ROMANIAN MATHEMATICAL MAGAZINE

In any A ABC, the following relationship holds :
4/2Rsr ﬂ./ma “h, > |(@—b)(b - o) (c—a)| = 4Rﬁﬂ Jw. —h,
cyc cyc
Proposed by Dang Ngoc Minh-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

1
mZmim? = o1 (2b% + 2¢% — a?)(2c? + 2a% — b?)(2a? + 2b% — ¢?)

1
v <—4Z a®+6 (Z a*b? + Z a2b4> + 3a2b2c2> - (1)

cyc cyc cyc

3
z ab = (Z a2> — 3(a?+b2)(b? + c2)(c? + a?)

cyc cyc

3
= Z a’? | +3a’b%c? -3 Z a? b? Z a?
cyc cyc cyc

Y at= (Z a2>3 +3a?b2c? - 3 (Z a? b2> <Z a2> - (2)

cyc cyc cyc cyc

and,z a*b? + Z a’b* = (Z a? b2> (2 a2> — 3a?b?c? - (3)

cyc cyc cyc cyc

~(1),(2),(3) = mZmim? =

3
/ 4 Z a’? | —12a?b?c? +12 z a? b? \
I cyc cyc cyc I
64| |
\ +6( » a?b? Z — 18a?b?c? + 3a*b?c? /
cyc cyc
3
1
=21 —4 Zaz +18 Zaz b2 Zaz — 27a?b?c?

cyc cyc cyc

—32(s? — 4Rr — r?)3 + 36(s? — 4Rr — r?)(s? + 4Rr + r?)? — 576Rrs?(s? — 4Rr — r?)
—432R?*r?s?
64
= mZmZm? =
s® — s*(12Rr — 33r?) — s2(60R?r? + 120Rr? + 33r*) —r*(4R +r)3 L (m)
16
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Now,| 4.VZRsr.| [(/m,—h, | = 32R ng—h§>
ow,| 4. ST. m,—h, | = ST. ——r

cyc cyc

ARsr ((b —0)? s(s—a)(b-— C)2>
. + y
mambm 4 a
cyc
4Rsr
2 _ 2 _ 2
" mymym, 64. 16R2r2s2 1_[“’ o H(b ©) H(b ©)
cyc cyc cyc

via (m)

& s(s? + 2Rr +r?)? é 64Rr| [m, o s2%(s?+2Rr+r?)*>
cyc
256R?r?(s® — s*(12Rr — 33r?) — s2(60R?*r? + 120Rr3 + 33r%) —r3(4R +r)3)
& s?(s? + 2Rr + r?)*
—256R?*r?(s® — s*(12Rr — 33r?) — s2(60R?r? + 120Rr3 + 33r*) —r3(4R +r)3)

>[0and ~ P = (s — 16Rr + 5r%)5 + (88Rr — 21r?)(s? — 16Rr + 5r2)*
)
+8r2(355R? — 185Rr + 22r?)(s? — 16Rr + 5r?)3
+8r3(5652R3 — 5463R?*r + 1164Rr? — 92r3)(s?2 — 16Rr + 5r%)?
+16r*(24705R* — 37890R3r + 14868R2r2 — 1624Rr3 + 96r*)(s2 — 16Rr + 5r?)

Gerrgsen 0 - in order to prove (x), it suffices to prove : LHS of (x) > P
© 104976t° — 203877t* + 1293843 — 28152t% + 1696t — 80 > 0 (t = E) S
(t—2)(104976t* + 6075t3 + 141534t + 254916t + 511528) + 1022972 >0
— true (strict inequality) - t Eger 2 = (%) is true

4.\/2Rsr.1_[,/ma —h, > |(a—b)(b—-c)(c—a)|

cyc
2

wZ _ hZ
Again, | 4R.\T. ﬂJwa —h, | =16R>%r. nu <
w, +h,
cyc cyc
2R?%r ss—a)(b—c)? s(s—a)(b-c)?
h,hyh.’ a? (b + ¢)?

cyc
_ 2R3l' Hcyc(4sz(s - a)Z) n(b
 2r2s2 16R?r2s2.[ (b + €)%’

R3 6456 rts?
= . . b _ 2 < H b _ 2
rs? 16R2r?s2. 4s2(s? + 2Rr + r2)? [[e-o2<] ®-0

cyc cyc

?
& (s? 4+ 2Rr + r?)? |>|Rrs? - true (strict inequality) - s> + 2Rr + r? > s?,Rr

4R.\/F.l_[,/wa —h, <|[(a—b)(b—-c)(c— a)| and so,

cyc

4.\/2Rsr.l_[,/ma —h,>|(a=b)(b-c)(c—a)| = 4R.\/F.l—[,/wa —h,

cyc cyc
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v A ABC,” =" iff A ABCis isosceles (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We will prove that

a*(w, — hp)

Js(s—a) (L

2a(mg, —hy) = (b—c¢)? =

We have

?

2a(m, — h)S (b—¢)? © 2am, > 4F + (b — ¢)?
o a’?(2b?> +2c¢>—a?) > 16F? +8F(b—c¢)? + (b—¢)*
 a?(2b? + 2¢? — a?) — 2(a?b? + b*c? + c%a?) + (a* + b* + ¢*) >
>8F(b—c)*+ (b—c)*

& b>-c2)?2>8Fb-c)*+b-c)*=4b-c)*(bc-2F)=>0
< 4(b—c)?bc(1 —sin4) > 0,

which is true. So the proof of the left side of inequality (1) is complete.

Zx/E_ 2/(s—b)(s — c))

b+c a

@(b—c)22a2<

4a’bc — (b + ¢)*[a? — (b — ¢)?]

s (b-c0)?>a
2(b + ) (avbc + (b + )5 = b)(s - ©))

a.4s(s — a)

12 )
2(b+c¢) (a bc + (b+c)\/(s—b)(s—c))

which is true because b+ c=s+ (s —a) > 2,/s(s — a),
bc=s(s—a)+(s—b)(s—c) =s(s—a).
So the proof of the right side of inequality (1) is complete.

Using the inequality (1), we have

nm.,/ma “h. > |(a=b)(b—-c)(c—a)| > 1_[

a
— . /W, —h
cyc cyc 4\/ S(S - a) ¢ ‘
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2N 4\/2Rsr.1_[\/ma —h,=|(a—b)(b—c)(c—a)| = 4R\/1_".1_[,/wa —h,,
cyc cyc

as desired. Equality holds iff AABC is isosceles.



