥ 2ܾܽ which its true. Similarly: 

ܾܿ(ܾଶ + ܿଶ) ≥ 2ܾܿ and ܽܿ(ܽଶ + ܿଶ) ≥ 2ܽଶܿଶ ⇒ (10) its true. 

2.38               We make a generalization: 

Lemma 1: Let ܲ ∈ (ݔ),[ݔ]ܴ = ଶݔ + ݔܽ + ߂,ܾ = ܾଶ − 4ܾ < 0. Then ∀ܤ,ܣ ∈  (ℝ) theܯ
following statement is true: ݀݁ܣ)]ݐ+ ܤଵݔ + ܣ)(ܥଶݔ + ܤଶݔ + [(ܥଵݔ ≥  ଶ being theݔ,ଵݔ,0

roots of  

Demonstration: ݂ܫ	߂ < 0 ⇒ ଶݔ,ଵݔ ∈ ℂ, ଶݔ = ݔ)ݐ݁݀ ଵ and usingݔ ⋅ (ݔ̅ ≥ 0, 

ݔ∀	 ∈ (ℝ)ܯ ⇒ 

ܣ)]ݐ݁݀ + ܤଵݔ + +ܣ)(ܥଶݔ ܤଶݔ + [(ܥଵݔ = +ܣ)]ݐ݁݀ ܤଵݔ + ܣ)(ܥଶݔ + ܤଵݔ + [(തതതതതതതതതതതതതതതതതതതܥଶݔ ≥ 0 

Lemma 2. If ܤܣ = ܥܣ,ܣܤ = ܥܤ,ܣܥ =  then the conclusion of this theorem can be written ܤܥ
this way: ݀݁ܣ]ݐଶ + ଶܤ)ܾ + (ଶܥ − ܤܣ)ܽ + (ܥܣ + (ܽଶ − [ܥܤ(2ܾ ≥ 0 

Demonstration:  ݀݁ܣ)]ݐ+ ܤଵݔ + ܣ)(ܥଶݔ + ܤଶݔ + [(ܥଵݔ = 

= ଶܣ]ݐ݁݀ + ଶܤ)ଶݔଵݔ + (ଶܥ + ଵݔ) + ܤܣ)(ଶݔ + (ܥܣ + ଵଶݔ) + [ܥܤ(ଶଶݔ = 

= ଶܣ]ݐ݁݀ + ଶܤ)ܾ + (ଶܥ − ܤܣ)ܽ + (ܥܣ + (ܽଶ − [ܥܤ(2ܾ ≥ 0 

(we used ܤܣ = ܥܣ,ܣܤ = ܥܤ,ܣܥ =  (and Viéte relations ܤܥ

Now, in our case: ܽ = 6,ܾ = 10. Done. 

2.39  

ߗ = ଶ݊݅ݏ ݔ ସ݊݅ݏ) ݔ − ସݏܿ ݔ ଶ݊݅ݏ ݕ ଶݏܿ  −(ݕ

ଶ݊݅ݏ− ݕ ଶݏܿ ݔ ଶ݊݅ݏ) ݔ ଶݏܿ ݔ ଶݏܿ ݕ − ସݏܿ ݔ ସ݊݅ݏ (ݕ + 
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+ ଶݏܿ ݔ ଶݏܿ ݕ ସݏܿ) ݔ ସݏܿ ݕ − ଶ݊݅ݏ ݔ ଶݏܿ ݔ ଶ݊݅ݏ (ݕ = 

=
(ଵ)

݊݅ݏ ݔ + ݏܿ ݔ ݊݅ݏ ݕ + ݏܿ ݔ ݏܿ ݕ − 3 ଶ݊݅ݏ ݔ ସݏܿ ݔ ଶ݊݅ݏ ݕ ଶݏܿ ݕ = 

= ܽଷ + ܾଷ + ܿଷ − 3ܾܽܿ(ܽ = ଶ݊݅ݏ ݔ ,ܾ = ଶݏܿ ݔ ଶ݊݅ݏ ݕ , ܿ = ଶݏܿ ݔ ଶݏܿ  (ݕ

=
1
2

(ܽ + ܾ + ܿ){(ܽ − ܾ)ଶ + (ܾ − ܿ)ଶ + (ܿ − ܽ)ଶ} 

=
1
2

ଶ݊݅ݏ) ݔ + ଶݏܿ ݔ ଶ݊݅ݏ ݕ + ଶݏܿ ݔ ଶݏܿ ܽ)}(ݕ − ܾ)ଶ + (ܾ − ܿ)ଶ + (ܿ − ܽ)ଶ} ≥ 0 

∴ ߗ =
()

0. Also, ∵ 3 ଶ݊݅ݏ ݔ ସݏܿ ݔ ଶ݊݅ݏ ݕ ଶݏܿ ݕ ≥ 0, ∴ by (1), 

ߗ ≤ ݊݅ݏ ݔ + ݏܿ ݔ ݊݅ݏ ݕ + ݏܿ ݔ ݏܿ ݕ = ݊݅ݏ ݔ + ݏܿ ݔ ݊݅ݏ) ݕ + ݏܿ (ݕ ≤ 

≤ ݊݅ݏ ݔ + ݏܿ ݔ 	(∵ ݊݅ݏ ݕ + ݏܿ ݕ ≤ ଶ݊݅ݏ ݕ + ଶݏܿ ݕ = 1	& ݏܿ ݔ ≥ 0) 

≤ ଶ݊݅ݏ ݔ + ଶݏܿ ݔ = 1 ∴ ߗ ≤
(ଵ)

1 

(a), (b) ⇒ 0 ≤ ߗ ≤ 1 ⇒ −1 < ߗ ≤ 1 ⇒ |ߗ| ≤ 1  (Proved) 

2.40  

ଶݔ − ݔߙ + ଶߙ = ߂,0 = ଶߙ − ଶߙ4 = ଶߙ3− < 0 

ଵݔ =
ߙ + 3݅√ߙ

2 , ଶݔ =
ߙ − 3݅√ߙ

2  

ܣ)ݐ݁݀ + (ݔܤ = ଶݔ ݐ݁݀ ܤ + ݑ ⋅ ݔ + ݐ݁݀ ܣ = ଶݔ ݐ݁݀ ܤ + ݔݑ +  ߙ

ܣ)ݐ݁݀ + (ܤߙ݅ = ଶ(ߙ݅) ܤݐ݁݀ + ߙ݅ݑ + ߙ = ଶߙ−) ݐ݁݀ ܤ + (ߙ + ߙ݅ݑ = 0 ⇒ ߙݑ = 0 ⇒ ݑ = 0 

⇒ ଶߙ− ݐ݁݀ ܤ + ߙ = 0 ⇒ ߙ ⋅ ݐ݁݀ ܤ = 1 

ߗ = ଶܣ)ݐ݁݀ − ܤܣߙ + (ଶܤଶߙ = ܣ)ݐ݁݀ − (ܤଵݔ ⋅ ܣ)ݐ݁݀ −  (ܤଶݔ

ߗ = ଵଶݔ) ݐ݁݀ ܤ + (ߙ ⋅ ଶଶݔ) ݐ݁݀ ܤ + (ߙ = ଶ(ଶݔଵݔ) ⋅ ݐ݁݀ 	ଶ ܤ + ଶߙ + ߙ ݐ݁݀ ܤ ଵଶݔ) + (ଶଶݔ = 

= ସߙ ⋅ ଶݐ݁݀ ܤ + ଶߙ + (ଶߙ−)1 = ଶߙ ⋅ ߙ) ݐ݁݀ ଶ(ܤ = ଶߙ ⋅ 1ଶ =  ଶߙ

Vieté relationships ݔଵ + ଶݔ = ,ߙ ଶݔଵݔ = ,ଶߙ ଵଶݔ + ଶଶݔ = ܵଶ − 2ܲ = ଶߙ − ଶߙ2 =  ଶߙ−
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2.41  

We will use the following formula: 

ܣ)ݐ݁݀ + (ܤݔ = ଶݔܽ + ݔܾ + ܿ, when: ܽ = ݐ݁݀ ܤ ,ܾ = ,(∗ܤܣ)ݎݐ ܿ = ݐ݁݀  ܣ

We will note (ݔ) = ܣ)ݐ݁݀ +  ,is a polygon of second degree  Because .(ܤݔ

 it’s obvious that it can be at most two changes in the value of ݊݃ݏ	൫(ݔ)൯. But: 

(1−) > 0, (0) < 0,  ቀଵ
ଶ
ቁ > 0, (1) < 0 ⇒ 3 changes of sign.  

That means there are no matrices with the properties in the hypothesis. Observation: 

ܣ2)ݐ݁݀ + (ܤ = 4 ݐ݁݀ ൬ܣ +
1
൰ܤ2 = 4 ൬

1
2൰ > 0 ⇒ ൬

1
2൰ > 0 
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CHAPTER 8 

LIMITS.SERIES-SOLUTIONS 

3.1 

1
3

(݅ + 3) − (݅)
݅(݅ + 1)(݅ + 2)(݅ + 3) =

1
3 ൬

1
݅(݅ + 1)(݅ + 2) −

1
(݅ + 1)(݅ + 2)(݅ + 3)൰ 

Si: ݅ = 1 → ଵ
ଷ
ቀ ଵ
ଵ×ଶ×ଷ

− ଵ
ଶ×ଷ×ସ

ቁ 

⇒ ݅ = 2 →
1
3 ൬

1
2 × 3 × 4 −

1
3 × 4 × 5൰ 

⇒ ݅ = 3 →
1
3 ൬

1
3 × 4 × 5 −

1
4 × 5 × 6൰ 

................................................................................................................................ 

⇒ ݅ = ݊ →
1
3 ൬

1
݇(݇ + 1)(݇ + 2)−

1
(݇ + 1)(݇ + 2)(݇ + 3)൰ 

⇒ ݈݅݉
→ஶ


1

݅(݅ + 1)(݅ + 2)(݅ + 3)



ୀଵ

=
1
3 ൬

1
6−

1
(݊ + 1)(݊ + 2)(݊ + 3)൰ 

⇒
1

18 − ݈݅݉
→ஶ

1
3

1
(݊ + 1)(݊ + 2)(݊ + 3) =

1
18 

3.2 

Let ߚ be a natural number.  ߚଶ < ݔ ≤ ߚ) + 1)ଶ ⇒ ൧ݔ√ൣ = ߚ + 1 

Let ݊ be a perfect square, and 1 ≤ ݔ ≤ ݊ଶ. Divide the interval (1,݊ଶ) into the partition: 

(1,4] ∪ (4,9] ∪ …∪ (݇ଶ, (݇ + 1)ଶ] ∪ …∪ ((݊ − 1)ଶ, ݊ଶ) 

Now: 

න ൧ݔ√ൣ

(ାଵ)మ

మ

ݔ݀ = න (݆ + 1)

(ାଵ)మ

ଶ	

ݔ݀ = (2݆ + 1)(݆ + 1) = 2݆ଶ + 3݆ + 1 
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න ൧ݔ√ൣ
మ

ଵ

ݔ݀ =  න ൧ݔ√ൣ

(ାଵ)మ

మ

;ݔ݀ 1 ≤ ݆ ≤ ݊ − 1 

Let ݊ − 1 = ݉ 

 න ൧ݔ√ൣ

(ାଵ)మ

మ



ଵ

ݔ݀ =  2݆ଶ + 3݆ + 1


ଵ

=
2݉ଷ + 3݉ଶ + ݉

3 +
3݉(݉ + 1)

2 + ݉ 

=
4݉ଷ + 15݉ଶ + 17݉

6  

݊න ൧ݔ√ൣ
మ

ଵ

ݔ݀ = (݉ + 1) ⋅
4݉ଷ + 15݉ଶ + 17݉

6 = ݊ ⋅
4(݊ − 1)ଷ + 15(݊ − 1)ଶ + 17(݊ − 1)

6  

But ݊ଷ is also a perfect square since ݊ is a perfect square. 

⇒ න ൧ݔ√ൣ
య

ଵ

ݔ݀ =  2݆ଶ + 3݆ + 1 ; 1 ≤ ݆ ≤ ݊
ଷ
ଶ − 1 

න ൧ݔ√ൣ
య

ଵ

ݔ݀ =
4 ൬݊

ଷ
ଶ − 1൰

ଷ
+ 15൬݊

ଷ
ଶ − 1൰

ଶ
+ 17 ൬݊

ଷ
ଶ − 1൰

6  

⇒ ݈݅݉
→ஶ

݊ ⋅ ∫ ൧ݔ√ൣ
మ

ଵ ݔ݀

∫ ൧ݔ√ൣ
య

ଵ ݔ݀
= ݈݅݉

→ஶ

݊൫4(݊ − 1)ଷ + 15(݊ − 1)ଶ + 17(݊ − 1)൯

4 ൬݊
ଷ
ଶ − 1൰

ଷ
+ 15 ൬݊

ଷ
ଶ − 1൰

ଶ
+ 17 ൬݊

ଷ
ଶ − 1൰

 

Applying De l’Hôpital’s rule four times yields: 

݈݅݉
→ஶ

݊ ⋅ ∫ ൧ݔ√ൣ
మ

ଵ ݔ݀

∫ ൧ݔ√ൣ
య

ଵ ݔ݀
= 0 

when ݊ is a perfect square. 

But for every real number ܴ, there exists a perfect square ݊ such that ܴ < ݊. 
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݈݅݉
ோ→ஶ

ܴ ⋅ ∫ ൧ݔ√ൣ
ோమ

ଵ ݔ݀

∫ ൧ݔ√ൣ
ோయ

ଵ ݔ݀
= ݈݅݉

→ஶ

݊ ⋅ ∫ ൧ݔ√ൣ
మ

ଵ ݔ݀

∫ ൧ݔ√ൣ
య

ଵ ݔ݀
= 0 

3.3  

ߗ = ݈݅݉
→ஶ

ඩෑ݁ିቀ

ቁ

మ

ୀଵ



= ݈݅݉
→ஶ

ට
݁
ିቆቀଵቁ

మ
ା⋯ାቀቁ

మ
ቇ



= 

= ݈݅݉
→ஶ

1

݁
ቆቀଵቁ

మ
ା⋯ାቀቁ

మ
ቇ⋅ଵ

=
1

݁ 
→ಮ

∑ ቀቁ
మ


ೖసభ ⋅ 1

݊

=
1

݁ 
→ಮ

ଵ
 ⋅ ∑ ቀ݇݊ቁ

ଶ

ୀଵ

=
1

݁∫ ௫మభ
బ ௗ௫

=
1
√݁య  

3.4  

Let ܲ =
ට൫ଵ൯൫


ଶ൯…൫൯





మష

య
మ

	⇒ ߗ = ݈݅݉→ஶ( ܲାଵ − ܲ) 

= ݈݅݉
→ஶ

ܲାଵ − ܲ

݊ + 1 − ݊ =ௌ௧௭ ݈݅݉
→ஶ

ܲ

݊  

= ݈݅݉
→ஶ

ටቀ݊1ቁ ቀ
݊
2ቁ… ቀ݊݊ቁ



݁

ଶ݊ି

ଵ
ଶ

= ݈݅݉
→ஶ

√݊	݊! (݊!)
ଵ


݁

ଶ(1! 2! …݊!)

ଶ

	= ݈݅݉

→ஶ
ඩ
൫√݊ ൯݊! (݊!)

݁
మ
ଶ (1! 2! …݊!)ଶ


= 

=
௨௬ିᇲ௧

݈݅݉
→ஶ

൫√݊ + 1൯
ାଵ(݊ + 1)! [(݊ + 1)!]ାଵ

݁
(ାଵ)మ

ଶ (1! 2! … (݊ + 1)!)ଶ

√݊

݊! (݊!)

݁
మ
ଶ (1! 2! …݊!)ଶ

= 

= ݈݅݉
→ஶ

√݊ + 1ቆට1 + 1
݊ቇ



(݊ + 1)(݊ + 1)! (݊ + 1)

݁
ାଵ
ଶ (݊ + 1)!ଶ

= ݈݅݉
→ஶ

݁
ଵ
ଶ√݊ + 1(݊ + 1)

݁
ଵ
ଶ݁݊!

⋅ 1 

(Stirling from 1 = ݈݅݉→ஶ
!

√ଶగష
) 
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= ݈݅݉
→ஶ

√݊ + 1(݊ + 1)

݁݊! ⋅ ݈݅݉
→ஶ

݊!
݁ି݊݊ߨ2√

= ݈݅݉
→ஶ

1
ߨ2√

ඨ1 +
1
݊ ൬1 +

1
݊൰



=
݁

ߨ2√
 

3.5 

ܵ = ൬
1

݊(݊ + 1)(݊ + 2) ⋅ … ⋅ (݊ + ܽ)൰
ஶ

ୀଵ

⇒

⇒
1
ܽ ൬

1
݊(݊ + 1) … (݊ + ܽ − 1) −

1
(݊ + 1) … (݊ + ܽ)൰ 

⇒ ଵ

ቀܵିଵ −∑ ቀ ଵ

(ାଵ)…(ା)
ቁஶ

ୀଵ ቁ.Replace, ݊ + 1 = ݇ ⇒ 

⇒
1
ܽ
ቌܵିଵ − ൭൬

1
݇(݇ + 1) − (݇ + ܽ − 1)൰ −

1
ܽ!

ஶ

ୀଵ

൱ቍ ⇒
1
ܽ ൬ܵିଵ − ܵିଵ +

1
ܽ!൰ 

ܵ = ଵ
⋅!

(ܽ)ߗ     = ܵ = ଵ
⋅!

 

Now, applying this initial problem, and applying A.M.-G.M., we get, 

(ܽ)ߗܾ + (ܾ)ߗܿ + (ܿ)ߗܽ
ܽ + ܾ + ܿ = ቌ

ܾ ቀ 1
ܽ ⋅ ܽ!ቁ + ܿ ቀ 1

ܾ ⋅ ܾ!ቁ+ ܽ ቀ 1
ܿ ⋅ ܿ!ቁ

ܽ + ܾ + ܿ
ቍ

ାା

≥
ெିீெ

 

≥
1

ܾܽܿ(ܽ!)(ܾ!)(ܿ!) 

ቆ
(ܽ)ߗܾ + (ܾ)ߗܿ + (ܿ)ߗܽ

ܽ + ܾ + ܿ ቇ
ାା

≥
1

ܾܽܿ(ܽ!)(ܾ!)(ܿ!) 

3.6 

Let ܽ = ቀ ଵ
ଵ!ଶ!ଷ!⋅…⋅!

ቁ
భ
ೖ 

We show that 

ܽ ≤
2 − 1
݇! 	∀	݇ ≥ 1 

For ݇ = 1, ܽ = 1 ≤ ଶభିଵ
ଵ!
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Assume that 

ܽ = ଵ
!

(2 − 1) for some ݇ ∈ ℕ 

⇒
1

1! 2! ⋅ … ⋅ ݇! ≤ ൬
1
݇!൰


(2 − 1) =

1
1! 2! ⋅ … ⋅ ݇! (݇ + 1)! 

≤ ൬
1
݇!൰


(2 − 1)

1
(݇ + 1)! 

We now show that 

൬
1
݇!൰


(2 − 1)

1
(݇ + 1)!	 ≤ ൬

1
(݇ + 1)!	൰

ାଵ
(2ାଵ − 1)ାଵ 

⇔ ቀ(ାଵ)!
!

ቁ


(2 − 1) ≤ (2ାଵ − 1)ାଵ ⇔ (݇ + 1)(2 − 1) ≤ (2ାଵ − 1)ାଵ   (1) 

 ܵܪܮ

(݇ + 1)(2 − 1) ≤ (2ାଵ − 1)(2ାଵ − 1) = (2ାଵ − 1)ାଵ 

[∴ ݇ + 1 ≤ 2ାଵ − 1	∀݇ ∈ ℕ] 

∴ (1) is true 

Thus, ܽ ≤
ଵ
!

(2 − 1) ⇒ ∑ ܽ
ୀଵ ≤ ∑ ଵ

!

ୀଵ (2 − 1) 

⇒ ݈݅݉
→ஶ

ܽ



ୀଵ

≤ ݁ଶ − ݁ = ݁(݁ − 1) 

3.7.  

ݔ −
ଷݔ

6 < ݊݅ݏ ݔ , ݔ√ −
ଷݔ√

6 < ݔ√൫݊݅ݏ ൯ 

ݔ
ଵ
ାଵ

1
݊ + 1

อቀ
ߨ
2ቁ



0
−

1
6 ⋅

ݔ
ଷ
ାଵ

3
݊ + 1

อቀ
ߨ
2ቁ



0
< න ݔ√൫݊݅ݏ ൯

ቀగଶቁ




 ݔ݀
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ቀ2ߨቁ
ାଵ

݊ + 1
݊

−
1
6 ⋅

ቀ2ߨቁ
ାଷ

݊ + 3
݊

< න ൫݊݅ݏ ݔ√ ൯

ቀగଶቁ




 ݔ݀

∞ = ݈݅݉
→ஶ

ቀ
ߨ
2ቁ

ାଵ
⋅ ቌ

1
݊ + 1
݊

−
ቀ2ߨቁ

ଶ

݊ + 3
݊

ቍ ≤ ܮ ⇒ ܮ = ∞ 

3.8. Let: 

ܽ =
ݔ ݈݃ 2

1! +
݈݃)ଶݔ 2)ଶ

2! + ⋯+
݈݃)ݔ 2)

݊! 				 , ܾ =
ାଵ(2݈݃)ାଵݔ

(݊ + 1)! + ⋯ 

ܽ + ܾ = 
ݔ) ݈݃ 2)

݇!

ஶ

ୀଵ

= ݁௫  ଶ − 1 = 2௫ − 1 

⇒ (ܽ + ܾ) = (2௫ − 1),  ߗ = ݈݅݉௫→ ቂ
ଵ

(ା)
− ଵ


ቃ = ݈݅݉௫→ 

ି൫ଵ൯
షభି൫ଶ൯

షమమି⋯ି

(ା)
൨ 

Coefficient of ݔଶ  in ܽିଵܾ in the numerator: 

−
݈݃)ିଵ(2݈݃) 2)ାଵ

(݊ + 1)!  

Coefficient of ݔଶ  in (ܽ + ܾ)ܽ  is: 

݈݃) 2)(݈݃ 2)

(1!)(1!)  

Also, on the terms except first in the numerator involve ݔଷ  and higher powers of ݔ. 

ߗ = −ቀ݊1ቁ
1

(݊ + 1)! 	∀	݊ ≥ 1, ߗ = −
(݊ + 1 − 1)

(݊ + 1)!	  

ߗ = −൬
1
݊! −

1
(݊ + 1)!	൰ ⇒ ߗ

ஶ

ୀଵ

= −൬
1
1!−

1
2!൰ − ൬

1
2! −

1
3!൰… ⇒ ߗ = −1 

3.9  

Let be the sequence ݂ = 0; ଵ݂ = 1; ݂ାଶ = ݂ + ݂ାଵ with the characteristic equation 
ଶߣ − ߣ − 1 = 0 
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ଵ,ଶߣ =
1 ± √5

2 ; ݂ = ߙ ቆ
1 + √5

2 ቇ


+ ߚ ቆ
1− √5

2 ቇ


 

݂ = ߙ + ߚ = 0; ଵ݂ = ߙ ⋅
1 + √5

2 + ߚ ⋅
1 − √5

2 = 1 

ߙ =
2
√5

ߚ; = −
2
√5

; 	 ݂ =
2
√5

ቆ
1 + √5

2 ቇ


−
2
√5

ቆ
1 − √5

2 ቇ


 

ܣ = ൬ ݂ ଵ݂

ଵ݂ ଶ݂
൰ and we prove by induction that: ܣ = ൬ ݂ିଵ ݂

݂ ݂ାଵ
൰ ;݊ ≥ 1 

ାଵܣ = ܣ ⋅ ܣ = ൬ ݂ିଵ ݂

݂ ݂ାଵ
൰ ቀ0 1

1 1ቁ = ൬ ݂ ݂ିଵ + ݂

݂ିଵ + ݂ ݂ + ݂ାଵ
൰ = ൬ ݂ ݂ାଵ

݂ାଵ ݂ାଶ
൰

= ൬ܽ ܾ
ܿ ݀

൰ 

ܮ = ݈݅݉
→ஶ

൬
ܽ + ܾ
ܿ + ݀

൰ = ݈݅݉
→ஶ

݂ + ݂ାଵ

݂ାଵ + ݂ାଶ
= ݈݅݉

→ஶ
݂ାଶ

݂ାଷ
= 

= ݈݅݉
→ஶ

2
√5

ቆ1 + √5
2 ቇ

ାଶ

− 2
√5

ቆ1 − √5
2 ቇ

ାଶ

2
√5

ቆ1 + √5
2 ቇ

ାଷ

− 2
√5

ቆ1 − √5
2 ቇ

ାଷ =
2

√5 + 1
=
√5 − 1

2 < 1 

3.10 

ߗ = ݈݅݉
→ஶ

ඩෑ݁ିቀ

ቁ

మ

ୀଵ



= ݈݅݉
→ஶ

ට݁ି
ଵమାଶమା⋯ାమ

మ ൨


= 

= ݈݅݉
→ஶ

݁ି
ଵమାଶమା⋯ାమ

య ൨ = ݁ି 
→ಮ

൬(ାଵ)(ଶାଵ)
య ൨൰ = ݁ି

ଵ
ଷ 

3.11  

ߗ = ݈݅݉
→ஶ

൬
1

1 + ݊ଶଵ +
1

2 + ݊ଶଵ + ⋯+
1

݊ସଷଶ൰ ݈݊ ݊ 

We have, ଵ
ଵାమబభల

< 1, ଵ
ଶାమబభల

< ଵ
ଶ

, … , ଵ
రబయమ

< ଵ
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Similarly, −1 < ଵ
ଵାమబభల

,− ଵ
ଶ

< ଵ
ଶାమబభల

, … ,− ଵ


< ଵ
రబయమ

 

∴ −
1
݊ −⋯−

1
2 − 1 <

1
1 + ݊ଶଵ +

1
2 + ݊ଶଵ + ⋯+

1
݊ସଷଶ < 1 +

1
2 + ⋯+

1
݊ 

∴ − ݈݊ ݊ ൬1 +
1
2 + ⋯+

1
݊൰ < ݈݊ ൬

1
1 + ݊ଶଵ +

1
2 + ݊ଶଵ + ⋯+

1
݊ସଷଶ൰ < ݈݊ ݊ ൬1 +

1
2 + ⋯+

1
݊൰ 

− ݈݊݊ ߛ) + ݈݊ ݊) < ߗ < ݈݊ ݊ ߛ) + ݈݊ ݊)	where ߛ = 1 + ଵ
ଶ

+ ଵ
ଷ

+ ⋯+ ଵ

− ݈݊ ݊  

ߗ| − ݈݊ ݊ (݈݊ ݊ + |(ߛ <   such that	will hold only if there exists a ݇ ߝ

݇ = [݈݊ଶ ݊] + [݈݊ ݊ ⋅ [ݔ] ] whereߛ =gif  function 

∴ ݈݅݉
→ஶ

ߗ = ݈݅݉
→ஶ

݈݊ ݊ (݈݊ ݊ + (ߛ = ݈݅݉
→ஶ

(݈݊ ݊)ଶ + ߛ ݈݅݉
→ஶ

݈݊ ݊ 

where ߛ = Euler’s Constant 

∴ ݈݅݉
→ஶ

൬
1

1 + ݊ଶଵ +
1

2 + ݊ଶଵ + ⋯+
1

݊ସ଼ଶ൰ ݈݊ ݊ = 

= ݈݅݉
→ஶ

(݈݊ ݊)ଶ + ߛ ݈݅݉
→ஶ

݈݊ ݊ = +∞ 

3.12  

ߗ = ݈݅݉
→ஶ

݊ܽݐ݊ ቀ݁ ∙
ߨ
5 ∙ ݊!ቁ = ݈݅݉

→ஶ
൭݊ܽݐ݊

ߨ
5 ∙ ݊! ∙ 

1
݇!

ାଵ

ୀ

+
ߨ
5 ∙ ݊! ∙ 

1
݇!

ஶ

ୀାଶ

൱ = 

= ݈݅݉
→ஶ

݊ܽݐ݊ ൬݉ߨ +
ߨ

5(݊ + 1)൰ = ݈݅݉
→ஶ

݊ܽݐ݊ ൬
ߨ

5(݊ + 1)൰ =
ߨ
5 

Observation: 

0 < ݊! 
1
݇!

ஶ

ୀାଶ

= ݊! ൬
1

(݊ + 2)! +
1

(݊ + 3)! + ⋯൰ = 

=
1

(݊ + 1)(݊+ 2) +
1

(݊ + 1)(݊ + 2)(݊ + 3) + ⋯ <
1

(݊ + 1)(݊ + 2) +
1

(݊ + 2)(݊ + 3) + ⋯ 

< ൬
1

݊ + 1 −
1

݊ + 2൰ + ൬
1

݊ + 2 −
1

݊ + 3൰ + ⋯ <
2

݊ + 1 
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ܮ =
ߨ
5 

3.13  

݈݅݉
→ஶ

(ܽାଵ − ܽ) = ܽ 

and 

ܾ = ݈݅݉
→ஶ

ට√2! ⋅ √3!య ⋅ … ⋅ √݊!
 

ߗ = ݈݅݉
→ஶ

൬
ܽାଵ ⋅ ܾାଵ
݊ + 1 −

ܽ ⋅ ܾ
݊ ൰ = ݈݅݉

→ஶ

ܿାଵ − ܿ
݊ + 1 − ݊ 

where ܿ = ⋅


 for all ݊ ≥ 1 

= ݈݅݉
→ஶ

ܿ
݊ 	

ݎܽݏ݁ܥ	݁ݏݎ݁ݒܴ݁	݃݊݅ݕ݈ܽ] − [ݖ݈ݐܵ = ݈݅݉
→ஶ

ܽ ⋅ ܾ
݊ଶ  

= ቀ ݈݅݉
→ஶ

ܽ
݊ ቁ൬ ݈݅݉→ஶ

ܾ
݊ ൰ = ቀ ݈݅݉

→ஶ

ܽାଵ − ܽ
݊ + 1 − ݊ቁ	

ቌ݈݅݉
→ஶ

ඨ√2! ⋅ √3!య ⋅ … ⋅ √݊!

݊


ቍ 

= ݈݅݉
→ஶ

(ܽାଵ − ܽ) ⋅ ݈݅݉
→ஶ

൭
√2! ⋅ √3!య ⋅ … ⋅ ඥ(݊ + 1)!శభ

(݊ + 1)ାଵ ⋅
݊

√2! ⋅ √3!య ⋅ … ⋅ √݊! ൱ 

Applying Cauchy D – Alembert’s Theorem 

= ܽ ⋅ ݈݅݉
→ஶ

൬
݊

(݊ + 1)ାଵ ⋅ ඥ(݊ + 1)!	శభ ൰ 

= ܽ ⋅ ݈݅݉
→ஶ

ට (݊ + 1)!
(݊ + 1)ାଵ

శభ

ቀ1 + 1
݊ቁ

 =
ܽ
݁ ⋅ ݈݅݉→ஶ

ቆ
(݊ + 2)!

(݊ + 2)ାଶ ⋅
(݊ + 1)ାଵ

(݊ + 1)! ቇ 

(Cauchy D-Alembert’s Theorem)  

=
ܽ
݁ ⋅ ݈݅݉→ஶ

ቆ
݊ + 1
݊ + 2 ⋅

(݊ + 1)ାଵ

(݊ + 2)ାଵቇ =
ܽ
݁ ⋅ ݈݅݉→ஶ

1

ቀ1 + 1
݊ + 1ቁ

ାଵ =
ܽ
݁ଶ 
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3.14  

We know (2݊ + 1)‼ = (ଶାଵ)!
ଶ⋅!

 

ߗ = ݈݅݉
→ஶ

ට2‼√3‼ √5‼య … ඥ(2݊ − 1)‼మ

= ݈݅݉
→ஶ

ඥܿ  

where 

ܿ = ට2‼√3‼ √5‼య … ඥ(2݊ − 1)‼
 

∴ ߗ = ݈݅݉
→ஶ

ඥܿ = ݈݅݉
→ஶ

ܿାଵ
ܿ

ܦ	ݕℎܿݑܽܥ]	 − [ݐݎܾ݈݁݉݁ܣ = ݈݅݉
→ஶ

ට2‼√3‼ √5‼య … ඥ(2݊ + 1)‼శభ

ට2‼√3‼ √5‼య … ඥ(2݊ − 1)‼
 

= ݈݅݉
→ஶ

൭
2‼√3‼ √5‼య … ඥ(2݊ + 3)‼శమ

2‼√3‼ √5‼య … ඥ(2݊ + 1)‼శభ ⋅
2‼√3‼ √5‼య … ඥ(2݊ − 1)‼

2‼√3‼ √5‼య … ඥ(2݊ + 1)‼శభ ൱ 

[Cauchy D-Alembert] 

= ݈݅݉
→ஶ

ඥ(2݊ + 3)‼శమ

ඥ(2݊ + 1)‼శభ = ݈݅݉
→ஶ

ቆ
(2݊ + 5)‼
(2݊ + 3)‼ ⋅

(2݊ + 1)‼
(2݊ + 3)‼ቇ 

[Cauchy D-Alembert] 

= ݈݅݉
→ஶ

൮

(2݊ + 5)!
2ାଶ(݊ + 2)!

(2݊ + 3)!
2ାଵ(݊ + 1)!

⋅
(2݊ + 1)!

2݊!
(2݊ + 3)!

2ାଵ(݊ + 1)!

൲ = ݈݅݉
→ஶ

ቀ
݊

݊ + 1ቁ ⋅
(݊ + 2)(2݊+ 3)
(݊ + 1)(2݊+ 1) = 1 

3.15 

൭
1

25݇ଶ + 5݇ − 6 ⋅
1

(݊ − ݇ + 1)ଶ൨
ஶ

ୀଵ

൱
ஶ

ୀଵ

= 
1

25݇ଶ + 5݇ − 6 ⋅
1

(݊ − ݇ + 1)ଶ൨
ஶ

ୀଵ

ஶ

ୀଵ

 

= 
1

25݇ଶ + 5݇ − 6

ஶ

ୀଵ

⋅ 
1
݊ଶ

ஶ

ୀଵ
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= 
1

25݇ଶ + 5݇ − 6

ஶ

ୀଵ

⋅
ଶߨ

6 =
ଶߨ

6 ⋅
1
5 ݈݅݉
→ஶ

൬
1

5݊ − 2 −
1

5݊ + 3൰


ୀଵ

 

=
ଶߨ

30 ⋅ ݈݅݉→ஶ
൬

1
3 −

1
8 +

1
8 −⋯−

1
5݉ − 2 +

1
5݉− 2−

1
5݉ + 3൰ 

=
ଶߨ

30 ⋅ ݈݅݉→ஶ
൬

1
3 −

1
5݉ + 3൰ =

ଶߨ

90 

3.16  


1

(ܽ + ݅)(ܾ + ݅)



ୀଵ

=
1

ܾ − ܽ൬
1

ܽ + ݅ −
1

ܾ + ݅൰


ୀଵ

 

=
1

ܾ − ܽ 
1

ܽ + 1 +
1

ܽ + 2 + ⋯+
1

ܽ + (ܾ − ܽ) −
1

݊ + ܽ + 1 −
1

݊ + ܽ + 2 + ⋯+
1

ܾ + ݊൨ 

=
1

ܾ − ܽ 
݊

(ܽ + 1)(݊ + ܽ + 1) +
݊

(ܽ + 2)(݊ + ܽ + 2) + ⋯+
݊

ܾ(ܾ + ݊)൨ 

=
1

ܾ − ܽ 
1

(ܽ + ݇) ቀ1 + ܽ + ݇
݊ ቁ


ି

ୀଵ

 

∴ ݈݅݉
→ஶ


1

(ܽ + ݅)(	ܾ + ݅)



ୀଵ

= ݈݅݉
→ஶ

1
ܾ − ܽ

1

(ܽ + ݇) ቀ1 + ܽ + ݇
݊ ቁ

ି

ୀଵ

 

=
1

ܾ − ܽ
1

(ܽ + ݇)

ି

ୀଵ

> ൭ෑ
1

ܽ + ݇

ି

ୀଵ

൱

ଵ
ି

= ൬
ܽ!
ܾ!൰

ଵ
ି

 

3.17 

LEMMA: let ܽ, ݅ = 1,2, … , ݊ be positive real numbers, then 

݈݅݉
௫→ஶ

ቆ√
ܽଵೣ + √ܽଶೣ + ⋯+ ඥܽೣ

݊ ቇ
௫

= ܽଵ ⋅ ܽଶ ⋅ … ⋅ ܽ 
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∴ ,ܽ)ߗ ܾ) = ݈݅݉
→ஶ

ቆ
√ܽ + √ܾ + 1

√ܾ + √ܽ + 1 ቇ


= ݈݅݉
→ஶ

൮
√ܽ + √ܾ + 1

2
√ܽ + √ܾ + 1

2

൲



	 =
ඥܽ(ܾ + 1)

ඥܾ(ܽ + 1)
 

∴ ඥܾ(ܽ + 1)
௬

⋅ (ܾ,ܽ)ߗ = ඥܽ(ܾ + 1)
௬

	 ≤⏞
௨௬ିௌ௪௭

 

≤ ඥ(ܽ + ܾ + ܿ)(ܽ + ܾ + ܿ + 3) = 2 (proved) 

3.18 

Let ܧ = ∑ ଵ
!


ୀ  . Then ݈݅݉→ஶ ܧ = ݁ 

∴ ݈݅݉
→ஶ

√݊!

݊ = ݈݅݉
→ஶ

ඨ݊!
݊


=⏞

௨௬ିᇲ௧

݈݅݉
→ஶ

ቆ
(݊ + 1)!

(݊ + 1)ାଵ ⋅
݊

݊!ቇ =
1
݁ 

∴ ݈݅݉
→ஶ

ඥܧ =⏞
௨௬ିᇲ௧

݈݅݉
→ஶ

ାଵܧ
ܧ

=
݁
݁ = 1 

∴ ቀ ඥ(݊ + 1)!	శభ – ඥ݊!ܧ ቁ = ݈݅݉
→ஶ

ቆ
√݊!

݊ ⋅ ܧ√ ⋅
ݑ − 1
݈݊ ݑ

⋅ ݈݊  ቇݑ

where ݑ = ඥ(ାଵ)!శభ

ඥ!ா  for all ݊ ∈ ℕ 

∴ ݈݅݉
→ஶ

ݑ = ݈݅݉
→ஶ

൮
ඥ(݊ + 1)!శభ

݊ + 1 ⋅
݊ + 1
݊ ⋅

1
√݊!

݊

⋅
1
ඥܧ ൲ 

= ൭݈݅݉
→ஶ

ඥ(݊ + 1)!శభ

݊ + 1
൱൬݈݅݉

→ஶ

݊ + 1
݊ ൰൮݈݅݉

→ஶ

1
√݊!

݊

൲ቆ݈݅݉
→ஶ

1
ඥܧ ቇ = 1 

∴ as ݑ → 1 then ௨ିଵ
 ௨

→ 1 as ݊ → ∞ 

Now, ݈݅݉→ஶ ݑ = ݈݅݉→ஶ ൭
ଵ

ඥ(శభ)!శభ

శభ

⋅ ଵ
ାଵ

⋅ (ାଵ)!
!

⋅ ଵ
ா
൱ = 1. So, 
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݈݅݉
→ஶ

݈݊ ݑ = ݈݊ ቀ ݈݅݉
→ஶ

ቁݑ = 0 

∴ ݈݅݉
→ஶ

ቌ ඥ(݊ + 1)!శభ − ඨ݊! ൬1 +
1
1! +

1
2! + ⋯+

1
݊!൰


ቍ = ݈݅݉

→ஶ
ቆ
√݊!

݊ ඥܧ ⋅
ݑ − 1
݈݊ ݑ

⋅ ݈݊ ቇݑ = 0 

3.19 

For 0 ≤ ݔ ≤ 1, 0 ≤ 1− ݔ ≤ 1 ⇒ 0 ≤ (1− (ݔ ≤ 1, |(ݔ݊)ݏܿ| ≤ 1 

∴ |(1− (ݔ + |(ݔ݊)ݏܿ ≤ |(1− |(ݔ + |(ݔ݊)ݏܿ| ≤ 2 

⇒ ቮන{(1 − (ݔ + ௫݁{(ݔ݊)ݏܿ
ଵ



ቮ ≤ න 2݁௫݀ݔ
ଵ



= 2(݁ − 1) 

⇒ ቮ
1
݊!
න{(1− (ݔ + ݔ௫݀݁{(ݔ݊)ݏܿ
ଵ



ቮ ≤
2
݊!

(݁ − 1) 

As ଶ
!

(݁ − 1) → 0 as ݊ → ∞, ݈݅݉→ஶ
ଵ
! ∫ [(1− (ݔ + ଵ[(ݔ݊)ݏܿ

 ݁௫݀ݔ = 0 

3.20 

(ݔ)ߗ = ݈݅݉
→ஶ


(ݔ−)

݅ + 1



ୀ

= ݈݅݉
→ஶ

ቆ1 −
ݔ
2 +

ଶݔ

3 + ⋯+
(−1)ݔ

݊ + 1 ቇ 

∴ (ݔ)ߗݔ = ݈݅݉
→ஶ

ቆݔ −
ଶݔ

2 +
ଷݔ

3 + ⋯+
(−1)ݔାଵ

݊ + 1 ቇ = 1)݈݃ +  (ݔ

∴ (ݔ)ߗ =
1)݈݃ + (ݔ

ݔ ⇒ (ݔ)ᇱߗ =
1

ଶݔ + ݔ −
1)݈݃ + (ݔ

ଶݔ  

(ݔ)ᇱᇱߗ = −
ݔ2 + 1

ଶݔ) + ଶ(ݔ −
1

ଶ(1ݔ + (ݔ +
2 1)݈݃ + (ݔ

ଷݔ = 

=
2(1 + ଶ(ݔ 1)݈݃ + −(ݔ ଶݔ3) + (ݔ2

ଷ(1ݔ + ଶ(ݔ  

Let ݂(ݔ) = 2(1 + (ଶݔ 1)݈݃ + −(ݔ ଶݔ3) + ݔ for all (ݔ2 ∈ [0,1] 

݂ᇱ(ݔ) = 2(1 + (ݔ + 4(1 + (ݔ 1)݈݃ + −(ݔ ݔ6 − 2 = 
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= (1 + 1)݃ቀ݈(ݔ + −(ݔ
ݔ

1 + ቁݔ ≥ 0 

ቂ∵ 1)݈݃ + (ݔ ≥ ௫
ଵା௫

ݔ	݈݈ܽ	ݎ݂	 ≥ 0ቃ. So, ݂ is increasing ݂(ݔ) ≥ ݂(0) = 0 

∴ (ݔ)ᇱᇱߗ ≥ 0 for all |ݔ| < 1. Hence, ߗ is convex. So, 

ߗ ൬
ݔܽ + ݕܾ
ܽ + ܾ ൰ ≤

(ݔ)ߗܽ
ܽ + ܾ +

(ݕ)ߗܾ
ܽ + ܾ  

∴ (ݔ)ߗܽ + (ݕ)ߗܾ ≥ ߗ ൬
ݔܽ + ݕܾ
ܽ + ܾ ൰ 

3.21  

Let be ܽ = 1 + ଵ
ଶ

+ ଵ
ଷ

+ ⋯+ ଵ


 

ܮ = ݈݅݉
→ஶ

(ܽଶ − ܽଵ + ܽସ − ܽଶ + ܽସ − ܽଷ) = 

= ݈݅݉
→ஶ

(2ܽସ − ܽଵ − ܽଷ) = 

= ݈݅݉
→ஶ

൬2ܽସ − 2 ݈݃ 400݊ − ܽଵ + ݈݃ 100݊ − ܽଷ + ݈݃ 300݊ + ݈݃
400݊ ⋅ 400݊
100݊ ⋅ 300݊൰ 

= ߛ2 − ߛ − ߛ + ݈݃
16
3 = ݈݃

16
3  

3.22 

,ݔ)ߗ (ݕ = 
2݊ଶ + ݔ2) + ݕ2 + 5)݊ + ݕݔ2 + ݔ6 − ݕ

3(݊ + ݊)(ݕ + ݕ + 1)(݊ + ݕ + 2)

ஶ



= 

= ൬
݊ + ݔ

3ିଵ(݊ + ݊)(ݕ + ݕ + 1) −
݊ + ݔ + 1

3(݊ + ݕ + 1)(݊ + ݕ + 2)൰
ஶ

ୀଵ

=
ݔ + 1

ݕ) + ݕ)(1 + 2) ⇒ 

⇒ (ݕ,ݔ)ߗ ⋅ ,ݕ)ߗ (ݔ =
1

ݔ + 1 + 1 ⋅
1

ݕ + 1 + 1 ≤
1

యݔ√3 ⋅
1

3ඥݕయ  

,ݔ)ߗ (ݕ ⋅ (ݔ,ݕ)ߗ ≤
1

9ඥݕݔయ  
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3.23 

݈ = ݈݅݉
௫→

2√1 + ݔ + 2√2ଶ + ݔ + ⋯+ 2√݊ଶ + ݔ − ݊(݊ + 1)
ݔ =

0
0 

݈ = 2 ݈݅݉
௫→

√1 + ݔ + √2ଶ + ݔ + ⋯+ √݊ଶ + ݔ − ݊(݊ + 1)
2

ݔ , 1 + 2 + ⋯+ ݊ =
݊(݊ + 1)

2  

݈ = 2 ⋅ ݈݅݉
௫→

൫√1 + ݔ − 1൯ + ൫√2ଶ + ݔ − 2൯ + ⋯+ ൫√݊ଶ + ݔ − ݊൯
ݔ  

ܮ = ݈݅݉
௫→

√݊ଶ + ݔ − ݊
ݔ =

0
0 = ݈݅݉

௫→

݊ଶ + ݔ − ݊ଶ

൫√݊ଶݔ + ݔ + ݊൯
= ݈݅݉

௫→

ݔ
൫√݊ଶݔ + ݔ + ݊൯

 

ܮ = ݈݅݉
௫→

1
√݊ଶ + ݔ + ݊

=
1

݊ + ݊ =
1

2݊ , ݈ = 2 ⋅ ଵܮ) + ଶܮ + ⋯+ (ܮ

= 2 ⋅ ൬
1

2 ⋅ 1 +
1

2 ⋅ 2 + ⋯+
1

2݊൰ , ݈ =
1
1 +

1
2 + ⋯+

1
݊ 

3.24 

For ݊ ≤ ݔ ≤ ݊ + 1 

1
݊ + 1 ≤

1
ݔ ≤

1
݊ ⇒ ݁

ଵ
(ାଵ) ≤ ݁

ଵ
௫ ≤ ݁

ଵ
 

⇒ න ݁
ଵ

(ାଵ)

ାଵ



ݔ݀ ≤ න ݁
ଵ
௫

ାଵ



ݔ݀ ≤ න ݁
ଵ


ାଵ



ݔ݀ ⇒ ݁
ଵ

ାଵ ≤ න ݁
ଵ
௫

ାଵ



ݔ݀ ≤ ݁
ଵ
 

Since ݁
భ
 → ݁ = 1 as ݊ → ∞,			݁

భ
(శభ) → ݁ = 1 as ݊ → ∞ 

we get 

݈݅݉
→ஶ

න ݁
ଵ
௫

ାଵ



ݔ݀ = 1 

3.25 

Let ݂(ݔ) = ݁௫൫మାାଵ൯ for all ݔ ∈ ቂ ଵ
ା

, ଵ
ାହ

ቃ 

∴ by Lagrange’s Mean Value Theorem; 
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ඥೌమశೌశభ
శఱ

ି ඥೌమశೌశభ
శళ

భ
శఱି

భ
శళ

= (ܽଶ + ܽ + 1)݁క൫మାାଵ൯  where ߦ ∈ ቂ ଵ
ା

, ଵ
ାହ

ቃ 

ඥ݁మାାଵ
శఱ

− ඥ݁మାାଵ
శళ

=
2(ܽଶ + ܽ + 1)
(݊ + 5)(݊ + 7) ݁

క൫మାାଵ൯ 

Now, ଵ
ା

≤ ߦ ≤
ଵ

ାହ
⇒ మାାଵ

ା
≤ (ܽଶߦ + ܽ + 1) ≤ మାାଵ

ାହ
 

ඥ݁మାାଵ
శళ

≤ ݁క൫మାାଵ൯ ≤ ݈݅݉
→ஶ

ඥ݁మାାଵ
శఱ

 

݈݅݉
→ஶ

ඥ݁మାାଵ
శళ

≤ ݁క൫మାାଵ൯ ≤ ݈݅݉
→ஶ

ඥ݁మାାଵ
శఱ

 

So, by Sandwich Theorem, 

݈݅݉
→ஶ

݁క൫మାାଵ൯ = 1 

∴ ݈݅݉
→ஶ

݊ଶ ቀ ඥ݁మାାଵ
శఱ

− ඥ݁మାାଵ
శళ

ቁ = ݈݅݉
→ஶ

2(ܽଶ + ܽ + 1)

ቀ1 + 5
݊ቁቀ1 + 7

݊ቁ
⋅ ݈݅݉
→ஶ

݁క൫మାାଵ൯  

= 2(ܽଶ + ܽ + 1) 

∴
(ܽ)ߗ
ܾ + ܿ

௬

= 2
ܽଶ

ܾ + ܿ
௬

+ 
2ܽ
ܾ + ܿ

௬

+ 2
1

ܾ + ܿ
௬

 

≥ ܽ + ܾ + ܿ + 3 +
9

ܽ + ܾ + ܿ > ܽ + ܾ + ܿ + 3 

3.26 

Let ܽ = ቀ2݊
݊ ቁ 

݈݅݉
→ஶ

(ܽ)
ଵ
 = ݈݅݉

→ஶ

ܽାଵ
ܽ

 

= ݈݅݉
→ஶ

ቀ2݊ + 2
݊ + 1 ቁ

ቀ2݊
݊ ቁ

൙ = ݈݅݉
→ஶ

(2݊ + 2)(2݊+ 1)
(݊ + 1)(݊ + 1) = 4 ݈݅݉

→ஶ
൬−

1
2݊ + 2൰ = 4 

Let 0 < ߳ < 1, there exists a positive integer ݉ such that 
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ฬ(ܽ)
ଵ
 − 4ฬ < ݊∀				ߝ > ݉ ⇒ 4 − ߝ < (ܽ)

ଵ
 < 4 + ݊∀			ߝ > ݉ 

Let ܾ = ݇ଶ ቀ2݇
݇ ቁ

భ
ೖ = ݇ଶ(ܽ)

భ
ೖ 

Let ܣ = ܾଵ + ܾଶ + ⋯+ ܾ − (1ଶ + 2ଶ + ⋯+ ݉ଶ)(4− ߳) 

and 

ܤ = ܾଵ + ܾଶ + ⋯+ ܾ − (1ଶ + 2ଶ + ⋯+ ݉ଶ)(4 + ߳) 

Now, for ݊ > ݉ 

(2ଶ + 3ଶ + ⋯+ ݊ଶ)(4− (ߝ + ܣ < 

< ܾଶ + ܾଷ + ⋯+ ܾ < (2ଶ + ⋯+ ݊ଶ)(4 + (ߝ +  ܤ

⇒
ቂ16݊(݊ + 1)(2݊+ 1)− 1ቃ (4 − (ߝ + ܣ

݊(݊ + 1)(2݊ + 1)  

<
∑ ܾ
ୀଶ

݊(݊ + 1)(2݊+ 1) <
ቀ1

6݊(݊ + 1)(2݊ + 1) − 1ቁ (4 + ߳) + ܤ
݊(݊ + 1)(2݊+ 1)  

Taking limit as ݊ → ∞, we get 

1
6

(4− (ߝ ≤ ݈݅݉
→ஶ

∑ ܾ
ୀଶ

݊(݊ + 1)(2݊+ 1) ≤
1
4

(4 + (ߝ ⇒
2
3− ߝ ≤ ߗ ≤

2
3 +  ߝ

Its true for each ߝ > 0, 

∴ ߗ =
2
3 

3.27 

Let ܽ = (ିାଵ)షೖ
మ

ଵାଶା⋯ା
= ଶ

(ାଵ)
[(݊ + 1) − ݇]݁ିమ = ଶ


ቀ1− 

ାଵ
ቁ ݁ିమ 

Let ܾ = ݁ିమ , ܿ = ݇݁ିమ  

݈݅݉
→ஶ

ܾ = 0, ݈݅݉
→ஶ

ܿ = 0 ⇒ ݈݅݉
→ஶ

ܾଵ + ܾଶ + ⋯+ ܾ
݊ = 0 
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and ݈݅݉→ஶ
భାమା⋯ା


= 0 

Now, 

݈݅݉
→ஶ

ܽ



ୀଵ

= 2 ݈݅݉
→ஶ

ܾଵ + ܾଶ + ⋯+ ܾ
݊ − ݈݅݉

→ஶ

2
݊ + 1 ݈݅݉

→ஶ

ܿଵ + ܿଶ + ⋯+ ܿ
݊ = 0 

3.28 

By Cesaro’s limit theorem 

݈݅݉
→ஶ

ܣ = ܣ ⇒ ݈݅݉
→ஶ

ଵܣ + ଶܣ + ଷܣ + ⋯+ ܣ
݊ =  ܣ

Now, we have ݈݅݉→ஶ
()
()

= →ಮ ()
→ಮ ()

 provided ݈݅݉→ஶ ݃(݊) ≠ 0 

Given ݈݅݉→ஶ ܽ = ܽ	So ݈݅݉→ஶ


ା
= →ಮ 

→ಮ(ା)
= 

ା
 

So by Cesaro’s limit theorem we get ݈݅݉→ஶ
ଵ

∑ ೖ

ାೖ

ୀଵ = ݈݅݉→ஶ


ା

= 
ା

 

3.29 

ଵݏ = 
݇

(݇ + 1)!



ୀଵ

= 
݇ + 1− 1
(݇ + 1)!



ୀଵ

= 
1
݇!



ୀଵ

−
1

(݇ + 1)! = 1 −
1

(݊ + 1)! 

ଶݏ = 
݇(݇ + 2)

[(݇ + 1)!]ଶ



ୀଵ

= 
(݇ + 1)ଶ − 1ଶ

[(݇ + 1)!]ଶ



ୀଵ

= 
1

(݇!)ଶ



ୀଵ

−
1

[(݇ + 1)!]ଶ = 1−
1

[(݊ + 1)!]ଶ 

ଷݏ = 
݇(݇ଶ + 3݇ + 3)

[(݇ + 1)!]ଷ



ୀଵ

= 
(݇ + 1)ଷ − 1ଷ

[(݇ + 1)!]ଷ



ୀଵ

= 
1

(݇!)ଷ



ୀଵ

−
1

[(݇ + 1)!]ଷ = 1 −
1

[(݊ + 1)!]ଷ 

ߗ = ݈݅݉
→ஶ

1−
1

(݊ + 1)!൨ 1 −
1

[(݊ + 1)!]ଶ൨ 1 −
1

[(݊ + 1)!]ଷ൨ = ݈݅݉
௧→

[1 − −1][ݐ −ଶ][1ݐ [ଷݐ = 1 

3.30 

ߗ = ݈݅݉
→ஶ

1
݊ସ 

ቌ݉	  


ୀାଵ

ቍ
ିଵ

ୀଵ

= ݈݅݉
→ஶ

1
݊ସ  ൮݉ቌ



ୀଵ

−


ୀଵ

ቍ൲
ିଵ

ୀଵ
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= ݈݅݉
→ஶ

1
݊ସ 

൭݉ቆ
݊(݊ + 1)

2 −
݉(݉ + 1)

2 ቇ൱
ିଵ

ୀଵ

 

=
1
2 ݈݅݉
→ஶ

1
݊ସ
൭݊(݊ + 1)  ݉

ିଵ

ୀଵ

−  ݉ଷ
ିଵ

ୀଵ

−  ݉ଶ
ିଵ

ୀଵ

൱ 

=
1
2 ݈݅݉
→ஶ

ቆ
݊(݊ + 1)݊(݊ − 1)

2 −
݊ଶ(݊ − 1)ଶ

4 ቇ 

As 

݈݅݉
→ஶ

1
݊ସ ݉ଶ

ିଵ

ୀଵ

= 0 

=
1
8 ݈݅݉
→ஶ

1
݊ସ ݊

ଶ(݊ − 1)(݊ + 3) =
1
8 ݈݅݉
→ஶ

൬1 −
1
݊൰ ൬1 +

3
݊൰ =

1
8 

3.31 

ߗ = ݈݅݉
→ஶ

݊(݊ + 1)(݊ + 2)⋯ (2݊ − 2) ଵି݊ܽݐ 2ߨ
1 ⋅ 3 ⋅ 5 ⋅ … ⋅ 2݊ − 3  

= ݈݅݉
→ஶ

൫2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (2݊ − 2)൯൫݊(݊ + 1)(݊ + 2)⋯ (2݊ − 2)൯ ଵି݊ܽݐ 2ߨ
(1 ⋅ 3 ⋅ 5 ⋅ … ⋅ 2݊ − 3)൫2 ⋅ 4 ⋅ 6 ⋅ … ⋅ (2݊ − 2)൯

 

= ݈݅݉
→ஶ

2ିଵ(2݊ − 2)! ଵି݊ܽݐ 2ߨ
(2݊ − 2)!	 =

1
2 ݈݅݉
→ஶ

2 ଵି݊ܽݐ
ߨ

2ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ
௧	௧ୀ ଵ

ଶ

=
1
2 ݈݅݉
௧→శ

ଵି݊ܽݐ ݐߨ
ݐ  

=
1
2 ݈݅݉
௧→శ

ߨ
1 + ଶݐଶߨ

1ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
ᇲு௦௧	ோ௨

=
1
2 ⋅ ߨ =

ߨ
2 

3.32 

݈݅݉
→ஶ

√݊!

݊ = ݈݅݉
→ஶ

ඨ݊!
݊


	 =⏞
௨௬ିᇲ௧	

݈݅݉
→ஶ

(݊ + 1)!
(݊ + 1)ାଵ ⋅

݊

݊!  
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= ݈݅݉
→ஶ

ቀ
݊

݊ + 1ቁ ⋅
1

ቀ1 + 1
݊ቁ

 =
1
݁ 

ߗ = ݈݅݉
→ஶ

1
3݊ + 1

1
√݇!ೖ



ୀଶ

= ݈݅݉
→ஶ

∑ 1
√݇!ೖ

ାଵ
ୀଶ −∑ 1

√݇!ೖ

ୀଶ

3݊ + 4− 3݊ − 1 =
1
3 ݈݅݉
→ஶ

1
ඥ(݊ + 1)!శభ  

=
1
3 ݈݅݉
→ஶ

⎝

⎛ 1
݊ + 1 ⋅

1
ඥ(݊ + 1)!శభ

݊ + 1 ⎠

⎞ =
݁
3 ݈݅݉
→ஶ

1
݊ + 1 = 0 

3.33 

݈݊ ߗ = ݈݅݉
→

݈݊൫݁ + √2൯


+ ݈݊൫݁ + √3൯


+ ⋯+ ݈݊൫݁ + √݊൯


݊ − 

− ݈݅݉
→ஶ

݈݊൫ߨ + √2൯


+ ݈݊൫ߨ + √3൯


+ ⋯+ ݈݊൫ߨ + √݊൯


݊ =⏞
ௌ௧௭ି௦

 

= ݈݅݉
→ஶ

݈݊൫݁ + √݊൯

− ݈݅݉

→ஶ
݈݊൫ߨ + √݊൯


= ݈݅݉

→ஶ
݈݊ ቆ

݁ + √݊
ߨ + √݊

ቇ


= ݈݅݉
→ஶ

݈݊ ቆ݁ + √݊
ߨ + √݊

ቇ

1
݊

=⏞
ᇲு௦௧

 

= ݈݅݉
→ஶ

ߨ + √݊
݁ + √݊

⋅ ߨ − ݁
2√݊൫ߨ + √݊൯

ଶ

− 1
݊ଶ

= −
ߨ − ݁

2 ݈݅݉
→ஶ

݊
ଷ
ଶ

൫݁ + √݊൯൫ߨ + √݊൯
= 

= −
ߨ − ݁

2 ⋅
3
2 ݈݅݉
→ஶ

݊
ଵ
ଶ

1
2݊

ିଵଶ൫ߨ + √݊൯ + 1
2݊

ିଵଶ൫݁ + √݊൯
= 

= −
3
2

ߨ) − ݁) ݈݅݉
→ஶ

݊
ߨ + ݁ + 2√݊

= −
3
2

ߨ) − ݁) ݈݅݉
→ஶ

1

2 ⋅ 1
2݊

ିଵଶ
= 

= −
3
2

ߨ) − ݁) ݈݅݉
→ஶ

√݊ = −∞ ⇒ ݈݊ ߗ = −∞ ⇒ ߗ− =
1
݁ஶ = 0 
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3.34 

We have ቀ1 + ଵ

ቁ


= 1 + ݊ ⋅ ଵ


+ (ିଵ)
ଶ

⋅ ቀଵ

ቁ
ଶ

+ (ିଵ)(ିଶ)
ଷ!

⋅ ቀଵ

ቁ
ଷ

+ ⋯+ ቀଵ

ቁ


 

⇒ ቀ1 + ଵ

ቁ


< 1 + ଵ
ଵ!

+ ଵ
ଶ!

+ ⋯+ ଵ
!
⇒ ට1 + ଵ

ଵ!
+ ଵ

ଶ!
+ ⋯+ ଵ

!
 − 1 > ଵ


⇒ ݊ቆܽ

ටଵାభ
భ!ା

భ
మ!ା⋯ା

భ
!

 ିଵ −

1ቇ < ݊
ቆ

భ
షభቇ

 (1)  

Lemma: 1 + ଵ
ଵ!

+ ଵ
ଶ!

+ ⋯+ ଵ
!

< ݁ 

On the other hand, using the lemma, we have 1 + ଵ
ଵ!

+ ଵ
ଶ!

+ ⋯+ ଵ
!

< ݁ ⇒ 

⇒ ට1 + ଵ
ଵ!

+ ଵ
ଶ!

+ ⋯+ ଵ
!

 − 1 < √݁ − 1 ⇒ ݊ቆܽ
ටଵାభ

భ!ା
భ
మ!ା⋯ା

భ
!

 ିଵ − 1ቇ > ݊ ቀܽ √ ିଵ − 1ቁ   (2) 

(1) and (2) ⇒ ݊ቀܽ √ ିଵ − 1ቁ < ݊ ቆܽ
ටଵାభ

భ!ା
భ
మ!ା⋯ା

భ
!

 ିଵ − 1ቇ < ݊ ቀܽ
భ
ିଵቁ  (3) 

On the other hand, we have 

݈݅݉→ஶ ݊ ቀܽ
భ
 − 1ቁ = ݈݅݉→ஶ


 ೌ
 ିଵ
ೌ


⋅ ݈݊ ܽ = ݈݊ ܽ   (4) 

݈݅݉
→ஶ

݊ ቀܽ √
− 1ቁ = ݈݅݉

௫→

ܽ௫ − 1
ݔ)݈݊ + 1) = ݈݅݉

௫→

ܽ௫ − 1
ݔ ⋅

ݔ
ݔ)݈݊ + 1) = 

= ݈݊ ܽ ⋅ 1 = ݈݊ ܽ  (5) 

(3), (4) and (5) ⇒ (ܽ)ߗ = ݈݊ ܽ 

By Bernoulli inequality, we have ݔ < ݁(௫ିଵ) 

Similarly, we have ݕ < ݁(௬ିଵ) and ܿ௭ < ݁(௭ିଵ) 

⇒ ܿ௭ݕݔ < ݁(௫ିଵ)ା(௬ିଵ)ା(௭ିଵ) ⇒ ݖݕݔ < ݁௫ା௬ା௭ିଵ ⇒ 

(ݖݕݔ)݈݊ < ݔܽ + ݕܾ + ݖܿ − 1   (6)  

By Bernoulli inequality, we have ݁௫ା௬ା௭ ≥ ݔܽ + ݕܾ + ݖܿ + 1   (7) 
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(6) and (7) ⇒  QED 

3.35 

ߗ = ݈݅݉
→ஶ


1 + 6 + 11 + 16 + ⋯+ (10݇ − 9)

2݇ − 1



ୀଵ

 

= ݈݅݉
→ஶ


(2݇ − 1)൫2 + 10(݇ − 1)൯

2	 × 	(2݇ − 1)



ୀଵ

= ݈݅݉
→ஶ

(5݇ − 4)


ୀଵ

= ݈݅݉
→ஶ

5݊ଶ − 3݊
2 = ∞ 

3.36 

݈݅݉
→ஶ

√݊!

݊ = ݈݅݉
→ஶ

ඨ݊!
݊


=

௨௬
݈݅݉
→ஶ

ቆ
(݊ + 1)!

(݊ + 1)ାଵ ⋅
݊

݊!ቇ = ݈݅݉
→ஶ

൮
݊

݊ + 1 ⋅
1

ቀ1 + 1
݊ቁ

൲ =
1
݁ 

݈݅݉
→ஶ

1
݊ + 3

݇
√݇!ೖ



ୀଶ

=௦ିௌ௧௭ ݈݅݉
→ஶ

∑ ݇
√݇!ೖ

ାଵ
ୀଶ −∑ ݇

√݇!ೖ

ୀଶ

݊ + 4− (݊ + 3) = ݈݅݉
→ஶ

݊ + 1
ඥ(݊ + 1)!శభ = ݁ 

3.37  

ߗ = ݈݅݉
→ାஶ

1
݊ହ݇ସ



ୀଵ

ହ݊ܽݐܿݎܽ ൬
݇
݊൰ = ݈݅݉

→ାஶ

1
݊൬

݇
݊൰

ସ

ୀଵ

ହ݊ܽݐܿݎܽ ൬
݇
݊൰ 

= නݔସ ହ݊ܽݐܿݎܽ ݔ ݔ݀
ଵ



= ቈ
ହݔ

5 ⋅ ହ݊ܽݐܿݎܽ ݔ


ଵ

−න
ହݔ

5

ଵ



⋅
ସݔ5

ଵݔ +  ݔ1݀

=
ߨ

20 −
න

ଽݔ

ଵݔ + 1

ଵ



ݔ݀ =
ߨ

20− 
1

10 ݈݊
ଵݔ| + 1|൨



ଵ

=
ߨ

20−
݈݊ 2
10  

3.38  

First let’s compute the sum 

൫! (1 + ଶ)൯


ୀଵ

 

! (1 + (ଶ = ! )] + )(2 + 1) − )3 + 1) + 2] = ) + 2)! − )3 + 1)! +  !2
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= )] + 2)! − ) + 1)!] − +)]2 1)! −  [!

! (1 + (ଶ


ୀଵ

= [( + 2)! − ) + 1)!]


ୀଵ

− 2[( + 1)! − [!


ୀଵ

 

= (݉ + 2)! − 2! − 2൫(݉ + 1)! − 1!൯ = (݉ + 2)! − 2 − 2(݉ + 1)! + 2 

= (݉ + 2)!− 2(݉ + 1)! = (݉ + 1)! [݉ + 2− 2] = ݉(݉ + 1)! 

Let ܽ = ∑ ቀ1 + ଵ

ቁ

ୀଵ ∑ !
ୀଵ (1 + ଶ). Then ܽ = ∑ ቀ1 + ଵ


ቁ

ୀଵ (݉(݉ + 1)!) 

= 
(݉ + 1)

݉



ୀଵ

݉	(݉ + 1)! =  (݉ + 1)(݉ + 1)!


ୀଵ

 

=  [(݉ + 2)! − (݉ + 1)!]


ୀଵ

= (݊ + 2)!− 2! = (݊ + 2)! − 2 

We want to compute ݈݅݉→ஶ ඥܽ 		We know that ݈݅݉→ஶ ඥܽ = ݈݅݉→ஶ
శభ


 

So ݈݅݉→ஶ ඥܽ = ݈݅݉→ஶ
శభ


= ݈݅݉→ஶ
(ାଷ)!ିଶ
(ାଶ)!ିଶ

= ݈݅݉→ஶ
ାଷି మ

(శమ)!

ଵି మ
(శమ)!

= ∞ 

3.39  

ߗ = ݈݅݉
→ஶ

ቈ
∑ ݎ2) − 1)(݊ − ݎ + 1)
ୀଵ

(݊ + 1)ସ − ݊ସ
 

ߗ = ݈݅݉
→ஶ

ቈ
∑ ݊ݎ2) − ଶݎ2 + ݎ2 − ݊ + ݎ − 1)
ୀଵ

(݊ + 1)ସ − ݊ସ
 

ߗ = ݈݅݉
→ஶ

ቈ
2݊∑ ݎ

ୀଵ − 2∑ ଶݎ
ୀଵ + 2∑ ݎ

ୀଵ − (1 + ݊)∑ 1
ୀଵ + ∑ ݎ

ୀଵ
(݊ + 1)ସ − ݊ସ

 

ߗ = ݈݅݉
→ஶ


2݊ ⋅ ݊(݊ + 1)

2 − 2݊(݊ + 1)(2݊ + 1)
6 + 3∑ ݎ

ୀଵ − ݊(݊ + 1)
(݊ + 1)ସ − ݊ସ  

ߗ = ݈݅݉
→ஶ


݊ଶ(݊ + 1) − 2݊(݊ + 1)(2݊ + 1)

6 + 3݊(݊ + 1)
2 − ݊(݊ + 1)

[(݊ + 1)ଶ + ݊ଶ][(݊+ 1)ଶ − ݊ଶ]  
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ߗ = ݈݅݉
→ஶ

݊(݊ + 1) ݊ − (2݊ + 1)
3 + 3

2 − 1൨

[(݊ + 1)ଶ + ݊ଶ][(2݊+ 1)] 	 ߗ, = ݈݅݉
→ஶ

ቈ
݊(݊ + 1)(2݊ + 1)

6(2݊ + 1)(2݊ଶ + 2݊ + 1) 

ߗ = ݈݅݉
→ஶ

ቈ
(݊ଶ + ݊)

6(2݊ଶ + 2݊ + 1) ߗ, = ݈݅݉
→ஶ

൦
1

6 2(݊ଶ + ݊) + 1
݊ଶ + ݊ ൨

൪ ߗ, = ݈݅݉
→ஶ


1

6 ቂ2 + 1
݊ଶ + ݊ቃ

 =
1

12 

3.40 

 ඥ75ି


ୀ

= 5ቌඨ
7
5


ቍ



ୀ

= 5
ቆට7

5


ቇ


− 1

ቆට7
5


ቇ − 1

=
2

ቆට7
5


ቇ − 1

 

ߗ = ݈݅݉
→ஶ

1
݊

ඥ75ି


ୀ

= ݈݅݉
→ஶ

2

݈݊ 7
5
⋅

݈݊ 7
5
݊

݁
ହ
 − 1

=
2

݈݊ 7 − ݈݊ 5 

ߗ = ݈݅݉
→ஶ

1
݊

ඥ75ି


ୀ

= ݈݅݉
→ஶ

5
݊൬

7
5൰






ୀ

= 5න൬
7
5൰

௫

ݔ݀
ଵ



= 

= 5න݁௫ 

ହ

ଵ



ݔ݀ = 5 
݁௫ 


ହ

݈݊ 7
5




ଵ

=
2

݈݊ 7 − ݈݊ 5 

3.41  

݈݅݉
→ஶ

ߗ = ߗ ⇔ ݈݅݉
→ஶ

݈݊ ߗ = ݈݊  ߗ

݈݅݉
→ஶ

ඩෑ(1 + ݈݊ (ߗ


ୀଵ



= ݈݅݉
→ஶ

݁
ଵ
 ݈݊ෑ(1 + ݈݊ (ߗ



ୀଵ

= ݈݅݉
→ஶ

݁
ଵ
݈݊(1 + ݈݊ (ߗ



ୀଵ

 

=⏞
௦

݈݅݉
→ஶ

݁(ଵା ఆೖ) = 1 + ݈݊ ߗ ⇒ ݈݅݉
→ஶ

݁
ට∏ (ଵା ఆೖ)

ೖసభ
 ିଵ

= ݁ଵା ఆିଵ =  ߗ
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3.42  

ߗ = ݈݅݉
→ஶ

݊ඨ
൫(2݊)‼൯

ଶ

(2݊)!



= ݈݅݉
→ஶ

݊ඨ
൫2(݊!)൯

ଶ

(2݊)!



= ݈݅݉
→ஶ

݊ඪ
ቀ(2 ቀ݊݁ቁ


ቁ݊ߨ2√

ଶ

ቆቀ2݊
݁ ቁ

ଶ
ቇ݊ߨ4√


= ݈݅݉

→ஶ
݊ට√݊ߨ


→ ∞ 

3.43 

ܷ = ∏ ቀଵଶିଵଵ
ଵଶିହ

ቁ
ୀଵ  we have 0 < ܷ < 1; So we put ݈ܷ݅݉ = ݈ 

ܷ =
12݊ − 11

12 − 5 ܷିଵ ⇔ (12(݊+ 1)− 11)ܷ − (12݊ − 11)ܷିଵ = 6ܷ  

⇒൫(12(݇ + 1) − 11) ܷ − (12݇ − 11) ܷିଵ൯


ୀଶ

=  6 ܷ



ୀଶ

 

⇔ (12(݊+ 1)− 11)ܷ + 5 ଵܷ = 6 ܷ



ୀଵ

⇔ 12ܷ +
ܷ + 5 ଵܷ

݊ = 6
1
݊ ܷ



ୀଵᇣᇧᇤᇧᇥ
௦ᇲ௦		

 

⟹
→ஶ

12݈ + 0 = 6݈ ⇔ ݈ = 0 → ݈ܷ݅݉ = 0 

3.44 

ߗ = ݈݅݉
௫→

൭݈݅݉
→ஶ

ෑቀ1− ଶ݊ܽݐ
ݔ

2ቁ


ୀଵ

൱ = ݈݅݉
௫→

ቌ݈݅݉
→ஶ

ෑቌ
ଶݏܿ 2ݔ − ଶ݊݅ݏ 2ݔ

ଶݏܿ 2ݔ
ቍ



ୀଵ

ቍ = 

= ݈݅݉
௫→

ቌ݈݅݉
→ஶ

ෑቌ
ݏܿ ݔ

2ିଵ
ଶݏܿ 2ݔ

ቍ


ୀଵ

ቍ = ݈݅݉
௫→

ቌ݈݅݉
→ஶ

ݏܿ ݔ

ݏܿ 2ݔ
⋅

1
∏ ݏܿ 2ݔ

ୀଵ

ቍ = 

= ݈݅݉
௫→

ቌ݈݅݉
→ஶ

ݏܿ ݔ

ݏܿ 2ݔ
⋅

1
∏ ݏܿ 2ݔ

ୀଵ

ቍ = ݈݅݉
௫→

ቌ݈݅݉
→ஶ

ݏܿ ݔ

ݏܿ 2ݔ
⋅

2 ݊݅ݏ ݔ
2

2 ݊݅ݏ ݔ
2∏ ݏܿ 2ݔ


ୀଵ

ቍ = 

= ݈݅݉
௫→

ቌ݈݅݉
→ஶ

ݏܿ ݔ

ݏܿ 2ݔ
⋅
݊݅ݏ ݔ

2
2

2
⋅

ݔ
݊݅ݏ ݔ

ቍ = 1 
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3.45  

ݔ = √݊!య ⇒ ݈݊ ݔ =
1

3݊
݈݊ ݊! 

Using Stirling’s formula, ݈݊ ݊! = ݈݊ ߨ2√ + ቀ݊ + ଵ
ଶ
ቁ ݈݊ ݊ − ݊ + ܱ ቀଵ


ቁ 

݈݊ ݔ =
1

3݊
݈݊ ݊! =

1
3݊

ߨ2√݈݊ +
1
3
൬1 +

1
2݊
൰ ݈݊ ݊ −

1
3

+
1
3
ܱ ൬

1
݊ଶ
൰ 

݈݊ ାଵݔ =
1

3(݊ + 1) ݈݊ ߨ2√ +
1
3
൬1 +

1
2(݊ + 1)൰ ݈݊

(݊ + 1) −
1
3

+
1
3
ܱ൬

1
(݊ + 1)ଶ൰ 

݈݊ ାଵݔ − ݈݊ ݔ = −
݈݊ ߨ2

6݊(݊ + 1) +
1
3
݈݊ ൬1 +

1
݊
൰ +

1
6(݊ + 1) ݈݊

(݊ + 1) −
1

6݊
݈݊ ݊ + ܱ ൬

1
݊ଶ
൰ 

Using Lagrange’s Mean Value Theorem: 

݈݊ ାଵݔ − ݈݊ ݔ = ାଵݔ) − (ݔ ଵ


   where ܿ ∈ ,ݔ)  (ାଵݔ

Also,  

݈݅݉
→∞

ܿ =
1
݁

 

ඥ݊ଶయ (݈݊ ାଵݔ − ݈݊ (ݔ = −
√݊ଶయ ݈݊ ߨ2
6݊(݊ + 1) +

√݊ଶయ

3
݈݊ ൬1 +

1
݊
൰ +

√݊ଶయ

6(݊ + 1) ݈݊
(݊ + 1) −

√݊ଶయ

6݊
݈݊+ඥ݊ଶయ ܱ ൬

1
݊ଶ
൰ 

Now, 

݈݅݉
→∞

ඥ݊ଶయ (݈݊ ାଵݔ − ݈݊ (ݔ = 0 

݈݅݉
→∞

ඥ݊ଶయ ାଵݔ) − (ݔ =
1
݁
݈݅݉
→∞

ඥ݊ଶయ (݈݊ ܽାଵ − ݈݊ (ݔ = 0 

݈݅݉
→∞

ඥ݊ଶయ ቀ ඥ(݊+ 1)!యశయ − √݊!య ቁ = 0 

3.46  

Proposition: Let be the sequence: 

(ܽ)ஹଵ,ܽ > 0, ݈݅݉
→ஶ

ܽାଵ
ܽ

= 1, ݈݅݉
→ஶ

ܽ
݊ = ܽ ∈ (0,∞), ݈݅݉

→ஶ
൬
ܽାଵ
ܽ

൰


= ܾ, 

then  

݈݅݉
→ஶ

(ܽାଵ − ܽ) = ܽ ݈݊ ܾ 
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Solution:  

൬
ܽାଵ
ܽ

൰


= (1 + ൬
ܽାଵ − ܽ

ܽ
൰


శభି൩




(శభି)

 

݈݊ ቀ
ܽାଵ
݊ ቁ


= ݈݊ 1 + ൬

ܽାଵ − ܽ
ܽ

൰


శభି൩




(శభି)

, 

ܽ
݊ ݈݊ ൬

ܽାଵ
ܽ

൰


= (ܽାଵ − ܽ) ݈݊ 1 + ൬
ܽାଵ − ܽ

ܽ
൰


శభି൩, 

݈݅݉
→ஶ

ܽାଵ − ܽ
ܽ

= ݈݅݉
→ஶ

ܽାଵ
ܽ

− ݈݅݉
→ஶ

ܽ
ܽ

= 1− 1 = 0, 

݈݅݉
→ஶ

݈݊ (1 + ൬
ܽାଵ − ܽ

ܽ
൰


శభି൩ = ݈݊ ݁ = 1, 

݈݅݉
→ஶ

ܽ
݊ ݈݊ ൬

ܽାଵ
ܽ

൰


= ݈݅݉
→ஶ

(ܽାଵ − ܽ) ݈݊ (1 + ൬
ܽାଵ − ܽ

ܽ
൰


శభି൩, 

݈݅݉
→ஶ

ܽ
݊ ݈݊ ൬

ܽାଵ
ܽ

൰


= ݈݅݉
→ஶ

(ܽାଵ − ܽ) = ܽ(݈݊ ܾ). 

݈ = ݈݅݉
→ஶ

ቆ
݊ + 1

ඥ(2݊ + 1)‼మశమ −
݊

ඥ(2݊ − 1)‼మ ቇ
√

= 

= ݈݅݉
→ஶ

ቆ
(݊ + 1)√݊+ 1
ඥ(2݊ + 1)‼మశమ ⋅

√݊
√݊ + 1

−
݊√݊

ඥ(2݊ − 1)‼మ ቇ
√

⋅ ൬
1
√݊

൰
√

, 

݈݅݉
→ஶ

√݊
√݊ + 1

= 1,	 

݈ = ݈݅݉
→ஶ

ቆ
(݊ + 1)√݊ + 1
ඥ(2݊ + 1)‼మశమ −

݊√݊
ඥ(2݊ − 1)‼మ ቇ

√

⋅ ൬
1
√݊

൰
√

= 

= ݈݅݉
→ஶ

(ܽାଵ − ܽ) ⋅ ൬
1
√݊

൰
√

, 
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ܽ =
݊√݊

ඥ(2݊ − 1)‼మ , ݈݅݉
→ஶ

ܽ
݊ = ݈݅݉

→ஶ

√݊
ඥ(2݊ − 1)‼మ = ඩ݈݅݉

→ஶ
ඨ

݊
(2݊ − 1)‼	


= 

= ඨ݈݅݉
→ஶ

(݊ + 1)(݊ + 1)
(2݊ + 1)‼ ⋅

(2݊ − 1)‼
݊ , 

݈݅݉
→ஶ

ܽ
݊ = ඨ݈݅݉

→ஶ
൬1 +

1
݊൰



⋅
݊ + 1

2݊ + 1 = ට
݁
2, 

݈݅݉
→ஶ

ܽାଵ
ܽ

= ݈݅݉
→ஶ

ܽାଵ
݊ + 1 ⋅

݊
ܽ

⋅
݊ + 1
݊ = ට

݁
2 ⋅

ඨ2
݁ ⋅ 1 = 1, 

ܾ = ݈݅݉
→ஶ

൬
ܽାଵ
ܽ

൰


= ݈݅݉
→ஶ

൭
(݊ + 1)√݊ + 1
ඥ(2݊ + 1)‼మశమ ⋅

ඥ(2݊ − 1)‼మ

݊√݊
൱


= 

= ݈݅݉
→ஶ

൭
ඥ(2݊ − 1)‼మ

ඥ(2݊ + 1)‼మశమ ൱


, ݈݅݉
→ஶ

(݊ + 1)√݊ + 1
݊√݊

= 1, 

ܾ = ݈݅݉
→ஶ

൭
ඥ(2݊ − 1)‼మ

√2݊ + 1
൱


ାଵ

= ඪ݈݅݉
→ஶ

ቌඨ
(2݊ − 1)‼
(2݊ + 1)


ቍ


ାଵ

= 

= ඨ݈݅݉
→ஶ

(2݊ + 1)‼
(2݊ + 3)(2݊ + 3) ⋅

(2݊ + 1)
(2݊ − 1)‼, 

ܾ = ඨ݈݅݉
→ஶ

൬
2݊ + 1
2݊ + 3൰



⋅
2݊ + 1
2݊ + 3 = ඨ݈݅݉

→ஶ
൬1 +

−2
2݊ + 3൰

ଶାଷ
ିଶ ⋅ ିଶଶାଷ

= ඥ݁ିଵ = ݁ି
ଵ
ଶ, 

݈݅݉
→ஶ

2݊ + 1
2݊ + 3 = 1, 

݈݅݉
→ஶ

(ܽାଵ − ܽ) = ܽ ⋅ ݈݊ ܾ = ට
݁
2 ⋅ ݈݊ ݁

ିଵଶ =
−1
2
ට
݁
2, 

݈ = ݈݅݉
→ஶ

(ܽାଵ − ܽ) ⋅ ൬
1
√݊

൰
√

=
−1
2
ට
݁
2 ⋅ 0 = 0. 
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3.47  

(݊)ߗ = න
ݔ݀

1)ݔ + ଷ)ݔ



ଵ

=
1
3
න

ଶݔ3

ଷ(1ݔ + ଷ)ݔ



ଵ

 ݔ݀

Put 1 + ଷݔ = ,ݐ ݔଶ݀ݔ3 = ݐ݀ ∴ (݊)ߗ = ଵ
ଷ ∫

ௗ௧
(௧ିଵ)௧

ଵାయ

ଶ . For ݊ ≥ 2 

(݊)ߗ − ݊)ߗ − 1) =
1
3
න

1
ݐ − 1

ଵାయ

ଶ

൬
1
ݐ −

1
ିଵ൰ݐ ݐ݀ =

1
3
න

1
ݐ − 1

ଵାయ

ଶ

⋅
(1− (ݐ
ݐ ݐ݀ = 

= −
1
3
න ିݐ
ଵାయ

ଶ

ݐ݀ = −
1

3(−݊ + 1) ଶଵା[ାଵିݐ]
య =

1
3(݊ − 1) 

1
(1 + ݁ଷ)ିଵ −

1
2ିଵ൨ 

∴ ߁ = ݈݅݉
→ஶ

−(݊)ߗ] ݊)ߗ − 1)] = 0 

For ݊ ≥ 2, 1 ≤ ݔ ≤ ݁ ⇒ 2 ≤ 1 + ଷݔ ≤ 1 + ݁ଷ ⇒ 2 ≤ (1 + ଷ)ݔ ≤ (1 + ݁ଷ)  

⇒ 2 ≤ 1)ݔ + ଷ)ݔ ≤ ݁(1 + ݁ଷ) ⇒
1

݁(1 + ݁ଷ) ≤
1

1)ݔ + ଷ)ݔ ≤
1

2 ⇒ 

⇒
݁ − 1

݁(1 + ݁ଷ)݊	 ≤
න

ݔ݀
1)ݔ + ଷ)ݔ



ଵ

≤
݁ − 1

2  

As ݈݅݉→ஶ
ିଵ

(ଵାయ)
= 0 = ݈݅݉→ஶ

ିଵ
ଶ

 

∴ ݈݅݉
→ஶ

න
1

1)ݔ + ଷ)ݔ



ଵ

ݔ݀ = 0 ⇒ ݈݅݉
→ஶ

(݊)ߗ = 0 ⇒ ݈݅݉
→ஶ

൫ߗ(݊)− ݊)ߗ − 1)൯ = 0 

3.48  

ߗ = ݈݅݉→ஶ
൫ √! ା൯



(ଶ)!
 we have √݊! ≤ ݊ since ݊! ≤ ݊. 

Hence ߗ ≤
(ା)

(ଶ)!
= (ଶ)

(ଶ)!
= ܽ  

ܽାଵ
ܽ

=
൫2(݊ + 1)൯ାଵ

(2݊ + 2)! ⋅
(2݊)!
(2݊) =

(2݊ + 2)ାଵ

(2݊ + 1)(2݊ + 2) ⋅
1

(2݊) = 
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=
1

2݊ + 1 ⋅ ൬
2݊ + 2

2݊ ൰


=
1

2݊ + 1 ⋅ ൬1 +
1
݊൰



→ 0 

Since శభ


→ 0 < 1 ⇒ ݈݅݉→ஶ ܽ = 0
0 ≤ ߗ ≤ ܽ

ൠ ⇒ ߗ݈݉݅ = 0 

3.49  

݊ܽݐܿݎܽ ݔ − ݊ܽݐܿݎܽ ݕ = ݊ܽݐܿݎܽ
ݔ − ݕ

1 +  ݕݔ

݊ܽݐܿݎܽ
9

9 + (3݇ + 5)(3݇ + 8) = ݊ܽݐܿݎܽ
1

1 + 3݇ + 5
3 ⋅ 3݇ + 8

3
= 

= ݊ܽݐܿݎܽ
3݇ + 8

3 − 3݇ + 5
3

1 + 3݇ + 5
3 ⋅ 3݇ + 8

3
= ݊ܽݐܿݎܽ

3݇ + 8
3 − ݊ܽݐܿݎܽ

3݇ + 5
3  

ܽ݊ܽݐܿݎ ൬
9

9 + (3݇ + 5)(3݇ + 8)൰


ୀଵ

= ൬ܽ݊ܽݐܿݎ
3݇ + 8

3 − ݊ܽݐܿݎܽ ൬
3݇ + 5

3 ൰൰


ୀଵ

 

= ݊ܽݐܿݎܽ
11
3 − ݊ܽݐܿݎܽ

8
3 + ݊ܽݐܿݎܽ

14
3 − ݊ܽݐܿݎܽ

11
3 + ⋯+ ݊ܽݐܿݎܽ ൬

3݊ + 8
3 ൰

− ݊ܽݐܿݎܽ ൬
3݊ + 5

3 ൰ = ݊ܽݐܿݎܽ ൬
3݊ + 8

3 ൰ − ݊ܽݐܿݎܽ
8
3 

ߗ = ݈݅݉
→ஶ

ܽ݊ܽݐܿݎ ൬
9

9 + (3݇ + 5)(3݇ + 8)൰


ୀଵ

= 

= ߗ = ݈݅݉
→ஶ

൬ܽ݊ܽݐܿݎ ൬
3݊ + 8

3 ൰ − ݊ܽݐܿݎܽ
8
3൰ =

ߨ
2 − ݊ܽݐܿݎܽ

8
3 

3.50  

Let ߂(݇, (ݔ = อ
݊݅ݏ ܣ ݊݅ݏ ܤ ݊݅ݏ ܥ

ܣ)݊݅ݏ + (ݔ݇ ܤ)݊݅ݏ + (ݔ݇ ܥ)݊݅ݏ + (ݔ݇
ܣ)ݏܿ + (ݔ݇ ܤ)ݏܿ + (ݔ݇ ܥ)ݏܿ + (ݔ݇

อ 

Using ܴଶ → ܴଶ − ݏܿ) ;ଵܴ(ݔ݇ 	ܴଷ → ܴଷ + ݊݅ݏ)  ଵ, we getܴ(ݔ݇

,݇)߂ (ݔ = อ
݊݅ݏ ܣ ݊݅ݏ ܤ ݊݅ݏ ܥ

ݏܿ ܣ ݊݅ݏ ݔ݇ ݏܿ ܤ ݊݅ݏ ݔ݇ ݏܿ ܥ ݊݅ݏ ݔ݇
ݏܿ ܣ ݏܿ ݔ݇ ݏܿ ܤ ݏܿ ݔ݇ ݏܿ ܥ ݏܿ ݇݊

อ = 0 
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[∴ ܴଶ and ܴଷ are proportional]. Now, 

߂(݇, (ݔ


ୀଵ

= 0 ⇒ (ݔ)ߗ = ݈݅݉
→ஶ

(ݔ,݇)߂


ୀଵ

= 0 

3.51  

ߗ = ݈݅݉
→ஶ

ݏܿ 1
݊ଶ + ݏ2ܿ 4

݊ଶ + ݏ3ܿ 9
݊ଶ + ⋯+ 1ݏܿ݊

݊ଶ = 

= ݈݅݉
→ஶ

1
݊ଶ݇ܿݏ ቆ

݇ଶ

݊ଶቇ = ݈݅݉
→ஶ

1
݊

݇
ݏܿ݊ ൬

݇
݊൰

ଶ

= නݔݏܿݔଶ݀ݔ
ଵ



=
1
2  1݊݅ݏ

3.52  

ܽ = (2݊ + 1 − 2݇) ቀ2݊ + 1
݇ ቁ



ୀ

= ቂ(2݊ + 1 − ݇) ቀ2݊ + 1
݇ ቁ − ݇ ቀ2݊ + 1

݇ ቁቃ


ୀ

= 

= ቂ(2݊ + 1 − ݇) ቀ2݊ + 1 − ݇
݇ ቁ − ݇ ቀ2݊ + 1

݇ ቁቃ


ୀ

= (2݊ + 1− ݇) ቀ2݊ + 1 − ݇
݇ ቁ −݇ ቀ2݊ + 1

݇ ቁ


ୀ

=


ୀ

 

= (2݊ + 1) ቀ2݊
݇ ቁ −(2݊ + 1) ቀ2݊

݇ ቁ = 0


ୀ



ୀ

 

ߗ = ݈݅݉
→ஶ

1
(݊ + 1)ଶ4 ∙ ܽ = ݈݅݉

→ஶ

1
(݊ + 1)ଶ4 ∙ 0 = 0 

3.53  

First we note that ܨ(ݐ) = (1 + (ݐ = ∑ ቀ݊݇ቁ

ୀ  ି. Now we find thatݐ

නܨ(ݐ)
௫



ݐ݀ =
(1 + ାଵ(ݔ

݊ + 1 −
1

݊ + 1 = 
1

݊ − ݇ + 1



ୀ

ቀ݊݇ቁ ݔ
ିାଵ. 

Integrating with respect to ݔ from 0 to 1 gives us 



195 
 

2ାଶ

(݊ + 2)(݊ + 1) −
1

(݊ + 2)(݊ + 1) −
1

݊ + 1 = 
1

(݊ − ݇ + 2)(݊ − ݇ + 1)



ୀ

ቀ݊݇ቁ 

= 
݊ ⋅ (݊ − 1) ⋅ (݊ − 2) … (݊ − ݇ + 3)

1 ⋅ 2 ⋅ 3 ⋅ … ⋅ ݇



ୀ

 

Dividing by 2, we see that 

ߗ = ݈݅݉
→ஶ

1
2

݊ ⋅ (݊ − 1)(݊ − 2) … (݊ − ݇ + 3)
1 ⋅ 2 ⋅ 3 ⋅ … ⋅ ݇



ୀଷ

= ݈݅݉
→ஶ

4
(݊ + 2)(݊+ 1) + ܱ(݊) = 0. 

3.54  

ߗ = ݈݅݉
௫→

݈݃ ൬݈݃ ൬݈݃ ൬
ܿ
ݏܿ ൰൰൰ݔ

݈݃ ൬݈݃ ൬݈݃ ൬
ܽ
ݏܿ ൰൰൰ݔ

= 

= ݈݅݉
௫→

݈݃) ݁)൮ ݈݃ ݁

݈݃ ൬݈݃ ൬
ܿ
ݏܿ ൰൰ݔ

൲ ݈݃) ݊ܽݐ)(݁ (ݔ

݈݃ ൬
ܿ
ݏܿ ൰ݔ

݈݃) ݁)൮ ݈݃ ݁

݈݃ ൬݈݃ ൬
ܽ
ݏܿ ൰൰ݔ

൲ ݈݃) ݊ܽݐ)(݁ (ݔ

݈݃ ൬
ܽ
ݏܿ ൰ݔ

=
݈݃) ݁) ൬݈݃ ݁1 ൰ ⋅ ݈݃ ܾ݁

݈݃) ݁) ൬݈݃ ݁1 ൰ ⋅ ݈݃ ܾ݁
= 1 

3.55  

We know for ݇ > 1 

(݇!)
ଵ
 <

1 + 2 + ⋯+ ݇
݇ =

݇ + 1
2  

∴ (2!)
ଵ
ଶ(3!)

ଵ
ଷ ⋅ … ⋅ (3݊!)

ଵ
ଷ < ൬

2 + 1
2 ൰ ൬

3 + 1
2 ൰ ⋅ … ⋅ ൬

3݊ + 1
2 ൰ =

1
2 ⋅

(3݊ + 1)!
2ଷିଵ  

⇒
(2!)

ଵ
ଶ ⋅ (3!)

ଵ
ଷ ⋅ … ⋅ (3݊)!

ଵ
ଷ

(3݊)! <
(3݊ + 1)!

(3݊)! ⋅
1

2ଷ ⇒ 0 <
(2!)

ଵ
ଶ(3!)

ଵ
ଷ ⋅ … ⋅ (3݊)!

ଵ
ଷ

(3݊)! <
3ାଵ

2ଷ  

As ݈݅݉→ஶ
ଷశభ

ଶయ
= 0, we get ݈݅݉→ஶ

(ଶ!)
భ
మ(ଷ!)

భ
య⋅…⋅൫(ଷ)!൯

భ
య

(ଷ)!
= 0 
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3.56  

For ݊ ≥ 2 

൭ቀ݇݅ ቁ


ୀଵ

൱


ୀଵ

= (2 − 1)


ୀଵ

= (2ାଵ − 2)− ݊ 

= 2ାଵ − (݊ + 2) > 	ଵܥ
ାଵ + 	ଶܥ

ାଵ − (݊ + 2) =
1
2

(݊ + 1)݊ − 1 =
1
2

(݊ − 1)(݊ + 2) 

Also, (݊!)
భ
 < ଵାଶା⋯ା


= ାଵ

ଶ
 

∴
∑ ቀ∑ ቀ݇݅ ቁ


ୀଵ ቁ

ୀଵ

(݊!)
ଵ


>
(݊ − 1)(݊ + 2)

݊ + 1 > ݊ − 1,∀݊ ≥ 2 ⇒ ݈݅݉
→ஶ

∑ ቀ∑ ቀ݇݅ ቁ

ୀଵ ቁ

ୀଵ

(݊!)
ଵ


= ∞ 

3.57  

! +
) + 1)!

1! +
) + 2)!

2! + ⋯+
) + ݊)!

݊! = ! ቈ1 +
) + 1)!
! 1! +

) + 2)!
! 2! + ⋯+

) + ݊)!
!݊!

 

= ! [ 	ܥ
ାଵ + 	ଵܥ

ାଵ + 	ଶܥ
ାଶ + 	ଷܥ

ାଷ + ⋯+ 	ܥ
ା ] = ! [ 	ଵܥ

ାଶ + 	ଶܥ
ାଶ + ⋯+ 	ܥ

ା ] 

= ! [ 	ଶܥ
ାଷ + 	ଷܥ

ାଷ + ⋯+ 	ܥ
ା ] = ! [ 	ଷܥ

ାସ + ⋯+ 	ܥ
ା ] = ⋯ 

= ! 	ܥ
ାାଵ =

) + ݊ + 1)!
) + 1)!݊!  !

) + ݊ + )(1 + ݊) … (݊ + 1)
 + 1 =

݊ାଵ

) + 1) ൬1 +
1
݊൰൬1 +

2
݊൰… ቀ1 +


݊ቁ ൬1 +

 + 1
݊ ൰ 

ܮ = ݈݅݉
→ஶ

൬݊
ଵ
൰

ାଵ

) + 1)
ଵ

൬1 +

1
݊൰

ଵ

൬1 +

2
݊൰

ଵ


… ቀ1 +

݊ቁ

ଵ
 ൬1 +

 + 1
݊ ൰

ଵ


 

=
1
1 ݁ ⋅ ݁

ଶ ⋅ ݁ଷ ⋅ … ⋅ ݁ାଵ = ݁
(ାଵ)(ାଶ)

ଶ  

3.58  

We know, ݈݅݉௨→
(ଵା௨)ೝିଵ

௨
= ାଵݔ now ݎ − ݔ = ଵ

௫
 > 0 for all ݊ ∈ ℕ 
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Hence the sequence is increasing, implying its bounded 

then let ݈݅݉→ஶ ݔ = ݈ ⇒ ݈ = ݈ + ଵ

⇒ ݈ → ∞, which is a contradiction 

∴ ݈݅݉→ஶ ݔ = ∞ let ܮ = ݈݅݉→ஶ
௫భା௫మା⋯ା௫

 √
శభ = ቀ݈݅݉→ஶ

∑ ௫ೖ
ೖసభ


ቁ ൬݈݅݉→ஶ
ଵ

√
శభ ൰ 

=⏞

௦
ௌ௧௭

ቆ݈݅݉
→ஶ

∑ ାଵݔ
ୀଵ −∑ ݔ

ୀଵ

݊ + 1 − ݊ ቇቆ݈݅݉
→ஶ

1

√݊
శభ ቇ = ݈݅݉

→ஶ

ାଵݔ
√݊

శభ  

⇒ ାଵܮ = ݈݅݉
→ஶ

ାଵݔ
ାଵ

݊ =⏞

௦
ௌ௧௭

݈݅݉
→ஶ

ାଶݔ
ାଵ − ାଵݔ

ାଵ

݊ + 1 − ݊ = ݈݅݉
→ஶ

൫ݔାଶ
ାଵ − ାଵݔ

ାଵ൯ 

= ݈݅݉
→ஶ

൝ቆݔାଵ +
1

ାଵݔ
 ቇ

ାଵ

− ାଵݔ
ାଵൡ = ݈݅݉

→ஶ

ቆ1 + 1
ାଵݔ
ାଵቇ

ାଵ

− 1

1
ାଵݔ
ାଵ

 

= ݈݅݉
௫శభ→ஶ

ቆ1 + 1
ାଵݔ
ାଵቇ

ାଵ

− 1

1
ାଵݔ
ାଵ

=  + 1 ⇒ ܮ = ඥ + 1శభ  

3.59  

݇ସ + ݇ଶ + 1 = (݇ଶ + 1)ଶ − ݇ଶ = (݇ଶ − ݇ + 1)(݇ଶ + ݇ + 1) 

∴
݇

݇ସ + ݇ଶ + 1 =
1
2 

1
݇ଶ − ݇ + 1 −

1
݇ଶ + ݇ + 1൨ 

⇒
݇

݇ସ + ݇ଶ + 1



ୀଵ

=
1
2

1
݇ଶ − ݇ + 1 −

1
݇ଶ + ݇ + 1൨



ୀଵ

 

=
1
2 1 −

1
݊ + ݊ + 1൨ 

⇒ ൭
1
2 + 

݇

݇ସ + ݇ଶ + 1



ୀଵ

൱
యషభ

= ൬1−
1

2(݊ଶ + ݊ + 1)൰
యషభ
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= ቈቀ1 − ଵ
ଶ(మାାଵ)

ቁ
ି൫ଶమାଶାଵ൯




 where ݉ = −ቀ యషభ

ଶమାଶାଵ
ቁ 

As ݊ → ∞,݉ → −∞ ∴ ߗ = ݁ିஶ = 0 

3.60  

We know ݈݅݉௨→
(ଵା௨)ೝିଵ

௨
= ାଵݔ and ݎ − ݔ = 

௫
> 0 for all ݊ ∈ ℕ 

hence the sequence is increasing, implying is bounded let 

݈݅݉→ஶ ݔ = ݈ then ݈ = ݈ + 

⇒ ݈ → ∞ which is a contradiction 

∴ ݈݅݉→ஶ ݔ = ∞  now,  ߗ = ݈݅݉→ஶ
∑ ௫௫ೕ
,ೕసభ

య
 

=
1
2 ቊ ݈݅݉→ஶ

ଵݔ) + ଶݔ + ⋯+ )ଶݔ

݊ଷ − ݈݅݉
→ஶ

ଵଶݔ + ଶଶݔ + ⋯+ ଶݔ

݊ଷ ቋ =
ଵܮ − ଶܮ

2  

ଵܮ = ݈݅݉
→ஶ

ଵݔ) + ଶݔ + ⋯+ )ଶݔ

݊ଷ ⇒ ඥܮଵ = ݈݅݉
→ஶ

ଵݔ + ଶݔ + ⋯+ ݔ

݊
ଷ
ଶ

 

=⏞

ாௌோை
ௌ்ை

݈݅݉
→ஶ

ାଵݔ

(݊ + 1)
ଷ
ଶ − ݊

ଷ
ଶ

= ൬ ݈݅݉
→ஶ

ାଵݔ
√݊

൰

⎝

⎜
⎜
⎜
⎜
⎛

݈݅݉
→ஶ

1

ቀ1 + 1
݊ቁ

ଷ
ଶ
− 1

1
݊ ⎠

⎟
⎟
⎟
⎟
⎞

=
2
3 ݈݅݉
→ஶ

ାଵݔ
√݊

 

=
2
3
ඨ݈݅݉
→ஶ

ାଵଶݔ

݊ =⏞

ாௌோை
ௌ்ை 2

3ට݈݅݉→ஶ
ାଶଶݔ) − ାଵଶݔ ) =

2
3
ඨ݈݅݉
→ஶ

ቊ൬ݔାଵ +
ܽ

ାଵݔ
൰
ଶ
− ାଵଶݔ ቋ 

=
2
3
ඪ ݈݅݉
௫→ஶ

൬1 + ܽ
ଶݔ
൰
ଶ
− 1

1
ଶݔ

=
2√2ܽ

3 ⇒ ଵܮ =
8ܽ
9  
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ଶܮ = ݈݅݉
→ஶ

∑ ଶݔ
ୀଵ

݊ଷ =⏞

ாௌோை
ௌ்ை

݈݅݉
→ஶ

ାଵଶݔ

(݊ + 1)ଷ − ݊ଷ = ቆ݈݅݉
→ஶ

ାଵଶݔ

݊ଶ ቇ

⎝

⎜
⎜
⎜
⎛

݈݅݉
→ஶ

1

ቀ1 + 1
݊ቁ

ଷ
− 1

1
݊ ⎠

⎟
⎟
⎟
⎞

 

=⏞

ாௌோை
ௌ்ை 1

3 ݈݅݉
→ஶ

ାଶଶݔ − ାଵଶݔ

݊ ⋅ ݈݅݉
→ஶ

1

ቀ1 + 1
݊ቁ

ଶ
− 1

1
݊

 

=⏞

ாௌோை
ௌ்ை 1

6 ݈݅݉
→ஶ

ାଷଶݔ)} − ାଶଶݔ ) − ାଶଶݔ) − ାଵଶݔ )} = 0 

∴ ଶܮ = 0 then ݈݅݉→ஶ
∑ ௫௫ೕ
,ೕసభ

య
= ସ

ଽ
   (Ans:) 

3.61  

Using Cesaro – Stolz from 

: 

ߗ = ݈݅݉
→ஶ

݁ − ቀ1 + 1
1! + ⋯+ 1

݊!ቁ
1

(݊ + 1)!

 

Let ܽ = ݁ − ቀ1 + ଵ
ଵ!

+ ⋯+ ଵ
!
ቁ ,ܾ = ଵ

(ାଵ)!
	. Then:  

a) ݈݅݉→ஶ ܽ = ݈݅݉→ஶ ܾ = 0 

b) ܾ  is strict decreasing 

c) ݈݅݉→ஶ
శభି
శభି

= ݈݅݉→ஶ
ିቀଵାభ

భ!ା⋯ା
భ

(శభ)!	ቁିାቀଵା
భ
భ!ା⋯ା

భ
!ቁ

భ
(శమ)!ି

భ
(శభ)!

= 

= ݈݅݉
→ஶ

− 1
(݊ + 1)!

(݊ + 1)! − (݊ + 2)!
(݊ + 1)! (݊ + 2)!

= ݈݅݉
→ஶ

−(݊ + 2)!
(݊ + 1)! (1− ݊ − 2) = ݈݅݉

→ஶ

−(݊ + 2)
−(݊ + 1) = 1 

From Cesaro – Stolz ⇒ ߗ = 1. 
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3.62  

Let ܽ = 1 + ଵ
√ଶ

+ ⋯+ ଵ
√

 . Find: 

ߗ = ݈݅݉
→ஶ

√݊ෑቆ1 −
1

ܽାଵ√݇ + 1
ቇ



ୀଵ

 

The answer is ߗ = ଵ
ଶ
. 

First note that 

1
√݊

− 2൫√݊ + 1 − √݊൯ =
1
√݊

−
2

√݊ + 1 + √݊
=

1

൫√݊ + 1 + √݊൯
ଶ
√݊

= ࣩ ൭
1

݊
ଷ
ଶ
൱ 

and since the series ∑ ଵ


య
మ
 is convergent we conlude that there exists a real number ℓ such that 

݈݅݉→ஶ൫ܽ − 2√݊ + 1൯ = ℓ. In particular, 

݈݅݉→ஶ

√

= 2                         (1) 

On the other hand, 

1 −
1

ܽାଵ√݇ + 1
=

1
ܽାଵ

൬ܽାଵ −
1

√݇ + 1
൰ =

ܽ
ܽାଵ

 

Thus 

√݊∏ ቀ1 − ଵ
ೖశభ√ାଵ

ቁ
ୀଵ = √݊∏ ೖ

ೖశభ

ୀଵ = భ√

శభ
         (2) 

Combining (1) and (2) we get 

ߗ = ݈݅݉
→ஶ

√݊ෑቆ1−
1

ܽାଵ√݇ + 1
ቇ



ୀଵ

=
1
2. 

3.63  

ܽ = √1 ⋅ 2 ⋅ … ⋅ ݊ర ∏ ቀඥ(݇ + 1)ଷర − √݇ଷర ቁ
ୀଵ = ∏ ቂ√݇ೖ ቀඥ(݇ + 1)ଷర − √݇ଷೖ ቁቃ

ୀଵ   (1) 

Let ݂: [݇, ݇ + 1] → ℝ,݂(ݔ) = ଷరݔ√  
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From Lagrange Theorem ⇒ ∃ܿ ∈ (݇, ݇ + 1) such that 

(ାଵ)ି()
ାଵି

= ݂ᇱ(ܿ) ⇒ ඥ(݇ + 1)ଷర − √݇ଷర = ଷ
ସ
⋅ ଵ
√ర    (2) 

But ܿ ∈ (݇, ݇ + 1) ⇒ ݇ < ܿ < ݇ + 1 ⇒ √݇ర < √ܿర < √݇ + 1ర ⇒ ට


ర < 1   (3) 

From (2) ⇒ √݇ర ቀඥ(݇ + 1)ଷర ⋅ √݇ଷర ቁ = ଷ
ସ
ට


ర <
(ଷ) ଷ

ସ
  (4) 

From (1)+(4)⇒ 0 < ܽ < ቀଷ
ସ
ቁ

⇒ ቀ݈݅݉→ஶ ቀ

ଷ
ସ
ቁ


= 0ቁ		 , ݈݅݉→ஶ ܽ = 0 

3.64  

ߗ = න(4ݔଶ − ݔߨ + 4݊ଶ)

గ
ସ



݈݊(1 + ݊ܽݐ ݔ݀(ݔ

ݔ =
ߨ
4 − ݕ ⇒ ݔ݀ = ;ݕ݀− ݔ = 0 ⇒ ݕ =

ߨ
4 ∧ ݔ =

ߨ
4 ⇒ ݕ = 0⎭

⎪
⎬

⎪
⎫

⇒ 

ߗ = න4 ቀ
ߨ
4 − ቁݕ

ଶ
− ߨ ቀ

ߨ
4 − ቁݕ + 4݊ଶ൨



గ
ସ

݈݊ ቀ1 + ݊ܽݐ ቀ
ߨ
4 − ቁቁݕ  (ݕ݀−)

= නቆ
ଶߨ

4 − ݕߨ2 − ଶݕ4 −
ଶߨ

4 + ݕߨ + 4݊ଶቇ

గ
ସ



݈݊ ൬1 +
1 − ݕ݊ܽݐ
1 + ݊ܽݐ ൰ݕ  ݕ݀

= න(4ݕଶ − ݕߨ + 4݊ଶ)

గ
ସ



(݈݊ 2 − ݈݊(1 + ݊ܽݐ ݕ݀((ݕ = 

= ݈݊ 2න(4ݕଶ − ݕߨ + 4݊ଶ)

గ
ସ



ݕ݀ −න(4ݕଶ − ݕߨ + 4݊ଶ)

గ
ସ



݈݊(1 + ݊ܽݐ ݕ݀(ݕ ⇒ 

ߗ = ݈݊ 2ቆ4
ଷݕ

3 |
గ
ସ − ߨ

ଶݕ

2 |
గ
ସ + 4݊ଶݕ|

గ
ସቇ − ߗ ⇒ 

ߗ2 = ݈݊ 2ቆ
4
3 ⋅

ଷߨ

64 −
ߨ
2 ⋅

ଶߨ

16 + 4݊ଶ ⋅
ߨ
݊ቇ ⇒ 
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ߗ =
݈݊ 2

2 ቆ
ଷߨ

48−
ଷߨ

32 + ݊ଶߨቇ ⇒ ߗ =
݈݊ 2

2 ቆ݊ଶߨ −
ଷߨ

96ቇ 

ߗ = ݈݅݉
→ஶ

݈݊ 2
2 ൬݊ଶߨ − ଷߨ

96൰

݊(݊ + 1)
2

= ߨ ݈݊ 2 

3.65  

݊݅ݏ ߙ + ݊݅ݏ ߚ + ݊݅ݏ ߛ = 2 ߙ)݊݅ݏ + ߚ + (ߛ
ݏܿ ߙ + ݏܿ ߚ + ݏܿ ߛ = 2 ߙ)ݏܿ + ߚ +  (1)   	(ߛ

Let ݖଵ = ݏܿ ߙ + ݅ ݊݅ݏ ߙ , ଶݖ = ݏܿ ߚ + ݅ ݊݅ݏ ߚ , ଷݖ = ݏܿ ߛ + ݅ ݊݅ݏ ߛ , ,ଵݖ ,ଶݖ ଷݖ ∈ ℂ with 

|ଵݖ| = |ଶݖ| = |ଷݖ| = 1 

From (1) ⇒ ଵݖ + ଶݖ + ଷݖ = ߙ)ݏܿ)2 + ߚ + (ߛ + ݅ ߙ)݊݅ݏ + ߚ +  (1)   ((ߛ

But ݖଵ ⋅ ଶݖ ⋅ ଷݖ = ߙ)ݏܿ + ߚ + (ߛ + ݅ ߙ)݊݅ݏ + ߚ +  (2)  (ߛ

From (1)+(2)⇒ ଵݖ + ଶݖ + ଷݖ = ଵݖ2 ⋅ ଶݖ ⋅  ଷ   (3)ݖ

But |ݖଵ| = 1 ⇒ ଵ|ଶݖ| = 1 ⇒ ଵݖ ⋅ ଵഥݖ = 1, ଶഥݖଶݖ = 1, ଷഥݖଷݖ = 1 

From (3) ⇒ ଵݖ + ଶݖ + ଷതതതതതതതതതതതതതതതݖ = ଷതതതതതതതതݖଶݖଵݖ2 ⇒ ଵഥݖ + ଶഥݖ + ଷഥݖ = ଶഥݖଵഥݖ2 ଷഥݖ ⇒ 

⇒
1
ଵݖ

+
1
ଶݖ

+
1
ଷݖ

=
2

ଷݖଶݖଵݖ
⇒ ଶݖଵݖ + ଷݖଶݖ + ଷݖଵݖ = 2 ⇒ 

ߙ)ݏܿ + (ߚ + ߚ)ݏܿ + (ߛ + ߛ)ݏܿ + (ߙ + ߙ)݊݅ݏ)݅ + (ߚ + ߚ)݊݅ݏ + (ߛ + ߛ)݊݅ݏ + ((ߙ = 2 

⇒ ߙ)ݏܿ + (ߚ + ߚ)ݏܿ + (ߛ + ߛ)ݏܿ + (ߙ = 2
ݐݑܤ ߙ)ݏܿ + (ߚ + ߚ)ݏܿ + (ߛ + ߛ)ݏܿ + (ߙ = ܽൠ ⇒ ܽ = 2 

݈݅݉
௫→

ଶݔ√ − ܽଶ

ݔ√ − ܽ + ݔ√ − √ܽ
= ݈݅݉

௫→ଶ

ଶݔ√ − 4
ݔ√ − 2 + ݔ√ − √2

 

ݔ√ − 2 = ,ݐ ݐ ≥ 0 ⇒ ݔ − 2 = ଶݐ ⇒ ݔ = ଶݐ + 2, ݐ → 0 because ݔ → 2 

= ݈݅݉
௧→
௧வ

ඥ(ݐଶ + 2)ଶ − 4
ݐ + ଶݐ√ + 2 − √2

= ݈݅݉
௧→
௧வ

ସݐ√ + ଶݐ4 + 4 − 4൫ݐ + ଶݐ√ + 2 + √2൯
ଶݐ + 2 + ଶݐ√ + 2 + ଶݐ + 2 − 2
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= ݈݅݉
௧→
௧வ

ସݐ√ + 4 + 2൫ݐ + ଶݐ√ + 2 + √2൯
ݐ൫ݐ2 + ଶݐ√ + 2൯

= 

݈݅݉
௧→
௧வ

ସݐ√ݐ + 4൫ݐ + ଶݐ√ + 2 + √2൯
ݐ൫ݐ2 + ଶݐ√ + 2൯

=
2 ⋅ √2
2 ⋅ √2

= 2 

3.66  

If ܽ = 0 its easy ⇒ ߗ = ݁ଶ  

ߗ = ݈݅݉→ஶ
ଵ
మ
∑ ݁

మೌశ(శೕ)್
ଵஸழஸ = ݈݅݉→ஶ

ଵ
మ
∑ ݁ଶଵஸழஸ ⋅ ݁

(శೕ)್
 =

݁ଶ ݈݅݉→ஶ
ଵ
మ
∑ ݁

್
 ⋅ ݁

್
ଵஸழஸ   (1) 

But ݈݅݉→ஶ
ଵ
మ
∑ ݁

್
ଵஸழஸ ⋅ ݁

್ೕ
 = ଵ

ଶ
ቆ݈݅݉→ஶ

ଵ
మ
൬∑ ݁

್ೖ


ୀଵ ൰ቇ
ଶ

− ଵ
మ
∑ ݁

మ್ೕ


ୀଵ    (2) 

݈݅݉→ஶ ൬
ଵ

∑ ݁

್ೖ


ୀଵ ൰
ଶ

= ቀ∫ ݁௫ଵ
 ቁݔ݀

ଶ
= ቀ

್ೣ


|ଵቁ

ଶ
= ቀ

್ିଵ

ቁ
ଶ

    (3) 

݈݅݉→ஶ
ଵ
మ
⋅ ∑ ݁

మ್


ୀଵ = ݈݅݉→ஶ
ଵ

൬ଵ

∑ ݁

మ್


ୀଵ ൰ = 0   (4) 

Because ଵ

∑ ݁

మ್
ర

ୀଵ  its an convergent sequence. 

Form (1) + (2) + (3) +  (4) ⇒ ߗ = ݁ଶ ⋅ ଵ
ଶ
⋅ ቀ

್ିଵ

ቁ
ଶ
 

3.67  

ߗ = ݈݅݉
→ஶ

൬
ݔ2 + ݕ3 + ݖ5

5(݁ + (ߛ ൰


= 

= ݈݅݉→ஶ ቀ1 + ଶ௫ାଷ௬ାହ௭ିହ(ାఊ)
ହ(ାఊ)

ቁ


= ݁
భ

ఱ(శം) →ಮ [ଶ(௫ି)ାଷ(௬ି)ାହ(௭ିఊ)]  (1) 

݈݅݉
→ஶ

ݔ)2]݊ − ݁)] = 2 ݈݅݉
→ஶ

ݔ − ݁
1
݊

= 2	 ݈݅݉
→ஶ

ቀ1 + 1
݊ቁ


− ݁

1
݊

=
(ு)

2 ݈݅݉
→ஶ

ቀ1 + 1
ቁݔ

௫
− ݁

1
ݔ

= 

= 2 ݈݅݉
→ஶ

(1 + (ݐ
ଵ
௧ − ݁

ݐ = 2 ݈݅݉
→ஶ

൬1 +
1
൰ݐ

ଵ
௧
−

1
ଶݐ ⋅ ݈݊

(1 + (ݐ +
1
ݐ ⋅

1
ݐ + 1൨ 
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= 2 ݈݅݉
→ஶ

൬1 +
1
൰ݐ

௧

ቈ
ݐ)− + 1) ݐ)݈݊ + 1) + ݐ

ଷݐ + ଶݐ
 = 2 ݈݅݉

→ஶ
൬1 +

1
൰ݐ

௧

ቈ−
ݐ)݈݊ + 1)− 1 + 1

ଶݐ3 + ݐ2
 = 

= 2 ݈݅݉→ஶ ቀ1 + ଵ
௧
ቁ
௧
⋅ ି (௧ାଵ)
௧(ଶାଷ௧)

= 2 ⋅ ݁ ⋅ ቀ− ଵ
ଶ
ቁ = −݁   (2) 

Now, using Cesaro – Stolz for 

 

݈݅݉
→ஶ

݊ݕ)3]݊ − ݁)] = 3 ݈݅݉
→ஶ

ݕ − ݁
1
݊

= 3 ݈݅݉
→ஶ

ାଵݕ − ݁ − ݕ + ݁
1

݊ + 1 −
1
݊

= 3 ݈݅݉
→ஶ

1
(݊ + 1)!

− 1
݊(݊ + 1)

= 

= 3 ݈݅݉→ஶ−
ଵ

(ିଵ)!
= 0   (2) 

݈݅݉
→ஶ

ݖ)5]݊ − [(ߛ = 5 ݈݅݉
→ஶ

ݖ − ߛ
1
݊

= 5 ݈݅݉
→ஶ

ାଵݖ − ߛ − ݖ + ߛ
1

݊ + 1 −
1
݊

= 

= 5 ݈݅݉
→ஶ

1
݊ + 1− ݈݊(݊ + 1) + ݈݊ ݊

− 1
݊(݊ + 1)

 

= 5 ݈݅݉
→ஶ

1
݊ + 1− ݈݊ ቀ݊ + 1

݊ ቁ

− 1
݊(݊ + 1)

= 5 ݈݅݉
→ஶ

1 − (݊ + 1) ݈݊ ቀ1 + 1
݊ቁ

− 1
݊

 

= 5 ݈݅݉
→ஶ

1 − ݔ) + 1) ݈݊ ቀ1 + 1
ቁݔ

− 1
ݔ

= 5 ݈݅݉
→ஶ

1− ቀ1
ݐ + 1ቁ ݈݊(1 + (ݐ

ݐ−  

= 5 ݈݅݉
௧→

ݐ − (1 + (ݐ ݈݊(1 + (ݐ
ଶݐ− = 5 ݈݅݉

௧→

1 − ݈݊(1 + −(ݐ 1
ݐ2−  

= 5 ݈݅݉→ஶ
(ଵା௧)

ଶ௧
= ହ

ଶ
   (3) 

From (1)+(2)+(3)⇒ ߗ = ݁
భ

ఱ(శം)ቀିା
ఱ
మቁ 

3.68  

Let ܽ > ܾ ≥ 1 now 
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൫√ܽ + √ܾ൯√ܾܽర ≤ ݈݅݉
→ஶ

2
݊

ඥܾܽି


ୀଵ

≤ ൫√ܽ + √ܾ൯
ଶ

 

⇔ ቆ1 + ට
ܽ
ܾቇ

ට
ܽ
ܾ

ర ≤ ݈݅݉
→ஶ

2
݊ቀ

ܽ
ܾቁ






ୀଵ

≤ ቆ1 + ට
ܽ
ܾቇ

ଶ

 

⇔ ቆ1 + ට
ܽ
ܾቇ

ට
ܽ
ܾ

ర ≤ 2නቀ
ܽ
ܾቁ

௫
ଵ



ݔ݀ ≤ ቆ1 + ට
ܽ
ܾቇ

ଶ

⇔ ቆ1 + ට
ܽ
ܾቇ

ට
ܽ
ܾ

ర ≤ 2
ܽ
ܾ − 1

݈݃ ቀܾܽቁ
≤ ቆ1 + ට

ܽ
ܾቇ

ଶ

 

⇔ (1 + ݉)√݉ ≤ మିଵ


≤ (1 + ݉)ଶ  where ݉ = ට


 

Let ݂(݉) = √݉− ଵ
√

− ݉ for all ݈݉݃ ≥ 1 

݂ᇱ(݉) =
1

2√݉
+

1

2݉
ଷ
ଶ
−

1
݉ =

݉ − 2√݉ + 1

2݉
ଷ
ଶ

=
൫√݉ − 1൯

ଶ

2݉
ଷ
ଶ

≥ 0 

∴ ݂(݉) ≥ ݂(1) = 0 ⇒ (1 + ݉)√݉ ≤
݉ଶ − 1
݈݉݃  

Let ߮(݉) = ݈݉݃ − ିଵ
ାଵ

 for all ݉ ≥ 1,߮ᇱ(݉) = ଵ

− ଶ

(ାଵ)మ
= మାଵ

(ାଵ)మ
> 0 

∴ ߮(݉) ≥ ߮(1) = 0 ⇒
݉ଶ − 1
݈݉݃ ≤ (1 + ݉)ଶ 

3.69  

We use Cesaró – Stolz ⇒ 

݈݊ ߗ = ݈݊ ඥܽర =
݈݊ ܽ
݊ସ ⇒ ݈݅݉

→ஶ
݈݊ ߗ = ݈݅݉

→ஶ

݈݊ ܽ
݊ସ = ݈݅݉

→ஶ

݈݊ ܽାଵ − ݈݊ ܽ
(݊ + 1)ସ − ݊ସ = 

= ݈݅݉→ஶ
ೌశభೌ

ସయାమାସାଵ
= ݈݅݉→ஶ

ೌశభೌ
య

⋅ య

ସయାమାସାଵ
   (1) 

݈݅݉→ஶ
ೌశభೌ
య

= ݈݅݉→ஶ
ೌశమೌశభ

ିೌశభೌ
(ାଵ)యିయ

= ݈݅݉→ஶ

ೌ⋅ೌశమ
ೌశభ
మ

ଷమାଷାଵ
= ݈݅݉→ஶ

ೌ⋅ೌశమ
ೌశభ
మ

మ
⋅ మ

ଷమାଷାଵ
   (2) 
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݈݅݉
→ஶ

݈݊ ݈݊ ܽ ⋅ ܽାଶܽାଵଶ

݊ଶ = ݈݅݉
→ஶ

݈݊ ܽାଵ ⋅ ܽାଷܽାଶଶ ⋅ ݈݊ ܽ ⋅ ܽାଶܽାଵଶ

(݊ + 1)ଶ − ݊ଶ = ݈݅݉
→ஶ

݈݊ ܽାଵ
ଷ ⋅ ܽାଷ
ܽ ⋅ ܽାଶଷ

2݊ + 1 = 

= ݈݅݉→ஶ


ೌశమ
య ⋅ೌశర

ೌశభ⋅ೌశయ
ି

ೌశభ
య ⋅ೌశయ
ೌ⋅ೌశమ

య

(ଶାଷ)ି(ଶାଵ)
= ݈݅݉→ஶ


ೌశమ
ల ⋅ೌ⋅ೌశర
ೌశయ
ర ⋅ೌశభ

ర

ଶ
= ଵ

ଶ
= 5  (3) 

From (1)+(2)+(3)⇒ ݈݅݉→ஶ ߗ݈݊ = ହ
ଵଶ
⇒ ݈݅݉→ஶ ߗ = ݁

ఱ
భమ = √݁ହభమ  

3.70  

(݊ − ଶାଵଶିଶܥ(݇
ିଵ

ୀ

= (݊ − ݇)
ିଵ

ୀ

(2݊ + 1)!
(2݊ − 2݇)! (2݇ + 1)! = 

= (݊ − ݇)
ିଵ

ୀ

⋅
(2݊ + 1)(2݊)!

(2݊ − 2݇)(2݊ − 2݇ − 1)! (2݇ + 1)! = 

=
2݊ + 1

2 ܥଶଶାଵ
ିଵ

ୀ

=
2݊ + 1

2
ଶଵܥ) + ଶଷܥ + ⋯+ (ଶଶିଵܥ = 

= ଶାଵ
ଶ

⋅ 2ଶିଵ = (2݊ + 1) ⋅ 2ଶିଶ   (1) 

From (1) ⇒ ߗ = ݈݅݉→ஶ
(ଶାଵ)⋅ଶమషమ

ଶమ(ାଵ)
= 2 ⋅ 2ିଶ = ଵ

ଶ
 

3.71  

Numerator = (݊ − 1) ଵ


+ (݊ − 2)ቀଵ


+ ଵ
ିଵ

ቁ + ⋯+ ቀଵ


+ ଵ
ିଵ

+ ⋯+ ଵ
ଶ
ቁ = 

=
1
݊

[(݊ − 1) + (݊ − 2) + ⋯+ 1] +
1

݊ − 1
[(݊ − 2) + (݊ − 3) + ⋯+ 1] + 

+ ଵ
ିଶ

[(݊ − 3) + ⋯+ 1] + ⋯+ ଵ
ଶ
  (1) 

=
1
݊ ⋅

݊(݊ − 1)
2 +

1
݊ − 1 ⋅

(݊ − 1)(݊ − 2)
2 +

1
݊ − 2 ⋅

(݊ − 2)(݊ − 3)
2 + ⋯+

1
3 ⋅

3	 × 	2
2 +

1
2 

=
1
2

(݊ − 1) +
1
2

(݊ − 2) +
1
2

(݊ − 3) + ⋯+
1
2

(2) +
1
2 = 
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= ଵ
ଶ

[(݊ − 1) + (݊ − 2) + ⋯+ 1] = (ିଵ)
ସ

. Also, (݊ + 1)ଷ − ݊ଷ = 3݊ଶ + 3݊ + 1 

∴ ߗ = ݈݅݉
→ஶ

1
4݊(݊ − 1)

3݊ଶ + 3݊ + 1 = ݈݅݉
→ஶ

1
4 

ቀ1− 1
݊ቁ

3 + 3 ቀ1
݊ቁ + 1

݊ଶ
 =

1
4 ⋅

1 − 0
3 + 0 + 0 =

1
12 

3.72  

Let ݂: [݊,݊ + 1] → ℝ,݂(ݔ) = ݔ ቀ5ݔ ݏܿ గ
௫
ቁ
భ
ఱೣ.  

From Lagrange theorem ⇒ ∃ܿ ∈ (݊, ݊ + 1) then: ݂(݊ + 1)− ݂(݊) = ݂ᇱ(ܿ) ⇒ (݊ +

1) ට(5݊ + 5) ݏܿ గ
ାଵ

ఱశఱ − ݊ ට5݊ ݏܿ గ
ସ

ఱ = ݂ᇱ(ܿ) ⇒ 

݈݅݉→ஶ (݊ + 1) ට(5݊ + 5) ݏܿ గ
ାଵ

ఱశఱ − ݊ ට5݊ ݏܿ గ
ସ

ఱ ൨ = ݈݅݉→ஶ ݂ᇱ(ܿ)   (1) 

Because ܿ ∈ (݊, ݊ + 1) and ݊ → ∞ we can assume, WLOG,  

݈݅݉→ஶ ݂ᇱ(ܿ) = ݈݅݉→ஶ ݂ᇱ(݊)   (2) 

݂ᇱ(ݔ) = ቀ5ݔ ݏܿ
ߨ
ቁݔ

ଵ
ହ௫ + ݔ ቀ5ݔ ݏܿ

ߨ
ቁݔ

ଵ
ହ௫ −

1
ଶݔ5 ݈݊ ቀ5ݔ ݏܿ

ߨ
ቁݔ +

1
ݔ5 ⋅

5 ݏܿ ݔߨ + ݔ5 ݊݅ݏ ݔߨ ⋅
ߨ
ଶݔ

ݔ5 ݏܿ ݔߨ
 

⇒ ݂ᇱ(ݔ) = ቀ5ݔ ݏܿ గ
௫
ቁ
భ
ఱೣ ቈ1 −

ቀହ௫ ௦ഏೣቁ

ହ௫
+ ଵ

ହ
⋅
ହ ௦ഏೣାହ௦

ഏ
ೣ⋅
ഏ
ೣ

ହ௫ ௦ഏೣ
   (3) 

From (1)+(2)+(3) ⇒ 

ߗ = ݈݅݉→ஶ ቀ5݊ ݏܿ గ

ቁ
భ
ఱ ቈ1 −

ቀହ ௦ ഏఱቁ

ହ
+ ଵ

ହ
⋅
ହ ௦ഏାହ ௦

ഏ
⋅
ഏ


ହ ௦ഏ
   (4) 

݈݅݉→ஶ ቀ5݊ ݏܿ గ

ቁ
భ
ఱ = ඨ݈݅݉→ஶ ට5݊ ݏܿ గ


ఱ

= ඨ݈݅݉→ஶ
(ହାହ) ௦ ഏ

శభ
ହ ௦ഏ

ఱ
= 1   (5) 

݈݅݉
→ஶ

݈݊ ቀ5݊ ݏܿ 5݊ቁߨ
5݊ = ݈݅݉

→ஶ

݈݊ ൬(5݊ + 5) ݏܿ ߨ
5݊ + 5൰ − ݈݊ ቀ5݊ ݏܿ 5݊ቁߨ

5݊ + 5 − 5݊ = 

= ݈݅݉→ஶ ݈݊ ൬
(ହାହ) ௦ ഏ

శభ
ହ ௦ഏ

൰ = ݈݊ 1 = 0  (6) 
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݈݅݉→ஶ
ହ௦ഏାହ ௦

ഏ
⋅
ഏ


ହ ௦ഏ
= 0    (7) 

From (4)+(5)+(6)+(7)⇒ ߗ = 1. 

3.73  

For ݔ ≠ 0, |ݔ| < ଵ


, 

ଵି݊ܽݐ ݔ = ݔ −
1
3 ݔ

ଷ +
1
5 ݔ

ହ ݊݅ݏ																	⋯− ݔ = ݔ −
1
ݔ!3

ଷ +
1
ݔ!5

ହ −⋯ 

∴ For ݔ ≠ 0, |ݔ| < ଵ


, 1 ≤ ݇ ≤ ݊ 

(ݔ݇)ଵି݊ܽݐ = ݔ݇ − ଵ
ଷ
݇ଷݔଷ + ଵ

ହ
݇ହݔହ (ݔ݇)݊݅ݏ  ,⋯− = ݔ݇ − ଵ


݇ଷݔଷ + ଵ

ଵଶ
݇ହݔହ −⋯ 

⇒ෑି݊ܽݐଵ(݇ݔ)


ୀଵ

= ෑ݇ݔ −
1
3 ݇

ଷݔଷ +
1
5 ݇

ହݔହ … ൨


ୀଵ

 

= ݊! ෑ1ݔ −
1
3 ݇

ଶݔଶ +
1
5 ݇

ସݔସ −⋯൨


ୀଵ

= ݊! ݔ 1 −
1
3 ݔ

ଶ݇ଶ


ୀଵ

+ ൩(ସݔ)0 = 

= ݔ!݊ ቈ1 −
1
3 ݔ

ଶ ⋅
݊(݊ + 1)(2݊+ 1)

6 + (ସݔ)0 = 

= ݔ!݊ ቂ1 − ଵ
ଵ଼
݊)ଶ݊ݔ + 1)(2݊+ 1) +  ,ቃ. Similarly(ସݔ)0

ෑ(ݔ݇)݊݅ݏ


ୀଵ

= ݊! ݔ 1 −
1

ݔ36
ଶ݊(݊ + 1)(2݊+ 1) +  ൨(ସݔ)0

ෑି݊ܽݐଵ(݇ݔ)


ୀଵ

−ෑ(ݔ݇)݊݅ݏ


ୀଵ

= ݊! ݔ −
1

36 ݔ
ଶ݊(݊ + 1)(2݊+ 1) +  ൨(ସݔ)0

∴ For ݔ ≠ 0, |ݔ| < ଵ


; ଵ
௫శమ

[∏ ∏−(ݔ݇)ଵି݊ܽݐ (ݔ݇)݊݅ݏ
ୀଵ


ୀଵ ] = 

= − ଵ
ଷ
݊!݊(݊ + 1)(2݊+ 1) + ݔ Taking limit as .(ଶݔ)0 → 0ା, we get 

ߗ = −
1

36
(݊ + 1)! (2݊ଶ + ݊) 
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3.74  

න ିଵݔ ݊݅ݏܿݎܽ ݔ

√ଶ
ଶ

ଵ

ݔ݀ = න ିଵ݊݅ݏ ݐ

గ
ସ

గ


⋅ ݐ ⋅ ݏܿ ݐ ݐ݀ = ݊݅ݏܿݎܽ ݔ = ݐ ⇒ ݔ = ݊݅ݏ ݐ ⇒ 

⇒ ݔ݀ = ݏܿ ݐ ݔ;ݐ݀ =
1
2 ⇒ ݐ =

ߨ
6 ∧ ݔ =

√2
2 ⇒ ݐ =

ߨ
4 

= න൬
݊݅ݏ ݐ
݊ ൰

ᇱ
గ
ସ

గ


ݐ݀ݐ =
1
݊ ⋅ ݊݅ݏ

 ݐ ⋅ ݐ ተ

ߨ
4
ߨ
6

− න
݊݅ݏ ݐ
݊

గ


గ


⋅  ݐିଵ݀ݐ݊

= ଵ

൬ቀ√ଶ

ଶ
⋅ గ
ସ
ቁ

− ቀଵ

ଶ
⋅ గ

ቁ

൰ − ∫ ݊݅ݏ ݐ

ഏ
ర
ഏ
ల

⋅  (1)   ݐିଵ݀ݐ

From (1) ⇒ ߗ = ଵ

ቀ√ଶగ

଼
ቁ

− ቀ గ

ଵଶ
ቁ

൨ ⇒ ݈݅݉→ஶ ݊ଶ ߗ = ݈݅݉→ஶ ݊ ቀ

√ଶ
଼
ቁ

− ቀ గ

ଵଶ
ቁ

൨ = 0 

because ݈݅݉→ஶ ݊ఈ ܽ = ߙ,0 > 1,݊ ∈ ℕ∗;ܽ ∈ (−1,1) 

3.75  

Let ܽ = ଵ

ቀܽ݊݊ܽݐܿݎ + ଵ

ଶ
݊)݊ܽݐܿݎܽ − 1) + ⋯+ ଵ


݊ܽݐܿݎܽ 1ቁ 

|ܽ| =
1
݊ ฬܽ݊ܽݐܿݎ ݊ +

1
2 ݊ܽݐܿݎܽ

(݊ − 1) + ⋯+
1
݊ ݊ܽݐܿݎܽ 1ฬ ≤ 

≤ ଵ


݊ܽݐܿݎܽ| ݊| + ଵ
ଶ

݊)݊ܽݐܿݎܽ| − 1)| + ⋯+ ଵ


݊ܽݐܿݎܽ| 1| ≤ గ
ଶ

ቀଵାభమା⋯ା
భ
ቁ

ଶ
   (1) 

But ݈݅݉→ஶ
ଵାభమା⋯ା

భ



=.ௌ ݈݅݉→ஶ

ଵ
ାଵ

= 0  (2) 

From (1) + (2) ⇒ ߗ = 0. 

3.76  

Let ܽ = ∏ ቀ1 + ర

ఱ
ቁ
ଵାೖ

ర

ఱ
 ⇒ ݈݊ܽ = ∑ ቀ1 + ర

ఱ
ቁ

ୀଵ ݈݊ ቀ1 + ర

ఱ
ቁ. Now we show: 

ݔ ≤ (1 + (ݔ ݈݊(1 + (ݔ ≤ ݔ + ௫మ

ଶ
ݔ∀, ≥ 0    (1) 
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(ݔ)݂ = (1 + (ݔ ݈݊(1 + −(ݔ ݔ −
ଶݔ

2 ; ݂: [0, +∞] → ℝ;݂ᇱ(ݔ) = ݈݊(1 + −(ݔ  ,ݔ

݂ᇱᇱ(ݔ) = ି௫
ଵା௫

≤ 0,݂ᇱ(0) = 0,݂(0) = 0 ⇒ (ݔ)݂ ≤ ݔ∀,0 ≥ 0. Similarly for left side. From (1) 

⇒ ర

ఱ
≤ ቀ1 + ర

ఱ
ቁ ݈݊ ቀ1 + ర

ఱ
ቁ ≤ ర

ఱ
+ ఴ

ଶభబ
⇒ 

∑ ర

ఱ

ୀଵ ≤ ݈݊ ܽ ≤ ∑ ర

ఱ

ୀଵ + ଵ

ଶ
∑ ఴ

భబ

ୀଵ   (2) 

But ݈݅݉→ஶ ∑
ర

ఱ

ୀଵ = ݈݅݉→ஶ

ଵ

∑ ቀ


ቁ
ସ


ୀଵ = ∫ ଵݔସ݀ݔ

 = ௫ఱ

ହ
ቚ


ଵ
= ଵ

ହ
   (3) 

݈݅݉→ஶ ∑
ఴ

భబ

ୀଵ =.ௌ. ݈݅݉→ஶ

(ାଵ)ఴ

(ାଵ)భబିభబ
= ݈݅݉→ஶ

(ାଵ)ఴ

వା⋯ାଵ
= 0   (4) 

From (2)+(3)+(4)⇒ ݈݅݉→ஶ ݈݊ ܽ = ଵ
ହ
⇒ ߗ = ݈݅݉→ஶ ܽ = ݁

భ
ఱ 

3.77  

∑ ቀ݅݇ቁ

ୀ = ቀ1

݇ቁ + ቀ2
݇ቁ + ⋯+ ቀ݇ − 1

݇ ቁ + ቀ݇݇ቁ = 1 [rest are zeros] 

∴ 
1

݇ + 1



ୀ

ቀ݊݇ቁ ൭ቀ݅݇ቁ


ୀଵ

൱ = 
1

݇ + 1



ୀ

ቀ݊݇ቁ =
1

݊ + 1ቀ݊ + 1
݇ + 1ቁ



ୀ

= 

=
1

݊ + 1
(2ାଵ − 1) ⇒

1
݊ + 1 + 

1
݇ + 1



ୀ

ቀ݊݇ቁ ൭ቀ݅݇ቁ


ୀଵ

൱ = 2ାଵ ⇒ 

⇒ ߗ = ݈݅݉
→ஶ


1

݊ + 1 + 
1

݇ + 1



ୀ

൭ቀ݅݇ቁ ቀ
݊
݇ቁ



ୀଵ

൱൩

ଵ


= ݈݅݉
→ஶ

2ଵା
ଵ
 = 2 

3.78  

For 1 ≤ ݇ ≤ ݊; ݇)ଵି݊ܽݐ + 1) − (݇)ଵି݊ܽݐ = ଵି݊ܽݐ ቀ ାଵି
ଵା(ାଵ)

ቁ = 

= ଵି݊ܽݐ ൬
1

1 + ݇ + ݇ଶ൰ <
1

1 + ݇ + ݇ଶ <
1
݇ଶ 

∴ෑ[ି݊ܽݐଵ(݇ − 1)− [(݇)ଵି݊ܽݐ


ୀଵ

< ෑ
1
݇ଶ



ୀଵ

= ൬
1
݊!൰

ଶ

⇒ 
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⇒ 0 < ݊!ෑ[ି݊ܽݐଵ(݇ + 1)− [(݇)ଵି݊ܽݐ




<
1
݊! 

As ݈݅݉→ஶ
ଵ
!

= 0, by the sandwich theorem, we get: 

݈݅݉
→ஶ

݊!ෑ(ି݊ܽݐଵ(݇ + 1) − ((݇)ଵି݊ܽݐ


ୀଵ

൩ = 0 

3.79  

ߗ = ݈݅݉→ஶ
ଵ

ቀ ଵ
⋅మ 	

+ ଶ
మ⋅(షమ)మ + ⋯+ 

⋅
ቁ   (1) 

Let ܽ = ଵ

ቀ ଵ
⋅మ

+ ଶ
మ⋅(షభ)మ + ⋯+ 

⋅
ቁ 

|ܽ| = ଵ

ቀ ଵ
⋅మ

+ ଶ
మ⋅(షభ)మ + ⋯+ 

⋅
ቁ ≤ ଵ


⋅ ଵ

ቀଵ


+ ଶ
మ

+ ⋯+ 

ቁ   (2) 

	ݐݑܤ ݈݅݉
→ஶ

1
݁ + 2

݁ଶ + ⋯+ ݊
݁

݊ =.ௌ. ݈݅݉
→ஶ

݊ + 1
݁ାଵ

݈݅݉
→ஶ

ݔ + 1
݁௫ାଵ =ᇱு ݈݅݉

→ஶ

1
݁௫ାଵ = 0 ⎭

⎪
⎬

⎪
⎫

⇒ 

݈݅݉→ஶ

భ
ା

మ
మ
ା⋯ା 




= 0   (3) 

From (2)+(3)⇒ ߗ = 0. 

3.80  

Let ܽ = ∑ (ା)ఱ

ା௧(ା)ା(ା)ల

ୀଵ .  

Because − గ
ଶ

< ݊ܽݐܿݎܽ ݔ < గ
ଶ

ݔ∀, ∈ ℝ ⇒ 

⇒ ∑ (ା)ఱ

ାഏమା(ା)ల

ୀଵ < ܽ < ∑ (ା)ఱ

ିഏమା(ା)ల

ୀଵ    (1) 

Now we want to show this: 

݈݅݉→ஶ ∑
(ା)ఱ

ఈା(ା)ల

ୀଵ = ݈݅݉→ஶ ∑

ଵ
(ା)


ୀଵ ߙ∀ ,(2)    > 0 
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(2) ⇔ ݈݅݉→ஶ ∑ ቂ (ା)ఱ

ఈା(ା)ల
− ଵ

(ା)
ቃ

ୀଵ = 0 ⇔ ݈݅݉→ஶ ∑ ቂ(ା)లିఈି(ା)ల

(ఈା(ା)ల)(ା)
ቃ

ୀଵ = 0 ⇔ 

⇔ ݈݅݉→ஶ ∑ߙ−
ଵ

(ఈା(ାଵ)ల)(ା)

ୀଵ = 0, which, obvious its true. But 

݈݅݉→ஶ ∑
ଵ

ା

ୀଵ = ݈݅݉→ஶ

ଵ

∑ ଵ

ଵାೖ


ୀଵ = ∫ ଵ

ଵା௫
ଵ
 ݔ݀ = ݈݊(1 + (ݔ ቚ10 = ݈݊ 2  (3) 

From (1)+(2)+(3)⇒ ߗ = ݈݊ 2. 

3.81  

For |ݔ| < 1, ݈݊(1 + (ݔ = ݔ − ௫మ

ଶ
+ ⋯ . Also, 

ℎ݊݅ݏ  ݔ = ଵ
ଶ

(݁௫ − ݁ି௫) ⇒ ℎ݊݅ݏ)+1)݈݊ ((ݔ = ൬ଵ
ଶ

(݁௫ − ݁ି௫)൰

− ଵ

ଶ
൬ଵ
ଶ

(݁௫ − ݁ି௫)൰
ଶ

+ ⋯ 

= ൬ଵ
ଶ

(݁௫ − ݁ି௫)൰

ቂ1 − ଵ

ଶ
ቀଵ
ଶ

(݁௫ − ݁ି௫ቁ


+ ⋯ቃ and ݈݊(1 + ℎ݊݅ݏ (ݔ = ଵ
ଶ

(݁௫ − ݁ି௫) − 

−
1
2 

1
2

(݁௫ − ݁ି௫)൨
ଶ

+ ⋯ = ቆ
1
2

(݁௫ − ݁ି௫)ቇ ቈ1 −
1
2ቆ

1
2

(݁௫ − ݁ି௫)ቇ+ ⋯ ⇒ 

⇒ (݈݊(1 + ℎ݊݅ݏ ((ݔ = ቆ
1
2

(݁௫ − ݁ି௫)ቇ


ቈ1 −
1
2ቆ

1
2

(݁௫ − ݁ି௫)ቇ+ ⋯


= 

=
1

2
(݁௫ − ݁ି௫) ቂ1 −

݊
4

(݁௫ − ݁ି௫) + ⋯ቃ 

For, sufficiently small ݔ 

∴ ݈݊(1 + ℎ݊݅ݏ) −((ݔ (݈݊(1 + ℎ݊݅ݏ ((ݔ = −
1

2ଶାଵ
(݁௫ − ݁ି௫)ଶ + 

+(݁௫ − ݁ି௫)ଷ 	 and higher power + 
ଶశమ

(݁௫ − ݁ି௫)ାଵ + (݁௫ − ݁ି௫)ାଶ and higher power 

⇒∴ for ݔ ≠ sufficiently small, (ଵା(௦ ݔ,0 ௫))ି((ଵା௦ ௫))

௫శభ
= 

= − ଵ
ଶమశభ

ቀ
ೣିషೣ

௫
ቁ
ଶ
ିଵݔ + 

ଶశమ
ቀ

ೣିషೣ

௫
ቁ
ାଵ

+ ቀ
ೣିషೣ

௫
ቁ
ାଶ

 .and similar expressions ݔ

But ݈݅݉௫→
ೣିషೣ

௫
= ݈݅݉௫→ ቂ

ೣିଵ
௫

+ షೣିଵ
(ି௫)

ቃ = 1 + 1 = 2 
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∴ ݈݅݉௫→
[ଵା(௦ ௫)]ି((ଵା௦ ௫))

௫శభ
= 0 + 

ଶశమ
⋅ 2ାଵ = 

ଶ
  if ݊ > 1. 

3.82  

1
√݊ + ݊ళ ≤

1
√݊ + ݇ళ ≤

1
√݊ + 1ళ ,∀݇ = 1, ݊തതതതത ⇒

݊݅ݏ ቀ݇݊ቁ

√݊ + ݊ళ ≤
݊݅ݏ ቀ݇݊ቁ

√݊ + ݇ళ ≤
݊݅ݏ ቀ݇݊ቁ

√݊ + 1ళ ⇒ 

⇒ ∑
௦ቀೖቁ

√ళାళ

ୀଵ ≤ ∑

௦ቀೖቁ

√ళାళ

ୀଵ ≤ ∑

௦ቀೖቁ

√ళାଵళ

ୀଵ     (1) 

But ݈݅݉→ஶ ∑
௦ೖ
√ళାళ


ୀଵ = ݈݅݉→ஶ ∑


√ళାళ


ୀଵ ⋅ ଵ


⋅ ݊݅ݏ 


= ݈݅݉→ஶ


√ళାళ ⋅ ଵ


∑ ݊݅ݏ ቀ


ቁ

ୀଵ = 

= ∫ ݊݅ݏ ଵݔ
 ݔ݀ = ݏܿ− ቚ10 = 1− ݏܿ 1   (2) 

݈݅݉
→ஶ


݊݅ݏ ቀ݇݊ቁ

√݊ + 1ళ



ୀଵ

= ݈݅݉
→ஶ


݊

√݊ + 1ళ



ୀଵ

⋅
1
݊ ⋅ ݊݅ݏ

݇
݊ = ݈݅݉

→ஶ

݊
√݊ + 1ళ ⋅

1
݊݊݅ݏ

݇
݊



ୀଵ

= 

= ∫ ݊݅ݏ ݔ ଵݔ݀
 = 1 − ݏܿ 1  (3) 

From (1) + (2) + (3) ⇒ ߗ = 1 − ݏܿ 1. 

3.83  

1 < ቆ1 + 
భ



ቇ = 1 + ଵ

భష
భ

≤ 2 and ቆ1− 

భ



ቇ ≤ 1 

1 < ቌ1 +
݊
ଵ


݊
ቍ

ଵ


+ ቌ1 −
݊
ଵ


݊
ቍ

ଵ


≤ 3 

Also, ݊݅ݏ ݊ ∈ [−1,1] 	 ∴ 	−3 < ݊݅ݏ) ݊) ቆ1 + 
భ



ቇ

భ


+ ቆ1 − 
భ



ቇ

భ


 < 3 

⇒ −
3
݊ <

݊݅ݏ ݊
݊

⎣
⎢
⎢
⎢
⎡
ቌ1 +

݊
ଵ


݊
ቍ

ଵ


+ ቌ1−
݊
ଵ


݊
ቍ

ଵ


⎦
⎥
⎥
⎥
⎤

<
3
݊ 
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As ݈݅݉→ஶ ቀ−
ଷ

ቁ = ݈݅݉→ஶ

ଷ


= 0. By the Sandwich theorem 

݈݅݉
→ஶ

݊݅ݏ ݊
݊

⎣
⎢
⎢
⎢
⎡
ቌ1 +

݊
ଵ


݊
ቍ

ଵ


+ ቌ1 −
݊
ଵ


݊
ቍ

ଵ


⎦
⎥
⎥
⎥
⎤

= 0 

3.84  

௧ቀ ೣ
మೖషభ

ቁି௧ቀ ೣ
మೖ
ቁ

ଵା௧ቀ ೣ
మೖషభ

ቁ⋅௧ቀ ೣ
మೖ
ቁ

= ݊ܽݐ ቀ ௫
ଶೖషభ

− ௫
ଶೖ
ቁ = ݊ܽݐ ቀ ௫

ଶೖ
ቁ; let ݊ܽݐ ቀ ௫

ଶೖషభ
ቁ ݊ܽݐ ቀ ௫

ଶೖ
ቁ =  ߙ

݊ܽݐ ቀ ݔ
2ିଵቁ − ݊ܽݐ ቀ 2ቁݔ

1 + ߙ = ݊ܽݐ ቀ
ݔ

2ቁ ⇔ ߙ ݊ܽݐ ቀ
ݔ

2ቁ + ݊ܽݐ ቀ
ݔ

2ቁ = ݊ܽݐ ቀ
ݔ

2ିଵቁ − ݊ܽݐ ቀ
ݔ

2ቁ 

ߙ =
௧ቀ ೣ

మೖషభ
ቁିଶ ௧ቀ ೣ

మೖ
ቁ	

௧ቀ ೣ
మೖ
ቁ

=
௧ቀ ೣ

మೖషభ
ቁ

௧ቀ ೣ
మೖ
ቁ
− 2 so we have: ݊ܽݐ ቀ ௫

ଶೖషభ
ቁ ݊ܽݐ ቀ ௫

ଶೖ
ቁ =

௧ቀ ೣ
మೖషభ

ቁ

௧ቀ ೣ
మೖ
ቁ
− 2 

⇒ ݊ܽݐ ቀ
ݔ

2ିଵቁ ݊ܽݐ
ଶ ቀ

ݔ
2ቁ = ݊ܽݐ ቀ

ݔ
2ିଵቁ − 2 ݊ܽݐ ቀ

ݔ
2ቁ ⇒ 2ିଵ ݊ܽݐ ቀ

ݔ
2ିଵቁ ݊ܽݐ

ଶ ቀ
ݔ

2ቁ = 

= 2ିଵ ݊ܽݐ ቀ
ݔ

2ିଵቁ − 2 ݊ܽݐ ቀ
ݔ

2ቁ 

 2ିଵ


ୀଵ

݊ܽݐ ቀ
ݔ

2ିଵቁ ݊ܽݐ
ଶ ቀ

ݔ
2ቁ =  2ିଵ



ୀଵ

݊ܽݐ ቀ
ݔ

2ିଵቁ − 2 ݊ܽݐ ቀ
ݔ

2ቁ 

Let ܽ = 2 ݊ܽݐ ቀ ௫
ଶೖ
ቁ ,݇ = 1,݊ ⇒ ∑ 2ିଵ

ୀଵ ݊ܽݐ ቀ ௫
ଶೖషభ

ቁ ଶ݊ܽݐ ቀ ௫
ଶೖ
ቁ = ∑ ܽିଵ

ୀଵ − ܽ = 

= ܽ − ܽ = −(ݔ)݊ܽݐ 2 ݊ܽݐ ቀ
ݔ

2ቁ 

݈݅݉
→ஶ

 2ିଵ


ୀଵ

݊ܽݐ ቀ
ݔ

2ିଵቁ ݊ܽݐ
ଶ ቀ

ݔ
2ቁ = ݈݅݉

→ஶ
ቀ݊ܽݐ ݔ − 2 ݊ܽݐ ቀ

ݔ
2ቁቁ = ݊ܽݐ ݔ − ݈݅݉

→ஶ
2 ݊ܽݐ ቀ

ݔ
2ቁ

= 

= ݊ܽݐ ݔ − ݈݅݉
→ஶ

݊ܽݐ ቀ 2ቁݔ
1

2
= ݊ܽݐ ݔ − ݈݅݉

→ஶ

݊ܽݐ ቀ 2ቁݔ
ݔ

2
⋅ ݔ = ݊ܽݐ ݔ − ݔ ⇒ 
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⇒ (ݔ)ߗ = ݈݅݉
→ஶ

 2ିଵ


ୀଵ

݊ܽݐ ቀ
ݔ

2ିଵቁ ݊ܽݐ
ଶ ቀ

ݔ
2ቁ = ݊ܽݐ ݔ −  ݔ

(ܣ)ߗ + (ܤ)ߗ + (ܥ)ߗ > ܥܤܣ − ߨ ⇔ ݊ܽݐ ܣ + ܤ݊ܽݐ + ܥ݊ܽݐ − ܣ − ܤ − ܥ > ܥܤܣ − ߨ ⇔ 

⇔ (ܣ)݊ܽݐ + (ܤ)݊ܽݐ + (ܥ)݊ܽݐ >  (1)   ܥܤܣ

݊ܽݐ ܣ + ݊ܽݐ ܤ
1 − ݊ܽݐ ܣ ݊ܽݐ ܤ = ܣ)݊ܽݐ + (ܤ = ߨ)݊ܽݐ − (ܥ =

݊ܽݐ ߨ − ܥ݊ܽݐ
1 + ݊ܽݐ ߨ ܥ݊ܽݐ =

− ܥ݊ܽݐ
1 + 0 = ݊ܽݐ−  ܥ

⇔ ܣ݊ܽݐ + ܤ݊ܽݐ +
ܣ݊ܽݐ + ݊ܽݐ ܤ
ܣ݊ܽݐ ܤ݊ܽݐ − 1 > ܥܤܣ ⇔ 

ܣ݊ܽݐ) + (ܤ݊ܽݐ ⋅
ܣ݊ܽݐ ܤ݊ܽݐ

݊ܽݐ ܣ ݊ܽݐ ܤ − 1 > ܥܤܣ > 

− ܣ)݊ܽݐ + (ܤ ݊ܽݐ ܣ ݊ܽݐ ܤ > ܥܤܣ > ܥ݊ܽݐ ܣ݊ܽݐ ܤ݊ܽݐ >  ܥܤܣ

(ݔ)݂ = ݊ܽݐ ݔ − ݔ > (ݔ)݂ =
1

ଶݏܿ ݔ − ݏܿ|	1 |ݔ < 1 > ଶݏܿ ݔ < 1 >
1

ଶݏܿ ݔ > 1 > 

> ଵ
௦మ ௫

− 1 > 0 > (ݔ)݂ > 0 >  is an increasing function (ݔ)݂

Let ݔ = 0 > ݂(0) = 0 > (ݔ)݂ > ݊ܽݐ ݔ > ݔ > ܣ݊ܽݐ ܤ݊ܽݐ ݊ܽݐ ܥ >  what we needed to) ܥܤܣ
prove) 

(ܣ)ߗ + (ܤ)ߗ + (ܥ)ߗ > ܥܤܣ −  (.Q.E.D)   ߨ

3.85  

,ܾ,ܽ)ߗ ܿ) = 
ܽ݊ଶ + ܾ݊ + ܿ

݊!

ஶ

ୀଵ

⇒ ,ܽ)ߗ ܾ, ܿ) + ,ܾ)ߗ ܿ,ܽ) + ,ܿ)ߗ ܽ,ܾ) = 

= (ܽ + ܾ + ܿ)
݊ଶ + ݊ + 1

݊!

ஶ

ୀଵ

= 

= (ܽ + ܾ + ܿ)൭
1

(݊ − 2)!

ஶ

ୀଵ

+ 2
1

(݊ − 1)!

ஶ

ୀଵ

+ 
1
݊!

ஶ

ୀଵ

൱ = (ܽ + ܾ + ܿ)(݁ + 2݁ + ݁ − 1) ≤ 

≤ 3√ܾܽܿయ (4݁ − 1) 

∴ ,ܽ)ߗ ܾ, ܿ) + ,ܾ)ߗ ܿ, ܽ) + ,ܿ)ߗ ܽ,ܾ) ≤ 3(4݁ − 1)√ܾܽܿయ  
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3.86  

ߗ = ቌ
1 + 2

1! + 3
2! + ⋯+ ݊ + 1

݊!
(݊ + 1)(݊ + 2) ቍ

ஶ

ୀ

= 

= ൮
1 + 2

1! + 3
2! + ⋯+ ݊ + 1

݊!
݊ + 1 −

1 + 2
1! + 3

2! + ⋯+ ݊ + 2
(݊ + 1)!

݊ + 2 ൲
ஶ

ୀ

+ 
1

(݊ + 1)!

ஶ

ୀ

= 

= 1 + (݁ − 1) 

∴ ߗ = ቌ
1 + 2

1! + 3
2! + ⋯+ ݊ + 1

݊!
(݊ + 1)(݊+ 2) ቍ

ஶ

ୀ

= ݁ 

3.87  

ߗ = ݈݅݉
→ஶ

ݔ
௬ − ݕ

௫

ቀ 1
ݔ
ቁ
ଵ
௬ − ቀ 1

ݕ
ቁ
ଵ
௫

= ݈݅݉௫→
௬→

ݔ
௬ − ݕ

௫

ቀ 1
ݔ
ቁ
ଵ
௬ − ቀ 1

ݕ
ቁ
ଵ
௫

= ݈݅݉
௫→

݈݅݉
௬→

ݔ
௬ − ݕ

௫

ି(ݔ)
ଵ
௬ − ି(ݕ)

ଵ
௫

= 

= ݈݅݉
௫→

ݔ
 − ௫

ି(ݔ)
ଵ
 − ି

ଵ
௫

= ݈݅݉
௫→

ݔ
 − 
ݔ −  −  ⋅ 

(௫ି) − 1
ݔ) − (

ି(ݔ)
ଵ
 − ି

ଵ


ݔ −  − ି
ଵ


ݔ
⋅ 

ିቀ ଵ௫
ିଵቁ − 1

−ቀ 1
ݔ
− 1
ቁ

= 

=
 ⋅ ିଵ −  ݈݊ 

−1
 

ିଵିଵ − ି
ଵ
ିଶ ݈݊ 

= ା
ଵ
ା

݈݊  − 1
݈݊  + 1 

Similarly ݈݅݉௫→
௬→

௫
ି௬

ೣ

ቀ భ
ೣ
ቁ
భ
ିቀ భ


ቁ
భ
ೣ

= ݈݅݉௬→ ݈݅݉௫→
௫
ି௬

ೣ

(௫)
ష భ
ି(௬)

ష భ
ೣ

= ݈݅݉௬→
ି௬




ష భ
ି(௬)

షభ
=

ା
భ
ାଶ  ିଵ

 ାଵ
 

∴ ߗ = ݈݅݉
→ஶ

ݔ
௬ − ݕ

௫

ቀ 1
ݔ
ቁ
ଵ
௬ − ቀ 1

ݕ
ቁ
ଵ
௫

= ା
ଵ
ାଶ

݈݊  − 1
݈݊  + 1 
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3.88  


2݇

(݊ − ݇)(݊ + ݇)

ஶ

ୀାଵ

= ݈݅݉
→ஶ


2݇

(݊ − ݇)(݊ + ݇)



ୀାଵ

 


2݇

(݊ − ݇)(݊ + ݇)



ୀାଵ

= 
݊ + ݇ − (݊ − ݇)
(݊ − ݇)(݊ + ݇)



ୀାଵ

= 
1

݊ − ݇



ୀାଵ

−
1

݊ + ݇ = 1 +
1
2 + ⋯+ 

+
1

 − ݇ − ൬
1

2݇ + 1 +
1

2݇ + 2 + ⋯+
1

 + ݇൰ = 1 +
1
2 + ⋯+

1
 − ݇ − )݈݊ − ݇) + 

+ )݈݊ − ݇) − ൭1 +
1
2 + ⋯+

1
 + ݇ − )݈݊ + ݇) + )݈݊ + ݇) − ൬1 +

1
2 + ⋯+

1
2݇൰

൱ 

⇒ ݈݅݉
→ஶ


2݇

(݊ + ݇)(݊ − ݇)



ୀାଵ

= ݈݅݉
→ஶ

൬݈݊( − ݇) − )݈݊ + ݇) + 1 +
1
2 + ⋯+

1
2݇൰ = 

= 1 +
1
2 + ⋯+

1
2݇ ≻ 

2݇
(݊ − ݇)(݊ + ݇)

ஶ

ୀାଵ

= 1 +
1
2 + ⋯+

1
2݇ 

⇒ ߗ = ݈݅݉
→ஶ

ቆ1 +
1
2 + ⋯+

1
2݇ − ݈݊ ቆ

݇ଶ

݇ + 1ቇቇ = 

= ݈݅݉
→ஶ

ቆ1 +
1
2 + ⋯+

1
2݇ − ݈݊(2݇) + ݈݊(2݇) − ݈݊ ቆ

݇ଶ

݇ + 1ቇቇ = 

= ߛ + ݈݅݉
→ஶ

݈݊
2݇ଶ + 2݇

݇ଶ = ߛ + ݈݊(2) 

ߗ = ߛ + ݈݊(2) 

3.89  

ߗ = ݈݅݉
→ஶ

݈݊(݊)ቌඨ൬1 +
1
2 + ⋯+

1
݊൰

ళ
݈݃ 	 − 1ቍ = 

= ݈݅݉
→ஶ

ටቀ1 + ⋯+ 1
݊ቁ ݈݃

 	 − 1
ళ

݈݃ 	
= 
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= ݈݅݉
→ஶ

ቀ1 + ⋯+ 1
݊ቁ ݈݃

 	 − 1

ቆටቀ1 + ⋯+ 1
݊ቁ ݈݃

 	
ళ

ቇ


+ ⋯+ ቆටቀ1 + ⋯+ 1
݊ቁ ݈݃

 	
ళ

ቇ


݈݃ 	
 

݈݅݉
→ஶ

1 + ⋯+ 1
݊

݈݊(݊) =ௌ௧௭	௦ ݈݅݉
→ஶ

1
݊ + 1
݈݊ ݊ + 1

݊
= ݈݅݉

→ஶ

1
݊ ⋅

݊
݊ + 1

݈݊ ቀ1 + 1
݊ቁ

= 1 

≻ ߗ =
1
7 ݈݅݉
→ஶ

݈݊(݊)ቆ൬1 + ⋯+
1
݊൰ ݈݃

 	 − 1ቇ = 

1
7 ݈݅݉
→ஶ

൬1 + ⋯+
1
݊ − ݈݊(݊)൰ =

ߛ
7 ≻ ߗ =

ߛ
7 

3.90  

(ܽ)ߗ = (݇ଶ − ܽଶ + 1)


ୀ

(ܽ + ݇)! = (݇ − ܽ)(݇ + ܽ)(ܽ + ݇)! + (ܽ + ݇)!


ୀ

 

= (݇ − ܽ)(݇ + ܽ + 1 − 1)(ܽ + ݇)! + (ܽ + ݇)!


ୀ

= 

= (݇ − ܽ)(ܽ + ݇ + 1)! − (݇ − ܽ)(ܽ + ݇)! + (ܽ + ݇)! =


ୀ

 

= (݇ − ܽ)(ܽ + ݇ + 1)!


ୀ

− (݇ − ܽ − 1)(ܽ + ݇)! = 

= (݊ − ܽ)(݊ + 1 + ܽ)! + (ܽ + 1)! ⇒ 

ߗ = ݈݅݉
→ஶ

ඥ(݊ − ܽ)(݊ + 1 + ܽ)! + (ܽ + 1)! − (ܽ + 1)! = 

= ݈݅݉
→ஶ

ඥ(݊ − ܽ)(݊ + 1 + ܽ)! = ݈݅݉
→ஶ

(݊ + 1 − ܽ)(݊ + 2 + ܽ)!
(݊ − ܽ)(݊ + 1 + ܽ)! = 

= ݈݅݉
→ஶ

(݊ + 1 − ܽ)(݊ + 2 + ܽ)
݊ − ܽ = ∞ 
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3.91  

݈݅݉
→ஶ

ඩ݈݅݉
ୀଵ


݇ଶ + ݇ − 1
) + ݇ + 1)!



ୀଵ



= ݈݅݉
→ஶ

ඩ
݇

) + ݇)!

ஶ



−
݇ + 1

) + ݇ + 1)!



= ݈݅݉
→ஶ

ඨ
1

) + 1)!


= ݈݅݉
→ஶ

) + 1)!
) + 2)! = ݈݅݉

→ஶ

1
 + 2 

∴ ݈݅݉
→ஶ

ඩ݈݅݉
→ஶ


݇ଶ + ݇ − 1
) + ݇ + 1)!







= 0 

3.92  

We have ݊݅ݏ ߙ3 = 3 ݊݅ݏ ߙ − 4 ଷ݊݅ݏ ߙ ⇒ ଷ݊݅ݏ ߙ = ଵ
ସ

(3 ݊݅ݏ ߙ − ݊݅ݏ (ߙ3 ⇒ 

⇒ ଷ(3݊݅ݏ ݊݅ݏ ܽ) =
1
4

(3 3)݊݅ݏ ݊݅ݏ ܽ) − 3ାଵ)݊݅ݏ ݊݅ݏ ܽ)) 

݇ = 1 ⇒ ଷ(3݊݅ݏ ݊݅ݏ ܽ) =
1
4

(3 3)݊݅ݏ ݊݅ݏ ܽ) − 3ଶ)݊݅ݏ ݊݅ݏ ܽ)) ฬ
1
3 

݇ = 2 ⇒ ଷ(3ଶ݊݅ݏ ݊݅ݏ ܽ) =
1
4

(3 3ଶ)݊݅ݏ ݊݅ݏ ܽ) − 3ଷ)݊݅ݏ ݊݅ݏ ܽ)) ฬ
1

3ଶ 

⋮ 

݇ = ݊ ⇒ ଷ(3݊݅ݏ ݊݅ݏ ܽ) =
1
4

(3 3)݊݅ݏ ݊݅ݏ ܽ) − 3ାଵ)݊݅ݏ ݊݅ݏ ܽ)) ฬ
1

3 

⇒ ݈݅݉→ஶ ∑
ଵ
ଷೖ


ୀଵ ଷ(3݊݅ݏ ݊݅ݏ ܽ) = ݈݅݉→ஶ

ଵ
ସ
ቀ3)݊݅ݏ ݊݅ݏ ܽ) − ଵ

ଷ
3ାଵ)݊݅ݏ ݊݅ݏ ܽ)ቁ   (1) 

ቚ ଵ
ଷ
⋅ 3ାଵ)݊݅ݏ ݊݅ݏ ܽ)ቚ ≤ ଵ

ଷ
→ 0   (2) . From (1)+(2) ⇒ (ܽ)ߗ = ଵ

ସ
3)݊݅ݏ ݊݅ݏ ܽ)   (3) 

But ݊݅ݏ ߙ ≤ ߙ∀,ߙ ≥ 0 ⇒ 3)݊݅ݏ ݊݅ݏ ܽ) ≤ 3 ݊݅ݏ ܽ ≤ 3ܽ   (4) 

From (3)+(4)⇒ (ܽ)ߗ ≤ ଷ
ସ

(ܽ) ⇒ inequality becomes: 

4൫ܾ(ߙ)ߗ + (ܾ)ߗܿ + ൯(ܿ)ߗܽ ≤ 3(ܾܽ + ܽܿ + ܾܿ) ⇒ 

We must show: 
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3(ܾܽ + ܽܿ + ܾܿ) ≤ 3(ܽଶ + ܾଶ + ܿଶ)  true. 

3.93  

Let ܫ = ∫ ଼ݔ2) + ݔ3 + 1)
భ
ೖ
ିభೖ

ݔ Put .ݔ݀(ݔ݇)ଵିݏܿ =  .ݐ−

ܫ = න ଼ݐ2) + ݐ3 + 1)

ିଵ

ଵ


(ݐ݇−)ଵିݏܿ ݐ݀(1−) = න ଼ݔ2) + ݔ3 + 1)

ିଵ

ଵ


ߨ] −  ݔ݀[(ݔ݇)ଵିݏܿ

⇒ ܫ2 = 	ߨ න(2଼ݔ + ݔ3 + 1)

ଵ


ିଵ

ݔ݀ ⇒ ܫ = ଼ݔන(2ߨ + ݔ3 + 1)

ଵ




 ݔ݀

= ߨ ൬
2
9 ݔ

ଽ +
3
7 ݔ

 + ൰൨ݔ


ଵ


= ߨ ൬
2

9݇ଽ +
3

7݇ +
1
݇൰ 

⇒ܫ



ୀଵ

=
ߨ2
9
൭

1
݇ଽ



ୀଵ

൱ +
ߨ3
7 

1
݇



ୀଵ

+ ܪߨ ⇒ ߗ − ܪߨ =
ߨ2
9 

1
݇ଽ



ୀଵ

+
ߨ3
7 

1
݇



ୀଵ

 

݈݅݉
→ஶ

ߗ) − (ܪߨ =
ߨ2
9 (9)ߞ +

ߨ3
7  (7)ߞ

3.94  

ܫ ≔ ݈݅݉→ஶ ቀ∫
|௦(௫)|ௗ௫

௫మ
ଶగ
గ ቁ    (*) 

|(ݔ݊)݊݅ݏ| =
2
ߨ −

4
ߨ ⋅

(ݔ2݆݊)ݏܿ
4݆ଶ − 1

ஶ

ୀଵ

 

∴ ܫ = ݈݅݉
→ஶ

ቌ
2
ߨ ⋅

න
ݔ݀
ଶݔ

ଶగ

గ

−
4
ߨ ⋅

1
4݆ଶ − 1

ஶ

ୀଵ

⋅ න
(ݔ2݆݊)ݏܿ

ଶݔ

ଶగ

గ

 ቍݔ݀

But ∫ ௗ௫
௫మ

ଶగ
గ = ଵ

௫
ቚ ߨ2ߨ = ଵ

గ
− ଵ

ଶగ
= ଵ

ଶగ
 

And ∫ ௦(ଶ௫)ௗ௫
௫మ

ଶగ
గ = ቀ ଵ

௫మ
ቁ ⋅ ௦(ଶ௫)

(ଶ)
ቚ2ߨߨ + 

ଶ ∫
௦(ଶ௫)

௫య
ଶగ
గ ݔ݀ = ଵ

 ∫
௦(ଶ௫)ௗ௫

௫య
ଶగ
గ  
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∴ ܫ = ቀଶ
గ
ቁ ቀ ଵ

ଶగ
ቁ − ቀସ

గ
ቁ ݈݅݉→ஶ ቀ∑

ଵ
(ସమିଵ)

ஶ
ୀଵ ⋅ ∫ ௦(ଶ௫)ௗ௫

⋅௫య
ଶగ
గ ቁ   (1) 

Since ∫ ௦(ଶ௫)ௗ௫
௫య

ଶగ
గ  exists for every ݆,݊ ∈ ℕ 

⇛ න
ݔ݀
ଷݔ

ଶగ

గ

≥ න
ݔ݀(ݔ2݆݊)݊݅ݏ

ଷݔ

ଶగ

గ

≥ න
ݔ݀−
ଷݔ

ଶగ

గ

 

∴
1
݊ ⋅

න
ݔ݀
ଷݔ

ଶగ

గ

≥
1
݊ ⋅

න
ݔ݀(ݔ2݆݊)݊݅ݏ

ଷݔ

ଶగ

గ

≥
1
݊
න
ݔ݀−
ଷݔ

ଶగ

గ

 

Since ∫ ௗ௫
௫య

ଶగ
గ  exists, then 

݈݅݉
→ஶ

ቌ
1
݊ ⋅

න
ݔ݀
ଷݔ

ଶగ

గ

ቍ ≥ ݈݅݉
→ஶ

ቌ
1
݊
න
ݔ݀(ݔ2݆݊)݊݅ݏ

ଷݔ

ଶగ

గ

ቍ ≥ ݈݅݉
→ஶ

ቌ−
1
݊
න
ݔ݀
ଷݔ

ଶగ

గ

ቍ 

Then ݈݅݉→ஶ ቀ
ଵ
∫

௦(ଶ௫)ௗ௫
௫య

ଶగ
గ ቁ = 0 

Going to (1) we obtain: ܫ = ଵ
గమ
− ቀସ

గ
ቁ (0) = ଵ

గమ
 

∴ ݈݅݉
→ஶ

ቌන
ݔ݀|(ݔ݊)݊݅ݏ|

ଶݔ

ଶగ

గ

ቍ =
1
 ଶߨ

3.95  

ߗ = ቈ݈݃ቆ
݊ଶ + 3݊ + 2
݊ଶ + 3݊ ቇ+

1
4 ݈݃ ቆ

(݊ − 1)ଶ + 3(݊ − 1) + 2
(݊ − 1)ଶ + 3(݊ − 1) ቇ+ ⋯+

1
݊ଶ ݈݃

3
2


ஶ

ୀଵ

 

=
1

1ଶ ݈݃ ൬
3
2൰ 

+
1

2ଶ ݈݃ ൬
3
2൰+ ݈݃ ൬

6
5൰ 

+
1

3ଶ ݈݃ ൬
3
2൰+

1
2ଶ ݈݃ ൬

6
5൰+ ݈݃ ൬

10
9 ൰ 

+
1

4ଶ ݈݃ ൬
3
2൰+

1
3ଶ ݈݃ ൬

6
5൰+

1
2ଶ ݈݃ ൬

10
9 ൰+ ݈݃ ൬

15
14൰ 
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+
1

5ଶ ݈݃ ൬
3
2൰+

1
4ଶ ݈݃ ൬

6
5൰+

1
3ଶ ݈݃ ൬

10
9 ൰+

1
2ଶ ݈݃ ൬

15
14൰+ ݈݃ ൬

21
20൰ 

+⋯ 

Adding columnise, we get 

ߗ = ൬
1

1ଶ +
1

2ଶ +
1

3ଶ + ⋯൰ߗଵ =
ଶߨ

6  ଵߗ

where 

ଵߗ = ݈݃ ൬
3
2൰+ ݈݃ ൬

6
5൰+ ݈݃ ൬

10
9 ൰+ ݈݃ ൬

15
14൰+ ݈݃ ൬

21
20൰+ ⋯ 

= ݈݃ ൬
3
2൰+ ݈݃ ൬

3	× 	4
2	× 	5൰ + ݈݃ ൬

4	 × 	5
3	 × 	6൰+ ݈݃ ൬

5	× 	6
4	× 	7൰ + ݈݃ ൬

6	 × 	7
5	 × 	8൰+ ⋯ 

= ݈݃ ൬
3
2൰+ ݈݃ቆ

(݇ + 2)(݇ + 3)
(݇ + 1)(݇ + 4)ቇ

ஶ

ୀଵ

= ݈݃ ൬
3
2൰+ ݈݃ 2 = ݈݃ 3 

Thus, ߗ = గమ


݈݃ 3 

3.96  

(ݔ)ߗ = නݐ
௫

ଵ

+ ଵݐ + ⋯+ ݐିଵ݀ݐ = ቚ1ݔ ݐ +
ଶݐ

2 +
ଷݐ

3 + ⋯+
ݐ

݊ ݐ݀ = 

= ݔ − 1 +
ଶݔ − 1

1 +
ଷݔ − 1

3 + ⋯+
ݔ − 1
݊  

ߗ = ݈݅݉
௫→ଵ

ݔ݊)ଵି݊ܽݐ − ݊) ⋅
1 + 1− ݔ

ݔ݊)ଵି݊ܽݐ − ݊) + ⋯+ 1 − ݔ
݊ ݔ݊)ଵି݊ܽݐ − ݊)

ݔ) − 1)ଶ = 

= ݈݅݉
௫→ଵ

݊ + ݊(1 − (ݔ
ݔ݊)ଵି݊ܽݐ − ݊) + ⋯+ ݊(1− (ݔ

݊ ݔ݊)ଵି݊ܽݐ − ݊)
ݔ − 1 = 

݈݅݉
௫→ଵ

∑ ൬1 + ݊(1− (ݔ
݇ ݔ݊)ଵି݊ܽݐ − ݊)൰


ୀଵ

ݔ − 1  
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݈݅݉
௫→ଵ

1 + ݊(1 − (ݔ
݇ ݔ݊)ଵି݊ܽݐ − ݊)

ݔ − 1 = ݈݅݉
௫→ଵ

݊ ⋅
1 + ݊(1 − (ݔ

݇ ݔ݊)ଵି݊ܽݐ − ݊)
ݔ݊)ଵି݊ܽݐ − ݊) = 

=

	

ᇲு ݈݅݉
௫→ଵ

݊ ⋅
݇ ݔ݊)ଵି݊ܽݐ − ݊) + ݊(1− (ݔ

ݔ݊)ଵି݊ܽݐ)݇ − ݊))ଶ =

	

ᇲு 

= ݈݅݉
௫→ଵ

݊ ⋅
݇ 1

ݔ݊) − ݊)ଶ + 1 ⋅ ݊ − ିଵݔ݇݊

2݇ ݔ݊)ଵି݊ܽݐ − ݊) 1
ݔ݊) − ݊)ଶ + 1 ⋅ ݊

 

=
݊
2 ݈݅݉௫→ଵ

݊
ݔ݊) − ݊)ଶ + 1 − ିଵݔ݊

ݔ݊ − ݊ =
1
2 ݈݅݉௫→ଵ

1
ݔ݊) − ݊)ଶ + 1− ିଵݔ

ݔ − 1 = 

=
1
2 ݈݅݉௫→ଵ

1 − ݔ݊))ିଵݔ − 2)ଶ + 1)
ݔ݊)) − ݊)ଶ + ݔ)(1 − 1) = ݈݅݉

௫→ଵ

1 − ݔ݊))ିଵݔ − ݊)ଶ + 1)
ݔ − 1 = 

݈݅݉
௫→ଵ

−
1
2 ⋅ ቀ

(݇ − ݔ݊)ିଶݔ(1 − ݊)ଶ + ݔ݊)ିଵݔ2 − ݊) + (݇ − ିଶቁݔ(1 = −
1
2

(݇ − 1) 

⇒ ߗ = −
1
2

(0 + 1 + 2 + ⋯+ ݊ − 1) = −
1
2 ⋅

(݊ − 1)݊
2 =

−(݊ − 1)݊	
4  

3.97  

ߗ :can be written as ߗ = ݈݅݉→ஶ ݊ ⋅
ቀಳಲቁ


ି 

 
  (1) where 

ܤ = 1 + ଵ
భ

శభ

ାଵ
ܣ, = 1 + ଵ

భ



ݔ∀, > −1: ௫

௫ାଵ
< ݈݊(1 + (ݔ <  so ,ݔ

10
ଵ


݊

1 + 10
ଵ


݊

< ݈݊ ܣ <
10

ଵ


݊ →
10

ଵ


1 + 10
ଵ


݊

< ݈݊ ܣ < 10
ଵ
 → ݈݅݉

→ஶ
݈݊ ܣ = 1 

It holds that ݈݅݉→ஶ 10
భ
 = ݈݅݉→ஶ 10

భ
శభ = 1. Similarly ݈݅݉→ஶ ݈݊ ܣ = 1 

(1) now becomes ߗ = ݈݅݉→ஶ ቂ݈݊ ቀ


ቁ

− 1ቃ. We will show that: 
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=
ଵାభబ

భ
శభ
శభ

ଵାభబ
భ



< 1 − ଵ
మ

   (2) . Simplifications reduce (2) to: 

− 


+ 1 − ଵ
మ

= ଵ
భ
⋅యିଵ

భ
శభ⋅యାଵ

భ
⋅మିమିଵ

భ
⋅ିିଵ

భ


మ(ାଵ)ቆାଵ
భ
ቇ

   (3) 

Nominator of (3) is positive (*). Also, ቀ

ቁ
మ

< ቀ1 − ଵ
మ
ቁ
మ

  (4), 


< 1. We can also show that: 

ቀ

ቁ
మ

is increasing (*), ቀ1− ଵ
మ
ቁ

↑, and ቀ


ቁ
మ
− ቀ1− ଵ

మ
ቁ


 is also increasing (*). This together 

with (4) means ݈݅݉→ஶ ቀ


ቁ


= ݈݅݉→ஶ ቀ1− ଵ
మ
ቁ
మ

= ଵ

 therefore  

ߗ = ݈݊ ݈݅݉
→ஶ

൬
1
݁൰ − 1 = −2 

(*) It is quite a laboriuos task to show these through derivatives of the respective functions.  

3.98  

ߗ = 
1

3ାଵ

ஶ

ୀ

 3 ଵି݊ܽݐ ൬
3

݇ଶ − ݇ − 1൰


ୀଵ

=
1
3

(0) +
1

3ଶ
[3 [ଵ(−3)ି݊ܽݐ + 

+
1

3ଷ 3 ݊ܽݐ
ିଵ(−3) + 3ଶ ଵି݊ܽݐ ൬

3
3൰൨+ 

+
1

3ସ 3 ݊ܽݐ
ିଵ(−3) + 3ଶ ଵି݊ܽݐ ൬

3
3൰+ 3ଷ ଵି݊ܽݐ ൬

3
5൰൨ 

+⋯ 

+
1

3ାଵ 3 ݊ܽݐ
ିଵ(−3) + 3ଶ ଵି݊ܽݐ ൬

3
3൰+ ⋯+ 3 ଵି݊ܽݐ ൬

3
݊ଶ − ݊ + 1൰൨ 

+⋯ 

Adding columnwise 

ߗ = ൭
1

3

ஶ

ୀଵ

൱ ଵ(−3)ି݊ܽݐ + ൭
1

3

ஶ

ୀଵ

൱ ଵି݊ܽݐ ൬
2
3൰+ ൭

1
3

ஶ

ୀଵ

൱ ଵି݊ܽݐ ൬
3
5൰+ … 
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=
1
2ି݊ܽݐଵ ൬

3
݊ଶ − ݊ − 1൰

ஶ

ୀଵ

=
1
2ି݊ܽݐଵ ቆ

(݊ + 1) − (݊ − 2)
1 + (݊ + 1)(݊ − 2)ቇ

ஶ

ୀଵ

= 

=
1
2

݊)ଵି݊ܽݐ] + 1)− ݊)ଵି݊ܽݐ − 2)]
ஶ

ୀଵ

=
1
2

ଵ(−1)ି݊ܽݐ−] − ଵ(0)ି݊ܽݐ − [ଵ(1)ି݊ܽݐ = 0 

3.99  

(ݔ)ߗ = −1 + 4 ⋅ 
݊ + ݔ

(݊ + 1)(݊ + 2)(݊+ 3)

ஶ

ୀ

ݔ, ∈ ℝ 

⇒ ൫ߗ(ܽ)൯ఆ
()

+ ൫ߗ(ܾ)൯ఆ
()

< (ܾ)ߗ(ܽ)ߗ + 1, 0 < ܽ < 1,ܾ > 1 

1
(݊ + 1)(݊ + 2)(݊+ 3) =

1
݊ + 2 ⋅

1
(݊ + 1)(݊+ 3) =

1
݊ + 2 ൬

1
2(݊+ 1)−

1
2(݊ + 3)൰ 

=
1
2 ൬

1
(݊ + 1)(݊ + 2) −

1
(݊ + 2)(݊ + 3)൰ 

ଵܵ = 
1

(݊ + 1)(݊ + 2)(݊ + 3)

ஶ

ୀ

=
1
2 ݈݅݉
ே→ஶ

൬
1

(݊ + 1)(݊ + 2)−
1

(݊ + 2)(݊ + 3)൰
ே

ୀ

 

=
1
2 ݈݅݉
ே→ஶ

൬
1
2 −

1
(ܰ + 2)(ܰ + 3)൰ =

1
4 

݊
(݊ + 1)(݊ + 2)(݊+ 3) =

1
(݊ + 2)(݊ + 3)−

1
(݊ + 1)(݊+ 2)(݊ + 3) 

ܵଶ = 
݊

(݊ + 1)(݊ + 2)(݊ + 3)

ஶ

ୀ

= 
1

(݊ + 2)(݊ + 3)

ஶ

ୀ

− ଵܵ 

= ݈݅݉
ே→ஶ

൬
1

݊ + 2 −
1

݊ + 3൰
ே

ୀ

− ଵܵ = ݈݅݉
ே→ஶ

൬
1
2−

1
ܰ + 3൰ −

1
4 =

1
4 

(ݔ)ߗ = −1 + 4 ⋅ 
݊ + ݔ

(݊ + 1)(݊ + 2)(݊ + 3)

ஶ

ୀ

= −1 + 4(ܵଶ ⋅ ݔ + ଵܵ) = 

= −1 + 4 ൬
1
4 +

1
4 ൰ݔ =  ݔ
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൫ߗ(ܽ)൯ఆ
()

+ ൫ߗ(ܾ)൯ఆ
()

< (ܾ)ߗ(ܽ)ߗ + 1 

⇔ ܽ + ܾ − ܾܽ − 1 < 0, 0 < ܽ < 1,ܾ > 1 

Let ݂(ܾ) = ܽ + ܾ − ܾܽ − 1,0 < ܽ < 1,ܾ > 1 

݂ᇱ(ܾ) = ܽ (ܽ)݈݃ + ܾܽିଵ − ܽ = ܽ (ܽ)݈݃ − ܽ(1− ܾିଵ) < 0	∀ܾ > 1 ⇒ ݂ ↘ (1,∞) 

For ܾ > 1 ⇔ ݂(ܾ) < ݂(1) = 0 ⇔ ܽ + ܾ < 1 + ܾܽ, 0 < ܽ < 1, ܾ > 1 

3.100  

For ݊ ≥ 2, let  

ܽ = ଶݔ − ିଵݔݔ2 − ିଵଶݔ  

ܽଶ = 3ଶ − 2(3)(1)− 1ଵ = 2 

ݔ = ିଶݔ + ିଵݔ2 = ݔ) − ିଵ)ଶݔ = ିଶݔ) +  ିଵ)ଶݔ

= ଶݔ − ିଵݔݔ2 + ିଵଶݔ = ିଵଶݔ + ିଵݔିଶݔ2 + ିଶଶݔ ⇒ 

⇒ ଶݔ − ିଵݔݔ2 − ିଵଶݔ = ିଵଶݔ)− − ିଵݔିଶݔ2 − ିଶଶݔ ) ⇒ 

⇒ ܽ = −ܽିଵ		∀݊ ≥ 3 ⇒ ܽ = (−1)ିଶܽଶ = (−1)ܽଶ = (−1)(2) 

ߗ = ݈݅݉
→ஶ

(ܽ)(−1)ାଵ

݊ = ݈݅݉
→ஶ

(−1)ାଵ(−1)2
݊ = 0 

3.101  

ଷݏܿ ݔ =
1
4

(ݔ3)ݏܿ) + 3 ݏܿ  (ݔ

(ݔ3ିଵ)ଷݏܿ =
1
4
൫(ܿݏ 3 (ݔ + 3  ൯(ݔ3ିଵ)ݏܿ

(ݔ)ߙ =
1
4 ×

4
3
ቌ൬−

1
3൰

ஶ

ୀଵ

ݔ3ݏܿ) + 3  ቍ((ݔ3ିଵ)ݏܿ



227 
 

(ݔ)ߙ =
1
3ቆ−

1
3

ݏܿ) ݔ3 + 3 ݏܿ (ݔ +
1
9

ݏܿ) ݔ9 + 3 ݏܿ ቇ(ݔ3

−
1

27
ݏܿ) ݔ27 + 3 ((ݔ9)ݏܿ (ݔ)ߙ… =

1
3

⎩
⎪
⎨

⎪
⎧ −

ݏܿ ݔ3
3 − ݏܿ ݔ

ݏܿ ݔ9
9 +

ݏܿ ݔ3
3

−
ݏܿ 27 ݔ

27 −
ݏܿ ݔ9

9 ⎭
⎪
⎬

⎪
⎫

 

(ݔ)ߙ = ଵ
ଷ
ቀ݈݅݉→ஶ ቀ−

ଵ
ଷ
ቁ

−(ݔ3)ݏܿ ݏܿ (ݔ)ߙ  ,ቁݔ = − ௦ ௫

ଷ
ߙ; ቀగ

ଶ
− ቁݔ = ି௦ ௫

ଷ
 

(ݔ)ߚ = − ௦ ௫
ଷ

,    ఉ(௫)ఉ(ଷ௫)…ఉ(ଶିଵ)௫
ఉ(ଶ௫)ఉ(ସ௫)…ఉ(௫)

=  ܯ

݈݅݉௫→ܯ = ଵ⋅ଷ⋅ହ⋅…⋅(ଶିଵ)
ଶ⋅ସ⋅⋅…⋅(ଶ)

= ߗ  ,ܰ = ݈݅݉→ஶ(ܰ)
భ
 

ߗ = ݈݅݉→ஶ ൬
ଶ!

൫ଶ⋅ସ⋅⋅଼⋅…⋅(ଶ)൯మ
൰
భ


ߗ  , = ݈݅݉→ஶ ቀ
(ଶ)!

ଶమ(!)మ
ቁ
భ
 

ߗ =
1
4 ݈݅݉
→ஶ

(ܥ2)
ଵ
 

Using Stirling approximation ݊! ߨ2݊√~ ቀ

ቁ


ߗ  , = ଵ
ସ
݈݅݉→ஶ ቆ

√ସగ⋅ቀ
మ
 ቁ

మ

൫√ଶగ൯ቀ

ቁ
మቇ

భ


 

ߗ = ݈݅݉
→ஶ

൬
1

ߨ݊√
൰
ଵ


= 1 

3.102  

(ܽ)ߗ = ݈݅݉
→ஶ

݊ ቆ൬
݊ + 1
݊ ൰

ା

− ݁ቇ = ݈݅݉
→ஶ

ቀ1 + 1
݊ቁ

ା
− ݁

1 =ு 

݈݅݉
→ஶ

ቀ1 + 1
ቁݔ

௫ା
− ݁

1
ݔ

= ݈݅݉
௬→

(1 + (ݕ
ଵ
௬ା − ݁
ݕ =

ᇲு 

݈݅݉
௬→

(1 + (ݕ
ଵ
௬ା −

1
ଶݕ ݈݊

(1 + (ݕ + ൬
1
ݕ + ܽ൰

1
1 + ൨ݕ = ݁	 ݈݅݉

௬→
ቈ−

݈݊(1 + (ݕ
ଶݕ +

1 + ݕܽ
1)ݕ + (ݕ = 
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= ݁	 ݈݅݉
௬→

−(1 + (ݕ ݈݊(1 + (ݕ + ݕ + ଶݕܽ

ଷݕ + ଶݕ =
ᇲு ݁ ݈݅݉

௬→

−݈݊(1 + −(ݕ 1 + 1 + ݕ2ܽ
ଶݕ3 + ݕ2 =

ᇲு 

= ݁ ݈݅݉௬→
ିଵାଶ
௬ାଶ

= (ଶିଵ)
ଶ

    (1) 

From (1) we must show: 
య

଼
(2ܽ − 1)(2ܾ − 1)(2ܿ − 1) ≤ ଵ

ଶ
⇔ 


ଶ
ඥ(2ܽ − 1)(2ܾ − 1)(2ܿ − 1)య ≤ ଵ

ଷ
    (2) 

But ඥ(2ܽ − 1)(2ܾ − 1)(2ܿ − 1)య ≤ ଶ(ାା)ିଷ
ଷ

    (3) 

From (2)+(3) we must show: 

݁
2
ቈ
2(ܽ + ܾ + ܿ)

3 − 3 ≤
1
3 ⇔ 2݁(ܽ + ܾ + ܿ)− 3݁ ≤ 2 ⇔ 

⇔ 2݁(ܽ + ܾ + ܿ) ≤ 3݁ + 2  which its true. 

3.103  

Consider a continuous function ݂: (0,∞) → ℝ such that: 

݈݅݉
௫→

(ݔ)݂ = ,ߙ ݈݅݉
௫→ஶ

(ݔ)݂ =  ߚ

Then, for positive ܽ, ܾ we can write: 

න
−(ݔܽ)݂ (ݔܾ)݂

ݔ



ଵ


ݔ݀ = න
(ݔܽ)݂
ݔ



ଵ


ݔ݀ − න
(ݔܾ)݂
ݔ



ଵ


ݔ݀ = න
(ݔ)݂
ݔ






ݔ݀ − න
(ݔ)݂
ݔ






 ݔ݀

= ∫ (௫)
௫

್

ೌ


ݔ݀ + ∫ (௫)
௫


  (1)     ݔ݀

= ߙ) − (ߚ ݈݊
ܾ
ܽ + න

−(ݔ)݂ ߙ
ݔ







ݔ݀ + න
−(ݔ)݂ ߚ

ݔ





 ݔ݀

But 
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ተተන
−(ݔ)݂ ߙ

ݔ







ተተݔ݀ ≤ ݑݏ ቊ|݂(ݔ)− :|ߙ 0 < ݔ <
,ܽ)ݔܽ݉ ܾ)

݊ ቋ ฬ݈݊
ܾ
ܽฬ 

and 

ተተ න
−(ݔ)݂ ߚ

ݔ






ተተݔ݀ ≤ −(ݔ)݂|}ݑݏ ݔ:|ߚ > ݊݉݅݊(ܽ,ܾ)} ቚ݈݊
ܽ
ܾ
ቚ 

Thus 

݈݅݉
→ஶ

න
−(ݔ)݂ ߙ

ݔ







ݔ݀ = 0, ݈݅݉
→ஶ

න
−(ݔ)݂ ߚ

ݔ






ݔ݀ = 0 

So, letting ݊ tend to ∞ in (1) we get   ݈݅݉→ஶ ∫
(௫)ି(௫)

௫

భ


= ߙ) − (ߚ ݈݊ 


 

In particular, if ܽ = 3, ܾ = (ݔ)2݂	 = ௦ ௫
ଵା௫

 we get: 

݈݅݉
→ஶ

න
1
ݔ



ଵ


൬
ݏܿ ݔ3
1 + ݔ3 −

ݏܿ ݔ2
1 + ൰ݔ2 ݔ݀ = ݈݊

2
3 

3.104  

0 ≤ ݊݅ݏ ൬
݇
݊൰ ≤

݇
݊ 

݊ଵସ ≤ ݇ + ݊ଵସ ≤ ݊ + ݊ଵସ ⇒ ݊ଶ ≤ ඥ݇ + ݊ଵସళ ≤ ඥ݊ + ݊ଵସళ  

⇒
0

(݊ + ݊ଵସ)
ଵ

≤

݊݅ݏ ቀ݇݊ቁ

√݇ + ݊ଵସళ ≤
݇
݊ଷ ⇒ 0 ≤ 

݊݅ݏ ቀ݇݊ቁ

(݇ + ݊ଵସ)
ଵ




ୀଵ

≤
1
݊ଷ ⋅ ݇



ୀଵ

 

⇒ 0 ≤
݊݅ݏ ቀ݇݊ቁ

(݇ + ݊ଵସ)
ଵ




ୀଵ

≤
݊(݊ + 1)

2݊ଷ  
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As ݈݅݉→ஶ
(ାଵ)
ଶయ

= ݈݅݉→ஶ
ାଵ
ଶమ

= 0 

∴ by the Sandwich theorem: ݈݅݉→ஶ ∑
௦ቀೖቁ

[ାభర]
భ
ళ


ୀଵ = 0 

3.105  

(݊)ߗ = 
2݇ଶ + 2݊݇ + ݇ − 1

(2݇ + 2݊ + 2)‼

ஶ

ୀଵ

= ൬
݇

(2݇ + 2݊)‼ −
݇ + 1

(2݇ + 2݊ + 2)‼൰
ஶ

ୀଵ

=
1

(2݊ + 2)‼ 

Now, 

݈݅݉
→ஶ

൫݊! ⋅ ൯(݊)ߗ = ݈݅݉
→ஶ

൬
݊!

(2݊ + 2)‼൰ = ݈݅݉
→ஶ

൬
1

2ାଵ(݊ + 1)൰ 

∴ ݈݅݉
→ஶ

൫݊! ⋅ ൯(݊)ߗ = 0 

3.106  

For ݊ ≥ 3, 

ܽ + ܽିଶ = න(݊ܽݐ ିଶ(ݔ

గ
ସ



(1 + ଶ݊ܽݐ ݔ݀(ݔ = න(݊ܽݐ ିଶ(ݔ

గ
ସ



ଶܿ݁ݏ ݔ ݔ݀ = 

= 
1

݊ − 1
݊ܽݐ) ିଵ൨(ݔ



గ
ସ

=
1

݊ − 1 

∴ ݈݅݉
→ஶ


1

(݊ − 2)(ܽ + ܽିଶ)൨
ଶ

= ݈݅݉
→ஶ


1

(݊ − 2) ቀ 1
݊ − 1ቁ



ଶ

= ݈݅݉
→ஶ


݊ − 1
݊ − 2൨

ଶ

 

= ݈݅݉
→ஶ

ቈ൬1 +
1

݊ − 2൰
ିଶ


ଶ

ቈ൬1 +
1

݊ − 2൰


 = (݁ଶ)(1) = ݁ଶ 

3.107  

݇ଶ + 1
(݇ − 1)݇(݇ + 1)! =

(݇ + 1)ଶ − 2݇
(݇ − 1)݇(݇ + 1)! =

݇ + 1
(݇ − 1)݇݇! −

2
(݇ − 1)(݇ + 1)! = 
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=
1

(݇ − 1)݇! +
1

(݇ − 1)݇݇! −
2

(݇ − 1)(݇ + 1)! =
1

(݇ − 1)݇! −
2

(݇ − 1)(݇ + 1)! +
1

(݇ − 1)݇݇! 

=
݇ − 1

(݇ − 1)(݇ + 1)! +
1

(݇ − 1)݇݇! =
1

(݇ + 1)! +
1

(݇ − 1)݇݇! =
1

(݇ + 1)! +
1 − ݇ + ݇

(݇ − 1)݇݇! = 

=
1

(݇ + 1)! −
݇ − 1

(݇ − 1)݇݇! +
݇

(݇ − 1)݇݇! =
1

(݇ + 1)!−
1
݇݇! +

1
(݇ − 1)݇! = 

=
1

(݇ + 1)! +
1− ݇ + ݇
(݇ − 1)݇! −

1
݇݇! =

1
(݇ + 1)!−

݇ − 1
(݇ − 1)݇! +

݇
(݇ − 1)݇! −

1
݇݇! ⇒ 

⇒
݇ଶ + 1

(݇ − 1)݇(݇ + 1)! =
1

(݇ + 1)! −
1
݇! +

1
(݇ − 1)(݇ − 1)! −

1
݇݇! ⇒ 

⇒
1 + ݇ଶ

(݇ − 1)݇(݇ + 1)!



ୀଶ

= ൬
1

(݇ + 1)!−
1
݇! +

1
(݇ − 1)(݇ − 1)! −

1
݇݇!൰



ୀଶ

 

=
1

(݊ + 1)! −
1
2! + 1 −

1
݊݊! =

1
2 +

1
(݊ + 1)! −

1
݊݊! ⇒ 

∑ ଵାమ

(ିଵ)(ାଵ)!

ୀଶ = ଵ

ଶ
− ଵ

(ାଵ)!
  (1) 

From (1) we must calculate: 

݈݅݉
→ஶ

ඨ
1
݊ ൬

1
2 −

1
݊(݊ + 1)!൰


= ݈݅݉

→ஶ

1
݊ + 1 ൬

1
2−

1
(݊ + 1)(݊ + 2)!൰

1
݊ ൬

1
2 −

1
݊(݊ + 1)!൰

=

= ݈݅݉
→ஶ

݊
݊ + 1 ⋅

1
(݊ + 1)(݊ + 2)!
1
2 −

1
݊(݊ + 1)!

= 1 

3.108  

Let ܽ = ∏ ቀ1 + (ା)మ

య
ቁ

ୀଵ ⇒ ݈݊ ܽ = ∑ ݈݊ ቀ1 + (ା)మ

య
ቁ

ୀଵ  

Now, using: ݔ − ௫మ

ଶ
≤ ݈݊(1 + (ݔ ≤ ݔ∀,ݔ ≥ 0 

ݔ =
(݊ + ݇)ଶ

݊ଷ ⇒
(݊ + ݇)ଶ

݊ଷ −
(݊ + 1)ସ

2݊ ≤ ݈݊ቆ1 +
(݊ + ݇)ଶ

݊ଷ ቇ ≤
(݊ + ݇)ଶ

݊ଷ ⇒ 
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⇒ ∑ (ା)మ

య

ୀଵ −∑ (ାଵ)ర

ଶల

ୀଵ ≤ ∑ ݈݊ ቀ1 + (ାଶ)మ

య
ቁ

ୀଵ ≤ ∑ (ା)మ

య

ୀଵ    (1) 

But ݈݅݉→ஶ
ଵ
య
∑ (݊ + ݇)ଶ
ୀଵ = ݈݅݉→ஶ

ଵ

∑ ቀ1 + 


ቁ
ଶ


ୀଵ = ∫ (1 + ଶଵ(ݔ

 ݔ݀ = 

= (ଵା௫)య

ଷ
ቚ10 = 

ଷ
   (2) 

݈݅݉
→ஶ

1
2݊

(݊ + ݇)ସ


ୀଵ

= ݈݅݉
→ஶ

1
2݊


1
݊൬1 +

݇
݊൰

ସ

ୀଵ

൩ = 

= ݈݅݉
→ஶ

ଵ
ଶ
ቀ∫ (1 + ଵݔସ݀(ݔ

 ቁ = 0  (3) 

From (1)+(2)+(3) ⇒ ݈݅݉→ஶ ݈݊ ܽ = 
ଷ
⇒ ߗ = ݈݅݉→ஶ ܽ = ݁

ళ
య 

3.109  

ߗ = ݈݅݉
→ஶ

⎝

⎜
⎛
݊ ⋅ න

ݔ ݊݅ݏ ݔ + ݏܿ ݔ
2 ݊݅ݏ ݔ + 3 ݏܿ ݔ + 6

ଵ
ళ



ݔ݀

⎠

⎟
⎞

= ݈݅݉
→ஶ

൮
∫ ݔ ݊݅ݏ ݔ + ݏܿ ݔ

2 ݊݅ݏ ݔ + 3 ݏܿ ݔ + 6

ଵ
ళ
 ݔ݀

1
݊

൲ 

=
௧ୀ ଵ
ళ ݈݅݉

௧→
ቌ
∫ ݔ ݊݅ݏ ݔ + ݏܿ ݔ

2 ݊݅ݏ ݔ + 3 ݏܿ ݔ + ݔ6݀
௧


ݐ
ቍ =ு ݈݅݉

௧→
ቌ
݀
ݐ݀ ∫

ݔ ݊݅ݏ ݔ + ݏܿ ݔ
2 ݊݅ݏ ݔ + 3 ݏܿ ݔ + ݔ6݀

௧


݀
ݐ݀ (ݐ)

ቍ 

= ݈݅݉
௧→

ݐ ݊݅ݏ ݐ + ݏܿ ݐ
2 ݊݅ݏ ݐ + 3 ݏܿ ݐ + 6 =

0 + 1
0 + 3 + 6 =

1
9 

3.110  

݈݅݉→ஶ ߗ = ∞ because ݈݅݉→ஶ(݊ − 6)ቀ7
7ቁ = ∞ 

ߗ = ݈݅݉
→ஶ

(ߗ)
ଵ
 = ݈݅݉

→ஶ
݁
(ఆ)

 = ݈݅݉
→ஶ

݁
ఆశభ
ఆ = ݈݅݉

→ஶ

ାଵߗ
ߗ

= 

= ݈݅݉
→ஶ

ቀ݊ + 1
7 ቁ+ 2 ቀ݊7ቁ + ⋯+ (݊ − 5)ቀ7

7ቁ

ቀ݊7ቁ + 2 ቀ݊ − 1
7 ቁ + ⋯+ (݊ − 6)ቀ7

7ቁ
=

ௌ௧௭ି௦

ஶ
ஶ  
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݈݅݉
→ஶ

ቀ݊ + 2
7 ቁ + ⋯+ ቀ7

7ቁ

ቀ݊ + 1
7 ቁ + ቀ݊7ቁ + ⋯+ ቀ7

7ቁ
= ݈݅݉

→ஶ

ቀ݊ + 3
7 ቁ

ቀ݊ + 2
7 ቁ

= ݈݅݉
→ஶ

(݊ + 3)!
(݊ − 4)!
(݊ + 2)!
(݊ − 5)!

= 

= ݈݅݉
→ஶ

(݊ − 3)(݊ − 2)(݊ − 1)݊(݊ + 1)(݊ + 2)(݊ + 3)
(݊ − 4)(݊ − 3)(݊ − 2)(݊ − 1)݊(݊ + 1)(݊ + 2) = 1 

ߗ = 1. 

3.111  

ߗ = ݈݅݉
→ஶ

݊ − √5 − √15 − √25 −⋯− √10݊ − 5

݊ − √10 − √20 − √30 −⋯− √10݊ = 

= ݈݅݉
→ஶ

൫ √5 − 1൯ + ൫√15 − 1൯ + ൫√25 − 1൯ + ⋯+ ൫√10݊ − 5 − 1൯
൫√10 − 1൯ + ൫ √20 − 1൯ + ൫ √30 − 1൯ + ⋯+ ൫ √10݊ − 1൯

= 

= ݈݅݉
→ஶ

1
݊ (݈݊ 5 + ݈݊ 15 + ݈݊ 25 + ⋯+ ݈݊(10݊ − 5)) + ܱ ቀ 1

݊ଶቁ
1
݊ (݈݊ 10 + ݈݊ 20 + ݈݊ 30 + ⋯+ ݈݊(10݊)) + ܱ ቀ 1

݊ଶቁ
= ݈݅݉

→ஶ

∑ ݈݊(10݊ − 5)
ୀଵ
∑ ݈݊(10݊)
ୀଵ

 

=ௌ௧௭ି௦	௧ ݈݅݉
→ஶ

݈݊(10݊ − 5)
݈݊(10݊)  

∴ ߗ =
݊ − √5 − √15 − √25 −⋯− √10݊ − 5

݊ − √10 − √20 − √30 −⋯− √10݊ = 1 

3.112  

Let ܽ = ଵ
ଶ
∏ ቀ2 − ଷ

ଷିଵ
ቁ

ୀଵ = ∏ ቀ1− ଷ
ିଶ

ቁ
ୀଵ = ∏ ିହ

ିଶ

ୀଵ     (1) 

√1 ⋅ 7 <
1 + 7

2 = 4

√7 ⋅ 13 <
7 + 13

2 = 10

√13 ⋅ 19 <
13 + 19

2 = 16
⋮

ඥ(6݊ − 11)(6݊ − 5) < 6݊ − 8⎭
⎪⎪
⎪
⎬

⎪⎪
⎪
⎫

⇒ 

⇒ 1 ⋅ 7 ⋅ 13 ⋅ … ⋅ (6݊ − 11)√6݊ − 5 < 4 ⋅ 10 ⋅ … ⋅ (6݊ − 8) ⇒ 
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⇒
1 ⋅ 7 ⋅ 13 ⋅ … ⋅ (6݊ − 11)√6݊ − 5

4 ⋅ 10 ⋅ … ⋅ (6݊ − 8) < 1 ⇒ 

⇒ ଵ⋅⋅ଵଷ⋅…⋅(ିହ)
ସ⋅ଵ⋅…⋅(ିଶ)

< √ିହ
ିଶ

   (2) 

From (1)+(2) ⇒ 0 < ܽ < √ିହ
ିଶ

⇒ ݈݅݉→ஶ ܽ = 0 

3.113  

ߗ = ݈݅݉
→ஶ

݊ଶ ൬7
ଵ

ାହ − 7
ଵ

ା଼൰ = ݈݅݉
→ஶ

݊ଶ 7
ଵ

ା଼ ൬7
ଵ

ାହି
ଵ

ା଼ − 1൰ = 

= ݈݅݉
→ஶ

݊ଶ ⋅7
ଵ

ା଼ ⋅ ቆ7
ଷ

(ାହ)(ା଼) − 1ቇ = ݈݅݉
→ஶ

7
ଵ

ା଼

ቆ7
ଷ

(ାହ)(ା଼) − 1ቇ

3
(݊ + 5)(݊+ 8)

⋅
3݊ଶ

(݊ + 5)(݊ + 8) = 3 ݈݊ 7 

3.114  

ݔ ݏܿ ݔ ≤ ݊݅ݏ ݔ ≤ ݔ∀,ݔ ≥ 0 ⇒
1

݊ + ݇ ݏܿ
1

2݊ ≤
1

݊ + ݇ ݏܿ
1

݊ + ݇ ≤ ݊݅ݏ
1

݊ + ݇ ≤
1

݊ + ݇ ⇒ 

⇒ ݏܿ ଵ
ଶ
∑ ଵ

ା

ୀଵ ≤ ∑ ݊݅ݏ ଵ

ା

ୀଵ ≤ ∑ ଵ

ା

ୀଵ    (1) 

But ݈݅݉→ஶ ∑
ଵ

ା

ୀଵ = ݈݅݉→ஶ

ଵ

∑ ଵ

ଵାೖ


ୀଵ = ∫ ଵ

ଵା௫
ଵ
 ݔ݀ = ݈݊ 2    (2) 

From (1)+(2)⇒ ݈݅݉→ஶ߱ = ݈݊ 2   (3) 

ߗ = ݈݅݉
→ஶ

൫ √݊ + 1శభ ⋅ ߱ାଵ − √݊ ߱൯ = 

= ݈݅݉
→ஶ

൫ √݊ + 1శభ ⋅ ߱ାଵ − √݊ ⋅ ߱ାଵ + √݊ ߱ାଵ − √݊ ߱൯ 

= ݈݅݉→ஶ߱ାଵ൫ √݊ + 1శభ − √݊ ൯ + ݈݅݉→ஶ √݊ (߱ାଵ − ߱)    (4) 

݈݅݉→ஶ √݊ (߱ାଵ −߱) = 1 ⋅ (݈݊ 2 − ݈݊ 2) = 0   (5) 

Let ݂: [݊,݊ + 1] → ℝ;݂(ݔ) = ݔ
భ
ೣ 

From Lagrange’s theorem ∃ܿ ∈ (݊, ݊ + 1), so that: 
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(ାଵ)ି()
ାଵି

= ݂ᇱ(ܿ) ⇒ (݊ + 1)
భ

శభ − ݊
భ
 = ݂ᇱ(ܿ)   (6) 

݂ᇱ(ݔ) = ݔ
భ
ೣ ቀଵି ௫

௫మ
ቁ   (7) 

From (6)+(7)⇒ √݊ + 1శభ − √݊ = ܿ
భ
 ቀଵି 

మ
ቁ ⇒ 

݈݅݉→ஶ൫ √݊ + 1శభ − √݊ ൯ = ݈݅݉→ஶ ܿ
భ
 ቀଵି 

మ
ቁ    (8) 

Because ܿ ∈ (݊, ݊ + 1), ݈݅݉→ஶ ݔ
భ
ೣ ⋅ ቀଵି ௫

௫మ
ቁ = 0   (9) 

݈݅݉௫→ஶ ݔ
భ
ೣ = ݈݅݉௫→ஶ ݁

ೣ
ೣ = ݁ೣ→ಮ

భ
ೣ = ݁ = 1

݈݅݉௫→ஶ
ଵି ௫
௫మ

= ݈݅݉௫→ஶ
ିభೣ
ଶ௫

= 0
ቑ ⇒ (9) 

From (9) ⇒ ݈݅݉→ஶ߱ାଵ ൫ √݊ + 1శభ − √݊ ൯ = ݈݊ 2 ⋅ 0 = 0 (10) 

From (4)+(5)+(10)⇒ ߗ = 0. 

3.115  

ߗ = ݈݅݉→ஶ
൫ଵା൯⋅൫ଵାଶ൯
(ଵାହ)⋅(ଵାଷ)

= ݈݅݉→ஶ

ቀభశళቁ


⋅
ቀభశమቁ


൫భశఱ൯


⋅൫భశయ

൯


    (1) 

݈݅݉→ஶ
ு
ீ

= ∞. Let ܽ > 1. 

݈݅݉
→ஶ

݈݊(1 + ܽ ்)

ܶ
=.ௌ. ݈݅݉

→ஶ

݈݊(1 + ܽ ்శభ) − ݈݊(1 + ܽ ்)

ܶାଵ − ܶ
= ݈݅݉

→ஶ

݈݊ ൬1 + ܽ ்శభ

1 + ܽ ் ൰

ܶାଵ − ܶ
= 

= ݈݅݉
→ஶ

݈݊ ൬1 + 1 + ܽ ்శభ

1 + ܽ ் − 1൰

ܶାଵ − ܶ
= ݈݅݉

→ஶ

݈݊ ൬1 + ܽ ்శభ − ܽ ்

1 + ܽ ் ൰

ܽ ்శభ − ܽ ்

1 + ܽ ்

⋅
ܽ ்శభ − ܽ ்

(1 + ܽ ்)( ܶାଵ − ܶ) = 

= ݈݅݉→ஶ
൫శభషିଵ൯
(ଵା)( ்శభି ்)

= ݈݅݉→ஶ
శభషିଵ

ቀ భ
ೌ

ାଵቁ( ்శభି ்)
= ݈݊ ܽ   (1) 

From (1) ⇒ ߗ =  ⋅ ଶ
 ହ⋅ ଷ

 

Observation: ݈݅݉→ஶ ܶାଵ − ܶ = 0, because. 
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݈݅݉
→ஶ

൬
ାଵܪ
ାଵܩ

−
ܪ
ܩ
൰ = ݈݅݉

→ஶ

1 + 1
2 + ⋯+ 1

݊ + 1
1 + 1

2ଶ + ⋯+ 1
(݊ଶ + 1)ଶ

−
1 + 1

2 + ⋯+ 1
݊

1 + 1
2ଶ + ⋯+ 1

݊ଶ
= 

= ݈݅݉
→ஶ

ቀ1 + 1
2 + ⋯+ 1

݊ + 1ቁ ቀ1 + 1
2ଶ + ⋯+ 1

݊ଶቁ − ቀ1 + 1
2 + ⋯+ 1

݊ቁ ൬1 + 1
2ଶ + ⋯+ 1

(݊ + 1)ଶ൰

ܩ ⋅ ାଵܩ
 

= ݈݅݉
→ஶ

1
݊ + 1 ቀ1 + 1

2ଶ + ⋯+ 1
݊ଶቁ −

1
(݊ + 1)ଶ ቀ1 + 1

2 + ⋯+ 1
݊ቁ

ܩ ⋅ ାଵܩ
= 

= ݈݅݉
→ஶ

1
݊ + 1 ቀ1 + 1

2ଶ + ⋯+ 1
݊ଶቁ −

1 + 1
2 + ⋯+ 1

݊
݊ + 1 

ܩ ⋅ ାଵܩ
= 0 

because ݈݅݉→ஶ ܩ = గమ


, and ݈݅݉→ஶ

ଵାభమା⋯ା
భ


ାଵ
=
(ଵ)

݈݅݉→ஶ
ଵ

ାଵ
= 0 

3.116  

ߗ = ݈݅݉→ஶ ቀ1 − ݈݊ 2 + ∑ ݊݅ݏ ଵ
ା


ୀଵ ቁ


   (1) 

Lemma: ∀ݔ ∈ ݔ:[߁,0] ቀ1− ௫
௰
ቁ ≤ ݊݅ݏ ݔ ≤   LHS is easily proven by considering the function .ݔ

(ݔ)݂ = ݔ ቀ1− ௫
௰
ቁ − ݊݅ݏ  .[߁,0] over ݔ

ݔ = ଵ
ା

→ ଵ
ା

ቂ1 − ଵ
௰(ା)

ቃ ≤ ݊݅ݏ ଵ
ା

≤ ଵ
ା

   (2). We know that  

∑ ଵ


ஶ
ଵ = ∞ and that ∑ ଵ



ଵ = ݈݊ 2 − ߛ + ߝ  where ߛ = constant and ߝ ≃ ଵ

ଶ
→ 0,݇ → ∞. Also  

∑ ଵ


ଶ
ଵ = ݈݊(2݊)− ߛ + ଶߝ , ଶߝ ≃

ଵ
ସ

. This means that 

 
∑ ଵ

ା

ୀଵ = ቀ∑ ଵ


ଶ
ଵ ቁ − ቀ∑ ଵ



ଵ ቁ = ݈݊ 2 − ଵ

ସ
. Now, ∑ ଵ

మ
ஶ
ଵ = ௰మ


,∑ ଵ

(ଶ)మ
ஶ
ଵ = ௰మ


 therefore   

 
∑ ଵ

(ା)మ

ୀଵ → 0 when ݊ → ∞. Taking sums to infity in (2) → 
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݈݅݉→ஶ ቀ∑
ଵ

ା

ୀଵ −∑ ଵ

௰(ା)మ

ୀଵ ቁ = ݈݊ 2 − 0 and in the RHS ݈݅݉→ஶ ∑

ଵ
ା


ୀଵ = ݈݊ 2.  

We can write also ݈݊ 2− ଵ
ସ

< ∑ ଵ
ା


ୀଵ < ݈݊ 2 − ଵ

ସ
 and in turn:  

൬1−
1

4݊൰


< ൭1 − ݈݊ 2 + ݊݅ݏ
1

݇ + ݊



ୀଵ

൱


< ൬1−
1

4݊൰


 

Taking limits ݁ି
భ
ర < ߗ < ݁ି

భ
ర hence ߗ = ݁ି

భ
ర. Done! 

3.117  

ߗ = ݈݅݉
→ஶ

൫1 + 2√2 + 3√3య + ⋯+ ݊ √݊ ൯
ାଵ

(1 + 3 + ⋯+ (2݊ − 1))ାଵ  

= ݈݅݉→ஶ(ݔ ⋅ ݔ )   whereݕ =
ቀଵାଶ√ଶାଷ √ଷయ ା⋯ା √ ቁ

శభ


 and 

ݕ = 
(ଵାଷା⋯ା(ଶିଵ))శభ

  for all ݊ ∈ ℕ, , ݍ ≥ 1 

݈݅݉
→ஶ

ඥݔ
శభ = ݈݅݉

→ஶ

1 + 2√2 + 3√3య + ⋯+ ݊ √݊

√݊
శభ =

ாௌோை
ௌ்ை

݈݅݉
→ஶ

(݊ + 1) √݊ + 1శభ

√݊ + 1శభ − √݊
శభ  

= ݈݅݉→ஶ

⎝

⎜
⎛
݊


శభ (ାଵ) √ାଵశభ

ቀభశభቁ
భ

శభషభ
భ
 ⎠

⎟
⎞

= ݍ) + 1) ݈݅݉→ஶ ݊


భశ (݊ + 1) where ݈݅݉→ஶ √݊ = 1 

݈݅݉
→ஶ

ݔ = ݍ) + 1)ାଵ ݈݅݉
→ஶ

݊(݊ + 1)(ାଵ)  

݈݅݉
→ஶ

ඥݕ
శభ = ݈݅݉

→ஶ

√݊
శభ

1 + 3 + ⋯+ (2݊ − 1) = ݈݅݉
→ஶ

√݊ + 1శభ − √݊
శభ

(2݊ + 1)  

= ݈݅݉
→ஶ

⎝

⎜
⎜
⎜
⎜
⎛

݊ି


ଵା

ቀ1 + 1
݊ቁ

ଵ
ାଵ

− 1
1
݊

(2݊ + 1)

⎠

⎟
⎟
⎟
⎟
⎞

=
1

 + 1 ݈݅݉
→ஶ

1

݊


ଵା(2݊ + 1)
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݈݅݉
→ஶ

ݕ =
1

) + 1)ାଵ ݈݅݉→ஶ

1
݊(2݊ + 1)(ାଵ)  

∴ ݈݅݉→ஶ ߗ = ݈݅݉→ஶ(ݔݕ) = (ାଵ)శభ

(ାଵ)శభ
݈݅݉→ஶ

(ାଵ)(శభ)

(ଶାଵ)(శభ) = (ାଵ)శభ

ଶశ(ାଵ)శభ
 (Answer) 

3.118  

ܮ = ݈݅݉
→ஶ


(−1)(݇)! (2݊ − ݇)!

(2݊)!

ଶ

ୀ

	 , ܮ = ݈݅݉
→ஶ

1
(2݊)!

(2݊ − ݇)! (݇)! (−1)
ଶ

ୀ

 

= ݈݅݉
→ஶ

1
(2݊)!

൫(2݊)!− (2݊ − 1)! + (2݊ − 2)! (2)! − (2݊ − 3)! (3)! … ൯ + (2݊ − 1)! + (2݊)! 

= ݈݅݉
→ஶ

2൫(2݊)!− (2݊ − 1)! + (2݊ − 2)! (2)!൯
(2݊)! +

(݊!)ଶ(−1)

(2݊)! = 2 + ݈݅݉
→ஶ

(−1)(݊!)ଶ

(2݊)!  

= 2 + ݈݅݉→ஶ
(ିଵ)ଶగቀቁ

మ

√ଶగ√ଶቀ
మ
 ቁ

మ ܮ     . = 2 +  ଵܮ

ଵܮ = ݈݅݉→ஶ
(ିଵ)√గ

(ଶ)మ
⇒ ଵܮ = 0, ܮ = 2   (Answer) 

3.119   

ߗ = ݁
ഏ
ర 	Proof. 

݂ = ∏ మାమା
మାమ


ୀଵ 	Since ௫ିଵ

௫
< (ݔ)݈݃ < ݔ − 1, 


݊

݇ଶ + ݊ + ݊ଶ



ୀଵ

< (݂)݈݃ = ቆ݈݃ቆ
݇ଶ + ݊ଶ + ݊
݇ଶ + ݊ଶ ቇቇ



ୀଵ

< 
݊

݇ଶ + ݊ଶ



ୀଵ

 

Note that by removing the logs we have something resembling Dirichlet series. 

We have the upper bound taken continuously ∫ 
మାమ


 ݀݇ = గ

ସ
 

and the lower bound ∫ 
మାమା


 ݀݇ =

√ ௧షభቆට


శభቇ

√ାଵ
 

݈݅݉→ஶ

√ ௧షభቆට


శభቇ

√ାଵ
= గ

ସ
, which completes the proof. 
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3.120  

ߗ = ݈݅݉
→ஶ

න
(ݔ݊)ܿ݁ݏܿݎܽ 1)݈݃ − (ݔ

ଶݔ2 − ݔ2 + 1

ଵ
ଶ



 ݔ݀

= න
݈݅݉
→ஶ

(ݔ݊)ܿ݁ݏܿݎܽ −1)݈݃ (ݔ

2 ൜ቀݔ − 1
2ቁ

ଶ
+ 1

4ൠ

ଵ
ଶ



ݔ݀ =
ߨ
4
න

1)݈݃ − (ݔ

ቀݔ − 1
2ቁ

ଶ
+ 1

4

ଵ
ଶ



 ݔ݀

= −
ߨ
4
න
݈݃ ቀݖ + 1

2ቁ

ଶݖ + 1
4



ଵ
ଶ

	ݖ݀ ൦
݁ݎℎ݁ݓ

1
2 − ݔ = ݖ ⇒ ݔ݀ − ݖ݀

ݔ	ℎ݁݊ݓ = 0, ݖ =
1
2 ݔ	ℎ݁݊ݓ; =

1
2 , ݖ = 0

൪ 

=
ߨ
4
න
݈݃ ቀݖ + 1

2ቁ

ଶݖ + 1
4

ଵ
ଶ



ݖ݀ =
ߨ
2
න ݈݃ ൬

݊ܽݐ ߠ + 1
2 ൰

గ
ସ



ߠ݀ ൦
ݖ	݁ݎℎ݁ݓ =

1
2 ݊ܽݐ ߠ ⇒ ݖ݀ =

1
2 ܿ݁ݏ

ଶ ߠ ߠ݀

ݖ	ℎ݁݊ݓ = ߠ,0 = ݖ	ℎ݁݊ݓ;0 =
1
2 , ߠ =

ߨ
4

൪ 

=
ߨ
2
න ቐ݈݃

݊ܽݐ ቀ4ߨ − ቁߠ + 1
2

ቑ

గ
ସ



ߠ݀ =
ߨ
2
න ቌ݈݃

1 − ݊ܽݐ ߠ
1 + ݊ܽݐ ߠ + 1

2
ቍ݀ߠ

గ
ସ



 

=
ଶߨ

8 ݈݃ 2 −න ݈݃ ൬
݊ܽݐ ߠ + 1

2 ൰

గ
ଶ



ߠ݀ ⇒ ߗ2 =
ଶߨ ݈݃ 2

8 ⇒ ߗ =
ଶߨ ݈݃ 2

16  

3.121  

We know, ݈݅݉௨→
(ଵା௨)ೝିଵ

௨
=  ݎ

ାଵݔ = ∑ ଵ
௫



ୀଵ = ݔ + ଵ

௫
 , ∈ ℕ∗and ݔ > 0 

Now, {ݔ}ୀଵஶ  is an increasing function hence let ݈݅݉→ஶ ݔ = ݈ 

∴ ݈ = ݈ + ଵ

⇒ ݈ → ∞, which is a contradiction, ∴ ݈݅݉→ஶ ݔ = ∞ 
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∴ ߗ = ݈݅݉
→ஶ

ቌ
1

√݊ାଶ
శభ ⋅ ඨ  ݔݔ

ଵஸழஸ

ቍ ⇒ ߗ2√ = ݈݅݉
→ஶ

ቌ
1

√݊ାଶ
శభ ⋅ ඨ2  ݔݔ

ଵஸழஸ

ቍ 

⇒ ߗ2√ = ݈݅݉
→ஶ

⎝

⎛ 1

√݊ାଶ
శభ ⋅ ඩ൭ݔ



ୀଵ

൱
ଶ

−ݔଶ


ୀଵ
⎠

⎞ = ݈݅݉
→ஶ

ଵݔ + ଶݔ + ⋯+ ݔ
√݊ାଶ

శభ  

∵ ݈݅݉
→ஶ

ଵଶݔ + ଶଶݔ + ⋯+ ଶݔ

݊
ଶାସ
ାଵ

= 0൩ 

=
ாௌோை
ௌ்ை

݈݅݉
→ஶ

ାଵݔ

(݊ + 1)
ାଶ
ାଵ − ݊

ାଶ
ାଵ

= ݈݅݉
→ஶ

ାଵݔ
√݊

శభ

ቀ1 + 1
݊ቁ

ାଶ
ାଵ

− 1
1
݊

=
 + 1
 + 2 ݈݅݉

→ஶ

ାଵݔ
√݊

శభ  

=
 + 1
 + 2

ඨ݈݅݉
→ஶ

ାଵݔ
ାଵ

݊

శభ

=
ாௌோை
ௌ்ை  + 1

 + 2 ට݈݅݉
→ஶ

൫ݔାଶ
ାଵ − ାଶݔ

ାଵ൯శభ  

=
 + 1
 + 2

ඨ݈݅݉
→ஶ

൝ቆݔାଵ +
1

ାଵݔ
 ቇ

ାଵ

− ାଵݔ
ାଵൡ

శభ
=
 + 1
 + 2

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
ለ

݈݅݉
௫శభ→ஶ

ቆ1 + 1
ାଵݔ
ାଵቇ

ାଵ

− 1

1
ାଵݔ
ାଵ

శభ

 

= (ାଵ) ඥାଵ
శభ

ାଶ
= ඥ(ାଵ)శమ

శభ

ାଶ
⇒ ߗ = ඥ(ାଵ)శమ

శభ

√ଶ(ାଶ)
  (Answer) 

3.122  

We know, (ܽ݊݅ݏܿݎ ଶ(ݔ = ଵ
ଶ
∑ (ଶ௫)మ

ቀమ൫ଶ ൯ቁ
ஶ
ୀଵ  where ݔ ∈ [−1,1] 

݂(ଶ)(ݔ) =
2ଶିଵ(݊!)ଶ

݊ଶ +
1
2 

2ଶݔ ⋅ (2݉)!

ቆ݉ଶ ቀ2݉
݉ ቁቇ

ஶ

ୀାଵ

⇒ ݂(ଶ)(0) =
2ଶିଵ(݊!)ଶ

݊ଶ  
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ߗ = ݈݅݉
→ஶ

ඥ݂(ଶ)(0)మ

݊ = ݈݅݉
→ஶ

ඩට
2ଶିଵ(݊!)ଶ

݊ଶ


݊ଶ = ඩ݈݅݉
→ஶ

ඨ2ଶିଵ ⋅ (݊!)ଶ

݊ଶ(ାଵ)


 

=
ுି

ᇲாொோ் ඨ݈݅݉
→ஶ

ቆ
2ଶାଵ ⋅ {(݊ + 1)!}ଶ

(݊ + 1)ଶ(ାଶ) ⋅
݊ଶ(ାଵ)

2ଶିଵ ⋅ (݊!)ଶቇ = ඩ݈݅݉→ஶ

4

ቀ1 + 1
݊ቁ

ଶ ⋅
1

ቀ1 + 1
݊ቁ

ସ =
2
݁ 

3.123  

Let ܽ = ଵ
ଶ
∏ ቀ2 − ଷ

ଷିଵ
ቁ

ୀଵ = ∏ ቀ1− ଷ
ିଶ

ቁ
ୀଵ = ∏ ିହ

ିଶ

ୀଵ     (1) 

√1 ⋅ 7 <
1 + 7

2 = 4

√7 ⋅ 13 <
7 + 13

2 = 10

√13 ⋅ 19 <
13 + 19

2 = 16
⋮

ඥ(6݊ − 11)(6݊ − 5) < 6݊ − 8⎭
⎪⎪
⎪
⎬

⎪⎪
⎪
⎫

⇒ 

⇒ 1 ⋅ 7 ⋅ 13 ⋅ … ⋅ (6݊ − 11)√6݊ − 5 < 4 ⋅ 10 ⋅ … ⋅ (6݊ − 8) ⇒ 

⇒
1 ⋅ 7 ⋅ 13 ⋅ … ⋅ (6݊ − 11)√6݊ − 5

4 ⋅ 10 ⋅ … ⋅ (6݊ − 8) < 1 ⇒ 

⇒ ଵ⋅⋅ଵଷ⋅…⋅(ିହ)
ସ⋅ଵ⋅…⋅(ିଶ)

< √ିହ
ିଶ

   (2) 

From (1)+(2) ⇒ 0 < ܽ < √ିହ
ିଶ

⇒ ݈݅݉→ஶ ܽ = 0 

3.124  

݈݅݉
→ஶ

ݔ
ାଵ

݊ = ൞݈݅݉
→ஶ

ݔ
ାଵ


݊ ൢ



= ቊ ݈݅݉
→ஶ

ቆݔାଵ
ାଵ
 − ݔ

ାଵ
 ቇቋ



ݖ݈ݐܵ]	 − [ℎݐ	ݎܽݏ݁ܥ = 

= ݈݅݉
→ஶ

൝ݔ
ାଵ
 ൭൬

ାଵݔ
ݔ

൰
ାଵ

− 1൱ൡ
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= ݈݅݉
→ஶ

⎩
⎪
⎨

⎪
⎧

ݔ
ାଵ


⎝

⎜
⎛
൮1 +

1

ݔ + ݔ
ାଵ

൲

ାଵ


− 1

⎠

⎟
⎞

⎭
⎪
⎬

⎪
⎫


= ݈݅݉
→ஶ

൞ݔ
ାଵ
 ൮

 + 1


ݔ + ݔ
ାଵ

൲ൢ



= 

= ݈݅݉
→ஶ

൞൮

 + 1


ݔ
ିଵ + 1

൲ൢ



∴ ݈݅݉
→ஶ

ݔ
ାଵ

݊ = ൬
 + 1
 ൰



 

⎣
⎢
⎢
⎢
⎡

	݁ݎ݁ܪ ݈݅݉
→ஶ

ݔ = ∞ ∴ ݈݅݉
→ஶ

1

ݔ + ݔ
ାଵ


= 0 ∴ ݈݅݉
→ஶ

൮1 +
1

ݔ + ݔ
ାଵ

൲

ାଵ


− 1

= ݈݅݉
→ஶ

൮

 + 1


ݔ + ݔ
ାଵ

൲& ݈݅݉

→ஶ
ݔ
ିଵ = 0

⎦
⎥
⎥
⎥
⎤

 

3.125  

We know, ݈݅݉௨→
(ଵା௨)ೝିଵ

௨
= and ݈݅݉௨→ ݎ

(ଵି௨)షೝିଵ
௨

=  ݎ

ାଵݔ = −ඥ1ݔ ݔ
  where ݔ ∈ (0,1), 

then we have 1 > ݔ ≥ ଵݔ ≥ ଶݔ ≥ ଷݔ ≥ ⋯ ≥ ݔ ≥ ⋯ > 0 

∴ ୀଵஶ{ݔ}  is a decreasing function similarly, {ݕ}ୀଵஶ  defined by 

ାଵݕ = ݕ + ଵ
௬
షభ is an increasing function. 

Let ݈݅݉→ஶ ݔ = ݈ and ݈݅݉→ஶ ݕ = ݉ then ݈ = ݈ √1 − ݈ ⇒ ݈ = 0 and 

݉ = ݉ + ଵ
షభ ⇒ ݉ = ∞ ∴ ݈݅݉→ஶ ݔ = 0 and ݈݅݉→ஶ ݕ = ∞ 

ߗ = ݈݅݉
→ஶ

൫ݕඥݔ
 ൯ ⇒ ߗ = ݈݅݉

→ஶ
൮
ݕ


݊ ⋅
݊
1
ݔ

൲ 
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=
ாௌோை
ௌ்ை

݈݅݉
→ஶ

ାଵݕ
 − ݕ



݊ + 1− ݊ ⋅
݊ + 1 − ݊

1
ାଵݔ

− 1
ݔ

= ݈݅݉
→ஶ

ቆቆݕ +
1

ݕ
ିଵቇ



− ݕ
ቇ ⋅ ݈݅݉

→ஶ

1
1

−ඥ1ݔ ݔ
 − 1

ݔ

 

= ݈݅݉
௬→ஶ

ቆ1 + 1
ݕ
ቇ



− 1

1
ݕ


⋅ ݈݅݉
௫→

1

(1− ି(ݔ
ଵ
 − 1

ݔ

= ଶ ⇒ ߗ = ඥଶ  

3.126  

For  > 2. Let ܽ = ቀ

ቁ
భ
 = ଵ

ቀ ቁ
భ


 

2  ܽ ܽ
ଵஸழஸ

= ൭ܽ



ୀଵ

൱
ଶ

−ܽଶ


ୀଵ

 

⇒ 2
1
݊ଶ  ܽ ܽ

ଵஸழஸ

= ൭
1
݊ܽ



ୀଵ

൱
ଶ

−
1
݊ ⋅

1
݊ܽଶ



ୀଵ

 

2 ݈݅݉
→ஶ

1
݊ଶ  ܽ ܽ

ଵஸழஸ

= ൭݈݅݉
→ஶ

1
݊ܽ



ୀଵ

൱
ଶ

− ݈݅݉
→ஶ

1
݊
൭

1
݊ܽଶ





൱ 

= ቌන
1

ݔ
ଵ

ݔ݀

ଵ



ቍ

ଶ

− ൬݈݅݉
→ஶ

1
݊൰
න

1

ݔ
ଶ


ଵ



ݔ݀ = ൮
ିݔ

ଵ
ାଵ

1− 1

൪



ଵ

൲

ଶ

− (0) ൦
ଵିݔ

ଶ


1− 2

൪



ଵ

=
ଶ

) − 1)ଶ − 0 

⇒ ݈݅݉
→ஶ

1
݊ଶ  ܽ ܽ

ଵஸழஸ

=
ଶ

)2 − 1)ଶ 

ܫ                            3.127 = ∫ ௫మାଵ
௫రା௫మାଵ

ݔ݀ = ∫
ೣమశభ
ೣమ

ೣరశೣమశభ
ೣమ

ݔ݀ = ∫
ቀଵା భ

ೣమ
ቁ

ቀ௫ିభೣቁ
మ
ା൫√ଷ൯

మ ݔ݀ = 

= ൞
ݔ −

1
ݔ = ݐ

൬1 +
1
ଶ൰ݔ ݔ݀ = ݐ݀

ൢ = න
ݐ݀

ଶݐ + ൫√3൯
ଶ =

1
√3

݊ܽݐܿݎܽ
ݐ
√3

=
1
√3

݊ܽݐܿݎܽ
ଶݔ − 1
ݔ3√
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ܫ = න
ଶݔ + 1

ସݔ + ଶݔ + 1

ଵ
ఱ



ݔ݀ =
1
√3

݊ܽݐܿݎܽ
ଶݔ − 1
ݔ3√

อ
1
݊ହ
0

=
1
√3

݊ܽݐܿݎܽ
݊ହ√3
݊ଵ − 1 

ܮ = ݈݅݉
→ஶ

଼݊ ⋅
1
√3

⋅ ݊ܽݐܿݎܽ
݊ହ√3
݊ଵ − 1 =

1
√3

݈݅݉
→ஶ

݊ܽݐܿݎܽ ݊ହ√3
݊ଵ − 1

1
(݊)଼

=
0
0 

݈݅݉
→ஶ

1

1 + ቆ ݊ହ√3
݊ଵ − 1ቇ

ଶ ⋅
5√3݊ସ(݊ଵ − 1) − 10√3݊ହ݊ଽ

(݊ଵ − 1)ଶ

−8݊
݊ଵ

= 

= ݈݅݉
→ஶ

5√3݊ସ(݊ଵ − 1) − 10√3݊ଵସ
(݊ଵ − 1)ଶ + 3݊ଵ

− 8
݊ଽ

= − ݈݅݉
→ஶ

݊ଽൣ5√3݊ଵସ − 5√3݊ସ − 10√3݊ଵସ൧
8[݊ଶ − 2݊ଵ + 1 + 3݊ଵ] = 

= ݈݅݉
→ஶ

݊ଽ5√3[݊ଵସ + ݊ସ]
8[݊ଶ + ݊ଵ + 1] =

5√3
8 ݈݅݉

→ஶ

݊ଽ݊ଵସ ቂ1 + 1
݊ଵቃ

݊ଶ ቂ1 + 1
݊ଵ + 1

݊ଶቃ
=

5√3
8 ݈݅݉

→ஶ
݊ଷ = +∞ 

ܮ =
1
√3

⋅ (+∞) = +∞ 

3.128                                              We shall use the following results: 

1. ∑ ݇ ቀ݊݇ቁ

ୀ

ଵ
ଶ

= 
ଶ
 

2. ∑ ݇(݇ − 1)
ୀ ቀ݊݇ቁ

ଵ
ଶ

= (ିଵ)
ସ

 

3. (1), (2) ⇒ ∑ ݇ଶ ቀ݊݇ቁ

ୀ

ଵ
ଶ

= (ାଵ)
ସ

 

4. ଵ
ଶ
∑ ቀ݊݇ቁ

ୀ ቀ

ଶ
− ݇ቁ

ଶ
= ଵ

ସ
݊ଶ − మ

ଶ
+ (ାଵ)

ସ
= 

ସ
 

Main question 

Let ݂(ݔ) = ଵି݊݅ݏ ݔ , 0 ≤ ݔ ≤ 1 
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As ݂(ݔ) is continuous at ݔ = ଵ
ଶ
, given ߝ > ߜ∃	0 > 0 such that: 

ቚ݂(ݔ)− గ

ቚ = ቚ݂(ݔ)− ݂ ቀଵ

ଶ
ቁቚ < ఌ

ଶ
 whenever, ቚݔ − ଵ

ଶ
ቚ < ,ߜ 0 ≤ ݔ ≤ 1. 

Now, ଵ
ଶ
∑ ቀ݊݇ቁ

ୀଵ ଵି݊݅ݏ ቀ


ቁ − గ


= ଵ

ଶ
∑ ቀ݊݇ቁ

ୀ ቂି݊݅ݏଵ ቀ


ቁ − ଵି݊݅ݏ ቀଵ

ଶ
ቁቃ 

∵ ቀ݊݇ቁ


ୀ

= 2൩ 

=
1

2ቀ݊݇ቁ


ୀ

݂ ൬
݇
݊൰ − ݂ ൬

1
2൰൨ 

⇒ ቚ∑ ଵ
ଶ
ቀ݊݇ቁ


ୀ ቄି݊݅ݏଵ ቀ


ቁ − గ


ቅቚ ≤ ∑ ଵ

ଶ
ቀ݊݇ቁ


ୀ ቚି݊݅ݏଵ ቀ


ቁ − గ


ቚ   (1) 

We split the set {0,1,2, … ,݊} into two subsets ܣ and ܤ. 

0 ≤ ݇ ≤ ݊,݇ ∈ if ቚ ܣ

− ଵ

ଶ
ቚ < ݇ and ߜ ∈ if ቚ ܤ


− ଵ

ଶ
ቚ ≥  ߜ

Now, ∑ ଵ
ଶ
ቀ݊݇ቁ∈ ቚ݂ ቀ


ቁ − ݂ ቀଵ

ଶ
ቁቚ ≤ ఌ

ଶ
∑ ଵ

ଶ∈ ቀ݊݇ቁ ≤
ఌ
ଶ

(1) = ఌ
ଶ
   (2) 

If ݇ ∈ then ቚ ,ܤ

− ଵ

ଶ
ቚ ≥ ߜ ⇒ ቀ݇ − 

ଶ
ቁ
ଶ
≥ ݊ଶߜଶ 

Now, ∑ ଵ
ଶ∈ ቀ݊݇ቁ ቚ݂ ቀ



ቁ − ݂ ቀଵ

ଶ
ቁቚ ≤ ቀగ

ଶ
+ గ

ଶ
ቁ ଵ
మఋమ

∑ ቀ݇ − 
ଶ
ቁ
ଶ

∈ ቀ݊݇ቁ
ଵ
ଶ

 

≤ గ
మఋమ

⋅ 
ସ

   [using (4)] 

⇒ ∑ ଵ
ଶ
ቀ

ቁ∈ ቚ݂ ቀ


ቁ − ݂ ቀଵ

ଶ
ቁቚ ≤ గ

ସఋమ
   (3) 

We choose ݊ sufficiently large, so that గ
ସఋమ

< ఌ
ଶ
   (4) 

[This is possible as ଵ

→ 0 as ݊ → ∞]Using (1), (2), (3), (4) we get: 

ቚ ଵ
ଶ
∑ ቀ݊݇ቁ

ୀଵ ଵି݊݅ݏ ቀ


ቁ − గ


ቚ <  .݊ for sufficiently large values of				ߝ

⇒ ݈݅݉
→ஶ

1
2ቀ݊݇ቁ





ଵି݊݅ݏ ൬
݇
݊൰ =

ߨ
6 
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CHAPTER 9 

INTEGRALS-SOLUTIONS 

4.1 

නቀݔଵ + ඥ1 + ଶቁݔ
ଶଵ
ଵ = නቆ

(1 + (ଶݔ − ଶݔ

√1 + ଶݔ − ଵݔ
ቇ

ଶଵ
ଵ
ݔ݀ = 

= නቀඥ1 + ଶݔ − ଵቁݔ
ିଶଵଵ ݔ݀ = නቀඥ1 + ଶିݔ − 1ቁ

ିଶଵଵ ⋅  ݔଶଵ݀ିݔ

ቀݑ = ඥ1 + ଶିݔ − 1 ⇒ ଶିݔ = ଶݑ + ݔଶଵ݀ିݔ20−,ݑ2 = ݑ2) +  ቁݑ݀(2

= නିݑ
ଶଵ
ଶ ⋅ −

1
10

ݑ) + 1)൨ ݑ݀ = −
1

10
න൬ିݑ

ଵ
ଶ + ିݑ

ଶଵ
ଶ൰ ݑ݀ = −

1
10 ൬

20
ݑ19

ଵଽ
ଶ − ିݑ20

ଵ
ଶ൰ + ܥ = 

= −
2

19 ቀ1− ඥ1 + ଶቁିݔ
ଵଽ
ଶ + 2 ቀ1 −ඥ2 + ଶቁିݔ

ି ଵ
ଶ +  ܥ

4.2 

(2)ܮ = ݈݅݉
௫→

(1 + ଶା(ݔ
ଵ
௫ − ݁

ݔ  

(ܽ)ܮ = ݈݅݉
௫→

(1 + (ݔ
ଵ
௫(1 + (ݔ − ݁
ݔ = ݈݅݉

௫→

݁ ቀ1− ݔ
2 + 11

24 ݔ
ଶቁ (1 + ݔܽ + ⋯ ) − ݁
ݔ  

= ݈݅݉
௫→

݁ ൬1 + ݔܽ − ݔ
2 + ଶݔܽ

2 + ⋯− 1൰

ݔ = ݈݅݉
௫→

݁(2ܽ − 1)
2 +  (ݔ)0

(ܽ)ܮ =
݁(2ܽ − 1)

2  

(ܽ)ܮ + (ܾ)ܮ + (ܿ)ܮ ≥ 3൫ܮ(ܾ)ܮ(ܽ)ܮ(ܿ)൯ି
ଵ
ଷ 

(ܿ)ܮ(ܾ)ܮ(ܽ)ܮ ≤
൫ܮ(ܽ) + (ܾ)ܮ + ൯ଷ(ܿ)ܮ

27  
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(ܽ)ܮ + (ܾ)ܮ + (ܿ)ܮ =
݁
2

(2(ܽ + ܾ + ܿ)− 3) 

and ܽ + ܾ + ܿ = ଷାଶ
ଶ

 

2(ܽ + ܾ + ܿ) =
3݁ + 2
݁  

(ܽ)ܮ + (ܾ)ܮ + (ܿ)ܮ =
݁
2 ൬3 +

2
݁ − 3൰ = 1 

Hence ∏ܮ(ܽ) ≤ ଵ
ଶ

   (proved) 

4.3 

ܫ = න
ݔ݀

ඥ(ݔ − ݊)(݊+ 1 − (ݔ

ାଵ



= ݈݅݉
ఝభ→శ
ఝమ→శ

න
ݔ݀

ඥ(ݔ − ݊)(݊ + 1− (ݔ

ାଵିఝమ

ାఝభ

= 

= ݈݅݉
ఝభ→శ
ఝమ→శ

න ቌඨ
݊ + 1 − ݔ
ݔ − ݊ + ට

ݔ − ݊
݊ + 1 − ݔ

ቍ

ାଵିఝమ

ାఝభ

 ݔ݀

ܫ = නቌඨ
݊ + 1− ݔ
ݔ − ݊ + ට

ݔ − ݊
݊ + 1 − ݔ

ቍ݀ݔ 

݊ + 1 − ݔ
ݔ − ݊ = ଶݐ ⇒ ݔ = ݊ +

1
1 + ଶݐ ⇒ ݔ݀ = −

ݐ2
(1 + ଶ)ଶݐ  ݐ݀

ܫ = −න൬ݐ +
1
൰ݐ ൬

ݐ2
(1 + ଶ)ଶݐ ൰ݐ݀ = −2 ݊ܽݐܿݎܽ ݐ = −2 ඨ݊ܽݐܿݎܽ

݊ + 1 − ݔ
ݔ − ݊  

ܫ = ݈݅݉
ఝభ→శ
ఝమ→శ

ቌ−2 ඨ݊ܽݐܿݎܽ
݊ + 1− ݔ
ݔ − ݊

ቍฬ݊ + 1− ߮ଶ
݊ + ߮ଵ

= 

−2 ݈݅݉
ఝభ→శ
ఝమ→శ

ቌܽ݊ܽݐܿݎඨ
߮ଶ

1− ߮ଶ
− ඨ݊ܽݐܿݎܽ

1 − ߮ଵ
߮ଵ

ቍ = −2 ⋅ ቀ−
ߨ
2ቁ =  ߨ
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ߗ = ݈݅݉
→ஶ

݊݅ݏ ൬
1
݊ ൰ܫ = ݈݅݉

→ஶ
݊݅ݏ ቀ

ߨ
݊ቁ = 0 

True  or false 

−1 < ߗ < 1 

4.4 

ܫ = න
√݁௫(ݔ + 3)

ݔ) + 1)√݁௫ + ݉

ଵ



 ݔ݀

Put ݐ = ݔ) + 1)√݁௫ + ݉,  When ݔ = 0, ݐ = ݉ + ݔ ,1 = 1, ݐ = ݉ + 2√݁ 

ݐ݀
ݔ݀ = ݔ) + 1)

1
2√݁

௫ + √݁௫ =
1
2

ݔ) + 3)√݁௫ 

Thus, 

ܫ = 2 න
ݐ݀
ݐ

ାଶ√

ାଵ

= 2 ݈݊ ቆ
݉ + 2√݁
݉ + 1 ቇ	 , ܫ < 1 

⇔ ݈݊ ቆ
݉ + 2√݁
݉ + 1 ቇ <

1
2 ⇔݉ + 2√݁ < (݉ + 1)√݁ ⇔ √݁ < ൫√݁ − 1൯݉ ⇔ ݉ < (݉ − 1)√݁ 

Not true for ݉ = 1,2. True, for ݉ ≥ 3 

4.5 

Let us first prove that, ∀ݔ ∈ ቀ0,గ
ଶ
ቁ , ݊݅ݏ ݔ > ݏܿ√ݔ యݔ  

݊݅ݏ ݔ > ݏܿ√ݔ యݔ ⇔ ଷ݊݅ݏ ݔ > ଷݔ ݏܿ ݔ ⇔ ଶ݊݅ݏ ݔ ݊ܽݐ ݔ >  ଷ   (1)ݔ

Let ݂(ݔ) = ଷ݊݅ݏ ݔ ݊ܽݐ ݔ − ଷ, ݂(0)ݔ = 0 

݂ᇱ(ݔ) = ଶ݊݅ݏ ݔ ଶܿ݁ݏ ݔ + ݊ܽݐ ݔ (2 ݊݅ݏ ݔ ݏܿ −(ݔ  ଶݔ3

= ଶ݊ܽݐ ݔ + 2 ଶ݊݅ݏ ݔ − ଶݔ3 = (0)݃ ;(say) (ݔ)݃ = 0 

݃ᇱ(ݔ) = 2 ݊ܽݐ ݔ ଶܿ݁ݏ ݔ + 4 ݊݅ݏ ݔ ݏܿ ݔ −  ݔ6

Let (ݔ)ߙ = ݊ܽݐ ݔ ଶܿ݁ݏ ݔ + 2 ݊݅ݏ ݔ ݏܿ ݔ − (0)ߙ ;ݔ3 = 0 
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(ݔ)ᇱߙ = ଶܿ݁ݏ) ଶܿ݁ݏ)(ݔ (ݔ + ݊ܽݐ ݔ (2 ܿ݁ݏ ܿ݁ݏ)(ݔ ݔ ݊ܽݐ (ݔ + ଶݏܿ)2 ݔ − ଶ݊݅ݏ −(ݔ 3 

= (1 + ଶ݊ܽݐ ଶ(ݔ + 2 ଶ݊ܽݐ ݔ (1 + ଶ݊ܽݐ (ݔ + 2(2 ଶݏܿ ݔ − 1)− 3 

= (1 + ଶ(ݖ + 1)ݖ2 + (ݖ + ସ
ଵା௭

− 5 (taking ݖ = ଶ݊ܽݐ ଶܿ݁ݏ and ݔ ݔ = 1 +  (ݖ

=
(1 + ଷ(ݖ + 1)ݖ2 + ଶ(ݖ + 4 − 5(1 + (ݖ

1 + ݖ =
1 + ଷݖ + ݖ3 + ଶݖ3 + ݖ2 + ଷݖ2 + ଶݖ4 − 1 − ݖ5

1 + ݖ  

= ଷ௭యା௭మ

ଵା௭
> ݖ) 0 = ଶ݊ܽݐ ݔ > 0) 

(ݔ)ᇱߙ > 0 and (0)ߙ = ݔ∀ ,0 ∈ ቀ0, గ
ଶ
ቁ (ݔ)ߙ, > (0)ߙ ⇒ (ݔ)ߙ > 0 ⇒ ݃ᇱ(ݔ) = (ݔ)ߙ2 > 0 and 

݃(0) = 0, 

ݔ∀ ∈ ቀ0,
ߨ
2ቁ (ݔ)݃, > ݃(0) = 0 ⇒ ݂ᇱ(ݔ) > 0 

݂ᇱ(ݔ) > 0 and ݂(0) = 0 ⇒ (ݔ)݂ > ݂(0) = ݔ∀,0 ∈ ቀ0, గ
ଶ
ቁ 

ݔ∀ ∈ ቀ0, గ
ଶ
ቁ , ଶ݊݅ݏ ݔ ݊ܽݐ ݔ − ଷݔ > 0 ⇒ ݊݅ݏ ݔ > ݏܿ√ݔ యݔ  from (1) 

For ݔ = గ
ଶ

, ݊݅ݏ ݔ > ݏܿ√ݔ యݔ 	and for ݔ ∈ ቀగ
ଶ

ቁߨ, , ݏܿ√ యݔ < 0, ݊݅ݏ ݔ > ݏܿ√ݔ యݔ  

ݔ∀ ∈ ,(ߨ,0) ݊݅ݏ ݔ > ݏܿ√ݔ యݔ  

4.6 

න
ଶݔ) + 1)ଶ

൬ݔ
ଵଵଷ
ଶହ + 		11

3 ݔ	
ଷ
ଶହ	 + ݔ	11	

ଵଷ
ଶହ൰

ହ ݔ݀	 = න
ସݔ + ଶݔ2 + 1

ݔ
ଷ
ହ ൬ݔ

ଶଶ
ହ + 11

3 ݔ
ଵଶ
ହ + ݔ11

ଶ
ହ൰

ହ  ݔ݀

= න
1

൬ݔ
ଶଶ
ହ + 11

3 ݔ
ଵଶ
ହ + ݔ11

ଶ
ହ൰

ହ ⋅ ൬ݔ
ଵ
ହ + ݔ2


ହ + ିݔ

ଷ
ହ൰  ݔ݀

(let = ݔ
మమ
ఱ + ଵଵ

ଷ
ݔ
భమ
ఱ + ݔ11

మ
ఱ ⇒ ݑ݀ = ଶଶ

ହ
ቀݔ

భళ
ఱ + ݔ2

ళ
ఱ + ିݔ

య
ఱቁ   ( ݔ݀

= න
1
ହݑ ⋅

5
ݑ22݀ = −

5
22 ⋅

1
ݑ4

ିସ + ܳ = −
5

88 ൬ݔ
ଶଶ
ହ +

11
3 ݔ

ଵଶ
ହ + ݔ11

ଶ
ହ൰

ିସ

+ ܳ 
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∴ ߴ = −
5

(−4)൬
22
5 +

12
5 +

2
5൰ = 9 

4.7 

ߗ = ݈݅݉
௧→ஶ

න
ସݔ

(1 + ଷ)ଶݔ

௧



;ݔ݀ ܫ = න
ସݔ

(1 + ଷ)ଶݔ ݔ݀ = ቄ ݑ = ଶݔ
ݑ݀ = ݔ݀ݔ2

 

ݒ݀ =
ଶݔ

(1 + ଷ)ଶݔ ݔ݀ ⇒ ݒ = න
ଶݔ

(1 + ଷ)ଶݔ ݔ݀ = ቄ 1 + ଷݔ = ݐ
ݔଶ݀ݔ3 = ݐ݀

ቅ =
1
3
න
ݐ݀
ݐ = 

= −
1
ݐ3 = −

1
3(1 + {(ଷݔ = ݑ ⋅ ߴ − නߴ ⋅ ݑ݀ = −

ଶݔ

8(1 + (ଷݔ +
2
3
න

ݔ
1 + ଷᇣᇧᇧᇤᇧᇧᇥݔ
ூభ

 ݔ݀

ଵܫ = න
ݔ

ଷݔ + ݔ1݀ = න
ݔ

ݔ) + ଶݔ)(1 − ݔ + 1) = න
ܣ

ݔ + ݔ1݀ + න
ݔܤ + ܿ

ଶݔ − ݔ +  ݔ1݀

ݔ
ଷݔ + 1 =

ܣ
ݔ + 1 +

ݔܤ + ܿ
ଶݔ − ݔ + 1 | ⋅ ݔ) + ଶݔ)(1 − ݔ + 1) ⇒ 

⇔ ݔ = ଶݔ)ܣ − ݔ + 1) + ݔܤ) + ݔ)(ܿ + 1)
⇔ ݔ = ଶݔܣ − ݔܣ + ܣ + ଶݔܤ + ݔܤ + ݔܥ + ܿ
⇔ ݔ = ܣ) + ଶݔ(ܤ + ܣ−) + ܤ + ݔ(ܥ + ܣ + ܥ

⇒ ൝
ܣ + ܦ = 0

ܣ− + ܤ + ܥ = 1
ܣ + ܥ

⇔
ܣ = −

1
3

ܤ = ܥ =
1
3

ൢ 

ଶܫ = ∫ 
௫ାଵ

ݔ݀ = − ଵ
ଷ
ݔ)݈݊ + 1) ; ଷܫ = ଵ

ଷ ∫
௫ାଵ

௫మି௫ାଵ
ݔ݀ = ଵ

 ∫
ଶ௫ାଶ

௫మି௫ାଵ
ݔ݀ =  

=
1
6
න

ݔ2 − 1
ଶݔ − ݔ + ݔ1݀ +

1
2
න

ݔ݀
ଶݔ + ݔ + 1 =

1
6 ⋅ ସܫ +

1
2 ⋅  ହܫ

ସܫ = න
ݔ2 − 1

ଶݔ − ݔ + ݔ1݀ = ൜ ௫ିݔ + ݔ + 1
ݔ2) − ݔ݀(1 = ൠݐ݀ = න

ݐ݀
ݐ = ݈݊ ݐ = ଶݔ)݈݊ − ݔ + 1) 

ହܫ = න
ݔ݀

ଶݔ − ݔ + 1 = න
ݔ݀

ቀݔ − 1
2ቁ

ଶ
+ ቆ√3

2 ቇ
ଶ = ൝ݔ −

1
2 = ݐ

ݔ݀ = ݐ݀
ൡ = න

ݐ݀

ଶݐ + ቆ√3
2 ቇ

ଶ

=
2
√3

⋅ ݊ܽݐܿݎܽ
ݔ2 − 1
√3

 

ଷܫ =
1
6 ⋅ ݈݊

ଶݔ) − ݔ + 1) +
1
√3

݊ܽݐܿݎܽ
ݔ2 − 1
√3

; ଵܫ = ଶܫ +  ଷܫ
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ܫ = − ௫మ

ଷ(ଵା௫య)
+ ଶ

ଷ
⋅ ଵܫ = ଵ

ଽ
⋅ ቂ݈݊ ቀ௫

మି௫ାଵ
(௫ାଵ)మ

− ଷ௫మ

௫యାଵ
+ 2√3 ݊ܽݐܿݎܽ ଶ௫ିଵ

√ଷ
ቁቃ ቚ0ݐ  

ߗ =
1
9 ݈݅݉௧→ஶ

ቈ݈݊
ଶݐ − ݐ + 1
ݐ) + 1)ଶ −

ଶݐ3

ଷݐ + 1 + ݁√3
ݐ2 − 1
√3

+
ߨ3√2

6
 = 

=
1
9 ⋅

ቂ2√3
ߨ
2 + 2√3

ߨ
6
ቃ =

1
9 ⋅ 2√3 ⋅

ߨ4
6 =

ߨ3√4
27  

4.8 

න
(ݔ−)ଶݏܿ

ݔ− + ܽ + ଶݔ√ + ܽଶ

గ

ିగ

 ݔ݀

(ܽ)ܫ2 = 2නቆ
ଶݏܿ ݔ

ଶݔ√ + ܽଶ + ܽ + ݔ
+

ଶݏܿ ݔ
ଶݔ√ + ܽଶ + ܽ − ݔ

ቇ
గ



 ݔ݀

(ܽ)ܫ = ଵ
 ∫ గ(ݔ)ଶݏܿ

 ݔ݀ ⇒ ଵ
 ∫

ଵା௦(ଶ௫)
ଶ

గ
ିగ ݔ݀ ⇒ ଵ


ቂగ
ଶ
− 0ቃ	(OR) ܫ(ܽ) = గ

ଶ
 

൫ܫ(ܽ)൯
௬

≥
ாோீௌ்ோைெ ߨ9

2(ܽ + ܾ + ܿ) 

4.9 

Let ݔ = ݊ܽݐ ܾ 

ܫ = න ݈݊ ݊ܽݐ ܾ

గ
ଶି



ܾ݀ = න ݈݊ ݐܿ ܾ ܾ݀

గ
ଶି



 

ܫ =
1
2
න [݈݊ ݊ܽݐ ܾ + ݈݊ ݐܿ ܾ]

గ
ଶି



ܾ݀ = 0 

4.10 

ݔ = ݐ− ⇒ ߗ = න
(ݐ−)݂
ଷݏܿ ݐ

గ
ସ

ିగସ

 ݐ݀
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ߗ2 = න
(ݔ)݂ + (ݔ−)݂

ଷݏܿ ݔ

గ
ସ

ିగସ

ݔ݀ = න
ܽ ݏܿ ݔ
ଷݏܿ ݔ

గ
ସ

ିగସ

= ܽ න
ݔ݀

ଶݏܿ ݔ

గ
ସ

ିగସ

 

ߗ =
ܽ
2 ݊ܽݐ ݔ

|
ିగସ

గ
ସ =

ܽ
2 ቀ݊ܽݐ

ߨ
4 − ݊ܽݐ ቀ−

ߨ
4ቁቁ 

ߗ =
ܽ
2

(1 + 1) = ߗ,ܽ = ܽ 

4.11  

Let us denote by ߮(ݔ) = ݔ ݊݅ݏ ݔ ݔ) + ݏܿ  (ݔ

⇒ ߮ᇱ(ݔ) = ଶݔ ݏܿ ݔ + ݔ2 ݊݅ݏ ݔ + ݊݅ݏ ݔ ݏܿ ݔ + ݔ ݏܿ  ݔ

then  

න
ଶݔ ݏܿ ݔ + ݔ + ݊݅ݏ ݔ ݏܿ ݔ

ݔ ݊݅ݏ ݔ ݔ) + ݏܿ (ݔ ݔ݀ = න
߮ᇱ(ݔ)
(ݔ)߮ ݔ݀ + න

ݔ − ݔ2 ݊݅ݏ ݔ − ݔ ݏܿ ݔ
(ݔ)߮  ݔ݀

= −|(ݔ)߮|݈݊ 2න
ݔ ݊݅ݏ ݔ (1− ݊݅ݏ (ݔ
ݔ ݊݅ݏ ݔ ݔ) + ݏܿ ݔ݀(ݔ = −|(ݔ)߮|݈݊ 2න

ݔ) + ݏܿ ᇱ(ݔ

ݔ + ݏܿ ݔ  ݔ݀

= −|(ݔ)߮|݈݊ 2 ݔ|݈݊ + ݏܿ |ݔ + ߣ = ݈݊ ቚ ఝ(௫)
(௫ା௦ ௫)మ

ቚ + ߣ whith ,ߣ ∈ ℝ 

Finally we get 

න
ଶݔ ݏܿ ݔ + ݔ + ݊݅ݏ ݔ ݏܿ ݔ

ݔ ݊݅ݏ ݔ ݔ) + ݏܿ (ݔ ݔ݀ = ݈݊ ฬ
ݔ ݊݅ݏ ݔ
ݔ + ݏܿ +ฬݔ  ߣ

4.12  

∫ ௧ ଶ௫⋅௧ ௫
(௧మ ௫ି௧మ ௫) ௦య ଶ௫

ݔ݀ = ∫ ௦ ଶ௫⋅௦ ௫
௦ ଶ௫⋅௦ ௫

⋅ ଵ
ೞమ ೣ⋅ೞమ ೣ
ೞమ ೣ⋅ೞమ ೣ

⋅ ଵ
଼ ௦మ ௫ ௦య௫

  ݔ݀

=
1
8
න

ݏܿ ݔ
݊݅ݏ ݔ2 ⋅ ଶ݊݅ݏ ݔ ⋅ ݏܿ ݔ ݔ݀ =

1
16

න
1

ଷ݊݅ݏ ݔ ݏܿ ݔ  ݔ݀

= ଵ
ଵ ∫

ଵ
௦య ௫⋅௦మ ௫

⋅ ݏܿ ݔ݀ = ଵ
ଵ ∫

ଵ
௬య⋅(ଵି௬మ)

ݔ݀ ݕ ,(*)  = = ݊݅ݏ ݕ݀ ,ݔ = ݏܿ ݔ  ݔ݀

1
ଷ(1ݕ − (ଶݕ =

1 − ଶݕ + ଶݕ

ଷ(1ݕ − (ଶݕ =
1
ଷݕ +

1
−1)ݕ (ଶݕ =

1
ଷݕ +

1
ݕ +

ݕ
1 −  ଶݕ
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(*) = ଵ
ଵ
ቀ∫ ଵ

௬య
ݕ݀ + ∫ ଵ

௬
ݕ݀ + ∫ ௬

ଵି௬మ
 ቁݕ݀

=
1

16
൭
ଶିݕ

−2 + ݈݊ ݕ −
1
2 ݈݊

(1 − ଶ)ᇣᇧᇤᇧᇥݕ
ା

൱ + ∁= 

=
1

16ቆ−
+1
ଶݕ2 + ݈݊

ݕ
ඥ1 − ଶݕ

ቇ+ ∁=
1

16 ൬
−1

2 ଶ݊݅ݏ ݔ + ݈݊
݊݅ݏ ݔ
ݏܿ +൰ݔ ∁ 

=
1

16 ൬
−1

2 ଶ݊݅ݏ ݔ + ݊ܽݐ)݈݊ +൰(ݔ ∁ 

4.13  

ݏܿ ݔ2 = ଶݏܿ ݔ − ଶ݊݅ݏ ݔ = ସݏܿ ݔ − ସ݊݅ݏ ݔ = ଶ݊݅ݏ ݔ ଶݏܿ ݔ ଶݐܿ) ݔ − ଶ݊ܽݐ  (ݔ

∗ ଷ݊݅ݏ ݔ2 = 8 ଷ݊݅ݏ ݔ ଷݏܿ  ݔ

⇒ ߗ = න
ଶ݊݅ݏ ݔ ଶݏܿ ݔ ଶݐܿ) ݔ − ଶ݊ܽݐ (ݔ ݏܿ ݊݅ݏݔ ݔ

ଶݐܿ) ݔ − ଶ݊ܽݐ (ݔ ⋅ 8 ଷ݊݅ݏ ଷݏܿ ݔ ݔ݀ =
1
8
න

1
ଶ݊݅ݏ ݔ ݔ݀ = −

1
8 ݐܿ ݔ +  ܥ

4.14  

ߗ = න((((ݔ)݊ܽݐܿݎܽ)݊݅ݏ)ݏܿܿݎܽ)݊ܽݐ




 ݔ݀

= න݊ܽݐ ቀ
ߨ
2 − ቁ(((ݔ)݊ܽݐܿݎܽ)݊݅ݏ)݊݅ݏܿݎܽ





ݔ݀ ∵ ݊ܽݐܿݎܽ ݔ ∈ ቃ0;
ߨ
2
ቂ 

= න ݊ܽݐ ቀ
ߨ
2 − ቁ(ݔ)݊ܽݐܿݎܽ





ݔ݀ = න ݊ܽݐ ൬ܽ݊ܽݐܿݎ ൬
1
൰൰ݔ





ݔ݀ = න
1
ݔ ݔ݀





= ݈݊ ൬
ܾ
ܽ൰ 

4.15  

ܫ = න
݊݅ݏ ݔ3 ଶݏܿ ݔ
ݏܿ ݔ3 ݏܿ ݔ2 ݔ݀ = න

(3 ݊݅ݏ ݔ − 4 ଷ݊݅ݏ (ݔ ଶݏܿ ݔ
(4 ଷݏܿ ݔ − 3 ݏܿ 2)(ݔ ଶݏܿ ݔ −  ݔ݀(1

= න
(3 − 4 ଶ݊݅ݏ (ݔ ݊݅ݏ ݔ ݏܿ ݔ

(4 ଶݏܿ ݔ − 3)(2 ଶݏܿ ݔ −  ݔ݀(1
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ܫ = න
൫3 − 4(1− ଶݏܿ ൯(ݔ ݏܿ ݔ ݊݅ݏ ݔ

(4 ଶݏܿ ݔ − 3)(2 ଶݏܿ ݔ − 1)  ݔ݀

Put ܿݏଶ ݔ =  ݐ

−2 ݊݅ݏ ݔ ݏܿ ݔ ݔ݀ =  ݐ݀

ܫ = −
1
2
න

ݐ4) − 1)
ݐ4) − ݐ2)(3 − ݐ݀(1 = −න

ݐ4 − 1
ݐ4) − ݐ4)(3 −  ݐ݀(2

= −න
2

ݐ4 − 3−
1

ݐ4 − 2൨ ݐ݀ = න
1

ݐ4 − 2 −
2

ݐ4 − 3൨  ݐ݀

=
1
4 ݈݊

ݐ4| − 2|−
1
2 ݈݊

ݐ4| − 3| + ܥ =
1
4 ݈݊

|2 ଶݏܿ ݔ − 1| −
1
2 ݈݊

|4 ଶݏܿ ݔ − 3| + ܿ 

4.16  

ܫ = න
ଶ(1ݔ] − ݁ି௫)− ݔ݀[1

ସݔ + ଷ݁ି௫ݔ2 + (3 + ݁ିଶ௫)ݔଶ + ௫ି݁ݔ2 +  ݔ1݀

Dividing numerator and denominator by ݔଶ 

ܫ = න
ቀ1− ݁ି௫ − 1

ݔଶቁ݀ݔ

ଶݔ + 1
ଶݔ + 2 ቀݔ + 1

ቁݔ ݁
ି௫ + 3 + ݁ିଶ௫

= න
ቀ1− ݁ି௫ − 1

ଶቁݔ ݔ݀

ቀݔ + 1
ቁݔ

ଶ
+ 2 ቀݔ + 1

ቁݔ ݁
ି௫ + ݁ିଶ௫ + 1

 

ܫ = ∫
ቀଵିషೣି భ

ೣమ
ቁௗ௫

ቀ௫ାభೣା
షೣቁ

మ
ାଵ
				Put ݔ + ଵ

௫
+ ݁ି௫ =  ݐ

൬1 −
1
ଶݔ − ݁ି௫൰ ݔ݀ =  ݐ݀

ܫ = න
ݐ݀

ଶݐ + 1 = ଵି݊ܽݐ ݐ + ܿ = ଵି݊ܽݐ ൬ݔ +
1
ݔ + ݁ି௫൰ + ܿ 

4.17  

ෑ
1

ݔ − ݆



ୀଵ
ஷ



ୀଵ

=
ݔ) − 1) + ݔ) − 2) + ⋯+ ݔ) − ݊)

ݔ) − ݔ)(1 − 2) … ݔ) − ݊)  
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=
ݔ݊ − 1

2݊(݊ + 1)
ݔ) − ݔ)(1 − 2) … ݔ) − ݊) = ቆ݊(݇) −

1
2݊

(݊ + 1)ቇ


ୀଵ

ܽ
ݔ − ݇ 

where 

ܽ =
1

(݇ − 1)(݇ − 2) … (1)ᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
(ିଵ)	௧௦

(−1)(−2) … (݇ − ݊)ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
(ି)	௧௦

 

=
1

(݇ − 1)! (−1)ି(݊ − ݇)! =
(−1)ି

(݊ − 1)! ቀ
݊ − 1
݇ − 1ቁ 

Thus, 

න 

⎝

⎜
⎛
ෑ

1
ݔ − ݆



ୀଵ
ஷ ⎠

⎟
⎞



ୀଵ

ାଶ

ାଵ

 

= 
݊݇ − 1

2݊(݊ + 1)
(݊ − 1)!



ୀଵ

(−1) ቀ݊ − 1
݇ − 1ቁ ݈݊ ൬

݊ + 2 − ݇
݊ + 1 − ݇൰ 

4.18  

න൬݈ ݔ)݊ + ܾ)
ଵ

௫ା൰݀ݔ




= න൬
1

ݔ + ܽ ݈ ݊
ݔ) + ܾ)൰ ݔ݀ =





 

= න ቀෑ݈݊	(ݔ + ܽ)ቁ
ᇱ
ݔ݀





= ݈݊(ܾ + ܽ) ݈݊(ܾ + ܾ) ݈݊(ܾ + ܿ)− ݈݊(ܽ + ܽ) ݈݊(ܽ + ܾ) ݈݊(ܽ + ܿ) = 

= ݈݊(ܽ + ܾ) ݈݊(ܽ + ܿ) (݈݊(2ܾ)− ݈݊(2ܽ)) = ݈݊
ܾ
ܽ ݈݊

(ܽ + ܾ) ݈݊(ܽ + ܿ) 

4.19  

ݔ) + 1)ଶ(ܾܽ)௫ + ݔ) + 1)(ܽ௫ + ܾ௫) + 1 = ܽ௫ܾ௫ ቀݔ + 1 + ଵ
ೣ
ቁ ቀݔ + 1 + ଵ

ೣ
ቁ   (1) 

(easy if you consider ݕଶ(ܾܽ)௫ + ௫ܽ)ݕ + ܾ௫) + 1	) 
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(ܾ௫ − ܽ௫) + ݔ) + 1)(ܾ௫ ݈݊ ܽ − ܽ௫ ݈݊ ܾ) + ݈݊ ܽ − ݈݊ ܾ
ݔ) + 1)ଶ(ܾܽ)௫ + ݔ) + 1)(ܽ௫ + ܾ௫) + 1 = 

=
(ଵ) ቀ

1
ܽ௫ −

1
ܾ௫ቁ + ݔ) + 1) ቀ݈݊ ܽܽ௫ − ݈݊ ܾ

ܾ௫ ቁ + ݈݊ ܽ − ݈݊ ܾ
ܽ௫ܾ௫

ቀݔ + 1 + 1
ܽ௫ቁ ቀݔ + 1 + 1

ܾ௫ቁ
= 

=
ቂݔ + 1 + 1

ܽ௫ − ቀݔ + 1 + 1
ܾ௫ቁቃ + ݈݊ ܽ

ܽ௫ ቀݔ + 1 + 1
ܾ௫ቁ −

݈݊ ܾ
ܾ௫ ቀݔ + 1 + 1

ܽ௫ቁ

ቀݔ + 1 + 1
ܽ௫ቁ ቀݔ + 1 + 1

ܾ௫ቁ
= 

=
ݔ + 1 + 1

ܽ௫ − ቀݔ + 1 + 1
ܾ௫ቁ

ቀݔ + 1 + 1
ܽ௫ቁ ቀݔ + 1 + 1

ܾ௫ቁ
+

݈݊ ܽ
ܽ௫

ݔ + 1 + 1
ܽ௫

−
݈݊ ܾ
ܾ௫

ݔ + 1 + 1
ܾ௫

= 

=
1

ݔ + 1 + 1
ܾ௫

−
1

ݔ + 1 + 1
ܽ௫

+
݈݊ ܽ
ܽ௫

ݔ + 1 + 1
ܽ௫

−
݈݊ ܾ
ܾ௫

ݔ + 1 + 1
ܾ௫

= 

=
1 − ݈݊ ܾ

ܾ௫

ݔ + 1 + 1
ܾ௫

−
1 − ݈݊ ܽ

ܽ௫

ݔ + 1 + 1
ܽ௫

=
ቀݔ + 1 + 1

ܾ௫ቁ
ᇱ

ݔ + 1 + 1
ܾ௫

−
ቀݔ + 1 + 1

ܽ௫ቁ
ᇱ

ݔ + 1 + 1
ܽ௫

 

So ∫ ݔ݀(ݔ)݂ = ݈݊ ቆ
௫ାଵା భ

್ೣ

௫ାଵା భ
ೌೣ
ቇ+ ܿ, ܿ ∈ ℝ 

4.20 

නන…
ଶ



ଵ



න ൝ ଶଵ଼ݔ

ଶଵ଼

ୀଵ

ൡ
ଶଵ଼



ଶݔଵ݀ݔ݀ ଶଵ଼ݔ݀… = නන…
ଶ



ଵ



න ൝ ଶଵ଼ݔ

ଶଵ଼

ୀଵ

ൡ
ଶଵ଼



ଶଵݔଶଵ଼݀ݔ݀  ଵݔ݀…

 

= නන…
ଶ



ଵ



න ൦ න {ݐ}

ଶଵ଼ା∑ ௫మబభళమబభళ
ೖసభ

∑ ௫మబభళమబభళ
ೖసభ

൪ݐ݀
ଶଵ



ଶଵݔ݀ ଵݔ݀… = නන…
ଶ



ଵ



න 
2018

2 ൨
ଶଵ



ଶଵݔ݀ ଵݔଶ݀ݔ݀…

=
2018

2 ∗ 2017! =
2018!

2  

4.21  
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ߗ = න݂ଶ(ݔ)


ଵ

+ ݔ݀(ݔ3)ଵି݂ݔ18 = න݂ଶ(ݔ)݀ݔ


ଵ

+ 18නି݂ݔଵ


ଵ

 ݔ݀(ݔ3)

for second integral 3ݔ = ݐ ⇒ ݔ = ௧
ଷ

|ᇱ ⇒ ݔ݀ = ଵ
ଷ
 ݐ݀

ݔ = 1 ⇒ ݐ = ݔ;3 = 6 ⇒ ݐ = 18 

ߗ = න݂ଶ(ݔ)


ଵ

ݔ݀ + 18න
ݐ
3

ଵ଼

ଷ

⋅ ݂ିଵ(ݐ) ⋅
1
ݐ3݀ = න݂ଶ



ଵ

ݔ݀(ݔ) + 2න ݐ ⋅
ଵ଼

ଷ

݂ିଵ(ݐ)݀ݐ 

for second integral: ݂ିଵ(ݐ) = ݕ ⇒ ݐ =  (ݕ)݂

ݐ = 3 ⇒ ݕ = 1; ݐ = 18 ⇒ ݐ = 6; ݐ݀ = ݂ᇱ(ݕ)݀ݕ 

ߗ = න݂ଶ(ݔ)


ଵ

ݔ݀ + 2න݂(ݕ)


ଵ

⋅ ݕ ⋅ ݂ᇱ(ݕ)݀ݕ = න݂ଶ(ݔ)݀ݔ


ଵ

+ නݕ


ଵ

⋅ ݕᇱ݀(ଶ(ݕ)݂) = 

= න݂ଶ(ݔ)


ଵ

ݔ݀ + ൯ଶ|ଵ(ݕ)൫݂ݕ −න൫݂(ݕ)൯ଶ


ଵ

ݕ݀ = 6݂(6)ଶ − ݂ଶ(1) = 6 ⋅ 18ଶ − 9 = 1935 

4.22  

න݊(݊݅ݏ ିଵ(ݔ ⋅ ݏܿ) ାଵ(ݔ

గ
ଶ



ݔ݀ = න݉(݊݅ݏ ାଵ(ݔ ⋅ ݏܿ) ିଵ(ݔ

గ
ଶ



 ݔ݀

Let ܫ = ∫ ݊݅ݏ)݊ ିଵ(ݔ
ഏ
మ
 ⋅ ݏܿ) ݔାଵ݀(ݔ = 

= න݊(݊݅ݏ ିଵ(ݔ

గ
ଶ



⋅ ݏܿ)ݏܿ (ݔ ݔ݀ = න((݊݅ݏ ݏܿ))ᇱ(ݔ (ݔ

గ
ଶ



 ݔ݀

= ݊݅ݏ) ݏܿ)(ݔ (ݔ ቤ
ߨ
2
0
−න(݊݅ݏ (ݔ

గ
ଶ



⋅ ݏܿ)݉ ିଵ(ݔ ⋅ ݊݅ݏ−)  ݔ݀(ݔ
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= න(݊݅ݏ (ݔ

గ
ଶ



⋅ ݏܿ)݉ ିଵ(ݔ ⋅ ݊݅ݏ ݔ ݔ݀ = න݉(݊݅ݏ ାଵ(ݔ

గ
ଶ



ݏܿ)  ݔିଵ݀(ݔ

4.23  

ܫ = න
(݈݊ ݈݊ ݈݊ ݈݊ ݔ + 100)ଽଽ

݈݊)ݔ ݈݊)(ݔ ݈݊ ݈݊)(ݔ ݈݊ ݈݊ ݔ݀(ݔ = ൝
ݐ = ݈݊ ݈݊ ݈݊ ݈݊ ݔ

ݐ݀ =
1

݈݊ ݈݊ ݈݊ ݔ ⋅
1

݈݊ ݈݊ ݔ ⋅
1
݈݊ ݔ ⋅

1
ݔ ݔ݀

ൡ 

= න(ݐ + 100)ଽଽ ݐ݀ = ቄݐ + 100 = ݑ
ݐ݀ = ݑ݀ ቅ = නݑଽଽ ݑ݀ = 

=
ଵݑ

100 =
ݐ) + 100)ଵ

1000 =
(݈݊ ݈݊ ݈݊ ݈݊ ݔ + 100)ଵ

100
อ݁


య

݁
మ

=
(103)ଵ − (102)ଵ

100  

4.24  

For 0 < ߙ < ݔ ≤ గ
ଶ

 

݊݅ݏ ݔ7
݊݅ݏ ݔ =

݊݅ݏ ݔ7 − ݊݅ݏ ݔ5 + ݊݅ݏ ݔ5 − ݊݅ݏ ݔ3 + ݊݅ݏ ݔ3 − ݊݅ݏ ݔ + ݊݅ݏ ݔ
݊݅ݏ ݔ  

=
2 ݏܿ ݔ6 ݊݅ݏ ݔ + 2 ݏܿ ݔ4 ݊݅ݏ ݔ + 2 ݏܿ ݔ2 ݊݅ݏ ݔ + ݊݅ݏ ݔ

݊݅ݏ ݔ  

= 2 ݏܿ ݔ6 + 2 ݏܿ ݔ4 + 2 ݏܿ ݔ2 + 1 

⇒ ൬
݊݅ݏ ݔ7
݊݅ݏ ݔ ൰

ଶ

= 4 ଶݏܿ ݔ6 + 4 ଶݏܿ ݔ4 + 4 ଶݏܿ ݔ2 + 1 + 8 ݏܿ ݔ6 ݏܿ ݔ4 + 

+8 ݏܿ ݔ6 ݏܿ ݔ2 + 4 ݏܿ ݔ6 + 8 ݏܿ ݔ4 ݏܿ ݔ2 + 4 ݏܿ ݔ4 + 4 ݏܿ  ݔ2

= 2(1− ݏܿ (ݔ12 + 2(1 + ݏܿ (ݔ8 + 2(1 + ݏܿ (ݔ4 + 1 + ݔ10ݏܿ)4 + ݏܿ (ݔ2 + 

ݔ8ݏܿ)4+ + ݏܿ (ݔ4 + ݔ6ݏܿ)	4 + ݏܿ (ݔ2 + 4 ݏܿ ݔ6 + 4 ݏܿ ݔ4 + 4 ݏܿ  ݔ2

= 7 + 12 ݏܿ ݔ2 + 10 ݏܿ ݔ4 + 8 ݏܿ ݔ6 + 6 ݏܿ ݔ8 + 4 ݏܿ ݔ10 + 2 ݏܿ  ݔ12

න൬
݊݅ݏ ݔ7
݊݅ݏ ݔ ൰

ଶ

గ
ଶ

ఈ

ݔ݀ = න ቀ7 + 12 ݏܿ ݔ2 + 10 ݏܿ ݔ4 + 8 ݏܿ ݔ6 +
+6 ݏܿ ݔ8 + 4 ݏܿ ݔ10 + 2 ݏܿ ݔ12 ቁ

గ
ଶ

ఈ

 ݔ݀
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= 7ݔ − 6 ݊݅ݏ ݔ2 −
5
2 ݊݅ݏ ݔ4 −

4
3 ݊݅ݏ ݔ6 −

3
4 ݊݅ݏ ݔ8 −

2
5 ݊݅ݏ ݔ10 −

1
6 ݊݅ݏ ൨ݔ12

ఈ

గ
ଶ

 

= 7 ቀ
ߨ
2ቁ + 6 ݊݅ݏ ߙ2 +

5
2 ݊݅ݏ ߙ4 +

4
3 ݊݅ݏ ߙ6 +

3
4 ݊݅ݏ ߙ8 +

2
5 ݊݅ݏ ߙ10 +

1
6 ݊݅ݏ ߙ12 −  ߙ7

4.25  

We know ݊ܽݐ ݔ = ݐܿ ݔ − 2 ݐܿ  ⇒ (easy to prove) ݔ2

݊ܽݐ ݔ = ݐܿ ݔ2 − 2 ݐܿ ݔ2
2 ݊ܽݐ ݔ2 = 2 ݐܿ ݔ2 − 4 ݐܿ ݔ4
4 ݊ܽݐ ݔ4 = 4 ݐܿ ݔ4 − 8 ݐܿ ݔ8

ൡ ⇒ 

݊ܽݐ ݔ + 2 ݊ܽݐ ݔ2 + 4 ݊ܽݐ ݔ4 = ݐܿ ݔ2 − 8 ݐܿ ݔ8 ⇒ ߗ = නݔ ݔ݀ =
ଶݔ

2 +  ܥ

4.26  

Because for any ݔ ∈ ℝ we have: ݊ܽݐ ݔ = ݐܿ ݔ − 2 ݐܿ ݔ2 ⇒ 

݊ܽݐ ݔ = ݐܿ ݔ − 2 ݐܿ ݔ2
2 ݊ܽݐ ݔ2 = 2 ݐܿ ݔ2 − 4 ݐܿ ݔ4
4 ݊ܽݐ ݔ4 = 4 ݐܿ ݔ4 − 8 ݐܿ ݔ8

ൡ ⇒ ݊ܽݐ ݔ + 2 ݊ܽݐ ݔ2 + 4 ݊ܽݐ ݔ4 + 8 ݐܿ ݔ8 = ݐܿ ݔ ⇒ 

⇒ ߗ = න݊ܽݐଶ ݔ ⋅ ݐܿ ݔ ݔ݀ = න݊ܽݐ ݔ ݔ݀ = − ݏܿ|݈݊ |ݔ +  ܥ

4.27  

ߗ = න
ℎଶ݊ܽݐ ݔ + ℎଶ݊ܽݐ ݔ (1 + ℎଶ݊ܽݐ ଶ(ݔ

(1 + ℎଶ݊ܽݐ ଶ(ݔ  ݔ݀

ߗ = ∫ ௧మା௧మ൫ଵା௧మ൯మ

(ଵା௧మ)మ
⋅ ௗ௧
ଵି௧మ

 where ݐ = ℎ݊ܽݐ ଶݐ To split into partial fractions, put .ݔ =  ݕ

ݕ + 1)ݕ + ଶ(ݕ

(1 + −ଶ(1(ݕ (ݕ = −1 +
ܣ

1 + ݕ +
ܤ

(1 + ଶ(ݕ +
ܥ

1− ݕ ⇒ ݕ + 1)ݕ + ଶ(ݕ = 

= −(1 − 1)(ݕ + ଶ(ݕ + 1)ܣ + −1)(ݕ (ݕ + −1)ܤ (ݕ + 1)ܥ +  ଶ(ݕ

Put ݕ = 1; 1 + 2ଶ = 1)ܥ + 1)ଶ ⇒ ܥ = ହ
ଶ
. Put ݕ = −1; −1 = ܤ2− ⇒ ܤ = ଵ

ଶ
. Put ݕ = 0 

0 = −1 + ܣ + ܤ + ܥ ⇒ ܣ = 1 − ܤ − ܥ = 1 − 3 = −2 
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Thus 

ߗ , = ∫ ቂ−1− ଶ
ଵା௧మ

+ ଵ
ଶ
⋅ ଵ

(ଵା௧మ)మ
+ ହ

ଶ
⋅ ଵ
ଵି௧మ

ቃ ݐ݀ = ݐ− − 2 ଵି݊ܽݐ ݐ + ଵ
ଶ
ଵܫ + ହ

ଶ
⋅ ଵ
ଶ
݈݊ ቚଵା௧

ଵି௧
ቚ +  ܥ

where ܫଵ = ∫ ଵ
(ଵା௧మ)మ

ଶܫ Let .ݐ݀ = ∫ ௗ௧
ଵା௧మ

= ௧
ଵା௧మ

+ ∫ ௧⋅ଶ௧
(ଵା௧మ)మ

= ௧
ଵା௧మ

+ 2∫ ௧మାଵିଵ
(ଵା௧మ)మ

ݐ݀ = 

=
ݐ

1 + ଶݐ + ଶܫ2 − ଵܫ2 ⇒ ଵܫ2− = ଶܫ− −
ݐ

1 + ଶݐ = ଵି݊ܽݐ− ݐ −
ݐ

1 +  ଶݐ

∴ ߗ = ݐ− − 2 ଵି݊ܽݐ ݐ −
1
4 ݊ܽݐ

ିଵ ݐ −
1
4 ⋅

ݐ
1 + ଶݐ +

5
4 ݈݊ ฬ

1 + ݐ
1− ฬݐ + ܥ = ݐ− −

9
4 ݊ܽݐ

ିଵ ݐ − 

− ଵ
ସ
⋅ ௧
ଵା௧మ

+ ହ
ସ
݈݊ ቚଵା௧

ଵି௧
ቚ + ݐ where ܥ = ℎ݊ܽݐ  .ݔ

4.28  

Note that ௧
ర ௫൫௧మ ௫ିଶ൯

(ଵି௧మ ௫)మ
=

௧మ ௫ቀ൫௧మ ௫ିଵ൯మିଵቁ

(ଵି௧మ ௫)మ
= ଶ݊ܽݐ ݔ − ௧మ ௫

(ଵି௧మ ௫)మ
= ଶ݊ܽݐ ݔ − ଵ

ସ
ଶ݊ܽݐ  ݔ2

= (1 + ଶ݊ܽݐ −(ݔ
1
4

ଶ݊ܽݐ) ݔ2 + 1)−
3
4 = ൬݊ܽݐ ݔ −

1
8 ݊ܽݐ ݔ2 −

ݔ3
4 ൰

ᇱ

 

So, ߗ = ቂ݊ܽݐ ݔ − ଵ
଼
݊ܽݐ ݔ2 − ଷ௫

ସ
ቃ


ഏ
ల = √ଷ

ଷ
− √ଷ

଼
− గ

଼
= ହ√ଷ

ଶସ
− గ

଼
 

4.29  

ߗ = න
∙ଶ݊ܽݐ

(ାଵ)
ଶ

ඥ1ݔଶݏ2ܿ− − ݔమାାଵ݊ܽݐ
ݔ݀ = න

ݔమା݊ܽݐᇱ(ݔ݊ܽݐ)

−2ඥ1 − ݔమାାଵ݊ܽݐ
ݔ݀ = 

=
1

݊ଶ + ݊ + 1
න
൫1 − ൯ݔమାାଵ݊ܽݐ

ᇱ

2ඥ1 − ݔమାାଵ݊ܽݐ
ݔ݀ =

1
݊ଶ + ݊ + 1

ඥ1 − ݔమାାଵ݊ܽݐ + ∁ 

4.30  

∴ ܫ = න
ଶݔ2 + ݔ

ଶݔ√ + ݔ2 + 2
ݔ݀ + න

ݔ4 + 12

ଶݔ) + ݔ2 + 2)
ଷ
ଶ

= ଵܫ +  ଶܫ

Where 
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ଵܫ = න
ଶݔ2 + ݔ4 + 4 − ݔ3 − 4

ଶݔ√ + ݔ2 + 2
ݔ݀ = 2නඥݔଶ + ݔ2 + ݔ2݀ −න

ݔ3 + 4
ଶݔ√ + ݔ2 + 2

 ݔ݀

Put ݔ + 1 =  ݐ

ଵܫ = 2නඥݐଶ + ݐ1݀ − න
ݐ)3 − 1) + 4
ଶݐ√ + 1

ݐ݀ = 2 
1
2 ݐ
ඥݐଶ + 1 +

1
2 ݈݊ ቀݐ + ඥݐଶ + 1ቁ൨ − 

−3න
ݐ

ଶݐ√ + 1
−න

ݐ݀
ଶݐ√ + 1

 

= ଶݐඥݐ + 1 + ݈݊ ቀݐ + ඥݐଶ + 1ቁ − 3ඥݐଶ + 1 − ݈݊ ቀݐ + ඥݐଶ + 1ቁ = 

= ݐ) − 3)ඥݐଶ + 1 = ݔ) − 2)ඥݔଶ + ݔ2 + 2 

ଶܫ = න
ݔ2 + 2

ଶݔ) + ݔ2 + 2)
ଷ
ଶ
ݔ݀ + 4න

ݔ݀

ଶݔ) + ݔ2 + 2)
ଷ
ଶ

= −
2

ଶݔ√ + ݔ2 + 2
+  ଷܫ4

where ܫଷ = ∫ ௗ௫

[(௫ାଵ)మାଵ]
య
మ
. Put ݔ + 1 = ݊ܽݐ ଷܫ .ߠ = ∫ ௦మ ఏௗఏ

(௧మ ఏାଵ)
య
మ

= ∫ ݏܿ ߠ ߠ݀ = ݊݅ݏ ߠ = 

=
݊ܽݐ ߠ
ܿ݁ݏ ߠ =

݊ܽݐ ߠ
ଶ݊ܽݐ√ ߠ + 1

=
ݔ + 1

ଶݔ√ + ݔ2 + 1
 

Thus, ܫ = ݔ) − ଶݔ√(2 + ݔ2 + 2 + ସା଼௫
√௫మାଶ௫ାଶ

+  ܥ

4.31  

ߗ = න
(ݔ)ℎ݊ܽݐ
1 + ݁ଷ௫ ݔ݀ = න

݁ଶ௫ − 1
(݁ଶ௫ + 1)(݁ଷ௫ +  ݔ݀(1

Put ݁௫ = ,ݐ ݁௫݀ݔ =  ݐ݀

ߗ = න
ଶݐ − 1

ଶݐ) + ଷݐ)(1 + ݐ݀(1 = න
ݐ − 1

ଶݐ) + ଶݐ)(1 − ݐ + ݐ(1  ݐ݀

ݐ − 1
ଶݐ) + ଶݐ)(1 − ݐ + 1) ≡

ܣ
ݐ +

ݐܤ + ܥ
ଶݐ + 1 +

ݐܦ + ܧ
ଶݐ − ݐ + 1 ⇒ ݐ − 1 = ଶݐ)ܣ + ଶݐ)(1 − ݐ + 1) + 

ݐܤ)+ + ଶݐ)ݐ(ܿ − ݐ + 1) + ݐܦ)ܦ + ଶݐ)ݐ(ܧ + 1) 

Put ݐ = 0; 	−1 = ܣ ⇒ ܣ = −1. Put ݐ = ݅; ݅ − 1 = ݅ܤ) + (݅−)݅(ܥ = ݅ܤ + ܥ ⇒ 
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⇒ ܤ = ܥ,1 = −1. Compare coefficient of ݐ;ܦ = ܣ + ܤ + ܦ ⇒ ܦ = 0. Put ݐ = −߱, 

(߱ ≠ 1 is cube root of unity) 

−߱ − 1 = ଶ߱)(߱−)ܧ + 1) = ଶ߱ܧ ⇒ ߱ଶ = ଶ߱ܧ ⇒ ܧ = 1 

Thus, ߗ = ∫ ቂ− ଵ
௧

+ ௧ିଵ
௧మାଵ

+ ଵ
௧మି௧ାଵ

ቃ ݐ݀ = − ݈݊ ݐ + ଵ
ଶ
ଶݐ)݈݊ + 1)− (ݐ)ଵି݊ܽݐ + 

+
2
√3

ଵି݊ܽݐ ൬
ݐ2 − 1
√3

൰+ ܥ = ݔ− +
1
2 ݈݊

(݁ଶ௫ + 1) − ଵ(݁௫)ି݊ܽݐ +
2
√3

ଵି݊ܽݐ ൬
2݁௫ − 1
√3

൰+  ܥ

4.32  

ߗ = න ݊ܽݐܿݎܽ ݔ√ − 1ర

ଵ

ଵ

ݔ݀ = න ଷݐ4 ݊ܽݐܿݎܽ ݐ ݐ݀
√ଵହర



= න ᇱ(ସݐ)
√ଵହర



݊ܽݐܿݎܽ ݐ  ݐ݀

ݔ − 1 = ,ସݐ ݔ݀ =  ݐଷ݀ݐ4

ߗ = ସݐ ݊ܽݐܿݎܽ ݐ ฬ√15ర

0
− න

ସݐ

ଶݐ + 1

√ଵହర



ݐ݀ = 15 ݊ܽݐܿݎܽ √15ర − 0− න
ସݐ − 1 + 1
ଶݐ + 1

√ଵହర



 ݐ݀

ߗ = 15 ݊ܽݐܿݎܽ √15ర − න ൬ݐଶ − 1 +
1

ଶݐ + 1൰
√ଵହర



 ݐ݀

ߗ = 15 ݊ܽݐܿݎܽ √15ర − ቆ
ଷݐ

3 − ݐ + ݊ܽݐܿݎܽ ቇݐ ฬ√15ర

0
 

ߗ = 15 ݊ܽݐܿݎܽ √15ర −
√15ଷర

3 + √15ర ⋅ ݊ܽݐܿݎܽ √15ర  

ߗ = ݊ܽݐܿݎ14ܽ √15ర −
√15ଷర

3 + √15ర  

4.33  

Put ݈݊ ݔ = ݐ ⇒ ݔ = ݁௧ 

∴ ܫ = න݁௧ ⋅
√1 + ଶ(1ݐ + (ݐ + ଶݐ

1√ݐ + ଶݐ + ଶݐ) + 1)
ݐ݀ = න݁௧

√1 + ଶݐ + ൫√1ݐ + ଶݐ + ൯ݐ
ଶݐ√ + 1൫ݐ + ଶݐ√ + 1൯

 ݐ݀



263 
 

= න݁௧ 
1

ݐ + ଶݐ√ + 1
+

ݐ
√1 + ଶݐ

൨ ݐ݀ = න݁௧ ඥݐଶ + 1 − ݐ +
ݐ

ଶݐ√ + 1
൨  ݐ݀

= න݁௧ ඥݐଶ + ݐ1݀ + න݁௧
ݐ

ଶݐ√ + 1
ݐ݀ − න݁ݐ௧  ݐ݀

= ݁௧ඥݐଶ + 1 − න݁௧ ⋅
ݐ

ଶݐ√ + 1
+ න݁௧

ݐ
ଶݐ√ + 1

− ௧݁ݐ} − ݁௧݀ݐ} 

[Integrating by parts] 

= ݁௧ඥݐଶ + 1 − ௧݁ݐ + ݁௧ + ܥ = ݁௧ ቂඥݐଶ + 1 − ݐ + 1ቃ + ܥ = ݔ ቂ1 − ݈݊ ݔ + ඥ1 + (݈݊ ଶቃ(ݔ +  ܥ

4.34  

න
ݔସ݁௫݀ݔ

ସݔ) + ଷݔ4 + ଶݔ12 + ݔ24 + 24 + 72݁௫)ଶ = 

= න
ݔସ݁ି௫݀ݔ

(݁ି௫(ݔସ + ଷݔ4 + ଶݔ12 + ݔ24 + 24) + 72)ଶ = 

= −න
݀(݁ି௫(ݔସ + ଷݔ4 + ଶݔ12 + ݔ24 + 24) + 72)
(݁ି௫(ݔସ + ଷݔ4 + ଶݔ12 + ݔ24 + 24) + 72)ଶ  

∴ න
ݔସ݁௫݀ݔ

ସݔ) + ଷݔ4 + ଶݔ12 + ݔ24 + 24 + 72݁௫)ଶ = 

=
1

݁ି௫(ݔସ + ଷݔ4 + ଶݔ12 + ݔ24 + 24) + 72 + ܥ = 

=
݁௫

ସݔ + ଷݔ4 + ଶݔ12 + ݔ24 + 24 + 72݁௫ +  ܥ

4.35  

ߗ = න
(ݔ)ℎ݊ܽݐ
1 + ݁ଷ௫ ݔ݀ = න

݁ଶ௫ − 1
(݁ଶ௫ + 1)(݁ଷ௫ +  ݔ݀(1

Put ݁௫ = ,ݐ ݁௫݀ݔ =  ݐ݀

ߗ = න
ଶݐ − 1

ଶݐ) + ଷݐ)(1 + ݐ݀(1 = න
ݐ − 1

ଶݐ) + ଶݐ)(1 − ݐ + ݐ(1  ݐ݀
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ݐ − 1
ଶݐ) + ଶݐ)(1 − ݐ + 1) ≡

ܣ
ݐ +

ݐܤ + ܥ
ଶݐ + 1 +

ݐܦ + ܧ
ଶݐ − ݐ + 1 ⇒ ݐ − 1 = ଶݐ)ܣ + ଶݐ)(1 − ݐ + 1) + 

ݐܤ)+ + ଶݐ)ݐ(ܿ − ݐ + 1) + ݐܦ)ܦ + ଶݐ)ݐ(ܧ + 1) 

Put ݐ = 0; 	−1 = ܣ ⇒ ܣ = −1. Put ݐ = ݅; ݅ − 1 = ݅ܤ) + (݅−)݅(ܥ = ݅ܤ + ܥ ⇒ 

⇒ ܤ = ܥ,1 = −1. Compare coefficient of ݐ;ܦ = ܣ + ܤ + ܦ ⇒ ܦ = 0. Put ݐ = −߱, 

(߱ ≠ 1 is cube root of unity) 

−߱ − 1 = ଶ߱)(߱−)ܧ + 1) = ଶ߱ܧ ⇒ ߱ଶ = ଶ߱ܧ ⇒ ܧ = 1 

Thus, ߗ = ∫ ቂ− ଵ
௧

+ ௧ିଵ
௧మାଵ

+ ଵ
௧మି௧ାଵ

ቃ ݐ݀ = − ݈݊ ݐ + ଵ
ଶ
ଶݐ)݈݊ + 1)− (ݐ)ଵି݊ܽݐ + 

+
2
√3

ଵି݊ܽݐ ൬
ݐ2 − 1
√3

൰+ ܥ = ݔ− +
1
2 ݈݊

(݁ଶ௫ + 1) − ଵ(݁௫)ି݊ܽݐ +
2
√3

ଵି݊ܽݐ ൬
2݁௫ − 1
√3

൰+  ܥ

4.36  

Let ݑ = ඥݔ + ଶݔ√ + 1 ⇒ ଶݑ − ݔ = ଶݔ√ + 1 ⇒ ݔ = ଵି௨ర

ଶ௨మ
 

ߗ = නି݊ܽݐଵ ቆටݔ + ඥݔଶ + 1ቇ݀ݔ = නି݊ܽݐଵ ݑ ⋅ ቆ
1 − ଶݑ

ଶݑ2 ቇ =
1− ସݑ

ଶݑ2 ⋅ ଵି݊ܽݐ ݑ − 

−න
1

1 + ଶݑ ⋅
1 − ସݑ

ଶݑ2 ݑ݀ =
1 − ସݑ

ଶݑ2 ⋅ ଵି݊ܽݐ ݑ −න
1 − ଶݑ

ଶݑ2 ݑ݀ =
1 − ସݑ

ଶݑ2 ⋅ ଵି݊ܽݐ ݑ − 

−
1
2 ൬−

1
ݑ − ൰ݑ + ܥ =

1 − ସݑ

ଶݑ2 ⋅ ଵି݊ܽݐ ݑ +
1
2 ⋅

1 + ଶݑ

ݑ + ܥ = 

=
1 − ቀඥݔ + ଶݔ√ + 1ቁ

ସ

2 ቀඥݔ + ଶݔ√ + 1ቁ
ଶ ⋅ ଵି݊ܽݐ ቆටݔ + ඥݔଶ + 1ቇ +

1
2 ⋅

1 + ቀඥݔ + ଶݔ√ + 1ቁ
ଶ

ඥݔ + ଶݔ√ + 1
+  ܥ

4.37  

Put ݔ + 2 =  :then ,ݐ

ߗ = න
ହݐ242 − ݐ)} − 1)ହ + ݐ) + 1)ହ}
ଷݐ26 − ݐ)} − 1)ଷ + ݐ) + 1)ଷ}  ݔ݀
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= න
ହݐ242 − ହݐ)2 + ଷݐ10 + (ݐ5

ଷݐ26 − ଷݐ)2 + (ݐ3 ݔ݀ = න
ହݐ240 − ଷݐ20 − ݐ10

ଷݐ24 − ݐ6  ݐ݀

= න
ସݐ24)ݐ10 − ଶݐ2 − 1)

ଶݐ4)ݐ6 − 1) ݐ݀ =
5
3
න

ସݐ24 − ଶݐ2 − 1
ଶݐ4 − 1  ݐ݀

=
5
3
න

ଶݐ4) − ଶݐ6)(1 + 1)
ଶݐ4 − 1 ݐ݀ =

5
3
න(6ݐଶ + ݐ݀(1 =

5
3 	× 	൬

6
3 ݐ

ଷ + +൰ݐ  ܥ

=
10
3 ଷݐ +

5
3 ݐ + ܥ =

10
3

ݔ) + 2)ଷ +
5
3

ݔ) + 2) + ܥ =
10
3 ଷݔ + ଶݔ20 +

125
3 ݔ +  ܥ

4.38  

For ݔ ≥ 0, 0 ≤ ଶ݊ଶ݁ି௫ݔ < ସ!
௫మమ

, since, ݁௫ > (௫)ర

ସ!
 

Similarly, for ݔ ≥ 0, 0 ≤ ݊ଶ݁ି௫ ଵି݊ܽݐ ݔ < ସ! ௧షభ ௫
௫రమ

 

0 ≤ ݈݅݉
→ஶ

݊ଶන
ଶݔ + ଵି݊ܽݐ ݔ

݁௫

ଵ



ݔ݀ < ݈݅݉
→ஶ

නቆ
4!
ଶ݊ଶݔ +

4! ଵି݊ܽݐ ݔ
ସ݊ଶݔ ቇ

ଵ



 ݔ݀

= ∫ ݈݅݉→ஶ ቀ
ସ!

௫మమ
+ ସ! ௧షభ ௫

௫రమ
ቁଵ

 ݔ݀ = 0so, by sandwich theorem ݈݅݉→ஶ ∫
௫మା௧షభ ௫

ೣ
ଵ
 ݔ݀ = 0 

4.39  

න
10 ଷ݊ܽݐ ݔ − 19 ݊ܽݐ

଼
ଷ ݔ − 36 ଶ݊ܽݐ ݔ + 10 ݊ܽݐ ݔ − 19 ݊ܽݐ

ଶ
ଷ ݔ − 36

2 ݊ܽݐ
଼
ଷ ݔ + 35 ݊ܽݐ

ହ
ଷ ݔ + 108 ݊ܽݐ

ଶ
ଷ ݔ

గ
ଶ



ݔ݀ = 

= න
10 ݊ܽݐ ݔ − 19 ݊ܽݐ

ଶ
ଷ ݔ − 36

݊ܽݐ
ଶ
ଷ ݔ (2 ݊ܽݐ ݔ + ݊ܽݐ)(27 ݔ + 4)

గ
ଶ



ଶܿ݁ݏ ݔ ݔ݀ = 

= 18න
ଶܿ݁ݏ ݔ ݔ݀

݊ܽݐ
ଶ
ଷ ݔ (2 ݊ܽݐ ݔ + 27)

గ
ଶ



[8 ݊ܽݐ ݔ → 27 ݊ܽݐ −[ݔ 4න
ଶܿ݁ݏ ݔ ݔ݀

݊ܽݐ
ଶ
ଷ ݔ ݊ܽݐ) ݔ + 4)

గ
ଶ



− 

−න൬
1

݊ܽݐ ݔ + 4 −
2

2 ݊ܽݐ ݔ + 27൰

గ
ଶ



ଶܿ݁ݏ ݔ  ݔ݀
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= 4න
ଶܿ݁ݏ ݔ ݔ݀

݊ܽݐ
ଶ
ଷ ݔ ݊ܽݐ) ݔ + 4)

గ
ଶ



− 4න
ଶܿ݁ݏ ݔ ݔ݀

݊ܽݐ
ଶ
ଷ ݔ ݊ܽݐ) ݔ + 4)

గ
ଶ



− ݈݊
݊ܽݐ ݔ + 4

2 ݊ܽݐ ݔ + 27൨

గ
ଶ

= ݈݊ 2 + ݈݊ ൬
4

27൰ 

∴ න
10 ଷ݊ܽݐ ݔ − 19 ݊ܽݐ

଼
ଷ ݔ − 36 ଶ݊ܽݐ ݔ + 10 ݊ܽݐ ݔ − 19 ݊ܽݐ

ଶ
ଷ ݔ − 36

2 ݊ܽݐ
଼
ଷ ݔ + 35 ݊ܽݐ

ହ
ଷ ݔ + 108 ݊ܽݐ

ଶ
ଷ ݔ

గ
ଶ



ݔ݀ = 3 ݈݊ ൬
2
3൰ 

4.40  

ߗ =

	.ு,

݈݅݉
௫→

√1 + యݔ2 ⋅ √1 + ఱݔ3 − 1
ݔ ⋅

ݔ
√1 + యݔ3 √1 + ఱݔ2 − 1

= 

ߗ =

 ݈݅݉

௫→

√1 + యݔ2 ⋅ √1 + ఱݔ3 − 1
√1 + యݔ3 ⋅ √1 + ఱݔ2 − 1

 

ߗ =.ு. ݈݅݉
௫→

1
3 (1 + ି(ݔ2

ଶ
ଷ ⋅ 2 ⋅ √1 + ఱݔ3 + 1

5 (1 + ି(ݔ3
ସ
ହ ⋅ 3√1 + యݔ2

1
3 (1 + ି(ݔ3

ଶ
ଷ ⋅ 3 ⋅ √1 + ఱݔ2 + 1

5 (1 + ି(ݔ2
ସ
ହ ⋅ 2 ⋅ √1 + యݔ3

 

ߗ =
2
3 + 3

5
1 + 2

5
=

19
15 ⋅

5
7 =

19
21 

4.41  

For ܽ > 1, let ܫ(ܽ) = ∫ (ଶ௫ାଷ)ௗ௫
௫(௫ାଵ)(௫ାଶ)(௫ାଷ)ା

=
 ∫ (ଶ௫ାଷ)ௗ௫

(௫మାଷ௫)(௫మାଷ௫ାଶ)ା

  

Put ݔଶ + ݔ3 =  .ݕ

(ܽ)ܫ = න
ݕ݀

ݕ)ݕ + 2) + ܽ

మାଷ



= න
ݕ݀

ݕ) + 1)ଶ + ܽ − 1

మାଷ



 

=
1

√ܽ − 1
ଵି݊ܽݐ ൬

ݕ + 1
√ܽ − 1

൰൨


మାଷ

 

=
1

√ܽ − 1
ቈି݊ܽݐଵ ቆ

ܽଶ + 3ܽ + 1
√ܽ − 1

ቇ − ଵି݊ܽݐ ൬
1

√ܽ − 1
൰ 
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݈݅݉
→ஶ

(ܽ)ܫ = 0 ቂ∵ ܾ	ݎ݂ > 0, 0 < (ܾ)ଵି݊ܽݐ <
ߨ
2
ቃ 

4.42  

ܫ = න
ݔ݊݅ݏ

ݔ݊݅ݏ + ݔݏܿ ܬ			,ݔ݀ = න
ݔݏܿ

ݔ݊݅ݏ + ݔݏܿ ܫ			,ݔ݀ + ܬ = න݀ݔ =
ߨ
2

గ
ଶ



గ
ଶ



గ
ଶ



 

ܫ = −න
݊݅ݏ ቀ2ߨ − ቁݕ

݊݅ݏ ቀ2ߨ − ቁݕ + ݏܿ ቀ2ߨ − ቁݕ
ݕ݀ = න

ݕݏܿ
ݕ݊݅ݏ + ݕݏܿ ݕ݀ =

గ
ଶ





గ
ଶ

ܬ  

ܫ2 =
ߨ
2 → ܫ =

ߨ
4 , ߗ = (݊ + 1) ∙ ܫ = (݊ + 1) ∙ ቀ

ߨ
4ቁ


 

݈݅݉
→ஶ

ାଵߗ
ߗ

=
ߨ
4 < 1 → ݈݅݉

→ஶ
ߗ = 0 

4.43  

∫ ݔ݀(ݔ)݂
 = ݈݅݉|௫ೝି௫ೝషభ|→ ∑ (ߦ)݂

ୀଵ ݔ) − ߦ ିଵ) whereݔ ∈  (ݔ,ିଵݔ)

Let ܵ = 1 + 2 + ⋯+ ݊ = (ାଵ)
ଶ

, considering a partition 

ܲ = ቀௌభ
ௌ

, ௌమ
ௌ

, … ,1ቁ now ቚௌೝ
ௌ
− ௌೝషభ

ௌ
ቚ = ଶ

(ାଵ)
→ 0 as ݊ → ∞ 

݈݅݉
→ஶ

1
݊(݊ + 1)݇݊݅ݏ ቆ

݇ଶ + ݇
݊ଶ + ݊ቇ



ୀଵ

 

=
1
2 ݈݅݉
ฬௌೝௌ

ିௌೝషభௌ
ฬ→

൬
ܵ
ܵ
−
ܵିଵ
ܵ

൰


ୀଵ

݊݅ݏ ൬
ܵ
ܵ
൰ =

1
2
න݊݅ݏ ݔ
ଵ



ݔ݀ =
1 − ݏܿ 1

2  

4.44  

We know ∫ (ݔ)݂
 ݔ݀ = ݈݅݉|௫ೝି௫ೝషభ|→ ∑ (ߦ)݂

ୀଵ ݔ) − ߦ ିଵ) whereݔ ∈ ,ିଵݔ)  (ݔ

Let ܵ = ∑ ଶݎ
ୀଵ = (ାଵ)(ଶାଵ)


, considering a partition 
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ܲ = ቀௌభ
ௌ

, ௌమ
ௌ

, … ,1ቁ now ቚௌೝ
ௌ
− ௌೝషభ

ௌ
ቚ = మ

(ାଵ)(ଶାଵ)
→ 0 as ݊ → ∞ 

݈݅݉
→ஶ

1
݊(݊ + 1)(2݊ + 1)ି݊ܽݐଵ ቆ

݇(݇ + 1)(2݇ + 1)
݊(݊ + 1)(2݊ + 1)ቇ



ୀଵ

 

=
1
6 ݈݅݉
ฬௌೝௌ

ିௌೝషభௌ
ฬ→

൬
ܵ
ܵ
−
ܵିଵ
ܵ

൰


ୀଵ

ଵି݊ܽݐ ൬
ܵ
ܵ
൰ 

=
1
6
නି݊ܽݐଵ ݔ ݔ݀
ଵ



=
1
6

ݔ] ଵି݊ܽݐ ௫ୀ௫ୀଵ[ݔ −
1
6
න

ݔ݀ݔ
1 + ଶݔ

ଵ



=
ߨ

24−
݈݊ 2
12  

4.45  

(݊)ߗ = නݔ ݈݊(1 + ݊ଷ௫)
ଵ

ିଵ

	ݔ݀

ݔ = ᇱ|ݐ− ⇒ ݔ݀ = ݔ	ݐ݀− = −1 ⇒ ݐ = ݔ	1 = 1 ⇒ ݐ = −1

ൢ ⇒ 

(݊)ߗ = (݊)ߗ = න ݐ−
ିଵ

ଵ

݈݊(1 + ݊ିଷ௧) (ݐ݀−) = −න ݐ
ିଵ

ଵ

݈݊ ൬1 +
1
݊ଷ௧൰ ݐ݀ = 

= − නݐ ݈݊ ቆ
݊ଷ௧ + 1
݊ଷ௧ ቇ

ଵ

ିଵ

ݐ݀ = − නݐ ݈݊(1 + ݊ଷ௧)
ଵ

ିଵ

ݐ݀ + නݐ ݈݊ ݊ଷ௧݀ݐ
ଵ

ିଵ

⇒ 

(݊)ߗ2 = න ଶݐ3 ݈݊ ݊ ݐ݀
ଵ

ିଵ

⇒ (݊)ߗ2 = ଷݐ ݈݊ ݊ ቚ 1
−1 ⇒ (݊)ߗ = ݈݊ ݊ ⇒ 

we must show this: 9൫1 + √2 + ⋯+ √݊൯
ଶ

> 4݊ଶ(݊ + 1) ⇔ 

1 + √2 + ⋯+ √݊ >
2݊√݊ + 1

3 ,∀݊ ≥ 1 

ܲ(1): 1 > ଶ√ଶ
ଷ
⇔ 3 > 2√2 true. 

Now: ܲ(݇): 1 + √2 + ⋯+ √݇ > ଶ√ାଵ
ଷ
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ܲ(݇ + 1): 1 + √2 + ⋯+ √݇ + 1 >
2(݇ + 1)√݇ + 2

3  

From ܲ(݇) ⇒ 1 + √2 + ⋯+ √݇ + √݇ + 1 > ଶ√ାଵ
ଷ

+ √݇ + 1 

We must show this: ଶ√ାଵ
ଷ

+ √݇ + 1 > ଶ(ାଵ)√ାଶ
ଷ

⇔ 

2݇ + 3 > 2ඥ(݇ + 1)(݇ + 2) ⇔ 4݇ଶ + 12݇ + 9 > 4݇ଶ + 12݇ + 8 ⇔ 9 > 8 true. 

4.46  

߱(݊) = න
(1 + ݔ2 + −ଶ)(1ݔ ݔ2 + ଶ)ݔ

(1 − ଶ)(1ݔ + ଶݔ2 + ସ)ݔ

ଵ

ିଵ

ݔ݀ = න
(1 + −ଶ(1(ݔ ଶ(ݔ

(1− ଶ)(1ݔ + ଶ)ଶݔ

ଵ

ିଵ

ݔ݀ = 

= න
(1− ଶ)ଶିଵݔ

(1 + ଶ)ଶݔ

ଵ

ିଵ

ݔ݀ = 2 නቆ
1 − ଶݔ

1 + ଶቇݔ
ଶିଵଵ

ିଵ

ݔ݀
1 +  ଶݔ

Put ݔ = ݊ܽݐ ߠ , ݔ݀ = ଶܿ݁ݏ  ߠ

ߗ = 2න (ߠ2)ଶିଵݏܿ

గ
ସ



 ߠ݀

Put 2ߠ = ߮, 

߱(݊) = න ଶିଵݏܿ ߮

గ
ଶ



݀߮ = න ݏܿ ߮

గ
ଶ



ଶିଶݏܿ ߮݀߮ = 

= ߮݊݅ݏ] ଶିଶݏܿ ߮]
గ
ଶ + (2݊ − 2)න ଶିଷݏܿ ߮

గ
ଶ



 ଶ߮݀߮݊݅ݏ

= (2݊ − 2)න ଶିଷ(1ݏܿ − ଶݏܿ ߮)

గ
ଶ



݀߮ ⇒ (2(݊ − 1) + 1)߮(݊) = (2݊ − 2)߱(݊ − 1) 

߱(݊) = ଶିଶ
ଶିଵ

߱(݊ − 1). Now, ߱(݊ + 2) = ଶାଶ
ଶାଷ

߱(݊ + 1) and ߱(݊ + 1) = ଶ
ଶାଵ

߱(݊) 
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∴ ߗ = ݈݅݉
→ஶ

߱(݊ + 2)− ߱(݊ + 1)
߱(݊ + 1)− ߱(݊) = ݈݅݉

→ஶ

ቀ2݊ + 2
2݊ + 3 − 1ቁ߱(݊ + 1)

ቀ 2݊
2݊ + 1 − 1ቁ߱(݊)

= ݈݅݉
→ஶ

2݊ + 1
2݊ + 3 ⋅

2݊
2݊ + 1

= ݈݅݉
→ஶ

1

1 + 3
2݊

= 1 

4.47  

ߗ = ݈݅݉→ஶ
∫ ቀ మೣ

భశೣమ
ቁ
శభభ

బ ௗ௫

∫ ቀ మೣ
భశೣమ

ቁ
భ

బ ௗ௫
      (*) 

∫ ௫శభௗ௫
(ଵା௫మ)శభ

ଵ
 = ଵ

ଶ∫ ݔ ⋅ ଶ௫
(ଵା௫మ)శభ

ଵ
  (Integrate by parts)    ݔ݀

=
1
2
ቌ
(1ݔ + ଶ)ିݔ

−݊
ቚ10 + න

ݔିଵ݀ݔ
(1 + ଶ)ݔ

ଵ



ቍ =
1
2
ቌ−

1
݊(2) + න

ݔିଵ݀ݔ
(1 + ଶ)ݔ

ଵ



ቍ 

∴ ∫ ௫శభௗ௫
(ଵା௫మ)శభ

ଵ
 = ଵ

ଶ
ቀ ିଵ
(ଶ)

+ ∫ ௫షభௗ௫
(ଵା௫మ)

ଵ
 ቁ     (1) 

Then  
∫ ௫ௗ௫

(ଵା௫మ)
ଵ
 = ଵ

ଶ
ቀ ିଵ

(ିଵ)(ଶ)షభ
+ ∫ ௫షమௗ௫

(ଵା௫మ)షభ
ଵ
 ቁ    (2) 

Let ܫ ≔ ∫ ௫షభௗ௫
(ଵା௫మ)

ଵ
 , let ݔ = ଵ

௬
, ݔ݀ = ିௗ௬

௬௭
 

∴ ܫ = න
ଵିିଶݔ

(1 + ଶ)ݔ

ஶ

ଵ

ଶݔ ⋅ ݔ݀ = න
ݔିଵ݀ݔ

(1 + ଶ)ݔ

ஶ

ଵ

 

∴ ܫ2 = ∫ ௫షభௗ௫
(ଵା௫మ)

ஶ
ଵ , let ݔଶ = ݕ ⇒ ݔ = ݕ

భ
మ, ݔ݀ = ଵ

ଶ
ିݕ

భ
మ݀ݕ 

∴ ܫ2 =
1
2
න

ݔ

ଶିଵ݀ݔ

(1 + ଶ)ݔ

ஶ

ଵ

=
1
ߚ2 ቀ

݊
2 ,
݊
2ቁ =

1
2 ⋅

ଶ߁ ቀ݊2ቁ
(݊)߁  

∴ ܫ = ∫ ௫షభௗ௫
(ଵା௫మ)

ଵ
 = ଵ

ସ
⋅
௰మቀమቁ

௰()
     (3) 

Then ܫିଵ = ∫ ௫షమௗ௫
(ଵା௫మ)షభ

ଵ
 = ଵ

ସ
⋅
௰మቀషభమ ቁ

௰(ିଵ)
     (4) 
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∴ ∫ ௫శభௗ௫
(ଵା௫మ)శభ

ଵ
 = ଵ

ଶ
ቆ ିଵ
(ଶ)

+
௰మቀమቁ

ସ௰()
ቇ    (5) 

and ∫ ௫ௗ௫
(ଵା௫మ)

ଵ
 = ଵ

ଶ
ቆ ିଵ

(ିଵ)(ଶ)షభ
+

௰మቀషభమ ቁ

ସ௰(ିଵ)
ቇ    (6) 

But ߗ ≔ 2 ⋅ ݈݅݉→ஶ ቌ
ೣశభೣ

൫భశೣమ൯శభ

∫ ೣೣ

൫భశೣమ൯
భ
బ

ቍ 

∴
ߗ
2 = ݈݅݉

→ஶ

⎝

⎜⎜
⎛ − 1

݊(2) +
ଶ߁ ቀ݊2ቁ
(݊)߁4

− 1
(݊ − 1)(2)ିଵ +

ଶ߁ ቀ݊ − 1
2 ቁ

݊)߁4 − 1)⎠

⎟⎟
⎞
	∴
ߗ
2 = ݈݅݉

→ஶ
ቌ

߁4 ቀ݊2ቁ
(݊)߁4 ⋅

݊)߁ − 1)

ଶ߁ ቀ݊ − 1
2 ቁ

ቍ 

∴
ߗ
2 = ݈݅݉

→ஶ
ቌ
݊)߁ − 1)
(݊)߁ ⋅

ଶ߁ ቀ݊2ቁ

ଶ߁ ቀ݊ − 1
2 ቁ

ቍ = ݈݅݉
→ஶ

ቌ
2݊)߁ − (݊)ଶ߁(1

ଶ߁(2݊)߁ ቀ݊ − 1
2ቁ
ቍ 

∴
ߗ
2 = ݈݅݉

→ஶ
൮

1
(2݊ − 1) ⋅ ቌ

(݊)߁

߁ ቀ݊ − 1
2ቁ
ቍ

ଶ

൲		 ∴
ߗ
2 = ݈݅݉

→ஶ

⎝

⎜⎜
⎛ 1

(2݊ − 1) ⋅

⎝

⎜⎜
⎛ (݊ − 1)!

!(2݊)ߨ√
4 ⋅ ݊! ቀ݊ − 1

2ቁ⎠

⎟⎟
⎞

ଶ

⎠

⎟⎟
⎞

 

ߗ
2 = ݈݅݉

→ஶ

1
(2݊ − 1) ⋅ ቌ

(݊ − 1)! ⋅ 4 ⋅ ݊! ⋅ ቀ݊ − 1
2ቁ

ߨ√ ⋅ (2݊)!
ቍ

ଶ

 

= ݈݅݉
→ஶ

൮
1

(2݊ − 1) ⋅
ቀ݊ − 1

2ቁ
ଶ
⋅ 4ଶ(݊!)ଶ൫(݊ − 1)!൯

ଶ

൫(2݊)!൯ߨ
ଶ ൲ 

= ݈݅݉
→ஶ

൮
ቀ݊ − 1

2ቁ
ଶ

ଶ݊ߨ ⋅
(4)ଶ ⋅ (݊!)ସ

(2݊ − 1)(2݊!)ଶ൲ =
1
ߨ ݈݅݉→ஶ

ቆ
(4)ଶ(݊!)ସ

(2݊)(2݊!)ଶቇ = 

=
1

ߨ2 ݈݅݉→ஶ
൭

2ସ(݊!)ସ

݊ ⋅ ൫(2݊)!൯
ଶ൱ = ൬

1
൰ቆ݈݅݉→ஶߨ2

ቆ
2ଶ(݊!)ଶ

√݊ ⋅ (2݊)!
ቇቇ

ଶ
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Using Stirling’s formula ቀ݊! ∼ ݊ߨ2√ ⋅ ቀ

ቁ

ቁ 

Then ߗ = ଵ
గ
ቀ݈݅݉→ஶ

(ଶగ)()మ⋅షమ⋅ଶమ

√⋅√⋅ଶ√గషమଶమ()మ
ቁ
ଶ

 

ߗ =
1
ߨ ݈݅݉→ஶ

൫√ߨ൯
ଶ

=
1
ߨ ⋅ ߨ = 1 

∴ ߗ ≔ ݈݅݉
→ஶ

൮
∫ ቀ ݔ2

1 + ଶቁݔ
ାଵ

ଵݔ݀


∫ ቀ ݔ2
1 + ଶቁݔ


ଵݔ݀



൲ = 1 

4.48  

݉ = ݉݅݊ (ݔ)݂ ≤ (ݔ)݂ ≤ ݔܽ݉ (ݔ)݂ =  ܯ

⇒ (ܯ−(ݔ)݂)(݉−(ݔ)݂) ≤ 0 ⇒ ݂ଶ(ݔ) + ݉ܯ ≤ ܯ) +  (ݔ)݂(݉

⇒ (ݔ)݂ + ெ
(௫)

≤ ݉ + (ݔ)݂ ,since ,ܯ ≠ 0, ݂ is continuous hence ݂ is ܴ – Integrable 

⇒ න݂(ݔ)




ݔ݀ + න݉ܯ
ݔ݀
(ݔ)݂





≤ ܯ) + ݉)න݀ݔ




= ܯ) + ݉)(ܾ − ܽ) 

⇒ (ܾ − ܯ)(ܽ + ݉) ≥⏞
ெஹீெ

	2ඩ݉ܯቌන݂(ݔ)




ቍቌනݔ݀
ݔ݀
(ݔ)݂





ቍ 

∴ ቌන݂(ݔ)




ቍቌනݔ݀
ݔ݀
(ݔ)݂





ቍ ≤
൫(ܾ − ܯ)(ܽ + ݉)൯ଶ

݉ܯ4  

4.49  

න
݈݊ ቀ1 − ݊݅ݏ ݔ

1 + ݊݅ݏ ݏܿ√ቁݔ ݔ

(1 + ݊݅ݏ −1√(ݔ ݊݅ݏ ݔ

గ
ଶ



= න√ܿݏ ݔ [݈݊(1 − ݊݅ݏ −(ݔ ݈݊(1 + ݊݅ݏ [(ݔ
(1 + ݊݅ݏ −1√(ݔ ݊݅ݏ ݔ

గ
ଶ



 ݔ݀

=
௧	௧

ቊ− ଶ√௦ ௫
√ଵି௦ ௫

⋅
௦ቀೣమቁି௦ቀ

ೣ
మቁ

௦ቀೣమቁା௦ቀ
ೣ
మቁ
ቂ݈݊ ቀଵି௦ ௫

ଵା௦ ௫
ቁ − 4ቃቋ ቤ

గ
ଶ
0

= 0 − (4 ⋅ 2) = −8	(Proved) 
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4.50  

ݏܿ ܽ − ݏܿ ܾ > ඥܾଶ + 1 − ඥܽଶ + 1 

⇔ ݏܿ ܽ + √ܽଶ + 1 > ݏܿ ܾ + √ܾଶ + 1,∀	ܽ, ܾ ∈ ቀ0, గ
ଶ
ቁ    (1) 

 

Let ݂(ݔ) = ݏܿ ݔ + ଶݔ√ + ݔ∀,1 ∈ ቀ0, గ
ଶ
ቁ, ݂ᇱ(ݔ) = ݊݅ݏ− ݔ + ௫

√௫మାଵ
 

Now, ∀ݔ ∈ ቀ0,గ
ଶ
ቁ , ݔ < ݊ܽݐ ݔ ⇒ ଶݔ + 1 < 1 + ଶ݊ܽݐ  ݔ

⇒ ଶݔ + 1 < ଶܿ݁ݏ ݔ ⇒
1

ଶݔ + 1 > ଶݏܿ ݔ ⇒
1

ଶݔ + 1 > 1 − ଶ݊݅ݏ  ݔ

⇒ ଶ݊݅ݏ ݔ > 1 −
1

ଶݔ + 1 ⇒ ଶ݊݅ݏ ݔ >
ଶݔ

ଶݔ + 1 ⇒
ݔ

ଶݔ√ + 1
− ݊݅ݏ ݔ < 0 

⇒ ݂ᇱ(ݔ) < 0 ⇒ (ݔ)݂ = ݏܿ ݔ + ଶݔ√ + 1 is decreasing on ቀ0, గ
ଶ
ቁ 

ܾ > ܽ; ݂(ܾ) < ݂(ܽ) ⇒ ݏܿ ܽ + √ܽଶ + 1 > ݏܿ ܾ + √ܾଶ + 1 ⇒ (1) is proved. 

4.51  

We have for all ݐ, ݖ > 0; 

ݖ√ݐ + ݐ√ݖ
ݐ + ݖ − ݐݖ√

= ݐݖ√ ⋅
ݖ√ + ݐ√

ݐ + ݖ − ᇣᇧᇧᇤᇧᇧᇥݐݖ√
ஹ√௭௧

≤ ݖ√ + ݐ√ ≤ ඥ2(ݖ +  (ݐ

(because ݔ + ݕ ≤ √2ඥݔଶ +  (ଶݕ

So put ݖ = ݐ and (ݔ)݂ =  :to find (ݔ)݃

(ݔ)ඥ݃(ݔ)݂ + (ݔ)ඥ݂(ݔ)݃

−(ݔ)݂ ඥ݂(ݔ)݃(ݔ) + (ݔ)݃
≤ √2ට൫݂(ݔ) + ൯(ݔ)݃ ≤ 4 ⇒ 

⇒ න
(ݔ)ඥ݃(ݔ)݂ + (ݔ)ඥ݂(ݔ)݃

(ݔ)݃(ݔ)ඥ݂−(ݔ)݂ + (ݔ)݃





ݔ݀ ≤ 4(ܾ − ܽ) 
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4.52   

Let 

ܫ = න݂(ݔ)
ଵ



ݔ݀ = ௫ୀ௫ୀଵ[(ݔ)݂ݔ] −න݂ݔᇱ(ݔ)݀ݔ
ଵ



= ݂(1)− න݂ݔᇱ(1 − (ݔ
ଵ



 ݔ݀

= ݂(1) + නݔ
ଵ



݂ᇱ(1 − −1)݀(ݔ (ݔ

= ݂(1) + න݂ᇱ
ଵ



(1 − −1)݀(ݔ න(1−(ݔ − −ᇱ(1݂(ݔ 1)݀(ݔ − (ݔ
ଵ



 

Let ݖ = 1 − ݔ݀ ,then ݔ = ݔ and when ݖ݀− = 0, then ݖ = ݔ:1 = 1, ݖ = 0 

= ݂(1) + න݂ᇱ(ݖ)


ଵ

ݖ݀ − න݂ݖᇱ(ݖ)݀ݖ


ଵ

= ݂(1) + ݂(0) + න
݀
ݖ݀

൨	ݖ݀(ݖ)න݂ᇱ(ݖ) ݖ݀


ଵ

 

= ݂(1) + ݂(0)−න݂(ݖ)
ଵ



ݖ݀ = ݂(1) + ݂(0)−  .ܫ

So, ܫ = (ଵ)ା()
ଶ

≥ ඥ݂(0) ⋅ ݂(1) 

4.53  

We know, 

݉݅݊ቌන (ݔ)݂
ାଵ



ቍݔ݀ ≤ න (ݔ)݂
ାଵ



ݔ݀ ≤ ቌනݔܽ݉ (ݔ)݂
ାଵ



 ቍݔ݀

ߙ ≤ ݉݅݊ ቌන (ݔ)݂
ାଵ



ቍݔ݀ ≤ න (ݔ)݂
ାଵ



ݔ݀ ≤ ቌනݔܽ݉ (ݔ)݂
ାଵ



ቍݔ݀ ≤  ߚ

ቌන (ݔ)݂
ାଵ



ݔ݀ − ቍቌනߙ ݔ݀(ݔ)݂
ାଵ



− ቍߚ ≤ 0 



275 
 

⇒ ߚߙ + ቌන (ݔ)݂
ାଵ



ቍݔ݀

ଶ

≤ ߙ) + න(ߚ (ݔ)݂
ାଵ



 ݔ݀

⇒ ߚߙ
ିଵ

ୀଵ

+ ቌන (ݔ)݂
ାଵ



ቍݔ݀

ଶିଵ

ୀଵ

≤ ߙ) + න(ߚ (ݔ)݂
ାଵ



ିଵ

ୀଵ

 ݔ݀

(݊ − ߚߙ(1 + ቌන (ݔ)݂
ାଵ



ቍݔ݀

ଶିଵ

ୀଵ

≤ ߙ) +  ߗ(ߚ

4.54  

We have for all ݔ ∈ [ܽ, ܾ]; 	0 < ݉ ≤ (ݔ)݂ ≤ ܯ ⇒ ൝
݉ ≤ ݂(ݔ) ≤ ܯ

ଵ
ெೖ ≤

ଵ
ೖ(௫)

≤ ଵ
ೖ

 

⇒

⎩
⎪⎪
⎨

⎪⎪
⎧݉(ܾ − ܽ) ≤ න݂(ݔ)





≤ ܾ)ܯ − ܽ)

1
ܯ (ܾ − ܽ) ≤ න

1
݂(ݔ)





≤
1
݉ (ܾ − ܽ)

⇒ 

ቀ
݉
ቁܯ


(ܾ − ܽ)ଶ ≤ ቌන݂(ݔ)





ቍቌන
1

݂(ݔ)





ቍ ≤ ൬
ܯ
݉൰


(ܾ − ܽ)ଶ 

⇒ෑቆቀ
݉
ቁܯ

(ܾ − ܽ)ଶቇ


ୀଵ

≤ෑቌන݂(ݔ)




ቍ


ୀଵ

ቌන
1

݂(ݔ)





ቍ ≤ෑቆ൬
ܯ
݉൰


(ܾ − ܽ)ଶቇ



ୀଵ

 

 

⇒ ൭ቀ
݉
ቁܯ

(ାଵ)
ଶ (ܾ − ܽ)ଶ൱ ≤ෑቌන݂(ݔ)





ቍ


ୀଵ

ቌන
1

݂(ݔ)





ቍ ≤ ቌ൬
ܯ
݉൰

(ାଵ)
ଶ

(ܾ − ܽ)ଶቍ 

since  
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݇


ୀଵ

=
݊(݊ + 1)

2 	. 

4.55  

Let  

(ݐ)݂ = ݐ) − ܽ)∫ ௫
 ௫


 ݔ݀ + (ܾ − ܽ)∫ ௫

 ௫

௧    for all ݐ ∈ [݁, ݁ଶ] 

݂ᇱ(ݐ) = න
ݔ

݈݃ ݔ





ݔ݀ − (ܾ − ܽ)
ݐ

݈݃ ݐ , න
ݔ

݈݃ ݔ





ݔ݀ = ቈ
ଶݔ

݈݃ ݔ





+ න
1)ݔ − ݈݃ (ݔ

݈݃) ଶ(ݔ





 ݔ݀

where:  ∫ ௫(ଵି ௫)
( ௫)ೣ


 ݔ݀ ≥ 0 

Let ߮(ݐ) = ௧మ

 ௧
 for all ݐ ∈ [݁, ݁ଶ], 

߮ᇱ(ݐ) = ௧(ଶ  ௧ିଵ)
( ௧)మ

≥ 0 for all ݐ ∈ [݁, ݁ଶ]	so, ߮(ݐ) is continuous on [݁, ݁ଶ],߮ᇱ(ݐ) ≥ 0 for all 
ݐ ∈ [݁, ݁ଶ] 

so, for ܽ ≤ ݐ ≤ ܾ,߮(ܽ) ≤ ߮(ܾ), మ

 
− మ

 
≥ 0 where ܽ, ܾ ∈ [݁, ݁ଶ] so, 

∫ ௫
 ௫


 ݔ݀ ≥ (ܾ − ܽ) ௧

 ௧
	where ݐ ∈ [ܽ, ܾ] 

݂ᇱ(ݐ) ≥ 0 for all ݐ ∈ [ܽ, ܾ] ⊂ [݁, ݁ଶ] 

so, ݂(ݐ) is increasing and for ܿ ∈ [ܽ, ܾ] ⊂ [݁, ݁ଶ], ݂(ܿ) ≥ 0 

(ܿ − ܽ)න
ݔ

݈݃ ݔ





ݔ݀ ≥ (ܾ − ܽ)න
ݔ

݈݃ ݔ





 ݔ݀

4.56  

Let 0 < ܽ, ܾ < 1. For ܽ ≤ ݔ ≤ ܾ, 

1
ଵି݊݅ݏ ݔ +

1
ଵିݏܿ ݔ ≥

4
ଵି݊݅ݏ ݔ + ଵିݏܿ ݔ =

8
 ߨ

and √ି݊݅ݏଵ ݔ ଵିݏܿ ݔ ≤ ଵ
ଶ

ଵି݊݅ݏ) ݔ + ଵିݏܿ (ݔ = గ
ସ
⇒ ଵ

௦షభ ௫ ௦షభ௫
≥ ଵ

గమ
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൬1 +
1

ଵି݊݅ݏ ൰൬1ݔ +
1

ଵିݏܿ ൰ݔ ≥ 1 +
8
ߨ +

16
 ଶߨ

⇒
1

ܾ − ܽ
න ൬1 +

1
ଵି݊݅ݏ ൰൬1ݔ +

1
ଵିݏܿ ൰ݔ





ݔ݀ ≥
ܾ − ܽ
ܾ − ܽ ൬1 +

8
ߨ +

16
ଶ൰ߨ = ൬1 +

4
൰ߨ

ଶ

 

4.57  

For ܽ ≥ 2, let  

(ܽ)ߗ = න
1 − ଶݔ

1 + ଶݔܽ + ସݔ

ଵ



 ݔ݀

(ܽ)ᇱߗ = ∫ ൫ଵି௫మ൯(ିଵ)௫మ

(ଵା௫మା௫ర)మ
ଵ
 ݔ݀ < 0 ⇒  ,is strictly decreasing on [2,∞). Also (ܽ)ߗ

(2)ߗ = න
1 − ଶݔ

1 + ଶݔ2 + ସݔ

ଵ



ݔ݀ = න
−1 − ଶݔ + 2

(1 + ଶ)ଶݔ

ଵ



ݔ݀ = න
2

(1 + ଶ)ଶݔ −
1

1 + ଶ൨ݔ
ଵ



 ݔ݀

ߨ
4 = න

ݔ݀
1 + ଶݔ

ଵ



=
ݔ

1 + ଶݔ
ቚ10 + න

(ݔ2)ݔ
(1 + ଶ)ଶݔ

ଵ



ݔ݀ =
1
2 + න

ଶݔ)2 + 1)− 2
(1 + ଶ)ଶݔ

ଵ



ݔ݀ = 

=
1
2 +

ߨ
4 − (2)ߗ ⇒ (2)ߗ =

1
2 

Thus, 0 < (ܽ)ߗ < ଵ
ଶ
   ∀	ܽ > 2. Now, 

(ܽ)ߗ2ܾܿ + (ܾ)ߗ2ܿܽ + (ܿ)ߗ2ܾܽ < 

< ܾܿ + ܿܽ + ܾܽ ≤
1
2

(ܾଶ + ܿଶ) +
1
2

(ܿଶ + ܽଶ) +
1
2

(ܽଶ + ܾଶ) = ܽଶ + ܾଶ + ܿଶ 

4.58  

Let be ݂: [0,1] → ℝ; (ݔ)݂ = 1)݈݃ + ݁௫). 

݂ᇱ(ݔ) =
݁௫

1 + ݁௫ ;݂ᇱᇱ(ݔ) =
(݁௫)ᇱ(݁௫ + 1)− ݁௫(݁௫ + 1)ᇱ

(݁௫ + 1)ଶ =
݁௫

(݁௫ + 1)ଶ > 0 

ܯ = ݔܽ݉ ݂ᇱ(ݔ) = ݂ᇱ(1) =
݁

(݁ + 1)ଶ 
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Let be ݃,ℎ: [0,1] → ℝ;  

(ݔ)݃ = 1)݈݃ + ݁௫)−
݁

(݁ + 1)ଶ ⋅  ݔ

ℎ(ݔ) = 1)݈݃ + ݁௫) +
݁

(݁ + 1)ଶ ⋅  ݔ

݃ᇱ(ݔ) = ݂ᇱ(ݔ)− 
(ାଵ)మ

≤ 0 ⇒ ݃ decreasing 

ℎᇱ(ݔ) = ݂ᇱ(ݔ) + 
(ାଵ)మ

≥ 0 ⇒ ℎ increasing 

By  Cebyshev – integral form: 

න൫݃(ݔ) ⋅ ℎ(ݔ)൯
ଵ



ݔ݀ ≤ ቌන݃(ݔ)݀ݔ
ଵ



ቍቌනℎ(ݔ)݀ݔ
ଵ



ቍ 

න൬݈1)݃ + ݁௫) −
݁

(݁ + 1)ଶ ⋅ ൰ݔ
ଵ



൬݈1)݃ + ݁௫) +
݁

(݁ + 1)ଶ ⋅ ݔ൰݀ݔ ≤ 

≤ න൬݈1)݃ + ݁௫)−
݁

(݁ + 1)ଶ ⋅ ൰ݔ
ଵ



ݔ݀ ⋅ න ൬݈1)݃ + ݁௫) +
݁

(݁ + 1)ଶ ⋅ ൰ݔ
ଵ



 ݔ݀

න ଶ(1݈݃ + ݁௫)
ଵ



ݔ݀ −
݁ଶ

(݁ + 1)ସ ⋅
ଷݔ

3
ቚ10 ≤ ቌන݈1)݃ + ݁௫)

ଵ



ቍݔ݀

ଶ

−
1
4 ⋅

݁ଶ

(݁ + 1)ସ 

න ଶ(1݈݃ + ݁௫)݀ݔ
ଵ



−
݁ଶ

3(݁ + 1)ସ ≤ ቌන݈1)݃ + ݁௫)
ଵ



ቍݔ݀

ଶ

−
݁ଶ

4(݁ + 1)ଶ 

න ଶ(1݈݃ + ݁௫)݀ݔ
ଵ



≤ ቌන 1)݈݃ + ݁௫)݀ݔ
ଵ



ቍ

ଶ

+
݁ଶ

3(݁ + 1)ସ −
݁ଶ

4(݁ + 1)ସ 

න ଶ(1݈݃ + ݁௫)݀ݔ
ଵ



≤ ቌන 1)݈݃ + ݁௫)
ଵ



ቍݔ݀

ଶ

+
݁ଶ

12(݁ + 1)ସ < ቌන 1)݈݃ + ݁௫)
ଵ



ቍݔ݀

ଶ

+
1

12 
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4.59  

Let ݂(ݔ) = ଵି݊ܽݐ ݔ for all ݔ ∈ [0,1] 

݂ᇱ(ݔ) = ଵ
ଵା௫మ

, ݂ᇱᇱ(ݔ) = − ଶ௫
(ଵା௫మ)మ

≤ 0 for all ݔ ∈ [0,1] 

Applying HERMITE – HADAMARD Inequality 

݂(1) + ݂(0)
2 ≤

1
1 − 0

න݂(ݔ)
ଵ



ݔ݀ ≤ ݂ ൬
1 + 0

2 ൰ 

⇒
ଵ(1)ି݊ܽݐ + ଵ(0)ି݊ܽݐ

2 ≤ නି݊ܽݐଵ ݔ
ଵ



ݔ݀ ≤ ଵି݊ܽݐ ൬
1
2൰ 

ߨ
8 ≤ නି݊ܽݐଵ ݔ

ଵ



ݔ݀ ≤ ଵି݊ܽݐ ൬
1
2൰ 

4.60  

න
√3 + ݏܿ ݔ2

ݏܿ ݔ ݔ݀ = √2න
1 + ଶݏܿ ݔ

ݏܿ ݔ √1 + ଶݏܿ ݔ
ݔ݀ = 

= √2න
ଶܿ݁ݏ ݔ

ଶ݊ܽݐ√ ݔ + 2
ݔ݀ + √2න

ݏܿ ݔ
√2 − ଶ݊݅ݏ ݔ

 ݔ݀

∴ න
√3 + ݏܿ ݔ2

ݏܿ ݔ ݔ݀ = √2 ൬݊݅ݏℎିଵ ൬
݊ܽݐ ݔ
√2

൰+ ଵି݊݅ݏ ൬
݊݅ݏ ݔ
√2

൰൰+  ܥ

4.61  

Let  

ܣ = න݁ି௫మ
ଵ



ܤ,ݔ݀ = න݁௫మ
ଵ



 ݔ݀

Consider 

(ݐ)݂ = ൬1 +
1
൰ݐ



ାଵܣ + (1 + ,ାଵܤ(ݐ ݐ > 0 
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݂ᇱ(ݐ) = ܿ ൬1 +
1
൰ݐ

ିଵ

൬−
1
ଶ൰ݐ ܣ

ାଵ + ܿ(1 + ାଵܤିଵ(ݐ == ܿ ൬1 +
1
൰ݐ

ିଵ ାଵܤ

ଶݐ
ቈݐାଵ − ൬

ܣ
൰ܤ

ାଵ

 

Note that 

݂ᇱ(ݐ) < 0 for 0 < ݐ < 


, ݂ᇱ(0) > 0 for ݐ > 


 

ݐ is least when (ݐ)݂ = 


. 

Thus, 

(ݐ)݂ ≥ ݂ ൬
ܣ
ݐ	∀	൰ܤ > 0 ⇒ ݂ ቀ

ܽ
ܾቁ ≥ ݂ ൬

ܣ
 ൰ܤ

⇒ ൬1 +
ܾ
ܽ൰



ቌන݁ି௫మ
ଵ



ቍݔ݀

ାଵ

+ ቀ1 +
ܽ
ܾቁ


ቌන݁௫మ

ଵ



ቍݔ݀

ାଵ

≥ 

≥ ൬1 +
ܣ
൰ܤ



ାଵܤ + ൬1 +
ܤ
ܣ൰ܣ

ାଵ = ܣ) + ܤ(ܤ + ܣ) + ܣ(ܤ = 

= ܣ) + ାଵ(ܤ = ቌන൫݁ି௫మ + ݁௫మ൯
ଵ



ቍݔ݀

ାଵ

 

4.62  

(ݔ)݃ =
݁(௫)

1 + ݁(௫) 

݁
భ

భషబ∫ ൫(௫)൯ௗ௫భ
బ ≤ ଵ

ଵି ∫ ଵ(ݔ)݃
   (AM-GM – integral form) – ݔ݀

݁∫ ൫(௫)ି൫ଵା(ೣ)൯൯ௗ௫భ
బ ≤ න

݁(௫)

1 + ݁(௫)

ଵ



 ݔ݀

∫ (ೣ)భ
బ ೣ

∫ ቀቀభశ(ೣ)ቁቁೣభ
బ

≤ ∫ (ೣ)

ଵା(ೣ)
ଵ
  (1)   ݔ݀

(ݔ)߮ = 1)݈݃ + ݁௫) ,߮ᇱ(ݔ) =
݁௫

1 + ݁௫ ,߮ᇱ(ݔ) =
݁௫

(1 + ݁௫)ଶ > 0 



281 
 

݈݃ ቀ1 + ݁∫ (௫)భ
బ ௗ௫ቁ ≤

௦
න൫݈݃൫1 + ݁(௫)൯൯
ଵ



 ݔ݀

ଵ

ଵା∫ (ೣ)భ
బ ೣ

≤ ∫ (ೣ)భ
బ ೣ

∫ ቀቀభశ(ೣ)ቁቁೣభ
బ

    (2) 

By (1), (2): ଵ

ଵା∫ (ೣ)భ
బ ೣ

≤ ∫ (ೣ)

ଵା(ೣ)
ଵ
  ݔ݀

4.63  

Let ݂(ݔ) = √݁௫ for all ݔ ∈ [ܽ, ܾ] where ܽ < ܾ		[WLOG let us assume ܽ < ܾ] 

݂ᇱᇱ(ݔ) = √ೣ

ସ
> 0, hence ݂(ݔ) is strictly convex. Applying HERMITE – HADAMARD Inequality 

݂ ൬
ܽ + ܾ

2 ൰ ≤
1

ܾ − ܽ
න݂(ݔ)




ݔ݀ ≤
݂(ܽ) + ݂(ܾ)

2  

⇒ ݁
ା
ସ ≤

1
ܾ − ܽ

න√݁௫




ݔ݀ ≤
√݁ + √݁

2  

⇒ ݁
ା
ସ ≤

2
ܾ − ܽ ቀ

ඥ݁ − √݁ቁ ≤
√݁ + √݁

2  

⇒ ݁
ା
ଶ ≤

4
(ܾ − ܽ)ଶ ቀ

ඥ݁ − √݁ቁ
ଶ
≤
൫√݁ + √݁൯

ଶ

4 ≤
݁ + ݁

2  

⇒ 2(ܾ − ܽ)ଶඥ݁ା ≤ 8 ቀඥ݁ − √݁ቁ
ଶ
≤ (݁ + ݁)(ܾ − ܽ)ଶ 

4.64  

݊݅ݏ ݔ ݊ܽݐ ݔ − ቀ2 ݊ܽݐ
ݔ
2ቁ

ଶ
=
ଶ݊݅ݏ ݔ
ݏܿ ݔ −

4 ଶ݊݅ݏ 2ݔ
ଶݏܿ 2ݔ

=
4 ଶ݊݅ݏ 2ݔ

ݏܿ ݔ ଶݏܿ 2ݔ
ቀܿݏଶ

ݔ
2 − 1ቁ

ଶ
> 0 

݊݅ݏ√ ݔ ݊ܽݐ ݔ > 2 ݊ܽݐ ௫
ଶ

> 2 ⋅ ௫
ଶ

=  (1)       ,ݔ

݂: ቀ0,
ߨ
2ቁ → ℝ,݂(ݔ) = ݊݅ݏ ݔ + ݊ܽݐ ݔ − (ݔ)ᇱ݂,ݔ2 = ݏܿ ݔ + ଶ݊ܽݐ ݔ − 1 
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݂ᇱᇱ(ݔ) =
݊݅ݏ ݔ (2− ଷݏܿ (ݔ

ଷݏܿ ݔ > 0, ݂݅݊ ݂ᇱ(ݔ) = ݂݅݊ (ݔ)݂ = 0 → (ݔ)݂ > 0 

݊݅ݏ ݔ + ݊ܽݐ ݔ > ݔ2 → ݊݅ݏ ௫
ଶ

+ ݊ܽݐ ௫
ଶ

>  (2)     ,ݔ

݊ܽݐ ݔ >  (3)     ,ݔ

By multiplying (1), (2), (3) → ଷݔ ݊ܽݐ ݔ ቀ݊݅ݏ ௫
ଶ

+ ݊ܽݐ ௫
ଶ
ቁ√݊݅ݏ ݔ ݊ܽݐ ݔ >  ݔ

නݔଷ ݊ܽݐ ݔ ቀ݊݅ݏ
ݔ
2 + ݊ܽݐ

ݔ
2ቁ





݊݅ݏ√ ݔ ݊ܽݐ ݔ ݔ݀ >
1
7

(ܾ − ܽ) 

4.65  

ݔ = ܽ௬ →
1

݈݃ ܽ
න݂(ݔସ)


ଵ

ݔ݀ = නܽ௬݂(ܽସ௬)
ଵ



 ݕ݀

1
݈݃ ܽ

න (ସݔ)݂


ଵ

ݔ݀ +
1

݈݃ ܾ
න݂(ݔସ)


ଵ

ݔ݀ = න൫ܽ௫݂(ܽସ௫) + ܾ௫݂(ܾସ௫)൯
ଵ



ݔ݀ ≥⏞
ாேௌாே

 

≥ න(ܽ௫ + ܾ௫)݂ ቆ
ܽହ௫ + ܾହ௫

ܽ௫ + ܾ௫ ቇ
ଵ



ݔ݀ ≥⏞
ெିீெ

 

≥ 2න√ܽ௫ܾ௫
ଵ



݂(ܽସ௫ − ܽଷ௫ܾ௫ + ܽଶ௫ܾଶ௫ − ܽ௫ܾଷ௫ + ܾସ௫)݀ݔ 

4.66  

න
ݏܿ ݔ

݊݅ݏ ݔ + ݔ4 ݏܿ ݔ





ݔ݀ ≤
ெିீெ 1

5
න

1

ݔ
ସ
ହ
ቀ
ݏܿ ݔ
݊݅ݏ ቁݔ

ଵ
ହ





 ݔ݀

and by Holder inequality 

න
ݏܿ ݔ

݊݅ݏ ݔ + ݔ4 ݏܿ ݔ





ݔ݀ ≤
1
5
ቌන

ݔ݀
ݔ





ቍ

ସ
ହ

ቌන
ݏܿ ݔ
݊݅ݏ ݔ





ቍݔ݀

ଵ
ହ

=
1
5 ൬݈݊

ܾ
ܽ൰

ସ
ହ
൬݈݊

݊݅ݏ ܾ
݊݅ݏ ܽ൰

ଵ
ହ
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< ൬݈݊
ܾ
ܽ൰

ସ
ହ
൬݈݊

݊݅ݏ ܾ
݊݅ݏ ܽ൰

ଵ
ହ

 

4.67  

(݃ ∘ (ݔ)(݂ ∈ [0, ܿ] ⇒ (݃ ∘ (ݔ)(݂ ≤ ܿ; ݔ(∀) ∈ [0,ܽ] 

1
ܿ
න(݃ ∘ ݂)ଶ




ݔ݀(ݔ) ≤
1
ܿ
න ܿ ⋅




(݃ ∘ ݔ݀	(ݔ)(݂ = න(݃ ∘ (ݔ)(݂




 ݔ݀

(݂ିଵ ∘ ݃ିଵ)(ݔ) ∈ [0,ܽ] ⇒ (݂ିଵ ∘ ݃ିଵ)(ݔ) ≤ ݔ(∀)ܽ ∈ [0,ܿ] 

1
ܽ
න(݂ିଵ ∘ ݃ିଵ)ଶ(ݔ)




ݔ݀ ≤
1
ܽ
නܽ(݂ିଵ ∘ ݃ିଵ)




ݔ݀(ݔ) = න(݂ିଵ ∘ ݃ିଵ)




 ݔ݀(ݔ)

1
ܿ
න(݃ ∘ ݂)ଶ




ݔ݀(ݔ) ≤ න(݃ ∘ ݂)




 ݔ݀(ݔ)

1
ܽ
න(݂ିଵ ∘ ݃ିଵ)ଶ




ݔ݀(ݔ) ≤ න(݂ିଵ ∘ ݃ିଵ)(ݔ)




 ݔ݀

1
ܿ
න(݃ ∘ ݂)ଶ




ݔ݀(ݔ) +
1
ܽ
න(݂ିଵ ∘ ݃ିଵ)ଶ




ݔ݀(ݔ) ≤ න(݃ ∘ (ݔ)(݂




ݔ݀ + න(݂ିଵ ∘ ݃ିଵ)




ݔ݀(ݔ) = ܽܿ 

4.68  

Let ݂(ݔ) = ቚቂ݊ݔ + ଵ
ଶ
ቃ − ቚݔ݊ ݔ, ∈ ℝ. Note: 

݂ ൬ݔ +
1
݊൰ = ฬ݊ ൬݊ +

1
݊൰+

1
2൨ − ݊ ൬ݔ +

1
݊൰ฬ = ฬ݊ݔ +

1
2 + 1൨ − ݔ݊ − 1ฬ 

= ቚቂ݊ݔ + ଵ
ଶ
ቃ + 1 − ݔ݊ − 1ቚ = ݂(ݔ) ∴ ݂(ݔ) is periodic with period ଵ


. 

⇒ න ݂(ݔ)
ଶଵ଼



ݔ݀ = 2018݊න ݂(ݔ)

ଵ




 ݔ݀

For 0 ≤ ݔ < ଵ
ଶ

, 0 ≤ ݔ݊ < ଵ
ଶ
⇒ ଵ

ଶ
≤ ݔ݊ + ଵ

ଶ
< 1 ⇒ ቂ݊ݔ + ଵ

ଶ
ቃ = 0 and for ଵ

ଶ
≤ ݔ < ଵ
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1
2 ≤ ݔ݊ < 1 ⇒ 1 ≤ ݔ݊ +

1
2 <

3
2 ⇒ ݊ݔ +

1
2൨ = 1 

Thus, ݂(ݔ) = |0 − |ݔ݊ = for 0 ݔ݊ ≤ ݔ < ଵ
ଶ

= |1− |ݔ݊ = 1− for ଵ ݔ݊
ଶ
≤ ݊ < ଵ


 

∴ න ݂(ݔ)

ଵ




ݔ݀ =
1
2 ൬

1
݊൰ ൬

1
2൰ =

1
4݊ 

 

Thus, 

න ݂(ݔ)݀ݔ
ଶଵ଼



= (2018݊) ൬
1

4݊൰ =
1009

2 ⇒ ݈݅݉
→ஶ

න ݂(ݔ)
ଶଵ଼



ݔ݀ =
1009

2  

4.69  

Put ݔ = ݊ܽݐ ߠ , 0 < ߠ < గ
ଶ

 

√1 + ଶݔ − 1
ݔ =

ܿ݁ݏ ߠ − 1
݊ܽݐ ߠ =

1 − ݏܿ ߠ
݊݅ݏ ߠ = ݊ܽݐ ൬

ߠ
2൰ ⇒ ଵି݊ܽݐ ቆ

√1 + ଶݔ − 1
ݔ ቇ =

ߠ
2 

Let ܫ = ∫ ଵି݊ܽݐ ൬√ଵା௫
మିଵ

௫
൰

ഏ
మ
ఌ ݔ݀ = ∫ ఏ

ଶ

 ⋅ ଶܿ݁ݏ ߠ   where ߠ݀

ܾ = ଵି݊ܽݐ ቀ
ߨ
2ቁ 

ܽ =  (ߝ)ଵି݊ܽݐ

ܫ =
1
݊ܽݐߠ2 ߠ

] − නߠ݊ܽݐ




ߠ݀ =
1
2 ܾ ݊ܽݐ ܾ −

1
2 ܽ ݊ܽݐ ܽ − ܿ݁ݏ)݈݃ [(ߠ = 

=
1
2 ܾ ݊ܽݐ ܾ −

1
2 ܽ ݊ܽݐ ܽ −

1
2 ݈݃

(1 + ଶ݊ܽݐ ܾ) +
1
2 ݈݃

(1 + ଶ݊ܽݐ ܽ) 
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As ߝ → 0ା, ܽ → 0 

∴ ݈݅݉
ఌ→ைశ

ܫ =
ߨ
4 ݊ܽݐ

ିଵ ቀ
ߨ
2ቁ − 0 −

1
2 ݈݃ ቆ1 +

ଶߨ

4 ቇ 

4.70  

݂ is increasing  convex function on ቂܽ, ଵ

ቃ then ݂ ቀଵ

௫
ቁ is convex too, 

 then by H-H inequality we have 

2݂ ቆ
1 + ܽଶ

2ܽ ቇ ≤
ܽ

1 − ܽଶ

⎝

⎜
⎛
න݂(ݔ)

ଵ




ݔ݀ + න݂ ൬
1
൰ݔ

ଵ




ݔ݀

⎠

⎟
⎞
≤ ቆ݂(ܽ) + ݂ ൬

1
ܽ൰ቇ 

in the second integral we use the changment ݕ = ଵ
௫

 we get the inequality  

4.71  

Let ݂: [0, ܿ] → ℝା defined by 

(ݔ)݂ = ݊ܽݐ ݔ (4 ݊ܽݐ ݕ ݊ܽݐ ݖ − 2 ݊ܽݐ ݕ − 2 ݊ܽݐ ݖ + 1) + ݊ܽݐ ݕ + ݊ܽݐ ݖ − 2 ݊ܽݐ ݕ ݊ܽݐ  ݖ

for all ݔ ∈ [0, ܿ]. Now, 

݂ᇱ(ݔ) = ଶܿ݁ݏ ݔ (4 ݊ܽݐ ݕ ݊ܽݐ ݖ − 2 ݊ܽݐ ݕ − 2 ݊ܽݐ ݖ + 1) ≥ 0 since  

ݔ ∈ (0, ܿ) ⊆ ቀ0,
ߨ
4ቁ 

and ݕ, ݖ ∈ ቀ0,గ
ସ
ቁ. So, ݂ is continuous on [0, ܿ] and ݂ᇱ(ݔ) ≥ 0 hence 

݂ is increasing on [0, ܿ]. So, ݂ ቀగ
ସ
ቁ ≥ ݂(ܿ) ≥ (ݔ)݂ ≥ ݂(0) 

⇒ 4 ݊ܽݐ ݕ ݊ܽݐ ݖ − 2 ݊ܽݐ ݕ − 2 ݊ܽݐ ݖ + 1 ≥ (ݔ)݂ ≥ ݕ݊ܽݐ + ݊ܽݐ ݖ − 2 ݊ܽݐ ݕ ݊ܽݐ  ݖ

⇒ (2 ݊ܽݐ ݕ − 1)(2 ݊ܽݐ ݖ − 1) ≥ (ݔ)݂ ≥
1
2 −

1
2

(2 ݊ܽݐ ݕ − 1)(2 ݊ܽݐ ݖ − 1) 

⇒ 1 ≥ (ݔ)݂ ≥ 0 for all ݕ, ݖ ∈ ቀ0, గ
ସ
ቁ 
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∴ 0 ≤ නቌනቌනቀ(݊ܽݐ ݔ + 2 ݊ܽݐ ݕ ݊ܽݐ (ݖ + 4ෑݔ݊ܽݐቁ݀ݔ




ቍ݀ݕ




ቍ݀ݖ




≤ ܾܽܿ 

4.72  

For ݔ > 0 

ସݔ + 1
ݔ + 1 ≤

1
ݔ ⇔ ହݔ + ݔ ≤ ݔ + 1 

⇔ ݔ − ହݔ + 1 − ݔ ≥ 0 ⇔ ݔ)ହݔ − 1)− ݔ) − 1) ≥ 0 

⇔ ݔ) − ହݔ)(1 − 1) ≥ 0 ⇔ ݔ) − 1)ଶ(ݔସ + ଷݔ + ଶݔ + ݔ + 1) ≥ 0 

∴ න
ସݔ + 1
ݔ + 1





ݔ݀ ≤ න
1
ݔ ݔ݀ = ݈݊ ቀ

ܿ
ܾቁ





⇒ ݁ ∫
௫రାଵ
௫లାଵௗ௫

್ ≤ ݁ ቀ


ቁ = ቀ

ܿ
ܾቁ


 

Similarly for other expressions.Thus 

݁∑∫
௫రାଵ
௫లାଵ

್ ௗ௫ ≤ ቀ

ܿ
ܾቁ


ቀ
ܽ
ܿቁ


൬
ܾ
ܽ൰



 

4.73  

Let ݂(ݔ) = ݊ܽݐܿݎܽ(ݔ)݊ܽݐܿݎܽ ቀଵ
௫
ቁ for all ݔ ∈ (0,∞) we have  

݂ᇱ(ݔ) =
1

ଶݔ + 1 ൬ܽ݊ܽݐܿݎ ൬
1
൰ݔ −  ൰(ݔ)݊ܽݐܿݎܽ

then ݂ increasing on (0,1) and decreasing on (0, +∞) it follow that for all 

ݔ ∈ (0, (ݔ)݂,(∞+ ≤ ݂(1) =
ଶߨ

16. 

නܽ݊ܽݐܿݎܽ(ݔ)݊ܽݐܿݎ ൬
1
൰ݔ

గ
ଷ

గ


ݔ݀ ≤
ߨ
6 ݂

(1) =
ଷߨ

96 

4.74  

Let ܯ = ݔ,(ݔ)ᇱ݂}ݔܽ݉ ∈ [ܽ,ܾ]} and ݃(ݔ) =  clearly ݃ is decreasing function then ,ݔܯ−(ݔ)݂
by Chebyshev inequality we have 
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න (ݔ)݂ݔ



ݔ݀ ≤

1
ܾ − ܽ ቆ

න (ݔ)݃



ቇቆනݔ݀ ݔ




 ቇݔ݀

then 

න (ݔ)݂ݔ



ݔ݀ ≤

1
ܾ − ܽ ቆ

න (ݔ)݂



ቇቆනݔ݀ݔܯ− ݔ




+ቇݔ݀ නܯ ଶݔ




 ݔ݀

= ൭නܯ ଶݔ



ݔ݀ −

1
ܾ − ܽ ቆ

න ݔ݀	ݔ



ቇ
ଶ

൱ = ܯ
(ܾ − ܽ)ଷ

12 	. 

4.75  

ଵି݊ܽݐ ݔ − ଵି݊ܽݐ 0
ݔ − 0 =

1
1 + ଶݔ ≤ 1 

ଵି݊ܽݐ ݔ
ݔ ≤ 1 

න
݊ܽݐܿݎܽ ݔ

ݔ





ݔ݀ < න݀ݔ




= ܾ 

ܽଶන
݊ܽݐܿݎܽ ݔ

ݔ





ݔ݀ + ܾଶන
݊ܽݐܿݎܽ ݔ

ݔ





ݔ݀ + ܿଶන
݊ܽݐܿݎܽ ݔ

ݔ





ݔ݀ < ܽଶܾ + ܾଶܿ + ܿଶܽ 

൝
ܽଷ + ܽଷ + ܾଷ ≥ 3ܽଶܾ
ܾଷ + ܾଷ + ܿଷ ≥ 3ܾଶܿ
ܿଷ + ܿଷ + ܽଷ ≥ 3ܿଶܽ

⇒ ܽଷ + ܾଷ + ܿଷ ≥ ܽଶܾ + ܾଷܿ + ܿଶܽ 

ܽଶන
݊ܽݐܿݎܽ ݔ

ݔ





ݔ݀ + ܾଶන
݊ܽݐܿݎܽ ݔ

ݔ





ݔ݀ + ܿଶන
݊ܽݐܿݎܽ ݔ

ݔ





ݔ݀ < ܽଷ + ܾଷ + ܿଷ 

4.76  

Let ݂(ݔ) = ݊݅ݏ ݔ + ݊ܽݐ ݔ − ,ݔ2 0 ≤ ݔ ≤ 1 

݂ᇱ(ݔ) = ݏܿ ݔ + ଶܿ݁ݏ ݔ − 2 ≥ 2ඥܿݏ ݔ ଶܿ݁ݏ ݔ − 2 = 2൫√ܿ݁ݏ ݔ − 1൯ > 0 

for 0 < ݔ < 1 

Thus, ݂(ݔ) > ݂(0) = 0, for 0 < ݔ < 1 
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⇒ ݏܿ)݊݅ݏ (ݔ + ݏܿ)݊ܽݐ (ݔ > 2 ݏܿ ݔ , 0 < ݔ <
ߨ
2 

⇒
1
2
න[ݏܿ)݊݅ݏ (ݔ + ݏܿ)݊ܽݐ [(ݔ




ݔ݀ > නܿݏ ݔ




ݔ݀ = ݊݅ݏ ܾ − ݊݅ݏ ܽ 

ቂ0 < ܽ < ܾ <
ߨ
2
ቃ 

4.77  

Let 

ܽ = න݁ି௫మ
ସ

ଷ

,ݔ݀ ܾ = න݁ି௫మ
ଷ

ଶ

,	ݔ݀ ܽ + ܾ = න݁ି௫మ
ସ

ଶ

 ݔ݀

(a) 2ܽଶ + 2ܾଶ = (ܽ + ܾ)ଶ + (ܽ − ܾ)ଶ ≥ (ܽ + ܾ)ଶ 
 

(b) (ܽ + ܾ)ଶ = ܽଶ + ܾଶ + 2ܾܽ ≥ ܽଶ + ܾଶ			[∵ ܾܽ > 0] 

4.78  

(ܽ)ߗ = න
ඥݔ)ݔଶ + ݔ + 1)

ݔ√ + ସݔ√1 + ଶݔ + 1





 

ସݔ + ଶݔ + 1 = ଶݔ) + 1)ଶ − ଶݔ = ଶݔ) + ݔ + ଶݔ)(1 − ݔ + 1) 

∴ (ܽ)ߗ = න ݔ√
ඥ(ݔ + ଶݔ)(1 − ݔ + 1)





ݔ݀ = න ݔ√

ඨ൬ݔ
ଷ
ଶ൰

ଶ
+ 1





 ݔ݀

Put ݔ
య
మ = ,ݐ ଷ

ଶ√ݔ݀ݔ =  ݔ݀

∴ (ܽ)ߗ =
2
3
න

ݐ݀
ଶݐ√ + 1


య
మ



=
2
3 ݈݊ ቀݐ + ඥݐଶ + 1ቁ ቤܽ

ଷ
ଶ

0
=

2
3 ݈݊ ቀ

ඥܽଷ + 1 + ඥܽଷቁ 

Now, 
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(ܽ)ߗ + (ܾ)ߗ + (ܿ)ߗ ≥ 3ൣ൫ߗ(ܽ)൯൫ߗ(ܾ)൯൫ߗ(ܿ)൯൧
ଵ
ଷ 

⇒ (ܽ)ߗ] + (ܾ)ߗ + ଷ[(ܿ)ߗ ≥  (ܿ)ߗ(ܾ)ߗ(ܽ)ߗ27

= 8ෑቂ݈݃ඥܽଷ + 1 + ඥܽଷቃ ≥ෑቂ݈݃ඥ(ܽଷ + 1) + ඥܽଷቃ 

4.79  

Let ݂(ݔ) = ݊݅ݏ ݔ − ቀݔ − ௫య


ቁ , 0 ≤ ݔ ≤ 1 

݂ᇱ(ݔ) = ݏܿ ݔ − ൬1−
1
2 ݔ

ଶ൰ 

݂ᇱᇱ(ݔ) = ݊݅ݏ− ݔ + ݔ > 0 for 0 < ݔ < 1 

⇒ ݂ᇱ(ݔ) ↑ on [0,1] ⇒ ݂ᇱ(ݔ) > ݂ᇱ(0) = 0 for 0 < ݔ ≤ 1 

∴ (ݔ)݂ ↑ on [0,1] ⇒ (ݔ)݂ > 0 for 0 < ݔ ≤ 1 

∴ ݊݅ݏ ݔ > ݔ −
1
6 ݔ

ଷ, 0 < ݔ ≤ 1 

⇒ න√ݔ ݊݅ݏ ݔ ݔ݀
ଵ



> න൬ݔ
ଷ
ଶ −

1
6 ݔ


ଶ൰ ݔ݀

ଵ



=
2
5 −

2
6	 × 	9 =

49
135 

4.80  

Let ݂(ݔ) = ଵ
௦ 

 for all ݔ ∈ ቀ0, గ
ଶ
ቁ and  

(ݔ)݃ = 1 for all ݔ ∈ ቀ0, గ
ଶ
ቁ 

,are integrable on ቀ0 (ݔ)݃ and (ݔ)݂ .1 గ
ଶ
ቁ 

,keeps the same sign on ቀ0 (ݔ)݃ .2 గ
ଶ
ቁ 

∴ න ݊ܽݐ ݔ




ݔ݀ ≤ න
ݔ݀
ݏܿ ݔ





=
1

ݏܿ ݔ
(ܾ − ܽ) 

where ߙ ∈ (ܽ, ܾ) 
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Similarly,  

න ݐܿ ݔ ݔ݀




≤ න
ݔ݀
݊݅ݏ ݔ





=
ܾ − ܽ
݊݅ݏ ߚ  

where ߚ ∈ (ܽ,ܾ) 

∴ ቌන ݊ܽݐ ݔ




ݐቍቌනܿݔ݀ ݔ




ቍݔ݀ ≤
(ܾ − ܽ)ଶ

݊݅ݏ ߚ ݏܿ  ߙ

4.81  

Let (ݔ)ܨ = ∫ ௫(ݐ)݂
  ݐ݀

As ݂	 is continuous on ℝ,ܨ is differentiable on ℝ, and ܨᇱ(ݔ) =  (ݔ)݂

Let (ݐ)ܩ = ∫ (ݔ)݂ ௦ ௧
 ௦ ௧ ,ݔ݀ ݐ ∈ ቀ0, గ

ଶ
ቁ = ݍ)ܨ ݏܿ −(ݐ )ܨ ݊݅ݏ  (ݐ

we have ܩ is differentiable on ቀ0,గ
ଶ
ቁ and  (ݐ)ܩ ≤ ܩ ቀగ

ସ
ቁ	∀ݐ ∈ ቀ0, గ

ଶ
ቁ 

⇒ ݐ attains maximum value at ܩ = గ
ସ

 

∴ ᇱܩ ቀ
ߨ
4ቁ = 0 ⇒ ݍ− ݊݅ݏ ቀ

ߨ
4ቁܨ

ᇱ ൬
ݍ
√2
൰ − ܾ ݏܿ

ߨ
4 ܨ

ᇱ ൬

√2
൰ = 0 

⇒ ݂ݍ ൭
ݍ
√2

+ ܾ݂ ൬

√2
൰൱ = 0. 

4.82  

Let ܿିݏଵ ݔ = ߠ,ߠ ∈  [ߨ,0]

නඥ1− ଶݔ
ଵ

ିଵ

ଵିݏܿ ݔ ݔ݀ ⇒ ݔ = ݏܿ ߠ 					(∵ ,[ߨ,0]	݊݅ ݊݅ݏ ߠ ≥ 0) 

⇒ ඥ1 − ଶݔ = ඥ݊݅ݏଶ ߠ = ݊݅ݏ  ߠ

ݔ݀ = ݊݅ݏ−  ߠ݀ߠ
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= නߠ ݊݅ݏ ߠ ݊݅ݏ−) (ߠ


గ

 ߠ݀

= − ଵ
ଶ ∫ 2−)ߠ ݊݅ݏ గߠ݀(ߠ

 = − ଵ
ଶ ∫ ݏܿ)ߠ ߠ2 − గߠ݀(1

 = − ଵ
ଶ
൫∫ ߠ ݏܿ ߠ గߠ݀
 − ∫ గߠ݀ߠ

 ൯ →   (1) 

නߠ ݏܿ ߠ2 ߠ݀ = නߠ ݏܿ ߠ2 ߠ݀ −
1
2
න݊݅ݏ ߠ2 ߠ݀ =

ߠ
2

݊݅ݏ) (ߠ2 +
1
4 ݏܿ ߠ2 + ܿ 

∴ න ߠ ݏܿ ߠ2 ߠ݀
గ



= 
ߠ ݊݅ݏ ߠ2

2 +
ݏܿ ߠ2

4 ൨


గ

 

= ൬
ߨ
2 ݊݅ݏ ߨ2 +

ݏܿ ߨ2
4 ൰ − ൬

0 ⋅ ݊݅ݏ 0
2 +

ݏܿ 0
4 ൰ = 1− 1 = 0 

∴ (1) ⇒ ∫ √1 − ଶଵݔ
ିଵ ଵିݏܿ ݔ ݔ݀ = − ଵ

ଶ
ቀ0− ଵ

ଶ
 గቁ[ଶߠ]

= −
1
2ቆ−

ଶߨ

2 ቇ =
ଶߨ

4 ∵ ߨ > ݁ ∴
ଶߨ

4 >
݁ଶ

4  

4.83  

For ܽ > 0, ݇ > 0, let 

ܫ = ∫ ೣ
మ
ାషೣ

మ

ೣାଵ

ି   (1) 

Put ݔ =  so that ,ݐ−

ܫ = ∫ 
మ
ାష

మ

షାଵ
ି
 ݐ݀(1−) = ∫

ೣቀೣ
మ
ାషೣ

మ
ቁ

ೣାଵ

ି  (2)   ݔ݀

Adding (1) and (2), we get 

ܫ2 = න൫݁௫మ + ݁ି௫మ൯݀ݔ


ି

⇒ ܫ = න൫݁௫మ + ݁ି௫మ൯݀ݔ




≥ 2න = 2݇




 

 

∴ න
݁௫మ + ݁ି௫మ

1 + 2௫



ି

ݔ݀ + න
݁௫మ + ݁ି௫మ

1 + 3௫



ି

ݔ݀ + න
݁௫మ + ݁ି௫మ

1 + 5௫ 	



ି

ݔ݀ ≥ 2(ܽ + ܾ + ܿ) ≥ 6(ܾܽܿ)
ଵ
ଷ 
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4.84  

݂(ܽ) = ݂ᇱ(ܽ) = 0 

ቌන݂(ݔ)݀ݔ




ቍ

ଶ

= ቌ[(ݔ)݂ݔ]௫ୀ௫ୀ −න݂ݔᇱ(ݔ)݀ݔ




ቍ

ଶ

≤ ቌනݔଶ݀ݔ




ቍቌන൫݂ᇱ(ݔ)൯ଶ݀ݔ




ቍ 

=
ܽଷ

3
ቌන൫݂ᇱ(ݔ)൯ଶ݀ݔ





ቍ 

again,  

ቌන ݔ݀(ݔ)݂




ቍ

ଶ

= ቌන݂ݔᇱ(ݔ)݀ݔ




ቍ

ଶ

= ቌቈ
ଶݔ

2 ݂ᇱ(ݔ)
௫ୀ

௫ୀ

−
1
2
නݔଶ݂ᇱᇱ(ݔ)݀ݔ




ቍ

ଶ

 

= ቌ
1
2
නݔଶ݂ᇱᇱ(ݔ)݀ݔ




ቍ

ଶ

≤
1
4
ቌනݔସ݀ݔ





ቍቌන൫݂ᇱᇱ(ݔ)൯ଶ݀ݔ




ቍ =
ܽହ

20
ቌන൫݂ᇱᇱ(ݔ)൯ଶ݀ݔ





ቍ 

∴ ቌන݂(ݔ)݀ݔ




ቍ

ସ

≤
଼ܽ

60
ቌන൫݂ᇱ(ݔ)൯ଶ݀ݔ





ቍቌන൫݂ᇱᇱ(ݔ)൯ଶ݀ݔ




ቍ 

4.85  

 න
݁௫మ

ܽ௨௫ + 1

ଵ

ିଵ



௨ୀଵ

ݔ݀ < ݊݁ 

We have 

 න
݁௫మ

ܽ௨௫ + 1

ଵ

ିଵ



௨ୀଵ

ݔ݀ = න݁௫మ
ଵ





௨ୀଵ

ݔ݀ < ݁න݀ݔ
ଵ





௨ୀଵ

= ݊݁ 

We have 

 න
݁௫మ

ܽ௨௫ + 1

ଵ

ିଵ



௨ୀଵ

ݔ݀ < ݊݁ 
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4.86  

݂: [ܽ, ܾ] → ℝ, ݂ is increasing 

Hence; 

 න ݔ݀(ݔ)݂

ା(ିଵ)






ୀଶ

=  න ݔ݀(ݔ)݂

ଵ
ାାቀଵି

ଵ
ቁ





ୀଶ

 

Consider ߶(ݔ) = ∫ ௫(ݔ)݂
  ݔ݀

Now: ߶ᇱᇱ(ݔ) = ݂ᇱ(ݔ) > 0 so ߶ is convex, 

Thus, by Jensen inequality taking ߣ = ଵ


 and ߣᇱ = 1 − ଵ


 as weights; 

ܽߣ)߶ + (ᇱܾߣ ≤ (ܽ)߶ߣ +  (ܾ)߶ᇱߣ

⇒ න ݔ݀(ݔ)݂

ଵ
ାቀଵି

ଵ
ቁ



≤
1
݇
න (ݔ)݂




ݔ݀ +
(݇ − 1)

݇
න݂(ݔ)




ݔ݀ =
݇ − 1
݇

න݂(ݔ)




 ݔ݀

Summing up 

 න (ݔ)݂

ା(ିଵ)




ݔ݀


ୀଶ

≤ ൬
݇ − 1
݇ ൰



ୀଶ

න݂(ݔ)




 ݔ݀

(Proved) 

4.87  

We have known that for any ݔ ≥ 0, (ݔ)݊ܽݐ ≤  :that is ݔ

ߗ(ܽ) ≤න
ݔ)݊ܽݐܿݎܽ + 1)

ݔ

ଶ



ݔ݀ ≤න
ݔ + 1
ݔ

ଶ



ݔ݀ = 

= ܽ + ݈݊(2) < 1)ߨ +  ((2)݈݃
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4.88   

න ඥ݂(ݔ)య

ଵ



ݔ݀ ≤
ுைாோᇲௌ	ூோொூ்

ඩቌන݀ݔ
ଵ



ቍቌන݀ݔ
ଵ



ቍቌන݂(ݔ)݀ݔ
ଵ



ቍ
య

= 1 

න ඥ݂(ݔ)ఱ

ଵ



ݔ݀ ≤
ுைாோᇲௌ	ூோொூ்

ඩቌන݀ݔ
ଵ



ቍቌන݀ݔ
ଵ



ቍቌන݀ݔ
ଵ



ቍቌන݀ݔ
ଵ



ቍቌන݂(ݔ)݀ݔ
ଵ



ቍ
ఱ

= 1 

න ඥ݂(ݔ)ళ

ଵ



ݔ݀ ≤
ுைாோ

ඩቌන݀ݔ
ଵ



ቍቌන݀ݔ
ଵ



ቍቌන݀ݔ
ଵ



ቍቌන݀ݔ
ଵ



ቍቌන݀ݔ
ଵ



ቍቌන݀ݔ
ଵ



ቍቌන݂(ݔ)݀ݔ
ଵ



ቍ
ళ

= 1 

ቌන ඥ݂(ݔ)య

ଵ



ቍቌනݔ݀ ඥ݂(ݔ)ఱ

ଵ



ቍቌනݔ݀ ඥ݂(ݔ)ళ

ଵ



ቍݔ݀ ≤ 1 

4.89  

ቌන݂ହ(ݔ)݀ݔ
ଵ



ቍቌන݂(ݔ)݀ݔ
ଵ



ቍቌන݂ଽ(ݔ)݀ݔ
ଵ



ቍቌන݂ଷ(ݔ)݀ݔ
ଵ



ቍ = 

= නቀ݂ଶ(ݔ)ඥ݂(ݔ)ቁ
ଶ
ݔ݀

ଵ



⋅ නቀ݂ଷ(ݔ)ඥ݂(ݔ)ቁ
ଶ
ݔ݀ ⋅ න ቀ݂ସ(ݔ)ඥ݂(ݔ)ቁ

ଶ
ଵ



ݔ݀

⋅ ቌන݂(ݔ)ඥ݂(ݔ)
ଵ



ቍ

ଶ

ݔ݀ ≥⏞
ௌ

 

≥ ቌන݂(ݔ)݀ݔ
ଵ



ቍ

ଶ

⋅ ቌන݂(ݔ)݀ݔ
ଵ



ቍ

ଶ

ݔ݀ = 

= ൮ቌන݂(ݔ)݀ݔ
ଵ



ቍቌන 1ଶ݀ݔ
ଵ



ቍ൲

ସ

≥⏞
ௌ

ቌන݂ଷ(ݔ)݀ݔ
ଵ



ቍ

଼

= ඥ2଼ళ  



295 
 

√2ళ ቌන݂ହ(ݔ)݀ݔ
ଵ



ቍቌන݂(ݔ)݀ݔ
ଵ



ቍቌන݂ଽ(ݔ)݀ݔ
ଵ



ቍ ≥ ඥ2଼ళ  

ቌන݂ହ(ݔ)
ଵ



(ݔ)ቍቌන݂ݔ݀
ଵ



(ݔ)ቍቌන݂ଽݔ݀
ଵ



ቍݔ݀ ≥ 2 

4.90  

݁௫మ ≥ ଶݔ + 1 → ݁ି௫మ ≤
1

ଶݔ + 1 → 

න ݁ି௧మ

ೌమ
ೌ್ା್ାೌ



ݐ݀ ≤ ଵି݊ܽݐ ቆ
ℎଶ

ℎℎ + ℎℎ + ℎℎ
ቇ 

 න ݁ି௧మ

ೌమ
ೌ್ା್ାೌ

௬

ݐ݀ ≤ି݊ܽݐଵ ቆ
ℎଶ

ℎℎ + ℎℎ + ℎℎ
ቇ ≤⏞
ாேௌாே

 

≤ 3 ଵି݊ܽݐ ቆ
1
3

ℎଶ

ℎℎ + ℎℎ + ℎℎ
ቇ ≤⏞
ாெெ

3 ଵି݊ܽݐ
ܴ
 ݎ6

LEMMA: 

ℎଶ + ℎଶ + ℎଶ

ℎℎ + ℎℎ + ℎℎ
≤
ܴ
 ݎ2

 

By Adil Abdullayev 

We have, ℎ = ଶ௱


,ℎ = ଶ௱


, ℎ = ଶ௱


, ܽ + ܾ + ܿ =   and 2

ܾܽ + ܾܿ + ܿܽ = ଶ + ଶݎ +  ݎ4ܴ

ℎଶ + ℎଶ + ℎଶ

ℎℎ + ℎℎ + ℎℎ
≤
ܴ
ݎ2 ⇔

1
ܽଶ + 1

ܾଶ + 1
ܿଶ

1
ܾܽ + 1

ܾܿ + 1
ܿܽ

≤
ܴ
 ݎ2
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⇔
ܽଶܾଶ + ܾଶܿଶ + ܽଶܿଶ

ܾܽܿ(ܽ + ܾ + ܿ) ≤
ܴ
ݎ2 ⇔

ଶ) + ଶݎ + ଶ(ݎ4ܴ

ܾܽܿ(ܽ + ܾ + ܿ) ≤
ܴ + ݎ4

ݎ2  

 

⇔
ସ + ସݎ + ଶݎଶݎ16 + ଶݎଶ2 + ଷݎ8ܴ + ଶݎ8ܴ

ଶݎ8ܴ ≤
ܴ + ݎ4

ݎ2  

⇔ ସ + ସݎ + 16ܴଶݎଶ + ଶݎଶ2 + ଷݎ8ܴ + ଶݎ8ܴ ≤ 4ܴଶଶ +  ଶݎ16ܴ

⇔ ସ + ସݎ + 16ܴଶݎଶ + ଶݎଶ2 + ଷݎ8ܴ ≤ 4ܴଶଶ +  ଶݎ8ܴ

We know, ଶ ≤ 4ܴଶ + ݎ4ܴ +  ,ଶ, then we need to proveݎ3

ଶ(4ܴଶ + ݎ4ܴ + (ଶݎ3 + ଶݎ) + ଶ(ݎ4ܴ + ଶݎଶ2 ≤ 4ܴଶଶ +  ଶݎ8ܴ

⇔ ଶݎଶ(5 − (ݎ4ܴ + ଶݎ) + ଶ(ݎ4ܴ ≤ 0 ⇔ ଶ ≥
ଶݎ) + ଶ(ݎ4ܴ

ݎ4ܴ − ଶݎ5  

Again, we know, ଶ ≥ ݎ16ܴ −   ,ଶ, we will showݎ5

ݎ16ܴ − ଶݎ5 ≥
ଶݎ) + ଶ(ݎ4ܴ

ݎ4ܴ − ଶݎ5  

⇔ 4ܴଶ − ݎ9ܴ + ଶݎ2 ≥ (ܴ − 4ܴ)(ݎ2 − (ݎ ≥ 0, which is true. 

4.91                                        If ݔ in positive real number we have: 

(ݔ)ଶߗ =
ݔ)ݔ + 3)

ݔ) + ݔ)(2 + 1) 

Now we must prove 

ቈ
ݔ)ݔ + 3)

ݔ) + ݔ)(2 + 1)−
2

ݔ + 2
 < 3 ⇔

ݔ − 1
ݔ + 1 < 3 ⇔ 

⇔൬1−
2

ݔ + 1൰ < 3 ⇔ 3 − 2
1

ݔ + 1 < 3 

4.92  

න ݊݅ݏ ݔ ݏܿ ݔ ݔ݀

గ
ଶ



=
1
2 ⋅

߁ ቀ + 1
2 ቁ ߁ ቀݍ + 1

2 ቁ

߁ ቀ + ݍ + 2
2 ቁ

,−1 < , ݍ < 1 
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−1)߁()߁ ( = ߨ ܿݏܿ  ߨ

⎝

⎛න݊݅ݏ
ଵ
 ݔ

గ
ଶ



ିݏܿ
ଵ
 ݔ ݔ݀

⎠

⎞

⎝

⎛න ݊݅ݏ
ଵ
 ݔ ିݏܿ

ଵ
 ݔ

గ
ଶ



ݔ݀

⎠

⎞ 

=
1
߁2 ൬

݉ + 1
2݉ ൰߁ ൬

݉ − 1
2݉ ൰ ⋅

1
߁2 ൬

݊ + 1
2݊ ൰߁ ൬

݊ − 1
2݊ ൰ 

=
1
߁2 ൬

݉ + 1
2݉ ൰߁ ൜1 −

݉ + 1
2݉

ൠ ⋅
1
߁2 ൬

݊ + 1
2݊ ൰߁ ൜1 −

݊ + 1
2݊

ൠ 

=
ଶߨ

4 ܿݏܿ
݉)ߨ + 1)

2݉ ܿݏܿ
݊)ߨ + 1)

2݊ =
ଶߨ

4 ݏܿ ߨ
ݏ2݉ܿ 2݊ߨ

≥⏞
ெஹீெ ଶߨ

ቀܿݏ ߨ
2݉ + ݏܿ 2݊ቁߨ

 

4.93  

ଵି݊݅ݏ ൬
ݔ2

1 + ଶ൰ݔ = ߨ − 2 ଵି݊ܽݐ  ݔ

ܬ = න ߨ) − 2 ଵି݊ܽݐ (ݔ
√ଷ

ଵ

ଵି݊ܽݐ)  ݔଶ݀(ݔ

ߨ) − ଵି݊ܽݐ)(ݔଵି݊ܽݐ2 ଶ(ݔ <⏞
ெିீெ

ቀ
ߨ
3ቁ

ଷ
 

ݔܽ݉
ൣଵ,√ଷ൧

ߨ) − 2 ଵି݊ܽݐ (ݔ ଵି݊ܽݐ) ଶ(ݔ =
ଷߨ

27 

ߨ) − 2 ଵି݊ܽݐ ଵି݊ܽݐ)(ݔ ଶ(ݔ <
ଷߨ

27 

න ߨ) − 2 ଵି݊ܽݐ (ݔ
√ଷ

ଵ

ଵି݊ܽݐ) ݔଶ݀(ݔ < න
ଷߨ

27

√ଷ

ଵ

 ݔ݀

ܬ <
ଷߨ

27
൫√3− 1൯ 

4.94  

Lemma: Let ݂ be a convex function defined on ܫ ⊆ ℝ then for any  
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ݔ ≤ ݕ ≤ ݔ)݂ ,we have ܫ in ݖ − ݕ + (ݖ ≤ −(ݔ)݂ (ݕ)݂ +  (ݖ)݂

Now, ൛݁మൟ
ᇱᇱ

= 2݁మ + 4݉ଶ݁మ > 0 for all ݉ ∈ ℝ 

Let ݖ = ݊ + 12 and ݕ = ݊ + 8 then from 

ݔ)݂ − ݕ + (ݖ ≤ −(ݖ)݂ (ݕ)݂ + (ݔ)݂ ⇒ 

⇒ ݂(݊ + 4) + ݂(݊ + 8) ≤ ݂(݊) + ݂(݊ + 12) 

where ݔ ∈ [ܽ,ܽ + 3] then 

න ݂(݊ + 4)
ାଷ



݀݊ + න ݂(݊ + 8)
ାଷ



݀݊ ≤ න ݂(݊)
ାଷ



݀݊ + න ݂(݊ + 12)
ାଷ



݀݊ 

⇒ න (ݔ)݂
ା

ାସ

ݔ݀ + න (ݔ)݂
ାଵଵ

ା଼

ݔ݀ ≤ න (ݔ)݂
ାଷ



ݔ݀ + න (ݔ)݂
ାଵହ

ାଵଶ

 ݔ݀

∴ න ݁௫మ
ାଵଵ

ା଼

ݔ݀ + න ݁௫మ݀ݔ
ା

ାସ

≤ න ݁௫మ݀ݔ
ାଷ



+ න ݁௫మ݀ݔ
ାଵହ

ାଵଶ

 

4.95  

݁௫ ≥ 1 + ,ݔ ݔ ∈ ℝ, 

1)݈݃ + (ݔ ≤ ,ݔ ݔ > −1 → ൫1݈݃ + ݊݅ݏ√ ൯ݔ ≤ ݊݅ݏ√ ݔ → 

ଶ൫1݈݃ + ݊݅ݏ√ ൯ݔ ≤ ݊݅ݏ ݔ ≤  ݔ

න ଶ൫1݈݃ + ݊݅ݏ√ ൯ݔ
ଵ



< නݔ	ݔ݀
ଵ



=
1
2 

4.96  

ܽ ݊݅ݏ ݔ
ܾ + ܽ ݏܿ ݔ =

ܽ ቀ2 ݊ܽݐ 2ቁݔ

ܾ ቀ1 + ଶ݊ܽݐ 2ቁݔ + ܽ ቀ1− ଶ݊ܽݐ 2ቁݔ
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=
2ܽ ݊ܽݐ ቀ2ݔቁ

(ܽ + ܾ) + (ܾ − ܽ) ଶ݊ܽݐ ቀ2ݔቁ
=

2ܽ
ܾ + ܽ ݊ܽݐ ቀ

ݔ
2ቁ

1 + ܾ − ܽ
ܾ + ܽ ݊ܽݐ

ଶ ݔ
2

=
݊ܽݐ 2ݔ −

ܾ − ܽ
ܾ + ܽ ݊ܽݐ

ݔ
2

1 + ܾ − ܽ
ܾ + ܽ ݊ܽݐ

ଶ ቀ2ݔቁ
 

Put ି
ା

݊ܽݐ ௫
ଶ

= ݊ܽݐ  ߠ

∴
ܽ ݊݅ݏ ݔ

ܾ + ܽ ݏܿ ݔ =
݊ܽݐ 2ݔ − ݊ܽݐ ߠ

1 + ݊ܽݐ 2ݔ ݊ܽݐ ߠ
= ݊ܽݐ ቀ

ݔ
2 +  ቁߠ

⇒ ݊ܽݐܿݎܽ ൬
ܽ ݊݅ݏ ݔ

ܾ + ܽ ݏܿ ൰ݔ =
ݔ
2 + ߠ =

ݔ
2 + ଵି݊ܽݐ ൬

ܾ − ܽ
ܾ + ܽ ݊ܽݐ

ݔ
2൰ 

Similarly, 

݊ܽݐܿݎܽ ൬
ܾ ݊݅ݏ ݔ

ܽ + ܾ ݏܿ  ൰ݔ

=
ݔ
2 + ݊ܽݐܿݎܽ ൬

ܽ − ܾ
ܽ + ܾ ݊ܽݐ

ݔ
2൰ =

ݔ
2 − ݊ܽݐܿݎܽ ൬

ܾ − ܽ
ܾ + ܽ ݊ܽݐ

ݔ
2൰ 

∴ ,ܽ)ܫ ܾ) = නቀ
ݔ
2 +

ݔ
2ቁ





ݔ݀ =
1
2

(ܾଶ − ܽଶ) ⇒
2

ܾ − ܽ ܫ
(ܽ,ܾ) = ܾ + ܽ 

Thus, ଶ
ି

(ܾ,ܽ)ܫ + ଶ
ି

,ܾ)ܫ ܿ) + ଶ
ି

(ܽ,ܿ)ܫ = 2(ܽ + ܾ + ܿ) 

Now, 

ܽ + ܾ
2 ≥ ܯܣ]			ܾܽ√ ≥  [ܯܩ

and ା
ଶ
≥ ටమାమ

ଶ
 

⇔ (ܽ + ܾ)ଶ − 2(ܽଶ + ܾଶ) ≥ 0 ⇔ (ܽ − ܾ)ଶ ≥ 0 

∴ ܽ + ܾ ≥ √ܾܽ + ඨܽ
ଶ + ܾଶ

2 ⇒(ܽ + ܾ) ≥ቌ√ܾܽ + ඨܽ
ଶ + ܾଶ

2
ቍ 

4.97  

Let ݐ = ܽ ݊ܽݐ ߠ , ݐ݀ = ܽ ଶܿ݁ݏ ߠ  ߠ݀
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when ݐ = ߠ,0 = 0, when ݐ = ,ݔ ߠ = ଵି݊ܽݐ  ݔ

(ܽ)ߗ = ݈݅݉
௫→ஶ

න
݈݃ ݐ
ଶݐ + ܽଶ

௫



ݐ݀ =
1
ܽ ݈݅݉௫→ஶ

න ܽ)݈݃ ݊ܽݐ (ߠ
௧షభ ௫



 ߠ݀

=
1
ܽ ݈݅݉௫→ஶ

න ܽ)݈݃ ଵି݊ܽݐ)݊ܽݐ ݔ − ((ߠ
௧షభ ௫



ߠ݀ =
1
ܽ ݈݅݉௫→ஶ

න ݈݃ ൬ܽ ⋅
ݔ − ݊ܽݐ ߠ

1 + ݔ ݊ܽݐ ൰ߠ
௧షభ ௫



 ߠ݀

=
1
ܽ ݈݅݉௫→ஶ

න ቌ݈ܽ݃ ⋅
1 − ߠ݊ܽݐ

ݔ
1
ݔ + ݊ܽݐ ߠ

ቍ
௧షభ ௫



ߠ݀ =
1
ܽ
න ቆ݈݃

ܽଶ

ܽ ݊ܽݐ ቇߠ

గ
ଶ



= ߨ ݈݃ ܽ
ଵ
 −  (ܽ)ߗ

⇒ (ܽ)ߗ2 = ߨ ݈݃ ܽ
భ
ೌ ⇒ (ܽ)ߗ = గ

ଶ
݈݃ ܽ

భ
ೌ. So,∑ ଶ(ܽ)௬ߗ = గమ

ସ
ଶ݈݃ ቀܽ

భ
ೌቁ 

≥
ଶߨ

12
ቌ݈݃ ൬ܽ

ଵ
൰

௬

ቍ

ଶ

=
ଶߨ

12 ݈݃
ଶ ൬ܽ

ଵ
 ⋅ ܾ

ଵ
 ⋅ ܿ

ଵ
൰ 

4.98  

If 0 < ܽ < ܾ then ଶ
గ
݈݊ ቀ


ቁ + ܾ − ܽ < గ

ଶ ∫
ௗ௫

௧ ௫

 < గ

ଶ
݈݊ ቀ


ቁ + ܾ − ܽ 

We need to prove that ଶ
గ௫

+ 1 < ଵ
ଶ௧ ௫

< గ
ଶ௫

+ ݔ∀ (1)   1 > 0 

Put ܽ݊ܽݐܿݎ ݔ = ݐ ⇒ 0 < ݐ < గ
ଶ

. We have (1) ⇒ ଶ
గ ௧ ௧

+ 1 < గ
ଶ௧

< గ
ଶ ௧ ௧

+ 1 

∗ (ݐ)݂ =
ߨ
ݐ2 −

2
ߨ ⋅ ݊ܽݐ ݐ − 1 

We have ݂ᇱ(ݐ) = ଶ
గ⋅௦మ ௧

− గ
ଶ௧మ

= ସ௧మିగమ⋅௦మ ௧
ଶ௧మ⋅గ⋅௦మ ௧

 

On the other hand, by Jordan’s inequality, we have  

݊݅ݏ ݐ >
ݐ2
ߨ ⇒ ଶ݊݅ݏ ݐ >

ଶݐ4

ଶߨ ⇒ ଶݐ4 − ଶߨ ⋅ ଶ݊݅ݏ ݐ < ଶݐ4 − ଶߨ ⋅
ଶݐ4

ଶߨ = 0 ⇒ ݂ᇱ(ݐ) < 0 

⇒  ⇒ is a decreasing function (ݐ)݂

⇒ (ݐ)݂ > ݈݅݉௧→ഏ
మ
ቀగ
ଶ௧
− ଶ

గ⋅௧ ௧
− 1ቁ ⇒ (ݐ)݂ > 0 ⇒ ଶ

గ⋅௧ ௧
+ 1 < గ

ଶ௧
  (2) 
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∗ (ݐ)݃ =
ߨ

2 ݊ܽݐ ݐ + 1 −
ߨ
 ݐ2

We have ݃ᇱ(ݐ) = గ
ଶ௧మ

− గ
ଶ௦మ ௧

= ଶగ⋅௦మ ௧ିଶగ⋅௧మ

ସ௧మ⋅௦మ ௧
= ଶగ(௦ ௧ି௧)(௦ ௧ା௧)

ସ௧మ⋅௦మ ௧
 

On the other hand, by Jordan’s inequality, we have 

݊݅ݏ ݐ ≤ ݐ ⇒ ݃ᇱ(ݐ) ≤ 0 ⇒   is a decreasing functioin (ݐ)݃

⇒ (ݐ)݂ > ݈݅݉௧→ഏ
మ
ቀ గ
ଶ ௧ ௧

+ 1 − గ
ଶ௧
ቁ ⇒ (ݐ)݂ > 0 ⇒ గ

ଶ௧
< గ

ଶ⋅௧ ௧
+ 1   (3) 

(2) and (3) ⇒ ଶ
గ⋅௧ ௧

+ 1 < గ
ଶ௧

< గ
ଶ⋅௧ ௧

+ 1 ⇒ (1) True ⇒ 

⇒ න൬
2

ߨ ⋅ ݔ + 1൰




ݔ݀ < න
ߨ

2 ݊ܽݐܿݎܽ ݔ





ݔ݀ < න ቀ
ߨ

ݔ2 + 1ቁ




 ݔ݀

⇒
2
ߨ ݈݊ ൬

ܾ
ܽ൰ + ܾ − ܽ <

ߨ
2
න

ݔ݀
݊ܽݐܿݎܽ ݔ





<
ߨ
2 ݈݊ ൬

ܾ
ܽ൰+ ܾ − ܽ 

4.99  

Set ݂(ݔ) = ଵ
௫ఱ

ݔ, > 0 and ݃(ݔ) = ହݔ ⋅ ݁௫మ, ݔ > 0 

It’s ݂ᇱ(ݔ) = − ହ
௫ల

< 0, ݔ > 0 and ݃ᇱ(ݔ) = ଶݔସ݁௫మ(2ݔ + 5) > ݔ∀,0 > 0. 

So ݂ strictly decreasing when ݔ > 0 and ݃ strictly increasing 

Using the Chebyshev’s integral inequality, we have that: 

න
1
ହݔ





ݔ݀ ⋅ න 	ହݔ




⋅ ݁௫మ݀ݔ > න
1
ହݔ ⋅ ݔ

ହ݁௫మ݀ݔ




⋅ (ܾ − ܽ) 

⇒ −
1

ସ൨ݔ4



⋅ න ݔହ݁௫మ݀ݔ




> න݁௫మ݀ݔ




⋅ (ܾ − ܽ) 

⇒
1
4 ൬

1
ܽଶ −

1
ܾଶ൰ ൬

1
ܽଶ +

1
ܾଶ൰

න ݔହ݁௫మ݀ݔ




> න݁௫మ݀ݔ




(ܾ − ܽ) 
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⇒
1
4

(ܾ − ܽ) ⋅
(ܾ + ܽ)
ܽଶܾଶ ൬

1
ܽଶ +

1
ܾଶ൰

නݔହ݁௫మ݀ݔ




> න݁௫మ݀ݔ




(ܾ − ܽ) 

⇒
1
4 ൬

1
ܽସܾ +

1
ܽଶܾଷ +

1
ܽଷܾଶ +

1
ܾܽସ൰

න ݔହ݁௫మ݀ݔ




> න݁௫మ݀ݔ




 

4.100  

(ܽ)ߗ = ඩන ඥ݁(ା)௫మ




ݔ݀


⋅ ඩන ඥ݁ି(ା)௫మ




ݔ݀


≥⏞
ுைாோᇲௌ

න อ݁
(ା)௫మ

 ⋅
1

݁
(ା)௫మ



อ




ݔ݀ = ܽ 

Similarly, ߗ(ܾ) ≥ (ܿ)ߗ,ܾ ≥ ܿ 

∴ߗଶ(ܽ)
௬

= ܽଶ
௬

≥ܾܽ
௬

 

4.101  

Using Hölder inequality for integrals, I have that. 

ቌන 1
ଷ
ଶ





ቍݔ݀

ଶ
ଷ

⋅ ቌන ݁ଷ௫మ݀ݔ




ቍ

ଵ
ଷ

≥ න ݁௫ଶ




ݔ݀ ⇒ 

ܽ
మ
య൫∫ ݁ଷ௫మ

 ൯ݔ݀
భ
య ≥ ∫ ݁௫మ

 ݔ݀ ⇒ ∫ ݁ଷ௫మ
 ݔ݀ ≥ ଵ

మ
൫∫ ݁௫మ݀ݔ
 ൯

ଷ
  (1) 

Just the same: 

ቀ∫ 1
య
మ݀ݔ

 ቁ
మ
య ⋅ ൫∫ ݁ିଷ௫మ݀ݔ

 ൯
భ
య ≥ ∫ ݁ି௫మ݀ݔ

 ⇒⇒ ⋯∫ ݁ିଷ௫మ	݀ݔ
 ≥ ଵ

మ
൫∫ ݁ି௫మ݀ݔ
 ൯

ଷ
   (2) 

(1) × (2) (everything is positive) we have that 

න݁ଷ௫మ




ݔ݀ ⋅ න ݁ିଷ௫మ݀ݔ




≥
1
ܽସ
ቌන ݁௫మ݀ݔ





න݁ି௫మ݀ݔ




ቍ

ଷ
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4.102  

ܬ = න ݈݊(1 + ݊ܽݐ (ݔ

గ
ସ



ݔ݀ =
௫ୀగସି௧ න ݈݊ ቀ1 + ݊ܽݐ ቀ

ߨ
4 − ቁቁݐ

గ
ସ



 ݐ݀

= න ݈݊ ൬1 +
1 − ݊ܽݐ ݐ
1 + ݊ܽݐ ൰ݐ

గ
ସ



ݐ݀ = න ݈݊ ൬
2

1 + ݊ܽݐ ൰ݐ

గ
ସ



 ݐ݀

= න ݐ݀(2)݈݊

గ
ସ



−න ݈݊(1 + ݊ܽݐ (ݐ

గ
ସ



ݐ݀ =
ߨ
4 ݈݊ 2− ܬ → ܬ =

ߨ
8 ݈݊ 2 

ܫ = නቆ
1 − ଶ݊݅ݏ ݔ
1 + ଶ݊݅ݏ ݔ +

1 − ଶݏܿ ݔ
1 + ଶݏܿ ቇݔ

గ
ସ



݈݊(1 + ݊ܽݐ  ݔ݀(ݔ

= න൬
2

1 + ଶ݊݅ݏ ݔ +
2

1 + ଶݏܿ ݔ − 2൰

గ
ସ



݈݊(1 + ݊ܽݐ  ݔ݀(ݔ

= 2න൬
1

1 + ଶ݊݅ݏ ݔ +
1

2 − ଶ݊݅ݏ ݔ − 1൰

గ
ସ



݈݊(1 + ݊ܽݐ  ݔ݀(ݔ

∴ let ݂(ݔ) = ଵ
ଵା௫మ

+ ଵ
ଶି௫మ

ݔ∀			 ∈ ቂ0; ଵ
√ଶ
ቃ 

݂ᇱ(ݔ) = −
ݔ2

(1 + ଶ)ଶݔ +
ݔ2

(2 − ଶ)ଶݔ = ݔ2 ൬
1

ଶݔ) − 2)ଶ −
1

ଶݔ) + 1)ଶ൰ 

=
ଶݔ))ݔ2 + 1)ଶ − ଶݔ) − 2)ଶ)

ଶݔ) − 2)ଶ(ݔଶ + 1)ଶ =
ଶݔ2)ݔ6 − 1)

ଶݔ) − 2)ଶ(ݔଶ + 1)ଶ ≤ ݔ∀			0 ∈ 0;
1
√2
൨ 

0 ≤ ݔ ≤
ߨ
4 ⇒ 0 ≤ ݊݅ݏ ݔ ≤

1
√2

⇒ ݊݅ݏ)݂ (ݔ ≥ ݂ ൬
1
√2
൰ =

4
3 

⇒
1

1 + ଶ݊݅ݏ ݔ +
1

2− ଶ݊݅ݏ ݔ − 1 ≥
1
3 ⇒ ܫ ≥ 2න

1
3 ݈݊

(1 + ݊ܽݐ (ݔ

గ
ସ



ݔ݀ ⇔ ܫ ≥
2
3 ܬ ⇔ ܫ ≥

ߨ
12 ݈݊ 2 
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4.103  

If we consider the functions 

(ݔ)݂ = ଵ
௫య

, ݔ ∈ [ܽ, 2ܽ]  (Strictly decreasing on [ܽ, 2ܽ]) 

(ݔ)݃ = ݁௫ ݔ, ∈ [ܽ, 2ܽ] (Strictly increasing on [ܽ, 2ܽ]) 

Using Chebyshev integral inequality we have: 

ܽ ⋅ න
݁௫

ଷݔ ݔ݀
ଶ



< න
1
ଷݔ

ଶ



ݔ݀ ⋅ න ݁௫݀ݔ
ଶ



= −
1

ଶ൨ݔ2

ଶ

	(݁ଶ − ݁) 

⇒ ܽන
݁௫

ଷݔ

ଶ



ݔ݀ <
3

8ܽଶ
(݁ଶ − ݁) ⇒ න

݁௫

ଷݔ

ଶ



ݔ݀ <
3

8ܽଷ ݁
(݁ − 1) 

4.104  

ݔ∀ > (ݔ)݂:1 = න݈݃ଶ ݐ
௫

ଵ

 ݐ݀

∴ ݂ᇱ(ݔ) = ଶ݈݃ ݔ 	&	݂ᇱᇱ(ݔ) = 2
݈݃ ݔ
ݔ ≥ ݔ∀				0 > 1 

So by Jensen’s inequality: ቐ
݂ ቀାଷ

ସ
ቁ ≤ ()ାଷ()

ସ

݂ ቀଷା
ସ
ቁ ≤ ଷ()ା()

ସ

⇒ ݂(ܽ) + ݂(ܾ) ≥ ݂ ቀାଷ
ସ
ቁ + ݂ ቀଷା

ସ
ቁ 

⇔න݈݃ଶ ݐ


ଵ

ݐ݀ + න ଶ݈݃ ݐ݀


ଵ

≥ න ଶ݈݃ ݐ

ାଷ
ସ

ଵ

ݐ݀ + න ଶ݈݃ ݐ

ଷା
ସ

ଵ

 ݐ݀

4.105  

ܿ ≤ (ݔ)݂ ≤ ݀ and ܿ ≤ (ݔ)݃ ≤ ݀; 
ௗ
≤ 


≤ ௗ


 for all ݔ ∈ [ܽ,ܾ] 

⇒ ൬
݂
݃ −

ܿ
݀൰൬

݂
݃ −

݀
ܿ൰ ≤ 0 ⇒

݂
݃ +

݃
݂ ≤

ܿ
݀ +

݀
ܿ ⇒

න
(ݔ)݂
(ݔ)݃





ݔ݀ + න
(ݔ)݃
(ݔ)݂





ݔ݀ ≤ ൬
ܿ
݀ +

݀
ܿ൰

(ܾ − ܽ) 
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⇒ ܿ݀ ቌන
(ݔ)݂
(ݔ)݃





ݔ݀ + න
(ݔ)݃
(ݔ)݂





ቍݔ݀ < (ܿଶ + ݀ଶ)(ܾ − ܽ) 

4.106  

݂ is increasing function then for all ݏ ∈ ൣܽ,√ܾܽ൧ and ݐ ∈ ൣ√ܾܽ,ܾ൧ we have ݂(ݏ) ≤  then (ݐ)݂

൫ܾ − √ܾܽ൯ න (ݏ)݂
√



ݔ݀ = √ܾ൫√ܾ − √ܽ൯ න (ݏ)݂
√



ݏ݀ ≤ 

≤ √ܽ൫√ܾ − √ܽ൯ න ݐ݀(ݐ)݂


√

= ൫√ܾܽ − ܽ൯ න (ݐ)݂


√

 ݐ݀

it follow that 

√ܾ න (ݔ)݂
√



ݔ݀ ≤ √ܽ න ݔ݀(ݔ)݂


√

= √ܽቌන݂(ݔ)




ݔ݀ − න ݔ݀(ݔ)݂
√



ቍ 

then 

൫√ܾ + √ܽ൯ න (ݔ)݂
√



ݔ݀ ≤ √ܽන݂(ݔ)




 ݔ݀

4.107  

݊݅ݏ ቀ
ߨ
2 − ቁݔ ≥⏞

ைோே 2
ߨ ቀ

ߨ
2 − ቁݔ → ݏܿ ݔ ≥ 1 −

2
ߨ ݔ → 

ݏܿ ݔ +
2
ߨ ݔ + ݔ ≥ 1 +  ݔ

(ܣ)ߞ = න
1

ටܿݏ ݔ + 2
ߨ ݔ + ݔ





ݔ݀ ≤ න
1

√1 + ݔ





ݔ݀ = 2√1 + ܣ − 2 

(ܣ)ߞ ≤ 2√1 + ܣ − 6 ≤⏞
ாேௌாே

2 ⋅ 3ඨ1 +
ܣ + ܤ + ܥ

3 − 6 = 2ඥ3(1 + −(ߨ 6 
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4.108  

1 ≤ ݔ ≤ ݕ ≤ ݖ ≤ ݐ ≤ 13 

ݔ = 1 +
2݇
݊ , ݕ = 5 +

2݇
݊ , ݖ = 7 +

2݇
݊ , ݐ = 11 +

2݇
݊  

݂ − convexe → ൫௬ೖ൯ି൫௫ೖ൯
௬ೖି௫ೖ

≤ ൫௧ೖ൯ି൫௭ೖ൯
௧ೖି௭ೖ

→ 

݈݅݉
→ஶ

2
݂݊(ݕ)



ୀଵ

+ ݈݅݉
→ஶ

2
݂݊(ݖ)



ୀଵ

≥ ݈݅݉
→ஶ

2
݂݊(ݐ)



ୀଵ

+ ݈݅݉
→ஶ

2
݊  (ݔ)݂



ୀଵ
→ஶ

 

න݂(ݔ)


ହ

ݔ݀ + න݂(ݔ)݀ݔ
ଽ



≤ න ݔ݀(ݔ)݂
ଵଷ

ଵଵ

+ න݂(ݔ)݀ݔ
ଷ

ଵ

 

න݂(ݔ)݀ݔ
ଽ

ହ

≤ න ݔ݀(ݔ)݂
ଵଷ

ଵଵ

+ න݂(ݔ)݀ݔ
ଷ

ଵ

 

4.109  

Applying Cauchy – Schwarz, 

ቀ∫ ௫మ

௫యାଵ

 ቁݔ݀

ଶ
≤ ቀ∫ ௗ௫

(௫యାଵ)మ

 ቁ ቀ∫ ݔସ݀ݔ

 ቁ = ൫ఱିఱ൯
ହ

ቀ∫ ௗ௫
(௫యାଵ)మ


 ቁ  

⇒ ൬
1
3

ଷݔ)݈݊] + 1)]௫ୀ௫ୀ൰
ଶ

≤
ܾହ − ܽହ

5
ቌන

ݔ݀
ଷݔ) + 1)ଶ





ቍ 

∴ ݈݊ଶ ቆ
ܾଷ + 1
ܽଷ + 1ቇ ⋅

5
9(ܾହ − ܽହ) ≤ න

ݔ݀
ଷݔ) + 1)ଶ





 

4.110  

Let ܫ = ∫ ൬1 + ଵ

௫
భ

൰ ቆ1 + ଵ

(ଶି௫)
భ

ቇ

య
మ
భ
మ

 ݔ݀
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= න1 +
1

ݔ
ଵ


+
1

(2 − (ݔ
ଵ


+
1

2)ݔ] − [(ݔ
ଵ

൩݀ݔ

ଷ
ଶ

ଵ
ଶ

 

Also ଵ
ଶ
భ


+ ଵ

(ଶି௫)
భ

≥ ଶ

[௫(ଶି௫)]
భ
మ

 and 2)ݔ − (ݔ = 1 − (1 − ଶ(ݔ ≤ 1 

∴ ଵ

௫
భ


+ ଵ

(ଶି௫)
భ

≥ 2 and ଵ

[௫(ଶି௫)]
భ

≥ 1. Thus, 

ܫ ≥ නݑ	ݔ݀ = 4

ଷ
ଶ

ଵ
ଶ

⇒ (݊)ߗ ≥ 4ିଵݑ = 4 

Now, ()ߗ(݉)ߗ(݊)ߗ ≥ 4ାା ≥ 4ଷ()
భ
య = 64()

భ
య 

4.111  

Let ߮(ݔ) = −(ݔ)݂ ݔ ଶ for allݔ3 ∈ [ܽ,ܽ + 2],߮ᇱᇱ(ݔ) = ݂ᇱᇱ(ݔ)− 6 ≥ 0  

hence ߮ is convex. By Hermite Hadamard inequality 

߮(ܽ + 1) ≤
1
2
න (ݔ)߮
ାଶ



ݔ݀ ⇒ ݂(ܽ + 1)− 3(ܽ + 1)ଶ ≤
1
2
න (ݔ)݂
ାଶ



ݔ݀ −
3
2
න ଶݔ
ାଶ



 ݔ݀

⇒ 1 + ݂(ܽ + 1) ≤ ଵ
ଶ ∫ ାଶ(ݔ)݂

 (ݔ)ܩ Let .ݔ݀ = ଶݔ6 −   for all (ݔ)݂

ݔ ∈ [ܽ,ܽ + (ݔ)ᇱᇱܩ .[2 = 12− ݂ᇱᇱ(ݔ) ≥ 0 for all ݔ ∈ [ܽ, ܽ + 2] hence ܩ is convex. By Hermite 
Hadamard inequality 

1
2
න (ݔ)ܩ
ାଶ



ݔ݀ ≥ ܽ)ܩ + 1) ⇒
6
2
න ݔଶ݀ݔ
ାଶ



−
1
2
න (ݔ)݂
ାଶ



ݔ݀ ≥ 6(ܽ + 1)ଶ − ݂(ܽ + 1) 

⇒ 2 + ݂(ܽ + 1) ≥
1
2
න (ݔ)݂
ାଶ



ݔ݀ ∴ 2 + ݂(ܽ + 1) ≥
1
2
න (ݔ)݂
ାଶ



ݔ݀ ≥ 1 + ݂(ܽ + 1) 

4.112  

ݔ∀ > (ݔ)݂:0 = ݁௫ ݔ)݈݊ + 1)  .his primitive function (ݔ)ܨ	&
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So, ܨᇱᇱ(ݔ) = ݂ᇱ(ݔ) = ቀ ଵ
௫ାଵ

+ ݔ)݈݊ + 1)ቁ ݁௫ > 0. 

So, ܨ is a convex function ⇒ ܨ ቀା
ଶ
ቁ ≤ ி()ାி()

ଶ
 

ܫ = 2 න (ݔ)݂
√



ݔ݀ ≤
ெିீெ

න (ݔ)݂

ା
ଶ



		ݔ݀ ∴ (ݔ)݂ ≥ 0 

= න݂(ݔ)




ݔ݀ + න (ݔ)݂

ା
ଶ



ݔ݀ + න݂(ݔ)




ݔ݀ + න (ݔ)݂

ା
ଶ



 ݔ݀

= න݂(ݔ)




ݔ݀ + න݂(ݔ)




ݔ݀ + ܨ2 ൬
ܽ + ܾ

2 ൰ − (ܽ)ܨ − (ܾ)ܨ ≤ න݂(ݔ)




ݔ݀ + න݂(ݔ)




 ݔ݀

→ 2 න ݁௫ ݔ)݈݊ + 1)
√



≤ න݁௫




ݔ)݈݊ + ݔ݀(1 + න݁௫ ݔ)݈݊ + 1)




 ݔ݀

4.113  

(ܽ)ߗ = න
ସݔ) − ଷݔ3 + ଶݔ5 − ݔ3 + 4) + ଷݔ10) − ଶݔ30 + (ݔ40

ସݔ − ଷݔ3 + ଶݔ5 − ݔ3 + 4





ݔ݀ = 

= නቆ1 +
ଶݔ)ݔ10 − ݔ3 + 4)

ଶݔ) + ଶݔ)(1 − ݔ3 + 4)ቇ




ݔ݀ = ܽ + න
ݔ10
ଶݔ + 1





ݔ݀ = ܽ + 5݈݊(ܽଶ + 1) 

ߗ(ܽ) = ܽ + 5݈݊(ܽଶ + 1) ≥⏞
ெିீெ

 

≥ 3√ܾܽܿయ + 5݈݊ෑ(1 + ܽଶ) = 3 + 5݈݊ෑ(1 + ܽଶ) 

4.114  

Let ݂(ݔ) = ඥ(ݔ + ݔ)(ܽ + ݔ,(ܾ ∈ [0,1],ܽ,ܾ > 0 

݂ᇱ(ݔ) =
ܽ + ܾ + ݔ2

2ඥ(ݔ + ݔ)(ܽ + ܾ)
> 0 → (ݔ)݂,݃݊݅ݏܽ݁ݎܿ݊݅	݂ ≥ ݂(0) = √ܾܽ 
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ඥ(ݔ + ݔ)(ܽ + ܾ) ≥ √ܾܽ → ,ܽ)ߗ ܾ) = නඥ(ݔ + ݔ)(ܽ + ܾ)
ଵ



ݔ݀ > √ܾܽ 

(ܽ + (ܾ,ܽ)ߗ(ܾ > (ܽ + ܾ)√ܾܽ ≥⏞
ெିீெ

 2√ܾܽ ∙ √ܾܽ = 

= 2ܾܽ ≥⏞
ெିீெ

2 ∙ 3ඥ(ܾܽܿ)ଶయ = 6 

4.115  

௦మఏ(ߠଶݏܿ)௦మఏ(ߠଶ݊݅ݏ) + ௦మఏ(ߠଶݏܿ)௦మఏ(ߠଶ݊݅ݏ) > ௦మఏ(ߠଶݏܿ)௦మఏ(ߠଶ݊݅ݏ) = 

= (ߠଶ݊݅ݏ)
௦మఏ

௦మఏା௦మఏ(ܿݏଶߠ)
௦మఏ

௦మఏା௦మఏ ≥⏞
ீெିுெ ߠଶ݊݅ݏ + ߠଶݏܿ

ߠଶ݊݅ݏ
ߠଶ݊݅ݏ + ߠଶݏܿ

ߠଶݏܿ

=
1
2 

න൫(݊݅ݏଶߠ)௦మఏ(ܿݏଶߠ)௦మఏ + ߠ௦మఏ൯݀(ߠଶݏܿ)௦మఏ(ߠଶ݊݅ݏ) >

గ
ଶ



න
1
ߠ2݀

గ
ଶ



=
ߨ
4 

4.116  

ߗ =
1
4
න(ߨଶ − ݔߨ4 + ݔ݀ݔݏܿ√(ଶݔ4

గ
ଶ



=
1
4
න(ߨ − ݔ݀ݔݏܿ√ଶ(ݔ2

గ
ଶ



= 

=
1
8
නݕଶටܿݏ ቀ

ߨ
2 −

ݕ
2ቁ

గ



ݕ݀ =
1
8
නݕଶට݊݅ݏ

ݕ
2

గ



ݕ݀ >⏞
ைோே

 

>
1
8
නݕଶට

ݕ
ݕ݀ߨ =

1
ߨ√8

න ݕ
ହ
ଶ

గ



ݕ݀ =
ߨ√ଷߨ
ߨ√8

∙
2
7 =

ଷߨ

28

గ



 

4.117  

ܫ = න݁ଶ√௫
ଵ



ݔ݀ =
௬ୀ√௫

2 ⋅ න݁ݕଶ௬
ଵ



ݕ݀ = නݕ
ଵ



(݁ଶ௬)ᇱ݀ݕ = ݁ݕଶ௬ − න݁ଶ௬൨


ଵ
= 
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= ݁ݕଶ௬ −
1
2 ݁

ଶ௬൨


ଵ

=
݁ଶ + 1

2  

݁௧ ≥ ݐ + ݐ	∀			1 ∈ ℝ ⇒
௧ୀ௫మ

݁௫మ ≥ ଶݔ + 1 ⇒ න݁௫మ
ଵ



ݔ݀ ≥ න(ݔଶ + 1)
ଵ



 ݔ݀

⇒ ∫ ݁௫మଵ
 ݔ݀ ≥ ቂ௫

య

ଷ
+ 1ቃ



ଵ
= ସ

ଷ
⇒ ቀ∫ ݁௫మଵ

 ቁݔ݀
ଶ
≥ ଵ

ଽ
⇒ −ቀ∫ ݁௫మଵ

 ቁݔ݀
ଶ
≤ − ଵ

ଽ
   : (1) 

ଶݔ ≤ ݔ∀		ݔ√ ∈ [0,1] ⇒ ଶݔ2 ≤ ݔ∀			ݔ√2 ∈ [0,1] ⇒
ೣ	↑[,ଵ]

݁ଶ௫మ ≤ ݁ଶ√௫ ݔ∀		 ∈ [0,1] 

⇒
ೣ	↑[,ଵ]

∫ ݁ଶ௫మଵ
 ݔ݀ ≤ ∫ ݁ଶ√௫ଵ

 ݔ݀ ⇒ ∫ ݁ଶ௫మ݀ݔଵ
 ≤ ܫ = మାଵ

ଶ
    : (2) 

൜(1)
(2)ൠ ⇒ ∫ ݁ଶ௫మଵ

 ݔ݀ − ቀ∫ ݁௫మଵ
 ቁݔ݀

ଶ
≤ మାଵ

ଶ
− ଵ

ଽ
    : (3) 

మାଵ
ଶ

− ଵ
ଽ
− మ

ଷ
= ଷమିଶଷ

ଵ଼
< 0    : (4) 

൜(3)
(4)ൠ ⇒ න݁ଶ௫మ

ଵ



ݔ݀ − ቌන݁௫మ
ଵ



ቍݔ݀

ଶ

<
݁ଶ

3  

4.118  

ݔ݈݊ ≤ ݔ − 1 → ݈݊
ܾ
ܽ ≤

ܾ
ܽ − 1 → ݈݊(ܽ + ܾ) ݈݊

ܾ
ܽ ≤

ܾ − ܽ
ܽ ݈݊	(ܽ + ܾ) → 

݈݊(ܽ + ܾ) ݈݊
2ܾ
2ܽ ≤

1
ܽ ݈݊

(ܽ + ܾ)ି → 

݈݊(ܾ + ܽ) ݈݊2ܾ − ݈݊(ܽ + ܾ) ݈݊2ܽ ≤
1
ܽ ݈݊(ܽ + ܾ)ି → 

න(݈݊(ݔ + ܽ) ln(ݔ + ܾ))ᇱ݀ݔ




≤
1
ܽ ݈݊

(ܽ + ܾ)ି → 

න൬
ݔ)	݈݊ + ܽ)
ݔ + ܾ +

ݔ)	݈݊ + ܾ)
ݔ + ܽ ൰݀ݔ





≤
1
ܽ ݈݊(ܽ + ܾ)ି 
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4.119  

න݁ି√௫݊݅ݏ ቆ
ݔ√ + 100

100 ቇ




ݔ݀ ≤ න݁ି√௫݀ݔ = න
1
݁√௫

ݔ݀ ≤








 

≤ න
1

1 + ݔ√
ݔ݀ ≤⏞

ெିீெ

න
1

రݔ√2 ݔ݀ =
1
2
නିݔ

ଵ
ସ





ݔ݀ =








1
2 ∙

4
3 ൬ܾ

ଷ
ସ − ܽ

ଷ
ସ൰ =

2
3 ൬ܾ

ଷ
ସ − ܽ

ଷ
ସ൰ 

4.120  

ଶ݊݅ݏ) ௦మ(ݔ ௫ ⋅ ଶݏܿ) ௦మ(ݔ ௫ ≤
ெஸெ

 

≤ ቆ
ଶݏܿ ݔ ⋅ ଶ݊݅ݏ ݔ + ଶ݊݅ݏ ݔ ⋅ ଶݏܿ ݔ

ଶݏܿ ݔ + ଶ݊݅ݏ ݔ ቇ
௦మ ௫ା௦మ ௫

= 

= 2 ଶ݊݅ݏ ݔ ⋅ ଶݏܿ ݔ ≤
ெஸெ

2 ⋅ ቆ
ଶݏܿ ݔ + ଶ݊݅ݏ ݔ

2 ቇ =
1
2 

2 ⋅ න ൫(݊݅ݏ ଶ(ݔ ௦మ௫ ⋅ ݏܿ) ଶ(ݔ ௦మ ௫൯݀ݔ

ା
మାమ



≤
ெஸெ

2 ⋅
1
2 = 1 

2 ⋅න൫(݊݅ݏଶ ௦మ(ݔ ௫ ⋅ ଶݏܿ) ௦మ(ݔ ௫ 	൯ ݔ݀ ≤  න 1

ା
మାమ



ݔ݀ = 

= 
ܽ + ܾ
ܽଶ + ܾଶ ≤

ெஸெ


ܽ + ܾ
2ܾܽ =

1
2ቆ2 ൬

1
ܽ +

1
ܾ +

1
ܿ൰ቇ =

1
ܽ +

1
ܾ +

1
ܿ  

4.121  

Let ݔ ≤ 1 but ≠ 0 and ݉ be a rational number which does not lie between 0 and 1 then 
(1 − (ݔ ≥ 1  ݔ݉−

11ି ∫ ቀݔ + ଵ
௫
ቁ
ଵ

ଵ ݔ݀ = 11 ∫ ௗ௫

ቀ௫ାభబೣ ቁ


ଵ
ଵ ܽ– let] ݔ݀ =  > 0] 

≥ 11 ∫ ௗ௫
(௫ାଵ)

ଵ
ଵ  [since, 1 ≤ ݔ ≤ 10 ⇒ 1 + ݔ ≤ ݔ + ଵ

௫
≤ 10 +   [ݔ
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=
ଶቀభభమబቁ


ିଵଵ

ଵି
  we need to prove, 

ଶቀభభమబቁ

ିଵଵ

ଵି
≥ 9 

⇔ ቀ1− ଽ
ଶ
ቁ

≥ 1 − ଽ

ଶ
, which is true. Hence proved. 

4.122  

න݁௦௫݀ݔ ≥⏞
ைோே

න݁
ଶ௫
గ

గ
ଶ



ݔ݀ =
ߨ
2 ൬݁

ଶ
గ∙∙
గ
ଶ − ݁

ଶ
గ∙൰ =

ߨ
2

(݁ − 1)

గ
ଶ



 

න݁௦௫݀ݔ ≤ න ݁௫݀ݔ = ݁
గ
ଶ − 1

గ
ଶ



గ
ଶ



 

4.123  

Function ݂ is strictly increasing in [ܽ, ܾ] so does ݃(ݔ) = ݔ,ଶݔ ∈ [ܽ,ܾ]. 

It suffices to prove that 

(ܾ − ܽ)නݔଶ݂(ݔ)




ݔ݀ ≥ (ܾ − ܽ)ܾܽන݂(ݔ)




 ݔ݀

or (ି)
 ∫ (ݔ)ଶ݂ݔ

 ݔ݀ ≥ (ܾ − ܽ)∫ (ݔ)݂
  ݔ݀

or ቀଵ

− ଵ


ቁ ∫ ଶݔ

 ݔ݀(ݔ)݂ ≥ (ܾ − ܽ)∫ (ݔ)݂
  ݔ݀

or ∫ ଵ
௫
ݔ݀

 ⋅ ∫ (ݔ)ଶ݂ݔ
 ݔ݀ ≥ (ܾ − ܽ)∫ (ݔ)݂

  ݔ݀

That is true due to Chebyshev’s inequality, because ଵ
௫మ

 is strictly decreasing in [ܽ,ܾ], ܽ > 0 

(easy to check) and ݔଶ,݂(ݔ) are strictly increasing in [ܽ,ܾ]. 

4.124  

For 0 ≤ ݔ ≤ 1, ݇ ∈ ℕ, let  ݂(ݔ) = ݁௫ି[௫] + ݁ଶ௫ି[ଶ௫] + ⋯+ ݁௫ି[௫] 

For 0 ≤ ݔ < ଵ


, [ݔ] = [ݔ2] = ⋯ = [ݔ݇] = 0 
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⇒ ݂(ݔ) = ݁௫ + ݁ଶ௫ + ⋯+ ݁௫    for 0 ≤ ݔ < ଵ


; 				> ݁௫ + ݁௫ + ⋯+ ݁௫ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ
	௧௦	

= ݇݁௫ > ݇ 

 for 0 ≤ ݔ < ଵ


.  We now show that  ܽ = ∫ (௫)
௫

ଵ
 ݔ݀ = ∞ for each given ݊. 

For a given ݊ ∈ ℕ, write ܽ = ܾ + ܿ where ܾ = ∫ (௫)
௫

భ

 ,ݔ݀ ܿ = ∫ (௫)

௫
ଵ
భ


 ݔ݀

Note ܿ > 0, therefore  ܽ > ܾ ≥ ∫ 
௫

భ

 ݔ݀ = ∫ ଵ

௫

భ

 ݔ݀ = ∞ 

∴ ܽ → ∞ ⇒ ݈݅݉→ஶ ܽ = ∞ 

4.125  

Applying Chebyshev’s Integral Inequality for ݊ = 2. 

නݔଶ݂(ݔ)݀ݔ




≥
1

ܾ − ܽ
ቌනݔଶ





ݔ݀(ݔ)ቍቌන݂ݔ݀




ቍ =
ܽଶ + ܾܽ + ܾଶ

3
න݂(ݔ)




ݔ݀ ≥ ܾܽන݂(ݔ)




 ݔ݀

4.126  

ݔ∀ ∈ [0,1] it’s √ݔ ≥ ݔ for ”=" ݔ = ݔ,0 = 1 ⇔ ݔ√ + ݔ ≥  ݔ2

⇔ට√ݔ + ݔ ≥ √2 ⋅ ݔ√ ≥ √2 ⋅ ݔ ⇔ ට√ݔ + ݔ + ݔ ≥ ൫√2 + 1൯ ⋅  ݔ

⇔ ඥ√ݔ + ݔ + ݔ ≥ ට൫√2 + 1൯ ⋅  ,so ݔ√

නඨටݔ + ݔ√ + ݔ
ଵ



ݔ݀ ≥ ට√2 + 1 ⋅ න√ݔ
ଵ



ݔ݀ = ට√2 + 1 ⋅ 
2
3 ⋅ ݔ

ଷ
ଶ൨


ଵ

= ට√2 + 1 ⋅
2
3 

4.127  

݁௫ + ݁(ିଵ)௫ + ⋯+ ݁ଶ௫ + ݁௫ + 1 ≥
ெିீெ

(݊ + 1) ඥ݁௫ ⋅ ݁(ିଵ)௫ … ݁ଶ௫ ⋅ ݁௫ ⋅ 1
శభ

 

= (݊ + 1) ඥ݁௫ା(ିଵ)௫ା⋯ାଶ௫ା௫శభ
= (݊ + 1) ⋅ ඥ݁௫(ଵାଶା⋯ା)శభ

 

= (݊ + 1) ⋅ ට݁
௫⋅⋅(ାଵ)

ଶ
శభ

= (݊ + 1) ⋅ ൬݁
௫⋅(ାଵ)

ଶ ൰
ଵ

ାଵ
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= (݊ + 1) ⋅ ݁
ೣ
మ  so, 

න
√݁௫ ⋅ ݔ݀

݁௫ + ⋯+ ݁ଶ௫ + ݁௫ + 1

 

 

≤ න
݁
௫
ଶ

(݊ + 1) ⋅ ݁
௫
ଶ

 

 

 ݔ݀

= න
ݔ݀
݊ + 1

 

 

=
1

݊ + 1 ⋅
[݈݊ ܾ − ݈݊ [ݔ =

1
݊ + 1 ⋅ ݈݊ ൬

ܾ
ܽ൰ = ݈݊ ඨܾ

ܽ
శభ

 

4.128  

I will use the well-known inequality ݁௫ ≥ ݔ + 1, ݔ∀ ∈ ℝ 

2௦ ௫ = ݁ ଶ ௦ ௫ ≥ ݈݊ 2 ⋅ ݊݅ݏ ݔ + 1 

2௦ ௫ = ݁ ଶ ௦ ௫ ≥ ݈݊ 2 ݏܿ ݔ + 1 

Adding those two inequalities, we have that 

2௦ ௫ + 2௦ ௫ ≥ ݈݊ 2 ݊݅ݏ) ݔ + ݏܿ (ݔ + 2 ⇒ 

න൫2௦ ௫ + 2௦ ௫൯

గ
ଶ



ݔ݀ > ݈݊ 2න(݊݅ݏ ݔ + ݏܿ ݔ݀(ݔ

గ
ଶ



+ 2න݀ݔ

గ
ଶ



⇒ 

න൫2௦ ௫ + 2௦ ௫൯

గ
ଶ



ݔ݀ > ݈݊ 2 ⋅ ݊݅ݏ] ݔ − ݏܿ [ݔ
గ
ଶ + ߨ ⇒ න൫2௦ ௫ + 2௦ ௫൯

గ
ଶ



ݔ݀ > 2 ݈݊ 2 +  ߨ

4.129  

Using Cauchy – Schwarz inequality for integrals, we have that: 

න݂ଶ(ݔ)݀ݔ
ଵ



≥ ቌන݂(ݔ)݀ݔ
ଵ



ቍ

ଶ

⇒ ቌන݂ଶ(ݔ)݀ݔ
ଵ



ቍ

ଷ

≥ ቌන݂(ݔ)
ଵ



ቍݔ݀



⇒ 

1 + ቀ∫ ݂ଶ(ݔ)݀ݔଵ
 ቁ

ଷ
≥ 1 + ቀ∫ ଵݔ݀(ݔ)݂

 ቁ

		.		So, it suffices to prove that: 

1 + ቀ∫ ଵ(ݔ)݂
 ቁݔ݀


> ቀ∫ ଵݔ݀(ݔ)݂

 ቁ
ଷ

   (1) 
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Setting ∫ ଵ(ݔ)݂
 ݔ݀ = ܽ, its easy to see that (1) holds, because: 

1 + ܽ > ܽଷ ⇔ ܽ − ܽଷ + 1 > 0 for every ܽ ∈ ℝ ⇔ (ܽଷ)ଶ − ܽଷ + 1 > 0  or ݕଶ − ݕ + 1 > 0 

for every ݕ ∈ ℝ.  ;  ߂ = −3 < 0 so, this is true! 

4.130  

Put ݂(ݔ) = ቀ݊݅ݏଶ ݔ + ଵ
௦మ ௫

ቁ
ଷ

+ ቀܿݏଶ ݔ + ଵ
௦మ ௫

ቁ
ଷ

 when గ

≤ ݔ < గ

ଶ
 

We have ݊݅ݏ ݔ2 ≤ 1 ⇒ 2 ݊݅ݏ ݔ ݏܿ ݔ ≤ 1 ⇒ ݊݅ݏ ݔ ݏܿ ݔ ≤ ଵ
ଶ
 

Lemma: ܽଷ + ܾଷ ≥ (ା)య

ସ
 when ܽ > 0,ܾ > 0 

Applying the lemma, we have 

(ݔ)݂ ≥
ቀ݊݅ݏଶ ݔ + 1

ଶ݊݅ݏ ݔ + ଶݏܿ ݔ + 1
ଶݏܿ ቁݔ

ଷ

4 ⇒ (ݔ)݂ ≥
ቀ1 + 1

ଶ݊݅ݏ ݔ ଶݏܿ ቁݔ
ଷ

4  

Since ݊݅ݏ ݔ ݏܿ ݔ ≤ ଵ
ଶ
⇒ ଵ

௦మ ௫ ௦మ ௫
≥ 4 ⇒ 1 + ଵ

௦మ ௫ ௦మ ௫
≥ 5 

So, ݂(ݔ) ≥ (ଵାସ)య

ସ
⇒ (ݔ)݂ ≥ ଵଶହ

ସ
⇒ 

⇒ න൬݊݅ݏଶ ݔ +
1

ଶ݊݅ݏ ൰ݔ
ଷ

గ


ݔ݀ + න൬ܿݏଶ ݔ +
1

ଶݏܿ ൰ݔ
ଷ

గ


ݔ݀ ≥ න
125

4



గ


 ݔ݀

⇒ න൬݊݅ݏଶ ݔ +
1

ଶ݊݅ݏ ൰ݔ
ଷ

గ


ݔ݀ + න൬ܿݏଶ ݔ +
1

ଶݏܿ ൰ݔ
ଷ

గ


ݔ݀ ≥
125

4 ܽ −
ߨ125

24  

⇒
ߨ125

24 + න൬݊݅ݏଶ ݔ +
1

ଶ݊݅ݏ ൰ݔ
ଷ

గ


ݔ݀ + න൬ܿݏଶ ݔ +
1

ଶݏܿ ൰ݔ
ଷ

గ


ݔ݀ ≥
125

4 ܽ ⇒ 

⇒
ߨ125

24 + න൬݊݅ݏଶ ݔ +
1

ଶ݊݅ݏ ൰ݔ
ଷ

గ


+ න൬ܿݏଶ ݔ +
1

ଶݏܿ ൰ݔ
ଷ

గ


>
125

6 ܽ 

(QED). The equality doesn’t occur. 
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4.131  

Using the generalized Hölder’s inequality for three functions we have that: (݂(ݔ) ≥ 0) 

න݂(ݔ)
ଵ



ݔ݀ ≤ ቌන݂ଷ(ݔ)݀ݔ
ଵ



ቍ

ଵ
ଷ

ቌන 1ଷ݀ݔ
ଵ



ቍ

ଵ
ଷ

ቌන 1ଷ݀ݔ
ଵ



ቍ

ଵ
ଷ

 

⇒ ∫ ݂ଷ(ݔ)݀ݔଵ
 ≥ ቀ∫ ଵݔ݀(ݔ)݂

 ቁ
ଷ

    (1) 

So, it suffices to prove that 

න݂ଷ(ݔ)
ଵ



ݔ݀ − 10ቌන݂(ݔ)݀ݔ
ଵ



ቍ

ଶ

+ 25න݂(ݔ)݀ݔ
ଵ



≥ 0 

But 

න݂ଷ(ݔ)݀ݔ
ଵ



− 10ቌන݂(ݔ)݀ݔ
ଵ



ቍ

ଶ

+ 25න݂(ݔ)݀ݔ
ଵ



≥
(ଵ)

 

ቌන݂(ݔ)݀ݔ
ଵ



ቍ

ଷ

− 10ቌන݂(ݔ)݀ݔ
ଵ



ቍ

ଶ

+ 25න݂(ݔ)݀ݔ
ଵ



≥ 0 

න݂(ݔ)݀ݔ
ଵ



൮ቌන݂(ݔ)݀ݔ
ଵ



ቍ

ଶ

− 10න݂(ݔ)݀ݔ
ଵ



+ 25൲ ≥ 0 ⇒ 

න݂(ݔ)
ଵ



ݔ݀ ⋅ ቌන݂(ݔ)
ଵ



ݔ݀ − 5ቍ

ଶ

≥ 0 

which holds! (݂(ݔ) ≥ 0) 

4.132  

Using Cauchy-Schwarz inequality we get: 

(∫ (ݔ݀(ݔ)݂ݔ


2 ≤ 	∫ 	ݔଶ݀ݔ ∫ ݂ଶ(ݔ)݀ݔ	



 = 	 

యିయ

ଷ
	∫ ݂ଶ(ݔ)݀ݔ	
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It is given that function in increasing in the interval [ a , b ] ,which implies f(x) ≤ f(b) 

for all x ≤ b. Squaring we get f2(x) ≤ f2(b) for all x ≤ b 

We can say that ∫ ݂ଶ(ݔ)݀ݔ		 ≤ 		 ∫ ݂ଶ(ܾ)݀ݔ = (ܾ − ܽ)
 	݂ଶ(ܾ)	

  

(∫ (ݔ݀(ݔ)݂ݔ


2 ≤ 	∫ 	ݔଶ݀ݔ ∫ ݂ଶ(ݔ)݀ݔ	



 = 

 

= 	
ܾଷ − ܽଷ

3 	(ܾ − ܽ)	݂ଶ(ܾ) 	≤ (ܽଶ + ܾଶ + ܾܽ)ܾଶ݂ଶ(ܾ) 

4.133  

Lemma: ටݔ + ଵ
ସ ௦ర ௫

+ ට1 + ଵ
ସ ௦ర ௫

≥ ଼
ଽ⋅ √௫ାଵయ ݔ∀	 ∈ ቀ0;గ

ଶ
ቁ 

Surely, we have 1) ݔ > 0 ⇒ ଼
ଽ⋅ √௫ାଵయ < ଼

ଽ
ݔ (2     > 0, ସ݊݅ݏ ݔ ≤ 1 and 

ସݏܿ ݔ ≤ 1 ⇒ ටݔ + ଵ
ସ ௦ర ௫

+ ට1 + ଵ
ସ ௦ర ௫

> ට0 + ଵ
ସ

+ ට1 + ଵ
ସ

> ଼
ଽ
.  

 So, ටݔ + ଵ
ସ ௦ర ௫

+ ට1 + ଵ
ସ ௦ర௫

≥ ଼
ଽ⋅ √௫ାଵయ  

Applying the lemma, we have 

නቌඨݔ +
1

4 ସ݊݅ݏ ݔ + ඨ1 +
1

4 ସݏܿ ݔ
ቍ





ݔ݀ ≥ න൬
8

ݔ√9 + 1య ൰




 ݔ݀

⇒ නቌඨݔ +
1

4 ସ݊݅ݏ ݔ + ඨ1 +
1

4 ସݏܿ ݔ
ቍ݀ݔ





≥
4
3 ቀඥ

(ܾ + 1)ଶయ − ඥ(ܽ + 1)ଶయ ቁ 

(Q.E.D). The equality occurs when ܽ = ܾ. 

4.134  

We have that: 

(ݔ)ݏ + ඥ(ݔ)ݎ(ݔ)ݍ(ݔ)య + ඥ(ݔ)ݎ(ݔ)ݍ(ݔ)య + ඥ(ݔ)ݎ(ݔ)ݍ(ݔ)య ≥
ெିீெ
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4ට(ݔ)ݏቀඥ(ݔ)య ቁ
ଷ
ቀඥ(ݔ)ݍయ ቁ

ଷ
ቀඥ(ݔ)ݎయ ቁ

ଷర
= 4ඥ(ݔ)ݏ(ݔ)ݎ(ݔ)ݍ(ݔ)ర  

So (ݔ)ݏ + 3ඥ(ݔ)ݎ(ݔ)ݍ(ݔ)య ≥ 4ඥ(ݔ)ݏ(ݔ)ݎ(ݔ)ݍ(ݔ)ర  

Integrate from 0 to ܽ, we have what we want. (ܽ > 0) 

(if ܽ = 0, it’s obvious) 

4.135  

(݊,݉)ߚ = නݔିଵ(1− ݔିଵ݀(ݔ
ଵ



 

1
3

නି݊݅ݏଵ(ݔ(1− ((ݔ
ଵ



ݔ݀ ≥
1
3

නݔ(1− ݔ݀(ݔ
ଵ



[∴ ݔ ≥ ݔ∀,ݔ݊݅ݏ ≥ 0] = 

=
1
3ߚ(ܽ + 1,ܾ + 1) =

1
3

ܽ)߁ + ܾ)߁(1 + 1)
ܽ)߁ + ܾ + 2)

ቈ∴ ,݉)ߚ ݊) =
(݊)߁(݉)߁
݉)߁ + ݊)

 ≥⏞
ெିீெ

 

≥ ඨෑ
ܽ)߁) + 1))ଶ

ܽ)߁ + ܾ + 1)
య

= ඨෑ
(ܽ!)ଶ

(ܾ + ܽ + 1)!
య

 

4.136  

Let ݂(ݔ) = ݔ − ݈݊(1 − ݔ for all (ݔ ∈ (0,1) then ݂ᇱ(ݔ) = 1 + ଵ
ଵି௫

> 0 

hence ݂ is increasing on (0,1) then ݂(ݔ) > ݂(0) = 0 ⇒ ݔ > ݈݊(1 −  (ݔ

1
ܾ − ܽ

න
ݔ݀

݈݊(1− (ݔ





+
2(݈݊ ܾ − ݈݊ ܽ)

ܾ − ܽ >
1

ܾ − ܽ
න
ݔ݀
ݔ





+
2

ܾ − ܽ
න
ݔ݀
ݔ





=
3

ܾ − ܽ
න
ݔ݀
ݔ





 

>
6

ܽ + ܾ 	
 ∵

1
ݔ ݃݊݅ݕ݈ܽ	ℎ݁݊ݐ	ݔ݁ݒ݊ܿ	ݏ݅	

ݕݐ݈݅ܽݑݍ݁݊ܫ	݀ݎܽ݉ܽ݀ܽܪ	݁ݐ݅݉ݎ݁ܪ
൩ 

We need to prove, 
ା

> ଶ
ା

+ ଵ
ଶ
⇔ ସ

ା
> ଵ

ଶ
⇔ 2 > ܽ + ܾ 

Which is true since 1 > ܽ > ܾ. Hence true. 
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4.137  

Let ݕ = ℎ݊ܽݐ ݔ ⇒ ݔ = ℎିଵ݊ܽݐ ݕ ݔ݀, = ଵ
ଵି௬మ

 ݕ݀

ߗ = න
ℎ݊ܽݐ ݔ + 2 ℎସ݊ܽݐ ݔ

(1 + ℎଶ݊ܽݐ ଶ(ݔ ݔ݀ = න
ݕ + ସݕ2

(1 + ଶ)ଶݕ ⋅
1

1 − ଶݕ  ݕ݀

= නቆ−1 +
ସݕ + ଶݕ + 1

(1 + ଶ)ଶ(1ݕ − ݕଶ)ቇ݀ݕ = ݕ− +
3
4
න

1
1 − ଶݕ ݕ݀ +

1
4
න

1 − ଶݕ

(1 + ଶ)ଶݕ  ݕ݀

= ݕ− +
3
4 ℎ݊ܽݐ

ିଵ ݕ +
1
4
න

1

ቀ1
ݕ + ቁݕ

ଶ ⋅ (−1)݀ ൬
1
ݕ + ൰ݕ = ݕ− +

3
4 ℎ݊ܽݐ

ିଵ ݕ +
1
4 ⋅

1
1
ݕ + ݕ

+  ܥ

= ݕ− +
3
4 ℎ݊ܽݐ

ିଵ ݕ +
1
4 ⋅

ݕ
1 + ଶݕ + ܥ =

3
4 ݔ − ℎ݊ܽݐ ݔ +

1
4 ⋅

ℎ݊ܽݐ ݔ
1 + ℎଶ݊ܽݐ ݔ +  ܥ

4.138  

As ି݊ܽݐଵ   ,is an increasing function ݔ

ଵ(2݊)ି݊ܽݐ ≤ ଵି݊ܽݐ ݔ ≤ ݔ∀		ଵ(3݊)ି݊ܽݐ ∈ [2݊, 3݊] 

⇒
ଵ(2݊)ି݊ܽݐ

ݔ ≤
ଵି݊ܽݐ ݔ

ݔ ≤
ଵ(3݊)ି݊ܽݐ

ݔ ݔ∀		 ∈ [2݊, 3݊] 

⇒ ଵ(2݊)ି݊ܽݐ න
1
ݔ

ଷ

ଶ

ݔ݀ ≤ න
(ݔ)ଵି݊ܽݐ

ݔ

ଷ

ଶ

ݔ݀ ≤ ଵ(3݊)ି݊ܽݐ න
1
ݔ

ଷ

ଶ

 ݔ݀

⇒ (ଵ(2݊)ି݊ܽݐ) ݈݊ ൬
3
2൰ ≤

න
(ݔ)ଵି݊ܽݐ

ݔ

ଷ

ଶ

ݔ݀ ≤ ଵ(3݊)ି݊ܽݐ ݈݊ ൬
3
2൰ 

Taking limit as ݊ → ∞, we get 

ߨ
2 ݈݊ ൬

3
2൰ ≤ ݈݅݉

→ஶ
න
(ݔ)ଵି݊ܽݐ

ݔ

ଷ

ଶ

ݔ݀ ≤
ߨ
2 ݈݊ ൬

3
2൰ 

∴ ݈݅݉
→ஶ

න
ଵି݊ܽݐ ݔ

ݔ

ଷ

ଶ

ݔ݀ =
ߨ
2 ݈݊ ൬

3
2൰ 
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4.139  

ߗ = නඨ1 + ݁௫

1− ݁௫



ିଵ

 ݔ݀

1 + ݁௫

1 − ݁௫ = ݐ ⇒ ݁௫ =
ݐ − 1
1 + ݐ ⇒ ݔ = ݈݊ ൬

ݐ − 1
1 + ൰ݐ ⇒ ݔ݀ =

2
ଶݐ −  ݐ1݀

ߗ = 2 න ݐ√
ଶݐ − 1

ஶ

ାଵ
ିଵ

 ݐ݀

ݐ = ଶݖ ⇒ ݐ݀ =  ݖ݀	ݖ2

ߗ = 4 න
ଶݖ

ସݖ − 1

ஶ

ටାଵିଵ

ݖ݀ = 4 න
ଶݖ − 1
ସݖ − 1

ஶ

ටାଵିଵ

ݖ݀ + 4 න
1

ସݖ − 1

ஶ

ටାଵିଵ

 ݖ݀

= 4 න
1

ଶݖ + 1

ஶ

ටାଵିଵ

ݖ݀ + 2 න
1

ଶݖ − 1

ஶ

ටାଵିଵ

ݖ݀ − 2 න
1

ଶݖ + 1

ஶ

ටାଵିଵ

 ݖ݀

= 2

⎣
⎢
⎢
⎢
⎡
න

1
ଶݖ + 1

ஶ

ටାଵିଵ

ݖ݀ + න
1

ଶݖ − 1

ஶ

ටାଵିଵ

ݖ݀

⎦
⎥
⎥
⎥
⎤

= 2 ൦
ߨ
2 − ଵඨି݊ܽݐ

݁ + 1
݁ − 1 +

1
2 ݈݊ ฬ

ݕ − 1
ݕ + 1ฬ

ተ

∞

ඨ݁ + 1
݁ − 1

൪ 

= 2

⎣
⎢
⎢
⎡
ଵඨି݊ܽݐ

݁ − 1
݁ + 1−

1
2 ݈݊ ተ

ተ
ට݁ + 1
݁ − 1 − 1

ට݁ + 1
݁ − 1 + 1

ተተ

⎦
⎥
⎥
⎤

= 2 ଵඨି݊ܽݐ
݁ − 1
݁ + 1 − ݈݊ ቤ

√݁ + 1 − √݁ − 1
√݁ + 1 + √݁ − 1

ቤ 

4.140  

We know that: ݈݊ ݔ ≤ ݔ − ݔ∀,1 > 0 

Setting ݔ → ଵ
௫

> 0, we have that,  ݈݊ ݔ ≥ ௫ିଵ
௫

ݔ∀, > 0   (1) 

So, setting ݔ → 1 − ݔ > 0, we have that 
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0 > ݈݊(1 − (ݔ ≥ −
ݔ

1 − ݔ ⇒
1

݈݊(1− (ݔ ≤
ݔ − 1
ݔ ⇒

1
݈݊(1− (ݔ ≤ 1−

1
ݔ ⇒ 

⇒ න
1

݈݊(1 − (ݔ





ݔ݀ ≤ ܾ − ܽ − (݈݊ ܾ − ݈݊ ܽ) 

⇒ 2
݈݊ ܾ − ݈݊ ܽ
ܾ − ܽ +

1
ܾ − ܽ

න
1

݈݊(1− (ݔ





ݔ݀ ≤
݈݊ ܾ − ݈݊ ܽ
ܾ − ܽ + 1 

So, it suffices to prove that  ି 
ି

+ 1 < 1 + ଵ
√

  or √ܾܽ < ି
 ି 

 which holds as a 

fundamental property of the Lograrithmic Mean! 

4.141  

For 0 < ܽ ≤ ݔ ≤ ܾ ⇒ ௫మ݁ݔ ≤ ܾ݁మ . Now, 

2න
ܾ݁మ

1 + ݁ଶ௫మ





ݔ݀ ≥ 2න
௫మ݁ݔ

1 + ݁ଶ௫మ





ݔ݀ = ଵ൫݁௫మ൯]ି݊ܽݐ = ଵ൫݁మ൯ି݊ܽݐ −  ଵ൫݁మ൯ି݊ܽݐ

⇒ 2න
ݔ݀

1 + ݁ଶ௫మ





≥
ଵ൫݁మ൯ି݊ܽݐ − ଵ൫݁మ൯ି݊ܽݐ

ܾ݁మ
 

4.142       Let ݂(ݔ) = ݔ15) + ݔ(2 − ଷݔ36) + 1) = ݔ4)− + ଶݔ9)(1 − ݔ6 + 1) 

= ݔ4)− + ݔ3)(1 − 1)ଶ ≤ 0  for all ݔ > 0 ∴ ଵହ௫ାଶ
ଷ௫యାଵ

≤ ଵ
௫

   for ݔ > 0 

⇒ න
ݔ15 + 2

ଷݔ36 + 1

ଶఈ

ఈ

ݔ݀ ≤ ݈݊ ఈଶఈ[ݔ = ݈݊ 2 ߙ∀, > 0 

Thus ܾ ∫ ଵହ௫ାଶ
ଷ௫యାଵ

ଶ
 ݔ݀ + ܿ ∫ ଵହ௫ାଶ

ଷ௫యାଵ
ଶ
 ݔ݀ + ܽ ∫ ଵହ௫ାଶ

ଷ௫యାଵ
ଶ
  ݔ݀

≤ (ܾ + ܿ + ܽ) ݈݊ 2 = (ܽ + ܾ + ܿ) ݈݊ 2 

4.143  

Let ݂(ݔ) = ݁௫మ − [1 + ݔ)2ܽ − ܽ)]݁మ, ܽ ≤ ݔ ≤ ܾ,ܽ > 0 
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݂ᇱ(ݔ) = ௫మ݁ݔ2 − 2ܽ݁మ  

If ݔ > 0, ݁௫మ > ݁మ ⇒ ௫మ݁ݔ2 > 2ܽ݁మ ∴ ݂ᇱ(ݔ) > 0  for 0 < ݔ < ܾ ⇒ 

⇒ ,ܽ] increases on (ݔ)݂ ܾ] ⇒ (ݔ)݂ > ݂(ܽ) = 0 for ܽ < ݔ ≤ ܾ ⇒ 

⇒ නൣ݁௫ೌ − [1 + ݔ)2ܽ − ܽ)]݁మ൧




ݔ݀ > 0 ⇒ 

⇒ න݁௫మ݀ݔ




> ݁మ(ܾ − ܽ) + 2ܽ݁మ(ܾ − ܽ)ଶ 

⇒ ଵ
ି ∫ ݁௫మ݀ݔ

 > [1 + ܽ(ܾ − ܽ)]݁మ   (1) 

Let ݃(ݔ) = [1 + 2ܾ(ܾ − మ݁[(ݔ − ݁௫మ, ܽ ≤ ݔ ≤ ܾ 

݃ᇱ(ݔ) = −2ܾ݁మ − ௫మ݁ݔ2 < 0		[∵ 0 < ܽ ≤ ݔ < ܾ] 

⇒ (ܾ)݃ is strictly decreasing on [ܽ,ܾ]. As (ݔ)݃ = ݁మ − ݁మ = 0, we get 

(ݔ)݃ > ݃(ܾ) = 0 for ܽ ≤ ݔ < ܾ ⇒ [1 + 2ܾ(ܾ − ଶܾ݁[(ݔ > ݁௫మ 

⇒ න[1 + 2ܾ(ܾ − [(ݔ




݁మ݀ݔ > න݁௫మ




 ݔ݀

⇒ න݁௫మ݀ݔ




< ݔ] − ܾ(ܾ − ଶ]݁మ](ݔ = [(ܾ − ܽ) + ܾ(ܽ − ܾ)ଶ]݁మ = 

= (ܾ − ܽ)[1 + ܾܽ − ܾଶ]݁మ  

⇒ ଵ
ି ∫ ݁௫మ݀ݔ

 < (1 + ܾܽ − ܾଶ)݁మ   (2) 

From (1), (2) we get the desired inequality. 

4.144   ∵ ܽ ≤ ݔ ≤ గ
ଶ

,∴ 0 < ݔ ≤ గ
ଶ
		(∵ ܽ > 0). By Jordan’s inequality, ∀ݔ ∈ ቀ0, గ

ଶ
ቃ, 
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݊݅ݏ ݔ
ݔ ≥

2
ߨ ⇒ නߨ

݊݅ݏ ݔ
ݔ

గ
ଶ



ݔ݀ ≥ නߨ
2
ߨ

గ
ଶ



ݔ݀ = 2 ቀ
ߨ
2 − ܽቁ = ߨ − 2ܽ ⇒ ܵܪܮ ≥ ߨܽ + ߨ − 2ܽ 

>
?
ߨ + ߨܽ − ߨ ݊݅ݏ ܽ − 2 − 2ܽ + 2 ݊݅ݏ ܽ ⇔ ߨ ݊݅ݏ ܽ + 2 ≥

(ଵ)

?
2 ݊݅ݏ ܽ 

∵ 2 > 2 ݊݅ݏ ܽ ,∴ ߨ ݊݅ݏ ܽ + 2 > 2 ݊݅ݏ ܽ		(∵ ݊݅ݏ ܽ > 0) ⇒ (1) is true (proved) 

4.145  

1 ≥ ݔ ≥ 0 ⇒
1
ߨ ≥

1
ݔ) + (ߨ ≥

1
(1 + (ߨ ,

1
ߨ ≥

1
ݔ) + (ߨ ≥

1
(1 +  (ߨ

1
ߨ ≥

1
ݔ) + (ߨ ≥

1
(1 + (ߨ (ܽ)ߗ, = ݈݅݉

→ஶ
݊න

ݔ

ݔ) + (ߨ

ଵ



ݔ݀ ≥
1

(1 + (ߨ ݈݅݉→ஶ
݊නݔ

ଵ



 ݔ݀

=
1

(1 + (ߨ ݈݅݉→ஶ

݊
݊ + 1

௫ୀ௫ୀଵ[ାଵݔ] =
1

(1 +  (ߨ

(1 + (ܽ)ߗ(ߨ
௬

≥
(1 + (ߨ

(1 + (ߨ
௬

≥
ெஹீெ

3 

4.146  

0 < ܽ ≤ ܾ < గ
ଶ

  now ∫ ௦ ௫⋅௦మ(௦ ௫)
௦మ ௫


 ݔ݀ = ∫ ௦మ ௬

௬మ
௦ 
௦   ݕ݀

Where 1 ≥ ݕ ≥ 0, we need to prove, ݊݅ݏଶ ݕ ≥ ௬మ

ଵା௬మ
 or ݊݅ݏଶ ݕ + ଵ

ଵା௬మ
− 1 ≥ 0 

Let ݂(ݕ) = ଶ݊݅ݏ ݕ + ଵ
ଵା௬మ

− 1 for all 1 ≥ ݕ ≥ 0,݂ᇱ(ݕ) = ݊݅ݏ ݕ2 − ଶ௬
(ଵା௬మ)మ

 

Now we know, ݊݅ݏ ݕ2 ≥ ݕ2 − ସ௬య

ଷ
. So, we will prove, 2ݕ − ସ௬మ

ଷ
≥ ଶ௬

(ଵା௬మ)మ
 

⇔ (1 + ଶ)ଶ(3ݕ − (ଶݕ2 ≥ 0 ⇔ −ଶ(4ݕ ଶݕ − (ସݕ2 ≥ 0, which is true 

[since, 1 ≥ ݕ ≥ 0 ⇒ 4 > 3 ≥ ଶݕ +  [ସݕ2

∴ ݊݅ݏ ݕ2 −
ݕ2

(1 + ଶ)ଶݕ ≥ 0 ⇒ ݂ᇱ(ݕ) ≥ 0 ⇒ (ݕ)݂ ≥ ݂(0) = 0 ⇒
ଶ݊݅ݏ ݕ
ଶݕ ≥

1
1 +  ଶݕ



324 
 

⇒ න
ଶ݊݅ݏ ݕ
ଶݕ

௦ 

௦ 

ݕ݀ ≥ න
ݕ݀

1 + ଶݕ

௦ 

௦ 

= ݊݅ݏ)ଵି݊ܽݐ ܾ) − ݊݅ݏ)ଵି݊ܽݐ ܽ) = ଵି݊ܽݐ ൬
݊݅ݏ ܾ − ݊݅ݏ ܽ

1 + ݊݅ݏ ܽ ⋅ ݊݅ݏ ܾ൰ 

4.147  

Let ݂(ݔ) = యݔ√  for all ݔ ≥ 0,݂ᇱ(ݔ) = ௫ష
మ
య

ଷ
, ݂ᇱᇱ(ݔ) = − ଶ௫ష

ఱ
య

ଽ
≤ 0,݂ is a concave function, 

Applying Hermite – Hadamard, 

ଵ
ି ∫ యݔ√ ݔ݀

 ≤ ටቀା
ଶ
ቁ

య
≤ √ܾయ , since 0 ≤ ܽ < ܾ,∫ యݔ√

 ݔ݀ ≤ (ܾ − ܽ)√ܾయ  

න యݔ√൫݊݅ݏ ൯




ݔ݀ ≤ න యݔ√





ݔ݀ ≤ (ܾ − ܽ)√ܾయ  

4.148  

(ܽ)ܨ = න
ݏܿ ݔ

ݏܿ ݔ6 + 6 ݏܿ ݔ4 + 15 ݏܿ ݔ2 + 10





ݔ݀ = 

= න
ݏܿ ݔ

4 ଷݏܿ ݔ2 − 3 ݏܿ ݔ2 + 6(2 ଶݏܿ ݔ2 − 1) + 15 ݏܿ ݔ2 + ݔ10݀ =




 

= න
ݏܿ ݔ

4 ଷݏܿ ݔ2 + 12 ଶݏܿ ݔ2 + 12 ݏܿ ݔ2 + 4





ݔ݀ =
1
4
න

ݏܿ ݔ
ଷݏܿ ݔ2 + 3 ଶݏܿ ݔ + 3 ݏܿ ݔ2 + 1





 

=
1
4
න

ݏܿ ݔ
(1 + ଶݏܿ ଷ(ݔ





ݔ݀ =
1
4
න

ݏܿ ݔ
(2 ଶݏܿ ଷ(ݔ





ݔ݀ = 

ଵ
ଶర ∫ ݏܿ ݔ ݔ݀

 = ଵ
ଶఱ
݊݅ݏ ݔ ቚܽ0 = ଵ

ଶఱ
݊݅ݏ ܽ   (1) 

But ݊݅ݏ ܽ ≤ ܽ,∀ܽ ∈ ቂ0, గ
ଶ
ቃ  (2). From (1)+(2)⇒ (ܽ)ܨ ≤ ଵ

ଶఱ
ܽ  (3).  

From (3) we must show: 

1
2ଵହ ܾܽܿ ൬

ܽ + ܾ + ܿ
2ହ ൰ ≤

1
2ଶ

(ܽସ + ܾସ + ܿସ) ⇔ 
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⇔ ܾܽܿ(ܽ + ܾ + ܿ) ≤ ܽସ + ܾସ + ܿସ  (4) 

But ܽସ + ܾସ + ܿସ ≥ ܽଶܾଶ + ܾଶܿଶ + ܽଶܿଶ ≥ ܾܽܿ(ܽ + ܾ + ܿ) ⇒ (4) its true. 

4.149  

Let ݂(ݔ) = ݊݅ݏ√ ݔ for all ݔ ∈ ቂ0, గ
ଶ
ቃ , ݂ᇱ(ݔ) = ௦ ௫

√௦ ௫
;݂ᇱᇱ(ݔ) = ݊݅ݏ√− ݔ − ௦మ ௫

ଶ(௦ ௫)
య
మ

= 

= ௦మ ௫ାଵ

ଶ(௦ ௫)
య
మ
≤ 0 for all ݔ ∈ ቂ0, గ

ଶ
ቃ, hence ݂ is concave, by Hermite – Hadamard Inequality 

ඩ݊݅ݏ ቌ
ߨ
2 + 0

2
ቍ ⋅

ߨ
2 ≥ න√݊݅ݏ ݔ

గ
ଶ



ݔ݀ ≥
ߨ
2 ⋅

ට݊݅ݏ 2ߨ + ݊݅ݏ√ 0

2 =
ߨ
4 

න√݊݅ݏ ݔ

గ
ଶ



⋅ ݔ
ଷ
ଶ݀ݔ ≤

ு
ௌுௐோ

ඪ

⎝

⎛න ݊݅ݏ ݔ

గ
ଶ



ݔ݀

⎠

⎞

⎝

⎛නݔଷ

గ
ଶ



ݔ݀

⎠

⎞ = ඩቈ
ସݔ

4

௫ୀ

௫ୀగଶ
=
ଶߨ

8  

නݔ
ଷ
ଶ

గ
ଶ



݊݅ݏ√ ݔ ݔ݀ ≥

ுாௌுாᇲௌ
ூோொூ்

ቀ
ߨ
2 − 0ቁන ݔ

ଷ
ଶ

గ
ଶ



ݔ݀ ⋅ න√݊݅ݏ ݔ

గ
ଶ



 ݔ݀

≥ గ
ଶ
⋅ గ

ఱ
మ

ଵ√ଶ
⋅ గ
ସ

, we need to prove, గ
మ

଼
⋅ గ

ఱ
మ

ଵ√ଶ
≥ గ

ఱ
మ

ଵଶ√ଶ
⇔ ଶߨ ≥ ଶ

ଷ
, which is true 

∴
ߨ
ହ
ଶ

12√2
≤ න√݊݅ݏ ݔ

గ
ଶ



⋅ ݔ
ଷ
ଶ	݀ݔ ≤

ଶߨ

8  

4.150  

Applying Berström: 

නቆ
9௦ ௫

4௦ ௫ + 5௦ ௫ +
16௦ ௫

3௦ ௫ + 5௦ ௫ +
25௦ ௫

3௦ ௫ + 4௦ ௫ቇ
ଷ

గ
ଶ



ݔ݀ ≥ 
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≥ න
൫3௦ ௫ + 4௦ ௫ + 5௦ ௫൯

ଷ

8

గ
ଶ



ݔ݀ ≥
ெஹீெ

න
27
8

గ
ଶ



൫60௦ ௫൯݀ݔ ≥ න
27
8

గ
ଶ



(60)௦ ௫ ݏܿ ݔ  ݔ݀

≥ ଶ
଼
ቀ()ೞೣ

 
ቁ ቤ

గ
ଶ
0
≥ ଶ×

଼  
≥ ଶ	×	ହଵ

଼  
≥ ସହ

ଶ  
≥ ଵହଽଷ

଼  
  (proved) 

4.151  

න൫݁௫ + ݁௫మ + ⋯+ ݁௫൯
ଵ



ݔ݀ ≥
௦

න݊ ⋅ ݁
௫ା௫యା⋯ା௫



ଵ



ݔ݀ ≥
ೣஹ௫ାଵ

 

≥ න݊ ⋅ ቆ
ݔ + ଶݔ + ⋯+ ݔ

݊ + 1ቇ
ଵ



ݔ݀ = න݊ ⋅
ݔ + ⋯+ ݔ + ݊

݊

ଵ



ݔ݀ = 

= න(ݔ + ଶݔ + ⋯+ ݔ + ݊)
ଵ



ݔ݀ = ቈ
ଶݔ

2 +
ଷݔ

3 + ⋯+
ାଵݔ

݊ + 1 + ݔ݊


ଵ

= 

=
1
2 +

1
3 + ⋯+

1
݊ + 1 + ݊ ≥ ݊ ⋅ ඨ

1
2 ⋅

1
3 ⋅ … ⋅

1
݊ + 1


+ ݊ = ݊ ⋅

1

[(݊ + 1)!]
ଵ


+ ݊ 

4.152  

Let ݂(ܽ) = (ଵା ௦ ௫)
௦ ௫

 is a continuous function in ܽ ⇒ (ܽ)ᇱߗ = ∫ ଵ
ଵା ௦ ௫

గ
  ݔ݀

	ݐ݁ܮ ݊ܽݐ
ݔ
2 = ݐ ⇒ ݔ = 2 ݊ܽݐܿݎܽ ݐ ⇒ ݔ݀ =

2
1 + ଶݐ ݐ݀

ݔ = 0 ⇒ ݐ = ݔ;0 = ߨ ⇒ ݐ = ∞
ൡ ⇒ (ܽ)ᇱߗ = න

1

1 + ܽ 1 − ଶݐ
1 + ଶݐ

ஶ



⋅
2

1 + ଶݐ  ݐ݀

= 2න
1

1 + ଶݐ + ܽ − ଶݐܽ

ஶ



ݐ݀ = 2න
1

(1 − ଶݐ(ܽ + 1 + ܽ

ஶ



ݐ݀ =
2

1− ܽ
න

1

ଶݐ + ቆට1 + ܽ
1− ܽቇ

ଶ

ஶ



ݐ݀ = 

=
2

1 − ܽ ⋅
1

ට1 + ܽ
1 − ܽ

݊ܽݐܿݎܽ
ݐ

ට1 + ܽ
1− ܽ

ቚ∞0 =
ߨ

√1− ܽଶ
⇒ 
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(ܽ)ߗ = ߨ ∫ ଵ
√ଵିమ

݀ܽ = ߨ ݊݅ݏܿݎܽ ܽ + ܿ
(ܽ)ߗ	ݐݑܤ = 0 ⇒ ܿ = 0

ቋ ⇒ (ܽ)ߗ = ߨ ݊݅ݏܿݎܽ ܽ ⇒ we must show: 

݊݅ݏܿݎܽ)∑ ܽ)ଶ ≥ ݊݅ݏܿݎܽ∑ ܽ ⋅ ݊݅ݏܿݎܽ ܾ, which its true because ∑ݔଶ ≥  ݕݔ∑

4.153  

(݊)ߗ = නݔ ݈݊(1 + ݊ଷ௫)
ଵ

ିଵ

ݔ݀

ݔ = ᇱ|ݐ− ⇒ ݔ݀ = ݔ	ݐ݀− = −1 ⇒ ݐ = 1; ݔ	 = 1 ⇒ ݐ = −1

ൢ ⇒ 

(݊)ߗ = න ݐ−
ିଵ

ଵ

݈݊(1 + ݊ିଷ௧) (ݐ݀−) = − නݐ
ଵ

ିଵ

݈݊ ൬1 +
1
݊ଷ௧൰݀ݐ = − නݐ

ଵ

ିଵ

݈݊ ቆ
݊ଷ௧ + 1
݊ଷ௧ ቇ݀ݐ = 

= − නݐ ݈݊(1 + ݊ଷ௧)
ଵ

ିଵ

ݐ݀ + නݐ ݈݊ ݊ଷ௧
ଵ

ିଵ

ݐ݀ ⇒ (݊)ߗ2 = න ଶݐ3 ݈݊ ݐ݀
ଵ

ିଵ

⇒ (݊)ߗ2 = ଷݐ ݈݊ ݊ ቚ 1
−1 ⇒ 

⇒ (݊)ߗ = ݈݊ ݊. We must show this: 9൫1 + √2 + ⋯+ √݊൯
ଶ

> 4݊ଶ(݊ + 1) ⇔ 

⇔ 1 + √2 + ⋯+ √݊ >
2݊√݊ + 1

3 ,∀݊ ≥ 1	 

ܲ(1): 1 > ଶ√ଶ
ଷ
⇔ 3 > 2√2  true. 

Now: ܲ(݇): 1 + √2 + ⋯+ √݇ > ଶ√ାଵ
ଷ

 

ܲ(݇ + 1): 1 + √2 + ⋯+ √݇ + 1 >
2(݇ + 1)√݇ + 2

3  

From P(k) ⇒ 1 + √2 + ⋯+ √݇ + √݇ + 1 > ଶ√ାଵ
ଷ

+ √݇ + 1 

We must show this: ଶ√ାଵ
ଷ

+ √݇ + 1 > ଶ(ାଵ)√ାଶ
ଷ

 

2݇ + 3 > 2ඥ(݇ + 1)(݇ + 2) ⇔ 4݇ଶ + 12݇ + 9 > 4݇ଶ + 12݇ + 8 ⇔ 9 > 8 true. 
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4.154  

(1 + ݔܽ − ଶ)݁௫మݔ <
(ଵ) 1

ܽ − ݔ
න ݁௫మ


௫

ݔ݀ <
(ଶ)

(ܽଶ − మ݁(ݔܽ + ݁௫మ 

Let ݂(ݔ) = ݁௫మ. Then ݂ᇱᇱ(ݔ) = ଶݔ4) + 2)݁௫మ > 0 ∴  is convexe (ݔ)݂

 ∴ by Hermite – Hadamard inequality, 

1
ܽ − ݔ

න݁௫మ


௫

ݔ݀ ≤
݁௫మ + ݁మ

2 <
?

(ܽଶ − మ݁(ݔܽ + ݁௫మ ⇔ ݁௫మ + ݁మ < 2(ܽଶ − మ݁(ݔܽ + 2݁௫మ 

⇔ ݁మ − ݁௫మ < 2ܽ݁మ(ܽ − (ݔ ⇔
݁మ − ݁௫మ

ܽ − ݔ <
(ଶ)

2ܽ݁మ(∵ ܽ − ݔ > 0) 

By Cauchy’s MVT, there exists ߠ satisfying ܽ > ߠ > such that  ,ݔ
ೌమିೣ

మ

ି௫
= ௗ

ௗ௫
൫݁௫మ൯௫ୀఏ  

∴ ೌ
మ
ିೣ

మ

ି௫
= ఏమ݁ߠ2 , where ܽ > ߠ > ݔ < 2ܽ݁మ(∵ ߠ < ܽ) ⇒ (2a) is true ⇒ (2) is true.  

Also, by Hermite – Hadamard’s inequality,  

1
ܽ − ݔ

න݁௫మ݀ݔ


௫

≥ ݁ቀ
ା௫
ଶ ቁ

మ

>
?

(1 + ݔܽ − ଶ)݁௫మݔ ⇔ ൬
ܽ + ݔ

2 ൰
ଶ

>
(ଵ)

݈݊(1 + ݔܽ − (ଶݔ +  ଶݔ

Now, ݈݊{1 + ݔܽ) − {(ଶݔ ≤
()
ݔܽ − ∵)ଶݔ ݈݊(1 + ݉) ≤ ݉) 

(i)⇒ RHS of (1a)≤ ݔܽ <
?
ቀା௫

ଶ
ቁ
ଶ
⇔ (ܽ − ଶ(ݔ >

?
0 → true ∴ (1a) is true ⇒(1) is true (Done) 

4.155  

Since ݂ is a convex function, we have: ݂(ܽݐ + (1− (ܾ(ݐ ≤ (ܽ)݂ݐ + (1 −  (ܾ)݂(ݐ

For ܽ = 0 and ܾ = 1 we have: ݂(1− (ݐ ≤ (1− (1)݂(ݐ = 3(1−  (1)   (ݐ

By integrating the inequality a) side by side for ݐ from ଵ
ଶ
 to 1 we have. 
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න݂(1 − (ݐ
ଵ

ଵ
ଶ

ݐ݀ ≤ 3න(1− (ݐ
ଵ

ଵ
ଶ

 ݐ݀

We substitute 1− ݐ = ∫ :and we have ݔ ଵ(ݔ)݂
 ݔ݀ ≤ 3∫ ଵ(ݔ)݂

 ݔ݀ = ଷ
ଶ
ଶݔ ቤ

ଵ
ଶ
0

= ଷ
଼
    (2) 

By integrating the inequality (1) side by side for ݐ from 0 to ଵ
ଶ
 we have. 

න݂(1 − (ݐ
ଵ



ݐ݀ ≤ 3න(1− (ݐ

ଵ
ଶ



 ݐ݀

Also, by substituting 1 − ݐ = ∫ :we have ݔ ଵ(ݔ)݂
భ
మ

ݔ݀ ≤ 3∫ ଵభݔ
మ

ݔ݀ = ଷ
ଶ
ଶݔ ቤ

1
ଵ
ଶ

= ଽ
଼
   (3) 

From (2) and (3) we have: 

න݂(ݔ)
ଵ

ଵ
ଶ

ݔ݀ ≤
9
8 = 3 ⋅

3
8 = 3 ⋅ න݂(ݔ)

ଵ
ଶ



ݔ݀ ⇒ න݂(ݔ)
ଵ

ଵ
ଶ

ݔ݀ − 3න݂(ݔ)݀ݔ

ଵ
ଶ



≤ 0 ⇒ 

⇒ 3∫ ଵ(ݔ)݂
భ
య

ݔ݀ − ∫ ଵ(ݔ)݂
 ݔ݀ ≤ 2∫ ଵ(ݔ)݂

భ
మ

ݔ݀ + 2∫ (ݔ)݂
భ
మ
  (4)   ݔ݀

Substituting (1) and (3) to (4) and we have: 

3න݂(ݔ)
ଵ

ଵ
ଶ

ݔ݀ − න݂(ݔ)

ଵ
ଶ



ݔ݀ ≤ 2න݂(ݔ)
ଵ

ଵ
ଶ

+ 2න݂(ݔ)

ଵ
ଶ



ݔ݀ ≤ 2
9
8 + 2

3
8 =

9
4 +

3
4 =

12
4 = 3 

Deductively, 

3න݂(ݔ)
ଵ

ଵ
ଶ

ݔ݀ −න݂(ݔ)

ଵ
ଶ



ݔ݀ ≤ 3 ⇒ 3න݂(ݔ)
ଵ

ଵ
ଶ

ݔ݀ ≤ 3 + න݂(ݔ)

ଵ
ଶ



ݔ݀ ⇒ 
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⇒ න݂(ݔ)
ଵ

ଵ
ଶ

ݔ݀ ≤ 1 +
1
3
න݂(ݔ)

ଵ
ଶ



 ݔ݀

4.156  

By Bergström inequality 

ସݔ + ଶݔ2 + 1 + ଵି݊ܽݐ) ଶ(ݔ = ଶݔ) + 1)ଶ + ଵି݊ܽݐ) ଶ(ݔ ≥
ଶݔ) + 1 + ଵି݊ܽݐ ଶ(ݔ

2  

Therefore ௫మାଵା௧షభ ௫
௫రାଶ௫మାଵା(௧షభ ௫)మ

≤ 2 ௫మାଵା௧షభ ௫
(௫మାଵା௧షభ ௫)మ

= ଶ
௫మାଵା௧షభ ௫

   (1) 

Since గ
ସ
≤ ݔ ≤ ܽ ⇒ ଵି݊ܽݐ ݔ > −1. So, ௫మାଵା௧షభ ௫

௫రାଶ௫మାଵା൫௧షభ ௫൯మ
≤ ଶ

௫మାଵିଵ
= ଶ

௫మ
    (2) 

From (2) we have: ߗ(ܽ) ≤ 2∫ ௗ௫
௫మ


ഏ
ర

= − ଶ
௫

= − ଶ


+ ଶ
ഏ
ర

= − ଶ


+ ଼
గ

< − ଶ


+ 8   (3) 

From (3) we have: ൫1 + ൯ܾଶ(0)ߗ2 ≤ ቀ17− ସ

ቁܾଶ = (17ܽ − 4) 

మ


   (4) 

Since ܽ ≥ గ
ସ

> 0 we have: (ܽ + 1)ଷ ≥ 0 ⇒ 

ܽଷ + 3ܽଶ + 3ܽ + 1 ≥ ܽଷ − 2ܽ + 3ܽ + 1 ≥ 0 ⇒ 

⇒ ܽଷ ≥ 17ܽ − 1 > 17ܽ − 4    (5) 

By substituting (5) to (4) we have: ൫1 + ൯ܾଶ(ܽ)ߗ2 ≤ య


ܾଶ = ܽଶܾଶ. Hence, 

ܵܪܮ ≤ ܽଶܾଶ + ܾଶܿଶ + ܽଶܿଶ. By Cauchy-Schwarz inequality we have: 

ܵܪܮ ≤ ܽଶܾଶ + ܾଶܿଶ + ܽଶܿଶ ≤ ܽସ + ܾସ + ܿସ  Q.E.D. 

4.157  

For ߠ ∈ ℝ, 

(ߠ11)ݏܿ + (ߠ9)ݏܿ = 2 (ߠ10)ݏܿ ݏܿ ߠ ⇒ 11)ݏܿ ଵିݏܿ (ݔ + 9)ݏܿ ଵିݏܿ (ݔ = 

= 2 10)ݏܿ ଵିݏܿ (ݔ ଵିݏܿ)ݏܿ (ݔ = ݔ2 10)ݏܿ ଵିݏܿ  (ݔ
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∴ (ܽ)ߗ =
8
ߨ
න

ݔ 10)ݏܿ ଵିݏܿ ݔ݀(ݔ
ଶݔ) + ܽଶ)[ܿ11)ݏ ଵିݏܿ ݔ + 9)ݏܿ ଵିݏܿ [((ݔ





= 

=
8
ߨ
න

ݔ 10)ݏܿ ଵିݏܿ (ݔ
ଶݔ) + ܽଶ)2ݔ 10)ݏܿ ଵିݏܿ (ݔ





ݔ݀ =
4
ߨ ⋅

1
ܽ ݊ܽݐ

ିଵ ݔ
ܽ
ቃ



=

1
ܽ ⋅

4
ߨ ⋅

ߨ
4 =

1
ܽ 

Now, [ߗ(ܽ) + (ܾ)ߗ + [(ܿ)ߗ ቂ6 + ଵ
ఆయ()

+ ଵ
ఆయ()

+ ଵ
ఆయ()

ቃ = ቂଵ


+ ଵ


+ ଵ

ቃ [6 + ܽଷ + ܾଷ + ܿଷ] ≥ 

≥ 3 ൬
1
ܾܽܿ൰

ଵ
ଷ

9(1 ⋅ 1 ⋅ 1 ⋅ 1 ⋅ 1 ⋅ 1)
ଵ
ଽ = 27 ൬

1
ܾܽܿ൰

ଵ
ଷ

(ܾܽܿ)
ଵ
ଷ = 27 

4.158  

Integral form of ܯܣ ≥  ܯܩ

Suppose ݂: [ܽ,ܾ] → (0,∞) be continuous function, then 

݁
ଵ

ି ∫  (௫)್
ೌ ௗ௫ ≤

1
ܾ − ܽ

න (ݔ)݂




 ݔ݀

Now, ݁
భ

భషబ∫  (௫)⋅(௫)⋅(௫)ௗ௫భ
బ = ݁∫ ( (௫)ା (௫)ା (௫))ௗ௫భ

బ  

= ݁∫  (௫)భ
బ ௗ௫ା∫  (௫)ௗ௫భ

బ ା∫  (௫)భ
బ ௗ௫ = ෑቌන݂(ݔ)

ଵ



ቍݔ݀
௬

≤
ெஹீெ 1

27
ቌන݂(ݔ)

ଵ



ݔ݀
௬

ቍ

ଷ

 

27݁∫  (௫)⋅(௫)⋅(௫)భ
బ ௗ௫ ≤ ቌන݂(ݔ)

ଵ



ݔ݀
௬

ቍ

ଷ

 

4.159  

According to Chebyshev’s inequality 

ቌන݁ଵି௫ ⋅ ௫ߛ
ଵ



ቍቌන݁௫ݔ݀ ⋅ ݔଵି௫݀ߨ
ଵ



ቍ < (1− 0)ଶන݁ଵି௫ߛ௫݁௫ߨଵି௫
ଵ



ݔ݀ = ݁නߛ௫ߨଵି௫
ଵ



 ݔ݀
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4.160  

By Bergström’s inequality: 

ସݏܿ ݔ + ଶ݊ܽݐ ݔ ≥
ଶݏܿ) ݔ + ݊ܽݐ ଶ(ݔ

2  

Therefore 

ቀ ௦
మ ௫ା௧ ௫

௦ర௫ା௧మ ௫
ቁ
ଶ
≤ 4 ൫௦మ ௫ା௧ ௫൯మ

(௦మ ௫ା௧ ௫)ర
= ସ

(௦మ ௫ା௧ ௫)మ
     (1) 

By AM-GM inequality we have: 

ଶݏܿ) ݔ + ݊ܽݐ ଶ(ݔ ≥ 4 ଶݏܿ ݔ ݊ܽݐ  (2)   ݔ

We substitute (2) to (1) and we get: ቀ ௦
మ ௫ା௧ ௫

௦ర௫ା௧మ ௫
ቁ
ଶ
≤ ଵ

௦మ ௫ ௧ ௫
 

නቆ
ଶݏܿ ݔ + ݊ܽݐ ݔ
ସݏܿ ݔ + ଶ݊ܽݐ ቇݔ

ଶ



ݔ݀ ≤ න
ݔ݀

ଶݏܿ ݔ ݊ܽݐ ݔ





= න
ݔ݀

ଶݏܿ ݔ
݊ܽݐ ݔ





= න
݊ܽݐ)݀ (ݔ
݊ܽݐ ݔ





= ݈݊ ฬ
݊ܽݐ ܾ
݊ܽݐ ܽฬ 

4.161  

By Hölder’s inequality we have for ݃: [ܽ, ܾ] → (0,∞) 

න݃(ݔ)




ݔ݀ ≤ ቌන݀ݔ




ቍ

ଶ


ቌන൫݃(ݔ)൯

ହ݀ݔ





ቍ

ହ


 

Taking seventh power and applying this to ݃(ݔ) = ൫݂(ݔ)൯ହ we get 

ቌන൫݂(ݔ)൯ହ݀ݔ




ቍ



≤ (ܾ − ܽ)ଶ ቌන൫݂(ݔ)൯݀ݔ




ቍ

ହ

 

With equality if ݂ is constant.  

The desired inequality follows, with no conditions on ܽ and ܾ. 

4.162  

Theorem: Let ݂: [0,1] → ℝ,݂ continuos. Then: 
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݈݅݉
→ஶ

݊නݔ
ଵ



ݔ݀(ݔ)݂ = ݂(1) 

In our case ݂(ݔ) = ଵ
(௫ା)మ

⇒ (ܽ)ߗ = ଵ
(ଵା)మ

   (1) 

From (1) we must show: 

య

(ଵା)మ
+ య

(ଵା)మ
+ య

(ଵା)మ
≥ ଼

ଶହ
    (2) 

From Hölder’s inequality we have: 

య

(ଵା)మ
+ య

(ଵା)మ
+ య

(ଵା)మ
≥ (ାା)య

(ାାାଷ)మ
    (3) 

We have ܽ + ܾ + ܿ = 2   (4) 

From (3) + (4) ⇒ య

(ଵା)మ
+ య

(ଵା)మ
+ య

(ଵା)మ
≥ ଼

ଶହ
⇒ (2) its true. 

4.163  

(݇)ߗ = න
ݔ − ିଵݔ݇ − ିଵݔ + 1

ଶାଵݔ + ାଵݔ2 + ݔ + ݔ + 1

ଵ



ݔ݀ = න
ݔ − (݇ + ିଵݔ(1 + 1

ݔ) + ାଵݔ)(1 + ݔ + 1)

ଵ



 ݔ݀

= නቆ
(݇ + ݔ(1 + 1
ାଵݔ + ݔ + 1 −

(݇ + ିଵݔ(1

ݔ + 1 ቇ
ଵ



ݔ݀ = ൬݈݊|ݔାଵ + ݔ + 1|−
݇ + 1
݇ ݔ|݈݊ + 1|൰ ቚ10 

= ݈݊ 3 −
݇ + 1
݇ ݈݊ 2 

ߗ = ݈݅݉
→ஶ

൭݈݊ 2 ݈݊ ݊ − ݊ ݈݊ ൬
3
2൰+ ߗ(݇)



ୀଵ

൱

= ݈݅݉
→ஶ

൭݈݊ 2 ݈݊ ݊ − ݊ ݈݊ ൬
3
2൰+ ൬݈݊ 3 −

݇ + 1
݇ ݈݊ 2൰



ୀଵ

൱ 

= ݈݊ 2 × ݈݅݉
→ஶ

൭݈݊ ݊ + ݊ −൬1 +
1
݇൰



ୀଵ

൱ = ݈݊ 2 × (ߛ−) = ߛ− ݈݊ 2 
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4.164  

(ݔ)݂ =
ݔ ܿ݁ݏ ݔ (1 + ݊݅ݏ −(ݔ (1 + ݏܿ ݔ + ݊݅ݏ (ݔ

ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1 +
1 + ݏܿ ݔ + ݊݅ݏ ݔ

ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1 

=
ܿ݁ݏ ݔ ൫1)ݔ + ݊݅ݏ −(ݔ ݏܿ) ݔ + ଶݏܿ ݔ + ݊݅ݏ ݔ ݏܿ ൯(ݔ

ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1 +
1 + ݏܿ ݔ + ݊݅ݏ ݔ

ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1 

=
ܿ݁ݏ ݔ ൫1)ݔ + ݊݅ݏ −(ݔ ݏܿ) ݔ + 1 − ଶ݊݅ݏ ݔ + ݊݅ݏ ݔ ݏܿ ൯(ݔ

ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1 +
1 + ݏܿ ݔ + ݊݅ݏ ݔ

ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1 

=
ܿ݁ݏ ݔ ൫1)ݔ + ݊݅ݏ (ݔ + ݊݅ݏ) ݔ − ݏܿ ݔ − 1)(1 + ݊݅ݏ ൯(ݔ

ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1 +
1 + ݏܿ ݔ + ݊݅ݏ ݔ

ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1 

=
ܿ݁ݏ ݔ (1 + ݊݅ݏ ݔ)(ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1)

ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1 +
1 + ݏܿ ݔ + ݊݅ݏ ݔ

ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1 

= ܿ݁ݏ ݔ + ݊ܽݐ ݔ +
1 + ݏܿ ݔ + ݊݅ݏ ݔ

ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1 

∴ ܫ = න൬ܿ݁ݏ ݔ + ݊ܽݐ ݔ +
1 + ݏܿ ݔ + ݊݅ݏ ݔ

ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1൰݀ݔ 

= ݊ܽݐ|݈݊ ݔ + ܿ݁ݏ −|ݔ ݏܿ|݈݊ |ݔ + ݔ|݈݊ + ݊݅ݏ ݔ − ݏܿ ݔ − 1| +  ܥ

4.165  

݂:ℝ ⇒ (0,∞), continuous, we have 

3൫݂ସ(ݔ) + ݂ସ(ݕ) + ݂ସ(ݖ)൯ହ ≥ ൫݂ସ(ݔ) + (ݕ)ଷ݂(ݔ)݂ + ݂ହ(ݔ)݂ଷ(ݖ)൯ହ + 

+൫݂(ݕ)݂ଷ(ݔ) + ݂ସ(ݕ) + ൯ହ(ݖ)ଷ݂(ݕ)݂ + ൫݂(ݖ)݂ଷ(ݔ) + (ݕ)ଷ݂(ݖ)݂ + ݂ସ(ݖ)൯ହ 

= ൫݂ହ(ݔ) + ݂ହ(ݕ) + ݂ହ(ݖ)൯൫݂ଷ(ݔ) + ݂ଷ(ݕ) + ݂ଷ(ݖ)൯ହ 

Hence ቀ
ర(௫)ାర(௬)ାర(௭)
య(௫)ାయ(௬)ାయ() ቁ

ହ
≥ ఱ(௫)ାఱ(௬)ାఱ(௭)

ଷ
 

Hence ∫ ∫ ∫ ቀ
ర(௫)ାర(௬)ାర(௭)

య(௫)ାయ(௬)ାయ(௭)
ቁ
ହ
ݔ݀

 ݕ݀
 ݖ݀

 ≥ ଵ
ଷ ∫ ∫ ∫ ൫݂ହ(ݔ) + ݂ହ(ݕ) + ݂ହ(ݖ)൯݀ݔ

 ݕ݀
 ݖ݀

 = 

= ܽଶන݂ହ(ݔ)




 ݔ݀
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4.166  

න
ݔ ݈݊ ݔ

(3 + )ହݔ ݔ݀

= −
1

28 ⋅
݈݊ ݔ

(3 + )ݔ +
1

28
න

1
3)ݔ + )ݔ ݔ݀

⎝

⎜
⎛ ݑ = ݈݊ ݔ ݒ݀ =

ݔ

(3 + )ହݔ ݔ݀

ݑ݀ =
1
ݔ ݔ݀ ݒ = −

1
28 ⋅

1
(3 + ⎠)ݔ

⎟
⎞

 

= −
1

28 ⋅
݈݊ ݔ

(3 + )ݔ +
1

28
න

ଷହିݔ

ିݔ3) + 1) ⋅ ݔ
ݔ଼݀ି

ᇣᇧᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇧᇥ
௧	௬ୀଷ௫షళାଵ⇒௫షళୀଵଷ(௬ିଵ)	

= −
1

28 ⋅
݈݊ ݔ

(3 + )ݔ +
1

28
න

1
3ହ ݕ) − 1)ହ

ݕ ⋅ ൬−
1

 ൰ݕ21݀

= −
1

28 ⋅
݈݊ ݔ

(3 + )ݔ −
1

142884
න൬

1
ݕ −

5
ଶݕ +

10
ଷݕ −

10
ସݕ +

5
ହݕ −

1
൰ݕ  ݕ݀

= −
1

28 ⋅
݈݊ ݔ

(3 + )ݔ −
1

142884൬݈݊
|ݕ| +

5
ݕ −

5
ଶݕ +

10
ଷݕ3 −

5
ସݕ4 +

1
ହ൰ݕ5 +  ܥ

= −
1

28 ⋅
݈݊ ݔ

(3 + )ݔ

−
1

142884൬݈݊
ିݔ3| + 1| +

5
ିݔ3 + 1 −

5
ିݔ3) + 1)ଶ +

10
ିݔ3)3 + 1)ଷ

−
5

ିݔ3)4 + 1)ସ +
1

ିݔ3)5 + 1)ହ൰ +  ܥ

4.167  

݁ଶ௫ + ݏܿ) ݔ − ݊݅ݏ ݔ + 2)݁௫ + ݏܿ ݔ − ݊݅ݏ ݔ ݏܿ ݔ − ݊݅ݏ ݔ + 1 

= ݁ଶ௫ + [(1 + ݏܿ (ݔ + (1 − ݊݅ݏ [(ݔ + (1 + ݏܿ 1)(ݔ − ݊݅ݏ  (ݔ

= (݁௫ + 1 + ݏܿ ௫݁)(ݔ + 1 − ݊݅ݏ  (ݔ

Also, 

(݁௫ + ݏܿ ݔ + 1)(݁௫ − ݏܿ (ݔ − (݁௫ − ݊݅ݏ ௫݁)(ݔ − ݊݅ݏ ݔ + 1) 

= ݁ଶ௫ − ଶݏܿ ݔ + ݁௫ − ݏܿ ݔ − [݁ଶ௫ − 2݁௫ ݊݅ݏ ݔ + ଶ݊݅ݏ ݔ + ݁௫ − ݊݅ݏ  [ݔ

= 2݁௫ ݊݅ݏ ݔ + ݊݅ݏ ݔ − ݏܿ ݔ − 1 = (2݁௫ + 1) ݊݅ݏ ݔ − ݏܿ ݔ − 1 = Numerator 
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Thus, 

ܫ = න
݁௫ − ݏܿ ݔ

݁௫ + 1− ݊݅ݏ ݔ
−

݁௫ − ݊݅ݏ ݔ
݁௫ + 1 + ݏܿ ݔ

൨ ݔ݀ = ݈݊ ቆ
݁௫ + 1− ݊݅ݏ ݔ
݁௫ + 1 + ݏܿ ݔ

ቇ+ ܿ 

4.168 

 

Put ݁௫ =  ݐ

ܫ = ∫ (ଵା௧)ି௧
[(ଵା௧) (ଵା௧)]మ ݐ݀ = ଵܫ − ଵܫ :where	ଶܫ = ∫ (ଵା௧)ାଵ

[(ଵା௧) (ଵା௧)]మ݀ݐ 

Put (1 + (ݐ ݈݊(1 + (ݐ = ݑ ⇒ (1 + ݈݊(1 + ݐ݀((ݐ =  ݑ݀

ଵܫ = න
ݑ݀
ଶݑ

= −
1
ݑ

 

= −
1

(1 + (ݐ ݈݊(1 + (ݐ
= −

1
(1 + ݁௫) ݈݊(1 + ݁௫) 

ଶܫ = න
ݐ + 1

ݐ) + 1)ଶ(݈݊(ݐ + 1))ଶ  ݐ݀

Put ݈݊(1 + (ݐ =  ݒ

1
1 + ݐ

ݐ݀ =  ݒ݀

ଶܫ = න
ݒ݀
ଶݒ

= −
1
ݒ

 

= −
1

݈݊(1 + (ݐ
= −

1
݈݊(1 + ݁௫) 

ܫ =
1

݈݊(1 + ݁௫)−
1

(1 + ݁௫) ݈݊(1 + ݁௫) + ܥ =
݁௫

[݈݊(1 + ݁௫)](1 + ݁௫) +  ܥ

4.169 

Let ܣ = ቀܽ ܾܿ 1
1 ܾܿ ܽ

ቁ ்ܣ, = ൮

ܽ 1
ܾ ܿ
ܿ ܾ
1 ܽ

൲, then  
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ܣ ⋅ ்ܣ =

⎝

⎜
⎛

1 + ܽଶ
௬

2(ܽ + ܾܿ)

2(ܽ + ܾܿ) 1 + ܽଶ
௬ ⎠

⎟
⎞

 

Applying Cauchy – Binet det(ܣ ⋅ (்ܣ ≥ 0 ⇒ 1 + ∑ ܽଶ௬ ≥ 2(ܽ + ܾܿ) 

putting ܾ = √cos ݔ , ܿ = ଵ
௫

 and ܽ = ݁
ഏ
భమ , then 

ቀ݁
ഏ
భమ − 1ቁ

ଶ
+ cos ݔ + ଵ

௫మ
≥ 2 √ୡ୭ୱ௫

௫
, then integrating both sides 

ߨ
12

ቀ݁
గ
ଵଶ − 1ቁ

ଶ
+ න cos ݔ

గ
ସ

గ


ݔ݀ + න
ݔ݀
ଶݔ

గ
ସ

గ


≥ 2න
√cos ݔ
ݔ

గ
ସ

గ


ݔ݀ ⇒
ߨ

24
ቀ݁

గ
ଵଶ − 1ቁ

ଶ
+
√2− 1

4
+

152
ଷߨ

≥ න
√cos ݔ
ݔ

గ
ସ

గ


 ݔ݀

4.170 

For 0 < ݔ < 1, 

1− ଶݔ + ଶଵହݔ − ଶଵݔ = (1− 1](ݔ + ݔ + [ଶଵହݔ > 0 

Also, ݔଶ − ଶଵହݔ + ଶଵݔ = ଶݔ + ଶଵݔ − ଶଵହݔ ≥ (ଵଽݔ)2 −  ଶଵହݔ

= ଵଽݔ + ଵଽݔ − ଶଵହݔ > 0 ⇒ 1 − ଶݔ + ଶଵହݔ − ଶଵݔ < 1 

0 < 1 − ଶݔ + ଶଵହݔ − ଶଵݔ < 1     (1) 

Also, ݔଶଵହ − ଶଵݔ = ଶଵହ(1ݔ − (ݔ > 0 for 0 < ݔ < 1 

⇒ 1 − ଶݔ + ଶଵହݔ − ଶଵݔ > 1 − ଶ,    (2)   0ݔ < ݔ < 1 

From (1) and (2) for 0 < ݔ < 1, 1− ଶݔ < 1− ଶݔ + ଶଵହݔ − ଶଵݔ < 1 

⇒ 1 <
1

√1 − ଶݔ + ଶଵହݔ − ଶଵݔ
<

1
√1 − ଶݔ

 

1 < න
ݔ݀

√1 − ଶݔ + ଶଵହݔ − ଶଵݔ

ଵ



<
ߨ
2
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CHAPTER 10 

ADVANCED CALCULUS-SOLUTIONS 

5.1.  

WLOG we suppose that ݔ ≥ ݕ ≥  Then .ݖ
1

1 + ඥݕݔ
≤

1
1 + ඥݕଶ

=
1

1 + ݕ , 0 < ܽ ≤ ݕ ≤ ܾ 

1
1 + ඥݖݕ

≤
1

1 + ଶݖ√
=

1
1 + ݖ , 0 < ܽ ≤ ݖ ≤ ܾ 

1
1 + ݔݖ√

≤
1

1 + ଶݖ√
=

1
1 + ݖ , 0 < ܽ ≤ ݖ < ܾ 

By summing the above inequalities we get: 
1

1 + ඥݕݔ
+

1
1 + ඥݖݕ

+
1

1 + ݔݖ√
≤

1
1 + ݕ +

2
1 +  ݖ

Hence,  

නනනቆ
1

1 + ඥݕݔ
+

1
1 + ඥݖݕ

+
1

1 + ݔݖ√
ቇ





ݔ݀




ݕ݀




ݖ݀ ≤ නනන൬
1

1 + ݕ +
2

1 + ൰ݖ




ݔ݀




ݕ݀




ݖ݀ = 

= නනන
ݖ݀	ݕ݀	ݔ݀

1 + ݕ













+ 2නනන
ݖ݀	ݕ݀	ݔ݀

1 + ݖ













= 

= (ܾ − ܽ)ଶ 1)݈݃ + (ݕ ቚܾ0 + 2(ܾ − ܽ)ଶ 1)݈݃ + (ݖ ቚܾ0 = 

= (ܾ − ܽ)ଶ ݈݃ ൬
1 + ܾ
1 + ܽ൰ + 2(ܾ − ܽ)ଶ ݈݃ ൬

1 + ܾ
1 + ܽ൰ = 3(ܾ − ܽ)ଶ ݈݃ ൬

1 + ܾ
1 + ܽ൰ 

q.e.d. 

5.2  

ܫ = න
1 − ݏܿ ݔ

8 − ݔ4 ݊݅ݏ ݔ + ଶ(1ݔ − ݏܿ (ݔ

ஶ



ݔ݀ = න
2 ଶ݊݅ݏ ቀ2ݔቁ

8 − ݔ4 ݊݅ݏ ݔ + 2 ൬ݔ ݊݅ݏ ቀ2ݔቁ
ଶ
൰

ஶ



 ݔ݀

Setting ௫
ଶ

=  ݐ

ܫ =
1
2
න

ଶ݊݅ݏ ݐ
1 − ݐ (ݐ2)݊݅ݏ + ݐ) ݊݅ݏ ଶ(ݐ

ஶ



 ݐ݀
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noticing that (ܿݏ ݐ − ݐ ݊݅ݏ ଶ(ݐ = ଶݏܿ ݐ − ݐ2 ݊݅ݏ ݐ ݏܿ ݐ + ݐ) ݊݅ݏ  ଶ(ݐ

ܫ =
1
2
න

ଶ݊݅ݏ ݐ
ଶ݊݅ݏ ݐ + ݏܿ) ݐ − ݐ ݊݅ݏ ଶ(ݐ

ஶ



ݐ݀ =
1
4
න

ݔ݀
1 + ݔ) − ݐܿ ଶ(ݔ

ஶ

ିஶ

 

we have 

݊݅ݏ ݔ
ݔ = ݈݅݉

→ஶ
ෑቆ1−

ଶݔ

ଶቇ(ߨ݇)


ୀଵ

→ ݈݊ ൬
݊݅ݏ ݔ
ݔ ൰ = ݈݅݉

→ஶ
ቆ1 −

ଶݔ

ଶቇ(ߨ݇)


ୀଵ

 

Differentiating with respect to ݔ gives: 

ݐܿ ݔ −
1
ݔ = ݈݅݉

→ஶ


ݔ2
ଶݔ − ଶ(ߨ݇)



ୀଵ

= ݈݅݉
→ஶ

൬
1

ݔ + ߨ +
1

ݔ − ߨ + ⋯+
1

ݔ + ߨ݊ +
1

ݔ −  ൰ߨ݊

ݔ − ݐܿ ݔ = ݈݅݉
→ஶ

ቆݔ − ൬
1
ݔ +

1
ݔ + ߨ +

1
ݔ − ߨ + ⋯+

1
ݔ + ߨ݊ +

1
ݔ −  ൰ቇߨ݊

Since the above series converges as ݊ → ∞ and by Glasser’s Master Theorem 

(see: "A Remarkable Property of Definite Integrals” By M.L. Glasser) we have that: 

න ݔ)݂ − ݐܿ (ݔ
ஶ

ିஶ

ݔ݀ = න (ݔ)݂
ஶ

ିஶ

 ݔ݀

It follows that: 

ܫ =
1
4
න

1
1 + ଶݔ

ஶ

ିஶ

ݔ݀ =
ߨ
4 

5.3 

݈݅݉
→ஶ

6
(݊ − ݇ + 1)ଶ(݇)

݇݊((݊ + 1)(2݊ + 1)



ୀଵ

= ݈݅݉
→ஶ

6
݊(݊ + 1)(2݊+ 1)

(݊ − ݇ + 1)ଶ݂(݇)
݇



ୀଵ

 

Now, 

ܽ ≤ ݂(݇) ≤ ܾ, 

And, 

݈݅݉
→ஶ

6
݊(݊ + 1)(2݊+ 1)

(݊ − ݇ + 1)ଶܽ
݇



ୀଵ

 

= ݈݅݉
→ஶ

6ܽ
݊(݊ + 1)(2݊+ 1) ⋅ 

݊ଶ + ݇ଶ + 1 − 2݇ − 2݊݇ + 2݊
݇



ୀଵ
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= ݈݅݉
→ஶ

6ܽ
݊(݊ + 1)(2݊+ 1) ⋅ ቈ(݊ + 1)ଶܪ +

݊(݊ + 1)
2 − 2݊(݊ + 1) 

= ݈݅݉
→ஶ

6ܽ
݊(݊ + 1)(2݊+ 1)ቆ(݊ + 1)ଶܪ −

3݊(݊ + 1)
2 ቇ 

= ܽ ݈݅݉
→ஶ

6ቆ
(݊ + ܪ(1
݊(2݊ + 1) −

3
2(2݊+ 1)ቇ = 6ܽ ൬

1
2 ݈݅݉
→ஶ

ܪ
݊ ൰ 

= 3ܽ ݈݅݉→ஶ
ு


= 0 (Cauchy first theorem) 

Similarly, 

݈݅݉
→ஶ

6ܾ
݊(݊ + 1)(2݊+ 1)

(݊ − ݇ + 1)ଶ

݇



ୀଵ

= 0 

Thus by squezze theorem, the given limit is 0 

5.4.  


1

16(2݊ + 1)ଷ

ஶ

ୀ

ቀ2݊
݊ ቁ =

1
2

1
16 ቀ

2݊
݊ ቁ

ஶ

ୀ

ቌනݔଶ ݈݊ଶ ݔ ݔ݀
ଵ



ቍ = 

=
1
2 ݈݊

ଶ ݔ 
1

4 ቀ
2݊
݊ ቁቆ

ଶݔ

4 ቇ
ஶ

ୀ

൩݀ݔ =
1
2
න

݈݊ଶ ݔ

ට1− ଶݔ
4

ଵ



ݔ݀ ቂݔ → 2 ݊݅ݏ
ݔ
2
ቃ =

1
2
න ݈݊ଶ ቀ2 ݊݅ݏ

ݔ
2ቁ

గ
ଷ



 ݔ݀

∴ 
1

16(2݊+ 1)ଷ

ஶ

ୀ

ቀ2݊
݊ ቁ =

ଷߨ7

216 

5.5.  

ߗ = න
ଶݔ + 2
ݔ + 1

ஶ



ݔ݀ = 	න
ଶݔ

ݔ + 1

ஶ



ݔ݀
ᇣᇧᇧᇧᇤᇧᇧᇧᇥ

ூభ

+2න
1

ݔ + 1

ஶ



ݔ݀
ᇣᇧᇧᇧᇧᇤᇧᇧᇧᇧᇥ

ூమ

 

ଵܫ = න
ଶݔ

ݔ + 1

ஶ



 ݔ݀

ݔ = ݕ ⇒ ݔ݀ =
1
ݕ6

ିହ݀ݕ 

ଵܫ = න
ଶݔ

ݔ + 1

ஶ



ݔ݀ =
1
6
න

ିݕ
ଵ
ଶ

ݕ + 1

ஶ



 ݕ݀

1
ݕ + 1 = 1 − ݐ ⇒ ݕ݀ =

1
(1 − ଶ(ݐ  ݐ݀
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ଵܫ =
1
6
න ିݐ

ଵ
ଶ

ஶ



(1 − ି(ݐ
ଵ
ଶ݀ݐ =

1
6
߁ ቀ1

2ቁ߁ ቀ
1
2ቁ

߁ ቀ1
2 + 1

2ቁ
=

1
6 ߁

ଶ ൬
1
2൰ =

ߨ
6 

 

ଶܫ = 2න
1

ݔ + 1

ஶ



ݔ݀ = 2 
ߨ

6 ݊݅ݏ ቀ6ߨቁ
 =

ߨ2
3  

 

ߗ = න
ଶݔ + 2
ݔ + 1

ஶ



ݔ݀ = ଵܫ + ଶܫ =
ߨ
6 +

ߨ2
3 =

ߨ5
6  

 

5.6  

݊ܽݐ ݔ + ݊ܽݐ ቀݔ +
ߨ
3ቁ + ݊ܽݐ ൬ݔ +

ߨ2
3 ൰ = ݊ܽݐ ݔ + ݊ܽݐ ቀݔ +

ߨ
3ቁ + ݊ܽݐ ቄߨ − ቀ

ߨ
3 −  ቁቅݔ

= ݊ܽݐ ݔ + ݊ܽݐ ቀݔ +
ߨ
3ቁ − ݊ܽݐ ቀ

ߨ
3 − ቁݔ = ݊ܽݐ ݔ +

݊ܽݐ ݔ + √3
1− √3 ݊ܽݐ ݔ

−
√3− ݊ܽݐ ݔ

1 + √3 ݊ܽݐ ݔ
 

= ݊ܽݐ ݔ +
൫√3 + ݊ܽݐ ൯൫1ݔ + √3 ݊ܽݐ ൯ݔ − ൫√3 − ݊ܽݐ ൯൫1ݔ − √3 ݊ܽݐ ൯ݔ

1 − 3 ଶ݊ܽݐ ݔ  

=
݊ܽݐ ݔ − 3 ଷ݊ܽݐ ݔ + 8 ݊ܽݐ ݔ

1− 3 ଶ݊ܽݐ ݔ = 3 ݊ܽݐ  ݔ3

∴ ߗ = න න
3 ݊ܽݐ ݔ3

݊ܽݐ ݔ3 ݊ܽݐ ݕ3

గ
ଵଶ

గ
ଵ଼

గ
ଵଶ

గ
ଵ଼

ݕ݀	ݔ݀ = න 3 ቀ
ߨ

36ቁ

గ
ଵଶ

గ
ଵ଼

ݐܿ ݕ3  ݕ݀

=
ߨ

36 ݈݃
ቃ|(ݕ3)݊݅ݏ| గ

ଵ଼

గ
ଵଶ =

ߨ
36

൜݈݃ ൬
1
√2
൰ − ݈݃ ൬

1
2൰
ൠ =

ߨ
36 ݈݃

൫√2൯ =
ߨ

72 ݈݃ 2 

5.7  

ߗ = නቌනቌනቆ
ହݔ + ହݕ + ହݖ − ݔ) + ݕ + ହ(ݖ

ଷݔ + ଷݕ + ଷݖ − ݔ) + ݕ + ݔଷቇ݀(ݖ
ଶ

ଵ

ቍ݀ݕ
ଶ

ଵ

ቍ݀ݖ
ଶ

ଵ

= 

= නቌනቌනቆ
ݕ)5− + ݖ)(ݖ + ݔ)(ݔ + ଶݔ)(ݕ + ଶݕ + ଶݖ + ݕݔ + ݖݕ + (ݔݖ

ݕ)3− + ݖ)(ݖ + ݔ)(ݔ + (ݕ ቇ݀ݔ
ଶ

ଵ

ቍ݀ݕ
ଶ

ଵ

ቍ݀ݖ
ଶ

ଵ

= 
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=
5
3
නቌනቌන(ݔଶ + ଶݕ + ଶݖ + ݕݔ + ݖݕ + ݔ݀(ݔݖ

ଶ

ଵ

ቍ݀ݕ
ଶ

ଵ

ቍ݀ݖ =
ଶ

ଵ

 

=
5
3
නቌන൬ݕଶ + ଶݖ +

7
3 +

ݕ3
2 +

ݖ3
2 + ൰ݖݕ ݕ݀

ଶ

ଵ

ቍ݀ݖ
ଶ

ଵ

= 

=
5
3
න൬

7
3 + ଶݖ +

7
3 +

9
4 +

ݖ3
2 +

ݖ3
2 ൰ ݖ݀

ଶ

ଵ

=
5
3
න൬ݖଶ + ݖ3 +

83
12൰݀ݖ

ଶ

ଵ

=
275
12  

5.8  

∵ ݈݅݉
→ஶ

ቀ1−
ݔ
݊ቁ


= ݁ି௫  

∴ න ݁ି௫ݔ௭ିଵ
ஶ



ݔ݀ = ݈݅݉
→ஶ

නቀ1 −
ݔ
݊ቁ


௭ିଵݔ





 ݔ݀

Let ݔ = ݏ݊ ⇒ ݔ݀ =  ݏ݀݊

න ቀ1−
ݔ
݊ቁ






ݔ௭ିଵ݀ݔ = න(1 − (ݏ
ଵ



ݏ௭ିଵ݀(ݏ݊) = ݊௭න(1− (ݏ
ଵ



 ݏ௭ିଵ݀ݏ

= ݊ଶ ቈ
௭(1ݏ − (ݏ

ݖ



ଵ

+
݊௭݊(݊ − 1)
ݖ)ݖ + 1) න(1 − ି௭(ݏ

ଵ



 ݏ௭ାଵ݀ݏ

=
݊௭݊(݊ − 1) … 3 ⋅ 2 ⋅ 1

ݖ)ݖ + ݖ)(1 + 2) … ݖ) + ݊ − 1)නݏ௭ାିଵ
ଵ



ݏ݀ =
݊!݊௭

ݖ)ݖ + ݖ)(1 + 2) … ݖ) + ݊) 

∴ ݈݅݉
→ஶ

න ቀ1−
ݔ
݊ቁ






௭ିଵݔ = ݈݅݉
→ஶ

݊! ݊௭

ݖ)ݖ + ݖ)(1 + 2) … ݖ) + ݊) 

∵ (ݖ)߁ = ݖ) − 1)! 

∵ ݖ) − 1)! =
!ݖ
ݖ =

1
ݖ ⋅

1 ⋅ 2 ⋅ 3 ⋅ … ⋅ ݖ)ݖ + ݖ)(1 + 2) … ݖ) + ݊)
ݖ) + ݖ)(1 + 2) … ݖ) + ݊)  

=
݊! (݊ + 1)(݊ + 2) … (݊ + (ݖ
ݖ)ݖ + ݖ)(1 + 2) … ݖ) + 2) =

݊!݊௭ ⋅ (݊ + 1)
݊ ⋅ (݊ + 2)

݊ … (݊ + (ݖ
݊

ݖ)ݖ + ݖ)(1 + 2) … ݖ) + ݊) , ݊ → ∞ 

∴ ݈݅݉
→ஶ

݊! ݊௭ (݊ + 1)
݊ ⋅ (݊ + 2)

݊ … (݊ + (ݖ
݊

ݖ)ݖ + ݖ)(1 + 2) … ݖ) + ݊) = ݈݅݉
→ஶ

݊! ݊௭

ݖ)ݖ + ݖ)(1 + 2) … ݖ) + ݊) 
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∴ (ݖ)߁ = ݈݅݉
→ஶ

݊! ݊௭

ݖ)ݖ + ݖ)(1 + 2) … ݖ) + ݊) 

∴ න ݁ି௫ݔ௭ିଵ
ஶ



ݔ݀ = ݈݅݉
→ஶ

න ቀ1−
ݔ
݊ቁ ݔ

௭ିଵ





ݔ݀ = ݈݅݉
→ஶ

݊!݊௭

ݖ)ݖ + ݖ)(1 + 2) … ݖ) + ݊) =  (ݖ)߁

∴ (ݖ)߁ = න ݁ି௫ݔ௭ିଵ݀ݔ
ஶ



(ݖ)	ܴ݁, > 0 

5.9  

ݔ) + ଷ(ݕ − ଷݔ − ଷݕ = ݕଶݔ3 + ଶݕݔ3 = ݔ)ݕݔ3 +  (ݕ

ݔ) + ହ(ݕ − ହݔ − ହݕ = ݕସݔ5 + ଶݕଷݔ10 + ଷݕଶݔ10 +  ସݕݔ5

= ଷݔ)ݕݔ5 + ݕଶݔ2 + ଶݕݔ2 + (ଷݕ = ଷݔ]ݕݔ5 + ଷݕ + ݔ)ݕݔ2 +  [(ݕ

= ݔ)ݕݔ5 + ଶݔ)(ݕ + ݕݔ +  (ଶݕ

ݔ) + (ݕ − ݔ − ݕ = ݕݔ7 + ଶݕହݔ21 + ଷݕସݔ35 + ସݕଷݔ35 + ହݕଶݔ21 +  ݕݔ7

= ହݔ)]ݕݔ7 + (ହݕ + ଷݔ)ݕݔ3 + (ଷݕ + ݔ)ଶݕଶݔ5 +  [(ݕ

= ݔ)ݕݔ7 + ସݔ](ݕ − ݕଷݔ + ଶݕଶݔ − ଷݕݔ + ସݕ + ଶݔ)ݕݔ3 + ଶݕ − (ݕݔ +  [ଶݕଶݔ5

= ݔ)ݕݔ7 + ସݔ](ݕ + ݕଷݔ2 + ଶݕଶݔ3 + ଷݕݔ3 +  [ସݕ

= ݔ)ݕݔ7 + ଶݔ)(ݕ + ݕݔ +  ଶ)ଶݕ

ߗ = න݀ݔ
ଶ

ଵ

න
ݔ)ݕݔ3−] + ݔ)ݕݔ7−][(ݕ + ଶݔ)(ݕ + ݕݔ + [ଶ)ଶݕ

ݔ)ଶݕଶݔ25 + ଶݔ)ଶ(ݕ + ݔݕ + ଶ)ଶݕ

ଶ

ଵ

 ݕ݀ = නቌන
21
ݕ25݀

ଶ

ଵ

ቍ
ଶ

ଵ

ݔ݀ =
21
25 

5.10  

Numerator 

= ଷݔ)ଶݕଶݔ + (ଷݕ − ସݔ)ݕݔ + (ସݕ + ହݔ + ହݕ + ݔ)ݕݔ + (ݕ + ݔ)2 + (ݕ − ݔ) + ଶ(ݕ − 2 

= ଶݕ)ହݔ − ݕ + 1) + ଶݔ)ହݕ − ݔ + 1) + ଶݕ)ݔ − ݕ + 1) + ଶݔ)ݕ − ݔ + 1)− 

ଶݔ)− − ݔ + 1)− ଶݕ) − ݕ + 1) 

= ହݔ) + ݔ − ଶݕ)(1 − ݕ + 1) + ହݕ) + ݕ − ଶݔ)(1 − ݔ + 1) 

= ଷݔ) + ଶݔ − ଶݔ)(1 − ݔ + ଶݕ)(1 − ݕ + 1) + ଷݕ) + ଶݕ − ଶݕ)(1 − ݕ + ଶݔ)(1 − ݔ + 1) 

= ଷݔ) + ଷݕ + ଶݔ + ଶݕ − ଶݔ)(2 − ݔ + ଶݕ)(1 − ݕ + 1) 

Thus, 

ߗ = නන(ݔଷ + ଷݕ + ଶݔ + ଶݕ − 2)
ଵ



ଵ



ݕ݀ݔ݀ = න
1
4 ݔ

ସ + ଷݕݔ +
1
3 ݔ

ଷ + ଶݕݔ − ൨ݔ2
ଵ

 

ଵ

 ݕ݀
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= න
1
4 + ଷݕ +

1
3 + ଶݕ − 2൨ ݕ݀

ଵ



= ൬
1
ݕ4

ସ +
1
ݕ3

ଷ −
17
]	൰ݕ12

ଵ 

=
1
4 +

1
3 −

17
12 =

3 + 4 − 17
12 = −

5
6 

5.11  

Let ܫ = ∫ (ିଵ)ೣି(షభ)ೣାଵ
௫ೣ(ೣିଵ)

ஶ
  ݔ݀

For ݊ = 1, ܫ = 0. Let ݊ > 1. 

(݊ − 1)݁௫ − ݊݁(ିଵ)௫ + 1

= (݁௫ − 1)ൣ(݊ − 1)݁(ିଵ)௫ − ݁(ିଶ)௫ − ݁(ିଷ)௫ −⋯− ݁ଶ௫ − ݁௫ − 1൧ 

Thus 

ܫ = න
(݊ − 2)݁(ିଵ)௫	 −∑ ݁௫ିଶ

ୀ

௫݁ݔ

ஶ



ݔ݀ = න   ቆ
݁(ିଵ)௫ − ݁௫

௫݁ݔ ቇ
(ିଵ)

ୀ


ஶ



ݔ݀ = 

= ∑ ∫ షೣିష(షೖ)ೣ

௫
ஶ


ାଵ
ୀ  (1)     ݔ݀

We now use, if ݂ is continuous for ݔ ≥ 0 and ݈݅݉→ஶ (ݔ)݂ = ݈, then for ܽ, ܾ > 0, 

න
−(ݔܽ)݂ (ݔܾ)݂

ݔ

ஶ



ݔ݀ = (݂(0) − ݈) ݈݊ ൬
ܾ
ܽ൰ 

Let ݂(ݔ) = ݁ି௫ , then ݂(0) = 1, ݈ = 0, 

∴ ∫ షೌೣିష್ೣ

௫
ஶ
 ݔ݀ = ݈݊ ቀ


ቁ   (2) 

Thus, from (1), (2) 

ܫ = ݈݊ ൬
݊ − ݇

1 ൰
ିଵ

ୀ

= ݈݊(݊!) 

5.12  

න
1

1 + ݏܿ ݔ

గ
ଶ



ݔ݀ = න(1 + ݏܿ ݔଵ݀ି(ݔ

గ
ଶ



= න (ܿݏ ଶఊ(ݔ
ஶ

ఊ

−(ܿݏ ଶఊାଵ(ݔ
ஶ

ఊୀ



గ
ଶ



 ݔ݀

=
ߨ
2 +

1
2 ⋅

ߨ
2 +

3
4 ⋅

1
2 ⋅

ߨ
2 +

5 ⋅ 3 ⋅ 1
6 ⋅ 4 ⋅ 2 ⋅

ߨ
2 

… 
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−൬1 +
2
3 +

4
5 ∙

2
3 +

6
7 ⋅

4
5 ⋅

2
3 ⋅ … ൰ 

∴ Given sum = 1 

5.13  

ߗ = ෑ1 + ൬
1
݁൰

ଷ

+ ൬
1
݁൰

ଶ⋅ଷ

൩
ஶ

ୀ

 

Note, 1 + ݔ + ଶݔ = ଵି௫య

ଵି௫
 

∴ ߗ = ∏
ቀଵିషయ

శభ
ቁ

൫ଵିషయ൯
ஶ
ୀ = ଵିషయ

ଵିషభ
	× ଵିషవ

ଵିషయ
     (1) 

[∵ ݁ିஶ = 0] 

=
݁

݁ − 1 

5.14  

ܫ = න
ݔ݀

ቀݔଶ + 1
4ቁ



ஶ



= න
ݔଶ݀ݔ

ቀݔଶ + 1
4ቁ

ାଵ

ஶ



+ න
1
ݔ4݀

ቀݔଶ + 1
4ቁ

ାଵ

ஶ



 

= ൦−
ݔ

2݊ ቀݔଶ + 1
4ቁ

൪+ න
1
ݔ4݀

2݊ ቀݔଶ + 1
4ቁ



ஶ



+ ାଵܫ =
1

2݊ ܫ +
ାଵܫ

4  

→
ାଵܫ
ܫ

= 2 ⋅
2݊ − 1
݊ ⇒ෑ

ାଵܫ
ܫ



ୀଵ

= ෑ
2݇ − 1
݇



ୀଵ

	×
2݇
݇ ⇔

ାଵܫ
ଵܫ

=
(2݊)!
(݊!)ଶ  

ଵܫ = න
ݔ݀

ቀݔଶ + 1
4ቁ

ஶ



= [2ܽ ݊ܽݐ ஶ[ݔ2 = ߨ → ାଵܫ = ߨ
(2݊)!
(݊!)ଶ  

ߗ = ݈݅݉
→ஶ

ඥܫାଵ = ݈݅݉
→ஶ

ඨෑ
(2݊)!

2ଶ(݊!)ଶ


= ݈݅݉
→ஶ

ߨ (2݊ + 2)!
൫(݊ + 1)!൯

ଶ

ߨ (2݊)!
(݊!)ଶ

= ݈݅݉
→ஶ

(2݊ + 2)(2݊+ 1)
(݊ + 1)ଶ = 4 

5.15  

Let ݔ = ݊݅ݏ ߠ ⇒ ݔ݀ = ݏܿ ߠ ݔ when ,ߠ݀ = ߠ,0 = ݔ;0 = ߠ,1 = గ
ଶ

 

ߗ = ݈݅݉
→ஶ

ඩනݔଶඥ(1− ଶ)ଶାଵݔ
ଵ





ݔ݀ = ݈݅݉
→ஶ

ඩන ଶ݊݅ݏ ߠ ଶାଶݏܿ ߠ ߠ݀

గ
ଶ
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= ݈݅݉
→ஶ

ඨ1
ߚ2

(݊,݊ + 1)


= ݈݅݉
→ஶ

ඨ
1
2 ⋅

݊)߁(݊)߁ + 1)
2݊)߁ + 1)


	 =ுିᇲாொோ் 

= ݈݅݉
→ஶ

ቆ
݊)߁ + ݊)߁(1 + 2)

2݊)߁ + 3) ⋅
2݊)߁ + 1)

݊)߁(݊)߁ + 1)ቇ = ݈݅݉
→ஶ

ቆ
݊(݊ + 1)

(2݊ + 1)(2݊ + 2)ቇ =
1
4 

5.16  

⇒ න
௫ି݁ݔ ݈݊ଶ(ݔ)

1 − ݁ି௫

ஶ



ݔ݀ ⇒ න ݔ
ஶ



ஶ

ୀ

݈݊ଶ(ݔ)݁ି(ାଵ)௫	݀ݔ 

⇒ 
߲ଶ

ଶ߲

ஶ

ୀ

න ݁ି(ାଵ)௫ݔ

ஶ



൩ݔ݀
ୀଵ

⇒ 
߲ଶ

ଶ߲

ஶ

ୀ

ቈ
)߁ + 1)

(݊ + 1)ାଵ
ୀଵ

⇒ 
߲ଶ

ଶ߲

ஶ

ୀଵ

ቈ
)߁ + 1)
݊ାଵ


ୀଵ

 

⇒
߲ଶ

ଶ߲
)߁] + )߬(1 + 1)]ୀଵ ⇒

߲
߲

)߁] + 1)߬ᇱ( + 1) + )߬ + )ᇱ߁(1 + 1)]ୀଵ 

⇒ )߁] + 1)߬ᇱᇱ( + 1) + ߬ᇱ( + )ᇱ߁(1 + 1) + )ᇱ߁ + 1)߬ᇱ( + 1) + )߬ + )ᇱᇱ߁(1 + 1)]ୀଵ 

⇒ ᇱᇱ(2)߬(2)߁ + ߬ᇱ(2)߁ᇱ(2) + ᇱ(2)߬ᇱ(2)߁ +  ᇱᇱ(2)߁(2)߬

⇒ ߬ᇱᇱ(2) +
ଶߨ

3
(1 − ߛ](ߛ + −(ߨ2)݈݊ 12 [(ܣ)݈݊ +

ଶߨ

6
ቈ(1 − ଶ(ߛ +

ଶߨ

6 − 1 

⇒ ᇱᇱ(2)߁ + ቆ
ଶߨ

3 −
ଶߨ

3 ቇߛ ߛ] + −(ߨ2)݈݊ 12 [(ܣ)݈݊ +
ଶߨ

6
ቈ1 + ଶߛ + ߛ +

ଶߨ

6 − 1 

⇒ ߬ᇱᇱ(2) +
ଶߨ

3 ߛ +
ଶߨ

3 −(ߨ2)݈݊ ଶߨ4 (ܣ)݈݊ −
ଶߨ

3 ଶߛ −
ଶߨ

3 ߛ (ߨ2)݈݊ + ߛଶߨ4 (ܣ)݈݊ + 

+
ଶߨ

6 ଶߛ −
ଶߨ

3 ߛ +
ସߨ

36 

(OR) 

ܫ = ߬ᇱᇱ(2) +
ଶߨ

3 (ߨ2)݈݊ [1− [ߛ +
ସߨ

36−
ଶߨ

6 ଶߛ − ଶߨ4 (ܣ)݈݊ [1−  [ߛ

5.17  

නන ݔ)݊݅ݏ)݈݊ + ((ݕ

గ
ଶ



ݔ݀

గ
ଶ



ݕ݀ = න න ((ݑ)݊݅ݏ)݈݊

గ
ଶା௫

௫

ݑ݀

గ
ଶ



 ݔ݀
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=

⎣
⎢
⎢
⎡
ݔ න ((ݑ)݊݅ݏ)݈݊

గ
ଶା௫

௫

ݑ݀

⎦
⎥
⎥
⎤

௫

గ
ଶ

−නݔ ቂ݈݊ ቀ݊݅ݏ ቀ
ߨ
2 + ቁቁݔ − ቃ((ݔ)݊݅ݏ)݈݊

గ
ଶ



 ݔ݀

=
ߨ
2
න ((ݑ)݊݅ݏ)݈݊
గ

గ
ଶ

ݑ݀ − න[((ݔ)ݐܿ)݈݊]ݔ

గ
ଶ



 ݔ݀

ଵܫ = න ((ݑ)݊݅ݏ)݈݊
గ

గ
ଶ

൪ݑ݀

గି௨ୀ௭

= න ((ݖ)݊݅ݏ)݈݊

గ
ଶ



ݖ݀ = −
ߨ
2 ݈݊ 2 

ଶܫ = න[((ݔ)ݐܿ)݈݊]ݔ

గ
ଶ



ݔ݀ = න ቀ
ߨ
2 − ቁݔ

గ
ଶ



න[((ݔ)݊ܽݐ)݈݊]ݔ

గ
ଶ



 ݔ݀

=
ߨ
2
න ((ݔ)݊ܽݐ)݈݊

గ
ଶ



ݔ݀ − න [((ݔ)݊ܽݐ)݈݊]ݔ

గ
ଶ



ݔ݀ = න[((ݔ)݊ܽݐ)݈݊]ݔ

గ
ଶ



 ݔ݀

= නݔ ቆ
(−1) − 1

݇ ቇ
ஶ

ୀଵ

൩(ݔ2݇)ݏܿ

గ
ଶ



ݔ݀ = ቆ
(−1) − 1

݇ ቇ
ஶ

ୀଵ

නݔ (ݔ2݇)ݏܿ

గ
ଶ



 ݔ݀

= ቆ
(−1) − 1

݇ ቇ
ஶ

ୀଵ ⎣
⎢
⎢
⎡
ቈ
ݔ (ݔ2݇)݊݅ݏ

2݇



గ
ଶ
− න

(ݔ2݇)݊݅ݏ
2݇

గ
ଶ



ݔ݀

⎦
⎥
⎥
⎤
 

= ቆ
(−1) − 1

݇ ቇ
ஶ

ୀଵ ⎣
⎢
⎢
⎡
−

1
2݇

න (ݔ2݇)݊݅ݏ

గ
ଶ



ݔ݀

⎦
⎥
⎥
⎤
 

= ቆ
(−1) − 1

݇ ቇ
ஶ

ୀଵ

ቈ
−(݇ߨ)ݏܿ 1

4݇ଶ
 = 

((−1) − 1)ଶ

4݇ଷ

ஶ

ୀଵ

 

=
1
4

2− 2(−1)

݇ଷ

ஶ

ୀଵ

=
1
2

1 − (−1)

݇ଷ

ஶ

ୀଵ

=
1
2


1
݇ଷ + 

(−1)ିଵ

݇ଷ

ஶ

ୀଵ

ஶ

ୀଵ

൩ 

=
1
2 ߞ

(3) + ൬1 −
1
4൰ ߞ

(3)൨ =
7
8 ߞ

(3) 
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ܫ =
ߨ
2 ቀ−

ߨ
2 ݈݊ 2ቁ −

7
8 ߞ

(3) = −
ଶߨ

4 ݈݊ 2 −
7
8 ߞ

(3) 

5.18  

ܫ = නන൜
ݔ
ݕ
ൠ


ଵ



ݔ݀
ଵ



ݕ݀ = නන
{ݑ}ݔ

ଶݑ

ஶ

௫

ݑ݀
ଵ



ݔ݀ = 
ଶݔ

2
න

{ݑ}

ଶݑ

ஶ

௫

൩ݑ݀


ଵ

+
1
2
න{ݔ}
ଵ



ݔ݀ = 

=
1
2
න

{ݑ}

ଶݑ

ஶ

ଵ

ݑ݀ +
1
2
නݔ
ଵ



ݔ݀ =
1
2

ݑ) − 1)

ଶݑ

ାଵ

ஹଵ

ݑ݀ +
1

2(݊ + 1) 

ଵܫ = න
ݑ) − ݈)

ଶݑ

ାଵ

ஹଵ

ݑ݀ = න
ݑ

ݑ) + ݈)ଶ

ଵ

ஹଵ

ݑ݀ = නݑ
ଵ




1

ݑ) + ݈)ଶ
ஹଵ

ݔ݀ = 

= නݑ
ଵ



න ௫(ଵା௨)ି݁ݔ

ஶ



ݔ݀
ஹଵ

൩ ݑ݀ = නݑ
ଵ



න ௨௫ି݁ݔ
ஶ



݁ି௫
ஹଵ

ݑ൩݀ݔ݀ = 

= නݑ
ଵ



න
௨௫ି݁ݔ

݁௫ − 1

ஶ



൩ ݑ݀ = න
ݔ

݁௫ − 1

ஶ



නݑ݁ି௨௫
ଵ



 ݔ݀ = 

= න
ݔ

݁௫ − 1

ஶ



݊! ݁ି௫
ିଵݔ

(݊ + ݇)!
ஹଵ

൩ ݔ݀ = 
݊!

(݊ + ݇)!
ஹଵ

න
݁ି௫ݔ

݁௫ − 1

ஶ



 ݔ݀

= 
݊!

(݊ + ݇)!
ஹଵ

න ݔ݁ି௫݁ି௫
ஹଵ

൩
ஶ



ݔ݀ = 
݇!

(݊ + ݇)!
ஹଵ

න ݁ି(ାଵ)௫ݔ

ஶ

ஹଵ

 ݔ݀

= 
݊!

(݊ + ݇)!
ஹଵ


݇!

(݅ + 1)ାଵ
ஹଵ

= 
݊!݇!

(݊ + ݇)!
ஹଵ


1

(݅ + 1)ାଵ
ஹଵ

= 
݊! ݇!

(݊ + ݇)!
ஹଵ

݇)ߞ] + 1) − 1] 

= 
݇)ߞ + 1)− 1

ቀ݊ + ݇
݇ ቁஹଵ

 

ܫ =
1
2 ଵܫ +

1
2(݊ + 1) =

1
2

݇)ߞ + 1) − 1

ቀ݊ + ݇
݇ ቁஹଵ

+
1

2(݊ + 1) 

Note 1. ∫ ݁ି௨௫ଵݑ
 ݑ݀ = ݊! ݁ି௫ ∑ ௫ೖషభ

(ା)!ஹଵ  

 

Note 2. ∫ ݁ି(ାଵ)௫ஶݔ
 ݔ݀ = ௰(ାଵ)

(ାଵ)ೖశభ
= !

(ାଵ)ೖశభ
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5.19  

නන ݈݊ ߁ ݔ) + ݕ + 1)
ଵ



ݔ݀
ଵ



ݕ݀ = න න ݈݊ ߁ (ݑ)
௫ାଶ

௫ାଵ

ݑ݀
ଵ



 ݔ݀

= ݔ න ݈݊ (ݑ)߁
௫ାଶ

௫ାଵ

ݑ݀



ଵ

−නݔ ݈݊
ݔ)߁ + 2)
ݔ)߁ + 1)

ଵ



ݔ݀ = න ݈݊ ݑ݀(ݑ)߁
ଶ



− නݔ ݔ)݈݊ + 1)
ଵ



 ݔ݀

ଵܫ = න݈݊ (ݑ)߁
ଶ

ଵ

 ݑ݀

(ܽ)ଵܫ = න ݈݊ (ݑ)߁
ାଵ



 ݑ݀

(ܽ)ଵᇱܫ = ݈݊ ܽ)߁ + 1) − ݈݊ (ܽ)߁ = ݈݊ ܽ , (ܽ)ଵܫ = ܽ ݈݊ ܽ − ܽ +  ܥ

ଵ(0)ܫ = න ݈݊ ߁ (ݑ)
ଵ



ݑ݀ = ݈݊൫√2ߨ൯ = ,	ܥ (ܽ)ଵܫ = ܽ ݈݊ ܽ − ܽ + ݈݊൫√2ߨ൯ 

ଵܫ = −1 + ݈݊൫√2ߨ൯	 , ଶܫ = නݔ ݔ)݈݊ + 1)
ଵ



ݔ݀ =
1
4 

ܫ =
3
4 + ݈݊൫√2ߨ൯ 

5.20  

න
1

(1 + )(1ݕ + (ଶݕ

ஶ



ݕ݀ = න
1

(1 + )(1ݕ + (ଶݕ

ଵ



ݕ݀ + න
1

(1 + )(1ݕ + ݕ݀(ଶݕ
ஶ

ଵᇣᇧᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇧᇥ
௧	௬ୀଵ௫⇒ௗ௬ୀି

ଵ
௫మௗ௫

 

= න
1

(1 + )(1ݕ + (ଶݕ

ଵ



ݕ݀ + න
1

ቀ1 + 1
ቁݔ ቀ1 + 1

ଶቁݔ



ଵ

⋅ ൬−
1
ଶݔ  ൰ݔ݀

= න
1

(1 + )(1ݕ + (ଶݕ

ଵ



ݕ݀ + න
ݔ

ݔ) + ଶݔ)(1 + 1)

ଵ



 ݔ݀

= න
1

(1 + )(1ݕ + (ଶݕ

ଵ



ݕ݀ + න
ݕ

ݕ) + ଶݕ)(1 + 1)

ଵ



ݔ݀ = න
1 + ݕ

(1 + )(1ݕ + (ଶݕ

ଵ



 ݕ݀
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= න
1

1 + ଶݕ

ଵ



ݕ݀ = ଵ݊ܽݐ) ଵ|(ݕ =
ߨ
4 

So 

න
1

(1 + 1)(‼(ଶ)ݕ + (ଶݕ

ஶ



ݕ݀ =
ߨ
4 

5.21  

ߗ = න
ିଵ(1ݔ − ିଵ(ݔ

(ܽ + ା(ݔܾ

ଵ



,ݔ݀ ݐ	ݐ݈݁ =
ݔܾ

ܽ(1− (ݔ ⇒ ݔ =
ݐܽ

ݐܽ + ܾ 

ݔ݀ = 
(௧ା)మ

ݔ when ;ݐ݀ = 0, ݐ = 0; when ݔ = 1, ݐ → ∞ 

ߗ = න
ቀ ݐܽ
ݐܽ + ܾቁ

ିଵ
ቀ1− ݐܽ

ݐܽ + ܾቁ
ିଵ

ቀܽ + ݐܾܽ
ݐܽ + ܾቁ

ା

ஶ



⋅
ܾܽ

ݐܽ) + ܾ)ଶ ݐ݀ = 

=
ܾܽ
ܽା

න
ቀ ݐܽ
ݐܽ + ܾቁ

ିଵ
ቀ ܾ
ݐܽ + ܾቁ

ିଵ

ቀ1 + ݐܾ
ݐܽ + ܾቁ

ା

ஶ



⋅
ݐ݀

ݐܽ) + ܾ)ଶ 

=
ܾ

ܽ
න

ିଵݐ

൫ܾ + ܽ)ݐ + ܾ)൯ା

ஶ



ݐ݀ =
1

ܾܽ
න

ିଵݐ

ቀ1 + ܽ + ܾ
ܾ ⋅ ቁݐ

ା

ஶ



 ݐ݀

= ଵ


⋅ 
ା

⋅ ቀ 
ା

ቁ
ିଵ

∫ ௭షభ

(ଵା௭)శ
ஶ
 	ݖ݀ ቂ݁ݓ	ݐݑ	ݖ = ା


ቃݐ = ఉ(,)

(ା)శ
    

5.22  

ܪ
ିଵଶ

+
݀
݀݉

නቆ
ଶݔ − ݔ
݈݊ ݔ ⋅

ݔ݀
1 + ቇݔ

ଵ



= ܪ
ିଵଶ

+
݀
݀݉

න
1

1 + ݔ

ଵ



ቌන ௬ݔ
ଶ

ଵ

 ݔቍ݀ݕ݀

= ܪ
ିଵଶ

+
݀
݀݉

න ൬
௬ݔ

1 + ݔ ൰ݔ݀
ଶ

ଵ

ݕ݀ = ܪ
ିଵଶ

+ 2ቌන
ଶݔ

1 + ݔ

ଵ



 ቍݔ݀

= න
1 − ିଵଶݔ

1− ݔ

ଵ



ݔ݀ + 2න
ଶݔ

1 + ݔ

ଵ



݀݊ = න
1 − ଶିଵݔ

1 − ଶݔ

ଵ



⋅ ݔ݀ݔ2 + 2න
ଶݔ

1 + ݔ

ଵ



݀݊ 
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= 2න
ݔ − ଶݔ

(1 + −1)(ݔ (ݔ

ଵ



݀݊ + 2න
ଶݔ

1 + ݔ

ଵ



= 2න
ݔ − ଶݔ + ଶ(1ݔ − (ݔ

1 − ଶݔ

ଵ



ݔ݀ = 2න
ݔ − ଶିଵݔ

1 − ଶݔ

ଵ



݀݊

= න
1 − ଶݔ

1 − ଶݔ

ଵ



(ଶݔ)݀ = න
1 − ݔ

1 − ݔ

ଵ



ݔ݀ = ܪ  

5.23  

As we know, the series representation of (ݔ)݊ܽݐ. 

(ݔ)݊ܽݐ = ∑ (ିଵ)షభଶమ൫ଶమିଵ൯మ
(ଶ)!

ஶ
ୀଵ  ଶିଵ    (1)ݔ

⇒ ∫ ௧(௫)
௫

ݔ݀ + ∫ (௫) (ଶି௫)
௫

  ,Using (1), we get .ݔ݀

⇒ 
(−1)ିଵ2ଶ(2ଶ − ଶܤ(1

(2݊)!

ஶ

ୀଵ

නݔଶିଶ ݔ݀ + න
ିଵݔ−

݊

ஶ

ୀଵ

ݔ݀(ݔ)݈݊ ⇒ 

⇒ 
(−1)ିଵ2ଶ(2ଶ − ଶܤ(1

(2݊)!

ஶ

ୀଵ

ቈ
ଶିଵݔ

2݊ − 1
 −

1
݊

ஶ

ୀଵ

නݔିଵ ݔ݀(ݔ)݈݊ ⇒ 

⇒ 
(−1)ିଵ2ଶ(2ଶ − ଶିଵݔଶܤ(1

(2݊)! (2݊ − 1)

ஶ

ୀଵ

−
1
݊

ஶ

ୀଵ


߲
߲݊ ൬

නݔିଵ߲ݔ൰൨ 

⇒ 
(−1)ିଵ2ଶ(2ଶ − ଶିଵݔଶܤ(1

(2݊)! (2݊ − 1)

ஶ

ୀଵ

−
1
݊
ቈ
ݔ (ݔ)݈݊

݊ −
ݔ

݊ଶ


ஶ

ୀଵ

+ ܿ ⇒ 

⇒ 
(−1)ିଵ2ଶ(2ଶ − ଶݔଶܤ(1 − 1

(2݊)! (2݊ − 1)

ஶ

ୀଵ

+ ൬
ݔ

݊ଷ൰
ஶ

ୀଵ

+ ܿ 

(OR) 

ܫ = ቆ
(−1)ିଵ2ଶ(2ଶ − ଶିଵݔଶܤ(1

(2݊)! (2݊ − 1) ቇ
ஶ

ୀଵ

+ (ݔ)ଷ݅ܮ + ܿ 

5.24  

න ቆන
݈݊ ݔ

1 − ହݔ
௧


ቇݔ݀

ଵ


ݐ݀ = ቈݐ න

݈݊ ݔ
1− ହݔ

௧


ݔ݀



ଵ

− න
ݐ ݈݊ ݐ

1 − ହݐ
ଵ


ݐ݀ = න

(1− (ݐ ݈݊ ݐ
1 − ହݐ

ଵ


ݐ݀ ݐ → ݐ

ଵ
ହ൨ = 

=
1

25
ቌන

ݐ
ଵ
ହିଵ ݈݊ ݐ
1 − ݐ

ଵ


ݐ݀ − න

ݐ
ଶ
ହ ݈݊ ݐ

1− ݐ

ଵ


 ቍݐ݀
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∴ න ቆන
݈݊ ݔ

1 − ହݔ
௧


ݐቇ݀ݔ݀

ଵ


=
ଵߖ− ቀ

1
5ቁ + ଵߖ ቀ

2
5ቁ

25 =
ଵߖܣ ቀ

2
5ቁ + ଵߖܤ ቀ

1
5ቁ

ܥ  

∴ ܣ)25 − (ܤ + ܥ2 = −25	× 2 + 2	 × 	50 = 0 

5.25  

1 − ܽଶ

1 − 2ܽ ݏܿ ݔ + ܽଶ = 2ܽ
ఈ

ୀ

ݏܿ ݔ݇ +  ܫ

∴ න
ݔ݀

(1 + −ଶ)(3ݔ ݏܿ (ݔ

ఈ



=
ܫ
3
න

ݔ݀

(1 + (ଶݔ ቀ1− ݏܿ ݔ
3 ቁ

ఈ



=
ܫ
3
න

ݔ݀

(1 + (ଶݔ ቀ1− 2ܽ ݏܿ ݔ
1 + ܽଶ ቁ

ఈ



 

ଶ
ଵାమ

= ଵ
ଷ
 or ܽଶ − 6ܽ + 1 = 0 

ܽ =
6 − √36− 4

2 = 3 − 2√2 

=
(1 + ܽଶ)

3
න

ݔ݀
(1 + ଶ)(1ݔ + ܽଶ − 2ܽ ݏܿ (ݔ

ఈ



=
1 + ܽଶ

3 ⋅
1

1 − ܽଶ
න 2ܽ

ఈ

ୀ

ݏܿ ݔ݇ + ൩ܫ
ఈ



ݔ݀
1 +  ଶݔ

=
2(1 + ܽଶ)
3(1− ܽଶ)ܽ

ఈ

ୀ

න
ݏܿ ݔ݇
1 + ଶݔ

ఈ



ݔ݀ +
1 + ܽଶ

3(1 − ܽଶ)න
1

1 + ଶݔ

ఈ



ݔ݀ = 

=
2(1 + ܽଶ)
3(1− ܽଶ)

ߨ
2 ܽ

݁ି
ఈ

ୀ

+
1 + ܽଶ

3(1 − ܽଶ)
ߨ
2 =

2(1 + ܽଶ)
3(1− ܽଶ) ⋅

ߨ

2 ቀ1− ܽ
݁ቁ

+
ߨ
6 ቆ

1 + ܽଶ

1− ܽଶቇ = 

=
(1 + ܽଶ)
(1 − ܽଶ) ⋅

ߨ
6 

2

1 − ܽ
݁

+ ܫ =
ߨ
6 ⋅

(1 + ܽଶ)
(1− ܽଶ) 

2 + 1 − ܽ
݁

1− ܽ
݁

 =
ߨ
6 ⋅

(1 + ܽଶ)
(1− ܽଶ) 

3݁ − ܽ
݁ − ܽ ൨ = 

=
ߨ
6

1 + ൫3 − 2√2൯

ଶ

1 − ൫3 − 2√2൯
ଶ൩ ቈ

3݁ − 3 + 2√2
݁ − 3 + 2√2

 =
ߨ
6
ቈ
18− 12√2
12√2− 16

ቆ
3݁ + 2√2− 2
2√2 + ݁ − 3

ቇ = 

=
ߨ

12 ⋅
൫9 − 6√2൯
൫3√2 − 4൯

ቆ
3݁ + 2√2− 2
2√2 + ݁ − 3

ቇ 

5.26  

න൭ 3 ℎଷ݊݅ݏ ቀ
ݔ

3ቁ
ஶ

ୀଵ

൱݀ݔ =
1
4
න൭ 3 ℎ݊݅ݏ ቀ

ݔ
3ିଵቁ

ஶ

ୀଵ

− 3ାଵ ℎ݊݅ݏ ቀ
ݔ

3ቁ
൱݀ݔ = 

=
1
4
න(3 −(ݔ)ℎ݊݅ݏ  ݔ݀(ݔ3
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∴ න൭ 3 ℎଷ݊݅ݏ ቀ
ݔ

3ቁ
ஶ

ୀଵ

൱݀ݔ =
3
4ቆܿݏℎ

−(ݔ)
ଶݔ

2 ቇ+  ܥ

5.27  

(݉)ߖ ≔ නݔଶ (ݔ)݈݊
ଵ



݈݊(݉ +  ݔ݀(ݔ

Find ∫ అ()ௗ
ଵାమ

ଵ
  

Let ܫ ≔ ∫ అ()ௗ
ଵାమ

ஶ
 = ∫ ቀݔଶ ∫(ݔ)݈݊ (ା௫)

ଵାమ
ଵ
 ݀݉ቁଵ

 ݔ݀ =  (1)   ܫ

Let (ߚ)ܨ ≔ ∫ (ఉା௫)ௗ௫
ଵା௫మ

ஶ
 ߚ, ≥ 0 ⇒ (ߚ)ᇱܨ = ∫ ௗ௫

(ଵା௫మ)(ఉା௫)
ஶ
  

(ߚ)ᇱܨ = ൬
1

1 + ଶ൰ߚ
න ൬

ߚ
1 + ଶݔ +

1
ߚ + ݔ −

ݔ
1 + ଶ൰ݔ

ஶ



ݔ݀ = 

= ൬
1

1 + ଶ൰ߚ
ቈߚ (ݔ)ଵି݊ܽݐ ቚ∞0 +

1
2 ݈݊ ቆ

ଶߚ + ଶݔ + ݔߚ2
1 + ଶݔ ቇ ቚ∞0  = 

= ቀ ଵ
ଵାఉమ

ቁ ቀగఉ
ଶ
− ቁ, But ݂(0)(ߚ)݈݊ = 0 

∴ (ߚ)ܨ = ቀ
ߨ
2ቁ
න

ݕ݀ݕ
1 + ଶݕ

ఉ



− න
ݕ݀(ݕ)݈݊
1 + ଶݕ

ఉ



=
ߨ
4 ݈݊

(1 + (ଶߚ −න
ݕ݀(ݕ)݈݊
1 + ଶݕ

ఉ



 

∴ ܫ = න൮ݔଶ ቌ(ݔ)݈݊
ߨ
4 ݈݊

(1 + −(ଶݔ න
ݕ݀(ݕ)݈݊
1 + ଶݕ

௫



ቍ൲
ଵ



ݔ݀ = 

=
ߨ
4
නݔଶ (ݔ)݈݊ ݈݊(1 + ݔ݀(ଶݔ
ଵ



− නන
(ݕ)݈݊ ⋅ ଶݔ (ݔ)݈݊

1 + ଶݕ

௫



ଵ



 ݔ݀ݕ݀

=
ߨ
4
නݔଶ (ݔ)݈݊
ଵ



݈݊(1 + ݔ݀(ଶݔ − නቌ
(ݕ)݈݊

1 + ଶݕ
නݔଶ ݔ݀(ݔ)݈݊
ଵ

௬

ቍ
ଵ



 ݕ݀

=
ߨ
4
නݔଶ
ଵ



(ݔ)݈݊ ݈݊(1 + ݔ݀(ଶݔ + න
(ݔ)݈݊

1 + ଶݔ

ଵ



ቆ
1
9 +

ଷݔ

3 −(ݔ)݈݊
ଷݔ

9 ቇ݀ݔ 

∴ ܫ = గ
ସ ∫ ଶݔ (ݔ)݈݊ ݈݊(1 + ଵݔ݀(ଶݔ

 + ଵ
ଽ ∫

(௫)ௗ௫
ଵା௫మ

ଵ
 − ଵ

ଽ
⋅ ∫ ௫య (௫)ௗ௫

ଵା௫మ
ଵ
 + ଵ

ଷ∫
௫య మ(௫)ௗ௫

ଵା௫మ
ଵ
    (1) 

Let ܫ = ∫ ଶଵݔ
 (ݔ)݈݊ ݈݊(1 +  integrating by parts ,ݔ݀(ଶݔ
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ଵܫ = ቆ
ଷݔ

3 −(ݔ)݈݊
ଷݔ

9 ቇ ݈݊
(1 + (ଶݔ ቚ10 −නቆ

ଷݔ

3 −(ݔ)݈݊
ଷݔ

9 ቇ
ଵ



ݔ2
1 + ଶݔ  ݔ݀

⇒ ଵܫ = −
1
9 ݈݊

(2) + ൬
2
9൰
න

ݔସ݀ݔ
1 + ଶݔ

ଵ



−
2
3
න
ସݔ ݔ݀(ݔ)݈݊

1 + ଶݔ

ଵ



 

ଵܫ = −
1
9 ݈݊

(2) + ൬
2
9൰
න൬ݔଶ − 1 +

1
1 + ଶ൰ݔ

ଵ



ݔ݀ − ൬
2
3൰
න൭(ݔଶ − 1) (ݔ)݈݊ +

(ݔ)݈݊
1 + ଶݔ

൱
ଵ



 ݔ݀

ଵܫ = −
1
9 ݈݊

(2) + ൬
2
9൰൬

1
3 − 1 +

ߨ
4൰ − ൬

2
3൰൬

8
9൰ − ൬

2
3൰
න
ݔ݀(ݔ)݈݊
1 + ଶݔ

ଵ



 

∴ ଵܫ = −
1
9 ݈݊

(2) −
4

27 +
ߨ

18 −
16
27 +

2
 ܩ3

∴ ଵܫ = −
20
27 +

ߨ
18 −

1
9 ݈݊

(2) +
2
 ܩ3

ଶܫ ≔ න
ݔ݀(ݔ)݈݊
1 + ଶݔ

ଵ



= ܩ− ⇒ ଶܫ =  ܩ−

ଷܫ ≔ න
ଷݔ ݔ݀(ݔ)݈݊

1 + ଶݔ

ଵ



= නቀݔ −
ݔ

1 + ଶቁݔ
ଵ



ݔ݀(ݔ)݈݊ = නݔ (ݔ)݈݊
ଵ



ݔ݀ − න
ݔ ݔ݀(ݔ)݈݊

1 + ଶݔ

ଵ



 

=
ଶݔ

2 −(ݔ)݈݊
ଶݔ

4
ቚ10 − ቌ

1
2 ݈݊

(ݔ) ݈݊(1 + (ଶݔ ቚ10 −
1
2
න
݈݊(1 + (ଶݔ

ݔ ݔ݀
ଵ



ቍ = 

= − ଵ
ସ

+ ଵ
ଶ ∫

൫ଵା௫మ൯ௗ௫
௫

ଵ
 → let ݔଶ = ݕ ⇒ ௗ௫

௫
= ௗ௬

ଶ௬
 

∴ ଷܫ = −
1
4 +

1
4
න
݈݊(1 + ݔ݀(ݔ

ݔ

ଵ



= −
1
4 +

1
4ቆ

ଶߨ

12ቇ 

∴ ଷܫ = −
1
4 +

ଶߨ

48 

Let ܫସ ≔ ∫ ௫య మ(௫)ௗ௫
ଵା௫మ

ଵ
 = ∫ ݔ ݈݊ଶ(ݔ)݀ݔଵ

 − ∫ ௫ మ(௫)ௗ௫
ଵା௫మ

ଵ
 = 

=
1
4 −

ቌ
1
2 ݈݊

ଶ(ݔ) ݈݊(1 + (ଶݔ ቚ10 − 2න
1
2
݈݊(1 + (ଶݔ (ݔ)݈݊

ݔ

ଵ



ቍݔ݀ = 

= ଵ
ସ

+ ∫ ൫ଵା௫మ൯ (௫)
௫

ଵ
 ݔ݀ → let ݔଶ = ݕ ⇒ ݔ = ݕ

భ
మ, ௗ௫

௫
= ௗ௬

ଶ௬
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=
1
4 +

1
4
න
݈݊(1 + (ݔ (ݔ)݈݊

ݔ

ଵ



ݔ݀ =
1
4 + ൬

1
4൰ − ݈݊

(ݔ−)ଶ݅ܮ(ݔ) ቚ10 + න+݅ܮଶ
(ݔ−)
ݔ

ଵ



 ݔ݀

=
1
4 + ൬

1
4൰
න݅ܮଶ

(ݔ−)
ݔ

ଵ



ݔ݀ =
1
4 +

1
4 ଷ݅ܮ

(−1) =
1
4 −

3
16 ߞ

(3) 

∴ ସܫ =
1
4 −

3
16 ߞ

(3) 

∴ ܫ = ቀ
ߨ
4ቁ ൬−

20
27 +

ߨ
18 −

1
9 ݈݊

(2) +
2
൰ܩ3 −

1
 ܩ9

−
1
9ቆ−

1
4 +

ଶߨ

48ቇ+
1
3ቆ

1
4−

3
16 ߞ

(3)ቇ 

∴ ܫ = −
ߨ5
27 +

ଶߨ

72−
ߨ ݈݊(2)

36 +
ܩߨ
6 −

1
 ܩ9

+
1

36−
ଶߨ

(48)(9) +
1

12 −
(3)ߞ
16  

ܫ =
1
9 +

ܩߨ
6 −

ܩ
9 −

(3)ߞ
16 −

ߨ5
27 +

ଶߨ5

432−
ߨ ݈݊(2)

36  

5.28  

ߗ = න
ݔ݀

ߚ) + (ݔ
ଶ
ଷ(ߚ + (ݔ

ଵ
ଷ

ఉ

ିఉ

 

Put ݔ = ߚ  (ߠ2)ݏܿ

ݔ݀ = ߚ2−  ߠ݀(ߠ2)݊݅ݏ

ߗ = න
ߚ2− ݊݅ݏ ߠ2 ߠ݀

1)ߚ − ݏܿ (ߠ2
ଶ
ଷ(1 + ݏܿ (ߠ2

ଵ
ଷ



గ
ଶ

 

ߗ = ∫ ସ ௦ ఏ ௦ ఏௗఏ

(ଶ) ௦
ర
య ఏ ௦

మ
య ఏ

ഏ
మ
 ߗ  , = ∫ 2 ି݊݅ݏ

భ
య ߠ ݏܿ

భ
య ߠ ߠ݀

ഏ
మ
  

ߗ = ߚ ൬
1
3 ,

2
3൰ = ߁ ൬

2
3൰ ߁ ൬

1
3൰ 

Using reflection formula 

1)߁(݉)߁ −݉) = ߨ (ߨ݉)ܿݏܿ ⇒ ߁ ൬
2
3൰ ߁ ൬

1
3൰ = ߨ ܿݏܿ ൬

ߨ2
3 ൰ =

ߨ2
√3
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5.29  

ߗ = න
1
ݔ

ஶ



ଵି݊ܽݐ ቆ
ଶݔ3

ସݔ4 + ଶݔ5 + 2ቇ݀ݔ = න
1
ݔ ݊ܽݐ

ିଵ ቈ
ଶݔ4) + 1)− ଶݔ) + 1)

1 + ଶݔ4) + ଶݔ)(1 + 1)
ஶ



ݔ݀ = 

= න
1
ݔ

ଶݔଵ(4ି݊ܽݐ] + 1)− ଶݔ)ଵି݊ܽݐ + 1)]
ஶ



 ݔ݀

Let ߶(ݔ) = ଶݔ)ଵି݊ܽݐ + 1). Note ߮ is continuous on [0,∞) 

∴ ߗ = ∫ ఝ(ଶ௫)ିఝ(௫)
௫

ஶ
  [Frullani’s Integral]  ݔ݀

= [߶(0) − ߮(∞)] ݈݊ ൬
1
2൰ = ቀ

ߨ
4 −

ߨ
2ቁ

(− ݈݊ 2) =
ߨ
4 ݈݊

(2) 

5.30  

We have 

݁

మ = 1 +

݇
݊ଶ +

ቀ ݇݊ଶቁ
ଶ

2 + ܱቆ
݇ଷ

݊ቇ = 1 +
݇
݊ଶ +

݇ଶ

2݊ସ + ܱ ቆ
݇ଷ

݊ቇ 

Thus 

݁

మ



ୀଵ

= ݊ +
1
݊ଶ݇



ୀଵ

+
1

2݊ସ݇ଶ


ୀଵ

+ ܱ ൭
1
݊݇ଷ



ୀଵ

൱ 

= ݊ +
݊(݊ + 1)

2݊ଶ +
݊(݊ + 1)(2݊ + 1)

12݊ସ + ܱቌ
݊ସ
4 + ݊ଷ

2 + ݊ଶ
4

݊
ቍ 

= ݊ +
1
2 +

1
2݊ +

2݊ଶ + 3݊ + 1
12݊ଷ + ܱ ൬

1
݊ଶ൰ 

݁

మ



ୀଵ

− ݊ −
1
2 =

1
2݊ +

1
6݊ + ܱ ൬

1
݊ଶ൰, 

so that 

݊ ൭݁

మ



ୀଵ

− ݊ −
1
2
൱ =

1
2 +

1
6 + ܱ ൬

1
݊൰ →

2
3 

as ݊ → ∞. 
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5.31  

Let ܵ = ∑ ଵ
మିమ

ஶ
ୀଵ
ஷ

= ∑ ଵ
మିమ

ିଵ
ୀଵ + ∑ ଵ

మିమ
ஶ
ୀାଵ = ଵ

ଶ
∑ ቀ ଵ

ି
− ଵ

ା
ቁିଵ

ୀଵ + 

+
1

2݇  ൬
1

݊ − ݇ −
1

݊ + ݇൰
ஶ

ୀାଵ

= −
1

2݇൬
1

݇ − ݊ +
1

݇ + ݊൰
ିଵ

ୀଵ

+
1

2݇  ൬
1

݊ − ݇ −
1

݊ + ݇൰
ஶ

ୀାଵ

 

= −
1

2݇ ൬
1

݇ − 1 +
1

݇ + 1 +
1

݇ − 2 +
1

݇ + 2 + ⋯+
1
1 +

1
2݇ − 1൰ + 

+
1

2݇ ൬1−
1

2݇ + 1൰ + ൬
1
2 −

1
2݇ + 2൰ + ൬

1
3 −

1
2݇ + 3൰+ ⋯൨ = 

= −
1

2݇ ൬1 +
1
2 + ⋯+

1
݇ − 1 +

1
݇ + 1 + ⋯+

1
2݇ − 1൰+

1
2݇ ൬1 +

1
2 + ⋯+

1
2݇൰ = 

= −
1

2݇ ൬−
1
݇൰ +

1
4݇ଶ =

3
4݇ଶ 

Thus ߗ = ∑ ൬∑ ଵ
మିమ

ஶ
ୀଵ
ஷ

൰ஶ
ୀଵ = ∑ ܵஶ

ୀଵ = ଷ
ସ
∑ ଵ

మ
ஶ
ୀଵ = ଷ

ସ
ቀగ

మ


ቁ = గమ

଼
 

5.32  

݈݅݉
→ஶ

൮(݊ + 1)න൬
ݔ2

1 + ଶ൰ݔ
ାଵଵ



ݔ݀ − ݊න൬
ݔ2

1 + ଶ൰ݔ


ݔ݀
ଵ



൲ ݔ] → ݊ܽݐ [ݔ = 

= ݈݅݉
→ஶ

⎝

⎜
⎛

(݊ + 1)

⎝

⎛න 2ାଵ ାଵ݊݅ݏ ݔ ⋅ ିଵݏܿ ݔ ݔ݀

గ
ସ

 ⎠

⎞− ݊

⎝

⎛න 2 ݊݅ݏ ݔ ⋅ ିଶݏܿ ݔ ݔ݀

గ
ସ

 ⎠

⎞

⎠

⎟
⎞

 

= ݈݅݉
→ஶ

ቌ(݊ + 1)ቆ−
1
݊ +

݊ߨ2√
݊ + 1ቇ− ݊ ൭−

1
݊ − 1 +

ඥ2ߨ(݊ − 1)
݊

൱ቍ = 

= ݈݅݉
→ஶ

ቆ
1

݊(݊ − 1) + ݊√൫ߨ2√ − √݊ − 1൯ቇ 

∴ ݈݅݉
→ஶ

൮(݊ + 1)න൬
ݔ2

1 + ଶ൰ݔ
ାଵଵ



− ݊න൬
ݔ2

1 + ଶ൰ݔ


ݔ݀
ଵ



൲ = 0 

5.33  

(ݔ)߱ =
1
ݔ + 

1
2

ஶ

ୀଵ

ℎ݊ܽݐ ቀ
ݔ

2ቁ =
1
ݔ + ൬

1
2ିଵ ℎݐܿ ቀ

ݔ
2ିଵቁ −

1
2 ℎݐܿ ቀ

ݔ
2ቁ൰

ஶ

ୀଵ

=  (ݔ)ℎݐܿ
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ߗ = ݈݅݉
→ஶ

ඨ݈݅݉௫→ஶ
௫வ

൬
ݔ

(ݔ)߱ ⋅ (ݔ2)߱ ⋅ (ݔ3)߱ ⋅ … ⋅ ൰(ݔ݊)߱


= 

= ݈݅݉
→ஶ

ඨ݈݅݉௫→ஶ
௫வ

൬
ݔ

(ݔ)ℎݐܿ ⋅ (ݔ2)ℎݐܿ ⋅ … ⋅ ൰(ݔ݊)ℎݐܿ


= 

= ݈݅݉
→ஶ ඨ݈݅݉௫→

௫வ

൫(ݔ ((ݔ)ℎ݊ܽݐ ⋅ ݔ) ((ݔ2)ℎ݊ܽݐ … ݔ) ൯((ݔ݊)ℎ݊ܽݐ = 0 

∴ ݈݅݉
→ஶ

ඨ݈݅݉௫→ஶ
௫வ

൬
ݔ

(ݔ)߱ ⋅ (ݔ2)߱ ⋅ (ݔ3)߱ ⋅ … ⋅ ൰(ݔ݊)߱


= 0 

OR 

ߗ = ݈݅݉
→ஶ ඨ݈݅݉௫→ஶ

௫வ
൫ݔ߱(ݔ) ⋅ (ݔ2)߱ ⋅ (ݔ3)߱ ⋅ … ⋅ ൯(ݔ݊)߱ = 

= ݈݅݉
→ஶ ට݈݅݉௫→ஶ

௫வ
ݔ) (ݔ)ℎݐܿ ⋅ (ݔ2)ℎݐܿ ⋅ … ⋅ ((ݔ݊)ℎݐܿ  

= ݈݅݉
→ஶ

ඨ݈݅݉௫→ஶ
௫வ

ቆ൬
ݔ

൰(ݔ)ℎ݊ܽݐ ⋅ ൬
ݔ

…൰(ݔ2)ℎ݊ܽݐ ൬
ݔ

൰ቇ(ݔ݊)ℎ݊ܽݐ


= ݈݅݉
→ஶ

ඨ൬
1
݊!൰


= 

= ݈݅݉
→ஶ

൬
݊!

(݊ + 1)!൰ = ݈݅݉
→ஶ

൬
1

݊ + 1൰ 

∴ ݈݅݉
→ஶ ඨ݈݅݉௫→ஶ

௫வ
൫ݔ߱(ݔ) ⋅ (ݔ2)߱ ⋅ (ݔ3)߱ ⋅ … ⋅ ൯(ݔ݊)߱ = 0 

5.34  

ߗ = ∫ ௫ ௧షభ ௫
௫రା௫మାଵ

ஶ
  (1)    ݔ݀

Put ݔ = ଵ
௧
 

ݔ݀ = −
ݐ݀
ଶݐ  

ߗ = ∫
௫ ௧షభቀభೣቁௗ௫

௫రା௫మାଵ
ஶ
    (2) 

(1)+(2) 

ߗ =
ߨ
4
න

ݔ݀	ݔ
ସݔ) + ଶݔ + 1)

ஶ


=
ߨ
8
න

ݔ݀
ଶݔ + ݔ + 1

ஶ
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ߗ =
ߨ
8
න

ݔ݀

ቀݔ + 1
2ቁ

ଶ
+ ቆ√3

2 ቇ
ଶ

ஶ


=
ߨ
8 ቀ

ߨ
2 −

ߨ
6ቁ

2
√3

=
ଶߨ

12√3
 

5.35  

නනݔ ݈݊ ݔ ݔ)݈݊ + ݔ݀(݉
ଵ



݀݉
ଵ



= න න ݔ ݈݊ ݔ ݈݊ ݐ ݐ݀
௫ାଵ

௫

ݔ݀
ଵ



 

= ቆ
ଶݔ

2 ݈݊ ݔ −
ଶݔ

4 ቇ
න ݈݊ ݐ
௫ାଵ

௫

ݐ݀



ଵ

−නቆ
ଶݔ

2 ݈݊ ݔ −
ଶݔ

4 ቇ
ଵ



ݔ)݈݊) + 1)− ݈݊  ݔ݀(ݔ

= −
1
4
න ݈݊ ݐ
ଶ

ଵ

ݐ݀ −
1
2
නݔଶ ݈݊ ݔ ݔ)݈݊ + 1)
ଵ



ݔ݀ +
1
2
නݔଶ ݈݊ଶ ݔ
ଵ



ݔ݀ +
1
4
නݔଶ
ଵ



ݔ)݈݊ + ݔ݀(1

−
1
4
නݔଶ ݈݊ ݔ ݔ݀
ଵ



 

= −
1
4

(2 ݈݊ 2 − 1) −
1
2
නݔଶ
ଵ



݈݊ ݔ ݔ)݈݊ + ݔ݀(1 +
1

27 +
1
4 ൬

2 ݈݊ 2
3 −

5
18൰+

1
36 

= −
1
3 ݈݊ 2 +

53
216−

1
2
නݔଶ
ଵ



݈݊ ݔ ݔ)݈݊ +  ݔ݀(1

නݔଶ
ଵ



݈݊ ݔ ݔ)݈݊ + ݔ݀(1 = නݔଶ ݈݊ ݔ
ଵ



(−1)ିଵ
ஶ

ୀଵ

ݔ

݇ = 
(−1)ିଵ

݇

ஶ

ୀଵ

නݔାଶ
ଵ



݈݊ ݔ  ݔ݀

= 
(−1)ିଵ

݇

ஶ

ୀଵ

ቈ
ାଷݔ

݇ + 3 ݈݊ ݔ −
ାଶݔ

(݇ + 3)ଶ


ଵ

= −(−1)ିଵ
ஶ

ୀଵ

1
݇(݇ + 3)ଶ

= −
1
9

(−1)ିଵ
ஶ

ୀଵ


1
݇ −

1
݇ + 3−

3
(݇ + 3)ଶ൨ 

= −
1
9

(−1)ିଵ

݇

ஶ

ୀଵ

+
1
9

(−1)ିଵ

݇ + 3

ஶ

ୀଵ

+
1
3

(−1)ିଵ

(݇ + 3)ଶ

ஶ

ୀଵ

= −
1
9 ݈݊ 2 +

1
9 ൬

5
9 − ݈݊ 2൰+

1
3ቆ

31
36−

ଶߨ

12ቇ 

= −
2
9 ݈݊ 2 +

41
108−

ଶߨ

36 
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නනݔ ݈݊ ݔ
ଵ



ݔ)݈݊ + ݔ݀(݉
ଵ



݀݉ = −
1
3 ݈݊ 2 +

53
216−

1
2
නݔଶ
ଵ



݈݊ ݔ ݔ)݈݊ +  ݔ݀(1

= −
1
3 ݈݊ 2 +

53
216−

1
2ቆ−

2
9 ݈݊ 2 +

41
108−

ଶߨ

36ቇ =
ଶߨ − 16 ݈݊ 2 + 4

72  

5.36  

Substitute ݔଶ =  ݐ

ߗ = 2න
ݐ√ߨ − ݈݊ ݐ

ଶߨ) + ݈݊ଶ 1)(ݐ + ଶ(ݐ

ஶ



ݐ݀
ݐ√

 

= නߨ2
1

ଶߨ) + ݈݊ଶ 1)(ݐ + ଶ(ݐ

ஶ



ݐ݀ − 2න
݈݊ ݐ

ଶߨ) + ݈݊ଶ 1)(ݐ + ଶ(ݐ

ஶ



ݐ݀
ݐ√

 

ߗ = ଵܫߨ2 − ଶܫ2 =
ߨ
6 +

ߨ
12 =

ߨ
4 

Proofs: ܫଵ is a Schroder integral, which generally is defined as: 

න
1

ଶߨ) + ݈݊ଶ 1)(ݔ + (ݔ

ஶ



ݔ݀ = (−1)ିଵܩ 

and ܩ are Gregory coefficients that respects the following recurrence relation: 
ଵܩ
݊ −

ଶܩ
݊ − 1 + ⋯+ (−1)ିଵ

ܩ
1 =

1
݊ + 1 

ଵܫ = න
1

ଶߨ) + ݈݊ଶ 1)(ݐ + ଶ(ݐ

ஶ



ݐ݀ = (−1)ଶିଵܩଶ =
1

12 

ଶܫ = න
݈݊ ݔ

ଶߨ) + ݈݊ଶ 1)(ݔ + ଶ(ݔ

ஶ



ݔ√
ݔ  ݔ݀

Substitute ݈݊ ݔ = ݐ then let ,ݐ =  :add both results and simplify ,ݕ−

ଶܫ = න
ݔ

ଶߨ + ଶݔ

ஶ



⋅
݁
௫
ଶ

(1 + ݁௫)ଶ ݔ݀ = න
ݔ−

ଶߨ + ଶݔ

ஶ



⋅
݁ି

గ
ଶ

(1 + ݁ି௫)ଶ  ݔ݀

ଶܫ2 = න
ݔ

ଶߨ + ଶݔ

ஶ

ିஶ

ቌ
݁
௫
ଶ

(1 + ݁௫)ଶ −
݁ି

௫
ଶ

(1 + ݁ି௫)ଶቍ݀ݔ 
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ଶܫ = −
1
4
න

ݔ
ଶߨ + ଶݔ

ஶ

ିஶ

⋅
ℎ݊݅ݏ ቀ2ݔቁ

ℎଶݏܿ ቀ2ݔቁ
 ݔ݀

Now, integrate by parts, using that: 

−
1
2
න

ℎ݊݅ݏ ቀ2ݔቁ

ℎଶݏܿ ቀ2ݔቁ
=

1

ℎݏܿ ቀ2ݔቁ
+  ܥ

ଶܫ =
1
2
න ቆ

ଶݔ − ଶߨ

ଶݔ) + ଶ)ଶቇߨ
ஶ

ିஶ

ቌ
1

ℎݏܿ ቀ2ݔቁ
ቍ݀ݔ 

Using the following property of the fourier transform: 

න (ݔ)݃(ݔ)݂
ାஶ

ିஶ

ݔ݀ = න (݂ܨ)(ݏ)(ଵ݃ିܨ)
ାஶ

ିஶ

 ݏ݀(ݏ)

The integral simplifies to: 

ଶܫ = න ൭ට
ݔ
2 ݔ

(−݁ିగ௫)൱
ஶ



൬√2ߨ
1

ݔ൰݀(ݔߨ)ℎݏܿ = −
1
ߨ
න

ݔ
(ݔ)ℎݏܿ

ஶ



݁ି௫݀ݔ 

The latter integral is equal to the Laplace transform in ݏ = 1 of  

(ݐ)݂ =
ݐ

(ݐ)ℎݏܿ → (ݏ)ܨ =
1
8ቆ߰ଵ ൬

ݏ + 1
4 ൰ − ߰ଵ ൬

ݏ + 3
4 ൰ቇ 

ଶܫ = ݏ)ܨ = 1) =
1
8ቆ߰ଵ ൬

1
2൰ − ߰ଵ(1)ቇ =

1
8ቆ

ଶߨ

2 −
ଶߨ

6 ቇ =
ଶߨ

24 

→ ଶܫ = න
݈݊ ݔ

ଶߨ) + ݈݊ଶ 1)(ݔ + ଶ(ݔ

ஶ



ݔ√
ݔ ݔ݀ = −

ߨ
24 

5.37  

ଵߗ + ଶߗ = නනቀඥݔଶ + ଶݕ − ݔ2ܽ + ܽଶ + ඥݔଶ + ଶݕ − ݕ2ܾ + ܾଶቁ








 ݕ݀	ݔ݀

 
Now, ඥݔଶ + ଶݕ − ݔ2ܽ + ܽଶ + ඥݔଶ + ଶݕ − ݕ2ܾ + ܾଶ = 

 
= ඥ(ܽ − ଶ(ݔ + ଶݕ + ඥ(ܾ − ଶ(ݕ +  ଶݔ

 
Again, ඥ(ܽ − ଶ(ݔ + ଶݕ ≤ ܽ − ݔ +  ݕ

 
[0 ≤ ݔ ≤ ܽ] 
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and ඥ(ܾ − ଶ(ݕ + ଶݔ ≤ ܾ − ݕ +  ݔ

 
Hence, ඥ(ܽ − ଶ(ݔ + ଶݕ + ඥ(ܾ − ଶ(ݕ + ଶݔ ≤ ܽ − ݔ + ݕ + ܾ − ݕ + ݔ = ܽ + ܾ 

 

ଵߗ + ଶߗ ≤ නන(ܽ + ܾ)








ݕ݀	ݔ݀ = (ܽ + ܾ)ܿଶ 

5.38  
 

ܣܲ + ܤܲ = ඥݔଶ + ଶݕ − ݔ6 + 9 + ඥݔଶ + ଶݕ − ݕ8 + 16 
 

= ඥ(ݔ − 3)ଶ + ଶݕ + ඥ(ݔଶ) + ݕ) − 4)ଶ ≥ ඥ3ଶ + ଶݕ = 5 
 

 

ଵߗ + ଶߗ = නቌනቀඥݔଶ + ଶݕ − ݔ6 + 9 + ඥݔଶ + ଶݕ − ݕ8 + 16ቁ ݔ݀




ቍ




ݕ݀ ≥ නቌන ݔ5݀




ቍ




ݕ݀

= 5ܽଶ 
 
5.39  
 

ଶݔ + ଶݕ34 − ݕݔ10 − ݕ6 + 2 = 
 

= ଶݔ) + ଶݕ25 − (ݕݔ10 + ଶݕ9) − ݕ6 + 1) + 1 = ݔ) − ଶ(ݕ5 + ݕ3) − 1)ଶ + 1 ≥ 1 
 

නන(ݔଶ + ଶݕ34 − ݕݔ10 − ݕ6 + 2)ଶ݀ݔ	ݕ݀
ଵ



ଵ



≥ 1 

5.40  

⇒ 2න
[݈݊(1 − (ݔ + ݈݊(1 + [(ݔ ݈݊(1 − (ݔ

ݔ

ଵ



 ݔ݀
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⇒ 2න
݈݊ଶ(1 − (ݔ

ݔ

ଵ



ݔ݀ + 2න
݈݊(1 − (ݔ ݈݊(1 + (ݔ

ݔ

ଵ



 ݔ݀

Let, 

ܣ = න
݈݊ଶ(1− (ݔ

ݔ

ଵ



 ݔ݀

⇒ න
݈݊ଶ(ݔ)
1 − ݔ

ଵ



ݔ݀ ⇒ නݔ ݈݊ଶ(ݔ)
ଵ



ஶ

ୀ

ݔ݀ ⇒ 
߲ଶ

߲݊ଶ

ஶ

ୀ

නݔ݀ݔ
ଵ



 

⇒ 
߲ଶ

߲݊ଶ

ஶ

ୀ

ቈ
ିଵݔ

݊ + 1



ଵ

⇒ ቈ
ିଵݔ ݈݊ଶ(ݔ)

݊ + 1 − 2
ାଵݔ (ݔ)݈݊

(݊ + 1)ଶ + 2
ିଵݔ

(݊ + 1)ଷ
ஶ

ୀ 

ଵ

 

⇒ 2∑ ቀ ଵ
య
ቁஶ

ୀ 		(OR)  ܣ	 =  (3)ߞ2		

Let 

ܤ = න
݈݊(1 − (ݔ ݈݊(1 + (ݔ

ݔ

ଵ



 ݔ݀

⇒
1
4 

1
2
න
݈݊ଶ(1− (ݔ

ݔ

ଵ



ݔ݀ − 2න
݈݊ଶ(ݔ)

(1 − 1)(ݔ + (ݔ

ଵ



ݔ݀ ⇒
1
4 −

1
2
න
݈݊ଶ(ݔ)
1 − ݔ

ଵ



ݔ݀ −න
݈݊ଶ(ݔ)
1 + ݔ

ଵ



 ݔ݀

Now, applying I.B.P., we get, 

⇒
1
4 −

න
(ݔ)݈݊ ݈݊(1 − (ݔ

ݔ

ଵ



ݔ݀ + 2න
(ݔ)݈݊ ݈݊(1 + (ݔ

ݔ

ଵ



 ݔ݀

Now, again applying I.B.P., we get 

⇒
1
4 −

න
(ݔ)ଶ݅ܮ
ݔ

ଵ



ݔ݀ + 2න
(ݔ−)ଶ݅ܮ

ݔ

ଵ



 ݔ݀

Let,  

ݔ =  in second integral, we get ,ݑ−	

	ݔ݀ =  ݑ݀−	

⇒
1
4
ቌ[−݅ܮଷ(ݔ)]ଵ + 2න

(ݑ)ଶ݅ܮ
ݑ

ଵ



ቍݑ݀ ⇒
1
4

ଷ(1)݅ܮ) +  (ଵ[(ݔ)ଷ݅ܮ]2
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⇒ ଵ
ସ
ቂ− ହ

ଶ
൫݅ܮଷ(1)൯ቃ ⇒ ଵ

ସ
ቂ− ହ

ଶ
ܤ ቃ(OR)(3)ߞ = 		− ହ

଼
 (3)ߞ

Combining all, we get, ܫ = ܣ2 + ܤ2 ⇒ 2൫2(3)ߞ൯ + 2 ൬− ହ
଼
 (OR)	൰(3)ߞ

ܫ =
11
4 (3)ߞ >

5
2 ߞ

(3) 

5.41  

We have, by ܴ.ܯ ≥ ܯ.ܣ ≥  ;ܯ.ܩ

ସݔ)8 + (ସݕ ≥ ݔ) + ସ(ݕ ≥  ଶݕଶݔ16

8ቌන݀ݕ
ଵ



ቍቌනݔସ
ଵ



+ቍݔ݀ 8ቌන݀ݔ
ଵ



ቍቌනݕସ
ଵ



ቍݕ݀ ≥ නන(ݔ + ݕ݀ݔସ݀(ݕ
ଵ



ଵ



≥ 

≥ 16ቌනݔଶ݀ݔ
ଵ



ቍቌනݕଶ݀ݕ
ଵ



ቍ 

ଵ
ହ
≥ ∫ ∫ ݔ) + ସଵ(ݕ


ଵ
 ݕ݀ݔ݀ ≥ ଵ

ଽ
> 1  (Proved) 

We have, 0 ≤ ݐ ≤ 1 ⇒ 0 ≤ ݐݔ ≤ similarly, 0 ,ݔ ≤ 1 − ݐ ≤ 1 

⇒ 0 ≤ −1)ݕ (ݐ ≤ Adding we have, 0 .ݕ ≤ ݐݔ + −1)ݕ (ݐ ≤ ݔ +  ݕ

නනන൫ݐݔ + −1)ݕ ൯(ݐ
ଶ
ݐ݀ݕ݀ݔ݀

ଵ











≤ නනන(ݔ + ݐ݀ݕ݀ݔସ݀(ݕ
ଵ











= නන(ݔ + ସ(ݕ








 ݕ݀ݔ݀

5.42  

We have, ଵ


+ ଵ


= 1 and , ݍ > 0 now, ݁
ೣ
 and ݁


 are convex functions, hence by Hermite – 

Hadamard Inequality 

න݁
௫






ݔ݀ ≥ (ܾ − ܽ)݁
ା
ଶ ,න݁

௬






ݕ݀ ≥ (ܾ − ܽ)݁
ା
ଶ  

∴ නන݁
௫ା௬
ା









ݕ݀	ݔ݀ = ቌන ݁
௫






ቍቌන݁ݔ݀
௬






ቍݕ݀ ≥ (ܾ − ܽ)ଶ݁
ା
ଶ ቀଵା

ଵ
ቁ 

= (ܾ − ܽ)ଶඥ݁ା 

now, ݁
ೣశ
శ ≤ ೣ


+ 


			 ቈ
∵ ݁ ݊݅ݐܿ݊ݑ݂	ݔ݁ݒ݊ܿ	ܽ	ݏ݅	

ܽ݊݀ ଵ


+ ଵ


= 1  
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⇒ නන݁
௫ା௬
ା









ݕ݀	ݔ݀ ≤
1

නන݁௫









ݕ݀	ݔ݀ +
1
ݍ
නන ݁௬









 ݕ݀	ݔ݀

= (ܾ − ܽ)(݁ − ݁)൬
1
 +

1
൰ݍ = (ܾ − ܽ)(݁ − ݁) 

∴ (ܾ − ܽ)ଶඥ݁ା ≤ නන݁
௫ା௬
ା









ݕ݀	ݔ݀ ≤ (ܾ − ܽ)(݁ − ݁) 

5.43  
ଶ௫భ
గ

< ݊݅ݏ ଵݔ <  ଵ   (Jordan)ݔ

2
ߨ
න ݔଵ݀ݔ

భ



≤ න ݊݅ݏ ଵݔ ଵݔ݀

భ



≤ න ଵݔଵ݀ݔ

భ



 

1
ߨ ⋅ ܽଵ

ଶ ≤ න ݊݅ݏ ଵݔ ଵݔ݀

భ



≤
1
2 ⋅ ܽଵ

ଶ, 

			
1
ߨ ⋅ ܽଶ

ଶ ≤ න ݊݅ݏ ଶݔ ଵݔ݀

మ



≤
1
2 ⋅ ܽଶ

ଶ 

........................................................................................................... 

1
ߨ ⋅ ܽ

ଶ ≤ න ݊݅ݏ ݔ





ଵݔ݀ ≤
1
2 ⋅ ܽ

ଶ ,	 

		
1
ߨ ⋅ෑܽଶ



ୀଵ

≤ෑන ݊݅ݏ ݔ ݔ݀

భ





ୀଵ

≤
1

2ෑܽଶ


ୀଵ

 

1
ߨ ⋅ෑܽଶ



ୀଵ

≤ න …





න ൭ෑ݊݅ݏ ݔ



ୀଵ

൱

భ



ଵݔ݀ ݔ݀… ≤
1

2ෑܽଶ


ୀଵ

 

5.44  

൬
ݔ + ݕݍ
 + ݍ ൰

ଶ
= ൬

ݔ
ݍ +

ݕ
൰

ଶ
=
ଶݔ

ଶݍ +
ݕݔ2
ݍ +

ଶݕ

 ଶ

 

නන൬
ݔ + ݕݍ
 + ݍ ൰

ଶ








ݕ݀	ݔ݀ =
1
ଶݍ
නනݔଶ









ݕ݀	ݔ݀ +
2
ݍ

ቌනݔ	ݔ݀




ቍቌනݕ	ݕ݀




ቍ +
1
ଶ
නනݕଶ݀ݕ	ݔ݀









 



366 
 

 

=
(ܾ − ܽ)(ܾଷ − ܽଷ)

ଶݍ3 +
(ܾ − ܽ)(ܾଷ − ܽଷ)

ଶ3 +
(ܾଶ − ܽଶ)ଶ

ݍ2  

 

1
(ܾ − ܽ)ଶනන൬

ݔ + ݕݍ
 + ݍ ൰

ଶ








ݕ݀	ݔ݀ =
ܽଶ + ܾܽ + ܾଶ

3 ൬
1
ଶ +

1
ଶ൰ݍ +

(ܾ + ܽ)ଶ

ݍ2  

 

≥
(ܽ + ܾ)ଶ

4 ൬
1
ଶ +

1
ଶ൰ݍ +

(ܽ + ܾ)ଶ

ݍ2
ቈ∵ ܽଶ + ܾܽ + ܾଶ ≥

3(ܽ + ܾ)ଶ

4
 

 

=
(ܽ + ܾ)ଶ

4 ൬
1
 +

1
൰ݍ

ଶ

=
ܽଶ + 2ܾܽ + ܾଶ

4  

Similarly, ଵ
(ି)మ ∫ ∫ ቀ௫ା௬

ା
ቁ
ଶ



  ݕ݀	ݔ݀

 

≤
ܽଶ + ܾܽ + ܾଶ

3 ൬
1
ଶ +

1
+ଶ൰ݍ

2(ܽଶ + ܾܽ + ܾଶ)
ݍ3  

 

=
ܽଶ + ܾܽ + ܾଶ

3 ൬
1
 +

1
൰ݍ

ଶ

=
ܽଶ + ܾܽ + ܾଶ

3  

5.45  

Using the inequality 

ݔ) + ଶ(ݕ ≥ ,ݕݔ4 ݕ,ݔ > 0 

we have that: 

ݔ + ݕ ≥
ݕݔ4
ݔ + ݕ ⇔

1
ݔ + ݕ ≤

1
4 ൬

1
ݔ +

1
൰ݕ ⇒ 

නන
1

ݔ + ݕ









ݕ݀ݔ݀ ≤
1
4
නන൬

1
ݔ +

1
൰ݕ









ݕ݀	ݔ݀ ⇔ නන
1
ݕݔ









ݕ݀	ݔ݀ ≤
1
4 ⋅ 2(ܾ − ܽ) ݈݊ ൬

ܾ
ܽ൰ 

⇔ ଵ
ି ∫ ∫ ଵ

௫ା௬




 ݕ݀	ݔ݀ ≤ ଵ

ଶ
݈݊ ቀ


ቁ	so, it suffices to prove that 

ଵ
ଶ
݈݊ ቀ


ቁ < ଵଷ

ଶହ
݈݊ ቀ


ቁ  or  25 < 26 which holds! 
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5.46  

 
Let 

(ݕ,ݔ)݂ = ඥݔଶ + ݕݔ2 + ඥݕଶ + ,ݕݔ2 ݕ,ݔ ≥ 0 

(ܽ)ߗ = නන݂(ݕ,ݔ)




ݕ݀ݔ݀




= නන (ݕ,ݔ)݂
ோభ

ݕ݀ݔ݀ + නන ݕ݀ݔ݀(ݕ,ݔ)݂
ோమ

 

නන ݕ݀ݔ݀(ݕ,ݔ)݂
ோభ

= න න ,ݔ)݂ ݕ݀ݔ݀(ݕ

௬ୀ௫

௬ୀ





 

≥ න න ቀඥݕଶ + ݕݕ2 + ඥݕଶ + ݔ݀ݕቁ݀ݕݕ2

௬ୀ௫

௬ୀ





 

= න න ݔ݀ݕ݀ݕ3√2

௬ୀ௫

௬ୀ





= න√3[ݕଶ]௫




ݔ݀ = න√3




ݔଶ݀ݔ =
1
√3

ܽଷ 

Similarly,  

නන ,ݔ)݂ ݕ݀ݔ݀(ݕ
ோమ

≥
1
√3

ܽଷ 

∴ (ܽ)ߗ ≥
2
√3

ܽଷ 

Now 

(ܽ)ߗ
ܾଷ +

(ܾ)ߗ
ܿଷ +

(ܿ)ߗ
ܽଷ ≥

2
√3

ቆ
ܽଷ

ܾଷ +
ܾଷ

ܿଷ +
ܿଷ

ܽଷቇ ≥ 2√3 
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5.47  

We have that 

නන…
ଵ



ଵ



න(1 + (ଵଶݔ
ଵ



ଶݔଵ݀ݔ݀ ଶݔ݀… = 

න(1 + (ଵଶݔ
ଵ



න(1ݔ݀ + ௫ݔ݀	(ଶଶݔ

ଵ



… .න(1 + (ଶݔ
ଵ



ݔ݀ = ൬
4
3൰

ଶ

 

Doing the same 

නන…
ଵ



ଵ



න(1 − ଶݔଵ݀ݔ݀(ଶݔ ݔ݀…

ଵ



= ൬
2
3൰



 

So it suffices to prove that 

ቀସ
ଷ
ቁ


+ ቀଶ
ଷ
ቁ

≤ 2   or 2 + 1 ≤ 3   or 

1 ≤ 3 − 2  (*) which clearly holds for every ݊ ∈ ℕ∗ 

(*) 3 − 2 = 3ିଵ + 3ିଶ ⋅ 2 + ⋯+ 2ିଶ ⋅ 3 + 2ିଵ > 1 

when ݊ > 1 

5.48  

By Cauchy – Schwarz inequality we have that: 

ଶݔඥݔ + ଶݖ + ଶݕඥݕ + ଶݖ ≤ ඥݔଶ + ଶݕ + ଶݔଶඥݖ + ଶݕ + ଶݖ ⇔ 

⇔ ଶݔඥݔ + ଶݖ + ଶݕඥݕ + ଶݖ ≤ ଶݔ + ଶݕ + ଶݖ ⇒ 

නනනቀݔඥݔଶ + ଶݖ + ݕඥݕ + ଶቁݖ
ଵ



ଵ



ଵ



ݖ݀ݕ݀ݔ݀ ≤ නනන(ݔଶ + ଶݕ + (ଶݖ
ଵ



ݖ݀ݕ݀ݔ݀
ଵ



ଵ



 

But ∫ ∫ ∫ ଶݔ) + ଶݕ + ଶ)ଵݖ


ଵ


ଵ
 ݖ݀ݕ݀ݔ݀ = 1 

cause ∫ ∫ ∫ ଶݔ) + ଶݕ + ଶ)ଵݖ


ଵ


ଵ
 ݖ݀ݕ݀ݔ݀ = ∫ ∫ ∫ ݖ݀ݕ݀ݔଶ݀ݔ +ଵ


ଵ


ଵ
  

නනනݕଶ݀ݖ݀ݕ݀ݔ
ଵ



ଵ



ଵ



+ නනනݖଶ݀ݖ݀ݕ݀ݔ
ଵ



ଵ



ଵ



=
ଷݔ

3
ቚ10 +

ଷݕ

3
ቚ10 +

ଷݖ

3
ቚ10 = 1 

5.49  

From the well – known inequality  ݈݊ ܽ ≤ ܽ − 1,∀ܽ > 0 
we have that: 
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݈݊
ݔ
ݕ ≤

ݔ
ݕ − 1 ⇒ ݕ2 ݈݊

ݔ
ݕ ≤ ݔ2 − ݕ2 = 0 

නݕ2 ݈݊
ݔ
ݕ



ଵ

ݔ݀ ≤ න ݔ2


ଵ

ݔ݀ −න ݕ2


ଵ

 ݔ݀

⇒ 2න൭ݕන ݈݊
ݔ
ݕ



ଵ

൱ݔ݀


ଵ

ݕ݀ ≤ (ܽଶ − 1)(ܾ − 1)− (ܽ − 1)(ܾଶ − 1) 

⇒ 2න൭ݕන ݈݊
ݔ
ݕ



ଵ

ݕ൱݀ݔ݀


ଵ

≤ (ܽ − 1)(ܾ − 1)(ܽ + 1− ܾ − 1) 

⇒ 2න൭ݕන ݈݊
ݔ
ݕ ݔ݀



ଵ

൱݀ݕ


ଵ

≤ (ܽ − 1)(ܾ − 1)(ܽ − ܾ) 

5.50  

We have that 

ݔ) ଶ݊݅ݏ ܽ + ݕ ଶݏܿ ݔ)(ܽ ଶݏܿ ܽ + ݕ ଶ݊݅ݏ ܽ) = 

ቂ൫√ݔ ݊݅ݏ ܽ൯
ଶ

+ ൫ඥݕ ݏܿ ܽ൯
ଶ
ቃ ⋅ ቂ൫√ݔ ݏܿ ܽ൯

ଶ
+ ൫ඥݕ ݊݅ݏ ܽ൯

ଶ
ቃ 

 

≥
ିିௌ

	 ൫ඥݕݔ ଶ݊݅ݏ ܽ + ඥݕݔ ଶݏܿ ܽ൯
ଶ

=  ݕݔ

 

so ߗ(ܽ,ܾ) = ∫ ∫ ݕݔ
 ݕ݀	ݔ݀

 = ∫ ݔ݀ݔ
 ⋅ ∫ ݕ݀	ݕ

 = ()మ

ସ
 

 

Doing exactly the same work, we have that  ߗ(ܾ, ܿ) ≥ ()మ

ସ
,ܿ)ߗ, ܽ) ≥ ()మ

ସ
 

 

So 4ߗ(ܽ, ܾ) + ,ܾ)ߗ4 ܿ) + (ܽ,ܿ)ߗ4 ≥ 4 ()మ

ସ
+ 4 ⋅ ()మ

ସ
+ 4 ()మ

ସ
= 

(ܾܽ)ଶ + (ܾܿ)ଶ + (ܿܽ)ଶ ≥ ܾܽଶܿ + ܽଶܾܿ + ܾܽܿଶ = 	ܾܽܿ(ܽ + ܾ + ܿ)  

5.51  

(ݔ)ߗ = න
݈݊(1 + (ݔܽ

1 + ܽଶ

௫



݀ܽ; 

= නන
ݐ݀	ܽ݀	ܽ

(1 + 1)(ݐܽ + ܽଶ)

௫



௫



= නන
ܽ(1 + ܽ݀ݐ݀(ଶݐ

(1 + ଶ)(1ݐ + 1)(ݐܽ + ܽଶ)

௫



௫
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= න
1

1 + ଶݐ
න

ܽ	݀ܽ
1 + ܽଶ

௫



൩
௫



ݐ݀ + න
ݐ

1 + ଶݐ
න

݀ܽ
1 + ܽଶ

௫



൩ ݐ݀
௫



− 

−න
ݐ

1 + ଶݐ
න

݀ܽ
1 + ݐܽ

௫



൩
௫



 ݐ݀

= ቌන
ݐ݀

1 + ଶݐ

௫



ቍቌන
ܽ	݀ܽ

1 + ܽଶ

௫



ቍ + ቌන
ݐ݀	ݐ

1 + ଶݐ

௫



ቍቌන
݀ܽ

1 + ܽଶ

௫



ቍ −න
ݐݔ)݈݊ + 1)

1 + ଶݐ

௫



 ݐ݀

∴ (ݔ)ߗ2 =
ଵି݊ܽݐ ݔ

2 ݈݊(1 + (ଶݔ +
݈݊(1 + (ଶݔ

2 ଵି݊ܽݐ ݔ = ଵି݊ܽݐ ݔ ݈݊(1 +  (ଶݔ

Hence, 2൫(ݔ)ߗ + (ݕ)ߗ +  ൯(ݖ)ߗ

= ଵି݊ܽݐ ݔ ݈݊(1 + (ଶݔ + ଵି݊ܽݐ ݕ ݈݊(1 + (ଶݕ + ଵି݊ܽݐ ݖ ݈݊(1 +  (ଶݖ

Now, ݔ ∈ (0,1). By ܯܣ ≥ 1)݈݊ ܯܩ + (ଶݔ ≥  (ݔ2)݈݊

ଵି݊ܽݐ ݔ ≥ 1 for ݔ ∈ (0,1) 

∴ ܵܪܮ ≥ (ݔ2)݈݊ + (ݕ2)݈݊ + (ݖ2)݈݊ = 3 ݈݊ 2 +  (ݖݕݔ)݈݊

5.52  

We have that (ݔ + ଶ(ݕ ≥  ݕݔ4
௫ା௬
ସ௫௬

≥ ଵ
௫ା௬

⇒ ଵ
௫ା௬

≤ ଵ
ଽ
ቀଵ
௫

+ ଵ
ଽ
ቁ   (1) 

 

So, using (1) (integrating (1)), we have: 

 

න න න ൬
1

ݔ + ݕ +
1

ݕ + ݖ +
1

ݖ + ൰ݔ
ଶ



ଶ



ଶ



ݖ݀	ݕ݀	ݔ݀ ≤
1
2
න න න ൬

1
ݔ +

1
ݕ +

1
൰ݖ

ଶ



ଶ



ଶ



 ݖ݀	ݕ݀	ݔ݀

=
1
2

(ܾܿ ݈݊ 2 + ܿܽ ݈݊ 2 + ܾܽ ݈݊ 2) =
1
2

(݈݊ 2ାା) = ݈݊ 2
ାା

ଶ = ݈݊ ඥ2ାା 

5.53  

ߗ = ݈݅݉→ஶ(ߨ + )ଵାܪ
భ
ಹ − ଵା(ܪ)

భ
ഏశಹ =

݈݅݉→ஶ(ߨ + )ଵାܪ
భ
ಹ − ଵା(ܪ)

భ
ಹ + ݈݅݉→ஶ(ܪ)ଵା

భ
ಹ − ଵା(ܪ)

భ
ഏశಹ    (1) 

ܪ = 1 +
1
2 + ⋯+

1
݊ , ݈݅݉

→ஶ
ܪ = ∞ 
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ଵߗ = ݈݅݉
→ஶ

ߨ) + )ଵାܪ
ଵ
ு − ଵା(ܪ)

ଵ
ு = ݈݅݉

→ஶ
ଵା(ܪ)

ଵ
ு ቌ൬

ߨ + ܪ
ܪ

൰
ଵା ଵ

ு
− 1ቍ = 

= ݈݅݉→ஶܪ
భ
ಹ ⋅ ܪ ൬݁

ቀଵା భ
ಹ

ቁ ቀଵା ഏ
ಹ

ቁ − 1൰    (2) 

݈݅݉
→ஶ

ܪ
ଵ
ு = ݁ 

→ಮ
 ு
ு =.ௌ. ݁ 

→ಮ
 ுశభି ு
ுశభିு = ݁ ⋅

݈݅݉
→ஶ

ܪ݈݊ + 1
ܪ

1
݊ + 1

= ݁ 
→ಮ

(ାଵ) ⋅
݈݊ ቀ1 + ାଵܪ − ܪ

ܪ
ቁ

ାଵܪ ܪ−
ܪ

⋅
ାଵܪ − ܪ

ܪ
 

= ݁→ಮ(ାଵ) ⋅ ଵ
(ାଵ)ு

= ݁→ಮ
భ
ಹ = ݁ = 1   (3) 

݈݅݉
→ஶ

ܪ ⋅
ቆ݁ቀଵା

ଵ
ு

ቁ ቀଵା గ
ுషభ

ቁቇ

ቀ1 + 1
ܪ
ቁ ݈݊ ቀ1 + ߨ

ܪ
ቁ
⋅ ൬1 +

1
ܪ
൰ ݈݊ ൬1 +

ߨ
ܪ
൰ = 

= ݈݅݉
→ஶ

(1 + (ܪ
݈݊ ቀ1 + ߨ

ܪ
ቁ

ߨ
ܪ

⋅
ߨ
ܪ

= ݈݅݉
→ஶ

(1 + (ܪ ⋅
ߨ
ܪ

= 

= ݈݅݉→ஶ ቀ
గ

ଵା
+ ቁߨ =  (4)    ߨ

From (2)+(3)+(4) ⇒ ଵߗ =  (5)   ߨ

ଶߗ = ݈݅݉
→ஶ

ଵା(ܪ)
ଵ
ு − ଵା(ܪ)

ଵ
గାு = ݈݅݉

→ஶ
ଵା(ܪ)

ଵ
గାு ቆܪ

గ
ு(ଵାு) − 1ቇ = 

= ݈݅݉→ஶܪ
భ

ഏశಹ ⋅ ܪ ቆܪ
ഏ

ಹ(భశಹ) − 1ቇ   (6) 

݈݅݉→ஶܪ
భ

ഏశಹ = 1   (from 3) 

݈݅݉
→ஶ

ܪ ቆ݁
గ  ு

ு(ଵାு) − 1ቇ

ߨ ݈݊ ܪ
(1ܪ + (ܪ

⋅
ߨ ݈݊ ܪ

(1ܪ + (ܪ = ߨ ݈݅݉
→ஶ

݈݊ ܪ
1 + ܪ

=.ௌ ߨ ݈݅݉
→ஶ

݈݊ ାଵܪ − ܪ݈݊
ାଵܪ − ܪ

= 

ߨ ݈݅݉→ஶ
ಹశభಹ

భ
శభ

= 0   (from (3)) (7) 
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From (6)+(7) ⇒ ଶߗ = 0   (8) 

From (5)+(8)⇒ ߗ =  ߨ

5.54  

ܫ ≔ (−1)ିଵ
ஶ

ୀଵ

݊)ߞ) + 1)− 1) = (−1)ିଵ
ஶ

ୀଵ

൭
1

݆ାଵ − 1
ஶ

ୀଵ

൱ 

= (−1)ିଵ
ஶ

ୀଵ

ቌ
1

݆ାଵ

ஶ

ୀଶ

ቍ = 
(−1)ିଵ

݆ାଵ

ஶ

ୀଵ

ஶ

ୀଶ

 

= (−1)ିଵ
ஶ

ୀଵ

ஶ

ୀଵ

൬
1
݆൰

ାଵ

= 
1
݆ଶ

ஶ

ୀଶ

(−1)ିଵ
ஶ

ୀଵ

൬
1
݆൰

ିଵ

 

= 
1
݆ଶ

ஶ

ୀଶ

൮
1

1 + 1
݆
൲ = 

1
݆ଶ + ݆

ஶ

ୀଶ

= ൬
1
݆ −

1
݆ + 1൰

ஶ

ୀଶ

 

=
1
2 −

1
3 +

1
3−

1
4 +

1
4 −

1
5 + ⋯ =

1
2 

∴ ܫ ≔ (−1)ିଵ
ஶ

ୀଵ

݊)ߞ) + 1)− 1) =
1
2 

5.55  

ඥݖݕݔయ + ඥݐݖݕయ + యݔݐݖ√ + ඥݕݔݐయ ≤ ௫ା௬ା௭ା௬ା௭ା௧ା௭ା௧ା௫ା௧ା௫ା௬
ଷ

  

=
ݔ)3 + ݕ + ݖ + (ݐ

3 = ݔ + ݕ + ݖ +  ݐ

ܫ = නනනන(ݔ + ݕ + ݖ + (ݐ
ଵ



ଵ



ଵ



ଵ



ݐ݀ݖ݀ݕ݀ݔ݀ = නනනቆ
ଶݔ

2 + ݔݕ + ݔݖ + ቇݔݐ
ଵ



ଵ



ଵ

 

ଵ

ݐ݀ݖ݀ݕ݀ = 

= නනන൬
1
2 + ݕ + ݖ + ൰ݐ

ଵ



ଵ



ଵ



 ݐ݀ݖ݀ݕ݀

= නනቆ
1
ݕ2 +

ଶݕ

2 + ݕݖ + ቇݕݐ


ଵଵ



ݐ݀ݖ݀
ଵ



= නන൬
1
2 +

1
2 + ݖ + ൰ݐ

ଵ



ଵ



ݐ݀ݖ݀ = නቆݖ +
ଶݖ

2 + ቇݖݐ


ଵ

ݐ݀
ଵ



 

= න൬1 +
1
2 + ൰ݐ

ଵ



ݐ݀ = ቆݐ +
ݐ
2 +

ଶݐ

2 ቇ


ଵ

= 1 +
1
2 +

1
2 = 2 ⇒ ܫ ≤ 2 
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5.56  

Let ݂(ݐ) = ݐ)݈݊ + 1) − (ݐ)ᇱ݂,2݈݊ݐ = ଵ
௧ାଵ

− ݈݊2,݂ᇱᇱ(ݐ) = − ଵ
(௧ାଵ)మ

< 0, ݐ ≥ 1 

݂ᇱ − (ݐ)ᇱ݂,݃݊݅ݏܽ݁ݎܿ݁݀ ≤ ݂ᇱ(1) =
1
2− ݈݊2 < 0 → ݂ −  ݃݊݅ݏܽ݁ݎܿ݁݀

ถݔܽ݉
௧∈[,ஶ)

(ݐ)݂ = ݂(1) = 0 → ݐ)݈݊ + 1)− 2݈݊ݐ ≤ 0 → ݐ)݈݊ + 1) ≤  2݈݊ݐ

Equality holds for ݐ = 1 
ݔ)݈݊] + (ݕ − [ݔ݈݊ ∙ ݔ)݈݊] + (ݕ − [ݕ݈݊ = ݈݊ ൬

ݔ + ݕ
ݔ ൰ ∙ ݈݊ ൬

ݔ + ݕ
ݕ ൰ = 

= ݈݊ ቀ1 +
ݕ
ቁݔ ݈݊ ൬1 +

ݔ
൰ݕ ≤

ݔ
ݕ ∙ ݈݊2 ∙

ݕ
ݔ ∙ ݈݊2 = ݈݊ଶ2 

(ܾ,ܽ)ߗ = න ቌන ൫(݈݊(ݔ + (ݕ − ݔ)݈݊)(ݔ݈݊ + (ݕ − ݕ൯݀(ݕ݈݊
ଶ



ቍ݀ݔ
ଶ



≤ 

≤ න ቌන (݈݊ଶ2)݀ݕ
ଶ



ቍ݀ݔ = ݈݊ଶ2 ∙ ܾܽ
ଶ



 

1
݈݊2

(ܾ,ܽ)ߗ) + ,ܾ)ߗ ܿ) + ,ܿ)ߗ ܾ)) < ݈݊2 ∙ (ܾܽ + ܾܿ + ܿܽ) ≤ 

≤ (ܽଶ + ܾଶ + ܿଶ)݈݊2 = ݈݊2మାమାమ 
5.57  

,ܽ)ߗ ܾ) = නቌනඥ(ݔଶ + ܽଶ + ܾଶ)(ݕଶ + ܽଶ + ܾଶ)݀ݕ
ଵ



ቍ݀ݔ
ଵ



≥⏞
ௌ

 

≥ නቌන(ܽݔ + ܾܽ + ݕ݀(ݕܾ
ଵ



ቍ݀ݔ
ଵ



=
ܽ + ܾ

2 + ܾܽ 

ߗ(ܽ, ܾ) ≥
ܽ + ܾ

2 + ܾܽ = 

= ܽ + ܾ + ܿ + ܾܽ + ܾܿ + ܿܽ ≥⏞
ெିீெ

6ඥ(ܾܽܿ)ଷల = 6√ܾܽܿ ≥ 6ܾܽܿ 

5.58  

ଶݔ + ݕݔ + ଶݕ ≥
3
4 ݔ) + ଶ(ݕ → ଶݔ) + ݕݔ + ଶ)ଶݕ ≥

9
16 ݔ) + ,ସ(ݕ (1) 

ݔ2) + ݔ)(ݕ + (ݕ2 ≤⏞
ெିீெ ݔ)9 + ଶ(ݕ

4 , (2) 

,(1)	ݕܤ (2) →
ଶݔ) + ݕݔ + ଶ)ଶݕ

ݔ2) + ݔ)(ݕ + (ݕ2 ≥
9

16 ݔ) + ସ(ݕ

9
4 ݔ) + ଶ(ݕ

=
1
4

ݔ) + ଶ(ݕ ≥  ݕݔ
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(ܾ,ܽ)ߗ = න ቌන
ଶݔ) + ݕݔ + ଶ)ଶݕ

ݔ2) + ݔ)(ݕ + ݕ݀(ݕ2
ଶ



ቍ݀ݔ
ଶ



≥ න න ݔ݀ݕ݀ݕݔ
ଶ



=
9
4 ܽ

ଶܾଶ
ଶ



 

,ܽ)ߗ ܾ)
ܽଶܾଶ ≥

9
4 →

,ܽ)ߗ ܾ)
ܽଶܾଶ +

,ܾ)ߗ ܿ)
ܾଶܿଶ +

,ܿ)ߗ ܽ)
ܿଶܽଶ ≥

27
4  

5.59  

නනන
ݔ
ݕ

ଶ

ଵ

ݖ݀ݕ݀ݔ݀
ଶ

ଵ

ଶ

ଵ

= නݔ݀ݔ
ଶ

ଵ

∙ න
1
ݕ ݕ݀

ଶ

ଵ

∙ න ݖ݀
ଶ

ଵ

=
3݈݊2

2  

ߗ = නනන൬
ݔ
ݕ +

ݕ
ݖ +

ݖ
ݔ +

ݔ
ݖ +

ݕ
ݔ +

ݖ
൰ݕ

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ݖ݀ݕ݀ݔ݀ = 6 ∙
3݈݊2

2 = 9݈݊2 

9݈݊2 <
15
2 ↔ ݈݊2 <

5
6 ↔ ݈݊2 < 0.833333. .  (݁ݑݎݐ)

5.60  

ݔ)݊݅ݏ| − (ݕ ݔ)ݏܿ + (ݕ − ݔ)	݊݅ݏ + |(ݕ ≤ 

≤ ݔ)݊݅ݏ| − |(ݕ ∙ ݔ)ݏܿ| + |(ݕ + ݔ)݊݅ݏ| + |(ݕ ≤ ݔ)ݏܿ| + |(ݕ + ݔ)	݊݅ݏ| + |(ݕ ≤ 

≤ √2 ∙ ඥܿݏଶ(ݔ + (ݕ + ݔ)ଶ݊݅ݏ + (ݕ = √2 

(ܾ,ܽ)ߗ ≤ √2න ቌන ݕ݀
ଶ



ቍ݀ݔ = √2ܾܽ
ଶ



 

,ܽ)ߗ ܾ) + ,ܾ)ߗ ܿ) + ,ܿ)ߗ ܽ) ≤ √2(ܾܽ + ܾܿ + ܿܽ) ≤ √2(ܽଶ + ܾଶ + ܿଶ) 

5.61  
 

නන
ସݔ + ସݕ + ଶݕଶݔ

ଶݔ + ଶݕ + ݕݔ ݕ݀ݔ݀








= නන
ଶݔ) + ଶݕ + ଶݔ)(ݕݔ + ଶݕ − (ݕݔ

ଶݔ + ଶݕ + ݕݔ ݕ݀ݔ݀








= 

 

= නන(ݔଶ + ଶݕ − ݕ݀ݔ݀(ݕݔ =
2(ܾଷ − ܽଷ)(ܾ − ܽ)

3 −
(ܾଶ − ܽଶ)ଶ

4





≥




(ܾଶ − ܽଶ)ଶ

4 ↔ 

 

↔
2(ܾଷ − ܽଷ)(ܾ − ܽ)

3 ≥
(ܾଶ − ܽଶ)ଶ

2 ↔ 4(ܾଶ + ܾܽ + ܽଶ) ≥ 3(ܽଶ + 2ܾܽ + ܾଶ) ↔ 
 

↔ (ܾ − ܽ)ଶ ≥ 0 
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5.62  

ܽ ≥ 0 then: 

නනනඥݔ)ݔ + (ݕ + ݔ)ݖ + (ݕ












ݖ݀ݕ݀ݔ݀ = නනනඥ(ݔ + ݖ)(ݕ + ݖ݀ݕ݀ݔ݀(ݔ ≥
ௌ

 

≥ නනන൫√ݖݔ + ඥݕݔ൯݀ݔ	ݕ݀	ݖ݀ = නන൫ඥݕ + ൯ݖ√








ݖ݀	ݕ݀ ⋅ න√ݔ




ݔ݀ = 

= න√ݔ




ݖ݀	 ⋅ න൮ቌ
ݕ
ଷ
ଶ

3
2

+ ݖ√ ⋅ ቍݕ ቚ
ܽ
0൲





ݖ݀ =
ݔ
ଷ
ଶ

3
2
ቚܽ0 ⋅ න ൬

2
3 ⋅ ܽ

ଷ
ଶ + ܽ ⋅ ൰ݖ√





ݖ݀ = 

=
2
3 ⋅ ܽ

ଷ
ଶ ⋅ ቌ

2
3 ܽ

ଶ
ଷ ⋅ ݖ +

ܽ ⋅ ݖ
ଷ
ଶ

3
2

ቍ ቚܽ0 =
2
3 ⋅ ܽ

ଶ
ଷ ⋅ ൬

2
3 ⋅ ܽ

ଷ
ଶ +

2
3 ⋅ ܽ

ଷ
ଶ൰ =

8
9 ⋅ ܽ

ସ 

5.63  
 

By Schweitzer’s inequality: 

ݔ) + (ݕ ൬
1
ݔ +

1
൰ݕ ≤

(1 + 2)ଶ

4 ∙ 1 ∙ 2 ∙ 2ଶ → 2 +
ݔ
ݕ +

ݕ
ݔ ≤

9
2 → ඨ

ݔ
ݕ +

ݕ
ݔ ≤

ඨ5
2 =

√10
2  

 

ඨ
ݔ
ݕ +

ݕ
ݔ ≥ √2 → √2 ≤ ඨ

ݔ
ݕ +

ݕ
ݔ ≤

√10
2 → 

 

නන√2








ݕ݀ݔ݀ ≤ නනඨ
ݔ
ݕ +

ݕ
ݔ









ݕ݀ݔ݀ ≤ නන
√10

2





ݕ݀ݔ݀




 

 

√2(ܾ − ܽ)ଶ ≤ නනඨ
ݔ
ݕ +

ݕ
ݔ









ݕ݀ݔ݀ ≤
√10

2
(ܾ − ܽ)ଶ 

 
5.64  

For 0 < ,ݔ ݕ < 1 

௬ݔ) + ݔ)(௫ݕ + ௫ା௬(ݕ

௫(ݕ2)௬(ݔ2) =
௬ݔ) + ݔ)(௫ݕ + ௫ା௬(ݕ

2௫ା௬ݔ௬ݕ௫  

= ௬ିݔ) + (௫ିݕ ൬
ݔ + ݕ

2 ൰
௫ା௬

≥ 2ඥିݔ௬ିݕ௫൫ඥݕݔ൯
௫ା௬

= [௫ା௬ݕ௫ା௬ݔ௫ିݕ௬ିݔ]2
ଵ
ଶ 
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= [௫ݕ௫ݔ]2
భ
మ.  But ݔ௫ ≥ ቀଵ


ቁ
భ
 ݔ∀			 > 0 

(ݔ)݂] = ௫ݔ ݔ, > 0,݂ᇱ(ݔ) = ௫(1ݔ + ݈݃ (ݔ)ᇱ݂,(ݔ < 0 if 0 < ݔ < ଵ

 

> 0 if ݔ > ଵ

, = 0 if ݔ = ଵ


]	Thus, 

ܧ =
௬ݔ) + ݔ)(௫ݕ + ௫ା௬(ݕ

௫(ݕ2)௬(ݔ2) ≥ 2 ൬݁
ଵ
݁

ଵ
൰

ଵ
ଶ
⇒ ܧ ≥ 2݁

ଵ
 

Now, 2݁
భ
 > 1 ⇔ 2(݁) > 1	 ∴ ܧ > 1 

⇒ නනݔ݀ܧ	ݕ݀








> න(ܾ − ݕ݀(ܽ




= (ܾ − ܽ)ଶ ⇒
1

(ܾ − ܽ)ଶනනܧ	ݔ݀	ݕ݀ > 1








 

5.65  

ݕݔ = ට൫(ݔ − 1) + 1൯ ⋅ ൫(ݕ − 1) + 1൯ ≥
ௌ

2 ⋅ ൫√ݔ − 1 + ඥݕ − 1 + ݖ√ − 1൯ 

1
2ܾܽܿ ⋅

නቆනቆන
∑ඥݕݔ
ݔ√∑ − 1

ݖቇ݀ݕቇ݀ݔ݀ ≥
ௌ 1

2ܾܽܿ ⋅
න ቌන ቌන

2 ⋅ ∑ ݔ√ − 1
ݔ√∑ − 1

ଶ



ݕቍ݀ݔ݀
ଶ



ቍ
ଶ



ݖ݀ = 

=
1

2ܾܽܿ ⋅ 2(2ܽ − ܽ)(2ܾ − ܾ)(2ܿ − ܿ) = 1 

5.66                                                           For 0 ≤ ,ݕ,ݔ ݖ ≤ గ
ସ

 

݊ܽݐ) ݔ − ݊ܽݐ)(1 ݕ − ݊ܽݐ)(1 ݖ − 1) ≤ 0 

⇒ ݊ܽݐ ݔ ݊ܽݐ ݕ ݊ܽݐ ݖ −ݔ݊ܽݐ ݊ܽݐ ݕ + ݊ܽݐ ݔ ≤ 1 

Also, ݊ܽݐ ݔ ݊ܽݐ ݕ ݊ܽݐ ݖ < ݊ܽݐ ݔ ݊ܽݐ ݕ , ݊ܽݐ ݕ ݊ܽݐ ݖ , ݊ܽݐ ݖ ݊ܽݐ  ݔ

∴ 4 ݊ܽݐ ݔ ݊ܽݐ ݕ ݊ܽݐ ݖ − 2݊ܽݐ ݔ ݊ܽݐ ݕ + ݔ݊ܽݐ ≤ 1 

⇒ 4නනනቀෑݔ݊ܽݐቁ

గ
ସ



గ
ସ



గ
ସ



ݖ݀ݕ݀ݔ݀ − 2නනන ቀݔ݊ܽݐ ݊ܽݐ ݕ ݊ܽݐ ቁݖ

గ
ସ



గ
ସ



గ
ସ



 ݖ݀ݕ݀ݔ݀

+නනන݊ܽݐ ݔ

గ
ସ



గ
ସ



గ
ସ



ݖ݀ݕ݀ݔ݀ ≤ නනන݀ݖ݀ݕ݀ݔ

గ
ସ



గ
ସ



గ
ସ



 

⇒ ଵߗ − ଶߗ2 + ସߗ4 ≤ ቀ
ߨ
4ቁ ቀ

ߨ
4ቁ ቀ

ߨ
4ቁ =

ଷߨ

64 
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5.67  

2නනනቌ
ݔ

ଶݔ + ݖݕ
௬

ቍ


ଵ



ଵ



ଵ

ݖ݀ݕ݀ݔ݀ ≤
ெஹீெ

2නනනቌ
ݔ

2ඥݔଶݖݕ௬

ቍ


ଵ



ଵ



ଵ

 ݖ݀ݕ݀ݔ݀

= නනනቌ
1

ඥݕݔ௬

ቍ


ଵ



ଵ



ଵ

ݖ݀ݕ݀ݔ݀ ≤ නනනቌ
1
ݔ

௬

ቍ


ଵ



ଵ



ଵ

	ݖ݀ݕ݀ݔ݀ ∵
1
ݔ

௬

≥
1

ඥݕݔ௬

 

= නන൭න
ݔ݀
ݔ



ଵ

൱


ଵ



ଵ௬

ݖ݀ݕ݀ = (ܾ − 1)(ܿ − 1) ݈݊ ܽ
௬

= ݈݊ܽ(ିଵ)(ିଵ)

௬

 

5.68  

ݔ + ݕ + ඥݕݔ

ݔ√ + ඥݕ + ඥݕݔర =
ଷݔ√ −ඥݕଷ

ݔ√ − ඥݕ
∙
రݔ√ − ඥݕర

ଷరݔ√ − ඥݕଷర = 

=
ଷరݔ√ + ඥݕଷర

రݔ√ + ඥݕర = ݔ√ + ඥݕ − ඥݕݔర ≥ ඥݕݔర  

නනඨ
ݔ + ݕ + ඥݕݔ

ݔ√ + ඥݕ + ඥݕݔర ݕ݀ݔ݀ ≥ නන ඥݕݔఴ





=












න ఴݔ√ නݔ݀ ඥݕఴ ݕ݀ =
64
81൬ܾ

ଽ
଼ − ܽ

ଽ
଼൰

ଶ








 

5.69  

ቊ݁
௫ ≥ ݔ + 1
݁௬ ≥ ݕ + 1 → ݁௫ + ݁௬ ≥ ݔ + ݕ + 2 ≥⏞

ெିீெ

2ඥݕݔ + 2 → 

 

݁௫ + ݁௬ − 2 ≥ 2ඥݕݔ →
݁௫ + ݁௬ − 2

ඥݕݔ
> 2 → ቆ

݁௫ + ݁௬ − 2
ඥݕݔ

ቇ
ଵ

> 2ଵ → 

 

නනቆ
݁௫ + ݁௬ − 2

ඥݕݔ
ቇ
ଵ

≥ නන 2ଵ݀ݕ݀ݔ = 2ଵ(ܾ − ܽ)ଶ
















 

 
5.70  

1 ≤ ܽ ≤ ܾ ≤ 2,
ଶݔ + ݕݔ
ଶݕ +

ଶݕ + ݕݔ
ଶݔ =

ଶݔ) + ଶ)ଶݕ + ݔ)ݕݔ − ଶ(ݕ

ଶݕଶݔ ≥ ൬
ݔ
ݕ +

ݕ
൰ݔ

ଶ
 

නනඨ
ଶݔ + ݕݔ
ଶݕ +

ଶݕ + ݕݔ
ଶݔ









ݕ݀ݔ݀ ≥ නන൬
ݔ
ݕ +

ݕ
൰ݔ









ݕ݀ݔ݀ ≥ 2නන݀ݕ݀ݔ








= 2(ܾ − ܽ)ଶ 
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ଶݔ + ݕݔ
ଶݕ +

ଶݕ + ݕݔ
ଶݔ = ൬

ݔ
ݕ +

ݕ
ݔ + 2൰ ൬

ݔ
ݕ +

ݕ
ݔ − 1൰ ≤

1
4 ൬

ݔ2
ݕ +

ݕ2
ݔ + 1൰

ଶ

 

නනඨ
ଶݔ + ݕݔ
ଶݕ +

ଶݕ + ݕݔ
ଶݔ









ݕ݀ݔ݀ ≤ නන ൬
ݔ
ݕ +

ݕ
ݔ +

1
2൰









 ݕ݀ݔ݀

= 2(ܾ − ܽ) ݈݊ 


+ (ି)మ

ଶ
, need to prove, 

2(ܾ − ܽ) ݈݊
ܾ
ܽ +

(ܾ − ܽ)ଶ

2 ≤
3√3

2
(ܾ − ܽ)ଶ ⇔

݈݊ ܾ − ݈݊ ܽ
ܾ − ܽ ≤

3√3− 1
4 ≈ 1.04 

applying MVT   ି 
ି

= ଵ

≤ 1 since 1 ≤ ܽ ≤ ܿ ≤ ܾ ≤ 2		hence ଵ


≤ ଷ√ଷିଵ

ସ
, which is true.  

5.71  

,ݔ ,ݕ ,ݖ ݐ ∈ [0; 1] 

→ ൞
൫1 − ൯൫1ݔ√ − ඥݕ൯ ≥ 0
൫1 − ൯൫1ݖ√ − ൯ݐ√ ≥ 0
൫1 − ඥݕݔ൯൫1 − ൯ݐ2√ ≥ 0

→ ൞
ݔ√ + ඥݕ ≤ 1 + ඥݕݔ

ݖ√ + ݐ√ ≤ 1 + ݐ2√
ඥݕݔ + ݐݖ√ ≤ 1 + ඥݐݖݕݔ

 

 

→ ൫√ݔ + ඥݕ൯൫√ݖ + ൯ݐ√ ≤ ൫1 + ඥݕݔ൯൫1 + ൯ݐ2√ = 1 + ඥݕݔ + ݐݖ√ + ඥݐݖݕݔ ≤ 2൫1 + ඥݐݖݕݔ൯

→
൫√ݔ + ඥݕ൯൫√ݖ + ൯ݐ√

1 + ඥݐݖݕݔ
≤ 2 

So: ܵܪܮ ≤ ∫ ∫ ∫ ∫ 2ௗ









 ݐ݀ݖ݀ݕ݀ݔ݀ = 2ܾܽܿ݀   

5.72  

 

නනන݊݅ݏଵ(ݔସ + ସݕ + (ସݖ
ଵ



ଵ



ଵ



ݖ݀ݕ݀ݔ݀ ≤ නනනݔ)݊݅ݏସ + ସݕ + (ସݖ
ଵ



ݖ݀ݕ݀ݔ݀
ଵ



ଵ



≤ 

 

≤ නනන(ݔସ + ସݕ + (ସݖ
ଵ



ଵ



ݖ݀ݕ݀ݔ݀
ଵ



= නනනݔସ݀ݖ݀ݕ݀ݔ
ଵ



ଵ



ଵ



+ නනනݕସ݀ݖ݀ݕ݀ݔ
ଵ



ଵ



ଵ



+ නනනݖସ݀ݖ݀ݕ݀ݔ
ଵ



ଵ



ଵ



 

 

=
1
5 +

1
5 +

1
5 =

3
5 
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5.73  

ହݔ + ହݕ = ݔ) + ସݔ)(ݕ − ݕଷݔ + ଶݕଶݔ − ଷݕݔ +  (ସݕ

ହݔ + ହݕ

ݔ + ݕ = ସݔ − ݕଷݔ + ଶݕଶݔ − ଷݕݔ +  ସݕ

ݔ) + ସ(ݕ −
ହݔ + ହݕ

ݔ + ݕ = ସݔ + ݕଷݔ4 + ଶݕଶݔ6 + ଷݕݔ4 + ସݕ − ସݔ + ݕଷݔ − ଶݕଶݔ + ଷݕݔ −  ସݕ

= ݕଷݔ5 + ଶݕଶݔ5 + ଷݕݔ5 = ଶݔ)ݕݔ5 + ݕݔ + (ଶݕ ≥ ݕݔ5 ⋅
3
4

ݔ) +  ଶ(ݕ

=
ݕݔ25

4
ݔ) + ଶ(ݕ ≥

ݕݔ15
4 ⋅ ݕݔ4 =  ଶݕଶݔ15

ܵܪܮ ≥ නන ଶݕଶݔ15




ݕ݀ݔ݀ = න ଶݔ15 ቆ
ଷݕ

3 ቇ










ݔ݀ = න ଶ(ܾଷݔ5 − ܽଷ)




 ݔ݀

= ቆ
ଷݔ5

3 ቇ




(ܾଷ − ܽଷ) =
5
3

(ܾଷ − ܽଷ)ଶ 

5.74  

ඨ
ݔ + ܽ

ݔ) + ݕ)(ܾ + ܾ) + ඨ
ݔ + ܾ

ݔ) + ݕ)(ܽ + ܽ) ≥ 2ඨ
ݔ + ܽ

ݔ) + ݕ)(ܾ + ܾ) ⋅
ݔ + ܾ

ݔ) + ݕ)(ܽ + ܽ)
ర

= 

=
2

ඥ(ݕ + ݕ)(ܽ + ܾ)ర ≥
2

ඥ(ܾ + ܽ)(ܾ + ܾ)ర =
√8ర

ඥܾ(ܽ + ܾ)ర , 

නනቌඨ
ݔ + ܽ

ݔ) + ݕ)(ܾ + ܾ) + ඨ
ݔ + ܾ

ݔ) + ݕ)(ܽ + ܽ)ቍ








ݕ݀ݔ݀ ≥ නනቆ
√8ర

ඥܾ(ܽ + ܾ)ర ቇ








ݕ݀ݔ݀ = 

=
√8ర (ܾ − ܽ)ଶ

ඥܾ(ܽ + ܾ)ర , ൫ܯ ≥  ൯ܯ

5.75  

We have that (By A.M-GM) 
1 + ݔ + 1 + 1 + 1

5 ≥ ݔ√ ⋅ 1 ⋅ 1 ⋅ 1 ⋅ 1ఱ ⇒ 4 + ݔ ≥ ఱݔ√5  

Doing the same: 
4 + ݕ ≥ 5ඥݕఱ

4 + ݖ ≥ ఱݖ√5

4 + ݐ ≥ ఱݐ√5

 

Adding these inequalities, we have that, 
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16 + ݔ + ݕ + ݖ + ݐ ≥ 5൫√ݔఱ + ඥݕఱ + ఱݖ√ + ఱݐ√ ൯ ⇔
ఱݔ√ + ඥݕఱ + ఱݖ√ + ఱݐ√

16 + ݔ + ݕ + ݖ + ݐ ≤
1
5 

නනනන
ఱݔ√ + ඥݕఱ + ఱݖ√ + ఱݐ√

16 + ݔ + ݕ + ݖ + ݐ

ଵ



ଵ



ଵ



ଵ



ݐ݀ݖ݀ݕ݀ݔ݀ ≤
1
5 

5.76  

ଶݔ + ଶݕ + ଶݖ ≥ ݕݔ + ݖݕ + |ݔݖ ⋅ 2 

(ݔସ + 1) ≥
ெೌஹெ

2 ⋅ݔଶ ≥ 2 ⋅ݕݔ ⇔ 

⇔ݔସ + 3 ≥ 2 ⋅ݕݔ |(+2) 

ݔସ + 5 ≥ 2 ⋅ݕݔ + 2 ⇔ 

∑௫రାହ
∑௫௬ାଵ

≥ 2     (*) 

1
16

නනනቆ
ସݔ∑ + 5
ݕݔ∑ + 1ቇ

ସ

ݖ݀ݕ݀ݔ݀ ≥
1

16
නනන 16

ଵ



ଵ



ଵ



 ݖ݀ݕ݀ݔ݀

= න 1
ଵ



ݔ݀ ⋅ න1
ଵ



ݕ݀ ⋅ න 1
ଵ



ݖ݀ = 1 

5.77  

൬
ݔ + ݕ + ݖ + ݐ

4 ൰
ହ
≤
ହݔ + ହݕ + ହݖ + ହݐ

4 ⇒
ݔ) + ݕ + ݖ + ହ(ݐ

ହݔ + ହݕ + ହݖ + ହݐ ≤ 256 

⇒
ݔ + ݕ + ݖ + ݐ

ହݔ) + ହݕ + ହݖ + (ହݐ
ଵ
ହ
≤ (256)

ଵ
ହ ⇒

1
ܽସ
න න න න

ݔ + ݕ + ݖ + ݐ

ହݔ) + ହݕ + ହݖ + (ହݐ
ଵ
ହ

ଶ



ଶ



ଶ



ଶ



 ݐ݀ݖ݀ݕ݀ݔ݀

≤
1
ܽସ

(256)
ଵ
ହන න න න ݐ݀ݖ݀ݕ݀ݔ݀

ଶ



ଶ



ଶ



ଶ



= (256)
ଵ
ହ 

5.78  
௫య

௫మା௬మା௫௬
≥ ௫య

௫మା௬మାೣ
మశమ
మ

= ଶ௫య

ଷ(௫మା௬మ)
 so, 


ଷݔ

ଶݔ + ଶݕ + ݕݔ
௬

≥
2
3 ⋅

ቈ
ଷݔ

ଶݔ + ଶݕ +
ଷݕ

ଶݕ + ଶݖ +
ଷݖ

ଶݖ + ଶݔ
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≥
ெିீெ 2

3 ⋅ 3 ⋅ ඨ
ଷ(ݖݕݔ)

ଶݔ)∏ + (ଶݕ
య

= 2 ⋅
ݖݕݔ

ඥ∏(ݔଶ + ଶ)యݕ  

0 < ܽ ≤ ݔ ≤ 2ܽ
0 < ܽ ≤ ݕ ≤ 2ܽ
0 < ܽ ≤ ݖ ≤ 2ܽ

ൡ
⇒ ܽଷ ≤ ݖݕݔ ≤ 8ܽଷ

⇒ 2ܽଶ ≤ ଶݔ + ଶݕ ≤ 4ܽଶ ⇒ 8ܽ ≤ෑ(ݔଶ + (ଶݕ ≤ 4ଷ ⋅ ܽ
 

⇒ 2ܽଶ ≤ ටෑ(ݔଶ + ଶ)యݕ
≤ 4ܽଶ ⇒

1
ඥ∏(ݔଶ + ଶ)యݕ ≥

1
4ܽଶ 

ݖݕݔ ≥ ܽଷ 

ݖݕݔ
ඥ∏(ݔଶ + ଶ)యݕ ≥

ܽଷ

4ܽଶ =
ܽ
4 ⇒

ݖݕݔ2
ඥ∏(ݔଶ + ଶ)యݕ ≥

ܽ
2 

thus ଵ
ర
ቚ2ܽܽ ቚ2ܽܽ ቚ2ܽܽ ቀ∑ ௫య

௫మା௬మା௫௬௬ ቁ݀ݖ݀ݕ݀ݔ 

≥
1
ܽସ
ቚ2ܽܽ ቚ2ܽܽ ቚ2ܽܽ 3 ቀ

ܽ
2ቁ ݖ݀ݕ݀ݔ݀ =

1
ܽସ ⋅

3ܽ
2 ⋅ ܽ ⋅ ܽ ⋅ ܽ =

3
2 

5.79  

ଶݔ) + ଶݕ + ݔ)(ଶݖ + ݕ + (ݖ ≥⏞
ெିீெ

3ඥݔଶݕଶݖଶయ ∙ 3ඥݖݕݔయ =  ݖݕݔ9
 

1
ଶݔ) + ଶݕ + ݔ)(ଶݖ + ݕ + (ݖ ≤

1
ݖݕݔ9 →

ݖݕݔ
ଶݔ) + ଶݕ + ݔ)(ଶݖ + ݕ + (ݖ ≤

1
9 

 

නනන
ݖݕݔ

ଶݔ) + ଶݕ + ݔ)(ଶݖ + ݕ + ݖ݀ݕ݀ݔ݀(ݖ ≤ නනන
1
ݖ݀ݕ݀ݔ9݀ =

1
9

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

 

 
5.80  

The function ݂(ݔ) = ଵ
௫

 is convex on (0,∞) then  

ݕݔ
ݔ ଶݏܿ ݖ + ݕ ଶ݊݅ݏ ݖ =

1
ଶݏܿ ݖ
ݕ + ଶ݊݅ݏ ݖ

ݔ

≤ ݔ) ଶ݊݅ݏ ݖ + ݕ ଶݏܿ  (ݖ

we have ௫௬
௫ ௦మ ௭ା௬ ௦మ ௭

≤ ݕ) ଶ݊݅ݏ ݖ + ݔ ଶݏܿ (ݖ ≤ ,ݔ) ,ܽ ݕ ∈ [0,ܽ]) and ௫௬

≤ ௫௬

௫ ௦మ ௭ା௬ ௦మ ௭
 

then  

1
4 =

1
ܽସ
නනݕݔ	ݕ݀ݔ݀









≤
1
ܽଷ
නන

ݕݔ
ݔ ଶݏܿ ݖ + ݕ ଶ݊݅ݏ ݖ









≤
1
ܽଶ
නන݀ݔ	ݕ݀









= 1 

It follow that 
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1
4 ≤

1
ܽଷ
නන

ݕ݀ݔ݀	ݕݔ
ݔ ଶ݊݅ݏ ݖ + ݕ ଶݏܿ ݖ









≤ 1 

5.81  

Using AM-GM we have that 

1 + (ݕ)݂(ݔ)݂ ≥ 2ඥ݂(ݔ)݂(ݕ)    (1) So, by GM-HM we have 

ඥ݂(ݔ)݂(ݕ) ≥ ଶ
భ

(ೣ)ା
భ

()
⇒ 2ඥ݂(ݔ)݂(ݕ) ≥ ସ

భ
(ೣ)ା

భ
()

    (2) 

So, using (1)+(2) we have that 

1 + (ݕ)݂(ݔ)݂ ≥
4

1
(ݔ)݂ + 1

(ݕ)݂
⇔

(௬)வ

(௫)வ 1
1 + (ݕ)݂(ݔ)݂ ≤

1
(ݔ)݂ + 1

(ݕ)݂
4 ⇒ 

නන
ݕ݀ݔ݀

1 + (ݕ)݂(ݔ)݂

ଵ



ଵ



≤ නන

1
(ݔ)݂ + 1

(ݕ)݂
4

ଵ



ଵ



ݕ݀ݔ݀ ⇒ 

නන
ݕ݀ݔ݀

1 + (ݕ)݂(ݔ)݂

ଵ



ଵ



≤
∫ 1
ݔ݀(ݔ)݂

ଵ
 + ∫ ଵݕ݀(ݕ)݂



4 =
∫ 1
ݔ݀(ݔ)݂

ଵ


2  

5.82  

නන
ݔ + ݕ
ଶݔ + ଶݕ



ଵ



ଵ

ݕ݀ݔ݀ ≤ 2නන
ݕ݀ݔ݀
ݔ + ݕ



ଵ



ଵ

≤
ெஹீெ

නන
ݕ݀ݔ݀
ඥݕݔ



ଵ



ଵ

 

≤
௨௬ିௌ௪௭

	ඩ൭න
ݔ݀
ݔ



ଵ

൱൭න݀ݔ


ଵ

൱ ⋅ ඩቌන
ݕ݀
ݕ



ଵ

ቍ ⋅ ቌන݀ݕ


ଵ

ቍ = ඥ(ܽ − 1) ݈݊ ܾ ⋅ (ܾ − 1) ݈݊ ܽ 

≤
ெஹீெ (ܽ − 1) ݈݊ ܾ + (ܾ − 1) ݈݊ ܽ

2 =
݈݊(ܽ ⋅ ܾ) − ݈݊(ܾܽ)

2 = ݈݊ ඨ
ܾܽ

ܾܽ  

5.83  

ݔ√2 + 3 = ݔ√ + ݔ√ + 1 + 1 + 1 ≥⏞
ெିீெ

5ට√ݔ ∙ ݔ√ ∙ 1 ∙ 1 ∙ 1
ఱ

= ఱݔ√5  
 

(2√ݔ + 3) ≥ ఱݔ√5 → 2√ݔ + 12 ≥ 5√ݔఱ → 
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→
ݔ√ + ඥݕ + ݖ√ + ݐ√ + 6

ఱݔ√ + ඥݕఱ + ఱݖ√ + ఱݖ√ ≥
5
2 → 

 

නනනන
ݔ√ + ඥݕ + ݖ√ + ݐ√ + 6

ఱݔ√ + ඥݕఱ + ఱݖ√ + ఱݖ√ ݐ݀ݖ݀ݕ݀ݔ݀ ≥ නනනන
5
ݐ݀ݖ݀ݕ݀ݔ2݀ =

5
2

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

 

 

5.84  
ݕݔ
ݔ + ݕ +

ݖݕ
ݕ + ݖ +

ݔݖ
ݖ + ݔ ≤

ݔ + ݕ
4 +

ݕ + ݖ
4 +

ݖ + ݔ
4 =

ݔ + ݕ + ݖ
2  

so, ቂ∑ ௫௬
௫ା௬௬ ቃ

ଶ
≤ (௫ା௬ା௭)మ

ସ
≤ ଷ

ସ
ଶݔ) + ଶݕ +  ,ଶ) thusݖ

නනනቆ
3
4

ଶݔ) + ଶݕ + ଶ)ቇݖ
ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ݖ݀ݕ݀ݔ݀ = නන
3
4

ଶ

ଵ

ଶ

ଵ

⋅ ቈ
ଷݔ

3 + ݔଶݕ + ݔଶݖ
ଵ

ଶ

 ݖ݀ݕ݀

=
3
4
නන൬

7
3 + ଶݕ + ଶ൰ݖ

ଶ

ଵ

ଶ

ଵ

ݖ݀ݕ݀ =
3
4 ⋅

න ቈ
7
3 ݖ + ݖଶݕ +

ଷݖ

3

ଵ

ଶଶ

ଵ

 ݕ݀

=
3
4
න൬

7
3 + ଶݕ +

7
3൰ ݕ݀

ଶ

ଵ

=
3
4 ⋅

ቈ
14
3 ݕ +

ଷݕ

3

ଵ

ଶ

=
3
4 ⋅

21
3 =

21
4  

නනනቌ
ݕݔ
ݔ + ݕ

௬

ቍ
ଶ

ଵ

ଶ

ଵ

ଶ

ଵ

ݖ݀ݕ݀ݔ݀ ≤
21
4  

5.85  
 

݁௫ + ݁௬ − 4 ≥ ݔ + 1 + ݕ + 1− 4 ≥⏞
ெିீெ

2ඥݕݔ − 2 
 

ቆ
݁௫ + ݁௬ − 4
ඥݕݔ − 1

ቇ
ହ

≥ 2ହ → නනቆ
݁௫ + ݁௬ − 4
ඥݕݔ − 1

ቇ
ହ

ݕ݀ݔ݀ ≥ නන ݕ݀ݔ32݀ = 32
ଷ

ଶ

ଷ

ଶ

ଷ

ଶ

ଷ

ଶ

 

5.86  

ܫ = න ݈݃ ݔ
ଷ

ଶ

ଶݔ)݈݃ −  ݔ݀(1

ܫ = ൣ൫݈ݔ)݃ଶ − 1) ݔ) ݈݃ ݔ − ൯൧(ݔ
ଶ
ଷ
− න

ݔ)(ݔ2) ݈݃ ݔ − (ݔ
ଶݔ − 1

ଷ

ଶ

 ݔ݀
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ܫ = ൣ൫݈(8)݃ (3 ݈݃ 3 − 3)൯ − ൫݈(3)݃ (2 ݈݃ 2 − 2)൯൧ − 2න
݈݃)(ଶݔ) ݔ − 1)

ଶݔ − 1

ଷ

ଶ

 ݔ݀

ܫ = [2 (3)݈݃ + (2)݈݃ (7 −(3)݈݃ 9)] − 2න
ଶݔ) ݈݃ −(ݔ ଶݔ

ଶݔ − 1

ଷ

ଶ

 ݔ݀

ܫ = [2 (3)݈݃ + (2)݈݃ (7 (3)݈݃ − 9)] − 2න
ଶݔ) ݈݃ (ݔ
ଶݔ − 1

ଷ

ଶ

ݔ݀ + 2න
ଶݔ

ଶݔ − 1

ଷ

ଶ

 ݔ݀

ܫ = [2 (3)݈݃ + (2)݈݃ (7 (3)݈݃ − 9)] − 2න݈݃ ݔ
ଷ

ଶ

ݔ݀ − 2න
݈݃ ݔ
ଶݔ − 1

ଷ

ଶ

ݔ݀ + 2න݀ݔ
ଷ

ଶ

+ 2න
ݔ݀

ଶݔ − 1

ଷ

ଶ

 

ܫ = [2 (3)݈݃ + (2)݈݃ (7 −(3)݈݃ 9)] − ݔ]2 ݈݃ ݔ − ଶଷ[ݔ −න
݈݃ ݔ
ݔ − 1

ଷ

ଶ

ݔ݀ + න
݈݃ ݔ
ݔ + 1

ଷ

ଶ

ݔ݀

+ ݈݃ ฬ
ݔ − 1
ݔ + 1ฬ൨ଶ

ଷ

 

ܫ = [2 (3)݈݃ + (2)݈݃ (7 −(3)݈݃ 9)] − ݔ]2 ݈݃ ݔ − 2]ଶଷ −න
݈݃ ݔ
ݔ − 1

ଷ

ଶ

ݔ݀ + න
݈݃ ݔ
ݔ + 1

ଷ

ଶ

+ ݈݃ ฬ
1
2ฬ − ݈݃ ฬ

1
3ฬ൨ 

Let 

ܣ = න
݈݃ ݔ
ݔ − 1

ଷ

ଶ

 ݔ݀

ܣ = −ଶ(1݅ܮ−] (ݔ + ܿ]ଶଷ 

ܣ = ଶ(−2)݅ܮ− +  ଶ(−1)݅ܮ

ܣ = −ଶ(−2)݅ܮ− గమ

ଵଶ
≅ 0.614279    (1) 

ܤ = න
݈݃ ݔ
ݔ + 1

ଷ

ଶ

ݔ݀ = (−1)
ஶ

ୀ

නݔ
ଷ

ଶ

݈݃ ݔ  ݔ݀
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ܤ = (−1)
ஶ

ୀ

ቈ
ାଵݔ ݈݃ ݔ

ݔ) + 1) −
ାଵݔ

(݇ + 1)ଶ
ଶ

ଷ

 

ܤ = (−1)
ஶ

ୀ

ቈ
3(3 ݈݃ 3)

(݇ + 1) −
3(3)

(݇ + 1)ଶ −
2(2 ݈݃ 2)

(݇ + 1) +
2(2)

(݇ + 1)ଶ 

ܤ = −(−1)
ஶ

ୀଵ

ቈ
(3 ݈݃ 3)

(݇) −
(3)
(݇)ଶ −

(2 ݈݃ 2)
(݇) +

(2)
(݇)ଶ 

ܤ = ݈݃]− 3 −ଵ(−3)݅ܮ ଶ(−3)݅ܮ − ݈݃ 2 ଵ(−2)݅ܮ +  [ଶ(−2)݅ܮ

ܤ = −ଶ(−3)݅ܮ] ଶ(−2)݅ܮ + (2)݈݃ [(3)݈݃ ≅ 0.258871    (2) 

⇒ ܫ = [2 (3)݈݃ + (2)݈݃ (7 (3)݈݃ − 9)] − ݔ]2 ݈݃ ݔ − ଶଷ[ݔ − ቆ−݅ܮଶ(−2) −
ଶߨ

12ቇ+ 

−ଶ(−3)݅ܮ])+ ଶ(−2)݅ܮ + (2)݈݃ ([(3)݈݃ + ݈݃ ฬ
1
2ฬ − ݈݃ ฬ

1
3ฬ൨ 

⇒ ܫ = [2 (3)݈݃ + (2)݈݃ (7 −(3)݈݃ 9)] − 2[3 ݈݃ 3− 3 − 2 ݈݃ 2 + 2] − 

−ቆ−݅ܮଶ(−2)−
ଶߨ

12ቇ+ ଶ(−3)݅ܮ]) − ଶ(−2)݅ܮ + (2)݈݃ + (2)݈݃ ([(3)݈݃ + 

+ ݈݃ ฬ
1
2ฬ − ݈݃ ฬ

1
3ฬ൨ 

⇒ ܫ = [2 (3)݈݃ + (2)݈݃ (7 −(3)݈݃ 9)] − 2[3 ݈݃ 3− 3 − 2 ݈݃ 2 + 2] − 

−ቆ−݅ܮଶ(−2)−
ଶߨ

12ቇ+ −ଶ(−3)݅ܮ]) ଶ(−2)݅ܮ + (2)݈݃ ([(3)݈݃ + ݈݃ ฬ
3
2ฬ൨ 

⇒ ܫ = [2 (3)݈݃ + (2)݈݃ (7 −(3)݈݃ 9)] − 2 ݈݃ ൬
27
4 ൰ − 1൨ − (0.614279) + (0.258871)

+ ݈݃ ฬ
3
2ฬ൨ 

⇒ ܫ = ݈݃ ൬
9

512൰+ ݈݃)7 2 ݈݃ 3) − 2 ݈݃ ൬
27
4 ൰+ ݈݃ ൬

3
2൰+ 1.644592 <

35
8 + ݈݃ ൬

3
2൰ 

5.87  

Because for all ݕ,ݔ, ݖ > 0 
3
4

ݔ) + (ݕ +
1

ݔ) + (ݕ ≥ √3 ⇒
3
4

ݔ) + ଶ(ݕ + 1 ≥ ݔ)3√ + (ݕ ⇒ 

⇒ ଶݔ + ݕݔ + ଶݕ + 1 ≥ ݔ)3√ + (ݕ ⇒ ଶݔ + ݕݔ2 + ଶݕ + 1 ≥ ݕݔ + ݔ)3√ + (ݕ ⇒ 
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⇒
ݔ) + ଶ(ݕ + 1

ݕݔ + ݔ)3√ + (ݕ
≥ 1 

Hence ߗ(ܽ) = ∫ ∫ (௫ା௬)మାଵ
௫௬ା(௫ା௬)√ଷ

ଶ


ଶ
 ݕ݀	ݔ݀ ≥ ∫ ∫ 1ଶ


ଶ
 ݕ݀	ݔ݀ = ଶ|ଶ|ݕݔ = 

= (2ܽ − ܽ)(2ܽ − ܽ) = ܽଶ 

Similarly  ߗ(ܾ) ≥ ܾଶ  and ߗ(ܿ) ≥ ܿଶ 

Hence ߗ(ܽ) + (ܾ)ߗ + (ܿ)ߗ ≥ ܽଶ + ܾଶ + ܿଶ ≥ ܾܽ + ܾܿ + ܿܽ 

5.88  

Using Cauchy – Schwarz inequality, we have that: 

 

ඥ݂ଶ(ݔ) + ݂ଶ(ݕ) + ඥ2݂(ݔ)݂(ݕ) ≤ √2 ⋅ ටቀඥ݂ଶ(ݔ) + ݂ଶ(ݕ)ቁ
ଶ

+ ቀඥ2݂(ݔ) + ቁ(ݕ)2݂
ଶ
 

= √2 ⋅ ඥ݂ଶ(ݔ) + ݂ଶ(ݕ) + (ݕ)݂(ݔ)2݂ = √2 ⋅ ට൫݂(ݔ) + ൯ଶ(ݕ)݂ = 

= √2൫݂(ݔ) + ൯(ݕ)݂ ⇒
	[,]	×	[,)

௧௧
 

නනඥ݂ଶ(ݔ) + ݂ଶ(ݕ)




ݔ݀




ݕ݀ + නනඥ2݂(ݔ)݂(ݕ)








≤ √2නන൫݂(ݔ) + ൯(ݕ)݂








 

= √2 ⋅ 2ܽන݂(ݔ)




 ݔ݀

5.89  
ݔ

ଶݔ + ݖݕ +
ݕ

ଶݕ + ݔݖ +
ݖ

ଶݖ + ݕݔ ≤
ିீ ݔ

2ඥݔଶݖݕ
+

ݕ
2ඥݕଶݔݖ

+
ݖ

2ඥݖଶݕݔ
 

=
1
2

1
ඥݕݔ

≤
(ଵ)

ିିௌ 1
2
ඨ

1
ඨݔ

1
ݕ =

1
2 ൬

1
 ൰ݔ

(1) ⇒ LHS ≤ ଵ
ଶ ∫ ∫ ∫ ቀଵ

௫
+ ଵ

௬
+ ଵ

௭
ቁ

ଵ

ଵ


ଵ ݖ݀ݕ݀ݔ݀ = ଵ

ଶ ∫ ∫ ቆ∫ ௗ௫
௫


ଵ + ቀଵ

௬
+ ଵ

௭
ቁቇ ݖ݀	ݕ݀

ଵ

ଵ = 
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=
1
2
නන൭݈݊ ܿ + ൬

1
ݕ +

1
൰ݖ

(ܿ − 1)൱


ଵ



ଵ

ݖ݀ݕ݀

=
1
2
න(݈݊ ܿ)න݀ݕ



ଵ

+
1
ݖ

(ܿ − 1)න݀ݕ


ଵ

+ (ܿ − 1)න
ݕ݀
ݕ



ଵ




ଵ

ݖ݀ = 

=
1
2
නቈ(ܾ − 1) ݈݊ ܿ +

(ܾ − 1)(ܿ − 1)
ݖ + (ܿ − 1) ݈݊ ܾ



ଵ

ݖ݀ = 

=
1
2
(ܾ − 1) ݈݊ ܿ න݀ݖ



ଵ

+ (ܾ − 1)(ܿ − 1)න
ݖ݀
ݖ



ଵ

+ (ܿ − 1) ݈݊ ܾ න݀ݖ


ଵ

൩ 

=
1
2

[(ܽ − 1)(ܾ − 1) ݈݊ ܿ + (ܾ − 1)(ܿ − 1) ݈݊ ܽ + (ܿ − 1)(ܽ − 1) ݈݊ ܾ] 

= ଵ
ଶ
ൣ݈݊ ܿ(ିଵ)(ିଵ) + ݈݊ ܽ(ିଵ)(ିଵ) + ݈݊ ܾ(ିଵ)(ିଵ)൧ = ଵ

ଶ
ൣ݈݊∏ܽ(ିଵ)(ିଵ)൧ =

݈݊ ඥ∏ܽ(ିଵ)(ିଵ)  

5.90  

ଵߗ = න(1 + ݔ݀(ଶݔ








= ቈܾ − ܽ +
ܾଷ − ܽଷ

3



 

and  

ଶߗ = න(1 − ݔ݀(ଶݔ








= ቈܾ − ܽ −
ܾଷ − ܽଷ

3



 

ଶߗ + ଶߗ < ቈ2(ܾ − ܽ) +
ܾଷ − ܽଷ

3 −
ܾଷ − ܽଷ

3



= 2(ܾ − ܽ) 

[Because  of ݔ + ݕ < ݔ) + ,ݔ  for positive(ݕ  [ݕ

So, ߗଵ + ଶߗ < [2(ܾ − ܽ)] = ቈ1 ⋅ 1 ⋅ 1 ⋅ … ⋅ 1ᇣᇧᇧᇧᇤᇧᇧᇧᇥ
”ିଵ”	௧௦

⋅ 2(ܾ − ܽ)


≤ 

≤
ெ

ீெ
ቈቈ

1 + 1 + 1 + ⋯+ 1 + [2(ܾ − ܽ)]
݊







= ቈ
݊ − 1 + 2(ܾ − ܽ)

݊

మ

 

⇒ ඥߗଵ + ଶߗ
మ <

݊ − 1
݊ +

2(ܾ − ܽ)
݊ ⇒ ඥߗଵ + ଶߗ

మ < 1 −
1
݊ +

2(ܾ − ܽ)
݊  

⇒ ඥߗଵ + ଶߗ
మ + ଵ


< 1 + ଶ(ି)
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5.91  

ܵܪܴ = න න න[ݔݐ + (1− ସ[ݕ(ݐ
ଵ



ݖ݀
ଶ



ݕ݀
ଶ



ݔ݀ =
1
5
න න

ݔݐ] + (1 − ହ[ݕ(ݐ

ݔ − ݕ



ଵଶ



ݕ݀
ଶ



 ݔ݀

=
1
5
න න

ହݔ − ହݕ

ݔ − ݕ

ଶ



ݕ݀
ଶ



ݔ݀ =
1
5
න න ସݔ] + ݕଷݔ + ଶݕଶݔ + ଷݕݔ + [ସݕ

ଶ



ݕ݀
ଶ



 ݔ݀

=
1
5

⎣
⎢
⎢
⎢
⎢
⎢
⎡
න න ସݔ

ଶ



ݕ݀
ଶ



ݔ݀ + න න ݕଷݔ
ଶ



ݕ݀
ଶ



ݔ݀ + න න ଶݕଶݔ
ଶ



ݕ݀
ଶ



ݔ݀ +

+න න ଷݕݔ
ଶ



ݕ݀
ଶ



ݔ݀ + න න ସݕ
ଶ



ݕ݀
ଶ



ݔ݀
⎦
⎥
⎥
⎥
⎥
⎥
⎤

= 

=
1
5 
ݔ
5

((2ܽ)ହ − ܽହ)ܽ +
7

4	 × 	2
((2ܽ)ସ − ܽସ)(3ܽଶ) +

1
3 × 3

((2ܽ)ଷ − ܽଷ)ଶ൨ 

= ଵ
ହ
ቂଶ
ହ

+ ସହ
ସ

+ ସ

ቃ ܽ = ହଶଷ

ହ	×ଵ଼
ܽହ       (1) 

ܵܪܮ =
1

16
නන(ݔ + ସ(ݕ





ݕ݀




ݔ݀ =
1

16
න 

1
5

ݔ) + ହ൨(ݕ






ݔ݀ = 

=
1

16 	×
1
5
න[(ݔ + ܽ)ହ − [ହݔ




ݔ݀ =
1

16	× 5	 × 6
ݔ)] + ܽ) − ]ݔ = 

= ଵ
ଽ	×ହ

[(2ܽ) − ܽ − ܽ] = ଷଵ
ଶସ

ܽ   (2) 

We wish to show: ଷଵ
ଶସ

ܽ < ହଶଷ
ହ	×ଵ଼

ܽ ⇔ ଷଵ
ଶସ

< ହଶଷ
ଽ

 

It is clearly true as ܵܪܮ < 1 and ܴܵܪ > 1. 

5.92  

For a complex ݖ such that |ݖ| ≤ 1, ݖ ≠ −1 we have 

1)݈݃ + (ݖ = 
(−1)ିଵݖ

݇

ஶ

ୀଵ

 

Hence for ߠ ∈  we have (ߨ,ߨ−)

൫1݈݃ + ݁ఏ൯ = 
(−1)ିଵ݁ఏ

݇

ஶ

ୀଵ

 

Taking real parts we get 
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ห1݈݃ + ݁ఏห = 
(−1)ିଵ (ߨ݇)ݏܿ

݇

ஶ

ୀଵ

 

Finally, for ߠ ∈  (ߨ,ߨ−)


(−1)ିଵ (ߠ݇)ݏܿ

݇

ஶ

ୀଵ

=
1
2 ݈݃

(2 + 2  ((ߠ)ݏܿ

Or, for ܽ ∈ (−1,1], we have 


(−1)ିଵ ݇)ݏܿ ݏܿܿݎܽ ܽ)

݇

ஶ

ୀଵ

= ݈݃ √2 + 2ܽ ≤  2݁√݈݃

Because 1 + ܽ ≤ ݁ 

5.93  

We use a fundamental inequality: ඥݔଶ + ଶݕ + √ܽଶ + ܾଶ ≥ ඥ(ݔ + ܽ)ଶ + ݕ) + ܾ)ଶ   (1) 

Let’s prove it. On Squaring both sides, we get: 

ଶݔ + ଶݕ + ܽଶ + ܾଶ + 2ඥݔଶ + ଶඥܽଶݕ + ܾଶ ≥ ݔ) + ܽ)ଶ + ݕ) + ܾ)ଶ ⇒ 

⇒ 2ඥݔଶ + ଶඥܽଶݕ + ܾଶ ≥ ݔ2ܽ + ݕ2ܾ ⇒ ඥݔଶ + ଶඥܽଶݕ + ܾଶ ≥ ݔܽ +  ݕܾ

Again, squaring both sides, we get: (ݔଶ + ଶ)(ܽଶݕ + ܾଶ) ≥ ݔܽ) + ଶ(ݕܾ ⇒ 

⇒ ଶܽଶݔ + ܾଶݔଶ + ܽଶݕଶ + ܾଶݕଶ ≥ ܽଶݔଶ + ܾଶݕଶ + ݕܾݔ2ܽ ⇒ ݔܽ) − ଶ(ݕܾ ≥ 0 which is true and 

the inequality in equation (1) is true. Using the inequality in equation (1) 

ඥܽଶ + ଶݔ4 + ඥܽଶ + ଶݕ4 ≥ ඥ(2ܽ)ଶ + ݔ2) + ଶ(ݕ2 ≥ 2ඥܽଶ + ݔ) + ଶ(ݕ ⇒ 

⇒
√ܽଶ + ଶݔ4 + ඥܽଶ + ଶݕ4

ඥܽଶ + ݔ) + ଶ(ݕ
≥ 2 

න න න
√ܽଶ + ଶݔ4 + ඥܽଶ + ଶݕ4

ඥܽଶݖ + ݔ) + ଶ(ݕ

ଶ



ݔ݀
ଶ



ݕ݀
ଶ



ݖ݀ ≥ න න න
2
ݖ

ଶ



ݔ݀
ଶ



ݕ݀
ଶ



ݖ݀ ≥ න න [2 ݈݊ ଶ[ݖ
ଶ



ݔ݀
ଶ



 ݕ݀

≥ න න (2 ݈݃ 2)
ଶ



ݔ݀
ଶ



ݕ݀ ≥ (2 ݈݃ 2)න ݔ݀
ଶ



න ݕ݀
ଶ



≥ 2 ݈݃ 2 (ܽ ⋅ ܽ) ≥ 2ܽଶ ݈݃ 2 

∴ න න න
√ܽଶ + ଶݔ4 + ඥܽଶ + ଶݕ4

ඥܽଶݖ + ݔ) + ଶ(ݕ

ଶ



ଶ



ଶ



≥ 2ܽଶ ݈݃ 2 
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5.94  

Since ݁௫  is a convex function we apply the Hermite – Hadamard inequality for double 

integral: 

1
ܽଶ
න න ඥܿ(௫ାଷ௬)మభల

ଶ



ݔ݀
ଶ



ݕ݀ ≥ ݁
ቌ
ଷ
ଶ ା

ଽ
ଶ

ସ ቍ

మ

= ݁ቀ
ଷ
ଶ ቁ

మ

= ඥ݁ଽమర ⇒ 

⇒ න න ඥ݁(௫ାଷ௬)మభల
ଶ



ݔ݀
ଶ



ݕ݀ ≥ ܽଶඥ݁ଽమర  

Also, since ݁௫  is convex we have: ݁ቀ
ೣశయ
ర ቁ

మ

≤ ଵ
ସ
݁௫మ + ଷ

ସ
݁௬మ. Consequently: 

න න ඥ݁(௫ାଷ௬)మభల
ଶ



ݔ݀
ଶ



ݕ݀ ≤
1
4
න න ݁௫మ

ଶ



ݔ݀
ଶ



+
3
4
න න ݁௬మ

ଶ



ଶ



ݕ݀ = 

=
ܽ
4
න ݁௫మ
ଶ



ݔ݀ +
3ܽ
4
න ݁௬మ
ଶ



ݕ݀ =
ܽ
4
න ݁௫మ
ଶ



ݔ݀ +
3ܽ
4
න ݁௫మ
ଶ



ݔ݀ = ܽන ݁௫మ
ଶ



 ݔ݀

5.95  

Let ܲ(ݔ) = ସݔ)5 − (ଷݔ − ହݔ + 1. Clearly we have ܲ(1) = ܲᇱ(1) = 0, so ܲ(ݔ) is divisible by 

ݔ) − 1)ଶ. An easy calculation shows that: 

(ݔ)ܲ  = ݔ) − 1)ଶ(ݔଶ(3 − (ݔ + ݔ2 + 1). Thus, for 

ݔ ∈ [0,3] we have ܲ(ݔ) ≥ 0. Consider, positive numbers ݐ,  and define ݒ,ݑ

ݔ =
√3ఱ ݐ

ହݐ√ + ହݑ + ହఱݒ , ݕ =
√3ఱ ݑ

ହݐ√ + ହݑ + ହఱݒ , ݖ =
√3ఱ ݒ

ହݐ√ + ହݑ + ହఱݒ  

These numbers belong to [0,3]. From ܲ(ݔ) + (ݕ)ܲ + (ݖ)ܲ ≥ 0 we conclude that 

3
ర
ఱ ⋅ ௧రା௨రା௩ర

ቀ ඥ௧ఱା௨ఱା௩ఱఱ ቁ
ర ≥ 3

య
ఱ ⋅ ௧యା௨యା௩య

ቀ ඥ௧ఱା௨ఱା௩ఱఱ ቁ
య. Equivalently ቀ௧

రା௨రା௩ర

௧యା௨యା௩య
ቁ
ହ
≥ ଵ

ଷ
ହݐ) + ହݑ +  (ହݒ

It follows that for ݂: [0,ܽ] → (0, +∞) we have 

නනනቆ
݂ସ(ݖ) + ݂ସ(ݕ) + ݂ସ(ݖ)
݂ଷ(ݔ) + ݂ଷ(ݕ) + ݂ଷ(ݖ)ቇ

ହ



ݔ݀




ݕ݀




ݖ݀ ≥ නනන
1
3
൫݂ହ(ݔ) + ݂ହ(ݕ) + ݂ହ(ݔ)൯





ݔ݀




ݕ݀




 ݖ݀

= ܽଶන݂ହ(ݔ)




 ݔ݀
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5.96  

2න න න
ݔ2) + ݕ2)(ݕ + ݖ2)(ݖ + (ݔ

ݔ) + ݕ + ଶ(ݖ

ଶ



ݔ݀
ଶ



ଶ



≤
ெீஸெ

2නනන
൬3(ݔ + ݕ + (ݖ

3 ൰
ଷ

ݔ) + ݕ + ଶ(ݖ ݔ݀ ݕ݀ ݖ݀ = 

= 2නනන(ݔ + ݕ + ݔ݀(ݖ ݕ݀ ݖ݀ = 2 ⋅ නනቆ
ଶݔ

2 + ݕ) + ቇቤݔ(ݖ


ଶ

ݖ݀	ݕ݀ = 

= 2 ⋅ නන ൭
3ܽଶ

2 + ݕ)ܽ + ൱(ݖ
ଶ



ݕ݀ ݖ݀ = 2නන ቆܽݕ +
3ܽଶ

2 + ݕቇ݀ݖܽ
ଶ



ݖ݀ = 

= 2 ⋅ න ቆ
ଶݕܽ

2 + ቆ
3ܽଶ

2 + ቇቤݕቇݖܽ
ଶ

 

ଶ

ݖ݀ = 2 ⋅ න ቆ
3ܾܽଶ

2 + ቆ
3ܽଶ

2 + ቇݖܽ ⋅ ܾቇ
ଶ



ݖ݀ = 

= 2 ⋅ න ቆܾܽݖ +
3ܾܽଶ

2 +
3ܽଶܾ

2 ቇ
ଶ



ݖ݀ = 2ቆ
ଶݖܾܽ

2 + ቆ
3ܽଶܾ

2 +
3ܾܽଶ

2 ቇ ቇቤݖ


ଶ

= 

= 2 ቆ
3ܾܽܿଶ

2 + ቆ
3ܽଶܾ

2 +
3ܾܽଶ

2 ቇ ܿቇ = 3ܾܽܿ(ܽ + ܾ + ܿ) 

5.97  

Let ݂(ݔ) = ݐܿ ݔ for all ݔ ∈ ቂ0, గ
ସ
ቃ then ݂ᇱ(ݔ) = ଶܿݏܿ− ݔ ; ݂ᇱᇱ(ݔ) = 2 ଶܿݏܿ ݔ ݐܿ ݔ > 0 

 for all ݔ ∈ ቂ0, గ
ସ
ቃ, hence ݂ is convex 

ݐܿ ቀସ௫ାଷ௬


ቁ ≤ ସ

ݐܿ ݔ + ଷ


ݐܿ ݕ ⇒ ∫ ∫ ݐܿ ቀସ௫ାଷ௬


ቁଶ

 ଶݔ݀
 ݕ݀ ≤ 

≤
4
7
න න ݐܿ ݔ

ଶ



ݔ݀
ଶ



ݕ݀ +
3
7
න න ݐܿ ݕ

ଶ



ݔ݀
ଶ



ݕ݀ =
4ܽ
7
න ݐܿ ݔ ݔ݀
ଶ



+
3ܽ
7
න ݐܿ ݕ ݕ݀
ଶ



= 

=
4ܽ
7

݊݅ݏ)݈݃| ௫ୀ௫ୀଶ|(ݔ +
3ܽ
7

݊݅ݏ)݈݃| ௬ୀ|(ݕ
௬ୀଶ = ܽ ݈݃ ൬

݊݅ݏ 2ܽ
݊݅ݏ ܽ ൰ = ܽ 2)݈݃ ݏܿ (ݔ = 

= 2)݈݃ ݏܿ  ;. Applying Hermite – Hadamard for Double Integral(ݔ

1
(2ܽ − ܽ)(2ܽ − ܽ)න න ݐܿ ൬

ݔ4 + ݕ3
7 ൰

ଶ



ݔ݀
ଶ



ݕ݀ ≥ ݐܿ ቌ
4 ⋅ ቀ2ܽ + ܽ

2 ቁ + 3 ⋅ ቀ2ܽ + ܽ
2 ቁ

7
ቍ ⇒ 

⇒ න න ݐܿ ൬
ݔ4 + ݕ3

7 ൰
ଶ



ݔ݀
ଶ



ݕ݀ ≥ ܽଶ ݐܿ ൬
3ܽ
2 ൰ 
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∴ ܽଶ ݐܿ ൬
3ܽ
2 ൰ ≤ න න ݐܿ ൬

ݔ4 + ݕ3
7 ൰

ଶ



ݔ݀
ଶ



ݕ݀ ≤ 2)݈݃ ݏܿ ܽ) 

5.98  

Since 

ݕݔ)  + ݖݕ + (ݔݖ ቀ ௫
௬௭

+ ௬
௭௫

+ ௭
௫௬
ቁ = ݔ) + ݕ + (ݖ + ቀ௫

మ

௬
+ ௬మ

௭
+ ௭మ

௫
ቁ + ቀ௫

మ

௭
+ ௭మ

௬
+ ௬మ

௫
ቁ ≥ 

≥ ݔ)3 + ݕ +  .(ݖ

 Hence ଷ(௫ା௬ା௭)
ೣ
మ
ା 
ೣା


ೣ
≤ ݕݔ + ݖݕ + ݔݖ ⇒ ଷ(௫௬௭)(௫ା௬ା௭)

௫మା௬మା௭మ
≤ ݕݔ + ݖݕ + ݔݖ ⇒ 

⇒ ଷ(௫ା௬ା௭)
௫మା௬మା௭మ

≤ ௫௬ା௬௭ା௭௫
௫௬௭

= ଵ
௫

+ ଵ
௬

+ ଵ
௭
.  

Hence  

3න න න
ݔ + ݕ + ݖ

ଶݔ + ଶݕ + ଶݖ

ଶ



ݔ݀
ଶ



ݕ݀
ଶ



ݖ݀ = න න න
ݔ)3 + ݕ + (ݖ

ଶݔ) + ଶݕ + (ଶݖ

ଶ



ݔ݀
ଶ



ݕ݀
ଶ



ݖ݀ ≤ 

≤ න න න ൬
1
ݔ +

1
ݕ +

1
൰ݖ ݔ݀

ଶ



ݕ݀
ଶ



ݖ݀
ଶ



= ݕݔ ݈݊ ݖ + ݖݕ ݈݊ ݔ + ݔݖ ݈݊ ݕ ቚ2ܽܽ ቚ2ܾܾ ቚ2ܿܿ = 

= [ܾܽ ݈݊(2ܿ) + ܾܿ ݈݊(2ܽ) + ܿܽ ݈݊(2ܾ)] − [ܾܽ ݈݊ ܿ + ܾܿ ݈݊ ܽ + ܿܽ ݈݊ ܾ] = 

= [ܾܽ ݈݊ 2 + ܾܿ ݈݊ 2 + ܿܽ ݈݊ 2 + ܾܽ ݈݊ ܿ + ܾܿ ݈݊ ܽ + ܿܽ ݈݊ ܾ] − [ܾܽ ݈݊ ܿ + ܾܿ ݈݊ ܽ + ܿܽ ݈݊ ܾ] 

= ܾܽ ݈݊ 2 + ܾܿ ݈݊ 2 + ܿܽ ݈݊ 2 = (ܾܽ + ܾܿ + ܿܽ) ݈݊ 2 

5.99  

Using Hölder’s inequality, for  = ݍ,10 = ଵ
ଽ

, we have that: 

1 = න݂(ݔ)
ଵ



ݔ݀ ≤ ቌන݂ଵ
ଵ



ቍݔ݀(ݔ)

ଵ
ଵ

⋅ ቌන 1
ଵ
ଽ

ଵ



ቍݔ݀

ଽ
ଵ

= ቌන݂ଵ
ଵ



ቍݔ݀(ݔ)

ଵ
ଵ

⇒ 

⇒ ∫ ݂ଵ(ݔ)ଵ
 ݔ݀ ≥ 1   (1) 

So,  

නන݂(ݔ)
ଵ



ݔ݀(ݕ)݂
ଵ



ݕ݀ = න݂(ݔ)
ଵ



(ݕ)න݂ݔ݀
ଵ



ݕ݀ = 1 ≤
(ଵ)

න݂ଵ(ݔ)
ଵ



 ݔ݀
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5.100  

ߗ = ݈݅݉
ఌ→
ఌவ

න
݊݅ݏ ݐ
ݐ

௫

ఌ

 ݐ݀

then ߗᇱ(ݔ) = ௦ ௫
௫

(ݔ)ᇱᇱߗ, = ௦ ௫
௫మ

ݔ) − ݊ܽݐ (ݔ ≤ 0 

since, ݊݅ݏ ݔ ≤ ݔ ≤ ݊ܽݐ ݔ for all ݔ ≥ 0, hence ߗ is concave so, from the definition of concave 

function 


ܽ

ܽ + ܾ + ܿ
௬

(ܽ)ߗ ≤ ቌቀߗ
ܽ

ܽ + ܾ + ܿቁ
௬

⋅ ܽቍ 

ܽߗ(ܽ)
௬

≤ (ܽ + ܾ + ቆߗ(ܿ
ܽଶ + ܾଶ + ܿଶ

ܽ + ܾ + ܿ ቇ 

5.101  
 

ݑ = ݔ + ,ݕ ݒ = ݕ + ݓ,ݖ = ݖ +  ݔ
 


ݔ) + ଶ(ݕ

ݕ) + ݖ)	݊݅ݏ(ݖ + (ݔ = 
ଶݑ

ݒ ∙ ݓ݊݅ݏ
௬(௨,௩,௪)

>⏞
௦௪ழ௪

௬(௫,௬,௭)

 

 

> 
ଶݑ

ݓݒ
௬(௨,௩,௪)

≥⏞
ாோீௌ்ோைெ ݑ) + ݒ + ଶ(ݓ

ݒݑ + ݓݒ + ݑݓ ≥ 3 

 
ݑ) + ݒ + ଶ(ݓ ≥ ݒݑ)3 + ݓݒ +  (ݑݓ

 

නනන 
ݔ) + ଶ(ݕ

ݕ) + ݖ)	݊݅ݏ(ݖ + (ݔ ≥
௬(௫,௬,௭)













නනන ݖ݀ݕ݀ݔ3݀




= 3(ܾ − ܽ)ଷ








 

 
5.102  

∵ ܽ, ܾ, ܿ, ݀, ݁,݂, ,ݔ ,ݕ ݖ ≤ 1 ∴ 1 ≥ ܽସ, ܾସ, ܿସ, ݀ସ, ݁ସ,݂ସ, ,ସݕ,ସݔ  ସݖ

∴ ܽଶ + ܾଶ + ଶݔ + 3 = ܽଶ + ܾଶ + ଶݔ + 1 + 1 + 1 ≥ ܽଶ + ܾଶ + ଶݔ + ܽସ + ܾସ + ସݔ ≥ 

≥
ିீ

ݔ6ܾܽ ⇒ ܽଶ + ܾଶ + ଶݔ + 3 ≥
(ଵ)

 ݔ6ܾܽ

Again 

, ܿଶ + ݀ଶ + ଶݕ + 3 = ܿଶ + ݀ଶ + ଶݕ + 1 + 1 + 1 ≥ ܿଶ + ݀ଶ + ଶݕ + ܿସ + ݀ସ + ସݕ ≥
ିீ
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≥ ݕ6ܿ݀ ⇒ ܿଶ + ݀ଶ + ଶݕ + 3 ≥
(ଶ)

 ݕ6ܿ݀

Also, 

 ݁ଶ + ݂ଶ + ଶݖ + 3 = ݁ଶ + ݂ଶ + ଶݖ + 1 + 1 + 1 ≥ ݁ଶ + ݂ଶ + ଶݖ + ݁ସ + ݂ସ + ସݖ ≥
ିீ

 

≥ ݖ6݂݁ ⇒ ݁ଶ + ݂ଶ + ଶݖ + 3 ≥
(ଷ)

 ݖ6݂݁

(1).(2).(3) ⇒ (ܽଶ + ܾଶ + ଶݔ + 3)(ܿଶ + ݀ଶ + ଶݕ + 3)(݁ଶ + ݂ଶ + ଶݖ + 3) ≥
()

 ݖݕݔ216ܾ݂ܽܿ݀݁

Case 1: 3ܾ݂ܽܿ݀݁ݖݕݔ − 1 ≤ 0 

Then, ܵܪܮ ≤ ∫ ∫ ∫ 0ଵ ଵݔ݀
 ଵݕ݀

 ݖ݀ = 0 < 1 ⇒ given inequality is true 

Case 2: 3ܾ݂ܽܿ݀݁ݖݕݔ − 1 > 0 

(a) ⇒ ܵܪܮ ≤
() ଵ

ଶ ∫ ∫ ∫ ଷିଵ


ଵݔ݀
 ଵݕ݀

 ଵݖ݀
 , where ݉ =  ݖݕݔ݂ܾ݁݀ܿܽ

∵ ݉ ≤ 1 ∴ ଷିଵ


= 3 − ଵ

≤

()
2 ∴ (i), (ii) ⇒ ܵܪܮ ≤ ∫ ∫ ∫ ଵݔ݀

 ଵݕ݀
 ଵݖ݀

 = 1 ⇒ given inequality is 

true (Hence proved) 

5.103  

0 < ܽ ≤ ݔ ≤ ܾ <
ߨ
4

0 < ܽ ≤ ݕ ≤ ܾ <
ߨ
4

⇒ 0 < ݔ + ݕ <
ߨ
2 

So, 0 < ݔ)݊݅ݏ + (ݕ < 1 < గ
ଶ
⇒ 

So, ݔ)݊݅ݏ)݊݅ݏ + ((ݕ > 0 and final ݔ)݊݅ݏ)݊݅ݏ)݊݅ݏ + (((ݕ > 0 

So, we know, that for positive ݔ holds that ݊݅ݏ ݔ <  :This means that .ݔ

ݔ)݊݅ݏ)݊݅ݏ)݊݅ݏ + (((ݕ < ݔ)݊݅ݏ)݊݅ݏ + ((ݕ < ݔ)݊݅ݏ + (ݕ < ݔ +   .ݕ

Taking integrals we have: 

නනݔ)݊݅ݏ)݊݅ݏ)݊݅ݏ + (((ݕ








ݕ݀ݔ݀ < නන(ݔ + (ݕ




ݔ݀




ݕ݀ = 

= නቈ
ଶݔ

2 + ݔݕ




ݕ݀




= නቆ
ܾଶ

2 −
ܽଶ

2 ቇ




+ ܾ)ݕ −  ݕ݀(ܽ

ቂቀ
మିమ

ଶ
ቁݕ + ௬మ

ଶ
(ܾ − ܽ)ቃ




= (ି)(ା)

ଶ
ܾ − ܽ + మିమ

ଶ
(ܾ − ܽ) = (ି)మ(ା)

ଶ
⋅ 2. So, 
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1
ܽ + ܾ

නන ݔ)݊݅ݏ)݊݅ݏ)݊݅ݏ + (((ݕ








ݕ݀ݔ݀ < (ܾ − ܽ)ଶ 

5.104  

(ݔ)	݅ݏ = −න
݊݅ݏ ߠ
ߠ

ஶ

௫

 ߠ݀

(ݔ)ᇱ݅ݏ = −݈݅݉
ఏ→ஶ

݊݅ݏ ߠ
ߠ −

݊݅ݏ ݔ
ݔ ൨ =

݊݅ݏ ݔ
ݔ  

Now, 

ଵߗ = න
1
ݔ



ఊ

൫݅ݏ	(݁ଶݔ)− ݔ൯݀(ݔߨ)	݅ݏ = නቌන ݐ݀(ݔݐ)ᇱ݅ݏ
మ

గ

ቍ


ఊ

ݔ݀ = 

= න ቌන݅ݏᇱ(ݔݐ)݀ݔ


ఊ

ቍ
మ

గ

 ݐ݀

[Interchange order of integration] 

= න
(ݔݐ)	݅ݏ
ݐ


ఊ

మ

గ

ݐ݀ = න
−(݁ݐ)	݅ݏ (ݐߛ)	݅ݏ

ݐ

మ

గ

ݐ݀ = න
−(ݔ݁)݅ݏ (ݔߛ)݊݅ݏ

ݔ

మ

గ

ݔ݀ =  ଶߗ

 

5.105  

We consider the function ݂(ݔ) = ݔ ݈݊ ݔ for ,ݔ > 0 

݂ᇱ(ݔ) = ݈݊ ݔ + 1 > 0 ⇒ ݂ – convex 

 

Therefore, we apply the Hermite – Hadamard inequality for double integral: 

 

1
(ܾ − ܽ)ଶනන ݈݃ ൬

ݔ + ݕ
2 ൰

௫ା௬








≥ ቌ݈݃
ܽ + ܾ

2 + ܽ + ܾ
2

2
ቍ

ቀାଶ ାାଶ ቁ

= ݈݃ ൬
ܽ + ܾ

2 ൰
(ା)

⇒ 

⇒ නන ݈݃ ൬
ݔ + ݕ

2 ൰
௫ା௬









≥ (ܾ − ܽ)ଶ ݈݃ ൬
ܽ + ܾ

2 ൰
(ା)
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5.106  

For ܽ, ܾ > 0, ቀ
మାమ

ା
ቁ
ଷ
≥ ଵ

ଶ
(ܽଷ + ܾଷ) ⇔ 2(ܽଶ + ܾଶ)ଷ ≥ (ܽଷ + ܾଷ)(ܽ + ܾ)ଷ ⇔ 

⇔ 2(ܽ + 3ܽସܾଶ + 3ܽଶܾସ + ܾ) ≥ (ܽଷ + ܾଷ)(ܽଷ + 3ܽଶܾ + 3ܾܽଶ + ܾଷ) ⇔ 

⇔ ܽ + ܾ − 3ܽହܾ − 2ܽଷܾଷ − 3ܾܽହ + 3ܽଶܾସ + 3ܽସܾଶ ≥ 0 ⇔ 

⇔ (ܽଷ − ܾଷ)ଶ − 3ܾܽ(ܽଷ − ܾଷ)(ܽ − ܾ) ≥ 0 ⇔ (ܽଷ − ܾଷ)[ܽଷ − ܾଷ − 3ܾܽ(ܽ − ܾ)] ≥ 0 ⇔ 

⇔ (ܽଷ − ܾଷ)(ܽ − ܾ)ଷ ≥ 0 ⇔ (ܽ − ܾ)ସ(ܽଶ + ܾܽ + ܾଶ) ≥ 0 which is true 

Thus,  

,ݔ)ߗ ,ݕ (ݖ = ቆ
ଶ(ݔ)݂ + ଶ(ݕ)݂

(ݔ)݂ + (ݕ)݂ ቇ
ଷ

+ ቆ
ଶ(ݕ)݂ + ଶ(ݖ)݂

(ݕ)݂ + (ݖ)݂ ቇ
ଷ

+ ቆ
ଶ(ݖ)݂ + ଶ(ݔ)݂

(ݖ)݂ + (ݔ)݂ ቇ
ଷ

≥ 

≥
1
2

ଷ(ݔ)݂) + (ଷ(ݕ)݂ +
1
2

ଷ(ݕ)݂) + (ଷ(ݖ)݂ +
1
2

ଷ(ݖ)݂) + (ଷ(ݔ)݂ = ଷ(ݔ)݂ + ଷ(ݕ)݂ +  ଷ(ݖ)݂

∴ නනනݔ)ߗ, ,ݕ (ݖ




ݔ݀




ݕ݀




ݖ݀ ≥ නනන[݂(ݔ)ଷ + ଷ(ݕ)݂ + [ଷ(ݖ)݂












ݖ݀ݕ݀ݔ݀ = 

= 3(ܾ − ܽ)ଶන݂(ݔ)ଷ




 ݔ݀

5.107  

ସݔ + ଶݕଶݔ + ସݕ = ସݔ) + ସݕ + (ଶݕଶݔ2 − ଶݕଶݔ = ଶݔ) + ଶ)ଶݕ − ଶ(ݕݔ) =
(ଵ)

 

= ଶݔ) + ଶݕ + ଶݔ)(ݕݔ + ଶݕ −  (ݕݔ

Now, (ݔ − ଶ(ݕ ≥ 0 ⇒ ଶݔ + ଶݕ − ݕݔ2 ≥ 0 ⇒ ଶݔ2 + ଶݕ2 − ݕݔ2 ≥ ଶݔ + ଶݕ ⇒ 

⇒ ଶݔ + ଶݕ ≤
(ଶ)

ଶݔ)2 − ݕݔ +  (ଶݕ

(1), (2) ⇒ LHS ≤ ଷ
ଶ
⋅ 2∫ ∫ ൫௫మି௫௬ା௬మ൯ௗ௫	ௗ௬

(௫మା௫௬ା௬మ)(௫మି௫௬ା௬మ)




 = 3∫ ∫ ௗ௫	ௗ௬

௫మା௫௬ା௬మ




 ≤

ିீ
3∫ ∫ ௗ௫	ௗ௬

ଷ௫௬




  

= නන
ݕ݀	ݔ݀
ݕݔ









= නන
ݔ݀
ݔ










ݕ݀
ݕ = ൬݈݊

ܾ
ܽ൰
න
ݕ݀
ݕ





= ൬݈݊
ܾ
ܽ൰

ଶ

 

5.108  

ܫ = න
݈݊(1 + (ݔ
1)ݔ + (ଶݔ

ଵ



ݔ݀ = න ݈݊(1 + (ݔ
ଵ




ܣ
ݔ +

ݔܤ + ܥ
1 + ଶݔ ൨  ݔ݀

ܣ = ܤ;1 = ܥ;1− = 0 



397 
 

ܫ = න ݈݊(1 + (ݔ
ଵ




1
ݔ −

ݔ
1 + ଶ൨ݔ ݔ݀ = න

݈݊(1 + (ݔ
ݔ

ଵ



ݔ݀ − න
ݔ ݈݊(1 + (ݔ

1 + ଶݔ

ଵ



 ݔ݀

ܰ = න
݈݊(1 + (ݔ

ݔ

ଵ



ܯ;ݔ݀ = න
ݔ ݈݊(1 + (ݔ

1 + ଶݔ

ଵ



 ݔ݀

ܰ = න
݈݊(1 + (ݔ

ݔ

ଵ



ݔ݀ = (ݔ)݈݊ ݈݊(1 + (ݔ ቚ10 −න
݈݊ ݔ

1 + ݔ

ଵ



ݔ݀ = −න
݈݊ ݔ

1 + ݔ

ଵ



ݔ݀ = ଶ(−1)݅ܮ− =
ଶߨ

12 

ܯ = න
ݔ ݈݊(1 + (ݔ

1 + ଶݔ

ଵ



(ܽ)ܯ;ݔ݀ = න
ݔ ݈݊(1 + (ݔܽ

1 + ଶݔ

ଵ



 ݔ݀

(ܽ)ᇱܯ = න
ଶݔ

(1 + ଶ)(1ݔ + (ݔܽ

ଵ



ݔ݀ = න
ݔܣ + ܤ
1 + ଶݔ +

ܥ
1 + ൨ݔܽ

ଵ



 ݔ݀

ܣ =
ܽ

1 + ܽଶ ܤ; = −
1

1 + ܽଶ ܥ; =
1

1 + ܽଶ 

(ܽ)ᇱܯ = න
ܽ

1 + ܽଶ ݔ −
1

1 + ܽଶ
1 + ଶݔ +

1
1 + ܽଶ
1 + ݔܽ ݔ݀

ଵ



=
1

1 + ܽଶ
න
ݔܽ − 1
1 + ଶݔ

ଵ



ݔ݀ +
1

1 + ܽଶ
න

ݔ݀
1 + ݔܽ

ଵ



 

=
ܽ

1 + ܽଶ
න

ݔ
1 + ଶݔ

ଵ



ݔ݀ −
1

1 + ܽଶ
න

1
1 + ଶݔ

ଵ



ݔ݀ +
1

1 + ܽଶ
න

ݔ݀
1 + ݔܽ

ଵ



=
1
2 ݈݊

ܽ
1 + ܽଶ −

ߨ
4 ⋅

1
1 + ܽଶ +

݈݊(1 + ܽ)
ܽ(1 + ܽଶ) 

(ܽ)ܯ = (0)ܯ−(1)ܯ =  (1)ܯ

ܯ =
1
2 ݈݊ 2න

ܽ
1 + ܽଶ

ଵ



݀ܽ −
ߨ
4
න

1
1 + ܽଶ

ଵ



݀ܽ + න
݈݊(1 + ܽ)
ܽ(1 + ܽଶ)

ଵ



݀ܽ =
1
4 ݈݊

ଶ 2 −
ଶߨ

16 +  ܫ

ܫ = ܰ ܯ− =
ଶߨ

12 − ቆ
1
4 ݈݊

ଶ 2 −
ଶߨ

16 +  ቇܫ

ܫ =
ଶߨ7

96 −
1
8 ݈݊

ଶ 2 

5.109 

The inequality can be written as: 
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 ቀ1 + ଵ
ାଵ

∑ ଵ
ுೖ

ାଵ
ୀଵ ቁ

ାଵ
−∑ (ଵାுభ)(ଵାுమ)⋅…⋅(ଵାுೖ)

ுభ⋅ுమ⋅…ுೖశభ

ୀଵ > 2 

1
݊ + 1


1
ܪ

ାଵ

ୀଵ

+ 1 =
∑ 1

ܪ
ାଵ
ୀଵ

݊ + 1
+
݊ + 1
݊ + 1

=
∑ ቀ 1

ܪ
+ 1ቁାଵ

ୀଵ

݊ + 1
> ඩෑ൬1 +

1
ܪ
൰

ାଵ

ୀଵ

శభ

≻ 

≻ ൭1 +
1

݊ + 1


1
ܪ

ାଵ

ୀଵ

൱

ାଵ

> ෑ൬1 +
1
ܪ
൰

ାଵ

ୀଵ

 

We need to prove that 

 ∏ ቀ1 + ଵ
ுೖ
ቁାଵ

ୀଵ −∑ ቀ1 + ଵ
ுభ
ቁ

ୀଵ ቀ1 + ଵ
ுమ
ቁ ⋅ … ⋅ ቀ1 + ଵ

ுೖ
ቁ ⋅ ଵ

ுೖశభ
≥ 2 

ෑ൬1 +
1
ܪ
൰

ାଵ

ୀଵ

−൬1 +
1
ଵܪ
൰



ୀଵ

⋅ … ⋅ ൬1 +
1
ܪ
൰ ⋅

1
ାଵܪ

= Ω(݊ + 1) = 

= ൬1 +
1
ଵܪ
൰ ⋅ … ⋅ ൬1 +

1
ାଵܪ

൰ − ൬
1
ଵܪ

+ 1൰ ⋅ … ⋅ ൬1 +
1
ܪ
൰ ⋅

1
ାଵ௦ܪ

−൬1 +
1
ଵܪ
൰

ିଵ

ୀଵ

⋅ … ⋅ ൬1 +
1
ܪ
൰ ⋅

1
ାଵܪ

= ෑ൬1 +
1
ܪ
൰



ୀଵ

−(1 + (ଵܪ
ିଵ

ୀଵ

⋅ … ⋅ ൬1 +
1
ܪ
൰ ⋅

1
ାଵܪ

= Ω(݊) 

⇒ Ω(݊ + 1) = Ω(݊) = ⋯ = Ω(2) = ൬1 +
1
ଵܪ
൰ ൬1 +

1
ଶܪ
൰ − ൬1 +

1
ଵܪ
൰

1
ଶܪ

= 

= 1 +
1
ଵܪ

= 2 ⇒ෑ൬1 +
1
ܪ
൰

ାଵ

ୀଵ

−൬1 +
1
ଵܪ
൰



ୀଵ

… ൬1 +
1
ܪ
൰

1
ାଵܪ

≥ 2 ⇔ 

⇔ ൭1 +
1

݊ + 1


1
ܪ

ାଵ

ୀଵ

൱

ାଵ

−
(1 + (ଵܪ ⋅ … ⋅ (1 + (ܪ

ଵܪ ⋅ … ⋅ ାଵܪ



ୀଵ

> ෑ൬1 +
1
ܪ
൰

ାଵ

ୀଵ

−
(1 + (ଵܪ ⋅ … ⋅ (1 + (ܪ
ଵܪ ⋅ … ⋅ ܪ ⋅ ାଵܪ



ୀଵ

≥ 2 

⇔ 2 + 
(1 + ଵ)(1ܪ + (ଶܪ … (1 + (ܪ

ଶܪଵܪ ାଵܪ…



ୀଵ

< ൭1 +
1

݊ + 1


1
ܪ

ାଵ

ୀଵ

൱

ାଵ

 

(Q.E.D) 
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