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In any A ABC, the following relationship holds :

1 1 1 \/§(1 ha+hb+hc)
4r? 4r,1, T,

+ + <
m,wyWw, myw.w, m.w,wp S
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 1 1 3
+ + <
m,wpw, my,we.wg, mcw,wp WeWpWe

A

Since m, > w, and analogs -.

_3(sz+2Rr+r2)é\/§( 1 ha+hb+hc>_\/§ 1 +s2+4Rr+r2
B 16Rr?2s? ~ s \4r? 4r,rpr, s \4r2? 8Rrs?
_ V3 [2Rs* +r(s* + 4Rr + r?)
s 8Rr2s2
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9(52 + 2Rr + rZ)Z ? 3 (ZRSZ + r(SZ + 4Rr + rz))
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—3s° + (16R? + 4Rr — 2r?)s* + r2(52R? + 36Rr + 5r?)s? + 4r*(4R + r)20
®

Now, Rouche = s> — (m —n) > 0and s? — (m +n) < 0,wherem =
2R? + 10Rr —r?and n = 2(R — 2r).vR2 — 2Rr
(s2 —(m+ n)) (s2 —(m - n)) <0
(a)

=>st—s22m)+m?—-n?<0=s*—s?(4R?+20Rr—-2r2) + r4R+r)?* <0
= —3s%(s* — s2(4R? + 20Rr — 2r?) + r(4R + r)3) > 0 and so,
in order to prove (1), it suffices to prove : LHS of (1) >
—3s%(s* — s2(4R? + 20Rr — 2r?) + r(4R +1)3)

@
We note that (2) is trivially true if : R — 14Rr + r? > 0 and so we now focus on
the case when : R — 14Rr + r? < 0 and then :
via (a
(R? — 14Rr + r?)(s* — s2(4R? + 20Rr — 2r?) + r(4R + 1r)?) 2( : 0 and so,
in order to prove (2), it suffices to prove :
LHS of 2) > (R? — 14Rr + r?)(s* — s2(4R? + 20Rr — 2r?) + r(4R + r)3)
& (4R3 + 12R?r — 229Rr? + 6613)s?

?
< (R? — 14Rr + r?)s* + r(48R* + 49R’r + 18Rr? + 2r®)s® + r*(4R + r)20

®
—r(64R* — 848R3r — 596R*r* — 135Rr3 — 10r*) |>| 0
Gerretsen

[Case 1]4R3 + 12R?*r — 229Rr? + 66r° > 0 and then : LHSof 3) >
(4R3 + 12R?r — 229Rr? + 6613)(16Rr — 5r?)
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—r(64R* — 848R3r — 596R?r?2 — 135Rr3 — 10r%) > 0
? R ?
& 255t3 — 782t2 + 584t —80 >0 (t = ;) & (t—2)(255t> —272t+40) >0

Euler .
Strue~t > 2= (3istrue
Gerretsen

[Case 2]4R? + 12R?*r — 229Rr? + 66r° < 0 and then : LHSof 3) >
(4R3 + 12R?%r — 229Rr? + 661r3)(4R? + 4Rr + 3r?)
,

—r(64R* — 848R3r — 596R?r% — 135Rr3 — 10r*) > 0
? ?
S 4t5 —2t3 —5t2 - 72t+ 52> 0 & (t—2)(4t* + 8t3 + 14t%2 + 23t —26) > 0

Euler

—true -t > 2= (3)istrue .. combining both cases, 3) = (2) = (1) is true
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v A ABC ..

E( 1 +ha+hb+hc

s \ar2 . ) v AABC,” =" iff A ABCis equilateral (QED)
a'blc



