
 
JP.569 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

|
𝒂𝟐 − 𝒃𝟐

𝒂𝒃
| + |

𝒃𝟐 − 𝒄𝟐

𝒃𝒄
| + |

𝒄𝟐 − 𝒂𝟐

𝒄𝒂
| <

𝟑𝑹

𝒓
 

Proposed by Ertan Yildirim-Turkiye  

Solution by proposer 

Lemma 1: 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟐(𝒑𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) 

Lemma 2: 𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑 = 𝟐(𝒑𝟑 − 𝟑𝒑𝒓𝟐 − 𝟔𝒑𝑹𝒓) 

|
𝒂𝟐 − 𝒃𝟐

𝒂𝒃
| =

(𝒂 + 𝒃)

𝒂𝒃
⋅ |𝒂 − 𝒃| <

(𝒂 + 𝒃)𝒄

𝒂𝒃
 

𝑳𝑯𝑺 <
(𝒂 + 𝒃)𝒄

𝒂𝒃
+

(𝒃 + 𝒄)𝒂

𝒃𝒄
+

(𝒄 + 𝒂)𝒃

𝒄𝒂
= 

=
𝟏

𝒂𝒃𝒄
⋅ [𝒄𝟐(𝒂 + 𝒃) + 𝒂𝟐(𝒃 + 𝒄) + 𝒃𝟐(𝒂 + 𝒄)] = 

=
𝟏

𝒂𝒃𝒄
⋅ [𝒄𝟐(𝟐𝒑 − 𝒄) + 𝒂𝟐(𝟐𝒑 − 𝒂) + 𝒃𝟐(𝟐𝒑 − 𝒃)] = 

=
𝟏

𝒂𝒃𝒄
[𝟐𝒑(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − (𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑)] = 

=
𝑳𝒆𝒎𝒎𝒂 𝟐

𝑳𝒆𝒎𝒎𝒂 𝟏 𝟏

𝟒𝒑𝒓𝑹
⋅ [𝟐𝒑 ⋅ (𝟐𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓) − (𝟐𝒑𝟑 − 𝟔𝒑𝒓𝟐 − 𝟏𝟐𝒑𝑹𝒓)] = 

=
𝟏

𝟒𝒑𝑹𝒓
⋅ (𝟒𝒑𝟑 − 𝟒𝒑𝒓𝟐 − 𝟏𝟔𝒑𝑹𝒓 − 𝟐𝒑𝟑 + 𝟔𝒑𝒓𝟐 + 𝟏𝟐𝒑𝒓𝑹) = 

=
𝟏

𝟒𝒑𝑹𝒓
⋅ (𝟐𝒑𝟑 + 𝟐𝒑𝒓𝟐 − 𝟒𝒑𝒓𝑹) = 

=
𝟏

𝟒𝒑𝑹𝒓
⋅ 𝟐𝒑(𝒑𝟐 + 𝒓𝟐 − 𝟐𝒓𝒓) =

𝟏

𝟐𝑹𝒓
⋅ (𝒑𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓) ≤ 

≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟏

𝟐𝑹𝒓
⋅ (𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝒓𝟐 − 𝟐𝑹𝒓) = 

=
𝟏

𝟐𝑹𝒓
⋅ (𝟒𝑹𝟐 + 𝟐𝑹𝒓 + 𝟒𝒓𝟐) ≤

𝑬𝒖𝒍𝒆𝒓 𝟏

𝟐𝑹𝒓
⋅ (𝟒𝑹𝟐 + 𝑹𝟐 + 𝑹𝟐) 

=
𝟏

𝟐𝑹𝒓
⋅ 𝟔𝑹𝟐 =

𝟑𝑹

𝒓
 


