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In any A ABC, the following relationship holds :

m, wy he_ (27 +2v3) (R+ yR(R - 21))

R S r 12r
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

We shall first prove that : w, < R+r+/R(R—2r) VA ABC
2bc A 4R%*(cos(B—C) + cos A). cos%
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252 2s? (1 — cos E) 0O<cs
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Now,— — 2s2 = T, 2/>0and1—-4sc+4s? > 1-—4s+4s?
¢ cos—

=(1-2s)?> \/1 — 4sc + 4s2 > |1 — 2s| and so,in order to prove (1),

@
it suffices to prove : 1 + 2sc — 2c + |1—Zs|0
[Case 1]1 —2s > 0 and then : LHSof 2) = 1 + 2sc— 2c+ 1 — 2s
=1-c—-c(1-2s)+1-2s=(1-2s)1-c)+(1-c)=21-c)(1—-5s5)=0

A
Slands=sinE<1:>@istrue
[Case 2]1 —2s < 0 and then : LHS of 2) =1+ 2sc—2c+2s— 1

= 1—c+c(25—1)+(2s—1)c§1 2s—1)14+¢c)>0+1-2s<0
= (2) is true (strict inequality) .. combining both cases,
(2)istrueVAABC . w, <R+r+./R(R—2r) VAABC - (m)
We shall now prove that: m; <2R—-r+ 2.,/R(R—2r) VA ABC

—~ A2
A is acute and then : m, < ZRCOSZE <2R-r+2../R(R-2r)

* C = Cos

? ?

& 2Rs2 — 2Rs(c—s) + 2R.y/1 —4sc +4s2 >0 <:)\/1—45c+4525c—252
®

which is trivially true if sc — 2s? < 0 and so, we now focus on the scenario
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@
¢ <1 - in order to prove (4), it suffices to prove :
. ?
1—4sc+4s2>s2+4s*—4cs3 =1 —s2+4s2(1—s%) —4sc(1—-s2)>0
? A R—2r?
o (1-s2)(1—4sc+4s?)|> O@coszi. > 0 - true
= (@) = (3@ istrue ~ m, < 2R-r + 2.,/R(R — 2r)

0w
AZE and then : 4m2 = 2b? + 2¢%? — 2a? + a? = 4bccos A + a? < a?

7
when : sc — 2s2 > 0 and then : 3) © 1 — 4sc + élszszc2 + 4s* — 4cs3 and

a ? ?
zmaSE=RsinASRSZR—r+Z. RR-2r)R-r+2./R(R-2r) >0
— true (strict inequality) . combining both cases,

m, <2R-r+2./R(R—2r) VAABC - (n)

m W, h m ATV w.. via (m) and (n)
Wehave:—a+—b+—cs—a+—b+—c <
R S r R S r

Euler

and
2R-r+2../R(R - 2r) N R+r+/R(R-2r) N R+r+/R(R-2r) Mitrinovie
R S r -

2R—r+2. R(R—2r)+2R+2r+2.,/R(R—2r)+\/§(R+r+ R(R—2r))

2r 9r
(36 +2v3) (R+ JRR—21)) + (9 + 2V3)r ; (27 +2v3) (R +/R(R—2r))
= <
18r a 12r

& (81+6V3 —72—4v3) (R +/RR - 2r)) > 2r(9 + 2v3)

= (9+2x/§)(R+,/R(R—2r)) > 2r(9 + 2v3) @R—2r+\/mg0
bier m, wy, he_(27+2V3) (R+yRR-2D)

true~R > 2r.—+—+4—
- true _rR+S+r 121
v A ABC,” =" iff A ABC is equilateral (QED)




