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In any A ABC, the following relationship holds :
ab bc ca 1 2r
a? + b? +b2 +c2+c2+a2 ZE+F
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

ab 4 bc 4 ca
a?+b%2 b2+c2 c2+a?

= 1 Z bc Za2b2+a4
2 1 h2)(h2 + ¢2)(c2 + a2)
(a? +b?2)(b? + c2)(c? + a?) o

cyc
_ (chc azbz)(chc ab) - abCchc a3
i (chcaz)(zcyc azbz) — a?b?c?
((s2 +4Rr+r?)" — 16Rrsz) (s? + 4Rr +r?) — 8Rrs?(s> —6Rr —3r%) 7 R 4+ 4r
2(s2 —4Rr — r2)((s?2 4+ 4Rr + r2)2 — 16Rrs?) — 16R?r2s2 = 2R
& —2s°+ (8R? + 25Rr — 2r?)s* — r(52R3 + 92R?r + 14Rr? — 2r?)s?

?
+r2(64R* + 176R%r + 108R?*r? + 25Rr + 2r4)0
@

Now,Rouche = s — (m—n) >0ands?—- (m+n) <0,
where m = 2R%? + 10Rr — r? and n = 2(R — 2r).4/R2 — 2Rr
(sz—(m+n))(sz—(m—n)) <0=>s*—s22m)+m?-n?<0

)
= s* —s2(4R%? + 20Rr — 2r?) + r(4R+ )3 [<| 0
Via () and Gerretsen, P = —2s%(s* — s2(4R? + 20Rr — 2r?) + r(4R +1)3)
—r(15R — 2r)s?(s? — 4R? — 4Rr — 3r%) > 0 - in order to prove (D),

?
it suffices to prove : LHS of (1) > P & (16R® — 48R%r — 27Rr? + 10r3)s?
+r(64R* + 176R3r + 108R%r? + 25Rr? + 2r4)0

@

16R3 — 48R%r — 27Rr? + 10r® > 0 and then : LHS of (2) >
r(64R* + 176Rr + 108R%r? + 25Rr? + 2r*) > 0 = (2) is true
16R3 — 48R%*r — 27Rr? + 10r® < 0 and then : LHS of (2)

Gerretsen

> (16R3 — 48R’r — 27Rr? + 10r3)(4R? + 4Rr + 3r2)
?
+r(64R* + 176R®r + 108R?r? + 25Rr3 + 2r%) > 0
?
© 16t5 — 16t* —19t3 — 26t2 —4t+8 >0

Euler

e (t—2)(16t* +16t3 +13t2—4) > 0 > true v t > 2= (2)istrue

. combining both cases @ > @ is true Vv A ABC - + be + ca
) s 1 o ' “az+b2 bZ+c c?+a?
r

2 + mn v ABC,” =" iff A ABC is equilateral (QED)
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