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NEW INEQUALITIES WITH SPIEKER’S CEVIAN 

By Bogdan Fuștei-Romania 

Let be ABC triangle with pa, pb, pc-Spieker’s cevians. We proved in [1]: 2ma≥ la+pa(and 
analogs) 

mala≥rbrc=p(p-a)(and analogs)(Panaitopol),from this two inequalitys we obtain:  

𝐦𝐚
𝟐≥𝐫𝐛𝐫𝐜

𝐥𝐚+𝐩𝐚

𝟐𝐥𝐚
(and analogs)(1) 

From (1) we obtain: 

 
𝐦𝐚𝐦𝐛𝐦𝐜

𝐫𝐚𝐫𝐛𝐫𝐜
≥√

(𝐥𝐚+𝐩𝐚)( 𝐥𝐛+𝐩𝐛)(𝐥𝐜+𝐩𝐜)

𝟖𝐥𝐚𝐥𝐛𝐥𝐜
 (2) 

From (1) and la+pa≥2√lapa(AM-GM inequality) we obtain: 

𝐦𝐚
𝟐≥𝐫𝐛𝐫𝐜√

𝐩𝐚

𝐥𝐚
(and analogs)(3) 

We use identity: 
rarbrc

hahbhc
=

R

2r
 from (2) and (3) we obtain: 

𝐦𝐚𝐦𝐛𝐦𝐜

𝐡𝐚𝐡𝐛𝐡𝐜
≥

𝐑

𝟐𝐫
√

𝐩𝐚𝐩𝐛𝐩𝐜

𝐥𝐚𝐥𝐛𝐥𝐜

𝟒
(4) 

 

𝐦𝐚𝐦𝐛𝐦𝐜

𝐡𝐚𝐡𝐛𝐡𝐜
≥

𝐑

𝟐𝐫
√

(𝐥𝐚+𝐩𝐚)( 𝐥𝐛+𝐩𝐛)(𝐥𝐜+𝐩𝐜)

𝟖𝐥𝐚𝐥𝐛𝐥𝐜
(5) 

 

Now we use: la = 2
√bc

b+c
√rbrc (and analogs) we obtain: 2

√rbrc 

la
=√

b

c
+ √

c

b
(and analogs) and from 

(1) we obtain: 

2
𝐦𝐚

𝐥𝐚
≥√

𝐥𝐚+𝐩𝐚

𝟐𝐥𝐚
 (√

𝐛

𝐜
+ √

𝐜

𝐛
) (and analogs)(6) 

From 2S=aha=bhb=chc→ 
c

b
 = 

hb

hc
(and analogs). From(6) we obtain: 
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2
𝐦𝐚

𝐥𝐚
≥√

𝐥𝐚+𝐩𝐚

𝟐𝐥𝐚
 (√

𝐡𝐛

𝐡𝐜
+ √

𝐡𝐜

𝐡𝐛
)(7) 

From la = 2
√bc

b+c
√rbrc we obtain: 

rarbrc

lalblc
=

(a+b)(b+c)(c+a)

8abc
 and we use (1) and we obtain: 

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
≥

(𝐚+𝐛)(𝐛+𝐜)(𝐜+𝐚)

𝟖𝐚𝐛𝐜
√

(𝐥𝐚+𝐩𝐚)( 𝐥𝐛+𝐩𝐛)(𝐥𝐜+𝐩𝐜)

𝟖𝐥𝐚𝐥𝐛𝐥𝐜
(8) 

From (6),(7),(8) and and la+pa≥2√lapa,we obtain: 

2
𝐦𝐚

𝐥𝐚
≥√

𝐩𝐚

𝐥𝐚

𝟒
(√

𝐛

𝐜
+ √

𝐜

𝐛
)(and analogs)(9) 

2
𝐦𝐚

𝐥𝐚
≥√

𝐩𝐚

𝐥𝐚

𝟒
(√

𝐡𝐛

𝐡𝐜
+ √

𝐡𝐜

𝐡𝐛
) (and analogs)(10) 

𝐦𝐚𝐦𝐛𝐦𝐜

𝐥𝐚𝐥𝐛𝐥𝐜
≥

(𝐚+𝐛)(𝐛+𝐜)(𝐜+𝐚)

𝟖𝐚𝐛𝐜
√

𝐩𝐚𝐩𝐛𝐩𝐜

𝐥𝐚𝐥𝐛𝐥𝐜

𝟒
(11) 

From ∑ ma
2=

3

4
∑ a2 and (1),(3) we obtain: 

∑ 𝐚𝟐 ≥
𝟐

𝟑
∑ 𝐫𝐛𝐫𝐜

𝐥𝐚+𝐩𝐚

𝐥𝐚
(12) 

∑ 𝐚𝟐 ≥
𝟒

𝟑
∑ 𝐫𝐛𝐫𝐜 √

𝐩𝐚

𝐥𝐚
(13) 

From(1), 
√rbrc 

2la
=

1

4
(√

b

c
+ √

c

b
); ma

2 = rbrc +
1

4
(b − c)2(and analogs),we obtain: 

 rbrc +
1

4
(b − c)2 ≥ rbrc

la+pa

2la
 

1

4
(b − c)2 ≥ rbrc (

la+pa

2la
− 1) 

1

4
(b − c)2 ≥

√rbrc 

2la
√rbrc(pa − la)= 

1

4
(√

b

c
+ √

c

b
) √rbrc(pa − la) 

We will obtain: 

(𝐛 − 𝐜)𝟐 ≥ √𝐫𝐛𝐫𝐜(𝐩𝐚 − 𝐥𝐚) (√
𝐛

𝐜
+ √

𝐜

𝐛
) (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(14) 
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(𝐛 − 𝐜)𝟐 ≥ √𝐫𝐛𝐫𝐜(𝐩𝐚 − 𝐥𝐚) (√
𝐡𝐛

𝐡𝐜
+ √

𝐡𝐜

𝐡𝐛
) (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(15) 

From (3) and  ma
2 = rbrc +

1

4
(b − c)2(and analogs),we obtain: 

𝟏

𝟒
(𝐛 − 𝐜)𝟐 ≥ 𝐫𝐛𝐫𝐜 (√

𝐩𝐚

𝐥𝐚
− 𝟏)(and analogs)(16) 

 

From (14) we obtain: 

𝑏2 + 𝑐2 ≥2bc+√rbrc(pa − la) (√
b

c
+ √

c

b
),we know that 

cos
𝐴

2
=√

rbrc

𝑏𝑐
 (and analogs), we can write: 

𝐛

𝐜
+

𝐜

𝐛
≥2+𝐜𝐨𝐬

𝐀

𝟐
(√

𝐛

𝐜
+ √

𝐜

𝐛
)

(𝐩𝐚−𝐥𝐚)

√𝐛𝐜
(and analogs)(17) 

 

ω-is Brocard angle in ABC triangle, and  
sin(𝐴+ω)

sin ω
=

b

c
+

c

b
 (and analogs). From (17) we obtain: 

𝐬𝐢𝐧(𝑨+𝛚)

𝐬𝐢𝐧 𝛚
≥2+𝐜𝐨𝐬

𝐀

𝟐
(√

𝐛

𝐜
+ √

𝐜

𝐛
)

(𝐩𝐚−𝐥𝐚)

√𝐛𝐜
(18) 

From 
sin(𝐴+ω)

sin ω
=

b

c
+

c

b
 →

1

sin ω
≥

b

c
+

c

b
 (and analogs). Next result is: 

 
𝟏

𝐬𝐢𝐧 𝛚
≥2+𝐜𝐨𝐬

𝐀

𝟐
(√

𝐛

𝐜
+ √

𝐜

𝐛
)

(𝐩𝐚−𝐥𝐚)

√𝐛𝐜
(and analogs)(19) 

From [1] and [2] we end our paper with: 

𝒏𝒂 + 𝒈𝒂 ≥ 𝟐𝐦𝐚≥ 𝐥𝐚+𝐩𝐚(and analogs)(20) 
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