
 
JP.561 Solve for real numbers:  

𝐥𝐨𝐠
𝟐√𝟖+𝟐√𝟏𝟓

(𝒙𝟐 + 𝒙 + 𝟐) = 𝐥𝐨𝐠√𝟒+√𝟏𝟓
(𝒙𝟐 + 𝒙 + 𝟏) 

Proposed by Marian Ursărescu and Florică Anastase – Romania  

Solution by proposers 

Let be 𝐥𝐨𝐠
𝟐√𝟖+𝟐√𝟏𝟓

(𝒙𝟐 + 𝒙 + 𝟐) = 𝐥𝐨𝐠√𝟒+√𝟏𝟓
(𝒙𝟐 + 𝒙 + 𝟏) = 𝒚 ⇒ 

{
 
 

 
 𝒙𝟐 + 𝒙 + 𝟏 = (√𝒚+ √𝟏𝟓)

𝒚

𝒙𝟐 + 𝒙 + 𝟐 = (𝟐√𝟖+ 𝟐√𝟏𝟓)

𝒚 ⇔ (𝟒 + √𝟏𝟓)
𝒚
+ 𝟏 = (𝟐√𝟐 ⋅ √𝟒 + √𝟏𝟓)

𝒚

 

We observe that 𝒚 = 𝟐 is a solution, (𝟒 + √𝟏𝟓)
𝟐
+ 𝟏 = (𝟐√𝟐 ⋅ √𝟒 + √𝟏𝟓)

𝒚

⇔ 

𝟑𝟐 + 𝟖√𝟏𝟓 = 𝟑𝟐 + 𝟖√𝟏𝟓 true. Let us prove that 𝒚 = is the unique solution: 

𝟏 + (
𝟏

𝟒 + √𝟏𝟓
)
𝒚

= (
𝟐√𝟐

√𝟒 + √𝟏𝟓
)

𝒚

 

Let be the function 𝒇(𝒚) = 𝟏 + (
𝟏

𝟒+√𝟏𝟓
)
𝒚

 strictly decreases because 
𝟏

𝟒+√𝟏𝟓
< 𝟏, and 

𝒈(𝒚) = (
𝟐√𝟐

√𝟒+√𝟏𝟓
)
𝒚

 strictly increases function because 
𝟐√𝟐

√𝟒+√𝟏𝟓
> 𝟏. 

Hence, 𝒚 = 𝟐 is the unique solution i.e. 𝒙𝟐 + 𝒙 + 𝟏 = 𝟒 + √𝟏𝟓 ⇔ 𝒙𝟐 + 𝒙 − 𝟑 − √𝟏𝟓 = 𝟎 

with 𝒙𝟏,𝟐 =
−𝟏±√𝟑+𝟓√𝟏𝟓

𝟐
 


