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Daniel Sitaru, born on 9 August 1963 in
Craiova, Romania, is teacher at National
Economic College "Theodor Costescu" in
Drobeta Turnu - Severin. He published 36
mathematical books, last seven of these
"Math Phenomenon", Algebraic
Phenomenon", Analytical Phenomenon",
"The Olympic Mathematical Marathon"
and "699  Olympic Mathematical
Challenges",”Olympic Mathematical

Energy”,”Calculus Marathon” (the last one

with Marian Ursarescu), were very

appreciated world wide. He is the
founding editor of "Romanian Mathematical Magazine", an Interactive Mathematical Journal
with 5,000.000 visitors in the last three years (www.ssmrmh.ro).Many problems from his
books were published in famous journals such as "American Mathematical Monthly", "Crux
Mathematicorum”, "Math Problems Journal”, "The Pentagon Journal"”, "La Gaceta de la
RSME", "SSMA Magazine".He also published an impressive number of original problems in all
mathematical journals from Romania (GMB, Cardinal, Elipsa, Argument, Recreatii
Matematice). His articles from "Crux Mathematicorum" and "The Pentagon Journal" were

also very appreciated.



Marian Ursarescu, was born on 1st of
June 1965, in Focsani. He graduated
from A.l. Cuza University, Faculty of
Mathematics, in 1988. He is a teacher
of mathematics from 1988 at "Roman
Voda" National College in Roman.
Starting from 1990 until now, he had 47
pupils that participated on the
Mathematical National Olympiad,
which from 28 had obtained prizes and
Olympic mentions. He published over
100 problems and articles in

Mathematical National Gazette. Also,

he published several problms and articles in mathematical magazines such as
"Mathematical Recreations", "Romanian Mathematical Magazine", "Let's understand math."
A lot of his proposed problems had been selected in various mathematical contests,
olympiads and mathematical books. He co-authored "Functional Equations" together with M.

O. Drambe.



FROM AUTHORS

In July 2016 was founded “Romanian Mathematical Magazine” (RMM)
(www.ssmrmh.ro) as an Interactive Mathematical Journal.

Same date was founded “Romanian Mathematical Magazine”-Online
Mathematical Journal (ISSN-2501-0099) and “Romanian Mathematical
Magazine”-Paper Variant (ISSN-1584-4897).

It three years the RMM website was visited by over 5,000,000 people from all
over the world.

With over 7,000 proposed problems posted, over 11,000 solutions and many
math articles and math notes, RMM represents a big opportunity for young
mathematicians around the world to be recognized as great proposers and

solvers.

This book is a small part of RMM-Interactive Journal.

Many thanks to RMM-Team for proposed problems and solutions.
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CYCLIC INEQUALITIES-PROBLEMS

PROBLEM 1.01
Ifa,b,c = 0 then:

12+Z(a +1)(b4+1 11>21z\/5

Proposed by Daniel Sitaru-Romania
PROBLEM 1.02
Ifa,b,c € (0; +),abc = 1 then:
2 2 2 2 2 2
a‘+b* b +c* c“+a
Tttt < 2(a*+ b* + c*).

Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 1.03
Ifa,b,c > 0,a+ b+ c = 3 then:
5(a* + b*+c*) >12+a® + b + ¢
Proposed by Marian Ursdrescu-Romania
PROBLEM 1.04
Ifa,b,c > 0 then:

b3
Proposed by Daniel Sitaru-Romania

1 1 1
(7+a3+b3+c3)( tgtst )>100

PROBLEM 1.05
Fora,b,c > 0 Aab + bc + ca = 3abc. Prove:

vab__ Vb ea _3
(Va+vB)' (VB+ve) (Ve+va)' 16

Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 1.06

If a, b, c are positive real numbers such that a + b + ¢ = 3, then
ab? bc? ca? V3 7V3
+ + +—(@*+b*+c*)=>—
Vb2 +bc+c?2 Ve2+ca+a? Va?:+ab+b: 4 4
Proposed by Le Minh Cuong-Ho Chi Minh-Vietnam

PROBLEM 1.07
Ifa,b,c > 0,abc = 1 then:

a5+b5+ b5+c5+ c5+a5>3
a2 +b?  [b*+c%2 c2+a?™

Proposed by George Apostolopoulos-Messolonghi-Greece

PROBLEM 1.08
Ifa,b,c > 0,a+ b+ c = 3 then:

3+ 2 (st e 1) ” 2 s 72 )
12a+1 6b+1 10b+1 2a+1

Proposed by Daniel Sitaru — Romania




PROBLEM 1.09
Ifx,y,z>0,neN,n=>2,x3+y*+ 2> = 3 then:

X < 1
z y*+ z4 + y222 7 (xyz)*
Proposed by Seyran Ibrahimov-Maasilli-Azerbaidian
PROBLEM 1.10
Ifa,b,c = 0 then:

J“+b+Jb+C+JC+a >2(va+ Vb ++c) + Vab + Vbc + Vea

2 2 2

Proposed by Daniel Sitaru — Romania
PROBLEM 1.11
Ifa,b,c = 0 then:
3v3(a+ b)(b + ¢)(c + a) < 8y (a? + ab + b2)(b? + bc + c2)(c? + ca + a?)
Proposed by Daniel Sitaru — Romania

PROBLEM 1.12
Ifa,b,c > 0 then:

T T O ET ) S s

Proposed by Daniel Sitaru — Romania
PROBLEM 1.13
Ifx,y,z>0,x +y+ 2z =3 then:
! + ! + ! <3
Jx+y2+z2 x2+y+2z22 xr+yi+z
Proposed by Marian Ursarescu-Romania

PROBLEM 1.14
Fora,b,c > 0. Prove:

(a + b)a? (b + c)b3 (c+a)c >2(a+b+c)2
a?+ab+b? bZ+bc+c?: c2+ca+a?” 9

Proposed by Le Minh Cuong-Ho Chi Minh-Vietnam
PROBLEM 1.15
Forx,y,z > 0 A xyz = 1. Prove:
x y z x8 +y8 + 28
x12+2y4+1+y12+Zz4+1+212+2x4+1S 4
Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 1.16
Prove that for all non-negative numbers x,y, z satisfying x + y+z =1
y z 9
1< + + <-
1-yz 1—zx 1-—xy 8

Germany NMO

10



PROBLEM 1.17
If x,y and z are positive real numbers such that xyz > 7 + 5+/2, then:
x> +y*+z2-2(x+y+z)=>3.
Proposed by Neculai Stanciu-Romania
PROBLEM 1.18
If a, b and c are positive real numbers, then prove that
a(b—c) N b(c —a) N c(a—Db) >
cla+b) ab+c) b(c+a)
Proposed by Neculai Stanciu — Romania

PROBLEM 1.19
If x, y and z are positive real numbers, then prove that

(x+y)(y+2)(z+x)
x+y+2z)(xy+yz+zx)

8
2_
9

Proposed by Neculai Stanciu-Romania
PROBLEM 1.20
If0 <a,b,c <1then:
1 1 1 9

+ + >
a+a® b+bdP c+c¢ " 3+ a2+ b2+ c?

Proposed by Daniel Sitaru — Romania
PROBLEM 1.21
Ifa,b,c > 0,ab + bc + ca = 6abc then:

1 1 1 a+b+c
< B —

+ + <3+
Jab(a+b) bc(b+c) /ca(c+a) 4abc
Proposed by Daniel Sitaru — Romania

PROBLEM 1.22
If x,y > 0 then:

x+1 y+1 1 12
4<x+ )<y+ )S<2+x+y+—+—>
y X Xy
Proposed by Mihalcea Andrei Stefan-Romania
PROBLEM 1.23

Ifa,b,c > 1,ab + bc + ca = abc then:

abc + bca® + cab® > a?b?c?
Proposed by Daniel Sitaru — Romania
PROBLEM 1.24
Ifa,b,c,d,e > 0,c +d+ e =1 then:
4 b 4 4

@+§)+(a+a)+(a+9 > 3(a+ 3b)*

Proposed by Daniel Sitaru — Romania
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PROBLEM 1.25
Ifx,y,z,t > 0 then:

z yzt >i
3 3 3 3727

(Vztx + 3ftxy + 3/xyz)

Proposed by Daniel Sitaru — Romania
PROBLEM 1.26

Ifa,b,c > 1 then:

1 T T T 1
—sin —S n—Sln—
2V2 3b J(@?+ b2 +2)(b2 + c2 +2)(c2 + a% + 2)

Proposed by Daniel Sitaru — Romania
PROBLEM 1.27
Fora,b,c € (0,+x) Ax,y € [1;+). Prove:
a* b* c* (a+b+c)*?
+ + = —
(b+c) (a+c)Y (a+b) 2y3x-y-1

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 1.28

Ifa,b,c € (0,1),a% + b* + ¢ = /3 then:
1 1 11
(1-a¥a-(1-b¥)b-(1—-c?)ec< =
Proposed by Daniel Sitaru — Romania
PROBLEM 1.29
Ifa,b,c = 0 then:
3¢-(a®+b®+c®)"<3"-(a™+ b™ + c™)¢
Proposed by Daniel Sitaru — Romania
PROBLEM 1.30
Ifa,b,c = 0 then:

b2 + 2 + b%/c? + a? + 2\ a2 + b2 = \/(a? + b?)(b? + ¢2)(c? + a?)

Proposed by Daniel Sitaru — Romania
PROBLEM 1.31
Ifx,y,z>0,x+y+z =3 then:
Z\/(x+y+1)(y+z+1) < 6+Z

x +Z
2+ZZ

Proposed by Daniel Sitaru — Romania
PROBLEM 1.32
Ifx,y,z > 0 then:
(x* +yH?2 + (y* + 24?2 + (2* + x1)?

Jxt +yt+ 24

> 4V3x2y27?

Proposed by Daniel Sitaru — Romania
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PROBLEM 1.33
Fora,b,c,d = 1. Prove:
1 1 1 1 4

+ + + >
1+a* 1+b* 1+4+c¢* 1+d* ™ 1+ abcd
Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 1.34
Ifx,y,z,t > 1 then:

R T R A L A R A T
Proposed by Daniel Sitaru — Romania
PROBLEM 1.35
If x,y,z > 0 then:
1 1 1 2xyz,/3(x% + y2 + z2)
x% +y? + 272 * y? + z% + 2x? TE 2y? = (x2 + y2)(y? + z%) (2% + x2)
Proposed by Daniel Sitaru — Romania

PROBLEM 1.36
Ifx,y,z > 0 then:
9 yz_ \} 10,3.,3.,3
8(x+y+2) Z(—> > 3% °y°z
Xy + xz
Proposed by Daniel Sitaru — Romania
PROBLEM 1.37

If0 <x,y,z<2,./xy+./yz+zx = 3 then:
3+Jy2—x)+/2(2-y)+/x(2-2)
vz < VX + .y ++z =2

Proposed by Daniel Sitaru — Romania

PROBLEM 1.38
Fora,b,c € (0; 1] Am € N*. Prove:
1 1 1 _ 32

+ + <
Vi+am J1+bm 14+ cm 1+(abc)%

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 1.39
Leta,b,c € (0;+x) Aab + bc + ca = 3. Prove:
1
1 N 1 N 1 <3\/36(1+1+1>§
Vaz+3 Yp2+3 Yc2+3~ 2 \a c

b

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 1.40
Ifa,b,c € R, then:
(a® + b3 + ¢ — 3abc)? < (a? + b? + ¢?)3
Proposed by Daniel Sitaru — Romania

13



PROBLEM 1.41
Ifa,b,c>0,a+b+c=3then: a*+b*+c* >3

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 1.42
Ifa,b,c > 0,abc = 1 then:
1 1

+ + <1
a*+b*+c b*+ct+a ct+a*+b

Proposed by Marian Ursdrescu — Romania

PROBLEM 1.43
Ifa,b,c > 0,abc = 1 then:

(al® + b1%)(a3? + b3?) - 1 4 1 4 1
Proposed by Daniel Sitaru — Romania

PROBLEM 1.44
Ifa,b,c > 0,a+ b+ c = 3 then:
1 N 1 N 1 - 3
a’?+1 b%2+1 c2+1 2
Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 1.45
Ifa,b,c,d > 0 then:
a
a3+bcd+b3+cda+c3+dab+d3+abc
Proposed by Daniel Sitaru — Romania

7 b7 C7 d7
> 2abcd

PROBLEM 1.46
Ifx,y,z,t > 0 then:

1 x? y? z? t? Va2 iy V22 Ve
- + + + > + + +
/xyzt x+1 y+1 z+1 t+1 x+1 y+1 z+1 t+1

Proposed by Daniel Sitaru — Romania
PROBLEM 1.47
If0 <a,b,c < 3 then:
< 4 b b +2“”C<89+1
“14+bc 14+ca 1+ab o 10
Proposed by Daniel Sitaru — Romania

1

PROBLEM 1.48
Ifx,y,z > 0 then:
2+ +1)(2%2+1) - (xy+1)(yz+1)(zx + 1)
2y + 1D)(y2z2 +1)(2%2x2 +1)  (x*+ 1)+ 1D)(z4+ 1)
Proposed by Daniel Sitaru — Romania

14



PROBLEM 1.49
Ifa,b,c € R then:
(a—b)2(b—c)*(c—a)? < 3(a® + b + c*)(a* + b* + ¢*)
Proposed by Daniel Sitaru — Romania
PROBLEM 1.50
Ifx,y,z > 0 then:
7

x 8 \ y; 8 \ z 8 3
) Aleas) 5 ) =)
3 \3y+5z 3\3z + 5x 3 \3x+ 5y x+y+z

Proposed by Daniel Sitaru — Romania

6

PROBLEM 1.51
Ifa,b,c > 0,a+ b+ c = 3 then:

Z(a+b—c)3 -Z(a+b—c)5 > 9abc
Proposed by Daniel Sitaru — Romania

PROBLEM 1.52
fl<a<x,1<b<y1<c<zthen:

V2(a+ x)(b + y)(c+ 2)
(a+1)(b+1)(c+1)

</ (abc)? + (xyz)?

Proposed by Daniel Sitaru — Romania

PROBLEM 1.53
Ifa b,c,d>0,a+b+c+d=1then:
2%abcd(1 —a)(1-b)(1-c)(1—-d) <81

Proposed by Daniel Sitaru — Romania
PROBLEM 1.54
Letx,y,z € (0;+o) Axyz =1and 6 > 1. Prove:
1

> 31—0

1
gt gt 0
vx+xy) (2y+yz) (2Vz+zx)
Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 1.55
Ifa,b,c € N,a+ b + c = 8 then:
81 1

>
(a+1D)(b+1)(c+1)" 327
Proposed by Daniel Sitaru — Romania

PROBLEM 1.56
Ifa,b,c € R, a?+ b? + ¢ = 3 then:
2(a*+b*+cH +12>3@@+b*+c2+a+b+o)
Proposed by Daniel Sitaru — Romania
PROBLEM 1.57
Ifa,b,c > e then:
(In(ae))(In(be))(In(ce)) + 4 = 4 In(abc)
Proposed by Daniel Sitaru — Romania

15



PROBLEM 1.58
If a, b,c > 0 then:
22+ b2+ c2+ad+b3+c3)<V2- z ab + bé + V4 - z Vas + bs
cyc(a,b,c) cyc(a,b,c)
Proposed by Daniel Sitaru — Romania
PROBLEM 1.59

If a, b,c > 0 then:
2

a E £ 2 2 2 i i l
(eb+eC+ea) <(e" + e’ +e“)( ea® + eb? + ec?

Proposed by Daniel Sitaru — Romania

PROBLEM 1.60
Let A ABC A abc = 1 and x € (0;1). Prove:
1 1 1 3

< —
(a? + 2ab + 3)* + (b2 + 2bc + 3)* + (c2+2ca+3)* " 6*

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 1.61
Ifx,y,z > 0,x* + y* + z* = x2y?2? then:
2% +zy?\  (xy? +x22\°  (yZ® + za2\° -
< xt + y* ) +< yt+z* > +< z* + x* ) =1
Proposed by Daniel Sitaru — Romania
PROBLEM 1.62
Ifx,y,z > 1,xyz = 2/2 then:
X +y' +z°+y*+2¥V +x*>9
Proposed by Daniel Sitaru — Romania
PROBLEM 1.63
Ifx,y z> o,xis + yl3 + Zis = 1 then:
y3+23+3

3 > 3xyz

cyc(x,y,z)
Proposed by Daniel Sitaru — Romania
PROBLEM 1.64
Leta,b,c € [0;+x) Aa+ b+ ¢ = 3. Prove:
a? + b* + ¢* < 81 + abc

Proposed by Nguyen Van Nho-Nghe An-Vietnam

z (1 1)+2 Z bcz(ab+1)>6
a:b? ab )a(b2c2+1)_

cyc(a,b,c) cyc(a,b,c

PROBLEM 1.65
Ifa,b,c > 0 then:

Proposed by Daniel Sitaru — Romania

16



PROBLEM 1.66

Ifx,y,z > 0,\/xy +\/[yz + Vzx = 3,/xyz then:
@ +DO*+1) P*+1DEE+1D) (P +DEE+1)
B+D3+1) O3 +DE+1) * (Z+1D3+1) =

Proposed by Daniel Sitaru — Romania
PROBLEM 1.67
Ifx,y,z = 0 then:

2
(\/xz +y2+y2 + 22 +22 + xz) > 2,/3(x2y? + y2z2 + z2x2)

Proposed by Daniel Sitaru — Romania
PROBLEM 1.68
Ifa,b,c> 0, a3+ b3+ ¢ = 3 then:

a2+13+ b2+13+ c2+13>3
a+1 b+1 c+1 -

Proposed by Daniel Sitaru — Romania

PROBLEM 1.69
Letx,y,z>0AXx+y+ 2z < 1.Prove:

1
3 —>2
x+y+2) +xyz_ 8

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 1.70

Ifa b,c €N a,b,c > 4 then:
1 1 1

aa+1 - pp+1 - cc+1 > (a + 1)a+2 (b + 1)b+2 (c+ 1)c+2

Proposed by Daniel Sitaru — Romania
PROBLEM 1.71
Ifx,y,z,t € [-55,x+y+z+t=0then:

V25 —x2 +/25 —y2 +/25 — 22 + /25 — 2 < 20

Proposed by Daniel Sitaru — Romania
PROBLEM 1.72
Ifa,b,c > 0 then:

§(va Vb e
Zail_SZaiZ Za+3 atd <a2+b2+cz>

PROBLEM 1.73
Ifx,y,z € (0,1),x% + y° + z° =% then:

)+

6

) + () =¥

Proposed by Daniel Sitaru — Romania

17



PROBLEM 1.74
If x,y,z > 0 then:
x+y*+1 (y+2)*+1 (z+x0*+1 - 1(1 1 1>

x+y)°+1 (y+2°+1 (z+x)°¢+1" 2\x y z
Proposed by Daniel Sitaru — Romania

PROBLEM 1.75

Ifa,b,c > 0,a+ b+ c = 3 then:

1
a6+b6+c6+§((3—a)6+(3—b)6+(3—c)6) >9
Proposed by Daniel Sitaru — Romania

PROBLEM 1.76
Ifa,b > 0 then:

2ab a+ b\? 2ab \? a+ b\?
( _ab + ) +abs< ) +( )
+ 2 a+b 2

Proposed by Daniel Sitaru — Romania
PROBLEM 1.77
Let a, b,c > 0. Prove:

((a+b)(b +O)(c+a))

J(a% + b2)(b? + c2)(c? + a?)
Proposed by Nguyen Van Nho-Nghe An-Vietnam

> 16V2abc

PROBLEM 1.78
Letx,y,z > 0 and[] x = 1. Prove:

82x\/§£3x/§ﬂ(x+y)

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 1.79
Let x,y,z > 0 and xyz = 1. Prove:

82x@£3\/§n(x+)’)

Proposed by Nguyen Van Nho-Nghe An-Viethnam
PROBLEM 1.80
Ifx,y,z > 0 then:
8 8 4 4 2 2

x® y 2 x* y 2 Xty g x N\
— 3 . — 4 . — 3] > — 4=
Z (ys * x8> Z <y4 * x4> Z <y2 * x2> - (Z (y * x))
Proposed by Daniel Sitaru-Romania
PROBLEM 1.81

Ifx,y,z > 0,xyz = 9 then:
2

x+y g y+z 2 zZ+x
G2 e (L) 5 () 2
Vx +./y Jy++z Vz +Vx
Proposed by Daniel Sitaru — Romania

18



PROBLEM 1.82
Ifa,b,c,d >0,a+ b+ c+d = 4 then:
(a+1D)(b+1D)(c+1)d+1) -
abcd -

16

Proposed by Daniel Sitaru — Romania
PROBLEM 1.83
Leta,b,c € (0;+x)Aa+ b+ c = 3. Prove:

1 1 1 1 1 1
B+ —+—+ [BB+—+—-+ [B++=>3V3
\/a +a2+a+j +b2+b+\/c + 3+

Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 1.84
Ifa,b,c = 0 then:

3
e2V3(atb+o) > ((a2 +a+1D)B*+b+1)(c?+c+ 1))
Proposed by Daniel Sitaru — Romania

PROBLEM 1.85
Leta,b,c € (0,) then9(a? + b* + )2 > 8(a+ b + c)(a® + b3 + ¢3)
Proposed by Richdad Phuc — Hanoi — Vietnam
PROBLEM 1.86
1) If a, b, c, k are nonnegative real numbers such that a + b + ¢ > 0, then
ab bc ca - a+b+c
b+2kc+k2a+c+2ka+k2b+a+2kb+k2c_ 1+ k)%
2) If x,y, z are nonnegative real numbers and a, b, c are positive real numbers such that
4ab > c?, then
xy yz ZX < x+y+z
ax+by+cz+ay+bz+cx+az+bx+cy_a+b+c'
Proposed by Le Khansy Sy-Long An-Vietnam

PROBLEM 1.87
Ifa,b,c > 0 then:
c+a a+b b+c

+ +
c+b a+c b+a
Proposed by George Apostolopoulos — Messolonghi — Greece

a b c
b ¢ a
PROBLEM 1.88

Prove thatif a,b,c > 0 then:

(Vab + Vbc + \/5)6 < 27(a? + ab + b?)(b? + bc + c?)(c? + ca + a?)
Proposed by Daniel Sitaru — Romania
PROBLEM 1.89
Ifa,b,c > 0,a+ b+ c = 3 then:
a* N b* N ct - a? + b? + ¢?
b*/2c(@3+1) c*J/2a(b3+1) a*/2b(c3+1) 2

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam
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PROBLEM 1.90
Ifa,b,c>0,a*+ b* + c¢* = 1 then:

a’ + b’ N b7 + ¢’ N ¢’ +a’ > 3(a2b? + b2c® + c2a?) — 2
ab(a+b) bc(b+c) ca(c+a) “ cres

Proposed by Marin Chirciu — Romania
PROBLEM 1.91
Let be: a, b, c > 0. Prove that the following relationship holds:
abc (a? — ab + b?*)(b? — bc + b*»)(c* — ca + a?)

<
7V7 ~ /(a? + 5ab + b%)(b? + 5bc + ¢2)(c? + 5ca + a?)
Proposed by Daniel Sitaru — Romania

PROBLEM 1.92
Ifa,b,c > 0,a® + b® + ¢® = 9 then:

a+b b+c c+a

+ +
(a3Vh + b3Va)"  (b3Vec+c3Vb).  (c3Va+ a3Ve)’

Proposed by Daniel Sitaru — Romania

>1

PROBLEM 1.93
Ifa,b,c > 0,a+ b+ c = 1 then:

5(Vab + Vbe + vea) < Y /(a+ 4b)(2a + 3b)3a+ 2b)(4a + b) <5

Proposed by Daniel Sitaru — Romania

PROBLEM 1.94
Ifa,b,c € (0; +x) and k € R, prove that.
a b ¢ (k—1)* (k*+2k+13)(a?+b%*+c?)
—+—+—+ >
b ¢ a 2 2(a+ b+ c)?
Proposed by Le Khanh Sy-Long An-Vietnam

a’® a’ 2(a? + b? + ¢?)
3 +). >
(2a + 3b)3 (2a + 3c¢)3 125

Proposed by Daniel Sitaru — Romania

PROBLEM 1.95
Ifa,b,c > 0 then:

PROBLEM 1.96

Ifa,b,c > 0,a # b # ¢ # a then:
1 1 1 1 1 1 81

@—b)2 B-0? c—aZ ab bc ca H@+BZ+D)

Proposed by Daniel Sitaru — Romania
PROBLEM 1.97
Ifa,b,ce Ra+b+c+a
w =min(la+ b|,|b+c|,|c+ a|),? = max(|a|, |b|,|c|) then:
1 /ala|l — b|b| b|b|—c|c| c|c|— ala|
3( a—b * b-c * c—a ><2'Q
Proposed by Daniel Sitaru — Romania
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PROBLEM 1.98
Ifa,b,c > 0,a+ b+ c = 1 then:
a3 + b3 + C3 + 6abc > aa2+2bc . bb2+2ac . cc2+2ab
Proposed by Daniel Sitaru — Romania
PROBLEM 1.99
Ifa,b,c € R then:
Z:(a2 + b% — c?)? + BZ a’b? > 27abcVabc
Proposed by Daniel Sitaru — Romania
PROBLEM 1.100
If x,y = 0 then:
(o +y3)3(x* —xy +y?) 2 2*y%/xy(x® + y?)?
Proposed by Daniel Sitaru — Romania
PROBLEM 1.101
Ifa,b,c € (0,) then:
adb8 + b8¢® + cad > aSh5c>/27(a* + b* + ¢*)
Proposed by Daniel Sitaru — Romania

PROBLEM 1.102
Ifa,b,c>0,a® + b%? + c* =26(a+ b + c) then:
1 1 1 1

+ + =
Vva+b? Vb+c2 Jec+a? Va+b+c
Proposed by Daniel Sitaru — Romania

PROBLEM 1.103
Ifa,b,c € (0,) then:

3v2
Z(azb + abVab + ab?) < T\/—Z Vas + bs

Proposed by Daniel Sitaru — Romania
PROBLEM 1.104
Ifa,b,c,d > 1,abcd = e* then:
Ind Inc Inb Ina

log, (ab?c?) * log.(da?b3) + log,(cd?a3) + log,(bc?d?3)

N

> —
3

Proposed by Lazaros Zachariadis-Thessaloniki-Greece
PROBLEM 1.105
Ifx,y,z > 0 then:

x2+y*+z22+xy+yz+zx>23xyz(x+y + z)
Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 1.106
Ifa,b,c > 0,a+ b+ c = 3 then:

\/Z—E(\/E+\/E+\/E+3)2\/a+b+\/b+c+\/c+_a

Proposed by Nguyen Van Nho-Nghe An-Vietham
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PROBLEM 1.107
Ifx,y,z>0,x+y+z =3 then:

1 4 1 N 1 +3>16( 1 N 1 N 1 )
(x+y)3 (y+2)32 (z+x)3 8 2x+y+2z)3 (x+2y+2)3 (x+y+2z)3

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 1.108
Ifa,b,c,d >0,a+ b+ c+ d = 4 then:
(a+1)(b+1)(c+1)(d+ 1)

> 16
abcd

Proposed by Daniel Sitaru — Romania

PROBLEM 1.109

Ifa,b,c > 0,a+ b+ c < 1 then:
2

b a b c
ﬁ+—+—+1—a b_C>(E+Z+E+1_a_b_C)

Proposed by Daniel Sitaru — Romania
PROBLEM 1.110

Ifa,b = 1 then:

|(i/a2b — 3\/abz) (i/a“b — i/ab4)| < (a—b)?
Proposed by Daniel Sitaru — Romania

PROBLEM 1.111

Ifa,b,c > 0 then:
2

b c a b c
(“+b+c)<b10 1°+a_) <b5+_+ )
Proposed by Daniel Sitaru — Romania
PROBLEM 1.112

IfO<a,b,c< gthen.-
( a+b+c (ab + bc + ca))‘”b+c - (sin b)“ (sin C)b (sin a)c
ab+bc+casm a+b+c “\ b c a

Proposed by Daniel Sitaru — Romania

PROBLEM 1.113
Ifa,b,c = 0 then:

3abc < +a? + b2 +c%-a3 + b3 +c3 - Yas + b5 + b

Proposed by Daniel Sitaru — Romania
PROBLEM 1.114

x+y y+z z+x ]
Ifx,y,z>0, gz 2o 2 then:

3;\:2 +xy +2y* 3y*+yz+2z7° N 322 + zx + 2x?
2x2 + y? 2y?% + z2 27% + x2
Proposed by Daniel Sitaru — Romania
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PROBLEM 1.115
Ifa,b,c > 0 then:
a® - bb .- (4-(1 +4b + 4C)a+b+c > 3a+b+c . (a + b)a+b . (b + c)b+c . (C + a)c+a

Proposed by Daniel Sitaru — Romania
PROBLEM 1.116
Ifx,y,z=0,x +y+z =2 then:
2 X y z 18

< < —
551+x2 142 1+22-13

Proposed by Vasile Mircea Popa-Romania

(@ + (50 ) a0+ 52 ) (@ oy
(Canpvap + (2 )) Haby®

Proposed by Daniel Sitaru — Romania

PROBLEM 1.117
Ifa,b > 0 then:
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ACYCLIC,ASYMMETRICAL INEQUALITIES
PROBLEMS

PROBLEM 2.01
Ifa,b>0,a+ b+ c+d = 0then:

42 a® > 3(a + b)(ac + ad + bc + bd + 4cd)
Proposed by Daniel Sitaru — Romania
PROBLEM 2.02
Ifa,b,c,d > 0 then:

4
(2a2VBYEYE + 20V aa + 3 BV ar o5 + 2 ar V@b E) (o) 2 27

a 3
Proposed by Uche Eliezer Okeke-Anambra-Nigeria
PROBLEM 2.03
Ifa b,c,d > 0,x,y € R then:
sin’x cos*x sin’y cos®’y 2
a + b + c d >a+b+c+d
Proposed by Daniel Sitaru-Romania

PROBLEM 2.04
Ifa,b,c,d, e, f > 0 then:
6
(@ +b®* (*+d%) (e7+f7)8
(c6 +d®)5 (e8 + f8)7 (a*+ b*)3
Proposed by Daniel Sitaru-Romania

>1

PROBLEM 2.05
If 0 < a < b then:

1+ ) =(1+ )
( 4 4

Proposed by Daniel Sitaru-Romania
PROBLEM 2.06
If0 <x <y< zthen:

@+e* (1+ e* + e?)?
2+e¥)(2+e?)  (1+eY+e?)(1+ e%+ e??)
Proposed by Daniel Sitaru-Romania
PROBLEM 2.07
Iifa,b,c,d e N,1<a<b<c<dthen:
4log,.1a<log,,1a+1og,,1b+log..1c+logg,1d<4logy,1d

Proposed by Daniel Sitaru — Romania

24



PROBLEM 2.08
Ifa,b,c,d > 0 then:
(at+vp) (Va+¥b+¥e) (Va+Vb+¥er¥Va)'

a+b a+b+c a+b+c+d -
Proposed by Daniel Sitaru — Romania

PROBLEM 2.09
Ifa,b,c = 0 then:

3 2 3
Proposed by Kiran Kedlaya-Berkeley-California-USA

a+\/ﬁ+mg3\/a<a+b)(a+b+c>

PROBLEM 2.10
Prove that if x,y,z > 0 then:

benle [

Proposed by Daniel Sitaru — Romania

PROBLEM 2.11
Prove thatif a,b,c > 0 then:

2b 4c
/ + + )
c+a a+b b+c c+a a+b

Proposed by Daniel Sitaru — Romania

PROBLEM 2.12
If0 <a<b<cthen:
(a—b)eve+ (b—c)ava+ (c—a)bVb <0
Proposed by Daniel Sitaru — Romania
PROBLEM 2.13
If a, b, c be positive real number such that a < b < c then
a b c 1 1
Z<E+Z+ )+3>(a+b+c)( +3+ )
Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam
PROBLEM 2.14
Ifa,b,c,d,e > 0,2b=a+ c,2c = b + d then:
a’+b%+c? +d? > 4e(a +d — Ve)

Proposed by Daniel Sitaru — Romania
PROBLEM 2.15
Prove that if x, y and z are in [—5, 3] then
J3x—5y—xy+15+./3y—5z—yz+15+V3z—5x —xz + 15 < 12
When does equality occur?

Hungary NMO
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PROBLEM 2.16
Ifa,b,c,d > 0,abcd = 1 then:

(b + d)+<b + d><1(b+b+d+d)
Ybo+a d+va)  “brc T dye) ST IeT@TAA

Proposed by Daniel Sitaru — Romania
PROBLEM 2.17
In AABC, a + b the following relationship holds:

(2b + 2c — 3Yabc) (1 + (Va - \/—))
(Va - \/—)(1+a+b+c—3\/_)

Proposed by Daniel Sitaru — Romania

PROBLEM 2.18
Let a, b, c be positive real numbers such that:

ab > 6
+ 3b 4+ Zc abc 4 67
8 3 9 4a

Find the minimum value of the expression:
P=3a+2b+c
Proposed by Do Quoc Chinh-Vietnam
PROBLEM 2.19
Ifa,b,c = 1 then:
(1+a+a2)(1+b+b2+b3)(1+c+c2+c3+c4)<
(1+a®)(1+b3(1+c*) -2
Proposed by Daniel Sitaru — Romania

PROBLEM 2.20
If0 <a<bandcd,e > 0 then:

(a+cx/_+b)(a+d\/_+b)(a+e\/_+b)

(c+2)(d+2)(e+2)
Proposed by Daniel Sitaru — Romania

PROBLEM 2.21
If0 <a<b < cthen:

3
3a’b < 1_[ \/a3 + abVab + b3 < 3bc?

Proposed by Daniel Sitaru — Romania
PROBLEM 2.22
Ifa,b,c = 0 then:
2a* + 6ab + 7b* > 2%(55\/ a’b3 — %)
Proposed by Daniel Sitaru — Romania

PROBLEM 2.23
If0 <x,y,z < athen:

Va2 —xz+ 22 +\y2 + 22 + Jx2 + xy + y2 < a(1 + V2 +V3)

Proposed by Daniel Sitaru — Romania
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PROBLEM 2.24
Ifx,y,z,t > 1 then:
Xy +2yz+2zt+2xz+ty+tx+9

2x+2y+3z+ 2t

Proposed by Daniel Sitaru — Romania
PROBLEM 2.25
Ifx,y,z,t > 0 then:
(x® +y9)2(x* + y* + 293 (x3 + y3 + 23 + £3)* <1152
(x12 + y12)(x12 4 y12 4 212)(x12 4 Y12 § 712 4 ¢12) =

Proposed by Daniel Sitaru — Romania
PROBLEM 2.26
If0 <a<b<cthen:
1 1 1 1

+ < +
1+erbtc 14+eb™1+e* 1+ef

Proposed by Daniel Sitaru — Romania
PROBLEM 2.27
Ifa,b € R,|3a+ 4b + 2| =5 then:
a’*+b*+4b+7 > 4a

Proposed by Daniel Sitaru — Romania
PROBLEM 2.28
Ifa,b,c > 0,a? + b?> = 1,b? + ¢* = 1 then:

a+c
a+2b+c+——=>4+2V2
abc

Proposed by Daniel Sitaru — Romania
PROBLEM 2.29
Ifa,b,c > 0 then:

<a4 b8 5%)(5% b8 *

4-+8+ 8

L - 27(abc)*
8 8 4

~ (ab + bc + ca)?

Proposed by Daniel Sitaru — Romania
PROBLEM 2.30
Ifa > b = cthen:
vaz — b2 +b? —c ++a% —c2 +V2(a+b+c)=+a?+b%+/b?+c?++a?+ c?
Proposed by Daniel Sitaru — Romania

PROBLEM 2.31
fO0<a<b<c<d< ethen:

2vVab + 33abc + 4Vabcd < 9¥abcde

Proposed by Daniel Sitaru — Romania
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PROBLEM 2.32

(a+b+c+d)?* (a+b+c)3 (a+b)?
o ——— = = >
Let be x 256 abed ’ 27abc ’ 4ab ’ a, b' ¢ d 21
Prove that:

ab(1+c+cd)(x+y+z) < 3(abcdx + abcy + abz)
Proposed by Daniel Sitaru — Romania

PROBLEM 2.33
Letbe:a,b,c,d >20,p=>q=>r=>0

a+b+c+d a+b+c a+b
X ZT_ 4\/abcd,y = —s - 3\/abc,z = > —+vab

Prove that:
3(px+3qy+2rz) > (4x+3y+2z2)(p+q+71)
Proposed by Daniel Sitaru — Romania

PROBLEM 2.34
If0<z<y<x<§then:

y

sinx sinx+siny S 63 (x)z
siny sinz T

Proposed by Daniel Sitaru — Romania

PROBLEM 2.35
Ifa,b > 0,a+ b+ c = 0 then:

6(a® + b® + %) > 5(2ab + c?)(2abVab + c?)

Proposed by Daniel Sitaru — Romania
PROBLEM 2.36
Let x,y, z be positive real numbers such that xyz = x + 27y + 125z.
Prove that: x +y +z > 27

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
PROBLEM 2.37
Ifa,b,c,d e R,a<b < c <dthen:

e — e + eb _ed > 2(\/ea+b _\/ec+d)

Proposed by Daniel Sitaru — Romania
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PROBLEM 2.38
Ifa,b,ce R,a+b =>0,a <c<bthen:

a+b
2 sinh (T) < sinh(c) + sinh(a+ b — ¢) < sinh(a) + sinh(b)

Proposed by Abdallah El Farissi — Bechar — Algerie
PROBLEM 2.39
Ifa,b,c,d € R then:
2(ad — bc)* + 2(ac + bd)* = (a®? + b?)?(c? + d?)?

Proposed by Daniel Sitaru — Romania
PROBLEM 2.40
If0<x<yab,c>0

A= a+b+c,B — ab+bc+ca, C = 3abc then:
3 a+b+c ab+bc+ca
3(Ax + Cy + B/xy)
A+B+C2>=
xX+y+.xy

Proposed by Daniel Sitaru — Romania
PROBLEM 2.41
If0<a<hb<cxy=0then:
(9a + 12b + 18¢c)(x* + y*)? + (18a + 12b)xy >
> (a+b+c)(13x% + 10xy + 13y?)

Proposed by Daniel Sitaru — Romania
PROBLEM 2.42
If0 <a,b <1then:
a+1+b+3

o5 3a (1-a)el™P<e+4

Proposed by Daniel Sitaru — Romania

PROBLEM 2.43
Ifa,b,c > 0 then:
(a+2b+c)(a*+b*+c*+ab+bc—ac)+4=>6b+3a+3c

Proposed by Rustem Zeynalov-Baku-Azerbaidian
PROBLEM 2.44
If2<a<b<cthen:

(VB +e) (a* + )+(¢— \/_)<b2 ) (\/_+\/_)<c+ )

Proposed by Daniel Sitaru — Romania
PROBLEM 2.45
If0 <a<b<c<dthen:

3va + 3Vb + 2¥c + ¥d > Yab + Vabc + Vabcd

Proposed by Daniel Sitaru — Romania
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PROBLEM 2.46
Ifa,b,c > 0,a®* + b? + c¢? = 4 then:

6
a abc

1 1 12
bTc
Proposed by Daniel Sitaru — Romania
PROBLEM 2.47
If0<a<3,0<b<50<c<7then:
Va+1+Vp+1+Vc+1<6
Proposed by Daniel Sitaru — Romania

PROBLEM 2.48
If0 < a < b then:
3a<a3+b3_I_¢15+b5_|_a7+b7<3b
“a?+b%? a*+b* a®+bé"
Proposed by Daniel Sitaru — Romania

PROBLEM 2.49
Ifa,b,c = 0 then:
a+b+c>(Ya+ Vb)Vabc
Proposed by Daniel Sitaru — Romania
PROBLEM 2.50
If1 <a<b<cthen:
b3—a® ¢-b> ¢"-a’ b*-a* ®-b° B-ad
3 + 5 + 7 < 4 + 6 * 8
Proposed by Daniel Sitaru — Romania

PROBLEM 2.51
If0 <a<b < cthen:

9(a + b)Vab + 6(a + b + ¢)3abc + 18¢>
(5a+ 5b + 8¢)(c + Vab + Vabc)

Proposed by Daniel Sitaru — Romania

PROBLEM 2.52
Ifa,b,c > 0,abc = 1 then:
a b c 7
+ + ==
1+a 1+a)(1+b) A+a)(1+b)(1+c) 8
Proposed by Daniel Sitaru — Romania

PROBLEM 2.53
Ifa,b,c,d > 1 then:
1+a)*(1+b)?*(1+0) - 64
(14+ab)(1 +abc)(1+abecd) — 1+b)(1+c)(1+d)
Proposed by Daniel Sitaru — Romania

PROBLEM 2.54
If0<x<y<z<1then:

T
(y—z)tan‘1x+(z—x)tan‘1y+(z—y)tan‘lz<5—logz

Proposed by Daniel Sitaru — Romania
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PROBLEM 2.55
Ifa,b,c,d = 1 then:
3 ( 1 1 1 1 ) 2 3 4

+ + + > + +
1+a 1+b 1+c 1+d/" 1++ab 1+ ¥abc 1+ Vabed
Proposed by Daniel Sitaru — Romania

PROBLEM 2.56
If2<a<b<cthen:
n(a—1)-In(bc)+In(b—1)-Inc<In(c—1) -ln(ab)+In(b—1) - Ina

Proposed by Daniel Sitaru — Romania
PROBLEM 2.57
Ifa,b > 0,a+ b+ c = 0 then:

6(a® + b® + c®) > 5(2ab + c?)(2abVab + c?)

Proposed by Daniel Sitaru — Romania
PROBLEM 2.58
If0 <a<b<cthen:

(b — a)(c — a)(c — b)eVeb+/betVea < (gb _ ga)(e¢ — e)(ef — eP)

Proposed by Daniel Sitaru — Romania
PROBLEM 2.59

If0<a<b<c<dthen:
1

1 1
DRSO

c d
Proposed by Daniel Sitaru — Romania

PROBLEM 2.60
If0 < x,y,z<1then:

A-A-y)A -2 - 1- 2?8

Proposed by Daniel Sitaru — Romania

7(1 + 231 +y5)(1+2%) _1+xy?2

PROBLEM 2.61

If0 <a<b<cthen:
1

a—c)> 1
1+ ac b—d

b—d)

arctan (1 T bd

arctan (

Proposed by Daniel Sitaru — Romania
PROBLEM 2.62
Ifa,b,c,d > 0 then:

cd(vV6 + 2
\/a2+b2—ab\/§+\/b2+c2—bcx/§+\/c2+d2—¥2w/a2+d2

Proposed by Daniel Sitaru — Romania
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PROBLEM 2.63
Ifa,b,c € (0,0),a? + b% + ¢* = 10 then:

Proposed by Daniel Sitaru-Romania
PROBLEM 2.64
Let a, b, c be positive real numbers. Prove that

2a%+bc 2b%+ca 2c2+ab 3
+ + >-(a+b+c)+
b+c c+a a+b 2

16abc(a—c)?
(a+b+c)(a+b)(b+c)(c+a)

Solution by Nguyen Ngoc Tu — Ha Giang — Vietnam
PROBLEM 2.65
Ifa,b,c,m € R then:

|(@a=b)(b—c)(c—-a)| < Zl(a—b)(6+b+n)(0+a+n)|

Proposed by Daniel Sitaru — Romania
PROBLEM 2.66
Ifa,b,c € R*;a # b + ¢ # a then:

VaZ + b2 N Vb? + ¢2 N Ve? + a2 <3
3 3 5 5 7 7
Vial+VIbl Vbl +{le| Vel + Vlal

Proposed by Daniel Sitaru — Romania

PROBLEM 2.67
Prove that for any real numbers x,y, z:
(x®2 +2y?> +22° +3xy+5yz+32zx)> > 8(x +y)(y +2)(z+ x)(x + y + 2)

Proposed by Nguyen Viet Hung —Hanoi- Vietnam
PROBLEM 2.68
Ifa,b,c,d > 0 then:
2 23 ( 2 2
ac+ bd + |ad — bc| (a”+ b*)(c* + d*) > 2443
\/(az ¥ b2)(cZ + d?) (ac + bd)|ad — bc|
Proposed by Daniel Sitaru — Romania

PROBLEM 2.69
If0<x<y<z<tthen:

(4/xyzt — 33/xyz)(33/xyz — 2,[xy) < zt
Proposed by Daniel Sitaru — Romania
PROBLEM 2.70
Ifx,y,z € [0,) then:

\/xz—xy\/§+y2+\/y2—yzx/§+zzZw/xz—xz+zz

Proposed by Daniel Sitaru — Romania
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PROBLEM 2.71
Ifx,y,z € (0,0),xyz = 1 then:

x(x—3(y+ z))2 +(Bx—-(y+ z))z(y +2z) > 27

Proposed by Daniel Sitaru — Romania
PROBLEM 2.72
If0<a<b<ca+b+c=3then:
a b c¢c a

b ¢
—_ —_ —_ > = — — — — —
b+c+a_c+a+b+(b a)(a—c)(b——c)

Proposed by Daniel Sitaru — Romania
PROBLEM 2.73
Ifa,b=>0,a+ b+ c+d =0 then:

42 a® > 3(a+ b)(ac + ad + bc + bd + 4cd)

Proposed by Daniel Sitaru — Romania
PROBLEM 2.74
Ifa,b,c,d € R then:

(2a+ 3b + 4c + 5d)? > 8(3ab + 5ad + 6bc + 10cd)
Proposed by Marian Ursdrescu — Romania

PROBLEM 2.75
Ifa,b,c,d > 0,x,y € R then:
sin’x cos*’x sin’y cos®’y 2
a * b * c d >a+b+c+d
Proposed by Daniel Sitaru-Romania

PROBLEM 2.76
Ifa,b,c,d,e, f > 0 then:
(@ +b3)* (®+ d5)6 (e” + f7)8
(c6 +db)5 (e + f8)7 (a*+ b*)3
Proposed by Daniel Sitaru-Romania

>1

PROBLEM 2.77
GENERALIZATION FOR HUNG NGUYEN VIET’S INEQUALITY
Ifa,b,c,x,y,z> 0,a3x + b3y + c3z = xyz then:
x+y+z>(a+b+c)Va+b+c

Proposed by Daniel Sitaru — Romania
PROBLEM 2.78
If0<x<y< zthen:
@+e* (1+e* + e?)?
2+e¥)(2+e?)  (1+e¥+e?)(1+ eZ+ e??)

Proposed by Daniel Sitaru-Romania

33



PROBLEM 2.79
Ifa,b,c,d e N, 1 <a<b<c<dthen:
4log,.1a<log,,1a+logy,1b+log.ic+loggi1d<4logy.1d

Proposed by Daniel Sitaru — Romania
PROBLEM 2.80
If x,y € R then:

(x3 + 2y3 —3xy?)? < (x% + 2y?)3

Proposed by Daniel Sitaru — Romania
PROBLEM 2.81
Prove that if x,y,z > 0 then:

AR

Proposed by Daniel Sitaru — Romania

PROBLEM 2.82
Prove thatif a,b,c > 0 then:

2b 4c
/ + + )
c+a a+b b+c c+a a+b

Proposed by Daniel Sitaru — Romania

PROBLEM 2.83
If0 <a<b<cthen:
(a—b)cve+ (b—c)ava+ (c—a)bVb <0
Proposed by Daniel Sitaru — Romania
PROBLEM 2.84
If a, b, c be positive real number such that a < b < c then
a b c 1 1
2(E+E+ )+3 > (a+b+c)( +3+ )
Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam
PROBLEM 2.85
Ifa,b,c,d,e > 0,2b=a+ c,2c = b + d then:
a’ +b%+c* +d? > 4e(a + d — Ve)
Proposed by Daniel Sitaru — Romania
PROBLEM 2.86
Prove that if x, y and z are in [—5, 3] then
J3x—5y—xy+15+./3y—5z—yz+15+V3z—5x —xz + 15 < 12
When does equality occur?

Hungary NMO
PROBLEM 2.87
Ifa,b,c,d > 0,abcd = 1 then:

(b N d)+
ab+a d+a ¢

( b d

1
< —
b c+ C)_Z(ab+bc+cd+da)

Proposed by Daniel Sitaru — Romania
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PROBLEM 2.88
In AABC, a # b the following relationship holds:

(zb+zc—3m)(1+(f f))
(Va - \/_) (1+a+b+c—-3Vabc)

Proposed by Daniel Sitaru — Romania

PROBLEM 2.89
Let a, b, c be positive real numbers such that:

ab > 6
+ 3b 4+ Zc abc 4 67
8 3 9 4a

Find the minimum value of the expression:
P=3a+2b+c
Proposed by Do Quoc Chinh-Vietnam
PROBLEM 2.90
Ifa,b,c = 1 then:
1+a+a®>)A+b+b*+b3 )1 +c+c?+c3 +c4)
(1+a®)(1+b3(1+cH) =2
Proposed by Daniel Sitaru — Romania

PROBLEM 2.91
If0<a<bandc,d,e > 0 then:

(a+cx/_+b)(a+d\/_+b)(a+e\/_+b)

(c+2)d+2)e+2)
Proposed by Daniel Sitaru — Romania

PROBLEM 2.92
If0 <a<b<cthen:

3
3a’b < 1_[ \/a3 + abVab + b3 < 3bc?

Proposed by Daniel Sitaru — Romania
PROBLEM 2.93
Ifa,b,c = 0 then:
2a® + 6ab + 7b% > 2%/c (5 a?b? - ¥c)
Proposed by Daniel Sitaru — Romania
PROBLEM 2.94
If0 <x,y,z < athen:
Va2 —xz+ 22 +\y2 + 22 + Jx2 + xy + y2 < a(1 + V2 +V3)
Proposed by Daniel Sitaru — Romania

PROBLEM 2.95
Ifx,y,z,t > 1 then:
xy+2yz+2zt+2xz+ty+tx+9

2x +2y+3z+ 2t

Proposed by Daniel Sitaru — Romania
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PROBLEM 2.96
Ifx,y,z> 0,xyz(3x + 2y + 362) = 6 then:
22
( 32’ + 1) (4y?z* + 1)(9z%x%* + 1) > 64x*y*z*

Proposed by Daniel Sitaru — Romania
PROBLEM 2.97
If0 <a<b<cthen:
1 1 < 1 1
T+erbe 1ted - 1+el 1te
Proposed by Daniel Sitaru — Romania

PROBLEM 2.98
Ifa,b € R,|3a+ 4b + 2| = 5 then:
a’+b*>*+4b+7 > 4a

Proposed by Daniel Sitaru — Romania
PROBLEM 2.99
If0<a<b<c<dZ<ethen:

2vab + 33abc + 4Vabed < 9¥abcde
Proposed by Daniel Sitaru — Romania

PROBLEM 2.100
Ifa b,c € R, a%? + b% + c? = 3 then:
la+ (a+c)b+c| <4
Proposed by Daniel Sitaru — Romania
PROBLEM 2.101

Ifo stgthen:

(22 + (V2 -Ve)x+2+ 222 - (VZ4VB)x+2 22

Proposed by Daniel Sitaru — Romania

PROBLEM 2.102
Ifa,b,c,d,e, f = 1 then:
a+b+2c+2d+e+f<abctd’ef +7
Proposed by Daniel Sitaru — Romania
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ELEGANT INEQUALITIES AND IDENTITIES
PROBLEMS

PROBLEM 3.01
Ifa,b,c>0,a+b+c=3,0<x<1then:

b\* c\* a* a* b\* c\*
a<a> +b(5) +C(E) +b(E) +C<E> +a(a) <6
Proposed by Daniel Sitaru — Romania
PROBLEM 3.02
T
Ifx,y € (0, 5) then:
(sinz x + sinz y)sin2 x+sin2y . (COSZ x + COSZ y)cos2 x+cos2y

(Sin x)z sin? x . (Sin y)z sinzy . (COS x)z cos?x . (COS y)z COSZy -
Proposed by Daniel Sitaru — Romania

PROBLEM 3.03
Leta,b,c > 0anda + b + ¢ = 3. Prove that:
c

+1

+ b - arcsin + ¢ - arcsin ¢ < r
(C ) (a ) 2

a-arcsin
( o

b+1

Proposed by Dimitris Kastriotis-Athens-Greece
PROBLEM 3.04
Letn € N An > 2and xq,X3, ..., X, € (0; +0). Prove:

11 1
N 4X1 ,.X2 Xn X1+X2++xp
etx; x,”..x"<e

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 3.05
If x,y = 0 then:
(e*+ 1)Ver + (e? + Ver < (e* + 1)(e” + 1)
Proposed by Daniel Sitaru — Romania
PROBLEM 3.06
Ifa,b,c > 0,abc = 1 then:

303 3b3 363
+e” +e =3e
Proposed by Lazaros Zachariadis-Thessaloniki-Greece

ea

PROBLEM 3.07
A= (ai]-)15i5n, a,-]- =10i +j,n = Z,n € N*.

1<jsn

Find X,Y € M,,(R) such that:
detX<0,detY <0,A+Y =X

Proposed by Daniel Sitaru — Romania
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PROBLEM 3.08
Ifne N,n > 2 then:

log(n!) +1 <i(1+1+1+ +1)<l (n!)
ogin: n < 27373 K ogn

Proposed by Daniel Sitaru — Romania
PROBLEM 3.09

If? <a,b,c <1 then:

: tan‘l(Va_M)

ab + bc + ca ab + bc + ca
Vabc - tan! \/T S\/T

Proposed by Daniel Sitaru — Romania
PROBLEM 3.10
Ifa>4bc>0a+c<2b,x,7y,z€R then:
(a-3)(c—x*—y*-z8) < (b—x—y—z)?
Proposed by Daniel Sitaru — Romania
PROBLEM 3.11
Letx,y € (0;+0)Ax+y=1andn € N*.

16"+1 1
Prove: (xy)" > s

4_1’[ - xnyn
Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 3.12
Ifx,y € (0, g) then:
(tanx + cotx)(tany + cot y)(tanz + cot z) -

(tanx + coty)(tany + cot z)(tan z + cot x) —
Proposed by Daniel Sitaru — Romania
PROBLEM 3.13
Ifin AABC,a < b < c then:

h2® — hi® + h2° = (hg — hy + h)?°
Proposed by Daniel Sitaru — Romania

PROBLEM 3.14
If x > 0 then:

(e + e(x+3)2)< 1 1

+
1+e* 1+ e**3

1 1
(x+1)? (x+2)?
>> (7Tt e )<1+ex+1+1+ex+2>
Proposed by Daniel Sitaru — Romania

PROBLEM 3.15

Ifa,b,c,d,e,f >0,a+d=b+e=c+ f =5 then:
(a+b+ )(1+1+1)<3(a+b+c>
@ DNaTe r)="a e’ ¥

Proposed by Daniel Sitaru — Romania
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PROBLEM 3.16
Let x,y, z be positive real numbers such that: x> + y* + z* = 3.
Find the minimum of value:
x y z

T vz NEtE VRt

Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

P

PROBLEM 3.17
If x,y € R then:
5sin®x 5cos®x - sin’*y 5cos®x - cos’y
2. T in2 2 2yt in2 2 I
1+cos“x 1+sin“x+cos“x-cos*y 1+ sin“x+ cos®x-sin®y

Proposed by Daniel Sitaru — Romania
PROBLEM 3.18
Ifa,b,c > 0 then:
9+4a+4a® 9+4b+4b*> 9+ 4c+ 4c?

+ +
1+a 1+b 1+¢c

> 24

Proposed by Eliezer Okeke-Nigeria
PROBLEM 3.19
Ifa,b,c,d € N—{0},a>b > c > d then:
bd(2% —1)(2¢ —1) > ac(2? - 1)(2¢ - 1)

Proposed by Daniel Sitaru — Romania
PROBLEM 3.20
Ifx,y>0x+2y<53x+y>7(x+2y)3x+y) > 20 then:

4x+3y =9

Proposed by Daniel Sitaru — Romania
PROBLEM 3.21
Ifo<x< gthen:

. Hmrtoal(eos() S
Proposed by Daniel Sitaru — Romania

PROBLEM 3.22
Let x, y, z be positive real numbers such that x + y + z = 3. Find the minimum of value:

y z +W+i/;+§/;

+ +
y* + z4 74 + x4 xt + y* 18
57—t 2yz 57—t 2zx 57—+ 2xy

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam

P =

PROBLEM 3.23
Ifx,y,z¢€ (0,%),sinx + siny + sinz = 1 then:

cos? x - cos?y-cos?z>512sin?x - sin?y -sin’z
Proposed by Daniel Sitaru — Romania
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PROBLEM 3.24
Ifx,y,z€e (O,g),x +y + z = m then:

xy(tanx + sin x) N yz(tany + siny) N zx(tan z + sin z) S
T
x?+sinx-tanx y?+siny-tany z2+sinz-cosz
Proposed by Daniel Sitaru — Romania

PROBLEM 3.25
Ifxq,%9, .., >0,nm€EN,N=>2,x1x;" ... X, = 1 then:
x1e*1 + x,e*2 + - + x, e*n
x1+x2 +"‘+xn
Proposed by Nguyen Van Nho-Nghe An-Vietnam

=>e

PROBLEM 3.26
Ifx,y ztc¢€ (0, g) then:
64 -cosx-cosz-siny-sint-sin(x —y)-sin(z—t) <1
Proposed by Daniel Sitaru — Romania

PROBLEM 3.27
Ifx,y,z € (0,1) then:

>3

z y(sin™lx + tan 1 x)

x2+tan"1x-sin"1x
cyc(x,y.2)
Proposed by Daniel Sitaru — Romania

PROBLEM 3.28
If x = 0 then:
sinx (16 sin* x + 5) < 5x(4x% + 1)
Proposed by Daniel Sitaru — Romania
PROBLEM 3.29

Ifx,y,ze€ (Og) ,COSX - COSY - -COSZ = \/Z—Ethen:
15(cos2x + cos 2y + cos 2z) + 6(cos4x + cos 4y + cos 4z) +
+ cos 6x + cos 6y + cos 6z > 18
Proposed by Daniel Sitaru — Romania

PROBLEM 3.30

Find x,y,z € (0, g] such that:

sin? x N sin’y N sin’z
1+sin’x (1 +sin?x)(1+sin?y) (1+sin?x)(1+ sin?y)(1+ sin?z)
1

- - — =<1
8sinxsinysinz

Proposed by Daniel Sitaru — Romania
PROBLEM 3.31

Ifx,y,z € (0,%),sinx + siny + sinz = 1 then:

cos?’x - cos*y-cos*z>512sin’x - sin®y - sin*z
Proposed by Daniel Sitaru — Romania
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PROBLEM 3.32
Ifa,b,c > 0 then:
(2a + b)(b + 2a) (2b + c)(c + 2b) (2c+a)(2a+c) 3n
-1 -1 -1 s 2
ta < 9ab tta 9bc +tan 9ca T4

Proposed by Daniel Sitaru — Romania

PROBLEM 3.33

If0<x,y,zt< gthen:
(sin®? x + csc? x)3 + (cos? x + sec? x)3 > 125
cyc(x,y,z,t) cyc(x,y,z,t)
Proposed by Daniel Sitaru — Romania

PROBLEM 3.34

If x € (0, E) then:
2
2 (sinx)=sinx . (1 — sinx)S"* < 1
Proposed by Daniel Sitaru — Romania

PROBLEM 3.35

T
If x € [0,) then:
(cos 3x)*! - (cos 5x)7 - (cos 7x) < (cos x)*13
Proposed by Daniel Sitaru — Romania

PROBLEM 3.36

If x € (0, g) then:
sinx cosx
>4+ (m— 2)(sinx + cos x)

+
T
X - —
2 X

T
Proposed by Daniel Sitaru — Romania

PROBLEM 3.37

If2sin*x+2sin*y=1,x,y € (O, g) then:
2tanxtany + 2tanx +2tany < 3
Proposed by Daniel Sitaru — Romania

PROBLEM 3.38
Ifx,y>0,xy > %then:

x? y? 1
3n T 4n 2 57\ 2
ot ATt T . 5m
sing7  Singy (cos 17 T sin —11)
Proposed by Daniel Sitaru — Romania

PROBLEM 3.39
Ifo<a<hb <§then:

(@-+ b)(sin(VaB) — cos(vaF)) = 295 (sin (*37) ~ cos (1))

Proposed by Daniel Sitaru — Romania
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PROBLEM 3.40
Ifx,y,z > 0 then:
etV 47 > 2exyzi2e

Proposed by Lazaros Zachariadis-Thessaloniki-Greece
PROBLEM 3.41
Ifm,n e N,mn = 1 then:

3(m+n) +log(m! -n)*>6,/m -n-H, H,
Proposed by Daniel Sitaru — Romania

PROBLEM 3.42
T
Ifx,y,z¢€ (0, E) then:

>+/2(1 + tanx)(1 + tany)(1 + tan z)
COS X COS Y COS z\/cos(x —y)cos(y —z)cos(z — x)

Proposed by Daniel Sitaru — Romania
PROBLEM 3.43
Ifa,b,c = 1 then:
a b c 9

>
c-log(eb —logb) +a-log(ec—logc) +b-10g(ea—loga) “a+b+c

Proposed by Lazaros Zachariadis-Thessaloniki-Greece
PROBLEM 3.44

lfa,b,c>0,\/ab+\/ﬁ+\/c_=6,0SxS1then:
b\* c\* a* a* b\* c\*
(I(E) +b(z) +C(E) +b(z) +C(;) +a(a) >12
Proposed by Daniel Sitaru — Romania

PROBLEM 3.45
Ifa,b,c,x,y,z>0,a+b+c=x+y+z=1then:

(a+x)** . (b + Y)Y - (c + z)°*

<4
aa,bb,cc.xx.yy.zz

Proposed by Daniel Sitaru — Romania
PROBLEM 3.46
Ifx,y,z > 0 then:

V3 Xy
— +tan 20° >4Z< >
(x+y+z)<3 +tan ) xcot50° + ycot10°
cyc

Proposed by Daniel Sitaru — Romania

3¢ 3P 42 4b 5¢ 5b
Hae w)< 5 ) <Clga @

Proposed by Daniel Sitaru — Romania

PROBLEM 3.47
If0 < a < b then:
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PROBLEM 3.48
Ifa,b,c € N*
Qab) = b N b(b—-1) bt blb—1)-..-2-1
a+b—-1 (a+b-1)(a+b-2) (a+b-1)(@a+b-2)-..-a
then:
b-2(a,b)+c-2(b,c)+a-2ca)=a+b+c
Proposed by Daniel Sitaru — Romania

PROBLEM 3.49
Ifa,b,c > 0,a + b + c = 64 then:

csct (%) N csct (ZTH) N csct (BTE) i

Yab ~ bc ~  ea

Proposed by Daniel Sitaru — Romania

PROBLEM 3.50
T
Ifx,y,z € (0, E) then:
1

COSX-COSY-COSZ
Proposed by Daniel Sitaru — Romania

tanx +tany +tanz > tanx - tany -tanz —

PROBLEM 3.51
Ifa,b,c > 0 then:

9ab 9bc 9ca 4

Proposed by Daniel Sitaru — Romania

tan-1 <(2a +b)(b + 2a)) + tan-1 ((Zb +c)(c+ 2b)> + tan-1 <(2c +a)(2a + c)) > 3n

PROBLEM 3.52
Ifa,b,c,d,e,f >0,a+d=b+e=c+ f=>5then:
(a+b+c) d+e+f =3(gte*5
Proposed by Daniel Sitaru — Romania
PROBLEM 3.53

Ifa,b,c > 1 then:

sin (ai+b) sin (b -Zl— c) sin (c -Iz- a) - ( 8abc >2
sin (\/%) sin &) sin (\/1_‘) “\(a+b)(b+c)(ct+a)

Proposed by Daniel Sitaru — Romania
PROBLEM 3.54
Prove that if 0 < a < b then:

2ab a?+b%2\[a+b 2 (a + b)?
+ + <
a+b 2 2ab a? + b2 ab

Proposed by Daniel Sitaru — Romania
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PROBLEM 3.55
Ifx,y,z,t > 0 then:

2
4 ((x —Jxy+y)(z—Vzt + t)) > (x% + y?) (2% + t7)
Proposed by Daniel Sitaru — Romania
PROBLEM 3.56
Ifa,b,c,d >0,a+ b+ c+d = 1then:
ab ac ad bc bd cd 1
+ + + + + <—
1+c+d 1+b+d 14+b+c 14+a+d 1+a+c 14+a+b 4

Proposed by Vasile Mircea Popa — Romania
PROBLEM 3.57
Ifa,b,c € N,a,b,c > 4 then:

Vb + “Ve+ " Va+"Ve+ “Va+ “Vb<o6ia

Proposed by Daniel Sitaru — Romania
PROBLEM 3.58
If0<x< gthen:
sinx +cosx + sinx tanx+ x> >1+x-sinx+x-tanx

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan
PROBLEM 3.59

Ifa,b,c>0,a+b+c=3,x= /wmen:

a® + b3 + ¢ + 3abc > 6 + 8x* — 10x3 + log(1 + x? — 2x3)
Proposed by Andrei Bdra — Romania
PROBLEM 3.60
Let x,y,z = 0.Prove that:

%2 Yxyz + k
O [ € 0| e 3]
4

Proposed by Adil Abdullayev — Baku — Azerbaidjian

PROBLEM 3.61

Prove thatif a,b € (0,1) then:
a+b

2ab \a+2ab+b
(a + b)

2
a+ b)a+b+2

1
< (Vab)1+ab < (

Proposed by Daniel Sitaru — Romania
PROBLEM 3.62

Let a, b, c be real number such that a, b, c > %and a+b+c=6.
Prove that: ab + bc + ca > 3+ abc + ab + bc + ca — 4

Proposed at Hai Phong-Contest-Vietnam
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PROBLEM 3.63
Leta,b € (0,0) anda + b = 2. Prove that:
(a+1)*b+1)° +2ab =6

Proposed by Richdad Phuc-Hanoi -Vietnam
PROBLEM 3.64
Leta,b,c > 0 and ab + bc + ca + abc = 4 then

a’+b3+c3+abc>4

Proposed by Richdad Phuc-Hanoi-Vietnam
PROBLEM 3.65
Ifo0<a;<1<a,<2<:-<2015 < ajpe < 2016 then:

2016

(ak + > > 2016 (2016 +

142 201 )
2016
\/a a,: .- a 016

Proposed by Daniel Sitaru — Romania
PROBLEM 3.66

1
1.Ifa,b > 0 then: b? - e*"a > 2e?

2.Ifa> 0,0 < b < 1then: b® - e'*a > 2b - eb
Proposed by Abdallah El Farissi-Bechar-Algerie
PROBLEM 3.67
Prove that, for positive a, b:
a bﬁ+2<\/a2+b2 b )>9ﬁ

b +a2+b2 2

bV2

Proposed by Daniel Sitaru-Romania
PROBLEM 3.68
If x € R then:

(\/xz—x+1—\/x2+x+ 1)2+(\/x2—x+1—\/4x2+3)2

2
+ (Va2 +x+1-Vax2 +3) <6x?+2
Proposed by Daniel Sitaru — Romania

PROBLEM 3.69
Ifx1,X2, ..., X0, Y1, Y2, --»Yn > 0,n € N* then:

exp(Z(xl yJ) <y1) 1 (;c,_i)yz (;:)y

Proposed by Abdallah El Farissi — Bechar — Algerie
PROBLEM 3.70
Ifa,b,c > 0,m > 0 then:
a b c 3m+1

>
Bb+o™ T cra)™ (@t by 2m (gt b+ O

Proposed by D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania
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PROBLEM 3.71
Ifa,b,c > 0 then:

(Va+Vb)’ | (Va+vb+ve): | (Va+Vb+/e+Vd)
4 + 9 + 16

<4(a+b+c+d

Proposed by Daniel Sitaru — Romania
PROBLEM 3.72
Ifx,y,z,t e R, x+y+2z+t=0then:

1
2x+2y+22+2‘+823(

1 1 1
Rl A A

Proposed by Daniel Sitaru — Romania

PROBLEM 3.73
IfneN,n=>3,x,y=>0 then:

Ve + 3+ Ut +yt+ o+ Y am Yy < (n— 2)/x% + y2

Proposed by Daniel Sitaru - Romania

PROBLEM 3.74
Ifa,b € (1, ) then:
(1 +In a)2016 (lna Inb + 1)2016 (1 +In b)2016

2 2lnalnb 2
Proposed by Daniel Sitaru — Romania

>3

PROBLEM 3.75
Ifa,b,c € (0,) then:

olabc(a + b)2(b + ¢)?(c + a)?
a+b+c23jac(a Y(bte)ieta)

64
Proposed by Daniel Sitaru — Romania
PROBLEM 3.76
3
Ifx,y,z € (0, E) then:
tanx tany tanz 3

siny+sinz sinz+sinx sinx+siny 2

Proposed by D.M. Bdtinetu — Giurgiu; Neculai Stanciu — Romania
PROBLEM 3.77
Ifa,b,c > 0,a+ b+ c=+/3then:

a+b 3w
Z (2 arctan (T) + arctan c) < 7

Proposed by Daniel Sitaru — Romania
PROBLEM 3.78
Prove thatifa,b,c,d,e,f € (0,0)anda+b+c=2;d+ e+ f = 3 then:
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PROBLEM 3.79
Ifa,b,ce N—{0,1},a+ b + ¢ = 100 then:
a+b b+c c+a
( ’ )+( ; )+( : ) > 200
Proposed by Daniel Sitaru — Romania

PROBLEM 3.80
a*+b*>a+b
IfVx € R, ad+b*+c*=>a+b+c ,a,b,c,d > 0 then:
ad+b*+c*+d*>a+b+c+d
a3a_b3b_02c_dd=1
Proposed by Daniel Sitaru — Romania

PROBLEM 3.81

If,b € Rt, a <b then:

2
2(Vb2+1—-+a% +1) “In b+ Vb2 +1
b? — a® a+vaz+1

Proposed by Daniel Sitaru — Romania

PROBLEM 3.82
Ifx,y > 0;z € R then:
(x + y)? RN

—+=2>6
(x sin? z + y cos? z)(x cos? z + y sin? z) y x

Proposed by Daniel Sitaru — Romania
PROBLEM 3.83
Ifa,b,c,d > 0 then:
(a+c)(b+d)(c+d)tt<c-d¥ (a+b+c+d)°?

Proposed by Daniel Sitaru — Romania
PROBLEM 3.84
If x € (0,m); y > 0 then:
2 2 1 1

+sin2x+ 2+sinxS i i
y y sinxVsinx y\[y

Proposed by Daniel Sitaru — Romania
PROBLEM 3.85
Prove thatif a,b € (0,) then:

e(b—a)(6—a2—b2—ab) <b +Vb* + >
o

Proposed by Daniel Sitaru — Romania
PROBLEM 3.86
Ifa,b,c,x € R then:
a’ + b%? + c? + (sinx + cos x + sinx cos x)(ab + bc + ca) > 0

Proposed by Daniel Sitaru — Romania
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PROBLEM 3.87
Ifa,b,c e R*; x,y,z€ R

a? 1
!llzxzzﬁ+yzz?+222a4
2 =xyY txeY abrye Yo
2 =Xy ) —+xz) ab+yz ) —

then:
2,+202,>0
Proposed by Daniel Sitaru — Romania
PROBLEM 3.88
Ifa,b € (0, g) then:
cosa sinacosb sinasinb 93
1+ cos*a + 1+ sin*acos*b + 1+ sintasin*b < 10

Proposed by Daniel Sitaru — Romania
PROBLEM 3.89
Prove thatif a,b,c € (0,0); abc = 1 then:

15
be® + ce® + ae > >
Proposed by Daniel Sitaru — Romania
PROBLEM 3.90
If x,y,z > 1 then:
x*y*z° -1 > 6yz*2(x* - 1)(y* - 1)(z* - 1)

Proposed by Daniel Sitaru — Romania
PROBLEM 3.91
Ifx,y,z>0,x*+ y* + z* = gthen:
(x +y + 2)?

4
Proposed by Daniel Sitaru — Romania

arctan(x?) + arctan(y?) + arctan(z?) >

PROBLEM 3.92

Ifa,b > 0,n € N,n > 2 then:
1

1

2vab\" 2vab\"

1+ +(1- <2
a+b a+b

Proposed by Daniel Sitaru — Romania
PROBLEM 3.93
Ifa,b,c > 0,a® + b? + c¢* = 2 then:

(4 21 3T
vab csc; + \/bccsc7+ \/cacsc7 <4

Proposed by Daniel Sitaru — Romania
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PROBLEM 3.94
Ifx,y € R,x +# y then:
2*+4*+8Y) - (27 +47 +8)

x—y

> log 64 - Y128y

Proposed by Daniel Sitaru — Romania
PROBLEM 3.95

Ifx,y € (0, g) then:

. . siny 3 . sinx\>
sm(x+y)<smx( > ) +smy( p )

Proposed by Daniel Sitaru — Romania

PROBLEM 3.96
Ifme N,m = 2 then:

m—2
T 11 13n 21w ( 3 )T

m+tan2§+tan2¥+tan2¥+tan2¥>2+

16

Proposed by Daniel Sitaru — Romania
PROBLEM 3.97
Ifa,a,, ...,a, >0,n €N, f:R > R, f(x) = x + 2x* + --- + nx" then:
3 2
a a a,_ a n(n+1
fz (_1) +f2 (_Z> + . _|_f2 ("_1> _|_f2 (_") > ¥
a, a, 4

a; as

Proposed by Daniel Sitaru — Romania
PROBLEM 3.98
IfA=tanftany +5,B =tanytana+5,C = tanatanf + 5,
a B,y = g, then: VA + VB +VC < 4V3
Proposed by Boris Colakovic-Belgrade-Serbia
PROBLEM 3.99

IfinA ABC,a = b = c then:

, T N 2 2T N 2 3 < 5s
m,CoS”™ — my, CcCoS™ — m.cos™ — —_—
a 7 b 7 ¢ 7 "6

Proposed by Daniel Sitaru — Romania
PROBLEM 3.100
Ifa,b,c € (4,0),abc = 21 then:

, . 2T , . 2
n(a sin— + (a + 1)“ sin
a a+1

>>216

Proposed by Daniel Sitaru — Romania
PROBLEM 3.101
IfneN"n>2ab,c>1a+b+c=3""then:

Z<n\/a+%+n\/a—%)<18

Proposed by Daniel Sitaru — Romania
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PROBLEM 3.102
Ifa,b,c,d >0,a+ b+ c+d = 1then:
a® +b3+c®+d3+3(ab+ac+ad + bec+ bd + cd) >

> 1+ 6(abVcd + cdVab)

Proposed by Daniel Sitaru — Romania

n+l, \k-1( M n n
e CD (D) <[> 1
n! a+k ] a+k
Proposed by Daniel Sitaru — Romania

PROBLEM 3.103
Ifn e N, a > 0 then:

PROBLEM 3.104
If x,y = 0,n € N* then:

n
z (;:) . xZn—Zk . y2k > (2" _ Z)xnyn

k=1
Proposed by Daniel Sitaru — Romania

PROBLEM 3.105
Ifa,b,c > 0,a+ b+ c+d = 0 then:
3|bcd + cda + dab + abc| > |d® + 3abc]|
Proposed by Daniel Sitaru — Romania

z b(e® —a®) > Z ae’(b — a)

Proposed by Daniel Sitaru — Romania

PROBLEM 3.106
Ifa,b,c > —2 then:

PROBLEM 3.107
If1 <x <y then:

Proposed by Daniel Sitaru — Romania

PROBLEM 3.108
, v2-1
Prove that 2€°5* 4 25'""X* > 2 v2 Vx € R.

Proposed by Ibrahim Abdulazeez-Zaria-Nigeria
PROBLEM 3.109
Prove that:
sin2°+sin3°+ sin4°+ .-+ sin10° < 54 - sin1°

Proposed by llkin Guliyev-Azerbaidian
PROBLEM 3.110

Ifx,y,z¢€ [0, g) then:
xyz(sinx + siny + sinz) < y?’zsinx + z*xsiny + x*y sinz
Proposed by Daniel Sitaru-Romania
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PROBLEM 3.111
If0 <x,y,z <1 then:

3|(1+x3)(1+y®)(1 + 29) - 1+ xy?z3
A-)A-yHA-2°) ~ 1-xy?2
Proposed by Daniel Sitaru — Romania
PROBLEM 3.112
If x,y,z > 0 then:

NE Jxy +Jyz +zx
> + >
3./y+5Vz 8(x+y+2)
Proposed by Daniel Sitaru — Romania

1
2

PROBLEM 3.113
Ifa,b,c,d > 0 then:

z atanla > Z Vbcdtan'a > 44\/abcd 1_[ tan-la

Proposed by Daniel Sitaru — Romania

PROBLEM 3.114
Ifx,yze R,a>0,|x| <a,ly|l <a,lz| <athen:

J7(a? — x2) +/7(a? — y?) + /7(a? — z2) + 9% [xyz < 12a
Proposed by Daniel Sitaru — Romania

PROBLEM 3.115
Ifa,b,c,x,y,z> 0,a+ b+ c = 3 then:
729
1.1, 1)
(z+ y T z)
Proposed by Daniel Sitaru — Romania

(ax+ by + cz)(ay + bz + cx)(az + bx + cy) =

PROBLEM 3.116
Ifa,b,c,d > 0 then:
(a+ b)*(a+c)*(a+d)?*b+c)*(b+d)?(c+d)? >

> (a + ¥bed) (b + Veda)' (c + Ydab)’ (d + Vabe)®

Proposed by Mihdaly Bencze-Romania
PROBLEM 3.117

Ifx,y,z € (0, g) then:

2
1_[ In(1+ tan®x) - 1_[ In(1+ cot’y) < 1_[ In? ( - )
sin2z

Proposed by Daniel Sitaru — Romania

PROBLEM 3.118
x+y
Ifx,y=0n=1n€Q,AM = T’GM = ,/xy then:
(x" +y"
V2

2
) > AM?" + GM*"

Proposed by Uche Eliezer Okeke-Anambra-Nigeria
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PROBLEM 3.119

If0 < a < b then:
2

o5 < (ﬂ)(ﬁ—ﬁ)z < en

2vVab

Proposed by Daniel Sitaru — Romania
PROBLEM 3.120
If P € R[x] with distinct roots x4, X5, ..., X, € R,n € N* then:

n

P'(x) [P0\ P"(x)
PO < (P(x)) + ; P (x) ,Vx € R — {xq,X3, ..., X}

Proposed by Daniel Sitaru — Romania
PROBLEM 3.121
Ifa,b,c > 0,a+ b+ c=3,x € R then:
(i/a sin? x + i/b cos? x) (i/b sin? x + /¢ cos? c) (i/c sin? x + ya cos? x) <4
Proposed by Daniel Sitaru — Romania

PROBLEM 3.122
Ifa,b,c,d € R then:
1
a+b+c+dsi+(a+bxc+dy+ﬁ+Jﬂ+c2+d2
Proposed by Uche Eliezer Okeke-Anambra-Nigeria
PROBLEM 3.123

UO<aSb<§Mm:
tanb S Q2-0)

tana
Proposed by Nho Nguyen Van-Nghe An-Vietnam

PROBLEM 3.124
Prove that:
2 +3*+4* > xln24 + 3,Vvx € R

Proposed by Nho Nguyen Van-Nghe An-Vietnam
PROBLEM 3.125
For0 < a<bAxqX3,..,X, €[a;b] Aa> 0. Prove:

G

x 7z < a*+ b“

k=1 ITk=1 %

=3

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 3.126
P(x) = a,x" +a,_1x" 1+ +a;x +ay €R[X],n>2
Ifay, ay,...,a, > 0 then: P (1 + %) >P(1) + %P’(l)

Proposed by Marian Ursdrescu-Romania
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PROBLEM 3.127

Ifa,b,c > 0 then:
a+b b+c c+a

a+b\2 /b+c\2 /c+a\2 atb+c
ambbwfz( 2 ) ( 2 ) ( 2) = (abe) 3

USA-TST
PROBLEM 3.128
If0 < xq1 < xy < x3 < -+ < X, is an arithmetical progression with common difference d
then:
tan‘IL + tan‘IL fettanl— = < |22
1+ x1x; 1+ xyx3 1+ x,_1x, X1
Proposed by Mihaly Bencze-Romania
PROBLEM 3.129
Fora,b € (0;+) A0 < 0 < m. Prove:
(a3 + b3)(a® + b®)(a® + b®) )
@t D)@ 1 b5)(at + pin) = 1m0
Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 3.130
If x,y,z > 0 then:

by >l< z+2 )+l( y+2 )+l( X2 )+3
YTzt nz—2x+5) """z —22+5/ T " \G-—12—2y+5

Proposed by Lazaros Zachariadis-Thessaloniki-Greece
PROBLEM 3.131
For 0 < a < b. Prove:

2 2
eb”—e

> (a+ b)(ab+1).
Proposed by Nguyen Van Nho-Nghe An-Vietnam

b—a

PROBLEM 3.132
Fora>=1Ab = 1. Prove:
> _ob®kak 9
AT
Proposed by Nguyen Van Nho-Nghe An-Vietham
PROBLEM 3.133
Fora,b,c € (0; +). Prove:

ab+bc+c%+af+cb+p
e 6

ab+cba+cca+b ze

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 3.134
Ifa,b,c > 0 then:
e+ el + e
> 2
va + Vb ++c

Proposed by Nguyen Van Nho-Nghe An-Vietnam
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PROBLEM 3.135

For A ABC have BAC = -, put ABC = a, ACB = B and 6 > 2

Prove: —— < sin® a + sin® g < 1
(v2)

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 3.136
For0 < a < b < 1. Prove:
b%—a% > 8
bVb-ava — 9
Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 3.137
Ifa,b,c > 0,x,y,z > 1 then:
3a

b+c
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

log,cx* +10g,b,c y* + 10g b )c 2% =

PROBLEM 3.138
Prove without computer:
ee(l _ etane) > e —
Proposed by Rovsen Pirguliyev-Sumgait-Azerbaidian
PROBLEM 3.139
Ifa,b,c = 0 then:
3(sinha + sinh b + sinhc) > (a+ b + c)(i/cosh a + Vcoshb + Vcosh c)
Proposed by Daniel Sitaru — Romania

PROBLEM 3.140
Ifa,b,c € N*
b b(b—-1) blb—1)-..-2-1
2ab) = it asb-D@+b-2 T la+b-D@+b-2) . a
then:
b-2(a,b)+c-2(b,c)+a-2ca)=a+b+c
Proposed by Daniel Sitaru — Romania

PROBLEM 3.141
Ifa,b,c € (0,1),2(a+ b + c) = 3 then:

2(3 + (log, O (3 + ﬁ) > 48

Proposed by Daniel Sitaru — Romania
PROBLEM 3.142
Ifx,y,z,t > 1 then:
(Inxy)(In*x +In*y —Inxilny — Inzint) > (Inzt)(InxIny + Inzint — In* z — In* t)
Proposed by Daniel Sitaru — Romania
PROBLEM 3.143
If1 < x <ythen:
(¥ =x3)" -2’ —x%) 21
(6 — x®)(y8 — x8)(y10 — x10) ~ 32
Proposed by Daniel Sitaru — Romania
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PROBLEM 3.144
If0<a,b,c,d < 2 then:
9a 9b 9c 9d

+ + + +9eP? < 8 + 9e'6
1+bcd 1+cda 1+dab 1+ abc
Proposed by Daniel Sitaru — Romania

PROBLEM 3.145
Forb>a>1Ane€NAn > 2. Prove:

T p2k+l _ g2k+1 2n +1)!

Proposed by Nguyen Van Nho-Nghe An-Vietnam

k=1

PROBLEM 3.146
In acute AABC the following relationship holds:

1
p- (Atan*A + Btan®B + Ctan”C) > /3¢
Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 3.147
Ifa,b,c € (0,1],x,y > 0 then:

;log(x2 +y))>(@a+b+c)logx+(3—-a—-b—-c)logy
Proposed by Daniel Sitaru — Romania
PROBLEM 3.148
Fora,b € [1;+) Am,n € N  Am > n > 2. Prove:
m o amkpk Jm+1
Yhoa™ bt T n+1
Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 3.149
Ifa,b,c,d,e, f > 0 then:

b
atbtc  _VEef(G+c+g)

W(d+%+£>_ dt+e+f

e

Proposed by Daniel Sitaru — Romania
PROBLEM 3.150
In AABC the following relationship holds:

1
((a+1)(b+1)(c+1))?
ea+b+c <1
Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 3.151
— l' (1 + 1 + 1 + + 1 l )
Yy =um 2 nn

n—-oo 3
Find an increasing order for:
!21 = y\/ﬁ,ﬂz = TL'M,.QS = e\/y_”

Proposed by Daniel Sitaru — Romania
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PROBLEM 3.152
Ifa,b,c > 1,n € N,n > 2 then:
Vo r1 o Ve —1 6
Jaritl w1
a® + 1 a*—1 i/an—lbn—lcn—l
Proposed by Daniel Sitaru — Romania

PROBLEM 3.153
Ifx,y,z € R then:
1 1 1 1 1 1 1 e
—— + ——— +———+ — + —+ —>3|+—
esm X esm y esm VA eCOS X eCOS y eCOS z 2 e

Proposed by Daniel Sitaru — Romania

PROBLEM 3.154
Ifx,y,ztE¢€ (0, g) then:
64 -cosx-cosz-siny - sint-sin(x—y) -sin(z—t) <1
Proposed by Daniel Sitaru — Romania

PROBLEM 3.155

Letn e NAn > 2and0 > 1. Prove:
n .0

ki(c,’;)" >@m+1) (n2+ 1)

Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 3.156
Y3
Ifx,y,z¢€ (0, E) then:
x(cosx + cosz)+ y(cosy + cosx) + z(cosz+ cosy)

x(cosx + cosy)+ y(cosy+cosz) +z(cosz+ cosx)
Proposed by Daniel Sitaru — Romania
PROBLEM 3.157
ForO<a<b<lAmmn€eNAmMm=n=> 2. Prove:
b“/b—a"\/b _mn+n
b\Vb—a¥a mn+m
Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 3.158
If x € (0,%),11 € N,n = 3 then:
n

11, 1 na
k . Bl Wl EOR Wit
| | Vsink x + cosk x > 21273t a2

k=3

Proposed by Daniel Sitaru — Romania
PROBLEM 3.159
Ifa,b € N,a,b > 2 then:

a'-b!-a?-bb

ab - “Vab - b®

Proposed by Daniel Sitaru — Romania

(2a—1)(3a—1)-...-(a2—1)+(2b—1)-(3b—1)-...-(bz—l)>2\/
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PROBLEM 3.160
IfmneN,a b,c > 0,u > 0 - fixed then:
1 3(m+1)(n+1)(a+b+c
Z(m+am+1) (n+ )2 ( N it )
(b + ¢+ uym+1 2(@a+b+c)+3u
Proposed by D.M.Batinetu-Giurgiu, Neculai Stanciu-Romania

PROBLEM 3.161
Ifa,b,c > 1 then:
1 1
+ + =1
log,c+2log,b log,a+2log,c log.b+2log.a
Proposed by Marian Ursdrescu — Romania

PROBLEM 3.162
Ifx,y,z€e R, x+y+ 2z =0 then:
12x+ 3|+ 2y + 3|+ 1|22+ 3|+ 9

>|lx-3|+|y—3|+|z—- 3|

2
Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 3.163
Y3
ifxe (o, E) then:
2 sinx —cosx)(1—tanx
. ( X ) <2
sinx + cosx 1+tanx

Proposed by Daniel Sitaru — Romania
PROBLEM 3.164
Ifx,y,z > 0 then:
t 1 1 3V3 - \/E< 1 N 1 . 1 >
Jx+y Jy+z Vz+x [2(x+y+2) JXx+2y+z Jy+2x+z ([x+2z+y
Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 3.165
Ifa<b<c<d<e<f<g<hab,cdef, g heR then:
(a+b+c+d+e+f+g+h)?=16(ah+ bg + cf + de)

Proposed by Marian Ursarescu — Romania
PROBLEM 3.166
Ifb > a > e then:
b

n’ — ¢

—>n°
e-loga

Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan
PROBLEM 3.167
Ifx,y,z>20,x+y+z= % then:

2 tanx (1 + tany) > 2\/tanx -tany-tanz

Proposed by Daniel Sitaru — Romania
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PROBLEM 3.168
Ifx,y,ze R,x+y+z =0 then:

2y2(1+en)(1+e)(1+e?) 2 (1 * %) (1 +\/%) <1 * «/tz_z)

Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 3.169
Ifx,y,z > 0 then:

(x+y+2)/xyz(x+y+2) - 33

x+y)y+2)(z+x) ~— 8
Proposed by Nguyen Van Nho-Nghe An-Vietnam

PROBLEM 3.170
Ifx,y,ze R,x+y+z =0 then:
4% + 47 + 47 > 2(2%Y 4+ 2YH2 4 274%) — 3
Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 3.171
Ifa,b,c,x,y,z>0,a+b+c=x+y+z=1then:

(a+x)** . (b + Y)Y - (c + z)°+*

<4
a®-bb - cc-x*-yy.z%

Proposed by Daniel Sitaru — Romania
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GEOMETRICAL INEQUALITIES AND
IDENTITIES-PROBLEMS

PROBLEM 4.01
In ABCD convexe quadrilateral: AB = a,BC = b,CD = c,DA = d. Prove that:
z\/az + b% + ¢%2 > 2V3-AC-BD

Proposed by Daniel Sitaru — Romania
PROBLEM 4.02
In ABCD cyclic quadrilater, AB = a,BC = b,CD = c,DA = d, s — semiperimeter:
s s s s
sinAsinB < (1--) (1 -2 (1-2)(1-3)

a b c d
Proposed by Daniel Sitaru — Romania

PROBLEM 4.03
In ABCD cyclic quadrilater, AB = a,BC = b,CD = c,DA =d,
S — area [ABCD]

sinA+sinB+sinC + sinD <

4S8
vabcd

Proposed by Daniel Sitaru — Romania

PROBLEM 4.04
In ABCD convexe quadrilater:
sin(ABD) sin(BDC) sin(ACB) sin(DAC) -
sin(DBC) sin(ADB) sin(ACD) sin(CAB) —
Proposed by Daniel Sitaru — Romania

PROBLEM 4.05
In ABCD cyclic quadrilateral, a, b, ¢, d - sides, R - circumradius:

Va3b3c3d3 - R
(a+b+c+d)? gy2
Proposed by Adil Abdullayev-Baku-Azerbaidian

PROBLEM 4.06

Let A{A,A3A, be a tetrahedron and let M be its interior point. Denote respectively by S; and

d; the are and distance from M to face opposite to vertex A;. Prove that
27
SiSjdid; < - Vv?
1<i<j<4
where V is the volume of the tetrahedron.

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

PROBLEM 4.07
In ABCD tetrahedron, hy, hg, h¢, hy — altitudes, R — circumradius, r — inradius:
R(h, + hg + h¢ + hp) > 4812
Proposed by Daniel Sitaru — Romania
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PROBLEM 4.08
sinA sinB sinC
sin2A sin2B sin2C

sin34 sin3B sin3C
I — incentre, H — orthocentre. Prove that:

6
¥

Proposed by Daniel Sitaru — Romania

In acute A ABC, ¥ = , 0 — circumcentre,

S[OIH] =

2abcs .

PROBLEM 4.09
In AABC the following relationship holds:
r+r, r+r, r+r. (ra_l_rb +rc>
ho,—r h,—1r h.—r “\h, h, h,
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.10

In AABC the following relationship holds:

l(ha+hb+hc)_ A B+ B C+ C I ,
1 gt ) T €053 €055+ cos 5 cos o+ cosocos o, I — incenter
Proposed by Bogdan Fustei-Romania

2

PROBLEM 4.11
In AABC,K — Lemoine’s point, KD | BC,KE 1 CA ,KF 1 AB,

KD = x,KE = y,KF = z. Prove that:
m2 m? m?2

3
_ (a2 + b2 + c2)2
x-ha+y-hb+z-hc 1652 (@”+ b+ %)

Proposed by Mehmet Sahin-Ankara-Turkey
PROBLEM 4.12
In AABC the following relationship holds:
h,+h, h,+h, hc+ha_2(R+r)
ra+rb+rb+rc+rc+ra_ R
Proposed by Bogdan Fustei-Romania

PROBLEM 4.13

Prove that: a* + b? = c?

C
Proposed by Mohamed Ozcelic-Turkey
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PROBLEM 4.14

PROBLEM 4.15

Prove that: c*> = a?® + b?
Proposed by Mohamed Ozcelik-Turkey

In AABC,K — Lemoine’s point, KD | BC,KE 1 CA KF 1 AB,

PROBLEM 4.16

KD = x,KE = y,KF = z. Prove that:
xha+yhb+zhc X |y z

rpre T rq Tolp Bl E r_b r_c
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.17

Proposed by Murat Oz-Turkey

C

c? = a? + b?

Proposed by Mohamed Ozcelic-Turkey
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PROBLEM 4.18
In AABC ,K — Lemoine's point ,KD | BC,KE 1 CA,KF 1 AB,
KD = x,KE = y,KF = z. Prove that:
Xry+yry,+zr, arg,+ br,+cr,
x+y+z = a+b+c
Proposed by Mehmet Sahin-Ankara-Turkey

=2R-r

PROBLEM 4.19
In AABC the following relationship holds:

S 25 - 2/a@s —a) = (V2 - 1)(Va + Vb + e)

Proposed by Daniel Sitaru — Romania

PROBLEM 4.20
In AABC,R,, Ry, R -circumradii of AVI, 1., AVI ,, AVI,I,
1,, 1y, 1.-excenters, V —Bevan’s point. Prove that:
1 2R-r 4R* a b ¢ [l Ju1.]—2[ABC]
ZR—g——st o R RRi‘E R 2R3

cyc cyc

Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.21

Prove:

2R%S

(IK)IL)(IM) =

Proposed by Thanasis Gakopoulos-Greece
PROBLEM 4.22
In AABC, I —incenter, AA', BB', CC' - internal bisectors,

IA IB IC e N
IA"’IB'IC’
Find: 2 = WaWo¥e | hahphe | mampm
' mgmpme WaWpWe hghph,

Proposed by Daniel Sitaru — Romania

62



PROBLEM 4.23

Find “x”.

Proposed by Mohamed Ozcelik-Turkey
PROBLEM 4.24
In AABC the following relationship holds:

1 R 1
= +
ZbcosB+ccosC—acosA 2ScosAcosBcosC acosA+bcosB+ccosC
Proposed by Daniel Sitaru — Romania

A
X
Y
N
B B c

Prove that: AD — MN — XY = R
Proposed by Muhammad Ozcelik-Turkey

PROBLEM 4.25

PROBLEM 4.26

<
E,D,C linear
Prove that: a’ + b? = c¢?
Proposed by Mohamed Ozcelik-Turkey
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PROBLEM 4.27
ADEF pedal triangle of I — incenter in AABC, R,, Ry, R — circumradii of
AAEF,ABFD,ACDE, @, ¢p, @ — circumradiiin ABIC,ACIA, AAIB. Prove that:
R, Ry R, A . B . C
PRV AT Sln2 sm2 Sm2
Proposed by Mehmet Sahin-Ankara-Turkey
PROBLEM 4.28

In AABC the following relationship holds:

5\/2(s—a) N -’i/Z(s—b) N 5\/2(s—c) <3
c a b

Proposed by Daniel Sitaru — Romania

PROBLEM 4.29
Ifin ABCD - tetrahedron AD = BC = a,BD = AC = b,CD = AB =,
R - radii of circumsphere then:
8(4R? — a?)(4R? — b?)(4R? — ¢?) < a®b?*c?

Proposed by Daniel Sitaru — Romania
PROBLEM 4.30
In any scalene acute — angled A ABC:

\/Z(SinA)z cosA 4 \/Z(COS A)ZsinA > ?

Proposed by Daniel Sitaru — Romania

PROBLEM 4.31
In A ABC the following relationship holds:
sin? A sin’ B N sin?C - 252
. 4 ] 5 . _+16 — TR2
13 12 116
sin"'z  sinTlyz sinTleg
sin?A  sin*B  sin*C  4s?

>
11 11 11~ mR2
1 1 1

tan~'5 tan'y tan'g

Proposed by Daniel Sitaru — Romania
PROBLEM 4.32
In A ABC the following relationship holds:

h, >2 4
Z y 52"‘a+52‘”a

smi

Proposed by Bogdan Fustei — Romania
PROBLEM 4.33
Let A A'B'C' be the pedal triangle of I — incentre in A ABC. Prove that:
BI CI
+my - ——+mg o1 > 2(m,my + mym, + m.my,)
Proposed by Daniel Sitaru — Romania
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PROBLEM 4.34
In A ABC the following relationship holds:
3a% +2b%* —c%* > 4§
Proposed by Marian Ursdrescu — Romania
PROBLEM 4.35
In A ABC the following relationship holds:
bc ca ab 18r
+ =
aw, bw, cw, s
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.36
In AABC the following relationship holds:
a b c o 12V3

+ + =
bc+r? ca+r? ab+71r?~ 13R
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.37
In A ABC the following relationship holds:
b+ ow c+aw a+ b)w
btow,  (ctaw, (a+b) “>(a+b+c)V3

a b
Proposed by Bogdan Fustei-Romania

PROBLEM 4.38
In A ABC the following relationship holds:

A B cC V3
h,h, cos— + h.h, cos— + hqh, cos = < — (hZ + hi + hZ)
Proposed by Daniel Sitaru — Romania
PROBLEM 4.39
In AABC the following relationship holds:
1 1 ) 1 1 ) 1 1 )
(=) ma+ (o) mb + (= + o) m? = 12R - 6r
Te hg r, hy r. h,
Proposed by Mehmet Sahin-Ankara-Turkey
PROBLEM 4.40
In A ABC the following relationship holds:
1674 - (hg + hp)(hy + h)(h, + hy) <R3
R 27
Proposed by Adil Abdullayev-Baku-Azerbaijan

PROBLEM 4.34
In A ABC the following relationship holds:
12r?tan®75° < (a+r+r)*+ (b+r+1p)* + (c +r +71.)? < 3R? tan? 75°
Proposed by Mehmet Sahin-Ankara-Turkey
PROBLEM 4.42
In A ABC the following relationship holds:
A . B . C _S(ri+ri+r2)
(s—a) sin + (s —b) sin +(s—c¢) sinz < Zror,r.
Proposed by Daniel Sitaru — Romania
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PROBLEM 4.43
In AABC the following relationship holds:

s—a s—b s—c h, h, h
vz =2+ / + s\/6+—“+—”+—c
a b c Te Tp T¢

Proposed by Bogdan Fustei-Romania

PROBLEM 4.44
In AABC the following relationship holds:
1 1 1 1 1 1
(—+—)bc+ (—+—)ca+ (—+—>ab > 28r — 2R
ha rq hb Trp hc r.
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.45
In A ABC the following relationship holds:
Z a? (b cos B + ccos C) < 9V/3R3
Proposed by Daniel Sitaru — Romania
PROBLEM 4.46

In AABC the following relationship holds:
a+b+c 95

>
2 h, + hy, + h,

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 4.47
In acute A ABC the following relationship holds:

Zz:a2 cos? A(bcosB + ccos C)? < (ZacosA) H(bcosB + ccos ()

Proposed by Daniel Sitaru — Romania
PROBLEM 4.48

Let AA'B'C' be the pedal triangle of I — incenter in AABC. Prove that:
Al , BI cI

mﬁ-ﬂ+mb -E+m§ o7 2 2(mamy, + mym, + memy,)

Proposed by Daniel Sitaru — Romania
PROBLEM 4.49

In AABC the following relationship holds:
VbZ +c¢2 Ve +a? Va?+ b2 18V2r?
+ + =
h, h,, h, S
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.50

In acute A ABC the following relationship holds:
cosA cosB cosC 1

+ + >
bc ca ab 2R?

Proposed by Daniel Sitaru — Romania
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PROBLEM 4.51
In acute AABC,K — Lemoine’'s point, KD | BC,KE 1 CA,KF 1 AB,
KD = x,KE = y,KF = z, H — orthocenter . Prove that:
x y z 8s?
aH "BH ' CH = 9R?
Proposed by Mehmet Sahin-Ankara-Turkey
PROBLEM 4.52
In AABC the following relationship holds:
2 2 2 2 2
(R—r1y) N (R—1y) N (R-r1,.) > 13r“— 3R
ha hb hc r
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.53
In A ABC the following relationship holds:
3 Z > 4 Z m,+8 Z w,
cyc sm sm cyc cyc
Proposed by Bogdan Fustei — Romania
PROBLEM 4.54

In A ABC the following relationship holds:
24r* a*> b*> ¢* 4R*-2Rr

R m, m, m, r
Proposed by George Apostolopoulos-Messolonghi-Greece
PROBLEM 4.55
In acute AABC the following relationship holds:
2R—a 2R-b 2R-c
2R+a+2R+b+2R+c
Proposed by Mehmet Sahin-Ankara-Turkey

> 3tan?15°

PROBLEM 4.56
In acute A ABC the following relationship holds:

ritanA+r2tanB + r? tan C > V35>

Proposed by Daniel Sitaru — Romania
PROBLEM 4.57

In AABC, 2 — first Brocard point, w — Brocard angle, 1,11, — excentral triangle.

Prove that:
1 1 1 9
+ + > .
[AQB] [BQ2C] [CRA] ~ [l 1p1.] - sin*w
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.58
In AABC the following relationship holds:
h, N h, h, s?

=15--—
rp+r. T.+T, Tot+Ty 2r

Proposed by Mehmet Sahin-Ankara-Turkey

67



PROBLEM 4.59
In AABC the following relationship holds:
a3 b3 c3
hb+hc+hc+ha+ha+hb
Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan

> 2sR

PROBLEM 4.60
In AABC the following relationship holds:
1.1 .1 V3
a3 b3 3 3R3
Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 4.61
In AABC the following relationship holds:
a? b? c? 45>
+ + =
h,+h, h.+h, h,+h,  9R
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.62
In AABC ,K — Lemoine's point ,KD | BC,KE 1 CA,KF 1 AB,
KD = x,KE = y,KF = z. Prove that:
a b c¢ 27R?
6V3<—+—+-<
X 'y z 2S

Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.63
In AABC the following relationship holds:
a? b?> * 16s?
m_¢21 + m_lz, + m—% = 27 RZ
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.64
In acute AABC the following relationship holds:
z £ cos® A+ 3abc(a? + b? + c? — 8R?)

8R?

>2 Z ba? cos B cos* A

Proposed by Daniel Sitaru — Romania
PROBLEM 4.65
In AABC the folowing relationship holds:
3V3 A B C
sinA + sinB + sinC + 5 <2 (cosi + cosi + cos E)

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 4.66
Ifx,y > 0,x +y < 1thenin AABC the following relationship holds:
h, h,, h, 28

>
bx+cy cx+ay ax+by R?

Proposed by Mehmet Sahin-Ankara-Turkey
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PROBLEM 4.67

PROBLEM 4.68

PROBLEM 4.69

PROBLEM 4.70

PROBLEM 4.71

PROBLEM 4.72

PROBLEM 4.73

PROBLEM 4.74

In AABC the following relationship holds:
h,h, 4 hyh, 4 h.h,
hb hc ha
Proposed by Bogdan Fustei-Romania

m,+my,+m;=

In AABC the following relationship holds:

:_hi  h; R

12 (=) <—
(R) TpTe Tclg Talp
Proposed by George Apostolopoulos-Messolonghi-Greece

<3

In A ABC the following relationship holds:
m, m, m < 3R
w, w, Ww., 2r
Proposed by Adil Abdullayev-Baku-Azerbaijan

In A ABC the following relationship holds:

A B Cc
s? coto + sz cot + s? cot > V3(s4Sp + SpSc + ScSa)

Proposed by Daniel Sitaru — Romania

In AABC the following relationship holds:

a N b N c > V3
h,+h. h.+h, h,+h,
Proposed by Mehmet Sahin-Ankara-Turkey

Ifin AABC, u(A) = u(B) = u(C) then:
c a b a’b + b%*c + c*a
- + — + — <
sinA sinB sinC 28
Proposed by Daniel Sitaru — Romania

In AABC the following relationship holds:
2 2 2
(2+1+i) (2+1+1) (2+1+1) 4

ab"bc*ca)  \bc*catap) ,\catabhd _ 4
1.2 1 1 2 1 1 _2 1 -R
ab  bc ca bc ca ' ab ca ab ' bc

Proposed by Daniel Sitaru — Romania

In AABC the following relationship holds:
s N 8Rr - 2+/3
ab+bc+ca (2s—a)(2s—b)(2s—c)  9R

Proposed by Daniel Sitaru — Romania
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PROBLEM 4.75
In A ABC the following relationship holds:

2(m,+my+m 3/3(a? + b% + ¢?)3
( a b c) + \/ ( ) 4\/§
V3(a? + b2 + c?) 8m,m,m,

Proposed by Daniel Sitaru — Romania

PROBLEM 4.76

In AABC the following relationship holds:

h, hy, h. R
+ + <
hyh, ' h.h,  hyhy — 212

Proposed by Bogdan Fustei-Romania

PROBLEM 4.77
In AABC the following relationship holds:
hb+hc+hc+ha+h +hb 3R
h, h, h, r
Proposed by Bogdan Fustei-Romania

PROBLEM 4.78
In AABC the following relationship holds:

[ ()
2| -

1
2r2

bsinAsinB
a SanSlnz
6 6

c c
1
* /
bcsm smz casmzsmz

Proposed by Daniel Sitaru — Romania
PROBLEM 4.79
If ADEF is pedal triangle of I — incentre of AABC then:
S[ABC] < R r 3

S[DEF]"r R 2
Proposed by Marian Ursdrescu — Romania

PROBLEM 4.80
In AABC the following relationship holds:

MW, MW | MW, 2v/3S$
h, h, h, — R
Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan

PROBLEM 4.81
In AABC the following relationship holds:
a? cos? A + b% cos? B + c2 cos? C > 8V3S - cos Acos B cos C
Proposed by Daniel Sitaru — Romania
PROBLEM 4.82
In acute A ABC the following relationship holds:
Al + BI + CI < \/6R(hy + hy + h, — 61)
Proposed by Daniel Sitaru — Romania
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PROBLEM 4.83
Ifin AABC, N — Nagel’s point then:
a’ - AN? -
5(b% - BN2 + ¢%-CN?2) — a? - AN%2 —
cyc (a,b,c)
cyc(A4,B,C)

1
3

Proposed by Daniel Sitaru — Romania
PROBLEM 4.84
In AABC the following relationship holds:

32 <(1+1)(1+1)(1+1)< 4R
27R*’r ~ \r, rp/\ry, rJ\r. r,) " 27r*

Proposed by Adil Abdullayev-Baku-Azerbaijan

PROBLEM 4.85
In AABC the following relationship holds:
5

> 108r?
cos 29° * cos 35° * cos 43") "
Proposed by Daniel Sitaru — Romania

(a? cos 7° + b? cos 65° + ¢% cos 79°) (

PROBLEM 4.86
In AABC the following relationship holds:
\/(rb - 72(rc - T') + \/(rc - rlz(ra - T') + \/(ra - rc).(rb - 1") > \/§

Proposed by Bogdan Fustei-Romania
PROBLEM 4.87
ADIL ABDULLAYEV’S REFINEMENT FOR TERESHIN’S INEQUALITY
In AABC the following relationship holds:
b2 +c2\> (b - c)2(a® — b? — ¢?)?
m2 > +
4R 16b%c?

Proposed by Adil Abdullayev-Baku-Azerbaijan

PROBLEM 4.88
In AABC the following relationship holds:

h h h h, h, h
J—“—z+]—”—2+\/—c—23jr+—“+—”+—"
T T r Ty, Tp T,

Proposed by Bogdan Fustei-Romania

PROBLEM 4.89
In AABC the following relationship holds:
2 2 2 2
m; my, m; r
— 24+~ >6s(—
a + b + c S (R)
Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan
PROBLEM 4.90

In acute AABC the following relationship holds:
Z a*(b? + ¢* — a?) > 32RS%\/2(a? + b? + %) cos Acos B cos C

cyc

Proposed by Daniel Sitaru — Romania
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PROBLEM 4.91
In AABC the following relationship holds:

hyh
4Zmbmc—4RZ%Ssz +7r(4R+71)
a

Proposed by Bogdan Fustei — Romania
PROBLEM 4.92
In AABC the following relationship holds:

3 sinA+3 sinB_{_3 sinC 3|sindA 3|sinB 3 sinC< 1
sin B sinC sin 4 sinC sin A sin B

Proposed by Daniel Sitaru — Romania

PROBLEM 4.93
In AABC, I —incentre, R,, Ry, R, — circumradiiin ABIC,ACIA, AAIB.
Prove that:

2R? - 2Rr —1? < 4—1122(R;‘; + R} + R}) < 4R* — 8Rr + 312
Proposed by Marian Ursdrescu — Romania
PROBLEM 4.94
In AABC the following relationship holds:
((ra - rb)z + (rb - rc)z + (rc - ra)z)r
3s2

<R-2r

Proposed by Adil Abdullayev-Baku-Azerbaijan
PROBLEM 4.95
In AABC the following relationship holds:
2R(m,w h, + mywphy, + m.w.h,) = 9r*(s*> + r* + 4Rr)
Proposed by Seyran Ibrahimov-Maasilli-Azerbaijan
PROBLEM 4.96
In AABC the following relationship holds:
(mg +my, + my)? > 9V3S
Proposed by Daniel Sitaru — Romania
PROBLEM 4.97
In AABC the following relationship holds:

a b c R
V108 < /—+ ’—+ ’—s /3\/5-—
T T T, r

Proposed by Mehmet Sahin-Ankara-Turkey
PROBLEM 4.98
In AABC,R,, Ry, R, —circumradii of AVIyI ., AVI 1, AVI I},
1,,1,,1.-excenters, V-Bevan’s point. Prove that:
w, wW, W, - or

R, R, R, 2R
Proposed by Mehmet Sahin-Ankara-Turkey
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PROBLEM 4.99
In acute AABC the following relationship holds:
z £ cos® A + 3abc(a? + b? + ¢* — 8R?)

8R?

>2 z ba? cos B cos* A

Proposed by Daniel Sitaru — Romania
PROBLEM 4.100
Ifin AABC,u(A) = g then the following relationship holds:
3V3R+a> %bc
Proposed by Daniel Sitaru — Romania
PROBLEM 4.101
In AABC, 1,4, 1, 1. —excenters, V = X(40) — Bevan's point
R, Ry, R -circumradiiin AILVI., AI VI, Al VI,. Prove that:
h, h, h, r
R§+R§+R§ = 2R?,(ra+rb+rc)
Proposed by Mehmet Sahin-Ankara-Turkey
PROBLEM 4.102
In AABC,a>b>=c,a+b = 3c.
Prove that: 4R — 9r > 0.
Proposed by Nguyen Van Canh-Vietnam
PROBLEM 4.103
In AABC the following relationship holds:
a’? b? ? - R
m2 m,2,+m§ _4(r 1)
Proposed by Mehmet Sahin-Ankara-Turkey
PROBLEM 4.104
In AABC the following relationship holds:
1 1 1 18

+ + >
acosBcosC bcosCcosA ccosAcosB S
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.105
In AABC the following relationship holds:
g<Ta Th Te_ (E)Z_E
h, h, h, T 2r
Proposed by George Apostolopoulos-Messolonghi-Greece
PROBLEM 4.106
In AABC,AA'B'C’' the following relationship holds:

2
(a+a)(b+b)(c+c)=64rr'Vss' + 4(VRrs —VR'T's")
Proposed by Daniel Sitaru — Romania

PROBLEM 4.107
In AABC the following relationship holds:

acosA+bcosB +ccosC > 12V3Rcos Acos B cos C
Proposed by Daniel Sitaru — Romania
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PROBLEM 4.108
In AABC the following relationship holds:
momym.(m, + my, + m,;) > 95*
Proposed by Adil Abdullayev-Baku-Azerbaijan
PROBLEM 4.109
In AABC the following relationship holds:
(\/sinA+\/sinB+\/sinC)( — + 1 + 1 ) Ot tityite
VsinA +/sinB +/sinC hqahph,
Proposed by Adil Abdullayev-Baku-Azerbaijan

PROBLEM 4.110

In AABC the following relationship holds:
W, w, W, 2m, 2m, + 2m, < W, +w, +w,

h_a h_b h_c w, wy, W, r
Proposed by Bogdan Fustei — Romania

PROBLEM 4.111
If AA'B’'C' - circumcevian triangle of I — incentre in AABC then:

1 1 1
IA' + IB' + IC' > 48313 ( )
B Var @+bZ T+ e+ a2

Proposed by Daniel Sitaru — Romania

PROBLEM 4.112
In AABC the following relationship holds:
2Vabc < V3(3R - 2r)
Proposed by Daniel Sitaru — Romania
PROBLEM 4.113
URSARESCU’s REFINEMENT OF EULER’S INEQUALITY

In AABC the following relationship holds:
1/a(lb+c—a) b(c+ta—-b) cla+b—-c)
R=>— + + > 2r
6 h, h,, h,
Proposed by Marian Ursdrescu — Romania

PROBLEM 4.114
In AABC the following relationship holds:

2m, +2my\’  (2my +2m,\’ 2m.+2m,\’ (3a\’ /3b\  /3c\’
() ) ) 2 ) ) G
m, m, my m, my mc

Proposed by Daniel Sitaru — Romania
PROBLEM 4.115
In AABC the following relationship holds:

3 1+1+1 <mambmc
hZ" hZ” hZ) = §?

Proposed by Bogdan Fustei — Romania
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PROBLEM 4.116

In AABC the following relationship holds:

5
A B C 34
2 \/cos§+\/cosi+\/cosi — (VsinA + VsinB + VsinC) >

1
22
Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 4.117

In acute AABC , I — incenter the following relationship holds:
m, m, m, 4R+r
+ <
AI?  BI? (CI? 412

Proposed by Bogdan Fustei — Romania
PROBLEM 4.118

In AABC the following relationship holds:

Z Vra(rb +rc) < (ma+mb +mc)\/§

Proposed by Bogdan Fustei — Romania
PROBLEM 4.119

If x,y,z > 0 then in AABC the following relationship holds:
X z
S A

y+z zZ+x

, _ 91r? — 16R?

re > —
CcC —

xX+y 2

Proposed by Mehmet Sahin-Ankara-Turkey
PROBLEM 4.120

In AABC, I - incentre, Al = x,BI =y,Cl =z
the following relationship holds:
2r3
?(x +y+2)°3+7r?(x* + y* + z4) > x?y?z?
Proposed by Mustafa Tarek-Cairo-Egypt
PROBLEM 4.121
In AABC the following relationship holds:
mambmc(ma + my + mc) > (

2
m2 + mZ + m?
952 -

m,my, +mym,+m.m,
Proposed by Adil Abdullayev-Baku-Azerbaijan
PROBLEM 4.122

If M € Int(AABC) then:
27 -[MAB] - [MBC] - [MCA] < [ABC]?

Proposed by Daniel Sitaru — Romania
PROBLEM 4.123

In AABC the following relationship holds:

L Trp re
4(my+my + m,) < + +

B C
in2%  sin2= in2 =
sin®5  sin®5  sin®5

Proposed by Bogdan Fustei — Romania
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PROBLEM 4.124
Ifin AABC,AD, BE, CF - internal bisectors then:
AF - BC + BD - AC + CE - AB > 18r?
Proposed by Marian Ursdrescu — Romania
PROBLEM 4.125
In acute AABC the following relationship holds:

2V3 1 1 1 V3

< + + <
R acosA bcosB ccosC 4RcosAcosBcosC
Proposed by Daniel Sitaru — Romania

PROBLEM 4.126
In acute AABC the following relationship holds
V3R
cos Asin(sin A) + cos B sin(sin B) + cos C sin(sin C) < E sin < ypo
Proposed by Marian Ursdrescu — Romania
PROBLEM 4.127
Ifin A ABC, I — incenter then:

(AI + BI)5 4 (BI + CI)5 4 (CI + AI)5 S (BC)5 4 (CA)5 4 (AB)5
CI Al BI Al BI CI

Proposed by Daniel Sitaru — Romania

PROBLEM 4.128
In AABC the following relationship holds:

r hy, + h, A
> [yt ey and

cyc cyc
Proposed by Bogdan Fustei — Romania

PROBLEM 4.129
If a, b and c are the lengths of the sides of a triangle, then:

a b c z(a—b)z_l_(b—C)z_l_(c—a)Z
a+b b+c ct+a

+ + >3
b+c—a c+a—-b a+b-c
Proposed by Titu Zvonaru, Neculai Stanciu-Romania

PROBLEM 4.130

In AABC the following relationship holds:
T, T T 3 12
+ + +-<—5
rp+Te Tc+T, TatT, 27 o _R

r
Proposed by Adil Abdullayev-Baku-Azerbaijan
PROBLEM 4.131
Ifin AABC, w — Brocard angle then:
(a+ b)? + (b + c)? + (c + a)? S
16(a? + b? + c2) VaZb2 + b2c2 + 2a?

sinw <

Proposed by Daniel Sitaru — Romania
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PROBLEM 4.132
In AABC the following relationship holds:

16 (z ab sin? A) (z ab cos? A) < 729R*

Proposed by Daniel Sitaru — Romania
PROBLEM 4.133
Ifin AABC, I - incentre, AA'B'C' - pedal triangle of incentre then:
IA-IA'" IB-IB' IC-IC' 3V3
+ + <
w, Wy w, 4S5
Proposed by Daniel Sitaru — Romania

-IA-IB-IC

PROBLEM 4.134
Let AABC, put P = e(sin A+2sin B)(sin B+2 sin C)(sin C+2sin A)
Find: max P
Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 4.135
In acute AABC the following relationship holds:

3vV3R

acosA+bcosB+ccosCST

Proposed by Daniel Sitaru — Romania
PROBLEM 4.136
In AABC the following relationship holds:
m, my, &>1<hb+h0+hc+ha+ha+hb)
h, h, h, 2 h, h, h,
Proposed by Bogdan Fustei — Romania

PROBLEM 4.137
In AABC, I —incentre, R,, Ry, R, — circumradiiin ABIC,ACIA,AAIB.
Prove that:

1
2R* — 2Rr — 1% < -7 (RG + R}, + R¢) < 4R* — 8Rr + 31

Proposed by Marian Ursdrescu — Romania
PROBLEM 4.138
In AABC the following relationship holds:

3 3 3 27abc
a’cosBcosC + b°>cosCcosA+ c°cosAcosB > 1 1 1 2
(cosA+cosB+cosC)

Proposed by Daniel Sitaru — Romania
PROBLEM 4.139
In AABC the following relationship holds:

(R (Bl (R’ ()
h, h, h, R

Proposed by Bogdan Fustei — Romania
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PROBLEM 4.140

In acute AABC the following relationship holds:
1 1

+ + > A%+ B%?+C%*+ cosA+cosB + cosC
cosdA cosB cosC

Proposed by Daniel Sitaru — Romania
PROBLEM 4.141
In AABC the following relationship holds:
b2 +c> c*>+a®* a®>+b*> 9V3R?
+ + <
h, h, h, S
Proposed by Mehmet Sahin-Ankara-Turkey

12R <

PROBLEM 4.142
In AABC the following relationship holds:

am, b-m, c-m,
B+ C26SR

ins sin& ins
Sih3 2z Sy

Proposed by Daniel Sitaru — Romania
PROBLEM 4.143
In AABC the following relationship holds:

Vvb+c¢ +c+a “a+b 4R-2r
+ + <—
Tq rp re r- V2712
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.144
In AABC the following relationship holds:
1 1 1 952
(mg + my, +mC)(m_a+m_b+E) +

=10
mambmc(ma + my + mc)

Proposed by Adil Abdullayev-Baku-Azerbaijan
PROBLEM 4.145
In acute AABC the following relationship holds:

a b
1_[<EcosA+EcosB— cosC) < cosAcosBcosC

Proposed by Daniel Sitaru — Romania
PROBLEM 4.146
Ifin AABC:a < b < c then:
bm, am, cm, cm, N bm, am,

+ + >
cm, bm, am, bm, am, cm,

Proposed by Daniel Sitaru — Romania
PROBLEM 4.147

Y3
Ifx,y,ze (O’E) then:
Z(tanx+ 2sinx) >3(x+y+2)

cyc
Proposed by Daniel Sitaru — Romania
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PROBLEM 4.148

Prove that:
2w 3m V13 (1 1 ( 5 >) 4 1
cos 13 cos 13- 6 cos 3cos i3 12

Proposed by Vasile Mircea Popa-Romania
PROBLEM 4.149
Prove thatif 4,B,C,D > 0,A+B+C+D =7

2, = ZtanA +ZtanAtanB—ZtanAtanBtanC

sin?(A + B) sin?(C + D)

" cos? A cos? B cos? Ccos? D
then:

16(2, -1 < 2,

2

Proposed by Daniel Sitaru-Romania
PROBLEM 4.150
In AABC the following relationship holds:

2

4 Zma(hb—hc) <9 Zaz Zhﬁ

cyc cyc cyc
Proposed by Daniel Sitaru — Romania

PROBLEM 4.151
Prove that:

1 22 T
- >33 (0 <x< —)
sinx cosx 2

Proposed by Nguyen Viet Hung — Hanoi — Vietnam

PROBLEM 4.152

3 3

p q 2, 2.3 /4

= 2 0<0<—

cosB+sin0_(p +47) ( 2)
D, q are positive constants

Proposed by Kunihiko Chikaya-Tokyo-Japan
PROBLEM 4.153
In acute AABC with sides different in pairs, AA,, BB, CC{ - altitudes, AA,, BB,,CC, -
medians, AA3, BB3, CC3 — symedians. Prove that:
A,A; B,B; C,Cs 10872
A;A; B;B; (C,C, > a? + b? + c?

Proposed by Daniel Sitaru — Romania
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PROBLEM 4.154
In AABC the following relationship holds:
2m,mym, r:+7rs+1?
h,hyh, — 1+ Talp +TpTe + 7T,
Proposed by Adil Abdullayev-Baku-Azerbaijan

PROBLEM 4.155
In AABC the following relationship holds:
am3 + bm; + cm? 1
(am, + bmy + cm,)’ = 729R*
Proposed by Daniel Sitaru — Romania

PROBLEM 4.156
In AABC the following relationship holds:
1 .4 1 B 1 _ C m?:+mi+m?
—sin—-+ —sin—-+ —sin—-
m, 2 my, 2 m, 2 2m,mym,
Proposed by Daniel Sitaru — Romania

IA

PROBLEM 4.157
If M € Int(AABC),AM = x,BM = y,CM = z then:
ax by cz - 3
ax+by+9802+by+cz+98ax+cz+ax+98by_ 100
Proposed by Daniel Sitaru-Romania

PROBLEM 4.158
In AABC the following relationship holds:
m, m, &>1<hb+hc hc+ha+ha+hb)
h, h, h, 2 h, h, h,
Proposed by Bogdan Fustei-Romania

PROBLEM 4.159
In AABC the following relationship holds:
a’? b* ? ab + bc + ca)\®
R_§+R_§+R_§S8+(—a2+b2+c2)
(I —incentre, R,, Ry, R — circumradii of ABIC,ACIA, AAIB)

Proposed by Adil Abdullayev-Baku-Azerbaijan
PROBLEM 4.160
In acute AABC the following relationship holds:
243V3R*
(amg + bmy + cm,)(s,m, + spmy, + s;m,) < — 8
Proposed by Daniel Sitaru — Romania
PROBLEM 4.161
In AABC the following relationship holds:

a+b+c
\/ha+hb+\/hb+hc+\/hc+haST

Proposed by Bogdan Fustei — Romania
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PROBLEM 4.162
In AABC the following relationship holds:

A B Cc
a(2s —a) cosi + b(2s — b) cosE +c(2s—¢) cosE > 36312

Proposed by Daniel Sitaru — Romania
PROBLEM 4.163
Let AABC. Prove:

(1+ 1 + 1 )(1+ 1 + )(1+ + 1 >>(1+\/§)
sin4 sinB +sinC sinB sinA +sinC sinC sinA+sinB/ —
Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM 4.164

Ifin AABC: ab = 12R? sin® £ then: 1 < ©°

Proposed by Daniel Sitaru — Romania
PROBLEM 4.165
In AABC the following relationship holds:
27a*b?*c* < (8R —101)°
Proposed by Daniel Sitaru — Romania
PROBLEM 4.166
In AABC the following relationship holds:

2 pw? 2 486
awg 4 wp, 4 cwg > 272 r
h, h, h, R

Proposed by Daniel Sitaru — Romania

PROBLEM 4.167
Ifin AABC, I —incentre, R, R}, R — circumradiiin ABIC,ACIA, AAIB then:

a Rb 6mambmc
h, o m, " = [Thohph,

Proposed by Adil Abdullayev-Baku-Azerbaijan
PROBLEM 4.168
Find Q € R such that in acute AABC holds:

ccosC acosA acosB bcosB
)cos 2A +( + )cosZB (
acosA ccosC

_ (bcosB ccosc

2C
ccosc+bcosB bcosB-l_acosA)coS

Proposed by Daniel Sitaru — Romania
PROBLEM 4.169
In AABC the following relationship holds:
Vb2 +c¢2 V2 +a? Va?+b? 9R?
+ + <
ha hb hc \/E -S
Proposed by Mehmet Sahin-Ankara-Turkey

PROBLEM 4.170
In A ABC the following relationship holds:

am, bm, c

mC
>2.13V3S
h, h,, + h, — V3

Proposed by Daniel Sitaru — Romania
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PROBLEM 4.171
In AABC the following relationship holds:
Vhe—2r+.Jhy —2r +/h,—2r < /h,+ h, + h,
Proposed by Bogdan Fustei — Romania

PROBLEM 4.172
In AABC,AA'B’'C' the following relationship holds:

(a+a)(b+b)(c+c)>32VRRSS +4(VRS —VR'S)"
Proposed by Daniel Sitaru — Romania
PROBLEM 4.173
In AABC the following relationship holds:

TpT . ., T,T s(hqg + hy + h,
\/b +\/ +\/ b _ ( b )
a b c 2r

Proposed by Bogdan Fustei — Romania

PROBLEM 4.174
In AABC the following relationship holds:
a(s—a) b(s—b) c(s—c 3V3R
(s-a@) b(s—b) e(s-0)_

b+c ct+a a+b — 4
Proposed by Daniel Sitaru — Romania

PROBLEM 4.175
In AABC the following relationship holds:

(ha)z_l_ h,, 2+<h6)2> 1
aw? bw? cw?2/ T R2(2R? +1r2)

Proposed by Daniel Sitaru — Romania

PROBLEM 4.176
In AABC the following relationship holds:
b2+c2 c2+a® a?+b® 3V3/R\®
+ + < (—) —8V3
ar, bry cre 2

43 <

r
Proposed by Mehmet Sahin-Ankara-Turkey
PROBLEM 4.177
In AABC the following relationship holds:
roh, N ryhy N rc.h, < 3(a+b+c)
a b c 4
Proposed by Bodgan Fustei — Romania
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ANALYTICAL INEQUALITIES AND

PROBLEM 5.01

PROBLEM 5.02

PROBLEM 5.03

PROBLEM 5.04

PROBLEM 5.05

(e(@)

IDENTITIES-PROBLEMS

n+x

Q(x)=—l+4z ,XER
2 o] n+1)(n+2)(n+3)

Ifa€ (0,1),b > 1 then:

D4 @)™ <1+ @ - )
Proposed by Daniel Sitaru — Romania

Find the limit:

lim|1+—
s+ 4(5 )

Proposed by Naren Bhandari-Bajura-Nepal

K4

Find:
1
n5
Q-1 Bf x2+1 4
=limn —_——dx
n—oo xt+x2+1

0
Proposed by Daniel Sitaru — Romania

(2n— 1!
€= Z(2n+2)”

F|nd

. 1+i 1+#
Q = lim ((n’ +nw) ne — (nw) 1t+nw)
n—-oo

Proposed by Daniel Sitaru — Romania

Find:

/ /(Sin x) (Sin x)(Sin x)\\

. . or"n" times
Q= 1lim | lim / —
n-o | x-0 xx
———
for"n" times

Proposed by Naren Bhandari-Bajura-Nepal
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PROBLEM 5.06
Find:

n
] 1
“1=£Lrg<1——+2k4>

k=1 n
Q, = lim | 4 +z !
27 0% (k% + k)2

n
] ? : :
.Q3 = lim (5 4-10g2 ? + k_1m>

n—>oo
n
Q, =1 1 " + Zn: !
4= 0 8 Li(2k-1)?
Proposed by Daniel Sitaru — Romania

PROBLEM 5.07

Find:
V1 +sinx 4+ V1 —sinx — 2
Q = lim — ,XER
o \p("™V1 —sinx + V1 + sinx — 2)

Proposed by Daniel Sitaru — Romania

PROBLEM 5.08
Find:

6
Yynmn+1)(n+2)
Q = lim,,_, <%> , [*] - great integer function
Proposed by Daniel Sitaru — Romania

PROBLEM 5.09

[R-R, f(x) = x2+2x+3 O = f(x), f™ (x) — n™ derivative

Find:
)
Q = lim (f (0)>

n—-oo n'

Proposed by Daniel Sitaru — Romania

PROBLEM 5.10
x,y1>0a€eERa>1,neNn=>1,
1 1 1
+_ oee

— a—(x1+x2+---+xn)’yn+1 = aﬁ Y2 Yn

Xn+1 =
Find:
Q = lim(x, - y,)
n—->oo
Proposed by Marian Ursdarescu — Romania

PROBLEM 5.11
H,=1+= LI e 1 >1
2 3
Find:
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PROBLEM 5.12

PROBLEM 5.13

PROBLEM 5.14

PROBLEM 5.15

Q = lim,,_, (log(Zn +1)-Yi., (

PROBLEM 5.16

PROBLEM 5.17

1+ H M 1+ H,\Hn
T 2 n . n
@ = lim H"(( H, ) l°g< H, ) )

Proposed by Daniel Sitaru — Romania

Proposed by Marian Ursdrescu-Romania

Letn € N > 0. Find:

d 2(n+1)\
<Z (n;l(—l)xx’;k ) dx

Proposed by Naren Bhandari-Bajura-Nepal

2.
w(n) =Y, [%] ,[*] - great integer function

Find:

-1
Q = lim | log(3n + 1) — z —
n‘l?o< og(3n+1) k_lw(k)>

Proposed by Daniel Sitaru — Romania

Find:

>), [*] - GIF function

Proposed by Daniel Sitaru — Romania

1 [\/E+\/k+1+\/k+2]
k[VE] 3

3, 1 1 1
X0 > 0,X,41 = xn+§xn+ﬁ—§
Find:
Q=lim(n-x,)
n—-oo

Proposed by Marian Ursarescu-Romania

2w

Qn) = f log(n? —2ncost+1)dt,n>1

0
Find:
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. Q( ) log(n+1)
Q=lim(1+—
n—-coo At

Proposed by Daniel Sitaru — Romania

PROBLEM.5.18
GENERALIZATION OF MARIAN URSARESCU’s SEQUENCE
X, >0,n=1lim(n(n+1)(x1 —x,)) =alimx, =b,abeR
n—-o0o n—-o0o
Find in terms of a, b:
— 13 b _ pxn
0 = lim (n(x} - ™)
Proposed by Daniel Sitaru — Romania

PROBLEM.5.19

n
Vi-i . .
X, = Z ————|, [*] — great integer function

Wi+ Vi-
Find:
Xn
1+ x%log (1 T x")
Q = lim In
n—-oo xn
Proposed by Daniel Sitaru — Romania
PROBLEM.5.20
Find:

11'2
7 \
1

8= lglgng} k ! <1 + tan(Vx) + cot(ﬁ)) dx)

Proposed by Vasile Mircea Popa-Romania

PROBLEM.5.21
fO0<a<bh <§then:

JF a+b \‘ /o a+b \
f(3\/_ sin x) dx f(\/_ cosx)dx | < f(\/_ cos x) dx f(\/_ sin x) dx

Proposed by Daniel Sitaru — Romania
PROBLEM.5.22
Ifa, b,c>1,a+ b+ c = 6 then:
I''la) T'(b) T'(c) ab+bc+ca
I'(a) + I'(b) + I'(c) + 2abc

< 3log2

Proposed by Daniel Sitaru — Romania
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PROBLEM.5.23
Prove that:

T 2
/ 2 8sinx 27sinx 64sinx 9 ((4!)§ — 1)
In \f ( ) dx | >In| ———=
0

3sinx + 4_sinx + Zsinx + 4_sinx + Zsinxgsinx 411’1(4!)

Proposed by Nguyen Van Nho-Nghe An-Vietnam
PROBLEM.5.24
Let f, g, h be continuously differentiable functions on (0, 1) so that:
i) vx €[0,1],0 < g(x) < f(x) < h(x)
i) g and h both have fixed points on [0, 1].
iiii) f0)=0
iv) vxe(0,1),x< f(x)<1

Prove that there are n distinct numbers a; € (0,1) withi = 1,2, ..., n such that
n

> (F@-Jr@)>o.
i=1
Proposed by by Anas Adlany-El Jadida-Morocco
PROBLEM.5.25

Prove thatifa € (0,),n € N,k = 1,2, ..., n, then the following inequalities hold:
n(n-1)
i)2[[,(e*—1)>e z and
11n2-14n-1
i) [ (ek+ak—2)>2"1.a =

Proposed by Anas Adlany - El Jadida — Morroco

PROBLEM.5.26
Ifa>2then};_(((ak) — 1) < Z where & denote the Riemann function.

Proposed by Mihdly Bencze — Romania
PROBLEM.5.27

T

—1<a,b,c<1,0(a) =f

log(1+ acosx)
dx

cosx
0
Prove that:
1
= (.Qz(a) + 0%2(b) + 02 (c)) > Z(sin‘1 a-sin~1b)

Proposed by Daniel Sitaru — Romania

PROBLEM.5.28
If
i 1 _cosh(p) < (=)™
n2+ (rn)2+ (n+w?) +n2  cos(q) n? + (mn)? + (n + )2 + w2
n=-—oo

n=—oo
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then show that:
p=qJ2m?+3
Proposed by Srinivasa Raghava-AIRMC-India
PROBLEM.5.29

tan[ ] tan[ 2] tan[ ] tan[Z] =

(2—@)(2—@)(2—#%/@) 2—\/2+1/2+\/m
(2+ﬁ)(2+\/m§)<2+1/2+m) 2+\/2+,/2+\/r\/§

Proposed by John Horton Conway-Grenoble-France

PROBLEM.5.30
4 1/n w3 w° w’ ° il 11
il 17— 4 x227 4337 4 4447 _ 4557 4 .. - R
n+f0<1!+x gr T X2 g 3 o Xt o — x5 e dx 64(63 7rct)
Proposed by Srinivasa Raghava-AIRMC-India
PROBLEM.5.31
7, e,y with Riemann Zeta function.
- 2n n (4
{(2n) B ln( )

2n+1 n  \e
n=1

> ((2n) ((2n+1)\ 1
Z( n an )2n+1:"+ln(%)

n=1

Y — Euler’s Gamma Constant

Proposed by Srinivasa Raghava-AIRMC-India
PROBLEM.5.32

Let Q(x) =2 Y5, ﬁtanhz"+1 (;)

2I'(x)
Prove that:
1'5 e VT — Ze_@
j e TOY(x){1 + Q(x)}dx =
Vr

0.5

Proposed by Obidah Al Sharafy-Sana'a-Yemen
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PROBLEM.5.33
Find:

T
= f(4 cot3 x + cot? x + cotx — 2) e*dx, x € (O’E)

Proposed by Daniel Sitaru — Romania
PROBLEM.5.34

Find:
n m km—l
li —
nl_)lg 1+ o 1
k=1
m e N*

Proposed by Pierre Mounir-Cairo-Egypt
PROBLEM.5.35
f:(0,0) = (1, ), f — continuous. Prove that if 0 < a < b then:

b b b
4(b—a)® + 6(b — a)? f log(f(x))dx < 3(b — a)? f f(x)dx + ff(x)dx

Proposed by Daniel Sitaru — Romania
PROBLEM.5.36
Ifa, b € R then:

b 1+ b?
b3 +6f (tan"1x)dx > 310g< )+a3
a 1+ a?

Proposed by Daniel Sitaru — Romania
PROBLEM.5.37
Find:

1 (1321331 Vi
_rllL'?o(H_nz< (k+ 1) ))

k=1

Proposed by Daniel Sitaru — Romania

D "
nl—>rg = 2k +1 (k)

Proposed by Pierre Mounir-Cairo-Egypt

PROBLEM.5.38

PROBLEM.5.39
In two different ways, find:

(a+1) (a+1)(a+2)
B+DB+2) B+ Db +2)0b+3)
b>a+1>0

Proposed by Pierre Mounir-Cairo-Egypt
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PROBLEM.5.40
Find:
+ cos ( ) i1

_ =, [ sin?
=tim(y . f JEF1-0GE=Ddx
i=1 \sin + cos (Zn) +1 7y

Proposed by Daniel Sitaru — Romania
PROBLEM.5.41

Find:
" [ sin? + cos ( T ) e
Q = lim Z f \/(l+1 x)(x—i)dx
n-oo T
i=1 \sin + cos (Zn) +1 7y

Proposed by Daniel Sitaru — Romania
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FAMOUS INEQUALITIES-PROBLEMS

PROBLEM 6.01- ALBU’S INEQUALITY

In A ABC acuteangled the following relationship holds:

3(3
VsinA4 + Vsin B + Vsin C < 3j;

PROBLEM 6.02- ANDERSON’S INEQUALITY

In 4 ABC the following relationsip holds:

PROBLEM 6.03-ARKADY’S INEQUALITY — 1

In AABC the following relationship holds:
3
(Z(Zab — (:2))2 < 4abc +8(3V3 —4) H(s —a)
PROBLEM 6.04- ARSLANGIC — MILOSEVIC’S INEQUALITY

In right triangle A ABC, a — hypothenuse:

1
hasb+c—<\/_—i)a

PROBLEM 6.05-BAGER’S INEQUALITY - 1

In A ABC the following relationship holds:
m2 mi; m? 9

E ca E 4
PROBLEM 6.06- BAGER’S INEQUALITY - 2

In A ABC the following relationship holds:
a? b2 c2
+ =>4
mym. mcm, m,m,

PROBLEM 6.07 - BAGER’S INEQUALITY - 3

In AABC the following relationship holds:

2 2 2 2 2
ZhaSZwaSs SZmaSZra
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PROBLEM 6.08 - BAITAN’S INEQUALITY

In acute angled A ABC the following relationship holds:
1—[ (1 — cos A) - 8 tanA)3
cosA / 27][[(tanA + tanB) —

PROBLEM 6.09 - BANICA’S INEQUALITY

In acute A ABC the following relationship holds:
r 11-2k 1

—> k=
R 2(k-1) 2cosAcosBcosC

PROBLEM 6.10 - BANKHOFF’S INEQUALITY — 2

In AABC the following relationship holds:
h,+h, +h, < 2R+ 51

PROBLEM 6.11 - BARRERO’S INEQUALITY — 1

In A ABC non - obtuse the following relationship holds:

8f 3
V/sin A cos? B + V/sin B cos2 C + \/sin C cos2 4 < o1

PROBLEM 6.12 - BARROW — JANIC’S INEQUALITY

Ifx,y,z € R,xyz > 0 then in A ABC the following relationship holds:
1/yz zx xy
xcosA+ycosB+zcosC§E<—+ +_>

x y z
PROBLEM 6.13 - BEATTY’S INEQUALITY - 1

In AABC the following relationship holds:
a’?+b*+c?=2H,ab+ bc+ca=K
— — — 2
(K—H)(3K — 5H) < s?< (K—H)
12 12

,S = area [ABC]

PROBLEM 6.14 - BENCZE’S REFINEMENT FOR IONESCU — WEITZENBOCK’S INEQUALITY-1
In AABC the following relationship holds:

m, m, m
a? 4+ b? + ¢? 24\/§-S-max(—a,—b,—c) >4V/3-S
ha hb hc

92



PROBLEM 6.15 - BENCZE’S REFINEMENT OF HADWIGER — FINSLER’S INEQUALITY

In AABC the following relationship holds:

A+B
22ab—2a224(22tan . —\/§>sz4\/§s

PROBLEM 6.16 - BENCZE’S REFINEMENT OF IONESCU — WEITZENBOCK’S INEQUALITY-2

In AABC the following relationship holds:

a2 +b%+c2 > \/4852 +8r(4R + r)Z(a —b)2 + (Z(a - b)Z)2 > 4435

PROBLEM 6.17 - BLUNDON-GERRETSEN’S INEQUALITY

In AABC the following relationship holds:

R(4R + 1)?
2 < —— - < 4R%? + 4Rr + 312
s < Z(ZR—r) < + T+ 3r

PROBLEM 6.18 - BLUNDON'’S INEQUALITY

In AABC the following relationship holds:
abc < 8R*r + (12V3 — 16)Rr?

PROBLEM 6.19 - BODAN’S INEQUALITY

In acute-angled A ABC the following relationship holds:
tanA +tanB +tanC >

9
V4SR
PROBLEM 6.20 - BOTTEMA’S INEQUALITY

In AABC the following relationship holds:
64s3(s—a)(s — b)(s — ¢) < 27a*’b?*c?

PROBLEM 6.21 - BRETSCHNEIDER’S INEQUALITY

In ABCD convexe quadrilateral the following relationship holds:
AC-BD > |AB - CD — AD - BC|
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PROBLEM 6.22 - CARLITZ INEQUALITY
In AABC the following relationship holds:
45\>
(abc)? > (—)
V3
PROBLEM 6.23 - CERIN’S INEQUALITY

In AABC the following relationship holds:
b+ S ab + ac — bc
c—a AR

PROBLEM 6.24 - CHILD’S INEQUALITY GENERALIZED

In AABC the following relationship holds:
1 1 1
+ + >3-2"neN
sin®5  sin™5  sin™ ¢
2 2 2

PROBLEM 6.25 - CHILD’S INEQUALITY

In AABC the following relationship holds:

AL B | B C L C. A3
S1n —sSsin sin Slﬂ2 SIHZSIHZ_Z

2 2 2

PROBLEM 6.26 - CHILD’S INEQUALITY — 2

In AABC the following relationship holds:
1 1 1 -6
At BT ¢*°

siny siny  siny

PROBLEM 6.27 - CHILD’S INEQUALITY - 3

In AABC the following relationship holds:
1 1 1 - 12
+ +— 72

sinssins sinssins  sinssins
2 2 2 2 2 2

PROBLEM 6.28 - CHUNG’S INEQUALITY
Ifa1 =a;=az= O,bl,bz,bg € R,

a1Sb1,a1+a2Sb1+b2,a1+a2+a3Sb1+b2+b3then
a3 + a5 + a3 < b3 + b5 + b3
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PROBLEM 6.29 - CIOPLEA’S INEQUALITY - 1

In AABC the following relationship holds:

_ _ : 1 1 1 9R
(\/smA+\/smB+\/smC)( + + )S—
Vsin4A +/sinB +sinC 2r

PROBLEM 6.30 - CIRTOAJE’S INEQUALITY

In A ABC,a # b # ¢ # a, the following relationship holds:

a b c
-1
’a—b-l_b—c+c—a‘>\/g

PROBLEM 6.31 - CURRY’S INEQUALITY

In AABC the following relationship holds:

9abc
4SV3 < ———
a+b+c

PROBLEM 6.32 - DINCA’S REFINEMENT FOR NESBITT’S INEQUALITY

Ifa,b,c > 0 then:
a_ . b AN (a+ b+ c)? >3\/3(a2+b2+cz)
b+c c+a a+b 2(ab+bc+ca) 2(a+b+c)

3
2_
2

PROBLEM 6.33 - DORDEVIC’S INEQUALITY

In AABC the following relationship holds:
acosA+bcosB+ccosC<s

PROBLEM 6.34 - DOUCET’S INEQUALITY

In AABC the following relationship holds:
9r(4R + 1) < 35? < (4R + 1)*?

PROBLEM 6.35 - EMMERICH’S INEQUALITY

In right angle A ABC the following relationship holds:

R
- >1+2
PROBLEM 6.36 - ERDOS INEQUALITY

In acuteangled A ABC the following relationship holds:
R + r < max(h,, hy, h,)
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PROBLEM 6.37 - FINTA’S INEQUALITY

In AABC the following relationship holds:
. A . A . C
2 asins + bsin + csin
35 < 2 2 2

<s
. A . B, . C
sins + sin5 + siny

PROBLEM 6.38 - GERASIMOV’S INEQUALITY

In AABC the following relationship holds:
r’+1r2+1ri+r:>7R?

PROBLEM 6.39 - GOLDNER’S INEQUALITY - 1

In AABC the following relationship holds:
a’b? + b%*c? + c*a®? > 165%, S = [ABC] — area

PROBLEM 6.40 - GOLDSTONE’S INEQUALITY
In AABC the following relationship holds:
161r%s% < Z a’b? < 4R*s?
PROBLEM 6.41 - GOTMAN'’S INEQUALITY

In AABC the following relationship holds:

9R
Ir<h,+h,+h.<m,+my+m.<4R+r <
PROBLEM 6.42 - GROENMAN'’S INEQUALITY

In AABC the following relationship holds:
2o r(4R + 1)?

2

R+r
PROBLEM 6.43

rr

P, any point in the plane of ABC does not belong to side lines AB, BC,CA
Hy, H,, H; orthocenters of PAB, PBC, PCA. Prove: [ABC| = [H{H,H;]
Reference: J.T. Groenman — D.J. Smeenk, CRUX 717

96



PROBLEM 6.44 - IONESCU — LEUENBERGER’S GENERALIZED INEQUALITY — 1

In AABC the following relationship holds:
2—
1 1 1 _(\3) "

— b_m + — R—m' m=0
Proposed by D.M. Bdtinetu — Giurgiu; Daniel Sitaru — Romania

PROBLEM 6.45 - IONESCU — LEUENBERGER’S GENERALIZED INEQUALITY - 2
In AABC the following relationship holds:

1 1 1 3™

+ + = ,
(ax + by)™  (bx+cy)™ (cx+ay)™  (x+y)mRm
Proposed by D.M. Bdtinetu — Giurgiu; Daniel Sitaru — Romania

m=>0,x,y>0

PROBLEM 6.46 - JANIC’S INEQUALITY — 1

In AABC the following relationship holds:
momym.(h, + h, + h,) > h,hyh.(m, + my + m,)

PROBLEM 6.47 - KARAMATA'’S INEQUALITY

Ifa,b > 0,a # b then:
a—b>b >a%+b§/5
loga—1logh~ 3/b+3%a

PROBLEM 6.48 - KATSUURA’S INEQUALITY
T
IfQ = (0, 5) then:

in2 < 2si g<.fl< i g+t n<2t ﬂ<
sin sin > sin +tan an

sin2 + tan 2

<+VsinRtan N < f< tan

PROBLEM 6.49
=li ( L. )
Yy =am 2 3 n ogn|,

n—oo
R, PR +1 l (+1>
273 °g\nT3
Provethat.

1
y<24 2,nEN*

Proposed by D.W.de Temple-AMM

23(n+ 1)2
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PROBLEM 6.50 - KLAMKIN’S INEQUALITY

In AABC the following relationship holds:
s* + 5r% > 16Rr

PROBLEM 6.51 - KLAMKIN’S INEQUALITY

x,y,ZERN€EZ.InAABC:
x% + y* + 22 > (-1)""1(2yz cos(nA) + 2zx cos(nB) + 2xy cos(nC))

PROBLEM 6.52 - KLAMKIN’S INEQUALITY — 4

In AABC the following relationship holds:
s<2R+(3V3-4)r

PROBLEM 6.53- LAZAREVIC’S INEQUALITY
sinh x

3
coshx<< ) , X € R”

PROBLEM 6.54 - LESSEL-PELLING’S INEQUALITY

In AABC the following relationship holds:
Wet+twp+tm, < p\/§
p — semiperimeter

PROBLEM 6.55 - LEUENBERGER-CARLITZ’S INEQUALITY

In AABC the following relationship holds:
6r(4R+1) < 2p* <2(2R+71)* + R?

PROBLEM 6.56 - LEUENBERGER’S INEQUALITY

In AABC the following relationship holds:
9r 1 1 1 O9R

—<—4+-—-4+-<—
2 " a b ¢ 4S5

PROBLEM 6.57 - LIU’S INEQUALITY
In acute —angled A ABC:

h,
B-0C) <%
cos( 0) <

a
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PROBLEM 6.58 - MAFTEI’S INEQUALITY

In acute AABC the following relationship holds:

PROBLEM 6.59 - MAKOWSKI’S INEQUALITY - 2

In AABC the following relationship holds:

2 427 1
R S2 " r

Refinement of Dorin Marghidanu’s lemmas
Proposed by Marian Dincd-Romania

PROBLEM 6.60

Lemmas and it’s refinement:
Leta € (0,1),b€e (0,1)
ab > ? > 2
“a+b—ab a+b

PROBLEM 6.61 - MATIC’S INEQUALITY

In AABC the following relationship holds:
a" b" " (2)"‘2

+ + >|=) -s"lneN
b+c c+a a+b

PROBLEM 6.62 - MAZUR’S INEQUALITY

Let V be the volume of a tetrahedron ABCD and leta = AB - CD,
b =AC-BD,c = AD - BC. Then:
(a+b—-c)(b+c—a)(c+a—b)=>72V?

PROBLEM 6.63 - MILNE’S — INEQUALITY

a1b1 azbz > < ( n )(b 4 b )

s a a
aq + b1 a, + bz 1 2 2 2
a.b a,b asb
191 | @202 | 4305 ) <

a1+b1 a2+b2 a3+b3
< (a1+a2+a3)-(b1+b2+b3)

n n
) (Zai>(2bi>,i61,_n;n22,ai>0;b,->0

i=1 i=1

(a1+b1+a2+b2)<

(a1+b1+a2+b2+a3+b3)(

S5

i=1 i=1
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PROBLEM 6.64 - MILOSLAVLIEVIC’S INEQUALITY

In AABC the following relationship holds:

9r < A+b B+ C<9R
r=acosy Coso +CCoso < —

PROBLEM 6.65 - MITRINOVIC — ADAMOVIC’S INEQUALITY

cosx < (sin x>3 X € (0 n)
x /' 2
PROBLEM 6.66 - MITRINOVIC’S GENERALIZED INEQUALITY
A44, ...A,,n = 3 polygon circumscribed to a circle of radius r

ap = AkAk+1lAn+1 = Alﬂk € 1!"
T . .
s=nr tan;,s = semiperimeter

PROBLEM 6.67 - MONGOLIAN INEQUALITY

Ifx,y,z € (0, ) then:
(x+y+2)3 >(x+y)(y+z)(z+x)
3 o 8

PROBLEM 6.68 - MOSER’S INEQUALITY
In AABC the following relationship holds:
) ) , _36abc
a“+b°+c >—<—+s >

~— 35\ s
S — semiperimeter

PROBLEM 6.69 - NABIEV’S INEQUALITY
In AABC the following relationship holds:
3| R < 1 ( 1 4 1 4 1 )
282~ 3\h, h, h,
PROBLEM 6.70 - NAKAJIMA’S INEQUALITY
In AABC the following relationship holds:

4
a’?+b%*+c*<8R*+—S

3V3
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PROBLEM 6.71 - OTHOV’S INEQUALITY

In AABC the following relationship holds:
a* + b* + ¢* > 165>

PROBLEM 6.72 - PEDOE’S INEQUALITY
In4 ABC:a, b, c -sides, f = S[ABC].
InA MNP: A, B,C - sides, F = S{MNP]
A%(b% + ¢ — a?) + B*(c? + a® — b?) + C*(a? + b* — ¢*) > 16fF

PROBLEM 6.73 - REFINEMENT OF GERRETSEN’S INEQUALITY

In acute-angled A ABC the following relationship holds:
1—[ (1 — cos A) - 8(Xtan4)3
cosA /  27][](tanA +tanB) —

PROBLEM 6.74 - REFINEMENTS OF EULER’S INEQUALITY

In acute — angled A ABC the following relationship holds:

1
ZrSE(HA+HB+HC) <R
In A ABC the following relationship holds:

r 1
2rs§+Z(IA+IB+IC)SR

H — orthocentre, I — incentre
PROBLEM 6.75 - RIGBY’S INEQUALITY - 1

In AABC the following relationship holds:
2\s(s—a
z # > 3+/3

a

PROBLEM 6.76 - RIGBY’S INEQUALITY — 2

In AABC the following relationship holds:
a*+b*+ct+abc(a+b+c)=>a(b+c)+b3(c+a)+c2(a+b)

PROBLEM 6.77 - RUSSIAN INEQUALITY
x z 3
—+\/i+3\/i>—, x,y,z>0
y z x 2

101



PROBLEM 6.78 - RUSSIAN INEQUALITY -2

Ifa,b,c € (0,) then:
a + b + ¢ > 2
\b+c c+a a+b

PROBLEM 6.79 - SANDOVICI’S INEQUALITY

In acute — angled A ABC the following relationship holds:

348
tandA+tanB +tanC > 3 Rz

PROBLEM 6.80 - SCHAUMBERGER'’S INEQUALITY

A4A, ...A,,,n = 3 polygon circumscribed to a circle of radius r
ap = AkAk+1'An+1 = Al,k € 1,n
14
a+a:+--+ak> 4F tan—,F = area [A14; ... A,]

PROBLEM 6.81 - SECLAMAN’S INEQUALITY
In A ABC,S = area [ABC] = %

a’ + b% + c? -
abc(sinA + sinB +sinC) —

min(a, b, c) < max(a, b, ¢)

PROBLEM 6.82 - SECLAMAN’S INEQUALITY - 2

If a > 1 then:
Vva+1-+a 1

(a+ 1)Vatl — g'a S 2aVa
PROBLEM 6.83 - SECLAMAN'’S INEQUALITY - 3:
Ifa,b,c >0,a+b+c=3then:(1—a)(1—-—b)(1—c)+ 2 > 2abc
Ifa,b,c = 0,a+ b+ c = 3 find:
max(2(a3 + b3 + ¢3) + 15(ab + bc + ca) + 6abc)
Proposed by Dan Radu Seclaman-Romania

PROBLEM 6.84 - SECLAMAN'’S INEQUALITY - 4

IfA,Be M,(R),n>2,(A—B)>=0,,AB = BA,a € R,|a| < 2 then:
det(I,, —a(A+ B) + a’AB) > 0
Proposed by Dan Radu Seclaman-Romania
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PROBLEM 6.85 - SECLAMAN'’S INEQUALITY - 5

In AABC the following relationship holds:
m2 + m? + m?
Ta+1rp,+71,

<2R-r

PROBLEM 6.86
Ifa,b > 0,a # b then:

2 2
a -Zl—b _Jab
V2 < —7 <2
> —+Vab

Proposed by Shan He Wu-China
PROBLEM 6.87 - SONDAT’S IDENTITY

Ifin acute A ABC, H - orthocentre, I - incentre, O — circumcentre then:

CBV2(h — N2 — 2
(Area[OIH])? = (a—b) (12)4:2) (c-a)

PROBLEM 6.88 - STANCIU’S GENERALIZATION OF NESBITT’S INEQUALITY

Ifa,b,c,x,y > 0 then:
a b c (a+ b+ c)?

+ + > =
xb+yc xc+ya xa+yb  (x+y)(ab+ bc+ ca)
>3\/3(a2+b2+c2)> 3
“(&x+y)a+b+c) x+y

PROBLEM 6.89 - STANCIU’S INEQUALITY

In A ABC the following relationship holds:
1 1 2

sinB sinC — cos%

PROBLEM 6.90 - SZOLLOSY’S INEQUALITY

In AABC the following relationship holds:

\/bc(s—a) +\/ca(s— b) +\/ab(s—c) < 3RVs

PROBLEM 6.91 - TEPPER’S IDENTITY

! = n(—1)" M@a-knaeR
n kzzo (k)a aeE
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PROBLEM 6.92 - THEBAULT’S INEQUALITY

In AABC the following relationship holds:
27R?

r2+ri+r>

PROBLEM 6.93 - TRUCHT’S INEQUALITY - 1

In AABC the following relationship holds:
4R+ 71 = sV3

PROBLEM 6.94 - TRUCHT’S — INEQUALITY - 2

In AABC the following relationship holds:
s> +r% > 14Rr

PROBLEM 6.95 - TSINTSIFAS INEQUALITY

In AABC the following relationship holds:

m n
a’ + b?% + c’> > 238
n+p ptm m+n
m,n,p € (0,0),S — area

PROBLEM 6.96 - TSINTSIFAS — MURTY’S INEQUALITY

In AABC the following relationship holds:
3 < sinA sinB sinC < 3V3
m m—A m—B mw-C T

PROBLEM 6.97 — URSARESCU’S INEQUALITY

In acute A ABC the following relationship holds:

\sin A4 + v/sin B + V/sin C T

=
A B c \R
\/C0t7+\/C0t7+\/C0t7

PROBLEM 6.98 - VASIC’S INEQUALITY

Ifx,y,z€ R,xyz > 0 theninA ABC:

V3 /yz zx «xy

xsinA+ysinB+zsinC§—(—+
2 \x y
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PROBLEM 6.99 - WALKER’S INEQUALITY-1

In AABC the following relationship holds:

a’? b* c? s a . (1 1 1
3 riztg >(a*+b +c)< tozts )

PROBLEM 6.100 - WALKER’S INEQUALITY — 2

In acute — angled ABC triangle the following relationship holds:
a? + b%? +c? > 4(R + r)?

PROBLEM 6.101 - WEISSTEN’S INEQUALITY:

In A ABC the following relationship holds:
sinA +sinB + sinC < 3

cotA+cotB +cotC — 2

PROBLEM 6.102 - WILKER — ANGLESIO’S INEQUALITY

sinx\’> tanx 16 3 V4
( ) + >2+—4-x tanx,xE(O,—)
X X yi4 2

PROBLEM 6.103 - WILLIAMS-HARDY’S INEQUALITY

If x > 1 then:

logx<1 x+1
x3-1 3 x3+x

PROBLEM 6.104 - WU'’S INEQUALITY - 1

Ifx,y,z € (0,) then:
(2 +xy+y)(Y?* +yz+2*) (2% + zx + x*) = (xy + yz + zx)3

PROBLEM 6.105 - YANG’S INEQUALITY

In A ABC the following relationship holds:

r2(R - 2r r2(R - 2r
16Rr — 512 +¥s s? < 4R? + 4Rr + 31?2 _T(R-21)
R—1r R—1r
Proposed by Yang Xue Zhi — China

105



PROBLEM 6.106
Ifa,b > 0 then:

a? + b? 2 a+b
+ = + Vab
2 1, 2
a

Proposed

Rl

y George Apostolopoulos-Messolonghi-Greece
PROBLEM 6.107 - ROMANIAN INEQUALITY

In acute —angled A ABC, w — the Brocard angle:

R {1 (a+b)(b+c)(c+a) 3(24_9 C)}

—>
r_max sinw’ 16RS '3\b ¢ a

PROBLEM 6.108
Ifa,b > 0,a # b then:

a—>b —
o< ma—Inb ab<1
a+b \/— 3
5~ ab

Proposed by B.G.Carlson-USA
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MISCELANEOUS PROBLEMS

PROBLEM 7.01
Prove that:

32< n+ 511) 32( 2m 3n> 32< 4n+ 6n> 37 SVE
cos13 cos 13 cos13 cos 13 cos 13 cos 13) =

Proposed by Vasile Mircea Popa-Romania

PROBLEM 7.02
Find all n € N such that Q(n) € N:

2

o= 2 )+ ()

Proposed by Ajao Yinka-Nigeria
PROBLEM 7.03

Let f(x) = log (M+—) then prove that:

|A|(n+1) (m+1+k) n?[n?
YYD S - (F )
where

o (x)

i , f™ is n'" derivatives

A =1lim,_,

Proposed by Naren Bhandari-Bajura-Nepal

= ) e ()

Proposed by Shivam Sharma-New Delhi-India

PROBLEM 7.04
If n, k € N then:

PROBLEM 7.05
If z € C, |22 — 2| = |4z + i| then:
|z| < 2V5
Proposed by Marian Ursdrescu — Romania
PROBLEM 7.06
Solve for natural numbers:
x4+ =(x+1D)" - (y+1)" ,neN

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaijan
PROBLEM 7.07
Solve for real numbers:

(1 + sinx) - (sinx)°* + (1 + cos x) - (cos x)¥"* = 1 + sinx + cos x
Proposed by Rovsen Pirguliyev-Sumgait-Azerbaijan
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PROBLEM 7.08
Find all function f: R — R satisfying:
fx+ny?) > (y+1D"f(x),vx,yER,1<neN
Proposed by Nguyen Van Canh-Vietnam
PROBLEM 7.09
Find all functions f: R — R continuous in x = 0 such that:
f(2018x) = f(2019)x + x2

Proposed by Nguyen Van Canh-Romania
PROBLEM 7.10
Find all ROLLE functions f: [0, 1] — R such that:
2019
FO) = F(1) =S5
2017f'(x) +2018f(x) < 2019,vx € (0,1)

Proposed by Nguyen Van Canh-Vietnam
PROBLEM 7.11
Ifa, b € (0,) then:

2+Vab 4ab (a+b)? a+b a b
+ + + <2 (— + —)
a+b (a+ b)? 4ab 2+/ab b a
Proposed by Daniel Sitaru — Romania
PROBLEM 7.12

Prove that if: z4, z;, ..., z, € C*,n € N then:
1Xit1(Re z; + Im z;)|

<
Yi=1lzil =\V2
Proposed by Daniel Sitaru — Romania
PROBLEM 7.13
Solve for real numbers:
{tan_l X — e%(tan_1 y—(:ot_1 y)
! cot1x

tan_l 4 - -
y en(tan Tx—cot™1x)
cot 1y

Proposed by Rovsen Pirguliyev-Sumgait-Azerbaijan

PROBLEM 7.14
If x1,X2, ..., X, Y1, Y2, » Yn € (0,0), 1 € N* then:

(SN (S o)< (52) (52

i=1 i=1 i=1 i=1

Proposed by Daniel Sitaru-Romania
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PROBLEM 7.15
Ifa; >0,i € 1,_n,a1 +a; + -+ a, =1then:

LI IR
a a,
1 1 1 >n+1
1+a1+1+a2+ +1+an

Proposed by Regragui El Khammal-Morocco
PROBLEM 7.16
Ifa,r € (0,) then:

2 Sl

If a;, b; € (0,),i € 1,n,n € N* then:

S )

i=1 i=1

<(2a+n-1r)n,neN*

Proposed by Daniel Sitaru — Romania
PROBLEM 7.17

Proposed by Daniel Sitaru — Romania
PROBLEM 7.18

Letn € N*, a4, ...,a, € (O, g) such that

Z a, < n.

1<ksn
Prove that
1)\ . n n
Z —|sin| —— |+—>n
1<k< ak 2 k< i n
SK=S <
n 1<k<n ak

Proposed by Mihalcea Andrei Stefan-Romania
PROBLEM 7.19

Ifa; € (0,0) wherek =1,2,3,...,nanda,; + a, + -+ + a,, = 1 then:

Zalkz (n+1)<kzz1aki_1>

k=1

Proposed by Marin Chirciu — Romania
PROBLEM 7.20
Ifa,b,c € (0,) then:
1 1 a c¢c b
o (g ) z2( g+
(a* + b* + ¢*) +33 T —tpto

Proposed by Daniel Sitaru — Romania
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PROBLEM 7.21

Let a, b, c > 0 such that: a? + b? + ¢* = 3abc. Find the maximum of expression:
_ ab bc ca
= et rbirairl T 206 b rchbil | 2c6-cSratteil
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

PROBLEM 7.22

n
xlprp-.-,xn > O,Tl € N*,le = nz

i=1
Find:

n
N = max n(x,-)i
i=1

Proposed by Madan Beniwal-Varanasi-India
PROBLEM 7.23

If a, b, c are maximum positives values such that:
2017

Z Yy(n)=aH,—cy—d
k=1

find:a+b+c+d
Proposed by Shivam Sharma-New Delhi-India
PROBLEM 7.24
Let x, y, z be positive real numbers. Find the minimum possible value of
X y 1

+ + 2
y+z z+x 2 x+y

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
PROBLEM 7.25
a,b,c € (1,0)
2(ab,c) = Z log2 b +log, b - log, ¢ + log? ¢
log, b + log, c
Find min 2(a, b, ¢)

Proposed by Daniel Sitaru — Romania
PROBLEM 7.26
Let x, y, z be positive real numbers such that: x + y + z = 3. Find the minimum of
expression:
3
P= +—2 +
yVx3+8 z/y3+8 xVz3+8
Proposed by Hoang Le Nhat Tung — Hanoi — Vietnam

3 3

X Z

PROBLEM 7.27
Let x, y, z be non-negative real numbers such that x + y + z = 1. Find the maximum and
minimum possible values of

+z2)Vi+x+(Z+x)J1+y+(x+y)V1+z

Proposed by Nguyen Viet Hung — Hanoi — Vietnam
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PROBLEM 7.28
Let x, y, z be positive real numbers such that: x + y = z = 3. Find the minimum of

S 1 1 1 X,y E)
expression:Q = x(2y2-yz+222) + y(2z%2-zx+2x2) + z(2x%2—xy+2y?) +2 (y + z + x

Proposed by Hoang Le Nhat Tung-Hanoi-Vietham

PROBLEM 7.29
In AABC the following relationship holds:

As B B C L C. A
SlIlZSan smzsmz SlIIZSlIlz_ r

wa+wb+wb+w0+wc+wa " 4R
hc ha hb

Proposed by Mustafa Tarek-Cairo-Egypt

PROBLEM 7.30
Solve for real numbers:

xy\t oyzt ozt 4 .
(7) + (7) + (7) = Xyz 272)&'
x*—4y3+6z22-4x+1=0
Proposed by Daniel Sitaru — Romania

PROBLEM 7.31
A € M3(R),det(A%? + 24+ 2I3) = det(A+13) =0

Find:
Q =detd
Proposed by Marian Ursarescu-Romania
PROBLEM 7.32
1 1 1
x+a x+b x+c
1 1 1 p ; ; ; 1 11) 1
a = , = ,y = a C
y+ta y+b y+c 2 2 2 2 p2 2
1 1 1 x° y- z a“ b ¢
z+a z+b z+c

Ifa,b,c,x,y,z > 0 then:
Plal > 1By 9
(a+b+c+x+y+2z)
Proposed by Daniel Sitaru — Romania

PROBLEM 7.33
Solve for real numbers:

2% 3% + 3% 2x = VB(vZ + V3)(5 — VB)

Proposed by Daniel Sitaru — Romania
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CYCLIC INEQUALITIES-SOLUTIONS

SOLUTION 1.01

Solution by Soumava Chakraborty-Kolkata-India

1 1\ D
Given inequality < Y.(a® + 1) (— + ) > 12(\/5 — 1)

b*+1  ct+1

8 8 8 8 A-G 8 8
a®+1 b°+1 a®+1 b°+1 a®+1 b°+1
LHS of (1) = —_— —_—= ( ) > 2 .

f( ) ZCyC b4+1 ZCyC a4.+1 ZCyC b4.+1 (,l4'+1 (2) Zl,'yl,' (,l4'+1 b4.+1

X8+ , _ 4x3(x8+2x%-1)

Let f(x) = o7 Vx = 0. We have f'(x) = B

" 4x?(3x12+9x8+19x*-3) , ) 4
and f"(x) = 1) J'(x) =0iffx=00rx =+v2—-1

£(0) = O with £(0) = 1and f" (VV2 - 1) > 0 with f (VV2 - 1) = 2(v2Z - 1)
~ f(x)Vx = O attains its minimum at x = 4\/ V2 — 1 and fmin (2 Z(ﬁ — 1)

(2), (3)=> LHS = 6\/(2(\/5 - 1))2 = 12(\/5 — 1) = (1) is true (proved)

SOLUTION 1.02
Solution by Marian Ursdrescu-Romania
abc = 1 we show this:
(a® + b®»)ab + (b? + ¢*)bc + (¢* + a*)ca < 2(a* + b* + ¢*)
But a* + b* > ab(a® + b?) (1) &
at—a*b+b*—ab® >0
alla-b)+b3b—a)>0= (a-b)a®>-b}) >0
(a — b)?(a®? + ab + b?) > 0 true
a* + b* > ab(a? + b?)
From (1) = b* + ¢* = bc(b* + ¢?) ¢ =
c* + a* > ac(a? + c?)
2(a* + b* + ¢*) > ab(a? + b?) + bc(b? + ¢?) + ac(a? + ¢?)
SOLUTION 1.03
Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

We have 5a* —a® >15a—11vV0 < a < 3 (1)
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It is true since (1) = (a — 1)%*(a® —3a* - 7a-11) <0 >
= (a—1)?%[a*(a-3)—7a—-11]<0
(True since (a — 1)> > 0 and a’(a—3) — 7a— 11 < —11 < 0)
Similalry, we have 5b* — b > 15b — 11V0 < b < 3 (2) and
5¢*—c®>15¢—11V0<c<3(3)
(1), (2)and (3) = 5(a* + b* + ¢*) — (a®> + b5+ c5) = 15(a+ b +¢) —33 =
5@t +bt+c)—(a®+b5+c%) =12 5(@* +b*+c*) =12 +a® + b5 + 5
The equality occurs whena = b = c = 1.
SOLUTION 1.04
Solution by Abdallah El Farissi-Bechar-Algerie

1 1 1
(7+a3+b3+c3)(7+—+—+ )

b3
3, 1 3, 1 ;3 1 3 3 s (1 1 1
=49+7(a +§+b +ﬁ+c +C—3)+(a +b +c)( +ﬁ+ )
>49+42+9=100
SOLUTION 1.05
Solution by Marian Ursdrescu-Romania
1 1 1
ab+ bc+ca=3abc=>—-—+—-+—-—=3
a b c
U 20020 2 _
Letﬁ—x, b—y,ﬁ—ZWIthx,y,z>0/\x +y*+z“=3

With this notation the inequality becomes:
1

xy 3 x3y3 3
Z y4S—=>Z S1_6 (1)

(243 16 (e+y)*
x'y

Butx +y=>2/xy= (x+y)?*>16x*y* >

1 x3 y
< >
(x+y)* — 16x2y2 (x+y)t —

—xy (2)

From (1) + (2) the inequality becomes: EZ xy < 1—6 o Yxy<3 (3

ButY xy < Y x? = 3 (4) (from hypothesis) .From (3) + (4) = 1 the inequality is true.
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SOLUTION 1.06
Solution by Christos Eythimiou-Greece

abc>0Na+b+c=3

ab? bc? ca? V3
= + + +—(a*+b*+¢*) =
Vb2 +bc+c2 Vc2+ca+a?: Va:+ab+ b2 4
a’b? b?c? cza?

+ +

avb? +bc+c2 bVc?+ca+a? cVa?+ ab + b?
V3
+T((a+b+c)2—2(ab+bc+ca))2

(ab + bc + ca)?
Vavab? + abc + ac? + VbVbc? + bca + ba? + \cVca? + cab + cb?

V3
+T(32 —2(ab+bc+ca)) >

(ab + bc + ca)?
va+ b + cVab? + abc + ac? + bc? + bca + ba? + ca? + cab + cb?

+\/T§(9—2(ab+bc+ca)) =

(ab + bc + ca)? 9V3 /3
+ ——(ab + bc + ca) =
V3J/(a+b+c)ab+bc+ca) 4 2
(\/ab+bc+ca)4 V3 93 _
vV3./3(ab+bc+ca) 2 (ab+bc+ca)+ 4
(\/ab+bc+ca)3+(\/ab+bc+ca)3+\/§ \/§( bt be )+7\/§>
6 6 R
3 (\/ab+bc+ca)3 (\/ab+bc+ca)3 V3 V3 7V3 7V3
3 6 . 6 ~7—7(ab+bc+ca)+T=T

SOLUTION 1.07
Solution by Marian Ursdrescu-Romania

We use breaking method: we show the following inequality:

a?+b5 > 4/—a3b3 (1)

aZ+b?

2 5
Proof: =2 > \/a3b3 = a® + b° > (a? + b?)abVab =

a?+b% —
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a® — a®bVab + b° — b3avab > 0 >
a*va(ava — bVb) + b*V4(bVb — ava) = 0 =
(ava - bVb)(a*Va - b*Vb) > 0 & (Va3 —/b3) (Va* - Vb%) = 0
obvious, because ifa > b = Va? — Vb3 > 0 and Va5 — Vb5 > 0
a<b=Va® - Vb3 <0andVa>— Vb5 <0

5
Us:ngrelatlon(1)=>2/ >ZV a®b? > 3/ Vabbbcb =X a2+zz 3

SOLUTION 1.08
Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

Ifabc>0a+b+c—3then3+2(12a 6bc+1)>2(101:+1 Za+1) (1)
Wehave(l):a+b+c+12 +1+6bC+1+121:+1+6c‘-l|—1+12f'+1+6ab+1>
c b a c b a
“10b+1 2Za+1 10c+1 2b+1 10a+1 2zc+1
1 1 1 1
:>a<1+12c+1+6c+1_2c+1_10c+1>+
1 1 1 1
+b<1+12a+1+6a+1_2a+1_10a+1>+
1 1 1 1
+C(1+12b+1+6b+1_2b+1_10b+1)>0
1440c* + 720¢3 + 204c* + 24c + 1 1440a* + 720a3 + 204a? + 24a + 1

2+ D(6c+ DA0c+ D(12c+ 1) T b 2a+ 16a+ D10a+ DA2a+ 1)

1440b*+720b3+240b%+24b+1
tc: (2b+1)(6b+1)(10b+1)(12b+1) >0 (True)= Q.E.D.

SOLUTION 1.09

Solution by Daniel Sitaru-Romania
AM-GM
~
3=x3+y3+23 > 3xyzoxyz<1- (xyz)?=(xyz)",n=>2
AM—-GM

Z X = Z X _12 X
yt+z4 +y2z22 33 (yz)6_3 yzzz_

= — = 1 Z x3 < ; 3 <
3Lu(xyz)?  3(xyz)? T 3(xyzn)? T (xy2)"
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SOLUTION 1.10
Solution by Ravi Prakash-New Delhi-India
For x,y = 0, we first show
9(x* + y*) > 2(x? + xy + y?)?
© 9(x* +y*) = 2(x* + y* + x%y% + 223y + 2xy3 + 2x%y?)
& T7(x*+yY) —6x?y? —4x3y —4xy? >0 3(x%2 —y2)2 +4(x3 —yH(x—y) =0
3% -9 2 +4(x—y)*(x*+xy+y*) =0
1 1
Which is true.Putting x = a+,y = b4, we get
1 2 1
9(a+b) > 2(\/E+ (ab)Z+x/E) :>%\/a+b >a++Vb+ (ab)i (1)
1 1
similarly, 3 /”% >Vb++vVc+ (bo): (2) 3 /; >Ve+Va+ (ca)t (3)

Adding (1), (2), (3) we get

[ B[] e ot o

SOLUTION 1.11

Solution by Andrew Okukura-Romania

3 3 1
a’ + ab + b? Zz(a+b)2 (az+b2 Zz(a2+b2)+iab) =
3
l_I(a2 + ab + b?) > 1_[1(a+b)2 =

5 BJn(aZ +ab+b?) > 8Jﬂ%(a+b)2 - 8(‘/2—§>3ﬂ(a+b) -

=3vV3(a+b)(b+c)(c+a)

SOLUTION 1.12

Solution by Soumava Chakraborty-Kolkata-India

Q@) (Yat) <3 e

(1) =32 a®)Ta)+ZTa)*24Fa)Za )T a)?

@2a7b+2ab7+52a6b2+52a2b6+10abc(2a5)+
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2
+abc (Z a*b + z ab“) + 4a?b?c? (z az) > 52 a’h3 + 52 a3b® +2 z a*b* +
+8abc (Z a3b? + Z a2b3)

A-G
Now, Y a’b + Y ab” = Y.(a’” + ab”) (2) 2Y a*b*
a
Chebyshev

Also, 5Y a®b? + 5Y a?b® = 5Y. a?b? (a* + b*) > SZiazbz(az + b?)(a? + b?)

A-G
>'5) @b (@ +b?) = sz aSh’ + sz a3bs

Schur= a®(a—b)(a—c)+b3*(b—c)(b—a)+c3(c—a)(c—b) =0

:zas +abc(2a2) 22a4b+zab4
= 4abc (z a5) + 4a?b?c? (Z az) (_;) 4abc (Z a*b + Z ab4)

(a)+(b)+(c)= LHS > 2Y a*b* + 5(X a®b® + ¥ a®b®) + 6abc(X a®) +

+5abc (Z a*b + Z ab*) > 5 (Z ash3 + Z a®b) +2 Z a*b* +
+8abc (Z a3b? + Z a2b3) PR

& 6abc(X a®) + 5abc(T a*b + Y ab?) é 8abc(Y a®b? + Y. a’b3) (3)

Chebyshev

Now, a® + b5 > 2

A-G
> E(a2 +b*)(a® + b3 > ab(a®+ b3) > a’b?*(a+b) =

= a3b® + a’b3

= z:(a5 + b%) = Z:a3b2 +z:a2b3 = ZZaS > Z:a:‘b2 +Z:a2b3
= 6abc(Y a®) = 3abc(X a®b? + ¥, a®b®) (d)
Again, Y. a*b + Y ab* = Y ab (a3 + b3) > Y. a?b? (a + b) = Y a®b? + Y, a?b3
= 5abc(3 a*b + Y ab*) > 5abc(Y a®b? + Y. a’b?) (e)
(d)+(e)=(3) is true (proved)
SOLUTION 1.13

Solution by Boris Colakovic-Belgrade-Serbia

1 1 V2 x+5 2/ 2
< = < = — >
S22 = \/x+(3_x)2 Ji2—dxi0 — 613 o (x—1)*(x“+8x+9) >0 true
2
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y+5 1 z+5

. 1
Similarly —\/m 3 m
=3

1
< Z(x +5)=—
Z\/x+yz+z2 6V3 \/§
SOLUTION 1.14
Solution by Do Quoc Chinh-Vietnam

By Cauchy-Schwarz’s inequality, we have:

a3(a+ b) a(a® + ab + b?)
<Zm><z P >2(a2+b2+cz)z

We have:

a(a? + ab + b?) a[(a + b)? — ab] a’b
Z a+b :Z a+b :Z“(”b)_zam

By Cauchy-Schwarz’s inequality, we have:

Z a’b _Z a’b? - (X ab)?
a+b Ziab+b2~ Ya?+Yab

a(a? + ab + b?) (X ab)?
:z a+b Z a(a+b) - Yaz+Y ab

(X ab)?
Z a* + Z ab - Y az+Y ab ab
_ (Xa*+Yab)? - (X ab)z X a®)?+2Xa®)(Tab) (a®)(Xa)®
a Ya?+Yab Ya%+Yab ~ Ya?+Yab
(a? + b? + ¢%)? < a? + Y ab)(C a?)

5 a(a? + abb+ b?) = S a)?
a—+

& a’+Yab)Ta)>? Y(a+b)? Y a)? 2(Xa)
- 3 a)? B 6 - 18 9
The equality holds fora = b = c.

= LHS >

SOLUTION 1.15
Solution by Marian Ursdrescu-Romania
xZ42yt+1=x+yt+yt+124x12 y8 1

1 < 1
x12 +2y* +1 7 4x3y?

x2+2y*+1>4x3y% =
Inequality becomes:
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Z X <1 x 1 1 nyz lz ”
x12+2y* + 1~ 4Lux3y2 4 Lux2y? 2 TaL.”

We must show this: x> + y* + z> < x8+y3 + 28 (1)
Now, we use: a®> + b?> + c¢?> > ab + bc + ac =
x8 +y8 + 28 > xtyt + yrzt + 24t > x%y?zt + xPytz? + xty?Z?
= x2y%z%(x* + y* + z%) = x* + y* + z%. So, (1) is true
SOLUTION 1.16

Solution by Hoang Le Nhat Tung-Hanoi-Vietnam

d y z x Yy, zZ _
x’y’zz0:>I—yz+1—zx+1—xyZI+I+I_1 (1)
A y z 9
We prove: r— + Pa— + P < .
P e R e e R e e DI e
1-yz y+2)? (1 x)2 34 2x —x2
—— <2 o (Tx-9)(Bx - 1)2 <0 (true, x < 1)
<4 63x+3_632x+9_63-1+9_9
1-yz~ 156 64 64 8
1
=y=z=3; (2)
X y z 9
(1),(2):>1sl_yz+1_xz+1_xygg

SOLUTION 1.17

Solution by Soumava Chakraborty-Kolkata-India
3 2
Firstly (VZ+1)" =2v2+1+3(V2) - 14+3V2=7+5V2> V7 +5/2=v2 + 1

A-G
xyz=>7+5V2=3/xyz>V2+ 1. Now, t =Y x > 33/xyz=3(V2+1)

Now,t2—6t—920=>t£6_;/ﬁ=3—3\/Eort26+;/ﬁ=3+3\/§
vt>0,2t2—6t—9>0 t>3(V2+1), thatis,
t>3(V2+1)=>t2-6t-9=20>=>6t+9<t?>

=26Yx+9<Xx)? (1)
But (X x)2 <3Yx% (2)
(1),(2)=3Yx*>26Yx+9=>Yx*-2Yx>3
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Thus, it is established that Vx,y,z > 0 such that xyz > 7 + 5\/5, we have

x> +y?+z2-2(x+y+2z)=>3
SOLUTION 1.18

Solution by Soumava Chakraborty-Kolkata-India
Numerator of LHS = a*b(b? — c?)(c + a) + b%c(c? — a®)(a + b) + c*a(a? — b*)(b + ¢)
=Y a3b3® — abc( a?b) - (a)

Let us consider x,y,z > 0
A-G
2+y2+y3 > 3xy*-> (1)

A-G
y +23+23 > 3yz2 > (2)

A-G
2+ x3+x3 > 3zx* > (3)

(1)+(2)+(3)= £ x* = L xy* - (i)

Putting x = ab,y = bc,z = ca and applying (i), we get

Z ab3® > abc (Z azb) = Z a’b3® — abc (2 azb) >0

= numerator of LHS > 0 (by(a)).Also, denominator of LHS = abc[[(a + b) > 0

~ LHS > 0 (Proved)
SOLUTION.1.19

Solution by Christos Eythimiou-Greece

x+y)(y+2)(z+x)
x,y,z>0>=
x+y+z)(xy+yz+zx)

x+y)(y+2)(z+x)
x,y,z>0>= =
x+y+z)(xy+yz+zx)
_ (x+y+2)(xy +yz +zx) — xyz3/xyyzzx -
h x+y+z2)(xy+yz+zx) -

8
>
9

(x+y+z)(xy+yz+zx)—x+g+z-xy+};z+zx
>
- x+y+2)(xy+yz+ zx)

Ol

SOLUTION 1.20

Solution by Abdul Aziz-Semarang-Indonesia

1 1 Bernoulli 1 1
= >
2a0+a Z(1+a—1)“+a - Zl+a(a Z

—1)+a: a+1
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cs 1+ 1+1)> B 9
“al+1+b2+1+ct2+1 a?+b*+c2+3
Equality holds whena = b = c = 1.
SOLUTION 1.21

Solution by Marian Ursdrescu-Romania
1

1 1
ab+ bc+ca=6abceo—+—-—+—=6
a b c

Letx:iy:%,z:%:)x+y+2=6,x,y,z>0

1 _ 1 _ Xy
Jab(a + b) \/x_ly(%-l_%) Jx+y

We must show this:

X

zys3+%(xy+xz+yz)withx+y+z=6(1)

Xy < x+y+xy PN (1,)

Jrdy T 4
(x+y+2)\/x+y=4xy (2)
letx+y=Sxy=p.S=x+y=2/xy=>8S>2p
(2) = (S+p)VS=4p (3)

But (S + p)VS = ZS\/EZ 4\/5-\/5= 4p = then (3) its true.

We show this:

, xy 2(x+y+z) 1 . 1
From(l):»zmg . +4(xy+xz+yz)—3+4(xy+xz+yz).

SOLUTION 1.22

Solution by Ravi Prakash-New Delhi-India

1 12 x+1 y+1
<2+x+y+—+—) —4<x+ )(y+ >=
x Yy y

X

2 2
— 2 x"’_y) (x+y) 2x+y)°
=4+ (x+y) +( o +4(x+y)+4 poy + o

—4lxy+x+1+y+1+

x+Dy+1)]|
xy l_
_ x + y\? 1 1 1 1\, 4

—(x+y)2—4xy+(7) —4(;+;)+4(;+;)—E+4(x+y)—4(x+y)+
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2(x+y)? x—v)2 2(x—1y)?
+4—12+Q=(x—y)2+( 2};) + (=) >0
xy x°y xy

SOLUTION 1.23
Solution by Soumava Chakraborty-Kolkata-India
b hted
c®(ab) + a®(bc) + b’(ca) weig S qan )[(c)eb (a®)be (pb)ca
Y. ab
— Z“b/(abc)abc __— (abc)abc ( Z ab = abc) = (abc)

= Z -ab > Z ab) (abc) = a?b?c? ( Z ab = abc)

SOLUTION 1.24

Solution by Marian Ursdrescu-Romania

From Hélder inequality =
4

M R R e et

From (1) we must show this:

(3a+2+52)
Cz7d >3(a+3b)t e [3a+b( —)] >81(a +3b)* &
(:3a+b(%+1 )>3(a+3b)<=>b( %+)>9b@1+;+2>9true

because(c+d+e)(%+%+%)29,butc+d+e=1:>%+%+%29.

SOLUTION 1.25

Solution by Marian Ursdrescu-Romania

3
R

3/ztx+3 [txy+3[xyz
Let }[yzt = x4, Vztx = x5, 3[txy = x3,%[xyz = x,
3
(1) becomesZ( ol ) > 24—7 (2)

X2+Xx3+Xx4

Inequality < Y, (

X1
From Holder we have: Y. ( ol )3 > M (3)

X2+Xx3+X4 16

3
From (2)+(3) we must show (Z 1 ) >% o

X2+Xx3+Xx4
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S>3 (4)

X2+Xx3+Xx4

_ —2y1+tYy2+y3+ys
Xy =—————
X2t X3+ X4 =1 X = Y1—-2y2+y3+ys

! X1+ X3+X4=Y2 2~ 3

et _ = =
X1 + X2 + X4 = Y3 _ Y1+y2—2y3+ys
X3 = —3

X1 + X2 + X3 = Y4

_ Y1tYy2+y3—2y,
Xy =—""—"—

3

. 1 4
Inequality (4) becomes: 52(—2311 +y,+y3+y,) = 39

X2(=2y;+y,+ys+tys) =4 (5)
ButY (—2y, + Y, + Y3 +y4) = -8+ (% + ;—j) > —8 + 12 = 4 =(5) is true.
SOLUTION 1.26

Solution by Rovsen Pirguliyev-Sumgait-Azerbaidian
1

vaz+1

It is known that if x > 3 then Vx2 + 9sin§ >3,x>3a> sin% >

1 1 1
Y2z J@aD Jor i Je@ i D
Now, we prove that
1 1 1
22 J(@+ D2+ D&+ 1) g V(a2 + b2 + 2)(b? + ¢2 + 1)(c? + a? + 2)
(a> +b* +2)(b® + c® +2)(c* +a? +2) > 8(a®> + 1)(b%> + 1)(c* + 1)

LH

a?+b2+2=(a%+1)+(B%2+1)>2/(@+1)(b2+1)

P2+c24+2=((b%>+1)+(2+1)>2/B2+1)(c2+1)

+a?2+2=(2+1)+@+1)>2/(2+1)(a%+1)
SOLUTION 1.27

Solution by Soumitra Mandal-Chandar Nagore-India

1 1 1
leta>b>c>—>—>—
b+c c+a a+b

b+cy —3|L° (a+ by | = 3 2@+ b+
cyc cyc cyc

(a+b+c)*™”

[.'. x'y € [1,+OO)] = 2y3x—y—1
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SOLUTION 1.28

Solution by Soumava Chakraborty-Kolkata-India
1 1 11
va,b,c € (0,1)] z a? = 3,(1 - a®)a(1 - B)B(1 - e <
va,bc€(0,1),0<(1-a?®),(1-bHA1-c*»)<1
P a1 1
Now, (1 — a®)a(1 — b*)b(1 — c*)¢ <=
1 1 1 1
& In ((1 —a?®)a(1-b?b(1 - 02)6) <In (;)
1 1 1
- — a2 - _ p2 = L2 e 2 — 2
@(a)ln(l a )+(b)1n(1 b )+(C)ln(1 ?) < —3= x/i(za )
1 €))
& Z [(E) In(1—a?) + \/§a2] <0
Let f(x) =In(1—x%) +V/3x3vx €[0,1)
) ?
)= ()@ -0 Lo

? ?
©3V3x—-3V3x3-2<029x3-9x+2V3>0

We have f'(x) = x(

& (3x +2v3)(V3x - 1)2 ; 0-true= f'(x) <0Vx€[0,1)
= f(x) < f(0)=0,vx€e[0,1) =Vxe[0,1),f(x) <0,equalityatx =0
~x€(0,1),f(x) <0=>In(1—-x%)+V3x3<0
= (%) In(1 — x2) +/3x2 (2) ovx e (0,1)

1 by (a) 1 by (a)
(E) In(1 - a?) + V3a? (<_) 0, (5) In(1 — b?) + V3b? & 0&

(%) In(1 — ¢?) + V/3¢? < 0 (i)+(ii)+(iii)= (1) is true (Proved)

SOLUTION 1.29
Solution by Omran Kouba-Damascus-Syria
Let a, b, c be positive numbers and suppose that 1 < p < g,

by Hélder’s inequality we have

] q a\g 1P p P
aP + bP + P < ((ap)p + (bP)P + (cp)p) (1+1+1)"79<3(a% + b7 + c1)4374
Equivalently
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3P(a? + b?P + cP)1 < 39(a? + b1 + c?)P
And the desired inequality follows by taking (p, q) = (e, ), since e < .
SOLUTION 1.30
Solution by Soumava Chakraborty-Kolkata-India

Upon squaring, given inequality becomes

Z a*b? + Z a?b* + 2a?b%\/ (b2 + c2)(c? + a?) + 2b%c%/(c? + a?)(a® + b?) +

(1
+2c2a?\/(a? + b?)(b? + %) > 2a?b%c* + 2 a*b? + 2 a’b*

Now, b? + ¢% > (b+c)2&c + a? (b+c)(c+a)

= (b? + c2)(c? + a?) > E(b +0)(c+a)

(a)
~ 2a%b2%\/(b? + c2)(c? + a?) = a?b?(b + ¢)(c + a) = a?b? (Z ab) + a?b?c?

(b)
(+ a,b,c = 0). Similarly, 2b*c?,/(c? + a?)(a? + b%) = b%c%(Y ab) + a’b?c* &

(e)
2c%a?/(a? + b?)(b? + ¢?) > c*a? (Z ab) + a?b?c?

(a)+(b)+(c)= 2 ¥ a’b?\/(b? + c2)(c? + a?) = (T ab) (T a’b?) + 3a%b%c? >
> 2a’b%*c*( a,b,c = 0)

= z a*b? + Z a’b* + Zz a?b? /(b2 + c2)(c? + a?) >

> Y a*b? + Y a’b* + 2a’b?c? = (1) is true (Done)

SOLUTION 1.31

Solution by Soumava Chakraborty-Kolkata-India

x3 4+ 23 Chebys’le” x + z)(x% + 7* xX+z
6+Z z 6+ ( )2( ' ) _ +Z( )
x*+z 2(x% + z%) 2

=6+Zx=6+3=9

z\/(x+y+1)(y+z+1) _2_ JZ(x+y)+3JZ(x+y)+3—

by (1) x3 + 73
=22x+3=2-3+3=9 < 6+ = .2
xX“+z
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SOLUTION 1.32
Solution by Soumava Chakraborty-Kolkata-India
letx*+y*=a,y*+z*=b,z* +x* =c.
Thena+b>c,b+c>ac+a>b=ab,c
are three sides of a triangle with circumradius, inradius & semi-perimeter = R, 1, s (say).

Now,2¥x*=Ya=2s=>3Yx*=s.z*=s—a,x*=s—b,y* = s — c. Using the above

. . . . Y a?
transformation, given inequality becomes N > 4\/§\/ (s—a)(s—b)(s—c) e

& Y a? > 4+/3S - true (lonescu — Weitzenbock) (proved)
SOLUTION 1.33
Solution by Chris Kyriazis-Athens-Greece

t
The range of the function e+, t > 0 is [1, +). So, we can find t,, t,, ts, t, such that

51 t2
4 4

. . . 1 .
= b, e'3 = ¢, e'* = d. Considering the function g(t) = — when t > 0, it’s easy
1+e4

et =qa,e

t 4

to check that is convex in [0, +). (g'(1) = % >0,whent >0)
16<e1+1>

Then, Jensen inequality gives us that

t1+t2+t3+t4)
=

g(e) + g(t2) + g(t) + g(t) = 4g (

4
1 1 1 1 4
= t_1+ t_2+ t_3+ t_4_2 t1+ta+t3+1, =
1+e4 14+e4 1+e4 1+e4 1+e 4
4 1 1 1 4

“T+a 1+b 1+c 1+d-1+abcd
SOLUTION 1.34
Solution by Marian Ursdrescu-Romania
Ifx,y,z,t > 1 then:

3 3 3 3
xx . yy czZ tt > x,/yzt . y\/ztx L g Vtxy . t,/xyt

y+z+t

Yyzt < YHZH P < x s (1)

3

.. ¢ y+z+t z+t+x t+x+y x+y+t
From (1) and similarly we must show: x* - yY - z* - t* >x 3 -y 3 -z 3 -t 3

P x3x . y3y . Z3Z . t3t > xXxtz+t yz+t+x L gAY XYtz o
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X+y+z+t
& x* Yyt 2 M > (xyzt) TV o xXyY Pt > Y xyzt (2)

(3)

(x+y+z+ t)x+y+z+t

x+y+z+t
4

But */xyzt <

From (2)+(3) we must show: x*yYz*t* > =N

X+ y+z+ et
=X =

& In(x*y?z%t") > ln( 2

oxlnx+ylny+zlnz+Int>x+y+z+¢t)ln (x+y:Z+t) (4)

Let f(a) =alna
f(@)=Ina+1,f"(a) = i > 0,Va > 1 = f convex from Jensen’s inequality =

=>Jf<ac+yé-:2+t)Sf(x)+f(y);rf(z)+f(t)(:)

xInx+ylny+zlnz+tint x+y+z+t x+y+z+t .
4 y4 > y4 ln( y4 )®4ltstrue.

SOLUTION 1.35

Solution by Le Van-Ho Chi Minh-Vietnam

By geometrizing, we may transform (a; b; ¢) = (x* + y?; y? + z%; z*> + x?) of which a, b and
c are three sides of triangle, namely AABC.

Hence, the to-prove problem becomes:

1 1 1 >2\/33(s—a)(s—b)(s—c)_2\/§s_\/§

+ + > =—
a+b b+c c+a abc abc 2R
By = = ,b == 2R, it is enough to prove that:

sin A4 sin B sinC
1 1

: - + — - + — - >
sind+sinB sinB+sinC sinC+sin4
Indeed, applying Schwarz’s inequality:

1 9
E - - = - - - =V3
sin4 + sinB ~— 2(sinA + sin B + sin C)

Note that in any given triangle ABC,sin A + sin B + sin C < 32£

Q.E.D. Equality holds when triangle ABC is equilateral, in other words x =y = z.
SOLUTION 1.36

Solution by Marian Ursdrescu-Romania
x+y+z>33xyz=> (x+y+2)° > 3%x3y323 (1)
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From (1) inequality becomes:

82( ye )323@2( yz )323(2)

xy+xz xy+xz

3 3
From Hélder’s inequality we have:Z( Yz ) = %(Z Y ) (3)

xy+xz xy+xz

yz \3
From (2) + (3) we must show: (Z ) >

27 yz 3
> -
Xy+XZ < Z 2 (4)

r} xy+xz =
letyz=a,xy=b,xz=c,a,b,c > 0.
(4) = > ﬁ > % (true because is Nesbitt’s inequality)
SOLUTION 1.37

Solution by Marian Ursdrescu — Romania
First: 3 +\/y(2 — x) + /22 —y) + yx(2 — 2) < 2(Vx + [y + Vz) (1)

DY@ =x <7
But\/z(2 —y) < Hi—ylL =>)YJy2—-x)<3 (2)
Jx(2—-2) < x+;_t}

From (1) + (2) we must show: 6 < 2(Vx + [y +Vz) &
Vx+[y+vVz=3 (3)
From \/xy + \/yz +xz = 3 = 3a, b, c > 0 such that

3bc 3ac 3ab

= (4)

- ) = ) VA
a(a+b+c) y b(a+b+c) c(a+b+c)

From (3) + (4) we must show:

3bc N 3ac N 3ab 30
a(a+b+c) b(a+ b+ c) cla+b+c)

< ab+ bc+ac > \/3abc(a +b+c) © (ab + ac + bc)? > 3abc(a + b + ¢) which its

true because (m + n + p)? > 3(ma + mp + np)
Second: V2(Vx + [y +Vz) <3+ y(2—x) +/z(2 —y) + Jx(2 — 2)
o V2Wx+ [y+vVz) < [xy+\[yz+Vzx + Jy2 —x) +Jz2 - y) + Jx(2—2) &
o Jy(Vx+v2=x)+Vz(Jy + 2 —y) +Vx(Nz + V2 —2z) > VZ(Vx + [y + VZ) (5)

, 1 1 VZ—x—Vx
Let £:[0,2] » R f(x) = VA +VZ =% f' (0) = 7= — 5= = e
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ffx)=0=x=1

X 0 1 2
ffx) [1+++++++4+0————— — — — 1
f(x)

V2 2

V2

m/M\ m
>Vx+V2—x>+2 (6)

From (6) = \/;(\/E +vV2 — x) > /2y and similarly (7)

From (7)= ¥ \[y (Vx + V2 — x) > V2(Vx + [y + Vz) (strictly)
SOLUTION 1.38

Solution by Chris Kyriazis-Athens-Greece
t
The range of the function g(t) = e 2is (0,1] when t > 0. So, there are unique t;, t,, t3 such

_h _b ]
thate 2 =a™ e 2 = b™ e 2 = c™ (since 0 < a™, b™,c™ < 1). Considering the function

() =——
fx \/B

x > 0 because 2e* — 1 > 0 when x > 0. So t is concave in [0, +0). By Jensen’s inequality,

Ft)+f(t2)+f(t3) t1+ty+t3 1 1 1 3
e s f () t—t

= or
Ja b2 ] _tatiatts
\/1+e 2 \/1+e 2 \/1+e 2 J1+e 6

. It suffices to prove that:

,X = 0 we have that f'' (x) < 0 for every

we have that

1 1 + 1
Vit+a™ = J1+b™  \1+cm T

2 <— 22 __or1 4+ Yambmcem < \/2(1 + Yamb™c™) or

= 6
1 mjpm om
‘,1+3\/ambmcm +VaThhe

2
1+ Yampmc™ + 28/amb™c™ < 2 + 23/a™b™c™ or (Va™b™c™)” > 0 which holds!!!

SOLUTION 1.39
Solution by Marian Ursdrescu-Romania

Because ab + bc + ac = 3 = 3x,y,z > 0 such that:

a = V3x _ 3y c= 3z
T Jxytxztyt’ T [xytxt+yt’  [xytxz+yt’

Inequality becomes:
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S/xy +xz + yt 3\/ ‘/xy+xz+yz
E / +— &
x y z

6i/—i/xz+xy+xz+yt 2

/\
|
5o
T

Z 6,/ (x+y) (x+z) —

3
9/1 1 1
<Z(zx=-4=
(Z 6\/(x+y)(x+z)) -2 (x + y + Z) (2)

1

3
1
(e — < [
":/(x+y)<x+z)> - 92\/(x+y)<x+z) (3)

From (2)+(3) we must show: ) ———

From Hélder’s inequality = (Z

o S <:G+5+7) @

= 2./xy
Bux+y :>(x+y)(x+z)>4x,/ zZ> L <—1_=
x+2z>2xz VY (x+2) sz vz

1

From (4)+(5) we must show: Y,

<% (6)

x/yz

Now use a? + B% + y* > aff + ay + By = Z-

1 1
—_ =y —>
m =27 wa—yf‘
1

x\[yz

>,

= (6) its true.

SOLUTION 1.40
Solution by Soumava Chakraborty-Kolkata-India

Y a3 —3abc = (3 a)(3 a® - Y ab) - given inequality becomes:

(Z a)2 (Z a? —Zab)z < (z a2>3 N (z a’ + ZZab) (z a? —z:ab)2 <
<Ca*)? o (x+2y)(x? + y*> — 2xy) < x% (whereY a’? = x,Y ab = y) &
©y2y-3x)<0e3x>22yox+2(x—y) =0
eYa?+2Qa?*—-Yab) >0 < Ya?+Y(a—b)? = 0 - true (Hence proved)
SOLUTION 1.41

Solution by Daniel Sitaru-Romania

fla,b,c)=a*+b*+c*+A(a+b+c-3)
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fa=4a®>+2=0

(

I —
" = 4p3 = 3’,1 3’,1 a=1

4 I;,,b :b3_-ll__; (()) >a=b=c=- Z_)_3 Z—B:O_)A:_Ll__) b=1
c = 4C =

c=1
Lf’l=a+b+c—3=0

12 0 0 0
[0 12 0 0 _ _ _ 193
H(L1,1,-9)= 0 5 15 o]~ 8=12>00,= 144 >0,43=12° > 0
0 0 0 O

minf(a,b,c, ) =f(1,1,1-4) =3 >a*+b*+c* >3
SOLUTION 1.42
Solution by Sanong Huayrerai-Nakon Pathom-Thailand
Because abc = 1,a, b, c > 0 we have
ab + bc + ca > 3 = (ab)? + (bc)? + (ca)? = 3 = 2((ab)? + (bc)? + (ca)?) = 6 and

(a3+b3+c?)(a+b+c) >

a* + b+t > 2 >

3 3 3 . L
a’ + b® + ¢ and since for x,y,z > 0, we get i iie

1+1+23 Hence 1 n 1 1 1+1+1+1+1+1+a3+b3+c3
(x2+y2+zz)2. a*+b*+c = b*+ct+a  ct+at+b T (a2+b2+cz)2

3 3 3 3 3 3
a’+b°+c>+6 a’+b’°+c°+6
= < = 1. Therefore it is to be true.
a*+b*+c*+2((ab)2+(bc)?2+(ca)?) — a3+b3+c3+6 f

1 1
at+b*+c  b*+ct+a  ct+at+bhb T

1 1 1
= a3b+b2a+abcz+b3c+c3b+a2bc+c3a+a3c+abzc:
1 1 1
- ab(a? + b? +(:2)+bc(a2 + b2 +(:2)+ca(a2 + b2 + ¢?) -
c a b a+b+c
=az+b2+c2-|_az+b2+c2-|_az+b2—|—c2=az+b2—|—cZS
at+b+c 3

= (a+b+0? T a+b+c
3

Because abc = 1,a,b,c > 0, we have:

< 1. Therefore it is to be true.

SOLUTION 1.43

Solution by Amit Dutta-Jamshedpur-india

aitay
2

n n m
Using AM of m" power > m" power of AM, i.e. al;az > ( ) ,vymeR-(0,1)

(,12)**;(112)8 S (a2+b2)8 L atoebte (@)’

_ 2 ) _
Puta; = a“,a; =b*m=8= > > o8

=

al6+p16 (a2+b2)2 (1)
aZ+b2 — 2
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. 43+b48 4b48 32,32 4 pt
Also, putting a; = a*,a; = b*m =8 = (&) 2( ) = (a er ) aa4:b4 = (a er ) (2)
From (1) & (2):
LHS = Z (@’ +b™)(a®* + b*) _ §~[(@® +b*)(a’ + bY) ’
(a? + b?)(a* + b*) =

(a2+b2)(b4+b4)]7 AM_GM 5 [Zab-ZazbZ] >y (4a3b3

> ) > Y a21p?l >
4 4

LHS > Y

> a21b21+b21 21+C21a21 >a21b21 21( 1 +b]2"1+ 1 )

(al® + b1%)(a3? + b3?) 1 1
>
= (a21

1
(@* + b¥)(a? + b2 + gt gar) - abe=1)

LHS =

SOLUTION 1.44
Solution by Daniel Sitaru-Romania

a(a—l)z20—>a(a2—2a+1)20—>022a2—a(a2+1)—>

e Tatee B
Z 2 >6-—3 z 1
- -

az+1"~ a2+1 2

Solution by Le Van-Ho Chi Minh-Vietnam

—>222(a2+1)—a(a2+1)—>

SOLUTION 1.45

2
(a*+b*+ct+d*)
4+abcd a*+b*+ct+d*+4abcd’

Applying Schwarz’s inequality: LHS = ). Hence, it is enough to

show that: (a* + b* + ¢* + d*)? > 2abcd(a* + b* + ¢* + d*) + 8(abcd)?

a*+b*+ct+d*
2
2
a“+b4+c4+d“)2 _ (a*+b*+c*+d*)
4 - 2

2abcd <
Indeed, by AM-GM inequality:
8(abcd)? < 8(

Q.E.D. Equality holds whena = b = c.

SOLUTION 1.46

Solution by Amit Dutta-Jamshedpur-india

LHS = — xz+yz+zz+t2
C3xyzt\x+1 y+1 z+1 t+1

on- () ) ()2 () )5 e
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Now, using Chebyshev’s inequality {assume x >y >z >t > 0}

Yoz < x )
(LHS)> x+1 Syzt
ey R i
cyclic cyclic
AM - GM
Va2
X y z t 4|xXyZ LHS x+1 4
Jyzt  Vxzt  Jfxyt  3fxyz ryz cyclic
3
32

SOLUTION 1.47

Solution by Soumava Chakraborty-Kolkata-India
9

4) a b C Zabc(3)89
< < —
_1+bc+1+ca+1+ab+ - +1O

Zabc (l) 89

3
3 S?+1—0-aS3&bC20

1

In order to prove (B), we shall first prove: —lfbc +

~(a@a=3)bc < 0= (abc—3bc)In2 <0 = abcln2 < 3bcIn2 = In 2% < In 23b¢ >

a

= 29bc < 23b¢ Also,a < 3 = < —— (+1+bc>0)

1+bc = 1+bc
a 2@ 5 23be 3 ghe 3 g
‘Tt 3 STt T T Tz letf) =7+ 3 VX El09]
,()_(ln8)8" 3 e p )_(ln28)8"+ 6 __,
Fe=—3 (x +1)? frx) =" (x+1)3
In8

=~ f'(x) is an increasing f™ in [0,9]. Now, f'(0) = = 3<0&&f'(x)=0¢&

In8
T(x + 1)2 =8"*

(-1,0) %o
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We see that st (x + 1)? & 8 * intersect at only one point x, > 0 & Vx € [0, x,),

ln8

8% >0 (x + 1)? & Vx € (x0,9], 5

(x +1)2 > 8%, Sg, -+ .8

(x + 1)? | > 87,21,
~1>x9=>x9€(0,1) (1)
“ f'(x) = 0 for some x4 € (0,1) ** f'(x) is an increasing f' in [0,9] . Vx > x,,
f'(x) = f'(x9) =0~ Vx€[0,x),f(x) <0&Vx € [x9,9] f(x) 20 =
= Vx € [0,x0], f(x) is a decreasing f"& Vx € [xq, 9], f(x) is an increasing f™ (2)

£ =28&f©9) =2 +2 . £(9) > £(0) > (3)

Combining (1), (2), (3) Vx € [0,9], fmax = f(9) =5 +2 - x € [0,9],

3 8x 8bc (b) 89 3
E'F? —+—Puttmgx—bc(&bc<9)m+T —+—
9 abe (D) o9
(a), 2 8— + i (i) is true. Slmllarly, L + 2 8— + 3 &

1+bc 3 3

c zabc (iii) 89 3

< —
1+ab+ 3 3+10

. e eee . .. a b abc
(i) + (iii) + (iii) = (B) is true. Also, - a,b,c = 0, tipe T 1rea Y man T 290¢ >

>0+4+0+0+2° =1 = (A)is true (proved)

SOLUTION 1.48
Solution by Ravi Prakash-New Delhi-India
Fora,b > 0.letz;, =a+1i,z, = b+ i Now, (a®> +1)(b>+1) =|a+1]*b+il* =
=|(a+i)(b+i)|*=|(ab—1)+i(a+ b)|* = (ab—1)*+ (a+ b)?>

> (ab —1)% + (z\/ﬁ) =(ab—1)%+4ab=(ab+1) =
(a? + 1)(b%* + 1) = (ab + 1)
cforx,y,z>0;(x*+ 1D +1) = (xy+ 1% 2+ 1)(2%2+ 1) = (yz + 1)?
(2% + 1)(x* + 1) = (zx + 1)2. Multiplying above inequalities, we get

[ + D* + D% + D] = [(xy + D(yz + 1) (zx + D)]?

@ +DPP+1D)E+D) >y +D(yz+1)(zx+1) =
>+ DO+ DEY 1) = (Py? + D)2+ 1D (222 + 1)

Multiplying above two inequalities, we get

K+ + D+ D+ DO+ 1D +1) >

134



> (xy+ 1D (yz+ 1D (zx + 1) (x*y? + 1) (y?2% + 1)(z*x* + 1) =

2+ 1D)O?*+1)(Z2+1) - (xy+1)(yz+1)(zx+ 1)
Tyt D2+ DZE+ D) - (A D+ D+ 1)

SOLUTION 1.49

Solution by Soumava Chakraborty-Kolkata-India

Given inequality <

€]
3 Z a® +2 Z a*b? + 2 Z a’b* + 2abc (z a3) + 2 Z a®b3 + 6a*b*c* >
(a)
> 2abc(Y a?b + Y ab?). Now, Y. a® + 2Y a®b® = (3 a®)? > 0. Also,
(a*b? + a*c? + 2a*bc) + (b*c? + b*c? + 2b*ac) + (c*a? + c¢*b? + 2c¢*ab) =

= (a®b + a*c)? + (b%c + b%a)? + (c*a + c*h)2 = 0 = z a*b? + z a’b* +

(b)
+2abc(Y a®) = 0. Again, - a?, b?, c* > 0, . applying Schur, ¥.(a?)3 + 3a?b*c? >
> z a*b? + z a’b* = (a*b? + b*c? + c*a®) + (a?b* + b%*c* + c?a*) >

> (a?bb?c + b%*c - c*a + c*aa?b) + (ab*bc? + bc*ca? + ca’ab?)

1
( Vx,y,z € R,sz Zny as sz _ny=§z(x_y)2 > 0)

(©
= abc(Y a?b + Y ab?) = 23 a® + 6a?b?*c* > 2abc(Y a’b + Y. ab?). Moreover,

(d)
Z a*b? + Z a’b? > 0
(a)+(b) +(c) +(d) = (1) is true (proved)
SOLUTION 1.50

Solution by Marian Ursdrescu — Romania

7 7 7
. x 8 y ( 8 ) z ( 8 ) 3
mes: =
Inequality becomes x+y+z (3y+52) + x+y+z \3z+5x + x+y+z \3x+5y) — (x+y+z)7 (1)

But f: (0,+) — R; f(x) = x” is a convex function. From Jensen’s inequality (general form)

= p1f(x1) + P2f (x2) + p3f(x3) = f(P1xX1 + P2X2 + P3X3),P1 + P2 +P3=1=>
7 7

X 8 y 8 z 8
Syl s) eyl trry i)
x+y+z\3y+5z x+y+2z\3z+5x x+y+2z\3x+5y

2(x 8+y 8+z 8)7(2)

x+y+z ' 3y+5z  x+y+z ' 3z+5x x+y+z . 3x+5y
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From (1) + (2) tshow: (72 + -2 4 B Y 237
rom we must show: ("= + "=+ 5= ) 2

x y z 3
+ + >= (3
3y+5z 3z+5x  3x+5y 8 ( )

L z__ y?
3y+5z 3z+5x  3x+5y o 3xy+5xz  3yz+5xy

(4)

But from Cauchy’s inequality we have:

z? (x+y+2)?
3xz+5yz — 8(xy+xz+yz)

2
WD) 3 o (x+y+2)? >3y +xz+yz) ©

From (3)+(4) we must show: 8(xy+xztyz) — 8

o x% + y* + z% > xy + xz + yz which its true.
SOLUTION 1.51

Solution by Amit Dutta-Jamshedpur-India

Using Power mean AM of m"" power > m™ power of AM

al'+ajt+-+alt > (a1+a2+m+an
- =

) ivmeR\ (0,1)

n

(@+b—cP¥+b+c—a)®+(c+a-b)?_ ra+b+c\’
- 3 >(—5—) =

3 AM-GM
>Y(a+b—c)? > 3(%”*‘) > 3abc (1)

(a+b—c)5+(b+c3—a)5+(c+a—b)5 > (a+:+c)5 N

a+b+c\’
LS arb- o > 3(EEE

Ya+b-¢)®=>3 (2){-a+b+c=3}
Multiplying (1) & (2): Y.(a+b —¢)3 - Y(a+ b — ¢)® > 9abc
SOLUTION 1.52

Again using power mean,

Solution by Soumava Chakraborty-Kolkata-India

1 ? V2(a+x)(b+y)(c+2)
RHS > — (abc + xyz) = (a+1)(b+1)(c+1)

o (abc+ xyz)(a+1)(b+1)(c+ 1) =

?
(% 2@+ x)(b+y)(c+z)abc=>1wecanleta=1+mb=1+nc=1+p

(mnp=0)&-x>ay=>bz=>c hence, wecanletx =a+u,y=b+v,z=c+w
(wvw=20).x=1+mt+uy=1+n+v,z=1+p+w
s)e{l+m@A+n)@A+p+@A+m+u)y(1+n+v)(1+p+w)}
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C+rm2+n)2+p)=222+2m+uw)2+2n+v)2+2p+w)

& 2m?in?p? + m*n’pw + m?*np?v + m®npvw + mn?p*u + mn’puw + mnp?uv +
+mnpuvw + 6m?n?p + 2m?*n’w + 6m?*np? + 3m?npv + 3m?*npw + 2m*nvw +
+2n%p?v + 2m?pvw + 6mn’p? + 3mn’pu + 3mn’pw + 2mniuw +
+3mnp?u + 3mnp?v + 3mnpuw + 3mnpvw +
+2mnuvw + 2mp*uv + 2npuvw + 2n’p?u + 2n’puw + 2np*uv + 2npuvw +
+4m?n? + 18m?np + 2m*nv + 6m?nw + 4m?p? + 6m?pv + 2m?pw + 4m?vw +
+18mn?p + 2mn’u + 6mn’w + 18mnp? + 9Imnpu + 9mnpv + Imnpw + 2mnuv +
+6mnuw + 4muvw + 4n’p? + 6n’pu + 2n*pw + 4n’uw + 6np*u + 2np?v

+ 6npuvénpuw + 2npvw + 4nuvw + 4p*uv + 4puvw +
12m?n + 12m?p + 4m?v + 4m?*w12mn? + 38mnp + 6mnu + 6mnv + 10mnw
+ 12mp? + 6mpu + 10mpv + 6mpw +

+4muv + 8mvw + 12n?p + 4n’u + 4n*w + 12np? + 10npu + 6npv + 6npw +
+4nuv + 8nuw + 4nvw + 4p*u + 4p*v + 8puv + 4puw + 4pvw + 6uvw + 8m? +
+20mn + 20mp + 4mu + 4mv + 4mw + 8n? + 20np + 4nu + 4nv + 4nw + 8p? +

+4pu + 4pv + 4pw + 4uv + 4uw + 4vw +8m + 8n + 8p = 0 — true
~m,n,p,u,v,w =0 (proved)
SOLUTION 1.53

Solution by Marian Ursdrescu-Romania

X z t
Leta = ,b = 4 ,C = ,d = . We must show:
x+y+z+t x+y+z+t x+y+z+t x+y+z+t

2xyzt(y+z+t)(x+z+t)(x+y+t)(x+y+2) <81l(x+y+z+t)® (1)

x+y+z+t

e 28xyzt < (x +y +z+ t)* (2). From (1)+(2) we must show:

But {/xyzt <

22y+z+t)(x+z+t)x+y+t)(x+y+2) <8l(x+y+z+t)t e

Vo+z+ 0@ +z+0G+y+ 0@ +y+D <(x+y+z+t) (3)

But\/(y+z+t)(x+z+t)(x+y+2)(x+y+1t) <

3x+3y+3t+4z )
+ = (3) its true.

SOLUTION 1.54
Solution by Marian Ursdrescu-Romania

Because 2\/x < x + 1 = we must show:
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1 1 1 1

(x+y+1)?  (y+yz+1)¢ = (z+zx+1)0 — 30-1 (1)
Because xyz = 1 = Ja, b, c > 0 such that x = %,y = g,z == (2)
From (1)+(2) we must show:
1 N 1 N 1 - 1
=3
a ab ® b b c ® (c . ca o~ 3601
.tz 24,25 —+—-=+1
(b+b c+1) (c+c a+1) (a a b )
(bc)? (ac)? (ab)? 1

>
(ac + ab + bc)? + (ab + bc + ac)? + (bc + ac + ab)? — 30-1 <

0
& (bc)’ + (ac)? + (ab)? > L (3)

Letab = m,bc = n,ac = p,m,n,p >0 (4)

(m+n+p)?

From (3)+(4) we must show: m® + n® + p? > T

which its true, because its Hélder’s

inequality (generalization).
SOLUTION 1.55
Solution by Soumava Chakraborty-Kolkata-India
va+b+c=8~(a+1)+b+1D+(c+1)=11

2Y@r DB+ DErD) < (“+1)+(b;rl)+(c+1)=%=>

113 81 81-27
= =
27 (a+1DbB+1)(c+1) 113

>(a+1)(b+1)(c+1)<

81

1
~1.643 and -+ —— @D IDED

~ 0.439 -
7

1
57 % (Done)

SOLUTION 1.56
Solution by Boris Colakovic-Belgrade-Serbie
2(a*+b*+cH+12>3@+b*+c2+a+b+c) e
o2@+b*+cH)+4@+b*+c)=>23@@+b*+c2+a+b+co)e
& (2a* - 3a® + 4a* — 3a) + (2b* — 3b® + 4b* —3b) + (2c* —3c* +4c* —3¢c) = 0or
2Ya*-3Ya*+4Ya*-3Ya>0 (1)
Howis2a* —3a® +4a* -3a>2a*-2<2a*-3a®>+2a*-3a+2>0¢
o (a-1)?%*Ra*+a+2)>0truevVa € R
2a* —2a%+4a* - 3a>2a*-2 (2)
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2b* — 3b3 + 4b%* — 3b > 2b%* — 2 (3)
2c* -3¢ +4c¢* -3c=2c¢*-2 (4)
(2)+(3)+(4)=2Ya*-3Ya*+4Ya*-3Ya=2Ya*-6=2-3—6=0=(1)true
SOLUTION 1.57
Solution by Serban George Florin-Romania
Ina=x,Inb=ylInc=z=>xy,z>1=>
=> (Ina+Ine)(Inb+Ine)(Inc+Ine)+4>4(na+Inb+1Inc)
x+1D)y+1D)(z+1)+4>4x+4y+4z
x+1l=ay+1=p,z+1=y=>apf,y=2
afy+4=>4(a—-1)+4B-1)+4(y—-1)
afy+4—-—4a—-4p -4y +12>0
afy —4(a+B+y)+16=>0

(@-DB-Dr-2)=@-2By-26-2y+H=afy—-2) af+4) a—8>
= aBy —4(a+B+y)+16 = n(a—2)+zzaﬁ—sza+24= H(a—2)+

apy aBy
+22aﬁ—42a—42a+8+8+8= n(a—2)+2a(ﬁ—2)+23(y—2)+
apy
12y(@—2)—4(a—2)—4(B—2)—4(y —2) = H(a—2)+(a—2)(2y—4-)+
apy

+B-2)2a-D+ ¥ -2)2-D=(-2)-2)y-2)+2(a—-2)(y - 2) +
+2(B—-2)(ax—2)+2(y—2)(B—2) =0 true
a—2>0B-2>0y-2>0

SOLUTION 1.58

Solution by Ravi Prakash-New Delhi-India

Consider 2(a® + b®) — (a® + b3)? = a® + b® — 2a3b® = (a® - b3)?2 >0 >
= V2Vab + b8 > a® + b® > V23, Vab + b® > 2(a® + b% + %) (1)
Also, 4(a® + b®) — (a? + b?)3 = 3(a® + b® — a*b? — a’b*) =
= 3(a*)(a® — b?) + 3b*(b? — a?) = 3(a®? = b*)?*(a’ +b*) =20 >

1 1 1 1
= 43(a® + b%)3 = a® + b* = 433 (a® + b®)s = 2(a® + b* + %) (2)
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Adding (1), (2), we get: 2(a? + b?> + > + a® + b3 + ¢3) <
1 1
< \/fz va® + bb + 4§Z(a6 + b%)3
cycl cycl
SOLUTION 1.59
Solution by Marian Ursdrescu-Romania

From Cauchy inequality we have:
2 2 2 i i l 2 2 2 i l i
(e® + e +e° )<ea2 + eb? + ecz> = (e +e¥ +ef )(eb2 +ec? + ea2> >

2
> (e;( @+32) 4 2(t*2) 1 el 2+ai2)) = we must show:

e;( o'ty ) + e;(bZ"Ll) + e;( Z+aiz) > e% + eg + ei (1)
But e%(a2+bi2) > eb o %(a2 + bz) >-oa’b?+1=>2ab< (ab—1)2>0
and similarly (bc — 1)?> > 0,, (ac — 1)?> > 0 = (1) its true
SOLUTION 1.60
Solution by Soumitra Mandal-Chandar Nagore-India
abc=1andx € (0,1)
AM>GM

1
Z(a2+2ab+3)x = Z(2a+2ab+2)x_2"2(u+ab+1)x_

cyc cyc cyc

( chc a+ab+1> [since x € (0,1)] = (chc

X

3 1 1 1 3 bc+1 1
:§<a+ab+abc+b+bc+1+c+ca+1) :_x(b+bc+1+c+ca+1>
3 bc+1 1 * 3 bc+1 1 *
:_x<b+bc+1+c+ca+1> :_x<b+bc+abc+c+ca+1)

x
a+ab+1)
x

=%(ac(bc+1) n 1 )x _ 1(c+ac+1)x _ % (proved)

1+c+ac c+ca+1 6* \c+ca+1

SOLUTION 1.61
Solution by Marian Ursdrescu-Romania

We must show:
2,22 2, 2 2 2,242
2x+y) 2(y+z) 2(z+x)<
z (x4+y4 tx yt+z4 y xt) = 1)

z4+
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But x* + y* > xy(x® + y*) (2) because = x* — x3y +yt—-xy’>0o

2
e x—yia*+xy+y*) > 0true(2):> iz s% (2)
Z2 x2
From (1)+(2) we must show: 5 + Vi +

xzzz_1 (3)
4 V4L 4 a 2022 x Y 22 _ ;
Butx™ +y* +z" =x°y°z @yzzz+xzzz+x2yz—1=>(3)ltstrue.

SOLUTION 1.62
Solution by Boris Colakovic-Belgrade-Serbie
AM—GM
From Bernoulli’s inequality x¥ > 1+ y(x—1) > 2/y(x—1)> 2\/;
Similarly y* > 2\/z; z* > 2\/x; y* > 2/x;2¥ > 2\/_; xZ> 2z
AM—GM 1 .
Therefore LHS > 4(\/§ + \/; + \/E) >  12(xyz)s = 1232 >9

SOLUTION 1.63

Solution by Marian Ursdrescu-Romania

3,,3 3423
Z(y -z +:—3)23xyz=>2%+323xyz (1)

x3

Let x = 3 la+b+c — 3 la+b+c __ 3|atb+c (2)
12 3(a+b+c) (b+c) 3(a+b+c)
E Z a c a c a [

From (1)+(2) we must show: ) 2= % +3> T =» ot 3> = (3)
3abc 1 ab+ac+bc
BUt abc = b+ac+bc® W_ 3abc (4)
From (3)+(4) we must show: ), —— a(b+c) +3= (ab+ac+::2(a+b+c) S

Ya%(b+c) (ab+bc+ac)(a+b+c)
S——+3 > S
abc abc
Y a?(b +c) + 3abc > (ab + bc+ac)(a+ b +c) (5)

But (5) © a*(b + ¢) + b*(a + ¢) + c¢*(a + b) + 3abc > a*b + ab? + abc + abc +

+b?%c + bc? + a’*c + abc + ac* © 0 > 0 & (5)its true.
SOLUTION 1.64
Solution by Daniel Sitaru-Romania
a b, c€|0,3],
[0,3]X[0,3]X][0, 3] — convexe domain with vertex: (0,0,0),(3,0,0),
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(0,3,0),(0,0,3),(3,3,0),(3,0,3),(0,3,3),(3,3,3)
f:10,3]x[0,3]X[0,3] - R, f(a,b,c) = a* + b* + ¢* — abc

fo=4a%-bc fi,=12a*> >0
f, =4b% —ac,f}, = 12b*>* >0
fo=4c—bafl. =12c¢2 >0

f — convexe in each variable — max is attained in a vertex
max{f(a,b,c)|a+ b + c = 3} = max{f(3,0,0),f(0,3,0),f(0,0,3)} = 81
f(a,b,c) <81,a* + b* + ¢* — abc < 81
SOLUTION 1.65
Solution by Soumava Chakraborty-Kolkata-India

Zzbcz(ab+1)zzz< b?c? ><ab+1):22{(b2c2+1)—1}(1+i>
a(b?cz + 1) b%¢c2 +1 ab b%2c2 +1 ab
1 1 1
_ZZ< b2c2+1)(1+_)_22{1+ab b2c2 + 1 ab(b202+1)}
0o <1+i—i— ) +zz z———zl
) ab 2bc 2ab? ab abclua
(1) > LHS 2 Y — Y-+ 6 + T ———— %= > 6
z:azb2 abcz_
(:)Z 2>xyz Zx)(x——y=1,z=l>
a b c

o Y u? 2 Yuv (xy =u,yz =v,zx = w) — true (Proved)

SOLUTION 1.66

Solution by Tran Hong-Vietnam

Jxy+yz +Vzx =3 xyz@i+\/—_+%—3

1 1 1
Letu—\/—;.v—\/—;,W—ﬁ:u+v+W—3

al+a®>)?<1+a3®? (oa(l1+a®)?-(1+a®)?<0
ca’+a—-a®°-1<0e (a—1)%a*+a®+a?+1) > 0 (true forall a > 0)

Using (*) we have:LHS < uv + vw + wu
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2
We need to prove: uv + vw + wu < 3 = (u+v3+w)

e uU-v)2+wW-—w)?2+WwW-—u)?=0. True.
Equality o u=v=w=1ox=y=z=1.
SOLUTION 1.67

Solution by Tran Hong-Vietnam

(\/x2 +y2 +/y2 + 22 + /22 +x2)2 > SZ(\/xz +y2) (\/y2 +zZ) >

3 3 3
_E -2 E 2 E e E E _ E
22 (x+y)(y+z)—2[ x“+3 xy]zz[ xy+3 xy]—6 xy
We need to prove: 6 ¥ xy > 2,/3Y x2y2 © 3 xy)? > Y x%y? &

© 3(xy+yz+zx)? = x’y* + y*z? + 2%x* & Zz:xzyz +6xyz(x+y+2)=>0

True because x,y,z > 0. Equality & x =y =z = 0.
SOLUTION 1.68

Solution by Tran Hong-Vietnam

a=Yx,b=3[yc=1z

letx=a3,y=b3c=23=> Z(xy,2>0
Y { x+y+z=3 (xy )

3 3

2 2
LHS= Y’ ("f”) .Let f(t) = <ti—+1> 0<t<3

x3+1 t3+1

2 2
2(3t-1)" <t§ + 1) (t§ + 43T+ 1)
3 5 5
3(Vt+1) -3
Using Jensen’s inequality:

LHS= f(x) + f) + f(@) = 3f (*57) = 37 (1) = 3.

3

=f"') =

>0,vte (0,3)

= Proved. Equality & x =y=z=1a=b=c=1.
SOLUTION 1.69

Solution by Sanong Huayrerai-Nakon Pathom-Thailand

Forx,y,z>0andx+y+2z <1, wehavexyzS%andxyzS 1= (xyz—%) < 0and

1
(xyz—1)<0= (xyz _ﬁ) (xyz—1)>20=> 27xyz—1)(xyz—1) >0 =
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1 1
= 27xyz? — 28 1>0>27 —>28> 3+—>28
xXyz xXyz + xyz+xyz x+y+2) +xyz

Therefore, it is to be true.
SOLUTION 1.70

Solution by Ravi Prakash-New Delhi-India

a
Fora24,(1+l) <3<a-1
a
1\° 1 1 1,1 1
=>(1+—) (1+—)<(a—1)(1+—)=>(1+—> <a—-—=<a
a a a a a
1 1
=> (1+a)*! < a%? = al@tD > (1 + a)@+?)

Similarly, for b and c. Multiplying the inequalities, we get:

1 1 1 1 1 1
ala+) p(b+1) c(c+1) > (1 + a)(a+2) (1b)(b+2) X (1 + c)(c+2)

SOLUTION 1.71
Solution by Amit Dutta-Jamshedpur-india
Using Cauchy’s Schwarz inequality:

(12 +1%2+12+1%)(25—x*+25—y?> +25—-2z> + 25— t?) >

2
2(\/25—x2+\/25—y2+\/25—zz+\/25—t2)

2
4(100— (2 +y + 22 + 7)) 2 [\/25 —xZ+,/25—y2 + V25— 22 + V25 — tZ] (1)
Using Cauchy’s Schwarz inequality:
(12+124+12+12)(x 2 +y2+ 22+ t3) > (x+y + z + t)?
(x+y+z+t)=0

:>4(Zx2)20:>zx220:>x2+y2+zz+t220:>—(x2+y2+z2+t2)S0

From (i):

1 1
(st —x2++/25 —y2 + /25— 22 +/25 — tZ) < {4(100 + 0))z < (400)Z < 20

225 —x2 ++/25 —y2 + /25 — 22 + /25 — 2 < 20
SOLUTION 1.72

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
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Z(ai1_a14)_32(a12_a13)=

1 1
:32(a+1)(a+4)_32(a+2)(a+3):

_ 3 1 1 B 6
B Z((a+1)(a+4)_(a+2)(a+3))_ (a+1D(a+2)(a+3)(a+4)
6 V6 Va
Z(a+1)(a+2)(a+3)(u+4)<?Z?
6 @ va

@ D@iD)@d)ed ~8 &2

a>0=>a+4>1 (TRUE)

(ASSURE)

4J/6a(a + 4) > 4V6a
Mg<M,
4/6a < 4We6a(a+4) =2V2a-2V3a(a+4) < (a+2)(a+3)(a+4)

4/6a < (a+2)(a+3)(a+4)| 2Va
Mg<M,
8V6ava < 2vVa(a+2)(a+3)(a+4) < (a+1D(a+2)(a+3)(a+4)

8V6ava < (a+1)(a+2)(a+3)(a+4)| Véa
8-6a%<V6 -Vala+1)(a+2)(a+3)(a+4)

6 V6 a
@+2)@a+3)a+d) 8 @

SOLUTION 1.73

Solution by Nguyen Van Nho-Nghe An-Vietnam

2 )6 > 3% & (1 — x2)5(2x%)3 < (g)g = (%

1-x2

Hope: (

2 2\ 9
Use AM-GM: LHS (*) = (1 — x2)®(2x%)3 < (w) - (g)9 s (*)is true

Similarly: (1_2y2)6 > 3%y% and (1_222)6 > 3926

So: LHS> 3° Y x6 = 39% = 37 (done)
SOLUTION 1.74

Solution by Marian Ursdrescu-Romania

at+1 1 Va>0

—<- 6o d’+a<a®+1oa®*-d*-a+1>20e
a®+1 a

We use this inequality:
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aASa-1)-(a-1)=20o (a-1D(a*-1)=20e
(a—1D%*@*+a®+a*+a+1)=>0,va= 0 true

. . . (x+y)*+1 1
(with equality fora = 1) = rty)o11 < iy

(x+y)*+1 1
) (x+y)6+1 <X x+y (1)

1 1/1 1
Butm < 2 (; + ;) ,Vx,y > 0 (2) because

1 x+y 2 _ 2 . . _
Ty < oy o (x+y)° =4xy © (x —y)* = 0 with equality x = .
41 _ 11 . R |
From (1)+(2)= ). rry)oi1 < sz, with equality forx =y =z = >

SOLUTION 1.75

Solution by Nguyen Tan Path-Vietnam
Using Cauchy-Schwarz’s Inequality we have:
3 3 3\2
a’+b’+c
a® + bb + ¢® > ( 3 )
3—a)+@B-b)2+B-0)3?
(3—a)6+(3—b)2+(3—c)62[( ) ( 3) ( )l

Using Holder’s Inequality, we have:

3
a3+b3+032(“++c):3
3—a—b-2c)3
(3—a)3+(3—b)3+(3—c)32( 5 ) =24

2
So,a6+b6+c623?=3

2
— )6 A _6£_
B—-a)+B-b)°+B-0c)f= 3 =192
192

-9

1
=>a6+b6+c6+§((3—a)6+(3—b)6+(3—c)6)23+ 39

SOLUTION 1.76
Solution by Marian Ursdrescu-Romania

a+b\2  22ab a+b
5) — g ab —2vab

a

Inequality < (%)Z + ab + (

2ab a+b b<(2ab)2+(a+b)2®
a+b 2 " *=\atb 2
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4abvab

a+b
4ab

4vab§m+a+b (1)

But%+a+b22 /%(a+b)=>4Ll;+a+b24"ab:>(1)it’3true'

a+

4abvab
2ab + 2ab Sa—+\/ab(a+b) S 4ab <

iy ++Vab(a+ b) &

SOLUTION 1.77
Solution by Tran Hong-Vietnam
Inequality &
{(a+b)(b+c)(c+a)}* =2 4*(abc)?(a®? + b%)(b? + c?)(c? + a?)
& (a+ b)*(b+ o)*(c + a)? = 512(abc)?(a? + b?)(b? + ¢*)(c* + a?) (¥)
(a + b)* > 8ab(a? + b?) (1)= (a— b)* > 0 (true)
Same:(b + ¢)* > 8bc(b? + ¢%) (2); (c + a)* = 8ca > (c? + b?) (3);
From (1), (2), (3) we have:
LHS (., = 83(abc)?*(a* + b*)(b* + c*)(c* + a)® = RHS .,

SOLUTION 1.78

Solution by Soumava Chakraborty-Kolkata-India

8 (Z x) \/? <3V3 n(x +y) e 27 (n(x + y))2 S (Z x)3
H(x +y) = g(z x) (Z xy) 527 (n(x + y))2 > 278'164 (Z x)2 (Z xy)2

= %(Z x)?(3xyz(X x)) = 64(X x)*( [1x = 1) = (1) i true (Proved)

SOLUTION 1.79

Solution by Soumava Chakraborty-Kolkata-India

8 (Z x) \/? <3vV3 n(x +y) 27 (l_[(x + y))2 %) 64 (z x)3
Jan=z20 0 w) 27 ([ Jer+n) 2222 (N 2) (Yay)

= 63_4 (X x)?(Bxyz(T %)) = 64(X x)3(~ [1x = 1) = (1) is true (Proved)

SOLUTION 1.80

Solution by Soumava Chakraborty-Kolkata-Iindia
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X8 y® 2 x16 16 @ x16 y16
Z(WF) :Z<W+W+2>:ZT+ZW+6

16 16 1 716

NOW,Z%=:E+ +xﬁ_z_8+ + ( a’? + b?> + c?> > ab + bc + ca)
4 z4 x4 @
2L 4545 (v Y a2 ) ab) zy—z z 2 2>2ab zy
4 Yy
y16(2) 2
Similarly, ¥, 5 = 237 (1)+(2)=>Z +Z

Yy T o e =z(_+z)
y2 x2 yZz ' x2 y x

(@) )= 3 (5+%) 2 2 (2+2)’

Xyt 2 y8 @) 2 y2
Again, Y (}7 + —) Z + Z +6 > Z + Z + 6 (proceeding in previous

x%

fashion)= ). (f + %)2

2 2
Also,Z(%+x2) Z +Zy+6 Zy +Z +6

YR EEEY

(i).(ii).(iii)= given inequality is true (proved)
SOLUTION 1.81
Solution by Marian Ursdrescu-Romania

2
From Cauchy’s inequality we have: 2(x +y) = (Vx +./y) =

x+y
(Va+y)

\/E(z+y) N x/i(;'+2) N ﬁ(:+x) >9 (2)

5 = % (1). From (1) inequality becomes:

Butx +y > 2./xy (3). Form (2)+(3) we must show:

Jxyz + [xyz+ [xyz>9 o it's true.
But xyz =9

SOLUTION 1.82

Solution by Marian Ursdrescu — Romania
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We must show: (a+ 1)(b+ 1)(c+ 1)(d + 1) > 16abcd (1)
X 4y 4z 4t

4
Let a = , b = ,C = , d =
x+y+z+t x+y+z+t x+y+z+t x+y+z+t
xyzt
1) ell(2-+1)216 4422
(1) I x+y+z+t + =16 (x+y+z+t)*

[I5x+y+z+t)=>4%xyzt (2)

S5x+y+z+t>8/xSyzt
ut X +5y+z+t>83xySzt
x+y+5z+t>8xyz5t
x+y+z+5t>8%xyzts

[15x+y+z+1t) > 8*xyzt = (2) it’s true.

=

SOLUTION 1.83
Solution by Hoang Le Nhat Tung-Hanoi-Vietnam
By Minkowski inequality:

8+1+1+ b8+1+1+ 8+1+1>
T2 b2 b ¢ -

2 2
2\/(a4+b4+c4)2+(§+%+%) +HE+rz+m) @

(a+b+c)* 3*

a* + b* + ¢t = > =5-=3
1 1 1 1 1 1 1 1 1 81
?+ﬁ+_+z<ab bc _) (a b )_(a+b+c)2:
1 1 1 9 9 9

—t—t—=>= > = =
va Vb Ve VJa+vVb++vJc [3(a+b+c) V33
=LHS>V32+9+32=3/3oa=b=c=1.
SOLUTION 1.84

Solution by Amit Dutta-Jamshedpur-india
2x
LetF(x) =e 3(x*+x+1)

2x 2x 2x
F(x)=e B32x+1)+ &% +x+1)e V3 (— \/2—§) =e V3{(2x+1) — 2V3 (x? + x + 1)}

- e {2a + (2~ 2VE)x + (2 — )} = _j_ge-% {xz + (1)t <2 - ﬁ)}
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2x — 2
= _\/z_ge_ﬁ{x— <\/§2 1>} <0=>F(x)<0

= F(x) is a decreasing function x > 0 = F(x) < F(0)

2x 2x

e 3x?+x+1)<1=>@?>+x+1)<eB
Putting x = a, b, c and multiplying, then, we get:
2

b
(@ +a+1D)B2+b+1)(@+c+1) < enro

or{(a®+a+1)(b*+b+1)(c? +c+ 1)} < ?V3latb+o)
SOLUTION 1.85

Solution by Soumitra Mandal - Chandar Nagore - India

42
Leta+b+c=1,ab+bc+ca=1Tqandabc=r

1+ 2g%)(1 - g? -1+ 8¢* + 2q*
zab(a2+b2)=( q(;( q)—r,Za4= Z 1 + 4r

cyc cyc

and

1— 2\2
Zazbzz—( ) - 2r
9
cyc
2
VQBC inequality relation, r < W

2

-9 Zaz > 8 Za Za3 :Za4+18 Z:azb2 282ab(a2+b2)

cyc cyc cyc cyc cyc cyc
—1+ 8qg% + 2q* 1-2q9%+q* 1+ g% -2q*
= Z 1 +4r+18<—?) 1 —2r)28<—q9 1 —r)

-1+ 8q* + 2q* + 18 — 36q% + 18q* — 8 — 8¢* + 164*
= > 24r
9
36q* —36q* +9
o 304 = q

©1-12q% +36q* — 169> > 0. Let f(q) = 36q* — 16> — 12¢* + 1

> 24 © 4q* — 44* 8 1-3¢2 3
> q q+129(1 3q° + 2q°)

foralll>q >0
f(q) =144q® —48q* —24q = f"'(q) = 24(18¢*> — 49— 1) < 0
forall1>qg >0
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= f is concave. Hence, f(q) = f(1) =9 > 0.~ 1 —12q%* + 36q* — 164% > 0
2

2ol Y ar| 28> al( e

cyc cyc cyc
SOLUTION 1.86
Solution by Le Khansy Sy-Long An-Vietnam

1) Using the Cauchy — Schwarz inequality, we have

ab(1 + k)? <z( ab abk ):

b+2kct+iPa-L.\b+ ke c+ka
cyc cyc
_Z< ab N ack )_z a(b + kc) —atb+
~Z.\b+kc b+kc” b+kec | ¢ ¢
cyc cyc
Or
ab bc ca a+b+c

b+2kc+kfa  c+2ka+k?b  a+2kbtkic = 1+ R)Z
The equality holds for a = b = c, and for a = 0 and ¢ = kb (or any cyc permuation)
2) Case 1 4ab + c> We have a previous case.
Case 2 4ab > c*
Using the identity

xy _ 4bxy
ax +by+cz (4ab — c?)x + c(cx + 2bz) + 2b(cz + 2by)

Using the Cauchy — Schwarz inequality gives

(4ab — c?)?  (c? + 2bc)?
(4ab — c*)x  c(cx + 2bz)

Xy < 4bxy
ax+ by +cz~ (4ab — c% + c¢? + 2bc + 2bc + 4b?)?

(2bc + 4b?)?
2b(cz + 2by)

cxy 2bxy )]

_ 2 2
[y(4ab ¢*) +(c+2b) (cx+2bz+cz+2by

- 4b(a + b + ¢)?

hence

Y2 <M ! |v(4ab - )+ (e + 26 (50— + 2bxy !
ax+by+cz™ 4b(a+b+c)2y ab—c ¢ cx+2bz  cz+2by

cyc cyc
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1 cxy 2byz
_ _ 2 2
B Z {4b(a + b + ¢)? [y(4ab ") + (e +2b%) (cx + 2bz + cx + sz)]}

cyc
_z y _x+y+z
“Lia+b+c a+b+c

cyc

SOLUTION 1.87

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

C+a_c-(1+%)_1+%

b o (14D) 14b

c

a b c xyz=1
b YT YVaT i " x+y+2z>3
b 1c¢c 1a 1
a xb yc z

b 1 xyz c a
a x x YEpTETW
x+y+z>1+xy 1+yz 1+2zx
T 1+y 1+z 1+x

x+y+21+y)1+2)1+x) >
LHS

>1+xy)1+20+x)+(A1+y2) 1+2x)A+y)+(1+zx)1+y) Q1+ 2)
RHS

INIHS =2 - (x+y+2)+ (x+y+ 2?2+ (x+y+2)(xy+ yz + zx)

1+xy)1+2)(1+2z)=2+z+2x+xz+yx+x%y
2JRHS=> (1+yz2)(1+x)(1+y)=2+x+2y+xy+yz+y’z
1+zx)(A+y)1+2)=2+y+2z+zx+zy+2z°x

xyz=1
RHS =6 +3(x+y+2) +2(xy+yz+zx) + x*y + y*z + z%x
LHS =2(x+y+2z)+x*+y?> +z* + 2(xy + yz + zx) + 3xyz +
+(x%y + y?z + z%x) + (xy? + yz? + zx?) >
>6+3(x+y+2z)+2(xy+yz+zx)+ (x%y+ y*z + z%x)
X +y?+z22+ (xy* +yz? +2zx*) > 6 —3xyz+ (x + y + 2)
x2+y?+ 224+ (xy?+yzP+zx?) =23+ (x+y+2)

a) xy? +yz2 +zx> > 3-3/(xyz)3 =3xyz=3
Cauchy
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Cauchy

C(x+y+z) (x+y+z) =

b)x* +y*+2z2 >
Chebyshev 3

1
25-33,/xyz- x+y+z)=x+y+z
X+y*+z22+ (xy* +yzP+zx®)>x+y+z+3
SOLUTION 1.88
Solution by Soumitra Mandal-Chandar Nagore-India
Leta,b,c = 0 then

27| [(@* + ab+ b?) = (Vab + Vbc + Vea)’

cyc

(a—b)?

We know, a® + ab + b? =%(a+b)2+ n

> Z(a + b)?
Similarly, b* + bc + ¢* > %(b +¢)%andc? + ca+ a* > %(c + a)?

.27 l_I(aZ +ab + b%) > 27 - (%)3 l_[(a + b)?

cyc cyc

3\ 64
227-(1) -ﬁ(a+b+c)2(ab+bc+ca)2 -'-91_[(a+b)28 Ea Eab

cyc cyc cyc

> 27(ab + bc + ca)? [since, (a + b + ¢)? > 3(ab + bc + ca)]

ab+bc+ca><\/ab+\/ﬁ+\/a>2]
3 - 3

> (Vab + Vbe + Vea)’ [

SOLUTION 1.89

Solution by Hoang Le Nhat Tung — Hanoi — Vietnam

4 4 4 2,2, 2
a + b + c > a +b2 +c (1)
b4\/20(a3+1) C4J2a(b3+1) a4J2b(c3+1)

* Since inequality Buniakovski we have:

: y SR - N -

b4J2c(a3+1) " C4J2a(b3+1) " a4\/2b(c3+1) - \/Zc(a3+1) JZa(b3+1) JZb(c3+1)

2 2

a

2
a? b2 2
»2iztz
>

B \/2c(a3+1)+\/2a(b3+1)+\/2b(c3+1)

(2)
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- Other, since AM-GM for 3 positive real numbers:

2 2 2 2 2
a b b b c c a
2 p2 2 + + + + —S+ =+
a C bz bz 2Ty 2 2 b
ﬁ+_2+_2 3 +C (::3 +a C:l; >
C a
3[a2 a2 b2 3[p2 b2 2 3[cZ 2 a2
>3 bzbzcz+3 czczaz+3 ZaZpz _ 3| at 3 b4+3 ct
- 3 3 3 T Al b2c2 c2a? a2bp?

a? b2 c? a%+b%+c?

3
e e e ———— :3 = >3- =
b2+c2+a2_3\/m Because:3 =a+b+c=3-Vabc
3
Vabc <1 & VaZb2cz < 1
a?  b%  ? a?+b?%+c? a?+b?%+c? a? b ?
>=+5+523 = =a2+b2+c2<=—2+—2+—22a2+b2+c2 (3)
b c a VaZp2c2 1 b c a

+ Since (2), (3):
(a2 +b2+c2)?
b4\/2c(ai3+1 c4\/2a(bT a4\/2b(cT \m+\/2a(b3+l)+\j2b(c3+1)
- Since AM-GM for 2 positive real numbers
J2c(ad +1) ++/2a(b3+1) +2b(c3 + 1)
=./(ca+c)(2a% —2a+2)++/(ab + a)(2b? — 2b + 2) +/(bc + b)(2¢%? —2c + 2) <
< (ca+c)+(2a2—2a+2)+(ab+a)+(2b2—2b+2)+(bc+b)+(2c2—2c+2)

2 2 2
= 2c(@® + 1) +2a(b + 1) +/2b(c + 1) < a? + b? + 2 + L0 0y 3
(5)
- Since (4), (5):
at b* ct (a2+b2+c2)2
: + + 2 a c+ca a (4 (6)
b* ,Zc(a3+1) c* ,2a(b3+1) a* ,2b(c3+1) a?+b?+c?+ b+bz . +s+ +3
. (a2+b2+c2)2 a?+b%+c?
We will prove that: EWTIEY ab+bzc+m a+s+c = > (7)
ab+bc+ca a+b+c
e 2@+b*+c?)=>a’*+b*+c%+ 5 - >
Sa?+ b+t + T 3 o a2 + b2+ P 402 43 (Do

a+b+c=3)

(:)a2+b2+c22M+%=}2(a2+b2+c2)2ab+bc+ca+3 (8)
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- Other, such that: a + b + ¢ = 3. We have:
az+b2+b2+cz+cz+a2

2 2 2
+2J/az +2Jb2+2/c2=ab+bc+ca+2(a+b+c)

=ab+ bc+ca+ 6

2@’ +b*+c?) +3 = +(@+1)+B*+1)+(c?+1) >

2ab 2bc 2ca
> +
2 2

= 2(a? + b%? + ¢?) > ab + bc + ca + 3 = Inequality (8) True = (7) True.
4 4 4 2 2 2
- Since (6), (7): = = + i + d >2 b7 e
b4\/2c(a3+1) c4\/2a(b3+1) a4J2b(c3+1) z

= Inequality (1) true and we get the result:

( abc>0a+b+c=3

2 b2 2

b2 — 2 — aZ
\/2c(a3+1) JZa(b3+1) JZb(c3+1)
+Theoccursif:{ a2 b2 (2 Sa=b=c=1

=—=;;a=b=c=1

b2~ 2
ca+c=2a*-2a+2
ab+a=2b?>—-2b+2

\ bc+b=2c*—-2c+2

SOLUTION 1.90

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

22
—2
Z:ab(a+b)_3 Z b
SZazbZ—Z(a4+b4+c4)SB-ZazbZ—Z-ZaZbZ=Za2b2

7 7
Y (i - azbz) > 0 (ASSURE)

ab(a+b)
Z (“+b)'(a6—“3b+"'+b6)_azbz _
(a+b)-ab

2 <a5(a —b) + a®b?*(a—b) —

a’b*(a—b) — b>(a—b)\ _
ab >_

_z(a—b)-(a3+a3b2—azb3—b3) _z(a—b)z-(a4+a3b+2a2b2+ab3+b4) -0
h ab a ab -
SOLUTION 1.91

Solution by Soumava Chakraborty-Kolkata-Iindia

155



@ (a + b)?
a® —ab+b2=—(a b)?* +— (a+b)2 > (@t by

4
(2) 2 ( ) )
Similarly, b?> — bc + ¢* > $’ and c® — ca+ a® > (C+4a)
(a+b)2(b+c)?(c+a)?

(1) x (2) x (3) = [1(a®? — ab + b?) >

64

_ ((@+b)(b+ ) (c+a)){(a+b)(b+c)c+a)}
B 64

AMEGM (82bc) (@+b)(b+0)(c+a)= (a+ b)(b +;)(c + a)abc

= it suffices to prove:

{H(a+b)}abc abc

: ﬂ‘””)} > [[VaZ + 5ab + bZ (a)

~=IVa? + 5ab + b? @H{

Now, > Va? + 5ab + b2 © 7(a? + b? + 2ab) > 4(a* + 5ab + b?)

V7(a+b)
2

\/—(a+b)

& 3(a—b)? >0 - true> ——— >\/a2+5ab+b2

(6)
\/—(Ha) > Vc? + 5ca + a?

\/—(b+c)
2

Similarly, > Vb2 + 5bc + ¢ and ———

\V7(a+b)

(4) x (5) X (6) = H{ } > [1(a? + 5ab + b?) = (a) is true

SOLUTION 1.92

Solution by Soumitra Mandal-Chandar Nagore-India

Cauchy—-Schwarz

z a+b S 2 a+b
(a3Vb + b3va)~ - £ (a+ b)(a® +b%)

cyc

1 9 B ) e
=2¥cye e g6 = 2 s | (chc ) > x+y+z] =1equalityata=b=c=1/3

SOLUTION 1.93
Solution by Anas Adlany-El Zemmara-Morocco

We have by AM-GM inequality

(a+4b)+(2a+3b)+(3a+2b)+(4a+b)

¥ /(a+4b)(2a+3b)(3a+2b)(4a+b) <Y "

=5,

Also, by AM-GM inequality we have

¥ 3/(a+4b)(2a +3b)(3a+2b)(4a +b) =53, Viab*ab%a’b = 5YVab
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SOLUTION 1.94
Solution by Le Khanh Sy-Long An-Vietnam

The inequality becomes as follows.

4:)(a+b+c)zzg+(k—1)22ab22(k+3)2a2

cyc cyc cyc
(:)Z +—+ac+2a l+(k—1)22ab22(k+3)2a2
cyc cyc cyc
2b 2ab?
@Z (k2—2k+4)Zab22(k+2)Za2
cyc cyc cyc
a®> a’b 2ab? 4a®c
@z<7+7— - )+2 _ (4k — k®)ab 22(k+2)2a2—2ab
cyc cyc cyc cyc
b3 a?b 2ab? 4a’c 5
:}Z —_—t— +Z ch|=>2(k+2) Ea —Zab
c c c b
cyc cyc cyc cyc

Using the AM-GM inequality, we have.

2
Zlb(“ b) C(Z“bk”)l>22(a b)(2a - kb)] = 2(k+2)| ) a*— > ab

cyc cyc cyc cyc

SOLUTION 1.95

Solution by Soumitra Mandal-Chandar Nagore-lndia

Z (2a + 3b)3 Z (Za +30° > 125 (@® +b* +c)

cyc

Z (2a + 3b)3 Z (Za + 3¢)3 z (2a? + 3ab)3 z (2a? + 3ac)3

ey
RADON' SISI\-(EQUALITY (az + bZ + c2)4-
- (2a% + 2b?% + 2¢2 + 3ab + 3bc + 3ca)?
(a® + b? + ¢2)* 2@+ b+t
" aZ +2b% + 2% + 3ab + 3bc + 3ca)® — 125(a? + b + ¢2)7 125
SOLUTION 1.96

(a® + b? + ¢?)

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
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16

9
> a?+b2+c? (TRUE)

a?+b2+c?
4-9 81
a2+b2+c2>4-(a2+b2+cz)
4-9 27
a2+b2+02:4'3(a2+b2+c2):
27 27

=4

: <4. <
3-(a2+b%+c?)~  2-(a®+b%>+c*)+ab+bc+ca”

1 1 1
34-( + + >=
az+ab+b?2 b2+bc+c? c¢?+ca+a?
R S S S
“a’+ab+b%2 bZ+bc+c® 2+ ca+a?

4
<
<(az—ab+b2)+(b2—bc+cz)+(c2—ca+a2)_

(1 12 12 12 12 12\
= ((a—b)2 +E>+<(b—c)2+ﬁ>+<(c—a)2+E> =

1 1 1 1 1 1

- (a—b)2+(b—c)2+(c—a)2+E+E+ca

SOLUTION 1.97
Solution by Ravi Prakash-New Delhi-India

Thus, forx <0<y

x|x| — ylyl
<</ <
lx+yl < “xty < |x| + |yl
Forx,y =0,x +y
x|x| —ylyl x*—y? x|x| — ylyl
Ty "y =x+y=|x+y|= Xy = |x| + |y

Forx,y <0,x #y
x| —ylyl _—x*+y? _
xX=Yy X—=Yy
x|x| = ylyl
-y

x4yl = = |x| + |yl

Thus, forx,y E Rx +y

|x + ¥yl < |x| + |yl

< x|yl = ylyl
xX—y
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Forx <0<y
x|x| —ylyl —x*—y* y*+x?
xX—-y  x—-y  y-x
Asxy <0,(y —x)2 =y? + x* — 2xy > x* + y*

Y i+l = =2 < a1y
= —x = x| = x
Xty y y y—x y
Ifx+y=0,
2 2
+ x
-0 +x)=y*—x2<y?+x2=>|y+x| =y+x£y —
Ifx+y<0,then —(x +y)(y —x) = x? — y?> < x? + y?
2 2 2 2
x4+ x4+
=>—-(x+y)< Y =>|x+y| < Y
y—x y—x
Now, fora,b,c € R, a, b, c distinct
B3w<|la+b|+|b+c|l+|c+al <
ala| — b|b| b|b|—c|c| c|c|—ala]
< <
a—b b—c c—a
< (lal + |b]) + (Ib] + [c]) + (|c| + |a]) < 602
SOLUTION 1.98
Solution by Soumitra Mandal-Chandar Nagore-India
Applying Weighted AM = G.M;
1 1
Yeyc(a?+2bc) (a+b+c)?
Yeyca(a? + 2bc) - naa2+2bc y . a3 + b3 + ¢3 + 6abc - na“2+2bc
Yeyc(@? +2bc) — (a+ b+ c)? -
cyc cyc

“ Yeye@® + 6abce = 1y a®+2b¢ (proved) equality ata = b = ¢ = %
SOLUTION 1.99

Solution by Ravi Prakash-New Delhi-India
(a® + b? + c®)? + Z:(at2 +b% —¢?)? =
= (a* + b* + c*)? + (a® + b* = c®)? + (a* = b* + ¢*)* + (—a? + b* + ¢*)* =
=2(a% + b?)%? + 2¢* + 2(a® — b*)? + 2¢* = 4(a* + b* + )

Z:(a2 +b% — c?)? + 82 a’b?
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=4(a* + b* +c*) + 82 a’b* — (a* + b* + ¢*)?
=4(a%?+ b* + c*)? — (a’ + b%> + c?)? =3(a’? + b* + c?)? > 3 [3|abc|%]2 = 27|abc|%
= Z(a2 +b% —c?)? + 82 a’b? > 27(abc)(abc)%
SOLUTION 1.100
Solution by Seyran Ibrahimov-Maasilli-Azerbaidian
Chebyshev: x3 + y3 > %(x +y)(x%? + y?)

x% — xy + y? = xy (AM-GM)
>xy x

(x3 + y3)3(x2 — 2 Xy 3(p2 4 233 oM
y3)2(x xy+y)28(x+y) (x*+y“)° = RHS

3
(x+ )% = (2/xy)” = 8xy,/xy

SOLUTION 1.101

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a*=x,b*=y,c* =z

x2y? + y2z% + 22x% > xyz - \[27 xyz- (x + y + 2)
(x2y% + y?z% + z2x®)* > (xyz)* - 27 -xyz- (x + y + 2)
(x%y? + y2z?% + 22x%) - (x*y? + y?2% + 2%x*)% > (xy2)* - 27xyz- (x +y + 2) (*)
(ASSURE)
a) x2y* + y22% + 2°x% 2 (xy)(y2) + (y2)(zx) + (2x) (xy) =

=xyz(x+y+2z)

AM—-GM 3
b) (x*y* + y*z? + z%x*)3 > (3 : 3,/(xyz)‘*) = 27(xyz)*

a);b)
a); b) = (x*y?* + y?z% + 2°x%) (x%y? + y*z* + z*x*)? >

> (xyz)*-27xyz- (x +y +2) (¥)
SOLUTION 1.102

Solution by Marjan Milanovic-Nis-Serbia

1
By Jensen, since x( 2) is convex,
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Z(a N bz)(‘%) - (a +b+c+a®+b*+ c2>(_%) _
- 3

1
27(a+ b+ ) (-2) (_1)
= 3 =(a+b+c)\2
SOLUTION 1.103
Solution by Ravi Prakash-New Delhi-India
Letx,y >0

Putx =1rcosf,y=rsin0,0<0 <§
Now, consider
a(x® +y®) — 2(x%y + xy /xy + xyz)2 = r°E where
E = a(cos® @ + sin® @) — 2 sin? 0 cos* 8 (cos 8 + Vcos Bsin O + sin 0)2
= a[(cos? 0 + sin? )3 — 3 cos? 0 sin? O (cos? 0 + sin? 0)] —
—2 sin? 0 cos? 0 {cos? 6 + sin? 8 + 3 cos O sin O + 2(cos O + sin H)Vcos 0 sin 6}
= 9[1 — 3 cos? 0 sin? 0]
— 25sin? @ cos? 01 + 3 cos O sin @ + 2(cos 8 sin §)Vcos O sin 6|

29 6 4 5 n'
=9 —-sin20 — sin® 26 - ﬁ(sin 26)2V2Z sin (6 + Z)

29 3 5 T
I _ . 2 _ _ . 3 _ N - = _
= (1 —sin“20) + 4(1 sin” 20) + (1 (sin20)2 sin (9 + 4)> >0

= 3/x° + y¢ > V2(x2y + xy,/xy + xy?) Vx,y > 0.
Equality when x = y. Putx = a,y = b + 0 get
a’b + abVab + ab? < %\/a6 + b®. Similarly, for other expressions.
3
= Z(azb + abVab + ab?) < E\/EZ vas® + bé

SOLUTION 1.104

Solution by Daniel Sitaru-Romania

abcd = e* —>Zlna =4 (1)
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z Ind B z Ind B In*d -
log,(ab%c3) Lulna+2Inb+3Inc  Lilna+2inb + 3ilnc ~

Ind
BERGE-‘TROM » lna)z ~ Y Ina (24 ~ 2
= 6Ylna 6 6 3

SOLUTION 1.105

Solution by Daniel Sitaru-Romania

a=y+z,b=z+x,c=x+y,s=x+y+z,S=\/xyz(x+y+z)

IONESCU— WEITZENBOCK
Zaz > 43S & s2 —r2 —4Rr > 2V/3S &

—Zsz+4sZ—Zb022\/§S<—>sz—3sz+Zs(b+c)—2bc22x/§$<—>

s? —Z(s—b)(s—c) > 2v/35 & (Zx)z —nyz 2\/3xyz(x+y+z) o

x2+y?+z22+xy+yz+zx>23xyz(x+y + z)

SOLUTION 1.106

Solution by Daniel Sitaru-Romania

flx) = x%,f”(x) = %x_% >0,f:(0,0) - R, f — convexe

e ()2 () Y ()22 [

Zﬁ+3f(1)z\/z—izma\/z—i(\/&+x/3+\/2+3)zx/a+b+\/b+c+\/c+a

SOLUTION 1.107
Solution by Daniel Sitaru-Romania
£:(0,00) = (0,00),f(x) =x73,f(x) = =3x7% f'(x) = 12x7% > 0, f — convexe
By Popoviciu’s inequality:
(c + a))
2

3@+ f®) + £+ (3 ) >2<f(a+b)+f(b+c)+f

3 =3 2 2

Fora=x+y,b=y+zc=z+x:
1 2x+y+2z) 2 x+y+y+z
I (T) 25 ()
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12 1 +1>ZZ 1
3Lu(x+y)? 2373 (x+2y+2)3
2

1 1 1 3 1 1 1

+ + +—->16 ( + + )
(x+y)2 (y+2)3 (z+x)3 8 2x+y+2)?2 QRy+z+x)?2 (z+x+7y)?
SOLUTION 1.108

Proposed by Marian Ursdrescu — Romania

We must show: (a+ 1)(b + 1)(c+1)(d + 1) > 16abcd (1)

4x 4 4z 4t
Leta = b=—2— c= ,d =
x+y+z+t x+y+z+t x+y+z+t x+y+z+t

(1) @H( = +1)216-44 vzt

x+y+z+t (x+y+z+)*

[IGx+y+z+t) >4%xyzt (2)
5x+y+z+> 8%/aSyzt \I

+5y+z+t>8xyszt
YT sxyz $:>H(5x+}’+z+t)284xyzt=>(2)it’strue.
x+y+52+t28w/xyz5t|

xX+y+z+5t> 88\/xyzt5)
SOLUTION 1.109

But

Solution by Remus Florin Stanca — Romania
(L+24E)@rbro>(B+245)
b2  ¢* a? b ¢ a
a b o\’
@b, (B+E+E) @bl b—c>
S+t S+t +—5+— —a—b—-c>
b2  ¢* a? a+b+c b2  ¢* a?

a b c\>

>—(” ) +1—a—-b—-c (1)

= Tat+b+c
Wenotex=§+g+£andy=a+b+c
y<1=21-y>20=(x—-y)?*A-y)=>20=>(x*+y*-2xy)1—-y)=>0>
>x21-y)+y*A-y)+2xy(y—-1)=0=
s> x2—x2y+y2 —y3+2xy? —2xy >0 > x2 > x%y + 2xy + y3 — 2xy? — y* >

X +y—y*>x’y+y+y3+2xy— 2xy? — 2y?
2
X
:;+1—y2x2+1+y2+2x—2xy—2y:(x+1—y)2:>
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abc2

a b c 2
S g g pex(@4titr1mamb-o) @)

a+b+c
mpa b€ b >(a+b+c+1 b )2
> —+—=+— —a—-b-c>|(—4+—+-—- —a—-b-c
bZ  ¢2 a2 b ¢ a

SOLUTION 1.110

Solution by Michael Sterghiou-Greece

|(VaZb — Yab?)(Va*b — Vab?)| < (a— b)? (1)

LHS of (1) is always = 0 so, we can get rid of the absolute value.

(1) is homogeneous so, WLOG, assume ab = 1. Then (1) becomes

(a%—il><a%—i1>_(a_£)zso (2)

a3 a5
1
letais =x>1 (2)-

1 1 1\° 1 1 1
5 3 15 30 2 8
(x —-——) (x '—'——>'— (a __Z;ﬁi) <0-x -+:;§5-+-x +—;3-—-x _t;§-+ 2>0

But x30 > x8 x? > xls so, we are done!
SOLUTION 1.111
Solution by Marian Ursarescu-Romania
We must show:
(a+ b+ c)(ac'® + b11al® + c11p10) > (ac® + b®a’ + c6b5)2 (1)

From Cauchy’s inequality we have:

<(a%)2 + (b%)z + (c%)2> <(a12_1)2 (%) + (b%>2 (a5)° + (c%)z (b5)2> >

2
> (a®b® + b%a® + cb¢®)” = (1) it’s true.
SOLUTION 1.112

Solution by Tran Hong-Vietnam

Let f(x) = Si:x(O <x< g)
S = 2 (o< x < T) s £ (00)
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(Because: g(x) = x cos x — sinx(O <x< g) =>g(x)=—xsinx<0=>gkx)\ (Og)

= g(x) < g(0) =0)

(x> —2)sinx + 2xcos x

<o(o<x<7)

VHOEE .

3
(Because: h(x) = —[(x?* —2) sinx + 2xcosx] = h'(x) = —x?>cosx < 0 (0 <x< g)
= h(x) N (0;2) = h(x) < h(0) = 0)

Now, inequality < (a + b + c)logu > alogv + blogw + clogt

si (ab + bc + ca)

a+b+c _sinb  sinc  sina
(ab+bc+ca) e W E Tt T,
a+b+c

Using Jensen’s inequality with ¢ (x) = logx (x > 0)

av + bw + ct
a+b+c )
av + bw + ct
a+b+c

ap(w)+bew)+cop(t)<(a+b+c)- (p(

=(a+b+c) - log

We must show that

av + bw + ct
>—— o @+b+cu=av+bw+ct= av+ bw+ct
a+b+c
b ]  Jensen) si (ab+bc+ca)
sin sin ¢ sina “a+b+tc
o . . . < .
b c T a = (atb+o (ab+bc+ca)
a+b+c

SOLUTION 1.113

Solution by Tran Hong-Vietnam

2
a2+b2+c22—(a+b+c) :>\/a2+b2+022—a+b+c
3 V3
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a+b+c)d a+b+c
a3+b3+c32¥:>3\/a3+b3+c32—

32 /32
a+b+c) a+b+c
a5+b5+c52—( ) = Va5 + b5+ ¢5 > ——
34 V3%
(a+b+c)3 (a+b+c)3 (a+b+c)3
= LHS > = =
\/§3\/§5\/§ 3%+§+% 33—3
We must show that:
(a+ b+ c)3
330
a+b+c) (a+b+0¢)d a+b+c¢)® (a+b+c)d
3abc$3-( )=( ):,( )2( )
27 32 59 32

330
59
& (a+b+c)3 [32—330] >0
59
(true: a,b,c > 0,32 — 330 > 0 ( 2> :—z)).Proved. Equality & a=b =c=0.

SOLUTION 1.114

Solution by Tran Hong-Vietnam

Z:S;vc2+xy+2y2 _
h 2x2+y2 T
cyc
3x2+xy+2y?
2x2 +y2

<3 chc aa (1)

S Yeye T

3x2+xy+2y2 x+y
2x2+y2 =3 (2)

e (Bx?2+xy+2y)2x+7y) <3(x+y)(2x* +y?)

* Must show that:

2x+y

& 6x3 + 5yx% + 5xy? + 2y3 < 3(2x3 + xy? + 2yx? + y3)
e 2xy? <yx?+y3 o y(y?—-2xy+x%) =20 y(x—y)? > 0 (true because y > 0).
Similarly:

3y2+yz+22?% y+z
2y2+z2 T 2y+z

(3)

372 +xz+2x2% > 3 Z+x
272 +x2 2z+x

(4)

From (2)+(3)+(4)= (1) true.

SOLUTION 1.115
Solution by Tran Hong-Vietnam
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3\atb+c
Inequality & a® - b? - ¢¢ - (a + b + ¢)*tP*¢ > (Z) (a+ b)*b(b + c)?*(c + a)t® (¥

Let f(x) =xlogx (x>0)= f"(x) = i >0 (Vx> 0)

Using Popoviciu’s inequality, with f(x) = xlog x (x > 0) we have: A

a+b+c a+b+c a+b a+b
@Zaloga+3- log( 3 )222( -log )

3 2 2
a+b+c\’ a+ b\**?
@Zaloga+log<—) 2210g< )
3 2
a+b+c\ e a+ """ b+ c\"* e+ a\ote
e () Eee|() () ()
@logla b” - c ( 3 ) > log > > >
e a® - b?-c¢¢-(a+ b+ c)ttbte. 3avbre 2 (a+ b)**2(b + c)P*¢(c + a)c*® - Javbic
3 a+b+c
s a® - b? ¢ (a+ b+ c)¥hHe > (Z) (a+b)*b . (b+c)P*. (c +a)?
= (*) true. Proved. Equality & a = b = c.
SOLUTION 1.116
Solution by Michael Sterghiou-Greece
2 <18
5= z:C3’C1+ 2 =13 (1)
2 Bcs x 4 ? 2
. L DR
1+x x+x (chcx)+ (chcx3) 2+ Ycycx3 5

cyc cyc cyc

This is true because x <2 > x* <4 ->x*—-4<0->x(x*—-4)<0-

—>x3—4xS0—>Zx3S4Zx:8

cyc cyc

42
Consider the function f(t) = m on[0,2] f'(t) = (;—;)2 with

roott =1in[0,2] f''(t) = Z(tgt )3) with root \/3. t = 1 is a max for f(t) and also f(t) is

concave in [0, \/§] as f"' (t) < 0 in this interval. Assume max{x,y,z} = x < /3.
Then by Jensen we have:

1

3 2cycX 2 18

379~ = 2. = — and we are done. Assume x > /3 then
5x 14~ 13
1+(3) °

chc <3

1+x2 -
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y+z 2—3

. 2 . 2
1492 toz =2 1+(y_+z)2 =2 1+(z_v§)2 <03Q2)

z

y + z < 2 — /3 < /3 and by Jensen

2

because f(t) is Tin[0,1] and 2 —+/3 < 1. Also, f(t)is Lin[1,2] (f'(t) < 0) so
f(xX)<f(asx>+3>1or

x 1 . . . .
Tz < - Combining this with (2) we have

chcﬁ <03+05=08< g. We are done.

SOLUTION 1.117
Solution by Tran Hong-Vietnam
»a®>+ b% > ab(a® + b?) = ab(a+ b)[(a + b)? — 3ab];
We must show that:

12 a+b

(ab)® + (ib) ab + ( >Zl < (a + b)*[(a + b)? — 3ab]? x

(ab)? >

712
x [(ab)3\/E+ (&2) ] ()
Let u = Vab;v =%b(v2u > 0)

(*) © ub[ul? + v?][u? + v?] < v*(4v? - 3u?)?(u’ + v7)?
(letu=tr,0<u<v=>0<t<l)
StA+t1H)A+t5) < (4-3t2)2A +t7)?

S [BA+t)BA+)] <[4 -3t)A+ D[4 -3t)A +t7)] (*¥)
31+t <@ -3tH)A+t") (1)

0<t<1=t3<1<4-3¢t
0<t<1=>t°<1=>1+t2<1+¢7

21+t5) <@ -3t +t") (2)

(1) true because: {

vt <1=4—3t? > 1. We must show that:
t2A+t¥)<1+t’
e+t <1+ti o (t-D(-5-t2-t-1)=0
It is true because:
“t<12t-1<0,t <35 <t=>t°<t+1
From (1) and (2) = (*) true.

Proved.
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ACYCLIC,ASYMMETRICAL INEQUALITIES
SOLUTIONS

SOLUTION 2.01
Solution by Pham Quoc Sang-Ho Chi Minh-Vietnam
We have:ifa+ b + ¢ = 0 then a® + b3 + ¢ = 3abc so
(a+b)+c+d=0then(a+b)+c2+d®=3(a+b)cd
We have:
3(a+ b)(ac + ad + bc + bd + 4cd) = 3(a+ b)[(a+ b)(c + d) + 4cd]
=3(a+ b)[-(a+ b)? + 4cd]
=-3(a+b)®+4-3(a+b)cd = —3(a+b)? +4[(a+ b)3+ 3 + d?]
= (a+b)3+4(c+d3
Now, we prove that
4@ +bhP+cA)=(a+b)P+4(+d®) =4@®+b3)=>(a+b)?
e (13 +13)(13 + 13)(a® + b3®) > (a + b)3 (Right because Hélder’s). “=" a=b.
SOLUTION 2.02
Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
xa*b?c*dt + yb*c?d?at + zc*d? a?b' + td*a’b*c? =

AM—GM x+y+z+t
> (x+y+z+t)(abcd)*y+tztt = abcd(x +y+z+1t)

20255V + 30NV + 5 BB + 2 a2 a7

>(2+3+4+5) bed = 2> abed, (1
z|\2+5+gty)abed =17 abed, (1)

(21)4AMéGM 256 ,
a - abcd'()

By multiplying (1), (2):

4
(2a2VBYEVE + 262/ @a + 3 @V ar Vb + 2@ o) () =

73, . 256 _4672
=129 Gbcda T "3

169




SOLUTION 2.03

Solution by Sanong Hauyrerai-Nakon Pathom-Thailand

sin’x cos?’x sin’y cos*y sin*x cos*x sin'y  costy

a b c d asin’x bcos’x csin’y dcos?’y

BER(;;TROM (sin’x + cos*x)? (sin’y + cos?*y)?

asin?x + bcos*x  csin?y + dcos?y

BERGSTROM
1 1 o

=— +—
asin’x + bcos’x  csin’y + dcos?y

4 4 2
= > =
asin?x + bcos?*x + csin’y + dcos?y = 2(a+b)+2(c+d) a+b+c+d

SOLUTION 2.04

Solution by Sanong Hauyrerai-Nakon Pathom-Thailand

n+1
x,y>0,n€N*—>T>1

n+1 n+1 n+1 n+1
(xn+yn) n > (xn) n + (yn) n - (xn_l_yn) n > xn+1+yn+1

(xn + yn)n+1
(x™ + ym™HL > (x4 ynn G 4 yniyn L

((a® + b3)*
(a* + b*)3
(c5+ d5)6 bymugipying (@® +b3)* (5 + d5)6 (&7 +f7)?
(c® + db)5 >1 (c6+db)5 (e®+ f8)7 (a*+ b*)3
(87 +f7)8

\(eB + f8)7

>1

>1

A

>1

SOLUTION 2.05

Solution by Ravi Prakash-New Delhi-India

FO) = (L4 0% x> 0,Inf(x) = n(1+x

f[(x) x—(x+Din(x+1)
fx) x%(x+1)

,gxX)=x—(x+1Din(x+1)
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gx)=-Inx+1)<0,x>0-9g(x)<g(0)=0,vx>0

f'(x) <0,vx >0, f — strictly decreasing

a+3b 3a+b a+3b 3a+b
==~ f () < (5

0<a<bh
asb=—— =" 4 4

4 4
a + 3b\a+3b 4a + 3\3a+b a + 3p\3etP 3a+b
(1+ ) s(1+ ) a(1+ ) s(1+ )

4 4 4 4

a+3b

SOLUTION 2.06

Solution by Soumava Chakraborty-Kolkata-India

lete* =a,e’ =be’=c0<x<y<z—->1<as<b<c

@+ed* (1+e* + e?)?
d
2+e)(2+e?)  (1+eY+e?)(1+e? +e??)

(1+b+b2)(1+c+c2)>(1+a+a2)2
(2+b)(2+c) = (2+a)?

'(1)

1+b+b*>1+a+a*o (b—a)(1+b+a)=0,(2)

1 1

<c->2+b<2 > >
bsc=Ztb<2tc o 2 e " 220 2t

(3)

(1+b+b2)(1+c+c2)(2)’§(3)(1+a+a2)(1+c+c2)>(1+a+a2)2

2+b)(2+0) - (2 +c)? ~— (2+ a)?

1+c+c2>1+a+a2 4
>
2+c)2 — (2+a)? (4

1+t+t?

—_— >0,vt>1
(2 +1t)2

e 3t
f = VtZLf(t)_(Z—i-—t)Z

f —increasing - f(c) = f(a)

SOLUTION 2.07
Solution by Le Van-Ho Chi Minh-Vietnam

Inx

Put f(x) = D >1
Then f'(x) - [In(x + 1)]? = —l"(’;ﬂ) - = fCaad) '“;&111))""'“(")] >0
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Then f(x) is a positive function, which gives us:
4f(a) < f(a) + f(b) + f(c) + f(d) < 4f(d)
— Q.E.D. Equality holds whena = b =c =d = 1.

SOLUTION 2.08
Solution by Lazaros Zachariadis-Thessaloniki-Greece

(\/_+\/—)_2 (\/_+\/—) (\/—+\/—)

2 Tz ST =2 (1)

3 3
(3\/E+3\/E+3</E)3 < atbte (Ecyc HVE) < arbre (%+3\/5+3\/E)

3 3 33 - 3 a+b+c =9 (2)

4 4
(chc %) S a+b+c+d = (ZC}’C %)

3 _
" 2 Soea <4° =64 (3)

Coev@)’ | (Zoe Ya)’ 4 (o Ya)'

b+a+c a+b+c a+b+c+d —

<2+9+64=175

(1)+(2)+(3)=

SOLUTION 2.09

Solution by Soumitra Mandal-Chandar Nagore-india

a+Vab + Yabc 3 a+b\/a+b+c
3 = a( 2 )( 3 )

a at+b a+b+

3 Za 3/ 2b 3c
1+ [— ——.1<3
a+b a+b+c a+b a+b+c a+b a+b+c

AM>=GM 2a 3a +1
3| 2a 3a ~ T
No A . -1 < atb at+b+C
a+b a+b+c 3

@i/l 2 (a+\/_+\/_)<3

AM=GM 2ab , 3b ,_3b
3(2Vab ._3b 2 atb taibict ) < 2t bee and
a+b a+b+c - 3 - 3
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2b 3c
AM=GM
3\/2” 3 iaxbtaxbret?

1
a+b a+b+c - 3

.-i/l 2 (a+Vab + Vabc)

a a+b a+b+

3
= 2 3

<4+2+3 a+\/ab+3\/abc<3\/ <a+b)<a+b+c>
_—_— - a
< 3 3 <

SOLUTION 2.10
Solution by Le Minh Cuong-Ho Chi Minh-Vietnam

2
Apply Schwarz we get: (LHS)? = <\/§ + \/E\/Zgy ++3 %)

(12+(\/_) +(x/_))(x Zzy+3:)se(;+zy 3)<(RSH)Z

SOLUTION 2.11

Solution by Pham Quoc Sang-Ho Chi Minh-Vietnam

Let x = /L / /
b+c c+a’ a+b

Now, we prove that: x + 2y + 4z < \/7(x% + 2y% + 4z)2

© x? + 4y? + 162 + 4xy + 8xz + 16yz < 7(x? + 2y* + 4z?)
© 6x2+10y? + 1222 > 4xy +8xz+16yz © 2(x — )  +4(x —2)* +8(y —2)? > 0
“="x=y=zora=b=c.

SOLUTION 2.12

Solution by Ravi Prakash-New Delhi-India

leta=x*b=y*c=2%x7y,2z>0
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Also0<a<<b<c=>0<x<y<z
(a — b)cve + (b — c)ava + (c — a)bVb =

= (" -y + (y* - 29)x° + (2% - x)y’

B3y 23 XB3—y3 y3_z3 3
=[xz y2 22|=|x2—y% y2_z2 22 use €y > €y — CZ]
1 1 1 0 0 AR

x2+y*+xy y*+z2+yz

=G=no-2" T, y+z

x2 -z + (x — 2)y y2+zz+yz|

= x-no-n 770 s

x+y+z y*+z* +yz|

= - NO-Da-2) [ Y e

2

= -No-2a-[* 1Y 7

y+z|:(x—}')(}’—Z)(x—z)(xy+yz+zx)SO

sincex<y<z

SOLUTION 2.13

Solution by Ravi Prakash-New Delhi-India

a b 1 1
2(E+E+ )+3>(a+b+®( +—+ )

b
a b c b b ¢ c
@204— )+3>1+1+1+ +— + PR
b ¢ a b a b
a b ¢c b ¢ a a—c b—a c—b>b
S—+—+-2—+-+-0o + + >0
c a a b c b c a
S aca—c)+ab(b—a)+bc(c—b)=>0
bc ac ab
|1 1 1|20 (a@a-b)(b—c)(c—a)=0
a b c
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which is trueasa < b < ¢

SOLUTION 2.14
Solution by Ravi Prakash-New Delhi-India

2b=a+c2c=b+d
= a, b, c,d are in A.P. with common difference % (d-a)
1 z 2 2
:.a2+b2+cz+d2=a2+{a+§(d—a)} +{a+§(d—a)} + d?
2 2 5 2 2, > 2
=3a“+d +2(d—a)a+§(d—a) =(a+d) +§(d—a)

2

1 1 15 1 1
={(a+d)—2e8} +4e8(a+d)—4e4+§(d—a)224e8[a+d—e8]

SOLUTION 2.15
Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

Ifx,y,z € [-5,3] then: Y, /3x — 5y — xy + 15 < 12

We have: Y \/3x — 5y —xy + 15 =Y /(3 — ¥)(5 + x).
Since x,y,z € [—5; 3] then 3 — x;

3—-y;3—2z;5+x;5+y;5+z >0, so, by applying Cauchy’s inequality:

>JB-y»G+x) <Y (3_}';5”) = % = 12 = Q.E.D. The equality happens iff

3-y=5+x3-2z=5+y;3-x=5
{ y=5+x3-z=5+y3-x=5+z_ _ _ _

X,y,z € [—5;3]
SOLUTION 2.16
Solution by Le Minh Cuong-Ho Chi Minh-Vietnam

ab bc cd da ab bc cd da
—+—+ <

We have LHS = " + "2 + 7 dra = 2vas T 2vbe T 2ved T zvdas =
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< %(\/ab +Vbc + Ved + Vda). It need show that: Vab + Vbc + Ved +Vda <

<ab+bc+cd+dalndeed4(ab+bc+cd+da) (\/ +\/_+\/_+\/da)

AM GM

2™ 4*Vab -Vbe Ve N@a(vab + Vbe +Ved + Vaa) =

> 4(Vab + Vbc + Vcd + Vda). The equality holds fora =b = c=d = 1.

SOLUTION 2.17

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

c+Vvab +Vvab = 33\/abc; c—3Vabc>-2Vab = a+b +c—3Vabc >

1 1
—t+t1= +1e
(\/E_\/E)z a+b+c—33Vabc

2a+b—2m:(\/5—\/3)2<:>

1+(\/_ \/_) 1+a+b+c—33\/abca<b+c1+a+b+c—33\/abc
> - > ; &
(\/_ \/_) a+b+c—3Vabc 2b + 2c — 3+Vabc

(2b+20—3\/_)(1+(\/_ Vb)*)

> 1
(Va - \/_) (1+a+b+c—3Vabc)
SOLUTION 2.18
Solution by proposer
From the hypothesis we have:
(ab z> @ 67 9(a? + 24ab — 134)
—_—— ] = — —_ s =
‘U9 73/ 8 40" € 8a(ab — 6)

Therefore, we have:

9(a? + 24ab — 134)
8a(ab — 6)

P=3a+2b+c=3a+2b+

Applying the AM-GM inequality, we have:
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9(a® +24ab—134) _ ~ 9[a*+ 10+ 24(ab — 6)]
8a(ab — 6) B 8a(ab — 6)

2b

_2(ab—6) 9(a? + 10)

. 9(a? +10) 36
a 8a(ab — 6)

8(ab—6) a

9 2
+—2—-\/2(ab—6)-
a a

a a

3(13+\/a2+10):>P>3< +13+\/a2+10)
= = a

Applying the Cauchy — Schwarz and AM-GM inequality, we have:

13 +Va? + 10 13 /(15 +10)(a? + 10)
P>3|a+ p =3 a+7+ 5a

13 aV15+10 15 V15
>3lat—+————|=3(a+—

a 5a 5
15 +15 33V15 33v15
>3(2 [a-—+ = =>P>
a 5 5 5
Therefore, P i, = %ﬁ The equally holds for a = V15,b = 1?2,:)/3’ c= 23f
SOLUTION 2.19
Solution by Ravi Prakash-New Delhi-India
1+x+x2
Let f(x) = Tz X2 1
x (1 + x?) — 2x? 1 —x?
=— = <0,vx>1
fx= [ i A+22)2 1+ *
1+a+a? 3
= f(x) decreaseson[1,») - f(x) < f()Vx=1= e Spva= 1 (1)
Let (x) 1+x+x24+x3 _ 1_I__x+x2
9 1+x3 1+x3
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1+ 2x+x3 +2x% — 3x3 — 3x*%

1+x*)A+2x) - 3x°(x +x?)
B (1+ x3)2

9= (1+ x3)2

_1+2x—2x3—x4
(1 +x3)2

oo @=ahH-2x(1-x%) A-2HA+a*-2x) A-x)°A+x)
IO ="y er - a2 a+or 0>l

= g(x) decreaseson [1,x) - g(x) < g(1)

1+b+b?%+b3 4 1+x+x2+x3+x%

_— - = > = >
=05 S;=2Vb=1 (2) Let h(x) = o x>1
x+x%+x3

1+ x*

B (x) = (1+2x+3x)A+xY) — (x + 22 + x3)(4x3)
0= 1+ x%)2

_1+2x+3x2+;vc4+2x5+3;vc6—4x4—4x5—4x6

(1 +x*)2
1+4+2x+3x2—-3x*—2x5—x® (1—x%) +2x(1—x%) +3x2(1 — x?)
- (1 + x*)2 = 1+ 25?2 <0vx=>1
2 3
= h(x) decreaseson [1,») .. h(x) < h(1) Vx>1> HH:% ; >1 (3)

Multiplying (1), (2), (3) we get

(1+a+a®>)(1+b+b*+b3(A+c+c? +c4)<1
1+a2)(1+b3(1+c*) -2

SOLUTION 2.20
Solution by Ravi Prakash-New Delhi-India

For0<a<b,a(c+2)<a++Vvab+b < b(c+2)

s cvab+b—-—ac—a>0andbc+b—cvab—a >0
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& (eva)(Vb—+Va) + (b—a) = 0and cvb(Nb—+Va) + (b—a) = 0
& (eva+ Vb ++va)(vVb —va) = 0 and (cvVb + Vb + Va)(vVb —Va) = 0

which is true in view of b > a.

Thus a < a+C\/_+b < b. Similarly for d and e.

Multiplying three inequalities, we get

(a+cx/_+b)(a+d\/_+b)(a+e\/_+b)
(c+2)(d+2)(e+2)

SOLUTION 2.21

Solution by Soumitra Mandal-Chandar Nagore-india

We know for x,y > 0 then x* + xy + y*> > 3xy and;(x2 +y2) > x% + xy + y?

1_[ i/(a3 + abVab + b3)

cyc

7
3a2b2 1_[\/a3 + abVvab + b3 < \/ 8 H(a3 + b3)

cyc cyc cyc

3 3
= 3abc < ﬂJa3 + abVab + b3 Sis H(a3 + b3)

cyc cyc

= 3ba? < 1_[ i/a3 + abVab + b3 < ;i/(2b3)(2c2)(2c3)[-: a<b<c

cyc

3
~3a%b < l_[ Ja3 + abVab + b3 < 3bc?

cyc

SOLUTION 2.22

Solution by Marian Ursdrescu-Romania
Fora=b=c=0;a>=0 (true)
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a,b,c > 0;2a® + 6ab + 7b% > 2‘{/2(55 a’h3 — %)
=
But 53/ a?b3 < 2a + 3b

2/ ((2a+3b) - ¥c) < 2a® + 6ab + 7h? &
—2%c +2(2a + 3b)¥/c < 2a% + 6ab + b> (1)

Ve=xx>0=-2x*+2Q2a+3b)x = f(x)

-A —4(2a+3b)*  (2a+3b)? (2a+3b)?
max f(x) = = = =——>= f(x) < > (2)
(2a+3b)?

From (1)+(2)= we must show: < 2a®? +6ab + 7b* &

4a% + 12ab + 9b% < 4a? + 12ab + 14b% © 9b? < 14b% < 5b% > 0 true.

SOLUTION 2.23
Solution by Ravi Prakash-New Delhi-India

WLOG x = max{x, z}

Va2 —xz+ 22 +y2 + 22 +x2 + xy + y2

=Jx2+z(z—x)+y2+ 22 +x2 +xy +y?

<sV2+ 22+ +xy+yi<Ja@+Ja?+ a2 +Ja? +a? + a? =
= a(1+ V2 + V3). Equality holds when x =y = z = a.

SOLUTION 2.24

Solution by Soumava Chakraborty-Kolkata-India
vx,y,z,t > 1,xy+2yz+2zx+ty+tx+9=>4x+4y+ 6z + 4t
letx=a+1,y=b+1,z=c+1,t=d+1(ab,c,d=>0)

Then, given inequality becomes:
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(a+1D)b+D+2b+1D)(c+1D)+2(c+1D)d+1)+2(c+1D(a+1) +
+d+1)b+1D)+d+1)(a+1)+9—-4(a+1)—-4(b+1)—6(c+1)—4(d+1)=0
< ab + 2ac + ad + 2bc+ bd + 2¢cd = 0 — true - a,b,c,d = 0 (proved)

SOLUTION 2.25

Solution by Marian Ursdrescu-Romania

(a1 +ag+-- +an)

From Hélder’s inequality, we have: a1 + a2 4+ +ah > ,p EN*

npP

6., .6)2 6
X2 4yt = 4 (o2 2 00 S O g )
(x* + y* + 2z4)3
=

x12 + y12 + ZIZ — (x4)3 + (y4)3 + (24)3 > 5

xtytizt
x124y124712 =

<9 (2)

P +y*+2° +3)*

x12 + y12 + ZlZ + t12 — (x3)4 + (y3)4 + (23)4 + (t3)4 >

64
(x3+y3+2z +t3)
x124y124 7124412 = <64 (3)
(x® +y6)2(x +y +z4)3(x3+y +z +t3)4
From (1)+(2)+(3)= (x124y12)(x12 4124 712) (x12 4§12 4 2124 £12) = < 1152
SOLUTION 2.26
Solution by Chris Kyriazis-Athens-Greece
Let’s consider the function f(x) = T x,x > 0. Easily: f'(x) = — (1+ 57 < 0,vx >0 (f

strictly decreasing) and f'' (x) = —e* ((11+—ex))3 > 0,Vx > 0. So, f is convex for every x > 0.

Working with the fundamental definition of convexity, I have that:

c c—a c—a

c—a c—a c—a
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o) =1 (at(1-)0)

c—a

c-b
~ c-a

f@+(1-S2)f0) =2 fl@) + =2f(c) (1)

c—b

c-b b—a
— -c)+c=—a+—c.So,
c—a c—a

b-a
at+ -,

c—a c—a

Also:a—b+c=a—(

fla—b+0)=f(=a+=c)<Zf(a)+=f(c) (2)

Adding (1) + (2): f(b) + f(a— b + ¢) < f(a) + f(c) as we desire!

SOLUTION 2.27

Solution by Chris Kyriazis-Athens-Greece

The distance of M(a, b) from the line: 3x + 4y +2 =0is 1

|3a + 4b + 2|
d(M,¢) = =1

N
I have to prove that: a* + b% + 4b + 7 > 4a. It suffices to prove that:
(a-—2)%+(b+2)?*=>1 (1)

But its easy to prove that the point N(2,—2) belong to the straight line
3x+4y+2=0.

So, (1) holds becomes: d(M, &) < d(M,N)

SOLUTION 2.28

Solution by Mohamed Alhafi-Aleppo-Syria

Since a? + b%? = 1,c? + b? = 1 we must have: a = c. So, our inequality is:

2a+2b+£24+2\/§®a+b+$22+\/E.Lets=a+b,p=abthen:

2

s2

122+\/§or

1 2
s2=1+2p= = 5721 50, we need to show: s +

s3—(2+V2)s?—s+4+V2=0.letf(x)=x3—(2+V2)x2 —x+4+2
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f/(x)=3x2—(4-+2\/i)x—1:x(3x—4_2\/§)_1

Clearly f'(x) < 0for0 < x < V2 so, f is decreasing on the interval ]0, \/f] Now, by Titu’s

2
inequality we have: 1 = a* + b? > @ =>V2>s.5, f(s)>f (\/7) = 0 and we are done.

SOLUTION 2.29

Solution by Soumava Chakraborty-Kolkata-India

287 8 8 '8 4

at* b8 5¥c8\ /5Va® b® *
~ (ab + bc + ca)?

(€Y 4
> 2 27(abc)

4 8 8 8 8 8 8 8 8 8 8 (» 88
5
8 8 8 8 8 8 8((a5) p8ctct
5a5 b8 ct as a5 a5 as as b8 A pr: A-G <a > c*c
Also,"C+ T+ =TT T T TGy 28— =abc
(i), (ii) = LHS of (1)
? 27(abc)*

? ?
> a’b?c? > & (S ab)3 =>27a%b%c? & Y ab = 33ab - bc - ca

~ (Qab)3
— true by A-G (proved)

SOLUTION 2.30

Solution by Sarah El-Kenitra-Morocco
(Vaz - b% + \/Eb)2 = a® + b? + 2b\/2(a? — b?) = a? + b? hence
VaZ = b2 +Zb > VaZ + bZ
Using the same method, we get Vb? — c2 +2¢ = Vb? + c? and

az — c2 +V2c > a2 + c?

After the sum we get
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vaz — b2 +b2 — ¢ ++/a? — c2 +V2(b + 2¢) = Va2 + b2 + /b2 + % + /a2 + c2

But we have a > c therefore Va% — b2 + Vb2 — c2 +Va% —c2 ++v2(a+b +c¢c) >

>/ a? + b? +/b? + ¢ + /a2 + c?

SOLUTION 2.31

Solution by Amit Dutta-Jamshedpur-India

Let P = 2\/ab + 33/abc + 4Vabcd. Now, we have vab < Vabc.
Because, (ab)3 < (abc)? = ab < ¢?* (1)

Now, we have a < ¢,b < ¢ = ab < c?. So, (1) is true = hence \ab < Vabc

P < 2Vabc + 3Vabc + 4Vabcd

P < 53\/abc + 44\/abcd

Also, we have Yabc < Yabcd. Because, (abc)* < (abcd)?® = abc < d3 (3)

va<db<dc<d=abc<d®- True

And hence abc < Yabcd

P < 5Yabcd + 4Vabcd < 9Vabcd

Also, we have Yabcd = Yabcde = (abcd)® < (abcde)* = abed < e*

~a<eb<ec<ed<e=abcd < e*and hence Yabcd < Yabcde = P < 93/abcde

SOLUTION 2.32

Solution by Tran Hong-Vietnam
ab,c,d>1>=ab < abc < abcd

a+b—2vab>0=z=>1,similarly: x,y > 1. Wehave: z <y < x
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(a+b)? < (a+b+c)3

2 3
tab = Z7abe o 27c(a+b)* <4(a+b+c)° (1)

In fact:

AM-GM 3
v 2c(a+b)(a+b) < @ ©2-27c(a+b)? <8(a+b+c) e (1)true.

(a+b+c)3 < (a+b+c+d)*

3 4
b = " pteabed 2)= 256d(a+b+c)><27(a+b+c+d)

AmM-6M (3d + 3a + 3b + 3¢)*
~3da+b+c)la+b+c)a+b+c) < ( 256 )

©3-256d(a+b+c) <3*a+b+c+d?* e (2)true.

Now, using Chebyshev’s inequality:
1
(abcdx + abcy + abz) > 3 (abcd + abc + ab)(x +y + z)

< 3(abcdx + abcy + abz) > ab(1+c+cd)(x+y+ z)

SOLUTION 2.33

Solution by Tran Hong-Vietnam

We prove that: 4x > 3y > 2z >0

'.'4x23y=>a+b+c+d—4\/abcd2a+b+c—3\/abc=>d+3§/abcz4</abcd

It is true because:

AM-GM
d + 3Vabc = d + Vabc + Vabc + Vabc > 44/d3\/ [abc]? = 4Vabcd

3y2Zz@a+b+c—33\/abc2a+b—2\/ab<:>c+2\/ab233\/abc

It is true because ¢ + 2vVab = ¢ +vab +vab > 33/0\/(ab)2 = 3%/abc

©22>02z>0< a+b>2Vab (true). Similarly: 3y,4x > 0
Hence: 4x =23y =22z >0

More, p = q = r = 0 then using Chebyshev’s inequality:
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1
4xp + 3yq + 2zr 25(4x+3y+22)(p+q+r)

© 3Upx+3qy+2rz) > (4x+3y+2z)(p+q+r1)

SOLUTION 2.34

Solution by Tran Hong-Vietnam

sinx sinx+siny sinx sinx siny @M-6M) 3| sip x\?
+ = + > 3

- - == — t— -
siny sSinz siny sSsinz sinz sin z

We must show that:

smx smx 8 2 sinx 2V2 x
°. (_) PN e el
smz smz >3z sinz” vw 2

o mim- 5> 22 22 (%)

. . 2x T
Because: sin z < z and sin x > ;for X,Z € (0, E)

/T - >

_z\/E, z\/E-Si:Z<2\/§-1=2\/§

We have: 2\t > 22 = (*) true.

SOLUTION 2.35

Solution by Anas Adlany-El Zemamra-Morocco
First, note that:
(a+b+0)5=a*+b*+c*+5(a+b)(b+c)(c+ a)a® + b? + c*+ ab + bc + ca)
Then when a + b + ¢ = 0, we will have the following
a® + b5 + ¢® = 5abc(a? + b% + ¢ + ab + bc + ca);

Now, let’s go back to the main problem and check out what we are really dealing with the
problem asks us to show that:
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6(a’ + b® + ¢®) = 5(2ab + c?)(2abVab + c*) whenever a,b > 0
We have: 6(a® + b° + %) > 5(2ab + c¢*)(2abVab + ¢3)
& 6abc(a® + b* + ¢ + ab + bc + ca) = (2ab + ¢?)(2abVab + ¢3)

& 2(a® + b3 + c®)(a? + b? + 2 + ab + bc + ca) = (2ab + ¢*)(2abVab + ¢?)
and the last step can be explained as follows:
a+b+c=0>(@+b)3+c3=0>a’+b3+c+3ab(a+b)=0
sal+b*+c*=3abc (a+b=-c)

Now, since a, b > 0; by the AM-GM inequality we get:
a® + b% + ¢ > 2va3b3 + ¢ — 2abVab + ¢ (1)

Also,

ZZ(ab + ¢%?) — 2ab — ¢* = 2ca + 2bc + c¢? + 2a* + 2b?
=2@®+b*>)+c3+2c(a+b) (a+b=-c)
=2((a+ b)?> —2ab) —c> =2c*—4ab—c*=c*—-4ab=(a-b)’ >0
Which prove that : 2 Y (ab + ¢?) > 2ab + c* (2)

Finaly, from results (1) & (2) the proof is completed.

SOLUTION 2.36

Solution by Marian Dincd — Romania

1 27 125
xyz=x+27y+125z ¢ —+ —+—=1
yZ Xz Xy
1 27 125 13 33 53 (1+3+5)3
1=(—+—+ )2 > T 7 T > = 2
yz Xz Xy (y+2) (x+Z) (x+y) (y+z+x+z+x+y)
2 2 2 2 2 2
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AM — GM and Radon inequality result:

(1+3+5)3 93
(y+z xX+z x+y) (x+y+z)2

2 t72 T2
x+y+2?r>29%cx+y+z>27

SOLUTION 2.37

Solution by Soumitra Moukherjee - Chandar Nagore — India

e“—ec+eb—ed22(\/e“+b—\/ec+d)@e“+eb—2 evth > e + ed — 2./ ectd

o (Ver —Ve@) > (Ver - Ved) e /eh - Vei > Ve - et
o Vel —\er > et —Veb (1)

Let f:R — R be defined as f(x) =Ve* Vx€R

X

() = Y

f’(x)=\/;_x >9 VxeR

f(x) is a convex function: Ve —+\/e@ > /e —eb

Hence statement (1) is true.

e’ —e‘+el —el> 2(\/e“+b—\/ef+d)

SOLUTION 2.38
Solution by Abdallah El Farissi — Bechar — Algerie

Let f(x) = sh(x) + sh(a+ b — ¢), x € [a, b] we have

f'(x)=sh(x)+sh(a+b—x)=sh ( ) ch( — %b) then f is a convex function, for

all c € [a,b] thereis A € [0,1] such that c = Aa + (1 — A)b, now

a+b a+b—-—c+c
)=sh (—5—)

2sh< >

<sh(c)+sh(a+b—c)=f(c)=f(A+ (1 —-2A)b) <Af(a) + (1 —A)f(b) = sh(a) + sh(b)

188



SOLUTION 2.39

Solution by Soumava Chakraborty-Kolkata-India

(ac + bd)? + (ad — bc)? = (a? + b?)(c* + d?)

V(a?+b2)(c2+d?) =p

|ac + bd|

|ad — be|
Given inequality & 2p* sin* 0 + 2p* cos* 0 > p* © 2(sin* 0 + cos* 0) > 1
But, 2(sin* 0 + cos* 6) > %(sin2 0 +cos?0)> =1 ( x*+y%* > %(x + y)z)

SOLUTION 2.40

Solution by Nirapada Pal-Jhargram-India

Y adM M 3 3abc
3 2 17 Ya ¢

A=

_Ya Yab (Za)2—32ab_2a2—2ab>

A-B — = = 0
3 Ya 3Ya 2¥a

_Yab 3abc (Y ab)’—3abcYa Y (ab)®-—Y(ab)(bc) -

B-C= Ya Yab YaY ab YaY ab =

since P>+ Q* + R>*>PQ+ QR+ RS, SoA>B>C

And0<x<y=>x<.,/xy<y

CHEBISHEV
3(Ax+B,[xy+Cy) 2 (A+B+0)(x+y+/xy) _ A+B+C
o, x+y+\/x_y - x+y+\/x_y B
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SOLUTION 2.41

Solution by Kevin Soto Palacios — Huarmey — Peru
Condicionc>b>a < 5c—4a—b=4(c—a)+(c—b) =0
Desarrollan do la desigualdad
9ax? + 9ay? + 12bx?* + 12by? + 18cx? + 18cy? + 18axy + 12bxy >
> 13ax? + 13bx? + 13cx? + 10xya + 10xyb + 10xyc +
+13ay? + 13by? + 13cy?
& (—4ax? + 8axy — 4ay?) + (—bx?* + 2bxy — by?) + (5¢x* — 10xy + 5¢y?) > 0
& —4a(x—y)> —b(x—y)? +5c(x—y)? = (x —y)*(5c—4a — b) > 0 (LQQD)

SOLUTION 2.42

Solution by Chris Kyriazis-Greece

a+1  b+3

The function f(a,b) = -+ + (1 - el —e—4

0<a<10<b<1, isconvexduetoaorb
(it’s easy to check it with positive derivatives)
So the function achieves its maximum to one of the vertices of the square
[0,1] x [0,1]

f(0,0)=1+3+e—e—4=0
A1) =2+210 4= 3<0
1) =3+3 e-%=37¢

f(1,00=2+1+0—e—4=-e—-1<0

1 3
fFOD=5+4+1-e-4=5-e<0
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So the maximum is zero whena = 0 and b = 0.

SOLUTION 2.43

Solution by proposer

((a+b)+(+0)((a+b)2—(a+b)(b+c)+(b+0)?)+4=
>3b+3a+3b+ 3c
a+b=x
b+c=y
(x+y)(x?—xy+y*>)+4=3x+3y
x3+y3+4>3x+3y

B +1+1> 3% x3=3x}
) +
y2+1+1=3y3=3y

x3+y3+4>3x+3y
SOLUTION 2.44

Solution by Ravi Prakash-New Delhi-India

_ .2, 1 ()= 2x — 3 —2(,5_3
Let f(x) = x +x3,x22,f(x)—2x x4—x4(x 2)>0,\7’x>2
Thus, f increases on [2, ).

For2 <a<b<cthen f(2) < f(a) < f(b) < f(c)

We have
(VB +ve) (a2 +—5) + (Va - o) (b +3) = (VB + VO)f (@) + (Va — Vo) f()
< (Vb +Ve)f(b) + (Va—ec)f(b)

= (VB4 Va@)f(®) < (Va +VB)f() = (Va +VB) (¢ + )

SOLUTION 2.45

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
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LHS = 3va + 3Vb + 2%c + ¥d > ¥Yab + Yabc + *abcd

3\/—>3\/—\ 1
6% (2 2 2\ a
3B >S8| s VB 4% 2% . 5 = Gtity) VB
: 4 5 3 (),LHS>—+ +T+T( ), Ry s 3
Ve>¥Ve (g+—)-?/5

“ (***)

W>§WJ 5 10
(%), (%)= LHS > (3+3+ =) Va+ (3+2+2) Vb +
3 . o \/E Vb Vb
(6 10) ‘/—+_ Vd = < 3 +T)+

6

weow <@ V5B oNa VB VB e Ve v
- 33 6 6 6 6 6 6

0\/\/_\/_\/_({/_({/_i/_\/_\/_\/_\/_—\/_+\/abc+\/abcd

\/E 2 4 36 1 24. 36 48
+(—+g-JE+E\/E>+(E\/E+EJE+E\/E+E\/E)

10 10 10 10 10 10 10 10 10 10

SOLUTION 2.46
Solution by Dat Vo-Quynh Luu-Vietnam

1 _ 6bc + ab — ac
abc

6 1
a bTeo
- inequality & 6bc + ab — ac < 3(a? + b? + ¢?)

5
<—>3(b—c)2—a(b—c)+3a2>O<—>Z(b—c+a)2+z(b—c—a)2>0

SOLUTION 2.47
Solution by Nirapada Pal-Jhargram-india
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Va+1+3¥b+1+Vcr1<6

GM-AM
2 a+1+1+1 b+1+1+1+1+1 c+1+1+1+1+1+1+1 _ a+3 + b+5 c+7
= 3 5 7 T3 5 7

<%+%+177.A503a<3,OSb<5,O§c<7

=2+2+2=6

SOLUTION 2.48
Solution by Ravi Prakash-New Delhi-India

ForO0 <a<bkeN,
a(a* + b*) < a**1 + ab* < a*** + p**1 < a¥b + b** = b(a* + b¥)

S2a4s—F7 =
ak + bk

Taking k = 2,4, 6 and adding we get the desired inequality.

SOLUTION 2.49

Solution by Seyran Ibrahimov-Maasilli-Azerbaidian

x*+yrt+ 2t > (x +y)xyz

Chebyshev 1 AM—-GM
xt+yt+zt > §(x+y+z)(x3+y3+z3) > xyz(x+y+z)

xyzx+y+z)>(x+yxyz=2z=>0

SOLUTION 2.50

Solution by Ravi Prakash-New Delhi-India
Let m € N and a > 1.Consider f(t) = t™"1 —1,t € [1,a]
gt =t"—1,te[1,a
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By the Cauchy’s mean value theorem 3c € (1, a) such that

f@-f) _fo_a™ —-1_(Gn+ D"
g@)—-g1) g  am-1  mcm!

m+1 m+1 a™l_1 ag"-1
= c> [~c>1]= >
m m m+1 m

Ifb>a =1, then

bm+1 bm
(E) -1 (E) —1:>bm+1_am+1>bm_ama>bm_am
m+1 m m+1 m - m

Thus,

bm+1 _am+1 pm_gm

,Vb>a>1meN
m+1

~ifl1<a<b<c,then

—a’” b*—a* c®—-bp° ®—-ad
3 5 7 4 + 6 + 8

SOLUTION 2.51

Solution by Geanina Tudose-Romania
9(a + b)Vab + 6(a + b + ¢)Vabc + 18¢% >
> (5a + 5b + 8¢)(c + Vab + Vab)
& 9(a+ b)Vab + 6(a+ b+ c)Vabc +18c2 > 5¢c(a+ b + ¢) + 5(a + b)Vab
+5cVab + 5(a + b + ¢)Vabc + 3¢% + 3cVab + 3cVabc
& 4(a + b)Vab + (a + b + ¢)Vabc + 15¢% > 5¢(a + b + ¢) + 8cVab + 3cVabc
e 4(a+b-2c)Vab+ (a+ b —2c¢)Vabc +5¢(2c—a—b) >0
& (2c—a - b)(5¢— Vabc — 4Vab) > 0 (1)
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AM > GM we have

4Vab <422 =2(a+b) < 4¢, Yabe s PP < X =

Hence 5¢ — Yabc —43/ab>0and2c—a—b >0

Therefore (1) is true

SOLUTION 2.52

Solution by Abdallah El Farissi-Bechar-Algerie

a b c 7
If abc = 1, then Tra " (1+a)(1+b) T (1+a)(1+b)(1+¢) =3
1 7
We have (1 + a)(1+ b)(1+ c) = 8Vabc = 8 then 1 T om0 = P

a b c 1
""dm T (1+a)(1+b) T A+a)(1+b)(1+¢) 1- (1+a)(1+b)(1+¢)

generalization

ifx;>20(i=1,2,..,n)—[[Lix; =1, then

- x; 2" —1
Z i = n
= Hk=1(xk +1) 2

SOLUTION 2.53

Solution by Geanina Tudose-Romania

Rewritting the inequality

1+a)?- 1+b)32 - 1+c)? - (1+d) <64(1+ ab)(1+ abc)(1+ abcd)
We show: (1 +a)(1+ b) <2(1+ab) (1)
1+a)(1+b)(1+c)<4(1+abc) (2)

and(1+a)(1+b)(1+c)(1+d) <8(1+ abcd) (3)
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In fact, we have more generally
1+a)(1+ay).1+a,)<2"'1+a,..a,)
for(V)n = 2,a; = 1,t > i, we show it by induction:

P2):(1+a;)(1+ay) <2(1+ aqa,)

o1+ a4a;, +a,a, <2+ 2a4a, © (a—1)(ay —1) = 0true P(n) > P(n+ 1)

) P(2)
211+ aq..a,)(1+a,.) <

P(n
1+ay).A+a,)A+a,,q) 2

<21.2.1+a,..a,)
Thus multiplying (1), (2), (3) we have the desired inequality

SOLUTION 2.54
Solution by Abdelhak Maoukouf-Casablanca-Morocco

O0<x=<y<z<l1
A= (y—x)arctanx + (z — x)arctany + (z — y)arctanz
=(y—x)arctanx+ (z—y+y—x)arctany + (z — y)arctanz

= (y—x)(arctanx + arctany) + (z — y)(arctanz + arctany)

x+ z+
= (y — x)arctan (1 — ;;) + (z — y)arctan (1 — z};)

“xy<zy<1”
« Xty . z+y ”
1-xy "1-zy <1

T T 7
< (y—x)arctan1+ (z— y)arctan1 = (Z_x)Z<Z<E_IOg2

SOLUTION 2.55
Solution by Kevin Soto Palacios — Huarmey — Peru
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Es suficiente probar

1 1 2
Tra T 130 = 170 A
1 2 1 a 1 vab
= -1+ > _
1+a 1+b 1++Vab 1+b 1+b 1++Vab
1—ab 1—+ab
< >
(1+a)A+b)  1++ab
(1+Vab)(1-Vab) _ ap) [-Hveb_ B
(1+a)(1+b) 1+\/_ (:) (1 )[(1+a)(1+b) 1+\/ﬁ] -
(1+Va ) —(1+a)(1+b)
= (1~ Vab)
(1+a)(1+ b)(1+Vab)
(Vab-1)(Va- \/—)
(1+a)(1+b)(1+\/_) > 0, lo cual es cierto ya que — ab > 1
Analogamente para los siguientes términos
1 1 1 1 2 2 4
+ + +3 > + >—
1+a 1+b 1+c 3abc 1+Vab 1+.c ¥Yabec 1+ Vabc
1 1 1 3
Tra T 1 T Toe = 15%ane (P
2 2 4
S ettt T e 2 aves (©
Sumando (A)+(B)+(C)
3 N 3 N 2 1 2 3 4
=
1+4a 1+b 1+c 1+d 1++Vab 1+\/ bc 1+\/abc
Por lo tanto
1 1 1 1 3 3 2 1 1 2
B(E 1+b | 1+c m)—(m 1+b | 1+c m)Jf(m m)z
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2 3 4 1 2
> + + +< + )>
1+vVab 1+ 3abc 1+ 3Yabed \1+c 1+d

2 3 4
> + +
1++Vab 1+ Yabc 1+ Vabed

SOLUTION 2.56
Solution by Abdelhak Maoukouf-Casablanca-Morocco

vV2<x<y f'y(x)=In(x—1)Iny—-In(y -1 Inx

ny _ln(y—l) _xlny—(x—l)ln(y—l)

-1 X x(x—1) >0

1
= fy(x) = o

xsye f,(x)<f,y) e f,x) <0
2<as<b<c>f,(a)<0&f(b)<0&f.(a)<0
= fp(@) + fc(b) + fc(a) <0
& [In(a—1)Inb —In(b — 1) Ina] + [In(b — 1) Inc — In(c — 1) In b] +
+[In(a—1)Inc—In(c—1)Ina] <0
& In(a—1)In(bc) +In(b— 1) Inc < In(c — 1) In(ab) + In(b — 1) Ina

SOLUTION 2.57

Solution by Anas Adlany-El Zemamra-Morocco
First, note that:
(a+b+0)5=a*+b*+c*+5(a+b)(b+c)(c+ a)(a® + b? + c* + ab + bc + ca)
Then when a + b + ¢ = 0, we will have the following
a® + b% + ¢® = 5abc(a? + b* + c¢® + ab + bc + ca);

Now, let’s go back to the main problem and check out what we are really dealing with the

problem asks us to show that:
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6(a® + b® + %) > 5(2ab + c*)(2abVab + c?)
whenevera,b > 0
We have

6(a® + b° + ¢%) = 5(2ab + c?)(2abVab + c?)

& 6abc(a® + b* + ¢ + ab + bc + ca) = (2ab + ¢?)(2abVab + ¢3)
© 2(a® + b® + c®)(a? + b? + ¢% + ab + bc + ca) > (2ab + ¢?)(2abVab + ¢?)
and the last step can be explained as follows:
a+b+c=0=>(@+b)P+ct=0=>a>+b*+c*+3ab(a+b)=0
>al+b3+c2=3abc (a+b=-0)
Now, since a, b > 0; by the AM-GM inequality we get:

a® + b3+ c® > 2Va3b3 + ¢ — 2abVab + ¢ (1). Also,
ZZ(ab + ¢%?) — 2ab — ¢* = 2ca + 2bc + c¢? + 2a* + 2b?

=2(@®*+b*>)+c3+2ca+b) (a+b=-c)
=2((a+b)>—-2ab)—c?=2c*—4ab—c*=c*—4ab=(a—-b)* >0

Which prove that: 2 Y.(ab + c¢?) > 2ab + c* (2)

Finaly, from results (1) & (2) the proof is completed.

SOLUTION 2.58

Solution by Chris Kyriazis-Greece
Ifa =borb = cora = c, the inequality is obvious

Let’s suppose thata < b < ¢
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The function f(x) = e* is strictly convex, so using the Hermite-Hadamard inequality we have

that:

b
x)dx b _ ea b
falf(_l > (a;-b)@eb_z .

a+b2 ‘ab

2
5 eb—e® > (b — a)e'®. Doing exactly the same:

e —a® > (c —a)eVe
e — eb > (c — b)eVP
Multiplying those three inequalities (everything is positive) we have that
(e’ — e*) (e — e®)(ef — eb) = (b — a)(c — a)(c — b)eVab+Vbervea

SOLUTION 2.59

Solution by Abdelhak Maoukouf-Casablanca-Morocco

wlet f(x;z) =202 (x2) € (R})?

X—Z

FG-—9-nx-m2) 1-(5+m(%)

e e S )
“InX+1<X:vX>0
«f(xz)=f(z;x)= f,(x;2) <0
(0<a<b _ _ Ina—Inc Inb-Ind
oSSt f@o s fhid) o ——— > —

1 1 1

SOLUTION 2.60

Solution by Ravi Prakash-New Delhi-India

200



