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In any A ABC, the following relationship holds :

h\/—a hb\/— \/_c 2(R+r)

wg Wi w? T RV3r

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Firstly,z ((s —b)(s—c)(b+ c)z) = Z ((—s2 + sa + bc)(b? + ¢% + ZbC)) =

cyc cyc

= —2s? Z a? — 2s? Z ab+s (Z a) (Z ab) — 3abc | + 6sabc +

cyc cyc cyc cyc

» b<z> 2y e

cyc cyc cyc

= —4s2%(s? — 4Rr — r?) + 12Rrs? + 2(s? — 4Rr — r?)(s? + 4Rr + r?) — 8Rrs?
O]
+2(s? + 4Rr + r?)%? — 32Rrs? = 4r(R + 2r)s? Z ((s —b)(s—c)(b+ c)z)

cyc

Z(bc(s—b)(s—c)(b+c)2)=z bc(s—b)(s—c)(Zaz—a2+2bc> =

cyc cyc cyc
bc
= (Z a2> r2s? Z sc_a) 4Rrs.z (a(—s2 +sa+ bc)) +2 z (bzcz(—s2 +sa + bc)) =
cyc cyc cyc cyc
s2+ (4R +r1)?

= 2r%s?(s? — 4Rr — r?). Sz
—4Rrs. (—s?%(2s) + 2s(s? — 4Rr — r?) + 12Rrs) — 2s%((s? + 4Rr + r?)? — 16Rrs?)
+8Rrs?(s? + 4Rr + r?) + 2(s? + 4Rr + r?)? — 48Rrs?(s? + 2Rr + r?)

o Z(bc(s ~b)(s — (b + ©)?)

= 4r?s2(4R? + 2Rr + r? + s2)

cyc

h\/_a hb\/_b h\/_ be (b+c)2 (s—b)(s—0)
Now, w2 Z bc r2s?

cyc

Z(\/_c (s = b)(s — (b + ©)2)

ZR V2R 4rzs2
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CBS
2R.V2R.4r2%s2

Z (Vs =b)s = (b + 0% {be(s = b)(s — ) (b + ©)2)

cyc

2R.V2R.4r2s2’

via (i) and (ii) 1
= A/ 4r(R + 2r)s2../4r%2s2(4R2 + 2Rr + r2 + s2) =
2R.V2R.4r2s2 \/ ( ) \/ ( )

1 |(R+2r)(4R% + 2Rr + r? + s2) Gerrétsen 1 [(R+ 2r)(8RZ + 6Rr + 4r?) ; 2(R+r)

2R’ 2Rr - 2R’ 2Rr ~ R.V3r

? R ? Euler
43 -t2-8t—-12>0 <t=;> & (t—-2)4t’+7t+6)>0—>true =t > 2

_hay/h, N hy/hy, N he/he _2(R+1)

w2 wi wZ T RA3r
" =" iff A ABC is equilateral (QED)

cyc

1 \/Z((s —b)(s—c)(b+ c)z) \[ (be(s —b)(s—c)(b + ¢)?)
cyc

vV A ABC,



