= R(sin2A + sin2B) — 2RsinCcosC =R - 2sinCcos(A— B) — 2RsinCcosC
= 2RsinC{cos(A—B) + cos(A+ B)} =2RsinC-2cosAcosB
=4RsinCcosAcosB >0 (- cosA,cosB > 0)
Similarly, bcos B+ ccosC—acosA>0&ccosC+acosA—bcosB >0
~acosA,bcosB,ccosC are sides of a triangle.
LetacosA =x,bcosB =y,ccosC = z.
Then, given inequality becomes:
xyz> (x+y—z)(y+z—x)(z+ x—y), which, of course holds true when x,y, z are 3

sides of a triangle (proved).
SOLUTION 4.146

Solution by Serban George Florin-Romania

(bmC cmb)_l_(amb bma)_l_(cma amc>
cmy, bm, bm, am, am, cm,

=0

b>m? — c¢*mi a*mj — b*m?% c*m? — a*m?

>0
bcm,m, abm,m, acm,m,
me\? _ my\? o mp\E mg\E o mg)? me?
:(c) (b) _I_(b) (a) _I_(a) (c) >0
my, m m, my m, mg -
b c a b a ¢
ma o mp  mG o mp
I_faSbthenaZb<:>azzb2
b%2(2b?% + 2¢%2 —a?®) a%*(2a% + 2c¢% — b?
( 2 )2 ( 2 ),Zb“—I—szcz—azbZ22a4

+2a%c? — a?b?, (b* — a*) + c?(b? — a?) = 0,(b? — a®)(b?* + a®) + c2(b®* —a?) > 0
(b% — a®)(b? + a® + ¢*) = 0 (true) b* > a%, b*> —a* >0
Note%zx,%zy,%zz,asb§c:>x2y2z

22—y Y2 —x? %72

= + + =0
yz Xy Xz
x2 — 72 2_ 52 42 _y2 (x2 _ y2) 4 (y2 — 72 2 _ 2 2 _p2
. 2y z y'( )+ Z)zy zZZ X
Xz yz Xy Xz yz Xy
x2 — y2 2 _ ,2 2 _ 42 42 _ 42
y .Yy S Y N y
Xz Xz yz Xy
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(L -S)e0-(E-2)

@—ﬁ@+ﬁ@—@>@—@@+@&—ﬁ
xXyz - Xyz

S@-—-yx+y-2=2@-2@+2)(x-y)
>@x-yx+yy-2-@-2@+2)(x-y)=0
>x-y@y-2)x+y—-y—2=20,x-y)(y—2)(x—2)=0

True

x=>2y=>x—y=>0
y=2z=>y—22=>0
x=2z=>x—2z2=20

SOLUTION 4.147

Solution by Kevin Soto Palacios — Huarmey-Peru

(tanx + 2senx —3x) + (tany + 2seny —3y) + (tanz+ 2senz—3z) > 0
Consideremos: f(x) = tanx + 2 sen x — 3x. Realizamos la primera derivada:
f'(x) = sec?* x + 2 cos x — 3. Realizamos la segunda derivada.

. 2senx (1 - cos®x) i3
f'(x) =—2senx + s =2senx—————>0Vx€e<0,5>
cos> x cos> x 2

Desde que: f(0) = f'(0) =0y f""(x) > 0, se concluye que: f(x) > 0
tanx+2senx—3x>0 (A)
tany+2seny—3y >0 (B)
tanz+2senz—3z>0 (C)
(tanx+ 2senx —3x) + (tany + 2seny —3y) + (tanz+ 2senz —3z) > 0
SOLUTION 4.148

Solution by Lahiru Samarakoon-Sri Lanka

; -1 L) — —_5
Lets consider, cos (2 NiE 0 & cos0O et

2 3m V13 (0) 1

COSECOSE=TCOS § +E
(12 cosi—gcosi—g— 1) 0
= COS—
2V/13 3
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0 0
ut, = - — =
But, cos 0 4c0s33 3 cos

- we have to prove,

3 3 3 2w 3m
12cosﬁcosﬁ—1 12cosﬁcos?—1 5

4 -3 =
2vV13 2vV13 2vV13

3
So, (12 cosi—Zcosi—:— 1) -39 (12 cos%cos% — 1) = 65

123 327 g3 T 122 x 3 2 2T 23”+12><3 3T
COS 13COS 13 COS 13 COS 13 C0813C0513

1-39 x12 2m 31T-|—39—65
€os 75 COS T3 =

3 3211' 3311' ) 221r 231r 2 3
12° cos Ecos E—12 X 3 cos Ecos Ezlz ><36cosl—3cosl—3=27

Therefore, now we have to prove,

o4 J2M  .3W 16 221r2 , 37 16 27T 3n_1
cos® = cos® cos? —=-cos® = COS T3 COS 1= =

Consider L.H.S,
3m
13

2T 3 21 3 2T
L.H.S = 64 cos® == cos3® = — 16 cos? == cos? — — 16 cos — cos
13 13 13 13 13

_g 21 3 (8 2211 231r 2 21 2 2)
= 8 cos 13 cos 13 cos 13 cos 13 cos 13 cos 13

A
8 (1 + cos %) (1 + cos (1’—1;) 21T 3

> . > —ZCOSECOSE—Z

=84
L.HS=8A (2 + 2 cos:—:+ 2 cosi—:+ 2 cos%cos% -2 cos%cos% - 2)
=84 (2 cos4—n +2 cos6—n + cosz—n + cosz—n - cosz—n - cosl)
13 13 13 13 13 13
[+ cos(n+y) + cos(n—y) =2cosncosy]
41 21 T 3r

= 94[(cos 5 + c0s35) + (cos 35 + cos 35) - (cos -+ 05 5)
= COs 13 Ccos 13 Ccos 13 Ccos 13 Ccos 13 Ccos 13

( 51t+ 71r>]
cos 13 cos 13

(- cos o _ cos 3 and cos L cos 7")
) 3 13 13 13
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5w T 3n T 21 T 61
=842 cosl—3cosE+ 2 COS1_3C°S§_ 2 cosﬁcosl—3 -2 cosﬁcosl—3
T 2 3n 5 3n 2 6m
=16 cosﬁ . cosl—3 . cosl—3 (cosﬁ + cos E) - (cos1—3 + cos E)]
B
T T 4 21
= 16B |2 cosﬁ . cosﬁ -2 cosEcosE
21 3 41 T 11m
= 32 cos Ecosﬁcosﬁcosﬁ (cosﬁ + cos H)
21 11m
( cosE = —COoS 1—3)
So,
L.HS = 64cos—cosz—ncosg—ncos4—ncoss—ncos6—n =
13 13 13 13 13 13
32 4 T 2 41 3 5 é6m
= sinl(z smﬁcos E) . cosﬁcosﬁcosﬁcosﬁcosﬁ
13 sini—g
16 .21 2w 3
= EET(Z smﬁcosﬁ) - COS—

6m . ..
13 COS T & using similar way,

13 singg
L.H.S. = R.H.S.
Therefore, it’s true
2 3m V13 1 /5 1
- €COS el cos 13- 6 cos <§ cos (ﬁ» 1
SOLUTION 4.149

Solution by Kevin Soto Palacios —Huarmey-Peru:

tan(A+ B) + tan(C+D) 1
1—tan(A+ B)tan(C+ D)

> tan(A+ B) + tan(C+ D) =1 —tan(A + B) tan(C + D)
tanA + tan B

+ tanC + tan D —1 (tanA+tanB
1—tanAtanB 1—tanCtanD

)( tanC + tan D )
1—tanAtanB/\1 —tanCtanD
Multiplicamos: (1 —tanAtanB)(1 —tanCtanD) # 0

(tanA + tanB)(1 —tanCtan D) + (tanC + tanD)(1 — tanAtanB) =

=1 —-tanAtanB)(1 —tanCtanD) — (tan A + tan B)(tan C + tan D)
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- A, = Z tan A + z tanAtanB — z tanAtanBtanC

=tanAtanBtanCtanD + 1
=16(A; —1) <A, > 16tanAtanBtanCtanD < (tan A + tan B)?(tan C + tan D)?
— (Valido por: MA > MG)
SOLUTION 4.150

Solution 1 by Tran Hong-Vietnam

> may = 10] <[> malhy — ko] Y mz- Yy~ hoy?
=2 T a) X(hy — h)? = 3 (T a2 hE - % hahy)} (%)

We must show that

z(Zhg—Zhah,,)<3Zh3<=—22hahb<2hg

(It is true because: h,, hy, h, > 0)= (*) < % S a?®) Y h2

= 4[> moy - n0] <9(Y a?)(Y n2)

SOLUTION 4.151

Solution by Soumava Chakraborty-Kolkata-India
Let f(x) = cosec x + 2v2 cosecx — 3V/3

f'(x) = — cosecx cotx + 2v2 secxtanx

" _ 3 2 \/_ 3 2 E
f"(x) = cosec® x + cot” x cosecx + 2vV2(sec’ x + secxtan“x) > 0,V x € 0,2

when f'(x) = 0, f(x) attains a minima and f(x) never attains a maxima in (0, g),

point at which f(x) attains a minima is the point at which f(x) attains its minimum value

1 sinx 1 CcoS X

f(x)=0=2V2-

cosx cosx sinx sinx

) ] 1 2 ) 1
:>2\/fsm3x=cos3x:>\/§smx=cosx:tanxzﬁ:coszxZE andsmzng
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_ 1 2z e 1, 22
fmi"‘ﬁJr?‘?"/g atx = tan”! () = o+ 25373,
3

equality at x = tan~! (%)
SOLUTION 4.152
Solution by Kunihiko Chikaya-Tokyo-Japan
3 3 2 2 2 2
2{p? + +
P, 1 3( L _ppzq cosB)

cos@ sin@ P

. (P\ _ (cos@ 3 (2 p’+q®  p*+q* . )
Equality (q) = (sine) +q . - sin @

3b
= \/;: 2(p% + q*)\p? + q% — (p* + q*)(p cos O + q sin )

3
> (p* +q%)2

(:)tanezg
P

|

2 2\2 RN
> (a§+b§) - |Pq|

1 1
=a3,q=>b3
p=aiq=b (a'b>0):’cose sin@ —

min

(a.b)

SOLUTION 4.153

Solution by Soumava Chakraborty-Kolkata-India

A
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2
let BA; = m & CA3 = n. Then,™ =~ (& m + n = a)

m+n c%+b?
" n b2
a c2+ b? ab? c? ¢z ab? ac

=>—= SN=FS—">S5>M=—SNn=—" =
n b? c? + b? b? b%? b?+c? b%?+c?

2

@ ai®
= BA3; = B2
pywa ai?  a(b?+c?) - 2ai® @ a(b? - c?)
A E_b2+c2= 2(b? + ¢2) = 2(b% + c2)
From AABA,%2! — cos B = BA, = ccos B = c(c2ra?-b?) (D) 24a?-p?
¢ 2ca 2a

S A2A3 = BAl - BA3

by (i) a c* + a® — b?
“MAy=BA,—BA; = o —————
_a?—(c+a’-b?) @ b*-c?

- 2a T 2a

ArA3 (i) az
(1), (2)= AzA1  bZ+c?

BzB3 (E) bz Cc2C3 (i) CZ

Similarly, — = _— = =
Ys B;Bq cZ+a? T cycq a?+b?

a? Nesbitt ? 10812
(a)+(b)+(c)= LHS = Z—b2+c2 > 3> S a

?

2 < 2

S ). ac > 36r
2 (3)

Ionescu—
Weitzenbock Mitrinovic
But Y a? > 4V3rs > 43r(3V3r) = 3612 = (3) is true (Proved)
SOLUTION 4.154

Solution by Soumava Chakraborty-Kolkata-India

2\/s(s—a)s(s—b)s(s—c)

“m, =>+s(s—a), etc-. LHS > PTYR

8R3
16R3rs> _ R . , R 12
= ———— = — . it suffices to prove: — > 1
16R%r2s2  r ff p r Y rarp

R—r (4R+1r)%—2s?
" z( s)Z & (R—1)s*+2rs> >r(4R +1)?

(=14

(€))]
& (R+1)s? >r(4R +1)?

Gerretsen

Now, LHSof (1) >  (R+71)(16Rr —57%) > r(4R +1)?
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& 16R2 + 11Rr — 572 > 16R% + 8Rr + 12 & 3Rr > 612  true (Euler) (Done)
SOLUTION 4.155
Solution by Tran Hong-Vietnam
“f(x) =x5(x>0)= f’"(x) =20x3 >0 (x> 0)

Using Jensen’s inequality:

5 1 Y ams 1
D ami=2s ) 5 maZZSZ(z%-ma) =W2<ama>5 St > 1o

Must show that:—, > —— < 729R* > 16s*
16s 729R

It is true because - s < iR = st <22

729 ZR* © 729R* > 165*

SOLUTION 4.156

Solution by Soumava Chakraborty-Kolkata-India

. A
sinz ym? z A(1)Zm 3202
= & ) mym, sm—

m, 2m,mym, 2 8

A CBS A 9 a?b? [Y(1—cosA)
Zmbmcsm— < z:mbmZ 251n25= T >

9Ya’b? 2R—r 2 3Ya® 9Ya’bh®> 2R—1\ 2 9 )\
= SR () fa )
16 2R 8 16 2R 64

< 2(2R—-71) <(Z ab)2 - 2abc(2s)> ; 4R(s? — 4Rr — r?)?

& 2(2R —1)(s%* + 4Rr + 1%)? — 4R(s* — 4Rr — 1?)? ; 32(2R — r)Rrs?
& 2R((s? + 4Rr + %)% — (s* — 4Rr — r?)?) é 16(2R — r)Rrs? + r(s* + 4Rr + r?)?
< 2R(25%)(8Rr + 21?) ; 16(2R — r)Rrs? + r(s* + 4Rr + r?)?
< s* +r2(4R + )% + 25%(4Rr + 1?) (% 24Rrs?

Gerretsen

?
Now, LHSof (2) <  s*(16Rr — 51%) +r?(4R + r)? + 25*(4Rr + 1?) > 24Rrs>

? ?
& r?(4R + 1)? = 3r2s? © 4R + r > \/3s - true (Trucht)= (1) is true (Done).
SOLUTION 4.157

Solution by Soumava Chakraborty-Kolkata-India
ax=u,by=v,cz=w

The inequality to prove can be written:
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u 3
= >
Zu+v+98w_ 100‘_’1002“(”+W+98“)(W+“+98”) —3H(u+v+98w)

95062 wd + 9314912 Wy > 2794764uvw + 94092 w? ()
AM—GM
wW+vdi+v: S 3wl
AM—GM
B rwdi+wd S 3vw?
AM-GM
w3+ud+ud S 3wu?

Z ud > z uv? - 9506Zu3 > 95062 wv? (1)

AM-GM
97Zuv2 > 291uvw (2)

AM-GM
931491Zu2v S 2794473uvw (3)

By adding (1), (2),(3) - (a)
SOLUTION 4.158

Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

b* + 2
Zma —2r 1 b2+c2_1zab2+ac2_
bc 2 bc 2 abc
2R
bc
_1zbc2+c2a_1zbc+ca_1 >rt 2R h, + hy
2 abc 2 B ab 2 h,
2R

SOLUTION 4.159
Solution by Bogdan Fustei-Romania

ab+bc+ac)2
a2+b2+c2

In AABC the following relatlonshlp — + + 2 S 8+ (
b R¢

(I —incenter in AABC); R,, Ry, R, — circumradii ABIC,ACIA,AAIB)
Using two additional inequalities:

R abc+a?+b3+c3

1)=>
r 2abc
2
3,.3,,3 2,.2,,2
x°+y°+z 1 x“+y“+z
2)x,y,z > 0: Y +—2(y—)
4xyz 4 xXy+yz+zx
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From the two inequalities from above we can write the following:
2

R D gdip3rd 1@ rg2ip2i2y2 a?+b2%4c?
2 —+-= (———) . So, fmally — —_—
2r 4abc 4 ab+bc+ac ab+bc+ac

R, = 2R sing (and the analogs)

sin2 = r“ " (and the analogs)

= (ry+r.)(r,—r) (and the analogs)

= R, =2R- f - 4R%Z—=2— (r“ ) = /R(r, — 1) (and the analogs)

_ ptr)rg—1) _ ThtT,

R?% = R(r, — 1) (and the analogs) S 2= Rea  — R
So, = bt +r‘ (and the analogs)
a2+b2+c2_rb+rc TatTe TatTh _ 2(r, +rb+rc) 2(4R + 1)
RZ R: R? R R R R R
(o try 4 AR+ 1) a2+b2 c> 8R+2r 8+2r
Ta+Tp+71,= Ns—4+—+—=——= -
@b T Te RZ ' R? R% R R
. . . .. 2r ab+bc+ac
The inequality from enunciation becomes: 8 + — < 8 + (a2+ b2+c2)

R <a2+b2+c2)

5—>—
2r ab + bc + ac

From the above, the inequality from enunciation is proved.

SOLUTION 4.160
Solution by Mehmet Sahin-Ankara-Turkey

(am, + bmy, + cm,)? < (a® + b? + cz)(ma +mji + m?)

am, + bm, +cm, < [9R? --. 9RZ = WER (1)

Sq SMy,Sp <My, S, <M,

SqMg + spmy + s;m, < m? +mi +m? = % -9R?% (2)
From (1) and (2):
9\/_ 27 2433
(am, + bmy, + cm,)(s,my, + symy, + s;m;) < — TR4 . R*

SOLUTION 4.161

Solution by Marian Ursdrescu-Romania
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Inequality < (\/hg + hy, + /by, + he + /hc + ha)z = % (1)

2
From Cauchy’s Inequality = (\/hq + hy + /Ry + he + Jhe + hy) < 6(h, + hy + ) (2)

From (1)+(2) we must show:

2
3(hg + hy + h) <= (3)

s2+r2+4Rr

Buthy + hy + h, = —

(4) From (3)+(4) we must show:
3(s* + 1%+ 4Rr) - 252
2R - R

s2 >3r%2 + 12Rr (5)

©3(s’?+1r*+4Rr) <4s* o

From Gerretsen’s inequality we have: s* > 16Rr — 51> (6)
From (5)+(6) we must show:
16Rr — 51> > 3r* + 12Rr © 4Rr > 8r’ &
R = 2r, true because it’s Euler’s inequality.

SOLUTION 4.162

Solution by Marian Ursdrescu-Romania

We must show:
a(b + c) cosg + b(a+c) cosg +c(a+ b) cosg > 36+/312 (1)
But

a(b + c) cos§+b(a+ c) cos§+ c(a+b) cosgz

Bi/abc(a +b)(b+c)(a+c) cosgcosgcosg (2)

From (1)+(2) we must show:

i/abc(a +b)(b+c)(a+c) cos%cosgcosg > 12v/3r% (3)

But abc = 4sRr (4), (a + b)(b + ¢)(a + ¢) = 2s(s®> +r? + 2Rr) (5)

and cos g cos g cos g = ﬁ (6). From (4)+(5)+(6) we must show:

S
3\/4er -2s(s2 + 12+ 2Rr) IR >12V3r?

sy/2r(s? + r? + 2Rr) = 123712 (7)

} we must show
From Mitrinovic s > 3+/3r (8)
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V2r(s? + 12 + 2Rr) = 4r © 2r(s®> +r2 + 2Rr) > 6413 =
s+ 124+ 2Rr > 32r% (9)
From Gerretsen we have s* > 16Rr — 5r% (10)
From (9)+(10) we must show: 18Rr — 4r* > 32r%? &
& 18Rr > 3612 © R > 2r true (Euler)
SOLUTION 4.163

Solution by Soumitra Mandal-Chandar Nagore-India

3v3 . 3V3 .
We know, —= = YeycSin A and === [lcycsinA

, 3
HOLDER'S \

1—[ ( 1 1 INEQUALITY 1
1+ + > 1+ +
sin4 sinB + sin C) - 2/si i i
\ \sin A sin B sin C S\/Hcyc(SinA + sin B)/

cyc

REVERSE 3
AM=GM <1+ 2 N 3 )
> —t
V3 23..sinA

SOLUTION 4.164

2 33° 3
2<1+\/_§+W§) = (1++3)

Solution by Soumava Chakraborty-Kolkata-India

c
ab = 12R? sinZE

abc\? (s — a)(s — b) 2p2 3 a’b*c*(s—a)(s—b)
4A) ab - a "4 s(s—a)(s—b)(s—0)
=>4s(s—c)=3c*?=>(a+b+c)(a+b—c) =3c?

:ab=12<

>(a+b)?-c*=3c*>=2>a+b=2c=>a+b+c=3c

3¢ s23V3r V3 cV3
$S=7 > 3\/§T=>CZZ\/§T=>TZT=>TST

SOLUTION 4.165
Solution by Marian Ursarescu-Romania
We must show: 3VaZb?c? < (8R — 107)2 (1)
But YaZb%c? < @ (2)
Form (1)+(2) we must show: a* + b?> + ¢?> < (8R — 101)? (3)
But a® + b% + ¢* = 2(s®> —r* — 4Rr) (4)
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From (3)+(4) we must show:
s? —r?2 —4Rr < 2(4R - 51)* (5)
From Gerretsen’s inequality: s* < 4R* + 4Rr + 31* (6)
From (5)+(6) we must show:
4R? + 2r* < 2(4R - 51)? © 2R?> + r> < 16R?* — 40Rr + 251* &
& 14R* — 40Rr + 24r* > 0 © 7R*> — 20Rr + 1212 > 0
Which is true because R > 2r = 7R* — 20Rr + 12r% > 28r?> — 401> + 12r2 =0

SOLUTION 4.166
Solution by Marian Ursdrescu-Romania

We must show:
% (a®w? + b*wj + c*w?) > 1812 % (1)
ButrS§:>6rs3R:>%s3(2)
From (1)+(2):
We must show: a’?w? + b*w? + c?w? > 36513 (3)
a?w? + b2w? + c2w? > 33/ (abc)?(Wow,w,)?
But 3/w,wyw, > 3r }
a’w? + b*w? + c2w? > 27r%/(abc)? (4)
From (3)+(4) we must show:
2 + r23/(abc)? = 365r%V3 & 33/ (abc)? = 45V3 &

33/(4RS)? > 453 © 27 - 16R?S? > 64533V3 =

3V3R? > 45 < 3V3R? > 4sr (5)
ButR > 2r sy

2s } = R? > 35> 3V3R? > 4sr = (5) it’s true.

>
r—3\/§

SOLUTION 4.167

Solution by Soumava Chakraborty-Kolkata-India
A
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r r
_-_a

BI CcI- BC sinB sinC rsinA rsinA() A
5 5 5 5 (1
«=—7 2= 2= ——% = 2Rsin;
4. 7BC r Z(nsini) Z(E)

n:‘l:U
Q

mw | A2R,_|4RZ A@ |R| A
h Sy abe ~ Jarrs "2 T rs |2
(b) (o)
similarly, |22 2 /5 lasinf& [ZZ |2 ogint

hp rs 2 h. rs 2
,Ra@ ,R / RS ’R6/ r\
(a)+(b)+(c) = ), rele ;Z asinz => 3 - 4Rrs(ﬁ)2\/g

?
& 27R3 > 8rs? - (i)

Mitrinovic 452 Euler

Now, R? > —&R > 2r

~ 27R3 > 8rs? (multiplying the above two)= (i) is true -. Y. \/% > /6

CBS
Also, using (2), Z\/% < &VZS ’Z sing
Jensen R . x
< \/;\/ZS /3 sin (g) (~ f(x) = sinE vx € (0, ) is concave)

3R R, @ [3R
= |— — < |—
r h, r
6mambmc s(s- a) ete 6STs 3R by (i) Z :> Z Ra 6m,mpm,
hqhph, 16RZZSZ ha hahphe

8R3

SOLUTION 4.168

Solution by Serban George Florin-Romania

0 — Z(bcosB ccosC> 2A_z<2RsinBcosB+2RsinCcosC) 24 =
ccosC ' beosB) %747 2RsinCcosC ' 2RsinBcosB) ®°“7 7

sin2B sin2C
= Z ( + ) - cos 24

sin2C cos2C
sin 2B cos 24 4 sin 2C cos 24 4 sin24 - cos 2B N sin 2C cos 2B
sin 2C cos2C sin 2C sin 24

sin 24 cos 2C 4 sin 2B cos 2C _ Z (sin 2Acos 2B 4 sin 2B cos ZA) _
sin 2B sin24 sin2C sin2C a
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z sin(2A+ 2B) _ z sin(24 — 20)
sin2C sin 2C

ﬂ_z sinZC_z( 1= -3
B sin2C B
Solution by Daniel Sitaru-Romania

Z b2+c CBS\/ Z (b2 + ¢2) - z hlg:\/z Z a2 - Z 4a_;:

SOLUTION 4.169

cyc(a,b,c) cyc(a,b,c) cyc(a,b,c) cyc(a,b,c) cyc(a,b,c)
1 LEIBNIZ 9R?2
= a? < 7
' cyc(a,b,c) 2-S

SOLUTION 4.170

Solution by Marian Ursdrescu-Romania

am, , bmy cmc 3 [abc mgmpm,
— >3 [——— (1
hq + hy + h¢ hqhph, ( )

+c A A A B C
Butm, = —-cos; = Vbc cos ;= mMegmym, 2 abc cos 5 Cos—cos> (2)

ama bmb cm, 3 |aZb2c2 cosg cosg cosg
From (1)+(2)» —=+—+-—<>3 (3)
C hahbhc

25272

(4)

A B c
abc = 4sRr, COS - COS - COS = 4— and h,hyh, =

am, bmy

a cm, 3[16s2R%r2-s-R
—a b4 Tec> 3 f— = we must show:
hg + hy, + he — 4R 25212

332RZ%s > 24/3V3S © 3622R*s? > 2633335313 © 9R* > 16V3sr3 (5)

R® > 8r 16
R> 2 = R*> \/_sr & 9R* > 16+/3s13 = (5) it’s true.
= 3v3

SOLUTION 4.171

Solution by Soumitra Mandal-Chandar Nagore-india

_a-h b-hb c-hc

Z \/m = Z ’ /— (s—a)
cyc cyc cyc
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Cauchy

Schwarz 2r 2r h
< _ — = —_ =
- a Z(S @) z a 2 @
cyc cyc cyc cyc

Solution by Lahiru Samarakoon-Sri Lanka

(a+a)(b+Db)(c+c')=24VRR'SS' + 4RS + 4R'S’

SOLUTION 4.172

abc
but, R = E

(a+a)(b+c)(c+c)=6Vaa'bb'cc' +abc+a'b'c =
= (abc +a'bc+ b'ac +c'ab +a'b'c+b'c’a+a'c’b+a'b'c) = 6Vaa'bb'cc’
So, we have to prove,
ab'c’ + bc'a’ + ca'b’ + abc’ + bea’ + ach’ > 6\Vaa'bb'cc’
Then, AM > GM

ab'c +b'c’a +cab’ + abc’ + bca' + ach’
3 > 6+ a3a’3b3b’3c3¢’3 = Vaa'bb'cc’

So, it’s true.

SOLUTION 4.173
Solution by Soumava Chakragborty-Kolkata-India

LHS , TalpTc rs? /rs2 A

= E —_— = E = E ——CSC—
A . A A A 4Rs 2
as tan 2 4Rs sin 7 C0S 5 tan 2

=Z\/£ \/ (s—bl;gs—_c;l()s—a)
=Z ’%ch(s—a C?\/%\/Zab\/z&—a)

2R Yab
= m-%-s=\/%(2ha) (Proved)

SOLUTION 4.174

Solution by Boris Colakovic-Belgrade-Serbie
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a+b+c b+c—a a(s—a) 1alb+c—a) 1 a?
s—a=———a= ; =_ —la-
2 2 b+c 2 b+c 2 b+c
a+b+c a+c—b b(s—b) 1b(a+c—-b) 1 b?
s—b=—_""_}p= ; == ==(b-
2 2 c+a 2 c+a 2 c+a
_at+b+c ~at+b-—cc(s-c) 1lcla+tb-c) 1 c?
STEET ‘72 "Ta+b 2 a+b 2\""a+b
a? b2 c? 1 (a+b+c)? 1 1 4s2 _
tHs=3(a+b+0) —;(n+ i) Spatb+o -5 =2 25— 00 =
s s 1 33 3V3
_s_ S5 13V, 3V
2 22 2 4

SOLUTION 4.175

Solution by Marian Ursdrescu-Romania
2 2
ha )2 I )y (fe)? s g (tahpho)?
(awﬁ + (bwlz,) + cawe) T 3 aZb2c2(wowpwe)?t (1)
1
Butw, <.s(s—a)>wi<s’(s—a)’> 4252(s oy (2)

ha \% _ 3 (hahphc)?
awlzl) = 3\/azbzczsf'(s—a)z(s—b)z(s—c)2 (3)

4sr

From (1)+(2)= ). (

(ha hb hc) 2 =

(4)

(abc)? = 16s?R*r? (5)and ((s — a)(s — b)(s — c))2 = s2r* (6)

From (3)+(4)+(5) +(6)> £ (1%5) 25— (7)

From (7) we must show this:

3 1 27 1
> =

3/4R%s256 RZ(ZR2 +12) < 4R*r2s6 = R6(2R? + r2)3

27R%*(2R? + 1r?)% > 4r%s% (8) But R > 2r = R? > 4r? (9)

Form (8)+(9) we must show this:
27(2R? + 1r?)3 > 5% = 3(2R?% + 1?) > 5% (10)
But from Gerretsen we have: s* < 4R? + 4Rr + 31? =
s2 <4R? + 4Rr + 3r2 < 6R%* + 3r2 © 4Rr < 2R?> © 2r <R true.
SOLUTION 4.176

Solution by Soumava Chakraborty-Kolkata-India

417



@ b2 +c* c2+a® a’+b?® 33
< + + <
ar, br, cr, 2

() o8

b? + ¢? c2+a2+a2+b2

_.|_
ar, br, cr,

1 a s—a a(s—a)
=) Q) 2= 2
Y a? 1 s(2s) — 2(s?> — 4Rr — r?)
== (52273)- A
_Ya? {S(S2 + 4Rr +1?) B 3} _ 2(4Rr + r?)
A 4Rrs A
(s> —4Rr —r*)(s* —8Rr +1*) 2(4Rr +71?)
- 2RrA - A
s* —12Rrs> +r*(4R +1)(8R — 1) — 4R(4R + r)r?
- 2RrA
© s*—12Rrs* +r>(4R +1r)(4R —71)
- 2sRr?
Mitrinovie S* — 12Rrs* + r22(16RZ ) z 3V3 (§>3 a3
2sr? 25 2
3V3
3{s* — 2Rrs? + r*(16R?* — r?)} z 3R3 g — 3R3 — 1613

=
4852%y2 - 2r3 2r3

?
& 3r{S* — 12Rrs? + r*(16R? — r?)} (% 25%(3R3 —1613)

Gerretsen

Now, LHSof (1) <  3r{S*(4R? — 8Rr + 31r%) + r>(16R? — r?)}

?
< 25%(3R3 — 1612)

4 ?
o 52 (6R3 — 12R?*r + 24Rr? - F) (% 3r3(16R? — 1r?)

4
~ 6R3 — 12R?*r + 24Rr? — 3

Euler
= (R—-27r)(6R*> +241r*) +7r3 >0 ( R > Zr)

Gerretsen

?
~LHSof(2) = (16Rr —5r?) (6R3 — 12R%r + 24Rr? — %) > 3r3(16R? — 1?)

?
< 4883 — 1113 + 198t — 388t + 104 > 0
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?
& (t—2){(t—2)(48t* + 81t + 330) + 608} > 0

Euler
—truet > 2= (b)istrue

Mitrinovic

Also, using (c) & 2s < 3V3R
b2+ c* S*—12Rrs* +r?(16R? —1r?) »
Z > ( ) > 43
ar, 3V3R2%r2

? ?
& $* —12Rrs? + r*(16R? — r?) > 36R*r? © S* — 12Rrs? (% r?2(20R? + 1?)

Gerretsen Gerretsen

Now, LHSof (3) >  S?(4Rr—5r%) >  7r%(16R —57)(4R — 51) = r?(20R? + 1?)
? ?
& 11R? —25Rr + 612 > 0 © (R —2r)(11R — 21) = 0 - true
= (a) is true (Done).
SOLUTION 4.177

Solution by Marian Ursdrescu-Romania

S 28 . .
Te =1, h, = — = inequality becomes:
2 T 325 o g292 1 3
2S Zaz(s—a) - 4 e s Zaz(s—a) 4 (1)
1 _ s*-2s2(2Rr-r?)+(4R+1)3
But Z a2(s—a) 16R2r2s3 (2)

From (1)+(2) we must show:

, 25 —252(2Rr —r*) + r(4R +1)3 - 3s
&

16R%r2s3 =4
s* —2s?(2Rr —r*) +r(4R+1)3 < 125’R? &
s?2(12R?> — s> + 4Rr — 2r*) > r(4R+1)3 (3)

s°r

Now, from Doucet’s inequality, we have:s*> > 3r(4R + 1) (4)
From (3)+(4) we must show this:
3r(4R+1r)(12R> = s’ +4Rr - 2r®) >r(4R+ 1)’ &
3(12R%? — s> + 4Rr — 2r%) > (4R + 1)? © 36R? — 3s% + 12Rr — 61r* > 16R? + 8Rr +
r? © 20R? + 4Rr > 3s% + 7r* (5)
Now, form Doucet’s inequality we have:
3s2< (4R +1)? (6) = 3s2 <16R*>+8Rr+1r’=
3s% + 7r* < 16R* + 8Rr + 8r% (7)
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From (5)4+(6) +(7) we must show this:
20R? + 4Rr > 16R? + 8Rr + 81> © 4R?> > 4Rr + 81> © R* > r(R + 2r) (8)
But from Euler’s inequality we have R > 2r =
R* > 2Rr (9)
From (8)+(9) we must show:
2R>1r(R+2r) © 2R >R+ 2r © R = 2r (true)
Observation: Relationship (2) it’s from Viéte and Newton relations from the equation with the

rootsa, b, c.
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ANALYTICAL INEQUALITIES AND
IDENTITIES-SOLUTIONS

SOLUTION 5.01

Solution by Dimitris Kastriotis-Athens-Greece

n+x
Q(x):_1+4';(n+1)(n+2)(n+3)"‘6R

Q(b)

> (2@)™™ + (@)™ < 2@a®) +1,0<a<1,b>1

1 1 1 1 1 1
(n+1)(n+2)(n+3)_n+2'(n+1)(n+3)_n+2(2(n+1)_2(n+3)>

1 1 1
B E((n+ Dn+2) m+2)(n+ 3))

N
1 1

. = 1
1= =0(n+1)(n+2)(n+3) 2 Z)((n+1)(n+2) (n+2)(n+3)>

1. /1 1 1
25155?0<E_(N+2)(N+3)>:Z
n 1 1
n+1)(n+2)(n+3) - (n+2)(n+3)_(n+1)(n+2)(n+3)

2_nz:(;(n+1)(n+2)(n+3)_nzo(n+2)(n+3)_ 1

N

_ i (1 1>Sl<1 1)1_1
el \n+2 n+3) TR 2T N3 =

n=

Q =-1+4 ntx -1+ 4(S S
(x) = -1+ 'nZO(n+1)(n+2)(n+3) T A4Sy x+S) =

= 1+4(1 1)

= 271 x

a(b) o(a)
(Q(a)) + (Q(b))
oa+b*—ab-1<0,0<a<1l,b>1
let f(b)y=a’+b*—ab—-1,0<a<1,b>1

< Q(a)(b) +1
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f'(b) = a’log(a) + ab®* ! —a =a’log(a) —a(1—b*1)<0Vhb>1=f\ (1,0)

Forb>1o f(b)<f()=0a’+b*<1+ab,0<a<1lb>1

SOLUTION 5.02

Solution by Ravi Prakash-New Delhi-India

1o an _ nl%  10"(m+1)! 1\10
Let a,, = (1om)(n!Y then ans1  AOM@)  m+D0 (1 B E) (10)(n +1)

lim,_, a:L = o0 .~ ) a, converges. LetS =Y, _ja, >0
Now,
k4—
1 (% s\
fim | 1 +F(Z “n) =lim(1+5) =
n=1
NG
fim|(1472) | =)=
SOLUTION 5.03
Solution by Igor Soposki-Skopje-Macedonia
x2+1 1
x*+1 x (1 M F)
= [ e [ dx =
xt+x2+1 xt+x2+1 1,2 2
S e @
1
il fdt 1tt1tx2—1
= = —arctan — = —arctan
(1+ l)dx_dt 2+ (v3)' V3 Vi V3 V3x
x2
1
ns
x2+1 1 2-11 1 n>V/3
Oj 2 o2 11 n xz n 1 = \/—garctanﬁ 1:)5 = \/—Earctan nlO 1
n>v3
g 1 n°V3 1 ardan_g— g
L—1111_)n010n -ﬁ-arctanm—\/—_rlgg 1 =0
(n)8

422



1 5V3n*(n'° — 1) — 10/3n°n°
w53\ mi0 —1)2
lim

n-co 8n’
ni6

5V3n*(n1® — 1) — 10/3n*
n10 —1)2 + 3n10 B n°[5V3n'* — 5v/3n* — 10V3n'*] _

im
noo  8[n20 —2n10 + 1 4+ 3n10]

= lim 8

n9

n°5v3[n!* +nt]  5v3 n°ni¢|1+ 10] 5V3
= lim n® = 4+

— 1 i —
nl—gl? 8[1’120 +nlo0 + 1] 8 nl—>rg n20 [1 n 1 + 1 ] 8 now
10 nZO

1

V3
SOLUTION 5.04
Solution by Srinivasa Raghava-AIRMC-India

2m - 1)
€= Z (2m+2)!

We know that

1

I‘(m+7)2"= 2 (2m+1>'
N 2m+1\ 2 /)

(2m + 2)!l = 2™(2m + 2)m!

2m -1 =

1
then the above sum becomesw = Y. _4 il =

SBIN N =

1
1+—5
— (E) Tty
2

1 1 n 1+
lim,,_, (T + nw) (nw) e = lim,,_ (n' + E)

N 1
(substituting w = E)

] 2m—4mIn(2)—4m ln(%) 1 ) )
= lim,_, ™+ - +0 (n—z) (series expansion around n = )

hence the answer is Tt.

SOLUTION 5.05

Solution by Feti Sinani-Kosovo

When x - 01 we have
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x* = e*nx = VX+to(VX) = 1 4 \x + o(Vx)
X = HE(VE) = ye(VFro(R)InG) _ o (1 + Vx + O(W)) =x+o0(x)
xJCxx = xxto() = g(xto)Inx — gVx+o(Vx) = 1 4 Vx + 0(\/;)
o }n fimos {1 +vVx+ o(Vx) n—even

x+ o(x) n —odd
)(x+o(x))

(Sin x) (Sin x)...(SiIl x)(sin x) )(x+o(x))..-(x+0(x)

= (x+o(x)

(x n O(X))(x+0(x)) = e(x+to@)In(x+o(x)) — (x+o(x))In(X)+o(x) — 1 4 Vx + o(\/})

x -0t

)(x+o(x))(x+o(x))

(x + 0(x) = (x+ o(x))1+x/§+o(\/§) _ x1+\/§+o(\/§)e(1+\/3_r+o(\/§))ln(1+o(1))

=(x+0x)(1+0(1) =x+o0(x)

. sinx (sin x) —
(sin x)(sinx)~ " }n times = 1+Vx +0(Vx) n—even
x+o(x) n —odd

. : ...(sinx)(Sinx)
: . (sinx)¢n¥ .
lim ( lim = lim (ngl(a(l + 0(1))) =

X
nooo \ x-0+ xxx...x

SOLUTION 5.06

Solution by Remus Florin Stanca-Romania

1 s 1 n*

- n1 ”41[1”4 k=132"90 "
limz :>911—llm 1+Z——— =1kt 90 =
n—oo k4 90 n-oo k* 90

k=1
_1
. 1)4
1 nt lim (n+ 1
lim n( YX7_ ———) Stolz C nooo_1 1 lim ———(n%+n
_ o ( k=134790 (1] z:esaro e Wl n = en—® (n+1)4( ) — eO =1
> ﬂl = 1

2 M n
o =tim(a-T+Y 1
27 noo 3 kl(k2+k)2

n 2
Z(k2+k)2 Z(rm

k=1 k=1

(k + 1)2 Z k(k+ 1)

j—
j—
SN———"

I
[+
'EI -

TTM:

I z S
= —_t—1-2=—-3=>
noeh (k2+k)2 6 6 3
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1 T - 1 (3 1132=E7<l=1( 21 )z>
— 13 | | k“+k —
>y = 7111_1)?0 1+3 3 kz—l (k?% + k)2

2
n2+3n+2
lim n m —( ) 1

2
b4 1
3 FYro1 ) ll_) 1 1 im ——~(n2+n)
en—»oo < 3 (k2+k)2 Stolz Cesaro e" © i en—>oo (n2+3n+2)2 eo 1

T 1 "
Qs = i —4In2-— Z—
3= lim{5-4In 6+k_1k2(2k+1)

1 Ak + B C 2Ak? + Ak + 2Bk + B + Ck?
CZk+1) kK T 2k+1 K22k + 1)
©24A=-CA=-2BB=1=2A=-2C=4
1 -2k +1 4 2 1 4
CrCk+) Kk Tzk+1 k@ tzk+1

n 2 n
I z 1 L 41 Z 1 _
noe LK22k+1) 6 nL‘?ok_l 2k2k+1)

I Z(l ! )— I (1+1+ o )—
now Ly \2k " 2k+1) T T am\T27 3 2n+1) "

l

— qim(ieli L 2<1+ +1)
=AU 2n+ 1 2 2n

= i <1+1++1 1 1)— 1'(1++1 1)=
T T2 T3 2n+ 1 n) T ae\nr1 2n+ 1 -

) 1
=—llm(1+—+---+

1
n—co 2 2n+1—ln(2n+1)+ln(2n+1)—(1+---+;—ln(n)+ln(n))—1) =

2
YA
=-4In(2) +4=1=—+4In(2) - 4

1
2
- n(4 41n(2) ”ZLZn 1 >5t e T}i_)lg)(n+1) (12n+3)
. - T Lk=17,2 olz Cesaro
= 0; = lime 6 ke 2k+1) = e

n—oo

nn+) =0 =1

iﬂgg:l
Q, = lim (1 n2+zn: 1Y
415 0 8 L(2k-1)?
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li <1+1++ ) li (1 LI ! 1)—
o \12 ' 32 Zn—12) —om\1z 122 (2n)? 22 anz) =
_ m? y 1(1 1+ +1> ?
=% a1zt 22 8

1
lim M 2y
0 n-oo n -1
= Q, Y lim e ( g +Li= 1(2k- 1)2> Stolz Cesaro e nfin = en% InZianil — e &
n—-o0o
1
> Q4 = T =

Ve
SOLUTION 5.07

Solution by Remus Florin Stanca-Romania

1
Q=1lim(V1+sinx+ V1 —sinx—2)-lim
n*w( ): nooq("Y1 +sinx + V1 — sinx — 2)
lim n(""V1 +sinx + V1 —sinx — 2) =
n-oo
= lim n( V1+sinx — 1) + lim n(n+\/ —sinx — 1) =
n—-oo n—oo
In(1+sinx) In(1-sin x)
_ i e nt1  —1 In(1+sinx) F i e n+l In(1—-sinx)
T In(1 + sinx) n+1 e 1 In(1 — sinx) n+1 B
n+1 n+1
1
= i — Si = 2 = =  —_— = =
=In(1 + sinx) + In(1 — sinx) = In(cos?x) = 2In|cosx| > Q=0 2 Tnlcos 1] 0>0=0

SOLUTION 5.08
Solution by Remus Florin Stanca-Romania
let[Vn|=k=>k<Vn<k+1=>k’<n<(k+1)?=2k>+1<n+1<(k+1)?2+1
k> +2<n+2<(k+1)?+2
k* <n<(k+1)>?
E+1<n+1<(k+1%+1
K+2<n+2<(k+1)*>+2

S22+ 1D)(K*+2)<n(n+1D)n+2) < (k+D?*((k+1)?+ 1D)((k+1)% +2)

> V(2 + D)2 +2) < Ynn+ 1D +2) <Yk + 1D2((k+ 12+ 1) ((k+1)2 +2)

426



T > 6 1 2 6 1 2
VE2(K? + 1)(k2 4+ 2) = (1+k2)(1+ﬁ>=k (1+ﬁ>(1+ﬁ)
Weprovethatki/(1+k—12)(1+;—z)<k+1VkEN

(1+klz)(1+kzz) )

1+— <(k+1) e (k;l) o k3 +k<k3+3k*+3k+1 (true) >

k+1\3

= (1 + %) < (T) (proved)

k +2 (k+1)

5 © K +2k <k®+3k*+3k+1 (true)=

1 + < (k+1) ?) &
>1+ kz_z < (%)3 (proved), so:

1 k+1\3
e

k? k
1+ 2 <<k+1)3
k2 k

= (1+3)(1 +k2—2) < (%)6 & ki/(l +klz)(1 +2)<k+1 (proved)

k< k6j<1 +%) (1+:2) <k+1> [i/kz(k2 + 1)(k2 +2)] = kvk €N

> Yo+ DXk + D2+ D+ D2 +2)| =k +1=

[Vn(n T D)+ 2)] € {k; k + 1}

If [vn(n T D)+ z)] k= [i/n(n T+ z)] = [Va]

[V

_1_
] w0 (1)

= Q =lim,,_,,

[Val+1
n[Vn]

from (1) and (2) we obtain that L = 0.

if[i/n(n+1)(n+2)]=[\/ﬁ]+1:>ﬂ:limn_>oo :é+é:0+0:0 (2)

SOLUTION 5.09
Solution by Avishek Mitra-India
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1
f(x):(x2+2x+3)

> [f(x) - f(x2+2x+3)]pe1 =0
SO0 (2 +2x+3)+(m+ 1) fF(0)2x+2) + ™1, f*V(x)-2=0
= 3fMD0) +2(n+ 1) - f1(0) + 2 - "1™V (0) = 0
= 2(n+ 1)f"(0) = =2 - 1, fmD(0) — 3@+ (0)

n n+lp | f(n—1) (n+1)
= lim G = —lim €2/ © - E lim f—(O)
n-oco N n—coo n! 2 n-oo n!
_ i DR 0= i T 1)1 (0) 0
T TR 2im—DI(m)! | nee2m-Dm-2)
1
1+=)fm V(0
=—lim( ")f ()—0=o

am 1
2(1—5) (n—2)!
SOLUTION 5.10

Solution by Remus Florin Stanca-Romania

— g X1+ Xy — —X — —X,
xn+1_a(1 nl).a n>xn+1_xn.a n

1., 1 1 1
VYn+1 = ayi Yn-1 . qVn > Yn+1=Yn" ayn

we prove by using the Mathematical induction that x,, > 0:
1) we prove that P(1): “x; > 0”is true (true).
2) we suppose that P(n): “x,, > 0”is true.
3) we prove that P(n + 1): “x,.1 > 0”is true by using P(n):
Xpi1=Xp-a ™ a>1,x,>0>x,,1>0>x,>0vVn €N (proved)

Xpi1 = Xp-a n = % = a *n (1). Also, we know that a > 1 and x,, > 0.

n

X . .
<12 x40 < X 2 (X)nen is a decreasing sequence.

Xn
xn > 0 and (x,,) ey is decreasing sequence > |l € R such that
lim(x,) =1
n-co
Xppr1=Xp-am>l=l-a'>l(1-a')=0>1=0
~ lime) =0

we prove by using the Mathematical induction that y,, > 0:
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1) we prove that P(1): “y; > 0”is true (true)

2) we suppose that P(n): “x,, > 0”is true

3) we prove that P(n + 1): “x,,.1 > 0”is true by using P(n)
1

Vi1 =Vn @, Y, >0>y,.1.>0>y,>0Vn €N (proved)
1 1
Yn+1 = Yn - @n > =—— Yo

. arn, we know also thata > 1 and y, > 0 > 21 > 1

n

= Yn+1 > Yn = Vndnen is an increasing sequence (2)

)
we suppose that y,, is verged = 3l € R such that lim,,_,,(y,) =1
1

1 1 1
Yns1=Yn @n=>l=1-ai=>1(1-al)=0=1=0,buty,>0and

increasing = contradiction = lim,,_,,, y,, = ©

Q= llm (nxn) llm ( )(a)

. Yn Stolz Cesaro
lim

1
= lim(yn+1_yn) = lim <yn<ay"_1>> =
n-o Nn n—-oo n—oo

1

. an—1
= lim —g = In(a)(3)
n—->oo

Yn
. n stolz Cesaro . 1 . 1
lim(nx,) = lim - = lim = = lim o —
xn Xn+1  Xn Xn Xn
= lim 1 (4)
- n—oo M - ln(a)

Xn

(@);(3):(4)

= 111i_)r£10(xnyn) = In(a) -m =1=>Q=
SOLUTION 5.11

Solution by Pierre Mounir-Cairo-Egypt

P (1 + Hn)Hn | (1 + Hn>eH"
h nl—>123 H, n H

n

(Hp,)ns1 is a divergent sequence (partial sums)

.'.x:H——>0+asn—>oo:>

n
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1
. (1+x)x_1_ (1+x)x
. (1+x)x—eln(1+x)x . € €
Q = lim =e lim
x-0* x?2 x-0t x2
1
Lety = A+ 15 0%asx— 0" =
1 2
A+ 1]
—In(y +1 €
Q =elim w X lim
y-0+ yZ x—-0+ x?
2
[ 1+ x)x ]
 y—-In(y+1) | Q 1|
= e lim x | lim —&——|
y—-0+ yZ lx—>0+ X J
(1+;\c)x_:l
LetM = limx_)0+
1 (1+ )%
2 + x)x
A+xx . I
- li1(1)1+ - 1 x
P g =
In 1+ x)x
e
: n(1+x)-1
P - —In(1+x)—
letz=2""" ,1-asx > 0" > M = lim,_ - fn—zl X lim, g+ =———
o Im(l+x)—x
M=1Xxlim—————=-L
x—-0t X
~Q=e xL x (-L)?> =el?
x—In(1+x
L= lig 220+
x—-0% x2

Wehave:1—y><1<1+y3 vy>0=

1
1-y<——<1-y+y*>
y 1+y y +y?

X X
1
—_ - _ 2
j(l y)dy<f1+ydy<J(1 y +y9)dy =
0 0 0

2<1(1+)< 2+3v>0
—_— —_— —_ =
X 2 n X X 2 3 X
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1 x< —ln(1+x)< 1<l —ln(1+x)<1
_—— — —_—mm _ﬁ —_—mm
2 3 x? 22 A x?

N |

By squeeze theorem: L = % >Q=cld3= %
SOLUTION 5.12

Solution by Yubian Andres Bedoya Henao-Medellin-Colombia

2
Let f(n) = Ypzand L =" = lim,_, f(n) = L

L_jfm
= Q =lim,_, n[f(m! - /W] =2 @ =1lim,_,, LA i AN g (LH)

n

. LfFm)1f'(n) — /™ In(L) f' (n)
= lim

n—-o 1
nZ

= lim n?f'(n) [/ In(L) — Lf(n)!1] = L*(In(L) — 1) lim n?f'(n)

11 4 11 ( )n
k-1 _a — Xy

[ o= & [ e

00 00

k=1 k=1
[ ()" InCxy)
_ xy)" In(xy .
= ff 1=xy dxdy (z=x"w=y")
00
11 1 11
Zw ln(zw)n (zw)ndzdw 1 In(zw)
= —ff oy = ﬁff In(zw) — ——— |dzdw
o0 1-— (ZW)” 00 1 - (zw)n
1 11 In(zw)
n(zw
~limn?f (n) = lim—jJ In(zw) - ——— |dzdw
n—-oo n-oon =
00 — (zw)n

= limn_mo%fo1 fol <ln(zw) _ In(zw) )dz dw = —lim,,_,,, - f f < ln(zw)l) dzdw (L’H)

1-(zw)n 1-(zw)n

11

11 11

ln(zw) 1

=lmff dzdw=limff I dzdw=ffdzdw=1

n—-oo n—>o0o —_
00 (ZW)"IH(ZW) 00 \(zw)n 00

=>0Q=LInL)-1) = (g) ’ [ln (g) — 1]

Solution by Zaharia Burghelea-Romania

SOLUTION 5.13
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Since Yo (n -l{c_ 1) x 2k = (14 x72)"H?

We have that:

© n+1 K2@+ D) -1 x2 oy ~ 1
Z ka x2+1 x2(m+1) (xz + 1)n+1

. n 4 1y X20+D _1d B ° dx
"__[ Z( k ) x2k X = f(x2+1)n+1

k=0

1

dt =

. . 2 _ . *©
Substituting x“ = t we get: I,, f o (¢ +1)n+1

e 1)=F(%)F(n+%)_ﬁ_<zn>!ﬁ_ o

2’"t3 rm+1)  n 4l "an(n)?

2’ 2
Where B(x,y) and I'(x) are Euler’s beta and gamma function.

I‘G) \/_andI‘(n+ ) @mWr

4Mn!

Also, since (2n)!! = [2n][2(n — 1)][2(n — 2)] ---2 = 2™n!.

> 2"l (2n)! > 1
¢ = ”Z 2n)! 4r(n)? ”Z Tk
n=0 n=0

SOLUTION 5.14

Solution by Pierre Mounir-Cairo-Egypt

2+i+1]

Given: w(n) = di= I[TH-l

Find: Q = lim,,_,, {ln(3n +1)— Z’,}ﬂ%}

w(n)—Z[l ] +Z[;2—;+1]

We have: O< <1Vl>3

—i+

S| —=——]=0Vi>3
[iZ—i+1] L=
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w(n)=n+[2]+[§]+i[ﬁ]=n+3
i=3

n n
, 1 1
Q:rlll_)rg{ln(Bn+1)—kZlk+3} llm{ln(3n+1)—lnn+< ZE>+1+ + }

= liml (3+1>+l' l Zn:l +11—l 3 +11
TP T TR k) "6 M7V
k=1
SOLUTION 5.15
Solution by Pierre Mounir-Cairo-Egypt

By Jensen’s inequality, we have:

VE+Vk+2 |k+(k+2)

> < > >Vk+Vk+2<2Vk+1=

(We could’ve proved it using (\/k_-I-Z —\/E)Z > 0)
VE+Vk+1+Vk+2<3Vk+1>
\/E+\/E+\/E<\/E+x/k+1+\/k+2
3 3
wx<y=[x] <[y]

VA < \/E+\/k+31+\/k+z < WE+1] = VE] +1

Vk = <Vk+1<Vk+1

_ x/E+\/k+1+\/k+zlEZ=> Vk+Vk+1+Vk+2
3 3

|- 1w

k+1+VEk+2
L= {ln(2n+1) Z \/_]\/_+\/ +3 +VEk+ ”

x| =

n n
1 1
= limiln(2n+ 1)—-Inn+Inn- Z—} = llmln<2 + ) + lim{lnn— Z }
n—oo k n—oo n—oo ]

k=1
=In2-vy
SOLUTION 5.16

Solution by Remus Florin Stanca-Romania

1
X2 43xp

2 (1)

Xn+1 = 2
3 501 1 3 11 1
Xnt3Xntss | + xn+ x,,+27 3ts
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We prove by using the Mathematical induction that x,, > 0:
1) we prove that P(0): “xo > 0” is true (true)
2) we suppose that P(n): “x,, > 0”is true
3) we prove that P(n + 1): “x,,.1 > 0”is true by using P(n):
From the fact that P(n) is true and from (1) we obtain that x,,,.; > 0 >

> P(n + 1) is true (proved) > x,, > 0;Vn € N

X2+ =X, o — = — X

3 1 1 1 1 32722 +9x,+1-1-3x,
Tnt1 = In = 3T T3 Ty 1

Letx>0>27x3>0>27x3+1+27x2+9x>27x>+9x+1 >

=>3x+1>V27x2+9x+ 1> Xn+1 — Xn < 0 = (X,)nen is a decreasing sequence

X, > 0 and x,, decreasing = 3l € R such that lim,,_,,(x,) =1

3 1 1 1 5
>1= lz+§l+ﬁ—§>31=J27l3+9l+1—1>27l3+1+2712+9l=

=278 +91+1>1=0 > lim(x,) =0
n—>oo

n Sseolzc 1
lim(nx,) = lim — 102225 Jim 1 1
n—oo n—oco 1 n—-oo —_
Xn 3 X 1 1 Xn
2 4%, L+ =
Rt 3 t2773
3 1

lim3 —-——=
no©327x2 +9x, +1—1 Xa

2
(i/z7x$l T9x,+1) +327x% +9x, +1+1  27x, 49

= lim 3 - - =1
neh 27x% + 9x,, 27x% +9x,, !
2
(Y2725 + 9x, + 1) +32702 + 9, +1+1 3
= -3 +1i -
T 9x2 + 3x, 9x2 + 3x,

Y = 27x% + 9x,

2
=34+ limO2nFtD) 1t Yy 11
1 noe Yn
(frnt+1+1)- Y + _Yn
= -3 +1lim3 ynt1) +Yyat1+1 (Ayn+1) +yat+1+1

n—-oo yn
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1
=-34+3=0=>2Q0=—=0=>NQ=0w
0,

1

is 0, because — xl > 0 (x,, decreasing) andn +1 >n

Xn+1

SOLUTION 5.17

Solution by Togrul Ehmedov-Baku-Azerbaijan

2w T
Qn) = f In(n? —2ncosx+1)dx =2 f In(n? —2ncosx + 1)dx
0 0

T
=2 f In(n? + 2ncos x + 1)dx
0

T T
Q(n) = f In(n? —2ncosx + 1) dx + f In(n? + 2ncosx + 1) dx
0 0
L

T 2
= fln((nz +1)2 —4n?cos?x)dx =2 f In((n? + 1)? — 4n? cos? x) dx
0 0

=2 | In((1 +n??sin?x + (1 —n?)?cos? x) dx

S — iy

=2x+2wln(n) =4nIn(n),n > 1

[ @+ n?)] +[1—n?
=2 [EEII) 2

. Q(n) In(n+1) . 41T ln(n) In(n+1)
Q=1lim(1+—— =lim(14+——
At n—-oo 4

= lim, (1 + In(n))™™*D = infinity
SOLUTION 5.18

Solution by Remus Florin Stanca-Romania

b
) xfl — b™ stolz Cesaro |, Xpiq — D1 — xrl; + b*™
Q= lim = lim

n—oo 1 Ei n—oo 1 1
0

n n+1 n

b*n+1 4 xB — p*n — xb |

= lim nn+1)(x1 — X)) =
n-oo Xn+1 — Xn
. b*n+14x8_p*n_xb . b*n+1-p*n . xb—xb
=a-lim,_ L 2l — g - (lim, oo ———— + lim,,_,, ") (1)
Xn+1—Xn Xn+1—Xn Xn+1—Xn
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b*n+1—p*n b*n(b*n+1"*n—1)

Let I, = lim,_, """ = lim,,_,,, 2~ "D _ pbin(h) (2)
Xn+1—%n Xn+1~%n
() 1) ((22)")
b_.b n+1 - Py
. Xpn—X . n+1 . An+1 X
Let I, = lim,_,,, 22— = lim,,, o, ———————% = b? - lim,,_, o, %= : ( n
Xn+1~Xn Xn+1—Xn x—_l Xn+1
n+1
1
Xn+1—Xn
, . x%-1 b 1 b
It’s known that lim,._,4 S -a> l, =—b"lim,_.b- 5= b® (3)

W@ b b
5" = a(b’In(b) - b*) = ab®In (Z) > Q=ab’In (;)

SOLUTION 5.19

Solution by Shafiqur Rahman-Bangladesh

l—3+n—2=n+1

Z[m _0+3+ZL/1+—I—;

14+ x,\\™ n+1
n) 1+(n+1)zln(1+%+1)

lim = lim

Nn—co Xn n-oo n+1

1+x$lln(

n

n+1
1 1 1
) 1+(n+ 1)2<n+1_2(n+1)2+0<—(n+1)3>>\‘
= 1m

n-oo n+1 /

n+1 1 1
= lim <1 + ﬁ +0 (ﬁ)) —lime™ l“( D 0<(n+1)2)> _

n—oo n—>oo

(n+1)<2(n1+1) ' o((n+11)2>> . e<%+0(n—11)>

= lime
n—oo n—oo
Xn
1+ x21In (%)
o llm n = \/E
n—-oo xn
SOLUTION 5.20
Solution by Kelvin Hong-Rawang-Malaysia
n? ™
Z )
Q= j 1 wl=x J 2udu
; 1+tan\/§+cot\/§ ) 1+ tanu + cotu
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2t
1+tant+ cott

||N|=l

T T
2 2
t.f w— 2t f
1+tant+cott 1+tant+cott

0 0

T T
2 2
yi4
=— dt
1+tant+cott 2J) 1+tant+ cott
0 0

2
_T[f tant ktantn k dk
~2) tan?t+tant+1 (k2+k+1)(k2+1)
0
_nf 1 1 dk_nf 1 4 1 i
2) K2+1 K2+k+1  2) K24+1 3 [2Kk+1\?
0 0 ( ) +1
V3
_7[. ‘1k—— \/_— n‘1(2k+1)
2 3 2 V3 /],
_T [tan‘1 k— itan‘1 (Zk * 1)]°°
2 V3 V3 /1,
_n[(n ) Z(n n] n[ Zn]_ 943
2 [\2 V3\2 6 2 3v3l \ 36

SOLUTION 5.21

Solution by Tran Hong-Vietnam
Letu=\/ab,v=%b=>0<u3v<§

u v u
f(v) = fi/}cosxdx f?{/}sinxdx — f%sinxdx fi/?cosxdx
0 0 0
u
= f'(v) = %sinv-js{/}cosxdx— 3{/Ecosvf Vx sin x dx
0 0
u u
=3v sinvfi/?cosxdx—cosvfi/?sinxdx
0 0
u
gw) = sian 3\'/Ecosxdx—cosvj Vx sin x dx
0
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=g W)= cosvf Vxcos xdx + sinxf VYxsinxdx >0

Y3
90 - g(3)<0=3m€(0,7): 90 = 0= f() = f(we) = fw) = 0
SOLUTION 5.22
Solution by Avishek Mitra-India

I'(a) T'(b)  T'(c)
M T T~ Y@ v® ()

1 1 1
=¢pa+1D)+ypb+1)+YP(c+1) ——————
a b c
1 1 1 < Bwm N Bw N B
=1 logh +logc — —— =~ — —— - -
oga+logh+logc 2a 2b 2c 2n - a?n 2n - b2n 2n - ¢c2n
n=1 n=1 n=1
. _I'(@) , T'(b) , T'(c) , ab+bc+ca
Now, given Q = 7=+ 105 + 05 Zabe
~ log(abc) 1 1 1+ab+bc+ca P
TN TS5 T 2h 2¢ 2abc 17293

= log(abc) —S; — S, — 83
asa,b,c > 1anda + b + ¢ = 6, for equality we may take a = b = ¢ = 2, by putting values
=log(2-2-2)—S5S;—S,—S3;=3log2—(S;+S,+3S3)
Clearly Q < 31log 2 (proved)
SOLUTION 5.23

Solution by Soumitra Mandal-Chandar Nagore-india

T
2 Ssinx 27sinx 64_sinx \
In f < . + )
0

3sinx 4 4sinx Zsinx + 4sinx + zsinx + 3sinx dx/
T
HOLER'S 2
INEQUALITY zsmx + 35mx + 4_smx)3
In f
0

T
2
1 zsmx d
251nx + 351nx + 4_smx) X/ 6 x/
0

cyc

r r
2 2
iz (9 g 3 2
—_ . . — _ | sinx
<6j(\/2smx gsinx. gsinx) " dy | = In 2f(4_)3 dx
0 0
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n = 2
2 Zsinx 2 9 ((4l)§ — 1)
3 Zsinx _ (4")3 _ '
>1In \2 (413 -cosxdx | =1In _— =In| ————=

2 2l (| 41n(4)

SOLUTION 5.24
Solution by proposer
First, we will prove three claims as a start.

Claim 0.1 Foranya; >0 (i =1,...,n) and aa, ...a, = 1, we have
n
> (a—a) >0
i=1
Proof. we have by AM-GM inequality:

n
Sa
i=1

hence, by Cauchy Schwartz’s inequality and (1), we then have

(ia) >n. Za,_(1+1+ +141)- Za,_<ial>

i=1 i=1

2

and this ends the proof.
Claim 0.2. f has a fixed point (+ 0).
Proof.
Let ¢(x) = f(x) — x and define the fixed points of g and h as follows h(a) = a and
g(b) = b. Thus, since ¢ is continuous on [0, 1] and
¢(a) - p(b) = (f(a) — a)(f(b) — b) = (f(a) — h(a))(f(b) — g(b)) <0
hence f also has a fixed point (+ 0).

Claim 0.3. There are n distinct numbers a; € (0,1) withi = 1,2, ..., n such that
n
i=1

Proof. Let P(x) = f,(x) — x with f,,(x) = f (f(f(...f(x). . ))) [n - times]
Now since v is continuously defferentiable function and ¥ (0) = Y(y) (y is the fixed point of
f). Therefore, there is B € (0, 1) such that
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v =oe][F@=1
i=1

with a; = f;(B) and because of iv) the a;'s must be distincts.
Now, let’s go back to our problem and put a; = f'(a;) in Claim 0.1 we get the desired result
immediately, and we are done.
SOLUTION 5.25
Solution by Said Ibnja — Marrakesh — Morocco
i. Define f on (0, ) so that:

X

e
(VREN); f(x) =-—=—e*"1+1
f® =7
Now, since f is derivable on (0, ) we then find that
1
f(x)=¢€* (G— e) <0

that is

e*
— < el -1,

N2

Now, let’s go back to our problem and set x = k — 1 forany k = 2,3, ...,n + 1 and then we

Vx>0, f(x) < f(0)<0=>Vx>0

get after multiplying these inequalities the desired result, and we are done.
Solution 2 by proposer
we will prove ii) and then we conclude the second.
We begin by recalling some well-known results.
1.Vx=>0,e*>x+1.
2.(VkeN"),ak +k—1> kak1
3.(vneN),21+2+3+-+n)=nn+1)
4.Vx > 0,sin(x) < x

n i (k) L QIn-D@+1D)
5. Y k=1 Sin (n) >——

. Now, using 1. and 2. to get that

24n
ek+a*-2>a"+k—-1>ka*?
thus,
= n 11n%-14n-1
n(e" +ak—2) >nlati=1km > 201 g7 22
k=1
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where the last step follows from 3., 4., 5. and the fact that n! > 21 hence proved
ii). It suffices to take a = e in the previous inequality and the desired result follows

immediately .
SOLUTION 5.26

Solution by Omran Kouba-Damascus-Syria
For a = 2 prove that Y;-1({(ak) — 1) < % where { is the Riemann zeta function.

Clearly the function a — Y ;-1({(ak) — 1) is decreasing on [2, ©) so

> Q@) -D <y GE0-D= (Y o =2<2,%) Y

k=1 k=1 k=1 \ j=2 j=2 \k=1 j=2

- %}Z (;Z]::) - 5].:1;]') - %

SOLUTION 5.27

Solution by Marian Ursdrescu-Romania

__In(1+acosx) ., . . . ’ _ [ 1
Let f(a) = o, Is a continuous functionina = Q'(a) = fo PP
Let tan> =t = x =2 dx=—d (1 2
ettani—t:>x— arctant = x—m t ﬁﬂl(a):f - ~dt
x=0=>t=0x=nr=>t=w 01+a1_t 1+t
' 1+ t?

Y (R EERPY (R S 2 (R S
B 1+t24+a—at? 1-a)t?+14+a 1-a T+ a\ B
0 0 0t2+ a

1—a
2 1 t (4
= . arctan = =
1-a [1+a J1+a V1 — a?
1—-a 1-al,

1 i
Qa)=n{ da = warcsina + ¢ .
1-a? = Q(a) = marcsin a = we must show:

ButQ(a)=0=>c=0

Y (arcsina)? > ¥ arcsin a - arcsin b, which its true because ¥ x> > Y xy
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SOLUTION 5.28

Solution by Kelvin Hong-Rawang-Malaysia

Let f(z) =

1

the only poles of f are simple, which are

[(n2+2)zz+2n’z+21rz]'
T
Zyy = \V2m? + 3i{Im(z,) > Im(z
2 _i2my2m2+3
Note that Zq + Zy = (11'2+2) —Zy = W

o)

[ = Z 1 z R 1T cot(mz)
B n? + (mn)? + (n+m?2 +m? €Sr=n12 (12 1 2)22 + 2z + 212

7T cot(mz) 7T cot(mwz,) 7T cot(mz,)

lim = -
Z L"Zl n2(m+2)z+ 2”] [211\/2112 +3i 2nV2m?+ 3i

N (cot(mz,) — cot(mzy))

2V2m2 + 3

Similarly,

(o]

_ Z D" 3 Z R  csc(mz)
J= n2 + (mn)2 + (n+ w2 + w2 ©Sr=n122 (02 1 2)2% + 2mz + 22

_ (csc(mz,) — csc(mzy))

2V2m2 + 3

After some cancellation, we have:

I cot(mzy) — cot(mz;)  sin[m(z; — z)]

J  csc(mzy) — csc(mz,)  sin(mz,) — sin(mz,)

- _ 2
2sin [M cos [M cos (nzn va2m? + 3i>

_ _ + 2
(zy + z,)] . [n(z, — 24) w2
2 cos [—2 ] sin [—2 cos\ 215
cosh (V2T +3
w2 + 2 n? oni T3 m?
= , = —_— —+ , =
cos( m? ) P=mz2Ve" 1= 212
w2 +2

SOLUTION 5.29

Solution by Shafiqur Rahman-Bangladesh

tan? (g) tan? (116) tan? ( 3 2) tan? (;;)
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(4 T T (4
_ 1—cosZ 2—2cos§ 2—2cosﬁ> 2—2cos§

i3 T 13 13
1+cosZ 2+2cos§ 2+2cosl—6 2+ 2cos55

2+2cosE

_(2_\5) 2— |2+ 2cos

+

32
o) b
2+2 2+m/k2+\/2+ 2+ 2cos +\/2+\/2

~. tan? (g) tan? (11[_6) tan? (%) tan? (a) =

2+2cosE

il

:<z—x/i>_(2—\/z+\/§>. 2-J2+ 2+\/E\.|/

SOLUTION 5.30
Solution by Feti Sinani-Kosovo
We have to prove that

1 o
(_1)n—1n2n—1(n _ 1)7 - 4 T .
fz (21’1—1)' X dx——;+a(63—7ﬂ')
0

(_ 1)n—1n.2n—1 (n_ 1)7
(2n-1)!

Since that series ),;_4

(2n-1)! (2n-1)!

B © (_1)n—1n2n—1(n_ 1)7
B Z n(2n —1)!

B © (_1)n—1n2n—1
B (2n —1)!

Using the Taylor series of sin x, we get:
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x™~dx uniformly converges from Weistras criterion

1 o« o0 1

-1 n—ln.Zn—l n—1 7 -1 n—ln.Zn—l n—1 7
fz( ) ( )x"‘ldxzz( ) ( )fx"‘ldxz
0 n=1 0

1
(n6 —7n5 +21n* -35n3 +35n2 —21n+7 _H>




® (_1)n—1x2n—1 ® (_1)n—1x2n
x| < > xsinx= ) ——
Zn_pr Xl <+e=xsinx L, “@n— 1)

S(x) =sinx =

had (_1)n—1nx2n—1
2n-1)!

= S,(x) =sinx + xcosx = 2

(1)n122n1

2n-1)!

S3(x) = sinx + 3x cos x — x% cos x = 22

(1)n132n1

(2n-1)!

S,4(x) = sinx + 7x cos x — 6x% sinx — x3 cos x = 23

(1)n142n1

2n-1)!

S<(x) = sinx + 15x cos x — 25x% sinx — 10x3 cos x + x* sinx = 24
n=1

Se¢(x) = sinx + 31x cos x — 90x? sin x — 65x3 cos x + 15x* sinx + x* cos x =

(1)n152n1

=2° 2n—-1)!

n=1

S,(x) = sinx + 63x cos x — 301x? sin x — 350x3 cos x + 140x* sin x + 21° cos x

— x%sinx =
1)1 nSx2n-1 had (—1)n~1x2n-1

(_
=25; @n-D! 4 n@n- D!

=2(1-
x( COS X)

o (—1)n1pg2n-1 (

1
6 __ 5 4 _ 3 2 _ —— | =
Zn—1)! n n> + 21n 35n° + 35n 21n+7 n)

_1 7 21 35 35 21 4
2657(1) = 255 86(10) + 57 S5(M) = 53 S4(W) + 55 S3(w) — —-52(m) + 75(m) — — =

=2 —63m + 350m3 — 217%) ——( 31w + 6573 — °) +—(—15n+ 10m3) —

35(7 N 3)+3(3)+21 4 63m 7" LT gmry
TTm W T T " 64 64 n 64 L

SOLUTION 5.31

Solution by Kamel Benaicha-Algeirs-Algerie

< {(2n)a™

5= _1n(2n +1)
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R — + o0 Z(Zn) 1_ 2 _ 400 Z(Zn) _ 400 ('(Zn)
Ona:S = n=1 ZZn {n _2n+1} = Lmn=1"52n 2 n=1 (2n+1)22n (A)
Nous savons que: Y15 {(2k)x** = — % cot(mx),|x| <1 (B)
Integrant cette relation de 0 a %, on trouve que:
1
2
X
Z((Zk) 2k + 1)22k+1 f7cot(nx) dx
0
1 T
1 2 2
1 . -1 _ 1 ) 1
= ——xIn(sin(x)) [2 + —f In(sin(7tx)) dx = —f In(sin(x)) dx = —=1In(2)
2 2 21 4
0 0 0
1 1 1, (2 1
221§k G (2k+1)22k Eln(Z) ty=—zIn (E) () (((O) - _E)

Posons dans (B): x = e 5, Y%, {(2k)e 2kt = ge‘t cot(me™) +% (2)

Par integration de (2) (en tdeIn(2) a (+x)), on obtient:

- ((Zk)— (2) = { [ cot(mx) dx + %t} |l:1—€20) (avect = —In(x))
1 . 1 1 1 sin(mx) —
= {Eln(sm(nx)) — Eln(x)} (2) = —ln< p > 2 kZl('(Zk) 2K2ZF

= 2 n(2) - In(m)}
S5 @ =n(3) 6)

D’apres (1) et (3) et la reformulation (A) de (S), on trouve que:

S—ln(2>+ln<z) —ln(%)

2 TH S~ (Z) m

n=1 ,(2n+1)

{(2n) ((2n+ 1) 1
Z{ 4n }2n+1

n=

On a trouve que:

+oo0 §2n)a4™ n
n=1 ,2n+1) ln( ) (n

Ona¥(x+1)=-y—-Y 2 l(n+1)(—x)"
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= —y-YiI%{@2n+ 1) x*™ + ¥t5,¢(2n + 2) x2*1 ()

Integrant la relation (C), on trouve:

ln([‘(%+1)> ———ZZ(zn‘Fl)(z +1)22n+1

+ i {(2n) ﬁ <entre (0 et%))
n=1

In(Gvm) = -F+sma -t @

n22n  (2n+1)22n

D’autre part:
1t +0 +00 ((2 ) 1
2n-1 — _n i
ff 1((Zn)x dxdt = Zn(z D 2l (2)+ln(e)
0 0 n=

+0 ¢2n) n
"=1n(2n+1) - 11‘1(2) +In (e) (5)

oo ¢(2n) 4
n=1 gz = I (E) (3)

D’apre les relations (3), (4), on trouve

Yy 1 (TL’) - {2n+1)

1
1 (—) i =Y+ ST
"2 n(m =-z+3In3 Li2(2n+ 12"

_ \'too ¢{(2n+1) _ _
Zn:l (2n+1)4n - y ln(z) (6)

La summation de (5) et (6) donne:

+00
(em) ¢@n+) 1 _ (n)
n 4n an+1 VTG
n=1
SOLUTION 5.32
Solution by Shafiqur Rahman-Bangladesh
=1 1 1 1
_ 2k+1 _ -1 _
0(x) =2 kz_o 2k +12nh (ZI‘(x)) 2 tanh (tanh <2F(x))> r(x)
Now,
3 3
2 2 )
e T W, (x)(1 + Q(x dxzf ‘F(x)(1+—)—dx:
2 2
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d( re_ 1 reo 4 (L )
(dx(e I(x )> © dx(F(x))>dx:_[F(x) %: Vr m
2

||
NIH\ ol 0o

e VT — Ze_\/TE

e TP, (x) (1 + Q(x))dx = N

N H"’ Nl W

SOLUTION 5.33
Solution by Avishek Mitra-India

f(4 cot3 x + cot? x + cotx — 2) e*dx
= f[4cotx(csc2x— 1) + (csc? x — 1) + cotx — 2]e* dx
= f[4cotx-csczx—3cotx—2csc2x+3csc2x—3)] e*dx

=fe"[—3(1+cotx)+3cscZ x] dx—fex(z csc?x — 4 cotx - csc? x) dx

= —3e*(cotx+ 1) —2e*csc?x + ¢
By applying: [ e*[f(x) + f'(x)] = e*f(x) + ¢
= —3e*(cotx + 1) —2e*(cot’x + 1) + c = —e*(5 + 3 cotx + 2 cot? x) + ¢ (Answer)
SOLUTION 5.34

Solution by Marian Ursdrescu-Romania

Let f:[0,x] > R,a < x <1, f(x) = V1 + x. From Lagrange theorem =

= 3c € (0, x) such that ———— )~ f © = f'(c)

+x-1 _ 1 m A _ x
= x T m™ (14c)m-1 = Vlt+x—-1= m"/(1+cm-1 (1)

ceE(0,x)20<c<x>1<1l4+c<1l4+x>
1 1

1<(1 m-1 - (1 m-1 < 1=
A+ <d+x) A+ o)m1 (1+c)m—1<

1 1 x
Mt~ Wromt L Tt W w @

X m
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1m—1 zm—l nm—l
Y= m Ty, nm

kml n kml n

) ey

km- 1)’"‘1 k=1

m|  gm-1 1\
) <) <
m—1 nm m
j(l .

m+1 m—1

K
Because —- < —- (3)

YR_ km-1CS. . (n+1)m-1

But llIIln_>OO n—m = llIIln_>oo (n-l-l)—m—nm == llIIln_>OO

O _nmly. 1

C}nnm—l_I_... - m

. 1on k1 1
llmn—>oo k=1"pm — m2 (4)

m m
Similarly, for the left hand, and (1 + %) -1 (5)
. n m’ km-1 1
For (3)+(4)+(5) =4 llmn_>oo Zk:l( 1+ n_m - 1) = m

Solution by Tran Hong-Vietnam

SOLUTION 5.35

We have:logt <t—1,Vvt > 1 (¥)
In fact:
Let(t)=t—1—1logt (t=>1)

1 t-1
(p'(t)=1—?=T20:>(p(t)/‘[1;+oo)
= @(t) = (1) =0 = (*)true.

Now, let m = f:f(x)dx fx)=z1=>m=b—a)

RHS = 3(b — a)?m + m3

LHS < 4(b — @)® + 6(b — a)? {1710 - 1] dx}
=4b-a)3+6(b-a)*m—-(b-a)]=6(b-a)>m-2(b—a)
Must show that:
m3 +3(b—a)*>m > 6(b—-a)>m—2(b—a)3
em3-3b-a)’m+2(b—a)® =0 (*¥
Let f(m) =m3-3(b—a)>m+2(b—a)® (m>b—a)
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v f'(m) =3m? —3(b—a)? =3(b-a)>—3(b—a)? =0
= f(m) 7 [b — a; +]
> fm) = f(b—a)=(b—a)®-3(b—a)*+2(b—a)* =0
= (**) true = LHS < RHS.
SOLUTION 5.36

Solution by Soumitra Mandal-Chandar Nagore-India

Let f(x) = x*> + 2(tan 1 x) — 1?:;2 forall x € R

) = 2x+ 4x? ) =24 8x 32x2
F@ =2t gm0 =2 g T @ e
Forf'(a) = 0= a = 0then f"'(a) = 2 > 0. Hence f attains minimum at x = 0.
. F() = £(0) = 0 = 2% + 2(tan"1 x) > —
N - B 14 x2
b , b B b 2y
= | x“dx+2| tan " xdx > 5 dx
a a a 1+Xx
3-ad b 1+ b?
= +2]tan lxdx >1In >
a 1+a

3 b 1+ b? 3
~b’+6| tan" " xdx=3In| ——|+a
a 1+a
SOLUTION 5.37
Solution by Ravi Prakash-New Delhi-India
1 1 1
Forc;, = (1)(2)2(3N3...(kD)kVk > 1
2
cp=1=<3

2

1+2++k _ k+1

2

f e < (1) (ﬁ) (;) (#) vk > 2

NEEe Vk>2:>Z(k+1)' sz 1<t

is bounded by 1.

1
Fork > 2,(k)k <

Thatis,

k= 1(k 1)'

AIso,Hn=1+E+~-+%—>ooasn—>00.
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1 n Ck _
AsO < — Zk 1(k+1)' < andHn - 0asn > oo, we getlimy o, =351 55, = 0

SOLUTION 5.38
Solution by Avishek Mitra -West Bengal-India

n
(1 _ xZ)n =1- Z(_l)k—l . Ck . ka
k=1

n 1 1
= Z(—l)"‘1 -1C, - f x*dx =1— f(l —xH)"dx
=1 0 0

letx? =z > 2xdx =dz

1
1 I(g) T+ 1 Va-Tn+1)
- 1 “lty r2n+1) vu
Frn+s+1 ) n
( 2 ) (n + 2) 2T (n + 1)
(n1)? . 220
C2n+1D(2n)!
[\/Znn ] .4n 2
= NOW; limn—>oo L=1-— limn_)oo = = 1-— limn—mo —
@n+1)Vamn () 2(2n+1)Vmn
limn—>oo ﬂ
(2n+1)
m 1
—1—11m£ ——=1-0=1
n-oo 2 2\/_
(- 1)k Ck \/H

Hence P = lim,,_,, [Zk 1 ] < 1% form

(2k+1)

lim [1—73(7,n+1)—1]\/ﬁ

s P = en-x
. vV
Vanvn =limy, 00—~ N
= [ llm’H°°(2n+1)] e (2"'%) =e 2 (Answer)
SOLUTION 5.39
Solution by Shafiqur Rahman-Bangladesh
Method 1
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a+1 (a+1)(a+2) B = (a+1)(a+2)..(a+n)
(b+1)(b+2)+(b+1)(b+2)(b+3)+'"‘;(m1)(b+2)(b+3)...(b+n+1)

B rb+1)
" T(a+1DIr(b-a+1)

Zﬁ(a+n+1,b—a+1)
n=1

_ r(b+1) o . © . B
“Ta@+Lrb-a+n), " Ta-xP <2x 1>dx_

n=1

rb+1) 1
“Ta+LDrb-a+1)),
rb+1) I'la+2)r'(b—a)
“Ta+Drb-a+1)  T(b+2)
. a+1 (a+1D(a+2) B a+1
"hrDbE2) brDBL2)B+3) T h-ab+D

Method 2

a+1 (a+1)(a+2) B
B+DB+2) BrDB+DB+3)

xa+1 (1 _ x)b—a—ldx —

1 C@+D@+2) . (a+m)b+n+1)—(a+n+1)
" b-a ] (b+1)(b+2)(b+3)..(b+n+1)

n=

1 — (a+1)(a+2)..(a+n) (a+1)(a+2).(a+n)la+n+1)
_b—az<(b+1)(b+2)...(b+n)_(b+1)(b+2)...(b+n)(b+n+1)>

n=1
1 fa+1 = (a+1)(a+2)..(a+n)(a+n+1)
_b—a<b+1_nll?o(b+1)(b+2)...(b+n)(b+n+1))
a+1 (a+1)(a+2) a+1

ChrDB+2) brDB+DB+3) T -0+
SOLUTION 5.40

Solution by Ravi Prakash-New Delhi-India

Let I, = f:+1\/(k+ 1-—x)(x—k)dx

Putx—k=t
1 1 1 1 2
Ik:f\’t(l_t)dt:f Z_(E_t> dt
0 0
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Put——t—

Nli-\
7]
I}
=
S

_n n
2 2
I—f 1 1'20( 1) 9d0—7f 9cosodo = 1. T
k_,, 2 4sm 2cos =12 cos 0 cos =132 2—1r
7 0
Next,
sin? (nk> + cos (nk) > sin? ( i ) + cos (nk) =1
2n 2n) ~ 2n 2n)
andsm( )+cos( )+1<3
Therefore,
. mk mk
_ sin® () +cos(zm) (k \_1kn
k= tk k _I" =3 n
sin (Zn) + cos (2 ) +1
Now,
= T~ n(n +1) . =
Z ag = —Z —>1lim ) aq; =
3 n—oo
k=1 k=1 k=1

SOLUTION 5.41
Solution by Nassim Nicholas Taleb-USA

fii+1 V(@i +1—x)(x — i) dx, withu = x — i becomes Jo ! (1 — w)u du which is a semicircle
with radlus . S0, using the standard formula,

2

1
[Va=wudu=1a(l) -1
uwu u—znz =3
0
Hence

Q= llmn_,o0 Z 1f( ) Rewriting,f(i) (1+2 cos[g7] ~cos[7])

(1+cos[ ]+sm[2n])
1+2cos[2] cos[xm]

Let x = 11;, in (0,1]. f(x) = ((1+COS[ i D) Since f(0) = f(%) =f(1)=1

1, 1 .
We can see symmetry around = with f(x) = 1 forx > - and lower otherwise, so

—Zf f fdx =1
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f(x)

453



FAMOUS INEQUALITIES AND IDENTITIES
SOLUTIONS

SOLUTION 6.01

Proof by Rozeta Atanasova - Skopje — Macedonia

Let f(x) = Vsinx

i 2
>VxeOmnf(x)=— w < 0 = according to Jensen’s inequality
4(sinx)4
1
(A+B+C 3\4
s <3 [sin(A1 240 s (3 2 as

SOLUTION 6.02

Proof by Soumava Chakraborty-Kolkata-India
3 3 3
T pr e ke (1) (Anderson’s Inequality)
Tq Tp e r
A A A

r, = ry =——— 1. =
e " s—a " s—b ° s—c

(1)

a3(s—a)+b3(s—b)+c3(s—c) <a_bc
A - r

abc
os@+b+c®)—-(a*+b*+c*) < T(rs)

abc(a+ b+ c)
2

e (a+b+o)(a+b3+c®) —2>(a*+b*+c*) <abc(a+b+0c)

N (@ +b3+c)—(a*+b*+cH) <

oy

sat+b*+ct*+at(b+c)+b3(c+a)+cB(a+b)—2(a* + b+ ) <
<abc(a+b +c)
oat+b*+ct+abc(a+b+c)=>a3b+c)+b3(c+a)+c3(a+b)
The above is Schur inequality for t = 2
SOLUTION 6.03
Solution by Soumava Chakraborty — Kolkata — India

Given inequality &
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3
(2 z ab — z a?)’ < 4(aRrs) + 8(3V3 - 4)@
& (16Rr + 412)2 < 16Rrs + 8(3vV3 —4)ris
& (4Rr +12)7 < 2Rrs + (3V3—4)r’s=sr{2R+ (3V3-4) + 7}
o s2r2{2R + (3V3 — 4)r} = (4Rr +12)% = r3(4R + 1)°
o 2R+ (3V3—4)r} > r@R+1) (1)

Gerretsen

LHSof(1) S (16Rr—5r®){2R+ (3v3 - 4)r}
it is sufficient to prove:
(16R — 51){2R + (3V3 - 4)r}2 > (4R + )3
& {4R* + (43 — 24V3)r? + 4(3V3 — 4)Rr}(16R — 51) > 64R® + 48R%*r + 12Rr% + 13
& (16V3 —27)R* — (37V3 — 63)Rr — (18 — 10V3)r? > 0

< (R—-2r) (16\/§ — 27) R+ (9 — 5\/5) ¢ = Owhich is true " R = 2r (Euler) (Proved)
>0 >0

SOLUTION 6.04

Proof by Kunihiko Chikaya-Tokyo-Japan

ha<b+c—(VZ-3)a (*)

b
2[ABC] = ah, = bc
bc 1 b+c 2
MeX<btc-(VZ-1)a o (B-1) <3-2v2
(a? = b% + ¢?)

b+c b+c
0<T—1s\/2—1=>0<7s\/5
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b+c b+c <\/§\/b2+cz_\/E
a Vb +c2 Vbr+ 2
SOLUTION 6.05
Proof by Soumava Chakraborty-Kolkata-India
2b% +2c¢? —a?® 2c¢* +2a* - b* 2a?+2b% - c?
+ + >9
bc ab

ca
o2 (z a’b + abz) - Z a® > 9abc

@2(2a2b+2ab2) >(a+b+c)®—-3(a+b)(b+c)(c+a)+9abc

o2 (Z a’b + Z abz) > 8s3 -3 (Zabc + Z a’b + Z abz) + 9abc
&5 (Z a’b + Z abz) > 8s3 + 3abc

& 5{ab(a + b) + bc(b + ¢) + ca(c + a)} = 8s3 + 3abc
& 5{ab(2s — ¢) + bc(2s — a) + ca(2s — b)} > 8s3 + 3abc
& 10s(ab + bc + ca) > 8s3 + 18abc < 5s{s> +r(4R+ 1)} > 453 + 9 - 4R(rs)
(abc = 4Rrs)
< s3 +5rs(4R +1) = 36Rrs © s>+ 5r(4R +1r) = 36Rr

& s% > 16Rr — 512 - true (Gerretsen)
SOLUTION 6.06

Proof by Soumava Chakraborty-Kolkata-India
ma?>  mb?  mc? 9 , .
In AABC,? t— -t = (Bager’s Inequality - 1)
2b% +2c¢?* —a?> 2c¢*+2a*—-b?* 2a®+2b%*-c?
+ + =9
bc ab

ca
@Z(Za2b+2ab2)—2a3 > 9abc
@Z(Za2b+2ab2) >(a+b+c)®—-3(a+b)(b+c)(c+a)+9abc
2 (z a’b + Z abz) >8s3-3 (Zabc + Z a’b + Z abz) + 9abc
5 (Z a’b + Z abz) > 853 + 3abc

& 5{ab(a+ b) + bc(b + c) + ca(c + a)} > 853 + 3abc

=4
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& 5{ab(2S —c¢) + bc(2S — a) + ca(2S — b)} > 953 + 3abc
< 10S(ab + bc + ca) > 853 + 18abc © 5s{s®> + r(4R + 1)} > 452 + 9 - 4R(rs)
(abc = 4RS)
& $3+5rs(4R +1) > 36Rrs © S* + 5r(4R + 1) > 36RT
< §? > 16Rr — 51% - true (Gerretsen)
SOLUTION 6.07
Proof by Adil Abdullayev — Baku — Azerbaidian

2 2 2 2 2
ZhaszwaSS SZmaSEra.

cyc cyc cyc cyc
Lemma 1.
w2 <rpr, <m?
Lemma 2.
3 3
2 2 2 _ .2
m =—-Za =—(s“—71°“—4Rr
2 mh=g )0 =5 )
cyc cyc
z r2 = (4R + 1)% — 252
cyc
Lemma 3.
Z rpTe = S°.
cyc
2 2
haSwath SZwa
cyc cyc
w2 <ryr. <m? :ZW§ SZrbrc SZmﬁ (:)(:)Zwﬁ < s? SZmﬁ.

cyc cyc cyc cyc cyc

z m2 < ng & 7s? < 32R? + 28Rr + 512,
cyc cyc
GERRETSEN ?
7s2 < 28R%?+28Rr +21r2<32R% + 28Rr + 512 © R > 2r.

SOLUTION 6.08

Proof by Soumitra Mandal-Chandar Nagore-India

We know, cos A + cos B + cos C <

N|W

We need to prove,
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1—cosA
ﬂ(—) 27 l_[(tanA +tanB) > 8 ZtanA
cos A

cyc cyc cyc

n(l_COSA) 271_[(t A +tan B)
S n n
cos A a a

cyc cyc

_ n(l—cosA) 27 (sinA cos B + cos Asin B)

CcosA cosAcosB
cyc cyc
B 1—[ (1 — cosA) - 1—[ sin(4 + B)
h cos A cos Acos B
cyc cyc
=27 1_[(1 A ! ﬂt A
B COSA) " (cos A cos B cos C)? an
cyc cyc

Now, we will prove,

1
271_[ 1—cosA)- > 81_[t A
(1 - cos4) (cos A cos B cos ()2 an

cyc cyc
=3 271_[(1 —cosA) > 81_[sin2A = 81_[(1 — cos? A)
cyc cyc cyc

=3 % > 1_[(1 + cosA)...(1)

cyc

Now, applying AM > G.M

3+ cosA+ cosB + cosC 3+
( 3 ) 1_[(1 +cosd) > —= 1_[(1 + cos A)

cyc cyc

%7 > [cyc(1 + cos A) (established statement (1))

1
(cosAcosBcosC)2 —

—cosA
271_[( ) H(tanA+tanB)281_[tan3A=8 ZtanA
cos A

cyc cyc cyc cyc

=27 [l¢yc(1 — cos A) - > 8]y tan’? A (established)

Again, applying A.M = G.M,
3

1
EZ(tanA +tanB) | > n(tanA + tan B)

cyc cyc
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3
8(XcyctanA)
27 [Icyc(tan A+tan B)

> 1 (established)

1—[ (1 — cos A) - 8(Xcyc tan A)3

>
cosA /) 27]].(tanA +tanB) —

cyc

SOLUTION 6.09

Proof by Soumava Chakraborty-Kolkata-India

b2+c2—a2.c2+a2—b2.a2+b2—c2
2bc 2ca 2ab

Numerator = (3 a? — 2a®) (¥ a? — 2b*) (X a? — 2¢?)

~Ya) —2(Y @) (ar)+a(Yar)(Y arb?) - sazbre:
__ (Z a2)3 +4 (Z a?) {(Z ab)2 _ 2abc(25)} — 128R2r2§?
_ (z a?) {4 (z ab)2 - (z az)2 —16s abc} — 128R?r2S?

=4 (Z az) {(s* + 4Rr + 1*)? — (s* — 4Rr — r*)? — 16Rrs*} — 128R?*r?*S?

cosAcosBcosC =

=4 (Z aZ) {25%(8Rr + 2r?) — 16Rrs?*} — 128R?*r?Ss?

@)
= 32r25%(s? — 4Rr — r?) — 128R?*r?S5? = 32r?5%(s?> — 4Rr — r* — 4R?)

32r2s%(s2-4R?>-4Rr-r?%)

(1), (2) > cos Acos B cosC =

128R2r252
3) s> — 4R? — 4Rr — 1? k= 2R?
- 4R? " s2—4R?2 —4Rr — 12
4R?
11-2k V- —mr —ap , @ 1152 — 48R? — 44Rr — 1112
“2(k-1) 4R? "~ 12R? + 8Rr + 2r% — 252
S2 — 4R?% — ARr — 12

Gerretsen

~ ?
Now,2s> <  8R?+8Rr + 6r* < 12R? + 8Rr + 2r?

? ?
S 4R? > 412 © R > r - true
~ 25% < 12R? + 8Rr + 21> = 12R* + 8Rr + 2r* — 25 > 0 (5)
Now, if 11s* — 48R? — 44Rr — 11r% < 0, then

11-2k . . .
20D = Banica’s inequality holds true

11-2k r
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Let us now consider 115% — 48R%? — 44Rr — 11r* > 0

. o2 o AR? 2 11-2k
ie. 8% > T (2R +1)“. Then, (5) = 26D >0

T 11-2k 115% — 48R? — 44Rr — 1112
"R 2(k—1)  12R? 4+ 8Rr + 2r2 — 252
& 12R%*r + 8Rr? + 213 — 2s%r > 11s*R — 48R3 — 44R?*r — 11Rr?
& (11R + 2r)S? < 48R3 + 56R?*r + 19Rr? + 213 (6)

Gerretsen

Now, LHSof (6) <  (11R + 2r)(4R? + 4Rr + 37r2)

? ?
2 48R3 + 56R%r + 19R1% + 213 © 2R3 + 2R?r — 11Rr2 — 2r3 30
?

< (R —2r)(2R? + 6Rr +1?%) S 0 — true,
R > 2R (Euler)= (6) is true = Banica’s inequality is true
SOLUTION 6.10
Proof by Adil Abdullayev-Baku-Azerbaidian

p? + 1% +4Rr 5 ) 5
Zhaz — < 2R+ 5r © p? < 4R? + 6Rr — 2.

cyc
GERRETSEN
2 ) 2 2 2 2
4] < 4R“ +4Rr + 3r“ <4R“ 4+ 6Rr —r“ S R = 2r

SOLUTION 6.11
Proof by Kevin Soto Palacios — Huarmey — Peru

Por la desigualdad de Cauchy:

(VsinA4 + Vsin B + Vsin C) (\/coszA + v/ cos? B + +/cos? C) >

> (VsinA cosZ A + Vsin B cos2B + Vsin C cos? C)2

AHORA BIEN:

VsinA + Vsin B + Vsin € < /3(sinA + sin B + sin C) <

_/A+B+C 3v3 313
< 3SID<T)S 3XT= 2

Jcos2 A ++/cos2B ++/cos2C = cosA+ cosB + cosC < 3cos(

A+B+C
3
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Por transitividad se obtiene:

4-
< \/_>< ) (\/smAcos2A+\/s1nBcoszB+\/s1nCcos2(I)

V—
’ ’—> V/sin A cos? A + y/sin B cos? B + /sin C cos? C

SOLUTION 6.12

Proof by Ravi Prakash-New Delhi-India
1/yz zx xy
xcosA+ycosB+zcosC<2< +y+z>

Divide by xyz and write it as
x> +y?+2z?-2(yzcosA+zxcosB+xycosC) >0
wherel = x,l = y,l =
x y z
LHS = [x — (zcos B + y cos C)]?
where
t=y?+2z*—2yzcosA— (zcosB + ycos C)?
It is sufficient to show t > 0
But
t = y?sin? C + z% sin? B — 2yz{— cos(B + C) + cos B cos C}
= (ysinC—zsinB)?2 >0
SOLUTION 6.13
Proof by Soumava Chakraborty — Kolkata — India
InAABC,Y,a*> = 2H,Y ab = K,

(K—H)(3K-5H) (K-H)?

<S§’<
12

Beatty’s Inequality =
H=5S>—4Rr —r* K = S* + 4Rr + r?
K — H = 8Rr + 2r?
3K — 5H = —25% + 32Rr + 8r?

(K—H)(3K—-5H) __, 4(4Rr +1r*)(—S* + 16Rr + 41?%)
<SS
12 12
& —S%(4Rr +1?) + (16Rr + 41*)(4RT +1?) — 31r*§? <0

< r2s?
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& s?(4Rr + 41r*) > 41r*(4R+1)%* (1)
Gerretsen > S* > 16Rr — 5r%. LHS of (1) > (16Rr — 51r%)(4Rr + 41?)
it suffices to show: (16R — 5r)(R + 1) = (4R +1)?
& 16R? + 11Rr — 5% > 16R? + 8Rr + 12

(K-H)(3K-5H)

< ¢2
12 =S

& 3Rr > 61% © R > 2r - true (Euler)
(K-H)? o (4R+1)? >

2
12 3 ==

Again, §? <

4R+71r
V3

(K—H)?

=3 S
§=< 12

& V35 < 4R + r - true (Trucht’s Inequality) S* <

SOLUTION 6.14
Proof by Pirkuliyev Rovsen-Sumgait-Azerbaijan

It is known that

2 _ 2(b%+c?)-a? a? 1
= ——— —_—=—_—
mg " and przialy
165%m3 2 2 2 2 *
>——=a (2b* 4+ 2¢c* —a*) (%)
a

we have (2a? —b*-c*)?>0=
= a* + b* + c* + 2a?b? + 2b%c? + 2c¢%a? > 6a’b? + 6a*c* — 3a* =

= a* + b* + c* + 2a?b? + 2b%*c? + 2c¢%a? >

) 485%m?
> 3a*(2b* + 2¢2 —a?) & ———
hg
2,2
and(a2+b2+c2)2Zﬂzm“:az+b2+cz24\/§S~%=>

m, m, m
:>a2+b2+c224\/§s-max(—a,—b,—c)
ha hb hc

SOLUTION 6.15

Proof by Kevin Soto Palacios — Huarmey — Peru

ZZab—Zaz 24(22tan<A:B)—\/§)SZ4\/§S

Desde que:

ab =2ScscC,bc =2S5cscA,ac =2ScscB
a? + b% + ¢? = 4S(cot A + cot B + cot C)

462



A+ B
45(cscA+ cscB + cscC) —4S(cotA + cotB + cotC) > 4(22tan< m )—\/§>S

> 4/3S
A+ B
= (cscA — cotA) + (csc B — cotB) + (cscC — cotC) + V3 > ZZtan( 1 )
A B C A+ B B+ C A+C
:>tan—+tan—+tan—+\/§22tan( >+2tan( >+2tan( )
2 2 2 4
Desigualdad Popoviciu:

Sea f una function a partir de un intervalo I € R X R.

Si f es covexa, entonces para cualesquiera tres puntos: x1, X5, x3 de I, se cumple lo siguiente:

X1 +x,+x
fen) + ) + ) + 3f (P22
+ + +
() () e ()
Desde que:
A—tAB—tBC—tC A B C_m
f(4) =tan-, f(B) =tan_, f(C) =tan;, S+ +5=7
:>tan +tan + tan- +\/_>2tan( )+2tan(BT)+2tan(%) .(LQap)
A+ B
4(22tan( 1 )—\/5)524x/§s
A+ B
Ztan( 2 )2\/§
A+B+C
Ztan( 2 ) = 3tan 3 =3tang=\/§

SOLUTION 6.16

Proof by Myagmarsuren Yadamsuren-Ulanbataar-Mongolia

a’ + b? + c? > \/4852 + 8r(4R + r)Z(a — b)2 + (Z(a — b)z)2 > 4/3s

LHS RHS

1) Lemma: \/3p < 4R+ 1r:=>8V3-r-p<8r-(4R+71)

proof GERRETSEN

8V3-S<8r-(4r+r)
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\/4852 +8r-(4R+71) - Z(a —b)?2 + (Z(a - b)z)2 >

> J(4J§s)2 +8V3-S- (z(a — b)Z) + (Z<a _ b)z)z _

- \/(4\/5 .S+ (Z(a = b)2)>2 = 435 + Z(a — b)?

RHS: 4V3S + Z(a —b)? > 43S
=0

SOLUTION 6.17

Proof by Soumava Chakraborty-Kolkata-India

R(4R + 1)?
2<———— < 4R?+4Rr + 3r?
S S2@R-1) - + r+ 3r
(Blundon — Gerretsen’s Inequality)

R(4R+1)?
2(2R-1)

Now, S? < 2R? + 10Rr — %> + 2(R — 2r)VR? — 2Rr

Let’s first prove S* <

(Baric Triangle Inequality — Rouche’s Inequality)

it suffices to prove:

R(4R + 1)?
2R% + 10Rr — 12 + 2(R — 2r)VR%? — 2Rr < RG@R+7)°
2(2R-71)

o (t—2)8t? —12t+1) > 4(t— 2)(2t — 1)/t2 — 2t

where t = R
r
o (t—2)%{8t* —12t+1)? -16(2t — 1)?*(t>* - 2)} >0
& (t—2)?(16t* +8t+1) > 0 > true; t > 2
R(4R + 1)?
~ 22R-1)

R(4R+7)? 2 2
2@R-T) <4R“ + 4Rr + 3r

2

Now, let’s prove:

< 16R3 + Rr? + 8R?*r < 16R3 + 8R?r + 4Rr? — 613

& 3Rr? —61r3>0=R > 2r - true
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R(4R+r)2<4R2+4R + 3r2
2Q2R—71) — rer

SOLUTION 6.18
Proof by Kevin Soto Palacios-Huarmey-Peru
Tener presente lo siguiente en un triangulo:
abc = 4RS
S = pr - abc = 4Rpr
La desigualdad es equivalente:
4Rpr < 8R*r + (12V3 — 16)Rr?
= p < 2R+ (3V3 —4)r (Blundon’s Inequality)
De la desigualdad de Gerretsen:
p? < 4R% + 4Rr +31% > 4R* + ARr + 312 < (2R + (3V3 — 4)r)
4R? + 4Rr + 31% < 4R + 4Rr(3V3 — 4) + (43 — 24V/3)r?
= 4Rr(3V3 —5) + (40 — 24V3)r2 > 0
= R > 2r > 4Rr(3V3 —5) + (40 — 24V3)r? > 8r?(3V3 —5) + (40 — 24V3)r2 > 0
SOLUTION 6.19

Proof by Soumava Chakraborty-Kolkata-India

18R
%/8R3 sin A sin B sin C
9
© Y(tanA +tanB) > 3———— (1)

sinA sinB _ sin(A+B) __ sinC
cos A cosB  cosAcosB  cosAcosB

Given inequality & 2 ), tan A >

Now, tan A + tan B =

. - i A .
Similarly, tan B + tan C = —=2_ tanC + tan4 = ——=> _
cosBcosC cosCcosA

sinC sin A sin B

Z(tanA + tanB) =

cosAcosB+ cosBcosC+cochosA

> 3
(2)

A-G6 3| sinAsinBsinC
cos2 Acos? B cos2C

(1), (2) = it suffices to prove:
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3| [[sinA - 3 3[[Isin2 A S 3 Ht 2 4% 27
& |=— &
[Icos?A ™ 3/T[sin A [Icos?2A — an- A=

& [[tanA > 3V3 Y tan4 > 33 (3)

v f(x) =tanx Vx € (0, g) is convex,

A+B+C

- Jensen = Y tan A > 3 tan ( ) = 3+/3 = (3) is true (Proved)

SOLUTION 6.20
Proof by Adil Abdullayev-Baku-Azerbaidjian
64s2S% < 27 - 16R?*S? & 4s% < 27R?.

SOLUTION 6.21
Proof by Adil Abdullayev — Baku — Azerbaidian

BRETSCHNEIDER THEOREM =

= AC? - BD? = AB? - CD?* + AD?> -BC* —2-AB -CD - AD - BC - cos(A+ C) =
=(AB-CD—AD -BC)> +2-AB-CD-AD -BC- (1 —cos(A+C)) >
> (AB-CD — AD - BC)? > AC?> -BD? > (AB-CD — AD - BC)? >
LHS > RHS.

SOLUTION 6.22
Solution by Hamza Mahmood-Lahore-Pakistan

Let f(x) = Insinx,x € (0, )

f'(x) is concave on (0, ). By Jensen’s inequality,

f (a+f+y) > %(f(a) + f(B) + f(y)) where a, B,y are the angles of A ABC

.oy 1 : : . . 3 (T : : :
= Insin (§) > 3 In(sinasinf siny) = sin3 (E) > sinasinfsiny

B ,V3_25 25 25 V3 _ 8S°

. N —— —>23—>——7

5 > sinasinfsiny 8 — bc ac ab 8 ~ (abc)?
3 3

3\/S§ = (abc)? > (j—;)

= (abc)? >

SOLUTION 6.23
Proof by Mehmet Sahin-Ankara-Turkey
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a(b+c)— bc

b+c—a> 1R ©(b+c—a)dR > a(b+ c) — bc
(a+b+c=2s)
b+ c\> 2s —a\?
(:)(b+c—a)4R>a(b+c)—(T) @2(5—a)4R>a(25—a)—( > )
at
<:>8Rs—8Ra>Zsa—a2—s2+a-s—T

© sa®? — 4as + 4s* + 40Rs — 40Ra > 0?
& 4-5*> — s(4a — 40R) + (sa? — 40Ra) > 0?
© A, <0 A, = (4a—40R)> —4 -4 - (sa’? — 4aRa) < 0 (?)
= —4a%* + 20Ra + 100R> <0 (?)= a*—-Ra+5R*>0 (?)
A, = R>—20R* = -19R?* < 0
SOLUTION 6.24
Proof by Soumitra Moukherjee - Chandar Nagore — India

Case 1: let the triangle be acute angled triangle.
= nX ) g = _MeecnX X
Let f(x) = csc 2_forallx € (0,2),f (x) = 5 csct > cot>

2
X X n X
f'(x) = Tcsc"icot2 2 + chc"+2 2 >0

Seye €™
so applying Jensen’s Inequality, % > csc™ (E) =2n

6
A
chcniz 3.2m

cyc

Case 2: let the triangle be obtused angle triangle

. A
a sinA Siny > o A A>b+c
= — sin— = c¢sc—
b+c¢ sinB+sinC cos(B_C)_ 2 27 a
2
A b+ c\" b+c\"
Yeeds Yt 2o [ 20 2
2 a a
cyc cyc cyc

SOLUTION 6.25
Proof by Soumava Chakraborty-Kolkata-India

\/singsin§+\/sin§sin§+\/singsin (Child)

N
IA
N w
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LHSC‘S‘S A A _ A"”l<§e"3 A 3
s Zsmf ZSlnE—ZSlnE s Slng—i

SOLUTION 6.26
Proof by Adil Abdullayev — Baku — Azerbaidian

1 N 1 N 1 -6
sin% sing sin%_
AM-GM Euler
P 1 3|14R "
LHS = 3.° =3.- |— = 3-18=6
sin a sin B sin Y r
2 2 2
SOLUTION 6.27
Proof by Soumava Pal-Kolkata-India
1 1 1 S 33 1
nAsnE  snBsinC snCesinA ([« A_ B_ CY
sinysiny sinsing  singsing (Smfsmfsmf)
— 4R A. B _ C
r= smzsmzsm2
1 16 - R? 5
(. A_. B_. g) r
sinz sin~ sin
R
+=2)
r
1 1 1
= + +—F— = 3V64 =12

. A . B . B . C . .
sinysiny singsing  singsing
SOLUTION 6.28
Proof 1 by Ravi Prakash - New Delhi — India
a;>a, >a;>0,by,bybs € R
a; <bja;+a; <b;+by,a; +a,+az <b;+by+b;
aZ+a3+a3=
=a%+ay(a;+a,—a;) +az(a; +a, +az—a; —a,) =
=a;(a; —ay) + (a; +az)(az —az) +az(a; +az +az) <

< b;y(a; —az) + (by + by)(az —a3z) + (by + b, +bzlaz =

468



= a1b1 + az(bl + bz - bl) + a3(b1 + bz + b3 - bl - bz) =

= a1b1 +a2b2 +agb3 < \/a% +a% +a§\/b% +b% +b%

[CS inequality]

:\/a§+ag+a§ S\/b§+b§+b§
aZ + a3 +a5 <b%+b3+b}
SOLUTION 6.29
Proof by Adil Abdullayev — Baku — Azerbaidian

LHS<RHS<:)(\/—+\/_+\/—)<\/—_+%_ %)_ZI:@

2/1 1 1\> 81R?
= —_ P J— <
& A= (Va+Vb++c) (_a+ + ) <2
c-B- 1

Vb Ve
1 @b ro3(teg+ D) B
- @ ¢ b ¢/~ 4r?

3

p?+1r>+4Rr 9r? 9R
& p? <W—r — 4Rr

<
4prR 412

2p -

GERRETSEN 9R3
p? <  4R%?+ 4Rr + 3r? S?—rz —4Rr @ 9R®* - 8r(R+1r)?2 >0

R
t:=?=~t22. 93 -8(t+1)?>0< (t—2)(9t? + 10t +4) > 0 © EULER

SOLUTION 6.30
Proof by Seyran Ibrahimov-Maasilli-Azerbaidjian
a+b+c

a b c
a—b+b—c+c—a > V6~

la—b| <c

|b—c|<a

lc—al<b
a b c a b ¢y a b c
a—b+b—c+c—a| | +a+b :Z+ +b>3>\/_ 1

SOLUTION 6.31
Proof by Ngo Dinh Tuan-Quang Nam-Da Nang-VietNam
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According to Heron Formula: S = \/p(p — a)(p — b)(p — ¢)

=>4S=\/(a+b+c)(a+b—c)(b+c—a)(c+a—b)

We have inequality \/(a + b + c)(a+ b — ¢)(b + ¢ — a)(c + a — b) < 3V/3abc

1
azbzczZﬁ(a+b+c)(a+b—c)(b+c—a)(c+a—b)

b+c—a=y=> x+z x+y y+z

a=—,b=—7",c=
c+a—b=z 2

atb-c=x a+b+c=x+y+z
Let
2 2

Need to prove that: (x + z)*(x + y)*(y + 2)? > %xyz(x +y+2)

Because: (x + y+ z)(xy + yz + zx) < g(x +z2)(x+y)(y+2)

64
= LHS > —(x+y+ 2)(x+y+z)(xy+yz+zx)? > a(x +y+2)33 xyz33 (xyz)?

= RHS
SOLUTION 6.32

Proof by Soumitra Moukherjee - Chandar Nagore — India

chc chc

(a+b+c)?
ab+ac — 2(ab+bc+ca)

(a+b+c)? > 3\, 3(Zcyca?)

2(ab+bc+ca) — 2(a+b+c)

[Applying Bergstrom’s Ineq]

b+c

we will prove,

2 3 3(p*-2q)
:%ZT wherep =a+ b+ candq = ab + bc + ca
= p® > 27q*(p* - 2q) = p® — 27¢° - 27¢*(P* - 3q) = 0
= (p* —3q)(p* + 3p’q — 18¢*) 2 0
= (p? — 3q)%(p? + 6q) = 0, which is true again,

3 Zaz > Za 2 33Zaea?) 5

5> — 2=
cyc cyc 2 (chc a) 2

L e 3 3Eoee)

2 b+ c Z(chc ab) Z(chc a)

cyc

v
N|w

SOLUTION 6.33
Solution by Adil Abdullayev-Baku-Azerbaidian
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acosa+bcosfB +ccosy <s < R(sin2a+sin2f +2siny) <s &
2sr
@R-FSS®2rSR

SOLUTION 6.34
Proof by Adil Abdullayev — Baku — Azerbaijan
9r(4R + 1) < 35* < (4R +1)?

LA
SZ

9r(4R+1)<3s’ 9. (rgtrp+r)<3s? e

S 31T (g +1y + 1) < (rogrp +Tgrc +1p1)% ©
e 3(xy+xz+yz)? < (x+y+2z)>
3s2<(AR+ 1) o 3 rp +1arc+1p1re) < (rg+ 1, +1.)%
X —(AR+1r)x*+s*x—rs’=0¢e
X1 =Tg Xy =Tp, X3 =T,
ROLLE THEOREM = 3x*> —2(4R+1)x+s* =0
D>0<4(4R+1)>— 125> >0 © 352 < (4R +1)°.
£3 — 25t + (s2 +7r(4R + r)) t—4srR=0 &
ti=at, =b,t; =c.
ROLLE THEOREM = 3t* —4st+ s> +r(4R+1) =0
D 20@1632—12(s2+r(4R+r)) >0 s2>3r(AR+1)
SOLUTION 6.35

Proof by Kunihiko Chikaya-Tokyo-Japan

B a C

r: radius of incircle, R: radius of circumcirle
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= R =—
r 2 2
R c c
—= > & a? + b* = ¢?
r a+b—c \2VaZ2+bZ-c
c
- —1+v2
(\/E—l)c

SOLUTION 6.36

Proof by Soumitra Moukherjee-Chandar Nagore-India

Bty < max( R < {ZA 24 ZA}_ 24
TS maxiig iy, Ry = max\——, ==~ " min{a, b, c}

< min{a,b,c} (R+1r) <24 (1)
Now, R + 1 = R(Xy.cos A) = OD + OE + OF, where
D, E and F are the mid — points of BC, CA and AB respectively and O is the circumcentre.

A

D
Now, we have,
min{a,b,c}(R+r)<a-0D+b-0E+c-OF
= 2 (area of A BOC) +2(area of ACOA)+(area of AAOB) = 2A.
R +1r < max(hg, hy, h.)
SOLUTION 6.37
Proof by Soumava Pal — Kolkata — India
Without loss of generality:
a>b>c (1)

>A>B>C

N &

c , A , B , C
= ZE:SlnEZSlnEZSmE (2)

N

=
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B C , . . _
(ﬂ,—,— € (0, E) and sin x is increasing in (0, E))
2’2’2 2 2

Applying Chebyshev’s Inequality in (1) and (2)

A A (chclaSing) Yevel @ 2s
3Zasin52 Za zsin— = 2< L4 >=_

cycl cycl cycl 2 (Z cycl sin g) 3 3
c+a>h, a+b>c
b+c>a A
sing S 0} = (b+c) sinz > asinz

. A . A . A . A
:>(a+b+c)smE>ZaSlnfz>ZssmE>2asm§

2 in— > 2 in— in— > in—
= =
ssin asin ssin asin

., . B . B ., C ., C
Similarly: s sin- >b sin-,ssin; > csin =
. A

A A chclaSlnf

> S sin—> asin—=s>———-~-

2 2 .
cycl cycl chcl sin 7

SOLUTION 6.38
Proof by Soumava Chakraborty-Kolkata-India

12 + Y. 1% > 7R? (Gerasimov’s Inequality)

& 12+ (4R +1)? — 25% > 7R? © 25 < 9R? + 8Rr + 212
Now, 2s? < 8R? + 8Rr + 617 (Gerretsen)
It suffices to show 8R? + 8Rr + 61 < 9R? + 8Rr + 21?
& 4r? < R? © 2r < R - true (Euler)

SOLUTION 6.39
Proof by Adil Abdullayev — Baku — Azerbaidjian

Euler

LHS > (ab)(bc) + (bc)(ca) + (ca)(ab) = 8p*Rr > 16p*r? o R > 2r
SOLUTION 6.40
Proof by Soumava Chakraborty — Kolkata — India

(b) (a)
Inany A ABC,161%s*> < Y a*b? < 4R?s*
(Goldstone’s inequality)
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Let’s first prove that: sin w >

’i"‘

(€Y)
r R?

sinw>—-o —>cc?w= ) csc’A
R T2
<:>—>Z(1+cot2A)—3+Zcot2 —1+(Zcot2A+ZZcotAcotB)
2 ¥ a? (a?)’ (Zaz) 2 _ .2 (Ea)
=1+ X cotd) _1+( ) _1+16r2s2<:> r2 16r252<:>R Tzt 1652 (2)

We shall now prove that: R*? — r? > Z—a (3)

Z a3 — 3abc + 3abc

& R? -
r 8s
_(2s)(Xa? — Y ab) + 12Rrs _ s*> — 6Rr — 3r?
B 8s B 4

& s2 <4R?> + 6Rr — 1r*
Gerretsen = s?> < 4R* + 4Rr + 3r?
-~ in order to prove (3), it suffices to prove that:
4R% + 4Rr + 3r? < 4R? + 6Rr — 1r* © R > 2r - true = (3) is true.

= to prove (2) and hence (1), it suffices to prove

LB ez (Y e)

& ab(a — b)? + be(b — ¢)? + ca(c — a)? > 0,

which is true = (2) and -. (1) is true
24

VY aZ2b?

Again, Y a’?b? > abc(a + b + ¢) = 4Rrs(2s) = 8s*Rr > 16s*r? (~ R > 2r)

. T r .
~sinw > 2= > - = 4R?s? > Y a?b? = (a) is true

= (b) is true (Proved)
SOLUTION 6.41
Proof 1 by Adil Abdullayev-Baku-Azerbaidian

ZmaS4R+r

cyc
Lemma

Zma <2p-(6V3-9)r

cyc
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BLUNDON
Ym<2p-(63-9)r = 2(2R+(3V3-4)r) - (63 - 9)r =
cyc

=4R + .

1 1 1 1
— — — > —_—
(ha+hb+hc)(ha+hb+hc)_9@(ha+hb+hc) 296

< h, +hy + h, = 9r.

3 ab
(ma+mb+mc)2=zm§+22mamb312a2+2(7+c2>=

cyc cyc cyc cyc
GERRETSEN
=4p? —12Rr—3r2 < 16R*+16Rr + 12r2 —12Rr — 3r% =
EYLER
=16R*+4Rr +9r2 = 4R+1)? —4r(R—2r) < (4R+71)2
EYLER 9R

AR c =
+r < >

SOLUTION 6.42
Solution by Kevin Soto Palacios —Huarmey- Peru
— Tener presentre que la dseigualdad de Gerretsen: p> > 16 Rr — 51?

De la desigualdad, lo reempazamos:

r(4R+1)?
R+r 7

p* =

por trantividad: (16R — 51)(R + 1) > 16R? + 8Rr + r?

16R? + 11Rr — 5r% > 16R? + 8Rr + r?> > 3Rr = 61% - R > 2r (Des. Euler)
SOLUTION 6.43
Solution by Marian Ursarescu-Romania
We can choose A ABC with circumcenter O in origin of axis.

Let ty,tg tc € Cso thatA(tA),B(tB), C(tc)

Jta & 1
l —_—

Sapc = |;[te ts 1|| (1)
te B 1

ButtH1 = tp + tA + tB'ZHZ =Zp + tB + tc,ZH3 =Zp +tA +tc =

itp+tA+tB tp+t,+tg 1
SumHs = gt Htp+tc Ept+iEp+itc 1|| (2)
tpt+ty+te tp+tg+tc 1
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Now, we use these properties:

aj, +ay; ag;; ag ay; aqz Qg3 aj; ai;z; ag3
ay, +az; Ay Qx| =|az; Az ax|+|ay; az axs| (3)
az, +az; as; as; az; as; asz az; as; asz
a1 Aq2 Qg3 ai; ai1 Qg3
and (Az1 Qz; Qz3| = —|Az2 Az Q3| (4)
aszy 4asy; Aass az; dasp; Qss
From (1)+(2)+(4) = SABC = SH1H2H3
SOLUTION 6.44
Proof by Nirapada Pal-Jhargram-India
1 N 1 N 1 AMé(;M \ 1 AMécM 3
am b ™ T Trps 0 [@tb+ol”
3
31+m . 3 (ﬁ)z_m
> — < = =
2 [sincea+ b + ¢ < 3\/3R] P o
SOLUTION 6.45
Proof by Soumava Chakraborty-Kolkata-India
1m+1 1m+1 1m+1 Radon 3m+1
LHS = + + >
(ax + by)™  (bx+cy)™ (cx+ay)™ (a+b+c)™(x+y)m
( ax + by, bx + cy,cx + ay > 0,)
asx,y>0anda,b,c,> 0
Mitrinovic 3m+1 (\/§)2—m
> = = —— =RHS
(3V3R) (x+ym (x+¥)"R
SOLUTION 6.46

Proof by Adil Abdullayev — Baku — Azerbaidian

momym.h, + hy + h,) = hyhyh.(m, + my + m,)

h,+hy,+h m,+my,+m 1 1
LHS >RHS & 2~ b7 "¢ Ta” ™b C@Z hzz
b
cyc

hahb hc N mompym, cye ha my,my

1 1
h h, < = > = (A) © LHS > RHS
a’th my,m, hahb m,m, ( )

SOLUTION 6.47

Proof by Soumitra Mandal-Chandar Nagore-india
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logx

We will prove, =3 <

— 3( 3+ )forallx € (1,0)

Let f(x) = %(x — %) (1 + x:n) —logx forall x € (1, )

-‘-f’(x)=%(1+x—12)(1+ x )_ @ -1* 1

x2+1/ 3x(x2+1)? «x
@D+ x+ D) - x(x® - 1) -3x(x* +1)7

3(x3 + x)2
(2 +1)° -3x(x? + 1) +4x3
a 3(x3 + x)2
- -2+t -+ 2x-1) (-2t -2 -x+ 1)
B 3(x3 + x)2 B 3(x3 + x)?
4
M > 0. S0, f'(x) = 0 forall x € (1, ). Hence, f is
3(x3+x )
increasing on (1,). .. f(x) > f(1) =0= - (x — —)( ) log x
:;i_’; < % Now putting = f . So,
a—b a¥b+b¥a

logalogh T (Proved)

SOLUTION 6.48
Proof by Ravi Prakash - New Delhi — India

in = 2sin3) cos () <2sin(3) [0 <eos(3) <1] <2() =0
SINno = 42S8I1n 2 COSs 2 sin COSs 2 2 =
A/so,sine+tane>zefor0<0<§

.0 <sin(3) +tan(3) <3+ tan(3) < tan (3) + tan () = 2 tan 3)
- sin| 5 an|> > Ttan(o an |z an|;)=2tan|z

Also

) tang - 2 tan (g) B 2 tan (g) _ 2 tan (g)

2 1 _tan (g) - 1 + tan? (g) 1 — tan? (g)

0 1 1
= 2tan<i) < +Vsin6tan@ <E(sin0+tan0) <E(tan0+tan0) =tan@

SOLUTION 6.49

Solution by Omran Kouba-Damascus-Syria

477



First, let us define a,, = In (n + %) —In (n - %) - % Note that

12n(n2 -1

1 1 2 2 1 1
F_('“’1)2<$'n(nz—%) (n—l)z (n+3)
2

1/1 1 1 1
We conclude thata (ﬁ — m) <a, <4 <( 7T T 2). Consequently

=
N|=
N——

1 o 1
24(n+1)2 < Zk=n+1 Qi < 24(n+1)

Now,

n

1 =1
Zak=1n<n+§>+ln2— X

k=1 k=1

S0, Yp=1ar =In2 —y. Thus, Y}_,.1 ax Z;‘:l% —1In (n + %) — y. Combining this with (1) we

get:

1 1
2ATE Je= 1E_ ln( E) R 24(n+ )2 “

Which is stronger than the proposed inequality.

Observation by authors : The inequality (1) was also discovered by the romanian

mathematician TANASE NEGOI few years ago and it was published as a Math Note in GMA.

SOLUTION 6.50

Proof by Adil Abdullayev-Baku-Azerbadjan

Gerretsen :
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p? = 16Rr — 512

x=2p-—3a
y=2p-3b;=>x+y+z=0=
z=2p—-3c

yz-a*+xz-b*>+xy-c* <0 o p? > 16Rr — 512
SOLUTION 6.51
Solution by Soumitra Moukherjee - Chandar Nagore — India
Case I: When n is an even number i.e.n = 2k
x% +y? + 2% > 2(—1)***1(yzcosnA + zx cosnB + xy cos nC)
© x? +y? +z* > —2yxcosnA — 2zx cosnB — 2xy cos nC
& x? + 2x(zcosnB + ycosnC) + (zcosnB + ycosnC)? +
+y% + x% + 2yzcosnA > (zcosnB + y cos nC)?
& (x+zcosnB + ycosnC)? +y? + z> + 2yzcosnd >
> z%(1 — sin*n B) + y*(1 — sin®> nC) + 2yz cos nB cos nC
& (x + zcosnB + y cos nC)? + y? sin®> nC + z* sin*n B +
+2yz{cos(x —nB —nC) — cosnBcosnC} >0
& (x+zcosnB + ycosnC)? + (ysinnC — zsinnB)?> > 0
which is true
Case ll: Let n be an odd integer i.e.n = 2k + 1
x% +y? + 2% > 2(—1)***1(yzcos nA + zx cosnB + xy cos nC)
ext+yt+2z2> ZZyzcosnA
cyc
& x? —2x(zcosnB + ycosnC) + (zcosnB + y cosnC)*?
+y2 + 22 + 2yzcosnA = (zcosnB + y cos nC)?
© (x —zcosnB — ycosnC)? + y? + z? + 2yzcosnA
> z%(1 — sin?* nB) + y?*(1 — sin®> nC) + 2zy cos nB cos nC
& (x —zcosnB — ycosnC)? + (zsinnB — ysinnC)?> > 0
which is true
Considering Case | and Case I,
x* +y* + 2% > 2(-1)""Y(yzcosnA + zx cosn B + xy cos nC)

proved
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SOLUTION 6.52

Proof by Soumava Pal — Kolkata — India
2
12V3 > 20{(12V3)" = 144 x 3 = 432 > 400 = 207}

(12v3r —20r) >0
= (R —21)(12v3 — 207) > 0 (R = 27 by Euler)
= 12V3Rr — 24V3r% + 40r* — 20Rr > 0
= (43— 24V3)r? —3r? + (12v/3 —16)Rr —4Rr > 0
= (43 — 24V3)r? + 4(3V3 — 4)Rr > 4Rr + 317
= 4R? + (43 — 243)r? + 4(3V3 — 4)Rr = 4R? + 4Rr + 3r% > s? (Gerretsen)
= (2R+(3\/§—4)r)2 >s?=>2R+(3V3-4)r=s
SOLUTION 6.53
Proof by Soumava Chakraborty-Kolkata-India

vm,n > 0, let A(m,n) = mTHl,G(m,n) =ymn,

m

L(mn) = ::; ~ We have, YG2A < L (EB Leach, MC Scholander)

Inm
Now, A(e*,e ™) = coshx,G(e*,e™) =1,L(e*,e™™) = sinhx
Applying YG%A < L, we get ¥ cosh x < % (proved)
SOLUTION 6.54

Proof by Kevin Soto Palacios-Huarmey-Peru

Tener presente lo siguiente:

w,<Jp(p —a),w, <Jp(p—b)

La desigualdad es equivalente:
Vp(p—a) +p(p—b) + m < pV3

(Ve - + VP —B) < (p(p—-a)+p(p-B)(1+1)

(Vpo =@ +Vpo-B) < (p*+p(p-a-b)@
(\/p(p—a)‘F\/p(p—C))Z < (2p2_2<a+3+0)(c_¢;_b>>
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b+c+a)(a+b—c a+b+c)(c—a-b
Pero: m? > w,—m% < latbrolcza-h)

4 4

(VP - +p@ b)) < (2p? - 2m?) -

>Jp(p—a)+p( —b) <2p*—2m2

Jp(p—a) +p(p —b) + m, < /2p? —2m2 + m,

Demostraremos que:

2p% —2m2 +m, < pV3 - /2p2 —2m2% <V3p -m, = V3p > m,

Elevando al cuadrado la expresion:

(\/sz - ZmE)2 <(V3p- mc)Z - 2p? —2m? < 3p? + mZ — 2mpV3 -

2
>p?-2mpV3+3m2>0- (p—V3m,) =0
SOLUTION 6.55

Proof by Kevin Soto Palacios — Huarmey-Peru
1.2p? < 2(2R +1)?* + R?
De la desigualdad Gerretsen:
p? < 4R? + 4Rr + 312
2p? < 8R? + 8Rr + 612 < 2(4R% + 4Rr + %) + R?
— 8R?% + 8Rr + 612 < 9R? + 8Rr + 2r* © R? > 41% > R > 2r (Desigualdad de Euler)

2.6r(4R + 1) < 2p?

Por ultimo, desde que:

p? > 16Rr — 5r% - 2p? > 32Rr — 101% > 24Rr + 6r* © 8Rr > 16R*> > R > 2r

(Desigualdad de Euler)
SOLUTION 6.56

Proof by Soumava Chakraborty-Kolkata-India

9 _1 1 1 _O9R , ,
22 < - + 5 + - < a (Leuenberger’s Inequality)

1 1 1 9 9r 9r
AM-HM = -+ -4+-2> = — =
a + b + ¢~ a+tb+c 2Sr 24

9R? Y ab 1 9R? O9R
9R222a222ab=>—> :Z <

abc — abc E_4RA=E
9r 1 O9R
—_< _ < —
24 a” 44
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SOLUTION 6.57

Proof by Soumava Pal — Kolkata — India
A

I_I

Without loss of generality
LB > £C
AM — median
AH, - altitude
D is a point on AC, such that LABD=/B — +C
= «DBC = 2C = BD = DC

Also M midpoint of BC in isosceles A DBC.
DM L BC(AH, L BC)=> DM | AH, (1)

ha — cos 2 H,AM = cos 2 AMD (.H,AM = 2AMD From (1))

mq
Drow circumcircle of A BMD. Now 2BAC is acute, so A with lie outside the circle, since BD is
diameter of the circle (+tBMD = 90°).
Let the circle intersect AM at X. Since ~BAD is acute, X lies between A and M.

BXDM is cyclic= £XBD = £XMD = £H,AM
h,
= cos LXBD = cos LH,AM = —
ma

Now £XBD < £LABD =B —-C

h
= cos £XBD > cos(B—C) = m—a > cos(B — ()

a
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Equality holds if 1B = +4C
SOLUTION 6.58

Proof by Myagmarsuren Yadamsuren-Darkhan-Mongolia

a mf%a 9R?
Zh _ﬁ (a? +b2+c2)sﬁ
a Chebyshevl 1 1 1\ RHS
— = 5-(a+b+c)-(m—a+m—b+ﬁc> =
2 12 12 12 2 9
~3P (m—a+m—,,+ﬁc>>§ P g tmy, +m,
_ 6p - 6p 6p
ma+mb+mc_2\/p(p—_a \/— Z\/m
CBS 6p 6-3V3-r 18r

> —
SOLUTION 6.59

Proof by Soumava Chakraborty-Kolkata-India
InA ABC,% < 4\/% < % (Makowski’s inequality)

427>2 27>16 SZ<27R4
S22 R S? Rt 16

Isoperimetric inequality = S < E (a + b+ ¢)?

2
:>S§£(4sz)=\/§s SZ<3i §? < 81<3\/2_R> <s_3\/_ )

) 81 - R - Mitrinovic

3 819
81

427 1 27 1 27 1
SO @GSO gaSne sz’

S$%2 > 16Rr — 512 (Gerretsen)
it suffices to prove 16Rr — 5r2 > 27r? < 16Rr = 32r? © R > 2r, which is true
(Proof of 2)

R4 R4 (Proof)

SOLUTION 6.60

Proof by Marian Dincda-Romania

Use reverse Bernoulli inequality:
1-x<1—-xy,x€(0,1),ye(0,1)

483



The reverse Bernoulli inequality is equivalent Bernoulli inequality:
(1-a)>1-ab,forb>1andac€ (0,1)
Letb =§2 landa =xy € (0,1)

1
We obtain: (1 — xy)y > 1 — (xy) - i =1—-x

1

1-xy)>21-xo1—xy>(1-—x)

Proof Lemma:
leta=1—-x,b=1—-y,x,y€ (0,1)
1—x 1—x a
b—(1-x)17= > = -
@ =Q1-x 1-xP"1-xy 1-(1-a)(1-b)
a a

=1—1+a+b—ab=a+b—ab
SOLUTION 6.61

Proof by Hung Nguyen Viet-HaNoi City-VietNam
Without loss of generality we can assume that a > b > c. This implies
1 1 1
= =
b+c c+a a+b
Hence according to Chebyshev’s inequality and using some known familiar

inequadlities, we have

an+bn+ cm >1(n+bn+n)<1 4 1 N 1)
b+c c+a a+b_3a ¢ b+c c+a a+b

>1("+b"+ " 9 ><a+b+c>" 9
_3a ¢ 2@a+b+c) 3 2(a+b+c)
2n—2

() 26

Proof by Marian Ursarescu — Romania

SOLUTION 6.62

C

We use Crelle — Van — Staudt identity: 6RV = T, where
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16T>=(a+b+c)(a+b—c)(b+c—a)(c+a—b) >
(a+b+c)a+b—-c)(b+c—a)(c+a—Db)
16

36-16-R2V2
a+b+c

36R%V? = T? = 36R?*V? =

>(@a+b—-—c)(b+c—a)(c+a—>b)= (1)

From (1) we must show:
36 - 16 - R2V? 8R?

>72VW o —>1
a+b+c a+b+c

8R?>>AB-CD+ AC-BD + AD - BC &
16R?> > 2AB - CD + AC - BD + AB - BC (2)

But in any tetrahedron we have:
16R? > AB? + AC? + AD? + BC? + CD? + BD? (3)
From (2)+(3) we must show:
AB? + AC* + AD? + BC* + CD?* + BD?> > 2AB - CD + AC - BD + AD - BC
& (AB — CD)? + (AC - BD)? + (AB—B(C)?> >0
(true, with equality for echifacial tetrahedron)

SOLUTION 6.63

Proof by Nguyen Hung Viet — Hanoi — Vietnam

By Cauchy — Schwarz inequality we have

n
Z a;b;
ai+b,- B

i=1 i

n

s+,
a; + bi i - i

i=1

NgE

1l
[y

2
i

n
a3
B i - al-+b,-

n
i=1 i=1

n

Z (ar + -+ a,)*®
YT @+t ay)+ (by+ -+ by)

i=1

<

_ (ag+-+ay)(by+ -+ by)
C(ag+ ot ay)+ (bt o+ by)

This completes the proof.
SOLUTION 6.64
Proof by Soumava Chakraborty-Kolkata-India
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A B C 3 3 A B C
acosE+bcosE+ccos§23\/abc cosEcosEcosE (AM = GM)

a’b?c?

g '_abci/s(s ~a)s(s = b)s(s =) _ Bgfabcs\/ﬁ =G -B6 =0 - 3V5
= 3%¥sZrit suffices to show 3Vs2r > 9r

& s*r > 27r3 © s > 27r% Now, s?> > 16Rr — 51 (Gerretsen)

It suffices to prove 16Rr — 5r% > 27r? < R > 2r (true)

A+b B+ C>9
acos cos>+ccos 2 9r

C-B
A B cC ~
AIso,acosE+bcosE+ccosE <

=)

va? + b% + c? /ZcosZ§SV9RZ\E=¥

SOLUTION 6.65
Proof by Soumitra Mandal-Chandar Nagore-india

1
Let f(x) = x —sinx (cosx) 3 forall0 < x < g

4
2 sin®?x(cosx)3
f'(x) =1—(cosx)3 — (3 )

f'x) = gsinx (cos ;\c)_%(cos2 x—1),hence f"(x) <0, f'(x) < f'(0)

= f(x) < f(0)=0=cosx < (%)3 (proved)

SOLUTION 6.66
Proof by Soumitra Moukherjee - Chandar Nagore — India

LEMMA: If A1 A, ...A,(n > 3) is a convex polygon, M is point inside the polygon then:

n
a; , T
—ZZ—tan —
dj n

k=1

n n
=)
— =
dk = ay dk

k=1

Proof:

Using Radon’s Inequality
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2

n ﬂ) n 2 2

Za—>z(dk y (Zntann) _ 2n? tan? =
a2~ Yroiax 2s S

hence,

n
aj . T 257 ,. T 4
s — | = 2n“tan —=>—222n tan“— = s = nrtan—
d n r n n

2
k=1 k
SOLUTION 6.67

Proof by Soumava Pal — Kolkata — India
a+b+c>3Yabc (by AM-GM inequality)

<a+b+c
:) —_—
3

Puttinga=x+y,b=y+z,¢c = z + x, we get,

3
) > abc

3

8(M) >x+y)(y+2)(z+x)

3
xX+y+z 3>(x+y)(y+z)(z+x)
(=) = :

SOLUTION 6.68
Proof by Adil Abdullayev-Baku-Azerbadjan

a’+b*+c? > 36 <abc + sz) & 2(s2 =12 —4Rr) > 36 <4Rrs
~ 35\ s — 35

+ sz) PR
& 34s2% > 424Rr + 7012,
Gerretsen = s2 > 16Rr — 51%* & 34s% > 544Rr — 17072
544Rr — 1701% > 424Rr + 70r* © R > 2r.
SOLUTION 6.69

Proof by Adil Abdullayev — Baku — Azerbadjan

Z_SZS?F@ZP r“ > 27r°R © 2p° > 27Rr.

Gerretsen = p?> > 16Rr — 51 & 2p? < 32Rr — 5r - 2r > 32Rr — 5Rr = 27Rr.
SOLUTION 6.70

Proof by Soumitra Moukherjee-Chandar Nagore-India
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4A
(a+b+c)*—2(p?>+1r*+4Rr) < 8R%* +

© 4p? — 2p* — 2r> —8Rr < 8R? + i
3V3 B

3V3
) ) 44 24
& 2p* <2r +8Rr+8R2+T§@p2Sr2+4Rr+4R2+

3V3

We need to prove, p*> < 4R* + 4Rr + 3% < 1% + 4Rr + 4R?* + >4

3v3
o2rt < % © 3v3r? < A © 3+/3r% < rp, where A = rp.

& 3V3r <p © 6rv3 <a+ b+ c, whichis true. a®> + b* + c?> < 8R? + % (proved)
SOLUTION 6.71

Proof by Adil Adullayev-Baku-Azerbaidian

Lemma. aZ + b% + ¢% > 45/3.
2

3- Z(“Z)Z > Z“Z > 165% -3 < LHS > RHS.

cyc cyc

SOLUTION 6.72

Por Heron:

4F=\/(a+b+c)(b+c—a)(a+c—b)(b+a—c)
16f% = ((b + a)* — ¢*)(c? — (a — b)?)
16f% = (c*((a + b)* + (a — b?) — (a? — b*)? — ¢*
16f% = (c?(2a? + 2b?) + 2a?b? — a* — b* — ¢*) - 16f?

—a* — b* — ¢* + 2a?b? + 2b%*c? + 2a*c?
16F%* = —A* — B* — C* + 2A?B? + 2B%C? + 2A%C*?
Por CauChy:
16Ff + 2a%A% + 2b*B? + 2¢%C? <

< J16f2 + 2a* + 2b3 + c*\/16F2 + 24* + 2B* + 2C*

J16f2 + 2a* + 2b3 + ¢4/ 16F?% + 24* + 2B* + 2C* < (a® + b? + ¢2)(A% + B% + C?)

16Ff + 2a%A% + 2b*B? + 2¢*C? < (a® + b? + ¢?)(A% + B? + C?)
SOLUTION 6.73

Proof by Kevin Soto Palacios — Peru
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1—[ (1 — cos A) - 8(tan A + tan B + tan C)3
cosA /  27(tanA + tanB)(tanB + tan C)(tan A + tan C)

Recordar lo siguiente:

sin(x + y) o
tanx+tany =——,1 —cos2x = 2sin“x,tanA + tan B + tanC
COS X COS Yy

=tanAtanBtanC
7( sin C )( sin A )( sin B )H(l_COSA>>8 sin® A sin?® B sin3® C
cos Acos B/ \cos B cos C/ \cos A cosC cos A ~ " cos3Acos3Bcos3C

07 sin A sin B sin C 1—[ ,A sin3Asin3Bsin3C 271—[ ., A
sin® — - sin® —
cos3 Acos3Bcos3C 2 cos3 A cos3 B cos3 C 2

ZnsinzA
3V3
:>3\/§nsm >1_[smA—>3\/—>81_[cos——>—>£—>—RZp

8(tan A+tan B+tan C)3 >
* 27(tan A+tan B)(tan B+tan C)(tan A+tanC) —

IV

Sea:x =tanA,y=tanB,z =tanc
(x+y+23=x3+y3+22+3(x+y)(y+2)(x+2)
x+y)py+z2)(z+x)=xy(x+y)+yz(y+2z)+zx(z+x) + 2xyz
=>8x+y+23>27x+y)(y+2)(x + 2)
=58x3+y3+2z2)+24(x+yY)(y+2)(x+2) = 27(x + y)(y + 2)(z + x)
>8x3+y3+2)>23(x+y)(y+2)(z+x)
= Utilizaremos: x3 + y3 > xy(x + y),y3 + 23 > yz(y + 2),23 + x3 > xz(x + 2)
>8x3+y3+23) >4xy(x+y) +t4yz(y+2)+4zx(z+x) =3(x +y)(y + 2)(z + x)

=>4xy(x+y) +4yz(y + z) + 4zx(z + x)
>3xy(x+y)+3yz(y+2z)+3zx(z+ x) + 6xyz
=>xy(x+y)+yz(y+z)+ zx(z + x) = 6xyz, Dividiendo +~ (xyz)
>T2 ey % > 6 (Valido par: MA > MG)
SOLUTION 6.74

Proof by Kevin Soto Palacios — Huarmey — Peru

Tener presente lo siguiente:

489



HA+ HB + HC = 2R + 2r
IA+IB+IC < 2R+ 2r < 3r (INEQUALITY IN TRIANGLE 34-www.ssmrmh.ro)

B

A C
IA+IB+IC = r(csc§+ cscE+ cscE) > 6r

1. 2r<;2R+7r)©R>2r->;(2R+1r)<R&2r<R

2. 2r§%+i(IA+IB+IC)<:>IA+IB+ICZ6r—>

r 1 R
—>E+Z(1A+IB+IC)SR@IA+IB+ICS3R ATSE

SOLUTION 6.75
Proof by Adil Abdullayev — Baku — Azerbaidian

22 s(s—a)>3\/§

a
cyc

a=x+y JEx+y+z)x  3V3
b=y+z :*Z n = 5
C=Z+X yrz

cyc

-

X
3—x

Homogen = x+y+z=3. (A) © Yy
AM-GM
-
X2 +Vx+vVx = 3-YxZ-Vx-Vx=3xe -—>

©
VX X 3
chca > cyc; — 3 & (B)

... (C)

SOLUTION 6.76
Proof by Kevin Soto Palacios — Huarmey — Peru
Probar en un triangulo ABC:
a*+b*+c*+abcla+b+c)=>a(b+c)+b3(a+c)+c2(a+b)
= (a* —a3b — a3c + a®bc) + (b* — b3a — b3c + b%ac) +
+(c* —c®a—c3b + c*ab) > 0
= a?(a® — ab — ac + bc) + b%*(b?> — ba — bc + ac) +
+c%*(c*—ca—cb+ab) >0
= a’(a(a—b) —c(a—b)) + b*(b(b—a) —c(b — a)) +
+c2(c(c—a)—b(c—a)) =0
= a’(a—b)(a—c)+ b*(b—a)(b—-c) + c*(c — a)(c — b) > 0 (Desigualdad Schur)
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SOLUTION 6.77
Proof by Hamza Mahmood-Lahore-Pakistan

Since, x,y,z > 0 = there exists a, b, ¢ > 0 such that x = a®,y = b® z = ¢®

O =

_F+2c3+2c3+3a2+3a2+3a22

1
abb®ct rq
=6 <22 . 33. b6c6a6)

1

a b> b3 2 2 2 a® b3 B3 2 2 2
b 2c¢3 2c¢3 3a? 3a? 3a?

c? 1 \6
+?26(22-33) (4)

6 6 6
NowSince21°>25=32>27:33=>§—2-26>33:§—2.26.(3_.l)>

1
S(3% 1\ 2636 3¢ 1 3,° 1 \6_3
>3 552 e 3w ) > 5) 2slmm) >z @
From (A) and (B),

a® b3 ¢* 3
— =t >

b ¢3 a 2
Therefore, =+ \P+ 3\/2 > E,x,y,z >0
y z x 2

a® b3
M

SOLUTION 6.78
Proof by Rovsen Pirkuliyev — Sumgait — Azerbaidjian
Denotea+ b +c = x

Using AM-GM =

b+ c
b+c +1 x a 2a
< =— > = —
a 2 2a b+c x
c+a
cta —p t1 «x b _2b
< =—> > —
b 2 2b c+a X
a+b X
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b b
Hence /i+ /—+ /Lzz—a+2—+z=2
b+c a+c a+b x x x

Equality is possible

b+c a+c a+b . .
— = — =— =1 = impossible

a (4

=
S e
b+c

Proof by Soumitra Mandal-Chandar Nagore-india

SOLUTION 6.79

We know,
abc 1 abc 1
nA=22¢._1 tanB=22._1 _an
ta R b2+c2—az'ta R a2 9 d
abc 1
tanC = — So,

R a?+b2-¢2°

) abc 1
--ZtanAz R a? + b2 — c?

cyc cyc

3abc, 1 3abc3 1
= R \/1_[ (a% + b% — c?) = R 4’a2b2c2 v athict 2 H(az +b* —cf)
cyc

cyc

= >Yabc = 3}/abc/R® = 31/2:3 [ abe = 4RA4] (proved)

SOLUTION 6.80
Proof by Ravi Prakash - New Delhi — India




Suppose A1A, touch the circle at P, A, A3 at P, etc.
Note AP, = A,P, =rtan@,, AP, = P{A; =1rtanf,
Now,
28 = A4; + A Az + -+ A A =
=(rtan@, +rtané,) + (rtan@, +rtan@,) + -+ (rtanb,_, + rtan@,) =
=2r[tan@, + tan O, + --- + tan 6,,]
where@1 + -+ 0, =m, and 6; > 0

28 0,+0,+--+0
:722rtan< 1 2 r

- ):SZrntan(g)

[ tan 8 is a convex function on (0, g) ]
Also, Ay = arc (0A;14;) = 7 (A14,)1 =5 (P1Ay + P1Ay)r

Similarly for other triangles.

M:

1
= —TZ(PkAk + PkAk+1) = —T(ZS) =7Ts

R-
Il

where s = semiperimeter of polygon.

We have:
2 2
) ) , (ag+a;+-+a,)” 4s
ajt+a; +---+a; = = =—(F)(s
i+ a3 : - —=—(F)(s)

Buts = nrtan (g) [see (1) ]

2 2 n
ai +a5+--+a > 4Ftan<n)

SOLUTION 6.81
Proof by Adil Abdullayev-Baku-Azerbaidian
a<b<c>min(a,b,c) =a max(a,b,c) =c.
abc abc

R:—lzTﬁabCZZR
45

Z . A_a+b+c_a+b+c
SMA=TR T abe

cyc
a? + b% + ¢?

<

- a+b+c

abc - —————
abc

<coa’+ab+ac<a®*+b*+c%<ac+bc+c?
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SOLUTION 6.82
Solution by Soumitra Moukherjee-Chandar Nagore-india
Let f:[a,a + 1] - R, g:[a,a + 1] — R be two functions defined as
f(x) = xﬁforallx € [a,a+ 1] and g(x) = Vx forall x € [a,a + 1].
Now, f and g are both continuous on [a,a + 1],
f and g are both differentiable on [a, a + 1],

then by Cauchy Mean Value Theorem

flat)-f@ _ f'Q)
gla+)-gla) g'(§)

(a+ 1)Va+l — gva

where § € (a,a + 1).

— =842+ Y
s Va+i-va _ 1 1 _ 1
(@a+1)Vel—g¥a 82 +ng) 28°¢ 2a0
Va+1-+a 1

(a+ 1)Vatl — g'a S 2aVa
SOLUTION 6.83
Proof by Dan Radu Seclaman-Romania

Leta,b,c € [0,), suchthata+ b + c = 3.
a) Prove that: (1 —a)(1—b)(1 —c) + 2 = 2abc.
b) Find the maximum value of the following expression:
E(a,b,c) = 2(a® + b3 + ¢3) + 15(ab + bc + ca) + 6abc.
a) We have (1 —a)(1—-b)(1—c) = -2+ ab + bc + ca — abc.
But (a + b + c)(ab + bc + ca) = 9abc, wherefrom it follows
ab + bc + ca = 3abcandso (1 —a)(1 —b)(1 —c) = 2abc — 2
(we have equalityifa = b = ¢ = 1).
b)Asx3 +y3+2z3 =3xyz+ (x+y+2z)(x* + y* + 22 —xy — yz — zx), forany x,y,z € R,
and a + b + ¢ = 3, we obtain (taking into account point a)):
(a-132+B-1)3+(c-1)3=3(a-1)(b-1)(c—1) <6 — 6abc.
Sso:Y a® —3Ya?+ 6 < 6 — 6abc. Because Y a’> = 9 — 2 Y ab, we obtain that:

a® + b3+ c® +6(ab + bc + ca + abc) < 27.(1)
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AsY a3 = 3abc +3(9 —3Y ab) < 30 — 9 ab, we deduce that

a® + b3+ c3 +9(ab + bc + ca) < 30. (2)(we took into account that
a+b+c\3
abc < ( 3 ) =1)

Adding the relationships (1) and (2) we obtain that E(a, b, c) < 57 with equality if and only if

a=b=c=1.Somax,y o E(a b,c) = 57 and its realized fora = b = c = 1.
SOLUTION 6.84
Proof by Soumitra Mandal-Chandar Nagore-india
Elementary results, if X € M ,(R) thenl, - X =X
and I2 = I,,. Now, (A — B)? = 0,, = A%* + B> = AB + BA = 2AB[ AB = BA]

2
a
~I,—a(A+B)+a*AB=1%>—-a(I,A+I,B) + > (A% + B?)

1 1
=3 (I, — ad)? + 2 (I, — aB)?, .. det(I,, — a(A + B) + a*AB)

= det (% (I, — ad)? + %(In _ aB)2>
= 2—1ndet((ln —aA)? + (I, — aB)?) [~ det(aX) = a® det(X)]

= Zlndet{(ln —aA+i(I,—aB))(I,— aA - i(I, — aB))} [where i = V—1]

= z—lndet{(ln —aA+i(l, —aB))(I, —aA +i(l, — aB))}

1
= o det{l, — aA +i(l, — ad)} - det {In —aA +i(l, — aB)}

= oy [det{I, —aA + i(I, — aB)}]* 2 0 [ det(X) = det(X)]

-~ det(I, — a(A + B) + a®*AB) > 0 (proved)
SOLUTION 6.85

Proof by Mehmet Sahin-Ankara-Turkey

Ym =2 (a? +b% +c?), L1, =T+ 4R, Y, a* < 9R?

3 3
m2 + ms + m? 1(a2+b2+c2)<1-9R2<2R
= -r
Tg+1,+T1, r+ 4R " 14+4R "™

< 27R*<4(r +4R)(2R—1) © 5R*—8Rr —4r* >0
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< (R-2r)(5R+2r) >0 & R = 2r (Euler)
SOLUTION 6.86

Proof by Soumava Chakraborty-Kolkata-India

aZ
) —vab (2
V2 < <2

a+b
2 —+ab

Let |2 Qﬂ”_A,\/ab=G

(2)<:>g<2(ofcourse,Q>A>G)<:>Q—G<2A—ZG(:>Q+G<ZA<:)

/a2+b2 a? + b?
=N > +Vvab<a+b o > + ab + +/2ab(a? + b?) < a® + b* + 2ab &

2
& (a? + b?) + 2ab — 2\/2ab(a? + b?) > 0 & (Va2 + bZ —V2ab) > 0 - true >
= (2)istrue .. Q + G < 2A — (2a)

2 2
(1) o o f,f; >2 & Q2 + 62— 206 > 2(4 + G2 — 246) & 2 1 gp — g [

a+ b)? ’abaz+b2
>2-%+Zab—2(a+b)\/ab<:)(a+b)\/ab—ab> %@

& (a+b)—Vab > |* P & 2A— G > Q - true by (2a) = (1) is true (Done)

SOLUTION 6.87
Proof by Ravi Prakash-New Delhi-India
Let’s take O as the origin,
0A=14d,0B=hb,0C==¢then|d| = |b|=|¢|=R,
where R is circumcentre of triangle.
Centroid of triangle is G (% (@+b+ ?:’))
But G divides OH in the ratio 1: 2. Thus,
OH=d+b+¢

ad+bb+cé
a+b+c

Also, ol =
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Area of A 01H=%|Ff x OH|. Now, OI x OH =
1 — —
=2—S(aﬁ+bb+c?) X (d+b+7)

=2—1S[(a—b)(?i x b)+(b—c)(b x €)+ (c—a)©@ x d)]

A

a=BCb=CAc=AB

Butb x ¢ = R?sin 24 f where i is unit normal to plane containing A, B, C

—_— P 2
Thus, 01 x OH = %ﬁ

where
A= (a—b)sin2C+ (b—c)sin24 + (c — a)sin2B
1
= E[(b —c)acosA+ (c—a)bcosB + (a— b)ccos (]
1 1a?(b-c)(b% + ¢ — a®) + b%*(c — a)(c? + a® — b?)
2Rabc +c%(a — b)(a? + b% — ¢?)

a’b>(b—c+c—a)+a*c*(b—c+a—b)+
+b%*c’(c—a+a—b)—a*(b—c) — b*(c—a)
—c*(a—b)

- 2Rabc

= 2R1abc [a?b%(b — a) + c?a*(a — c¢) + b*c*(c — b) — a*(b — ¢)— b*(c — a) — ¢*(a — b)]

1
= A, —A
2Rabc[ 1 2]
where
a’b?® a’c® b2 1 a’b®c®  a’b®c®  a’b*c?
1 1 @bict| b? a?
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1 0 0
c3 b3 _ C3 a3 _ b3
CZ bZ _ CZ aZ _ bZ

b3_c3 a3_b3|
b% —c? a? - b?

2 2 2 2

b+c a+b
R, - R, — bR,
Al:(b_c)(“_b)|bcjc a‘fb|=(”“‘)<“"’)|cz:22 atfb|
2
=(a—b)(b—c)(c—a)(ab + bc + ca)
& bt Al ladt—b* bt—ct ot
andA; =|la b c|=|a-b b-c ¢
1 1 1 0 0 1
=(a_b)(b_c)|a3+a2b+ab2+b3 b3+b2c+bcz+c3|
1 1

=(a—b)(b-c)[a® -2+ b(a? - c*) + b?*(a — )]
= (a—b)(b—c)(a— c)[a® + b? + ¢* + ab + bc + ca]
Thus, A1 — A,
= (a—b)(b—c)(c—a)[ab + bc + ca + a* + b? + c? + ab + bc + ca]
=(a—b)(b—-c)(c—a)2s)? =4(a—-b)(b—c)(c— a)s?
Ao 4(a—b)(b —c)(c — a)s?

2Rabc
. 07 x Of| - 4(a—b)*(b - c)*(c— a)’s* R* (a—b)*(b—-c)’(c— a)’s’R?
B R2%(abc)? 452 (abc)?
But R = abe

4S

_(a=b)*(b-c)*(c—a)’s®* (a—b)*(b-c)(c—a)’

—_— —)2
[T x oH] 1652 1612

Hence (area of A OIH)? = 64% (a—b)%*(b - c)?*(c — a)?
SOLUTION 6.88

Proof by Soumitra Moukherjee - Chandar Nagore — India

2

2 rye ™ Lxabyea®
xb+yc ZLixab+yca”

cyc cyc
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(a+b+c)?
~— (x+y)(ab+bc+ca)

(@+b+c)? 3 [3(Zeyea?)

>
(x+y)(ab+bc+ca)  (x+y)la+b+c)
P 3,/3(p2—2q)
q p
p’ 23qv3(p* - 2q) & p® 2 27¢*(p* — 2q) © p® — 27> - 27q*(p* —3q) 2 0
& (p? - 3q)(p* + 3p%q — 18q?) > 0 & (p? — 3q)*(p? + 6q) = 0, which is true
3 /3(2Cyca2) 3

. 2
again, 3(Ycyca?) = (Teyea)” = o) 25

Z a (a+ b+ c)? - 3\, 3(Zeyc@?) 3

>
xb+yc (x+y)(ab+bc+ca) (x+y)a+b+c) x+y

cyc

SOLUTION 6.89

[Applying Bergstrom’s Inequality]

wherep =a+ b+ candq = ab + bc + ca

Proof by Nirapada Pal-Jhargram-india
1 1 AEM 4 2

> =
sinB+sinC ~ sinB +sinC . B+C B-C
sin——cos—;

2 2 . B-C
= w = — since cos —— <1
sin|7—7| cos— cos?;

SOLUTION 6.90
Proof by George Apostolopoulos-Messolonghi-Greece

From Cauchy — Schwarz Inequality, we have

(\/bc(s—a)+\/ca(s—b)+\/ab(s—c))2 <
<(bc+ca+ab)(s—a+s—b+s—c)<
(a? +b*+c?)-s<9R?-s

Namely:

Jbe(s —a) ++/ca(s — b) ++/ab(s —c) < 3R -+/s
Equality holds when the triangle is equilateral.
SOLUTION 6.91
Proof by Ravi Prakash-New Delhi-India

499



We have

(a—km=) (-1 (})a" rksz( 0 (3) (@—fom =
r=0

_ i(_l)k (Z) i(_l)r (7:) an—rkr] _ Z anT(—1)" {2( 1)k }
k=0 r=0

r=0
We have
n n n
_ n\ . -1 _ ny k1 -1 _ n\ k
(1+x)"—2(k)x =>n(1+x)" —Z(k)x k=nx(1+x)" —Z(k)xk
k=0 k=1 k=1

n1+x)"1+nn-DxA+x)"2% = z k? (Z) xk-1

snx(1+x)"1+nn-Dx*(A+x)" 2 = Z k? (Z) xk

>n1+x)"14+3nn-DxA+x)" 2 +nn-1Dn-2)x21+x)"3 =

n
DIRES
k=1

Repeating above procedure r times, we get

zn:(—l)k(kr)(;:)=0;1Sr$n—1=>§n:(—1)kkr(1l:)=0;1Sr§n—1
k=1

k=0

Also, Tty (-1 k" () = (~1)"(n!)

And ¥7_o(—1) (',:) =0

Thus,
n n-1 n
> k= ()= > o (7)Y come ()
k=0 k=0

2( 17 (1) (0 + (D" (=Dt = n!

0" () ) ke ()
k=0

SOLUTION 6.92
Solution by Adil Abdulayev-Baku-Azerdbajan
r24+1r2+r2+1r?=16R*— (a® + b*> + ) > 7R?> &
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R? 27R?
(:)LHSZ7R2—r227RZ—T= T

SOLUTION 6.93
Proof by Soumava Chakraborty — Kolkata — India
4R + 1 = 5V3 = 35% < 16R? + 8Rr + 1?
Gerretsen = 3s? < 12R* + 12Rr + 9r?
It suffices to prove 12R* + 12Rr + 91% < 16R? + 8Rr + r?
& 4R? —4Rr — 82> 0 R*—Rr—2r2 >0
< (R+1)(R— 2r) = 0 which is true
R = 2r
SOLUTION 6.94
Proof by Kevin Soto Palacios —Huarmey- Peru
14Rr < p? + r? © Gerretsen: p> > 16Rr — 51 -
- p?+71*>16Rr — 4r* > 14Rr > R > 2r
SOLUTION 6.95
Proof by Kevin Soto Palacios-Huarmey-Peru
De la desigualdad Weizenbock (Refinamiento de Pohoata)

a’x + b*’y+c*z>4/xy+yz+xz8§ > x,y,2>0

m n P
Sea:x =— |\ y=——,Z=——
n+p m+p m+n

La desigualdad es equivalente:

m n ., p , m n n p m P
a? + b* + >4 : + : + :
n+p m+p m+n n+p m+p m+p m+n m+p m+n

Por desigualdad de Cauchy:

2 2 2 2 2 2

n n m

m . + . p + . p >
mn+p) n(m+p) n(m+p) pm+n) mm+p) p(m+n)

- (mn + np + mp)?
~Xmn(p+n)(p+m)
(mn +np + mp)®> Y(mn)? + 2mnp(m + n + p) 3
Ymn(p+n)(p+m) Yp?mn+Y(mn)?+Yn2pm+Ym?pn
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_ X(mn)? + 2mnp(m + n + p) - 3
" 3mnp(m+n+p) +r(mn)? " 4

Por la tanto:

2 n 2 p 2 m n n 14 m 14
a? + b2 + 2 >4 : + : + :
n+p m+n m+n n+p m+p m+p m+n m+p m+n
3
24j;s=z«/§s
SOLUTION 6.96

Proof by Soumitra Mandal — Kolkata — India

Let f(x) = sinx forall x € (0, g)

f'(x) =—sinx <0 forallx € (O,g)

_ . (A+B+C\ 3V3
ZSIHAS3SIH( )

3 2
AB,C
0<ABC<1T 2> 1 1 1 >1
_ﬁ_ —
T n m—-A'm-B'm-C &
sin4 2 . 3V3
< — ZsmA = —
m—A &« v
AB,C cyc
AZ
ZsinA A-—=
>
m—A" m—A
AB,C

cyc
. - xz
[since, sinx > x — ?]

2
_3 L
Let p(x) = — forall x € (O, )
2
1-27 (1—2—x)(n'—x)+2<x—x—
17 _ 3 3 3
(p (x) - (n,_x)z +

o ) >0froall x € (0, g)

1 A+B+C E_th
E 3 2
—_ > =
3 ¢4 _(P< 3 >

cyc

Z¢(A)>%
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=||W

z smA
A,B,C

SOLUTION 6.97
Proof by Saptak Bhattacharya-Kolkata-India

To show

a
Tr A a TCOtE
Vsind > —cot— — >
Z SmA_z‘/RCOtZ@Z\JZR_E R
> 3= freots
@ — J—
2= rCco 2

x Yy

By Ravi transformation;

A
I=Incentre;a=x+y;b=y+z;c:z+x;rcotE:z;

To show,Y. fxzﬂzzx/}.Putx= 1?2,y = m?%;z = n?

ij Zl+m

Thus,

ZﬁzZﬁ

Proof by Soumava Chakraborty-Kolkata-India

SOLUTION 6.98
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V3 (yz zx x
xsinA+ysinB +zsinC < —(y—+—+_y)
2\x y z

VXx,v,z€R xyz> 0 - Vasic’s Inequality

xsinA+ysinB+zsinC
C-B-§ 3
~
2 JxZ+y? + 22\sin?2 A+ sin? B + sin?C < E\/xz + y2 4 22,

(Z sin? A < z) (*)

(*)Z sin? A = (a? + b? + ¢%) < (9R?) _9

4R? 4R? 4
So, if we can show:
3 V3 /yz zx xy
=S x2 2 2 (22, 2,27
2\/x +y2 422 < 2<x+y+Z> (1)
we are done.

Y

x2y? + y27?% + 72x2
xyz

e

zZ ZIX Xy
4> Bt +yi ) o
PR V3(x2 +y% + 22)

& x2y? + y27% + 22x% > xyz\/3(x% + y? + 22)
(xyz > 0)
© (x2y? + y2z% + z%2x%)? > 3x%y?z%(x% + y? + z?)
o xtyt + ytzt + 24t > Pyt (P + yP + 2% (2)
Let x’y* = u,y*z> =v,z’x* = w
u?+v2+w?>w+ow+wu
xt —yt + ytzt + 24t > x%yr 2% (x% + y? + 2%) = (2) is true
SOLUTION 6.99

Proof by Kevin Soto Palacios-Huarmey-Peru

a’? b? ? a’? b? ? b? * a?
:3<ﬁ+c_2+?>2<ﬁ+ﬁ+z>+<?+ﬁ+?>+3

a’? b* ? b? * a?
:2<ﬁ+c_2+?> = <?+ﬁ+c_2>+3
Realizamos lo siguientes cambios de variables:
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a’=x+z>0,b’=y+z>0,c>?=x+y>0 © (x,5,2) =0

La desigualdad es equivalente:

X+ z +z x+
:>2< Y + y>

+ >
y+z x+y x+z

y+z x+y x+z
( + + )+3
x+z y+z x+y

=2(x+2)?%*(x+y)+2(y+2)?*(x+2)+2(x+y)*(y +2) >
>(y+2)2%x+y)+(x+y)?%(x+2)+(x+2)>2(y+2) +31_[(x+y)

= ZZ(XZ +z2+2xz)(x +y) =
> z:(y2 +z2 +2yz)(x +y) + Bny(x +y) + 6xyz

:>22(x2+22)(x+y)+42xz(x+y) >
ZZ(yz+zz)(x+y)+22yz(x+y)+32xy(x+y)+6xyz

= 22:(x2 +z5)(x+y)+ 4szz +12xyz >
> z:(y2 +z:)(x+y) + ZZyzz+ 32xy(x+y) +12xyz
2 Z:(x2 +z)(x+y)=2 Z x3 + 4xz% + 4zy?* + 4yx? + 2yz?® + 2y*x + 2x%z
2:()12 +z)(x+y) = Zx3 + 2xy? + 2yz?% + 2zx?* + xz% + yx? + zy?
3 z xy(x +y) = 3x%y + 3y*x + 3y*z + 3z%y + 3z%x + 3xz>
42 x2z = 4x%z + 4z%y + 4y*x
2 Z yiz = 2y%z + 2x%y + 2z%x

=2 Z:(x2 +zz)(x+y)—Z(y2+zz) (x+y) =
= Zx3 + 3xz% + 3zy* + 3yx?
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=>Zx3 + 3xz% + 3zy* + 3yx? — ZZyzz =2x3 + xz% + zy? + yx*
La desigualdad es equivalente:

= Zx3 + xz% + zy? + yx* + 4x%z + 4z%y + 4y*x > 32xy(x+y)
= Zx3 —2z°x —2y%*z - 2x*’y+ x*’z+ 2’y + y*x > 0

= (x3 —2x%y + y?x) + (2 — 2y%z + z%y) + (23 — 2z*x + x%2) > 0

sx(x—y)?2+yly—2*+z(z-x)?>0 (LQaD)

SOLUTION 6.100

Proof by Marian Dinca-Romania
R +r = R(cos A + cos B + cos C) — Carnot identity

a=2RsinA,b =2RsinB,c = 2RsinC
sin? A + sin? B + sin? € > (cos A + cos B + cos C)?
3 —cos?A —cos’A—cos?C >
> cos? A+ cos?B +cos>C+2cosAcosB+2cosBcosC +2cosCcosA
3 > 2(cos? A+ cos?B +cos?C)+2cosAcosB +2cosBcosC+ 2cosCcosA

3>2(1—-2cosAcosBcosC)+2cosAcosB+2cosBcosC+2cosCcosA

1
E >cosAcosB+cosBcosC+ cosCcosA—2cosAcosBcosC

Letngszc:Azg,OScosAs§

cosAcosB +cosBcosC+cosCcosA—2cosAcosBcosC =

=cosBcosC(1—2cosA)+ cosA(cosB + cosC)

cos(B+C)+cos(B—C) cos(B+C)+1 ,(B+C
cosBcosC = < = cos <—) =
2 2 2
. 2(A> 1—cosA
=sin“ (=) =—F7——
2 2

cos B+ cosC + cosA <= (well-known)

W NIw

cosB+cosCSE—cosA

cosBcosC(1—2cosA)+cosA(cosA+cosC) <
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1—-cosA 3
< (T) (1-2cosA) + cosA(E— cosA)

1-3cosA+2cos?A 3cosA—2cos?4A 1
N 2 * 2 "2

SOLUTION 6.101
Solution by Kevin Soto Palacios — Huarmey-Peru

Recordar las siguientes formulas:

a* + b* + c?
48

A B € 4p-a)p—-b)(p—c) r
sen—sen—sen— =

g SN seny abc Y L

La desigualdad es equivalente:

cotA + cotB + cotC =

a+b+c
— 2R <3 (a+b+c)as 3 (a+b+c)dpr

) | S <= <
a? + b? + ¢? _2_>2R(a2+b2+cz)_2_)(a2+b2+cz)R_
45

s (@a+b+c)a+b+c)8(p—a)p—b)(p—-c)<3abc(a®+ b* + c?)
s(@a+b+c)?b+c—a)a+c—b)a+b-—c)<3abc(a? + b? + c?)
—>Sea:a=x+z,b=x+y,c=y+z
> 4(x+y+2)?8xyz<3(x+y)(x+2)(y+2)2(x* + y*> + 2> + xy + xz + yz)
— Se puede observar claramente que:

(x+y)(y+2)(z+ x) = 8xyz — Vidlido: MA > MG
Por la que quelda demonstrar:
6(x*+y*+z2+xy+xz+yz)>4(x+y+z)3P o

Sx-y)?2+@-22%2+Z-x%=0
SOLUTION 6.102

Proof by Soumitra Mandal-Chandar Nagore-india

Let A(x) = Si;jx +1—2xcotx and B(x) = x* forall x € (O, g)

n < AB) A
Lleta,p € (0, 2) such that a < f8 then 56 B
sin 2 i
—23ﬁ+1—2300t3 %+1—2acota

34- a4-
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1 sin 2 sin 2«
[a“ B _ gasinza (B*— a*) — 2a*B cot B + 2B*a cot a]

“@ptl” 2B 2a
1 2 2 2
= (aﬂ)4[“4(1_§ﬁz +...)—BZ<1—§a4+...>+(a4_ﬁ4)+zp4<1_?+...>
2
_2a4<1_ﬂ_+...>l <0
3
Hence fora < f8 A@ o AB) oo 29 i< o decreasing function
~ "B T B B(x) )
A(x) 16

SIIm-——m=—
x_,gB(x) t

sinx\? tanx 16 3

( ) + >2+—4x tan x
X V(4
SOLUTION 6.103

Proof by Thanasis Xenos-Greece

In x 1 x+1 »1 3 3
x3—1<§.x3+x@ 3(x°+x)Inx—-(x+1)x°-1)<0

fO) =33 +x)nx—(x+1D3-1),x>1
f(x)=33x*+1DInx—4(x3-1)

1
f'(x) = P (18 x*Inx + 2x%* + 3 — 18x3)

g(x) =18x*Inx +9x*> +3 —12x3,x > 1
g (x)=36x(Inx—x+1)<0,Inx<x-1
gl[1,+m)
x>1=5gx)<g)=0=>f"(x)<0=f"l[1,+x)
x>1=2f)<f(1)=0=fl[1,0)
x>1=>f)<f(1)=0

SOLUTION 6.104

Proof by Soumava Pal — Kolkata — India

Considering a triangle with sides x,y, included angle 120°, a triangle with sides y, z included

angle 120° and another with sides z, x, included angle 120°, we get.
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»
AABC:%(xy+yz+zx)sin120°=\{T§(2x}’)ﬁzxy:% (1)
*+xy+ty’=a® (2)

by cosine rule { y* + yz + z> = b?> (3)
Z2+zx+xt=c* (4

From isoperimetric inequality for triangles

3 2 44\3
£ (abc)3 > A = a’b?*c? > (-)
4 V3

(substituting values from (1), (2), (3), (4) gives required inequality)
SOLUTION 6.105
Proof by Adil Abdullayev-Baku-Azerbaidian
Lemma. 16Rr — 51> + 2(R—2r)(R— 17 —VRZ —2Rr) <p* <
< 4R% + 4Rr + 312 — 2(R — 27) (R —r—+R% - 2Rr).
EULER=0<-—<1
R-r
r2 Bernoulli
R—-r—+R?-2Rr=R-1)|1- [1—-—— >
(R—1)?
2

2 T
“2(R-1)

Z;m_r)(R';r)

SOLUTION 6.106

Solution by Soumava Chakraborty-Kolkata-India
az + b2 2 Ma+b
ab>0= + > + Vab
2 1 n 2
a
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2,p2
aZ+p? a+b  2ab 2 —ab
(1) i b>———

PN 2 >(a+b)2—4-ab
- 2 a+b ,12.;.1,24_\/E —  2(a+b)
a — b)? a — b)? 1 1 \
E 2) _g(a+21)20@(a_b)2 2 2 a+b =
2< a -zi_b +\/ab> a -zl_b ++ab /

1 5 a? + b?
& — >0(v(a—-b)*=20<a+b=> +Vab
a? + b2 a+b 2
2 ++vab

2 g a? + b? ab(a? + b?)
< a“ + b” + 2ab > 2 +ab+2 —

a? + b? ab(a? + b2 ab(a? + b2
4 2 +ab>2 %@(u+b)224¥

< (a+ b)* > 8ab(a? + b?)  a* + b* + 6a*b? > 4a3b + 4ab?

& (a? + b*)? + (2ab)? — 2(a® + b*)(2ab) > 0

< (a? + b%? —2ab)? > 0 © (a — b)* = 0 - true (Proved)
SOLUTION 6.107

Proof by Soumava Chakraborty-Kolkata-India

Using Goldstone’s inequality,

4R25222a2b2:> 1 __1 rs A

= <
2Rs ~ [y q2pz  2Rs ™ [y q2p2
24

. R 1
:—m2£=>51nw2£=>—2 (1)

r sin w
R +b)(b+c)(c+ R _ 2abc+Y ab(2s-
Now,—Z(a )(b+c)(c+a) 2)= 2> abc+Y ab(2s—c)
r 16RS r 16Rrs

& 16R2%s > 8Rrs + 25 (Z ab) —12Rrs

© 8R?>5s*+4Rr + 1> —2Rr = s> + 2Rr + r? & s* < 8R? — 2Rr — r*
Gerretsen = s> < 4R? + 4Rr + 312
-~ to prove (2), it suffices to prove that:
4R* + 4Rr + 3r* < 8R*> — 2Rr — r*

S 4R?> —6Rr —4r >0 2R* - 3Rr-21r2>0
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< (R-2r)(2R+ 1) = 0 - true, - R = 2r (Euler)= (2) is true.

2(a b c 2(4ab%+4bc?+4ca’
Now, — (— + - —) =« )
3\b 3-4abc

b(a + b)% + ¢(b + ¢)? + a(c + a)? (
3-2abc
__ (Za’b+Y ab?®)+y ab*+Y a3 (Za +3abc)+Y ab®+y. a3
3-2abc 3-2abc
- X a3 +3abc) + Y a3 +Yad
- 3-2abc

a

v 4ab < (a+b)2)

etc

(Schur)

A-G A-G
ad+b3+b3>3ab?,b3+c2+c2 > 3bct B +a®+a® > 3ca?

:>3Za3232ab2:>2ab2§2a3

_3Ya*+3abc Y a’+abc

3-2ab  2abc
. E a 2 c Y a3+abc
"3(b+ +)S 2abc (3)
Now = > Z‘;;‘Z”” (4)
R Z a® —3abc +4abc R - 2s(X a®? — Y ab) + 16Rrs
o — o —
r 2abc r- 8Rrs

& 4R? zZaZ —Zab+8Rr=>4R2 > s?> — 12Rr — 3r* + 8Rr
& s% < 4R? + 4Rr + 312 - true by Gerretsen= (4) is true
(3)and (4) == > 2(5+2+5) (5)
(1), (2) and (5) =
R { 1 (a+b)(b+c)(c+a) 2(a+2 c>}

-> —(=
r = "X sine’ 16RS 3BT a

SOLUTION 6.108
Solution by Khanh Hung Vu-Ho Chi Minh-Vietnam

In Z::’n b_m 1
Put A = S We need to prove that 0 < A < 3

2

>\/abwhena,b>00nda¢b

lna Inb 1
>'\/ <\/ﬁ

1) LEMMA: —2=2
Ina—In

We have
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g_ f (1)

nt

PutZ=t(t>0,t*1), wehave(1)=>‘ f (2)
Putf(t)—lnt—%

'@ = (\/—t—J_l) < 0 = f(t) is decreasing function = f(t) < f(1) whent > 1 and

f@®)>f(1)whent<1= f(t) <Owhent>1and f(t) >0whent < 1.

1.1.) Ift > 1. We have (2) = Int < % (True)

1.2)Ift < 1. We have (2) = Int > % (True)

Ina-Inb 1
:>(1)true:>T<\/ﬁ
Ina-Inb
Applying the lemma = - > vab (since 0 < ~ \/ﬁ)

On the other hand, by AM-GM inequality, we have % —+ab > 0 (sincea # b)

2) We need to prove that A < % =

3(a—b>b a+b 3(a—b>b a+b
3@=b) <ttt apo3@ch) _atb b
Ina—Inb 2 Ina—1Inb 2
1) g, o
= 1n(§) < > +2\ﬁ (3)
Put——t(t>0 t+1), wehave(3):>3(t LIPS +2\/_ t (4)

Put g(t) = + 2 - X0

1 3(t—1)—3t-Int zﬁ-ln t+t-ln2t+6(t—1)—6t-lnt

It — _
(t) = + t-In2t 2t -In?%t

a|~

Puth(t) =2Vt -In®’t+t-In*t+6(t—1)—6t-Int
Int - (—4VE+4+ (Vt+1)- Int)

Vit
R(#)=0=>Int=0(5or—4Vt+4+ (Vt+1)-Int=0 (6)

R (t) =

(5):Int=0=>t=1

4(Vi-1)

(6): =4Vt +4+ (VE+1) - Int=0=Int = 1
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4(vt-1)
Vi+1

Puty(t) =Int —

2
((\\//‘t_—11))2 > 0 = y(x) is increasing function= y(x) = 0 has at most 1 root
t(vVt+

On the other hand, we have y(1) = 0 = t = 1 is the root of (6)

y'(t) =

Soh'(t) = 0=t = 1. So we have
2.1)g'(t) <Owhent <1
Sowhent < 1 = g(t) is decreasing function = g(t) > lim,_,+ g(t) = g(t) > 0
2.2)g'(t) >0whent > 1
Sowhent < 1 = g(t) is an increasing function = g(t) > lim,_;+ g(t)

So,g(t)>0Vvt>0

= (4)true= (3)=> A < % = Q.E.D
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MISCELANEOUS PROBLEMS
SOLUTIONS

SOLUTION 7.01

Solution by proposer:

Denoting:
21 3m
Y1 = COS FEl cos FEl
4 6w
Yy = — cosﬁcosﬁ
T 51
y3 = — cosﬁcosﬁ
We can express y1, Y2, Y3 under the form of sums in the following way:
1 1[4 51
Y1 = E (COSE + COSE)
1 2 3
Y2 = E(—COSE'F COSE)
1 4n 6w
Y3 = E(—cosl—g— COSE)

The equation that have the roots y4,y,,y3 is:
y3 — S1y% + S,y — S5 = 0, where:
S1=y1+y2+Y3
S2 =¥1Y2 + ¥2¥3 + ¥3¥1

53 = Y1Y2Y3-

We calculate S';:
. (T 0 BT 3T Am sm 6w
1—y1+y2+y3—2(00313 €OS = + OS5 — COS T + €OS—— — COS

We calculate the sum:
b4 2 3 4 5w 6m

u= COSE—COSE-FCOSE—COSE-FCOSﬁ—COSﬁ
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By multiplyling both memebers with sin % and transforming the products into sums, we

obtain u = % It follows immediateley that S = %.

For the calculus of S, we will first calculate the product y,y,. Using the expressions of y,

and y, as sums, transforming the products that appear in sums and reducing to the first

cadran, we obtain: y,y, = i(—yl — 2y, — y3). Analogous, we have:

1
Y2¥3 =g (—y2 — 2y3 —¥y1)

Y3¥y1 = i(—}’3 —2y1 = Y2)-

! 1 1
Itfollows S3 = y1y2 +¥2¥3 + Y3y1 = —S1=—:

We calculate S5:

S, = = cos = cos 2 cos 3 cos E cos T cos &
3 =Y1Y2Ys = 13 13 13 13 13 13

We calculate the product:

T 2w 3r 4 51 6m

V = €C0S—C0S—COS— COS—COS—COS —.
13 13 13 13 13 13

By multiplying both members with sin % and by repeatedly using the double angle sinus

. . . . 1
formula, as well as reducing to the first cadran, we easily obtain: v = o

1
!
SO, S3 = 6_4-

So, we can write the equation that has the roots y,,y,,y3, which is:
64y3 —16y> —16y—1=0 (1)
We consider the third degree equation:

x3—85x2+8S,x—5;=0 (2)

with the roots x1, X5, X3 in which:

S1=x1+x; +x3
So = X1Xy + X2X3 + X3X1
S3 = x1X2Xx3.
We have the relationships, which can be easily verified:
X3+ x5 +x3=53-35,5, +3S;

x3x3 + 323 + 1323 = 53 - 35,5,5; + 353
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x3x3x3 = S3.
The equation that admits as roots the cubs of the roots of previous equation (2) is:
Y} —S1y*+ 8y -53=0 (3)
where:
Y1=X1,Y2 = X3,Y3 = X3
S1=y1+y:+y3 =53 35,5, +35;
Sy = y1¥2 + ¥2¥3 + ¥3¥1 = S5 — 3515,5;3 + 353
S3 = y1¥2y3 = S3.

Returning to equation (1), we can write:

1
Z;

1
S, =—,
37 64

! 1 !
Sl = Z,Sz = -
We put the conditions:
(3 1
Sl - 35152 + 353 = Z
3 2 1
< SZ - 3515253 + 353 = _Z
1
3__—
\ 53 = 62

We will solve this equation system in real numbers sets. We are specially interested in the

value of S1.We immediately obtain: S$; = %.Replacing in the other equations, it
53 -35:5, =3

follows:
1685 — 125,5, = -7

253+1
651

From the first equation of the previous system, we take out S,.We have: S, =
Replacing in the other equation, we obtain:
2(283 + 1)3 —5453(253 + 1) + 18953 = 0.
We put S3 = t and it follows the equation: 16t> — 84t% + 147t +2 = 0.
A typical analysis of this equation (using for example Rolle’s sequence) take us to the

conclusion that the equation admits a real root t, and additionaly, t; € (—1,0).

7-3313
4

This real root has the value: t; =

which can be easily verified, by writing: 313 =7 - 4t,
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and by rising to the third power.

3 _ 3
It follows: S1 = /7 34m.50, we obtain:

SI=X1+xZ+X3=W+i/E+i/y—=

3\/1 T 5 3|1 2T 2m 3(1 it 6m
= —(cos—+cos—>+ —(—cos—+cos—)+ —(—cos——cos—)z

2 13 13 2 13 13 2 13 13

_3|7-3V13
= /T

and the proposed equality in the enunciation of the problem is proved.
SOLUTION 7.02

Solution by Michael Sterghiou-Greece

o) = nj(logn ((n'_”z)!)z)z +log, (J(T;)) (1)

n > 2 else (1) is not defined.
(1) is written as: (2 log,[n(n — 1)])% + %logn En(n -1)(2n- 1)]
or[2(1+log,(n — 1))]% + % (logn ; +1+1log,(n—1) +log,(2n — 1)) (2)
Q1(n) 0
Qn)<[2-(1+ 1)]% = 16% (aslog,(n — 1) < 1). Also,
Q(n)>1 (2% >1and (1+log,(n—1)) > 1) so,1<Q,(n) < 16111
Forn>9-1<Q:(n) <§

logng <0 n=2
log,(n—1)<1 n>2
log,(2n—1) <§ n=6|
1<1 n=>2
Therefore forn > 9:2 < Q;(n) + @ (n) = Q(n) <3+ =3
and Q(n) cannot be natural. By trial and error for all n: 2 < n < 9 we conclude that only
Q(2) =3 € N. [Answer:n = 2]

Qz(n)<%(0+2+§)=5

Q,(n) >1and 3

SOLUTION 7.03

Solution by Pierre Mounir-Cairo-Egypt

1
f(x) = —ln(x+ x2 +m2) = fD(x) = —m:
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1)
2 2¢1) — _ 2 (2) xf =
VX% +mAf 1= \x2 +m?f +W 0=

(x% +m®)fP 4+ xf® = 0 (differentiating n times)

nn-1)
2

(x2 + mA)f+D 4 n(2x) f+D + 2)f™ + xf*D 4+ n(1)f™ =0 >

fPx)  (@n+1)x f("“)(x) n’
f®@) ~ x2+m? f(")(x) X tm

(n+2)
A=1limg oL ® = T (5)(0) js defined Vn € N)

W@ T m

Note: f(x) has infinite continuous derivatives € C*

i in_ (n+1) (k+m+1)
- _m (k+m)3m2

m=1 Ln=1
-1 [ m+1) (n+1)
= |t 2 | (k)
m=1 n=1 n=m+1
1 [eom+)] v 1w 1 1 2 [
=Dl T | et e ¢®
m=1 n=1 m=1 n=1 n=1

SOLUTION 7.04

Solution by Shafiqur Rahman-Bangladesh

o (-1 (ke (k—1—j k! S -1 o
1+j (])( n—j ]>=n!(k—1—n)!]_=0(1+j)(k—j)(i)=

= (4ﬂ954ﬂﬂ

1+j k—j

k!
- (k+1)n!(k—n—1)!jzzo

1
k!
e+ Dnl(k—n- 1) j (@ =20)"+ D" 0" dx =
0
k! 1 nl(k—n—1)!
:(k+1)n!(k—n—1)![n+1+(_1) k! l

=

2 1)1(.)(1(”1],) k+1(n+1)'(’: n— 1)'+(_1)n]=

j=0
1
=g D+, i )l
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SOLUTION 7.05
Solution by Ravi Prakash-New Delhi-India
letz = x+ iy
z? = x* — y? + 2ixy
Now, |22 — 2| = |4z + i| = |(a% — y2 — 2) + 2ixy|* = [4x + (4y + 1)i|?
= (% —y* — 2)% + 4x*y? = 16x* + (4y + 1)?
= @2 -y)2+4-4(x*-y») +4x’y=16(x*+y*) + 8y +1

= (x* +y%)?-20(x* +y*) +3 = -8y* + 8y
2

2 4 2 2 _ g7 _ qQv2 — 97 _ I N VPP 1
> x* +y°—10)°=97-8y“+8y=97-8|( |y > m =99-8|y >

2

<100
=[x +y*—-10| <10 = ||z]* — 10| < 10 = |z|> — 10 < ||z|> — 10| < 10
= |z|2 < 20 = |z| < 2V5
SOLUTION 7.06
Solution 2 by Soumava Chakraborty-Kolkata-India
4y 2 kD (1)
(1) ((x"+yHIn(x+y)=x"In(x+1) +y"In(y + 1)

x+y\y@
y)+y"ln( y>=0

X+
@x"ln(

x+1 y+1
S1ixtyzy+loadsy
cx=210x > >
y=y y+1

x+y\®
)20:>y"ln<y+31’> >0(-y"=1)

x+y
:;ln(
y+1

Also,'-'yz1-'.x+y2x+1:>j:—}1'21

y) . (x+y)(ii) N
> > x>
1_0=>xlnx+1 >0 (x">1)

(i)+(ii)= LHS of (1)= 0, equality if x =y =1

X +
:ln(
X+

and - LHS=0 - x =y =1 (Answer)
SOLUTION 7.07

Solution by Lazaros Zachariadis-Thessaloniki-Greece
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1+ sinx + cos x = (1 + sin x)(sin x)°** + (1 + cos x)(cos x)S"*

l l
LHS RHS

cos x sinx

RHS = (1 +sinx)(1+ (sinx — 1))~ + (14 cosx)(1 + (cosx — 1))

Bernoulli
< (1+sinx)(1+ cosx-sinx —cosx) + (1+ cosx)(1+ cosxsinx — sinx)

=1+sinx—cos3x+1+cosx—sin3x
= (1+sinx + cosx) — (cos3x +sin3x) +1
= LHS — (cos3 x +sin®x) + 1
So, RHS = LHS if cos3x +sin3x=1
.2
x=2km k €Z Vx=2k11'+§,kEZ

SOLUTION 7.08
Solution by Tran Hong-Vietnam
Setx=x—ny=1>f(x)=>0,Vvx € R (¥
1 1 1\
Lety = ;:f(x+;) > (1 +Z) f(x),vxeR (1)
1 2 1\" 1
Set:x::x+;:>f(x+;) > (1+;) f(x+z),\7’xe R (2)

1),2) 2 12"
= f<x+;) > <1+E> f(x),vx €R

By induction we have:f (x + ;) > (1 + ;) f(x),VvxeR k€EN

letk=n=fx+1) > (1+2)" fG),vxeR (3)

Suppose exists x, € R such that f(xy) = 0 = f(xy) > 0 (because (*)).

From (3) we let n from to «

nn

1\ 1
fxo+1) = lim (1 + —) F(xo) = lim l(1 + —) £(xo) = lim € = +o
n—-+oo n n—oo n n—-oo

But f(t, + 1) is real number = contradiction = f(x) = 0,Vx € R.
SOLUTION 7.09
Solution 2 by Marian Ursdrescu-Romania

More general: 1 < a < b = f(ax) = f(bx) + x*, letbx =t > x=->

S

f(%t) = f(t) +blzt2, now% =a;,a€(0,1) >
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1
f(at) — f(t) =ﬁt2

1
f@2t) - flat) =zt |

1
fla™t) — f(a"'t) = ﬁa“"‘l)tzj

2n __ 1

fla*t) — f(t) = %tz(l +a?+ -+ a?m V) ,llil?of(“nt) —f®) = }limitz ad =

- b? a?-1

()10
1 ¢ t?
f(O)—f(t)=ﬁ—az=’f(0)—f(t)=m

1-32

In ourcasea = 2018,b = 2019

tZ
Letf(O)—Cﬁf(t)—C—m.

2

X
f0) = ¢~ 2037
SOLUTION 7.10
Solution by Ravi Prakash-New Delhi-India
2017f'(x) + 2018f(x) <2019 = f'(x) + %f(x) < @
2017 2017

2018x

Multiplying both sides by e 2017 to obtain:

d 1 2018x 2019 2018x ( [ 2018x 2019
— 2017 < 2017 —_— 2017 R — <
dx [e F®|=3517¢77 = 4% [e (f(x) 2018)] =0

2018x 19

= F(x) = e (f(x) — 200

) decreases on [0, 1]
2018

But F(0) = F(1) = 0
2019

~ F(x) must be constanton [0,1] = F(x) = F(0) = 0= f(x) = o1 VX € [0,1]
SOLUTION 7.11
Solution by Kevin Soto Palacios — Peru
2 <1 (a)
S <1 (8)
x=\/%+\/§ (C)> MA>MG:x > 2, x* -2 =§+§ (D)
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La desigualdad es equivalente:

1+1+E+4a 27 2\/; 2[

2+%(x2—2)+§(x+1)sz(x2—2)

=24+ (x*-2)+2(x+1)<8(x*-2)=>7x>*—-2x—-24>0>
- (x—2)(7x+ 12) > 0 (La desigualdad se mantiene)
SOLUTION 7.12
Solution by Myagmarsuren Yadamsuren-Mongolia

Cauchy—-Schwarz

(a1 + -+ @) + (by + -+ by)| <

< |\/(12 +13)((ay + -+ ap)? + (b + -+ bp)?)| =

= |\/f V(@ag+ -+ a)? + (by+ -+ bn)2| = [V2((ay + -+ ay) + (by + - bp)i)| =
=V2-[(ay + byi) + -+ (an + byi)| <

<V2 (lay +ibq| + -+ |a, + ib,]) = V2 - (led)

i=1
SOLUTION 7.13

Solution by Amit Dutta-Jamshedpur-India

tan~1x

—(tan y—cot~1ly) (1)

cot™ 1x

tan~1

y _ e%(tan_lx—cot_lx) (2)

cotly

— e%(tan_1 y—cot™1 y)

RHS>0:>LHS— > 0>tanlx>0=>x>0

tl

Similarly, from equality (2) = y > 0. So, x,y > 0

Taking logarithm on both sides of equation (1)
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log(tan~! x) — log(cot 1 x) = %(tan‘l y—cot ly) (3)

Taking log on both sides of equation (2)
4
log(tan™'y) —log(cot™1y) = - (tan"lx — cot™1x)

or%(tan‘1 x —cot 1 x) = log(tan~'y) —log(cot™1y) (4)

Equality (3)+(4)

4
log(tan™! x) — log(cot™1x) + - (tan"1x — cot™1x)

4
= log(tan!y) —log(cot™1y) + - (tan"ly —cot™1y)

Now, let F(t) = log(tan™1t) — log(cot™1¢t) + % (tan" 1t —cot™1¢)
= Equation (3)+(4)= F(x) = F(y)

Now, differentiation F(t) w.r.t t

Fi(t) = 1 4 1 +4< 1 N 1 >
T tan 1t (14+¢2) cotlt(1+¢2) m\1+t2 1+ t?
Pt = 1 { 1 N 1 } N 8
T @+t)ltan 1t cot1t) m(1+t?)

Using power mean inequality

(tan"1't)"1 + (cot 1) (tanlt+ cot7 't w1 4 4, T
> 2() {tan t + cot t=—}

2 2 4 2

1 1 8 (5)

tan~1t  cot 1t — m

8 8 16

=F 2 75t e 2 red

> 0 = F(t) is strictly increasing function

ButF(x)=F(y)=>x=y
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tan~1

cot—1j§ _ e;ir(tan_1 x—cot™1x) (v x =

Equation (1) = v}
Taking log on both sides

4
In(tan 1 x) — In(cot 1 x) = - (tan"1x — cot1x)

Let G(x) = In(tan"1x) — In(cot 1 x) — % (tan"1x — cot™1x)

6'(x) = 1 4 1 4{ 1 4 1 }
. T tanlx(14+22) cotlx(1+x?) wmll4+x2 142
6'(x) = 1 { 1 4 1 8}

)= (1+x2)ltan"1x cotlx m

1 1 8 , . . ,
z—= G'(x) = 0 = G(x) is anincreasing function

=
From (V) tan"1x  cot~1x —

So, G(x) = 0 can have only one real root. Also, we can see that real root exists only when

tan"1x = cot 1 x = x = 1 = x = 1 s the only possible real root.

SOLUTION 7.14

Solution by Ravi Prakash —New Delhi-India:
Fora,b,c,d > 0:

a
—. . — . >0
b ad ab cz + d? cd a? + bz~

a’d? + b*c?* (a? + b?)%*c?d? + (c* + d?*)%a’b? 0

abcd abcd(a? + b?)(c? + d?) -

& (a?d? + b c?)(a? + b?)(c? + d?) — [(a? + b?)?%c?d? + a’b*(c? + d*)?] > 0
& (a%d? + b%*c?)[a%c? + b%*c? + a*d? + b*d?]

d bc a?*+ b? cd c? + d? ab
c

—(a* + b* + 2a’b®)c*d? — (c* + d* + 2¢*d?)a’b* > 0
& a*c?d? + a’b*c* + a’b*c?d? + b*c* +
+a*d* + a?b*c?d? + a’b?d* + b*c*d? -
—[a*c?d? + b*c*d? + 2a?b*c?*d? + a?b%c* + a’b*d* + 2a*b?*c*d?] > 0

o (b*c? —a%?d®)?* >0
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which is true. Consider

n n n 2 2 n
()52 CEAE-
) . V- 2 2|~
=Y/ \m = i i=1x"+y'
Y BN SR Y Y
.1)’i Xi i<}.)’i Xj ~ Yi Xj

n
_Zx?ﬂ'f Xiyi _zx?+y?. X;Yj _Zx?ﬂ'?_
- X;yi x%+y? XiYi x]?+y]? XiYi

i=1 i<j i>j

S JETE R 1= S
YiX; J’j X; XiYi x,z+}’,2 X;y;

i<j
1
2
FyE — xiy -
Z]:( S ]) x;x;y:y;(xF + y2) (x? +y]2)

SOLUTION 7.15

Solution by Daniel Sitaru-Romania:

AM—-HM
2?:1 a; + ay ; n+1

n+1 - n 1 1’
=la; " ay

keln

>
1 . 1 o1 1 n+1
1+a; 1+a, 1+a,

SOLUTION 7.16

Solution by Soumava Pal — Kolkata — India
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k < ila+(i-1Dr) _

P, =
" 2 (i) ‘
=\a+ (i —Dr
(by AM — HM)
k
5 (2a+ (k—-1r) (k- Dr
K =a+T= k
n n
zpk<zsk=
k=1 k=1
- (k—1Dr nn-1)
:z a+T :na+Tr<2na+n(n—1)r=

=n(a+ (n—-1)r)

= z i <2a+m-1r)n
B\t l(m)

SOLUTION 7.17
Solution by Saptak Bhattacharya-Kolkata-India
We have
1\" 1\" 1 1
ea) o) B s sy
2 o yAL (a; + b;)

Thus, enough to show that

1 n
2 (a; + b;) . 1
n ~ [I(a; + by)

which clearly holds by AM = GM
SOLUTION 7.18

Solution by Redwane EIl Mellass-Casablanca-Morroco

sm(x)

Letf(0<x<§)— dg(t>0)—sm(t)—t+—

cos(x) (x — tan(x))
2

~fl(x) = < 0(tan(x) > x)
g'(t) =cos(t) —1+ gand g'(t) =t—sin(t) = 0(sin(t) < t)
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Sog'(t)=g'(0)=0=g(t) > g(0) =0 weget f(0<x<1)=>sin(1)

and g(1) > 0 = sin(1) > 2. S0 f(0 <x< 1) >

n 2
Z 1 > n > 0 n <1
_— > >2n=>0< <
— A Yk=1 Ak n 1
k=1 k=1 ak
. n
sin
n n
1 n n k=1q, 1
= Z— sin 1 +—=n 7 + >
ar n _* Y3 V3
k=1 k=1 a n 1
k=1q,

S (5+1>> (5+1)_
n - n ctsg =n.

SOLUTION 7.19

Solution by Soumitra Mandal - Chandar Nagore - India

1 1 1
(n+1)( + - )
2a;+a; +--+a, a;+2a+---+a, a, +a; +--+2a,
1 2 1 1 1 1 2 1
s—(—+—+---+—)+—<—+—+---+—)+---
n+1\a; a, a, n+1\a; a, a,

1 /1 1 2 1 [vn+1) w1
+_<_+_+...+_):_ Z -\ 2
n+1\a; a, a, n+1 4y £ ay,

SOLUTION 7.20
Solution by Rozeta Atanasova — Skopje — Macedonia
WLOGleta>b = c =
(a* + b* + ¢ (a—14 + ﬁ + 614) > (Rearrangement inequality)

1 1
22+22
asc b4c

> (a®b? + a*c? + b*c?) (a21b2 + ) > (CSB inequality)

= (% + % + Z)Z = (% + % + s) (% + % + s) = (Rearrangement inequality)

><a+c+b)<a+c+b>_3(a+c+b)
“\¢c b a/\a ¢ b/ “\¢c b a
SOLUTION 7.21

Solution by Hoang Le Nhat Tung — Hanoi — Vietnam

527



We have:
2a° —a®*-3a®3+a’*+1=2a’(a—1)+a*(a-1)+a*(a—1)—2a*(a—1) -
ala—1)—(a-1)
=(a—1)(2a°+a*+a®-2a>—-a—-1)
=(a—1)*2a*+3a®+4a*+2a+1)=>0 (a>0and(a—1)% >0)
>2a°-a*-3a3+a*+1>20o2a°-ad°+a*+1>3a &

e2a®—a®+b*+a*+1>3a®+b*

1 1 ab ab
< = <
2a%-a5+b*+a2+1 — 3a3+b* 2a—-a5+b*+a%2+1 — 3a3+b*

(1)

By inequality AM — GM for 4 positive real numbers:

383 +b*=ad+a3+ad+b*>4Vad a3 a3 bt =4a® bt =
ab ab 1
< =
3a® + b* ~ 4a’bVa 4aVa
Therefore (1) and by AM-GM:

= 4a’b3a &

ab < 1 <1 1(1+1+1+1) 1 (1+3>
= __ .= Y
20 —a>+b*+a2+1" 4a¥a” 4a 4\a 16a \a
. . bc 1 /1 . ca L l
Similar: 2b6—b5+ct+b2+1 = E(Z + 3) ’2¢6—c5+at+cZ+1 S 16¢ (c + 3)

ab bc ca
6_g51ptiq2 + 6_p51c41p2 + 6_ 5404102 <
2a%—-a’+b*+a~+1 2b%—-b>+c*+b=+1 2¢0—c’+a*+c4+1

St w3 ()

sP<—(

Therefore: = P =

1
a2

1 1 3 /1 1 1
tuta) ety @

I have a? + b? + ¢? = 3abc and inequality: (x + y + z) > \/3(xy + yz + zx) with:

a b c a b b c c a 1 1 1
3—;+a+52\/3(5';+;';+;';)—\/3(c—z+;+ﬁ)=’
1 1 1
®ﬁ+b_2+_ (3)

C2
Other let (3) and inequality AM-GM. | have:
3>~ 42yt <1+1)+<1+1)+<1+1) 324242 5
N N R — N J— — — — —_ o
~a? b%2 2 \a? b? c? “a b c

1 1 1
S-+:+-<3 (4
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12 3

1 3 3
Let(Z)’(3)’(4):>PSE3+E3_E_Z:>PSZ:>PMax__

a b,c> 0:a% + b%? + ¢ = 3abc
a—-1=b—-1=c—-1=0

Equality occurs if: a3 =btb3=c*c3 =a* sa=b=c=1.
1_1_1_ . a b ¢
k a b ¢ ’bc ca ab

Maximum of P be: % thena=b=c=1.
SOLUTION 7.22
Solution by Ravi Prakash-New Delhi-India

Let S =[[{_(x)* > 1Ins =3}, kIn(xy)

Let F = Y_; kIn(x,) + A(X}, x; — n?)

oF : +1 (i=1,2 )
=>——=— =
axi Xi L T n
oF Xi .

Seta—m—():)—l—? (1—1,2,...,n)

Thus,
X1 X2 X
1 32°77 7" =—A>x1=—-Ax;=-24,..,x, =—ni

Now,

- - 2n? 2n

2 _ — (_ . _
n Zx] ( '1)22(])=> nn+1) n+1

j=1 j=1
Thus,
YL = 2nk

Xk = T n+1
op \1t2toin mn "("2*'1) n
N CRES R
max ( + 1) () n+1 (k)

k=1 k=1

SOLUTION 7.23
Solution by Khalef Ruhemi-lordania

Find Y¥=1 4 (k), use f01

_ k-1
L 1’1 -dx = Y(k) + y; y: Euler’s constant

X

k=n k=n 1 k-1
1-—x
=) W =) | v+ f <ﬁ> dx
k=1 k=1 0

529



k=1 k=1 k=1 0 k=1 k=1
use YK=11 =, T hen xk-1 = x_ll
1/ 1 (x"-1)
ThenI, = —ny + |, (E) (n - —(’;_1) ) dx
1
+f x —1)d N x"—14+n-nx)
=-n xX=-n x
£ 1 -x ¥ (1-x)?
0

(Integrating by parts)

(x"—1+n-nx) x>l
1-x)

1
1
oI, =-ny+ — j (m) (nx™1 — n)dx
0

n—-1

. . x"—1+n-nx . nx
Since lim,_,; |———— ) = lim,_;

-n n—n
1-x -1 )_ -1 0

_Ln—1
Then,In=—ny+1—n+n-f1(1 ud )dx

0 1-x
rm
r(n)
wIp=1-n+nyp(n),Butp(n) = -y +H,_4

=—ny+1—n+n< +y>=—ny+1—n+ny+nlp(n)

I,=1-n+n(-y+H,.1)=1—-n—ny+nH,_4

-~ TKMP(k) = nHp_q —ny — (n—1). But Hy_y = Hp — -

n
k=n

1
-'-leJ(k)=n<Hn—;>—ny—n+1=an—1—ny—n+1
k=1

=nH,—ny—-n

« Yk=nu(k) = nH, — ny — n. Taken = 2017
u=2017

= Z P(k) = (2017)Hyg17 — (2017)y — (2017) =aH, —cy — d
k=1

~a=2017=b=c=d
na+b+c+d=(4)(2017) = 8068
SOLUTION 7.24

Solution by Soumava Chakraborty-Kolkata-India
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x y x(z+x0)+yy+z) zx+y) +x2+y°
y+z+z+x_ +2)(z+x)  (+2)(z+x)

1
Chebyshev z(x + y) + f(x +y)? _(xt+y)(z+x+y+2z)

- y+2)(z+x) = 2(y+2)(z+x)
A6 2+ VO +2)(z+x) x+y 64 2(x +y)
- 2(y+2z)(z+ x) \/(y+z)(z+x) M x+y+2z
~ LHS > Zf;};) + 2 xZJEy:Z)Z (using (1))

_ 2(x+y) x+y+2z x+y+ZzA;6‘33 2x+y)(x+y+2z)
Cx+y+2z 2(x+7y) 2(x+7y) 2x+y)(x+y+2z)

=~ required min value = 3
SOLUTION 7.25

Solution by Geanina Tudose — Romania

We can denote

log, b =x
logyc=y
log.a =
x% + xy + y?

.Q(a, b, C) = _Q(x,y,z) — Z

cyc

x+y
Where x,y,z > 0 subject to xyz = 1

We have 2(x,y,z) = Z(Hy)—_xy Yeye [(x +y)——

x+y x+y

From HM < AM we have - +yy > —¥

:~.Q(x,y,z)22(x+y)_x:y=z3(x:ﬁ=

cyc cyc

3 AM=GM 3 33 9
= — > — = —
2(x+y+z) z 3 xyz =

2(a,b,c) =02(x,y,z) > g(min. value attainedforx =y =z =1ie.a=b = )
SOLUTION 7.26

Solution by Hoang Le Nhat Tung — Hanoi — Vietnam
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By inequality AM-GM. We have:

x> x3 - x3 B 2x3
W8 y/x+2)@® - 2x+4) ‘y.(x+2+x;—ZX+4) y(* —x+6)
o y3 2y3 23 273
: > : >
Similar: 25358 = 2(72—y16) xi7318 = x(22-746)

Therefore:

SpP=—% 4 X 4 % >2( LS L )(1)
w8 z/y3+8 w348 T \y(x3-x+6) = z(y?-y+6) = x(z2-z+6)

Other, by inequality CBS:
x3 y3 23 x4- y4— Z4'

= >
y(x2-x+6) = z(y%2-y+6)  x(z2-z+6)  xy(x2-x+6) = yz(y2-y+6) + zx(z2-z+6) —

2,2, ,2)%
> (x2+y2+2%) (2)
xy(x2-x+6)+yz(y2—y+6)+zx(22-2+6)

) 2(x2+yz+zz)2
Then (1), (2):= P = xy(x2-x+6)+yz(y2—y+6)+zx(z2-2+6) (3)

We will prove that:

2(x2+y2+22)2
xy(x2-x+6)+yz(y%2-y+6)+zx(22-2+6) 21 (4)

(d)o2(x*+y*+z25) 2 >xy(x* —x+6)+yz(y? —y+6) +zx(z> —z+ 6)
e 2(x* +y* +z%) + 4(x?y? + Y222 + 2%x%) > (XBy + y3z + 23x) —
—(x%y + y*z + z*x) + 6(xy + yz + zx)

o 6(x* +y* +zY) + 12(x%y? + y?z% + 2%x%) > 3(x3y + y3z + Z3x) —
—3(x%y + y*z + z%x) + 18(xy + yz + zx)

e 6(x* +y* +z%) + 12(x%y? + y?2% + z%x?%) >
>3(x3y+y3z+23x) — (x +y + 2)(x*y + y*z + z%x) +
+2(x+y + 2)*(xy + yz + zx)

(Because3 =x+y+zand18 = 2(x + y + 2)?)

o 6(x* + y* +zY) + 12(x%y? + y?z% + z%x%) +
+ (x3y +y3z+ 23x + x%y% + y?2® + 22x* + xyz(x + y + z)) >
>33y +y3z+23x) + 2(x® + y? + 2% + 2xy + 2yz + 2zx)(xy + yz + zx)
o 6(x* + y* +zY) + 12(x%y? + y?z% + z%x%) +

+ (x3y +y3z + 23x + x*y? + y?Z2® + 2x* + xyz(x + y + z)) >
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>50(3y+y3z+ 23x) + 2(xy3 + yz3 + zx3) + 4(x%y? + y?z% + z%2x%) +
+10xyz(x +y + 2)
o 6(x* +y* +2zY) +9(x?y? + y2z% + 2%x*) > 4(x3y + y3z + 23x) +
+2(xy® + yz3 + zx3) + 9xyz(x +y +z) (5)
By AM-GM | have:
xtraxt+at+yrt yrieytryt+zt zt 4zt + 2t
+ + >
4 4 4
4x3y 4y3z 4z3x
>ZY, VL
4 4 4
sxt+yt+ 2t >3y +yz+Bx o a(xt +yt+z2Y) > 43y +y3z + 23x)  (6)

xt+yt+ 2t =

xt+yt+yt+yt yrazt 2t + 2t 2ttt
+ + >
4 4 4
3

xt+yt+ 2t =
4xy3 4yz3 4zx
>
-4 + 4 + 4

sxt+yt+zt>xyd +yB +zxd o 2t +yt + 2% > 2(xy? + yZ22 +2zx3)  (7)

x%(y? + 7% 2(z2 + x2)  z%2(x2 + y?
6% ) LY ( ) N ( y°) >
2 2 2
x%-2yz vy%.-2zx z%-2x
S + 4
2 2 2
= x%y? + y?z% + 2%x* > xyz(x + y + 2) © 9(x*y? + y?z%® + z%x*) > 9xyz(x + y + z)
(8)
Then (6), (7), (8):
= 6(x* + y* + z*) + 9(x%y? + y?z% + z2x?) > 4(x3y + y3z + z3x) +

x2y? + y2z% + 7%x% =

+2(xy3 + yz3 + zx3) + 9xyz(x + y + 2)
= Inequality (5) True = (4) True
Then (3), (4): = P > 1 = Py;,, = 1. Equality occurs if:

xy,z>0x+y+z=3
x+2=x*-2x+4y+2=y*-2y+4,z+2=2z*-2z+4
PN X2 y? 72
| xy(x2—x+6) yz(y?—y+6) zx(z2—2z+6)
x=y=z>0

Therefore Minimum of P is: 1thenx =y =z = 1.
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SOLUTION 7.27
Solution by Kevin Soto Palacios — Huarmey — Peru
Siendo x,y, z numeros reales no negativos de tal manera que
x+y+z=1
Hallar el maximo y minimo valor de
E=+2JA+x0)+@Z+x)JA+y)+(x+y)Vi+z
Para hallar el maximo valor

Aplicamos la desigualdad de Cauchy
E=0+2)yA+x)+Z+x)J/A+y)+x+yV1i+z<

S\/(y+z+z+x+y)((y+z)(1+x)+(z+x)(1+y)+(x+y)(1+z))

:2\/2(x+y+z)(2(x+y+z)+2(xy+yz+zx)) =

:\/2(2+2(xy+yz+zx))s\/2< 2(x+y+z)2 F 43
=z=

La igualdad se alcanza cuando x =y = z = 5

Para hallar el minimo valor

Comox,y,z>0V1+x>1,/1+y=>1V1+z=>1
>E=W+2)yA+x)+(Z+x)/A+y)+x+y)V1i+z>
>W+2)+(z+x0)+(x+y)=2x+y+2)=2
La igualdad se alcanza cuando x = 1,y = z = 0 y sus permutaciones.
SOLUTION 7.28
Solution by Nguyen Van Nho-Nghe An-Vietnam

We have: nyz >(Zx2)2—9—>2 andey<(Zx)

_Z( 1 4 x)+ ZxAM;GMZ 2 N 15
Q= x(2y?2—yz+2z2) 3y) 3Ly ~ 3y(2y? —yz +2z%2) Y xy

AM-GM 4 15 36 15
> Z _ f— > h 4
3y +2y2—yz+2z? Yxy 3Yy+XYQRy?—yz+2z?) Yxy

= 3.

=Z 36 \ _ L9 .6
9+4(Xx)2-9)¥xy Xxy 5-Xxy Xxy XXxy
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(2 +3)2 6 6
> + >54+-=7
5-Yxy+Xxy Xxy 3
Q=7ox=y=z=1.S0:minQ =7.
SOLUTION 7.29

Solution by Daniel Sitaru-Romania

inAsinE ¥ (s=b)(s—c)(s—a)(s—c)
Yicye sinysiny  Zcyc bc - ac _
w, +w, 1 -
chcah—cb ﬁchc C(Wa + Wb)
Ss—C s—a
2s S Xeye "o 282 Yeye |

B Jabes Yeyc(b + ©)wg B Jsabc 2 YeyeVbes(s —a)

sSs—a
252 1 Zoc| g s2 s2 S rs r

- Zm',/—sabc'z s—a sabc 4RSs 4Rs 4Rs 4R
e a

SOLUTION 7.30
Solution by Tran Hong-Vietnam

We have: xyz > 0. Must show that:

(xz_y)4 + (%)4 + (?)4 > xyz\[27(x* + y* + z%)

x z zx
a=?y;b=y7;c=7=>abc=xyz>0;x2=ac>0;y2=ab>0;zz=bc>0;

=>abc>0

a* + b* + ¢* > abc\/27(a?c? + a?b? + b2c?)
o (a* + b* + ¢H* > 27(abc)*(a®?b? + b%c? + c*a?) (%)
(*) true because:

(Cauchy)

~(a@at+br+ch) > {BW}g = 27(abc)*
~a*+ b* + ¢* = a’b? + b*c* + c*a®
= Equalitya=b=c>= (x,y,2) € {(a,a,a);(—a,—a,a); (a,—a,—a); (—a,a,—a)}
~a*—4a®+6a*—4a+1=0 (a>0)
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sa-D*=0sa=1
= (xy,2)€{(1,1,1);(-1,-1,1);(1,-1,-1); (-1,1,-1)}
SOLUTION 7.31
Solution by Djeeraj Badera-India
A € M3(R) then characteristics polynomial has highest degree 3
. We have to find a polynomial their eigen values
~ det(4% + 24 + 2I3) = 0 - then polynomial is x*> +2x+2 =0
It has two different eigen values (—1 + i) and (—1 — i)
[by solving quadratic equation] . Here |A + 1| = 0
-~ one eigen value of A is — 1 . characteristic polynomial is
=(x+DX*+2x+2) =23 +2x*+2x+x*+2x+2=x3+3x* +4x + 2
= then det(A) = product of eigen value = —2

SOLUTION 7.32

Solution by Ravi Prakash-New Delhi-India
1 1 1

a+x b+x c+x
1 1 1

a+y b+y c+y
1 1 1

a+z b+z c+z
C3>C3—0C3,C, »Cy—Cy,

1 a—>b b—c
a+x (a+x)(b+x) (b+x)(c+x)
_ 1 a—>b b—c
“laty Gryn@ry Grycty
1 a—>b b—c
a+z (a+z)(b+z) (b+2z)(c+2)

B (a—b)(b—c)a,y
T (a+x)(b+x)(c+x)a+y)(b+y)(c+y)a+z)(b+z)(c+2z)

where

(b+x)(c+x) c+x a+x
a,=|(b+y)(c+y) c+y a+y
(b+2z)(c+2z) c+z a+z
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C;>C;3—C;C; > Cy—bC(,

x(c+x) c+x a-—c
a, =|y(c+y) c+y a—c
z(c+z) c+z a-c

Therefore (a — ¢) common from C3 and use C; —» C, — cC3

x(c+x) x 1
a=(@a-o)|ylct+ty) y 1
z(c+z) z 1
C1—>C1—CCZ
x2 x 1 1 x x?
ar=(@a-oly* y 1l=—(a-0o)1 y y?
z¢ z 1 1 z z?

- |Num of al = |By|
Denominatorofa = (a+ x)(b+ x)(c+ x)(a+y)(b+y)(c+y)(a+z)(b+ z)(c+ z)

<<a+x+b+x+c+x+a+y+b+y+c+y+a+z+b+z+c+z>9
= 9

_(a+b+c+x+y+z>9
B 3

= 3 (Denominatorof &) < (a+b+c+x+y +2)°

9
3°INumofal . IBy|

Thus, 3°|a| =
’ I | Denofa ~ (at+b+c+x+y+z)°?

SOLUTION 7.33

Solution by Marian Ursarescu-Romania

Equation < 2* - 3% +3*- 2% =43 +9V2

Ifx<0:>2x-3%<1and3x-2%<1:>
2% . 3% + 3% 2% < 2 = equation can’t have negative solutions
Letx > 0;x = % and x = 2 are solutions for this equation. We’ve proved that this are its only
solutions.
Letp: (0,+x) - R; p(x) = axb%, ab>1
We show that p i strictly increasing for (\/log, b, +)
and strictly decreasing for (0, \/logﬁ) (1)
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p strictly increasing for (\/log, b, +x) & Vxq1,x, > \/log, b
Such that x; < x, = p(xy) <p(xy) ©

1 1 X2—Xq
a*1b*1 < a®2b*2 & b *172 < a2 &

b < a*1*2 (because a,b > 1 and x; < x3) &

log, b < x1x,, relation which is true because x4, x, > \/log, b

Similarly, for (0, m)
Let p;(x) = 2% - 3% and p,(x) = 3* - 25
For (1)= p, it is increasing for (,/log, 3, +0) and strictly decreasing for (0,/log; 3) (2)
For (2)= p, it is strictly increasing for (\/log7 , +00) and strictly decreasing for
(0,,/log; 2). Because logs 2 < log, 3 = p;(x) + py(x) it is strictly decreasing for

(0,/1og3 2) = for this interval the equation
1

p1(x) + p2(x) = 4V3 + 92 has a unique solution x = >

p1(x) + p2(x) it is strictly increasing for (,/ log, 3, +00) = for this interval the equation

P1(x) + p2(x) = 4v/3 + 92 has a unique solution x = 2.

For internal (\/10g3 2 ,./10g; 3),p1(x) + P2(x) < 43 + 9V2 = the only solutions are

X==—,x=2
2x
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