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In any A ABC the following relationship holds :

R
Po P Pe_ R
W, W, W, r

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(3BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ [b? at 1 16r2s?
2 _ - I RAE— 22 _ 4 —
Now, 16[DEF] _22<4><4> 216 16(22“’ Za) 16
a b c

rs S+ + rs r
:>[DEF]=Z=>r’ % =Z=>r'=§—>(1)

2B+C_B+m—A

C
- Spieker center is incenter of A DEF, . m(5AFS) = B + 2 =

2 2
T _A-B mdm(saEs) =c+o=2_2"C_
= — — = —_————_—
2 Tz ndmiz 22 2z °@
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
r? c? 2r c A-B
AS? = —— =) sin
4sin? g 4 Zsing (2) 2
r? N b? 2r (b) A-C
= —— —|sin
4sin22 4 2sin2 | \2 2
2 2
] r? c? 2r c A-B r? b?
= 2AS? |= — =) sin + +—
4sin? g 4 2sin < (2) 2 4sin? g 4
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4Rcos —
> > + coszsm >
_r (2_ A+B A—B+2_ A+C . A—C)
= Rnr sin 2 sin 2 sin 2 sin 2
=Rr(1 2'ZB+1 Z'ZC 2(1 2'2A)
= Rnr sSin 2 sin 2 sSin 2

<2a(s —b)(s—=c)—b(s—c)(s—a) —c(s—a)(s — b))
= 2Rr

r C_ A-B B A—-C
= 2 <4Rcos —sin )

abc
= 8T (2a® + (b + ©)a? — 2a(b? + ¢*) — (b + c)(b — ©)?)

4(b + c)besin? > — 2a.2bccosA  be ((ZS —a)sin?> —a (1 — 2sin® é))

8s 2s
bc ((ZS + a)sin? % - a) (2s + a)(s — b)(s — )
= = — 2Rr
2s 2s
R 2r (c) . A—B 2r (b) . A-C
- —) sin - — | sin
2sinE 2 2 2sin; 2 2
. (Zs+a)(s—b)(s—c)  2Rr
— 2s
Avai r? N r? rz( ca ab )
ain,
g 4sin? g 4$1n2 (s—0o)(s— a) (s—a)(s—b)
r? ab + ca ]  r? r2
= 41?9 (ca(s —b) + ab(s — c)) == - 2Rr| =

_.I_
4sinzg 4sin2 &
b’+c?+ab+ca (2s+a)(s—b)(s—c
(i), (), (+%) = 2A8? = _(@s+a)(s-b)(s—0)

4 2s
(a+b+c)(b® +c2+ab+ca)— (2a+b+c)(c+a—b)(a+b-c)
8s
b3 + ¢3 — abc + a(2b? + 2¢? — a?) , [@]b* + ¢ — abc + a(4m3)
= = 2AS“ | =
4s 4s
L. r AS cAS
Via sine law on A AFS, = =

2sin 5 sina cos % - (a+ b)sin <
. e=or(a+b) (ex22) r(a +¢)
= csina = “OAS and via sine law on A AES, bsinf —_—

2AS
1 . 1 .
Now, [BAX] + [BAX] = [ABC] = 7 Pacsina + Epabsmﬁ =rs
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via (***) and (+++) po(a+b+a+ c) 4s AS
4AS ZPa= 55 a
_ 2 via (i) 16s? b3+ c3 —abc + a(4m?)
Pa = (2s + a)?’ 8s
() 2s
.2 | 3, o3 _ 2
- Pa s+ a)? (b + ¢® —abc + a(4ma))

Now, b3 + ¢3 —abc + a(4m?2) = b3 + ¢3 + a® — abc + a(2b? + 2¢? — a?) — a3
= Z a3 — abc + 2a.2bc cos A = 2s(s? — 6Rr — 3r?) — 4Rrs + 16Rrs cos A

cyc

(e0)
= b3 + ¢3 — abc + a(4m?) | = | 2s(s? — 8Rr — 3r? + 8Rrcos A)

—Zs<s —8Rr—3r2+8Rr(1 2 sin? é)) (¢),(e0) >

D) 2s A
Pal = .\[sz —3r2 — 16Rr sinZE

2s+a
We have : &+&+&
Wq Wy W,

2s A a(b+c).vbc
= Z . |s2 —3r2 — 16Rrsin2 — ( )
2s+a 2 2abc./s(s — a)

(2s + b)(2s + c)a(b + ¢)./be(s —b)(s — ¢)
2s ZI JsGs—a)(s—b)(s-©) '

- 2s(9s% + 6Rr + r2).8Rrs’ | A
e \ s2 —3r% — 16Rr sinzi

/ J@Zs +b)(2s + Oalb + Obc(s —b)(s — ).

cyc

|
|

_ 1 Z |
(9s2 + 6Rr + r2).8Rr2s?’ £ \\/(Zs +b)(2s + c)a(b + ¢) ( —3r2 —16Rr sm2

\___/

CBS 1
= (9sZ + 6Rr + r2).8Rr2s?%’ &‘/—
/where x = 4Rrs. Z((Zs +b)(2s+c)(b+c)(s—b)(s— c)) and\

cyc
k y= Z ((Zs +b)(2s + ca(b + ¢) (Sz 3¢ — 16Rr sin? 9) )

cyc

Pa  Pb | Pc 1
: < [y
“w, S ey + (9sZ + 6Rr + r?).8Rr2sz’ v

Wy

Now, (Zs+b)(Zs+c)(s—b)(s—c) (8s —2sa+bc)(s—b)(s—c¢)
hX )= ( )

cyc cyc
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2s(s —a) + 6s2 + bc 6s%(4Rr + r? s?2 + (4R +r)?
=rZs.Z< ( ) >=r2s<6s+ ( > )+s. (2 )>
s—a r2s s

cyc

= Z((Zs +b)(2s+ c)(s —b)(s — ©)) ® 6s2(4Rr + 2r?) + r?s? + r?(4R +r)?

cyc

and also,

— 2
D (a@s+m)2s+ O -b)(s - 0) =r?s. ) a(2s(s —a) + 65 + bo)

s—a

cyc cyc

a—s+s 4Rrs(4Rr + r?
= rZs. <ZS(ZS) + 652.2 . + ( )>

—-a r2s

cyc

s(4Rr + r?
=r?s. (452 + 6s2. <—3 + (TS)> + 4R(4R + l‘))

2

= > (a(2s + B)(2s + O~ b)(s - ) ] 2 <—852 L 2ARs

cyc

+ 16R?% + 4Rr>

and moreover, 4Rrs.Z((Zs +b)(2s +c)(b+c)(s—b)(s—¢))
cyc
= 4Rrs.rzs,z (2s+b)(2s+c)(s+s—a)
s—a

cyc
4Rrs.rs?

=T D (@s+h)@s +OG-B)(s-0) +
cyc

ia (
4Rrs. rzs.Z(8s2 — 2sa + bc) e

)
4Rrs?(6s?(4Rr + 2r?) + r’s? + r?(4R +r)?)

cyc

+4Rr3s?(21s? + 4Rr +r?) = 4Rrs.Z((Zs +b)(2s+c)(b+c)(s —b)(s —¢))

cyc

(mmm)

—x|| = | 8Rr2s? ((12R +17r)s? + r(8R% + 6Rr + rz))
Now,y = Z ((s2 —3r?)(2s+b)(2s + c)a(b + c))

cyc

— 1::2 (a(Zs +b)(2s+c)(s—b)(s—c) (Z ab — bc>>

cyc cyc

= (s2 - 3r?) Z <<Z ab — bc) (852 — 2sa + bc)> -

cyc cyc
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\ /(52 +4Rr + rz).Z(a(Zs +b)(2s +¢)(s —b)(s — c))\

cyc

| |
s \ —4-Rrs.Z((ZS +b)(2s +)(s —b)(s — ©) /

cyc
ia (w) and (mm)
viatm peien (s? —3r?)(s® + 4Rr +r?)(21s? + 4Rr +r?) —
(s? — 3r?)(8s?(s? + 4Rr + r?) — 24Rrs? + (s? + 4Rr + r?)? — 16Rrs?)
2

24Rs
4 (s2 4+ 4Rr +r?).r%s (—852 +
s

+ 16R?% + 4-Rr>

—4Rrs. (6s?(4Rr + 2r?) + r’s?2 + r2(4R +1r)?)

(mmmm)

syl = | 4s? (354 — (2Rr — 2r2)s? — r2(16R? + 10Rr + rz))

NOICTDICITDE (&+&+&)2 <

Wq W W
3s* — (2Rr — 2r?)s?

8Rr2s? ((12R +17r)s? + r(8RZ% + 6Rr + rz)) 452 (

—r2(16R? + 10Rr + rz)) 2 (R+1)?
(9s2 + 6Rr + r%)2. 64R%r4s* B
& —(36R + 51r)s® + (162R3 + 324R?r + 154Rr? — 37r3)s*
+r(216R* + 676R3*r + 676R?*r? + 208Rr3 + 15r*)s?

+r2(72R5 + 296R*r + 298R%r? + 112R?r® + 18Rr* + r5)0
@

Now, Rouche = s2 — (m—n) > 0and s? — (m+n) < 0,wherem =
2R%? + 10Rr —r?and n = 2(R — 2r).+/R2 — 2Rr
(s2 — (m+ n)) (s2 — (m — n)) <0

a
= s*—s?(2m) + m? — n? < 0 = s* — s2(4R? + 20Rr — 2r?) + r(4R +r)3 (s) 0
= —(36R + 51r)(s* — s?2(4R? + 20Rr — 2r?) + r(4R +r)3) > 0 and so, in order
to prove (2), it suffices to prove : LHS of (2) >
—(36R + 51r)(s* — s2(4R? + 20Rr — 2r?) + r(4R +r)?)
& (18R3 — 600R?r — 794Rr? + 65r3)s*
+r(2520R* + 5668R3r + 3556R?*r? + 856Rr3 + 66r%)s?

®
+r2(72R% + 296R*r + 298R%r? + 112R?r® + 18Rr* + %) >0
We note that (3) is trivially true if : 18R® — 600R?*r — 794Rr? + 65r3 > 0
and so we now focus on the case when : 18R3> — 600R?r — 794Rr? + 65r3 < 0

4_ 2 2 9.2
and then : (18R3 — 600R?r — 794Rr? + 65r3) (S s?(4R* + 20R3r 2r ))
+r(4R +r)

via (a)
> 0and so,in order to prove @ it suffices to prove :

4 _ 2(4R2 o2
LHS of (3) > (18R3 — 600R?r — 794Rr? + 65r3) (S s“(4R” + ZOR;‘ 2r ))
+r(4R+r)

®
& (9R® + 60R*r — 1193R%r? — 1358R?r® + 468Rr* — 8r°)s?
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r(144R° — 4701R5r — 9962R*r? — 5179R%r® — 890R?*r* — 4Rr" + 8r%)
9R> + 60R*r — 1193R%r? — 1358R?r?® + 468Rr* — 8r° > 0 and then :

Gerigtsen ( 9RS 4+ 60R*r — 1193R3r? ) 2
LHS of > ( 16Rr — 5r
® —1358R?r3 + 468Rr* — 8r° ( )

> r(144R® — 4701R°r — 9962R*r? — 5179R%r3 — 890R?r* — 4Rr® + 8r9)
? R
& 2808t° — 4713t* — 5292t3 + 7584t — 1232t + 16 > 0 (t = ;)

Euler

& (t—2)(2808t* + 903t3 — 3486t2 + 612t —8) >0 > true~t > 2
= (4)is true
9R> + 60R*r — 1193R%r? — 1358R?r?® + 468Rr* — 8r° < 0 and then :
Gerretsen 5 4 3,2
9R5 + 60R*r — 1193R3r
LHS of > ( ) 4R? + 4Rr + 3r?
® —1358R?r3 + 468Rr* — 8r° ( )

> r(144R® — 4701R°r — 9962R*r? — 5179R%r3 — 890R?r* — 4Rr® + 8r9)
& 18t7 + 66t° + 98t> — 31t* — 980t3 — 672t> + 688t — 16 > 0
& (t—2)(18t° + 102t° + 302t* + 573t + 166t% — 340t + 8) = 0 > true

Euler

vt > 2= (4)istrue .. combining both cases,(®) = (3) = (2)is true V A ABC

R
2Pa Po Pe i Z wAABC =" iff A ABC is equilateral (QED)
W, W, W, r



