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NEW INEQUALITIES WITH SPIEKER’S CEVIANS-II

By Bogdan Fustei-Romania

Let be ABC triangle with usual notations. Denote:

mymy, myme mcmb}
hyhy ’ hyhe ’ hehy J)°

Q=min{

Without loss generality we consider: azb>c. We will prove that:

mymg¢ mcmb\mamc_\mb m,
hahe * hchy  hahe “ hy  hy

Q=

—->h,m;, > m,h,,. 25=ah, =bh,=ch, —)—>——)bmb >am,.

Proof:
b?mg > a?m2->b?[2(a? + c?) — b?]2a?[2(c? + b?) — a?]
2a%b?+2b%c? — b*22a%c? +2a%b? — a*
2b2c? — b*22a%c? — a*
2¢2(b? — a?) 2b* — a*=(b? — a?)(b? + a?)
b? — a?)( 2c? — b? — a?)20-true because azb>c.

Analog we have:

mamb>mamc
hyhp ~ hyh
Now we will prove:
Ezmamc
2r hahc
5 _ abcp acmamcébp>2rn (IVIUSt be proved 11 )
2r 852 2 452 aflle

We consider A;, By, C; means of triangle ABC sides. We'll apply Ptolemy's inequality to the
quadrilateral AC;A;C: AA,.CC;=2AC;.A,C+C;A,.AC

m,m, < ;b+§§—)4mamc < 2b? + ac(and analogs)

Now we will prove that:

2b? + ac < 2pb=b(a+b+c)
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b2+ac<ab+bc—ob(b—a)+cla—b)<0

b(b—a)—c(b—a) <0>(b—a)(b—c) < 0,true because a=b>c

R .
—me{

mamc mcmyp mMaMmy }( )
2r

hahe ’ hehp ’ hahy

From (1) and Panaitopol inequality: gz%wnd analogs) we obtain:
a

a mb mc}(z)

h, ’

mym; mcmy mamy
hahc ’ hchb ’ hahb

gzmin{ } + max{

We use AM-GM and we obtain:

5>1 (mamc mb) mambmc( )

+ —)2
hahc hb hahbhc

R alpl rarpr mympm
— = —2bC from (3) we obtain: 22> 22 <3
2r hahbhc hahphc hahphc

R _mympm,

et L)

2r  rarprc

mympme_ R .
From [1]; Z22bTey = # [PaPbPe 514 (1) we obtain:
hahphe —2r 4| lalple

E> 4 |PaPbPc
ha - lalblc

(and analogs)(5)

From [1]; RafbMe, R J(la+pa>(lb+pb)(1c+pc)

and (1) w in:
hahphe 8lalple d (1) we obta

+Po);
= a1, (and analogs)(6)

my J(la+pa)(lb+pb)(lc
R mC .
From [2]: ?2— . (and analogs) and (1) we obtain:
b

3R m me; m m,; m m . (mgm; m¢cmp mym
—Zmax{—b+—°,—b+—a,—a+—“}+mm{ a—c —cb —a b}(7)
2r h, hy " h, hy " he h, hohe * hchy © hyhy

>m {1 +—=,1 + , 1+ — }and (1) we obtain:

3R . (magm¢ mc¢my mamb}
_> -2
max {1 + e 2,1 + 14+ —= }+ mm{ hoh. ’ Dby’ by (8)
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From [4]: LoD % (and analogs) and (5) and (6) we obtain:

sinw  hy
1 4
: > pappr(g)
2sin w Ialplc

1 \/(la+pa)<lb+pb)(lc+pc)(10)

2sinw 8l, 1,1

mc

From [2]: r;l—r + hy

=2 % and (5) and (6) we obtain:

1 (my mc) 4 [PaPbPc
2 (%o 4 Me)y* |PaPbPerg g
2 (hc T hy, Lalplc ( )

1/my —mc (la+pa)(Ip+pp)dc+Pc),
2 (hC + hb) = \/ 8l,1pl. (12)

From (3) we obtain:
1n.2
ERp 2m,mym,(13)
From p2=nZ + 2r,h,(and analogs) and(13) we obtain:
n:>2 (% — raha)(and analogs)(14)

h,=2 ﬂ(and analogs) and (14) we obtain:
Ip+re

mympme 2 Tal'plc
R rp+re

nz > 2 ( )(and analogs)(15)

2 2_ .22
From(5), (6) and %=1+(b <) (and analogs) we obtain:

1652

(62-¢2)° (1 +p) (lp+pp) (e o)
I+— 72 BLLL, (and analogs)(16)

2
1L(b2-cz) < 4 [PaPbPc

et = L. (and analogs)(17)

From (13) and p?=r,ry, + I + ryr, we obtain:
Iy + e + rare22 %(18)
From m,l,>rpr. = p(p — a)(and analogs)(Panaitopol) and (18) we

3
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obtain:

my mb mc

Y m,l, > 2—=—"-(19)

From n,g, = m,l,(and analogs) and (19) we obtain:

mambmc

2 n,8,22 ——"—(20)

From(4) and [3]: ’?2 %<J§+\/§>(and analogs),we obtain:
a b c
R mympme(ry+ry+re) E <
rz\/ rorero(hy bt ho) <\/:+\/;>(and analogs)(21)

mambmc \/‘Ta ra (andana|085)(22)

Ial'pIc

From(4) and [3]: —>1 \/:‘/nanbﬂ;ncmanc we obtain:

521 \/mambmc Jnanb+nbnc+nancl23)

IaI'pIc
ra+Tp+r V3 .
From(4) and [3]: ’ a” b7 c P we obtain:
Tmay+mpme ha+hb+hc
R mympm Ia+Ip+r, V3
= > allp c( atTp+Tc + p )(24)
r Iarpfc \ma+mpyme  ha+hpy+he

mympme_ R 1o+ I+ I+
alllp s (la+pa)(1p+pp)Uc+pc) and [4]
2r 8lalple

5R—r+la8a, Np8h , NcEc

R ""ha  hy ' h .
-> 2__b_ ¢ e obtain:
r hy+hp+he
SR— +"aga+“bgb+“cgc
2 mambmc\ r ha hy, hc (Ia+pa)( lb+pb)(lc+pc)'25)
hahphe h,+hy+h, 8l,1p1¢
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5R—r+2a8a, NhpEb , Nc8c

mymyme_ R R ha  h, ' h .
From—aXlbfe, = # [PaPbPe oy = a__b___¢ \ve obtain:
hahphe 21 | lalple r hy+hp+he

SR—r+2a8a  TbEb | Nebe
2 MmaMmpMe, "ha h, ~ hc 4 Papbpclzs)
hahphe ha+hp+h, Lyl

mambmc>R'Jaa+pa(m+prk+pa

From and (21) we obtain:

hahphe ~2r 8l,lplc

2":;:::::“ > \/";::::‘(‘;i?::::;) \/(la+pa)(;:,;;;|:)(lc+Pc) < \/%4_ ﬁ)(and analogs) (27)
From n}l:::;:czi * /plzll)sic and (21) we obtain:
s [Pl (R [ ond antogsies
From \/EZF+\/T—a(and analogs),
r ra na
\/?2 ;j:;—‘;:i(\/%+ \/%)(and analogs)

mympme_ R 1o+ I+ I+
and alllpMce R (la+pa)(lp+pp)Uc+pc)
8l lple

hahphe ~2r
mympme (Ia+pa)(Ip+Pp)(c+Pc) (ra+rp+1c) b c Na Ta
4 2 - = — — |(and analogs)(29
hahphe 8lalplc(hy +hy+ho) N P L W el g | gs)(29)
2R n r
From /—2 /—a+ ’—a(and analogs),
r ra ng
2R ra+rp+re b c
‘/_2 —| [= = |(and analogs
r hy+hp+he <\/:+ b ( g )
mympme_ R .
and ZabMey = # [PaPbPe o obtain:
hahbhc 2r lalblc
mampmg Ia+rp+rc 4 [PaPbPc b c n, Ta
Ly 2 - = — — )(and anal 0
hahphe A/ ha+hp+he o[ lalple c+ b T + n (and analogs)(30)

we obtain:
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