
 
JP.562 If 𝒂, 𝒃, 𝒄 ∈ (𝟎, 𝟏) and 𝒙, 𝒚, 𝒛 > 𝟎 such that 𝒂 = (𝒃𝒄)𝒙, 𝒃 = (𝒄𝒂)𝒚, 𝒄 =

(𝒂𝒃)𝒛 and 𝒙𝒚𝒛 = 𝟏 then holds: 

√∑𝒂𝒏(𝒂𝒏 + 𝒚 + 𝟐)𝟐𝒏−𝟏

𝒄𝒚𝒄

𝒏 ≥ 𝟔 ⋅ √𝒂𝒃𝒄
𝟑

, 𝒏 ∈ ℕ∗, 𝒏 ≥ 𝟐 

Proposed by Marian Ursărescu and Florică Anastase – Romania  

Solution by proposers 

∑𝒂𝒏(𝒚 + 𝒛 + 𝟐)𝟐𝒏−𝟏

𝒄𝒚𝒄

=∑
𝒂𝒏(𝒚 + 𝒛 + 𝟐)𝒏

𝟏
(𝒚 + 𝒛 + 𝟐)𝒏−𝟏𝒄𝒚𝒄

≥
𝑹𝒂𝒅𝒐𝒏

 

≥
[𝒂(𝒚 + 𝒛 + 𝟐) + 𝒃(𝒛 + 𝒙 + 𝟐) + 𝒄(𝒙 + 𝒚 + 𝟐) )]𝒏

(
𝟏

𝒙 + 𝒚 + 𝟐 +
𝟏

𝒚 + 𝒛 + 𝟐 +
𝟏

𝒙 + 𝒚 + 𝟐)
𝒏−𝟏 = 

=
[(𝒃+ 𝒄)𝒙 + (𝒄 + 𝒂)𝒚 + (𝒂 + 𝒃)𝒙]𝒏

(
𝟏

𝒙 + 𝒚 + 𝟐 +
𝟏

𝒚 + 𝒛 + 𝟐 +
𝟏

𝒙 + 𝒚 + 𝟐)
𝒏−𝟏 ≥

𝑨𝑴−𝑮𝑴
 

≥
(𝟑√(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)𝒙𝒚𝒛

𝟑 )
𝒏

(
𝟏

𝒙 + 𝒚 + 𝟐 +
𝟏

𝒚 + 𝒛 + 𝟐 +
𝟏

𝒙 + 𝒚 + 𝟐)
≥ 

≥
(𝟔√(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)𝒙𝒚𝒛

𝟑 )
𝒏

(
𝟏

𝒙 + 𝒚 + 𝟐 +
𝟏

𝒚 + 𝒛 + 𝟐 +
𝟏

𝒙 + 𝒚 + 𝟐)
𝒏−𝟏 ≥ 

≥
(𝟔 √𝒂𝒃𝒄

𝟑
)
𝒏

(
𝟏

𝒙+𝒚+𝟐
+

𝟏

𝒚+𝒛+𝟐
+

𝟏

𝒙+𝒚+𝟐
)
𝒏−𝟏 ;       (1) 

Now, from 𝒂 = (𝒃𝒄)𝒙, 𝒃 = (𝒄𝒂)𝒚, 𝒄 = (𝒂𝒃)𝒛, we get 𝒙 =
− 𝐥𝐧 𝒂

− 𝐥𝐧 𝒃−𝐥𝐧 𝒄
, 𝒚 =

− 𝐥𝐧 𝒃

− 𝐥𝐧 𝒄−𝐥𝐧 𝒂
 

and 𝒛 =
− 𝐥𝐧 𝒃

− 𝐥𝐧 𝒂−𝐥𝐧 𝒄
, Let us denote {

− 𝐥𝐧 𝒂 − 𝐥𝐧 𝒄 = 𝒒
− 𝐥𝐧 𝒃 − 𝐥𝐧 𝒄 = 𝒑
− 𝐥𝐧𝒂 − 𝐥𝐧𝒃 = 𝒓

 with 𝒑, 𝒒, 𝒓 > 𝟎, then 

{
 
 

 
 𝒙 =

−𝒑+𝒒+𝒓

𝟐𝒑

𝒚 =
𝒑−𝒒+𝒓

𝟐𝒒

𝒛 =
𝒑+𝒒−𝒓

𝟐𝒓

 and using 
𝒑𝒒

𝒑+𝒒
≤

𝒑+𝒒

𝟐
, we get: 



 
𝟏

𝒙+𝒚+𝟐
=

𝟐𝒑𝒒

(𝒑+𝒒+𝒓)(𝒑+𝒒)
≤

𝒑+𝒒

𝟐(𝒑+𝒒+𝒓)
    (and analogs). 

Hence, it follows that: 

𝟏

𝒙+𝒚+𝟐
+

𝟏

𝒚+𝒛+𝟐
+

𝟏

𝒛+𝒙+𝟐
≤

𝒑+𝒒+𝒒+𝒓+𝒓+𝒑

𝟐(𝒑+𝒒+𝒓)
= 𝟏    (2) 

From (1) and (2) we obtain: 

𝒂𝒏(𝒚 + 𝒛 + 𝟐)𝟐𝒏−𝟏 + 𝒃𝒏(𝒛 + 𝒙 + 𝟐)𝟐𝒏−𝟏 + 𝒄𝒏(𝒙 + 𝒚 + 𝒛)𝟐𝒏−𝟏 ≥ (𝟔√𝒂𝒃𝒄
𝟑

)
𝒏

 

Finally, 

√∑𝒂𝒏(𝒚 + 𝒛 + 𝟐)

𝒄𝒚𝒄

𝟐𝒏−𝟏
𝒏

≥ 𝟔 ⋅ √𝒂𝒃𝒄
𝟑

, 𝒏 ∈ ℕ∗, 𝒏 ≥ 𝟐 

 


