For0 < a,b,c < 1, consider
A=1-abc)*(1+a®)1+b3H(A+3) -
—(1+abc)®(1-a®)(1-b3)(1-c3)

B | (1 — abc)? (1 + abc)? |
la-aH)A-bHA-¢3) A+a3A+bHA+A3)

Use c, — ¢, — ¢4 to obtain

A= | (1 — abc)? 6abc + 2a3b3c3
1-a®>)1 -1 -c®) 2(a®+b3+c2)+2a3b3c3

1
Use Ci1C1 +EC2

A=2 | 1+ 3a®b?c? 3abc + a’b3c? |
1+a2b®+b3c2 +c3a® a®+ b3+ B +aPhicd

USERZ - R1 —R1

A=2 1+ 3a®b?c? 3abc + a’b3c? |

|a3b3 + b3c3 + c3a® — 3a’b*c? a3+ b3 + 3 - 3abc
Note that
1 + 3a?b?c? — (3abc + a®b3c®) = (1 — abc)® > 0
= 1+ 3a?b%c? > 3abc + a®b3c® (1)
Also,a+b+c>ab+ bc+caand(a—b)?+ (b—c)*+(c—a)? >
> c%?(a — b)? + a*(b — ¢)? + b*(c — a)?

[+0<ab,c<1]
1
=2 (@+b+ol(a=b7?+ -0+ (c-a)?

> ! (ab + bc + ca)[c?*(a — b)? + a?(b — ¢)? + b?*(c — a)?]

N |
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= a3+ b3 + 3 — 3abc = a®b3 + b3 + c2a® — 3a?b%*c? (2)
From (1), (2), we get
(1 + 3a?b?c?*) (a3 + b3 + ¢ — 3abc) = 3abc[a®b3 + b3 + c3a3 — 3a?b?c?]
24>0=>1—-abc)®’(1+a®A+b3)A+c3)>A+abc)3(1-a®)(1-b3(1-c3)

(1+2%) (149 (142%) _ (14xy?2%)°
(1-23)(1-y%)(1-23) — (1—xy223)3

Puta = x,b = y?, ¢ = z3 to obtain:

SOLUTION 2.61

Solution by Soumitra Mandal-Chandar Nagore-India

LEMMA: For any concave function f: [a,b] - R and x € (a, b) we have

fb) - fx) _fb)—fla@) _f&x)—f(a)

b—x - b—a - XxX—a
_ 1 2
Let f(x) = tan"Yx forany x € [0,d], f'(x) = —, f"'(x) = — <0
so, f is concave, hence for a < b < c we have
tan~1c—tan~1p tan"lc-tan"la tan"!b—tan"la (1)
c-b c—-a b—a
tan~1d-tan~1c¢ tan"1d-tan~1p tan"lc—tan~1h
forb < c<d, T S s (2)
. . 1 _1(d—b) 1 _1(c—a)
combining (1) and (2) we have, S tan Tobd < p tan Troa

SOLUTION 2.62

Solution by Soumava Chakraborty-Kolkata-India
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Let us consider a quadrilateral with angle between ‘a’ and ‘b’ = 45°, angle between ‘b’ and

‘c’ = 30°, angle between ‘c’ and ‘d’ = 15° and angle between ‘a’ and ‘d’ = 270°

Then x = Va? + b? — 2ab cos 45° = Vc? + d? — 2cd cos 15°

(cos 15° = @)

y = /b2 + ¢ — 2bc cos 30° = /a2 + d?

SXt+ty+x>y

d +
:\/a2+b2—ab\/§+\/b2+c2—bcx/§+\/c2+d2 M >+ a? + d?

SOLUTION 2.63

Solution by Dat Vo-Quynh Luu - VietNam:

25( 1 1)3 27(1 5 1)
a b b a

— 25 (1+1+1)3 27+ 2 (25— (5 b—b
- a b c abc ab[ ac+a o)l

—zslz ——— +%<a+b+0)2(2‘%ﬂ

27 [5
T [E (a* + b* + ¢*) — (5ac + ab — bc)]

_25[2 ——— +%(a+b+c)z<%—%>zl

27

+2abc[3(a c—b)+2(a—c+b)*]=0

SOLUTION 2.64

Solution by proposer

We have
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2a2+bc_z(a—b)(a—c)+a(a+b+c)

b+c b+c
a—b)(a—-c b—a)(b—-c a
_N\ ¢ )( )+ ( )( )+(a+b+c)z
b+c ct+a b+c
a+b 3
_ AV
= (a+c)(b+c)(a b) +2(a+b+c)
a+b a+ b)?
(a—b)? = ( ) (a—b)? >
(a+c)(b+c) (a+b)(b+c)(c+ a)
- 4ab (@—b)? = 4 (a — b)?
=@a+b)b+oictra)” “@a+b)bto(cta) 1L
ab
imilarlv —25— (b — )2 4 _(b-c)?
Similarly == (b = ©)* 2 e i
a+c ( ) s 4 (a — ¢)?
a+bb+o " Y “@+rbbroc+a) 1L
ac
a+b _ 2 4 . (a—b+b—c+a—c)?
Laronre @~ D) 2 G owe LN

B 16abc(a — c¢)?
" (a+b+c)a+b)b+c)c+a)

16abc(a—c)?
(a+b+c)(a+b)(b+c)(c+a)

2a%+bc = 2b%*+ca . 2c%+ab
+ +

3
> 2
b+c c+a a+b _2(a+b+c)+

SOLUTION 2.65
Solution by Ravi Prakash - New Delhi — India

Let
x=b+c+n
y=ct+a+n
z=a+b+n
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Now, a — b = x — y and analogous:

RHS = ZI(a— bY(c+b+n)(c+atn)= Z|(x—y)xy| >

>|(x—yxy+ Y —2yz+ (z-x)xz| = |x*(y—2) +y*(z—x) + 22 (x — y)| =

1 1 1
=|l* ¥ Z||=lx—-y»@-2)(z—-x)|=I|(a-b)(b—-c)(c—a)l
xZ yZ ZZ

SOLUTION 2.66
Solution by Soumava Pal — Kolkata-India

2\% A z o Z\"
(a2 + Ay = (1l + Iyin) =
n 2(n-1) 2
= 22+ (F) Il T Iyl Y2 > 2l + Iy = o2+ 2

2(n—i) 2i

_1(m -y 20 .
yol (l) |x| "= |y|» > 0 - because all terms are positive here

2 Z\" 1 2 2

(12l + 1y17) > 22 + 32 = (22 + Y < [xla + [yl

Putting (x,y,n) = (a,b,6),(b,c,10), (c,a, 14) we get
1 1 1 1 1 1 1 1 1
(a? + b?)6 < |a|3 + |b|3, (b? + ¢®)10 < |b|5 + |c|5, (c® + a®)12 < |c|7 + |a|7

VaZ + b2 <1 Vb? + ¢2 <1 VeZ + a2
1 1 ) )

lai+ bz VIbl+Yled Vel +lal

Adding them we get required inequality. So it is true.

= <1

SOLUTION 2.67

Solution by Kevin Soto Palacios — Huarmey — Peru
Probar para todos los niimeros reales x,y, z:
(x2+2y*+22> +3xy+5yz+3zx)? 2 8(x +y)(y+2)(z+ x)(x + y + 2)

x% +2y% +2z% + 3xy + 5yz+ 3zx = (x* + 2yx + xz) + (yx + 2y® + yz) +

205



+(2zx + 4yz + 2z%)
> x2+2y*+22z2+3xy+5yz+3zx=x(x+2y+z)+y(x+2y+2z)+
+2z(x + 2y + 2)
=>x2+2y*+222+3xy+5yz+3zx=(x+2y +z)(x + y + 22)
Realizamos los siguientes cambios de variables:
x+y=ay+z=b,z+x=c,

2(x+y+z)=a+b+c=>((a+b)(b+c))224abc(a+b+c)

= (b(b+a)+c(b+ a))2 > 4a’bc + 4a*bc + 4abc?
= b%(b? + a® + 2ab) + c*(b? + a* + 2ab) + 2bc(b* + a®? + 2ab) >
> 4a’bc + 4b%*ac + 4abc?
= a?(b? + ¢* — 2bc) + b%(b? + ¢* + 2bc) + 2ab(b?> — c*) >0
= (a(b—c)+b(b+ c))2 > 0 < La iguldad se alcanza cuando:(x,y, z) - (0,0,0)

SOLUTION 2.68

Solution by Soumava Chakraborty-Kolkata-India

ab,cd>0=>

ac + bd + |ad — bc| (a? + b*»)(c? + d?)
>2+2
J(@® + b?)(c? +d?) (ac+bd)|ad— bc| D

LetVac + bd = x,\/|lad — bc| = y,\/(a% + b2)(c? + d?) = z

2 2 2
X+ z
LHS = Y

z x2y?

Now, x* + y* = (ac + bd)? + (ad — bc)? = (a®? + b?)(c? + d?) = z*
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x2 =2zsin@ T
y? =zcose} 0<9<§
z(cos 0 + sin 9) z? ] sin? 0 + cos? 0
~ LHS = - =c0s0 +sinf + -
z z2sin 0 cos @ sin @ cos 6

=cos0 +sinf +tan b + cot 6 = f(0)

1
cos20 sinZ2@

f'(8) = cos@ —sinf + sec? O — csc?*0 = cos O —sin O +

. (cos @ + sin0)(cos 8 — sin Q) .
=c0os0 —sin 0 — - =(cose—sm9)(1—
cos2 0sinz 0

cos 0 + sin 0)
cos2 0sinZ2 0

f'(8) = (cos @ — sinB)(cos? O sin? 0 — cos @ —sinh) = 0
If cos? 0 sin? @ = cos 0 + sin 6, then
cos*0sin*0 =1+2cosfsind
= t*—2t—1=0(wheret = cosOsinf)=t* =2t +1

Now,-.-0<9<§,.-.t>0=>2t+1>1

1 . 2 4 1
~ RHS > 1. Now, LHS = (E sin e) <=

So, RHS > 1andLHS<%:> t* — 2t — 1 = 0 has no real root
/5
= c0s?0sin’0 — cosO —sin@ = 0 .. f'(0) =O=>c050=sin9=>0=z
f"(0) = —sin@ — cos @ + 2sec?Otan O + 2 csc? O cot O
11

At =7f"(0)=-—5—=+4+4=8-12

>0=>ath = %, f(0) attains a minimal and - f(0) never attains a maxima,

+1+1=2+2

N|"‘

Sf@=f(3) = %f
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~ LHS of (1) = f(8) =2 ++2

SOLUTION 2.69
Solution by Ravi Prakash-New Delhi-India

X z
Now, let T= xl,% =YL= 21 where 0 < x4,¥1,21 <1

1 1 1 1
Now, 4(xyzt)s —3(xyz)3s =t [4(x1ylzl)1 - 3(x1y1z1)§] <t
[as 0 < X1Y1Z1 < 1]
1 1
Similarly, 3(xyz)3 —2(xy)z < z
1 1 1 1
Thus, [4(xyzt)4 — 3(xyz)3] . [3(xyz)3 — Z(xy)z] <zt

SOLUTION 2.70

Solution by Ravi Prakash - New Delhi — India
Consider two A5 ABC and ACD
such that

AB =x,AC=y,AD =z

/BAC="2 scap="Z
6’ T4
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Then BC = sz —xyV3+y2 CD = |y2—2yz+ z2

Also, LBAD = 75°, BD = Vx2 — 2 cos 75° xz + z?2
As cos75° < cos60°—2cos75°> —-2cos60°=-1
= x% —2cos75°xz + z% > x* — xz + z*

Now, BC + CD > BD > Vx% — xz + z*

:\/xz—\@xy+y2+ y2 —V2yz + 22 > \/x% — xz + 72

SOLUTION 2.71

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
x(x?—6x-(y+2)+9(y+2)?%)+
+(y+2)-(9x2—6x-(y+2)+ (y+2)?) =
=x3+3x2 - (y+2)+3x(y+ 22+ (y+2)°3=(x+y+2)3> (?{i/x—yz)3 =27

SOLUTION 2.72

Solution by Abdul Aziz-Semarang-Iindonesia
22l b-w@-ob-o
—+—+4+- —a)(a—c)(b—c) =
c a b

_a’b+b’*c+c’a N abc(b —a)(a—c)(b—c)

abc abc

[a+b+c=3:>ach1
U

a’b + b%*c + c*a + b%a — b%*c + bc* — a®b + a*c — ac?
abc

_a+c+b
b a c

a’c + c2b + b%a
B abc
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SOLUTION 2.73

Solution by Pham Quoc Sang-Ho Chi Minh-Vietnam
We have:ifa+ b + ¢ = 0 then a® + b3 + ¢ = 3abc so
(a+b)+c+d=0then(a+b)+c2+d®=3(a+b)cd
We have:
3(a+ b)(ac+ ad + bc + bd + 4cd) = 3(a+ b)[(a+ b)(c + d) + 4cd]
=3(a+ b)[-(a+ b)? + 4cd]
=-3(a+b)?®+4-3(a+b)cd =-3(a+b)2+4[(a+b)3+c+d3]
=(a+ b3 +4(c3+d3
Now, we prove that
4@ +b3+c3)=>(a+b)3+4(c+d®) = 4(@a®+ b3 > (a+b)3
e (13 +13)(13 +13)(a® + b?) = (a + b)3 (Right because Hélder’s) “=" a=b.

SOLUTION 2.74

Solution by Lahiru Samarakoon-Sri Lanka

LHS — RHS
4a? + 9b? + 16¢% + 25d? + 12ab + 16ac + 2ad + 24bc + 30bd + 40cd
—(24ab + 40ad + 48bc + 80cd)
= 4a® + 9b? + 16c¢* + 25d? + 12ab + 16ac — 20ad — 24bc + 30bd — 40cd

(2a — 3b + 4c — 5d)?
=0

LHS —RHS = 0

SOLUTION 2.75

Solution by Sanong Hauyrerai-Nakon Pathom-Thailand
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sin’x cos?x sin’y cos*y sin*x cos*x sin'y  costy
a b c d asin“x bcos“x csin‘y dcos*“y

BERGSTROM (sin2x + cos?x)?  (sin’y + cos?y)? B

asin?x + bcos*x  csin?y + dcos?y

BERGSTROM
1 1 -

=— +—
asin?x + bcos?x  csin?y + dcos?y

4 4 2
= > =
asin’x + bcos?*x + csin’y + dcos?y ~ 2(a+b)+2(c+d) a+b+c+d

SOLUTION 2.76

Solution by Sanong Hauyrerai-Nakon Pathom-Thailand

n+1
x,y>0,neN*—>—n >1

n+1 n+1 nl n+1
(xn_l_yn) no> (xn) n 4+ (yn) n - (xn_l_yn) n o> xn+1 _|_yn+1

(xn + yn)n+1
(xn + yn)n+1 > (xn+1 + yn+1)n N (xn+1 n yn+1)n >1

((a® + b3)*
(a* + b*)3
(5 + d5)6 bymugpying (@® + b3 (5 + d5)6 (&7 +f)®
(c® + d6)5 >1 (c® + d6)5 (e8 + f8)7 (a* + b*)3
\(e8 + f8)7

>1

>1

A

>1

SOLUTION 2.77

Solution by Soumava Chakraborty-Kolkata-India

ST

a b
a’x+ b3y +cz= xyz<—+—+—>
yz zx xy

olaer 3 3
led xyzgzza) > x g 32 ( 3zx< Z >
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a3

Y E 2

EOENREIONX,

= XyzZ > X (v xyz=a3x+ b3y + c3z)

SOLUTION 2.78

Solution by Soumava Chakraborty-Kolkata-India
Lete* =a,e¥ =b,e?=c,0<x<y<z->1<a<b<c

@+ed* (1+e* +e?)?
d
2+e)(2+e?)  (1+e¥+e?)(1+e? +e??)

(1+b+b2)(1+c+02)>(1+a+a2)2
(2+b)(2+0) ~ (2+ a)?

(D)

1+b+b*>1+a+a*o (b—a)(1+b+a)=0,(2)

1 1

<c—>2+bh<2 > >
bseoztbs2tc-o g2 arnero- oz ®

(1+b+bz)(l+c+c2)(z)’;(3)(1+a+a2)(1+c+c2)>(1+at+aLZ)2

2+b)(2+0) - (2 +c)? ~— (2+ a)?

1+c+c2>1+a+a2 4
L d
(24+¢)? = (2+a)  (4)

1+t+t?

f@® = Zio7

vt>1,f'(t) = >0,vt>1

3t
(2 + )2
f —increasing - f(c) = f(a)

SOLUTION 2.79
Solution by Le Van-Ho Chi Minh-Vietnam

Inx > 1

Put f(x) =i’ X 2

Then f'(x) - [In(x + 1)]2 = "D _ x _ [or DIt Dox @)l

x x+1 x(x+1)

Then f(x) is a positive function, which gives us
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4f(a) < f(@) + f(b) + f(c) + f(d) < 4f(d)
— Q.E.D. Equality holds whena =b =c=d = 1.

SOLUTION 2.80

Solution by Nguyen Van Nho-Nghe An-Vietnam
Case1:y = 0 then LHS = RHS = x° - true
Case2:y +# 0,putx =ty,t eR
The inequality becomes:
(y3(t3 +2— 3t))2 < (yz(tz + 2))3 o +2-3t3) < (2 +2)3
o 12t* — 43+ 3t + 12t +8> 0 2t —t)> + 6t + 2t* + 22 + 8 + 12t > 0 > (%)
Using Cauchy’s inequality: 2t* + 2t + 8 > 12'/t12 = 12|
and |t| + t > 0,Vt so, (*) is true. Done.

SOLUTION 2.81

Solution by Pham Quoc Sang-Ho Chi Minh-Vietnam
x Zy 32 x Zy 3z
— + 2 + 3 + — + — + 2 + 3 x )

<=>sf+8¥+9fz4\/§+6f+12\/i (1)

y z X 2 y X

Letaz\/g,bzﬁ,c:\/z:abc':l
y z X

(1) © 5a* + 8b* + 9¢* > + +2 0r5a + 8b% + 9¢? > 4ab + 6ac + 12bc

©2@a-b)?+3(a-c)?+6(b-c)?=0 ="a=b=c=1ox=y==z

SOLUTION 2.82

Solution by Pham Quoc Sang-Ho Chi Minh-Vietnam
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Let x = /L / /
b+c ct+a’ a+b

Now, we prove that

X+ 2y + 4z <\J7(x2 + 2y? + 4z2)?
© x* 4+ 4y? + 162 + 4xy + 8xz + 16yz < 7(x? + 2y* + 4z?)
© 6x2+10y* + 122> > 4xy + 8xz+ 16yz © 2(x —y)? +4(x —2)?+8(y—2)? >0
“="x=y=zora=b=c.

SOLUTION 2.83

Solution by Ravi Prakash-New Delhi-India
Leta=x*b=vy%c=2%xy2=>0
Also0<a<b<c=>0<x<y<z

(a —b)cve + (b — c)ava + (c — a)bVb =

= (2 = yD)2 + (9 — 2)x° + (2% - 2D)y°

3

3 .3 3_.3 3_.3 .3
— xz yz Zz = xz yz yz Zz Zz use €y > €1 — C;
- |X y z°| — | Xx* =Yy y-—Zz zZ CZ_)CZ_CS
1 1 1 0 0 1

_ x2 +y*+xy y2+zz+yz|
= -no-a" 2 s

x’—z22+(x—2)y y*+z*+yz
X—z y+z

- G-»o-2)|

. x+y+z y*+z? +yz|
= - PNO-Da- [ Y s

x+y y?

=@-No-2@-[* 77 ¥

=(x—-yy-2)(x—2)(xy+yz+2zx) <0
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sincex <y <z

SOLUTION 2.84
Solution by Ravi Prakash-New Delhi-India

a b c 1 1 1
2(—+—+—)+32(a+b+c)(—+—+—>
(4 a a (4

b b
a b c a a b b ¢ c
@2(—+—+—)+321+1+1+—+—+—+—+— —
b ¢ a b ¢c a c¢c a b
a b ¢ b ¢ a a—c b—a c—b»b
S—+t—F-—=>—+-+-© + + >0
a a b c b c a

s ac(a—c)+ab(b—a)+bc(c—b) =0

bc ac ab
(1 1 1|20 @-b)(b—c)(c—a)=0
a b c

whichistrueasa < b < c

SOLUTION 2.85

Solution by Ravi Prakash-New Delhi-India
2b=a+c,2c=b+d

= a, b, c,d are in A.P. with common difference % (d—-a)

1 z 2 2
a2+b2+c2+d2=a2+{a+§(d—a)} +{a+§(d—a)} + d?

=3612+d2+2(d—a)a+5(d—a)2=(a+d)2+E(d—a)2
9 9

2

1 1 1 5 1 1
={(a+d)—2e8} +4e8(a+d)—4e4+§(d—a)224e8[a+d—e8]

SOLUTION 2.86
Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam
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Ifx,y,z € [-5,3] then: ¥, \/3x — 5y —xy + 15 < 12

We have: Y \/3x — 5y —xy + 15 =Y /(3 — ¥)(5 + x).
Since x,y,z € [—5; 3] then 3 — x;

3—y;3—2z;5+x;5+y;5+z >0, so, by applying Cauchy’s inequality:

>JB-yG+x) <Y (S_Zﬂ) = % = 12 = Q.E.D. The equality happens iff

3—-y=5+4+x3-z=5+y;3—x=5+2z o
{ x,y,z €[-5;3] cx=y=z=-1
SOLUTION 2.87
Solution by Le Minh Cuong-Ho Chi Minh-Vietnam
cd da ab bc cd da

WehaVELHS__-I-E-I-m-I-mS2H+2\/E+2\/a+2 ulaS

< %(\/ab +Vbc + Ved + Vda). It need show that: Vab + Vbc + Vcd + Vda <

<ab+bc+cd+daIndeed4(ab+bc+cd+da) (\/ b+ Vbc +Ved +Vd )

AM— GM

=™ 4*|Vab -Vbe Ve N@a(vab + Vbe +Ved + Vda) =

> 4(vab +Vbc + Ved + Vda). The equality holds fora =b =c = d = 1.

SOLUTION 2.88

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

c+Vvab ++Vvab = 33\/abc; c — 3Vabc >-2vabe a+b+c— 33abc >

1 1
>a+b-2Vab = (Va-Vb) —(\/5_\/3)2+12a+b+c—3§/m+1®
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1+(\/_ x/_) 1+a+b+c—33\/abCa<b+c1+a+b+c_3m

= >
(\/_ \/_) a+ b+ c—3Vabc 2b + 2¢ — 3Vabc
(2b+2c—3\/ab ) (1+(a-vB)")
> 1
(\/_ \/_) (1+a+b+c—-3Vabc)
SOLUTION 2.89
Solution by proposer
From the hypothesis we have:
(ab 2) _%. 4 67 oo 9(a® + 24ab — 134)
‘N9 73/78 2a T 8a(ab—6)

Therefore, we have:

9(a? + 24ab — 134)

3a+2b+c=3a+2b+ 8a(ab—6)

Applying the AM-GM inequality, we have:

9(a? + 24ab — 134) 9[a? + 10 + 24(ab — 6)]
2b + =2b+
8a(ab — 6) 8a(ab — 6)

_2(ab-6) 9(a?+10) 39 _2 9(a%+10) 36
B a 8a(ab—6)+7 a \/Z(b 6)- 8(ab — 6) T

a a

3(13 + Va2 + 10) 13 +VaZ + 10
= >P=3(a+

Applying the Cauchy — Schwarz and AM-GM inequality, we have:

13 +Va? + 10 13 /(15 +10)(a? + 10)
P>=3{a+ =3 a+7+

a 5a

13 av15+10 15 +15
>3(a+—+——|=3|la+—+—
a 5a a 5
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5 \/ 33vV15 33vV15
=312 "3 = = = >P> 5

Therefore, P in = 33\/_ . The equality holds for

SOLUTION 2.90
Solution by Ravi Prakash-New Delhi-India

1+x+x2
Letf(x)—ﬁ,x21
x (1 + x?) — 2x? 1— x?
I = [ v R ceo et e AU A

= f(x) decreaseson [1,») .. f(x) < f(1) Vx> 1

1+a+a? 3
—-<>vax=1 (1)
Let (x) 1+x+x%+x3 -1 +x+x2
9 1+x3 1+x3

(14231 +2x) - 3x%(x+x%) 1+ 2x+x° +2x* — 3x% - 3x*

9= 1+ 292 B (1 +2%)2

1+ 2x—2x3 —x*

(1 +x3)2
) = 1-x* —2x(1-x% _ (1-x*)(1+x%-2x) _ (1-x)31+x) ovrs 1
9 1+ 23)2 1+ 23)2 1 + 23)2
2 3
= g(x) decreaseson [1,x) . g(x) < g(1) = % < g =2VvVb=>1 (2)
2 3 4
Let h(x) = %,x >1
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x+x%+x3
1+ x*

(1+2x+3x5)A +xY) — (x + 2% + x3)(4x?)

w(x) = (1 +x%)?

_1+2x+3x2+x‘*+2x5+3x6—4x4—4x5—4x6
N (1 + x4)2

C14+2x+3x% -3x* - 2x° —x®  (1—x%) +2x(1 - x3) + 3x%(1 — x?)
B (1 + x%)? B (1 + x%)?

<0vx>1

= h(x) decreases on [1,») .. h(x) < h(1) Vx> 1

1+ct+c?+c3+ct 5
R < > Ve>1 (3)
Multiplyig (1), (2), (3) we get

1+a+a®> )1 +b+b*+b3 (A +c+c?+c)
1+a2)(1+ b3+ c*)

15
< —
2

SOLUTION 2.91

Solution by Ravi Prakash-New Delhi-India
ForO0 <a<b,a(c+2)<a++ab+b <b(c+2)
e cJab+b—ac—a=0andbc+b—cVab—a =0
& (eva)(Vvb—+Va) + (b—a) = 0and cvb(vVb—+a) + (b—a) = 0
& (eva+ Vb ++a)(Vb —va) = 0 and (¢Vb + Vb + Va)(vVb —Va) = 0

which is true in view of b > a.

Thusa < a+CC+b < b. Similarly for d and e.

Multiplying three inequalities, we get
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a3S(a+cx/%+b)(a+d\/%+b)(a+ex/ﬁ+b)Sbg
(c+2)(d+2)(e+2)

SOLUTION 2.92

Solution by Soumitra Mandal-Chandar Nagore-India

We know for x,y > 0 then x* + xy + y? > 3xyand§(x2 +y%) > 2% +xy+y*

1_[ i/(a3 + abVab + b3)

cyc

3 3 3 27
(3a7b7) < H Ja3 + abVab + b3 < "‘j?l_[(aB +b?)

cyc cyc cyc

3 3
= 3abc < 1_[ \/a3 + abVab + b3 < 23 H(a3 + b3)
cyc cyc

3 3
- 3ba? < 1_[ \/a?’ +abVab + b* < 2 @2b) @A @A a< b <]

cyc

3
~3a’b < 1_[ \/a3 + abVab + b3 < 3bc?

cyc
SOLUTION 2.93

Solution by Marian Ursdrescu-Romania
Fora=b=c=0;a =0 (true)

a,b,c > 0;2a? + 6ab + 7b* > 2%/c (53/a2b’ — ¥c)
But 53/ a?b? < 2a + 3b

=

z‘i/E((Za +3b) — %) <2a?+6ab+7h% &

—2Y¢c +2(2a + 3b)¥/c < 2a? + 6ab + b> (1)

Ve=x,x>0=-2x*+2Q2a+3b)x = f(x)
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(2a+3b)?

> f(x) < Z5 (2

-A —4(2a+3b)?  (2a+3b)?
max f(x) = = — ="

(2a+3b)?

From (1)+(2)= we must show: <2a%’+6ab+7b* <

4a% + 12ab + 9b% < 4a? + 12ab + 14b? © 9b? < 14b? < 5b% > 0 true.

SOLUTION 2.94
Solution by Ravi Prakash-New Delhi-India

WLOG x = max{x, z}

VaZ —xz+ 22 +y? + 22 + /2% + xy + 2

=Jx2+z(z—x)+y2 + 22 +x2 +xy +y?

<VZ+y2+22+ 2 +xy+y?<Va?+Vai+a?+Vat+a?+aZ=a(1+V2 +

V3). Equality holds whenx =y =z = a.

SOLUTION 2.95

Solution by Soumava Chakraborty-Kolkata-India
vVx,y,z,t 21, xy+2yz+2zx+ty+tx+9=>4x+4y+ 6z + 4t
Letx=a+1,y=b+1,z=c+1,t=d+1(a,b,c,d=>0)

Then, given inequality becomes:
(a+1D)b+1D)+2b+1D)(c+1)+2(c+1D)(d+1)+2(c+1D(a+1) +
+d+1)b+1)+d+1)(a+1)+9—-4(a+1)—-4b+1)—-6(c+1)—4d+1)=0
< ab + 2ac+ ad + 2bc + bd + 2cd = 0 > true - a,b,c,d = 0 (proved)

SOLUTION 2.96

Solution by Tran Hong-Vietnam

Letaz3x,b=2y,c=36z=>x=§,y=§,z=i=>abc(a+b+6‘)=362
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Inequality < (a?b? + 36%)(b%*c? + 36%)(c?a? + 36%) > 64(abc)*
& (ab + bc + ca + a*)(ab + bc + ca + b?*)(ab + bc + ca + ¢*) > 64(abc)? (%)

(Because: 36> = abc(a+ b + ¢))

(Cauchy) 4 4
ab+bc+ca+a*> = 4Vab-bc-ca-a?=4ay/(bc)® (1)

Similarly:
ab + bc + ca + b* > 4b%/(ac)? (2)

ab + bc + ca + ¢ > 4c3/(ab)? (3)

0.(2).3)
= LHS() = 43abc’/(abc)* = 64(abc)?

SOLUTION 2.97

Solution by Chris Kyriazis-Athens-Greece

Let’s consider the function f(x) = 1+lex,x > 0. Easily: f'(x) = — (1:eX)2 < 0,Vx > 0 (f strictly
decreasing) and f'' (x) = —e* ((11;—;))3 > 0,Vx > 0. So, f is convex for every x > 0.

Working with the fundamental definition of convexity, | have that:

c— c-b c-b b-a ca—ab+bc—ac c-b c-b
—a+(1——)-c=—-a+—-c——=b.And—+1——= 1.50,
c—-a c-a c-a c-a c-a

by =f(=a+(1-S)c) <= f@+ (1-20) fl0) = =2 f@) + 2= f(c) (1)
Also:a—b+c=a—(ga+lc’:—z-c)+c=ga+gc.50,

b—-a c-b )

f(a—b+c)=f(—a+;c

c—a

<2Z2f(@) +=2f(0) (2)
Adding (1) + (2): f(b) + f(a— b + ¢) < f(a) + f(c) as we desire!
SOLUTION 2.98

Solution by Chris Kyriazis-Athens-Greece

The distance of M(a, b) from the line: 3x + 4y +2 =0is 1
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3a+4b+ 2
(d(M, g) = | | = 1)

32 + 42
I have to prove that: a®> + b% + 4b + 7 > 4a. It suffices to prove that:
(a—2)%+(b+2)?*=>1 (1)
But its easy to prove that the point N(2,—2) belong to the straight line
3x+4y+2=0.
So, (1) holds becomes: d(M, &) < d(M,N)

SOLUTION 2.99

Solution by Amit Dutta-Jamshedpur-India

Let P = 2\/ab + 33/abc + 4Vabcd. Now, we have vab < Vabe.
Because, (ab)3 < (abc)? = ab < ¢* (1)

Now, we have a < ¢,b < ¢ = ab < c?. So, (1) is true = hence \ab < Vabc

P < 2Vabc + 3Vabc + 4Vabced

P < 53abc + 4Vabcd

Also, we have Yabc < Yabcd. Because, (abc)* < (abcd)?® = abc < d3 (3)

va<db<dc<d= abc<d?®— True

And hence abc < Yabcd

P < 5Yabcd + 4Vabcd < 9Vabcd

Also, we have Yabcd = Yabcde = (abcd)® < (abcde)* = abced < e*

va<eb<ec<ed<e=abcd < e*and hence Vabcd < Yabcde = P < 93 abcde

SOLUTION 2.100

Solution by Tran Hong-Vietnam
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We have: 0 < a?, b?, c? < 3 then:
la+ (a+c)b+c|?> =|(a+c)(1 + b)|?

=(a+)?(1+b)? < [2(a? + cA)][2(1 + b?)] = 4(3 — b*)(1 + b?)

(Cauchy)
< (3B-b2+1+b>2=4%2=16

= |la+ (a+c) + b| < 4. Proved.

SOLUTION 2.101

Solution by Amit Dutta-Jamshedpur-india

We use the fundamental inequality

Va2 +yt+Va? + b2 2 /(x+a)? +(y+b)? (1)

Equality holds when E = %

2x2+(\/2—\/€)x+2=2<x2+<M)x+1)

(e 2 - (5)

N

2

_, +<\/§—%) +<v§+1)2

= \/sz +(VZ2-V6)x+2 = x/i\/(x + ‘E;ﬁ)z + (fj;)z 2)

Similarly,

_ﬁ+@>2+<@-1>2

\/sz_(\/f—\/g)x+2=\/§\/<x 2 )
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2

VR (B )+ (B2) g

Adding (2) & (3)

\/2x2+(\/§—\/g)x+2+\/sz—(\/f+\/g)x+2=

_ﬁﬂ +ﬁ—@>2+<ﬁ+1>2+j<ﬁ+@_ >2+<«/§—1)2
- T 2v2 r " 22

fm:mﬁJ( L VZ-VB VZ4iE >2+<ﬁ+1+ﬁ—1>2
SR A 22 | 22

J(ﬁ—@+ﬁ+ﬁ>z <x/§+1+«/§—1>2
> V2 +

4 22

1 3
> /2 E+52x/§><x/izz

(2 (VO + 2+ (22— (V2 - VE)x+ 222
Equality occurs when

(25 (8

) \ 2v2
(x/i+\/€)_x_<x/§—1)
4 22

From (i), equality holds wheng = %. Solving, we get x = ?

-~ Equality holds when x = ?

SOLUTION 2.102

Solution by Omran Kouba-Damascus-Syria

Let P,, be the following property:
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n

n
V(xq,...,X,) € [1, +00)",z X, < ka +n-1

n=1 k=1

We will prove that P,, holds true for every positive integer n by induction. Clearly, P is
trivially true, and P, follows from (x; — 1)(x, — 1) > 0. Now, suppose we have proved P,

and consider (x4, ..., Xp.1) € [1, +o0)"t1,
n+1 n
zxk =xn+1+zxk
k=1 k=1
< xXp41 +[ic1xx +n—1  using P,
< Xps1 - [lfe1 Xk +1+n—1 using P,

n+1

= I_IXk'+11

k=1

So, P, is also true, and this completes the proof of P,, by induction for all n > 1. Choosing

some of the x,;’s equal yields the following generalization:

Corollary. Let x4, ..., x,, be real numbers greater or equal to 1, and let m,, ..., m,, be positive

integers, then:

n n n
:E:TnkX% < Iﬁ[xzm-+:E:1nk——1
k=1 k=1 k=1
For example, with (x4, ...,x¢) = (a,b,c,d,e, f) and (m4, ..., mg) = (1,1,2,2,1,1) we get

a+b+2c+2d+e+ f<abctd’ef +7

foralla,b,c,d,e, f >1
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ELEGANT INEQUALITIES AND IDENTITIES
SOLUTIONS

SOLUTION 3.01

Solution by Marian Ursdrescu-Romania

3 3 3
Becausea+ b + c =3 = Im,n,p > 0 such that: a = = ,b = z ,C = P_
m+n+p m+n+p m+n+p
Inequality becomes:
m .(2)"+ n .(2)"+ P .(m)"+ n .(m)"+L.(z)"+ m .(B)"S
m+n+p \m m+n+p \n m+n+p 14 m+n+p n min+p \p min+p \m
2 (1)

Let f: (0,+) - R, f(a) = a*; f'(a) = xa* 1, f'(a) = x(x — Da*? = f"(x) < 0, we use

Jensen’s generalization: p1f(x1) + p2f(x2) + p3f(x3) < f(P1x1 + P2x2 + P3X3) With

_ — — S =
P1P2P3 > 0AP1+ P+ p3=1.letpy =P, = 0 P3 = o0 X1 =
X X X X
et () O ) S (e =1
n P m+n+p \m m+n+p \n m+n+p \p m+n+p
—_n =P —_m _m _n _r
Letp, = m+n+p'p2 - m+n+p'p3 - m+n+p'x1 - n'x2 p'x3 m =
X X X X
S () B (8 (2) ()T
min+p \n m+n+p \p m+n+p \m m+n+p
From (2)+(3) = (1) its true.
SOLUTION 3.02
Solution by Soumava Chakraborty-Kolkata-India
Let sin®? x = a,sin’ y = b,cos? x = c,cos’y = d
. . . (a+b)a+b(c+d)c+d (1)
<
Then, given inequality < — -5 <4
weighted GM—HM (a) a+b (b) c+d
Now, “*/abP > ar %b = a’b® > (a;’—ib. Similarly,cd® > (C;f—zd
_+_
a b
b d (a+b)a+b.(c+d)c+d _ (a+b)a+b(c+d)c+d _ (a+b)a+b(c+d)c+d
(a)'(b):> aab Ccd = 2a+b+c+d - Z(sin2 x+cos? x)+(sin2y+c052y) - 4 =
(a+b)a+b(c+d)c+d

apbeeqgd = 4 = (1) is true (Proved)
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SOLUTION 3.03
Solution by Chris Kyriazis-Athens-Greece

I will use that:

1) Function f(x) = arcsin (Ll) ,x > 0 is concave (because f"(x) = - ——2 <0
x+ (x+2)2(2x+1)2
2) Function arcsin x is strictly increasing when 0 < x < 1, ((arcsin x) = 11 = > 0)
—X
Py L 1
3)-tri—ctietl < whena,b,c>0,a+b+c=3
Proof:
b c a 6M-am (b + 1)2 (c +1)2 (a+ 1)
a +b +c < a + +c =
b+1 “c+1 “a+1l 4b+ 1) 4(c+1)  “4(a+1)
a+b+c\’
_ab+a+bc+b+ca+c<(T) "‘3_6 3
B 4 - 4 42
b c
am bm+€m l
so, 3 =3

Now, (using (1)) applying Jensen’s inequality with weights a, b, c, gives then:

b c a
a +b +c
LHS < (a+ b + c¢) arcsin b+1 c+1 at+1)_

a+b+c

b c a
(“b+1+bc+1+ca+1)@3amﬁnc>:3
3 @)

NS

3 i z
= 3 arcsin c—
6

. 1 n
because arcsin (E) =3

SOLUTION 3.04
Solution by Dimitris Kastriotis-Athens-Greece

1
x

exx < e*, x € (0,)

1 1
efoe"@1+;logx£x<=x+logx—x2 < 0,x € (0,)
f(x) =x+1logx —x% x € (0,)

ffx)=1 +;— 2x,x € (0,)
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f’(x):0:>1+%—2x:0:>x:1
f'x) = —%—2 <0,x €(0,0) > max{f(x)[0 <x < }=f(1)=0

1
SfO)<fA)=0=>x<x+logx—x2<0,x€ (0,0) > exx <e*,x € (0,0)
1 1
X Xn
= ex!..x, < eM1t T

SOLUTION 3.05

Solution by Amit Dutta-Jamshedpur-india

LetVe* = a,ved = b -+ (a® + 1) 22 1)+(b2+1)(al) >0=

=>(a2+1)lb 2+1—bl+(b2+1)la 2+1—a >0>
2 2
:(a2+1)(bz—+1)—b(a2+1)+(b2+1)w—a(b2+1)20:
2 2 2 2
=>(a +1)2(b +1)+(b +1)2(a +1)Za(b2+1)+b(a2+1)=>

= (a®? + 1)(b?> + 1) = a(b? + 1) + b(a? + 1). Now, putJe* = a = e* = a?
Ve* =b = e¥ = b% So, (e* + 1)(e? + 1) > (e* + 1)VeY + (e” + 1)/e*
SOLUTION 3.06
Solution by Antonis Anastasiadis-Greece

From well known inequality: e* > x + 1

x3
ax3 =e3mx >33 Inx+1 (1)
Itis:3Inx-(x3—1)>0,vx >0

So,3x3Inx>3Inx,Vx >0

3
3 3 3%
(1) 3" >3Inx+1=Inx’e=>x> >Inxlecs e’ >xde

L™ L 3 3 3 3, p3, 3y MM
So:e +e +e¢ >a’e+b’e+c’e>LHS >e(a’+b°>+c’) =
> e-33abc = 3e

SOLUTION 3.07
Solution by Ravi Prakash-New Delhi-India

A= (aii)an’ where a;; = 10i + j. Let x = (xl-]-)n .o Where x;j = a;j ifi > j
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=0ifi<]j
x11 =—1
andx; = a; +1,Vi > 2
LetY = (yij)nxn' where y;; = 0 ifi > j

= —a;ifi <]

y1u=-12=-(a;; +1)
yi; =1Vi>2

Note that A +Y = X and det(Y) = —12 < 0 and

det(X) = —-(23)(34)..(10n+n+1)<0
SOLUTION 3.08

Solution by Ravi Prakash-New Delhi-India

Fork=2,Ink—1<0=1In2

-\

—1n2<§ (1)

// / /1/

Fig. 1

Fork > 3,In(k) — 1 <In(k) —In(2) = [;2dx <3 +3 + -+ [see Fig. 1]

1 1 1 1
<sHztot e (2

= ¥r,(nk—1) <¥i,(3+3++1) lusing (1), (2)]
SInm) - (n—1) <Tp,(+3++7) (3
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Fig. 2
k1 11 1 ,
Fork22,lnk—f1;dx>5+§+~-+; [see Fig. 2]
= In(n!) =Yi_,Ink >}, G + -+ %) (4)

From (3), (4) the inequality follows.
SOLUTION 3.09

Solution by Soumitra Mandal-Chandar Nagore-India

Definition: A function f: I — R is said to be a decreasing function on I if f(y) = f(x) for all

x > ywherex,y €1

-1 1 , 1 -1 1 _
Let f(x) = tamx x_forallx € [\/_5' 1] Sf(x) = x(1+x2) t‘";z - = x_z(l-fx2 —tan 1x)
__x -1 i ' - 2x2
Let p(x) = 2 tan x forall x € [\/5' 1],(p (x) = —(1+x2)2 <0
Forallx € [, 1| H is d ing . (1) < <p(x)=
orall x € | 7=, 1|. Hence ¢ is decreasing - () <px)< ¢ NG
1
V3 _1( 1 ) V3 & V3 &
>———tan" ' (=|Z2p@)>———==2px)20>—-—==¢k)
1+% V3 4 6 4 6

X

~tan"lx > v hence f'(x) < 0. So f is decreasing on [\% 1]

. b+bc+ . oge . .
Again, /% >3 abc, so by definition of decreasing function
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_1 |ab+ bc + ca
tan~1 Yabc - tan™* \/ 3
Yabc /ab+bc+ca
3

ab + bc + ca ab + bc + ca
/Ttan‘l(i/abc) > Vabctan™?! \/T

SOLUTION 3.10

Solution by Soumava Chakraborty-Kolkata-India

(a—3)(c—x%*—y%—2?) (;) (b—x—y—12z)>?
(1) & c(a—3) - (a-3)Tx?)

<i2+(Yx) —2(3 %)

@(a—3)(2x2)+(2x) —2b(2x)+b2—c(a—3) >0

- Y X2 2¥&a—3 >1>0,:LHSof (2) = (2 + 1) (X x)% — 2b(3 x)

+b%? —c(a—3) =g(2x)2—2b(2x)+bz—c(a—3)
gO@a(Zx)2—6b(Zx)+3{b2—c(a—3)} (%) 0

“a>=>4>0&LHS of (3)is a quadraticin (). x) & Y, x € R(as x,y,z € R), .. it suffices to
prove that the discriminant is < 0 that is, it suffices to prove:
36b* —4a-3{b*—c(a—3)} <0< 3b>—a{b>’-c(a-3)}<0

oaca-3)-b*(a-3)<0s (a-3)(ac—b*») <0

4)
v a—3>1>0,. itsuffices to prove: ac — b?> < 0 © 4b? > 4ac

But LHSof (4) > (a+ ¢c)?>(2b>a+c;b>0;a+c> 4> 0)

?
> 4ac & (a— c)? > 0 - true = (4) is true (proved)

SOLUTION 3.11
Solution by Ravi Prakash-New Delhi-India

Put x = cos?* 0,y = sin?0,0 < 0 <§
P = (xy)® + (xy)™™ = (cos 0 sin 8)>™ + (cos 0 sin ) 2"
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dp
do
—2n(cos 0 sin 8) 2" 1(cos 260)
= 2n(cos 20)(cos 0 sin 8) 2>""1[(cos 0 sin 6)*" — 1]
Ascos0sin0 > 0,0 < cos@sinf <1,

= (2n)(cos 0 sin 8)?"1(cos 20)

dp . 4
Eg'< OLfO <0 <:Z

>0if-<6 <=
4 2
= P is least when 0 =§

16™+1

Thus, P > P(3) = o + 220 = 22

SOLUTION 3.12

Solution by Amit Dutta-Jamshedpur-India

Lettanx = a,tany =b,tanz=c " x,y,Z € (Og) =2ab,c>0

So,toprove%> 1or( %)(b+%)(c+%) > (a+%)(b+%)(c+i)

ac bc ab a b 1 1 1 1 1
Sabct -+ —+—+ o+ —zabctatctptbt_+ o+
b a ¢ bc ac abc b abc

:>ac+bc+ab+a b+ > (a+b+ )+<1+1+1):>

b a be ab = ¢ ¢ b C

:><a2b2+b2c2+c2a + a? +b2+c>><a2bc+bzac+c2ab+ab+bc+ac>
abc -

abc
or (a’b? + b%*c? + c?a® + a? + b? + ¢?) = (a*bc + b*ac + c*ab + ab + bc + ac) (1)
* we know that
pP+q*+1r2=>pq+qr+pr
Taking p = ab,q = bc,r = ac, we get
a’b? + b*c? + c*a® = a’bc + b*ac + c*ab (2)
Takingp = a,q =b,r =c
a’+b%*+c?>ab+bc+ac (3)
Adding (2) & (3), we get (1)= (2)+(3)= (1)
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So, (1)= (X a?b? + Y a®) > (Y a’bc + Y, ab)

This is true

(a+g)(b+3)(c+)
(a+%)(b+—)(c+—) = (tan x+cot y)(tan y+cot z)(tan z+cot x) 21 (proved)

(tan x+cot x)(tan y+cot y)(tan z+cot z)

and hence

SOLUTION 3.13

Solution by Tran Hong-Vietnam

(ha = hy + ho)?® < R — h® + RE® (%)
a<b<c=h,>hy,=>h.leth, = kh;h,=mh.,(k>m=>1)
(o k-m+1)0 <k?-—m?°+1
Llet f(x) =k** -m?** +1—-(k—m+1)?°
(withk >m > 1)= f'(k) = 20k'° — 20(k — m + 1)1
KP>k-m+1D)VPok>k-m+1om=>1 (true)
= f'(k) 2 0= f(k) 7 [1; +)
Then:
k>m>1> f(k) = f(m) =m?*° —m?° +1
—(m—-m+ 1)%° = 0 = (*) true.
SOLUTION 3.14
Solution by Soumava Chakraborty-Kolkata-India

Let f(x) = e — e**D’ yx > 0
1
fl(x) =—2 ((x +1)e®+D* _ xexz)

@
Now, (x + 1)%2(Ine) > x2(Ine)(~ 2x + 1> 0 as x > 0) = e*+D* >

(it)
Also, x+1 > x & x>0 . (i).(ii)> (x + 1)e("+1)2 —xe* >0

= f'(x) <0 (by (1)) = f(x) L. e — e@tD* < o@D _ o3

o e 4 p(xt3)? @ 122 + p(r+2)?

1 1

1+eX  1+ertl Vx>0

Now, let g(x) =
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e l(e* + 1) —e*(e* + 1)  et(t+1)? —t(et + 1)

I =T e s 12 (erDies 1z =€)
et(t2 +2t+1) — t(e®t? +2et +1)  t(1—e)(et? - 1) 0
(et + 1)2(t + 1) " (et +1)2(t+1)2 <

( et?>1last=e*>1( x> 0)) ~gx)l
1 1 S 1 1
o —_ —_ ﬁ
1+e* 1+e*l” 1+e*2 1+e**3
1 N 1 (i) 1 N 1
=
1+e* 1+e*3 " 1+e¥!l 14 e*t2
(a).(b) = given inequality is true (proved)

SOLUTION 3.15

Solution by Lahiru Samarakoon-Sri Lanka

(a+b+c)( +1+1) 3(2+E+E)

f d e f
We can s:mpllfy,( +C)+(a:d (a;b) 2( te +f)
(5—e;5—f)+(5—d:5—f)+(5 d;s‘e)_z(a—1+5—1+;—1)
o< (5+9)+ (E+9+ (4D
By AM-GM,

(2 + g) = 2 Similarly, (5 + ;) = 2 and (; + 9 > 2. So, ). (2 + g) > 6 (proved)

SOLUTION 3.16
Solution by Do Huu Duc Thinh-Vietnam

Let x,y,z > 0 such that x* + y* + z> = 3. Find Min: P = Z\/;h/_

(x+y+2)? (x+y+2)?
xJy+xvz — TxJy+ZyVx T 2 /(x+y+2)(xy+yz+zx)

x2

By Cauchy-Schwarz we have: P = ),

2

lett=x+y+zthen0<t<3andxy+yz+zx = t2—3. We will prove that:

3_
> % tt > u St2t3—-9t2 +27) >0 < t(t —3)%2(2t+3) = 0 (true)

So,PZ%:PMl-n=%=)x=y=z=1.
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SOLUTION 3.17
Solution by Rovsen Pirguliyev-Sumgait-Azerbaijian
5sin? x 5 sin? x

1+1—-sin2x 2-—sinZ?x’

5cos?x-sin?y 5cos?x-sin’y
1+sin2x +cos2x-(1—sin2y) 2 —cosZx-sinZy

5cos?x-cos?y 5cos?x - cos?y
1+sin2x+cos2x-(1—cos?y) 2—cos2x-cos?y

20

We take the function f(x) = ;Txx/ this function is convex, f'' (x) = G’ >0
then by Jensen’s inequality, we have
f(sin? x) + f(cos? x sin? y) + f(cos? x cos? y)
3
- (sin2 x + cos? x sin? y + cos? x cos? y)
- 3

or f(sin? x) + f(cos? xsin? y) + f(cos? xcos’y) >3 - f G)

(since sin? x + cos? x sin? y + cos? x - cos?y = 1)

W | =

5-
£ (3) = 25 = 1, we have:f (sin® x) + f(cos? x - sin? y) + f(cos? x - cos? y) > 3

W=

SOLUTION 3.18
Solution by Daniel Sitaru-Romania

9 + 4a + 4a? (2a+5)(2a—1)

f!(O,OO)*R;f(a)=T»f'(a)= A+ a)?

1
min(f(a)) = f(i) =8- f(a) =8
fla)+ f(b)+ f(c) >8+8+8 =24
SOLUTION 3.19
Solution by Rovsen Pirguliyev-Sumgait-Azerbaijan
bd(2% —1)(2° —1) > ac(2* -1)(2¢4-1) (1)

(1) > 201 2¢-1 S 2b_1 2d_1
a c b d

denote f(x) = i

X
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we prove that f increasing function

2x-ln2-x—2x+1_Zx(anx—1)+1

f’(x) = x xz > 0 = f T
2001 201 oy
then we have ® 4" | zdb—1 = f(a)- f(c) > f(b) - f(d)
—>— 3

SOLUTION 3.20
Solution by Soumava Chakraborty-Kolkata-India
leta=x+2y&b=3x+y.Then,a<5b=>7,ab >20. Wehaveb—2>5>a>=

ab=20
>b-a>2>b-a)’*>4=>(a+b)’?—4ab>4=>(a+b)>>4+4ab > 84>

>a+b>vV84>+V81=9-.a+b>9=4x+3y>9o0r,4x + 3y =9 (proved)
SOLUTION 3.21
Solution by Ravi Prakash-New Delhi-India

T X X X X
For0 < x < 2 0 < cos (z_k) < 1,Vk € N. Let a,, = cos (E) cos (2—2) ... COS (z_n)

Note a,,,1 < a,, >< a,, > is a strictly decreasing sequence. Also

27sin () an = 207 2510 (7)o (55) s () w05 3) =

_ on-2 [2 sin (2:_1> cos (2:_1)] ...COS (;)

] sin(x)
=---=smx:>an=—x
2" sin (ﬁ)
- n - -
. . sinx ﬁ sinx sinx
lim a, = lim . =~ = 1=
n—oo n—oo X =
sSin (Z—n)

sinx

As < a,, > is strictly increasing and lim,,_, ., a,, = .

sinx

an>ijn€N (1)

[ = a/ba)

X

Also, for 0 < x < g

d (sinx X cos x—sinx cos x sinx . . . T
E( ) = =0 (x—tanx) < 0> —is strictly decreasing on (O, 5] =

x x2
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sinx

>%=—far0<x<—(2)
2

From (1), (2): a,, > %,Vn € N. Now,

2
Zlog cos— =loga, >log( ) 1_[ Ti-1log cos(g ne"’g(ﬁ):z

SOLUTION 3.22
Solution by Amit Dutta-Jamshedpur-india

Applying Cauchy’s Schwarz inequality:

2
(w/Z(y“ + 7z + 2yz) < (12 + 1) + z%) + 4y%2%) < 2 (2(y4 + 74+ 2y2z2))
< 4(y* + z%)?

= /2(y* +2z%) + 2yz < 2(y? + z%)

4-+4-

z
V2Ot +2z%) <2(y®  —yz+2z%) > 4 > <(t-yz+2z%) >

= / - 2yz < (y? + yz + z?) Similarly, / f 2xz < (x? + xz + z%)

x4—+ 4
zy +2xy < (x% + xy + y*)
- X 4 y 4 z + Vx + i/; +3z
T yr+yz+z2 x2+xz+2z2 x2+xy+y? 18
b Z x? N Vx+3fy+ 3z
T Laxy? + xyz + xz? 18
p Bergstrom (x+y+ Z)Z N
(xy% + x2y + xyz) + (y2z + 22y + xyz) + (x%2z + z2x + xy?%)
§/_+ Ny + 3z
18
- (x+y +2)? +i’/§+i/§+i’/§
T (x+y+2)(xy+yz+xz) 18
p > G442 Vx+5 y+5\/— p>3 4 Vx+3y+3z
Xxy 18 xxy 18
Using AM-GM
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1
4+ Vx+ Vx+ Vx+ x4+ 283+ 283 423 +1+1210x=> 5x)5+3 - 2% +2 > 10x
1 1
5(y)5 4+ 3y3 + 2 > 10y, 5(z)5+ 323 +2 > 10z
2 2 2
Adding these: 5 (x5 + y5 +25) + 33 + 3 +25) + 6 2 10(x + y + 2) =
1011
=>5(x5+y5+25)210-(3)—6—3(x3+y3+z3)230—6—3(x3+y3+z3)
1 1 1
5(x5+ys+zz;)224—3(x3+y3+z3) (1)
Now, sincex+y+z=3=>(x-3)=-y—-z=>(x-3)<0+y,z>0

Similarly, (y —3) < 0,(z—3) <0
Clearly, (x —3)(x—1)2+(y—-3)(y—-1)?+(z-3)(z-1)’<0>

:>Zx3—52x2+72x—9so
Zx3ss(zx2)+9—7zxs5[(x+y+z)2—zzxy]+9—7 x (3)

S5(32—22xy)+9—21S45—102xy—12

Zx3 < 33—10ny

1 1 1
gy i + {(x)5+(}’)5+(z)5}’ P> i + [24 3(2;\7 )] {From {1)}

Xxy 18 — Yxy
3 24—3(33—102xy) 3ozxy 75
= ny+ 20 = ny ( )

S>3 4 Exw 75 o 3 x5 MM, s
P_ny+3 90’P2+3 6P226
P> 7

~ 6
- minimum value of P IS( ) Equality occurs when (x =y =z =1).

SOLUTION 3.23

Solution by Soumava Chakraborty-Kolkata-India
Letsinx = a,siny = b,sinz=c " x,y,z € (Og) ~ab,c€(0,1) &) a=1.Now,

cos’xcos?ycos’z=(1-a*)(1-b*>)(1—c*) =

={(a+b+c)?-a*}{(a+b+c)>-b*}{(a+b+c)*>—c*} =
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Cesaro

=Ra+b+c)2b+c+a)2c+a+b)(a+b)(b+c)(c+a) =
>{(a+b)+(ct+a){(b+c)+ (a+b)}(b+c)+ (c+a)}l8abc

A; {2\/((1 +b)(c+ a)} {2\/(b +c)(a+ b)} {2\/(b +c)(c+ a)} 8abc =

ar

= 64abc(a+ b)(b + ¢)(c + a) Cesz * 64abc - 8abc = 512a2b?c? =
= 512 sin? x sin® ysin? z (proved)
SOLUTION 3.24
Solution by Soumava Chakraborty-Kolkata-India
0<x< g,tanx >xandx > sinx = (tanx — x)(x —sinx) >0

= xtanx — x% —sinxtanx + xsinx > 0 = x(tanx + sinx) > x% + sinxtanx =

xy(tan x + sin x) (;)

x2 +sinxtanx

) @

yz(tan y+siny ) 3

.. zx(tan z+sin z
Slmllarly, I I > X
y“+sinytany z“+sinztanz

(1)+(2)+(3)= LHS > x + y + z = w (Proved)
SOLUTION 3.25
Solution by Daniel Sitaru-Romania

f:(0,0) > R, f(x) =xe* f'(x) =(x+1)e* >0, f — increasing,

f'(x)=(x+2)e*>0,f — convexe

n

n JENSEN AM—GM n
z f(xl) = E xiexl 2 nf - xi 2 n-— xl. en i=11i
i—1 nz n

i=

i=1 i=1

X1 X2 4 ... Xn 1 AM—-GM ™|n,.
X1€ + Xa€ + + Xnp€ > en n X > e [15 x; — el —e
x1+x2+-“+xn

SOLUTION 3.26
Solution by Marian Ursdrescu — Romania

We must show this:

. . . . . . 1
cosxcosz-sinysint(sinxcosy— cosxsiny)(sinzcost — coszsint) < o (1
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We show this: cos x - siny (sinx cosy — cosxsiny) < % (2)

1
cosx=a,siny=»b (2) & ab(\/(l—az)(l—bz) —ab) S§
_aZ _bZ

2

=

But /(1 —a?)(1 - b?) < 2
:ab(ﬂ—ab> Slc)ab(Z—aZ—bZ—Zab)sl(:
2 8 4
4ab(2 — (a+b)*) <1 (3)
But (a + b)?2 > 4ab = —(a + b)? < —4ab (4)
From (3) + (4) > 4ab(2 —4ab) <1 &
8ab — 16a’b> <1 & 16a’b* —8ab+1 =0 &
(4ab — 1)? > 0 true (equality fora = b = %).
Similarly: cos zsintsin(z — t) < % (5)
From (2)+(5) =

cosxcosz-sinysint-sin(x —y)sin(z—-t) <1,

with equality for x = z = gand y=t= %.
SOLUTION 3.27
Solution by Amit Dutta-Jamshedpur-India
vsinlx>x=(sin"lx—x)>0 (1)
tan"lx<x=>(x—-tan"lx) >0 (2)
Multiplying (1) & (2)
(sin"lx—x)(x —tan"'x) > 0=
s xsin"lx—sin"!'xtan'x—x* +xtan"'x > 0>
= x(sin"'x+tan"1x) > x? + tan "l xsin 1 x

y(sin 'x+tan"1x) _y

(3)

z(sin"1y+tan™?!
(sin'y ),z

x2+tan~lxsin~1x = x

(4)

imilarl
Similarly, y2+tan~lysin=1y 7 y

x(sin~1 z+tan=12)

> (5)

z2+tan~1zsin~1z

Adding (1), (2), (3):
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Z ygsin‘1 x_-li— ta-n‘_llx) . (Z N f) AMGM 3 |XyZ
ey x*+tan lxsin lx Xy z
SOLUTION 3.28
Solution by Ravi Prakash-New Delhi-India
For x = 0, the inequality clearly holds. For 0 < x < 1;0 <sinx <x <1
sin®x <sindx < x>
= 165sin® x < 16x3 < 20x3 (1)
Also,for0 < x < 1,sinx < x =
= 5sinx <5x (2)
Adding (1) and (2), we get, for 0 < x < 1
16 sin® x + 5sinx < 20x3 4+ 5x = sinx (16 sin*x + 5) < 5x(4x% + 1)
Ifx > 1,then LHS < 21 and RHS > 25. Thus, for all x > 0, the inequality holds
SOLUTION 3.29

Solution by Soumava Chakraborty-Kolkata-India
®
cos 6x = 4 cos3 2x — 3 cos 2x = 4(2 cos?x—1)3 —3cos2x
(i)
6cos4x = 6(2cos?2x—1) = 12(2cos’x—1)2 -6
(i)+(ii)=> 15 cos 2x + 6 cos 4x + cos 6x
=12cos2x+4(2cos?x—1)3+12(2cos’x—-1)2 -6
(a)
=24cos’x+4(2cos>x—1)3+12(2cos?x —1)?2 - 18 2 32 cos?x— 10
(b)
Similarly, 15 cos 2y + 6 cos 4y + cos 6y = 32 cos®y — 10

(©)
& 15c0s2z + 6¢cos4z + cos 6z ; 32cos®z— 10
? ?
(a)+(b)+(c)= LHS = 32 Y. cos® x — 30 > 18 & Y cos® x (% %

n 6 6 6
x,y,ze(O,E),.x cos’ x,cos’y,cos°z >0

A-G 2
3
E cos®x > 33/cos® x - cos®y - cos® z = 3(cos x cos y cos z)2 = 3(—) ===

= (1) is true (Proved)
SOLUTION 3.30

Solution by Tran Hong-Vietnam
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sin? x N sin? y N sin? z
1+sin2x (1+sin?2x)(1+sin?y) (1 + sin?x)(1 + sin? y)(1 + sin? z)

1
8sinxsinysinz
1 1 1 1
" T 1+sinZx + 1+sin2x (1 +sin?x)(1 + sin?y) + (1 + sin2x)(1 + sin2y)
1
(A +sin2x)(1 +sin2y)(1 +sin?z)
1 1
=1- (1 + sin? x)(1 + sin? y)(1 + sin? z) + 8sinxsinysinz
(Cauchy) 1 1
= 1 + =1

_Zsinx-Zsiny-Zsinz 8sinxsinysinz
T
:>LHS=RHS@sinxzsiny=sinz<:>x=y=z=i

SOLUTION 3.31
Solution by Marian Ursdrescu-Romania
We must show: (1 — sin? x)(1 — sin? y)(1 — sin? z) > 512 sin? x - sin? y - sin? z (1)
Let sinx = m,siny =n,sinz=pmn,p >0 (2)
From (1)+(2) we must show:
(1-m?»(1 -n?)1 -p? = 512m*n*p?, withmnp>0Am+n+p=1(3)
a b

c
Letm = a+b+c'n - a+b+c'n - a+b+c'a' b,c>0 (4)

Form (3)+(4) we must show:
[(a+b+c)?—a?][(a+b+c)?—b?]|[(a+ b+ c)?* —c?] >512a%b?*c? &

AP o1 O
[(bzc+1)2_1ll(aTH+ 1)2—1 (ajb>2—1l >512 &

>512

(5 2[5 2[5 ()

(2 (59) (2) (20 (552) (2222 2 52 g
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Bu t—>2\/_

a+c>2\/— ﬁﬂ-%ﬂ'a+b>23 (6)
a

b+c+a+a

> 4YaZbc and similarly =

b+c+2a a+c+2b a+b+2c
a b

From (6)+(7)= its true.

> 26 (7)

SOLUTION 3.32

Solution by Ravi Prakash-New Delhi-India

Forx,y >0
2x + 1 2x+ X+ 2 1
Y> a2yas Y 205 [yt
3 3 3
2x+y x+2y (2x+y)(x+2y)
= > xy = =21=
3 9xy
(2x+y)(x+ 2y) n
4
Thus,
2a+ b)(a+2b 2b+c)(b + 2c 2a+c)(a+ 2c
tan-1 ( )( ) an-1 ( )( ) + tan-1 ( )( ) >
9ab 9ac
Tl' n T 3
Zgtata ="
SOLUTION 3.33
Solution by Ravi Prakash-New Delhi-India
For0 <0 < g
3 3
— [ cin2 2 _
f(@0) = (sm 0+ SinZ 0) + (cos 0+ o 0)

=sin60+c0560+3(sin20+cosze)+3( ! + ! )+( 1 + 1 )
sin?0 cos20 sin®0@ cos® 0
> sin®0 + cos® 0 + 3 + 6 + 2 =
. sin@cos@ sin3 0 cos30
16

sin 260 * (sin3 20)

=sin®0 + cos® 0 + 3 +
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1

6
ﬁ) [Using derivatives]

But sin® 0 + cos® 0 > 2 (

1 1 125
o > — = —_——_—
f(e)_4+3+12+16 314 1

~For0<x,y,zt <§

_ 1 \3 13 125
Z(smx+ - ) +Z(cosx+ ) 24(—)=125
sinx CcoS X 4

SOLUTION 3.34

Solution by Boris Colakovic-Belgrade-Serbia

a=sinx>0Vx € (Og)

b=1-sinx>0Vxe€ (O,E)
2
a,b > 0 from weighted GM-AM inequality =

2a’ - b* <2 (u) =2 (L) <2 (a—) or
a+b a+b 2

sinx+1-sinx

=1

sinx+1 —sinx)

2(sin x)1751M*(1 — sin x)s1"* < 2 ( >
SOLUTION 3.35

Solution by Tran Hong-Vietnam
Forx € [0,%) we have: 1 >t = cosx > cosl—7fL ~ (0,975
A -1D2+4( -1 >0
Sttt —4t?+3} >0t > 4t3 - 3t = cos 3x (1)
t25 > 16t° — 2013 + 5t © t{t?* — 16t* + 20t> -5} >0
e t(t— 1%t + 1)%(t%° + 2t18 + 3t16 + 4t + 5¢1% + 610 + 7t8 + 8t + 9t* + 10t% —
5) > 0 (true)= t*5 > cos5x (2)
t* > 6417 — 112t° + 56t — 7t
Stt—1D%2(t+ D2 +2t*2 + 3140 + 438 + ...+ 20t + 21t* —42t2+7) >0
(true)= t*° > cos 7x (3)
= LHS < (t2)21 . (t25)7 49 = 413 — (cos x)M3;

[053)
Equality & cosx=1 & x=0.
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SOLUTION 3.36

Solution by Michael Sterghiou-Greece

n-(“;”‘ + C°Sx> >4+ (mr—2)(sinx + cosx) (1)

Tx
2

3
Lemma 1. x € (O,E):sinx>x—%

2 4

Lemma 2. x € (O,E):cosx> 1-24+Z
4 2 48

>0 >0

— —_—  —
Solution: (1) can be written as: (g — T+ 2) sinx + (%x -+ 2) cosx >4 (2)
2

f(x) = LHS of (2). We observe that f(x) has x = Eas symmetry axis as f(x) = f (g — x).

We have lim,_,, f(x) =lim _x= f(x) =4, f (g) =/2(6 — m) > 4(~ 4.042). It is easy to
2

show also that f' (%) = 0. We need to prove that f(x) lies on and over the line y = 4 in the

interval (0, %) as symmetry will take care of the interval E, g) Consider the function g(x) in

2

(0,%]:g(x) =(Z-m+2)(x- "6—3) + (,,i —m+ 2) (1 - "2—2 + :—;) We will show that

gx)>4in (0, %] Indeed g(x) > 4 whenx —» 0, and g G) > 4,

—7681 + 9613 —

48(2x — m)3
Ty T T3 Ty

1 1 1
" _ _ = _ 2 - _ _ _ 2
g"'(x)= 4_(11 2)x +8(71t 16)x + +48( 96 + 32w — )

T, <0,T3<0andT, < 0. The max of T, iS%(71t —16) -§< |T4| therefore g"' (x) < 0

This means g'(x) | with only one root x in (0, %) in which g" (x,) < 0 therefore x is a max.

Using Lemmas now therefore > 4. The same applies by symmetry in E , g] The proof is

complete.

2 4
Lemma 2: Consider h(x) = cosx — 1 + % - :—8 over (0, E] h(0) =0,

RO = —sinxtx— X K0) = 0, k" (x) = p1 2,
X)=—sinx+x——_=, =0,h"(x) =cosx 18
12x2

As for x < %cosx >0,1 irabe 0.Soh'(x) Tand > h'(0) = 0 - h(x) Tand

h(x) > h(0) = 0
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Lemma 1: Easy in a similar manner.
SOLUTION 3.37

Solution by Khanh Hung Vu-Vietnam

If 2sin?x + 2sin’y =1,x,y € (0;%) then2tanxtany +2tanx +2tany < 3 (1)

WehaveZsin2x+Zsin2y=1=>sin2x+sin2y=%=>1—coszx+1—coszy=%

2 2. _3 1 1 _ 3
= =25 =2 (2
Cos®x + cos”y 2 1+tan2 x + 1+tan2y 2 (2)

Puttanx = a,tany = b = a,b € (0; +x)
We have the equation (2) equivalent to:

1 N 1 _3=> a’?+b%+2 _3=>
1+a2 1+b2 2 a?b?2+a?2+b2+1 2
= 2(a®?+b*+2)=3@*bh*+a*+b*+1)=>
= 3a’b? + a? + b?> =1 = 3a?b?> + (a+ b)*> —2ab =1 (3)

On the other hand, we have

(a+ b)? > 4ab = —3a’b? + 2ab + 1 > 4ab > —3a*b?> - 2ab+1>0=>

1 . . .
=0<ab< T That means the equation (3) is equivalent to

a+ b =V—3a2b? + 2ab + 1. We have the inequality (1) equivalent to

2ab +2a+2b <3 =2ab+2J-3a?b2+2ab+1<3 =

= 2y/—3a2b? + 2ab +1 < 3 — 2ab = 4(—3a%b? + 2ab + 1) < 4a®b? — 12ab + 9 =

5++5 5—-+5
=>16a2b2—20ab+5>o=>16<ab— 3 )(ab— 3 >>0

(Truesinceab—5+T\/§<Oandab—s_T\/§<0by0<abS§)

So, (1)istrue= 2tanxtany + 2tanx + 2tany < 3
SOLUTION 3.38
Solution by Khanh Hung Vu-Vietnam

By BCS inequality and AM-GM inequality, we have:

2 2 2
x y (x+y) 4xy 1 . 1
sins—n + sin4—" = sins—"+sin4—" = sin3—"+sin4—" - Z(Sins—"+sin4—") (Smce Xy = 5) (1)
11 11 11 11 11 11 11 11
1 1
We need to prove that s 5 (2)
2(5in—+sin—) 2n 51
11 11 C0$11+COS11
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Putt=ﬁ=>11t=nz4t=1r—7tzsin4t=sin(n—7t) =sin 7t

1 1

We have inequality (2) equivalent to 2em3trsingD > Ccos 2trsinso2 (3)
We have (cos 2t + sin 5t)? = (sin (g — Zt) + sin St)2 = (2 sin G + %) cos G — ;))2
= (cos 2t + sin 5t)% = 4 sin? (% + %) cos? (g — ;)
= [1 — cos (g + 3t)] [1 + cos (g - 7t)]

= (cos 2t + sin 5t)% = (1 + sin 3t)(1 + sin 7t) (4)
We have (sinsin3t — 1)(sin7t — 1) > 0= sin3t-sin7t —sin3t —sin7t+1 >0
= sin 3t - sin 7t + sin 3t + sin 7t + 1 > 2(sin 3t + sin 7t)
= (1 +sin3t)(1 + sin7t) > 2(sin 3t + sin 7t) = (1 + sin 3t)(1 + sin 7t)

> 2(sin 3t + sin 4t)

@
= (cos 2t + sin 5t)? > 2(sin 3t + sin 4t) = (3) true = (2) true

2 2
From (1) and (2) = —5 + 2 > ————— (Q.E.D.)
Sin— no— (cosl—q+sin1—71t)
SOLUTION 3.39
Solution by Remus Florin Stanca-Romania
V2 V2 T
sina—cosa=|—sina——cosa | V2 = sin(a——)x/f:
2 2 4
. . T . a+b a+b . a+b T
= sinvab — cosVab = sin (\/ab — Z) V2 and sin (T) — cos (T) = sin (T - Z) V2
The inequality becomes sin (\/ ab — g) v2(a + b) < 2vab+/2 sin (%b — %) PN
& sin (Vab =) (a+ b) < 2Vabs (““’ e
sin(Va n a < 2Vab sin > 2
b4 1 2 at+b @
S sin |V ——)- < i __
sin (Va 4) Jab - a+bsm( 2 4)

Let be the function f: (0;%) - R, f(x) = sin (x - g) i

ol ineof) _(my xmtanle=)

fl(x) =

xE(O;g):x—%e(—g;g):cos(x—E)ZO
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g:(O;g)—HRg(x)=x—tan(x—%):og’(x)=1—;”<0
cosz(x—z)

> g is a decreasing function and because g (g) = g -1>0>

x——tan(x——%)

pw; >0 >

>g(x)>0Vx e (o;g) > f'(x) = cos ("_%)'

= f is an increasing function (1)
a+b n)

(€Y
vab andazﬂ € (O;E) andVab < aTH’ > sin (w/ab _§)L atbh m

. 2
m§sm( 252 - QED.

a+b

SOLUTION 3.40

Solution by Soumava Chakraborty-Kolkata-India
(2)
(1) x* + y* + z2 > In(xyz) + %ln(Ze) ox’+y>+z2>Inx+Iny+1nz+ ;ln(Ze)

Let f(x) = x? —lnx—%ln(Ze) vx > 0. Then f'(x) = 2x—§ =0>x= \/—17

Atso f" (=) = (5 +2) et >0

. . . 1 . .
~ f(x) attains a minima at x = — & ** f(x) never attains a maxima Vx > 0,

X
 FOO) i = (1)—1 1(1) linze)= s+ imz—tma-1_o
T ®mn =) =g In ) Tgn2e) =g tgIn2—gIn2 -5 =

1 ® 1
s Vx> 0, x? —lnx—i(ane) >0=>x%> lnx+E(ln2e)

(iii) "
> Inz+ E(ane)

Similarly, y* (g) Iny + % (In2e) & z*
(i)+(ii)+(iii)= (2) is true (proved)
SOLUTION 3.41
Solution by Michael Sterghiou-Greece

3(a + b) + log(a! - b))'° > 6,/abH, - H, (1)
H, = Z,‘i%s 1+logaandH, <1+ logh

(1)- 3(a+ b) + 10 -log(a! - b!) > 6Vab - \/(1 +loga)(1 + logh) (2)

BUtS(a4_b)Ei6vabandv“]f+loga)Cl+10glﬁ:£1+mgﬁT+Mgb

= 1+%(loga+logb)

From (2) we have stronger inequality
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1
10log(a! - b!) = 6Vab [f (loga +logh) +1 — 1] = 3Vab(loga + log b)

and as\ab < %b the even stronger 20[log a! + log b!] > 3(a + b)(loga + log b) (3)
Equality throughout for a = b = 1. We observe that if a + b < 6 then (3) holds as it can be
written as 20[Y4 1 logk + Y2 1logi| + 20(loga + log b) > 18(loga + log b)

So, (3) must be shown for a + b = 7. Using the Stirling formula
loga = aloga — a + 6 (6 > 0) we obtain the stronger inequality
f(a,b) = (17a—3b)Ina+ (17b —3a)In b — 20(a + b) (4)

Witha + b > 7. Assume WLOGa > b,a=b +x,x > 0
(4)- f(x,b) = 14log(b + x) —3xlogb + 17xlog (b + x) — 40b + 14blogb — 20x

Assume b fixed and b, x € R*: f" (x) = % > 0 so
3(x+2b
ff(x)T- f'(x) = —¥+ 17log(x + b) —3logb = f'(0) = 14logh — 6 > 0
x+b

forb>2.Thusforb>2 f'(x)>0- f(x) T- f(x) > f(0) -
— f(x) > 4b(71logb — 10) > 0 for b > 5. Therefore Vb > 5 f(x,b) > 0 or f(a, b) > 0 for
a = b = 5. Now we have only the following cases:
b=1- f(a,b) =(17a—3)Ina — 20(a + 1) > 0 for a = 6 as can easily be shown
f'(a) >0fora>6and f(a) > f(6) > 0. In a similar way we meet the casesb = 2,a > 5
b=3,a>4;b=4,a > 4. All cases have been exhausted and the proof is complete.
SOLUTION 3.42
Solution by Tran Hong-Vietnam
Inequality <
4

COS X COS y COS z\/cos(x —y)cos(y —z) cos(z — x)

sinx + cos x)(siny + cos sinz + cosz
>z & )(siny y)( ).

)

COS X COS Y COS Z
& 8 > {cos(x — y) (sinx + cos x)?} x {cos(y — z) (siny + cos y)?} x
x {cos(x — z) (sinz + cos z)?} (*)
~0<x,y,z <§:> 0 <cos(x—y),cos(y—2z),cos(z—x) <1 (1)

~(sinx+cosx)?=1+sin2x<2 (2)
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~(siny+cosy)?=1+sin2y <2 (3)
s~ (sinz+cosz)?=1+sin2z<2 (4)
From (1), (2), (3), (4) we have
RHS,y<1-2-1-2-1-2 =8 (proved)
SOLUTION 3.43
Solution by Tran Hong-Vietnam
B,
log(ebilogb) log(ecilogc) log(ea—loga)
2
(f2+ 2+ [5)
log(eb — log b) + log(ec —log c) + log(ea — log a) =
2 (*)

log(eb—log b)+log(ec—logc)+log(ea—log a)

2
< %) (Schwarz)
=

Let f(x) = x — log(ex — log x) withx > 1

1 1

e— ex—logx+§—e

> f)=1- = -
ex —logx ex —logx

g(x)zex—logx+%—e (Vx> 1)
*g)=e——5g"(X)=5+5>0
=>9'(x) 7on[1;40)=>g'(x) =g (1) =e—2>0
= g(x) 7on[1;+0) = g(x) =2 g(1) =0
> f(x)=20vx=>1> f(x) 7on[1;+x)
SfR)=2f)=0= f(x) =x—log(ex—logx) = 0;Vx =1 (*¥)
Using inequality (**) with a, b,c = 1 we have f(a) + f(b) + f(c) = 0

9 9
e XazYloglea-loga) = (*) 2y, = ——

Equality & a=b=c=1.
SOLUTION 3.44

Solution by Michael Sterghiou-Greece
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b * x b a X
Za(—) Z[ +b lzzz ab(—-—) =22Vab:12
a ab
e Cyc cye cyc cyc
Equalityfora =b =c=2o0rx = %
SOLUTION 3.45
Solution by Tran Hong-Vietnam
We have:
Inequality <
1 d a y b z c
E[aln(1+z) +xln(1+;) +bln(1+z) +y1n(1+;)+cln(1+z) +zln(1 +;)] <
In2 (%)

Using Jensen’s inequality with f(u) = Inu:

1 X 1 a 1b yy 1 b
LHS(*)—Eaf(1+a)+EXf(1+;)+§ f(1+3)+§yf(1+;)+
1 z 1 c
+ch(1 +E) +§Zf(1 +;) <

< ln{la(l +f) +1x(1 +2) +1y(1 +2) +1c(1 +E) +1z(1 +£)}
2 a’ 2 X 2 y 2 c/ 2 z
=In{(a+x+b+y+c+2z)}=In2
Proved. Equality © a=b=c=x=y =12z =§.
SOLUTION 3.46
Solution by Ravi Prakash-New Delhi-India
We first show tan 10° tan 50° = tan 30° tan 20° < sin 50°sin 10° cos 30° cos 20°

= sin 30° cos 10°sin 20° cos 50°

LHS = % [2 sin 50° cos 20°] sin 10° = 3 [sin 70° + sin 30°] sin 10°
V3 V3 V3,1, V3
=g [2 sin 70°sin 10° + sin 10°] = 3 —[cos 60° — cos 80° + sin 10°] = 5 (E) =Te
RHS = % [2 cos 50°sin 20°] cos 10° = i [sin 70° — sin 30°] cos 10°
1 1 _ V3
=3 [2sin70°cos 10° — cos 10°] = 3 —[sin 80° + sin 60° — cos 10°] = 1e

Fora,b > 0
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4ab < 2ab
acot50°+ bcot10°  \/ab cot50° cot 10°

= 2vVabVtan 50° tan 10°

= 2vVabtan 30°tan 20° < atan 30° + b tan 20°

» dxy <) (xtan30° + ytan20°)
" Luixcot50°+ ycot10° ~ xtan ytan

cyc cyc

V3
=(x+y+2z)(tan30°+tan20°) = (x+y + 2) <?+ tan 20°)

SOLUTION 3.47

Solution by Michail Sterghiou-Greece

(G- <sE-H)<eG-5) w

x b—a b-a
Consider the function [4,0) — R: f(x) = (E) T 1=
X 1 \ba b—a 1 Bernoulli 1 b—a b—a 1
—(1+—) - —/—4—-1 = 1+ - 1=
( x—1> at+x—1 x—1 a+x-1

— (b )(1 1 )>o
B Y\x-1 a+rx-1

IR -
Consider now the function [4, ) - R: g(x) = x [(le) — (x_l) ]

1 —1\° -1\°
g =m[(xx ) @x-0-(7) “’”‘”l
Assuming (x —1)g'(x) > 0

b—a
a+x—1

() @+x-0> (D) Grr-vo(E) >

x—1

+1 & f(x) > 0 which is
valid. Therefore g'(x) > 0 and g(x) T
As4<5<6-f(4)<f(5) <f(6)—(1)istrue.
SOLUTION 3.48

Solution by Lahiru Samarakoon-Sri Lanka

olab) - b(b—1) bb—1)..2-1
@b =1t Gaib-D@a+vr-2 T@rb-Datb-2.a
Then,

b-Q(a,b)+c-Q(b,c)+a-Q(c,a)=a+b+c
By adding last three parts,
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b(b—-1)..2 b(b—-1)..2-1

a+b—1+m+(a+b—1)...(a+1)+(a+b—1)...a
U

b b(b—1)..2(a+1)
(a+b—1)+m+(a+b—1)(a+b—2)...(a+1)a

Q(a,b) =

b b(b—1) _bla+b—1) b

Q(a,b)=(a+b—1)+(a+b—1)a_(a+b—1)¢7t=E

So, similarly,

Q(b,c) = %and Q(c,a) =2

c

.~ LHS = bQ(a,b) + cQ(b,c) + aQ(c,a)
_b2+cz+a2 >(b+c+a)2 —(htcta)
" a b ¢~ (a+b+c) cra
SOLUTION 3.49

Solution by Soumava Chakraborty-Kolkata-India
4 (T 4 2w 4 3w
csc’ (=) csc*|{—=-) csc*|=-) @
(7 ) n ( 7 ) n ( 7 ) S 1

Yab ~ +Vbc +ea

2
Bergstrom (csc? B+csc? 20+csc?30)" (0 . n)
(e=Z2

LHS of (1) > e .

cBs (csc? 0 + csc? 20 + csc? 30)?
> Sa
(csc? 0 + csc? 20 + csc? 360)?
_ (-3 - oa)
64
Now, csc? 0 + csc? 20 + csc? 30 = (csc B + csc 20 + csc 30)% —

(b)
—2(cscBcsc26 + csc20 csc 30 + csc30 cscB) = P? —2Q (say)

P 1 N 1 N 1
" sin@® sin20 sin 360
U] sin 20 — sin 30 + sin 30 sin @ + sin 6 sin 260

sin 0 sin 20 sin 360

Numerator of above = sin 30 (sin 20 + sin @) + sin 0 sin 20 =
= sin 30 (sin 260 + sin 60) + sinOsin20 (- 0 =m — 60)
= 2sin 30 sin 40 cos 260 + sin 0 sin 20 = (sin 50 + sin A) sin 40 + sin 0 sin 20
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= sin 20 sin 40 + sin 8 sin46 + sin@sin20 (- 50 = T — 20)
= sin 260 (sin 360 + sin 0) + sin@sin40 (- 40 = — 30)
= 2sin?260 cos 0 + 2 sin 0 sin 20 cos 20 = 2 sin 20 (sin 260 cos O + cos 20 sin 0)

(i)
= 2sin20sin 360

m) 4
o) s 2
(i), (ii) = P~ = inZo

2 cos 26 2cos20 _ sin30+sin 6+sin260
sin2 @ sin2@  sin@sin20sin36

Now, Q =

< (2%) cos 20 sin 20 sin 30 = 2 sin30sin @ + 2 sin? @ + 2 sin O sin 260
& 2sin40sin30 = cos 20 — cos40 + 1 — cos 20 + cos 8 — cos 30
& cosf —cosmt =1+ cosO — (cos30 + cos40)

S 1+cosB =1+ cosO — {cos(t — 40) + cos 46}
< 0=—-(—cos40 + cos40) © 0 = 0 - true

2cos20 2 (1-2sin%0) 2 m 4

= —— =
sin“ @

sin2@ sinZ 0 " sin2@
2 2 2 ©
(m), (n), (b)= csc~ 0 + csc“ 20 + csc“ 360 = 8
2
(a), (c)= LHS of (1) > 2—4 =1 (proved)
SOLUTION 3.50

Solution by Amit Dutta-Jamshedpur-India
x,y,ze(0,§>:>0<x<§,0<y<§,0<z<§
3 . .
>x+y+ze€ (07) =>-1<sinx+y+z)<l=sinx+y+2z)>-1

= sinxcosycosz +sinycosxcosz +sinzcosycosx —sinxsinysinz > —1

Dividing throughout by cos x cOS y cOS zZ

1
>tanx+tany+tanz —tanxtanytanz > —
COS X COS Y COS Z
1
= tanx +tany + tanz > tanxtanytanz —
COS X COS Y COS Z

SOLUTION 3.51
Solution by Ravi Prakash-New Delhi-India
Forx,y > 0
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2x+y 1 2x+y x+2y
> (x2vy)3 .
3 2 (@Y= — 3

2 2 2 2
. x+y.x+ nyyﬁ(x+y)(x+ y)
3 3 9xy

> () (D)3

Cx+y)(x+2y) - T
9xy =34

>1=tan!
- 4

Thus,

4 ((Za + b)(a + 2b)> <(2b + c)(b + 2c)> 4 <(2a +c)(a+ 2c)>
tan + tan =
9ab 9ac

B w

>n+
4

N
N

+ Y4

SOLUTION 3.52

Solution by Lahiru Samarakoon-Sri Lanka

(a+b+c)(1+1+1) 3(2+E+E)

f d e f
We can s:mpllfy,( +C)+(a:d (a;b) 2( te +f)
(5—e;5—f)+(5—d:5—f)+(5 d;s‘e)_z(a—1+5—1+;—1)
f.ay (e f
o<(G+e)* (2+7)+ (G+o)

By AM-GM,

(3+E)>z

d e/

Similarly, (g + ;) =2 and (}% + f) >2

So, Y. (2 + g) > 6 (proved)
SOLUTION 3.53
Solution by Tran Hong-Vietnam

a+b\2 . 2 .1
(T) Slnm > ab smﬁ (*); (a,b > 1)
Let f(t) = t2 sin%(t > 1)

1 1 1 1 1
= f'(t) = 2tsm?— cos? = cos?(Zttan?— 1) > cos? >0

1 1 1
( tan—>—;cos—> 0Vt > 1)
t t t

256



= f(t) 7 on (1; +)
&b - f(Vab) < f(%b) = (*) true.

2

15 s 5= [Jawsn
2 sma+b_ asmm

Hence, Vab <

2
[Ising—5 | a’b*c?
~ oL 2V AT Db r o+ a?
Vab
- HSinaf_b - (8abc)?
o 1 " [(a+b)(b+c)c+a)l?
Hsmm

SOLUTION 3.54
Solution by Daniel Sitaru — Romania
We prove that:
( 2ab _a+b
<
! at+b— 2 4ab < (a + b)?

& &
La +b - /az + b2 {(a + b)? < 2(a® + b?)
2 2

{ 0 < a? — 2ab + b? Q{Oﬁ(a—b)z
a’ + 2ab + b? < 2a? + 2b? 0 < (a—b)?

It follows:

2ab a2 + b?
0<a< < <b
a+b 2

From Schweitzer inequality for n = 2, if x1, x5 € [a, b] then:

1 1 (a + b)?
—_—. <
(%1 4 x2) <x1 + xz) ~ ab

2ab / 24 p2
Let be x; = ﬁ; Xy = %; It follows:

2ab a?+b%2\[a+b 2 (a + b)?
+ + <
a+b 2 2ab a? + b2 ab

(Schweitzer’s inequality:
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i zn:l (m + M)*n?
o xe)~  4mM
k=1 k=1
X1, X2, 0, Xy €[ MM];0 <m < x, <M;k€1,n;neN)

SOLUTION 3.55

Solution by Amit Dutta-Jamshedpur-India
X2 +y2 = (x+y)? 22y = (2 +y2)* — (VZxy)
x? +y? = (2% + y2 + [2xy) (2% + y2 — \[2xY)
“ GM = AM
L 20 4y 4 JT) (7 + 7 - ) <
- (2+\/f)(x+y—\/2_xy)+(2—\/§)(x+y+\/2_xy)

4(x + y) 4\/_

<2(x+y-.xy)

= 2(x? + y? +\/2—xy)(x2+y2 — J/2xy) S4(x+y—\/x_y)2
But x* + y* = (x? + y2 + \[2xy)(x? + y? — \[2xy)
=>2(x*+y») < 4(x+y—\/x_y)2
= (x% + y?) SZ(x+y—\/x_y)Z
In this same way, (2% + t2) < 2(z + t —vzt) (2)
Multiplying (1) & (2):
(2 +y)(22 +2) < 4[(x+y — Jxy)(z + t —VzD)|°

2
or4[(x — Jxy +y)(z—Vzt + t)| = (2% + y*)(2*+2)

SOLUTION 3.56

Solution by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c,d >0anda+ b + c+ d = 1, we have:

ab N ac N ad N bc N bd N cd
1+c+d 1+b+d 1+b+c 14+a+d 1+a+c 1+a+b
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B ab N ac N ad N
" a+b+c+d+c+d a+b+c+d+b+d a+b+c+d+b+c
bc bd cd
+ + + <
at+b+c+d+a+d a+b+c+d+a+c a+b+c+d+a+b
ab ab ac ac ad ad

1aycrd brcid atb+d cibid atbic dibic'
4 bc bc bd bd cd cd

+b+a+d+c+a+d+b+a+c+d+a+c+c+a+b+d+a+b
1fcd+ad+bd ab+bc+bd ab+ac+ad bc+ cd+ ac
—[ + + +

a+b+c at+c+d b+c+d a+b+d

IA

4
_1d@+a+b)+Ma+c+d)+db+c+d)+db+d+®
(a+b+c) (a+c+d) (b+c+ad) (b+d+a)

—1(+b+ +@—1
39 ¢ )

SOLUTION 3.57
Solution by Sanong Huayrerai-Nakon Pathom-Thailand

Fora,b,c € Nand a, b, c > 4. We have these facts:

1 1
l.ari>brieob>a=>4~val*1'>p*14<a<bh

1 1 1 1 1 1
2. aa+1 + bb+1 + cc+1 > @b+l + be+1 4 catl

1 1 1 1 1 1
3. aa+1 + bb+1 4 cc+1 > qc+1 + cb+1 + ba+1

CO"Sider, b+%c+%a+%c+%a+%b+% S 6%

1 1 1 1 1 1 1

1111 1 1)\¢
(ab+1+ac+1+ba+1+bc+1+ca+1+cb+1> 1
If <6-45
6
6 6 6 6 6 6 1
ab+14+qc+1+pa+1+pc+1+4ca+14chb+1 =
If <6-4s5

6

6
If (ab+1 + bc+1 + ca+1

1
+cm1+bwﬂ)336-4§

/\
+h

6 6 6 6 1
If (aa+1 + bb+1 + C_l) (aa+1 + bb+1 + CC+1) <36 45

Ifau+1 + bb+1 + cc+1 <18- 4-5

b 1
If3ae+1 < 18-45,4<a<b<c
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_5_ 1
If aari < 6 X 45

If a30 < 65(a+1)4_(a+1)
and it’s true because
430 < p25 .45
530 < 30 . 46

630 < 635 . 4_7

Therefore, it’s true.
SOLUTION 3.58

Solution by Soumava Chakraborty-Kolkata-India

_1 b4
Let f(x) = sinx(cosx) z—xVx € [O’E)

.2
f(x)= o +Jcosx—1&

2 (cos x)2

. 3 sin’ x + 2 cos? x sin x T
f'(x) = = >0,Vx € [O'E)

4(cos x)2

> £ 2 f(Ovxelo, g) = f'(0) = ovxe o, g) = f(x) = fO)vx € 0, g)

= f(x) >0 vVx e [Og)

T 1
L XE [O,Z],sinx(cosx) 2—x=20

€))
= sinx > xv/cosx = sin?x > x2cosx =@ sinxtanx > x% = sinxtanx + x2 > 2x?

(2)
Case (1) x € [ 2,4] x>T:2x -1>0
3)
(1), (2) = sinxtan x + x* > 1(3) = it suffices to prove:

“4)
sinx+cosx = xsinx + xtanx

xsinx

<x<-,~cC0osx =sinx, -~ LHSof(4)>251nx>xsmx+

K]

-

0S X

? ?
S 2cosx>xcosx+xe (2—x)cosx > x

7 X ("2 >0 1< <1r>
&H2—x\’ x as\/i_x_4
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1<<Tt >1;x 1; x? 4+24;22
eSS XS, 008X =2 — =2 oS -2 X® —4Xx =2 4LX
V2 4 2 2—-x 2 (2—x)?
? 2
2 _ .. T L L
S x° +4x 4(%)0 -xS4,--LHSof(6)S16+4 4

2 16m—

= % < 0 = (6)=> (5)= (4) is true= given inequality is true
1

Case2) x € [0, ﬁ)

@
wx>sinx -~ x2>xsinx = x%cosx > xsinxcosx

(@iD)
1 1 T . .
H ] - —_ >
Agam,cosx>ﬁ( x<ﬁ<4)>x=>cosx>0:smxcosx = XSInx

(iii)
Lastly, 1 = cosx
Now, given inequality <

sin x cos x + cos? x + sin? x + x2 cos x > cos x + xsinx cos x + x sin x

@)
o x?cosx +sinxcosx+1 > xsinxcosx + xsinx + cosx

(i)+(ii)+(iii)= (7) is true = given inequality is true.
Combining both cases, we conclude that: given inequality is true Vx € [0, ﬂ (proved)

SOLUTION 3.59
Solution by Soumitra Mandal-Kolkata-India
leta+ b+ c=p,abc+ bc+ca=qandabc=r
Thenqg =3(1—x*)and0 <x <1
Z a® +3r>6+8x%—10x3 +log(1 + x* — 2x3)

cyc
© p3 —3pq+ 61 =6+ 8x%—10x3 +log(1 + x2 — 2x3)
© 27x% + 61 > 6 + 8x% — 10x3 + log(1 + x% — 2x3)
© 6r =6 —19x% — 10x3 +log(1 + x? — 2x3)
again from SCHUR’S INEQUALITY p3 + 9r > 4pq
. 61 > 6 — 24x? by putting values of p and q

we need to prove 6 — 24x* > 6 — 19x% — 10x3 + log(1 + x* — 2x3)

© 502x3 —x?) —log(1+x*-2x3)>0...(1)
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Let f(x) = 5(2x3 —x?) —log(1 + x? — 2x3) forall 0 < x < 1

(6x%—2x)(6+5x%-10x3)
1+x%-2x3

Now, f'(x) =

Again f'(x) < 0 forall> 2 x 2 0 and f'(x) > 0 forall 1> x >

N | =

X = %is the global minimum and f(x) = f G) =0
-~ relation (1) is established hence

Z a® + 3abc > 6 + 8x% — 10x3 + log(1 + x? — 2x3)

cyc
SOLUTION 3.60

Solution by Rahim Shabazov-Baku-Azerbaidjian

x+y+z

TZ 3;/.76_;)’Z-|-k
g 2 3IGx -y Ry - Vo) (Vz - Vo)
4

x=a3y=0b%z=c%abc>0

9
a®+b3+c3 23abc+Z|(a—b)(b—c)(c—a)| =
9
(a+b+c)(a2+b2+cz—ab—bc—ac)ZZ-I(a—b)(b—c)(c—a)l:

:>(a+b+c)[(a—b)2+(b—c)2+(c—a)2]Zg-l(a—b)(b—c)(c—a)l

=2-(a+b+c)(a—b)?+(b—0c)?+ (c—a)?]
=9-|(a=b)(b—-c)(c—a)l
2-(a+b+c)=20=a—b+b—c+c—a
[(@a—b)+(b-c)+(c—a)]-[(a—b)*+(b—c)+ (c—a)?] >
=9-|(a=b)(b—c)(c—a)l
a-b=xb—-—c=y,c—a=z
(x+y+2z2) (x> +y*+2%) =9 |xyz]
SOLUTION 3.61

Solution by Daniel Sitaru — Romania

Let be f:(0,1) - R; f(x) = 2%

x+1
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(Inx)’(x+1)—Inx-(x+1) x+1-xlnx
(x + 1)2 T (x4 1)2
Letbeg:(0,1) > R;g(x) =x+1—xInx
gx)=1—-1-Inx=—-Inx>0;(V) x€ (0,1)

f(x) =

g increasing on (0,1)

: . . . Inx :
infg(x) = gclltgg(x) = !rl_l)l(}(x-i- 1—-xIlnx)=1 —!rllr(}T— 1 +!r1_1>1(}x =1>0

x>0 x>0
X

x>0 x>0

f(x) = (figz > 0 = f increasing on (0,1)

2 a+b
0<aSﬁS VabSst<1
atp
from means inequality.

It follows:

2 a+b
flT—x Sf(Vab)Sf( > )

athp

2ab a+b
ngsp _ vab (%)

2ab +1_w/ab+1_ a+b
a+b 2

a+b

2ab \2ab+a+b
In ( )
a+b

+1

1
1 avh
< In(Vab) @ < In = er b>%+1

a+b

2ab \a+2ab+b
(a + b)

2
1 —_—
_ a + b\a+b+2
< (Vab)1+Vab < ( > )a
The equality holds ifa = b = c.
SOLUTION 3.62
Solution by Ngo Minh Ngoc Bao-Ho Chi Minh-Vietnam

We have lemma:

Considering Polynomial

f(x,y,2) =Zx4+AZx2y2 +Bxysz+CZx3y+Dny3

(with A, B, C, D are the constant).
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1+A+B+C+D=0

ab + bc+ ca > 3Vabc+ab+bc+ca—-4 <
& (ab + bc + ca)? = 9abc + 9(ab + bc + ca) — 36

S (Z ab)2 —;abcz:a —%(2 a)z + (23661)4 >0

Cab)? 3 1 ) Ya* Y.a®b Y ab3
1= > —Eabcza—ZZa zab+ 36+ ) + 9 =+

abcY a a?b?
L)

>0
3 6
Ya* Y a’*b?> abcYa Ya®b+3Yab®+abcYa Yadb
oS+ - - + +
36 2 2 4 9
Yab® abcYa Y a’b?
+ + + >0
9 3 6
4 22 3 3
=)Z_a 2Ya“b _5acha_52ab_52ab >0 (*)
36 3 12 36 36
Use | thA=2B=—->C=D=——
se lemma wi =3 B=-5,C=D=—-—,

1+A+B+C+D=1+2-——-2—2=2

=259
12 36 36 36

we have: =

3(1+A4)=532C%>+CD+D*= 3~(;—:)2 (true)
= LHS(*) = RHS(*)
Equality occur whena = b = ¢ = 2.
SOLUTION 3.63
Solution by Soumitra Mandal-Chandar Nagore-India
(a+1D*b+1)?+2ab>6=(a+1D*b+ 1)’ +2(1+a)(1+b) >12
Let f(x) = ";—Zln(1 + x) forall x € (0,2) then

" _ 1 X
f'(x) = 3 a2 > 0 forall x € (0, )

Applying Jensen’s Inequality,

a+b

1{a+2 In(1+a)+ bsﬁln(l + b)} > TTﬂln (%b + 1)

2U3
at2z b+2
~(14+a)y3(1+b)2 =>4

applying AM > G.M,
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1+a)*1+b’+21+a)(1+b)>3(1+ a)a—?u + b)llz»'2 >12

hence, (1 + a)*(1 + b)? + 2ab > 6 (proved)
SOLUTION 3.64
Solution by Soumitra Mandal-Chandar Nagore-India

letp=a+b+c,q=ab+bc+caandabc =1
I
now,q+r=4=>?+524:>p23

cad+bd3+cdt+tabc=4opd-3pqt+ar=4

p3+12

op)-3pg+44-q) >4 p*+12>2q@Bp+4) & 3p 14

>q

again, from Schur’s Inequality, p3 + 9r > 4pq = p3 + 9(4 — q) = 4pq

p3+36
4p+9

= . Hence, we need to show that

p3+12>p3+36

4p* 31+4 108 >3p* +4p3 + 1 144
3p+4_4p+9=} p*+9p° +48p + 108 = 3p™ + 4p° + 108p +

op*+5p3-60p-36=>0
op(p-3)+8p*(p—-3)+24p(p-3)+12(p-3)=0
& (p—3)(p® + 8p? + 24p + 12) > 0, which is true - p > 3
~ a3+ b3+ ¢ + abc = 4 (proved)
SOLUTION 3.65
Solution by Ravi Prakash - New Delhi — India
Fork = 3,

k2

a, + >2Jk2—1> (2k—-1)

£9%

2_
Also, ay + == > 23 > 1+3
2

Now,
2016 5 2016 5 2016
k ke —1 1
D erg)= 2 (=) D
=1 k k=2 k =1k
2016 1 1

2016 1 2016
> 2 k—-1) + 2010( ) =2016% + 2016 (—)
= aa; ... ag

aa; ...ag
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SOLUTION 3.66

Solution by Soumitra Mandal - Chandar Nagore — India
Let a,b > 0 then b? - ea% > 2eb
Nowblnb+a+--In2—-b=bnb+(a+>-2)+2-In2-b
>bInb+(a+>—2)+2+1—e"? - bsince, "% > 1+In2
zb(lnb—1)+(a+%—z)+1zb(bb%l—1)+(a+§—z)+1

X
2 | 1) >——
n(x + )_x+1

1
=a+—-——-22=20
a
1
Hence,blnb+a+‘—112ln2+b:>bb-ea+5 > 2e? (proved)
1
leta>0,0<b < 1thenb?-e'*a > (2e)?
Now, bInb +a+-—bIn2—b
1
=blnb+2+<a+5—2)—bln2—b
2blnb+2+(a+§—2)+b(1—e'“2)—bsince,e'“221+ln2
zb(”%)+2(1—b)+(a+§—z)since, In(1+x) > ——forallx > 0
1
:1—b+<a+——2)20
a
v0<b<landa+->2

1
Hence, bInb + a + % >bIn2+ b = b? - e > (2e)? (proved)
SOLUTION 3.67
Solution by Seyran Ibrahimov-Maasilli-Azerbaidian

Note that a sin x + b cos x < Va? + b? so that

asinx b cos x
+ <
va? + b%2 a2 + b?

)
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with equality only when a = Va? + b?sinx,b = Va%? + b%2cosx,x € (0, g) The given

inequality is equivalent to

1 2 92
fx) = \/—Etanx+\/§cotx+m+ 2cosx > -
where f(x) =0

1 V2  2sinx
f(x)= —2sinx =0,

+t oG-
V2cos2x sin’x cos?x

or, (2v2sin3 x — 1)(cos? x + 1). (2v2 sin® x — 1) = 0 implies

x=3r(5) =%
SOLUTION 3.68
Solution by Daniel Sitaru — Romania
a=ax?+3;b=x2 —x+Lc=x2+x+1
a+b>ca+c>b;b+c>a
In A ABC with sides a, b, c:
b% + c? — a? B —2x% -1

CosA = =

2bc 2Vxt+x2 +1

3
inA =
St \/4(x4 +x2+1)

1 1 V3 V3
S=EbcsinA=§\/x4+x2+1- S

2Vxt+x2+1 4

By Hadwiger — Finsler’s inequality:
Z(a—b)2+45\/§< a% + b2 + 2
By Hadwiger — Finsler’s inequality:
Z(a—b)2+4S\/§< a® + b? + ¢?

V3
Z(a—b)2+4\/§-T<x2—x+1+x2+x+1+4x2+3

z:(a—b)2 < 6x%+2
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(\/xz—x+1—\/x2+x+1)2+(\/x2—x+1—\/4x2+3)2+

2
+(Va2+x+1-V4x2+3) <62’ +2

SOLUTION 3.69

Solution by Ravi Prakash-New Delhi-India

Suppose x > vy, then
Inx-Iny 1 1

x—=Yy t y
forsomet,y <t<x
[Lagsange’s Mean value Th.]
= yln(f) <x—y= (f)y <exp(x—y)

y y

Ify > x, then
Inx-Iny 1 1

xX—y ty x

[x <ty <yl
:>xln<£)<x—y:><f)x<exp(x—y)
y y
AsO<§<1andy>x
x\Y x\*
(;) < (;) <exp(x—y)
y
Forx=y,(’y—‘) = exp(x — y)
Thus,
exp(x—y)z(g)y vx,y >0
Takex =x;,y=y; ({=1,2,..,n)

to obtain

xl Yi .
exp(xl yl) > (y ) 1= 1! 2; "'Fn
i

:>1—[exp(xl yi) = 1_[< ) =>eXp<Z(xl y,>2
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SOLUTION 3.70
Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

Ifa,b,c > 0;m = 0 then:

a b c 3m+1

I= >
(b + c)m+1 * (c + a)ym+1 * (a+ b)m+1 = 2m+1. (@ + b+ c)™
a=b=c
1 1 - 1 }Chebyshev

(b+c)m*+1 = (c+a)m*+1 = (a+b)m+1

Cauchy

12%-(a+b+c)-(zm> >

3 Cauchy
-(a+b+c)- — =
(Y@+b)-®b+o c+a)

1 3m+1

(a+b+b+c+c+a)m+1=2m+1'(a+b+C)m
3

=

W =

>(a+b+c)-

SOLUTION 3.71
Solution by Nirapada Pal-India

n_gm n g™
We know, Z’=111a’ > (E“nl a’) form>1

(atVB)' (Va+vbiye) (Va+Vbivetvd)

4 9 16
Va+vh\"  (Va+vb+ve\  (vVa+Vhb+e+Vd\
() () () |

a+b a+b+c a+b+c+d

—<1+1+1) +<1+1+1>b+<1+1> +1d<

27371/ 2737, 372)"a
<4a+4b+4c+4d=4(a+b+c+d)

SOLUTION 3.72

Solution by Marian Dincd — Romania

Apply Popoviciu inequality for n = 4 and the function convex f(x) = 2%, we obtain:

FOO+FO) + @) + f(O + 44— 2)f (B > 5,3 7 (22)
SOLUTION 3.73

Solution by Soumava Chakraborty-Kolkata-India

Ve +y3<yx2+y2 o (P +y)2 < (x?+y2)3 (vxy=0)
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=4 2x3y3 < 3x2y2(x2 _|_y2) P {3(x2 +y2) _ ny}xzyz >0
e x*y*2(x — y)* + (x + ¥)?} = 0 > true
SR Y <P+ Y (1)

Again, x* + y* < x? + y2 & x* + y* < (2% + yP)?

& 2x%y? > 0 > true ~ xt + y* < Jx2 +y2 (2)

(1), (2) = /x" + y" < \/x2 + yZistrue, forn = 3,n = 4

Let us assume 'Vx" +yr < \/ x2 + y? holds true

for n = k (some integer > 4); we shall prove.

Then show that 7i/x" +yn < \/ x% + y? will hold true for n = k + 1 as well

o (x4 yk+1)2 < (2 + y2)1 (q)

By our assumption, '{/x" + yk < \/ x2 + y?
= (x+y9)" < @2 + YD)k (3)

Now, (x* + y?)!*1 = (x? + y») (x® + y»)*

> (x2 + y?)(xk + y")z (by our assumption and by using (3))
= (% + y2) (a2 + y?* + 2xkyk)
= x2kt2 4 y2h42 | y292k 4 g ykt2yk 4 3242k o g ykyket2 é (a1 4 yk+1)2
& (xy")2 + (yx")2 + 2xkyk(x?2 + 92 —xy) = 0
< (xyk)z + (yxk)z + 2xkyk {i (x+y)?+ Z (x — y)z} > 0 - true,

X,y =0=aistrue

So, whenever 'i/x" +yr < \/ x2 + y2istrue forn = k (k = 4,k € N), then,

“am+ym < \/x% + y2is true forn = k + 1 as well.

Hence, by the principle of mathematical induction,

at+yr < Jx2+y2 (b)(V)n=4n€eN

(b), (1) = /x"+y" < x2+y? Vn=3n€EN
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n
z Vai+yi < (n—2)/x% + y?
i=3

SOLUTION 3.74

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

1 k
Ina=x 1+xk 1+E 1+kaauchy
Inb=y z( 2 ) + 2 +(—2 ) =
2016 =keN

(2 A\

2(¥>k+k Y /|+<22—y)k=(ﬁ)"+ L ()2

(Vx)"

(AM - GM)y =3 - 3\/(\/})" : (\/xiy)k - (p)k = 3.

SOLUTION 3.75
Solution by Nirapada Pal-India
a+b+c 3a+3b+3c

3 9
a+b+c+2(a;b)+2(b-zl_c)+2(c-|2_a)
- 9
1
AgM b <“+‘b)2 (b+c)2(c+a)2 ° _labc(a+ b)2(b + c)%(c + a)?

SOLUTION 3.76

Solution by Nirapada Pal-Jhargram-India
Forx,y,z € (0,%),cosx <l,cosy<lcosz<1

So,

tan x tany tanz

siny+sinz sinz+sinx sinx+siny

sin x 1 siny 1 sinz 1

- siny+sinz cosx sinz+sinx cosy sinx+siny cosz

sinx siny sinz

[sincei > 1, etc.] = 3 by Nesbbit.
cos x 2

siny+sinz = sinz+sinx  sinx+siny
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tan x tany tan

z 3

+
siny+sinz sinz+sinx sinx+
SOLUTION 3.77

Solution by Soumitra Mandal-Chandar Nagore-India

2 < 0 for

-1 no_ _
We have, (tan™ " x)" = T =

>
siny 2

allx =0

So, arctan x is concave. Applying Jensen

1 _,(a+bh _L(atb+
§Ztan ( 2 )Stan (—

3

cyc
similarly,
Z tan la < i
-2
cyc
so,
q(at b 1
Z (2 tan (T) + tan c) <
cyc
SOLUTION 3.78

Solution by Nirapada Pal-Jhargram-India

@60

a+b+c
WeighteécM_AM a (g) +b (%) te (%) B (d +e+ f)‘”b“ B (
- a+b+c “\a+b+c B

SOLUTION 3.79

Solution by Redwane EIl Mellas-Casablanca-Morocco

C)__1I
6

~| g

(“+b)=(a+b)!_(a+1).__(a+b)

a ab b!
[(@a+1)..(a—2+b)](a—1+Db)

(a+b)

[3.4...b] 2
AIso,aZZ:(vk=3,...,b):a—2+k2k=>[

So (a Z b) > (a—1+12))(a+b) (%)
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Theny, (¢ FP) > pletedeh) 520D _ 27 = 200

A Generalization of Daniel Sitaru’s binomial inequality

Leta,,..,a, > 2 € Nsuchthata, +---+a,, =33n+1forn > 3.

So, (aljlaz) + (az‘;ag) 4ot (a";;:a") > 66m + 2.

For a proof, see my proof in the case n = 3.
SOLUTION 3.80
Solution by Serban George Florin — Romania
fx)=a*+b*a*+b*>a+b (V)xeER
= f(x) = f(1) = x = 1 minimum point.
f'(x) =a*Ina+ b*Inb
T.Fermat= f'(1) =0 =alna+ blnb
gx)=a*+b*+c5,a*+b*+c*>a+b+c (V)xeER
g(x) = g(1) = x = 1 minimum point
T.Fermat g'(1) =0 g'(1) = alna+bIlnb+clnc=0
h(x)=a*+b*+c*+d*5,a*+b*+c*+d*>a+b+c+d
(VM)xeR
h(x) = h(1) | (V)x € R = x = 1 minimum point
T.Fermat=> h'(1) =0 =alna+ blnb+clnc+dind =0=>
dind =0
d+#0=>Ind=0>d=1
=clnc=0,c#0=Inc=0=>c=1
alna+blnb=0
=Ina*-b’=In1=>a%-b" =1
> a3 . p3b =1
=>a3-p¥P.c*.d=1-1-1=1
SOLUTION 3.81
Solution by Rozeta Atanasova-Skopje-Macedonia
Let a = sinhx and b = sinh y.

(sinh x)’ = cosh x and (cosh x)' = sinh x and cosh x > sinhx =
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coshy — coshx < sinhy —sinhx .. (1)

tanh 0 = O and (tanhx)’ =

= tanh == yT .. (2)
2(Vb2 +1—Va? + 1) 2(cosh y — cosh x)Z () 2(cosh y — cosh x)
LHS = = — - ; :
b? — a? sinh? y — sinh? x sinh y + sinh x
2 Zsmhismhy id (2)

= 2 y y z =2 tanh T < y — x = arcsinh a — arcsinh b
2 smh— cosh——

— b+VbZ +1
=ln(b+ b2+1)—ln(a+ a2+1)=lnm=RHS

SOLUTION 3.82
Solution by Ravi Prakash-New Delhi-India
Put
a=xsin?z+ycos’z>0

b=xcos’z+ysin?z>0=>a+b=x+y

(x +y)? Xy
(x sin?z + ycos?z)(xcos?z+ ysin2z) y «x
a + b)? a b x
_@tby x vy _a b X Yo
ab y x b a y Xx
a b
v—+—-—>2Vab>0
b a

SOLUTION 3.83
Solution by Soumitra Mandal-Chandar Nagore-India

Applying Weighted AM > GM;

C'(a-cl:c>+d'(%> 2{(a+C)C.(b+d)2}m

c+d c d
(a+b+c+d)c+d (a+C)C (b—i—d)d
> (— — > .
c+d c d

s@a+b+c+d)t-c¢-di>(c+d)-(c+a)-(b+d)?
SOLUTION 3.84

Solution by Soumitra Mandal-Chandar Nagore-india
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2 2 AR 1
ToinZx T VT s < — + :
y+sin®x  y®+sinx yVsinx [ysinx

1 1 1 1
— =
yﬁ + sinxvsinx — yvsinx + \/;sinx

We need to prove,
S i+; 4L ’ = 0, which is true
ﬁ Vsinx ﬁ Vsinx =
wy>0,r>x>0,sinx >0
SOLUTION 3.85

Solution by Ravi Prakash-New Delhi-India
Let f(x) =6In(x+VxZ+1)—6x+x3x>0

6 X
"(x) = 1+ }—6+3x2,x>0
f x+\/x2+1{ Vaz+1
6
=——+3(x*+1)-9
x2+1
>m(x2+1)3—9=0 Vx>0

= f(x) increases on [0, )

=>f(x)>f(0) vx>0=f(x)>0 Vx>0
:>6ln(x+\/x2+1)>63|c—x3 Vx>0

6
= (x+VaZ +1) >ef* " vx>0 (1)

Next, let

glx) = 6ln(x—\/x2 + 1) +6x+x3x>0

6
g (x) = - +6+3x%,x>0
x-+1
I 1 2
:g(x)=6(1—x2—+1)+3x >0Vx>0

~ g(x) increases on [0,0) = g(x) > g(0) Vx>0
=>6ln(x—\/x2+1) >—6x—x3 Vx>0
6
=>(x—Vxz+1) > e yx>0 (2

Puttingx = bin (1), x = ain(2),
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(with a,b > 0) we get

(a - \/az—-l-l)6 (b + \/1)2—-1-1)6 > gbb-b* . g-6a-a’

:(b+m)6
(a+\/a2+1)6
VYab>0

> e(b—a)(6—a2—b2—ab)

SOLUTION 3.86
Solution by Ravi Prakash-New Delhi-India
E = (a®? + b%> + ¢?) + (ab + bc + ca)(sinx + cos x + sinxcos x) > 0
Ifab + bc + ca = 0, then write
E = (a? + b?> + ¢* —ab — bc — ca) + (ab + bc + ca)(1 + sinx)(1 + cos x)

[(a—b)?>+ (b—c)?>+ (c—a)?] + (ab + bc + ca)(1 + sinx)(1 + cosx) > 0

N | =

Ifab + bc + ca < 0 and sinx + cos x + sinx cos x < 0,
still E > 0.
Ifab+ bc+ca<0

and sinx 4+ cosx + sinxcosx > 0,
. . 1
then sin x + cos x + sin x cos x < \/§+E< 2

Now, write
2E = 2(a? + b? + ¢?) + (sinx + cos x + sin x cos x)x
{(a+b+c)? —a? — b? — c?}
= (a? + b? + ¢?)(2 — sinx — cos x — sinx cos x) +
+(a+ b + c)*(sinx + cos x + sinx cosx) = 0 = E > 0 in this case
Thus, E>0 Vab,cx€eR

SOLUTION 3.87

Solution by Ravi Prakash-New Delhi-India

a? b? c? 1 1 1
Now, 0 +28, =x* (G + 5+ ) +9* (G +37 + )

z%(a* + b* + ¢b)
2 2

+2 <1+1+1>+2 (ab + bc + ca) + 2 L +aLZ
Y g tpte xz(a c+ca e\t t
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a , 1, 2 2b*
=|5z* +ﬁy + b*z +Bxy+2abxz+7yz +

p>* , 1 , ., 2 2¢?
+ z* +ﬁy +c'z +zxy+2bcxz+Tyz +

+ ¢ 2+1 2 4 42+2 +2 +2‘l2
— X -y a'z —X caxz —YVZ
a? czy a y c y

( 1a b? )2 (b : i )2 (ac : i )2 =0
= bx+ y+b°z| + cx+by+cz + x+cy+az =
SOLUTION 3.88

Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

T cosa sina cos b sinasinb 93
IabE(O'—)then < —
f a, ’2 1+cos*a = 1+sintcost*b = 1+sinta-sintb 10

Put x = ,y = ! ,Z = ! (x,y,z>0)
cosa sina-cos b sina-sinb
We have:

cos?’a + (sina - cosb)? + (sina - sinb)? = cos?a + sina=1=

1 1 1
= F + }7 + Z_z =1
We h cosa sina-cos b sina-sinb %
€ have 1+cos*a  1+sin*acos*b = 1+sinta-sinbh — 10
1 1 1 3 3 3
§+y+;<9\/§ x+y+z<9\/§
= =
1 1 1~ 10 xt+1 y4—|—1 z*+1~ 10
1+ % 1+ 2 1+ vy
X y
x3 27V3 1 21V3 x3 27v/3+21y/3-x2
Wehave - < S0 %1 100 ~ @11~ 10022

= 100x° < (27V3 + 21V3x?)(x* + 1)
= 21V3 - x® —100x° + 27V3 - x* + 21V3 - x> + 27V3 >0 =
= (x —v3)(21V3x% — 37x* — 10V3x® — 3022 - 9V3x - 27) > 0 =
S (x—v3) (21V3 - x* + 26 - x* + 16V3 - 2 + 18x + 9V3) > 0

y3 27vV3 1 21V3 z3 27v3 1 | 2143
TS and —— < ‘=
y4+1 = 100 y 100 z4+1 = 100 z 100

Similarly, we have

x3 y3 z3 27vV3,1 1 1\ 63V3 90V3 93
= + + <o (Gt o) =T
x*+1 y*+1 z¥+17 100 \xZ2  y2 22 100 100 10
The equality occurs when
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V3
x=y=z=\/§=>cosa=sma-cosbzsma-smbz—

2
We have cos a = \g_g = sina=_|1-— (?) = ‘g—ganda = arccos (ﬁ)

Wehavesina-cosb=sina-sinb=§=>sinb=cosb=g=>b=§=>QED

SOLUTION 3.89

Solution by Boris Colakovic-Belgrade-Serbia

AM-GM
be® + ce® + ae® > 33 abcertbtc = 31/eatb+e
b 1 b a+ b+ cAM—GM
In(be® + ce® + ae‘) > In3 +3me™* =3+ ——— > In3+1

be® + ce? + ae‘ > e"3* 1 =¢e.e"3 = 3¢ > 5

SOLUTION 3.90
Solution by Soumitra Mandal-Chandar Nagore-india
(2 -—1D)O*—1)(2° - 1) + x%y* + y*2z° + z6x% — x? — y* — 2% = x?y*z6 -1
x’y*z® — 1 > 6yz? l_[(xz -1)
cyc
X -1DO-1DE-D+x220* -1 +y*(2z°-1)+2°(*-1) >
6yz*(x* - 1D(y* - 1)(z* - 1)
o l_l(x2 -D{O?*+1D(E*+22+1) - 6yz*} +x*(y* - 1) +
cyc
+y*(z® — 1) + z6(x%* — 1) > 0, which is true since x,y,z > 1 and
Y+ 1)(z* + 2% +1) > 6yz*
~x?ytz® —1 > 6yz? l_[(xz -1)
cyc
SOLUTION 3.91
Solution by Sanong Hauerai-Nakon Pathom-Thailand

x+y+z)?
arctan x* + arctan y* + arctan z* > *

3

x,y,zZ > 0 and x> + y* + z* =

Definition y = arctanx,x € R and —g <y< g
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Iffx=tany,x € ]Rand—g <y <§
Proof give arctan x*> = A Ifftan A = x>
arctan y? = B Ifftan B = y*

arctan z? = C Ifftan C = y?

(x+y+2)?

considerggtanA+tanB+tanC=x2+y2+zz2 5

(x+y+z)2

Iff%(tanA+tanB+tanC) e

and since x* + y* + z% = g
Hence, A,B,C = 0,tanA,tanB,tanC > 0

andA > tanA,B >tanB,C = tan(C

(x+y+2)?

Hence,A+B+C2%(tanA+tanB+tanC)2 ”

2 S (x+y+2)?

Therefore arctan x* + arctan y* + arctan z% > .

SOLUTION 3.92

Solution by Geanina Tudose —Romania

By GM < AM we have
n—-1
———

n 2v/ab 1+1+...+1+1+---+2°+a2
1-1-...-1~<1 )s a
—_— a+b n

n-1
n-1

" 2v/ab 1+...+1+1+2“+“Z

1-...-1-<1— )s a

—_— a+b n

n—-1
1 1 2vab 2vab
. 2vab\n 2Vab\* _ nt+ -
Summing up, we have (1 + a+b) + (1 - a+b) < + - th — 9

The inequality is strict, since 1 + za\/f #1,a,b>0

SOLUTION 3.93
Solution by Ravi Prakash-New Delhi-India

Let 6 =§,70 =1 = sin 30 = sin(mw — 40)
= 3sin @ — 4sin3 0 = 4 sin 0 cos 0 cos 20

sin? 0, sin? 20, sin> 30 are roots of
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(3—-4t)>*=16(1-t)(2t—1)?> > 64t3 —112t>* + 56t —7 =0

56
1 N 1 N 1 Ysin®6sin® 26 _@_8
sin?@ sin2260 sin2360 sin?@sin220sin230 7
64
Now, by C-S inequality
90 P Y V@b ¥ heFoa |y + g5+ =
sin@ ' sin20 ' sin30 o €T |sin2@ " sin226 ' sin?36

<+ya?+b%+c2/8=vV2V8=4
SOLUTION 3.94
Solution by Chris Kyriazis--Greece
The function f(x) = 2*In2 + 4*In4 + 8*In 8
x € Ris strictly convex and positive for every x € R

So, using the Hermite — Hadamard inequality we have: (if x > y)

) -

2" +4*+8%— (2 +4Y+8Y) _xty x+y x+y
Xy >22In2+42In4+82 In8=

xty x+y\2 x+y\3
=272 ln2+<22) -21n2+<22> 31In3

AM—-GM 6 xty / x+y\% x+y\ 9 6|, x+y\14
S ln2-6\/22(22> -(ZT) — In26- (ZT) —In64- Y1287

SOLUTION 3.95
Solution by Soumava Chakraborty-Kolkata-India

sinz 3
2 ) > C0SZ

Let’s prove that Vz € (0, g) , (
(sinz)?® > z3 cosz © sin® ztan z > 73
Let f(z) = sinztanz—2z3 f(0)=0
f'(z) = sin? zsec? z + tan z (2 sin z cos z) — 3z
=tan’z + 2sin’z-3z2=g(z) g(0)=0
g'(z) =2tanzsec?z + 4sinzcosz — 6z = 2(h(z)); h(0) = 0

280



h'(z) = (sec?z)? + (tanz)(2secz)(secztan z) + 2(cos? z — sin®z) — 3
=(1+tan?z)? +2tan’z(1 + tan?z) + 2(2cos?z—1) — 3

4 1+6)3+2t(1+)2+4-51+t
_(1+t)2+2t(1+t)+——5—( ) ( ) ( )

1+t 1+t
1+ + (3t) + 3t + (2t) + 263 + 4t> — (5t) 3t + 7t?
- 1+t 14t ’

(t=tanz > 0)
~h'(z)>0and h(0) =0 = h(z) >h(0)=0=g'(z) >0and g(0) =0
= 9g(2) > g(0) = f'(z) >0and f(0) = 0 = f(z) > f(0) =

sin z\3 T
) > CcOoS Z VZE(O,—)
z 2

= sin®ztanz > z3 =>(

3 L3
(S’;y) > cosy and (%) > cos x

. sin y\3 . sin x\3 . . .
ﬁsmx( y ) +smy( p” ) > sinxcosy + sinycosx = sin(x + y)

SOLUTION 3.96
Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

Ifme N, m = 2 then

2 (T 11m 13 21w 3 mT_Z
m+ tan (%)+tan (36>+tan (36>+tan (36>>2+<1_6)
We have
tan? (131—6”) > tan? (E) =1 = tan? (£)+tan2 (1316) ( ) (31:) >1
T 11m 13m
= m + tan? (36)+tan(36>+tan2<36>+tan( >>m+1>3
=>m+tan( )+tan( )+t ( ) (21")>3(1)
On the other hand, we haveTZO (Sincem > 2)
m-—2 m—2

s(2)m <1=2+(2) 7 <3 2
21w =2

(1) and(2)= m+ tan? ( )+t an ( )+t (133;)+tan2 (¥)>2+(13—6)T
SOLUTION 3.97
Solution by Ngoc Minh Ngoc Bao-Gia Lang-Vietnam

Use Cauchy — Schwarz inequality:
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P )+ () (2)2

n

S

a a
a\" a,\" a,_1\" a,\"
ol e (2 2]

a; as a, a;

nlay a a, 1 a nl/a\2 [a,\2 a, 1\2 /a,\>
an_l._z.___. " 1._n+2,,j(_1) (B () (@)

a, as a, a a; as a, a
in2" (al)z (az>" (an_1>2 (an>2 n*(n+1)
a, as a, a, 2

n2(n+ 1))2 _ n3(n+1)>2
2 - 4

= LHS (*) 2 RHS (%)= 2 -
Equality whena, = a, = --- = a,,
SOLUTION 3.98
Solution by Abdul Aziz-Semarang-Indonesia
Sincea+ﬁ+y=§then
tanatanf + tanatany +tanftany =1

©SA+B+C—-15=1<A+B+C=16
By CS,

VA+VB+VC<J(1+1+1)(A+B+C)

e VA+VB+VC<V3-16 =43
SOLUTION 3.99
Solution by Rozeta Atanasova-Skopje-Macedonia

a>b>2c>m,<m,<m,=>
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by Chebyshev’s sum inequality
LHS < g(ma +m, +m,) (cos2 g + cos? + cos ) (1)
Butm,+my,+m.<a+b+c (2)
because (2m.)? = a* + b?> — 2ab cos(4 + B)
=a?+ b*+2abcosC < (a+ b)* =
2m, < a + b, and similarly
2my<a+c
2m,<c+b
2(mg+my +m,) <2(a+b+c)

On the other hand

23 _3 4 1 (cos T + cos ™ + cos o)
> t3(cos—+cos—+ cos— (3)

2T 22w
cos*— + cos® — + cos” —

Let’s consider the solutions of z7 — 1 = 0 =
7

7
ZZk=O=>ZRe(Zk)=0:
k=1

k=1
0 0+ 2 N 4-1l'+ 61l'+ 81r+ 101r+ 121
= cos cos— + cos— + cos— + cos— + cos— + cos —
7 7 7 7 7 7
2w 4t 6m 2m 4 61 1
=1+2 (cos7 + cos7+ cos7) = cos7+ cos—- + cos—=— (4)

From (1), (2), (3) and (4) =

LHS < - ( +b+ )(3 1)—25 IS—SS—RHS
@ 274732476 "
SOLUTION 3.100
Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

Ifa, b, c € (4, +x) and abc = 211, Prove that

2. gin*® 2.-2_")(2.-2_" 2.-2_")(2.-2_" 2.-2_”) 16
(a sma+(a+1) sin— b*-sin—+ (b+1) sin—J(c smc+(c+1) sin— > 2

Lemma: sinx > lfx € ( Z)

Since 2—” € (0, E) and Z—n € (0, g), applying the lemma, we have:

2 2m 4 . 21 2 2r 4
sm—>— —=-andsin—>--—=—
a a a+1 T a+l a+1
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We have a? - sinZ + (a +1)? - sin=>a? -2+ (a+1)? — =
a a+1 a a+1

=4a+4(a+1)=8a+4>2V8a-4

Similarly, we have b? - sinZT" +(b+1)?- sin% > 2v/8b - 4 and

21
1>2\/8c-4

21
c? - sin—+ (c + 1)? - sin
c c+

So

21 21 21 21 21
2 ¢in— 2 ¢j 2, ¢in — 2. ¢j 2. ¢in —
(a sin a +(a+1) Sma+1) (b sin b +(b+1) Smb+1) (c sin p

21
+(c+1)2-sinc+1)>2\/8a-4-2\/8b-4-2\/8c-4=8\/83-abc-43

2. sin%® 2. s5in2%) (b? - sinZ 2. sin 2= (¢2 - sin®®
:(a sin— +(a+1) sma+1) (b sin— +(b+1) smb+1) (c sin—+
2 oin 2T Q3 .7211.43 — 916
(c+1) smc+1)>8 83.211.4 2
SOLUTION 3.101

Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

IfneN "n>2ab,c>1a+b+c=3""then

("\/a+'{/5+i/a—'i/ﬁ)(i/b+'{/Z+"\/b—'{/3><i/c+’{/5+i/c—%><18

By AM-GM, we have:

1 1 (Tl—l)'%+%+ﬁ 1
n n n n n-— n Tla n
va+ va = a a+ — | < =vVa+——m=
\/_ (\/_) <\/_ (%)n 2) n \/_ n(%)n 2
Similarly, we have \/a — YVa < Va — %
n(Va)
>Va+Ya+Va-Ya<2 -Ya (1)
a+(n-1)-3"

On the other hand, by AM-GM we have \/a - (3")"1 <

n

N % < a+(n-1)3"  a+(n-1)-3 (2)

n/@3mn-1 ~ n3n-l
(1), (2) > Va+Ya+Va - Va <220 DF

n-3n-1

similarly, we have Vb + /b + \'b — ¥b < 222203 5g

n-3n-1
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n n 2c+(n—1)-3"
\/c+’%+\/c—’%s ( _)
n-3n-1

=>("\/a+’{/E+ija—'%/E>+<"\/b+’{/3+"\/b—’{/5>+<"\/c+'%+"c—'VE)S

2a+(n—-1)-3" 2b+(n—-1)-3" 2c+(n—-1)-3"
= n.3n—1 n.3n—1 n.3n—1

:><"\/a+’{/a+"a—’{/&)+<i/b+'%+i/b—%>+<"\/c+%+"c—’{/E)S
2(a+b+c)+3(n 1)-3"_2:3"+3n-1)-3" m+1)-3"" 9n+1)

. 3n-1 n-3n-1 - n-3n-1 - n

9(n+1) <18

Since == < 2= —

so(Va+Va+Va-¥a)+ (\/b+'{/—+x/b Vb) + (Ve + Ve +Ve—¥e) <18

The equality doesn’t exist

Therefore,

<n\/a+'{/ﬁ+"a—’(/&)+<"\/b+'{/3+"\/b—'{/3>+<i/c+’{/5+nC—W)<18

SOLUTION 3.102

Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo a,b,c,d > 0, de tal manera que a + b + ¢ + d = 1. Probar que
a®+b3+c3+d3+3(ab+ac+ad + bc+ bd + cd) >
> 1+ 6(abVcd + cdVab)

Aplicando la siguiente identidad conocida
(x+y)3=x*+y3+3xy(x+y),dondex=a+by=c+d
S@a+b+c+d3=(@+b)2+(c+d)?3*+3(a+b+c+d)(a+b)(c+d)
=>1=a3+b3+3ab(a+b)+c®+d3+3cd(c+d)+3(a+b)(c+d)
=1+3ab(c+d)+3cd(a+b)=a3+b3+c3+d?+3ab(a+b+c+d)+
+3cd(c+d+a+b)+3(a+b)(c+d)

=1+ 3ab(c+d) + 3cd(a+ b)
=a®+b3+c®+d3+3ab+3cd + 3(ac + ad + bc + bd)
=1+ 3ab(c+d)+3cd(a+b) =a+b3+c3+d3+3(ab+ ac+ ad + bc + bd + cd)
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Comoa,b,c,d > 0
Aplicando MA = MG
>a’+b3+c3+d3+3(ab+ac+ad+ bc+bd+cd) =
=1+ 3ab(c+d)+3cd(a+b)=>1+ 6(ab\/a + cd\/E)
SOLUTION 3.103
Solution by Ravi Prakash-New Delhi-India

Consider the expression

n+1

=] ]
B a+k

k=1

We split this expression into partial fractions.

n+1

g 1 1
‘kZl(—m1)(k+z)...(—1)(1)...(n+1—k)'a+k
n+1 n+1
(—1)k-1 n! 1
Z n! (k—l)!(n+1—k)!'a+k n'z(_ )kl k 1)a+k

Also,a+n+1>1

18 1 1 1w 1)
S YRR a3
n!kZ1( ) (k—l)a+k < a+k \n 1a+k

k=1 k

i_z(_)“k 1) kS zaik>

1

SOLUTION 3.104

Solution by Ravi Prakash-New Delhi-India
i () - 222y > (2n = 2)amy" (1)
If x = 0 ory = 0, there is nothing to prove.
-~ suppose x,y > 0

Now, (1) can be written as

n

n-2k
z x-2kyZlon > om _ Z@Z () > 220 _
y

k=1
If nis odd,
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SOE™ X 06 w06
=2 () ((;)nk - (%)Hk> 2 Y (1)- i ()=

2] 1sks[z] k=

If nis even,

> (e

> Y MO TGO T (1) -2 Y OO

SOLUTION 3.105
Solution by Ravi Prakash-New Delhi-India

Leta,b,c >0,a+b+c+d=0

d 1 1
—3=3z(@+b+c) 2 (abc)s = —d* > 27abc

= —d3 — 3abc > 24abc = d3 + 3abc < —24abc < 0
Also, bcd + acd + abd + abc

y

X

o

= bc(—a—b —c) + acd + abd + abc = —(b*c + bc?) + d(ac + ab) < 0

- the given inequality becomes
—3(bcd + acd + abd + abc) > —d® — 3abc

Now,

—3bcd = 3bc(—d) = b3 + 2 + (—d)® = —3bcd > b3 + 3 — d3

Similarly —3acd > a3 + ¢3 — d3
And —3abd > a3 + b3 — d3
Thus,

—3bcd — 3acd — 3abd — 3abc > 2(a® + b3 + ¢® — d®) — d® — 3abc (1)

But
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aB+b3+c3 a+b+c\’ d?
3 2( 3 )za3+b3+c32—?

52 + b+ ¢ —dh) = 22 247 >0 (2)
From (1), (2) we get
—3bcd — 3acd — 3abd — 3abc = —d3 — 3abc
or 3|bcd + acd + abd + abc| > |d® + 3abc|
Equality whena = b = ¢
SOLUTION 3.106
Solution by Richdad Phuc-Hanoi-Vietnam
WLOG, assumea < b < cora = b = c. We have
LHS — RHS = (b — a)[(b + 1)e® — (a + 1)e?] + (c — a)(e® — e* — bb® + ce®)
Let f(x) = (x+1e*, x> -2
ff(x)=(x+2)e*>0,vVx > -2
f is increasing function on [—2, +0)
=>((b-a)|[(b+1)e’—(a+1)e*] =0,va b= -2
Let g(x) = xe*,x > -2
g (x)=((x+1)e*>0, forallx > -2
g is increasing function on [—2; +0)
casea<b<c

c > a
{Czc z Ze”} = (c—a)(e® — e + ce — be?) > 0

weget LHS — RHS >0
casea>b=c
{ ef <e?
ce® < be?

SOLUTION 3.107

} LHS — RHS > 0 = Q.E.D. Equality holdifa = b = ¢

Solution by Abdelhak Maoukouf-Casablanca-Morocco

%(t—l)—lnt
<0e

(-1 ~

1 1 1
Vt>1:ln(?)+1S?@?(t—l)—lntSO@
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=3 <
dt =0
lnt y lnt
1<<=>f dt>fd lnx>lny<=>
x=y x—1 y—1
1
1 =
(:)x_1>yy‘1

SOLUTION 3.108

Solution by Daniel Sitaru-Romania

AM-GM
. 4
zsinx + C0s X 2 2 Zsinx+cosx — 2\/251nx+tanzcosx —

—2 ’2\/_sm(x+ ) > 21 %\/Zisin(x+%) > 21—% _ 2%

Solution by Ravi Prakash-New Delhi-India

SOLUTION 3.109

Note: sin(n@) < nsinf® Vvn e N,0 < 6 < g

[For n = 1,sin(i@) < isin 0]
Assume sin(k0) < k sin 0 for some k € N.
sin(k + 1)@ = sin(k@ + 0) = sin(k@) cos 0 + cos(kO) sin 6
< sin(k@) + sin0 < ksin0 + sin@ = (k+ 1) sin 6
~ sin(k°) < ksin1°

10 10
> 2 sin(k°) < (Z k) sin 1° = 54 sin(1°)
k=1 k=2
SOLUTION 3.110

Solution by Abdelhak Maoukouf-Casablanca-Morocco

sinx , . . n
x—>——isa descending function on [O ; E]

So by Chebyshev:
sin x . sinx .
sz p 23251nx@2(y+x) p ZZZsmx
cyc cyc cyc cyc cyc
sinx sinx
@Ey +z Zsmx+Zsmx
cyc cyc cyc cyc
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if YXeyey % < Y.cyc Sin x similarly we’ll have

sinx .
zz sz:smx
X

cyc cyc

sinx sinx . . s
= YeyeY —+ ZCJ’CZT < YeyeSinX + Y.y c sin x False supposition

sinx

So chcyT = Yy SINX © Yoy y*zsinx > xyz YcyeSinx
SOLUTION 3.111
Solution by Ravi Prakash-New Delhi-India
For0 < a,b,c < 1, consider
A=(1—-abc)®*(1+a®>)(1+ b3 +3) -
—(1+abc)3(1-a®>)(1-b3(1-c?)
_ | (1 — abc)? (1 + abc)?
1-a3A-bHA-¢*) A+a>HA+b>A+c3)
Use C, —» C, — C to obtain
Ao | (1 — abc)3 6abc + 2a3b3c3 |
1-a>A -3 -¢c2) 2(a®+b3+c2)+2a3b3c3

Use C1 - Cl +%C2

A=2 | 1+ 3a*b?c? 3abc + a’b3c? |
1+a®b3+b3c3+c2a® a®+b3+c3+a3b3c
Use RZ g RZ — R1

A=2

1+ 3a?b*c? 3abc + a®b3c3 |
a3b® + b3c3 + c3a® — 3a®b*c? a3 + b3 + 3 — 3abc

Note that

1 + 3a?b?c? — (3abc + a®b3c®) = (1 — abc)® > 0
= 1+ 3a?b%c? > 3abc + a®b3c® (1)
Also,a+ b+ c>=ab + bc+ ca

and (a — b)*> + (b — ¢)* + (¢ — @)? = c*(a — b)*> + a®(b — ¢)* + b*(c — a)?
[+0<ab,c<1]

ﬁ%(a+b+0)[(a—b)2+(b—C)2+(c—a)2]

> ! (ab + bc + ca)[c?*(a — b)? + a?(b — ¢)? + b?*(c — a)?]

N |
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= a3+ b3 + 2 —3abc = a®b3 + b3c2 + c3a3 — 3a%b?*c? (2)
From (1), (2) we get
(1 + 3a?b?*c®)(a® + b3 + ¢ — 3abc) >
> 3abcl[a®b?® + b3c3 + c3a® — 3a?b?*c?*|=24=>0
>A—-abc)*(1+a®)A+b3)A+c3 =1 +abc)>(1-a3)(1-b3(1-c3)
Puta = x,b = y*, ¢ = z3 to obtain

1+2x3A+y9A +23) - (1 + xy?z3)3
1-x3)1 -y -23) " (A-xy?z3)3

SOLUTION 3.112

Solution by Nguyen Thanh Nho-Tra Vinh-Vietnam

Z Vx _Z X - (\/§+\/;+\/§)2
3./y +5Vz 3/xy +5Vzx  8(/xy +./yz +Vzx)
_ x+y+z 1
_8(\/x_y+\/ﬁ+\/a)+z
= LHS = rryrE AN ZARZI S S P
8(\/x_y+\/ﬁ+\/a) 8(x+y+2) 4 4 4 2

SOLUTION 3.113

Solution by Ravi Prakash-New Delhi-India

Z (a —b+3;+d>tan‘1a = %Z[(a —b)+(a—c)+(a—d)]tan"la

1 -1 -1
= §Z(a —b)(tan""a —tan" " b)
As tan~! x is increasing on (0, ),
a>b=>tan la>tan1b

~(a—b)(tan"la—tan"1h) > 0,va > 0,b >0
Thus,

b+d+c 1
z atan la> Z Ttan‘1 a> Z(bcdﬁ tan la

Next,

RSN

1 1 1
Z(bcdﬁ tan"la >4 “_[(bcd)? tan~?! a] = 4[abcdtan 'atan ' btan~1ctan~! b]2

201



SOLUTION 3.114
Solution by Le Minh Cuong-Ho Chi Minh-Vietnam
Apply AM-GM we get:

\/7((12 _ xz) — \/7(a — x)(a n x) < 7(a—x2)+a+x _ 8a;6x (1)
V7@ —y5) <22 ()
/7((12 —_ZZ) < 8a;6z (3)

and: 93/xyz < 3x+3y+3z (4)

From (1), (2), (3), (4), we get:

J7(a? — x2) +J7(a? — y?) +J7(a? — z2) + 93/xyz < 12a

II=”@x=y=Z=%

SOLUTION 3.115

Solution by Pham Quoc Sang-Ho Chi Minh-Vietnam

Holder
(ax+ by +cz)(ay + bz+ cx)(az + bx + cy) =

> [3/axayaz + }/bybzbx + i/czcxcyj3 =xyz(a+b+c)? >27xyz

On the other hand, we have xyz > (1 " 1)3
X'y z

so (ax+ by + cz)(ay + bz + cx)(az + bx + cy) = 729

3
1
x'y z

“=”a=b=c=1landx=y=12z
SOLUTION 3.116

Solution by Ravi Prakash-New Delhi-India

1 3
(@a+b)(a+c)(a+d) — (a + (bcd)é)

1 2
=a3+ (b +c+d)a*+ (bc+cd +db)a+ bed — [a3 + 3a?(bcd)3 + 3a(bcd)3 + bcd]

1 2
= a? b+c+d—3(bcd)§] +a[bc+cd+db—3(bcd)§] >0

[ AM > GM]
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> (a+b)a+c)a+d) = (a + (bcd)%)3 (1)

Similarly,
13
(b+a)b+c)b+d) > (b + (acd)i) (2)

(c+a)(c+b)(c+d) > (c(abd)%)s (3)

and (d + a)(d + b)(d + ¢) > (d + (abc)%)g (4)

Multiplying (1), (2), (3), (4) we get the required inequality.
SOLUTION 3.117
Solution by Ravi Prakash-New Delhi-India
For0 < x < %; In(1 + tan? x) In(1 + cot? x) <

In(1 + tan? x) + In(1 + cot? x) 21 ) 5 2 2 2
< = {—ln(sec X CSC x)} = (ln( - ))
2 2 sin 2x

Now, 0 < x,y,z < %;Hln(l + tan? x) [[In(1 + cot? y) =
2 2
- : <] [m(Gz)]
nln(1+tan x)(1+cot“x) < In SinZ2x

Solution by Henry Ricardo-Tapan-New York

SOLUTION 3.118

The power means inequality gives us:

nlyn n n n, 2
/x ery ZAMZGM<—><x ;’y) > AM?" > GM2"

n n n n, 2
—>z(x ty z +y> > AM?" + GM*"

2
) > AM?" + GM*" > (

SOLUTION 3.119
Solution by Ravi Prakash-New Delhi-India

SupposeO<a<b,thena<\/ab<%b<b

a+b

Let f(x) =Inx,x € [\/E, .

. . b
By the first mean value theorem, there exists ¢ € (\/ ab, %) such that
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ln(a )_ln‘/_ 1 2 <a+b) 1

2 — —
by ¢ (v \2Vab

2

- (G e

ab

c

Buta <+Vab < c¢<*=2 <b:> <= <— (2)

From (1), (2), we get

eb < (Z\/Jr_b)(f V2 ¢ ea

SOLUTION 3.120
Solution by Ravi Prakash-New Delhi-India
Let P(x) = A(x — x1)(x — x3) ... (x — x,)
P(x)=Ax—x3)(x—x3) ... (x —x,) + Alx —x)(x — x3) ... (x — 1)
+oo+Ax —xp))(x—x3) .. (X — x5-1)

Alx — x3)(x — x4) ... (x — x3) Alx — x3)(x — x4) ... (x — 1)
P'(x)=[+A(x —x)(x —x4) . (x —x) | + | FA(Xx — x1)(x — x4) ... (x — x,)
++Ax—x5) ... (X —x5_1) +o+Ax —xq) .. (X — x5-1)

Ax —x3) ... (x — x,_1)
+oot | FAX = xq) (X — Xy g)
+oo+Alx —xq1) .. (X — X5_2)

P"(x,) 2 2 2
P'(x1) x1—X2 X1—Xx3 X1 — Xp
Similarly,
n n
P"(x,) ZZ Z P"(x,;)
P(xr) =1 _x] —1 (xr)
jET
2
PIx) (P _d[P®]_dfd _ a2 _
AISO, P(x) - (P(x)) - x[P(x)] T odx [dx (ln(P(x)))] T dx? [lnlAl + lnlx xll + +
lnlx - xnl]
_d[1+1++1]_ (O SR
Cdxlx—x; x—x, x—x,] lx—x1)% (x—x,)2 (x — x,)2

P (x) P’ (x) P (x;)
Hence, 7D < (P(x)) +Yr o)
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SOLUTION 3.121

Solution by Serban George Florin-Romania

1 1

1
3\3 3 3\3
Va -sin2x-1+3Vb-cos2x-1< (%3 + b )3 (i/sinzx + VcosZ x )3 (Wg + 3\/13)3,

(Holder)

3;/a-sin2x+ i/b-coszx < i/Z(a+b), i/a-sin2x+ i/b-coszx

(i/a -sin2 x + b - cos? x) (i/b -sin2 x + ¢ - cos? x) (i/c .sinZ x + ya - cos? x) <

< i/Z(a + b)2(b+ c)2(a + c),

(i/a -sin? x + i/b - cos?2 x) (i/b -sin? x + i/c - cos? x) (i/c -sin? x + E';/a - cOS2 x) <

<23i(a+b)(b+c)(a+c)

a+b+b+c+c+a
3

(3\/a .sin2 x + b - cos? x) (i/b -sin2 x + /¢ - cos? x) (i/c .sinZ x + Va - cos? x) <4.

SOLUTION 3.122

23/(a+b)(b+c)(a+c) <2 =2-g=4,(Ma2Mg)

Solution by Ravi Prakash-New Delhi-India
(a+b+c+d—-1)>2%+@—-b)*+(c—d)?*=>0
s>a’+b*+c*+d*-2(a+b+c+d)+1
+2(ab + bc + cd + ad + ac + bd) + a*> + b* —2ab + c* + d* — 2cd > 0
=2@+b*+c*+d*>)-2(a+b+c+d)+2(a+b)(c+d)+1=>0

1
=>a+b+C+dSE+(a+b)(c+d)+a2+b2+cz+d2

SOLUTION 3.123
Solution by Daniel Sitaru-Romania

f:la,b] - R, f(x) = In(tanx)

LAGRANGE
b) — = ! b—a),ce(ab In(tanb) — In(t =—(b—
f(b) - f(a) f'(©(b—a),c € (a,b) - In(tanb) — In(tana) = ——— (b - )
n (tana> — 2(1.) o)) >2(b—a)—In (tana> > lne2®-9 tana > e2(b-a)
tanb sin2c tanb tanb

SOLUTION 3.124

Solution by Daniel Sitaru-Romania
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f(x) = 2* — xIln2 f'(x) =(2*—-1)In2 f(x)=f0)=1
gx)=3*—xln3 ->:{g'(x)=3*-1)In3 -<glx)=2g(0)=1->
h(x) = 4* — xln4 h'(x) = (4*-1)In4 h(x) > h(0)=1

fx)+gx)+h(x) 23 ->2*—xln2+3*—xin3 +4* —xln4 > 3
2* +3*+4* > xln24 + 3,vx € R
SOLUTION 3.125

Solution by Daniel Sitaru-Romania

n n
(14
anl,xz,...,xnsbaa"sl |xk£b"—>a“£| |x;{‘sb“—>

k=1 k=1
n a n a n a n a 2
<a“—ﬂx2>(b“— x;;>30e(ab)“—(aa+ba)ﬂx;+< x;;> <0
k=1 k=1 k=1 k=1
Ty e e (ab)e
nxk +(ab)“s(a“+b“)l_[x2—>l_[xz+ ESa"‘+b"‘
k=1 k=1 k=1 k=1 x}:

SOLUTION 3.126
Solution by Ravi Prakash-New Delhi-India

k
ForkeN,nEN,(1+%) 21+§

n k n
p(1+2) = 14+3) > AN 0
p(1ep)=Y a(1+y) 2> a(1+;) [rac>0
=0 k=0
n n 1
= a + ZkakzP(1)+—P’(1)
k=0 k=1 n

S|

SOLUTION 3.127
Solution by Soumitra Mandal-Chandar Nagore-india
Applying Weighted AM=>GM;
“Vab? > %b, "*bbcc > %and “Vcca® > c;—a
a+b

[e=[](5%) = [Te= 150"

cyc cyc cyc cyc

Again applying Weighted AM > GM;
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a+b+c

athb _a+b a+b+c
H(a+b)2 - chc( 2 ) :(a+b+c>
2 - (a+b)/ (b+c)/ (c+a)/ 3
cyc 2 2 2
(a+b)/2+(b+c)/2+(c+a)/2
a+b+c
> (abc)” 3

SOLUTION 3.128

Solution by Daniel Sitaru-Romania

1 1 (x-1? _ o 4 _
—_—————_— - —_
1+x%2 2x 2x(1+x%2) — f — decreasing

X1 < X = f(x1) 2 f(x5)

d Xp — Xp—
z tan 1l —— = Z tan~! k1 E(tan‘lxk —tan"1x,_,) =

1+ Xk-1Xk 1+ Xk-1Xk

f(x) =tan"'x — lnTx - f'(x) =

X 1 1
=tan x, — tan"1x; < In ’x_: o tanlx, — Elnxl > tanlx, — Elnxn o

o flx1) 2 f(xp)
SOLUTION 3.129

Solution by Ravi Prakash-New Delhi-India
Consider
(a® + b%)(a® + b®)(a® + b®) — (a + b)(a® + b%)(a'! + b11)
= (a3 + b3)(a' + a®b® + a®b® + b'*) — (a + b)(a'® + ab'! + al'b® + b1%)

— al7 + al1b + a®b® + a3b™* + b17 + bl + a®h° + al*h? -

—[a'” + a®b* + a'?b> + ab'® + b7 + a''b® + b'%2a5 + a'®b]
— a®bB + aBh° + b + al*b? — al2b5 — aSh1% — abl® — al6p

= a’b®(b3 — a®) + a®b?(a® — b3) + ab'*(a? — b?) + a'*b(b? — a?)
= a’b®(a® — b3)(b% — a®) + ab(b® — a'®)(a®> - b*») <0
= (a® + b*)(a® + b®)(a® + b®) < (a + b)(a® + b%)(a'! + b11)
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(a® + b3)(a® + b®)(a® + b®) .
@t b)@ 1 b5)(at  pin) S 1S 1+siné

0<0<m
SOLUTION 3.130

Solution by Soumava Chakraborty-Kolkata-India

5= () () ) 5

(x-1)2-2x+5/ \(z-1)2-2z+5/ \(y-1)2-2y+5
x+2 y+2 z+2
= tn( )( )( )+3
(x—1)2-2x+5/\(y—1)2-2y+5/\(z—1)2-2z+5
_1 ( x+2 )+l ( y+2 >+l ( z+2 >+3
“Ma-z—2x+5) T ™M G-12—2y+5/ T ™M \z-1)2-22z+5
x+2
Letf(x)—l—x+ln(m)Vx20

f(0)=1-In3<0

o =0 +2) 3
f(x)_(x+2)(x2—4x+6) cx2—4x+6=(x—-2)>+2>0,
~f'(x) >0vx €(0,1)
f/(1)=0and (1) = ( ) lx=1 < 0

~ f(x) attains a maximaat x = 1 and f(1) = 0and f'(x) < 0Vx € (1, )

x*+8x3-48x2+32x-20
(x+2)2(x—4x+6)2

~ f(0) < 0 and then f(x) increases and at x = 1, it reaches a maxima with f(1) = 0 and
then f(x) decreases
& X €[0,0),f(x) <0=Vx € (0,0),f(x) < 0 with equality at x = 1

=>Vx>01—-—x+ ln(&_l;ﬁ) < 0 with equalityat x =1 - (1)

(2
oy . o

3)
z+2 . . _
—(2—1)2—22+5) < O with equalityatz = 1

x+2 y+2 z+2
(1)+(2)+(3)=3 - Xx+In ((x—1)2—2x+5> tin ((y—1)2—2y+5) +in ((2—1)2—22+5) =0
Vx,y,z> 0

z+2 y+2 x+2
=>Vx,y,z>0,x+y+z=>1ln (—(x_1)2_2x+5) +In (—(z—1)2—22+5) +In (—(y_1)2_2y+5) (proved)
SOLUTION 3.131

Similarly, Vy > 0,1 —y + ln(

and,‘v’z>0,1—z+ln(

Solution by Soumitra Mandal-Chandar Nagore-India
Let f(x) = 2xe* forallx >0

f(x)= 2e* + 4x2e"2,f”(x) = 4xe* + 8xe* + 8x3eX > Oforallx >0
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Hence f is convex -. applying Hermite — Hadamard Inequality.
b

f(a):f(b)Zbiafbf(x)dxzf(a;b):biaJ‘erxzdxzz(a-l_b)e(%b)z
ﬁ—eb;:zazz(a+b)<1+(%b)2) ve*>1+x

2
eb”—

aZ
- Z > (a+ b)(1 + ab) (proved)

SOLUTION 3.132
Solution by Ravi Prakash-New Delhi-India

Let ¢ > 1. By the Cauchy’s mean value theorem, there exists a € (1, c) such that
o1 _ 9a
8-1  8a’
Casela =b =1, then
> ob%kak 9
Yr—obka’k )

9 9
= E(Z > P (1)

Case2a # b. leta>b = 1.Put§=c> 1. Now,

¥8_ b8 kak = bs(:_"l—l) and ¥7_,a’ % bk = b7(:_81—1)
Thus,
8 ob®¥kak b(®-1) 9 9
YT bk -1 ~8°°8
[~ b=>1]

SOLUTION 3.133

Solution by Soumava Chakraborty-Kolkata-India
From the graphs of y = e*andy = x + 1, itis clear that: Vx,e* > x+1 - (1)
ab (a)
Choosing x = a? — 1 in (1), we get: e — 1 >al = iz_b =e
b€ (b) c® (o) a® (d) cb (e) b (f)
Similarly,e— > e,e— > e,e— > e,e—b > e,e— =>e
b€ ca a‘ c ba

ab+b¢+c+a+cl +p2

(a) - (b) - (c) - () - (€) - (F) = o — = €°

SOLUTION 3.134

Solution by Daniel Sitaru-Romania
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>0

(0) = %~ 2VEf() = & ~ = () = & 4 —
f(x)=e x,f'(x)=e \/},f x)=e "

Jensen b
f@+fm+f© = 3f(25 ) o

atb+c a+b+c
oce'—2Ja+e?—2Vb+e —2Vc=3e 3 -6 /T>

2

a+b+c a+b+c a+b+c
3(T+1)_6 —3 3\ |73 1) =0°

e® +eb + e

\/E+\/E+\/E>2

e*—2Ja+e’—2Vb+e‘—2Vc>0-

SOLUTION 3.135

Solution by Soumava Chakraborty-Kolkata-India

2 O (i)
s <sinfa+sin’p <1
(vV2)

A=>=>B+C=>>a+B=7>sinf=cosa (1

T T
'.'a+ﬂ=§,-'-0<a,,8<E=>O<sina,sin[§<1'.'922

(@) (b)
~sina < sina & sin? B < sin?B = cos*a

(a)+(b)= sin® a + sin® B < sin? a + cos? a = 1 = (ii) is true (*)

T T T T
Leta—z+x & ,B—Z—x, _Z<X<Z

. 2 . (n_l_ ) cosx + sinx % si ﬁ(s) <1r+ ) cosx — sinx
~sina = sin(—+x)=————— & sinff = cos(—+x)=——+——
4 V2 4 V2
6 ]
(2), (3) = sin a + sin® B = (\/1)9 [{(cosx + sinx)?}z + {(cos x — sin x)z}i]
2

(i) 1
v2)’

From Bernoulli’s inequality, we have,

I(l + sin Zx)g +(1+ (~sin Zx))gl

Vr>1&Vvt>—-1,1+t)" =>1+rt (5

1r<2 <1r 1<sin2x<1
w—— x< =, — sin2x
2 2
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So, v sin2x > —-1&3 21,
7]
~(1+sin2x)z2>1+ g -sin2x (5)
Again, w —sin2x> -1 & 2> 1,

~(1+ (-sin Zx))g >1+ g (—sin2x) (6)

2+gsin 2x—gsin 2x 2 . .
2 = —— = (i) is true (*)
(2) (v2)

(5) + (6) along with (4) = sin® a + sin® g >

SOLUTION 3.136
Solution by Ravi Prakash-New Delhi-India

4 3
Let f(x) =x3;g(x) =x2,a<x<h.

By the Cauchy’s mean value theorem 3c € (a, b), s.t
4

fb)~fa) _f(c) _bi-ai_4 2 3 8(1) A RE
i .
2

I -g@ g© 3 2 331

SOLUTION 3.137

Solution by Marian Ursdrescu-Romania

Inequality < a(logybzc x +10g,b.cy +10g,sc z) > Sa

~ b+c
1 N 1 4 1 - 3 1 N 1 N
&
log, y?z¢ " log, zbx¢ " log,x’y¢ " b+c blog,y+clog,z blog,z+ clog,x
1 3

> =
+blogzx+clogzy “b+c

Inx In Inz 3
+—2 4 > (1)
blny+clnz blnz+clnx  blnx+clny b+c

letinx =m,Iny=nInz=pmn,p>0

(o2 4+ 2 4+ P 53

bn+cp  bp+cm  bm+cn T b+c

Inequality (2) is a generalization of Nesbitt inequality (to prove let bn + cp = x4,
bp + cm = x, and bm + cn = x3 andusex+i >2,Va>0

SOLUTION 3.138
Solution by Abdallah Almalih-Damascus-Syria

Put f(x) = (1 + tan? x)e'®"**¢ + gx™ 1 where x € [e, rt]. Clearly, we have f(x) > 0.
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T
So, [, f(x)dx > 0.But

74

f(l + tanz .X') etanx+e + n.xrt—ldx — [etanx+e + xrt]g — etann’+e + " — (etane+e + en’)

e

— ee[etann _ etane] _ (en' _ n.n') — ee(l _ etane) _ (en _ Tl'”) >0
Hence e(1 — e'¥"¢) > e™ — g™

SOLUTION 3.139
Solution by Soumava Chakraborty-Kolkata-India

Let f(x) = coshxVx >0

f'(x) =sinhx = ¢ =

(D —1)
a 2e*

~ f(x) is an increasing f", WLOG, we may assumea > b > c

>0(-e*>1asx=>0)

Then, as cosh x is an increasing f™*,Vx > 0, . cosha > cosh b > cosh ¢

= Vcosha > Vcosh b > VYcosh ¢

Z aVcosha Chegs’wv %(Z a) (Z Vcosh a)
= (Z a) (Z Vcosh a) (2 3 Z(ai/ cosha)
(1) = it suffices to show: Y. sinh a > Z(a3\/ cosh a) (i)

For 2 positive m & n, let
m+n m-—-n
A= A(m,n) = T,G = G(m,n) =Vvmn &L= L(m,n) = m
(a)
We have, YG%A < L (E.B. Leach & M.C. Scholander)

X_ ,—X inh
Now, A(e*,e™™) = coshx, G(e*,e™) = 1,L(e¥,e™) = ——="—-

sinh x

~ applying (a), we get, VYcoshx < , Vx>0

X

~a,b,c>0,sinha > ai/cosh a etc
= Y'sinh > Y a3cosha (2)
Fora = 0,sinha = 0 & ai/cosha = 0 = sinha = ai/cosha
Similarly, for b & ¢ = 0,sinh b = b¥/cosh b & sinh ¢ = c¢3/cosh ¢
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~whena=b=c=0,
Y sinha = Y a¥/cosha (= 0) (3)
Combining (2) & (3), (i) is true (Proved)
SOLUTION 3.140

Solution by Lahiru Samarakoon-Sri Lanka

Qab) = b N b(b—-1) bt b(b—-1)..2-1
a+b—-1 (a+b-1)(a+b-2) (a+b—-1)(a+b—-2)..a
Then,
b-Q(a,b)+c-Q(b,c)+a-Q(c,a)=a+b+c
By adding last three parts,
Q(ab) = ot b(b—-1)..2 +b(b— 1)..2-1
a+b-1 (a+b-1)..(a+1) (a+b—-1)..a

U
b b(b-—1)..2(a+1)
(a+b—1)+m+(a+b—1)(a+b—2)...(a+1)a

b b(b—1) _b(a+b-1) b
e b) = D arb-Da @+b-Da a

So, similarly,

Q(b,c) = %and Q(c,a) =2

[
~ LHS = bQ(a,b) + cQ(b,c) + aQ(c, a)
_b2+cz+a2>(b+c+a)2_(b+ ‘)
" a b ¢~ (a+b+c) cra

SOLUTION 3.141

Solution by Serban George Florin-Romania

1 (MazMg) 4 1 4
=1+1+1+—— > 4(1-1-1-

3+ @bt (@t b)* @+b)?: a+bh

(MazMg) 4
3+og,0)*=1+1+1+(og,c)* = 471-1-1(log,c)* =4log,c

1 log, c log, c
1 ) = Lo g - 16
Z(3+(10g“c))(1+(a+b)4)_zl6 a+b 16 a+b
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log, c (M“>M9) 3| [[log, c
16 z Ba > 16 - 3 Hi =
a+b [1(a + b)

3 48 Wa;MQ) 48 B 48 48 18
fa+b)b+olat+to a+b+b;—c+a+c 2(a+3b+c) %

ab,ce(0,1) = log,c,log, c,log,b >0
SOLUTION 3.142
Solution by Soumava Chakraborty-Kolkata-India
leta=Inx,b=Iny,c=1Inz,d =Int
(a,b,c,d = 0)
Using this substitution, given inequality

& (a+b)(a®? + b?> —ab —cd) = (c+d)(ab + cd — ¢? — d?)

(€))]
sal+b3+c+d® > abc+ bed + cda + dab

(2)
Now, a® + b3 + ¢3 = 3abc + (a + b + ¢)(a? + b%> + ¢* — ab — bc — ca) > 3abc,

Vab,c>0
3) @
Similarly, b3 + ¢ + d® > 3bcd,vb,c,d > 0,c® + d> + a® > 3cda,Vc,d,a >0 &

d3 +a® + b3 g 3dab,vd,a,b = 0
(2)+(3)+(4)+(5) = a3 + b3 + ¢ + d® > abc + bcd + cda + dab = (1) is true (Proved)
SOLUTION 3.143
Solution by Ravi Prakash-New Delhi-India, Generalization by Sagar Kumar-India
letl1 <x<ynmeNn<m.

By the Cauchy’s mean value theorem:

n_.n n—1 1
Y= — 2= forsome a € (x,y)=%a"‘m=l

ym_ym T mam-1 am-n

n
<—[va>x=21>=>a>1]
m

y—x5y y? — x° <(5)<7>(9>_21
" Y6 —x6 y8 x8 y1°—x1° 6/\8/\10/ 32

Generalization:
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n 2r+1 2r+1
_ y“'rt—x 1 'n+1
¥= <y2r+2 _ x2r+2) < gl (Zn + 2) 1=x<y

r=0

1
Imn+ 1P < —
SOLUTION 3.144

Solution by Soumava Chakraborty-Kolkata-India

(¢
9a 9 abcd 9 16
- ea < —
1+bcd T 4 =2+ 2 €

We shall show that:

2

18 9 .2bcd (..
LHSof(1)S—1+bcd+4e (va<2&a=0)

36
(x+1)3

9e2%(x+1)%2-36

2 1) & f"(x) = 9e** +

18 9 ,
Let f(x) = m+ze2x;f (x) =

Now, f'(x) =0=>¢e*(x+1)=2=>x+1=2e* (3)

L ]

Also, e* =ﬁ2x+ 1=>x<+V2-1:(3)hasonlyroot &ite (0,v2—-1) =
= f'(x) = 0 at one & only one value x, € (0,72 — 1)
&= f'"(x)>0,Vx =0, f"(x9) > 0= f(x) attains a minima at x, € (0,\/5 — 1)
Also, f(0) =18 +§= 20%&]‘(8) = %+%e16 =2 +ze16 > f(0) & = f(x) never attains

a maxima in [0, 8], . the graph of f(x) in [0, 8] should be like below:
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xp € (0,v2 — 1)

Hence, it is clear that in [0,8], f(X)max = f(8) =2 + ze“’ = % + zezx <2+ zem
1+1:cd + %ezbw <2+ 3616 (putting x = bcd & bed < 8)
= % + ze“b“i bysm 2+ zelﬁ \
Similarly,% + zeabcd <2+ %e“ |
T dab +9;ab + %e“b‘d <2+ %e“
08| 2 gabed < 342 16

1+abc 4 4 %
Adding the last 4, we obtain the desired inequality (proved)

SOLUTION 3.145
Solution by Soumitra Mandal-Chandar Nagore-India

We know x** > x**~1 forall x > 1

b b
ok _ b2k+1 _ a2k+1 2k+1
x> x dx = bk~ o2k > 2k
a a

p2k+1 _ g2k+1

n n
2k+1y 1-3-5-.-2n+1)
iﬂ p2k — g2k ZH( 2k )‘ 27 - 7l

_123-.2n-2n+1) _ (2n+1)!
T 2nnl(2:4-6-..-2n)  4n(n!)2

(proved)

SOLUTION 3.146
Solution by Daniel Sitaru-Romania

WLOG: A < B < (C - tanA < tanB < tanC - tan”A < tan“B < tan®C
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CEBYSHEV

P 1 b4
z Atan®A => §ZAZ tan“A = Ez tan®A &

1 1 JENSEN 1
PN —Z Atan“A > —Z tan“A 2 —-3tan
T 3 3

a
2

A+B+C T
((AEBEE) et s

SOLUTION 3.147
Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam
Ifa,b,ce (0;1],x,y >0 then;log(x2 +y?)>(@a+b+c)logx+(3—-a—b-c)logy
(1)
Case 1. log G) >0
We have (1)= (a+ b+ c—3) - (logx —logy) + 3logx < ;log(x2 +y%) >

X 3
>(a+b+c— 3)-log<;> + 3logx <Elog(x2 +y?)

Wehavelog(i)>Oanda+b+c—3SOso(a+b+c—3)-log($)SO
x
:(a+b+c—3)-log(;)+310gx£310gx

On the other hand, we have;log(x2 + y%) > ;log(xz) = 3log x. So,

(a+b+c—3)- log G) +3logx < %log(x2 + y2) = (1) true
X
Case 2. log (;) <0
We have (1)= (a+ b +c¢) - logx —logy) + 3logy < ;log(x2 +y) =

X 3
> (a+b+ c)-log(;) +3logy <Elog(x2 + y2)

Wehavelog(g) <0anda+ b+ c > 0so, (a+b+c)-log(§)<0=>

x
=>(a+b+c)-log(;)+310gy<3logy

On the other hand, we have ;log(xZ +y2) > ;log(yz) =3logy

So(a+b+c)-log (i) +3logy < ;log(xZ + y?) = (1) true. Therefore, we have QED.
SOLUTION 3.148

Solution by Soumitra Mandal-Chandar Nagore-India
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woa™kpk m+1 (T am™kbk) m+1
e
i ar'p! T n+1 (b — a)(Z?:() an—lbl) “n+1

bm+1_am+1

T b b _ Ly
© ot 21le [ aMdx > [ x"dx & x™ " > 1 & m = n, which is true

n+1

SOLUTION 3.149
Solution by Michael Stergioiu-Greece

For every triad of positive real numbers x,y, z we have:
x2y + x%y + z2x > 3x3/(xyz)2. Cyclic application and addition gives:

X’y +y*z+z2x > (x+y+2z) -3 (xyz)?or

x+y+z

Ttz g,
(xyz)§(§+%+§)

X, y  z 1
;+;+;2(x+y+z)-(xyz) zor

The reverse fraction is obviously > 1. For the triads a, b, c and f,d, e we have

3 d.e [
a+b+c Vdef '(;+7+z)
37— o <1< ———— Wearedone!
vabc(z+z+a) d+e+f

SOLUTION 3.150
Solution by Daniel Sitaru-Romania

etc>er>a+1
ec+a>eb>b+1_’1_[eb+c>1_[(a+ 1)_)eZa+2b+Zc>1_[(a_|_1)_>

eth > et > 41

((a+ DB+ 1D)(c+ 1))% -

ea+b+c

- e®b+e > J(a+1)(b+1)(c+1) > 1

SOLUTION 3.151
Solution by Emre Tuvay-Turkey

. 1 .
From Riemann sum of the area of curve y = ~we have the followings for lower bound.

n+1

n n
1 1 1
—>J—dx>]—dx=lnn>0
k X X
1 1

k=1
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=

3 4 a

1 2
As for upper bound again from Riemann sum keeping y = % function’s values above the

rectangles and adding the area of 1st rectangle we have

hence, 0 <y < 1.
For convergence, showing the sequence U,, = (1 + % + % + -+ % —1In n) monotonic
decreasing should suffice.

1
Un+1—Un=n—+1—ln(n+1)+lnn

. . 1
again, by checking the area under y = _curve forx =nand x = n + 1 we see that

n+11 1

— — =1 1) -1 —_—
jxdx>n+1=> nn+1) nn>n_|_1
n

hence,

Upi1—-U,<0=>U, = (1 + % + % + -+ % —In n) is monotonic decreasing. Therefore,

lim,,_, ., (1 +%+ "'+1ll_ lnn) convergestoy where)0 <y < 1.S0,0<y<l1<e<m.
Now, for ordering of Q4 = y‘/ﬁ, Q, = n‘/ﬁ,ﬂ;; = V1™

Considering a generic case, bV and a'? (where a,b € R, and b > a) which can be written

1\ Vavb 1\VbVa
as (bﬁ> and (aﬁ> respectively

1
. From checking function, f(x) = (xﬁ)

N|w| si=

L ln_x) Critical point f'(x) = X5 (1 — lnTx) =0>x=¢€>
X

! L_l
flo)=x7 (£ 3%
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> 0,when x < e?; increasing, when x < e?;
f'(x) =<=0,whenx = e?; so, f(x) =4 maxvalue,when x = e?; since,
< 0,when x > e?; decreasing,when x > e?;

y<e<m<e!= f(y)<f(e)<f(m) hence Q; < Q3 < Q,
SOLUTION 3.152
Solution by Le Van-Ho Chi Minh-Vietnam
With x > 1 and n = 2, building the function:

fo = 2L 3T it s
(L ba_ e _(om| 11
:f(x)—(n 1)[(x+1) X ]—( m )(x+1)21:1__1 xm;__l >0

Accordingly, f(x) is a positive function which gives:

’{/x+1+’{/x—1>2'{/§_ 2
x+1  x-—1 x  %yn-1

Therefore, QED is obtained by AM-GM inequality as:

Var+1 Va*—-1 2 2 2 S 6
z e +1  ai—1) a1 pilf @i Var-1pn-1cn-1

SOLUTION 3.153

fO>fx-D e

Solution by Marian Ursdrescu-Romania

1 1 1 2 1 1 2 1 1 1 1
> = — >—=>-4+—= —> -
esin?x | gcosZx — esin? x+cos2x e esin?x | geosZx T \fe > 2 + e (because Ve > 2 <
1 1 1 1
— 4 >S4 =
in2 2

_esin?y ec0s?y 2 Ve 1 1 1 1

e2>Jeod4>e);° L1, :Z(esin2x+emszx >33+
esinzz ecoszz 2 Ve

SOLUTION 3.154
Solution by Marian Ursdrescu-Romania

We must show this:
. . . . . . 1
cosxcosz-siny-sint(sinxcosy— cosxsiny)(sinzcott —coszsint) < P (1)

We show this: cos x siny (sinx cosy — cosxsiny) < % (2)
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R =

cosx=a,siny=b(2) & ab(\/(l—az)(l—bz) —ab) <

2 —a? — b?
But(1—a?)(1-b?) < —

2 —a®-b? 1 s 1o 1
ab f—ab Sgﬁab(z—a —b —Zab)SZ<:>

4ab(2 —(a+b)*) <1 (3)
But (a + b)?2 > 4ab = —(a + b)? < —4ab (4)
From (3)+(4)= 4ab(2 — 4ab) <1 © 8ab — 16a*b* <1 &
16a’b?> —8ab+1>0 <

< (4ab — 1)? > 0 true (equality fora = b = %).
Similarly: cos zsintsin(z — t) < % (5)
From (2)+(5)= cosxcos z - siny - sint - sin(x — y) sin(z — t) < 1, with equality for
Y3 Y3
x-z-;andy—t—g.
SOLUTION 3.155
Solution by Soumitra Mandal-Chandar Nagore-India

We know, (1 +x)" =1+ Cix + Cix> + -+ x" > 2" =Y}_ Cp
n n 0 0
1 1 2"
— e z(—> ) =)
n+1z( k) (n+1 ") n+1
k=1 k=0

SOLUTION 3.156
Solution by Serban George Florin — Romania
XCOSX+ XCOSZ+YyCOSY+YCOSX+ZCOSZ+ZCOSY > XCOSX+XCOSY+ycosy+
+ycosz+zcosz+ zcosx
XCOSZ+yCcOSX+ZCOSY =>XCOSY+ yCOSZ+ ZCOSX
x(cosz —cosy) + y(cosx —cosz) —z(cosx —cosy) >0
x(cosz—cosy) + y(cosx —cosz) —z(cosx —cosz+cosz—cosy) >0
x(cosz —cosb) + b(cosx — cosz) —z(cosx —cosz) —z(cosz—cosy) >0

(y —z)(cosx —cos z) + (x — z)(cosz—cosy) = 0
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(x—z)(cosz—cosy) = (z—y)(cosx — cos z)
Ifx=z2=0=>0true.lIfz=y = 0 = 0 true.
Ifx+2z,z#+y,x—z2>0andz—y>0=>y<z<x=€0SZ<COSY,COSX < COSZ
= (x —z)(cosy —cosz) < (z—y)(cosz— cosx)

COSy —CO0SZ _COSZ—COSX 1)

z—y - X—z
COSY —COSZ COSZ— COSX
> ; f(x) =cosx
y—z zZ—Xx
T. Lagrange [x, z], [y, z], f'(x) = —sinx

—sincy; = —sinc;,,sincq; < sinc,
@c1€ (y,2), @)z € (2,x),y<z<x=cq <cy = sincy < sinc, true.
SOLUTION 3.157
Solution by Soumitra Mandal-Chandar Nagore-India

b\Vb—a“Va mn+n m . . n n .
> Vb — 1/ D — Vvh — a+/
b"b_a’{/a_mn+m=)m+1(b b-a¥a) z - (bVb - a¥a)

b b 1\mn sy
e[ Vxdx= [ '{/de(:)x"Zx"‘(:)(;) > 1, whichistrue 1> x> 0

SOLUTION 3.158
Solution by Ravi Prakash-New Delhi-India

1
Fork > 3. Let f}.(x) = (sin* x + cos* x), 0 < x <~

1
In f;(x) = —In(sin* x + cos* x)

k
1 1 k[sin*"!xcosx — cos* ! xsin x|
fr(x) =~ . =
fr(x) k sink x + cosk x
00 (sinx cos x)(sin*~2 x — cos*~2 x) £
= fr(x) = X
k sink x + cosk x k
fr(x) <0for0 < x <§
T T T
—O_forx—z, >Oforz<x<z
1
k 11
L 2 11
~ fix(x) attains its minimum value at x = % = fr(x) = (—k> =2k 2>
22

1 n+1

n-2 1 1
et LT Tty

Sie=

1 1
+ =
4

= [li=3 fr(x) = 2% where a,, = 3
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1 1 n+1
Thus [[}_5(sin* x + cos* x)k > 21t

SOLUTION 3.159

Solution by Omran Kouba-Damascus-Syria

Consider f(x) = In(1 — x) + x. Clearly f"' (x) = 11)2 so f is concave.
Thus the function
x - w is decreasing on (0, 1). Thus, for x € (0,1) and n > 2 we have: (f) > %

Consequently f ( ) [x) (x)

<30 ()0, (1) 17+ z XS

> 0. Applying this to x = - and adding we get:

1 m
Inm Hk ,(kn — 1) mn
~n +1 nm1m! nm-1m! H(kn 1
So, we have proved that for integers n, m > 2 the next inequality holds:
7 (kn — 1) > % (1)
n-mm

Applying (1) withn = m = a and n = m = b and using the AM-GM inequality we get

H(ka 1)+1_[(kb 1)>2 H(ka—l) ﬂ(kb 1) > v Lb!l

aaabbb

Which is equivalent to the proposed inequality.
SOLUTION 3.160

Solution by Marian Ursdrescu-Romania

m+1

m+a™'=1+1+-+1+a™'>2(m+1) Jy1-1-..-1-a™1 =
m+a™l>m+1)a (1)

1 nt1) 1-1-..-1
+ =1+1+-+1+ >m+1
T+ e+t (b + ¢ +n)nt1 (n+1) \/(b+c+u)"+1

1 n+1
=n+ (b+c+u)nt1 = (b+c+u) (2)
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From (1) and (2) inequlaity becomes: ¥.(m + a™*1) (n + ;) >

(b+c+u)nt1
> (m+ 1)(n+ 1) Y ——. We must show this: ¥ — Satbic) (3). From Cauchy’s
- b+c+u’ "“btc+u — 2(a+b+c)+3u '

2
inequality = Y ——— =y —= -Y(ab+ac+au) > (a+b+c) =

b+c+u a(b+c+u)

a (a+b+c)?
= = = (4)
b+c+u 2(ab+bc+ac)+(a+b+c)

(a+b+c)? > 3(a+b+c)
2(ab+ac+bc)+(a+b+c)u — 2(a+b+c)+3u

From (3)+(4) we must show:

(a+b+c) 3
o > &
2ab+ac+bc)+(a+b+c)u  2(a+b+c)+3u

e2(a+b+c)?*+3u(a+b+c)=>6(ab+ac+bc)+3u(a+b+c) e

& (a+ b+ )% = 3(ab + ac + bc) © a? + b?> + ¢? > ab + ac + bc (true)
SOLUTION 3.161

Solution by Soumitra Mandal-Chandar Nagore-india

Z 1 B Z loga B (log a)? -
log,c+2log,b Zilogc+2logh Z.logalogc+2logalogh ™~
cyc

cyc cyc
2
(chc log a)
~ 3Yclogalogh —
SOLUTION 3.162
Solution by Daniel Sitaru-Romania
HLAWKA
)
12x+3+2y+3+2z+3|+ Z 12x+ 3| = Z |12x + 3 + 2y + 3|
cyc(x,y.z) cyc(x,y,z)
12(x+y+2z)+9|+ Z |12x+ 3| =2 Z |lx + vy + 3|
cyc(x,y,z) cyc(x,y,z)
1
Sl D) 349z ) lz+3l= ) lx-3
cyc(x,y,z) cyc(x,y,z) cyc(x,y,z)

SOLUTION 3.163

Solution by Amit Dutta-Jamshedpur-India

2 (sinx—cos x)(1—tan x)

Let P =

sinx+cos x 1+tanx
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2 (sinx — cos x)(cos x — sin x)

sinx + cos x oS x (sinx + cos x)
CcoS X

2—(cos x—sin x)?2 __|2-1+sin2x 1+sin2x

P =

’

- . V4 -
(sin x+cos x) sin x+cos x sin x+cos x

= |sinx + cos x|, P =\/E|sin(x+§)| <2

(sin x+cos x)?2

P =

- 4
sin x+cos x

SOLUTION 3.164

Solution by Daniel Sitaru-Romania

_1 1 3 3 _5
f:(0,00) - (0,), f(a) =a 2, f'(a) = —5a Z,f"(a) = 2® 2> 0,f — convexe

POPOVICIU

2@ (C5) 5 ()

a=x+yb=y+zc=z+x

POPOVICIU

%Zf(x+y)+f<2x+23y+22) = 32 <x+2y+z>

1 1 1

) RERRE B S

3L [x+y \/Z(x+y+z) 3 xX+2y+z
3 2

1 3v3 1
z\/x+y+\/2(x+y+z)22\/22,/x+2y+z

SOLUTION 3.165
Solution by Soumava Chakraborty-Kolkata-India
va<b<c<d<e<f<g<h, wecanconsiderb=a+x,c=a+x+Y,
d=a+x+y+ze=a+x+y+z+uf=a+x+y+z+u+v,
g=a+x+y+z+u+v+wh=a+x+y+z+u+v+w-+t, where
x,y,z,u,v,w,t > 0 .. by these substitutions, given inequality transforms into:
Ba+7x+6y+5z+4u+3v+2w+t) —16a(a+x+y+z+ut+v+w+t)—
—-16(a+x)(a+x+y+z+ut+v+w)—16(a+x+y)la+x+y+z+u+v)—
—-16(a+x+y+z)(a+x+y+z+u) >0 t?+8tu+ 6tv+ 4tw + 14tx + 12ty +
+10tz + 16u? + 24uv + 16uw + 8ux + 16uy + 24uz + 9v? + 12vw + 10vx + 20vy +
+30vz + 4w? + 12wx + 24wy + 20wz + x? + 4xy + 6xz + 4y? + 12yz + 922 > 0 >

- true x,y,z,u,v,w,t > 0 (proved)
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SOLUTION 3.166
Solution by Daniel Sitaru-Romania
fila,b] » R, f(x) =% f'(x) =n*- logm,
1
g:la,b] - R, g(x) = logx,g'(x) = p
m® —m® _ f(b) - f(a) CAUHY f'(c) _ m‘logm

gt d®W-g@ ~ g@© 1

>c-nt>e-mc,

b>c>az>e
SOLUTION 3.167
Solution by Serban George Florin-Romania

tanx = aq,tany = b,tanz = ¢

T Ytanx — [[tanx
tan(x+b+z)=tan—=1= =
4 1—Ytanxtany

a+b+c—abc=1—-—ab— bc—ac
2>a+b+c+ba+bc+ac=1+ abc

(MgzMy)
ztanx(1+tany)=Za(1+b)=a+b+c+ab+bc+ac=1+abc >

> 2vV1-abc = 2vVabc
SOLUTION 3.168

Solution by Daniel Sitaru-Romania

QM—AM1 1
Tter 3 \/—E(1+\/?)—>1_[ 1+ex2ﬁ1_[(1+\/?)<—>
1
2\/51_[\/1+exZW-H(1+W),(x+y+z=0)<—>

2/2(1+e*)(1+e¥)(1+e?) > 1_[ (1 Jw%)

SOLUTION 3.169

Solution by Daniel Sitaru-Romania

a=y+z,b=z+x,c=x+y,s=x+y+z,S:\/xyx(x+y+z)
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MITRINOVIC3 V3R s 3v3 s§ 3V3 (x+y+2)/xyz(x+y+2) 33
s < o < © < o <
2 4RS 8 abc 8 x+y)y+2)(z+x) 8

SOLUTION 3.170

Solution by Daniel Sitaru-Romania
f:R-> R, f(x) =4%f"(x) = 4*log*4 > 0, f — convexe

By Popoviciu’s inequality:

320+ (55) 232 () -

1 2 xty
‘_’524”402524 2 <—>Z4x2222x+3’—3

SOLUTION 3.171
Solution by Tran Hong-Vietnam

We have:lnequality <
%[aln(1+z) +xln(1+g) +bln(1+%) +yln(1+§)+cln(1+§) +zln(1 +§)] <
In2 (%)
Using Jensen’s inequality with f(u) = Inu:

LHS . =%af(1+§) +%xf(1+g) +%bf(1+%) +%yf(1+§) +

=In{(a+x+b+y+c+2)}=In2

Proved. Equality@a=b=c=x=y=z=%.
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GEOMETRICAL INEQUALITIES AND
IDENTITIES-SOLUTIONS

SOLUTION 4.01

Solution by SK Rejuan-West Bengal-India

(a®? + b? + c?) > %(u + b + ¢)? [by mth power theorem]

:>\/a2+b2+c2>i(a+b+c)
V3

1 3
2 2 2 N = —
:Z\/a +b%+c >\/§Z(a+b+c) \/g(a+b+c+d)

=>YVaZ+b*+cZ>V3(a+b+co) (1)

D

For, AABC,a+ b > AC
ABCD,b +c > BD
ACDA,c+d> AC
ADAB,d + a > BD
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Adding the we get, 2(a+ b + c + d) > 2(AC + BD)
=>+v3(a+b+c+d) >+V3(AC+BD) (2)
Also by AM > GM we get, AC + BD > 2VAC - BD = V3(AC + BD) > 2v/3-AC-BD (3)
From (1), (2) & (3) we get,

Z\/a2+b2+c2>\/§(a+b+c+d)>\/§(AC+BD)>2\/3-AC-BD
:zw/a2+b2+cz>2\/3-AC-BD

SOLUTION 4.02
Solution by Ravi Prakash - New Delhi — India

. 28
sind = ad + bc
. 28
sinb = ab + cd
Also

ad + bc = 2Vadbc

inB < 45>  §*  (s—a)(s—b)(s—o)(s—d)
SIMASIMYE = yabed ~ abed abcd B

-(1-9(-5) (1-9(-3)

SOLUTION 4.03
Solution by Adil Abdullayev — Baku — Azerbaidjian

sinA =sinC . . 28
<
sinB = sin D = sin4 +sinB < T (A)
. 28
sin4 =
ad+bc 1 1 1
. __ 25 = (A) = ad+bc + ab+cd s vabced * (B)
sinB =
ab+cd
AM—GM
ad+bc = 2Vabcd
AM-GM
ab+cd = 2Vabcd
1 1 1 1 1

+ < + = .
ad+bc ab+cd ™ 2\/abcd 2Vabcd ~+abcd
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SOLUTION 4.04

Solution by Geanina Tudose — Romania

For convenience denote

AB=a;BC =b;CD =c;DA=d,A0 =x;C0 =y;BO=2zD0 =1t

In A ABO by Sine Theorem
sinB; sin0 8 AO - sin 0
= = =
A0 ~ap o™ AB

In ABCO, sin B, = <= 22

sin B AO-BC x-b
ThUS, - L= — =
sin B, CO-AB y-a

.. sin C z.c sinD -d sinA at
Similarly, —* = ==, 221 _ Y2 204 _ 20
sin Cy t-b" sinD,

x-c’sind,  dz

The inequality becomes

AM26M 4|x y z t b ¢ d a
> 4 |- —-=4
yxtzabcd

SOLUTION 4.05
Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

4
R > va3b3c3d3

8vz = (a+b+c+d)? (1)

a =
AACB = ﬁ = sin Cl
AACD d in C
= — =
2R sindé,
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a+d . . . CI+CZ
2R =sinC; +sinC, < 2 - sin

a+dS4R-sin§ )

b+aS4R-sin§
A

Similarly ;2(a+ b+ c+d) <4R [(siné+ sinE) + (sinE +
c+bS4R-sinE 2 2 2

. B
d+c=<4R:-sin; )

< R(sing + sing) + (sing +sin )] <
P = Sll’l2 Sll’l2 Sll’l2 Sll’l2 =

+C . B+D
+ sin

A 4
SZR[sin ]=2R-2-sinZ=2\/ER

p<2V2R=>-P-<R (%

2V2
3 3
(1):>L>(4 abcd) L(*) (4 abcd)

2V2 — p? 2V2

:(g)s > (W)g(:gZ 4abcd:wzm
SOLUTION 4.06
Solution by Marian Dinca — Romania
Let V, = volume [MA;A;A;]
where:p #i+j+k+pand(i,jkp) =1{123,4}

result:

4 2
z : 2 : 2\ (2k=1Vk 27
Sisjdidj = 9ViVj <9 (4) <T> = ?VZ

Mac — Laurin inequality

SOLUTION 4.07
Solution by Kevin Soto Palacios — Huarmey — Peru
A Simple Proof of Euler’s Inequality in Space

Zhang Yun — Jinchang City - Gasu Province — China
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Let R be the radius of the circumscribed sphere of a tetrahedron and let 1 be the radius of the
inscribed sphere of the tetrahedron. Then Euler’s famous inequality in space state that
R=>3r (1)

We give here a simple proof of this inequality.

Let O be the circumcenter of the tetrahedron A{A;A3A,.

Let s, (k = 1,2, 3,4) denote the area of the face opposite the vertex A;, let h; denote the
distance from Ay, to its opposite face, and let d; denote the distance from the point O to the
face opposite Ay. ThenOA, + d; = hy,andso R + d;, = h,.

Thus,s R + s d; > sih,,.

Adding the four inequalities, we obtain that
R(sy+ s, + 53+ 84) +51dy + 52dy + 53d3 + s4dy = s1hy + s3hy + s3hs + s4hy.
Let V denote the volume of the tetrahedron A{A,A3A4.Then
V= %skhk = %(sldl + 5,d; + s3d3 + s4dy),s0
R(sq{ + s, + s3 +54) + 3V = 4 x 3V, from which it follows that
R(sqy+ s, +s3+54) =9V.SinceV = §(31 + s, + s3 + s4),this gives
R(sy+S;+53+54) =9 X g (s1 + s + S3 + 54).Thus,R = 31,50 the inequality (1) is
proved. In two dimensions rather that three, if R is now the radius of the circumscribed circle
of a triangle and r the radius of the inscribed circle, then, by a similar argument, R > 2r.

Solution by Kevin Soto Palacios — Huarmey — Peru
Ahora bien, por la desigualdad de Cauchy
1 1 1 1 (1+1+1+1)32

Mt thetosgr T T2 1 1 1'%
hy, hg hc hp hy hg he hy
Por lo tanto

R(hy + hg + h¢ + hp) > 3r - 16T = 4812

SOLUTION 4.08

Solution by Marian Ursdrescu — Romania
sin A sin B sin C

Y = 2sinAcosA 2sinBcosB 2sinCcosC =

3sind—4sin®A 3sinB —4sin®B 3sinC — 4sin3C
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1 1 1
= 2sinAsin B sin C cos A cos B cosC =
3—-4sin?4A 3 -—4sin?B 3 —4sin’C
1 0 0
= 2sinAsin B sin C cos A cosBcosA cosC —cosA =
3 —4sin?A 4(sin? A —sin?B) 4(sin%?C —sin? A)
cosB —cos A cosC —cosA

=2sinAsinBsin C ’4(cos2 B — cos2A) 4(cos?C —cos?A)| ~

1 1 =
cosB —cosA cosC—cosA
= 8sinAsinBsin C (cos B — cos A)(cosC — cosA)(cosC — cosB) (1)

= 8sinAsinBsinC (cos B — cosA)(cosC — cos A) |

From (1) =
R6
= S[OIH] = 2bes |8 sin A sin B sin C (cos B — cos A)(cos C — cos B)(cosC — cos A)|
R®8sin A sin B sin C

=~ 8R®SinASinBSinC s |(cos B + cos A)(cos C — cos B)(cosC — cosA)| =
R3

2 si (A—B) . (A+B)2 . (A—C) . <A+C)2 . (B—C) . (B+C>|_
p sin > sin > sin > sin > sin > sin > =
8R3 A B A-B B-C\ . (C-A
= —~€0S;C0S COS (sm( > )sm( > )sm (T)) (2)

But cos é cos E coS g = ﬁ (3). From (2)+(3)=

S[OIH] = 2R (sm ( ) sin (B;C> sin (%)) (4). Now, from Sondat theorem =
S101H] = o_I(a~ B)(b— &)(c ~ @)] =

1
= —- 8R3|(sin A — sin B)(sin B — sin C)(sin C — sin 4)| =

8r
_ R 5 i (A—B) (A+B)2 ) (B—C) _ (B+C>2 . (A—C) (A+C)|
= sin 2 cos 2 sin > sin 2 sin 2 cos 2

8R3 A C| .. (A-B B-C\ . (C-A
= —sm— sm sin- |sm( > )sm( > )sm (T)l (5)
But sin— smgsm— =— (6)
From (5)+(6)= S[OIH] = 2R? |sm( )sm( ZC) sm( )| (7)
From (4)+(7) relationship its true.
SOLUTION 4.09
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Solution by Daniel Sitaru-Romania

S S 1 1
Z r+r, z sts—a_ Z sts—a_ 2 2s—a sa
h,—1 2SS 2 1 s(s—a) 2s—a
cyc(a,b,c) cyc(a,b,c) a E cyc(a,b,c) a E cyc(a,b,c)
PRI - SLIDWE
B —a s—a 2§ h
cyc(a,b,c) cyc(a,b,c) cyc(a,b,c)

SOLUTION 4.10

Solution by Daniel Sitaru-Romania

. A . A . A
1Zha_1z 2§ siny _szsmi_rs sinz B
2LLA1 2 a r | r a r A A

2Rsin 2 cos 2

S 2sS bes(s—a)(s—b)(s—c¢c) _
" 2R A 4RSZ s(s - abc s(s —a) B

Zb —b _
=%Z\/bc(s—b)(s_c)=z\/s c(Zszzgs c)=

s(s—b) |[s(s—c¢) B C
=Z\/ ac \/ ab ZCOSZCOSE

SOLUTION 4.11
Solution by Daniel Sitaru-Romania

x y z der:_?te

K — Lemoine'spoint 5~ =2 =~ 2 ¢,
emoine's point - — =7 = — q
ax +by+cz (a®+ b?*+c?)gq 2S
= = —)q:—
2 2 a? + b? + c2

2
mg Z m? 1 2 2
= b =
Z xh, 25~ 25q 4(a ThHe) =
cyc(a,b,c) cyc(a,bc) qaA - a

cyc(x,y,z)
3 2 2 2
= (a®+b* +c*) =

28
8S a? + b2 + c?

- (a? + b? + ¢?)?

1652

SOLUTION 4.12
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Solution by Daniel Sitaru-Romania

25 28
z hy, +hy z ot _, 2 a+b (s—a)(s—b)
To+7Ty, S s ab 2s—-a-b
cyc(a,b,c) cyc(a,b,c) s——a + s—b cyc(a,b,c)
2 z (2s—c)-§* 28° Z 2s—c _
~ abc s(s—c)  4RSs s—c
cyc(a,b,c) cyc(a,b,c)
_ 3+ 1 _rs< 4R+r)_r 3r+4R+7r
~ 2Rs S s—c| 2Rs s )T 2R r
cyc(a,b,c)
_2(R+1)
R

SOLUTION 4.13

Solution by Seyran Ibrahimov-Maasilli-Azerbaijan

BC=AC=b

B a

_ _ e _ .\/§—1
sin150_sin18=>a_2b sin18 = b 2 (1)

b c __bsin72 _ {10+2V5

sin5a _sn7z ¢~ sinsa 6+Z\/§b (2)
1) 6 — 25 10 — 2V5 -
@+ b = —— b+ b = bt —— 2 ¢2
2@, 10425, 10-2V5 =)
6 + 2V5 4

SOLUTION 4.14

Solution by Rovsen Pirguliyev-Sumgait-Azerbaijan
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In AADB = AB = 2b - cos 6°

In ABAC > AB = AC = 2b - cos 6°

a b asin 48°
InAADK = ——=——>b = — (1)
sin 18° sin 18° sin 18°

By cosine theorem in AADC, we have:
¢? = b? + 4b? cos? 6° — 2b - 2b - cos 6° - cos 18°
= b? + 4b? - (cos? 6° — cos 6° - cos 18°)

® b2 4a? sin? 48° (1 + cos12° cos12°+ cos 24°>

sin2 18° 2 2
4a?sin%18° 1-cos24° 4a? sin? 48°-sin? 12° 4 sin? 48°-sin% 12°
= b? . = b? we prove that ——— =1 &
+ sinZ 18° 2 + sinZ 18° ’ p sinZ 18°

1
& 4sin? 48°sin? 12° = sin? 18° 4 - T (cos 36° — cos 60°)? = sin? 18° &
& €08 36° — cos 60° = sin18° & cos36° —sin 18° = % & sin 54° — sin 18° = ; (2)
Then (1)(2) = c* = a?® + b?. Q.E.D.

SOLUTION 4.15

Solution by Daniel Sitaru-Romania

., ) Xy z denote
K — Lemoine's point - 2=p=%c -

b ¢
h qa 25 2
_ g _ a__=1 Z _ =
LHS = Z —— Z G (s—b)(s—¢c)=
cyc(a,b,c) cyc(ab,c) s—b s—c cyc(a,b,c)
2 2
:?q 3s? — Z s(b+c¢) + Z bc =?q(—sz+sz+r2+4Rr)=

cyc(a,b,c) cyc(a,b,c)
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2
B ?‘I(rz +4RT) = %(282 — 2s* +2r* + 8Rr) =% z (sa—a?) =
cyc(a,b,c)

= z @ _ Z x—RHS
= s = =

CyC(a,b,C) s—a CyC(a,b,C)

SOLUTION 4.16

Solution by Rovsen Pirguliyev-Sumgait-Azerbaijan

C

a 45

b—a+a+b+a+b+2a+45°=180°=>a+ b =45° (1)

1_BD AD CD _ sina sin(b+a) sin2a (2)
" AD CD BD  sin45° sin(b—a) sinb

sina sin 45° sin2a
sin45° sin(45°-2a) sin(45°-a)

using (1) we have: 1 =
sin(45° — 2a) - sin(45° — a) = sina - sin 2a
cos(45° — 2a — 45° + a) — cos(45° — 2a + 45° — a) = cosa — cos 3a
sin3a — cos3a =0, v2sin(3a—45°) =0,3a—45°=0°=a = 15°
SOLUTION 4.17

Solution by Rovsen Pirguliyev-Sumgait-Azerbaijan

A

b AE b sin 18°
INAABE > — = —— =5 AE =—>— (1)
sin 6° sin 18° sin 6°
a AE asin 84°
INAAED = —— = —"—"_=s AE="2"""(2)
sin 54° sin 84° sin 54°
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(1) = (2) = bsin 18°sin54° = a - sin6°cos 6° = b = 2asin12° (3)

InAAEB = 22— b __ gp—bsinz¥

sin 24° sin 6° sin 6°

2b sin? 24°

sin 6°

<B =<xC=>AB =AC> BC = (4)

By the cosine theorem in A BEC, we have:
4b? sin* 24° 2b sin? 24°

2 2
2 = b+ — —_
sin? 6° sin 6°

- c0s48° =

cos 48°

s 02 o o (3) o2 o
— b2 + 4b? sin? 24° (S“‘ 247 _ °°S“8) = b% + a? - 16 sin? 24° - sin 12° (S“‘ 24

sin2 6° sin 6° sin2 6°
(*)

Now we prove that:

1 2 o o
16 sin? 24° - sin? 120(5“1 LI °°S48) =1 (5)

sin? 6° sin 6°

16 sin? 24° sin? 12° sin? 24° — sin 6° cos 48°
sin sin :

sin2 6°
1—cos48° sin54°—sin42° .2
2 - 2  1f in2 g0 cin2 10 SN 18°
sinZ 6° = 16 sin“ 24°sin“ 12°- SinZ6°
2
sin 30° + sin 18°\? (\/5 — 1
= 64 sin® 24° cos? 6°sin? 18° = 64-( > ) < 1 > =

_ g W5 (51
64 16

= 1, using (5) in (*) = Q.E.D.
SOLUTION 4.18

Solution by Daniel Sitaru-Romania

N

K — Lemoine’'s point > — === =
p a b c

x y z denote

= 16 sin? 24°sin% 12° -

Xrq,+yry,+zr., qar,+qbry,+qcr., ar,+bry+cr, 1 Z
= = = ar,

xX+y+z gqa+qb+qc ~  a+b+c  2s
cyc(a,b,c)

1 as S a rs 2(2R-r)
2s s—a 2s s—a 2s r

cyc(a,b,c) cyc(a.b.c)

SOLUTION 4.19

Solution by Soumava Chakraborty-Kolkata-India

ZJZS—Z a(2s—a)
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=Y JWE=a) + (V@) - 2as =)
-3 JwEma-va)' £y v —a-va)

(+V2s—a>+aas2s=a+b+c>2a=b+c>a)

(1) = it suffices to prove:

Y VbFczVZy Va
@Z(b+c)+22¢(b+c)(c+a)zzza+4zx/ﬁ
@ZJ(b+c)(c+a)zzZm
@z(b+c)(c+a)+2\/(a+b)(b+c)(c+a) (2\/a+b)
>4 ab+8vabc() Va)
@zaz+32ab+2\/(a+b)(b+c)(c+a)(z:\/a+b)
>4 ab+8Vabe () Va)

@Zaz+2\/(a+b)(b+c)(c+a)(z\/a+b) gZab+8W(Z\/E)

leta+b=xb+c=y,c+a=1z

Then,x+y>2zy+z>x,Z+x>y=>Xx,Yy, 2z - sidesofal

(a)
wehaveVx + [y +Vz > [y+z—x+ Jz+x—y+ [x+y—z
When, x,y, z are sides of a triangle

Re-substituting the values of x,y, z, (a) =

Z\/a_mzZJ(b+c)+(c+a)—(a+b)=Z\/2_c

=Y VaTh2\2Y Va

A-G
Also, 2\/(a +b)(b+c)(c+a) (;) 2v8abc
[24

iii)

(i).(ii)= 2./(a + b)(b + ¢)(c + a) (X Va + b) (z 2v8abc - V2 ¥ +a = 8Vabc(X Va)
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(iv)
Moreover, Y a* > Y ab, (iii)+(iv)= (2) is true (Hence proved)
SOLUTION 4.20

Solution by Daniel Sitaru-Romania

Cc A B
1,1, = 4Rcos§ Apl, = 4RcosE,IcIa = 4Rcos -

2
q(IbVIC) = 1T—A,<I(ICVIa) =1 — B,<I(IaVIb) =n—-C
A
R_Iblc_ 4Rcos§ B R R, = R R — R
= Zsimd = A B~ AT _—FR=—"7
Slnz COSZ Slnz Slnz Slnz
1_1x_,A_1) 1\ 3R-T
Drrl w15 =2
cyc cyc

SOLUTION 4.21
Solution by Daniel Sitaru-Romania

p(I) =R?>—-0I*>=2Rr, p(l) = Al - IK =BI -IL=CI - IM

2Rr =

r IK = r IL = r IM
AT BT €
sin sin> siny
A B C
IK = 2Rsin—,IL = 2Rsin—,IM = 2R sin—
2 2 2
A B C
IK-IL-IM = 2Rsin—-2Rsin—-2Rsin— =
2 2 2
A B ¢ r 2R%s

= 8R3 sinisinisini = 8R3 IR 2R*r = .

SOLUTION 4.22

Solution by Soumava Chakraborty-Kolkata-India

A
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Via angle-bisector theorem, on AABC,

a _b+c , ab ab 1 ac

c
AC b AC b :Ac_b+c:>AB_a_b+c:>AB_b+c

IA by_(l) c (i) b+c

ﬁ ac a

Via angle-bisector theorem on AABA’,

similarly. 12 ® cra , 1 (© atb
Vi = 5 10T ¢

IA IB IC b+c c+a a+b .
YT 1o € N*, so, let, ) ~ 01—, =02 & — — 03 (using (a), (b), (c))

b b
Where 61,0,,03 € N* — {1} ( f'HTa’% > 1)

® (i) (iid)
-'-b+c; ac,c+a = bo, &a+ b = co3

(iv)
(i)+(ii)+(iii)= 2 Y a = ac + bo, + co3
If 64,05,063 = 3, then (iv) = 2 ), a = 3 ), a, which is impossible, .. at least one among

041,0,,03 must be < 3 = at least one among 61,0,,03 = 2 (*~ 64,05,03 € N —{1})

)
Case1)oq =2,05,03=>3 (i)]>b+c = 2a

by (2) 02,0323
(ii)+(iii) = 3a=bo, +co3 = 3(b+c)=a=b+ c— impossible

= at least one of 65,063 < 3 = at least one of 65,63 = 2(~ 65,03 = 2)
Case 1a) o, = 2 (and of course, 6, = 2)
(i), (il b+c=2a&c+a=2b=>(b+c)—(c+a)=2(a—b)=>a=0»b
& usingc+a=2b,wegetc=a--a=b=c
Case 1b) 65 = 2 (& of course 1 = 2)
(i), (iiil>b+c=2a&a+b=2c=>((b+c)—(a+b)=2(a—c)>a=c&
usinga+ b =2c,wegetbh=a-.a=b=c
Case2)o, = 2,014,053 >3

3)
(ii)= ¢ + a = 2b -. using (3) & (i)+(iii), we get

01,0323
3b=ao;+co; = 3(a+c)=b=a-+ c, whichisimpossible = at least of

01,03 <3 = atleastoneof 61,03 = 2(~ 64,03 = 2 & € N¥)
Case 2a) 61 = 2 (& of course o, = 2)

(i), (iij>b+c=2a&c+a=2b
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=>(b+c)—(c+a)=2(a—b)=a=D>b&usingc+ a=2b, we get,
c=a~a=b=c
Case 2b) 65 = 2 (& of course 6, = 2)
(ii), (iii)=> c+a=2b&a+ b =2c
=>(c+a)—(a+b)=2(b—c)=b=c&usinga+b = 2c,

wegeta=b -.a=b=c.Case3)o3 =2,0,,0, >3

01,0323

(iii)> a+ b (1) 2c - using (4) & (i)+(ii), we get 3c = ao; + bo, > 3(a+b)=>
= ¢ = a + b, which is impossible = at least one of 61,0, < 3 =
at leastoneof 61,0, =2 (~ 04,0, = 2 & € N¥)
Case 3a) 1 = 2 (& of course 3 = 2). This is same as case 1b) --. a = b = c.
Case 3b) 6, = 2 (& of course a3 = 2)
This case is same as case 2b) --a = b = ¢
Combining all cases, we conclude a = b = c.
~heg=wa=my=hy,=wp,=mp=h.=w.,=m, - Q=1+1+1=3 (answer)
SOLUTION 4.23

Solution by Fotini Kaldi-Greece

Ceva = sin 24 . sinx . sin 12 —1> sin(84+x) _ sin 24 . sin 12
sin42 sin(96—x) siné6 sinx sin42 siné6
sin(84 + x) sin54 sin24-sin12 sin(84 + x) sin54 sin24-sin12
sin x =sin42. sin54 - sin 6 = sin x =sin42. cos 36 - sin6 =
sin24 -sin12 2sin24-cos6 sin30+sin18
cos 36 - sin6 - cos 36 - cos 36 -
S = g = ¥ = 12000 = LR f (0 >0

SOLUTION 4.24

Solution by Soumava Chakraborty-Kolkata-India
z acosA = Z(ZR sinA cos A) = R(sin 24 + sin 2B + sin 2C)

= R{2sinCcos(A—B) + 2sinCcosC} = 2Rsin C {cos(A — B) — cos(4 + B)}
_ 2RsinC-2sinAsinB = 4R 22¢ L ab¢
= 2R sin sinAsinB = 4R ooz = o0

Now, bcosB + ccosC —acosA = R(sin2B + sin2C — sin 24) =
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= R{2sinAcos(B—C) + 2sinAcos(B+ C)} =2RsinA-2cosBcosC

=4RsinAcosBcosC

B [[cosA . 1 _ 1 (COSA)
WY bcosB+ccosC—acosA 2cosAcosBcosC\ a

1 b2+c2-a?\ (@ p24c2-q2
- 2cosAcosBcosC( 2abc ) - 4abcp (Where p= H cos A)
Similarl 1 ®) 2+a?-p? 1 © a?+p?-c?
imilarly, ccosC+acosA—bcosB 4abcp acos A+bccos B—ccosC 4abcp
1 1 by ya2  2R?2  ya?-8R%p
(a)+(b)+(c)=> Z be cos B+ccosC—acosA YacosA 4abcp ~abc 4pabc
2 2 2
2 2(8°“—4R*“ —4Rr — 7T
Za — 8R ( 4RZ S(Sz—4RT—T2)—2(S2—4R2—4'Rr—r2)
B 4pabc - 4pabc
8R? R R
" 4p-4RS 2Sp 2ScosAcosBcosC

1 R 1
bcosB+ccosC—acosA 2S5(cos[[A) Y acosA

SOLUTION 4.25

Solution by Rovsen Pirguliyev-Sumgait-Azerbaijan

Using formula: x = s — a, we have: in AADB = BN = """
AB + BC — AC
ABAC = BM = .

DC
AB+BC—-AC-AB-BD+AD _ BC-BD+AD-AC _ DC+AD-AC

MN = BM — BN = (1)
2 2 2
AADC = CY = W ABAC = CX = A”Bzﬂ

BD
__ AC+BC-AB-AC-DC+AD _ BC-DC+AD-AB _ BD+AD-AB
- 2 - 2 - 2

XY (2)
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DC+AD-AC , BD+AD-AB
2 2

BC+24AD-AC-AB _ AC+AC-BC _
2 - 2 o

ap - ( )=4D - R

a+b—c

) QE.D.

(using formula r =

SOLUTION 4.26

Solution by Rovsen Pirguliyev-Sumgait-Azerbaijan

<BDC = 66° = BD =
<EKD = <EDK = 72° = EK = ED (1)

<EAD = 18°,<EDA =18°=> AE =ED =b (2)

1
AKED = KE =0b
a
2sin 18°

2KDA = 90°,% =sin18°= b = (3)
a

In ABKD = =—_ = c¢=2asin72° (4)

sin 30° sin 72°
a’ + b? = ¢ = a? +a—2=4azsin272°=> 1+;=4cos2 18°
4 sinZ 18° 4 sin2 18°

Considering that sin 18° = % and cos 18° = 1012\/3’

we have:

1 __ 4 10+2v5 142 _ 10+2V5
(3-1)* 16’
R aiin? S
16

1+ 6+2V5 _ 10+2v5

1+ 6-2v5 4 '’ 4 4

SOLUTION 4.27

Solution by Lahiru Samarakoon-Sri Lanka
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R, R,-R, . A _ B _C
=SIn—-S1n—-Ssin—

Do Pb Pc 2 2 2
A
. EF 2r cos;
Consider, AAEF, 2R, = — = —
sinA4 sinA4
B c
So, similarly,R, = ——2 R, = ——2
’ Viltp = sinB’ € sinC

From, ABIC, 2¢, = sin(n—E—E) B Sin(Tz_t"'g) " cos;

Similarly,@, = P Cb 5, Pc = —

S ZCOSE
3 2A
RaRbRc 8-r HCOS > ] A - B - C
= : <r=4Rsm—s1n—sm—)
Papppc  abc]]sinA 2772772
oxmlord g elosfnmwd 4 s G
[Isin 43 [[cos% - [Isin?

SOLUTION 4.28

Solution by Tran Hong-Vietnam
9
Let f(t) = Y/E(t > 0) = f'(t) = — -5 < 0(t > 0);

Using Jensen’s inequality, we have:

— —b s-—c
sp(i=24522,
LHSSB\/( 4 a b)=q>

3
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WLOG, suppose: a > b > c. We must show that:

®<3 s—a s—b+s—c<3 b+c—a+a+c—b+a+b—c<3
= - —
- c a b — 2 2c 2a 2b —2
b—a c—-b a-c 0 a b+ c+c <0
s S———F -3 ———
c a b b b c

e cla?—-b®) +ab?—-c*) +b(c? —a?) <0 o ca? — cb? + ab? —ac’* + bc? —ba?> <0
S @a-obb—a)—cb—a)|]<0s (a-c)(b—-c)(b—a)<0
(True:a—c=>0,b—c>0,b—a<0)

SOLUTION 4.29
Solution by Rozeta Atanasova-Skopje-Macedonia

Equifacial tetrahedrons exist only when the faces are congruent acute triangles, and then

’a2+b2+c2
R = Tﬁ

cosA > 0,cosB >0,cosC>0>
LHS = 8(4R? — a?)(4R? — b?*)(4R? — ¢?)
.b2+c2—az.a2+c2—b2.a2+b2—cz
2 2 2
= (b? + c? — a®)(a? + ¢* — b?)(a® + b? — ¢?) =

8a? b2 p B c AM;GM 8a? b2 c? (cosA + cos B + cos 6)3
= 8a“b*“c* cos A cos B cos a“b-c
- 3
Jensen A+B+C\® 1,°
< 8a?b?c? (cos T) = 8a?b?*c? (E) = a’b?c? = RHS

SOLUTION 4.30
Solution by Soumava Chakraborty — Kolkata — India

In any scalene acute —angled A ABC,

JZ(SinA)ZcosA + JZ(COSA)zsinA >3
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1
{(sin 4)¢°$4}2 + {(sin B)®*s8}2 + {(sin €)°°s¢}? > 3 (sin A°°%4 + sin B€°S8B + sin €¢°s¢)?

(-:sz >%(Zx)2,ifx¢y¢z>

 JEGIATEDA > L (sin 4054 + sin BOE 4 sin €5) (1)

Again, {(cos A)*"4}2 + {(cos B)*"B}2 1 {(cos C)sIn¢}?

1 . . ,
>3 (cos AS1"4 + cos B51"B + cos €11 C)?

~ /Y (cos A)2sin4 > % (cos A5™4 + cos BS™B + cos €M C) (2)

(- A ABC is acute — angled, . cos A,cos B,cos C > 0)

®
(1) + (2) > LHS >

1 . . .
> —{(cos A5"4 + sin A°°4) + (cos B5"B + sin B¢°SB) + (cos C1"C + sin C¢*5¢)}

V3

Now, (InsinA)(cosA—2) >0
(~InsinA<0assinA<1landcosA—2<0ascosA<1<2)
= cos(InsinA4) > 2Insin4
= In(sin A°°*4) > In(sin? 4) = sin 4°°*4 > sin’ 4 (3)
Also, (Incos A)(sin4A—-2) >0
(~IncosA<0as cosA<landsinA—2<0assinA<1<2)
= sinA(IncosA) > 2Incos A

= In(cos 4%"4) > In(cos? A) = cos A5"4 > cos? A (4)

. 5
(3) + (4) = cos AS™4 + sin A°°*4 > cos? A +sin?4 =1
Similarly, cos B¥""8 + sin B®S8 > 1 (6)
and,

cos C5"C€ +sinC**s¢ > 1  (7)
(5)+(6) +(7)= LHS > =(1+1+1) (from (i) = = =3

SOLUTION 4.31

Solution by Kevin Soto Palacios — Huarmey — Peru
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'_14+ . 15+ , 16 n't 11+t ‘11+t _11_11'
sin s sin 13 sin” 65 > an > an s an 8- 2
Por la desigualdad de Cauchy

a+b+c\’
sin*A  sin®B sin* C (—2 R ) 2s?
. ., 15 . 116~ 4 5 16  71RZ
1% 1.2 119 1 1 1
sin"tg  sinTlqz  sinT g sin~ g+ sin~ 137+ sin~ 3
a+b+c\’
sin® A N sin?B  sin*C (—2 R ) 4s?

— — - 1 - 1 - 1 - 1 Tl'R
1= 1_ 1_ 1_ + 1_ + 1_
tan 2 tan 5 tan 8 tan 2 tan 5 tan 8

SOLUTION 4.32

Solution by Soumava Chakraborty-Kolkata-India

Z Z awa Z awa
n% A 2bc A abc

si COSZSlTl 2R(b+C)

_ 2R Zh N Zer - (}32 b+c>
~ 4Rrs WalbtO) =552, g Walb T O (

By Bogdan Fustei (see proof below):

D 3hg—20we =7 (2 ) ma+ ) w,)
(3w 2r 2 Y mat Y m)
Y (orowa G -3)) 22 Emasr Lo
P A Y mkr Y s

DY LELLTEVy S
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h, 2 4
L >=Ym,+-Yw,
sin; 3 3

Y 300w = 3 (o222 ) - S o2 3 Y-
= 31‘{2@%} = Sr(zbi#wa) = Ser:cwa—SrEW,l >
r(ZZma+Zwa)®32bzcwag4 w,+2 m,

2 (a)
Now, (Z ma) < 4s? — 16Rr + 512(X. G. Chu, X. Z.Yang),)

(Z w,,l)2 (2 (4R +71) (Z ha) (Bogdan Fustei),

b+c (©
z< " )wa > 253 (Bogdan Fustei)

~~

Now,2Yw, <23 .s(s—a) N 2v/3V/SVS = Zﬁsbys(C)Z(%)wa:

® b+c
=2 waSZ( p )wa

(i) = in order to prove (1), it suffices to prove: 2 ), % W,=2)Yw,+2Yym, &

(2)
@Zﬂwu > Y w, + Y mg,. Now, LHSof(Z) \/_\/(Zwa)2 + Em,y)? <

+ 4s2 —16Rr + 512 =

by (),(b) 4R + 1r)(s% + 4Rr + 12
? ‘Ej( ) )

B \/(4R +71)(s2+4Rr + r?) + 2R(4s? — 16Rr + 512)
B R

by (c)
Again, LHS of (2) > 2sV/3

(m), (n) = in order to prove (2), it suffices to prove:
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12R+1)s2 +1r(4R +1r)2 — 2R(16Rr — 512
25\/52\/( ) ( R) ( )@ 12Rs? > 12rs? + rs? +

+7r(4R +1r)? —2R(16Rr — 51%) © r{2R(16R —51) — (4R +1r)?} > rs? &

3)
& 5% < 16R? — 18Rr — r?

Gerretsen

?
Now, LHSof(3) < 4R*+4Rr+3r*<16R*-18Rr-r* o

Euler
& 6R%2 — 11Rr — 212 >0<:>(R 2r)(6R+r)>0—>true R > 2r=

= (3) is true = (2) is true (proved)
SOLUTION 4.33

Solution by Marian Ursdrescu — Romania

BA" ¢ BA c , ac
— =D ——= = BA' =
C b C b+c b+c
ar_ ¢ _ ¢ = Al _ btc = we must show:
147 BA T 2 T 14T a
b+c
a+c a+b

p m; + —mc > 2(m,my + mym, +mem,) (1)

a+c a+b
Leta<b<c:>ma>mb>mcand—>T>T=>

From Cebyshev’s inequality =

Hm§+aT+cm12,+ﬂcb 23(w+a—+c+ﬂ)(ma+mb+mc) (2)
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From (1)4+(2) we must show:

1(b b
(B4 22+ 2 (2 + mE + mE) 2 2(mgmy, + mpym, + mm,) (3)

b+c . a+c | a+b b a ¢ a b ¢
But=—+ o =Tyt tetc =6 (4

From (3)+(4) we must show:
2(mZ + mi + m?) > 2(m,m, + mym, + mym,) &
& m2 +m; + m? = mymy, + mym, + mym, true.

SOLUTION 4.34

Solution by Ravi Prakash-New Delhi-India
3a? +2b* — % =
= 2a% + b% + (a® + b? — %) = 2a® + b*(cos? ¢ + sin’ ¢) + 2ab cos c =
= a? + b% cos? ¢ + 2ab cos ¢ + a? + b? sin? ¢ — 2absinc + 2absinc =
= (a+bcosc)? + (a— bsinc)? + 2absinc > 2absinc = 4§

SOLUTION 4.35

Solution by Marian Ursarescu-Romania

2bc s(s—a) s(s—a)
=22 B2 < Vbe- /— — Js(s — )
Wo =70 »e = Vbc o s(s — a) = we must show:

bc ac ab 18r

a/s(s — a) ’ by/s(s — b) * c/s(s —¢) =75

(=14

bc ac ab 18,/(s—a)(s—b)(s—c)
aVs—a + bVs—b + cV/s—c = s (1)

Now, lets —a=x,s—b=y,s—c=z=>x+y+z=sand

a=y+tb=x+zandc=x+y(2)
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(x+z)(x+y) 18,/xyz (3)
y+2)vx — x+y+z

From (1)+(2) we must show: )’

Butx+z>2Vxzandx+y > 2./xy (4)

xyxz _ 18/xyz

6% +z)\/_ x+y+z

From (3)+(4) we must show: )’

Z_ 9

y+z — 2(x+y+z)

(5)

9

Yo = (5) its true.

ButZ— Yy+z)=> 9(:»2—

SOLUTION 4.36

Solution by Daniel Sitaru-Romania

Z ) Z o BERGiTROM (@+b+c)? B 452 B
bc+r? Liabc+ar:? =  3abc+(a+b+c)r2 12Rrs+2sr?
gs  MITRINOVIC o = BULER o /=  q5/3

= > _ > =
6RT + 12 - r(6R+71) ~ op. R 13R
2

SOLUTION 4.37

Solution by Soumava Chakraborty-Kolkata-India

€}
By Bogdan Fustei, % > 2r(ry +r.). Proof of (1):

sin ( )

. B . C
smz s1n2

B Cc
2r(ry, +1r.) =2rs (tani + tan E) =2rs + = ZTSW =
CoOs» COS3 COS 5 COS >
2 24 4 (a)
= TSCOSAZ = rs?s 8Rr cos? > Usmg (a), (1) & (b+c) > 8Rr cos?2 &
HCOSE 4R 2

(b + c)? - 8abc A s(s—a)

= — 2> —
2 T be 2a(s—a)e (b+c)*=>4alb+c—a) &

by (1)
& (b+c—2a)? > 0 - true = (1) is true. Now, biwa > 2/2r(rp+71.) (bb:C)
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by (a) A 2bc bcs(s — a) b+c—a
= 2 |8R 2 —_— —8\/2R ——————— = 4sV2Rr - ———— =
/ TSy abro € ab+obec VY ab + o)

®

= 43\/m( ) = Ewa > 4sv2Rr (— — b—) Similarly,

(1)) (iii)

%wb > 45\/m(———)&a—+bwc > 4s«/ﬁ(z——)

+b

(i)+(ii)+ (i) = £ 2w, > 4sV2ZRr (32— N -) = 4sVZRr (22 2n0tro))

4Rrs [1(a+b)

_ ——(Xab Ya?+3Yab B
= 4sV2Rr {4Rrs 2abc+2ab(23—c)}_

2 2 2 2 2
s“+4Rr +r 4s“ + s“+4Rr +r
=4sv2Rr{ }—

4Rrs ~ 2s(s? + 4Rr + 1% — 2Rr)

s2 + 4Rr + r?)(s® + 2Rr + r?) — 2Rr(5s% + 4Rr + 1?
= 45 ’_ZRr{( )( ) ( )}

4Rrs(s? + 2Rr + 1r?)

s* —s2(4Rr —2r*) +r*(4R+1r)(2R+71) —1* - 2R(4R + 1)}

{
— 4sV2R
SVART 4Rrs(s? + 2Rr + 12)

s* — s2(4Rr — 2r*) +r3(4R + 1)) ?
2R > 2sV3 &
r{ Rr(s? + 2Rr +r?) } 2253
2Rr{s* — s*’(4Rr — 2r*) + r3(4R + 1r)}? 2

>4s’.3 &
R21%(s2 + 2Rr + r?)?2

& s+ s*(4Rr — 2r®)? + r®(4R + 1r)? — 2s°(4Rr — 21?%) —

?
—25%r3(4Rr — 2r*)(4R + 1) + 25*r*(4R + 1) >

> 6sRr{s* + r>(2R + 1r)? + 2s2(2Rr + %)} = 6s°Rr + 6sRr3(2R + r)? +

?

+12s*Rr(2Rr + 1%) = s® — s®(14Rr — 41%) + r°(4R + 1r)? (%

> s*r?(8R? + 20Rr — 61%) + 25*r3[3R(2R + 1)?> + (4Rr — 2r*)(4R + 1)]
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Gerretsen

s =s5%2% > s°(16Rr —51?),. LHSof (2) > s°(2Rr — 1*) + r®(4R + 1)? >

?
(% s*r?(8R? + 20Rr — 612) + 25*r3[3R(2R + 1)* + (4Rr — 21*)(4R + 1)]

Gerretsen

?
Again, LHSof (3) > s*(16Rr —5r®)(2Rr —r*) + r®(4R + )2 >
> s*r?2(8R%* + 20Rr — 61%) + 25’13 [BR(2R +1)* + (4RT —2r*) (4R +1)] &

& s*(24R?* — 46Rr + 111r*) + r*(4R +1)? >

Gerretsen

?
(% 25’r[3R(2R + 1)3 + (4Rr — 21r*)(4R + 1)]. Now, LHS of (4) =

?
> s%(16Rr — 51%)(24R? — 46Rr + 11r®) + r*(4R + 1r)? >

> s’r[6R2R+1)3+ (8Rr —4r?) - (4R +1)] &
?
& s%(360R3 — 912R?*r + 408Rr* —51r3) +r*(4R+1r)?* >0 &
?
& s?(360R3 — 912R?*r + 408R1?) + r3(4R +1)* (% 51r3s?

~ 360R3 — 912R?*r + 408Rr* = (R — 2r)(360R? — 192Rr + 241%) + 4813 > 0

(as R = 2r)

Gerretsen

~LHSof(5) = (16Rr —51r%)(360R3® —912R*r + 408Rr?) + r3(4R +1)* &

Gerretsen

RHSof(5) <  51r3(4R? + 4Rr + 31?) - in order to prove (5), it suffices to prove:

(16R — 51)(360R3 — 912R?*r + 408R71?) + r*(4R + 1r)? > 51r>(4R* + 4RT + 31%) &
R
< 1440t* — 4098t3 + 2725t> — 559t — 38> 0 (t = 7)

e (t—2){(t - 2)(1440t* + 1662t + 3613) + 7245} > 0 — true
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Euler
+t = 2 =(5)istrue (Hence proved)

SOLUTION 4.38

Solution by Soumava Chakraborty-Kolkata-India

z hyh, cosg < \/75 (z hﬁ)

hyh, > h.h, © h, < hy, & a > b. Similarly, h.h, > h,hy, < h, < h. < b = c. WLOG, we

A B c
may assume a > b > c. Then, hyh. > h.h, > h,h, & COS- < COS— < COS

A Chebyshev 1 A 1 A\ Jensen
z hyh, cos > z hyh, (z cos E) < (§Z hﬁ) (2 cos E) <

hi 3V3 \/_(Z hZ)
2

(proved)

SOLUTION 4.39

Solution by Daniel Sitaru-Romania

z<1+1) 2_z(s—a_i_a _ Zb_l_
r. Ry s Tos)Ma=55) (btoma=

GERRETSEN
1 (552 —11r2—26Rr) S  —(80Rr—25r2 — 11r% — 26Rr) =
T 252 4S

1 1 EULER
=4, (54Rr—36r%) = - (24R+3R—18r) > - (24R+6r—18r) = 12R—6r

SOLUTION 4.40

Solution by Marian Ursdrescu-Romania

2 2 2
In any AABC we have (h, + hy)(hy, + h.)(h. + h,) = s2r(s ;1; +2Rr) (1)

. s?r(s?+r?+2Rr) > 1614

= =
27R? R

(where s = ALAL
s?(s* + 1%+ 2Rr) > 27 - 16R13 (2)
From Mitrinovic inequality s*> > 27r% (3)
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From (2) + (3) we must show: s®> + r?> + 2Rr > 16Rr (4)
From Gerretsen inequality we have:
s? > 16Rr — 5r% = s> + r? + 2Rr > 18Rr — 4r?* (5)

From (4) + (5) we must show: 18Rr — 4r%> > 16Rr < 2Rr > 4r? < R > 2r, true because

its Euler. From (1) we must show:

s?r(s2+r2+2Rr)

TP <R3 © s’r(s®* + r? + 2Rr) < 27R® (6)

From Gerretsen inequality we have: s* < 4R* + 4Rr + 3r? = s> +r? + 2Rr <
< 4R? + 6Rr + 41*> < 4R* + 3R%* + R* = 8R? (7)

3
Form (6) + (7) we must show: 8R?*s?r < 27R® & 8s*r < @. But from Mitrinovic

. . 27R? R 27 R .
inequality: s* < = —andr <- = 8s’r< 8- TRZ o= 27R3 = (7) its true.

SOLUTION 4.34

Solution by Soumava Chakraborty-Kolkata-India
1)
Z(a +r+71)? = Z:(aZ + 712+ 1%+ 2ar + 2rr, + 2ar,) = 2(s* —4Rr —1r?) + 3r% +
+(4R +1)? — 25% + 2r(2s) + 2r(4R + 1) + 2Y ar,. Now,

A A A ., A
ZZara=224Rsmfcos§stani=4RSZZsm E=4RSZ(1—COSA)=

2R — r) )

r
=4RS(3—1—E)=4RS( = 4S(2R - 1)

(1)(2)> X(a+1+71,)=-2(4Rr +12) + 31> + (4R + 1) + 4rs + 2(4Rr + 12) +

3) Euler 523+/3r
+8Rs —4rs = 3r*+ (4R+1r)2 + 8RS > 3r’+81r?+16rs >

8412 + 48V3r? =
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1
= 12r%(7 + 4V3) = 12r2(2 + V3) = 1272 ———— =12r?tan?75°
(2-3)

1
~ tan 75° = cot 15° = )
( 2-+/3

Euler RZ (9R 3\/—

B)=Y@a+r+ry)? < 35, —) + 8R -

: R — 21R? + 12V3R? = 3R%(7 + 4V3)

=3R*(2+3 ) = 3R? ( = 3R?% cot? 15° = 3R? tan® 75° (Done)

=)

SOLUTION 4.42

Solution by Soumava Chakraborty-Kolkata-India

Z(s —a) sm 5 = (Z ra)

Zrarbrc

s—a Z ’a(SI;S \/ﬁz /a(s—
® Z&JZ"JZ@—@ -~

@Drs(Xrery) 182 S

LHS < Z <\/(s —a)(s—b)(s—c¢)

RHS = 2rs?  2rs? 2
(1), (2) = it suffices to prove: % > \/% & 2Rr > 41% © R > 2r - true (Euler)
SOLUTION 4.43
Solution by Daniel Sitaru-Romania
h, h, h, 2: % 2:
\/6+r_a+ﬁ+r_c= 6 + S + S + s =

a b c
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cyc(a,b,c) cyc(a,b,c)
s—a s—b s—¢C
=2 / + / + /
a b c
SOLUTION 4.44

Solution by Daniel Sitaru-Romania

Z(l+%)bc=z(%+5;a)=%Z(2s—a)bc=§2bc—

hq

1CBS
—\/f-\/ Z (s—a)- Z EE\/E- Z (x/m-\/—a)z

cyc(a,b,c)

3abc _
28

12RS s? MITRINOVIC 57,2
~ +r+4R-6R =

S
2 2
= — +r“+4Rr) —— =
rs(s T ) 28 r

+r—2R =28r— 2R

SOLUTION 4.45
Solution by Soumava Chakraborty-Kolkata-India

Firstly, ) acos A = ),2Rsin Acos A = R(sin2A4 + sin 2B + sin 2C) =
= R{2sinCcos(A— B) + 2sinCcosC} = 2RsinC{cos(A — B) — cos(A+ B)} =

(¢))]
abc '~ 25 Now, Y a? (b cos B + ¢ cos C) =

=2RsinC-2sinAsinB = 4R8? = T

_ Zaz (Z acosA—acosd) = (Z a?) (ZacosA) —Za3 cosA =

_abe o2 ap 2y y@0rd-a?)
= 2 2(s? — 4Rr — %) - 1 by (1))

4Rrs(s* — 4Rr —1?) a*(b?
- RZ - Z
Y a’b® (X a*> — c?) — ¥ a® @ 32r’s*(s? — 4Rr — r?) — (X a’b*)(X a®) + 3a’b*c® + (X a®)

+c%—a?)  4rs(s’ —4Rr —1?)
B R

2abc

8Rrs

8Rrs
Numerator of (2) = 32r?s*(s?> — 4Rr — %) — (X a?b*») (Y a?) + 3a?b?*c? +

+ <3a2b26‘2 + (z az) (Z a*— Z a2b2)> = 32r2s?(s? —4Rr — %) —
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-2 (Z azbz) (Z az) + 6a’b*c?* + (z az) (z a4) = 32r%s*(s> —4Rr — r?) —
(Y ap?) (Y @)+ 96rtr2s + (Y 0?) {(z @) -2y azbz} _

= 32r2s%(s% — 4Rr —12) — 8 (z a?b?) (s? — 4R —12) + 8(s> — 4Rr —12)" + 96R? 12s? =
= 8(s? — 4Rr — r?) {4r252 + (s> — 4Rr — rz)z — (s +4Rr + rz)z + 16Rrs2} + 96R%*r2s% =

3
= 8(s? — 4Rr — r®*){16Rrs? + 41%*s* + 2s*(—8Rr — 2r?)} + 96R*1r*s?> = 96R?*r*s?

96R%r2s2 Mitrinovic & Euler R 3V3R

_ R 3V3R _ 3
ro— = 12Rrs < 12R - = 9v3R3 (Proved)

(2), (3) = LHS = >

SOLUTION 4.46

Solution by Daniel Sitaru-Romania

95 9rs 2 2 2 2
s2————— o §s>—5————— 5" +1°+4Rr > 18Rr o 5° +1r° = 14Rr
h, + hy + h, s+ 1%+ 4Rr
2R
GERRETSEN

s2 4+ 12 S 16Rr — 51 + r2 > 14Rr & 2Rr > 41> - R > 2r

SOLUTION 4.47

Solution by Soumava Chakraborty-Kolkata-India
Letx =acosA,y =bcosB,z=ccosC(C;x,y, z > 0. Then given inequality becomes:
2x2(y+2)2 +2y*(z+x)2 + 222(x+y) < (x+y+2)(y+ )+ x)(x +y) &
& (3y +xy3 —2x2y2) + (32 + yz3 — 2y%2%) + (ZB3x + z2x3 - 22%x%*) =0 &
e xy(x — y)? + yz(y — 2)? + zx(z — x)? = 0 - true (Proved)

SOLUTION 4.48

Solution by Soumava Chakraborty-Kolkata-India
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BA" ¢ cA'+BA"  b+c a _ b+c , (_) ac

Angle — bisector theorem = — = - = —— =— D — = = BA
CA b BA c BA c b+c
Al c Al c(b+c (a) b+c
Again, angle-bisector theorem - — = — > — = (bte) ' bic . Similarly,
Al BAT T Al ac

Bl (D) c+a c1 © a+b

i b (] c

(a), (b), (c) along with m? > s(s — a), etc =

O s(s—a)be(b+c)
LHS > z abe = 1Rr Zbc(s—a)(Zs—a)

Z bc (2s* —3sa + a?) =

4Rrs 4Rr

_ 25%(s> + 4Rr +1%) — 28Rrs® _ s?(s* — 10Rr +1?)
a ART a 2Rr

2
ZZSM,etc

4 2 a2
Also, RHS < 223 a? + Y ab) = X123
1)

2
(i), (i) = it suffices to prove:

s* — s2(10Rr —r?) > 5Rrs?> — Rr*(12R + 3r)
(2)
o s* —s?(15Rr — %) + 12r(12R+3r) > 0
Gerretsen

?
Now, LHSof (2) > s*(Rr—4r%)+12R*(12R+3r) >0
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< s%(R—-2r) + Rr(12R + 3r) (;) 2rs?.
Now, LHS of (3) = {(16R — 51)(R — 2r) + R(12R + 3r)}r &
RHS of (3) < 2r(4R? + 4Rr + 31?%)
The last two inequalities = in order to prove (3), it suffices to prove:
(16R —51)(R—2r) + R(12R + 3r) > 8R* + 8Rr + 61 &
& 10R?> — 21Rr + 21> > 0 & (R — 2r)(10R — 1) > 0 - true (Euler)= (3) is true (Done)

SOLUTION 4.49

Solution by Daniel Sitaru-Romania

Vb2 + ¢z &AM "Z'b-zl_c V2 2 2
_— = — s = S a-— a =
Z h, Z 28 4§ Z
cyc(a,b,c) cyc(a,b,c) a cyc(a,b,c) cyc(a,b,c)

V2 18v2r?
= ﬁ(b‘z + 12 + 4Rr) > —5 (to prove) & s* + r? + 4Rr > 36712

GERRETSEN
2 2 Q a2 2 2
s“+1r“+ 4Rr > 16Rr — 5r“ +r“+ 4Rr > 36r“ < R > 2r

SOLUTION 4.50

Solution by Bogdan Fustei-Romania

Knowing the identity: a cos A + b cos B + c cos C = p. The inequality from enuciation

acosA bcosB_l_ccosC 1 1

14 14
becomes: ——YacosdA=—=—=—950
abc + abc abc — 2R%’ abc Z abc ’

2 >_ o 4Rr < 2R & 2r <R (Euler)
4Rr 2R

SOLUTION 4.51

Solution by Daniel Sitaru-Romania

denote

. ] x y z%
K — Lemoine's point — — = -
a

I
S
I

Il

|
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ax+ by +cz (a*+ b*+c?)q 28
= = —>q=

2 B 2 a? + b + c2
X z X
AH 2RcosA 2R cosA
cyc(4,B,C) cyc(A,B,C) cyc(a,b,c)
cyc(x,y,z) cyc(x,y,z)
28 4SR 45>

= . = =
2R(a? + b?>+c?) s2— (2R+1)? 2(s2—12—4Rr)(s?2— (2R+1)?) —

GERRETSEN
il 452

2(4RZ + 312 + 4Rr — 12 — ART)(4R® + 3r2 + 4Rr — 2R+ 1)2)

_ 4s? e 4s? _ 8s?
- 2 2Y.9,2 = 2 2~ gp4
2(4R? + 21?%) - 2r g. (2R2+IZ) RT 9R

SOLUTION 4.52
Solution by Daniel Sitaru-Romania

R—1)* T M BR -1 —1, —1)? _ (R+T)

h, - h,+h,+h.  s2+r2+4Rr ~
cyc(a,b,c) 7R
GERR;TSEN ZR(R + r)z R - 131"2 _ 3R2 (R 5 ) 16R + 13 -
= — —_— e —_
= AR+ 4Rr+3r2+1r2+4Rr 2 r r)( r) =

SOLUTION 4.53

Solution by Soumava Chakraborty-Kolkata-India

Sln 2rs 1
32 —32 S =6$Z—A

sm sm 4R sin= 5 COS 5 cosz

Berstrom , . Jensen ., x
> = = — (v f(x)= cosZVx € (0,m) is concave as f'' (x) < 0)

A V3
> cos; 37

)
= 12v3s ~ LHS > 12+/3s

Now,4Yym,+8Yw, =4{(wp, +w.+m,) + (W, +w, +my) + (W, +wp + m,)}
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Lessel—Pelling by (1)
< 4(3vV3s) =12V3s < LHS (Proved)
SOLUTION 4.54

Solution by Marian Ursdrescu-Romania

bz % _ 24r2
First, we show: — + —t—=
mg my me R

From Bergstrém’s inequality, we have:

2 bZ 2 b 2 2
¢l__|___|_r.'_2 (a+b+c) _ 4s (1)

mg my mg me+mp+m, me+mp+m,

But in any AABC we have: m, + m, + m, < % (2)

From (1)+(2) => i + — + > — (3)

2
From (3) we must show: ﬁ > = <:> s > 2712, which its true, because its Mitrinovic’s

b2 c? 4RZ-2Rr b%+c? bc

—t—+ =< , : >—>—>
inequality. Second, we show: — -~ + - + - - We know: m, > LT

2 2
:>—<—:>—+—+—<2R( +2 Z+2) @)

bc mg mp me

From (4) we must show:

b? 4R%-2Rr ad+b3+c3 2R-r
2R ( +2 4 —) < & < (5)
bc ab r abc r

But: a3 + b3 + ¢ = 2s(s* — 3r?> — 6Rr) and abc = 4sRr (6)

2_2..2_ _
From (5)+(6) we must show: 2s(s ;;r ORr) < ZRr "o s2—3r2—6Rr < 4R?> - 2Rr &

& 5% < 4R? + 4Rr + 3712, which its true, because its Gerretsen’s inequality.

SOLUTION 4.55

Solution by Daniel Sitaru-Romania
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— sinx —2cosx 2sinx(1 + sinx) + 4cos*x

f(x)_1+snxf( )_(1+sinx)2 J) = (1 + sinx)3
> 0, f — convexe
V3
2R—a _ 1—smA]EN>SEN3 A+B+C)_3 @) -3 1-5_
2R+a Lil+sinA ~ 3 =3/3)= V3
1+T

= 3(7 - 4V3) = 3(2 - V3)" = 3tan?15°

SOLUTION 4.56

Solution by Soumava Chakraborty-Kolkata-India
Z r2tan A4 > /3s?

Let f(x) =tanx;Vx € (O, g) ;" (x) = 2sec?xtanx > 0 = f(x) = tan x is convex on

(0 2) WLOG, we may assume a > b > c. Then, r2 > rb >r2&tand >tanB > tanC

/4
< f(x) = tanx is increasing on (0, E))

Z rZtand > % (Z rﬁ) (Z tan A) ]enzsen % (z rﬁ) 3V3

< f(x) = tanxis convex on (0, g))

=V3(Xr2) = V3(Xr.rp) = V3s? (proved)
SOLUTION 4.57
Solution by Daniel Sitaru-Romania

ZAQB Zl =Zb : B

Aﬂ BQ - sinB a -2Rsinw - b -2Rsinw - sinB

1 a'2R 1 1 Z 2 1
a’ = .
T 2RZ%sin’e bc _ Rsinw abc 4R%rs - sin‘w

1 9
2 E 2
= - a 2 . a 2 18R1"
2[1,1,1.] - sin’w - RrZ [ 0p1.] " sinw <

Zaz =252 —2r2 —8Rr > 18Rr & s? > 13Rr + r?

GERRETSEN
2 Q< a2 2 2
s = 16Rr — 5r“ > 13Rr +1r“ & 3Rr > 61r“ © R > 2r
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SOLUTION 4.58

Solution by Daniel Sitaru-Romania

25
h, o (s—b)(s—c¢) s?—(b+c)s+ bc
r,+ 71, S S a? a?
s

—bts—c
2s—a bc MM bC
= 25 z——ZSZ 42y = £ -2 2—+2s2 ve [ [

1 s?
> —2s“——=+2s-— =15 - —
s2 172 5+ 25" 25+6 5 272

SOLUTION 4.59

Solution by Daniel Sitaru-Romania
2 BERGSTROM
)

a a 1 a’bc abc a
Zhb+hC:Z§+§:§2b+c:25 b+c
b c
>4Rs_(a+b+c)Z
~— 25 2(a+b+0)

=R(a+b+c)=2sR

SOLUTION 4.60

Solution by Daniel Sitaru-Romania

1 _ 14 RAB\ON (1 +1+ 1)4 _ 81 MITRLI_\VOVIC
Z a3 z @ Z (a+b+c)3 8s3 =
cyc(a,b,c) cyc(a,b,c)
- 81 _ 81 13

3 R3 3 3R3
8-(3v3-3) 827:3V3 % V3R

SOLUTION 4.61

Solution by Daniel Sitaru-Romania

BERGIIROM (a+b+0)? 45> B 4s%R -
h,,+h z Z(ha+hb+hc)_2_sz+r2+4Rr_sz+r2+4Rr_
2R
GERR’ETSEN 4s2R 2R EU’_{,_‘ER 2R 42

> = > =
= 4R24+4Rr+3r2+12+4Rr (R+71)? ‘( R)Z 9R

R+7

SOLUTION 4.62

Solution by Daniel Sitaru-Romania
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., . X y z denote
K — Lemoine’s point - 2=3=7 =

b ¢
b 28
LD AL B O
2 2 q
cyc(a,b,c) cyc(a,b,c)

x z aq_3_3(a2+b2+c2)>
a a q 28 -
cyc(a,b,c) cyc(a,b,c)

cyc(x,y,z)

SOLUTION 4.63

Solution by Daniel Sitaru-Romania

Z a2 BERG;TROM (@a+b+0)? 452
m3 mZ + m2 + m?2 %(a2+b2+cz)

B 16s? - 16s? 3 16s?
" 3:-4R%(sin%A + sin?B + sin2C) ~ 2.9 27R?
12R? - 7

SOLUTION 4.64
Solution by Soumava Chakraborty-Kolkata-India
Y a?—-8R? s®>—4Rr—r?—4R?
8R? 4R?
= 3(acosA)(bcosB)(ccos ()

(2)
(1) = given inequality © Y a3 cos3 A+ 3[[(acos A) > 2 Y (acos A)? (b cos B)

Y a? — 8R2> 1)

= A B C = 3ab =
cos A cos B cos a c< e

Now, bcosB + ccosC —acosA = R(sin2B + sin2C — sin 24) =
= R{2sinAcos(B — C) + 2sinAcos(B + ()}
(+ sin(B+ C) =sinA4;cosA = —cos(B+ ())
=4RsinAcosBcosC > 0 (- AABC is acute-angled). Similarly, c cos C + a cos A —
—bcosB>0&acosA+bcosB—ccosC>0.LetbcosB+ccosC—acosA=x,

ccosC+acosA—bcosB=y&acosA+ bcosB — ccosC (of course x,y,z > 0)

Then, acos A = yT“ bcosB = Z;r—x &ccosC = xzﬂ Via above substitution & (2), given

3
inequality & Z(y::) +%l’[(x+ y) = %Z(y+ 2)?2(z+x)e2Yx3+3%x*y+

+32:xy2+6xyz+Bszy—l—?»z:xy2 >
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> ZZ(yzz+xy2 + 23 + 2%x + 2yz* + 2xyz) © ZZx3 +62x2y+6zxy2 +

+6xyz > 4Zx2y + 6z:xy2 + ZZx3 +12xyz & ZEny > 6xyz &
© Y x*y > 3xyz - true by A-G (proved)
SOLUTION 4.65
Solution by Daniel Sitaru-Romania

f:(0,1) - R, f(x) = sinx, f''(x) = —sinx, f — concave —

1 Z A + si <A+B+C)<2 Z . (B+C>
3 sin sin 3 =3 sin >

cyc(4,B,0) cyc(A,B,0)
. . T . m—A
© Z sinA + 35m§ <2 Z sin (T)
cyc(4,B,C) cyc(4,B,0)
_ 3V3 A
© Z sinA + 5 < Z cosE
cyc(4,B,C) cyc(A4,B,0)
SOLUTION 4.66
Solution by Daniel Sitaru-Romania
h BERGSTROM (1+1+1)2
Z —_—= zsz — > 25 =
bx + cy a(bx + cy) a(bx + cy) + b(cx + ay) + c(ax + by)
_ 18S POTYRE  18s 2%V 185 3vV3 1 3V3R
" (x+y)ab+bc+ca) ~ ab+bct+ca T 4/3§s 2 R 2 ~
MITRINOVIC ¢ ¢ EULER ¢ » ¢
R Rr R R R?
SOLUTION 4.67
Solution by Daniel Sitaru-Romania
2S 28
Zm TERgHINiZ(bZ +et) = o Z a? = 252& _2 b ¢ NI
® T 4R ~ abc B bc 2§ L. h,
S a
SOLUTION 4.68

Solution by Daniel Sitaru-Romania

h? —b)(s -  sl(s—a)2(s—b)i(s—c)2 3 st
QLI Gl Caalo R~ P (Gl Cul) ol P _
T, a? a?b?c? s2-16R?S?
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3| 2 r? r2 r6 .
=12 |7 2 12 o rm 2 o RY 2 161 o R 2 2r

s—b+s—c
(s — b) ( s — ¢) AM=GM ) 1
Z < 42 =4-—-3=3
rpTe 4
SOLUTION 4.69
Solution by Bogdan Fustei-Romania
R _me 3R mg  mp |, M
We know: 5 > h and the analogs = oy > ™ + ™ + r, (1)

l, < h, (and the analogs) = li < hi (and the analogs)

= Z Za < Z (2). From (1) and (2) we have inequality from enunciation:

ﬂ+m‘<— Q.E.D.

Namely: % + L T

SOLUTION 4.70

Solution by Soumava Chakraborty-Kolkata-India

Z s2 cotg >3 (Z sasb)

WLOG, we may assume a > b > c we shall prove s < s% < s%

2o 4b?c? . 2b?% + 2¢* — a? - 4c%a? _ 2c? + 2a* — b? o
@ ="b """ (p2 4 ¢2)2 4 ~ (% + a?)? 4
b%(2b? + 2¢* — a?) - a’(2c? + 2a?* — b?) o 2b? B a’b? -
(b? + ¢?)2 - (c% + a?)? b2+ c2  (b%2+ %)z~
2a? a’b? 2b? a’b?> @O 2q? a’b?

< - = + < +
c2+a? (c2+a?)?2 bZ+c?2 (c2+a?)? ™ c2+a?2 (b%+ c?)?
a’p? a’p?

(b2+c2)* T (c2+a2)’

Now, (b?> + ¢®)? < (c* +a*)? (va=b)=>

a2p2 @ 22

T @ra) T ey Also, 2b*(c* + a®) < 2a*(b* + ¢*) (v~a=b) =
C a '

2b> ) 2q?
= <
b% +c% = c% + a?

(a)+(b)=(1) is true = s < s2. Similarly, s> < s? .. s2 < s} < s2. Also,a>b >c=>
A B C A Chebyshev 1 5 A
= cot— < cot— < cot—- - sz cot— > s cot—| >
27 27 72 Z“ 2 3(2“)(2 2)‘
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Jensen Y Stzl bR x ]
> 3 (3 cotg) ( flx) = cotz‘v’x € (0,m)is convex)

> (25)3v3 (a2 ) a) =3 (Y suss)

SOLUTION 4.71

Solution by Daniel Sitaru-Romania

z a _z a _lzabc_abc 1 _
hy+h. £.25_ 25 25Z.b+c 25 Lib+c
b c

_4RS 1 _ Z 1 PN ata+y? .
- 28 2R(sinB + sinC) sinB + sinC - 2(sinA + sinB + sinC) —
JENSEN g
> =3
3V3
2 =7

SOLUTION 4.72

Solution by Soumava Chakraborty-Kolkata-India

csin B sin C+asin C sin A+b sin A sin B < a’b+b%c+cta
28

Given inequality &

sin A sin Bsin C
ab? + bc? + ca? a’b + b%*c + c*a
= ; ; " < - " . S
4R?sin Asin BsinC ~ 4R?%sin Asin B sinC

@ab(a—b)+bc(b—c)+ca(c—a)éO':AZBZC:.aZbZC
letb=m+c&a=m+n+c (mn=0). Using the above substitution (1)
esm+n+cm+cn+clm+ecm+cim+n+c)(-m—-—n) >0
osnm+n+c)(m+c)—nc(m+n+c)+me(m+c) —-mec(m+n+c) >0 &
enm+n+cm—-—mnc=>0 mn(m+n) >0 - true m,n >0 (Proved)
SOLUTION 4.73
Solution by Tran Hong-Vietnam
Using Schwarz’s inequality we have:
2
16 (35 + be * za)
4( 1 n 1 n 1 )

LHS >

_4(1+1+1>

- .1, 1 1y  “\ab bc ca
ab  bc ca

(1 1 1)_ (a+b+c> 2s 2 (Euler) 4

R T T == > —
ab bc ca abc RS Rr R2
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Equality & a=b = c.
SOLUTION 4.74
Solution by Soumava Chakraborty-Kolkata-India

(a)
P 1. 2V3 . . . .s[l(a+b)+8Rr(Tab) "~ 1
Mitrinovic = B > T which = it suffices to prove: T@rb S ab > S

1
Now, [[(a + b) = 2abc + Y. ab (2s — c¢) = 25(s?> + 4Rr + r?) — 4Rrs = 2s(s? + 2Rr +

r?)
252(s2+2Rr+1r2)+8Rr(s2+4Rr+12) © 1
= > =
(1) = LHS of (a) 2s(s2+2Rr+72)(s2+4Rr+12) s

?
& s* + s%(6Rr +1%) + 4R(4R + 1)1? > s* + s?(6Rr + 2r?) + r*(2QR +1r)(4R + 1)
? ?
& r’2(4R+1r)(2R-1) = s*r? o s? (%) 8R? — 2Rr —r?

Gerretsen

?
Now, LHSof ()) <  4R? + 4Rr + 3r?> < 8R? — 2Rr — r?

Euler

?
S (R-2r)2R+1r)=>0->true R = 2r (Proved)
SOLUTION 4.75

Solution by Marian Ursdrescu-Romania

2(mg + my + my) N V3(a? + b2 + ¢2)3 N V3(a? + b? + ¢2)3 N V3(a? + b? + ¢2)3 -
\/3(‘12 + b2 + ¢2) 8m,m,m, 8m,m,m, 8m,m,m, -

- 44 2(mg + my +my)\/2 + (a2 + b? + ¢2)°
= =
V3(a? + b% + ¢2) - 83mimim3

We must show:

43 &

44 2(m, + my, + m,) - 3(a? + b2 + c2)y/3(a? + b? + c2) -
V3(a? + b? + ¢2) - 29m3mim}? B

(mg + my, + m)3(a? + b? + c?)*
& >

3

9>
83 3
2°m;ymym;

(mg + my + m)(a? + b* + c»)* >3- 28m3mim? (1)

3 2 b2 2
Butm§+m,2,+m§=—(a +9 +C)=>a2+b2+c2=§(m§+m,2,+m§) (2)

From (1)+(2) we must show:
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8
4
(ma+mb+mc)-§(m§+m,2,+m§) >3.22.md-m} mlo
(mg + my + m)(m2 +mi + mc) > 3’m3imim? (3)
From Cauchy inequality we have:
3(m% + mi + m?) > (m, + my + m)? >

(m2 +mj + mc) (ma +m, +my)® (4)

From (3)+(4) we must show:

(mg, + my, + m,) 3 (mg + my + m)® = 35m3m3m3

& (mg + my +m)° = 39m3mim?3 © m, + my, + m, = 33/m,mym,, which its true
SOLUTION 4.76

Solution by Daniel Sitaru-Romania
1 1 1

bZ 2552 Cucurezeanu's inequality (1989)

Z h, Z Zbc abc
hyh, 25 zs 28 28 B

cyc cyc _ cyc cyc

_abeC 1 C"C”Rgz’“””abc 1 4RS 1 R
28 = 2S 4r2 2S5 4r2  2r2
cyc

SOLUTION 4.77

Solution by Daniel Sitaru-Romania

28 2§ 1 1
hb+h b+ bte ab+c¢) _ 220h
Z B 1 Z bc abc Z (b+c)=
cyc cyc cyc a cyc cyc
1 1
- 2 25 — =—|2 Z 2 _ Z 3
abc 2 a’(2s —a) abc s a a
cyc

cyc cyc

2s
il 2 _ .2 _ _ 2 _ 9.2 _ _ 2% 22 >
abc(zs 2(s“—1r*“ —4Rr) — 2s(s* — 3r“ — 6Rr)) abc(s + r“— 2Rr)
GERRETSEN

N

3R
F(16Rr—5r + 12 —2Rr)——(7R 2r)<—<—>

o 7Rr—2r*<3R*- (R-2r)3R-1)=>0
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SOLUTION 4.78

Solution by Soumava Chakraborty-Kolkata-India

1 1 1
Let x = 5y = T, Z = C . Using the substitution, given inequality
ab sm sm— bc sin- sin- casinz sm—
2 2 2 2 2 2
becomes: Z 5= 2r2 WLOG, we may assume x =y = Z.

X6 y6

y0+76 — z64x6

& x12 + 2540 > y12 + Y926 & (x12 — y12) + 2%(x® — y©) > 0 > true

X2y

6 6 6 6 6

X

x
—
T y6426 = 6+

z y z

= = =
x64+y6 6426 T z64x6 T x64y6

6
. Similarly, 6+ : =

x7 x6 Chebyshev 1 x6
"zy6+z6_zx yo + z° = (2 ) 2)}64—26
Nesbitt 1 3 2 X 1
= 3Q96G) =5 ZZ enA B
ab sinz sin

1. chin% 1 Zasin';1 _Zasin%

abc (H sin ';l) z 4Rrs (41;3)

_ZTZ@Zasm— > S
B-C

25inC cos?=C
Now,Zasm—= > 4R cos— (sm )— ZRZl(S B)(s~ C)< o BCOCS 2 )l

COST
a(s—b)(s—c) )
>
> 2R E ARTS (sinB + sin C)

B—C<1 7T<B—C<Tl')
W52 =32

b+c a(s—b)(s—c)
B ZRZ l < 4Rrs )l
_Yab+c)(s—b)(s—c) (1)Za(b+c)(s—b)(s—c)
B 4Rrs Z 4Rrs

Now,Y a(b+c)(s—b)(s—c) =Y (a(b +0)(s:—s(b+c)+ bc))

=522a(b+c)—s2a(b+c)z+ach(b+c)

= 25%(s®> + 4Rr + r*) + 16Rrs?* — SZ a(2s — a)?

2512

( 0 < cos
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= 25%(s* + 12Rr + 1?) — sz a (4s* — 4sa + a?)
= 25%(s% + 12Rr + r?) — 4s3(2s) + 4s? z a? — sz a3
= 25%(s? + 12Rr + r?) — 8s* + 85%(s?> — 4Rr — 1?) — 25%(s?> — 6Rr — 31?)
2 2 @ 2
= s“(4Rr) =4Rrs* = ) a(b+c)(s—b)(s—c) = 4Rrs

2
(1),(2)> S asin? > 11::: = s = (a) is true

=)y —-— 6+26 > o (Hence proved)
A a-2 sina cos2=C a 2 sin cos2=¢ B—C B—C
. ‘ 5 COS—— 5 COS—— - s - s
Now, Y asin-=) —2—-%2 > —2%2 2 ('-'O<cos—S1as——<—<—)
2 2 cos—— 2 2 2 2 2

= %Za(Z cosB;CcosB;C) = %Za(cosB+cosC)
= %Z (a(z cos A —cosA)> =%(Z cosA) (2 a) —%zacosA

=%(R+r)( s)——ZstA

B (R+r) R 4(abC) B (R+r) R - 4Rrs
“URr JPT2%8r3) "R )P T are

R+r rs .
= (T) S—o =85> (a) is true (Proved)
SOLUTION 4.79

Solution by Soumava Chakraborty-Kolkata-India

A

D

. BD c BD+CD b+c a b+c ab
Angle bisector theorem=»> —=-=>—=—=>—=—= CD = —

cD b cb b ch b b+c

ct+a ct+a

similarly, BD = 2~ BF = <% AF =25 AE =25 cE=2>
b+c a+b a+b

1 . 1 ca ac b (1) abc ac
S[FBD]=§BF-BDsmB .

2 a+b b+c 2R 4R.(a+b)(b+c)
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o ( ) ab ( ) ab b
Similarly, S[FAE] = % (a+b)(c+ )& SIECD] = % (c+at;(b+c)

— 2 2)_
{1)+(2)+(3):> S — S[DEF] _ a_bc . Yab(a+b) s Y ab(2s—c) _ Zs(s +4Rr+r ) 12Rrs .S

4R Tl(a+b) = ° 2abc+Yab(2s—c)  2s(s2+4Rr+r2)—4Rrs
P s2 —2Rr +r? sipEF] = s(1 s2 —2Rr +r? ( ART )
= = = — =
s2 4+ 2Rr +1r? s2 4+ 2Rr +r? s2 +2Rr +1r?

S[ABC] s*+2Rr+r* R*+71r* 3 s*?+2Rr+r* 3 R2 + r?
= < + - < &
S|DEF] 4Rr Rr 2 4Rr 2 Rr

& s —4Rr +r? < 4R? + 41* © s? < 4R? + 4Rr + 3r? > true (Gerretsen) (Proved)
SOLUTION 4.80

Solution by Daniel Sitaru-Romania
Known:
m,mpym, > sS (1)

wwpw, > 2713 (2)

mgwy mawb AM_GM
h, = zsz CMaWp 2
cyc cyc C cyc
3 1), (2) 9r
> ﬁi/abc M ompym, - Wowpw, = \/4RS s§-27r3 = T ——/4RS2s >
EUHIC‘ER 2V3S
—8r-r2s?.s = V(@2rs)3 =9r > R
Z\/§rs 2V3s 9R 3V3R

< 9r > R < R> 9 <—>S<F<—>S<T(MITRINOVIC)
SOLUTION 4.81

Solution by Marian Ursdarescu — Romania

a? cos? A + b? cos? B + c? cos? C > 33/ a2b%c? cos? A cos? B cos? C =
We must show:
27a?%b%c? cos? A cos? B cos? C > 833353 cos3 Acos3 Bcos3 C &

& 9a?b?c? > 83353 cos Acos BcosC (1)

2_ 2
But abc = 4sRr (2),S = sr (3)and cos Acos B cos C = s —(2Rir) (4).
4R?2

2_ 2
From (1)+(2)+(3)+(4) we must show: 9 - 1652R?r? > 83y/3s33 LR ;2;2”) ) o
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& 9R* > 8v/3sr(s* — (2R +1)?) (5). Buts < ?R (6). From (5)+(6) we must show:
R3 > 41(s? — (2R +1)?) (7). From Gerretsen’s inequality: s> < 4R? + 4Rr + 3r% =
= s> — (2R +1r)? < 2r? (8). From (7)+(8) we must show:
R3® > 81r? © R > 2r true (Euler)
SOLUTION 4.82
Solution by Marian Ursdrescu-Romania
We must show (AI + BI + CI)* < 6R(h, + h, + h, — 61) (1)
But form Cauchy’s inequality (Al + BI + CI)? < 3(AI? + BI? + CI?) (2)
From (1)+(2) we must show: AI* + BI?> + CI*> < 2R(h, + hy, + h, — 61) (3)

But AI? = 16R? sin? gsin2 g (4). From (3)+(4) we must show:

2 . 2B . ,C
16R Zsm 7 sin ESZR(ha+hb+hC—6r)<:>

& 8R-Zsin2§sinzg < (hqg+ hy + h,— 61) (5)

. B . C s2+r2—8Rr . B . c s%4+r2—8Rr
But ) sin®=sin?- = ———— = 8R Y sin’-sin’ - =——— (6)
2 2 16R 2 2 2R
2.2 2.2 2.2
s“+r“+4Rr s“+r“+4Rr—12Rr s“+r“—8Rr
Now, hg + hy, + h, — 61 = "= — 61 = - = (7)

From (6)+(7)= (5) its true.
SOLUTION 4.83
Solution by Soumava Chakraborty-Kolkata-India

Let a’AN? = x, b’BN? = y & c>*CN? = z. Then, given inequality becomes:

X y z 1
>_ - —
5y+52—x+52+5x—y+5x+5y_z—3‘:’3x(52+5x y)(5x+5y—2)+

+3y(5x+5y—2z)(5y+5z—x) +3z(5y+5z—x)(5z2+5x—y) >
€))
>((5y+5z—x)(5z+5x—y)(5x+5y—2) © Sz:x3 +3xyz > 3 x2y+ny2

Schur A-G
Now,5Y x3 +15xyz > 53X x*y+Yxy? &2 x%y + Y xy?) > 12xyz
Adding the last two inequalities, (1) is true (proved)
SOLUTION 4.84

Solution by Daniel Sitaru-Romania
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1 1 1 1 1 1 CE%:]RO 8 8 MITR’{LVOVIC 8
GG T
ry Tp/\rp, rJ\r. 1, Tarpre TS . 3v3R
)
8 32
~  27R?  27R’r
r-
4
1 1 1 1 1 1y\\°
(1 1)(1 1)(1 I)AM;GM (_a+r_,,)+(r_b r_c)+(r_,_.+r_a)
—+—)=+=)[=+=—) <
Ty Tp/\ry T J\1r. T, 3
8 (1 1 1)3_ 8 _ 8r E”é“‘ 4R
27 \r, 1, T, 27r3  27r* T 27rt

SOLUTION 4.85

Solution by Soumava Chakraborty-Kolkata-India

v a’x + b*y +c*z > 4S /ny,Vx,y,z >0

. a? cos 7° + b?% cos 65° + c% cos 79° > 4S5V cos 7° cos 65° cos 79° + cos 79° cos 7°

> 4rs+vcos 10° cos 70° + cos 70° cos 80° + cos 80° cos 10°

1
= 4rs\/§ (cos 80° + cos 60° + cos 150° + cos 10° + cos 90° + cos 70°)

1/1 3
=A4rs 2 E——+c0580°+c0510°+cos70°

2
=4 1
= 4TrSs 2

€y 1/1 V3 2
> 4rs [=|=——+ —=c0s36°+2c0s236°—1
2\2 2 2

j;(;_§+ﬁ(ﬁ+1)+z(6+l_gﬁ)_l)

\/1(2—2\/§+\/1_0+\/§+3+\/§—4> \/1+x/i+\/§+\/1_0—2\/§
=4rs |— = 4rs

V3
2

N =

+ 2 cos 45° cos 35° + 2 cos? 35° — 1)

2 4 8
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)
Also, cos 29° < cos 22 V241 = 1 > 2V2
2V2 cos 29° V2+1

& » cos 35°,c0s43° < cos 30° = \/Z_g

5 1 ® 2 12

> 6
cos 35° + cos 43° V3 3
(1), (2), (3) = LHS

j1+x/i+\/§+«/ﬁ—2x/§ x/E+1+E
Ts 3 2\/2 \/§

523V3r 1+V2+V/5+V10-2v3[ [V2+1 12 ,
> 12V3 +—=|r
8 2v2 V3

> 1201% > 1087r? (Proved)

SOLUTION 4.86

Solution by Daniel Sitaru-Romania

PR ] RS

cyc(a,b,c)

_ S bc _
a Z as |[(s—b)(s—¢)

cyc(a,b,c)

> 37° ! =3° r
= = T
abc - smgsmBsmC abc -5

MITRINOVIC 3
= 3 =3 ’
3\/_ 3r

Solution by Soumava Chakraborty-Kolkata-India

® (b2 +¢2\° (b -c)%(a® — b% — c2)?
mZ > +
4R 16b%c?

SOLUTION 4.87

2b%2+2c%—a? 2 2y2 4 (b—c)z(c2+b2—a2)2
=9 >
(1) 4 azb2 2 (b te ) 16b2c2
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(b+c)? (b—c)* a* 1 b?*c?*sin’A vz . (b= )% -4b%c* cos® A

- > . " (p?
x T a 123 agiprz LT re S 16b2c2
(b+c))—a*> (b-c)*> (b?>+c*)sin*?A (b-c)?
> ~ cin2
S m + m > 12 + 1 (1 —sin“ A)

b? + c?)?
& 4s(s—a) > sin? A [%— (b — c)zl =N
,A ,A (b2 +c2)2
& 4bc cos? E>4sm —cos? — |————

2
A A b?% + ¢* — a?
& cos? > [bc — sin? E{(bz + c?) (T) + Zbc}l >0

—(b*+c?) + Zbcl 2N

A A 2bccos A
& cos? > [bc — sin? E{(bz + CZ)T + Zbc}] >0

b? + ¢
>0

cos A}

A A
o bccoszil1—251n25{1+

24 o2
>0

coSs A)

A
= bccoszfll — (1 —cosA) (1 +

b? + c?

>0

2A 2 b* +c
< bce cos 7 1-1- cosA + cosA+ cos“A P

A ) b? + c¢? _ b% + c? _
< bce cos cos“ A cos A 1
2 a? a?

,A 5 b%2+ c* 2bccos?A
< bccos Ecos A =z

>0

e IZO(:)

A
bc cosz— cos2 A

a2 (b —¢)? > 0 - true = (1) is true (Proved)

SOLUTION 4.88
Solution by Soumava Chakraborty-Kolkata-India

RHs:jH 2 5o sz_zjuzgz__&] B

LHS=Z Ei_ Z\/ __1 Z\/ & CBS\/WE
= 2532 = RHS (by (1)) (Proved)
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SOLUTION 4.89
Solution by Daniel Sitaru-Romania
Known:

m,+my+m.=>9r (1)

1
mtzl BERGiTROM (mg +my, + mc)z (m)
a - a+b+c
cyc
81r2 81r2sMITRINOVIC gq,2¢ r\2

> = S 2 —6s (—)

2s 252 27R? R

2 1

SOLUTION 4.90

Solution by Marian Ursdrescu — Romania

abc

1S $2,/2(a? + b% + c?) cos Acos B cos C ©

Za“-ZbccosA >32-

o Zabcz a3 cos A > 8abcS\/2(a? + b? + c2) cos Acos B cos C &

& Ya®cosA>45./2(a? + b% + c2) cos Acos Bcos C (1)

Y a®cosA > 3abcicosAcos BcosC (2)

From (1)+(2) we must show:

abc
3abci/cosAcosBcosC > 4 - E\/Z(az + b2 + ¢?) cos Acos B cos C

& 33cosAcosBcosC > %\/Z(az + b2+ c?)cosAcosBcosC &
& 3%R cos? A cos? B cos? C > 8(a? + b? + ¢?)3 cos® Acos® Bcos? C &
3°R% > 8(a? + b% + c¢*)3 cosAcos BcosC (3)
But cos AcosBcosC < % (4) From (3)+(4) we must show:
3°R% > (a? + b? + ¢?)? © 9R? > a? + b? + c¢?, which its true.
SOLUTION 4.91
Solution by Daniel Sitaru — Romania

Known: 4mym, < 2a® + bc (1)

25 28
b

hy,h, 1 ¢
42mbmc—4Rz b = Z(Za2+bc)—4RZ—c=
h, S

2
cyc cyc cyc cyc 7
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2 a 8RS 2
=22a +Zbc—8RSZ—=Zza + bc——Za =
bc bc

cyc cyc cyc cyc cyc cyc
= 22(12 +zbc—zza2 =Zbc=sz+4Rr+r2
cyc cyc cyc cyc

SOLUTION 4.92

Solution by Mohamed Alhafi-Aleppo-Syria

3[sind _ 3 [sin
Let B /Sm = y then our inequality is:

xy+1—x— X —
x+y+__y____<1 (xy NE=y) _ o

y Xy xy
ekx-D-Dx-y) <xy

_3fa_¥a __3la_¥a
Note that: x = ;—3—@»3’—\/;—3—\/?

But since a, b, c are lenghts of sides of a triangle then a = Ya, B = Vb, y = Vc are lenghts of

sides of a triangle too

Note that (x — 1)(y — 1)—(——1)(——1) ("‘TZ”)(%)<%-§=1

aoy= % ar-p _ — xy
By By lfy
So:(x—1D)(y—-D(x—y) <xy
SOLUTION 4.93

Solution by Bogdan Fustei-Romania

R, =2R sing (and analogous)

= /R(r, — 1) (and analogous)

. A r
sino = |- (and analogous)
R% = R%*(r, — r)? (and analogous) = R% + R} + R* = R* - Y.(r, — 1)?

R:+R! +R* = R? [Z 124312 = 2r(rg + 1y +70)]
Talp +TpTe + Tl = §% = Z r2=(rg+r,+r.)%*—2 z TaTh
Zrﬁ =(rg+1y+71.)%— 252

R:+R}+RY=R*[(rq+1p+71)% —25% = 2r(ry + 1) + 1) + 377]
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R:+ R} + R*=R?*[(R, + R, + R.))(R, + R, + R, — 21) — 25 + 31?]
R: + R} + R* = R*[(4R + 1r)(4R — 1) — s + 317]
R% + R} + R* = R*(16R?* — r? — 2s? + 31%) = 2R?*(8R? — s* + 1?)
RE+RE+RY _ 2R?(8R%—s2+1?) _ BR*-s%+
4R? 4R?2 2

) ) 8R?% — s + r? 5 5
2R —2Rr —r- < 2 < 4R“ — 8Rr + 3r

2
T . . . .
. The inequality from enunciation becomes:

4R? —4Rr — 21> < 8R? — s> + r? > s2 < 8R?> + > — 4R? + 4Rr + 212 =
= 4R? + 4Rr + 3r% (Gerretsen’s inequality)
8r2 — s2 + 12 < 8R? — 16Rr + 612 = 16Rr — 51% < s? (Gerretsen’s inequality)
From the above the inequality from enunciation is proved.
SOLUTION 4.94

Solution by Soumava Chakraborty-Kolkata-India
Y(ro—r1p)* R-2r
<
3s? T

Given inequality & 1 Y,(12 + 15 — 2r,1,) < 3s?(R—21r) ©

& 2r2 r: — 2r2 rorp < 35*(R—2r) © 2r(4R + 1)? — 4rs? — 2rs? <

@
< 3s%(R —2r) © 3Rs? > 2r(4R +1r)?

Gerretsen

¢))
Now, LHSof (1) > 3R(16Rr —51r%) > 2r(4R+1r)* o
?
& 16R>—-31Rr-2r*’ >0
?
< (R—2r)(16R + 1) = 0 - true (Euler) = (1) is true (Proved)
SOLUTION 4.95

Solution by Daniel Sitaru-Romania

Panaitopol’s inequality (1980): m,w, = s(s — a)

28 mgw,
ZRZmawaha = ZRZmawa B 4RSZ >

a
cyc cyc cyc
PANAITOPOL 1 s—a
> 4RS ) —-s(s—a)=4R-rs"s =
a a
cyc cyc
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2, .2 MITRINOVIC
s“+1r°—8Rr -
_ 2. > 2(¢? 412 _ 2
4Rrs ART > s“(s“+1r“—8Rr) >
> 271%*(s> +r* — 8Rr) > 9r*(s* + > + 4Rr) ©

352+ 312 — 24Rr > s* + r* + 4Rr & 2s* > 28Rr — 2r?

o s? > 14Rr — r?(to prove)
GERRETSEN
)
s2 > 16Rr — 512 > 14Rr — 12 & 2Rr > 4r>2 & R > 21

SOLUTION 4.96

Solution by Soumava Chakraborty-Kolkata-India
Gordon
Z ab > 4V3S

. . . . o .y 2 2 2
Applying the above inequality on a triangle with sides 3 Ma, 3 My, ;M whose area of course

will be g, we get,

4 S @®
§zmamb 24\/§§=>Zmamb > 3V3S

by (1)
Now, (X m,)? >3Ym,m, > 9V3S (Proved)

SOLUTION 4.97

Solution by Marian Ursarescu-Romania

F+\/E+\F233 D (1)
Tq Tp Trc TalpTc

But abc = 4pRr and r,r,r. = p*r (2)

From (1)+(2) = \f \f \f > 3°28 = (3)

Butp<—R=>— 3\/_ (4)
a b c 6’ 8 6’ 23
From (3)4'(4)=$ \/;5 +‘\/;£ *‘wj;E =3 Evg =3 :ﬁ;f
2 18 +[182 ,
=3/—= /-: /—=\/1Ts
V3 V3 3

Now from Cauchy’s inequality =
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a b c a b c
\/:_a+\/:_b+\/r:cg\/3(i+ﬁ+r_c) (5)

From (5) we must show: \/3 (ri + L) + —) < \/3\/55 =

c
Tp Tc

2424 2<v32 (g)
Te Tp T¢ r
But & 4 2 4 £ = 2URID 5)
Ta Tp T¢ p

2URIT) V3pR = 2(4R + 1)1 (8)

From (6)+(7)= \/Eg >

Butp > 3v3r = 9Rr > 2r(4R + 1) © 9R > 8R + 2r © R > 2r (true)
SOLUTION 4.98

Solution by Daniel Sitaru-Romania
(s A B
1.1, = 4-RcosE,IbIc = 4Rcos§ Acd, = 4Rcos§
x(IVI,)=m—A,<(VI,) =m—B,x(I,VI))=t—C

Ipl, 4rcosg R R R

Ra = 2 . A = A A = A ) Rb = _B ) RC = C
sin , , , .

4sm§c057 sinz smi siny

w, 1 2 (s —b)(s—c)
R—=§zb—+cvb“““”'] be

cyc cyc

_Z\/s(s—a)(s—b)(s—c)z 1 BERG,;TROMZS (1+1+1)2 B
B R b+c R b+c+c+a+a+b

cyc

2rs 9 Or

R 4s 2R

SOLUTION 4.99

Solution by Soumava Chakraborty-Kolkata-India

3abc(} a*-8R?)

2 cos2
k2 >2) bcosBa“cos“ A

In any acute-angled AABC,Y a3 cos3 A +

Ya?—8R? s?—4Rr —r?—4R?
8RZ 4R?
Y a? — 8R2> )

=cosAcosBcosC

= 3abc ( TE = 3(acosA)(bcosB)(ccosC)
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(1) = given inequality < Y a3 cos® A + 3[[(a cos A) (;) 2 Y (acos A)?(b cos B)
Now, bcosB + ccosC —acosA = R(sin2B + sin2C — sin 24) =
= R{2sinAcos(B—C) + 2sinAcos(B + C)}
(+sin(B+ C) =sinA &cosA = —cos(B + ())
=4RsinAcosBcosC > 0 (- AABC is acute-angled)
Similarly, ccosC+ acosA—bcosB>0&acosA+bcosB—cosC>0
LetbcosB +ccosC—acosA=x,ccosC+acosA—bcosB=y

& acosA+ bcosB —ccosC (of course x,y,z > 0)

Then, acos A = bco B——&ccosC—

Via above substitution & (2), given inequality & ). G+2)?

+§H(x+y)2
2 2 3 2 2 2
Z3 +2)*(Zz+x)=2 ) x*°+3 ) x*y+3 ) xy*+6xyz+3 ) x°y+
+BZ xy? > ZZ(yzz + xy? + 23 + z%x + 2yz* + 2xyz) ©

<:>22x3+6Zx2y+62xy2+6xy2242x2y+62xy2+22x3+12xyz

© 2Y x3y > 6xyz © Y x%y > 3xyz - true by A-G (proved)
SOLUTION 4.100

Solution by Marian Ursdrescu — Romania

a _ -3 _ 4bc 2 2
SmA—ZR:»£—ZR:R_ﬁ=>\/§R—a=>3a+a2 — & 4a” > 4bc  a* = bc (1)
2

But Vbc < E (2). From (1)4-(2) we must showT <ae b+c<L2as

B+C B—-C
@sinB+sinC§25inA<:>ZSin< > >cos< )SZsinA<:>

. (n A) (B—C)< in A A (B—C><2 A A
< sin >3 cos 2 < sin @coszcos > < smzcos =

= cos( > ) <2 sm & cos( > ) < 1, true with equality for B = C. i.e equilateral A
SOLUTION 4.101

Solution by Daniel Sitaru-Romania

Cc A B
1.1, = 4Rcos§ Al = 4RcosE,IcIa = 4Rcos -
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x(I,VI) = — A2 VI) =m—B,<(I,VI,) =7 —C

A
R—Iblc—4Rcosi—RR—RR—R
°" 2sind 4. A BT L AT L BT i C

smzcos2 sm2 sin sinz
> Z Zsm N T
R2 R2 ~R? a abc h
cyc cyc cyc cyc
24
sin’>
abcRZZ(S a)(s_b)_4Rs RZZ(S @)(s = b) =
cyc cyc

1 r
BETH ‘r(4R + 1) BETH (rog+rp+ry)

SOLUTION 4.102

Solution by Tran Hong-Vietnam

We have:
T (a+b—c)(b+c—a)(c+a b)
R 2abc
__ (a+b—-c)(b+c-a)(c+a-b)
Let f(c) = 2abc ’
S Fe) = (a+ b)c? —2c® + (a+ b)(a— b)? - (a+ b —2c)c? _a+b—Zc>0
file)= 2abc? = 2abc? ~ 2ab ~
a+by 42b—a)(2a-b) 4 2 (a-Db)?
< = —_—— e ——_—— < —_
=>f(c)—f< 3 ) 9ab 9 9 ab 9
S % < % < 91 < 4R. (Proved)

SOLUTION 4.103
Solution by Marian Ursarescu-Romania

b+c A b+c -a)
We have: m, > — Coso e m, = - p(’;—c

m, > Vbc % = m, > /p(p — a) = we must show:
2 2
(S

p\p-a p-b
a? b? +i 4p(R-1) (2)

But in AABC we have —_—t —
-a p-b p- r
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1/ a? b? 2\ _ 4p(R-1v) _
From (1)+(2)= ;(p: +—+ —) ==

R , .
4 (— -1 ) = relationship it’s true.
p—-b p-c r

SOLUTION 4.104

Solution by Marian Ursdrescu-Romania

1 1 1 __ bccos A+accos B+ab cos C (1)
acos B cos C bcosCcosA ccosAcosB abc cos Acos B cosC
b%+c2-a?

But a’? = b? + ¢* — 2bccos A = bccos A = >

bccosA+accosB+abcos(;‘=%(a2 +b%+c%) (2)

. a?+b%+c? 18
. > -
From (1)+(2) we must show this: T p—— (3)
1 1
< = _— >
But cos AcosBcosC < i dvrer———= 8 (4)

2 2 2
From (3)+(4) we must show: W > %

(5)
But a®? + b? + ¢? = 2(s> —r* — 4Rr) (6)
and abc = 4SRr (7)

2(s2—12—
4-2(8%-r 4Rr)>E

From (5)+(6)+(7) we must show this: TSRY >

=4

sZ—r2—4Rr

— >9<S2—1r2—4Rr>9Rr © S > 13Rr + 1% (8)

But from Gerretsen’s inequality: S* > 16Rr — 51% and from (8) we must show this:
16Rr — 512 > 13Rr + r?> © 3Rr > 6r% © R > 2r (true)
SOLUTION 4.105

Solution by Daniel Sitaru-Romania

S
Ty S_a_lz a 1 2(2R—-r) 2R-r
h, 2S 2L.s—a 2 r or
cyc cyc a cyc
2R —r
= >3<2R—r=23roR=>=2r
2R-r (R\* R
- s(;) —~ - ©2r(2R—1) <2R? —TR & 2R* —5Rr + 212 > 0 o

©2R*>—4Rr —Rr+21r?>0<2R(R-2r)-r(R-2r) >0 <
o (R-2r)2QR-1r =0
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SOLUTION 4.106

Solution by Tran Hong-Vietnam

2

64rr'Vss' + 4(VRrs —VR'T's’)
— 64 . abc a’b’c’_l_4 R abc R a'b'c’
=% "TU4R CTar 4R 4R’

r r 2
=16 /E : ﬁ\/abc -a'b'c’ + (Vabc —Va'b'c")

Euler

< 8vabc-a'b'c' + abc—2Vabc-a'b'c’ +a'b'c’
=abc+ a'b'c' + 6Vvabc-a'b'c’ (1)

(a+a)b+b)(c+c)=(abc+ab'c+a'bc+ab'c+abc’ +a'b'c+a'bc’ +ab'c)

Cauchy 6
> {abc +a'b'c + 6% (abc)*- (a’b’c’)3}

=abc+ a'b'c’' + 6Vabc-a'b'c’ (2)
From (1) and (2) = Proved. Equality & a = a',b = b',c = c'.
SOLUTION 4.107

Solution by Lahiru Samarakoon-Sri Lanka

2RcosAcos A+ 2Rcos BcosC + 2R cos Ccos C > 12vV3R cos Acos B cos C

R(sin 24 + sin 2B + sin 2C) > 12V/3 cos Acos B cos C X R
AR sl - - >12v3 cos Acos Bcos Cx R
sinAsin B sin C

We have to prove, tan Atan Btan C > 3V3

YtanA4 A+B+C
A= 3 2tan<T

So, it’s true.

) =3

( Z tanA4 = tan A tan B tan C)

SOLUTION 4.108

Solution by Lahiru Samarakoon-Sri Lanka
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AM-GM
(mg + my +m,) = 33/ m,m,m,
1
So, mgmpym (m, + my + m.) = 3[mimimt|? but, m, = \/p(p — a). So,
1 1
3[p°(p — @)*(p — b)*(p — ©)*13 = 3[s*p*]3
But, p* > 3+/3S. So, > 3[S* + 2732]5 = 95?2

SOLUTION 4.109

Solution by Soumava Chakraborty-Kolkata-India
9mambmc

In any (X Vsin 4) (Z \/S,T) hahphe

LHS=3+2< ::g>+2</s'“3>—3+2<\f \D
6253+\/_’ — _3+\/_\/Za2b+2ab2 ’4R JZab(Zs—c)
=3+ /T\/Zs(sz+4Rr+r2)—12Rrs—3+\/;\/s2 2Rr + r?

@
LHS<3+\/7\/SZ 2RT + 12

mg= s(s a) 3.2 2)
Imompm, 9s-rs 72R°rs 9R 9R
Now, RHS = ——— > = =— . RHS > —
’ hqhphe = a?b2c2 T 16R2r2s2 ~ 2r
8R3

(1), (2) = it suffices to prove

stZ 2Rr + 12

3)
< 3R(3R — 21)% > 4r(s? — 2Rr +1?)

9(3R-2r)> 3(s*—2Rr+71?
(= >

472 - Rr
Euler 4
R > 2r - (3)= it suffices to prove: 2(s> — 2Rr + %) < 3(3R — 2r)?

Gerretsen

Now, LHSof (4) <  8R? + 4Rr + 8r2 < 27R? — 36Rr + 1212

? ?
& 19R?> —40Rr + 41> > 0 © (R — 2r)(19R — 2r) > 0 - true (Euler) (Proved)
SOLUTION 4.110

Solution by Soumava Chakraborty-Kolkata-India
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Z m, ()Zw
h, T
(1)@2wa(———) zz—

s of 1= T (£ ) = 2w (35) = 5 ot (4) = 5 cons

B 4Rrscos% @ 1
_Z A A _Z . A

4Rrs sin 2 coSs 2 sin 2

Tsintsifas 5. 2 b c btc 4R cos cosB=E 1
< = -4 -) = —_—=y—2_ 2 —
risof) = NLa=y(tef)=n(Eel) =xtoy T oy L

by (a) .
= LHS of (2)= (2) is true (Proved)

B-C B-C
( 0<cos— < 1etcas—£<—<—etc)
2 2 2 2

SOLUTION 4.111
Solution by Soumava Chakraborty-Kolkata-India

+ Lis the orthocenter of AA'B'C’' & LA' = 2 LB’ = "2 & LC' =2

@ @
~ 1A' = 2R co BT“ = 2Rs n IB' = ZRsm &IC’—ZRsm—
(- circumradius of AA'B'C' = R)

SELACLE S PPV, S (= )—6\/§(§)

Also, RHS <
@ 4

(1), (2), (3), (4)= it suffices to prove:
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2R? Z sm— 6\/_1"

+C B-C
COS——CoOs

B
2 _
Now, LHS of (5) = 2R? Y, % > R%Y(cos B + cos C)
C

2

B-C nBCn)

X < —_——
<0<cos 1as 2< > <2

Euler

= 2R? (1 + ;) =2R(R+71) = 4r-3r=12r? > 6\V3r2 o 2 > \/3 = true (proved)

SOLUTION 4.112

Solution by Urfan Aliyev-Baku-Azerbaijan
2Vabc < V3(3R - 2r)
23/(2R sin A)(2R sin B)(2rsin €) < V3(3R — 2r)
3 - = .
AsinB <22 10
VsinAsin Bsin C < 2 R ( )

3V3_3r_3v3 V3 _2V3 V3
4 2R 2 121 "2

4R¥/sinAsin Bsin C < 3V3R — 2V3r
3V3 V3r

r

>:|
Nlb-\

Vsin A sin B sin C <

3
Vsin A sin B sin C < >

sinAsinBsinC < % = % (True)

SOLUTION 4.113

Solution by Soumava Chakraborty-Kolkata-India

P

s-2(s* — 4Rr —1?) — 25(s> — 6Rr — 3r%) _ 2s(2Rr + 21?)
rs B rs

1 2a(s—a)_2
e s GRLY

Z Za(s a)

=4(R+r)

S R22(R+7) & R 2 2r - true

1.« 2a(s— R
&= als a)ZZr@%Zr@RZZr—nrue

6 ha
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SOLUTION 4.114

Solution by Lahiru Samarakoon-Sri Lanka

> (Bmerimy y 22y

A

a

AACG,AG =2m, and CG = 2m,
3 3

So, to have:AG + GC > AC, So, =" +>m, > b

2mg,+2m,) > 3b

2m, +2m,\’ 3b\’
ez () om0
my my

So, similarly, from AAGB and ABGC, and by summation:
Z <2ma + ch)7 S Z <3b>7
m, m,

Solution by Soumava Chakraborty-Kolkata-India

SOLUTION 4.115

2

W) (L) < minin

(2)
w7) S 5t © amimpm? > 6r°s%(s’ — 4Rr —17)

2b2+2c%2-a?)(2c%+2a%-b%)(2a%+2b% %
Now, m2mim? = (2b7+2¢7-a%)(2c 6: )z <) _

@ —4Y a® + 6(X a*b? + ¥ a®b*) + 3a®b*c?
B 64
Now, Y a® = (3 a?)? — 3(a? + b?»)(b? + ¢*)(¢? + a?) =

() s (Y-t (Lat-0)
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-(Te) 3 {Ce) () + (L) () -] -
2> @) -3(Y a)( ab?) + 3a%p2e?

Also, T atb? + ¥ a?b* = ¥ a?b? (T a? — ¢2) 2 (¥ a?)(F a?b?) — 3a2b?c?
(a), (b), (c) = mEmim? = —{~4(3 a?)? + 18(3 a®) (T a?b?) — 27a%b*c?}

_1 [—32(52 — 4Rr — r?)? 4+ 36(s* — 4Rr — r®){(s®* + 4Rr + r?)? — Zabc(Zs)}]
64

—432R?*r?s?
@ 1 {56 — s*(12Rr — 331?) — s*(60R?*r? + 120R7r3 + 331r*) — 64R313 — 48R2r4}
16 —12Rr® — 1

(d) = (2) © s® — s*(12Rr — 3371%) — s2(60R?*r? + 120R73 + 331r*) — 64R3*r3 —

—48R?*r* — 12Rr>® — r°® > 241%s%(s* — 4Rr — r?)
@)
& s® — s*(12Rr — 9r%) — s*(60R?r? + 24Rr3 + 9r*) — 64R3r3 — 48R*r* — 12Rr5 — 1% > 0

Gerretsen

Now, LHSof (3) >  s*(4Rr + 4r?) — s*(60R?*1? + 24Rr3 + 9r*) — 64R3r3 —

Gerretsen
—48R%r* — 12Rr5 —r® (% 0

Gerretsen

Now, LHSof (4) >  s*{(16Rr — 5r®)(4Rr + 41*) — (60R*1* + 24R7r3 + 9r*)} —

?
—64R313 —48R*r* — 12Rr5 —-1r° >0 &
?

& s?(4R% + 20Rr — 291%) — 64R3r — 48R*r* — 12Rr3 —1* % 0

Euler

Now, 4R? + 20Rr — 291> > 4R? + 40r% — 29r% > 0 - LHS of (5)

Gerretsen

?
>  (16Rr — 5r%)(4R? + 20Rr — 291%) — 64R3r — 48R*r> —12Rr® —1r* >0

? ?
& 7R?> —16Rr + 412 > 0 © (R — 2r)(7R — 27r) = 0 - true (Euler) (Proved)
SOLUTION 4.116

Solution by Daniel Sitaru-Romania

f:(0,™) - R, f(x) = (sin x)%, f'(x) = —Esinx (sin x)_% — %cos2 x (sin x)_% <0,

f — concave
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W] =

3
cyc(A,B,C) cyc(4,B,C)

- . T 2 / . (B+C
z \/smA+sm(§)S§ sm( 2 )
cyc(A4,B,C) cyc(4,B,C)
V3 mT—A
z VsinA + 3 7S2 Z sin( > )
cyc(A4,B,C) cyc(4,B,C)

R SR

W] =

5
A 34
2 z cosi— z Vsind = —
cyc(A,B,C) cyc(A,B,C) 22
SOLUTION 4.117
Solution by Soumava Chakraborty-Kolkata-India
m, 4R+r
— <
Al? 412
. amg R-2 coszgsinzg _ wRsin?a R-a*
>m, < R(1+ cosA), etc,--ZmSZ — =) 7 _22r2-4R2_
1 z 2;4—R+r Z 2;8R2+2R
= a“ < S a“ < re
8Rr? 472

? ?
& s —4Rr —r?> < 4R?> + Rr & s? (%4R2+5Rr+r2

Gerretsen

? ?
Now, LHSof(1) < 4R*+4Rr+3r’<4R?>+5Rr+r* o Rr>2r’e

?
< R = 2r — true (Euler)

SOLUTION 4.118

Solution by Marian Ursarescu-Romania

From Cauchy’s inequality = (¥ m)z <3¥r,(r,+1.)
= Y ra(rp + 1) <6 X1y (1)
But Y r,r, = s* (2)
From (1)+(2)= ¥ \/ro(rp + 1) <V6s (3)
mg + my, + m, > 33/m,m,m,
m, = \/s(s —a)

mg + my, +m, > 3Vs?r (4)

}:ma+mb+m0233\/sS=>
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From (3)+(4) we must show:
3 3
3Vs2r - \/g > /65 & 36s5%r2 -I:—g > 63s¢ o 36R7 > 33.23.5%2 © 27R3 > 8s%r (5)
From Mitrinovic’s inequality: 27R?* > 4s? = 27R3 > 4Rs* (6)
From (5)+(6) we must show: 4Rs* > 8s?r < R > 2r, true (Euler)
SOLUTION 4.119

Solution by Soumitra Mandal-Chandar Nagore-india

We know, YycTq = 4R+ 1 and 3oy 7o) = °

2
X r
D yaTam Gy ) S )
y+z y+z

cyc cyc cyc
BERGSTROM'S ) 2 5
INEQUALITY (r, + 71, +T 4R + 1

> (e ; ) _ Zra +22rarb=252—%
cyc cyc

(4R+1)? > 91r2-16R>

We need to prove, 2s> 2 . & 5% >23r% + 2Rr

We know, s? > 16Rr — 51% we need to prove, 16 Rr — 5% > 23r% + 2Rr
< 14R(R — 2r) = 0, which is true
SOLUTION 4.120
Solution by Marian Ursdrescu-Romania

We must show:
3
%(AI + BI + CI)3 + r?(AI* + BI* + CI*) > (AI - BI - CI)? (1)

But Al = —— and Al - BI - CI = 4Rr? (2)

-
s 2

From (1)+(2) we must show:
2r3

27
j_;(AI + BI + €3 + (AI* + BI* + CI*) > 16R*r? (3)

(AI + BI + CI)3? + r?(AI* + BI* + CI*) > 16R*r* &

Al + BI + CI > 3%/AI - BI - CI (4)

From (3)+ (4) we must show:

@)
2r- Al - BI - CI + (AI* + BI* + CI*) > 16R*r* &
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AI* + BI* + CI* > 8Rr*(2R — 1) (5)

(A2 +BI2+CI%)”

From Cauchy’s inequality: AI* + BI* + CI* > and

AI? + BI?> + CI?> = s> + r2 — 8Rr =

AI* + BI* + CI* > (6)

(s2+7r2-8Rr)"
3
From (5)+(6) we must show:
(s2 +1%2 —8Rr)? > 24Rr*(2R—71) (7)
From Gerretsen’s inequality we have: s* > 16Rr — 51> (8)
From (7)+(8): (BRr — 41%)? > 24R1*(2R — 1) © R > 2r true.
SOLUTION 4.121

Solution by Bogdan Fustei-Romania

2 2 2 2
In AABC the following relationship: % + % + % <8+ (%)
a b 4

(I — incenter in AABC)
R, Ry, R, —circumradii ABIC,ACIA,AAIB)
Using two additional inequalities:

abc+a?+b3+c3

R
->
1) r - 2abc

x3+y3+z3 1 <9c2+y2+zz)2

+->
Xy+yz+zx

2)x,y,z > 0: ry "

From the two inequalities from above we can write the following:

1) 3,,3, 3 (2) 2,32, 212
R a’+b°+c 1 a“+b“+c .
2= Taane+3 2 (pvasar) - S0 finally:
R> a? + b2 + 2\’
2r — \ab + bc + ac

R, =2R sing (and the analogs)

. A |rg-T
sin_ = |- — (and the analogs)

2=(r,+r.)(,—1) (and the analogs)

=> R, =2R- / - 4Rz — (r“ T) = /R(r, — r) (and the analogs)
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(rb +1)(rg-1) _ THtT,

2 _ —
R; = R(r, — r) (and the analogs) => Reo) — R
So, =Ib +r” (and the analogs)
a2+b2+c2_rb+rc TatTe TatTh _ 2(rg+1p + 1) 2(4R+r)
RZ R: R? R R R R R
oty + 7. = 4R+ 1) a’ b2 ¢ 8R+2r _g4+ 2r
Ta+Tp+71,= r) = — ot e
b RZ RZ "RET TR R

. . .. 2r ab+bc+ac
: — <
The inequality from enunciation becomes: 8 + — < 8 + (a2+ b2+c2)

R a? + b? + c¢?
5—>—
2r ab + bc + ac

From the above, the inequality from enunciation is proved.

SOLUTION 4.122
Solution by Mehmet Sahin-Ankara-Turkey

C

B
Let (x,y,z) be the barycentric coordinates of M.
x+y+z=1and
[MBC] = x - [ABC]
[MCA] =y - [ABC]
[MAB] = z - [ABC]
[MAB] - [MBC] - [MCA] = xyz[ABC]3? (1)

Using Arithmetic and Geometric Mean inequality:

x+y+z 3 3 1 1
—— 2 VXyz = /xyz < 3> XYZ S (2)

From (1) and (2): 27[MAB] - [MBC] - [MCA] < [ABC]?
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SOLUTION 4.123

Solution by Marian Ursdrescu-Romania

2,2
In any AABC we have: ), _r‘; - == T HARY — we must show:
sin“=
2
s2+r2+4Rr
4(mg+my +my) < ——— (1)

T

But in any AABC we have: m, + my, + m. < 4R+r (2)

From (1)+(2) we must show:

s2+12+4Rr

16R+4rsf@16Rr+4r2Ssz+r2+4Rr<:>s2212Rr+3r2 (3)

Form Gerretsen’s inequality: s* > 16Rr — 51r% (4)
From (3)+(4) we must show: 16Rr — 51> > 12Rr + 31?> © 4Rr > 8r* © R > 2r, true
(Euler)
SOLUTION 4.124

Solution by Lahiru Samarakooon-Sri Lanka

D

Because CF, AD bisectors:

BD AB ¢ BD ac

—_— =

DC AC b b+c
abc

ac
SO,BD'AC—EI)—E

-~ similarly, for AF, BC and CE, AB set summating
LHS = 3. BDAC = abc ¥ ||

12 12 2

(1+1+1)?
+ +
b+c a+c b+c

><2(a+b+c)

= abc ] > abc
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= 4RSr X :—S (v Ya=2s) =9Rr, butR > 2r
So, > 1812 (proved)

z BD - AC > 18r?
SOLUTION 4.125

Solution by Marian Ursdrescu-Romania

From AM-GM = —— + —* ! >33\/ 1

acosA bcosB ccosC — abccosAcos B cosC

>—
R

3 2\/—
We must show this: 5
VabccosAcos BcosC

ab cos A cos B cos C R3
< abcosAcosBcosC <
27 = 833

3\/—R3 (1)

But abc < 3+/3R? )
and cos A cos B cos C < = (1) it’s true.

Leta < b < c = cosA = cos B = cos C. From Chebyshev’s inequality =
1 1 1 1

N N - (1+1+1)( 1 4 1 N 1 )
P =
acosA bcosB ccosC 3\a b c¢/\cos4A cosB cosC

We must show this: —( +—+1)( ! + 1 + 1 )< V3

c cos A cos B cosC

" 4RcosAcosBcosC
s (Z+%+ )(cosAcosB + cosAcosC + cosCcosA) < — (2)

Buti + % + % < g (3). From (2)+(3) we must show:

Y cosAcosB < :—; (4)
2 2_ 2
But ) cosAcosB = % (5)
From (4)+(5) we must show:

s?+r?—4R?> _ 3r
——— <—© s> +r>—4R? < 6Rr (6)
4R 2R

From Gerretsen’s inequality:

s2 <4R? + 4Rr + 31?2 = s> + r2 — 4R?> < 4Rr + 41* (7)

Form (6)+(7) we must show: 4Rr + 4r? < 6Rr © 41r* < 2Rr < 2r < R (true Euler)
SOLUTION 4.126

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
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T
A;B;C € (0;—)
2
f(x) = cos x - sin(sin x)
f'(x) = —sinx - sin(sin x) + cos? x - cos(sin x)
f"(x) = —cos x - sin(sin x) — sin? x - cos(sinx) — 2 - cos x
- sin x - cos(sin x) — cos3 x - sin(sinx) =
=— ((cos x + cos3 x) - sin(sin x) + (sin? x + 2 cos x - sin x) - cos(sin x)) <0

ffx <o

A+B+C A+B+C)_

- sin( sin
( 3

Z cos A - sin(sinA4) < 3 - cos

3 3 (V3 Euler 3 V3R
(05 =zsn(7) < F om ()

=E-sin sing Esm < E-sin ?

SOLUTION 4.127

Solution by Lahiru Samarakoon-Sri Lanka

For ABI triangle, Al + BI > AB, (*27) > (37) (= €I > 0). 5o, ("’C*IB’)S > (‘2—‘;)5

-~ similarly, from ABIC and AAIC, and get summation,
2 (AI + BI)S . 2 (Bc>5
Cl Al
Solution by Soumava Chakraborty-Kolkata-India

R T 2r T
v m, <~ /_a> /_._a :
mg < — h, etc., e 2R A etc
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z T (;)Z 2r z\/’ abcs z\/? azs 1
= - - - O = — —_—
m, R s—a 2A R [s(s—a)bc R .\|4Rrs cosé
2
Zf , 4Rs1n cos
—2251n—
4Rr cos

Now, — he > 4sm—

a

ca+ab (b+c)
@ .

4 e + [l

2bc cos»

2 2 hythe @ A
< a(b+ c)* = 4abc = (b + ¢)* = 4bc - true=> ——= > 4sm5

Wq

(b) ()
Similarly, h”;h“ > 4 smB & taths -~ > g smg
b

Cc

()
(a)+(b)+(c)=> L™ > 4% sin?
Tq hb+hc . A
(1)+(2)=> % - + Zw—a = 6ZSlnE

SOLUTION 4.129

Solution by Marian Ursdrescu-Romania

a _ 2Rsin A _ sinA
b+c—-a 2R(sin B+sin C—sin A) " sinB+sin C—sin A

(1)

Butif A+ B + C = m then: sin B + sin C — sin A = 4sin§sin§cos§(2)

a 2 sing cosg sing
From (1)+(2)= = B . B A 7 (3)
b+c-a 4 sinE sin; cos5 2 sin; sing
1 Y sin? é
From (3)= ¥ =Y—w<=,%—a =< (4
b+c-a ZsmEsmE 2 sin; sin; sin;
.Zé_ZR—T . A . _.E_L
But , sin 2 2R 2 2 2 4R (3)
__2R-r R
From (4)+(5)= ). — == 2; —1 (6)

From (6) inequality becomes: 2 -—1-2) (a+b) >3
R a-b
r-2-3(5) 200
But (a + b)? > 4ab = (7) becomes:
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R (a — b)? R a’? — 2ab + b?
2 — —20@——2—2 >0
r 4ab

ab -
5 Za +b2 >0 R 1 1 a2+b2>0
(:)—— — = - S ——"— ) — S
r 2 4 ab

<:>__2 z:a 24 p2 >0 (8) Bu tza 24 p2 s+12”R;2Rr (9)

From (8)+(9) we must show this:
2 2_
422 T 5 0 (10)
r 2Rr
But from Gerretsen s* < 4R* + 4Rr + 3r? (11)

2 2
From (10)+(11) we must show: 4§ -2 - W = 0. Letg =x,x=2

2
=>4x—2—4";—i"+420=>2x2—3x—220@(2x+1)(x—2)20true.

SOLUTION 4.130
Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
Tq Tp T 3 12

+ +5 =<
r,+r, r.+r, rot+r, 2 R

1

Z( rq +1>+3 3 < 12r
Ty, + 7 2 “6r-—R
1 12r 3 42r—-3R
Zra'z < ==
rqe+r, 6r—-R 2 2(6r-—R)
z Yo+ 1)y +1) _ 421 - 3R
@ [T(ry +15) ~ 2(6r — R)
Z (Era)®+XraTy _ 427 3R
Ta Drg Nrg Tp—Tarpr.  2(6r —R)
a)Yr,=4R+r
b)Y r,r), = s*
) Tqrpre =1 - 52

(4R +1)? + s? - 42r — 3R
~2(6r—R)

(4R +1)? + s>
(4R +1) [(4R +1r)sz — rszl = @R +1) [ 4Rs?

(6r —R)(4R+1)3 + (4R + 1)(6r — R) - s* < 2R(42r — 31)s
(6r — R)(4R +1)® < (61Rr — 2R? — 61?%)s?
6(Rr —2r?2 —61r%) >0
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(6r — R)(4R +1)3 < (61Rr — 2R? — 61%)(16RT — 51?)

(6 —t)(4t+1)3 < (61t — 2t*> — 6)(16t — 5)
—64t* + 33613 + 276t% + 71t + 6 < —32t3 + 986t% — 410t + 30
32t* + 184¢3 + 355t — 236t +12 >0
(t—2)2(32t>*-56+2)2>0

>0 >0
SOLUTION 4.131
Solution by Tran Hong-Vietnam
. 28
sinw = ———
VY a%b?
S Y a%+Y ab

Inequality < Far s sra

2Y a?b%-Y a* Y a2+Y ab 2
Y aZb? S( 2Y a2 ) (1)

letp =) a,q =) ab,r =abc,supposec < b <a
(1)< {8(q* — 2pr) — 4(p* — 4p*q + 2q* + 4p1)}(P* — 29)* < (¢* — 2pr) (P* — @,

e {(-2p(p® - )* +32p(P* - 29)*}r + g(p.q) 2 0

e 2p{16(p* - 2q)* - P* - @*Ir + g(p,q) 2 0
& 2p{15p* — 62p*q + 63q*}r + g(p.q) = 0
Let f(r) = 2p{15p* — 62p*q + 63¢°}r + g(p, q)
15p* — 62p?%q + 63q* = (3p% — 7q)(5p* — 9q) > 0 (because p> > 3q)
= The function f increasing of r = abc, by ABC Theorem we just check:

vc=0,0<ac<b:

2a%b?-(a*+b*) < (a2+b2+ab)2
> <

(I)Q 2a2+2b2

< 4(a* — b*)? + a?b?(a® + ab + b?)? > 0 (true)

va=bc<a:

(1)=

& (a—0)?(9a® + 30a5c + 15a*c? + 28a3c® + 14a*c* + 8ac® + 4¢®) = 0

2
4a?ct-c* (3a2+cz+2ac)
a*+2a2¢2 — 4a2+2c2
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It is true. Proved. Equality & a = b = c.
SOLUTION 4.132

Solution by Soumava Chakraborty-Kolkata-India

Y absin? A+Y, ab cos? A
2

AM > GM = /Y. absin2 A\/Y, ab cos? A <

__ab(sin? A + cos? A) + bc(sin® B + cos? B) + ca(sin® C + cos? ()
B 2

ab
= ZT (- sin® A + cos? A = 1, etc.)

(Z ab sin? A) (Z ab cos? A) < %
- 16 (Z absin? A) (z abcos?A) < 4 (2 ab)2 < 324R*

Leibnitz

&Yab<9R? s true-Yab<Ya? < O9R?
SOLUTION 4.133

Solution by Soumava Chakraborty-Kolkata-India

A'
. A'C _ b a _ b+c i D ac
Angle - bisector theorem = — =-=>—=—=A'B = —
A'B c A c b+c
, , 14 by (D) ba_c a , a , a 2
Angle — bisectoron AABA' > — = 2 =—s JA'=—IJA=1IA"-I1A=—IA
I1A c b+c b+c b+c
a r? IA-IA' ar’bc(b + c)
“btc LA = a
€ sin2 5 Wa (b+c)(s—b)(s—c)2bc cos>
. A A
B 4R smicosirz B 2Rr2 \/(S—b)(S—C)
Z(S—b)(s—c)cosg (s—b)(s—0) bc
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2 2 — ¢
2Rr _2Rr’Ja(s—a) | 4R%r* Jm(:)jg\/m

- Jbc(s —b)(s —¢) VA4Rrs - r2S 4R13s?

b (c)
Similarly, 1B:1B" 2 b(s—Db) & ﬂ = g c(s—o)
Wp

(a)+(b)+(c)= LHS = gz Ja(s —a)
Cis—\/— Za(s—a) =

(z) V3Rr
—2(4Rr +1?%) = w/6R(4R +71)

3v3 r3 3v3r2 (D) 3V3Rr
NOWlRHS=4_rs'.A.B.c= N T T
smismismi S(E)

3Rr \/5(25) —2(s2 —4Rr — 1?)

(i), (i) = it suffices to prove: 6R(4R + 1) < 27R? & 3R? > 6Rr © R > 2r — true (Euler)
SOLUTION 4.134
Solution by Sagar Kumar-Patna Bihar-India

P = e(sinA+2sinB)(sinB+ZsinC)(sinC+2sinA) =cos0<ABC<T=

= sinA,sinB,sinC > 0 = (sin4 + 2sin B)(sinB + 2 sin C)(sin C + 2 sin A)

< 3(sin(4) + sin B + sin C) 3
- 3
AM > GM
= LHS < (sin(4) + sin B + sin C)3

and we know that ina AABC:sinA4 + sin B + sin C < i

3V3 81V3
=> LHS < > 3

813
Hence P,,,, < e(T)

3

Equality holds when A = B = C = g
SOLUTION 4.135

Solution by Lahiru Samarakoon-Sri Lanka

33
ZZRsinAsinB STR
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_ 3V3 _ 3V3
R stASTR:ALRsmAcosBcosCSTR

We have to prove, sin A cos B cos C < %
S sin4 A+B+C\ _ V3
But, 3 Scos( 3 )—7
GM < AM
3
Lcosd > 3/sin A sin B cos C. So, sin A sin B cos C < (\/Z_g) = %
SOLUTION 4.136
Solution by Soumava Chakraborty-Kolkata-India
hp+h,
In any AABC, Y. =2 h Z ( )
ca+ ab ) )
RHS — 12 2R | _ 1z<ca+ab) @ Y.a’b+Yab
2 bc | 2 bc /) 2ab
b? + c?

LHS Terghin z 1 Z (bz +c ) _ Y a*b + Y ab? by (1) RHS

_c 2ab

SOLUTION 4.137

Solution by Bogdan Fustei-Romania

R, =2R sing (and analogous)

= /R(r, — 1) (and analogous)

. A r
sino = |- (and analogous)

R% = R%*(r, — r)? (and analogous) = R% + R} + R* = R? - Y(r, — 1)?

R: +R! +R* = R? [Z 124312 = 2r(rg + 1y +70)]
T Ty +TpTe + Tl =52 > Z ri=((rga+r,+1r)%—2 z TaTh

ZT§=(Ta+Tb+Tc)2—232
R+ R, +RY=R*[(ro+1p+71.)%— 252 = 2r(ry + 1 + 1) + 37%]
R+ R} + R* = R*[(R, + R, + R.)(R, + R, + R, — 21) — 25% + 371?]
R:+ R} + R = R*[(4R + r)(4R — 1) — 5% + 317]
R% + R} + R* = R*(16R?* — r? — 25% + 31%) = 2R?*(8R? — s* + 1?)
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RE+RE+RY  2R%*(8R%*-s?+r?) _ 8R%-s%+1?

T Y = 5 . The inequality from enunciation becomes:
2 2 2
2 2 8R* —s“+r 2 9
2R 2Rr —r* < 2 < 4R 8Rr + 3r

4R? —4Rr — 21> <8R?> — s> + 1 > s2 < 8R?> + 1> — 4R?> + 4Rr + 21% =
= 4R? + 4Rr + 3r% (Gerretsen’s inequality)
8r2 — s2 + 12 < 8R? — 16Rr + 612 = 16Rr — 51% < s? (Gerretsen’s inequality)
From the above the inequality from enunciation is proved.
SOLUTION 4.138

Solution by Soumava Chakraborty-Kolkata-India

abc b2+c -a
ﬁZaz—ZaSCOSA— (s —4Rr —1%) — z < )

=ﬂ(s — 4Rt — 12) —Za4(b2 +e - ah)

2abc
4rs(s* —4Rr —1*) Y a*b* X a*—-c*) —-Ya®
- R - 8Rrs
 32r2s%(s®> — 4Rr — %) — (T a®b*>)(X a?) + 3a*b*c? + ¥ a®
8Rrs

Numerator = 32r?s%?(s? — 4Rr — r?) — (3. a?b*») (3 a?) + 3a?b?c? + 3a*b?c? +
+z:a2 (Z a* —Zazbz) =
= 32r2%s%(s?> —4Rr —1r?) — 2 (Z azbz) (Z az) + 96R?*1r?*s? +
2
+ (Z az) {(Z az) -2 Z azbz}

= 32r2s*(s*? —4Rr —1r*) -8 (z azbz) (s> —4Rr —1r%) +

+96R?*1r?S? + 8(s*> — 4Rr — r?)?
2

— 8(s? — 4Rr — 12) {(s2 — 4Rr —1r2)% — (Z ab) +16Rrs? + 4r232} +

+96R>*r*s?
= 8(s%? — 4Rr — r*){(25*)(—8Rr — 21?) + 16Rrs? + 41r*s? + 96 R*1r*5?}

@
= 96R%*r2S?
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abc o 3 w3 __ 96R%r2s2 3)
(1), (2) > ZRZZa Y.a’cosA = e 12Rrs

Now, Y a® cos Bcos C = %2 a3 (2cosBcosC) =

= %z a3 {cos(B+C) +cos(B—C)} =

1 3 1 2 .
= _Ez cos A +52a -2Rsin(B + C) cos(B — ()

1 R . .
= _Ez 3cosA +EZ a? (sin 2B + 2 sin2C)

1 R
_ _ = 3 - 2 = ol
=3 E a cosA+2 E a (E sin 24 stA)

N A+R(Z 2)<4abc) XN a? - 2sinAcosa
= a- cos 2 a 8R3 a Sin A Cos

1 R abc 1 abc
—Eztﬁ cosA+E(za2) (ﬁ) —— Y a’-acosA = —Za3 cosA+m(Za2)

= (g—zg (Z az) — z a3 cos A) — Z—II; (Z az) A (12Rrs) — tl:;s -2(s® — 4Rr — 1?)
2rs(s? — 4Rr — r?)
R
12R?*rs — 2rs(s* — 4Rr — %) @ 2rs(6R? — s?> + 4Rr + 1?)
- R - R
Now, 6R? — s> + 4Rr + 12 > 0 & s% < 6R% + 4Rr + r?

= 12Rrs —

Gerretsen

?
But, s> < 4R? 4+ 4Rr + 3r% < 6R? + 4Rr + r?

S R>r >true 6R? — s> +4Rr+1r%2 >0

2rs(6R%—s%+4Rr+71?) (Z 1 )2 ®)

(4) = given inequality < " p— > 27abc
(Z 1 )2(332 1 3YcosA
' cosd) = cosAcosB [JcosA
R+r
3 ( R ) _ 12R(R+71)
~ §2—4R?2 —4Rr — 1?2  s2 —4R? —4Rr —r?
4R?
. 2_ 2 2
(6) N (5) PN 12(R+1) 2rs(6R s“+4Rr+r ) > 108Rrs

R(s2—4R%2-4Rr-7r2)
& 2(R+71)(6R? — s? + 4Rr +1%) > 9R(s*> — 4R?* — 4Rr — 1?)
< 2(R+71)6R> —2(R+1)s> +2(R+1r)(4Rr +1?%) >
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> 9Rs* — 36R3 — 9R(4Rr + 1?)

@)
& 48R3 + 12R?*r + (11R + 2r)(4Rr + %) > (11R + 27r)s?

Gerretsen

Now, RHSof (7) < (11R+ 2r)(4R? + 4Rr + 371%)

< 48R% + 12R%r + (4Rr + 12)(11R + 2r) & 263 + 22 — 11t —2 2 0 (wheret =)

Euler

e (t-2)2t2+6t+1) > 0 > true becauset > 2 = (7)istrue = (5)is true
SOLUTION 4.139

Solution by Daniel Sitaru — Romania

50 -5 () -y
h, 28 b2¢c?
cyc cyc a cyc
—ast N g PG ast 1652 = 5 1657 - (ZS>2
N a2b?c? Z a = a2b?c? " 16R2S2 ~“\R

SOLUTION 4.140

Solution by Soumava Chakraborty-Kolkata-India

Yoy Y osa ey (—mcosa)> Y e YIRS e
cos — Ccos
cos A cos A cos A

Let f(x) = sin? x — x? cos x,Vx € [0 2)

2
f'(x) = 2sinxcosx + x?sinx — 2x cos x (2) 2sinxcosx + x?sinx — 2 sinx

4
< xcosx <sinx asx <tanx;Vx € [O§)> =sinx (2 cosx + x% — 2)

Let g(x) =2cosx+x*—2Vx € [Og)
g'(x) =-2sinx+2x>0asVx € [0,%),x > sinx
(3)
gix) >g0)=0
(2), (3= f(x) =0 f(x)=f(0)=0
> Vx € [O, g) ,sin? x > x? cos x, with equality at x = 0

A 5 sin®x @
Vxe(O,E),sm x> X“Ccosx = c > X

0os X

398



ABCe( ) ()=>S"‘A>A2etc

s 2
= IV A o 3 42 = (1) is true (Proved)

cosA

SOLUTION 4.141

Solution by Marian Ursdrescu-Romania

28 b%+c? abc b%+c? 3abc
b% + c¢? > 2bcand h, = = > >—=Y >=— (1)
a hq S hq S

But abc = 4sRr and S = s (2). From (1)+(2)= %~ brac? > 2R _ 12R

2 3 2
Now: T35 » 2B o 9 174 5 20K o S a(b? + ) 2 18V3R® &

a

& Ya%(b+c)=18V3R3 (3)

But Y a? (b + c¢) = 2s(s®> +r?> — 2Rr) (4)
SOLUTION 4.142

Solution by Marian Ursdrescu-Romania

. AR si A A
am, 2RsinAm, sin 5 cos 5 m,

A
= 4R cosima =

ins ins ins
Sy Sy Sy
We must show this:
A B c_3
M, €COS + My, COS - + M COS- =S (1)

N

-2

Butm, > b—cos (2).
From (1)+(2) we must show:
Y (b + c) coszg >3s (3)

24 _ s(s—a)
But cos aiarve (4)

From (3)+(4) we must show:

Z (b+cl))is—a) >3 o Z (b+c)§)b+c—a) > 6 (5)

Bu tZ (b+c)(b+c a) z:a(b+c)(bbc+c a)
_Yab+c)?-Ya*(b+ c) _ X(ab*+ac® + 2abc) - Y a’b — Y a’c
B abc B

abc

Y ab?+Y ac%+6abc-Y a2b-Y azc 6abc
= =6 (6)
abc abc
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From (6) = it’s true.
SOLUTION 4.143
Solution by Soumava Chakraborty-Kolkata-India

WLOG, we may assumea > b > c

Then,Vbtc<Vcta<Vva+h &—<—-<—

Tq Tp Tc

- LHS Chebéshev%(z \/b_-{_c) (Z l)

a

CBS 1 4s ? 4R — 2r

2w 5
3 = 272
4s ? 4(2R —1)?
S —<K—
3 3V3r

Mitrinovic
Now, LHS of (1) < 3?" 3 _ﬂ

?
o srv3 (% (2R —1)?

Euler

< (2R —1)? © 8R? — 17Rr + 212 >0=> (8R—1)(R—2r) >0—>true R > 2
SOLUTION 4.144

Solution by Soumava Chakraborty-Kolkata-India

1652

abcY a) — 10

We shall first prove: (3, a) (Z ) +

612s? s2 + 4Rr + 5712
>10 &
8Rrs? 2Rr

S
)(s +4Rr +1%) + >10

= (srs
4Rt

1652 U
& s? > 16Rr — 512 - true (Gerretsen) . (3. a) (Z ) + e > 10

ma Zmb 2m,

Applying (1) on a triangle with sides 3 3 and whose area

o)

2711ma) (52 ma)

2
o (Qma) (2, mi) T mj)s@ mg) = 1

Solution by Soumava Chakraborty-Kolkata-India

>10

of course, will be g, we get: (g » ma) (g ) mia) + (

SOLUTION 4.145

acosA,bcosB,ccosC >0

acosA+bcosB—ccosC
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