
 
JP.563 In acute triangle 𝑨𝑩𝑪, 𝑨′, 𝑩′, 𝑪′ are symmetric points of  𝑨, 𝑩, 𝑪 to the 
sides 𝑩𝑪, 𝑨𝑪 and 𝑨𝑩 respectively. Prove that: 

𝝈[𝑨′𝑩′𝑪′]

𝝈[𝑨𝑩𝑪]
= 𝟒 (

𝒓

𝑹
)

𝟐

+ 𝟖 ⋅
𝒓

𝑹
− 𝟏 

where 𝝈[𝑨𝑩𝑪] is area of 𝚫𝑨𝑩𝑪. 
Proposed by Marian Ursărescu and Florică Anastase – Romania  

Solution by proposers 
Let be {𝑯} = 𝑨𝑨′ ∩ 𝑩𝑩′ ∩ 𝑪𝑪′. From 𝒉𝒂 = 𝟐𝑹 𝐬𝐢𝐧 𝑩 𝐬𝐢𝐧 𝑪 and 𝑯𝑴 = 𝟐𝑹 𝐜𝐨𝐬 𝑩 𝐜𝐨𝐬 𝑪, 

 
then 𝑯𝑨′ = 𝟑𝑹 𝐜𝐨𝐬(𝑩 − 𝑪) and analogs. Hence, we get: 

𝝈[𝑨′𝑩′𝑪′] =
𝟏

𝟐
(𝑯𝑨′ ⋅ 𝑯𝑩′ ⋅ 𝐬𝐢𝐧 𝑪 + 𝑯𝑩′ ⋅ 𝑯𝑪′ ⋅ 𝐬𝐢𝐧 𝑨 + 𝑯𝑪′ ⋅ 𝑯𝑨′ ⋅ 𝐬𝐢𝐧 𝑩) 

= 𝟐𝑹𝟐 ∑ 𝐜𝐨𝐬(𝑩 − 𝑪) 𝐜𝐨𝐬(𝑪 − 𝑨) 𝐬𝐢𝐧 𝑪

𝒄𝒚𝒄

 

= 𝟐𝑹𝟐 𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧 𝑩 𝐬𝐢𝐧 𝑪 ∑
𝐜𝐨𝐬(𝑩−𝑪) 𝐜𝐨𝐬(𝑪−𝑨)

𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧 𝑩𝒄𝒚𝒄      (1) 

But 𝝈[𝑨𝑩𝑪] = 𝟐𝑹𝟐 𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧 𝑩 𝐬𝐢𝐧 𝑪 and 

 ∑
𝐜𝐨𝐬(𝑩−𝑪) 𝐜𝐨𝐬(𝑪−𝑨)

𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧 𝑩𝒄𝒚𝒄 = 𝟑 + 𝟖 𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬 𝑩 𝐜𝐨𝐬 𝑪   (2) 

From (1) and (2), it follows:  
𝝈[𝑨′𝑩′𝑪′]

𝝈[𝑨𝑩𝑪]
= 𝟑 + 𝟖 𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬 𝑩 𝐜𝐨𝐬 𝑪     (3) 

But 𝐜𝐨𝐬 𝑨 𝐜𝐨𝐬 𝑩 𝐜𝐨𝐬 𝑪 =
𝒔𝟐−(𝟐𝑹+𝒓)𝟐

𝟒𝑹𝟐 ;    (4) 

 
From (3) and (4), it follows: 

𝝈[𝑨′𝑩′𝑪′]

𝝈[𝑨𝑩𝑪]
= 𝟑 +

𝟐(𝒔𝟐−𝟒𝑹𝟐−𝟒𝑹𝒓−𝒓𝟐)

𝑹𝟐     (5) 

 

Using Walker’s inequality 𝒔𝟐 ≥ 𝟐𝑹𝟐 + 𝟖𝑹𝒓 + 𝟑𝒓𝟐 to obtain: 
 

𝝈[𝑨′𝑩′𝑪′]

𝝈[𝑨𝑩𝑪]
≥ 𝟑 −

𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐

𝑹𝟐
= 𝟒 (

𝒓

𝑹
)

𝟐

+ 𝟖 ⋅
𝒓

𝑹
− 𝟏 


