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EQUATIONS
1.1 Solve the equation in R:
4 3
x*—3x
Va3 —2x% + 2x + 3Yx% —x + 1 + 21/4x — 3x4 =T+7
Hoang Le Nhat Tung
Solution (Amit Dutta)
- x3—2x2+2x>0
bomain = { 4x —3x* >0

x3—2x2 +2x =x(x? —2x+2) = x[(x — 1)2 + 1]
vx3—2x2+2x>0=2x[(x—-1)%2+1]>0=>x>0

GM < AM V3% = 227 ¥ 2z < 22N

2_ 2
3 — 2x2 + 2x < (M)

(a)
Equality holds when x* — 2x* + 2x =1 (1)
Again, using GM < AM
32 —x+1<G2—x+D+1+1<@x%2—x+3) (2)
Equality holds when x> —x +1=1 (2)
Again, using GM < AM

284x —3x4 <2 {(4x—3x‘2+1+1+1} < (4x—3x4+3) (3)

2

Equality holds when 4x — 3x* =1 (3)
Adding (1), (2), (3):

Va3 —2x2 + 2x +3Yx2 —x + 1+ 2V4x —3x* <
<<x3—2x2+2x+1 4x—3x4+3>
- 2 2

>+(x2—x+3)+<
x* —3x3 —3x*+4x+10+x3
T 47

2 2
=>xt—3x3+14 < -3x* +4x+ 10+ x3

=
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24x* —4x3 —4x+4<0
S5xt—x3—x+1<0=2x3(x-1D)-1x-1<0
53 -Dx-1D<0=2x-DE?+x+Dx-1<0

> x-1D*P*+x+1) <0
2 12 3 2
X +x+1=<x+—) +->0=>(x-1%<0

2 4
x-1D*=0=>x=1 (4)
From (1), (2), (3) & (4): The only real solution is x = 1.
1.2 Find all real roots of the following equation:
x3-22+x®%*-2)2=0
Nguyen Viet Hung
Solution (Orlando Irahola Ortega)
(2—-x3)3 =(x*-2)?
a=2-x32a-2=-x3.(0)?=>@-2?%=x°% (2)

b=x*-2>b+2=x*>..()3=>0B+2)3=x° (3)

a®=b? (1)
3_ (0 o2
@=={"*?,2%" fl)) -®

(4)—(1):= (b + 2)3 — a® = (a — 2)? — b?
>bB+2—-a)a?+b?>+ab+4b+2a+4)=0b+2—-a)2—a—->b)

(b+2—a=0Aa’+ab+b?*+3a+5b+2=0)
(4) (€:))

A)b+2=a=>x3+x*2-2=0->(x—-1Dx*+2x+2)=0=>
x—1=0=>x=1  x*+2x+2=0, x3=-1%i

(B)a? +ab+b*>+3a+5b+2=0=x°—x°+x*—3x° +3x* +2=0
+ +
(V)xeR

X —xP+x*—3x3+3x2+2>0=2>x¢R
s = {1}
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1.3 Find all real roots of the following equation:

V2 —x2+ 2k —1= (a2 —1)2™ 4 2
where m, n are positive integers.
Nguyen Viet Hung
Solution (Michael Sterghiou)
N2 =2+ 2 -1=@2 -1 +2 (1)
lety=1lx| 20 (1)> "\2—y2+*Y2y—1=(@*-D* +2 (1)

1
(1-2n)tzn 2
4n?

Consider the function f(t) = *Nt,t = 0 with f'(t) = <0

forn € N,n = 1, hence f (t) concave and from Jensen:

LHS of (1)< 2 - 2"/”2;&= 2" L (—yr+2y+1) (2)

From(l)’wehaveZ—yZ20—>y£x/§and2y—120—>y2%or

% <y <+/2. Now, —y? + 2y + 1 > 0 and equality in (2) when

2—y?=2y—1oy=1 From(1)and(2)

2. %(_yZ + 2y +1) = (y? — 1)2™ + 2 (3). Consider the function

fy) = %(—y2 + 2y + 1) with f'(y) = —y + 1 with root y = 1 and

f'(y) <Owithmaxf =1laty = 1.As%(—y2+2y+1) <1l-

o %(—y2 +2y+1) <1land

2.7 %(—y2 + 2y + 1) < 2. The last inequality and (3) give

2 > LHS of (3) = 2 + (y? — 1)?™ which can happen only if y> — 1 = 0 or

y = lor|x| = 1o0rx = £1 which are the only real solution of (1).
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1.4 Solve for real numbers (a > 0;fixed):

3

322 —3x+1+4v4x3 —3x* =ax®’+ (1 - 5a)x + 4a + 4
Marin Chirciu

Solution (Michael Stergiou)

V3x2 —3x+1+4V4x3 —3x* =ax5+ (1 - 5a)x + 4a+ 4 (1)
ax> +a+a+a+a=>5-Va5x5 =5ax. So,RHSof (1)=x + 4 (2)
= AMIEM3t —3x+14+1+1

V@x2=3x+1)-1-1 < 3 =x2—x+1 (3)

Am—-Gcm 3 4
~ 4x° —3x*+1+1+1
4/(4x3 —=3x4)-1-1-1 < 4- Z

=4x3 -3x*+3 (4)
Therefore LHS of (1)< x? —x + 1 + 4x3 — 3x* + 3 while RHSof (1) > x + 4
But:x* —x+1+4x3-3x*+3—-(x+4) =—x(x—1)’Bx+2) <0
Hence we can have only equalities for x=1.

1.5Find x,y,z,t > 0 such that:
1+2)°A+y)*A+ 231 +t)? = 3125xyzt
Daniel Sitaru

Solution

X y z t
11z A 00+ 100+ 00+2 A+n0+nd+ad+o

1

_|_ =
T+x)A+y)A+2)(1+1¢)
C1+x-1 1+y—1 14z-1 14+t—-1

T+x A+00+n 000 +00+2 000+ nd+200+0
1

TaT DA+ NA+HA+0 =

:<1_1j—x)+(1j—x_(1+x)(1+y))+((1+x)1(1+y)_(1+x)(11y)(1+z))+
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1 1
+ ((1 00+ +2 A+00+nd+20+ t)) +
1

D (D
X VA

T+x  0+00+y) A+00+nd+2
t

ta o+ nd+oa+o
1

T a0 +na+200+0°>

aM-6M 5| x y z t 1 _
= 2 1T+x 0+00+y) A+00+90+2 A+00+yA+20+0 A+00+nA+200+86)

_c 5 xyzt
B (14251 +y)*(1 + 2)3(1 + t)2
1>55. xyzt
- A+05A+y)*(1+2)3(1 +t)?
1 +x)°A+*(A +2)3(1 +t)? = 3125xyzt
Equality in AM-GM holds if:
A

X _ y _ _ t _
1+x (A+x00+y) A+00+y)A+2) A+x0)A+y)A+20+0)
1

TA+00+nd+20+0
; z 1 1

:1’ = =1 = —
A+00+y0+2 A+00+nd+2-2 272
1 1
A+00+9) 14 +y)(1+5) 5 3
1 1 1 1 1
X 3 3 3 3
= S>SDX=— === -
1+x 1 1 3+1 4 4
(1+x)(1+§) 1+§ 3 3

. 1 1 1
Solution:x ==;y==;z==;t=1
4 3 2
1.6 Solve for real numbers:

x—2 x+4
5+ o=1
X+3 (Vx—2++vx+4)

Hoang Le Nhat Tung
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Solution (Hoang Le Nhat Tung)

We have: x = 2

x+4 x—2 1
Let (1): 2’ +m 12 m-l—m—l@

x+4

5 x—2+ 1 L 5 x—2+ 1
=1e
x+3 h—2+,x+42 x+3 x—2+12
x+4 x+4 x+4
Becausex =22 >0thenx —2>0.Hence0 < x+3<x+4>
1 1 XxX—2 x-—2 x—2 -2
> >0= > > >
x+3 x+4 x+3 x+4 x+3 x+4
2x—2+ 1 >2x—2+ 1
=
x+3 — 27 " |x+4 — 2
et X291
x+ 4 x+ 4

x—2 1
2 m+m22t = 1)2,lett / >0;(3)

=1;(2)

x+4

By AM-GM inequality for three positive real numbers, we have:

1 1
2t+m:(t+1)+(t+1)+m—2

3 1 3 _
_3\/(t+1)(t+1)-m—2=3\/T—2—1:>

=11
xX+4

2t + )2_1Letw,th(3)=>2/ — 4+ ——>1%
(&)

’x—Z 1 ) . x=2=0
Let (2),(4)=> 2 ey + (—2 = 1 and equality occurs 'f{t 41=—L_©

x=2 4 (t+1)2
x+4
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x=2
{ x=2 _ o & x = 2.The solution of equation is S = {2}
x+4

17letbe: A={x|xeRV2Z+x+V5—x=77}
B={xixE]R{,3/3+x+(</6—x=%}.Findthesetsf)l,ﬂzsuch
that: AAQ, =B ,AB=A4, (XAY=(X/Y)u(Y/X))

Daniel Sitaru

Solution (Ravi Prakash)

V2+x+V5—x=17

Put: V2 ¥ x=X,V5—x=Y=22+x=X"5—x=Y"=2X"4+Y"=7

Also, X+Y =V7T=2X+Y) =7=X"+Y"=>

(Z) X6y + (Z) X5y?% + (Z) Xty3 + (Z) X337t + (Z) X2y> + (Z) XYé=0
7XY[(X5 +Y°) +3XY(X3 +Y3) +5X%2Y2(X+Y)] =0
TXY(X + V) [X*— X3Y + X?Y?2 — XY3 + Y4+ 3X3Y — 3X?Y? + 3XY3 + 5X%Y?] =0
XY[X*—2X3Y +3X2Y2 + 2XY3 +Y*] =0
XY(X2+ XY +Y2)2=0howX?+XY+Y?>0=>XY=0=>X=0o0r
Y =0=x € {-2,5} = A. Similarly,

VB+x+V6—-x=Y9>xe{-36}=8B
AAQ, =B = ({-2,5}/ Q) U (Q,/{-2,5)) = {-3,6} = O, = {-2,5,—3,6}
Q,AB = A=({-3,6}/Q,) U (Q,/{-3,6}) = {-2,5} = Q, = {—2,5,3,6}

1.8 Solve for real numbers:

xZ+y2+\/(x—4)2+y2+sz+(y—3)2+\/(x—4)2+(y—3)2=10
x+2y=>5z

Daniel Sitaru
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Solution (Abner Chinga Bazo)

By Minkowsky inequality we have:

JZ+y2+(x -2+ (y—3)2>+/32+42 =5

x = 4k

. x-4 —_— =
Equality occurs when: - = k = {y =3k

fx2+y2+(x—4)2+(y—-3)2=5
= J(3k)2 + (4k)? +/(Bk —4)2 + (4k —3)2 =5

= 25k +/25(k? =2k +1) =5 = 5|k| + 5|k — 1| =5
> |kl+lk-1]1=1
Casel:k€(—=,0)=>—-k—(k—1)=1=2k=0=>k€ep
Case2:ke€[01)=>k—-(k—1)=1=>keR=>ke|0,1)
Case3:k€[l,o)>k+k—-1=12k=1

Jx2+y2 4+ (x—-4)2+(y—-3)2=5=ke[01) (i)

V=92 +y2+x? + (7 —3)2 232 +42 =5

. e x = 4k
Equality occurs when: xSy k= {y =3k

If Jx—4)2+y2+x2+(y—3)2=5
=/ (4k —4)2 + (3k)2 +/(4k)2 + Bk —3)2 =5

= V25k2 — 32k + 16 + V25k2 — 18k + 9 = 5 solving the equation: k = %

\/(x—4)2 + y2 +\/x2 +(y—-3)2= 5:>k=% (ii)
From (i), (ii) we get:

VEZ +y2 4+ (x =42 +y2 +/(x — 4?2 + (y — 3)% = 10,

1
x=4k,y=3k,k=§
3

fVx2+y2+ /G- D2 +y2 + /6 -D?+(y-3)2=10=>x=2y ="

But:x +2y=5z=>2z=1.
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So, (x,y,2) = (2% 1)

1.9 Solve for real numbers:
( sinx = cosy
j sin(x +y) sin(y +./xy) sin(/xy + x)
| |cos(x +y) cos(y +./xy) cos(/xy+x) =0
Ucos(x—y) cos(y —/xy) cos({/xy—x)

Daniel Sitaru
Solution (Adrian Popa)

sin(x +y) sin(y +/xy) sin(\/xy +x)
A - |cos(x +y) cos(y + \/E) cos(\/x_y + x) =0
cos(x —y) cos(y —/xy) cos(/xy —x)
sinx = cosy = sinx = sin(g— y)
sin(x +y) =sinxcosy + sinycosx = cos?y +siny =1 (1)
~sin?x = cos?y
1 —cos?x = cos?y = cos?x =1—cos?y = cosx = siny
cos(x +y) = cosxcosy —sinxsiny = sinycosy —cosysiny =0 (2)
cos(x —y) = cosxcosy + sinxsiny = sinycosy + cosysiny =
2sinycosy =sin2y (3)
1 sin(y + \/E) sin(\/ﬁ +x)
A=] 0 cos(y + \/E) cos(\/ﬁ + x) =0
sin2y cos(y — \/x—y) cos(\/x—y —x)
We develop after the first column:
cos(y + 57 - cos(/Fy - x) ~ cos(y/55 + x) - cos(y - |57) +
+sin2y (sin(y + \/x_y) : cos(\/@ +x) — sin(\/x_y +x) - cos(y + \/x_y)) =0=
:>cos(y+\/x_y)-cos(\/x_y—%+y)—Cos(\/x_y+g—y)-cos(y—\/x_y)+
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+sin2y(sin(y+JaTy) : cos(J;Ty+g—y) - sin(\/x_y+g—y) -cos(y + \/E)) =0
cos(y +/xy) - sin(y +/xy) = sin(y = /xy) - cos(y — /xy) +
+sin 2y (sin(y + /xy) - sin(y — \/xy) = cos(y — \/xy) - cos(y + \/xy)) = 0 =
R sin2 (y + /xy) ~ sin2(y — \/xy)
2 2

—sin2y (cos2y) = 0>

2sin2 . /xycos 2y
2

cos 2y (sin2,/xy —sin2y) = 0

—sin2ycos2y =0

y==

Case/:c052y=0=>2y=+§+2kn:>{x_n y
==

Case ll: sin 2,/xy — sin2y = 0 = sin 2,/xy = sin2y = sin2,/xy =
. y=0 sinx > 0
sin 2 y-y:{ng_l_an,kEN,becausex¢y, y>0

1.10 Find x, y, z > 0 such that:
1+ 2)*(1+y)3(1 + 2)? = 256xyz
Daniel Sitaru

Solution
x y z 1
Trx 100+ (10010042 A+00+00+
1+x-1 1+y-1 1+z-1
S T11x A 001y A 0din0+o
1
AT oad+na+s

:(1_1-T-x>+(1-|1-x_(1+x)1(1+y))

1 1
+ ((1 00+ A+00+00+ z)) +
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1

AT+ nats
1=~ y z
T 1rx 0100+ A+l +nd+o

1
tasoa+nd+o -

AAﬁ;GM 44 X y VA 1 3
= 1+x A+00+y) A+00+y)A+2) A+0)A+y)A+2)

_ 44\/ xXyz
A+x0)*A+y)31 +2)?
l - xXyz
447 (14+0*A+y)32(1 + 2)?
1+x)*(1 +y)3(1 + 2)? = 256xyz
Equality holds in AM-GM if:

X y _ z _ 1
1+4x A+x0)0+y) QA+x00Q+y)A+2) A+00+y)A+2)

1

y z 1 2
= Y = Zz=1=2y==x=5==
1y Y T1x27 y=2'*=373

2

. 1 1
Solution: x =y =5Z2= 1

1.11 Solve for real numbers:
3

(log (xzi 1) + x) =

= (log (xzxﬁ) - x)3 + (x —log(x® + x))3 + (x +log(a® + x))3

Daniel Sitaru

Solution
Denote a = log( ad );b = log(x3 + x)

x2+1
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(a+x)=@—x)°+x—-b)>3+(x+b)3
a® + 3a’x + 3ax? + x3 = a® — 3a’x + 3ax? —x3 +
+x3 —3x2b + 3xb? — b3 + x3 + 3x%b + 3xb? + b3
6a’x — 6xb%> =0, 6x(a®? —b*) =0
x
x?+1

2
a2—p2=0> (log ) — (log(x®*+x))?2=0

x x
— 3 3 _
(Ing2+1 log(x +x)) (10gx2+1+log(x +x))—0
X
logxz+1=10g(x3+x)=>x2+1:x3+x=>
=>1=((x2%+1)? > x*+ 2x% = 0. No solution.
1 = —log(x3 +x) * ! >5x2=1=2x=1
ng2+1_ OB T X, 2+1 x(x2+1) = =

1.12 Find x, y > 0 such that:
1+ x)3(1+y)?=27xy

Daniel Sitaru
Solution
x y 1
+ + =
1+4x (1+x)0+y) A+x0+y)
_1+x-1 1+y-1 1

1+x T A+00+y G+0d+y)

1 1 1 1
:(1_1+x>+(1+x_(1+x)(1+y))+(1+x)(1+y):1
x y 1
STz A+0d+y G+00+9n°>

1

AM;GM3.3 X ‘ y ‘ 1 _33 xy
- 1+x 1+x)A+y) A+x)A+y) T+x)301+y)?

1>33. a4
- (1+x)3(1 +y)?’

Equality holds in AM-GM if

1+ +y)?=27xy
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X y _ 1 _
T1x A+00+y) Grn0+y 27~
X 1 1

= =5 =—
T+x (+x0-2 772

1

1.13 Solve for real numbers:
x + 9'08x27 + x - 918227 = 279
Marian Ursarescu
Solution (Florentin Visescu)
x € (0,1) U (1, 0)
Ifx € (0,1) >log, 27 <0=>0<log,27<1,0<x<1=

x + 9108x27 | 5 . Qlogx27 ¢ (0,3) =not solution.

B T 3 _
IfxE(1,°°)-Lett—10gx27>0:>10g27x_log3x_t:
3 3
log3x=?=>x=3t-

3 3
The equation becomes: 3t + 32t 4+ 3t+%t = 279,
3 3
Let be the function f: (0,20) = R, f(t) = 3t + 3%t 4 3¢+%*

, 3 3 3\ .3
@)= <_t_2' 3t +2-3% + (2 —t—z) 3t+2t) log3

" 9. 3 6. 2 2t 3
(&) = (3 3tlog3 + 53t +4-3%Uog3 + (2 -3

2

2 3

) 3ttt 10g3 + t%-
310t 3
3¢ >l0g3 >0= f —convexe=>t € {1;5} = x € {9; 27}
1.14 Find all x, y, z > 0 such that:
4sinx - siny -sinz-sin(x+y+z) =1
Daniel Sitaru

Solution (Marian Dincd)

4sinx - siny - sinz-sin(x + y+z) <1

2sinx - siny = cos(x —y) — cos(x + y)
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2sinz -sin(x +y +z) = cos(x +y) —cos(2z+ x + y)
[cos(x —y) — cos(x + y)][cos(x + y) — cos(2z + x + y)] =
= —cos?(x +y) + cos(x + y)[cos(x + y) — cos(2z + x + y)]
—cos(x—y)cos(Qz+x+y)—1<0
cos?(x +y) — cos(x + y)[cos(x + y) — cos(2z + x + y)]
+ cos(x —y)cos(2z+x+y)+1=0
Let: cos(x +y) =t

t? —tlcos(x +y) —cos(2z+ x + y)] + cos(x —y)cos(2z+x+y)+1=>0
1 2
[t ~3 (cos(x —y)+cos(2z+ x + y))] -

1
~2 [cos(x —y) + cos(2z + x + y)]* + cos(x —y)cosRQz+x +y)+1 =0
1 2
[t ~3 (cos(x —y)+cos(2z+x + y))] —
4 — —y) —cos(2z + x + y)J?
N [cos(x —y) —cos(2z + x + y)] >0
4

But: cos(x —y) — cos(2z + x + y) = 2sin(z + y)sin(z + x)

So,
4 —[cos(x —y) —cos(2z+ x +y)|* = 4 — 4sin*(z + y)sin?(z+x) = 0
because: 0 < sin®(z+y) < 1;0 <sin®(z+x) <1
So, the inequality
4sinx - siny - sinz - sin(x + y + z) < lis true forany x,y,z € R.

Equality holds when: sin(z + y) = +1;sin(z + x) = +1 result:
1
cos(x +z) =0;cos(y+z) =0;t— 3 [cos(x —y) +cos(Qz+x+y)]|=0

Or
2cos(x +y) =cos(x —y) + cos(2z + x +y) = 2cos(x + z)cos(y + z)
But: cos(x +z) =0;cos(y+z) =0=>cos(x+y)=0
So,x+z=(2a+1)%;y+z=(2b+1)g;x+y=(20+1)§
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i s
x=(2a—2b+2c+1)z;y=(—2a+2b+2€+1)z

i
z=(2a+2b—26+1)z;a,b,c€Z

1.15 Find x,y,z > 0 such that:

(1+x3)(1+y?*) (1+y>)(1+2*) (1+2%)(1+x?)

Arnaty Tdiynaro T arnarn T4V2=36

Daniel Sitaru

Solution (Remus Florin Stanca)

, ) (1+x2)(1+y?) _ _
Let’s prove that: Z—(1+x)(1+y) = 36 — 24+/2, let

—tans y=tanZ 1=t CABCe[on]
X = a7l2,}7—- an.2,Z = ale, , D, ,2‘

. 2x . y 2z
BT 241
2. XML At 2c0s?E 14122211
=<4- = — — =2
X2+l a1 SmATesy 2+l
x+1 x?2+1 2
= = =
x24+1 x+4+1 sinA+cosA+1
1 +x)A+y?) z 4
A+x)1+y) (sinA + cosA + 1)(sinB + cosB + 1)
cyc cyc

,sinC =

sinA +

=

SinA+cosA+1=2-

> 36— 24V2 &
1
>9—-6Vv2;(1
(sinA + cosA + 1)(sinB + cosB + 1) V2, ()
cyc
1 Bergstrom 9

> 3 (2
z (sinA + cosA + 1)(sinB + cosB + 1) - Yeyc(sind + cosA + 1)(sinB + cosB + 1) @
cyc

Let’s prove that:

9

>
Ycyc(sinA + cosA + 1)(sinB + cosB + 1) —
We need to prove that:

9—6v2
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3 1
>3-22=—— &
Yeyc(sind + cosA+ 1)(sinB + cosB + 1) — (V2 + 1)2

Z(sinA + cosA+ 1)(sinB+cosB+1) <9+ 6V2 &

cyc
Z(sinAsinB + sinAcosB + sinA + sinAsinB + cosAcosB + cosA + sinB
cyc
+cosB+1)<9+6\V2 &
z(COS(A —B) +sin(4 + B)) + 2(sinA + sinB + sinC)
cyc

+ 2(cosA + cosB + cosC) < 6 + 62 &
i
Z (cos(A — B) + cos (E —A- B)) + 2(sinA + sinB + sinC)

cyc

+ 2(cosA + cosB + cosC) < 6 + 62 &
T T is
ZZ(COS(Z—B)COS(Z—A)+2\/§ZCOS(Z—A) <6+ 6V2
cyc

cyc
Let: cos G —A) = Xy, COS (%— B) = X,; COS G— C) =Xx; &
(xlxz + XpX3 + X3xl) + \/z(xl + X + X3) <3+ 3\/5; (3)
(1 + x5 + x3)?
3
(1% + X5%3 + X32,) + V20, + x5 + x3) <

= X1Xy + X X3 + X3X1 =
(O + 2, + x3)?

3
We need to prove that:

+V2(x; + x5 + x3) <3+ 3V2letx; + x, + x3 = s and we know

3)
+ \/f(xl +x,+x3)=

(1 +x2+x3)*
3

0,2
that 0 < s <3=524+35sV2-9-9/2<0 :(2 we peove that (1),(2) are
true.
But we have in the equality case s® + 3sv/2 — 9 — 9v2 = 0; A= 54 +
36V2 = s = 3, becauses = 0 =
T
ZCOS(E—A) _ 3z>zzsin2 1) goa=poc=Ts
4 2 4
cyc cyc

I
x=y=z=tan§
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1.16 Let be the equation:
N 15 N 75 3 N 445
R A T T i

If S —sum of all real roots then find [S], [*x] —GIF
Rajeev Rastogi

Solution (Khanh Hung Vu)
x° +Ex +7—5x3 x+ﬁ 0; (1
8 64 512
Put: t = x3; (2), we have the given equation equivalent to:
75 445 15 75 445

t3+Et2+— —x+-——==0= x—t3+—t2+ 2t
8 64 512 8 512

5\° 5
=\t+35) +5:C
(t+3) +5:®
5\3 5
From (2),(3), we have x® + x =t + (t + g) +3; (4)
Put f(t) = t* + t, we have f () = 3t? + 1 > 0 so f(t) —is a increasing
function.

So,from(4)wegetx=t+§:>x:x3+2:>x3—x+§=0:>8x3—8x+

5=0.
Put g(x) = 8x3 —8x + 5,9 (x) = 24x%? — 8.
S0, ‘9(36)—0<:>x—+£ Wehaveg(—ﬁ)_5+ﬂ d(\g)—S_%—

So, 8x3 — 8x + 5 = 0 has only one root in (—00, — ?)
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On the other hand, we have f(—2) f(—1) < 0 then the equation (1) has only
one root in (-2,—1). So, [S] = —2.

1.17 Solve for integers:
y3 =x%+2x

Jalil Hajimir
Solution(Bedri Jajrizi)

let:x+1=k=>y3=(k-Dk+1); (k—1Lk+1)€{1,2}
Casei)(k—1,k+1) =1 = k —even.

(k—=1,k+1) = cube = 3a,b € Zsuchthatk+1=a3k—-1=0b3=a3—
b3 =2.

It’s clear that:a® = 1,b = -1=2>a=1,b=—-1
So:k+1=1=k=0,y =—1.Solutionsis: x =1,y = —1
Caseii) (k—1,k+1) =2 = kisodd, y is even.

It’s clear that k = 1,3(mod4).

Also (x,y) is solution (—k, y) is solution.

So assume that k = 1(mod4) = k + 1 = 2(mod4),k — 1 = 0(mod4)
We can write the equation in the form:

3 _ _
(Z) — k1 k1 here (E,u) = 1because (k+1,k—1) =1
2 2 4 2 4

Let:%=a3,%=b3=>2a3—1=k=4b3+1=>a3—2b3=1

(a,b) €{(01),(-1,1)} =2 ke{-1,-3}=2x€{-2,—-4}

Solutions are: (x,y) € {(—2,0),(—4,2),(0,0), (2,2)}
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1.18
f(x) = x8 —9x7 + 31x% + agx® + a x* + ayx3 + azx? + ayx + as
€ R[x]

If f(x) has all roots real prove that its lie in [—2, 4].

Rajeev Rastogi

Solution(Khanh Hung Vu)
Support f(x) has all roots which is x;,i = 1,8

By Viete theorem for polynomial f (x), we have:
8

{|( in =9;(1)

i=1
x;x; = 31;(2)

1,j€[1,8]
i<j
We have (2) equivalent to:

<EB:XL> z =2 31=>Zx —-62=19

i=1 i=
On the other hand, by CBS inequality, we have:

PTETAN L O—x)?
Zx z7 le andsmcerL—9—x1:>Zx —

i=1 i=1

9 —+/487 9 ++/487
8 ' 8

9 — x1)?
x%+¥§19:>x1€[

j or x; € [—2,4]

Similarly for, x5, x5, ..., xg € [—2,4]. So, x; € [-2,4],i =1,
1.19 Find all real roots:
64x>(x —1)+32x*(x>+x+1)—64x+19=0

Daniel Sitaru
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Solution( Abner Chinga Bazo)
64x°(x —1) +32x?(x* +x+ 1) —64x +19 =0
64x° — 64x° + 32x* + 32x3 + 32x2 — 64x + 19 = 0; (Horner) &
(2x —D?*(16x* +4x* +12x+19) =0

16x* + (4x2 +12x+9)+10=0
1
16X4+(2x+3)2+10>O,VxE]R{=>2x—1=0=>x=§

s0.5= ]
1.20 Solve for real numbers:

|cosx| + |cosy| = \/(2 + sinx + siny)(2 — sinx — siny)

Daniel Sitaru
Solution(Ravi Prakash)

|cosx| + |cosy| = \/(2 + sinx + siny)(2 — sinx — siny); (1)
= (|cosx| + |cosy|)? = 4 — (sinx + siny)? =
cos?x + cos?y + 2|cosx||cosy| = 4 — 2sinxsiny — sin’*x — sin’y ©
|cosxcosy| + sinxsiny = 1
If cosxcosy = 0 we get:
cos(x—y)=1leox—y=2mex=2rn+yrez>=
y=2nm +x,n€Z
If cosxcosy < 0 we get:

cosxcosy + sinxsiny =1 cos(x+y)=—-1lex+y=Q2r+r e
y=Qr+1)n—x,reZ

Thus, y=2nmt+x,n€Zory=QRr+1)n—x,r€Z
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1.21

| x7 — 15x° + 49x3 — 36x
A=3{x|x€E,
| 56

=0,[*] —GIF}

Find:

0=>x

X€EA

Daniel Sitaru
Solution(Djeeraj Badera)

Given that:
x7 —15x° + 49x3 — 36x
56
From def. of GIF:
0 < x7 —15x° + 49x3 — 36x < 56; (B)

)
(for satisfying condition A)

er,[ —0; (4)

Case 1.
x7 —15x° +49x3 —36x =0 © x(x® — 15x* +49x?> - 36) =0 &
x(x? —1D)x?-9)(x?-4)=0<x€{0,+1,+2,+3}

Case 2.
x €Z for x” — 15x° + 49x3 — 36x < 56
XEZ x=4
fx) = x(x?* = D(x* =9 (x* - 4)
fl(x) = (x? =12 —9)(x%2 —4) + 2x%(x2 — 9) (x? — 4) + 2x2(x? —
D% —4)++2x2(x2 - 1)(x%2 - 9)

Forall x € Zwherex =4 = f'(x) > 0 = f — increasing.
f(4) =416 —-1)(16 —9)(16 — 4) > 56 = x = 4 not satisfy condition (B)
similarly for
x < —4.

Possible value of x is {0, +1, +2, +3}
Q=Zx=0+1—1+2—2+3—3=0

XEA
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FUNCTIONAL EQUATIONS

2.1 Find all functions f: (0, +°°) — R such that:
f(xy) < xf(x) + yf(y) < log(xy),vx,y >0
Marian Ursdrescu
Solution
x=y=1=f(1)<2f(1)<0=f(1) <0butf(1) =0= f(1) =0
y=1= f(x) <xf(x) <logx= f(x) < lo;qu; (D
1 1 /1 1 /1
y=;$f(1) Sxf(x1)+;1f(;)Slogll:OSxf(x)+;f(;)S0:>
xf(x) +;f(;) =0 :>f(;) = —xzf(x)i (2)

In(x - i =>f (i) < ﬂ =>f G) < —xlogx; (3)

1
X

From (1), (2) = —x2f(x) < —xlogx = x*f(x) = xlogx = f(x) =
logx
@)

From (3), (4) = f(x) = 2%

X

( f,ggh:R->R
{ fx)+gx)+h(x) =3x+3,VxeR
22 f2(x)+ g*(x) + h?(x) =3x*+ 6x+5Vx€ER

2x)+g3(x) + h3(x) =3x3+9x%2 + 15x + 9,Vx € R
Solve for real numbers: f(x) - g(x) - h(x) =0

Daniel Sitaru
Solution (Adrian Popa)
fx)+gx) +hx) =S5
Denote:< f(x) - g(x) + g(x) - h(x) + h(x) - f(x) = S,
f(x)-gx)-h(x) =S
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S1=3x+3; 87 —-25,=3x*+6x+5=>9%%+18x+9 - 25, =3x*+6x+5
=25, =6x2+12x+4=>5,=3x2+6x+2
S3 —35,5, +35;=3x3+9x? +15x + 9
27(x® +3x2 +3x+ 1) — 9(x + 1)(3x% + 6x + 2) + 3S;
=3x3+9x2 +15x +9
353 = 3x3 +9x% + 6x = S3 = x3 + 3x? + 2x
f)-gx)-h(x)=x3+3x>+2x=0&
x(x2+3x+2)=0=x€{-2;,-1;0}
2.3 Find the function f: R — R continuous such that:
fx)+ f(x®) =2,vxER.
Sridhar Rao
Solution (Ravi Prakash)
fG)+f(x?)=2,vx eR; (1)
Replace x by — x we get: f(—x) + f((—x)?) =2 =
f(=x) + f(x?) = 2;Vx € R; (2) From (1),(2) we get: f(—x) = f(x),Vx € R
Also, from (1), 2f(0) =2=f(0) =1, 2f(D =2=> f(1) =1
Let 0 < x < 1. From (1) we have:
fO) =2-fGH)=2-[2-f((x)?)]=f(x*);3) =
fO) =fGxh) =f(x®) = =f(x*"),vneN
AsO < x < 1,x4n7:>°0
Since f —is continuous on R = rlli_)rzlof(x‘*n) =fl0)=1=
f(x) =1,vx € (0,1).Let x > 1, then from (3)
1 1 1
FG) = f(x5) = £ (x35) == = £ (x37) ,vn e N
1

1
Asx > 1,x4" — 1, f —continuouson R = limf (x4_") =f()=1>
n—oo n—oo

f(x) =1,vx > 1. Thus, f(x) = 1,Vx € R.
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SYSTEMS
3.1 Solve for real numbers:
0< < r +vy= i
Xy<Z.x+y=—
4sin’xsin’®y(sin’x + sin®y) + 4cos*xcos*y(cos?x + cos*y) = sin*2x + sin?2y

Daniel Sitaru
Solution(Khanh Hung Vu)

T 5w
0<x,y<5,x+y=?;(1)

4sin®xsin?y(sin®x + sin?y) + 4cos?xcos?y(cos®x + cos?y) = sin?2x + sin?2y; (2)

sinx=a (cos’x=1—a (sin?2x = 4sin*xcos’x = 4a(1 — a)
N, U= . =21, - 5
sin‘y =b cosy=1-b sin“2y = 4sin“ycos“y = 4b(1 — b)

(2) ® 4ab(a+b)+4(1—a)(1—=b)(2—a—>b) =4a(1 —a) + 4b(1—b)
oabla+b)+(1-a)(1-b)2—a—-b)=a(l—a)+b(1—-Db)

2(@®*+b*+2ab—2a-2b+1)=0=>2(a+hb—-1)2>=0=>a+b=1
= a=1-b > sin’x = cos?y

So, we have 2 cases:

Vs
x=-—y+2kn
7 . . s 2
1) sinx = cosy = sinx = sin (E_y) = =

x=n—(§—y)+2k7r
s
x+y:§+2k7t

T sk EL
x—y=§+2k7r

Sincex+y=5?ﬂso¥1kEZ:x+y=§+2k7r

(' 57[—ﬂ+2k :>k—1(7‘£Z)
since— =73 I =3

So we have:
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T s
|(0<x,y<5,kEZ I(O<x,y<5,kEZ
5t 2m
x+y=? = x:?+kn = No root.
I n I s
kx—y=5+2kn \ y=€—kn
s
_ _ Cm x=y—;+2kn
Z)Slnx=—cosy=>smx=sm(——y)=> =
2 x = (y——)+2kn
I
x—y=—5+2kn
37 kEZ
x+y=7+2kn
Sincex+y=5?nso£kEZ:x+y=37n+2k7r
(s 3 dkms k= 1ez)
since = T =-3
So we have:
I
|(0<xy<—keZ |(0<x,y<§,kEZ
4 _or :{ X+y=—+kr = Noroot
x+y= ? y 6 0 roo
| 21
\x— y=——+2kﬂ \ y———kn
So the system has no root.
3.2 Solve the system of equations:
3 3
X
< +y> V8t +yY) +2,/xy
I\ 16x5 — 20x3 + 5,/xy =
Hoang Le Nhat Tung
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Solution (Soumava Chakraborty)

z(f )()m+2r&16x 200 + 53y @ s
Ofcoursex,y # 0&xy >0=>x,y<0orx,y > 0.Ifx,y <0, then LHS of (1)
< 0, but RHS of (1) > 0 = x,y < 0 is impossible . x,y > 0.

Now, x* + y* < 2(x? — xy + y?)?

& xt +y*+ 6x%y? —6xy(x? +y2) =0
& (2 +92)2 +4x?y? —4xy(x* +yH) =20

& (x? +y%2 —2xy)? = 0 > true

ayxt +yt <V20x% = xy + y?| = V2(x? — xy + y?)

1 3
(‘-‘xz—xy+y2 =Z(x+y)2+z(x—y)2>0)

dlxt 4yt "
= 5 <Jx2—xy+y2= Y8(x*t+y4) <2x2 —xy+y? >

= /8(x* +y4) + 2\/x_y
CBS

<2(m+\/—) < 2V2x2 —xy +y? +xy =

? 2(x% +y?)? (x* +y*)*
=2V2/x2 +y2 < & _2x+
y (a) xy(x +vy) x2y?%(x + y)? ( y) e

e (x2 +y?)3 (% 2x%y%(x +y)?

Chebyshev A—-G
Now, (x* +y%)° = (2 +y)(? +y3)? = S +»)?GP+y?) 2

> %(x +v)? - 4x%y? = 2x2y2%(x + y)? = (b) is true = (a) is true =

D 2(yr)

= RHSof (1) < ity , equality at x = y.

Bergstrom (x )

Again, LHS of (1)= 2( + y—)

> T35y , equality at x = y.

(u) xy(x+y)
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A 2(x2+y?)*

= =
(i), (ii) = LHS of (1) = RHS of (1) oy t7)
" respective equalities occur at x =y

Putting y = x in (2), we get: 16x°> — 20x3 + 5x = /x;'—l =
x+1

-1=
2

= 16x° —20x34+5x—1=

xX+1
— 1 x—1

(x—1D4x?+2x—1)? =2 =

[c+1 [+t
- +1 2<1+ - >

One possibility is x = 1 = x = y = 1is a solution when

x #1,2(4x% + 2x — 1)? <1 + /%) = 1. Let %1 = t. Then, we have:

2+200(@2t2-1)?+22t*-1)-1)?*-1=0>
= (2t +1)(8t3 — 6t +1)(32t> + 16t* —32t3 - 12t + 6t +1) =0
The equations yields two acceptable solutions:

t = cosz%n = xzi = cos%”:x = cos%ﬂ& t ~.84125 = x =~ .415415

~ all possible solutions are

41
(x =y = 1)’ (x =y= COS?),(X =y = 415415)

3.3 Solve for real numbers:

{ 2x% + y? = x[y(2Vx + \[y)

x5 -3 xy+4<2y?-2x+1+3/3x3—3xy+1

Hoang Le Nhat Tung
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Solution (Tran Hong)
x,y=0;lety=tx (t=0)
2x% + t2x% = x\/tx(2Vx + Vtx) © x%(2 + t?) = x2VE(2 + /)

x2=0 x=0
(:)[2+t2—(2\/f+t)=O®[t2—(t+2\/f)+2=0 (%)

~Ifx = 0=y =0 then:

05—3V0-0+4<+2-02—2-0+1+33-03—-3-0-0+1
© 4 <2 (contrary). = t2 — (t+2Vt) +2 =0
letu=+t,u*—@W?+2W)+2=0
sut—-u-2u+2=0 w-D?*[u+1%*+1]=0

su=leot=10y=x

S5x% —3x+4<V2x2—2x+1+V3x3=3x2+1 (1)

We must show that

V2xZ —2x +1+V3x3 =3x2 +1<x°—3x+4 (2)
x®—3x+42=22V2x2 —2x+1 (3)
& x-3x+4)?=242x*-2x+1)

& (x—1?(x®+2x7 +3x0 +4x> —x* +2x3 +5x2 +8x +12) >0
It is true with x = 0:
v0<x<1=x%+2x7 +3x% +4x° + 2x3 + 5x2 + 8x + 12 — x*

>12—-1=11>0
vx>1=2x¥(x? —1) +2x7 +3x% +4x5 +2x3 +5x2 +8x + 12> 0
x5 —3x+4>2V3x3 —3x2 +1 (4)
© (x°—3x+4)2>803Bx3-3x2+1)
& (x— 1)%(x13 + 2x12 + 3x11 + 4x10 — 4x° +
+4x7 +8x% + 38x> — 2x* + 5x3 + 12x% —32x + 56) = 0

It is true with x = 0:
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w0 <x<1= x4 2x"2 + 3% + 4x1% + 8x° + 5x3 + 12x? + 56 —
—(4x° +2x* —32x) >56 —(4+2+4+32)=12>0
vx>124x°(x—1) > 0;2x*(x—1) >0
56 + {x13 + 2x'% + 3x11 + 6x° + 5x3 + 12x2 — 32x} =
=56 + x(x'? + 2x* + 3x10 + 6x* + 5x2 + 12x — 32)
>56+(1+2+3+6+5+12-32)=53>0

From (3) and (4) = (2) true.

From (1) and (2) we have equadlity ©® x =1=>y=x=1.

Hence: (x,y) = (1,1)
3.4 Solve for real numbers:
4y = [xy(x? +y?)
63/2x2 —2y+1+4-33x2-y—2x* =2y —5/xy+ 13
Hoang Le Nhat Tung

Solution (George Florin Serban)

[xy =
253 +2y3 <3+ +ay(x+y),x3 +y3 <xy(x+y)
c+YE?2—xy+y?) —xy(x+y) <0,(x+y)(x—y)2 <0
(x+y),(x—y)2=0.Ifx+y<0andxy = 0=
=2>xy<0=,/xy=
Sxy>>@+y)x—y)?2=20=>(x+y)(x—y)?=0
Llifx+y=0,x,y=20=>x=y=0;6-14+4-0=0-—0+ 13 false.
I Ifx =y = 6V2x2 —2x + 1 + 4V3x3 — 2x* = 2x° — 5x + 13
2x2 —2x+1>0,A=-4<0,3x>—-2x*>0,x3(3-2x) = 0

x3+y3 x+y
< :>2 3 3 < 2 2
Xt yZ mgSwa 2 (x®+y°) < (x+y)(x* +y?)

x3+y3
x2%+y?

< 0false, x3,y3 <0

3 3
:>3—2x20:>xszz>xe[0,§]
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2x2—-2x+1+1+1
Vox2 —2x+1=3(@x2-2x+1)-1-1 <
Mg<Ma 3

S63Y2x2 —2x+1<4x?—4x+6

3x3 —2x*+1+1+1
MgEMa 4

V3xd —2xt =3/(Bx3 —2x%)-1-1-1
= 43/3x3 — 2x* < 3x3 —2x* +3
=2x° —5x+13<4x?—4x+6+3x3—-2x*+3
=2x° +2x* —3x3 —4x> —x+4<0
(2 —2x+1D2x3*+6x>+7x+4) <0
2x3 +6x2+7x+4>0,(V)x € [0,%]
>5x?2-2x+1)<0=>x-12<0
x—-1)?20=>x-1)%?=0=>x—-1=0x=1=y
=S5 ={(1,1)}
3.5 Solve the following system of equations:
x}+2x+3=8y3—-6xy+4y
{\/xz—2y+2+\/x2—4y+4=x2—3y+4

Hoang Le Nhat Tung
Solution (Amit Dutta)
Domain (x* =2y +2)=>0,(x> —4y +4) =0
GM < AM
(x2=2y+2)+1

Jx2 =2y 4+2=J(x2-2y+2)-1<

x*—2y+3
\/x2—2y+2ﬁ<+>

x2—4y+5>

\/x2—4y+4=\/(x2—4y+4)'1s< 5

Adding these: \/x2 — 2y + 2 +/x2 —4y + 4 < (x> =3y + 4)
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But we have: \Jx2 —2y + 2 +/x2 —4y + 4 = (x> — 3y + 4)

x2—-2y+2=1=>x>=2y—-1

x2—4y+4=1>x>=4y-3
x=il}

y=1

But for the system of equation, we must check these solutions for the other

So, for equality, we must have: {

Solve these two equations, we get: {

equation also: i.e., x3 + 2x + 3 = 8y3 — 6xy + 4y
For (x,y) = (1,1), LHS = 6, RHS = 6
Equality holds, so (1,1) is a solution for other possible solution:
(x,y) =(-1,1), LHS = 0, RHS = 18
Equality do not hold. So, (—1,1) is not the solution for this system of equation.
Hence, (1,1) is the only solution.

3.6 Find the positive real numbers (x, y) such that:

x’y?—y3+1=2x2-2y+1
Hoang Le Nhat Tung

Solution (Soumava Chakraborty)

x* + y*
2

sz—xy+y2<:>2(x2—xy+y2)2 ZX4+y4

 2(x* + y* + 2x%y?) —dxy(x? + y?) + 2x%y? = x* + y*
o X2+y)2—dxy(x?*+y?) +4x’y’ >0
(x? +y2 —2xy)? =0 > true

2 2
24/3#2;3/4 < 24x%2 —xy +y? =>x7+y? < 24/x% —xy +y? (byfirst

equation)
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x +y)(x? —xy +y? @
ﬁ( »)( P 4 y)SZ X2 —xy+y2=>(x+yJxZ—xy+y? < 2xy

2
But A-G= (x + y){/x? —xy + y? = 2/xy./xy = 2xy
w (1), (2)= (x +y)yx? —xy + y% = 2xy

and (2) suggests equality occurs when x =y

~x =7y (~ equality occurs)

Putting x = y inx?y? —y3 + 1 =,/2x% — 2y + 1, we get:

xt—xt+1 2 o —2x+ 1
Letx? —x=p.Then (3) > x’p+1=2p+ 1=
x'p?+1+2x’p=2p+1=>pkx*p+2x2—-2)=0
Ifp =0,x(x — 1) = 0 = x = 0,1 and both values satisfy (3), but x,y # 0
Ifx*p +2x* —2=0,then: x*(x* —x) + 2(1 +x)(x —1) =0
5x°-D+2x+Dx-1D=0=2Cx-1DE>+2x+2)=0
>5x=1Cx>+2x+2>2#0asx>0)

= combining all cases, all possible pairs of (x,y) satisfying given system is:

(; z 1) (answer)

3.7 Solve for real numbers:

( 1,01 1,
4| a Vb +c

ja®> b* ¢ 3la®+b3+c3
—4+—4+—=3

b "¢ a 3

Hoang Le Nhat Tung
Solution (Rahim Shahbazov)

Lemma:If a,b,c > 0 then
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a’? b? c? +|q% + b% + c* sla3 + b3 + ¢3
—+—+—23 >3
b c a 3 3

Proof:
a? a* Bergstrom (az +b% + CZ)Z
_ = - >
Zb Zazb - arab+b-bc+c-ca
BCS (a* + b? + ¢?)? “la* + b* + c*
> >3
\/(az + b2 + c2)((a?b? + b%c? + c?a?) 3

Then: (a? + b? + c?)® > 27(a?b? + b?c? + c?a?)?(a* + b* + ¢*)

Let: a® = x; b?> = y; ¢? = zthen

(x+y+2)°®=>27(xy + yz+ zx)*(x* + y? + z2) true by

Am—-Gm
(m+n+p)® = 27mnp
We take: m = x* + y?> + z? and n = xy + yz + zx then:

2 2 2 31p34,3
a b c 3la3+b3+c
—+—+—=3
b c a 3

a=b=c=1.

S={(ab,c)=(111)}
3.8 Solve for real numbers:

1<xyz<3
{ 1 1 1 35
(x+y+z)(;+;+;)—
k 3Y+1log,z=3

3

Daniel Sitaru
Solution (Ruangkhaw Chaoka)
1 1 1 35
(x+y+z)e+;+;)=§-ﬂ)
3Y +log,z=3 (2)

We’IIshowthat(x+y+z)(%+§+§) S%;l <xyz<3
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x y z y z x?? 26
Or=+=+=+=+-4+=-<=—
y z x x y z 3

WLOGx>y>z=20<(x—y)(y—2) o zx+y? <xy+yz

_+¥S ; x y y X Zz
Xy x DA HTS=4—42
—+<—+1 y z y X zZ X
y z~ z

x Yy y

Lett=21<t<3o@)t+:<2 o Bt-D(E-3)<0
Which is true -- (1) is the hold point of inequality at t = g =3

{x=3,z=1=>y=1
x=3,z=1=>y=3

s (x,y,2z) =(3,1,1)

3.9 Solve for positive real numbers:

and permutations — (2)

|5+ = V128(x8 + y®)

k4x3 —3y=
Hoang Le Nhat Tung
Solution (Hoang Le Nhat Tung)

2 2
ﬁL+X—=§M2mx8+y%

y X
4 o (D)

JVJ1—x

Ik4x3 -3y = — 4

By CBS inequality, we have:
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2
(V26 +y®) +2x%y2)" < 22(x° + %) + 4x*y®) = 4(x® + 2x*y* + y°)

=4(x* + yH)? = 2(x8 + y8) + 2x%y? < 2(x* + y*)

4|x8 4 y8
= ’ zy < Jxt —x2y? +y%(2)

Other,

\/x‘* —x2y2 4yt =
\/(2 +V3)(x2 —xyV3 +y2)(2 = V3)(x2 + xyV3 + y2) <

- (2 +3)(x? —xyV3 +y2) + (2 = V3)(x? + xyV3 + y?)
- 2
= 2x? — 3xy + 2y%; (3).

From (2),(3) we have: 4/# < 2x? —3xy + 2y?;(4)
By AM-GM we have:

x* y? x*+y3 (x4 y)[(2x* = 3xy +2y%) + xy]

y X Xy 2xy
- 2./xy - 24/xy(2x2 — 3xy + 2y?)
=
- 2xy
X2 2 @Wx? y?
M + y7 > 2./xy(2x% — 3xy + 2y?) = 3 + y7 > 3/128(x8 + ¥8); (5)

From (1),(5) we get:
x? 2 [9(+8 8) — 9424,2
—+y—=§/128(x8+y8)=>{ 28 +yR) =2y o =y >0,
y X x=y>0
1+V1—x2

From (1) result: 4x3 — 3x = _

Because: 0 < x < 1, put: x = sina > 0;Va € (0, 7) then

s ) 1+ V1 —sina ) 1+ |cosal
4sinda — 3sina = 5 < sin(—3a) = — (6)
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Case 1. cosa = 0; a € (0,7) = a € [0,5)
2

1+ cosa 1+20032%—1 a a
(6) & sin(—3a) = = = [cos?==cos= &
2 2 2 2

a T o«
sin(—=3a) = cos= & sin(—3a) = sin (— - —)

2 2 2
30 = = + 2k _ o M
. a=- i - a=-c-—
T «a T 4km
—Sa=nm—|=———=)+ 2km Q= ————
(2 2) 7 7
/fa:—%—MTﬂ,becauseaE[O,g) we get:
0<—T_#t T le k<lolsk>—_T.keZabsurd!
5 5 "2 4 8 4 8
/faz—g—MTﬂ,becauseaE[O,E)WEQEt-'
o< _Hr_=I lS—k<2<:>—12k>—g;kEZ=>k=—1=>oz=
7 7 "2 4 8 4 8

41

3 ., 3m .
—=>X=y=Sin—=SsIn—.
7 7 7

Case2.cosa < 0;a € (0,m) > a € (g,n)

1—cosa 1 —(1—25in2%) , a a
(6) © sin(—3a) = 3 = 3 = [sin? 5= sinE

a
—3a =—-+ 2kn a=———
. @ 2 7
o sin(—3a) = sin— o o o
2 —3a :n—5+2kn = 2km _ 4km

4k 4k 7 7
Ifa=——”,becauseae(E,n):z<——n<n=}—s—k<—=}

7 2 2 7 8 4

7 7 4 4

—§>k>—z;kEZthenk=—1:a=7n$x=y=sm7n.

2km 4

kTt T T 2T 4kt
Ifa = —T—T,becauseae (;,n):>—<————<n<:>

Z< -k < Z = —g >k > —Z;k € Z absurd!. Therefore:
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(x,y) = (sm sm47n)

3.10 Solve for real numbers:

(

| X2 y?
Vot

|
x2y?2—y3+1=2x2-2y+1

Hoang Le Nhat Tung
Solution (Miguel Velasquez Culque)
Condition x > 0,y > 0and x # 0,y # 0. By AM-GM we have:

* x4+ * 2.,,2
— == Jxy & o
2y 2x 2y 2x =Xy

x* +y* > 2x%y? © (x? — y?)? > 0. Equality holds if x = y

Replace in the second equation:
xzyz—y3+1=\/2xz——2y+1:>x4—x3+1=\/2xz——2x+1@
x*=x3+1D)2=2x?-2x+1ox®-2x"+x5+2x - 2x*+2x =0 &
x(x7 —2x0 + x> +2x3 -2x2-2x+2)=0¢&
x(x—1)2?x>+2x+2)=0o
x =1,becausex # 0andx® +2x+2>2>0

3.11 Solve for real numbers:
xy(4xy — 1)? + 16xy = 162>

yz(4yz — 1)? + 16yz = 16x?
zx(4zx — 1)? + 16zx = 16y>

Daniel Sitaru
Solution (Bedri Hajrizi)
It’s clear that trivial solution is (0,0,0).Suppose that (x,y, z) + (0,0,0)
Produce all we get: [[((4xy — 1)? + 16) = 163
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—
| =%
1
163 = 1—[((4xy -1)?+16) > 16 = { yz=7
I 1
kzx =3
Produce all x?y?z? = (3)3 and xy = = = x2y%z2 = 72 =
y 4 y 4 y 16
1 2_1 — +X Similarlv: x = v = + %
Wi T LTz iZ.Slmllarly.x =y= iz'
Finally solutions are:
1 1 1 111
000, (~3-3-3)z72)
3.12 Suppose:
X+
(tan1 ( Y ) = Ytan 1z
1-—xy
-1 y 4 3 -1
q tan =ytan-1x
1-yz
Z+x 3
tan1 ( ) = {tan1
\ 1—xz y
Find:Q=x+y+2zxy,z€R
Daniel Sitaru
Solution (Adrian Popa)
Forx,y,z€ R=3a,b,c € (—%,%) such that:
x=tana,y=tanb,z =tanc
a+b=73Yc )

tana+tanb
tant (D) g = b+ = VE @)
c+a=Vb;(3)
DMD-@=2a-c=VYc-a

a—c>0

Ifa>c:>{%_%<0:>a—c¢%—%
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a—c<0
Ifa<c=>{ a—-c#+Yc—Va=a=c.

Ye—Ya>0"

Similarlyweget:b =c;a=b=a=b=c=>2a=3VYa=>

1 1
8a® =a=a(8a®-1 =O=>ae{——,0,—}
( ) V2 22

(Ja=b=c=0=>x=y=z=0=>x+y+z=0

1 1
ila=b=c=——==>x= :z:tan(—):x+ +z=3tan(—>
(@) Y 242 Y 242

2V2
1 1 1
(lll)a=b=C=—ﬁ$x=y=z=—tan<ﬁ>:x+y+z= —3tan<ﬁ)
3.13 Solve for complex numbers:
( 11 1
—+—-—+—-=1

{ Xy z

X z x z

AP AV AR Y
y z x z Xx Yy

Daniel Sitaru

Solution (Florentin Visescu)

( 1 1 1
—t-—+-=1
{ X y z
X VA X
(—+X+—+—+X+—+2=
y z x z y
1 1 1
:4 1 1 1 1 1 1
kx(—+—)+y(—+—)+z(—+—)+2=0
y z z X Xy

xy +yz+zx = xyz
1 1 1
x(l——)+y(1——)+z(1——)+2=0
x y z
{xy+yz+zx=xyz=c;cE(C*
x—1+y—-14+4z—-1+2=0

:>{xy+yz+zx=xyz=c;ce(c*
x+y+z=1

47 OLYMPIAD PROBLEMS ALGEBRA-VOLUME II



DANIEL SITARU MARIAN URSARESCU

But: x,y,z —are solutions of the equation:

t3—t?’+ct—-c=0=(t-1D{t*+c)=0

=t = 1,t2 = lw/lCl :kE(C*,t:g :—l\/|C| =—k
So, (x,y,2z) € {(L;k; =k)cye | kK EC}

3.14 Solve for real numbers:

{ x*+2y3-6z2+1=0,x,y,z>0
1 1 1 1/ 1 1
+ + = (— +=+ —)
42x+43(y+2z) 42y+43(z+x) 42z+43(x+y) 128\x y z
Daniel Sitaru
Solution (Remus Florin Stanca)
We know that:
n X1+t x, 128
< = =
1,41 n 42z +43(x +y)
X1 n
42 43 43
128 Z Tx Ty

= <
z+z+-+z+x+x+-+x+y+y+--+y 128

(z — 42 times, x — 43 times,y — 53 — times) =

42 1,1
1 7+43(z+§)
42z +43(x +y) ~ 1282
1,1,1
1 128(§+§+E)_ 1 (1+1+1)
42z +43(x +y) 1282 T 128\x 'y z
cyc
1 1 1 1 1
But chc 42z+43(x+y) E(;-l_ y + Z) Sx=y=z=

xt*+2x} —6x*+1=0>
x*—x3+3x3-3x2+3x—x+1=0>
Bx-1D+3xx*-1)-3xx-1)-(x-1)=0=>
x—1D?+3x?=-3x-1)=0=2>x-1D?*x*+4x+1)=0=>x=1
= (xy;2) € (1,1, 1)}
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COMPLEX NUMBERS

4.1 Letbe A(z,); B(z,);C(2z3); z4,25,23 € C\ {0};
|z,| = |z,| = |2z3|;AB = ¢; BC = a;CA = b.
If (b+c)zgzc+ (c+ a)zczy + (a+ b)zyzg = 0 then
AB = BC = CA.
Marian Ursarescu

Solution (Khaled Abd Imouti)

><"

Let be A(z,),B(z,),C(23),24, 25,25 € C\ {0}
|z1| = |z,| = |z31,AB =¢,BC =a,CA=b
If(b+c) zg-zc+(c+a) - zc-zg+(a+b) z4-25=0
Then AB = BC = CA.
|zol = |zg| = |z¢c| = R (R radius of circle)
Zy - Zs = R?, 25 - 75 = R%,2¢ - Z¢ = R?

R? R? R?
Zp = —,Zp = Zc = —

JE— ) J—

Zy Zp Zc
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RZ RZ RZ RZ RZ RZ
(b+C)' <:-:>+(c+a)<:~7>+(a+b)(f-:) =0
Zp Zc Zc Zy 7y, Zg

(b+6)-(Z_lz_)+(C+d)(_1_)+(a+b)(_1_>=

B ' Zc Zc tZp Zp " Zc
(b+c) (c+a) a+b
+ +
ZB'ZC ZC'ZA Zy * Zp
(b+c)zg+(c+a)zg+(a+b)-z.=0
(b+c+a—a)zy+(c+a+b—Db)zg+(a+b+c—c)z;=0

=0 X(ZA'ZB'Zc#:O)

2p(zy+zg+zc) =a-zg+b-zg+c- 2z

a-zy+b-zg+c-z
6p-zg=a-zy+b-zg+c-zg, Zg = &

Suppose H is orthocenter: OH = 0A+ 0B + 0C )

OH = 04 + (0B + 0C) > ON — 04 = 204
So: AH = 2- 0A",(AH) || (0A") but OA' L BC = AH L BC
in a similar way, BH L AC and CH L1 ABso, H is orthocenter in triangle
AABC, from (*): OH = 3%: so: 0,H, G is collinear.
not: zy = 3 - zg

a-zZg+b-zg+c-zp zg+zp+ 2z
Zg —Zy = -

6p 1
(a—6p)zy + (6 —6p)zp + (c — 6p)zc
Zg — Zy =
6p
(6p —a)zy + (6p — b)zg + (6p — ) z¢
—Zg +zy = op

6p(zy — 26) = (6p — a)zs + (6p — b)zp + (6p — C)z¢
6p(zy —25) _ (6p —a)zs + (6p — b)zg + (6p — c)z¢
16p 16p

3 1
5 (zy —26) = E [(6p —a)z, + (6p — b)zp + (6p — ) zc]
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but: (6p —a)zy + (6p — b)zg + (6p — )z = 6p(24 + z5 + z¢) —
(aZA + bZB + CZC)
(6p — a)zy + (6p — b)zp + (6p — €)z¢

Zy+zg + Z

(6p —a) -z, + (6p — b)zp + (6p — O)z¢
=18p-z;—(a-zy+b-zg+c-2zc)
(6p —a)zy+ (6p —b)zg + (6p—c)zc 18p-z; a-zp+b-zp+c-z
16p 16p 16p
9 1(a-ZA+b'ZB+C'ZC)_9 1
2p

)—(a'ZA‘l'b'ZB‘l'C'ZC)

=3% "5

=3% g

3 9 1 3 1 9 3
So:=(zy —z;) ==z, —=2zy, =zZy+-zy =-2z; +-2
8( H ) 226 T gZm GZm TGZn = [Z¢ T gZc

1 21 21
SZH = 526 = 2y = Zg and: zy = 3 - z¢

21 9
TZG_3ZG=OI ZZG=O$ZG=O

G = 0, So AABC is equilateral triangle.
4.21fx,y,z€e C,x +y+z = 3 + 4i then:

|x—z|+|y—x|+|z—y|+523i/|x_yzl
Daniel Sitaru
Solution (Tran Hong)
Note: |x|: module of x € C
xX+y+z=3+4i-|x+y+z|=13+4i =\/m=5
lx —z|+|y—x|+lz—y|=20->LHS =|x—z|+|ly—x| +|z—y|+5

=lx—zl+|ly—-xl+lz=yl+Ix+y+2z| (g lx| + |yl + |z
We prove that (1) is true with for all x,y,z € C
In fact, by Hlawka’s Inequality for complex a, b, c:
la+bl+|b+c|l+|c+al<l|al+I|bl+|c|+]a+b+cl|()
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In (*) we choose: x =a+b;y=b+c,z=c+a

X + +z X+ z—
—>x+}’+z=2(a+b+c)—>a+b+c=+_,a=Ty;
b x+y_Z y+Z—x

2 2
(e x| + |yl +1z| < xtz y|+|x+3’ z +|Y+Z x|+|x+y+z

< 2+ B+ B+ B+ 52+ B+ = -
|x|+|§|+|2|+|x—y|+|y—z|+| —z| |x+;/+z
(_)|x|+|;/|+|2|SIx—ZI+Iy;xI+Iz—yl+lx+321+ZI

olx—zl+ly—xl+lz—yl+Ix+y+z|=|x| + |yl + |z| = (1) is true.
Because: |x|; |yl; |1z| = 0. Using AM-GM we have:

lx| + |yl + |z| = 3y/Ix| - Iyl - |z] = 3{/|xyz| = RHS. Proved.
4.3 Find all positive real numbers (x, y, z) such that:

x2+y*+22=3

2x 2y 2z

2 2T 2 2T 2 2
y:+2z4 z4+x% x+y

X3y+y3z+23x =

Hoang Le Nhat Tung
Solution (Ruangkhaw Chaoka)
x> +y2+22=3 (a)

3 3 3 _ 2x 2y 2z
x°y+y’z+z'x = + t e (b)

y2+z2  z2+4x?
2y 2z

2722 T2enz T X2+y2 =
y2+z2  z24x +y

Lemma. =3 (1) (holdatx=y=z=1)

ProofyZJr == 32x2 2 x? & x* —3x?+2x = x(x — 1)?(x + 2) > 0 true

(hold at x = 1)

> z% (holdsatz = 1)

> y? (holdsaty = 1) and
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2x 2y

>x2+y?+z2=3(holdsatx =y=2z=1)

T y2422 | z24x2 + x2+y2 T
(Vasile Cirtoaje, 1992) (x? + y? + z2)? > 3(x3y + y3z + z3x)
(holds at x*> — xy + yz = y? — yz + zx = z? — zx + xy)

1{[(x2 —xy+yz) — (Y2 —yz+zx)? + [(y? —yz + zx) — (2% — zx + xy)]* +

2 +[(z% — zx + xy) — (x% — xy + yz]? } =0

2,2, ,2)2
(1), (2): 2x N 2y 2z 23:(9( +y2+22)

y2+z2  zZ4x? T x2+4y? 3

(holdsatx =y =2z=1)

> (x3y + y3z + z%x)

=~ (b) is the hold point of inequalityatx =y =z =1
440, = |z4+ 2, + 23|,21,2,,23 € C
Q, = |z +2, — 23+ 4i| + |z — 2, + 23 + 2i| + |—24 + 2, + 23 — 6i]
Prove that: Q; < Q,
Daniel Sitaru
Solution (Ravi Prakash)
O = |z + 2, + 25|
Oy =|z1+ 2y — 25 + 4il + |2y — 25 + 23 + 2i| + |—2; + 2z, + z3 — 61
>|zy 42z, —z3+4i+2z,— 2z, + 23+ 20 — 2y + 7, + 23 — 6]
=z, + 2z, + 23| = Qq, 2, >0
4.5 Letbe z4, zg, z, € C*, different in pairs such that
|z4] = |zg| = |z¢] = 1.if
|zg — zg — z¢| + |zg — 2¢ — 24| + |2z¢ — 24 — zg| = 6,then AABC is
an equilateral triangle.
Marian Ursdrescu
Solution

Let A(z;), B(z,),C(z3),AABC < €(0,1) and Q — the middle of OH —(point by
Euler)
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_Z0+ZH_Z1+22+Z3 _ _ Zl+Zz+Z3
Zo = 2 = 2 ﬂAQ—lZA_Zﬂl—Zl_f
|z, — 7, — 73]

lzs —z; —z3| + |z — 21 —z3| + |23 — 21 — 2| = 6 &
AQ+BQ+CQ=3; (1)
2 2\_ 2
Let A" —midle of BC = QA2 = 2B¥HCO=a" _ pa _ 5(BO? + €0?) — a2
and analogs.
3R? +a? +b?>+c? 3R%?+9R?

AQ?% + BO? + CQ? = 2 < 7 < 3R?

But: (AQ + BQ + CQ)? < 3(A0% + BO? + CO?) < 9R?; (2)
From (1), (2) equality when the AABC is equilateral.

4.6 Let be z4,z,, 23 € C\ {0} different in pairs:
|z4| = |z5| = |z5| = 1; A(z4); B(2;); C(z3).
If |z — 25 — 23| + |z, — 2y — 23| + |23 — z, — z4| = 6 then
AB = BC = CA.
Marian Ursarescu

Solution (Khaled Abd Imouti)

|z1| = |z,| = |z3] = 1, A(zy), B(z3), C(z3)
|21 —z; —z3| + |z — 21 —z3| + |23 — 2, — 21| = 6

|2y = (z2 + z)| + |z, — (21 + z3) | + |23 = (2, + z))| = 6
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|z — (21 + 22 + 23 — 2| + |2, — (21 + 25 + 25 — 2,))
+lz3—(z1+ 2, +23—23)| =6
|2z, — 3zg| + 122, — 3z5| + 223 — 3z5| = 6
|2z, — 3zg| + |22, — 32| + 1225 — 32z5| = 2|z + 2|z,| + 2] 25|
(1221 — 3z¢| — 2|z1]) + (122, — 3z5| — 212,]) + (12253 — 3z5| — 2|z5]) =0
)
Suppose |2z5 — 3zg| # 2 and |2z, — 3z;| #+ 2,1223 — 3zg| # 2
(2z3 —325)(273 —37Zg) # 4,4 — 62375 — 625723 + 92;7; + 4
2(z37g + 26 23) #3726 7Z¢ (1)
Similarly, 2(z,Zg + z¢21) # 32¢ - Zg (1)
and 2(z,7¢ + z¢ - 73) + 3 - 2z¢ - Zg (1)
By adding (1), (11), (111): 6Z; - zg + 6z - Zg + 6252 * 92; - Zg
18z; 25 —9z; - z; # 0
92 Zg # 029|212 £ 0= |z5| # 0
z; # 0,G # 0and hence: |2z, — 3zg| — 2|z,| # 0,225 — 3z5| — 2|z,| # 0
and |2z3 — 3z¢| — 2|z3| # 0 this is in contradiction with relation (*)
So: z; = 0 = G = 0 and the triangle ABC is equilateral.
4.7 If a, b € C then for any z4, z,, z3 € C the following relationship
holds:

|zy +a+ bl + |z, —al + |z3 — b| <
S|Zl+22+2b—23|+|Zl+Z3+a—Z2+a|+
+|—Z1+Z2 +Z3—Za—2b|

Daniel Sitaru
Solution:

|zy + 2z, —z3 + 2b| + |2y — 2, + z3 + 2a| = |22, + 2a + 2b| (1)
|zy + 2z, — z3 + 2b| + |—2; + z, + z3 — 2a — 2b| = |22, — 2a]| (2)
|zy + z3 — z, + 2al + |—2y + 2z, + z3 — 2a — 2b| = 223 — 2b| (3)
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By adding (1); (2); (3): 2RHS > 2LHS = LHS < RHS

4.8 z,,7zg,z; € C* —differrent in pairs, |z, = |zg| = |z¢| = 1

a =BC,b = CA, c = AB. Prove that:

nb(zA—zB)+c(zA—zC) =(a+b+c)>=AB =BC=CA

cyc
Marian Ursdrescu

Solution (Florentin Visescu)

[ [Ga = 2) + cCa = 20)| = @+ b+ 00 Izl = Iz5] = Izl =1 &

cyc
b(z4 —zg) + c(z4 — z¢)

1_[ a+b+c

cyc cyc

a+b+c
=1$H—( )ZA_lelﬁ
a+b+c

1_[|ZA—ZI| =1>|zy—2zl|"|lzg — 27| |z —z|=1=>AI-BI-Cl =1

cyc

r3 oA B C
= — i B_C- =77 =singsinosing =
sinz sinzsin=
(s—a)(s—=b)(s—c) S? S rs
r3 = =713 = 5>r3i=—=r3=—m
abc 4RsS 4Rs 4Rs

L R L uB—Bc=ca
—_— = — = =
RT3

=>7r?=
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ABSTRACT ALGEBRA

5.1 Find all the polynomials P € R[x] having the property
P(x) = P(x+ X% + 1),Vx €ER
Marian Ursarescu
Solution (Ravi Prakash)
Let P(x) be a polynomial of degree m where m € N.
Ifm=1,let P(x) = ax + b,a # 0, then
ax+b=a(x+m)+b Vx € R

= aVvx? + 1 =0,Vx € R = a = 0. A contradiction. Assume m > 2.
Choose a sequence m, > m, > -+ > m,, of positive integers such that
My >my+ me+1forl<k<m-1,
For1<r<m
P(m,) =P (mr + \/m) (given)

By the Rolle’s theorem Ja, € (mr, m, + W) such that

P(a,) =0 (1 <r<m)= P'(x)hasatleast m zeros. But P'(x) is a
polynomial of degree (m — 1). A contradiction.
-~ there is no polynomial of degree = 1, satisfying the given condition.

Thus, P(x) satisfies the given condition if and only if P(x) is a constant

sin? a cos?asin’b cos?acos?b
52Ifa,b € R;A =| cos? bsin?c sin? b cos? b cos®c
cos?csin’a cos?ccos?a sin? ¢

X1 Xz X3
A":<X4, X5 xe),nEN,nZZ,xlER,iEI,9
X7 Xg Xg
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then find Q = ¥7_, x;

Daniel Sitaru
Solution
1 sin? a cos?asin’b cos?acos? b\ /1
A-[1])={ cos?bsin?c sin? b cos’bcos?c ||1]|=
1 cos? csin?a cos? ccos?a sin? ¢ 1

cos? b sin? ¢ + sin? b + cos? b cos? ¢

(sin2 a + cos? asin? b + cos? a cos? b>
cos? ¢ sin? a + cos? c cos? a + sin® ¢

sin? b + cos? b (sin? ¢ + cos? ¢)

sin? a + cos? a (sin? b + cos? b) (
sin? ¢ + cos? ¢ (sin? a + cos? a)

sin? a + cos® a 1
sin?b+cos?bh |=|1
sin ¢ + cos? ¢ 1
1 1 1 1
A2 (1]=4-Al1]=4(1]=(1
1 1 1 1
1 1
P(n):A™ (1| =1 (suppose true)
1 1
1 1
P(n+1):A"1|1]|={1] (toprove)
1 1

() o-o)-)

P(n) > P(n+1)

1 1 X1 X2 X3 1 1
A"-[1]=1]=*s x5 Xs]-|1]=]1
1 1 X7 Xg X9 1 1

X1+ Xy + X3 1 9
:<x4+x5+x6>=<1)$in=9$9=9
X7 + Xg + X9 i

1
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LIS S T
3 b3 3
5.3 Solve the system of equation: Jad b3 e . (1)
a? % | 2 (ad+b3+c3)
—t =t ="
b c a 3
Hoang Le Nhat Tung

Solution(Hoang Le Nhat Tung)

* Hence (1), by AM-GM inequality for three positive real numbers we have:

1 1 1 3 1 3 3
3= + + 23-\/

= = <:>3

Va? Vb V3 Va3 -vVb3 V3 $f(abc)?  Vabc

3

> svVabc=1oabc>1
abc
Hence (2):
2 2 2 3 3 3 3 3 3
:a_+b_+c_=ac+b a+chac+b a+cb=a3C+b3a+C3b (3)

b c a abc 1

- By AM-GM inequality, we have:

a® + (ac)? N b* + (ba)? N c* + (cb)?

2 2 2
a*+b*+c*+a?b?+b?c?+c?a?
2

a’c+ b3a+c3b =aac + b?ba + c*ch <

o adc+b3a+c3h <

(4)

a*+b*+c*+a?b?+b?c%+c?a?
2

a?  b? 2
- Hence (3), (4): > > + - +; <

(5)
- Other, by AM-GM inequality:

a6+a6+1+b6+b6+1+c6+c6+1

2 2 2

>3§/a6-a6-1+3§/b6-b6-1+3§/66-06-1
- 2 2 2
_3(@*+b*+c*)
B 2

3(a* + b* + ¢*)
2
2(a®+b® +c®) +3=>3(a*+b*+c*) (6)

3
(:>a6+b6+c6+§2
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(@®b®+a®p>+ 1)+ B3¢+ b33+ 1)+ (cPa®+c3a®>+1) >
> 31/(a3h3)(a®h3) - 1+ 33/ (b3c3)(b3¢3) - 1 + 31/ (c3a®)(c3ad) - 1
= 3(a?b? + b%c? + c%a?)
& 2(a®b® + b3c® + c3a®) + 3 = 3(a?b? + b%c? + c?a?)

& 4(a3b® + b3c3 + c2a®) + 6 = 6(a?b? + b%c? + c%a?) (7)
-Let(6),(7):= 2(a® + b® +c®) + 3 +4(a3b® + b3c® +c3a®) + 6 >
> 3(a* + b* + ¢*) + 6(a?b? + b?c? + c?*a?)

& 2(a® +b® + c® +2a3b3 + 2b3c® +2c3a®) +9 >
> 3(a* + b* + c*) + 6(a?b? + b?c? + c%a?)

& 2@+ b3 +c2)? > 3@a* +b* + c*) + 6(a?b? + b%c? + c?a®) -9 (8)
- By AM-GM inequality and (2). We have:

3(a?b?® + b2c* + c?a?) = 3 - 3- /(a2h?)(b2c?)(c?a?) = 93/(abc)* = 971+ =9
& 6(a’?b? + b%c? + c?a?) — 9 = 3(a?b? + b%c? + c%a?®) (9)

Let (8),(9):= 2(a® + b3 + ¢2)? = 3(a* + b* + ¢*) + 3(a?b? + b?c? + c?a?)
& 2(a® + b3 +c2)? > 3(a* + b* + ¢* + a®b? + b%c? + c%a?)

2
a*+b*+c*+a?b2+b2c?+c?a? < (a®+b3+c?)

z - 3 (10)
2 2 2 3,13, -3)2
-(5),(10)::>“_+”_+C_Sw (11)
b "¢ a
2 2 3,33, .3)2
: C_:Moccursif:

a

aZ
(1), (11): > T+ = +
0

11 2 3 n |

1 23 33 n3
54A,=|1 2° 35 n® |,n>2

1 22n—1 32n—1 n2n—1
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Find:
. An+1
Q= 1111—2710 (n2n+1 ; An)
Daniel Sitaru
Solution (Marian Ursdrescu)
First, we will prove A, = 1!- 3! - ...- (2n — 1)! (1) by mathematical induction.
1 2
For P(2):0, = |1 23| = 6 true.
Let P(n) true and we will prove P(n + 1)
1 2 n X
3 3 3 3
Let f(x) = 1: 2: n x:
121.1+1 221.l+1 n21.1+1 x21.1+1

f € R[x] and grad f = 2n + 1 and have 0,11, 12, ..., tn roots =

f(X) = agnpr(x — x)(x — x3) oo (X — x2p41) =
f) =113 2n— D'x(x? — D(x? —2%) - (x> —n?) =
Dy =1131-2n—1)'2n+ 1! = P(n+ 1) true.

Apy1 1 (2n+1)!
n2ntip, limp, n2n+1 (2)

From (1)= Q =lim,,_,..

(2n+1)!
Let x,, = L
li Xn+1 . (2n + 3)! n?n+l _

o x| noe(n+ D23 (2n + 1)

2n+3)2n+2) n?nti

nom (+ D2 (n+ D
2n+1 n el
. n . n 4 4
=lim,_,..4- (m) =4lim,_,. [(m) ] == <1 (3)

From (2)+(3)=> Q = 0.

61 OLYMPIAD PROBLEMS ALGEBRA-VOLUME II



DANIEL SITARU MARIAN URSARESCU

5.5 Let be A € Ms(R), invertible such that: det(42 + Is) = 0.
Prove that:
TrA*=1+detA-Tr A1

Marian Ursdrescu

Solution (Ravi Prakash)
Asdet(4? +15) =0
det[(A+ils)(A—ils)] =0=det(A +ils) =0ordet(A—ils) =0
= i or —iis an eigenvalue of A.
As characteristic equation of A it has real coefficients, both i, —i are
eigenvalues of A. Let A1, 1,, 15 be other eigenvalues of A.
Tr(A") = (A1 + A3 + 23) (0 — i) + 4145 + A3 A3 + A5 + i(—0)
=M + L4353+ A3 + 1
Also, det A = A A,23() (i) = 214,45
Tr(A™) :l+l+i+l—l =i+l+l
AoAy A3 00 A Ay A3
det(A) tr(A™Y) = 244, + 2443 + 25
Thus, tr(A*) = 1 + det(4) tr(4™1)
561fA,B,Ce M,(C);neN;n>2;4A+ B = 2AB;
9B + C = 3B(C;16C + A = 4CA, then ABC = CBA.
Daniel Sitaru

Solution

4A+B = 2AB = 2A+ B = AB (1)
1 1
(In—ZA)(In—EB) =l ~2A~>B+AB =
1 (1
=In—<2A+§B)+AB = 1,—AB+AB =1,

(I —=24) (I —1B) =L > (I, 20" =1, — B (2)
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(2) 1 1
L, = (I, —2A)71- (I, — 24) = (In _EB) (I, —24) =1, — 2A _EB + BA

1 (1)
=In—<2A+EB)+BA = I, — AB + BA
I,=1,— AB +BA= 0, =—AB + BA= AB = BA (3)
9B +C =3BC=3B+;C=BC (4)

1 1
(In—3B)<In—§C)=In—33—§C+BC=
1 (4)
=1n—(33+§c)+3c =1, —BC+BC=1I,
U —3B) (Li—2C) =1, = U, —3B) ' =1, —1c (5

I = (I, —3B)~1- (I, — 3B) = (zn - %c) (I, — 3B) =

1 1 4
=In—BB—§C+CB=In—(3B+§C)+CB =1,—BC+CB

I,=1,—BC+CB=0,=-BC+CB= BC=CB (6)
166+A=4CA:>4C+§A=CA (7)

1 1
(In—4C)(In—ZA):In—ZA—4C+CA=
1 @)
=In—(4C+ZA)+CA =1, —CA+CA=1,
1 1
(In—4C)(In—ZA):In—4C—ZA+CA=
1 @)
=In—(4C+ZA)+CA =1, —CA+CA=1,
1 _ 1
Uy =40) (lh=24) =1, = (1, =40 =1, =24 (8)
(8) 1
L = (I, — 4C)~1(I, — 4C) = (zn —ZA) (I, — 4C) =
1 1
=In—4C—ZA+AC=In—(4C+ZA)+AC=In—CA+AC

I,=1,—CA+AC = 0,=—CA+AC = AC=CA (9)
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(6) 9
ABC = A(BC) = A(CB) = (AC)B =

= (cA)B = cB) < c(BA) = cBA
5.7
x*y=xm+ym,xoy=xy—5x— 5y + 30,
G = (5,)
Prove that (R,*) = (G,o) as abelian groups.
Daniel Sitaru

Solution (Ravi Prakash)

We first show that (R,*), where x * y = x\/l + 92 + yV1 + x2
is an abelian group. Clearly, x * y € R,Vx,y € R

* js associative suppose x,y,z €E R. letx =tana,y =tanf,z = tany

T T
——=<apfy<-=

2 2
sina + sin
x*y = (tana)y/1+tan? B +tanBy/1 + tan? a = sina + sin§
cosa cos B
. . . . 2
sina + sin sina + sin
(x*y)*zz—ﬁ 1+tan’y +tana 1+(—B)
cosa cos f8 cosa cosfB
But 1+ (sin a+sin B)Z _ (1-sin? a)(1-sin? p)+sin? a+sin? f+2sinasin B
u cosacosB/) cos2acos? B -

(1+sin a sin B)?
cos2 a cos2f

5]
sin a sin siny(1+sin a sin B)
Thus, (x xy) * z = B Y B _
cosacos B cosy cosacosf cosy

sina + sinff +siny + sina sinf§ siny

cos a cos f§ cosy

sin a@+sin f+sin y+sin a sin B siny

Similarly, x * (y * z) =

cosacosfcosy

Thus, (x xy)*z=x* (y *2z);Vx,y,z €R
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* j[S commutative is obvious.

Identity Element = 0

x*%0=xyJ1+02+0y1+x%=x;Vx€R
Inverse Element
Foreach x € R,—x € Ris inverse of x.
Indeed x * (—x) = 0
= (R,*) is an abelian group. Next, we show that if G = (5, e2), and
aob =ab—5a—5b+30;Va,b € G, then (G,0) is an abelian group.
Noteaob=(a—5)(b—5)+5
0 is commutative and its identity element is 6.
0 is associative
leta,b,c € G,
(@aob)oc=((a=5)(b—5)+5)oc
=((a=5bB-5+5-5)(c—5) +5
=(@a—-5)(b—-5(—-5)+5
Similarly, ao (boc) = (a—5)(b—5)(c—5)+5
“(aob)oc=ao(boc);Va,b,c € G

Finally, ifa € 5, thena > 5,and b =5 + ﬁ is inverse of a. Indeed,

aob=(a-5)b-5+5=(a—5) (=) +5=1+5=6 =identity
element.
We now show that ®: R — G defined by ®(x) = 5 + 55th™'x
is the required isomorphism of R onto G
As 58It X 5 0 vx € R, O(x) € G;Vx € R
Forx,y €R

CD(X N y) _ Ssinh_l(x1/1+y2+y\/1+x2) +5 (1)
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and ®(x) o ®(y) = 5sinh™x . gsinh™y 4 5 (7)

T T
=551nh x+sinh Y+5

Butsinh™! x + sinh™1y = sinh‘l(x\/l +y2+yV1+ xz) (3)
= from (1), (2), (3): ®(x * y) = O (x) o ®(y)
Thus, ® is a homomorphism from (R,*) to (G, a)
® is one —to —one
Letx,y € Rand ®(x) = O(y)
= 5sinh™x L 5 —5sinh™y 4 5 5 ginh~lx =sinh ly=>x=7y
~ @ is one—to—one
@ is onto
lLetyeG=>y>5=>y—-5>0
Lett =logs(y—5)=5'=y—-5
Ast € R,3x € Rsuch that sinh™! x = t or take x = sinht.
Then ®(x) = 557" {5 =5l 4y 5=y _545=1y
~ @ is onto.

Hence, (R,x) = (G, 0) as abelian groups.

5.8 Letbe A = ((1) i);B - (i (1’)

Find: Q = e - (e®)~1; (e? - exponential matrix)

Daniel Sitaru
Solution (Ravi Prakash)

B=(; )5 = )

1 1
A _ 2 443 4 ...
e —I+A+2!A +3!A +
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Similarly, e® =

a=erenri=e(l D (1 9)=( (9

5.9Find x,y,z,w € R such that:

(G o)

(sinx cos y)" _ (sin"x cos™ y) vneN — {0}
tanz cotw tan"z cot*w/’
Daniel Sitaru

Solution (Andrew Okukura)

For simplicity, we will note in x = a,cosy = b,tanz = ¢,cotw = d. Thus, the

» ) a b\" _(a™ b"
condition can be written as: ( ) = (
c d c* dn

Forn = 2 we have:
2
CDC D= =Gl Wh)-E 5

>bc=0=2>b=00rc=0.

).vn €N\ {0}

I. b = 0. That means the only equality is (ca + d) = c?

If c = 0 then the matrix (8 2) satisfies the identity in the hypothesis. (for any
. (0" 0Y_(a 0\
diagonal matr/x( 0 dn) = (0 d) )

Ifc#0=>c=a+d. Forn =3 we have:

a b\} _ (a® b3 a 03_( a® 0) a® 0
(c d) _(c d3)=’(a+d d) “\@+d)? & = d3)
@( a3 0):( a3 0)
ala+d)?+d*(a+d) d3 (a+d)? d3

Thus, we have:
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ala+d)?+d*(a+d)=(a+d)3:(a+d) = a®+ad +d*
=a® + 2ad + d?
2ad=0=2>a=00rd=0

0
d

identity in the hypothesis.

e o, . 0 a O .
Ifa=>b =0o0rd = b = 0 then the matrices (c ) and (c 0) satisfy the

Thus, in this case the matrices (8 2) , ((c) 2) and (Ccl 8) satisfy the

identity.

By applying the same algorithm we obtain the solutions:

(g 2) (duplicate), (g 8),(8 Z)

Thus, the matrices (8 2) , (S 2) , (Z g) , (g g) and (8 Z) are the only

ones which satisfy the identity above, a, b, c,d € R. Thus, the solutions for
X,y,Z,w are:

Lx,weRy= kn+%/\z =tmk,z€Zw +qn,Vq €L
nzweRx=knAy= tn+§,k,t € Z,w # qmand z # pn+§,\7’q,p EZ
.x,zeR,y= tn+%,w = kn+%,k,t EZz# pn+§,\7’p EZ
IV.x,y ER z=tm,w= kn+§,t,k EZ
V.yywe€ R x=kn,z=tnt k€Zw+*qnVq € Z

5.10 Letbe A € M,(R);detA = 1;det(4% + I,,) = 0. Prove that:
Tr(A™1) =TrA
Marian Ursarescu
Solution (Ravi Prakash)
Asdet(42 +1,) = 0> det[(A +id,)(A—il,)] =0
= det(A + il,)det(A —il,) = 0= det(A +il,) = 0ordet(A—il,) =0

= i or —iis an eigenvalue of A
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As A € M,(R), both i, —i are eigenvalues of A
Let A, u be other eigenvalues of A, then 1 = det(A) = i(—i)Au = Au

SAu=1=>u=

=N

. . _ 1
..Tr(A)=l+(—l)+A+A—A+A

Also, Tr(A™1) = % + _L +-+A1= %+ A.Thus, Tr(A™1) = Tr(4)

511ifa,b,c>0;neEN;n>2;x; ER;i€1,9

2ab b? \
(a+b)2 (a+b)*? (a+ b)?2 | v o x
2 2 1 2 3
A=| = _ b _ ZbCZI;Anz Xy X5 Xg
| B+c)? (b+c)?* (b+c) | X; Xg Xo

\ 2ca a? c? /
(c+a)? (c+a)? (c+a)?
then find: @ = Y}, x;
Daniel Sitaru

Solution:

2a
/(a +b)2 (a+ b)2 (a+ b)z\
| ¢ b? 2bc | ( )
| |

b+c)2 (b+ c)2 (b + c)2

\ 2ca a?
(c+a)? (c+a) (c+ a)2

a’ + 2ab + b? (a + b)?
/ (a + b)? \ /(a+b)2\
Ic +b2+2bcI I(c+b)2
|

|

(b+c)? | | (c+b)? |
2ca+a®+c (c +a)?
/ (c+ a)z/

(c+ a)?
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o )-eo-)-6

By induction :P(n): A (

1 1
1 1
1 1
1
Pn+1):4"1 (1 (to prove)

1 1 1
o))
1 1 1
P(n) > P(n+1)
1 1 X1 X2 X3\ /1 1
e(1)-()=C 2 2))-0)
1 1 X7 Xg X9/ \1 1

x1+xZ+X3 1 x1+x2+x3=1
:<x4+x5+x6>=(1>=>x4+x5+x6=1

x7+x8+XQ 1 x7+x8+x9=1

) (suppose true)

o

9
:Q:in=1+1+1:3

=1

5.12 Let A € M3(R) invertible such that: Tr A = Tr A1 = 1.Prove
that:
det(A2 + A+ 13) > 3detA
Marian Ursarescu
Solution (Ravi Prakash)
As A7, exists, det(A) # 0. det(4? + A + I3) = det((4 — wl;) (4 — w?I3))
= det((A — w13))(A——a)I3) = det(4 — wl3) det(A — wl) = |det(A —

wl3)|[> >0
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~ Ifdet(4) < 0, then there is nothing to show. We assume det(4) > 0. Let
det(4) = a? wherea > 0. We have A* = det(A) A = a?4A 1 = Tr (4*) =
a?Tr (A™1) = a? . Characteristic polynomial of A is: P(t) = det(tl; — A)
=t3 —Tr (A)t? + Tr (A"t — det(4) = (3 + a?t) — (t? + a)
=(t*+a®)(t—-1)
Now, from (1): det(4%? + A + I3) = |det(4 — wl3)|? = |det(wl; — A)|?
= 1= Dl +a?|
But|w—1| = |—g+§i| = 3and |w? + a?| = (—%+ a)z + (—
=a*—a’+1=>a?
Thus, det(4? + A+ I3) = 3a? = 3det(4)
5.13 Letbe G = {a + b/5 + cV25|a, b, c € Q}
Prove that if x € G then, x2°1? € G.
Daniel Sitaru
Solution
Letbe x = a + b5+ cV25;a,b € Q
y=d+eV5+ fV25;d,e,f €Q
xy = (a+bV5 +c¥V25)(d + V5 + f25) =
= ad + aeV5 + af V25 + bd/5 +
+be¥V25 + 5bf + dcV25 4 5ce + 5fcV5 =
= ad + 5bf + 5ce + (ae + bd + 5fc)V5 +
+(af + be +dc)V25 € G
because: ad + 5bf + 5ce;ae + bd + 5fc;af +be +dc € Q
X, yEG=>xy€EG (1)

(1) (@3]
XEGC=>xXEGC=>x*> x€EG=>x"EGnEN

Inductively. Forn = 2019 = x2°1° € G.
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5.141f A € M5(R); Tr(A?%) = 0; det = 1 then:
det(42 + A+ 13) > (Tr A)3
Marian Ursarescu
Solution (Florentin Visescu)

If Tr(A?) = 0anddetA =1

Tr A)?
PA(x)=x3—TrAx2+%x—
det(A2 + A+ 13) = det(A —el3) (A — &l3) =
Tr A)? Tr A)?
=PA(£)-PA(§)=(53—TrA$2+( r2 ) 5—1)-<£‘3—TrA£‘2+( rz ) 8_—1)

_ Trae-g(e— A (T4
= 2 2

TrA__TrA+(TrA)2
2 72 4
(TrA)2> — (Tr Ay ( TrA (TrA)?

4 T+

= (Tr A)? - (SE —€

=(TrA)2-(1—¥(e+a+ >Z(TTA)3

TrA (Tr A)?

Tra ()
2
(TTA)Z—ZTTA+4ZO, (TTA—1)2+320

cost -—sint
sint cost

A*— 443 + 642 —4A+ 1, = 0,

1+ >Tr A, 44+2Tr A+ (TrA)? > 4Tr A

5.15Find 4 = ( ),t € R, such that:

Daniel Sitaru

Solution (Ravi Prakash)
_(cost —sint
A= (sin t cost )

cost sin t)

det(4) = cos?t +sin?t =1= A Y existsand A~ = ( )
—sint cost

2cost 0 )
0 2cost

Given equation is A* — 4A3 + 6A% —4A + I, = 0,

letB=A+A"1 =(
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S A2 —4A4+6l, —4AT T+ A2 =0, 2 A%+ A2 —4(A+ A + 61, = 0,
SA+A)2—4A+A ) +4L,=0,2(A+A 1 =21,)2=0
= (B—2L)% =0,

. (2cost—2 0 2 ((cott—l)2 0 )_
( 0 2cost—2) =0, =4 0 (cost —1)2 =0
12 — —1einren.a—(1 0y_
= (cott — 1) —O=>cott—1,smt—0..A—(0 1)—12

5.16 Find a, b, ¢, d € R such that:
(5% D+ (% =G D

(—ab Z) +(—Cd cci)f‘:(g (2))

Daniel Sitaru
Solution (Daniel Vdcaru)
(a b\ _ c a\ _
We note: (—b a) = X and (—d c) =Y.
0 t Id be writt { £+r =1
ur system could be written as X3+ 73 = 21,
Let’s observe that XY =YX, thenb = 0;d = 0.
It follows a, , = % S0,=1- Si;/ﬁ = 3¢;/H
We obtain:
3+Zﬁ 0 3—;/ﬁ 0
X = 3+v21 |’ - 3—v21 and
0 6 0 6

3—+21 0 \ /3+6\/ﬁ . \

3_6\/ﬁ/|'yzl\ 0 3+\/ﬁ/|

6
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5.17
sin? a cos?a-sin’b cos?a-cos?b
A=\ cos?b-sin*c sin’ b cos?b - cos®c
cos?’c-sin’a cos®c-cos?a sin? ¢

X1 X2 X3
A1 =[x, x5 X
X7 Xg Xg

If a, b, c € R then find:

Proposed by Daniel Sitaru — Romania

1
letx=|1
1

sin? a + cos? a sin? b + cos? a cos? b 1
AX =| cos? bsin?c +sin?b +cos?bcos?c |=(1|=x
cos? ¢ sin® a + cos? ¢ sin? a + sin? ¢ 1
Thus A%(x) = A(AX) = AX = x. Continuing in this way, we get

X1 Xz X3\ /1 1 X1+ X2 + X3 1
AV =X = (x4 X5 Xg 1|=(1]=2|Xs+xs5+x|=(1
X7 Xg X9/ \1 1 X7 + Xg + X9 1

9
.‘.Zxk:3

k=1

Solution (Ravi Prakash)

5.18 Let be A € Ms(R) such that AAT = I;and Tr A = Tr A% = 0.

Find 42020,

Marian Ursdrescu

Solution

The matrix A being orthogonal one = |A,| = [1;| = |A3] = || = |As] =1
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Py(x) =x°> —ax* +bx® —cx* +dx—detA=0 (1)
a=TrA=0 (2)

B=TrA* =§((TrA)2 —TrA®) =0 (3)

1 1 1 1 1
d= Z A AsA, = Z AiApAs Ay (/1_ bt /1_5>
1 4

=detA-z(/1_1+Z+/1—3+/1_4+/1_5) =detA~Z(/11+/12+/13+/14+/15)

=detA-TrA=0(A)

1 .
C= 2/11/12/13 _ /11/12/13/14/152 —— = detA -2/11,12
1742

=detd- (TrA2) =0 (5)

From (1)+(2)+(3)+(4)+(5)= P4(x) = x> — detA =
AS = detAIS
=
But det(AAT) = detls = (detA)? = 1 = detd = +1

= AS — ils = (A5)404 — Ig04 = A2020 — 15

5.191f A,B € M,(Q);
P P P P
[0 -p —p -p) ) _ .
AB = 0 0 p D ;PECP+0; QO = BA;
o o O -—p
Q, = (BA)™! then find:
Q= 0% + (p20z1)”
Marian Ursdrescu

Solution (Florentin Visescu)

X—p P -p -p
_ _ 0 x+p P p\_
Pys(x) = det(xl, — AB) = det 0 0 x—p —p |=
0 0 0 x+p

=(x—-p)lkx+p)P=xt-2p%x*+p*>
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Pyp(x) = x* — 2p2x? + p* © (BA)* — 2p?(BA)* + p*l, = 0, ©
(BA)* + p*l, = 2p?(BA)?/sB™1/4A7Y = (AB)® + p*B~1471
= 2p?AB/,A"' /4Bt =
(BA)* + p*(BA)"H(BA)™! = 2p?, (BA)* + (p*(BA)™)* = 2p°l,
Q=07+ (P*Q;")? = 2p°L,
5201f A € M,(R);Tr A = detA = 1 then:
det(A%2 +34+31,) > 5Tr(A™ 1) + 3
Marian Ursarescu
Solution (Florentin Visescu)
TrA=detA=1=2A4>—-A+1, =0,
A2=A—-1;A2-A=-L=>A-A=1],>
AL -A=L=>A1=L-4
(*) 5Tr(A") +3 =5(Tr(l, —4))+3=502-1)+3=5+3=8
(**) det(A? + 34 + 31,) = det(A — I, + 34 + 31,)
= det(44 + 2I,) = det(2Q2A + L)) = 4 det(2A4 + I,)
So, we have to prove that det(2A + I,) = 2

Letbe A = (‘; Z

a b
c 1—a

JEMR);TrA=1=a+d=1

:>d=1—a:>A=( )detA=1:>a—a2—bc=1

=>a—a’—1=bhbc

a-a?-1
b

a b 2a+1 2b
A=la—-a?-1 =524+, =2a—-2a%>-2
< b 1 > : ( b 3—2a>

detRA+ L) = (2a+1)(3—-2a) —4a+4a’>+4 =

Ifb=0=>a’—-a+1=0=a€C (False).So,b # 0 = c = =

=6a—4a*+3—-2a—4a+4a*+4=7
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5.211f A € M,(Q), det ((1 — DA+ \/214) = 0 then:

det(4 + xI,) > 2x*,x€R
Marian Ursdrescu

Solution (Florentin Visescu)

In these conditions: det((l — A+ \/714) =0 < det (A + ﬁziﬁ 14) =0

We denote 8 = V2412

= 6 root for
det(A + x1,). But det(A + xI,) has rational coefficients = @ root of it
As det(A + x1,) has the grade IV, we obtain:
det(4 + xI,) = (x — 0)(x — 6)(x® + ax + b)
= (x? =V2x+1)(x* + ax + b) =
=x* +ax® + bx? —V2x3 —aV2x? —V2xb + x? + ax + b
=x*+x3(a-V2)+x?(b—av2+1)+x(a—bV2)+b € Q[x] > b EQ
a—\/EEQ:>a—\/§=qEQ=>a=q+\/§
b—aV2+1€eQ=a>b—av2eQ=2a-bV2eQ>
>b—(q+V2)V2eQ=>b—qV2-2€Q
:b—q\/fe(@::»b—q\/izpe(@
or—q\V2=p—borqgN2=b—-p€EQ

lfq¢0:>\/§:bq;p(False)so,q:O:>a:\/§:>\/§—b\/76Q

V2(1-b)eQ=>1-b=0=>b=1
Then:
det(4 + xI,) = (x? —=V2x + 1)(x? + V2x + 1)
detA+xI,) = (x> +1)2—2x2 =x*+2x2 +1-2x2 =x*+1
x*+1>2x?

x*—2x2+1>0(x%—-1)2=>0 (True)
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5.22 If A € M¢(R) such that:
det(A* + pA% + p?I¢) = det(A? + qlg) = 0,p,q € R then find:
Q = det(A)
Marian Ursarescu

Solution

Let: f(x) = x* + px? + p%9(x) =x* + q; f, g € R[x]

P, —the characteristic polynomial of matrix A.
We must show that: (f, P,) # 1.
Suppose that: (f,P,) = 1 = 3u,v € R[x] such that: f(x)u(x) +
Povx) =1>
f(Au(A) + P4(A)v(A) = Ig = Iy = Og contradiction!
Similary (f,g) # 1= f/P4and g/P,, for degree Py = 6
But(f,g) =1= Py(x) = f(x) - glx) =
det(A) = P,(0) = £(0) - g(0) = p*q

1 —1)

Find:

Q=i n|Tr (Xn+1)
T e |Tr (rn*2)

Daniel Sitaru
Solution (Marian Ursdrescu)
. 119 17 _— 1 -1 —
XeMM®;x+x7=(1 7')=4
20 18 _
X9 +x7=a=%X +X —AX}:A)(:XA
X204 X18 = XA

78 OLYMPIAD PROBLEMS ALGEBRA-VOLUME II



DANIEL SITARU MARIAN URSARESCU

x=(@ b)ﬁsz(g 3)1(_11 _;1)=(?IZ :gig) .
- XAZ(—l _1)(Ccl d)z(—aa_+cc —b_+d)

a b

b a

(a+b)"+(@a—-hb)" (a+b)"—(a—Db)"

2 2
(a+b)*—(a=b)" (a+b)*+ (a—b)"

2 2
((@+b)?+@-b" (a+b) +@-hb"
2 + 2 -
(a+b)=(a-b)° (a+b)' —(a—-b)
t ! -
2 2
= (a+ b)Y+ (a+ b)Y =0=a+ b= 0unique solutionb = —a

b=c;a=d=>X=( )=>X"

1
:X19+X17=A=>4

-1

N =

1
=>@-p"+@-n"=22a-b=1=a=2,b=
| 2 2
X = . The same forY.

5.24 If A € M,(R) such that det(A* + 41,) = 0.Prove that:
(detA)? = (trA)?
Marian Ursdrescu
Solution
det(A* + 41,) = det(A* + 4A2% + 412 — 4A%) = det[(A? + 21,)? — 4A?]
= det(A% + 24 + 21,) - det(A? — 2A + 2I,) = 0
det(A? + 24 + 21,) = 0 or det(A? — 24 + 2I,) = 0
We have:
Ifdet(A? + 24 +2I,) =0 & det(A+ I, + il,) -det(A+ I, — il,) = 0 &
det(A+ 1, +il,) =0ordet(A+1,—il,) =0 (1)
Let: p(x) = det(A+ 1, + xI,) = det(A+ I,) + a;x + x?,a; ER
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(1)
=SpFi)=0>det(A+L)—1+a,=0=>det(A+1) =1

tet: 4= (¢ Z);A+12:(“t1 d-bm):}

det(A+L)=ad+a+d+1=det(4d) +tr(A)+1=1
= det(4) +tr(4) =0
Analogous, from det(A? — 2A + 21,) = 0 = det(A) —tr(A) =0 (3)
From (2)+(3) we have: (detA)? = (trA)?

5.251f A € M,,(R); A3 = 2A% + 7A + 41,, then find:

O =det(4%? - 34+ 31I,)
Marian Ursarescu

Solution

A — 242 —TA—4L, =0,
Let: f(x) =x3 —2x* —=7x—4=(x+1)?*(x—4) = f(4) = 0,
Let be m, —the minimal polynomial my/f = m,(x) = (x + 1)*1(x — 4)¥z,
from Frobenius theorem, result p4(x) = (x + 1)P1(x — 4)P2,p; + p, = n; (1)
pa(x) = det(xl, — A) = (=D det(A — xI,); (2)

Let be the equation: x* — 3x + 3 = 0 with roots x; , = _3i2i\/§ =1z liziﬁ

1+iV/3

Where the equation: x*> — x + 1 = 0 have the roots
a=1+¢ce?—e+1=0,e3=-1,e°=1,e+é=1e-=1.
det(A? — 3A + 31,) = det(A — al,) - det(A — @l,,); (3)

From (2) result: py(a) = (=1)"det(A — al,); pa(a@) = (—1)"det(A — al,)
pa(a) - pa(@) = det(A — al,) - det(A — al,,) = det(A? — 34 + 31,,); (4)
pa(@) - pa(@) = (a + DP1(a — HP2(a@ + D1 (@ - 4Pz =

= (e +2(E+ )" (e -DE-))”
=1+2(+8)+4)P1(1-3(e+&) +9)P2 =
= 7P1.7P2 = 7P1%P2 = 7" = () = det(A? — 34 + 31,,) = 7™.
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5.26 A,B € M,319(R),p € R — {0},
Iz010 +2p(A + B) + 2p*(A% + B?) = 0319.
Find: Q = det(AB — BA)
Marian Ursarescu
Solution (Florentin Visescu)
Lyo10 + 2p(A + B) + 2p%(A% 4+ B?) = 03010 ©
2I5019 + 4p(A + B) + 4p2(A% + B?) = 03919 ©
(Izp10 + 2pA)? + (019 + 2pB)? = 02019
Let: C = Iy919 + 2pAand D = I,p19 + 2pB,C,D € M,y,4(R) then
C? + D? = 05919
(C +iD)(C —iD) = C?> —iCD +iDC + D?> = i(DC — CD) =
det(C +iD)(C —iD) = det(C + iD)det(C —iD)
= det(C + iD)det(C + D) = 0
= det[i(DC — CD)] = 0 = i2°9et(DC — CD) = 0

= i3det(DC — CD) = 0 = det(DC—CD) =0

DC — CD = (Iz019 + 2pB)(I3019 + 2pA) — (I3019 + 2pA) (I2010 + 2pB)
= I,010 + 2pA + 2pB + 4p?BA — l,519 — 2pB — 2pA — 4p?AB = 4p*(BA — AB)
det(DC — CD) = det[4p?(BA — AB)] = (—4p?)?°19det(BA — AB) =
Q=det(AB—BA) =0
5.27 Prove that:

sinxsiny siny 3sinx 3
] sinxcosy cos
smx 1 Y Y #z0;vx,y R
2siny sinysinx 6 3cosx
2 cosx 2cosy cosxcosy
Daniel Sitaru
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Solution (Ravi Prakash)

sinxsiny siny 3sinx 3
Let: A= sinx 1 sinxcosy cosy
€07 l2sing  sinysine 6 3cosx
2 cosx 2coSsy cosxcosy

Using ¢; = ¢, — (sinx)c, and ¢3 = ¢3 — (sinx)c,

0 siny 0 2

0 1 0 cosy
siny(2 — sinxcosx) sinysinx ~ 3(2 — cos*x) 3cosx

2 — sinxcosx cosx  cosy(2 —cos®’x cosxcosy

(7 _ 2
1
= (2 — sinxcosx) (2 — cos*x)A

0 siny 0 3
_ 0 1 0 cosy
1™ Isiny sinycosx 3 3cosx
1 cosx COSy C€OSXCOSy

Using ¢, = ¢, — (cosx)c; and ¢4 = ¢, — (cosx)cs

0 siny 0 3

0 1 0 cosy
siny 0 3 0
1 0 cosy 0

1=

Using r3 - r3 — (cosx)ry, we get:

0 S iTLy 0 3 Expanding
A= 0 1 0 cosy ¢
1710 0 3 — sinycosy 0 -
1 0 cosy 0
siny 0 3
-1 1 0 cosy| =
0 3 — sinycosy 0
Expanding
T3 o siny 3 |_
= (3 = sinycosy) | 1 cosy| =

= —(2 — sinxcosx) (2 — cos?x)(3 — sinycosy)? # 0
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5.28
A={x/x>0x% =427 B={y/y> 0yl =27.-9%}

C = {z/z > 0,27 = 256 - 64%}. Find the set () such that:
AAQAB = C, (XAY = (X/Y) U (Y/X)

Daniel Sitaru
Solution(Khanh Hung Vu)

We have xV* = 4. 2V% = log(x‘/;) = log(4 . 2‘/5) =
Vxlog x = log4 + xlog2 = \/xlog x — log4 — xlog2 = 0; (1)

Put: f,(x) = Vxlog x — log4 — Vxlog2; f',(x) = %(log (g) + 2)

, x 2

fl(x)=0<:>log(§)+2=0=)x=e—z
We have:

xll,r(r,l+(f1(x)) = x]l)rng(\/}log x —log4 — xlog2)

1
= lim, | X~ | - log4 = lirgl+(—2\/§) —log4 = —log4
X

x—0t -1

xVx
lim (f;(x)) = lim (vVxlog x — log4 — Vxlog2)
X—>00 X—00
0 x —
~ i, (109 () tog8) = 45
So, the equation (1) has only one root, which is x = 4, then A = {4}.
Since 4 & C and since zV% = 16 and 256 - 64%/E ¢ N, so not have exist the set

Q such that
AANQAB = C
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MISCELLANEOUS INEQUALITIES

a ((be) N (ch)) b ((ch) N (Zaa)> e <(2aa) N (be)>

> 2477 + 475 4 4Vea)

Daniel Sitaru
Solution
a (be) +b (Zaa) AMéGM 5 [0 (be) . (2(;1) _
a b 2 b b 2
- zjab.;(g)z ;(2)2 css zjab.(z" o(p) (2 ob(k)) _

=2§a:(2) (Z):z-za-zb=2-2a+bAM£GM2-22W=2-4W

k=0 k=0
() 5() 224 o
b(ZCc) (be) 2 . 4VBc (2)

C(Zaa) + a(2 ) > 2. 4Vca (3)
By adding (1); (2); (3):
a<(2bb) 2c > < ; ) N (zaa)> N C((Zaa) N (zbb)>
> 2 (499 4 4¥P¢ 4 4e@)

Equality holds fora = b =c = 1.
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6.2Ifa b,c > 1;a,b,c € N then:

a

Daniel Sitaru

b
1 a\3 1
(Zaa) kz_o (k) + szo k=0 = Za + 2b + 2¢
Solution

() + (@) +-+ () =

BERGS>TROM ((8)2 + (611)2

Ly (5) =10

By adding (1); (2); (3):

3 1 < 3 1 — 3
a b c

S O Y ()
2a _(k) ZbZZk 262_ k
CyEy @Y e

1 1 BERGSTROM (1+ 1+ 1)2 9
2a ~ 2b " 2c 20 4 2b 4 2¢ a4 2b 4 2c
Equality holds fora = b =c = 1.

6.31fa,b,c > 0 then:

abc(a+b)(b+c)(c+a)< a+b+c\®
: (%)

Daniel Sitaru
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Solution

AM-GM 3
abc < (%) (1)

3

AM-GM /fa+b+b+c+c+a
@+b)b+o)ct+a) < ( - )

2@+b+¢c)\° 8a+b+c)? a+b+c\’
() e

3 33 3

a+b+c

3
(@a+b)(b+c)(c+a) <8(2E) (2)
By multiplying (2); (3):

a+b+C)6
3
abc(a+ b)(b +c¢)(c + a) - (a+b+C)6
8 - 3
641fx,y > 0,0 <z <1then:

4. [xy < 2(1—z)(ﬁ+\/§)‘{/ﬁ+z(\/§+\/§)z <2(x+7y)

Daniel Sitaru-Romania

abc(a+b)(b+c)(c+a) < 8(

Solution (Tran Hong)
CBS 2
(\/I+\/§)2 < <\/12 12+ Vx +ﬁ2> =2(x+7)
Am—-Gm 2
(e 2 W) T D) (g

=x+y

= 0= 2(1—2)(\/§+\/§)‘{/x—y+z(\/§+\/§)2 <(2-2z+22)(x+y)
=2(x+y)

Am—-Gm

Vx+yy) S afxy=vai+y=24m = (Vx+7) 4y = 2)xy
— 0> (4z+4(1 - 2)),/xy = 4,/xy

0=<z=<1
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6.51f0 <asb<§then:

sin(5vVab) - sin <1Z+ab>>sm(6\/_) sm(l(:_al;)

Daniel Sitaru

Solution (Tran Hong)

sin(5VaD) sin (515) = 3eos (@8 ~715) —eos (385 + )
sin(6\/@) - sin (CllO:b) =3 [cos( 6vVab — 10a2) ( 6vab + 10611;)]

Must show that:

12ab 10ab
cos(S\/ _ 4 )+cos(6\/ + a)
a+b a+b

12ab)

10ab
>cos(6\/ — a)+cos(5\/ +
a+b +b

& 2{eos [~ ] - cos [57 + 2]} 2 2 feos [+ 2]
cos [ 10 g
11ab +ab <1) 11Vab  ab
COS[ Tb " 2] 0[ 2 +a+b]

11Vab ab  1lab +ab
= + > +
2 a+b a+b 2
& 5vab > 10 - —«:»a+bzz\/% (true)
ab  11Vab g) Vab 1lab
OS\a¥b 2 S\ T axb
Vab 1ab ., ab 11J_<:>6\/_>ﬂ=>a+b22\/% (true)

2 a+b — a+b

From (1) and (2) we have: (*) true.
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66If0<a; <a, <...<a,n>0,then prove:

n 2 n
a, a, Zi <Z(a1+an_1)
n a _k1 a

Floricd Anastase
Solution(Adrian Popa)
1
.yn 1 _
Let: Y p—q " x
aa !
! n-ng(a1+an)x—n
?
a,an,x? — (a; + ap)nx + n? 20, (D

A=n?(a, —a)? >0

_n(a+ e £nan - a) __n

12 2a,a, 17 a7 a,
n n
X X, = — Xy = —
a; an

Ex) | ++++4+0————0+++++

But:x = — 4 — 4 -+ —
ai az an
L

1 1 n 1 n .
a1<a23"'3an:>a_12 2...2—:>—§Z£=1a—kga—1:>(1)—lt's

a, an an
true.So:
n 2 n
(Y L) <) (rt)
n = e k=1 U

6.71fa,b,c > 0 then:

2a+b+c)(a+2b+c)(a+ b+ 2c) -
(a+b)(b+c)(c+ a) -

Daniel Sitaru
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Solution
Letbe f:(0,1) > R; f(x) = log (222)
f(x) =log(1+ x) —log(1—x)
, 1 1
f(x)=1+x+1—x
b =1 1 _—1+2x—x2+1+2x+x2
f@=a7 >2+<1—x>2‘ -2
f'(x) =—== > 0;(¥)x € (0,1) = f convexe

By Jensen’s inequality:

a + b + c
f a+b+c a+b+c a+b+c <lzf( a )
3 — 3 a+b+c

cyc

1) <3 T (3 [ 5529

cye a+b+c cyce
1
. I+3 < H<2a+b+0) log 8 < 1 n(2a+b+c>
°8 11 =108 b+c 1089 =108 b+c
3 cyc cyc
2a+b+c
[ [Gee)=e
b+c
cyc
6.8
Q=
17 1-a?)” " 1-b2)7 " 1-c0)7”
=t 1,1
T a-x7 -y (1-2%)7
1 1 1
Q; = a,b,cxyze(-11)

A—ax) A-by)y (A=cz)’
Prove that: Q,Q, > Q2

Daniel Sitaru
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Solution (Soumava Chakraborty)
1-a)A-x3)<-ax)’e=1-a?>—x%2+a*x*><1+a*x?—-2ax

1 (;) 1
Va-a?(1-x3) ~ |1-a”|

o (a—x)?>0-true=

) @ 1 ®
- > >
Similarly, TS 2 ooyl and (1-cD)(1-22) — |1-cz|
1 1 1
Let T—a? - A, 1_b2 —_ B'\/l—_CZ - C
1 1 1
= X, = Y, =

(5% (S (Sl
(1—1ax)7 )2 = (Z( - )7) = 0% (~ |ul =w)

6.91fa,b > 0 then (¢ — golden ratio):

(1 +0)% + Jourb) (1 + )V + \fmasd)

< (@\/ﬁ + ’(1 + @)a+b> <1't\/E + ’(1 + n-)a+b>

Daniel Sitaru

£ 0,0, = (z At
)

)
(using (1), (2), (3)) = (z

Solution (Florentin Visescu)

a+b

Let be the functions: f, g: [x; x + 1] > R;x = 1; f(¢t) = tm;g(t) =tz

a+b_1 Cauchy-T
_

£ (&) =Vab - tVab~1; g'(t) = % t 2 3c € (x;x + 1) such that:

f© f+D)—f(x) ab-c/® 1 (x+1)Veb — xVab

= Y =
! _ a+b a+b a+b
gk gk+1)—-gkx a -2|- b £70 x4z —x 7

(=14

a+b
(x + 1)m—xm _ m-cm'T

wb @b axb D
(x+1) 2z —x 2 )
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a+b atb
ce(x;x+1);x21and\/ab—TS0:>cm_ 2 <1;(2)

From (1),(2) we have:

x+1m—x‘/a_ a+b a+b
( )M —<le@+)V?P—xP<(x+1)2 —x 2 &
(x+1)y2 —x 2

a+b a+b

X2 +(x+1)‘/_<x‘/_+(x+1) 2

a+b

Forx=0=07 +(@+ 1)V <oV 4 (0 +1)
Forx—n:na:b+(n+1)‘/_<n‘/_+(n+1)a:b
(1 +0)Y% +J9a%2) (1 + m)¥e + Jma+D)
< (07 + V(A +2)a%) (1 + /(1 + m)*+?)
6.10If x,y,z > 0 then:
(+vx)(a+Yy)(a+%7)
Vitx-Y1+y-V1+z

Daniel Sitaru
Solution (Sanong Huayrerai)
Forx,y,z > 0 wegivex = a%;y = b3;z = ¢

(1+J—)(1+%/_)(1+6x/—)

=>4
Vitx-31+y-81+z

Hence

A+a)A+b)A+c)<4y1+a?-Y1+b3 Y1+ b
=431 +a?)3(1 + b3)2(1 + ¢5)
1+ +b)°(1+c)°<4°-(1+a®)3*(1+b3?*(1+c®)

true, because
1+a)° <231 +a??
(1+b)° <2*(1 +b%)*
(1+c)°<2°(1+c%
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6.11Ifa,b,c,d,e,f >0,a+b+c=3,d+ e+ f =9then:

a®-b?-c¢-d-e®-ff 3\®
s (=
3(a+ d)™ (b + e)bre(c + [)eT = ( )

8
Daniel Sitaru
Solution (Tran Hong)
Fora,b,c,d,e, f > 0 we have:
d.d.d
d d d d d d\*3*'3*3
a <d>3 <d>3 (d)3 a+§+§+§ (a + d)atd
a - |— o — | — > = =
3 3 3/ 4 4a+d
d
(a+ d)atd < 4a+d . ga -‘;—d and analogs
e f
(b + e)b+e < 4b+e . bb _e_’ (C +f)c+f < 4c+f . cC f_
3¢ 3f
(a+d)*4-(b+e)*e- (c+ )t
1
< 4a+b+c+d+e+f . aa . bb 'CC . dd _ee 'ff . 3d+e+f
1 aa.bb.cc.dd.ee.ff 39
=412.ga.pb.c.gd.pe . £ff . _ —
4 a b ¢ d e f 39 And (a + d)a+d(b + e)b+e(c + f)C+f 2 412
a%-bb-cc-d?-e®-ff (3)8
= > =
3(a+ d)**4(b + e)b*e(c + f)tf 8

Proved.Equality fora =b=c=1landd =e=f =3
6.12Ifa, b,c,d > 0,a+ b+ c+ d = 12 then:

ab abc abcd

12(a+b) | 8(ab + bc +ca) | 6(abe + bed + cda + dab)

Daniel Sitaru
Solution (Tran Hong)
1 Cgs1<1+1)=> ab - 1( b ()
a+b —4\a b)) " 12a+b) 48"

92 OLYMPIAD PROBLEMS ALGEBRA-VOLUME II



DANIEL SITARU MARIAN URSARESCU

1 BS1,1 1 1 abc
55( ) L et @

ab + bc + ca E+E+£ 8(ab+bc+ca)_72
1 1 ( 1 1 1 1 )

< — -
abc + bcd + cda + dab — 16

abe " bed T cda T dan) T
abcd M+2)+B)
6(abc+de+Cda+dab)_96(a+b+c+d) (3):

LHSS4—8(a+b)+—(a+b+c)+—(a+b+c+d)

_13 +13b+13 +1d a+b+c+d_
~288% " 288” "288° T 96 12 =

6.13 Ifa,b,c > 0,abc = 1 then:

(a+b)\/E< (a+b)\/_> 2 < 2 1)
2 2 (a + b)\Vc\(a+ b)Vc

Daniel Sitaru

Solution (Adrian Popa)

@bV = ZM-ﬁzzwzz_)(a+2b)\/221

Let:

e _

Wemustshowthat:t(l—t)S%G—l);VtEl
, 1 1 1,01 1 g
t—t?<———ot+-<t +—2<—>t+—S(t+—) ~2
t t t t t t
Let:t+%=u;u22
We must show that: u < u?> -2 o u?—-u—-2=>0

A= 9,u1 = _1;u2 =2

u —00

-1 2 + oo

uw—u—-2| +++4+0-—-0++++

So,u? —u—2=0; Yu = 2 then
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(a+b)\/E<1_(a+b)\/E>< 2 < 2 _1)
2 2 ~ (a+b)Vc\(a+ b)Ve

6.141f0<a<2,b>00<c<1la+b+c=3,xyz>0,

xyz = 1 then:
1 1 1
axz+bx+c+ay2+by+c+azz+bz+c21
Rahim Shahbazov
Solution (Tran Hong)
Because: xyz =1, let: x = Z—g,y = :—g,z = %
Inequality becomes as: Y, m >1; (D

u? C-B-S
z av?t? + bvtu? + cu* =
- (u? + v? + t?)?
T co(ut + vt +t*) + a(w?t? + urt? + u?v?) + buvt(u+ v+ t)

So, we must show that:
(w? +v? +t2)? >
>c(u* + vt +t*) + a(@?t? + u?t? +u?v?) + buvt(u + v + t);
Q-0 +v*+tH) + (2 - a)W?t? + u?t? + u?v?) >
>puvt(u+v+t)=@B—a—cuvt(u+v+t)
Which is clearly true because: 1 —c > 0;2—a =0
ut+vt+tt > vt et +utvi > uwt(u+ v+ t)
So, (1 —co)(w*+v*+t*) + 2 — a)W?t? + u?t? + u?v?) >
A-c-2—-auwtlu+v++t) =B —-a—-—cuvttu+v+1t)
6.151fa,b,c,x,y,z > 0;a* - bY - ¢ = 1 then:

axz . by2 . sz . (a + b)ny . (b + C)Zyz . (C + a)sz > 4xy+yz+zx

Daniel Sitaru
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Solution

2> Vab=a+b>2Vab (AM-GM)

(a+b)> > (2vab)™ =49 - (@)™ (1)
(b +¢)?Y% > 497 . (bc)¥? (2)
(c + a)??* = 4%* . (ca)? (3)

By multiplying (1); (2); (3):
(a+b)* - (b +c)?? - (c + a)??* > 4*V+yz+2x . (gh)*¥ . (bc)¥? - (ca)™

b e @+ D)V (b4 )P (c+ )P 2
> 4XVHVZHZX L (gh)XY . (bc)Y? - (ca)? - a*’ - bV’ -7 =
= 4XYFYZHIX | (qX)XHVHZ (PY)XAVIZ  ((2)XHYHZ =
= 4EVAVZRIX . (qX . pY . cZ)XHYIZ = JXYFYZHIX XYL = gXY+YzHIX
Equalityholdsfora=b=c=x=y=z=1
6.16 If a, b > 0 then:

a+b+ 4ab <4\/ab_|_(a+b)2
vab (@a+b)2 a+b

4ab
Daniel Sitaru
Solution
()
Inequality can be written: % afb 2 = aib + ek
(@) v

a+b
Denote x = —
Vab

ByAMGM >\/ =>—>2:x>2

Jab
2

x+—2S +—4x +16 < 16x + x*
X 4
x*—4x3 +16x—-16>0

x*—2x3 —2x3 +4x% —4x?> +8x+8x—-16>0

95

OLYMPIAD PROBLEMS ALGEBRA-VOLUME II



DANIEL SITARU MARIAN URSARESCU

3(x=2)—2x2(x—2)—4x(x—-2)+8(x—-2)=>0
(x—2)(x®—2x2 —4x+8) 20,(x —2)(x®(x —2) —4(x —2)) = 0
x—2)2x*-4)>0,(x—2°x+2)=0
Which is true because

x=22>x—-2=20x+2>0

6.17If x,y € (O, g) then:

3 1 1 6
: e + <= :
sinx 2sinycosx 2cosxcosy sin2xsin2ycosx
Daniel Sitaru
Solution (Tran Hong)

3 1 1 6
—— — > + <- :

sinx 2sinycosx 2cosxcosy sin2xsinZ2ycosx

6 cos? x sin 2y + sin 2x (siny — cos y) 6

sin 2x sin 2y cos x sin 2x sin 2y cos x

Because: 0 < x,y < % = sin 2x,sin 2y, cos x > 0. We need to prove:

6 cos? x sin 2y + sin 2x (siny — cos y) < 6
< 3(1 4 cos 2x) sin2y + sin2x (siny — cosy) < 6
& 3cos 2xsin 2y + sin 2x (siny —cosy) <3 (¥)

We have:

(BCS) (€8]
LHS(y < 3|Cos 2x |sin 2y| + |sin 2x||siny — cosy|| < \/9 sin?2y+1—sin2y < 3

(1) 9sin? 2y —sin2y <8 (t =sin2y,0<t<1)
©9t2—t—-8<0e9(t—1)(t+2) < 0; (True) = (1) true = (*) true.
6.181f0 <a<b <§then:

esinb _ gsina sin(a + b)
sinb —sina 2

Nguyen Van Nho
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Solution (Ravi Prakash)
For0<a<fi<1

ef — e

B—a B

1 1 1
— |G-+ - 5B e+

1 1 1
= 1+5(ﬁ+a)+§(ﬁ2+ﬁa+a2)+---> 1+2B+a
esinb_esina 1
———— > 1+=(sinb +sina)
sinb —sina 2

1 1
> 1+§(sinbcosa+sinacosb) = 1+§sin(b+a)

6.19IfF0 < x,y,z< Ethen:

(Sln x)sm(y+ )COS( )+ (Sln y)sm( )COS( ) + (Sln Z)sm( +y)COS( y) > 1
Daniel Sitaru
Solution (Tran Hong)

+z -z
sin(y2 )cos(y2 )= [siny + sin z]

1

2

X+ z Z—X 1
sin ( ) cos ( ) 2 [sin z + sin x]

1

2 2

x + X —
sin( Zy)cos( zy)zz[sinx+siny]

= LHS > (sin x)(siny+sinz) + (Sil‘l y)[sinz+sinx] + (sin Z)[sinx+siny]
= (sinx)"Y(sinx)S"Z + (siny)Si"Z . (sin y)S"* + (sinz)S"* - (sin z)S"Y

Let X =sinx;Y =siny;Z =sinz

(X, Y,Z € (O; %))

We prove that: XY - X? + Y% - YX +Z7X. 7Y > 1

Using AM-GM:

XY - XZ4+YZ.YX47X.7Y > 3Y/(XY - YZ. ZX)(YX - XZ . ZX)

97 OLYMPIAD PROBLEMS ALGEBRA-VOLUME II



DANIEL SITARU MARIAN URSARESCU

L.yx.xz.zx 5 L

Y. vZ.7X < _L .
ButX* -Y*-Z >3\/§, 35

oYY . vZ . 7X < Y scimmilar - VX L VZ 72X o L
Now, we want to prove: X" - Y* - Z >3\/§ (Similarly: Y* - X* - Z >3\/§)

©YInX+ZInY+XInZ > —In(3vV3)
Using Jensen’s inequality with f(t) = In(sint),t € (0, g)

XY+YZ+ZX>

YInX+ZInY+XInZ > X YZI(
n+n+n(++)nx+y+z

11
1 1 1 77 3.1 3
><E+§+—>]n —Elnz——zln2>—ln(3\/§)
a 1
(Because g(n) = nln—\ (0; E))
Hence, XY - X% +YZ . YX +ZX +ZX.7Z¥ > 1 (Proved)
6.20 If x € R then:

49 — 9cos4x
24

Rovsen Pirguliyev

sin~1(sin? x) + sin"1(cos? x) <

Solution (Tran Hong)

49-9[8 cos* x—8 cos? x+1]
24

sin"!(cos? x) + sin~!(sin? x) < (*)
Let u = sin"(cos? x),v = sin~*(sin? x) (0 <uv< g)

s
:>coszx=smu;smzx=smv:>smu+smv=1:>0<u+vsz

(*) © 24(u+v) <40 — 72sinu + 72sinu
© 9sinu—9sinu+3(u+v)—-5<0 (*¥
(**) true because: —9 sinusinv +3(u+v)—-5<0+3 -g— 5<0
6.211f x,y,z € R then:
V3(x? + y% + 2%) > |x% + y? — 22| + 2|z|(|x| + |y])

Daniel Sitaru
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Solution
(2 +y2+22)%2 = (x> +y? —z2)%2 + (2y2)? + (2x2)? =

x% + y?% — 72])? 2|yz|)? 2|xz|)?
:(I yl I)+(I3;I)+(I1I)2

cBs (1x% + y2 — 22| + 2zI (x| + yD)° amzom (|x? +y? — z%| + 4lxyz])?
- 1+1+1 - 3
3(x%2 + y? +2%)? = (|x? + y? — z%| + 4|xyz|)?
V3(x2 4 y2 + z2) > |x2 + y2 — 22| + 4|xyz|
6.221fa,b,c > 0,a+ b + c = 1 then:

2ab 2bc 2
(a + b> . (b + c> . (c + a) ca S ga-a® . ph-b? | pe=c?
2 2 2 -
Daniel Sitaru
Solution
+ b AM-GM + b\ 2P b
“2 > m:,(“z ) > (Vab)™
+ b\ 2% b

[[(5) =] o™ =] Jan=

cyc cyc cyc

— (ab)ab . (bc)bc . (Ca)ca — aab . bab . bbc . Cbc . e . qfe =

ab+ca | bab+bc . ~bct+ca — a(b+c)a A b(a+c)b . C(b+a)c —

=a c

= q@-da . p@-b)b . (A-c)c — aot—ot2 X bb—b2 . Cc—cz

6.23I1f A € M3(R), Tr A = det A = 1. Prove that:
det(A2+A+15) >3Tr (A1)
Marian Ursarescu
Solution (Serban George Florin)
P(A) =23 —(Tr A)A? + (Tr A*)A — detA = —det(4 — l3)

1+ iV3

f=1e?+e+1=0,e=— 3

99 OLYMPIAD PROBLEMS ALGEBRA-VOLUME II



DANIEL SITARU MARIAN URSARESCU

det(42 + A + I3) = det(4 — ¢l3) - det(A — €213) = P(g) - P(e2?) =
=(1—(Tr A)e? + (Tr A)e —detA)(1 — (Tr A)e + (Tr A*)e? — detA) =
=(1-e2+TrA)e—1) -(1—e+(TrA)e? -1 =
=[-e2 + (Tr A)e] - [—e + (Tr A*)e?] = €3 — (Tr A*)e* —
—(Tr A)e? + (Tr A)(Tr ANe® =1 —¢-(Tr A*) — (Tr A")e? +
+(TrA)=1-TrA)(e+e))+ (TrA)? =TrA)* +TrA +1
A*=(detd) A 1= A" =A"1"=2TrA*=TrA™?
= det(4? + A+ 13) = (Tr (A—l))2 +Tr(A"YHY+1>3Tr(4™YH
o (TrA™)) —2TrA™) +12 0o (Tr (A1) —1)2 2 0
6.241f a, b, c € (0, m) then:
cos?a-cos?b-cos?’c+ (sina+sinb +sinc)? > 1
Daniel Sitaru
Solution (Tran Hong)
Lletx =sina;y =sinb;z = sinc.

Because:0 < a,b,c<m=>0<x,y,z<1

1_[cos2 a+ (z sina)2 >1e 1_[(1 —sin?a) + (Z sina)2 >1

(1 -x)A-y)A-z2)+x+y+2)?>1
©1— 2 +y2+22)+ (Py? +y2z2 + z%x%) — (xyz)? + x2 + y2 + 2% +
+2(xy +xz+yz) > 1

& (x2y? +y2z2 + z%x%) + 2(xy + yz + zx) — (xyz)? > 0
It is true because:

(x2y?% + y222% + 22x2) + 2xy + 2yz + 22x) = 6/ 23 (xyz) = 6V2xyz

and: 632xyz > xyz > (xyz)? (~ 0 < xyz < 1)
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6.251f0 < a,b, c < 16 then:

3 ~Va - abc

a+2b (a+2b)(b+ 2c¢)(c + 2a)
27 exp z <
cyc
Daniel Sitaru

Solution (Michael Sterghiou)

27 exp [chc < \/@ x/E)] SW (1)
(1) > Yeye <\P \/_> (chc (Za;b)) — Yeyclnaor
chc(\/_—ln a) > Yeye <\F_+b In (2a+b)> 2)

The function f(t) = v/t —Int on (0,16] is convex as

f (t)— e _0for0<t<16 Assume WLOG thata = b > c.

>

3 3

) . . b d_b
Casel:b > % The triad (a, b, c) majorizes the triad (a+2 crad +ZC)

a+2b
3

as: a=

a+2b c+2a

a+2b
+

3

at+b >

ob>=canda+b+c=Ycye——

Casell: b < HTa The triad (a > b > ¢)

L. . at+2a a+2b b+2c
major/zesthetr/ad( 3 = 3 = 3)

c+2a a+2b
+

a> % anda +b > < b = c. Applying Karamata’s inequality

for the convex function f(t) = v/t —Int on (0,16] for the above triads for
either case | or Il we obtain (2).
6.26 If —g <x,y,z< gthen, prove that:
sin?x - sin? y - sin? z + (cos x + cosy + cos z)? > 1

Sudhir Jha-Kolkata (Inspired by Prof. Daniel Sitaru)
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Solution(Tran Hong)
Putting: u = COSX ;V = COSY ;W = COS Z
T T
(x;y;z € _E;E] >0<uyrv,w<l=>0<uww < 1)

sin?x sin? y sin? z + (cosx + cosy + cosz)? > 1
& (1 —cos? x)(1 — cos? y)(1 — cos? z) + (cosx + cosy + cosz)? > 1
c1-u)A-v)A-2)+@uw+v+w)2>1

o uv? + v2w? + w2u? + 2(wv + vw + wu) = (uww)?

AM—-GM
Ut 42w w2 2w vw+wu) = 652wvw)é = 68 2uvw

=+ 682uvw = uvw = (uvw)? (Because: 0 < uvw < 1) Proved.

&nuo<d<c<b<a<§mm:

(nb) (nc) (nd) < sina
csc 2 csc b csc T

sind
Daniel Sitaru
Solution(Tran Hong)

Csc (E) = ! < 1 = 2

w7 en(z5) 2G5

Csc (n_b) = 1 < ! = ¢

S CORERCON

csc (%) = ! < ! = g

(nb) (nc
% — . —
csc a csc T

d _si . .
Now, we must show that: — < anz o dsind < asina (%)

Let f(x) = x sinx (0<x<§)—>f’(x) =sinx+xcosx >0 (O<x<§)

Hence, f (x) 7 (0; g)

(nd)<b c d_d
ese 2c/) " a b ¢ a
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Because 0 < d < a < % - f(d) < f(a) » dsind < asina - (*) true.
6.28 Prove that:
as’* + (1 —a)cos®?x<1,a>0
Mohammed Bouras

Solution (Tran Hong)

1—a

Let: f(a) = loga —a+ 1 (a > 0), f’(a)=%—1=
f@=0oa=1fl@)<f(1)=0>loga<a—1..(1)
Let: f(B) = BlogB +1~B; (B> 1),f () = logh > 0= L2 < f...(2)

let: t =cos?’t;(0<t<1).Put:pt)=a'+(1-a);(0<t<1)
ca=0=29()=t<1;,(0<t<1)

, , a—1
~0<a<1=¢(t)=aloga+(1—-a); ¢ ({t)=0cat = o
loga
a—1 (D
t=loge(T—) < 0=t&(0;1]
°9% 0 <a<1

=90 <020 N (0;1]=01) <) <1
ca=12¢9(t)=1<1 (true), ~a>1= ¢'(t) =a'loga+ (1—a);

, a—1 (1) (2)
<p(t):0<:>t=]/=10ga(—) > 0andt=y<1=
loga a>1

te(0,1)>pt) <p)=1.5,at+ (1 —a)t <1; Va=0)
6.29If a, b, c = 1 then:

1 1 1 1 1 I\, 1 1 1
(aE + bb — cc) (bb + cc — aa> (cc + aa — bb)
<8

Daniel Sitaru
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Solution

[a] < a < [a] + 1;[*] — great integer function
BERNOULLI
20> 20 = (14Dl S 14 [a]>a
1 1 1
22>a=>02Ya>qga>1=>2>aa>1

1 1
Analogous: 2 > bb = 1;2>cc > 1

1 1 1
aa+bb>1+1=2>cc
1 1 1
aa + bb > cc

1 1 11 1 1
Analogous: bb + cc > aa; cc + aa > bb
11 1
aa; bb; cc can be sides in a triangle.

In a triangle with sides x,y, z by Padoa’s inequality:

x+y—2)y+z—x)z+x—y) <8xyz

(x+y—z)(y+z—x)(z+x—y)<
xyz -

8

1 1 1
Forx = aa;y = bb; z = cc

1 1 1 11 1y 1 1 1
(aa+bb —CC) (bb +CC—aa) (cc+aa—bb)
1 1 1 =8
aa - bb - cc

Equality holds fora = b =c = 1.
6.301fa, b,c,d > 0;a’cd + b*da + c*ab + d*bc = 4abcd then:

G0 1) G a )

Daniel Sitaru
Solution
fu>0=>w—-1)%*w+1)=>0
W -2u+Duw+1)=0
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wHut-—2ut-2u+u+1=>0
wW—-—uwr—-u+1>0=2ud>u?+u-1

Foru = 5 2 and successively u =
()= (
O =) +®)-1 @
(D)= +(
@ =@+
By adding (1); (2); (3); (4):

OEICE S R R

cyc cyc cyc cyc

c a
—;u = —then:
d’ b

3 z (a)2 N a’cd + b*da + c?ab + d?*bc — 4abcd B
B b abcd -

cyc

av? 4abcd — 4abcd a2
- Z (5) + abcd - z (E)

cyc cyc

631 Ifm,n,p,q€N;mnp,q=4then:
4"(4"+1)+4™(4m™+1)+ 4747+ 1)+ 49419+ 1)
> 4mnpq(mnpq + 1)
Daniel Sitaru

Solution

We prove by induction: 4™ > n*;n > 4

Forn =4 = 4* > 4* (True). P(n):4™ > n* (True)
P(n+1):4""1 > (n+ 1)* (to prove)
AL =41 . 4 > 4n* > (n+ 1)* (to prove)

Vntaz>Ym+Dten2zn+ien(vV2-1)21
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Butn>4=>n(vV2-1)=24(V2-1)=21e

42 >532>25P0n) »Pn+1)

mmn,p,q = 4= 4" >n* 4™ >m*; 4P > p*; 49 > g*. By adding:
AM-GM
4P 4 4 4P 4T >t mt +pt gt 2

> 43/n* -m*-p*- q* = dmnpq (1)

16™ + 16™ + 16P + 169 QM-AM 4™ 4 4™ 4 AP 4 49 (1)
2 > 7 = mnpq

By squaring: 16™ + 16™ + 16P + 169 > 4m?n?p?q? (2)
By adding (1); (2):
16™ + 4™ + 16™ + 4™ + 16P + 4P + 167 + 49 > 4m?n®p?q® + 4mnpq
A4+ 1) +4™m(4™m + 1) + 4P (4P +1) +49(49 4+ 1)
> 4mnpq(mnpq + 1)

6.321f 0 <x < 7,0 <y<1then:

X
2x < mXycos - + (1 — y)sinx < nx
Daniel Sitaru
Solution (Tran Hong)
(i)
Forx € [O,E] we have:zx < sinx < x, 2 <cosi<1
2 T T 2

X 2 T
Let: p(x) = cos>——,Vx € [O’E]

o' (x) = —%sinf < 0,Ve [0,%] then @(x) N on [0, g]

2
T T 2 2 2
<p(x)Zgo(z)=cosZ—;=7—E>0$(l)true.
Now,

0sys1 5 5
. ~
nxy + (1 — y)sinx > nxy-E+7t(1—y)-E-x=2x
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x
mXyCos o + (1 —y)sinx < mxy + (1 —y)x = mx

6.33 If x > 0 then:
(x% + x + 1)*"*2 + % > 2 + 3x + 3x2 + 3x3
Nguyen Van Canh
Solution (Sanong Huayrerai)
For x = 0 we have:

CP4+x+ D)2 +e* =2 +x+ D2 +x+ 1) +e*
> (2 +DO2+x0)+1)E2+x+1) +e*
=@+ + 2 +x+ D2 +x+ 1) +e”

=x0+2x°+3x*+3x3+3x2+2x +1+e*
>x6+2x° +3x* +3x3 +3x2 +2x+ 1+ x+ 1
>x%+2x5+3x*+3x3 +3x2 +3x +2 > 2+ 3x +3x? + 3x3
6.341f x,y > 0, then:

xy<s—(x+y)
4
George Apostolopoulos
Solution(Daniel Sitaru)
Llet:u = xz;yz;v =Jxy=>2u? =x2+y%4 vi=xy

x2+y?+2xy =2u? +2v? = (x + y)? = 2(u? + v?)

0<(w—-v)2?=>W+v)?2<2W+v?)=>Ww+v)? < (x+y)?

x% +y?
u+vsx+y= >

Jx—y3¥ )

+J/xy<x+y (1)
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2 2 3
By (1)+(2) we have: /x ;y +2./xy < 5 (x+y)

y2 3 2 2
xySZ(x+y)=> 3

1 <3 N
> xy_4(x y)

2
6.351fa,b,c € N\ {0, 1,2, 3} then:
b2 -Ya+c*- Vb +a?-c=>48V2
Daniel Sitaru

Solution

By induction we prove 4™ > n*;n > 4

Forn =4 = 4* > 4* (true)
P(n):4™ > n* (true)

P(n+1):4"*1 > (n+ 1)* (toprove)

ANl = AN 4 > 4n* > (n+ 1)* (to prove)

i/4n421/(n+1)4=>n\/§2n+1
n(v2-1)24(V2-1)>1e 4/2>5 32 > 25
P(n) > P(n+1)
fabc=4=%Ya=2V4=v2; Vb =2V2; Yc=2V2=
1 11 1 1 1
3‘1— —_— ——S—
Va = V2'%b~ V2 Ve V2
1 1 1 3

c? a? BERGSTROM

b2 -%a+c2-¥b+a?- \/_——+ T +tT =
Ya ¥p e

(a+b+0)? <;) (4+4+4)2_9-16-\/§
1 1 1 = 3 - 3

v*v 7 z
b2 -Ya+c?-Vb+a?-$c>48V2
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6.36If x,y,z > 1; xyz = 8 then:

x y z
() +G) +G) =3
Daniel Sitaru

Solution

@) - <1 (- 1))" S P A, P
<:>1+xz—2—x2x—1

xZ
——2x+2>209x>—4x+4>20 (x—2)2=>0

G)

By adding: (g)x + (g)y + (E)Z >x+y+z-—-32=

X Z\NZ

Zx—l,(%)yZy—l,(E) >z—1

AM—-GM
> 33/xyz—3=3Y8-3=3-2-3=3

Equality holds fora = b =c = 2.
6.371f0 <y < x < 2ythen:

x(x+y)>3(x—y)/3(4y? —x2)

Daniel Sitaru
Solution
Let’s consider AABC; BC = a = xy; AC = b =y? AB = c = x% — y2.
a<b+cexy<x’*-y’+y?oy<x(tue)
b<a+coey*<xy+x’—-y?oex(x+y)>2y?
But: x(x +y) > y(y +y) = 2y?
c<at+tbex?—y?<xy+y?ox?<ylx+2y)

(:)2y2+xy—x2>0<:)2t2—t—1>0;t=%
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143 1-3 9
A=9ty=——=2t=——=-Lmin@* -t-1) =

t>1=22t2—-t—-1>2-1>2—-1-1=0 (true)
Denote s — semiperimeter; F — area; v — inradii

a+b+c  xy+y?+x?-y?  x?+xy

s = = = (1)

2 2 2

a? + c? — b2 =x2y2 + (x2 — y?)? — y* ~
2ac 2xy(x? —y2)

cosB =

_xtox?yliytoyt x2(x%-y?)
T 2xy(x2-y2) | 2xy(x2-y2)

sinB =+v1—cos?B = /1— r- - (2)
1 _ 1 5 Jay? —x?

F=EacsmB=§-xy-(x —yz)- 2y

F= x(x2-y?)Jay?—x2
4

= Zi <1 (true)

. By Mitrinovic’s inequality:
s > 3+/3r (Equality doesn’t hold because AABC can’t be an equilateral one

x<y=>xy<y?’=a<b) s>3\/_-§:>sz>3\/§F

2 2 B —
By (1); (2): x(xT+y) >33 - x(x y)(x+:;)\/4y—x

x(x +y) > 3V3(x — y)/4y? — x2, :g—i—g > \/3(4y2% — x2)
x(x +y) >3(x—y)J/3(4y? —x?)

6.381f0 <y < x < 2y then:
x(x + y)/4y? — x? < 3y3/3
Daniel Sitaru

Solution

Let’s consider AABC; BC = a = xy; AC =b =y% AB = c = x? — y?
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a<b+cexy<x’—y’+y?oy<x (true)
b<a+coey’<xy+x’-y?oex(x+y)>2y?
But: x(x +y) > y(y +y) = 2y?

c<atboex’*—y*<xy+y?oex?<ylx+2y)
y

<:>2y2+xy—x2>0<:)2t2—t—1>0;t=x

A=9;t; =2;t, =—1;min(2t2—t—1)=—§

t>1=22t2—-t—1>2-12-1-1=0 (true)
Denote s — semiperimeter; R — circumradii

_ a+12)+c _ xy+yz-2|—xz—y2 _ xz-lz—xy (1)
a? + c? — b2 _x2y2 + (1% — y2)2 — y* ~
2ac B 2xy(x? —y2) B

cosB =

4_22+4-_4- x2x2_2
N . e y)—i<1(true)

2xy(x2-y2)  2xy(x2-y2) 2y
, x2 [4vZ — x2
sinB =+1—cos?2B = 1——2:y—
4y 2y
Re-b ¥y ¥
~ 2sinB a2 — x2  [JavZ — 52
, Y yzy X2 \J4y? —x

x(x+y) 33 y3

By Mitrinovic’s inequality:s < 5 R.By (1), (2): 5 =T

x(x 4+ y)J4y? — x2 < 3y3V3

(Equality doesn’t hold because AABC can’t be an equilateral one:
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x<y=>xy<y’=a<bh)
6.391f 2 < a < b then:
log(a+ b) — log2 - log(ab)
log(a+b—2)—1log2~ 210g(vab— 1)

Daniel Sitaru
Solution (Sudhir Jha)
Let be the function: f(x) = w;%l),x >2,f (x) = (x;al_ol‘g)(l’;;)(:lsgx <0

f-is decreasing for all x>2, then:

atb, vab at+b
a+by ? 109( 2 ) logvab
() 2 - ST .
2 log(a;b—l) log(vab — 1)

log(a + b) — log2 - log(ab)
logla+b—2)—log2 ™ 2l0g(Vab — 1)

6.40Ifa,b,c,d,e,m,n € R,m,n > 0,k € N prove:

'{/mla—bl +nlc—d| + 'i/mlb—el +nld- f| = '{/mla—el + n|c— f|
Jalil Hajimir

Solution (Tran Hong)

Let:u=’i/mla—b|+n|c—d|;u20:>uk=m|a—b|+n|c—d|

Let:vz’i/mlc—d|+n|e—f|;v20:>vk=m|c—d|+n|e—f|
uk+v¥ =mla—bl+ (m+n)lc—d|+nle—f|=>
mla—b|+ nle—fl =u* +v¥ — (m +n)|c —d|

We need to prove:

u+v2’i/uk+v"—(m+n)|c—d|=>

w+v)f>u*+ v —(m+n)lc—d|

k-1
k\ . .
uk 4+ vk +Z (i)u‘v"‘l >uk + vk —(m+n)lc—-d|l e
i=1
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k

1

k\ . .
(i)u‘vk_‘ > —(m+n)|c—d|

,..
Il
oy

Which is true because:
k-1
K\ e
wvmnlc—d| =0 Z (i)ulv > —(m+n)|c—d|.
i=1

6.411fa,b,c € (0,1)ora,b,c € (1,0),ab + bc + ca = abc then:

[ (Beyea?) (Zeyelt - a?))

4
2- 1_[ tan~la z tan~la | < tan™?
\ 1—abc /

cyc cyc

Floricd Anastase

Solution (Adrian Popa)

2\tan"1a - tan=1b - tan—1c(tan—la + tan=1b + tan—'c)

Am—Gm ) 2(tan"'a + tan'b + tan"1¢)

- 4
a+b+c—ab6) _1(a+b+c—ab—bc—ca)
= tan
1—ab—bc—ca 1—abc
(a1 —=b)+b(l—c)+c(l—-a)
= tan ( )
1—abc

=tan~! (

1
1+4x2

Let be the function: f(x) = tan™x, f (x) = >0VxER>
f —increasing
CB.S
al-b)+b(1—-c)+c(l—a) <

<J@+b2+c2)((1-a)2+1-b)2+(1-c)?)

1-a>0 S a(i-b
fa,b,c €(0,1) =11~ b>0and1—abc>0 =222 5 g

1—c>0

1-a<0 S a(i-b
ffa,b,c€(1,e))=11—b<0and1—abc<0==2050

1—-c<0
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6421fa>2,0<x<y<zx+y+z=3then:
(x —1logalog(a—1) + (y— 1)log(a — 1)log(a+ 1)
+ (z—-1)logalog(a+1) =0
Daniel Sitaru
Solution (Tran Hong)

For x > 0 we have: ¢(x) = logx increasing on (1, o)

2
o< log(a — 1)loga < log(a — 1)log(a + 1) < logalog(a+ 1) (1)

0<x<y<z;x+y+z=3>z2>1

y=x
Casel: x> 1=y =1
= (x — Dlogalog(a — 1) + (y — Dlog(a — 1)log(a + 1)
+(z — Dlogalog(a+1) =0

=x(y>212x
{0Sx£y£1

Case2:0 <x<1%
If0<x <y<1then:
(x — Dlogalog(a— 1) + (y — Dlog(a — 1log(a + 1)
+(z — Dlogalog(a + 1)
> (x — Dlogalog(a + 1) + (y — Dlogalog(a + 1)
+(z — Dlogalog(a+1) = (x+y +z—3)logalog(a+1) =0
If0 <x <1< ythen
(x — Dlogalog(a —1) + (y — Dlog(a — Dlog(a + 1)
+(z — Dlog(a — Dlog(a+1)
> (x — Dlog(a —1)log(a+1) + (y — Dlog(a—1)log(a + 1)
+(z - Dlog(a—Dlogla+1) =(x+y+z—3)logla—Dlogla+1)=0
6.43Ifa,b,c > 0;a+ b+ c = 3 then:

1 1 1
(a+ c)ea+ b(b+ a)eb + c(c + b)ec = 9e

Daniel Sitaru
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Solution
Let be f:(0,°) > R; f(x) = e*; f (x) = e¥; f (x) = e* > 0; f convexe. By
Jensen’s inequality:
eMX¥1tlaX2¥23%s < ) o™ + Lye*2 + Aze%3 (1)
AL+ Ay 4+ A3 = 1545, A5, A3 > 0
We take:

_a*+2ac  b*+2ba c*+2cbh
YT (@+b+0)2""  (a+b+0)?’"? T (a+b+0)?

a2+2ac+b2+2ba+cz+26b_(a+b+c)2

Mt et s = (a+b+c)? “(@a+b+o)?
_1- —1- —1
xl—a:xz—b;x3_c

Replace in (1):

a’+2ac 1, b%+2ba 1, c*+2c¢ch 1
ela+b+c)? a’ (a+b+c)2 b (a+b+c)? ¢ <

- a® + 2ac 1+ b? + 2ba %+ c>+2ch 1
-  ePa Cc
_(a+b+c)ze (a+b+c)2e (a+b+c)ze

a+Zc+b+2a+Zc+2b a’?+2ac 1 b? +2ba 1 c>+2ch 1
e (a+b+c) <

b
_(a+b+c)2ea+(a+b+c)ze +(a+b+c)zec

3 1 1 1
ea+b+c - (a+ b+ c)? < (a? + 2ac)ea + (b? + 2ba)eb + (c? + 2cb)ec

3 1 1 1
e3-32<ala+c)ea+b(b+a)eb +c(c+ b)ec

1 1 1
ala+ c)ea+ b(b+ a)eb + c(c+ b)ec < 9e

Equality holds fora = b =c = 1.

6.44ifa,b,c,d,x,y,z t > 0 then:

(ax)a . (by)b . (CZ)C . (dt)d ( xyzt )a+b+c+d
(a+ b+ c+ d)atb+erd = \xyz + xyt + xzt + yzt

Daniel Sitaru
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Solution

Ifa,b,c,d,u,w,s > 0 by weighted GM-HM:

a+b+c\/(§)a'<§)b.(%)c.<g)d2 atb+c+d a+b+c+d

s a b, c d u+v+w+s
z§4-7;+-z:-in

u oy W
an@ (\" sene A\t a4 b+ c+d\*HPrere
@G G0 =Gt

Letbeu=i;v : L .

=—W=-;8 =-—
y z

a+b+c+d
(ax)@ - (by)b (cz)°¢ - (dt)d > (a+b+c+d)

1 1 1 1 a+b+c+d
xtyTz ™ t)
a+b+c+d

(@)? - (by)” - (e2) - (@D 1 3

(a+b +c+d)atbrera = | xyz+ xyt + xzt + yzt -

xyzt
xyzt at+b+c+d
- (xyz + xyt + xzt + yzt)

6451fa,b,c,x,y,z>0;a+b+c=>x+y+ zthen:

a®b®ct > x*ybz¢
Daniel Sitaru
Solution

By weighted GM-HM:
a+b+c (a)a (b)b (C)C> a+b+c _a+b+c>
x y z/ S x+y+zo
a b c
X y z
x+y+z atbre| an@  b\"  c\©
> " >1: =) (=) - (5) =1
Tx+y+z \/(x) (y) (z) -
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b
O () (O 20 prcrzanypr
Equality holds forx = a;y = b; z = c.
6461fa,b,c,x,y,z> 0;a+ b + c = 3 then:
a® b - c‘(x +y+2z)3 > 27x%ybz¢

When does the equality holds?

Daniel Sitaru
Solution

By weighted GM-HM:

atbre| qya b\" cn€ atb+c atb+c
CRCRCE e

@ (b\" e\¢  ja+ b+ PP 3
(;) (;) (E) 2(x+y+z) :(x+y+z)
b, 27
x¢ yb z¢ " (x+y+2)3
a®-b? - cc(x +y+2)° > 27x%yPz¢
Equality holds fora =b=c=1andx =y = z.
6.47 If x > 0 then:

x2 —3x+ 1= logx* — x**1

Lazaros Zacharidis
Solution (Michael Sterghiou)

x2—3x+1=logx* —x**t (1)
Am;‘Gm
x2+1 > 2xso (1) becomes the stronger inequality

—x —xlogx +x**1 >00rx>0=—-1—logx+x* =0
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Consider the function f(x) = x* —logx — 1, f (x) = x*(1 + logx) —%
Ifx < 1thenx* < 1;1+ logx < 1;§> 1=f(x) <0
Ifx > 1then f'(x) >0, (1) =0.
Therefore f(x) T,x € [1,20); f(x) L x € (0,1] hence: f(1) = 0 is a global min
on (0, =) because lim,_,o, f(x) = +o°; lim,_.. f(x) = +o°.
Now: f(x) = f(0) = 0.
6.48 x,y, z — real numbers different in pairsx +y +z = 0.

Find min Q

1 1 1
0=y + (St gt o)

Le Ngo Duc

Solution (Tran Hong)
x+y+z=0z=—x—y;(x #y;x # z;y # z). We must show that:
02
2

1 1 1 9
<:>[xZ+yZ+(x+y)2][(x_y)2+(2y+x)2+(x+2y)2 25

© 2[2x% + 2y% 4+ 2xy][2y + )% (x + 2y)? + (x — y)?(x + 2y)?
+(x—y)?(y+20°%] 2
> 9{(x —y)(x + 2y)(y + 2x)}* © 243x*y? + 486x3y® + 243x%y* > 0
© 243(x%y?) (x? + 2xy + y?) = 0 © 243(xy)?(x + y)? = 0 (true for x,y)
Equality:
x=0=2z=-y#0,y=02z=—x#0x=-ykxy+0) =
z=—(-y)-y=0
9

Hence, Qmin =3 © (x;¥;2) = (0;t; —t) or (x; y; z) = (t; —t; 0)

or (t;0; —t) (witht = 0)
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6.49n € R,n > 1,n-fixed, Q,(x,y) = /x+;2—1 + /y+:2—1

Find:

2, = min Q,(x,y),Q, = max Q,(x,y)

x+y=2 x+y=2
Marin Chirciu
Solution (Adrian Popa)
x,y>0
x+y=2=>x=2-y
2
n>=1=""1>0 12 140
x>0
n2—1>0} )
n>1= y>0 >y+n°—-1=%0

Q()_[ X + 2—x
St n2—1" |=x+n2+1

x+n?—-1—-x x—-n?—-14+42-x
(x +n%?-1)2 (—x +n?+1)?

+ > =
X — X
C P S e s

0, (x) =

M?—-1DVx+n2—-1 @M?>*-1DV—x+n2+1 0 n® -1
= — = . =
2Vx(x+n?2 —1)2  2V2—x(—x +n2 + 1)2 2
Vx+n? -1 V—x+n?+1 x+n?—1
= = = =
Vax(x +n2 — 12 V2 —x(—x +n? + 1)2 x(x +n? —1*
—x+n*+1

>x(x+n*-1)°=Q2-x)(—x+n?+1)3

- 2=x)(—x+n?2+1)*
We notice that: If x >1=>x>2—-x=>2x>2=>x>1 (True)
x+n?—1>—-x+n*+1=22x>2=>x>1 (True)
>x(x*+n-13>Q2—-x)(—x +n?+1)3
Ifx<1=2x<2—-x=2>2x<2=>x<1 (True)
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x+n?P—-1<—x+n*+1=22x<2=>x<1 (True)
25xx?4+n-12<Q2-x)(—x+n*+1)3

So, the only solution Q,,(x) = 0isx =1

X 0 1 2

Q,(x) +++++++++0————————

Q,(x) \/Z _|—> % \\[Z

0,(0) =0, (2) =

Q(l)—1+1—2
n2+1"™"7 " n'n n

So, Q; = ’#andoz = %

6.50If x,y,z > 0,x = y + z then find the minimum value of:
+z z4+x x+
(@212, 272 X7Y
X y z
X z
+ =4
y+z z+x x+Yy

(b)

Hung Nguyen Viet

Solution (Tran Hong)
a) For x,y,z>0 and x =y + z: Let f(x)=yxj+2;—x+x+7y
Vxzy+z
. +z 1 1 1 1 1 +z 1
SfE@=-224-4- 3 - +opo=22E
X y z y+z y z yz y+z

+2)?2—-yz y*+z2+yz
= y+Z = vz >0('y,Z>0)
+2z 2y+z
y " y

S f)Ty+z;+) > f)=2fly+2) =1+ -

AM-GM

y ~
=3+2(—+—) = 3422=7
z Yy
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+z z+x x+
—>O=y + + 4

=7 2 Qnin="7 <—>{x=y+z<—>{x=22

x y z y=z y=z

b) For x,y,z>0and x>y + z:

= * 4 Y . 2z () =~ Y __ 7
Let g(x) = y+z + zZ+x + x+y EAQ ytz  (z+x)? (x+y)?
. 2y 2z
g (x) = >0 («Vx=2y+2z>0)

Z+0° Tty
Sg@ T y+z;+) >g(x) =g (y+2)

1 y z
T y4z (y+22)2 2y +2z)?
1 y z 1 y+z 1 1

)

> —_ —_ = —_ = — =
yv+z (+2)? G+2? y+z Y+2)? y+z y+z
(~Vx=zy+2z>0)

y 7 )
-
+

+ L oo > =
- g)T[y+z;+e) - glx) =gy +2) 1+y+22 Tz >

5
> —
3

y n z
y+2z 2y+z

(¥) & 22
3

o 3lyQRy +2z)+z(y+22)] = 2(y + 22)(z + 2y)
o 3(2y? +2z% + 2yz) = 2(2y? + 2z% + 5yz)
o 2y2+222 —4yz> 06 2(y —2)* = 0 (- true)

X y z 5 5 {x:y+z {x=22
0= > = O ==
” y+z+z+x+x+y_3 TOmin =3 y=z “ly=z
6.511fa,b,c,d > 0,ac = bd then:
a+b)(b+c)(c+d)(d+a
( )( )( )( )24\/E
ab(c+ d) + cd(a+ b)
Daniel Sitaru
Solution(Marian Ursdrescu)
(a+b)(o+0)(c+5) (5
Because d = % = we must show: ——— (r5)G+e) > 4Jac &

ab(c+%)+c-%(a+b)
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(a+b)(b+c)clglz)+a)-a(c+b) (@ +B)2(b + O)%ac

< bc(azb)+a62(t;)+b) 24W@ac(a+b)(b+c)-b24\/a@
(a+b)(b +c) = 4b\ac (1)

a+b>2Vab

+ ¢ > 2vbc

6.521f a,b,c > 1,abc = e? then:

(log \/E)logm : (log\/b_)log\/_

(1) itis true because

}=>(a+b)(b+c)>4b\/_

(logc ) > loga-logh -logc
Daniel Sitaru
Solution (Marian Ursdrescu)

(ln\/_) (n\/_) (ln\/_)l\/_>lnalnblnc

Ina+lnb Inb+Ilnc Inc+lna

Ina+In b Inb+Inc Inc+lna
We must show: (T) g (T) 2 (T) 2>

InVbc

Inalnblnc (1)
letlna=x,Inb=y,Inc=2z,x,y,z>0 (2)

and abc = e3 © x + y + z = 3. From (1)+(2) we must show:

x+y y+z Z+x
<X+Y)T.<Y+Z)T‘(Z+X)TZ xyz
2 2 2
x+y yt+z ztx
n|(%) " () () e e

Z%l (x;y) >Inx+Iny+Inz (3)

But™2 > [xy = In (X2 )>1n xy=5(nx+Iny) (4)

From (3)+(4) we must show: Z Ynx+Iny)>Inx+hy+lnze

Z(2x+y+z)lnx24(1nx+lny+lnz)}=>
Butx+y+z=3
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Z(x +3)Inx >24(nx+Iny+1Inz)
Y(x—1)Inx = 0, true because:
ifx>1=>Inx>0andx € (0,1) =>lnx<0
equality forx =y =z = 1.
6.53 If x > 0 then:
1 1

{x}+ {x + E} + {Zx + E} > 2./{4x};

{x} = x — [x]; [*] - great integer function

Daniel Sitaru
Solution

(2x} — {x) —{x+%} —

=2x—[2x]—(x—[x])—(x"'%_[x-i_%]):

=2x—[2x]—x+[x]—x—%+[x+%]

= b+ [t o] - 120 — 2 T 2] 2] -2 = -3

@ -G -{x+3l=-7 @

Replacing x with 2x in (1): {4x} — {2x} — {Zx + %} = —% (2)

By adding (1); (2): {4x} — {x} — {x + %} - {Zx + %} =-1

{x} + {x + %} + {Zx + %} 14 S 21 (4] = 2/T4x)
6.54If 0 < x,y, z then:
x(y?[x] + 22{x}) = (y[x] + z{x})?,
{x} = x — [x], [*] —great integer function.

Daniel Sitaru
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Solution(Adrian Popa)

(Ix] + DO [x] + 22{x}) = y2[x]? + 22 [x]{x} + y2[x]{x} + 2% {x}?

=y2[x]? + 22 {(x}? + [x]{x} (2 + ¥?) 2 y2[x]* + 2% {x}* + 2yz[x]{x}
2yz

= (y[x] + z{x})?

6.55 Prove:
tan"lx tanly
o + y >E ;0<x,y<1
Jalil Hajimir
Solution (Daniel Sitaru)
X -1
F01) > R ) = iy T
g:(01] » R, g(x) = T -fxz —tan"'x,g'(x) = % <0
supg(x) = lim g)=0=2g(x) <0=f(x) <0
x>0
f —decreasing, minf(x) = f(1) = % = f(x) 2%
tanx = Y fw+f) = 24T
Equality holds forx =y =1
6.561fx,y,z>0,x+y+z = 6 then:
I(x)+T(y)+TI(z)=>3
Jalil Hajimir

Solution (Daniel Sitaru)

w

w
-w 1 ) -w 1
j te‘tdt——w——+1 lim te~tdt = lim (_w__w+ 1) =1
e [O2dad w-eo \ e e
0 0

AM-GM
e—ttx—l + e—tty—l + e—ttz—l g 3e_ti/tx_1 tYy-1.pz-1 =
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= Be‘ti/ tx+y+z-3 = 33‘t3\/t6‘3 = 3tet
w
rx) +r(y) +r(z) =3 lim f te tdt =3
w—>o°
0

Equality holds for x =y =z = 2.
6.57Ifa,b,c € N;ab + bc + ca = 27 then:

135 + “"a2a - p2b + "[p2b . c2¢ 4 2 q2a < 2(a + b + ¢)?

Daniel Sitaru
Solution
a’*+a*+--+a*+b*>+b*+--+b*
a+l</a2a ] b2b — a+1</(a2)a - (bz)b AMéGM for"a" times for"b" times —

a+b

_a-a’+b-b* a*+b® (a+b)(a®—ab+b?)

= = — 2 _ 2
a+b a+b a+b @’ —ab+b
Z 2 faza . p2b SZ(aZ —ab +b?) =
cyc cyc
=22a2—2ab=2(a+b+c)2—42ab—2ab=
cyc cyc cyc cyc

=2(a+b+c)2—52ab:2(a+b+c)2—135

cyc
135 + Z “a?e b2 < 2(a+b + c)?
cyc
Equality holds fora = b = c = 3.
6.58 If a, b, c = 0 then:

(ab N bc+a >6<ab6+ bc® + a®
1+a (1+a)(1+b)) " 1+a (A+a)(d+Db)

Daniel Sitaru
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Solution

a b 1 _
1+a Gr00+b) A+ +b)

_1+a—1+ 1+b—1 N 1 B
T 1+4a A+a)(1+b) (A1+a)(1+b)

1 1 1 1
(-1 b i)
( 1+a "Ura Groa+n) T Groa+n
Letbe f:[0,20) - R; f(x) = x%, f'(x) = 6x% f'(x) = 30x* >0
By Jensen’s inequality for A4, A5,A3 > 0;then: A4 + A, + A3 =1

f(llxl + lzXz + 13X3) < Alf(xl) + Azf(xz) + A3f(x3)
—_ b . A j— 1
T A+ @+p)’ P T (1+a)(1+b)

a
Forll = m; 2.2

a b 1 <
f<1+ax1+(1+a)(1+b)x2 +(1+a)(1+b)x3) <

)f(x3)

< a 1
ST/ A+ +b

Troasn 0D+

a b 1 6
<
<1+ax1+(1+a)(1+b)x2+(1+a)(1+b)x3) =
< a 6_|_ b 6+ 1 6
=1 td T 0+ +D T T v+ 0

Forx; =b;x, =c;x3=a

ab bc a 6 abs ba® + c®
( + + ) < +
1+a (1+a)(@+b) (A+a)1+b) 1+a @A+a)(1+Db)

(ab N bc+a )6<ab6+ ba® + c®
1+a (A4+a)@+b)) " 14+4a (A+a)d+Db)
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6.591fa, b, c, xq, x5, x3 > 0 then:

(a+ b+ c)*(ax] + bx] + cx}) = (ax, + bxy + cx3)%(ax? + bx3 + cx3
1 2 3 1 2 3

and prove that:

@+b+ )5(a+b+C>>(a+b+c)5(a+b+0)
a Cb7c7a7_bcab2c‘2a2

Daniel Sitaru
Solution
a(x2)6 b(x2)6 C(x2)6
ax] + bx} + cx} = ; + : i =
X X X
1 2 3
_ (axd)” | (oxf)” | (cxd)” RADON (axfrbxprexd)” )

- (ax1)5 ~ (bxy)5 (ex3)5 = (axq+bxy+cxs3)’

(ax;)? (bxy)?  (cx3)? RADON (ax; + bx, + cx3)?
ax? 4+ bx2 + cx2 = —— 42 4 3 > L 2 3
b c a+b+c

(ax; + bx, + cx3)?

a+b+c=
ax? + bx3 + cx2
(axq+bxy+cx3)10
a+b+c)>——L1—"3%_ ()
( ) (axf+bx§+cx§)5 (2)

By multiplying (1); (2):
(a+b+c)>(ax] + bx] +cx3) =

(ax? + bx% + cx2)°® (ax; + bx, + cx3)10
~ (axy + bxy + cx3)5  (ax? + bx5 + cx3)5

(a+b +c)°(ax] + bx] + cx}) = (ax; + bx, + cx3)°(ax? + bx3 + cx2)

1 1 1
Forx1=;;x2=z;x3=;

(a+b+ )5<a+b+C)>(a+b+c)5(a+b+C)
a P ls+t=+=)2(-+—+-) |+t +=
b7 ¢’ b ¢ a/ \b? c? a?
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1 1
- n>
\/E+\/§+ +\/_,n 1 then:

1 1 1 + -+ 1 <2 1 >1
eee —_,n_
1 \/_ %\/g a,zl\/ﬁ 2\/5

lonut Florin Voinea

6.601fa, =1+

Solution (Catinca Alexandru)
1 1 1
a, = 1+E+E+---+—%,n =>1
1 1 1 1
vz e T

1
—2 TlZli (1)
1

—>0>a,=>a,.1>a:>a, a,_,
n

An = An-1 =

1 1 1
>S=—+ + Foet
ai aiVZ a?V3 avn
PR
\/E'alaz \/§'a2a3 \/ﬁ'an_lan

1 1 1
=1+ — + — + 4+ — Ay
(az —ay) 4,0, (az —ay) 4y0s (an — an-1) P
1 1 1 1 1 1 1

=1+——+—4+ -4+ ——=2-——
a a3 a; a; an-1 Qn an

1 1
We must show: Z—a—n<2—ﬁ@an<2\/ﬁ, (%)

Prove a,, < 2v/n by induction.P;: a; = 1 < 2 true. P, = Pp4,

1 1 1
a, <2n=a,+ ——<2Vn+—o a,., <2Vn+
" " Vvn+1 Vn+1 il Vn+1
2Vn + LI +1 An+ 4 |—— 4 ! <4n+4
<: ——
n Vn+1 n n n+1 n+1 n

n n n 2
ol —4/ +41< /——2
n+1 n+1 n+1
@1<| /i—z
n+1

neN

1> /nn? true, then a, .1 < 2Vn+1
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S0, a, < 2v/n = (x)true = (1) is true.
6.61 Find the maximum of z = —= + 3—y, 0<xy<4
y+5  x+2
Jalil Hajimir

Solution(Daniel Sitaru)

2x 3y
:10,41X10,4 R =
z:[0,4]X[0,4] - R, z(x,y) y+5+x+2
, 2 3y P 6y
= — ) = >0
BT s T+ T (xr 2
—2x 3 4x

_— ’” :—20
BT @t Tty

[0,4]X[0,4] —compact domain. By Weierstrass z-is bounded and attains max.
[0,4]X[0,4] —convexe domain with borders parallel with axis, z —convexe in

each variable. By Gireaux max is attained in one of the vertexes:

8 26
maxz = max{z(0,0),2(0,4),z(4,0), z(4,4)} = max {0,6,5,?} =6

6.62 If m,n € N — {0}, F,, —Fibonacci numbers, L,, —Lucas numbers

then:

s|F2 F3L213, s|F3 FZL312

5 5
Fm+n Fm+n

Daniel Sitaru

Solution (Marian Ursdrescu)

We must show: JE2E 1213, + \ESE2L3 12, < 2Fpmin; (1)

Am-6m 2F - L. + 3F, - L
N CRRY MR CRYM ER S Sl 6)

Am-6m 3F - L. + 2F, - L
JERELLE = VE L) (o L)? < = (3)

From (2),(3) we have: E2F3 1213, + \ESE2L3 12, < Epy + Ly + Fy  L; (4)

129 | OLYMPIAD PROBLEMS ALGEBRA-VOLUME II



DANIEL SITARU MARIAN URSARESCU

But:E, - L, + F, - L,, = 2F,,.,, (Ferns identity); (5)
From (4),(5) we get (1) is true.

6.631fx,y,z t € (0,1);3V3(xyz + yzt + ztx + txy) = 4 then:

yzt N zZtx N txy N xyz 5
x(1—-x2) y(1—-y2) z(1-22) t(1—-1t?)"—

Daniel Sitaru
Solution

AM=6M [2x% +1—x2 +1 —x2\°
x> (1-x)1-x%) < < 3 )

8
2x%(1 —x%)? < 7= x?(1—x2)* <

" 3V3
2 1 3v3 yzt \/—
x(1—x%) < \/—=>x(1—x2) ===, x—(l o 2 yzt (1)
Analogous:
ztx 3\/_
(- yz) - ztx (2)
txy 3V3
T 2 7 ey ()
xXyz 3V3
17 Z—xyz (4)
By adding (1); (2); (3); (4):
yzt ztx txy xyz
>
xA-x) ya—) za-A T ta-0)°
>£( zt + ztx + txy + x Z)—i i

i —y =g —=f=_L
Equa//tyholdsforx—y—z-t—ﬁ.
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6.641fa b,c,d > 0,a+ b+ c+ d = 1 then:

471 1 1 1 255
w2\ =—p2) (=2 [ = —g2)>22
](az )(m-2) @) @-*) =5

Daniel Sitaru

Solution (Soumava Chakraborty)

1_[ (% - az) _ 1—[ <1 ;;14) _ 1—[ <(1 -a)1 -Cll—za)(l + a2)>

:1—[<(b+c+d)(2a+b+c+d)(1+a2)

e )(':1=a+b+c+d)

s @ {II(b + c +d) 2a + b + c + DHIIA + a?)}
= - (abcd)?

Now, [[b+c+d)=0b+c+d)(c+d+a)([d+a+b)la+b+c)

A;; (3¥bcd)(3Vceda)(3¥dab)(3Vabc) = 3*(abed)

)
= [1(b + ¢ +d) = 3*(abcd). Again, [I2a+b+c+d) =

=QRa+b+c+d)2b+c+d+a)2c+d+a+b)2d+a+b+c)

A-G

> (si/aZbcd) (si/bzcda) (5i/a2dab) (55 dzabc) = Sabcd

(i)
=>| |Qa+b+c+d) = 5*Cabcd)

il

(iii)
(i)-(ii)=> TI{(b+c+d)(2a+b+c+d)} = 15*(abcd)?
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(iii), (1)=>LHS> \/154(“””)2{“(““2”_ 15YTIA + ) > 22

(abcd)?

1 > 17 17
_ 20> 1n— 2 > -
=>41n{| |(1+a)} ln16<:> E In(1 + a?) 41n16

Obviously, = a,b,c,d >0|YXa=1-~0<a,b,c,d <1

.2
Let f() = In(1 +x?) Vx € (O,1). Then, () = 22 >

= f(x) is convex .. X In(1 + a?) ergen4ln(1+( ))=41n(1+%)

=4In % = (2) is true = given inequality is true (Proved)

6.651f0 < a, b, ¢ < 7 then:
(1 + cos?a)(1 + cos?b)(1 + cos?c)(sina)?s"*a(sinb)2sin*b (sinc)zsin’c > 1

Daniel Sitaru

Solution ( Adrian Popa)
Let: f(x) = (1 +x)(1 —x)™%;x € (0,1]

= logf(x) =log(1+x) + (1 —x)log(1 —x) = g(x)

G = ~log1-x) ~1

~ x> +3x o B
g(x)—m,g (x)=0ex=0,(x*—3)
So,g(x) >0,Vx > 0= logf(x) >0=f(x) >1

>1+x)1-x)%>1;vx € (0,1]

If x = cos?a = (1 + cos?a)(1 — cos?a)t=cos’e > 1
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= (1 + cos?a)(sin?a)s™* > 1 = (1 + cos?a)(sina)>"*¢ > 1 and
analogs. Then:
(1 + cos?a)(1 + cos?b)(1 + cos?c)(sina) 25" a(sinb) 25t (sinc)2sin*e > 1

1

6.661f x; > 0,i € T,2020,x1 + X + - + Xpop0 = -+~ + =+
1

x2 X2020
then:
(1 +x3 + x5+ -+ + Xg010) (Xg + X4 + Xg + - + X2020) = 10102
Rahim Shahbazov
Solution

Let: {A = X1 +X3 +x5 +"'+X2019
(B :x2+X4 +x6+---+x2020

We must show that: A - B > 10102

1 1 1 1 1 1 Bergstrom
A+B=<—+—+---+ )+(—+—+-'-+ ) =
X1 X3 X2019 X2 X4 X2020

1010% 10107
= +
A B
6.671If n € N,n > 1 then:

_ 2_A+B _ )
= 1010 15 =>A-B =1010

n

1
1 1 \n H,\"
— < log™ 1+1_[(ek—1> S(—)
n! n

k=1
Daniel Sitaru

Solution (Floricd Anastase)

X
/< < _1.
1+x_log(1+x)_x,‘v’x> 1; (D

n n n 1

1) = [T 1 =

k=1 k=1 k=1
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n
n 1 n n

1 n Huygens 1 1
1+1_[<ek—1) < H(1+ek—1)=nek=eHn—>
k=1 k=1 k=1
n 1 u
1 <
log 1+1—I(3F—1)n S?n:(3)
k=1

From (1), (2), (3) we get:

n 1

1 1 n H,
— < log" 1+1—[(ek—1) S(—)
n! n

k=1

6.681f0 <y < x < 2ythen:

x(x +y) > 3(x — y)/4y? — x?
Daniel Sitaru
Solution(Daoudi Abdessattar)
O<y<x<ly

2
4y2_x2

x+y<3y? (1)

Using AM-GM:

x +y)% AM-6M 9 1 1
\/(4y2—x2)—( 2R foxy - x°

2 = 37
2y?+-xy —2x? <3y? & 3y? = 2xy +x% = 2y? + (x —y)? > O true

x(x +y)>3(x—y)Jay? —x2 (2)

AM-GM

Rhs < 6y(x—1y)
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6y(x —y) < x(x +y) © 6y? — 5xy + x2 >0<:)(§—2) (3—3) > 0 true
sincei <2
6.69 If a, b, c > 0 then:
(a® + b? + ¢2)? al® p10 c10

<
2(ab+bc+ca)(a+b+c)7_b+c+c+a+a+b

Daniel Sitaru
Solution (Tran Hong)
Using Hélder’s inequality:
@ +v3+ w33 +y3 +23)(M3 +nd +p3) = (wem + vyn + wzp)3 (*)
(with: u,v,w,x,y,z,m,n,p > 0)

Now, choose:

3 3

=bw>=z"=cm
Then: (*)o (a + b + ¢)?(a* + b* + ¢*) > (a? + b? +¢?)3 (1)
Lastly. ch .3_a_m.3_b_l°.3_£.3_(b+).3_(b+).
astly, choose: u® = ——;v® =—;w? =—;x* =a c);y3 = );
z2=cla+b);m3=a;n®=b;p3=c

10 D) (424p2402)°
Then: (%) (220) (T a(b + )(Sa) 2 (a* +b* +¢H)? = ).

< (Z :_ii) 2Ya) X a) = (a®? + b% + ¢?)°. Proved. Equality & a = b = c.

6.701fa,b,c>0,1+11+1— 6then:
a b c

3a 3b 3c

<a+b
2 +2a+1 Ab2+2b+1 acZtzcr1-atbte

Daniel Sitaru
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Solution(Serban George Florin)

a+b+c 3

9
= 1=>a+b+CZT—
c b

=+

a
(Ma=Mb)= a + b + ¢ 2%

402 +2a+1>0A=4—-16=-12<0;Va>0

—<—1 42 1>6 42 4 1>0

= = —

> 7= a‘+2a+1=6a a a+12=
= (2a—-1)?>0,(V)a > 0, true.

3a 1_3
= —< _—=a<Z X
Yabeqairgar S Sabe; =5 =a+b+c true

6.711f x,y € (O, g) then:

3 1 1 6
: -5 + <= :
sinx 2sinycosx 2cosxcosy sin2xsin2ycosx
Daniel Sitaru
Solution(Tran Hong)
3 1 1 6
i + <= .
sinx 2sinycosx 2cosxcosy sin2xsin2ycosx
6 cos? x sin 2y + sin 2x (siny — cos y) 6
sin 2x sin 2y cos x sin 2x sin 2y cos x

Because: 0 < x,y < % = sin 2x,sin 2y, cos x > 0. We need to prove:

6 cos? x sin 2y + sin 2x (siny — cosy) < 6
< 3(1 + cos 2x) sin 2y + sin 2x (siny — cosy) < 6
& 3 cos 2xsin 2y + sin 2x (siny —cosy) <3 (*)

(BCS) @
LHS(y < 3|cos 2x |sin 2y| + |sin 2x||siny — cosy|| < \/9 sin?2y+1—sin2y < 3

(1) 9sin?2y —sin2y <8 (t =sin2y,0<t<1)
y y y
8
(:)9t2—t—8<0<:)9(t—1)(t+§)<0;

(True) = (1) true = (*) true.
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6.721fa,b € [0,1]; a < b then:
4Vab < a <<g)m + (Z)aw) +b ((%)\/E + (%)Mb) < 2(a+b)

Daniel Sitaru

Solution

Letbe f:[0,1] » R; f(x) = a (S)x +b (%)x

rea=a(l) m2eo () g -zl @) - ()]
re=0=a(Z) =sG) =a(g) -
1

0> /b 1
(—) =(—) >2x=1=>x=-
a a 2

- 1

0 > 1

) [—————————— O++++++++
f&® la+b ————2Vab_—"a+b

:nga(g)x+b(%)xSa+b (1)
Forx =~ab € [a,b] € [0,1] in (1):

)m )mSa+b (2)

2Vab < a (g +b (%
Forx = % € [a,b] € [0,1] in (1):
a+b a+b

2vab<a(2)® +b(%)* <a+b (3)

By adding (2); (3):
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a b a ath
4ab < a (g)ﬁ+<§)2 +b<(%)ﬁ+(%)2>32(a+b)
4ab < a (S)m + (Z)Mb +b (%)m + (%)Mb <2(a+b)

6.73 If x € R then:

\/4x2+3 +\/x2 +x+1+\/x2 —x+1< 3\/(4x2+3)(x4+xZ +1)
Daniel Sitaru
Solution (Ali Jaffal)
leta=V4x2+3;b=Vx?+x+1landc=VxZ —x+1
a+b+c—3abc=a—abc+b—abc+c—abc=
=a(l—-bc)+ b1 —ac)+c(1—ab)

Wehavebc = J(x2 +x + D(x2 —x+1) =Vx* +x2 +1>1
So,1—bc<O0

2
aC=\/(4x2+3)(x2—x+1)>\/(4x2+3)<(x—%) +Z>> %:§>1

So,1—ac<0

abz\/(4x2+3)(x2+x+1)>\/§>1then1—ab<0
So,a+b+c—3abc<0;a+b+c <3abc thereforeV4x? + 3 +
VxZ+x+1+

+yVx2 —x +1 <3 (4x? + 3)(x* +x2 + 1)

6.741f x,y,z > 0 then:

3
Vxzz 3yxz 3/zy2 «x z
fNEE eyt x vz
Y z x y z «x

Daniel Sitaru
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Solution (Tran Hong)

AM-GM x +z+z x 2z -
3\/XZ2 < —=—-+— 3\/yx2 < §+?

3 3 3’

AM—-GM z 2y

3 2 < B .

zy < 3+3
LHS<1<x+22)+1(y+2x)+1(z+2y)
% —_— — — —_— — — _— — —

T y\3 x z\3 3 x\x 3

z 2y 2z 2x

y
3y+3 +3x+3x+3y+3z

Suppose: 0 < x <y <z Wemustshowthat—+ +x+3x+ +—

v,z

x
y z x

Zy 2z 2x 2x 2y 2z
—+— o zy? + xz% + yx? < yz® + zx? + xy*

3x 54—32 3y+32 3x
o Z-—y)y—x)(z—x)=0.Itistrue because: 0 < x <y <z

Proved. Equality & x =y = z.
6.75
A=a+b+c¢B= i/(a+b)(b+c)(c+a),C= Vabc,a,b,c >0
If0 <x <y < zthen:

6Ax + 9By + 18Cz
2A+ 3B +6C

When does the equality holds?

<x+y+z

Daniel Sitaru

Solution(Marian Ursdrescu)

2A=>3Bs2(a+b+c) = Bi/(a + b)(b + ¢)(c + a), true because
2@+ b +0¢)

3\/(a +b)(b+c)(c+a) <

3B26C ©B=2Ce (a+b)(b+c)c+a)=2Vabc
< (a+ b)(b + ¢)(c + a) = 8abc, true because:

139 OLYMPIAD PROBLEMS ALGEBRA-VOLUME II



DANIEL SITARU MARIAN URSARESCU

a+b=2Vab,b+c = 2Vbc,c +a > 2vac >
0<x<y<zand2A = 3B = 6C from Cebyshev =
(x+y+2)(2A+3B+6C) =23R2Ax+ 3By +6(Cz)
(x+y+2)(2A+3B+6C) = 6Ax +9By + 18Cz
Equalityfora =b =c=A=3a,B =2a,C =a
(x+y+2)-18a=18a(x+y+z)eox+y+z=x+y+z=>0<x<y
<z
6.76 If a,b,c,d > 1,abcd = 8 then:
log,(ab) -log.(bc) - log,(cd) - log,(da) = 3(log, 2 + log, 2 + log.2 + log, 2)
Daniel Sitaru
Solution(Adrian Popa)

a,b,c,d > 1;abcd =8

log,(ab) - log.(bc) - log,(cd) - log,(da) = 3(log, 2 + log, 2 + log, 2 + log, 2)
A B

B =log, 8 + log;, 8 + log. 8 + log, 8

= log, abcd + log, abcd + log. abcd + log, abed
1+log, b +log,c+log,d
+
log, b
1+log, b +log,c+log,d +1 +log, b +log, c +log, d
log, c log, d

=1+log, b +log,c+log,d+

We denotelog, b = m;log,c =n;log,d=p

1 n p 1 m p 1 m n
B=1+m+n+p+—+1l+—+—+—+—+1+—-+—-+—+—+1
m m m n n n p p p
1+log,b log,b+log,c log,c+log,d
_ 8a ) 8a 8a ) 8a 8a -(logad+1)=>

log, b log, c log, d
=>A=(%+1)(%+1)(g+1>(p+1)=(%+%+%+ 1)(n+§+p+1)=

1 p 1 n n p 1 m mp m n
=14+-+-+-+—-+—+—-+—+m+—+—+—+n+—-+p+1
p non m mp m m p n n p
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Being long expressions, in order to be able to compare A and B we will write

them one under the other:

1 p 1 n n p 1 m mp m n
A=1+—+—+—4+—+—+—+—+m+—+—+—+n+—-+p+1
p non m mp m m p n n p

1 p» 1 n p 1 m
B=1+;+—+—+— —+—+m+—

m n
—+n+—-+p+1+1+1
n nm m m m p n p

So, we have to prove that: mip + % >2=>n%+ (mp)? > 2mnp

n? —2mnp + (mp)?2 2 0,(n—mp)? >0 (A)
6.771fa,b,c > 0,a + b + ¢ = 3 then:

ala + c)et_ll + b(b + a)e% +c(c+ b)e% > 6e
Daniel Sitaru
Solution (Michael Sterghiou)
Generalization of Dan Sitaru’s problem, RMM, April 2019

1
Ifa,b,c >0thenY ycala+c)-ea>2-(Tcpca) e (1)

Let (p,q,7) = (chc a,Xcycab, abc). The function f(t) = et
is convex on (0, =) therefore by applying the generalized Jensen on (1) we

have:

1
Ycycala+oa

LHS (1) = [Zeycala + ©)] - e Teve®@9 > RHS of (1)
where the “weights” are a(a + ¢),b(b + a),c(c + b). The last inequality

reduces to:

2p
(p*—2q+q)-er"-2a+a 2 2p-e

2p

2_ _
[as chc a® =p*—2q] Or% = el p?-2q (3)
2_
et~ 1 =¢
2p

Case 1:q > 1:then 1 —% < 1. From the unknown inequality:
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1
ef <— 0 < 1wehave:e' 4 < —— = qso0(3) holds:
)
Case 2: q = 1: Then (3) holds as equality
1

1
Case 3:q < 1. Then (3) - q > e 1= T G > 1) or
ed

1
ed ' > % Let% =0 >1(3) > e > 0 which holds for 6 > 1.

We are done. Equality holds fora = b = c = 1.
6.78 If m,n,p € N then:

:M(

3 5 7

n p
m+3) m+5)  (p+7)

> </@mDZ + (n)? + (p!)?

Daniel Sitaru

Solution(Tran Hong)

Form eN =

3\/§<m—3> ;£-m!@9-m—3<m!@9m3<m!(m+3)!
(m + 3)! 3 (m + 3)!
Which is true because:
Ifm=0then:0!(0+3)!=1>0=0-93
Ifm>=1,m € N then: m! > m and
m+3)!=(m+3)(m+2)(m+1)m!'>4-3(m+ 1)m! > 12(m +

Dm!=9(m+ 1)m >9Im? = m! (m + 3)! > m-9m? = 9m3 = () true.

Similary:
ns V3 N
3V3 ((n+5)!) <3 'nh.Vn € Nand 3V3 (( +7)|) <3/ 'PLVPEN
So,

LHS < g(m! +nl+ph) £ ? A3/ (m)2 + ()2 + (p!)? =

= /(mD2 + (nD2 + (p!)2. Proved.
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6.791f m,n € N — {0}, gcd(m,n) = 1, ¢ —Euler’s totient function,
7(n) —number of positive divisors of n then:

2mn

Jo@mn) -t(m) - t(n) > ————

Rajeev Rastogi
Solution (George Florin Serban)
ged(mn) =1 - @(m,n) = p(m) - p(n)
m=p; D% e D% D1 Do e, P = 2 —prime numbers and x;, x,, ..., X € N*
n= qfl -q%’z e qffr; 41,92, -, Qr = 2 —prime numbers and

Y1 Y2, 0 Yr € N*

(xi+1)(1—£)2(1+1)(1—%)=1

4

(yi+1)(1—%)2(1+1)(1—%)=1

Jomn) -t(m) -t(n) = Jo(m) - p(n) - t(m) - t(n) =

Gm-Hm 2mn

>vmn-1-1=+vmn 2=

m+n

6.80 Prove without computer:
ee(l _ etane) > en’ _ n.n'

Rovsen Pirguliyev
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Solution (Abdallah Almalih)
Put f(x) = (1 + tan? x)et@"**¢ + gx™~1 where x € [e, ]. Clearly, we have

f(x) > 0. So,
by
ff(x) dx >0
e
But
f(l + tanz x) etanx+te + x™ ldx = [etanx+e + xn:]g

= etanmte 4 o _ (ptanete 4 o)
— ee[etanrf _ etane] —(e™ — ™) = e®(1 — etane) —(e"—=7t™) >0
Hence e®(1 — e'@"€) > ¢™ — ™

6.81If a,b,c = 0 then:

3(sinha + sinh b + sinhc) = (a+ b+ c)(i/cosha + Vcoshb + Ycosh c)
Daniel Sitaru
Solution (Soumava Chakraborty)

Let f(x) = coshxVx >0
f'(x) =sinhx = ¢ =
B e*+1)(e*—1)

2e*

~ f(x) is an increasing f", WLOG, we may assumea = b = ¢

>0(ve*=1asx=0)

Then, as cosh x is an increasing f™,Vx = 0, ~. cosha > cosh b > cosh ¢

= VYcosha = Vcoshb > Vcosh ¢

. Z am Chebéshev 1 Z Z \/m
> (Y a)(Y eosha) < 3 (a¥eosha)
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(1) = it suffices to show: ¥, sinha > ¥.(a¥/cosha) (i)
For 2 positive m & n, let
m+n m-—n

,G=G(mn)=vmn &L=L(mn) =———
2 Inm-—1Inn

A=A(m,n) =

(a)
We have, YG2A < L (E.B. Leach & M.C. Scholander)

X_p—X 3
Now, A(e*,e ™) = coshx,G(e*,e™*) =1,L(e*, e ) = % = %
. 3 sinh x
~ applying (a), we get, Vcoshx < ,Vx >0

X

~a,b,c>0,sinha > a¥coshaetc= Y.sinh > Y a3cosha (2)
Fora = 0,sinha = 0 & a¥cosha = 0 = sinha = aVcosha
Similarly, for b & ¢ = 0,sinhb = b/cosh b &sinhc¢ = c/coshc
~whena=b=c=0,Ysinha =Y a¥cosha (=0) (3)
Combining (2) & (3), (i) is true (Proved)

6.821f0<ab < gthen:

., (a+b
2 _ 2sin(Vab) - Zsm( 2 )
T - a+b
(a + b)sin <Z +all:>

Daniel Sitaru

Solution (Remus Florin Stanca)

sin(vab)
2sin(Vab) _ -~ Vab 2
(a + b)sin (Z@) sin <Z\ﬁ_a_2> &
nvab
a+b

sinx xXCcosx—sinx
'f/( ) = ez

Let:f:(O;E] >R f(x) =

2 x '

let g(x) = xcosx — sinx =
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g (x) = —xsinx + cosx —cosx < 0,g(0)=0=>g(x) <0=>f(x) <0=

f —decreasing.

a+b \/@
. (mVab sin(\/ﬂ)
sin| o p SUMVEE)
¢ =1 \/% . E > E . (1)
nvab _(mvab) ®™ w’
a+b sin a+b
nvab
a+b
We must prove that:
sin ath
. . >
ot 2 sin%t2 sin(Vab) - —g55—
ab__ 2 "3 Nab "7
. (mvab\ T a+b ~ (nVab sini
sin\ o1 p 2 sin| o5 p .
@ wab 2
a+b a+b
= Si;lx _sinx mx 1 ®m  six
Let: h(X) = sin(%) = ‘a+b Sin% = 2tb sin T X, (2)
a+b
_ sinx _ cosx-sin b—smx cos%%
Let: fl(x) i ( ) f (X) sin2 X
a+b a+b
Let: f,(x) = cosx - Sm—b— sinx - cos—xb % =

a+b)

. nx ([ m?
f,(x) = sinx- sina "y (a 5 1) >0 (We take the function for x <

6.83Ifa,b,c € (0,1),2(a+ b + c) = 3 then:

2(3 + (log, )" (3 ‘o +1 b)4) > 48

Daniel Sitaru
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Solution (Serban George Florin)

1 1 (MazMg) 4 1 4
=1+4+14+1+ > 4 /1-1-1-

3t T e @tb)? = @tb)* ath

(Maz=Mg)

3+ (og,c)*=1+1+1+(log,c)* = 43/1-1-1(log,c)* =4log,c

1 log, c log, ¢
a0 (14 k) 316 2 <16
Z(3+(ogac)) +(a+b)4 6a+b 6 a+b

1 (Maz=Mg) 1
16 WBaC I g 5 T8
a+b [1(a + b)

48 (Maz=Mg) 48
= > =
Ya+b)b+o)(a+c) a+b+b;—c+a+c
B 48 —48—48
“2(@+b+c) 3
3 3

a,b,c € (0,1) = log, c,log, c,log, b > 0
6.84If x,y,z,t > 1then:
(Inxy)(Inx+In’y —Inxlny —InzInt) > (Inzt)(InxIny + InzIn¢ — In? z — In% t)
Daniel Sitaru
Solution (Soumava Chakraborty)
leta=Inx,b=Iny,c=Inz,d =Int
(a,b,c,d =0)
Using this substitution, given inequality

e (a+b)a?+b?>—ab—cd)=(c+d)(ab+cd —c? —d?)

(1
o al+b3+c3+d3 > abc+ bed + cda + dab
Now, a® + b3 +c¢3 =3abc+ (a+b +c)(a® + b%? +c? —ab— bc —
(2) 3)
ca) = 3abc,Y a,b,c = 0. Similarly, b® + ¢ + d® > 3bcd,Vb,c,d = 0,c3 +

(4)
d®+a® > 3cda,Vc,d,a > 0&
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d3 +a®+ b3 (g 3dab,vd,a,b = 0
(2)+(3)+(4)+(5) = a® + b3 + ¢3 + d3® > abc + bcd + cda + dab =
(1) is true (Proved)
6.851f1 < x < y then:

(y° —25)7 -2 —x%) 21
5 —x) (3 — )0 — x10) ~ 32

Daniel Sitaru
Solution (Ravi Prakash)
letl<x<ynmeNn<m.

By the Cauchy’s mean value theorem:

yn_xn _ nan—l
ST = 1 Jorsome a € (x,y)

n o n 1
=—Qa = —

m m aqm"n

n
<—[va>x=21=>a>1]
m
Yy =y —x7 y?—x° <(5)(7)(9)_21
T g6 —x6 8 —x8 310 _ x10 6/\8/\10/ 32
Generalization(Sagar Kumar)

n 2r+1 2r+1
_ y - X 1 rn+1
Y= l_l<y2r+2 _ x2r+2> < 4n+1 (zn + 2) I=sx<y
r:

n—eo

1
Im(n+1)¥Y <—
( ) NG

6.861f0 < a,b,c < 1 then:

1 1 1
a b cl<e-—-1
e®” b’ e

Daniel Sitaru
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Solution (Soumava Chakraborty)
LHS = be®* — ce?” + ce®* — ae®” + ae?” — be?’
Case 1: Exactly one variable among a, b,c = 0. WLOG we may assume a = 0.
# LHS = be®" —ce? +c— b =b(e — 1) + c(1 - e?*)
<e’—1+c(1-e?)(+b<1(& =0)&e —1>0asc>0)

(1
< e—1+4c(1—b?) (= c<1&e isincreasing on [0, o))

Now, e?” > 1+ b2 = —eP* <—1-h2=1—e? <-h2<08&=c>0
c(l - ebz) <0 (2);(1),(2) = LHS < e — 1. Analogous proof is evident if
we assumeb = 0orc = 0.

Case 2: Exactly 2 variables among a, b, c = 0. WLOG we may assume
a=b=0.

Then, LHS= —c + ¢ = 0 < e — 1. Analogous proof is evident if we assume
b=c=00orc=a=0.

Case 3:a,b,c >0

c? ebz a? ecz b2 eaz
LHS = be® —bc|— |+ ce* —ca|— | +ae’” —ab|—
b c a

e’ e? e¢’
S(be+ce+ae)—<ab-—+bc-—+ca-—)
a b c

(~c<1letc, & e’ etcis increasing on [0,°) & b = 0 etc)

® e? e’ e’

< 3e — <ab-—+bc-—+ca-—> (a,bc<1)
a b c

(ax*-2x2+2)e*’
3

Letf(x)——VxE(Ol]f(X)— &f()
f(x)=0iffx =ﬁ &f“(\/_i) >0
~ f(x) attains a minima at x = \/_17 > 0 & f(x) never attains a maxima in
(0,1],
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1 e¥? Ve ex’
fmln =f(ﬁ>:>TZI=m:>_TS_\/Z(4)
vz
Nowab<1=>ab—1<0=>( (ab—1) <0 = —ab- —<
2 by (4)
—— < —2e

a (a)

p2 (b) oc? (c)
Similarly, —bc - —< V2e &—ca- —< V2e

(a)+(b)+(c) along with (3) = LHS < 3e — 3+/2e { e—1
? ?
o (2e+1)?><18e @ 4e?>+1—14e <0 (5)

Now, e < % = 4e2 < % > (i). Also, e > g = 14e > 35 = —14e < —35 (ii)

(i)+(i))= 4e? + 1 — 14e <£+1—35_121+;‘;—‘“°

=_Tls< 0= (5)is true
~LHS <e-1
Case4d:a=b=c=0
LHS = 0 < e — 1 .. combining all the cases, LHS < e — 1 (proved)
6.871f0 <a,b,c,d < 2 then:

9a 4 9b 4 9c 4 9d
1+bcd 14+cda 1+dab 1+ abc

+ 9ebcd < 8 | 9el6

Daniel Sitaru

Solution (Soumava Chakraborty)

9 9 D 9
We shall show that: +-eabcd < 2 4 —p16
1+bcd | 4 4
2 18 9
LHS of (1) < +- e?bcd (. q <2 &a = 0)

36
(x+1)3

1+bcd
_ 18 9 ox. _ 9eP*(x+1)%-36
Let f(x) = 1+4x + 2 € f ) = 2(x+1)2

Now, f(x) =0=e*(x+1)=2=2>x+1=2e7* (3)

& f'(x) = 9e%* +
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A/so,ex=ﬁ2x+1:xﬁﬁ—l-'.(3)hason/yroot&ite(0,\/5—1)=>
= f'(x) = 0 at one & only one value x, € (0,\/7 - 1)
&= f'(x) >0,vx =0, f (xo) > 0= f(x) attains a minima at x, €
(02 -1)
_ 9 _ 1 _ 18 9 16 _ 9 16 ..
Also,f(O)—18+4—204&f(8)—1+8+4e —2+4e > f(0) & =

f (x) never attains a maxima in [0,8], .- the graph of f (x) in [0,8] should be

like below:

9
(8,2+ 5 e'®)

(0.20)) «— =

x0 € (0, V2 — 1)

9

e?* <
4

Hence, itis clear that in [0,8], f (X)max = f(8) =2 + 3616 > % +

2 +2e16
4

18 9 ,2bcd 9,16 i —
Troea T 2¢ <2+ 2 (putting x = bcd & bed < 8)
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9a 9 by (2) 9 3\

9 9
- abcd<2 _,16
1+abc+4e - +4e J

Adding the last 4, we obtain the desired inequality (proved)
6.88

=l (1+1+1+ 1 )R—1+1+1+ L <+1)
y=n\t 273 no 09N fa= Ty n_ 29\"73

Prove that:

1
23m+ 0z “Ra =¥ <ggameEN

D.W.de Temple
Solution (Omran Kouba)

First, let us define a,, = In (n + %) -1

=

— —) — l. Note that
2 n

1 1
2 2
—t t
dt + | ——dt
—t+n t+n
0 0

N~N— —

—J§ 2z dt. So,
1 1
2 2
1f 27 dt < < 1-[ 27 dt
n) n2-0 In =% 21
0 0 )
. 1 1 . L .
Equivalently o3 < n < m Using the trivial inequalities:
1 1 2 2 1 1
F_(n+1)2<ﬁ’n(nz_1)< N 1
1) (n-2) (n+3)
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1 1 1 1 1 1
We conclude thatz (F — (n+—1)2) <a,< Z((n_l)z - (n+1)2>. Consequently

2 2

1 oo 1
< Zk=n+1ak < N2 (1)
24(n+3)

24(n+1)2 1

Now,

Zi: - (n+)+ln2—zk

So, Ypoq1ar =In2 —y. Thus, X} -1 Ak ZZ=1 P In (n + %) —y. Combining
this with (1) we get:

1
m< klk ln(n+) ]/<2(n+)2 (1)

Which is stronger than the proposed inequality.

6.89
L (1 1 1 1 1 )
Y = lim + > + =4+ nn

n—oeoo 3

Find an increasing order for:

Ql = y\/ﬁ,ﬂz = Tl'M,.Q.:; = e‘/y_”
Daniel Sitaru

Solution(Emre Tuvay)

. 1 .
From Riemann sum of the area of curve y = —we have the followings for lower

bound.

n n+1 n
1 1

Z— f - f dx=Inn>0
k X

k=1 1
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1 2 3 4 3

As for upper bound again from Riemann sum keeping y = i function’s values

above the rectangles and adding the area of 1st rectangle we have

n n
1+f dx>z
1 k=1

hence, 0 <y < 1.

R | =
ol e

For convergence, showing the sequence U,, = (1 + % + % + -+ % —In n)
monotonic decreasing should suffice.
U U ! In(n+1) +1
—U,=———In(n nn
n+1 n n + 1

. . 1
again, by checking the area under y = o curve forx =nand x = n+ 1 we see

that

n+1
f 1d > ! Inn+1) —Inn > !
— — ﬁ —_ —
X x n+1 i nn n+1
n
hence,
1,1 1 . . ,
Upy1 U, <0=2U, = (1 totgto - In n) is monotonic decreasing.
Therefore,

lim,, .. (1 + % + - +% —In n) converges toy where 0 <y < 1. So,

0 <y <1<e<mn Now, forordering of ), = y‘/ﬁ, Q, = nver, Q3 = eVrm
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Considering a generic case, b¥® and aVP (where a,b € R.qand b > a) which

Vavb Vvbva

1 1
can be written as (b\/?) and (a\/a) respectively

1
. From checking function, f(x) = (xﬁ)

1

1
, ——1 1 1
fx) =x" (— - —) Critical point f'(x) = (1 — ﬂ) =0=x = e2,
Vx o 2vx x2
> 0,when x < e?; increasing, when x < e?;
f(x) ={=0,whenx = e?; so, f(x) =1 maxvalue,when x = e?; since,
< 0,whenx > e?; decreasing, when x > e?;

y<e<m<e?=f(y)<f(e) < f(m) hence 0y < Q3 <Q,

6.90Ifa, b,c > 1,n € N,n > 2 then:

Ve ¥l Vo —1 6
Z a®+1 + z a®—1 > Yar-1pn-1en-1
Daniel Sitaru

Solution (Le Van)
With x > 1 and n = 2, building the function:

VYx+1 Wx 1_ 1,

] —7:(x+1)n Loxn '

fG) =

0= ()i s -] (58 oo

Accordingly, f(x) is a positive function which gives:
Vx+1 Vx—-1 2% 2
+ > =

x+1 x—1 x  Bfpn-1

fO>fx-1D e

Therefore, QED is obtained by AM-GM inequality as:

Var+1 “ar -1 2 2 2 - 6
2\ et te R R e ey p

155 | OLYMPIAD PROBLEMS ALGEBRA-VOLUME II



DANIEL SITARU MARIAN URSARESCU

6.911If x,y,z € R then:

1 1 1 1 1 1 1 e
esin®x = gsin’y  osin®z ' gcos?x | gcos’y = pcos?z >3 2 + e
Daniel Sitaru

Solution(Marian Ursdrescu)

1 1 1 2 1 1 2 1 1
> = — _— —_— - —
esin? x + ecos?x = 2Jesin2 x+cos?x  .[e = esin?x + ecos?x = g > 2 + Ve

11
(because N

7
S SN S}
. esin?y ' gcos?y 2 e 1 1
@2>\/E<:4‘>€), 1 1 1,1 =>z(esir12x+€coszx)>
esin?z | gcos?z 2 + Ve
1 1
3G+ %)

6.92Ifx,y,2zt € (O, g) then:
64 -cosx-cosz-siny-sint-sin(x—y)-sin(z—t) <1
Daniel Sitaru
Solution(Marian Ursdrescu)
We must show this:

. . . . . i 1
cosxcosz-siny-sint (sinx cosy — cosxsiny)(sinzcott — coszsint) < ” (1)

We show this: cos x siny (sinx cos y — cos x siny) < % (2)

1
cosx = a,siny = b (2) @ab(\/(l—az)(l—bz)—ab) S§
_aZ _b2

2

=

2
But /(1 —a?)(1 —b?) <
2—a®—b? 1 1

ab f—ab Sgﬁab(Z—az—bz—Zab)SZ(:)

4ab(2—-(a+b)?>) <1 (3)
But (a + b)? > 4ab = —(a + b)? < —4ab (4)
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From (3)+(4)= 4ab(2 — 4ab) < 1 © 8ab — 16a’b*> <1 &
16a’b? —8ab +1 > 0 & (4ab — 1)? > 0 true (equality fora = b = %).
Similarly: cos zsintsin(z — t) < % (5)

From (2)+(5)= cosx cosz - siny - sint - sin(x — y) sin(z — t) < 1, with
equality forx = z = gandy =t= %.

6.93Lletn e NAn = 2and 8 = 1. Prove:

n n ]

> () > w1 (o)

k=0

Nguyen Van Nho
Solution (Soumitra Mandal)

We know, (1+x)" =1+ Cl'x + CJx? + -+ x" = 2" =Y CF

1 o
n+1;(c")92< +1Z ) (n+1>

n on 0
:Z(C,?)e >n+1) <n+1>

k=0

6.941fa b,c,d >0,a+ b+ c+ d = 1then:

a?+b+ad b>+c+ba c*+d+cbhb d*+a+dc
+ + +
b+c c+d d+a a+b

Marin Chirciu

Solution (Marian Ursdrescu)

a2+b+ad_a(a+d)+b_a(1—b—c)+b_a+b—(b+c)a_
b+c B b+c B b+c B b+c B

a+b
= . a and similarly = we must show:

a+b b+c c+d d+a
—t—F—F—>4 (1
b+c t c+d + d+a + a+b ( )

157 OLYMPIAD PROBLEMS ALGEBRA-VOLUME II



DANIEL SITARU MARIAN URSARESCU

a+b+b+c+c+d d+a  (a+h)? (b+¢)? (c+ d)?
b+c c+d d+a a+b (a+b)(b+c) (c+d)(b+c) (d+a)(c+d)

(d+a)2 Berg;trom
tarnd+ra >
4(a+b+c+d)? 3
(a+b)b+)+(c+dDb+o)+d+a)c+dD+(@+b)(d+a)

4(a+b+c+d)?
(a+b+c+d)?

6.95If a, b, c > 0 then:

<1+b+c+ a )(1+c+a+ b )(1+a+b+ c )>1000
a a a+b+c b b a+b+c c ¢ a+b+c/— 27

=4 = (1)itis true.

Daniel Sitaru

Solution (Tran Hong)

(1+b+c+ 2 )(1+c+a+ b )(1+a+b+ ° )
a a a+b+c b b a+b+c c ¢ a+b+c
[@+b+c)?+a?]l[(a+b+c)][(a+b+c)?+c?] (;) 1000
abc(a+ b + ¢)3 - 27
leta+b+c=k>0;
(1) © 27[k® + (a? + b? + c»)k* + (a?b? + b%c? + c?a®)k? +
a?b?c?] > 1000abck?
2 2
SIS CLL L.
3 3
 (ab)? + (bc)? + (ca)? = abc(a+ b + ¢) = abck

We must show that

6
27 (k® +% + abck® + a?b2c?) = 1000abck®  (2)
4k6
o 27 = + abck® + a?b?c? | = 1000abck?

abc
PN 36k6 + 27a2b2C2 = 973abCk3 4 36(k3 - 27abC) (k3 B %) =0

It is true because:
k3 =(a+b+c)®>=27abc > % = (2) true = (1) true.
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6.96 If x,y,z > 0 then:
X’ (FP+1) 4 py?(¥P+1) 4 2t (2%+1) > pyey+D) 4 pyz(yz+l) | gzx(zx+1)
Daniel Sitaru

Solution (Klevis Liperi)

aM—6M  x3(x2+1)+y%(y%+1) aM-cM
7.,’.xz(x2+1) +n.y2(y2+1) > 27 > >

> VA EGEAD (4D = v/ (D (D) cgs 2y G+ ()
In the same way, we can prove:
pV’ (72 +1) 4 p2%(22+1) > opyz(yz+1) (2)
And x> (x%+1) 4 p22(2%+1) > ppzx(zx+1) (3)
(1)+(2)+(3) gives the desired inequality. Equality holds if x =y = z.
6.97 If a, b = 0 then:

(@ +b?)(a+b+Va? +b2) > 18a2b?
Daniel Sitaru
Solution(Elvin Samedov)

I will prove a stronger inequality than Dan Sitaru’s inequality:

f{ab} >0 (a®+b>)(a+b+VaZ+b2) >18a%h* (1)
Proposed by Dan Sitaru

f{ab} >0 (@®+b>)(a+b+VaZ+b2) >4(VZ+1) a2b? (2)

Proposed by E. Samedov

It is enough to prove inequality (2)
Let Va2 + b? = m,ab = n. We must prove
(2)=>Va? +b2(a+ b +Va? +b2) 22(V2+1)ab =

m( m2+2n+m)22(\/§+ 1)n
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= Jym*+2m2n+m? —-2(V2+ 1)n =0
m?>2n
{ mé>dan? = {\/m‘L + szzn > 24/2n =
2m?n > 4n? m® = 2n
m4* +2m2n+m? = 2n+ 2v2n
= Jmt+2m2n+m? -2(1+V2)n=20e
2 2
& (a%+b?) (a+ b ++a? +b2) > 4(V2 + 1) a?p?
6.981fa, b, c € R, a? + b? + ¢ < 15 then:

1 . 1 . 1 -4
Va+a? Va+b2 Va+c2 o

Daniel Sitaru
Solution(Abdallah Al Farissi)

1, .
fx) = 7= s convexe function then:
a?+b?+c?

(@) + ) + f(c?) = 3f (275) = 3£(5) = 1 then:

1 1 n 1
Va+a? = Va+b? = Va+cZ T

6.99 If x, y > 0 then:
2

x+1 +1
)(r+?

1
4(x+ >S<2+x+y+—+—)
x Xy

Andrei Stefan Mihalcea

Solution (Ravi Prakash)

Consider
2

1 1 x+1 y+1
(2+x+y+—+—) —4(x+ )(y+ )=
Xy y x

x + y\2 x + 2(x + y)?
=4+(x+y)2+<—y) +4(x+y)+4( y)+ oty
Xy X xy
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x+1Dly+1
—4[xy+x+1+y+1+#]

X
x + y\? 1 1 1 1 4
=(x+y)2—4xy+<—y) —4(—+—)+4(—+—)——+
Xy Xy Xy Xy
2(x +y)?
+4(x+y)—4(x+y)+4—12+(x—yy)
x—y)2 2(x—y)?
=(x—y)2+( 23;) 4 (x—y) >0
Xy Xy

6.100 If x, y,z > O then:

ety oyt gP+xd

— (vX~yY Y »Z Z nX
eZ(x+y) + eZ(y+z) + eZ(z+x) = eZ (x y + y'z +z°x )
Daniel Sitaru
Solution(Soumitra Mandal)

We know, :r—x <In(1+x) < x, replacing x by x — 1

lex<x-1.
X
let f(x) =x3—2x—xlnx+1=>x3-2x—x(x—1)+1
=x3—x?—x+1=((x+1)(x—1)2=0.Hence f(x) =0 forallx > 1

Hencex® —2x > xlnx —1

Z ex3+y3—2(x+y) > Z ex¥Inx-1+ylny-1

cyc cyc
e’y 1 ey
o Z—ez(x+y) > e_Z x*y
cyc cyc
6.101 Let a, b, ¢ € (0; +°). Prove:
3 3 3
a? — ab + b? N b?% — bc + ¢ N ¢z — ca + a? >1
b?% + bc + c? c2 + ca + a? a’+ab+b%2] 9

Nguyen Van Nho
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Solution(Do Duc Huy)
Leta,b,c >0

We have: a?> — ab + b? > g(a2 + ab + b?)

& 2(a—b)? =0 (true)

50, ¥ (az—ab+b2)3 - a’?—ab+b? b?-bc+c? c?-ca+a?
’ b2+bc+c2/) b2+bc+c? c3+ca+a? a2+ab+b?
a’?+ab+b? 1 b?+bc+c? c?+ca+a?

1 1 1
>3-= c= . -—=-= Q.E.D.
- 3 b2+bc+c? 3 c2+ca+a? a?+ab+b? 3 9 Q

“="oa=b=c

6.102 If a, b, ¢ > 0 then:

a+b
Z <Zx/ab>2\/tE N a+b -6
— a+b 2+ ab
Daniel Sitaru
Solution (Soumava Chakraborty)
a+b ﬂ
2v/ab\2Vab 2Vab 2Vab
=1+ -1
a+b a+b
Bernoulli 2\/% a+b
2 (R (k)
a+b 2\ab
[__2\/% s 1&a+bA;G )
“a+b 2vab
a+b
_ a+b:<2m>zm<§2 a+b
" 2vab \a+b ~ 7 2vVab
e (3) e (3)
L. 2v/bc\ 2vbe b+c 2+v/ca\2vca c+a
Similarly, (b+c) z2- 2vbc (c+a) z2- 2v/ca

a+b a+b
(1)+(2)+(3):>LHS26—sz+22m—6
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6.103Ifa,b,c > 0,a + b + ¢ = 6 then:
31 —-6b —6¢ 31 —-6¢c—6a 31—-—6a—6b
+ + <7
a2+b+c—-5 b2 +c+a-5 c2+a+b-5

luliana Trascd

Solution (Serban George Florin)

z 31— 6b — 6¢ _z 31— 6(b +c) _Z 31-6(6—a) _
a?+b+c—5 ~ a2+b+c—5_abca2+6—a—5_

a,b,c a,b,c
z 6a—5 a+b+c=6a+b=6-c>0
a?—a+1 abc>0" =>c<6
b+c=6—-a>0>a<6,a+c=6—-b>0=>b<6>=>abc<0
= a,b,c€(0,6)
<20 Wac 00

a’—a+1>0A=-3<0,(V)ae R= 18a — 15
<(—a+9@—-a+1)
18a —15< —a®*+a*—a+9a*—-9a+9
—a®+10a* —28a+24 >0
—a®+2a?+8a?—16a—12a+24 >0
—a’(a—2)+8ala—2)—12(a—2)=>0
(a—2)(—a?+8a—-12) >0
(a—2)(—a?+2a+6a—-12) >0
(a—2)[-ala—2)+6(a—2)]=0
(a-2)(@a—-2)6-a)=0,(a—2)>(6—a)=0
(@a=2)2=206—-a>0=>a<6,(¥)a € (0,6)true

231—6b—6c <z—a+9 1 +23
= O S — = —= =
al+b+c—-5" 3 3 a

=_§.6+9:—2+9=7true.
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6.104If a,b,c > 1, m,n > 0 then:

log2 b logZ ¢ log?a - 3
mlog,c+nlog.a mlog.a+nlog,b mlog,b+nlog,c m+n

D.M.Batinetu-Giurgiu, Neculai Stanciu

Solution(Lazaros Zachariadis)

logZ b log? ¢
m-logyc+n-log.a m-log.a+n-log,b

LHS =

log% a Bergstrom

+m-logab+n-logbc

- (log, b + logy, ¢ + log, a)?
— m(logy ¢ + log. a + log, b) + n(log. a + log, b + logy, ¢)

lnb_l_lnc_l_lna 33 Inb Inc Ina
Tma "Tnk ' Inc AM—-GM na Inp Inc 3
_Ing "Inb " Inc M3 \NIna ‘Inb lnc= = RHS

m+n m+n m+n

6.105 Let a, b, c € (0; +0) A a® + b3 + ¢ = 3. Prove:

(a+2Vb + ¥c)(b + 2v/c + Ya)(c + 2va + Vb) < 64

Nguyen Van Nho

Solution (Marian Ursdrescu)

We must show: 3\/((1 +2vVb + Vc)(b + 2vc + Va)(c + 2v/a+ Vb)) < 4 (1)

But

Jlav 25 B os 2+ Ve 24 ) <

a+b+c+2(Va+vb+Vc)+Va+¥b+3/c
3

(2)

Form (1)4(2) we must show:

at+b+c+2(a+Vb+ve)+Va+ib+3¥c<12 (3)

3
From Hélder’s inequality we have: a® + b3 + ¢3 > (atb+c)
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(a+b+c)¥ <27 a+b+c<3 (4

2
From Cauchy’ s inequality: (\/E ++b + \/E) <3(a+b+c)<9=>
Va++Vb++c<3 (5)
Again, from Hélder’s inequality =

Ya+¥p+¥e)’
MSa+b+cs3=>i/E+i/E+‘°&/Es3(6)

9
From (4)+(5)+(6)=>

a+b+c+2(Na+Vb+c)+ Va+ b+ 3c <12 = (3)is true.
6.106 Let a, b, c,d € (0; +) A abcd = 1. Prove:
d N c N b
a>+b5+c>+d a’>+b>+d>+c a®>+d5+c>+b

a

+ <
d>+b>+c5+a

Nguyen Van Nho

Solution (Soumava Chakraborty)
Chebyshev 1
a®>+b5+c>+d > §(a2+b2+cz)(a3+b3+c3)+d
A6 2 2 2 abcd=1 2 2 2
> abc(a®*+b*+c*)+d = ~abc(a* + b* + c?) + d(abcd)
a® + b+ c% + d? 1
= abc(a? + b? + c* +d?) = ( abc = —)
d d
d (€Y d?
= <
aS>+b>+c>+d "~ a?+b*+c2+d?
.. @) a?
Similarly, b5+c5+d5+a = a?+b?+c?+d?
(4) c?
~ a?+b%+c?+d?

3 b2 c
dS+a5+b5+c

b

cS+d5+a%+b — a?+b%+c?+d?

(1)+(2) +(3) +(4)= LHS < é;ﬁ —1 (proved)
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6.107 Let a, b,c > 0 and Y. ab = 1. Show that:

4+32a3b SZaZ +4(Za)(2a2b)
Andrei Stefan Mihalcea

Solution (Serban George Florin)

Za-2a2b=(a+b+c)(a2b+bzc+c2a)=a3b+

+ab?c + a?c? + a®b? + b3c + abc? + a’bc + b%c? + a?c?

=Za3b+2a2b2+abc(a+b+c)
2
Zab=1=>(2ab) =12,Za2b2+2abc(a+b+c)=1

=>Za2b2=1—2abc(a+b+c)
Za-ZaZb=Za3b+1—2abc(a+b+c)+abc(a+b+c)=
z a’b+1—abc(a+b+c)
4+3z 3b<Za +4 z (Zazb)
:>4+32a3bS2a2+42a3b+4—4abc(a+b+c)
:Za2+2a3b24abc(a+b+c)

Z a?(1 + ab) = 4abc(a+ b +¢)

MazMg 1
ab+bc+ac=1 > 3ya?b2c?2=12>27a*b*c? = abc < ——
3V3
Za2(1+ab)=Za2+2a3b24abc(a+b+c)
Z B = a? Berg;m’m (@a+b+c)* abcla+b+c)?
- 1 +i+ 1 a+b+c
ab ab bc

=abcla+b +c)
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Zaz > 3abc(a+b+c),(a+b+c)?<3(@@?®+b%+c?)

+b+ 2
:Z (a ) >3abcla+b+c)=(a+b+c)?

> 9abc(a +b+c)

Maz=Mg 3
>a+b+c=9abc,a+b+c = 3Vabc=9abc

3¥abc = 9abc, Vabe = 3abc, abe = 27a3b3¢3

212 .2 1
= <_ r
a“b“c _27,abc 3\/_,tue

:Za2(1+ab)=Za2+2a3b23abc(a+b+c)+abc(a+b+c)

= 4abc(a + b +¢)
6.1081f a,b,c > 0,a + b + ¢ = 1 then:

81_[(1+ab—c) Sl_[(1+2a—a2)

Andrei Stefan Mihalcea
Solution (Sanong Huayrerai)
Because a,b,c > 0anda + b + ¢ = 1, we have:
814+ab—c)(1+bc—a)(1+ca—D>b)
<(A+2a+a®>)(1+2b—-b>)(A+2c—c?)
If8(a+b+ab)(b+c+bc)(c+a+ca) <
<(l+a+al-a)(1+b+b(1-b)(1+c+c(1-0))
If(2(a+b+ab))(2(b+c+bc)) (2(c+a+ca)) <
<(A+4+a+ab+ac)(1+b+ab+ bc)(1+c+bc+ac)
=(a+b+ab+a+c+ac)la+b+ab+b+c+bc)(b+c+bc+c+a
+ ca)
If 2x)(2y)(2z) < (x + y)(y + 2)(z + x), where
a+b+ab:x,b+c+bc:yandc+a+ca:z

and it is true.
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Because (x + y)(y + 2)(z + x) =
x%y +x2z 4+ y?x + y?z + z%2x + z%y + 2xyz = 8xyz
6.109If x, y,z > 0 then:

x y xy
Z—+4Z—+4Z—212
y x+ty Cyc(x+y)2

cyc cyc
Daniel Sitaru
Solution (Tran Hong)
Must show that: = + 4. T > 4 (etc)

y (x+ )z
e x(x+y)?+ 4y2(x +y) +4xy? = 4y(x + y)?
o x3—2x’y +xy?2 >0
o x(x? - 2xy +y3)>0e x(x —y)2>0 (true)

X
:Z— z S444+4=12
y (x+ )2

6.110If a, b, ¢ > 0 then:

e3a + 83b + eBc + 33a+b+c
e3VEE +_esv32_+ e3V?E

=2

Daniel Sitaru
Solution(Tran Hong)
Let f(x) =e3*(x > 0) = f'(x) =3e3* = f"(x) =9e3* > 0 (Vx > 0)

Using T. Popoviciu’s inequality we have:
a+b+c
F@@) + FO) + £ +3f (C5) 2

2[r(5) 4 (57) 4 (557)]

a+b+c

3. 3_a+b 3Qi£ 3_c+a 3a+b
& e3% 4 e3b 4 3¢ 4 3¢°7 3 zz[e 2 +e° 2 +e 2]=2-Z 2

But:
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a+p AMZGM

atb
— Vab (etc)=>2-Ye® 2 >2.Ye3Vab

e3@ 4 3D 4 o3¢ | 3patb+c > Zze3m
6.111If x,y,z > 0,xyz = 1 then:

Z<(§+¥)z+ﬁ—6x>zo

cyc
Daniel Sitaru

Solution(Tran Hong)

2IG D) Gy 20
=[G+ s+ G+ v ol
+[(§+§)y+ﬁ—6z} >0
(2 i D i

4 16
(z+x)?

“ [ e ]

We must show that:

—6y=0

X,y 16 _
(y +2)z + = 6220 (etc)

x% +y? N 16 6 >0 ( H
-—20 (vxyz=
(xy)?  (x+y)? xy Y

e @ +yHx+y)2+16(xy)? —6xy(x +y)? =0
o x*—axdy+6x?y? —4xy3 +y* >0 (x —y)* =0 (true)

Equality o x =y =z =1
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6.1121f x,y,z > 0,,/xy + \/yz + Vzx = 3 then:
(v =v3)+ (7= ) + (z ~v2) + 2(y/337 - 1) 2 0

Daniel Sitaru
Solution (Tran Hong)
letu=+x;v=Jy;w=+zuv,w>0)
Suw+vw+wu =3;x =uy =v?z =w?

We must show that: u? + v2 + w2 — (u + v+ w) + 2(Nuvw — 1) = 0
ou+v+w)?—-6—w+v+w)+2Vuvrw —2>0
Su+v+w)il-—(uw+v+w)+2Vuuw —-82=0
& 2Vuvw 28+ (u+v+w) — (u+v+w)?

(letp=u+v+w;q=uv+vw+wu=3;r =uvw)

©2Vr=8+p—p? (¥

wWehave:p=u+v+w>=./3w+vw+wu) =v3-3=3
ifp=5(1+v33)>328+p—p?<0<2Vr=(*true

(8+p—p2)2
4

If3<p< %(1 +/33) then: r > . But by Schur’s we have:

> p(4a-p?) _ p(12-p?) p(1 —pz) S (8+p—p2)”

. We need to prove: > "

@(P—3)(P3+13p2—2p—ﬁ)50.
It is true because:
3Sp<%(1+\/§)
p—3>0
- p +Ep2—£p——<[2(1+\/_)] +—[ (1+\/_)] — 96~ —52<0

= (*) true = proved.
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6.113If x, y,z > 0 then:

X+ y\*Y y +z\Y** z + x\"**
Fry ez (2) +(2) +(2)

Daniel Sitaru

Solution(Dinh Thuan Tien)

x + y\* + z\V+? x + z\**2
= B oo i S e

f(x) =x*= f'(x) = x*(logx + 1)? +%x" >0

x+y

oty 22(H2)? =2 (m)m (1)

Y +27>2 (ﬂ)yﬂ )

x + y\**Y + z\V*? x + z2\*+*
xx+yy+zzz\/< zy) +J(y2 ) +\/( 2 )

6.114If x,y,z > 0 then:

2xy N 2xz N 2yz <1+ 8xyz
(x+y)2 (x+2? (+22?" 2 x+y)¥+2(z+x)

Rahim Shahbazov

Solution(Tran Hong)

2xy 2xz 2yz

4 4 8xyz
(x+y)? (x+2? (y+2)?

e D)

1
<=
2

- —4xy 4 —4xz 4 —4yz - —16xyz 1
(c+y)? (+2? +2? G+ +2)(z+x)
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1_4i+1_4i+1_ 4yz
(x +y)2 (x +2)2 (y +2)2
16xyz —2(x + y)(y + z)(z + x)
x+y)y+2)(z+x)
(x—y)? (x-2? -2?% 2x(y—2)7°+2yx—2)>+2z(x—y)*

=0

x+y)? (x+2? (y+2)? x+y)y+2)(z+x) =0
y—2)%2/ 1 2x
Cyc(y+z)2(y+z_(x+y)(x+z)) =0

(y—2)*? (x—y)(x—2)
®§X@+@fu+w@+@@+@>2°

cyc

=G -2z-x) -y -2)(x-2) -0
x+y)+2)z+x) &+ +2)(z+x)

(“‘”@‘”@‘”f>o
G+NO+E+0) ©

Which is true.Equalitye x =y = z

Llet: x = a;y = b; z = ¢ = (*) is true.Proved.

6.1151f a,b,c > 0,abc = 1 then:

4b2+c? +|c2+a? +|a®+ b?
< b
2a + 2b + 2C <fa+b+c

George Apostolopoulos

Solution(Rahim Shahbazov)

4[p2 +¢c2 4[c2+a? +|a?+ b2
< b 1
2a + b + o <a+b+c ()

b? + ¢? 3 bc(b? + ¢?) 3 8bc(b? + c?) 3 4(2bc)(b? + ¢?) - (b + ¢)* (=12

2a 2 16 16 16
b+c c+a a+b
LHS < > + > + > =a+b+c
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6.116 If a, b, ¢ > 0 then:

b+c c+a a+b
+ +
a b

> 2-\[(ab+bc+ca)(i2+i+l)
a’?  b? c?
When does equality holds?
Nguyen Van Canh
Solution (Tran Hong)

b+c c+a a+b 1 1 1
+ + >2- (ab+bc+ca)(—+—+—)(:>
a b c a?  b% 2

b+c c+a a+hb\? 1
( + + ) =>4 Zab'z— =
a b c a?

cyc cyc

(ab(a+b) + be(b +¢) + calc +a)) = 4Za-2azb2 o

cyc cyc

Z a’b? (a + b)? + 2abc z a(a+b)(a+c)

cyc cyc

> 4 z a3b? + abcz ab(a + b)

cyc cyc

Which is true because:

Z:azb2 (a+b)? —42 a3bh’ = Z:azb2 (a—b)? =0

cyc cyc cyc

2abc Z ala+b)a+c) |— 4abcz ab(a +b) =

cyc cyc

= 2abc(Tcyc a® + 3abe — Yy cab(a + b)) = 0 true by Schur’s inequality.

Proved.Equality fora = b = c.
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6.117
If a;,a,,...,a, > 0,then:
n Lia n %Z?:lai
1+a, !
[[(eat™)22([]o)
Florica Anastase
Solution(Tran Hong)
We have inequality:
14 a7 > 2a% Va >0
n 1+a; n
1+a; ;
1_[ <1 +a, > > H(Za?‘)
i=1 i=1
n Am—-Gcm a;+a+-+ay
> znﬂa?i S zn(a1+a2+"'+a") o
. n
i=1
Am-Gm

aijtaz+-+an

[ ay+az+-ta
> 2"(Ya,ay - ay) " =2"a, ay..ray) n = RHS

6.118If a, b, c > 0 then:

a®+b3+c3 a b c
— 4+ 36 + + > 57
abc a+b b+c c+a
Rahim Shahbazov
Solution (Tran Hong)
CBS
a b ¢ _ a? n b2 n c? ; (a+b+c)?
a+b  b+c  c+a  a2+ab = b2+bc  c2+ca — a?+b2+c2+ab+bc+ca
a3+b3+c3 a b c a3+b3+c3 (a+b+c)? (jﬂ)
- — 4+ — 4+ - )> .
abc +36 (a+b t b+c t c+a) - abc +36 a?+b%2+c%2+ab+bc+ca

let:p=a+b+c;q=ab+bc+ca;r =abc

3 _3pg+3 2
(:)P rq r p
r

+ 36 =57

1 —_— >
(1) p?—2q+q
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2__3 2
r(p q)+36_ P,

r p*—q
But:(a+b+c)(ab+bc+ca)29abc=>pq29r=>r<%

Ip(p? — 3 2 @
9@” 30 | 4. P 254
Pq P’ —q

9(p? - 3
(2)@¥+36(1+ -~

9(p? -3 36 -3 4
(» q)+2q218@p q+2q -5
q p*—q q p*—q

)254

P’ 4q
—+5—2>5ep’(P’ -9 +4¢* 25¢(p* — @)
q Dp"—q

& (p? —3q)? = 0> (2) is true= (1) is true.Proved.

Equalitye a = b = c.

6.1191If x, y,z > 0 then:
\/x(x +2) 4 \jy(y + x) 4 \/z(z +y) 8xyz

Yotz |zz+x0)  Jx@ty) Gt +DE+x) -

Rahim Shahbazov
Solution (Tran Hong)

Let: a = / f f
z+x xX+y

2=
y+z Z+x x+y

a_

L1
1+a2 1+b%2 1+c?
= 3AXYZ acute such that:

=2 = 2a?b?c? + a?b? + b*c* + c*a®* =1

ab = cosZ; bc = cosX; ca = cosY

Hence
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x(x+2) y(y +x) z(z+y) 8xyz
j +J +j(x+y>+(x+y>(y+z>(z+x)24

vy + 2) z(z + x) X

a b c

—+—+—+8(abc)* =4 &

b ¢ a

cosY cosZ cosX (}3
+ 8cosXcosYcosZ = 4

+—+
cosX cosY cosZ
cosX 9(cos?X + cos?Y + cos?Z)

(cosX + cosY + cosZ)?

cosY 4 cosZ
cosX cosY

0<cosX+cosY+cosZ s% 9 2 5
- 9(cos*X + cos?Y + cos*Z)
2

= 3
(2)
= 4(cos*X + cos?Y + cos?Z) = 4(1 — 2cosXcosYcosZ)

= (*) is true.Proved.

cosZ —

6.1201If a, b, c > 0 prove:
(@+a+1)BB2+b+13(2+c+ 1)
<1
eza . e2b . eZC

Daniel Sitaru

Solution(Tran Hong)
First, we prove:

L 2eX > 2+ 4x +4x% (1)
AVBRx+ D +x+ 1)< (B+V3)x+V3 (2)
Proof:
Let: p(x) = (3+V3)x +V3—-V3Q2x + D(x? + x + 1)V3-1 x >0
0'(xX) =2V3(2 +x+1)V3 1 4 V3(V3-1)2x + D2(x® + x + 1)V3-2

o

Xz

~V3-3%0
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Then: p(x) 7 on [0,2°) = @(x) = ¢(0) = 0=(2) true
Let: g(x) = 2(2e** —2x? —2x—1),x >0
g (x) =2QRe** —4x—2) =4(* —2x—1)=>0
Then: g(x) 7 on [0,20) = g(x) = g(0) = 0 = (1)true
Now, we must show that: e2* > (x2 + x + 1)V3,vx >0 (3)
Let: p(x) = e?* — (x2 +x + 1)V3,vx = 0
o'(x) =2 —\V32x +1) (x® + x + 1)V3~1
>4x2(1-V3)x+2-vV3>0,vx >0
p(x) = @(0) = 0=(3) true
Hence: (a% + a + 1)V3 < e2@
1_[(a2 ta+ 1DV < neza
cyc cyc
Equality fora=b=c=0
6.121 In AABC the following relationship holds:

(Ba+b+c¢)?* (a+3b+c)? (a+b+3c)?

2a+ b+ 2c 2a+2b+c a+2b+ 2c
<19-((12+b2+c2)+26-(ab+bc+ca)
- 3:(a+b+c)

George Florin Serban

Solution (Rahim Shahbazov)

2y + 2z — 3x

I(2a+b+c—x l(b=y >
B 2x + 2z — 3y
a+2b+c=y= c=——7
|ka+b+26=z |k 2x+2y 3z
a —_—

Inequality becomes:
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(x+y—-2?% (+z—-x?2? (x+z-y)>
+ +
x y z

- 23(x% + y? + z%) — 14(xy + yz + zx)
- 3(x+y+2)

—2)? )2
x+2(y—z)+¥+y+2(z—x)+(z yx)

+z+2(x—y)

N (x —y)? - 23(x% +y% + z%) — 14(xy + yz + zx)

z - 3x+y+2z)
y—2)?% (z- x)2 (x — y)2 20(x2 +y? + 2% —xy — yz — zx)
+ <
X 3(x+y+z)
z (v - 2)2 10(y —2)°
3(x +y+2)

cyc

0= [mf—(;ﬂfﬂ 20

cyc

3 3z
;(y— )2 3x(x +J;/+Z) =0
7x —3y—3z=5(a+c—b) >0
6.122If a,b, c > 0 then:
Ba+2b+c+6)(3b+2c+a+6)(3c+2a+b+6)
(a+1)(b+1)(c+1)

> 216

Daniel Sitaru

Solution(George Florin Serban)
Denote:a+1=x;b+1=y;c+1=2zxy,z>0=>

Bx+2y+2)(x+3y+22)2x +y +32)
xXyz

> 216

Am;‘Gm
3x+2y+z=x+x+x+y+y+z = 6-Yx3y2z
Am-Gm

xX+3y+2z=x+y+y+y+z+z S 6 - 3/ xy3z2
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Am-Gm

2x+y+3z=x+x+y+z+z+z > 6-Yx2yz3

H(Bx 42y 42) > 63 Yx6y626 = 216xyz

cyc

2
[I(3x + 2y + 2) > 5
xXyz

16

Equality fora = b = ¢

6.123If x,y,z > 0 then:

1 1 1
(x+y+ﬂ<—+—+—)29-———————
X'y z xy+yz+zx

Rahim Shahbazov

Solution(Tran Hong)

ety )(1+1+1)>9 x? +y? + 72 (
a4z A A
xrywa x vy z/ Xy +yz+zx )
1 1 1 x? +y? + 72
(x+y+z)<—+—+—)—929- ——— -9
X Yy z xy +yz+zx

(y—2)° + (z —x)? + (x-y)? - Ax—y)?*+ G -2?*+ (-7
yz zx xy _2-\/xy+yz+zx(\/x2+y2+Zz+\/xy+yz+zx)

1 9
Z —= (x—y)?=0
xy 2-Jxy+yz+zx(Jx2+y2+z2+ [xy+yz +zx)

cyc
Z(z-\/xy+yz+zx(\/x2+y2+22+\/XY+yZ+Zx)—9xY) ( 32 >0

(x—y)? =
xy - 2-\[xy +yz +zx(Jx? + y? + 22 + [xy + yz + zx) g

cyc

Z[Z'VxY+yZ+Zx(\/x2+y2+ZZ+1/xy+yz+zx)—9xy]-(x—y)2 >0

cyc

Let: S = Ycyc [2 Xy +yz+ Zx(,/x2 +y2+z22 4+ [xy+yz+ zx) - 9xy] .

(x —y)?
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SZ=2-,/xy+yz+zx(\/x2+y2+zz+ xy+yz+zx)—9xy
Sy=2-1/xy+yz+zx(w/x2+y2+zz+ xy+yz+zx)—9zx
Sy=2" xy+yz+zx(w/x2+y2+zz+ xy+yz+zx)—9yz

Now, we have: \|x? + y2 + z2 > \[xy + yz + zx
Se+ Sy +8, 212(xy + yz+ zx) —9(xy + yz + zx) = 3(xy + yz + zx) = 0; ()
S¢Sy +5,8, + 5,5, = 12t = 36(xy + yz + zx) + 81(x*y? + y?z* + z%x*) = ¢(t),

t=,/xy+yz+zx(w/x2+y2+zz+ xy+yz+zx)>0
, 3
e =0=t =0y +yz+2zx0) = 0) 2 ¢(t)

12 - %(xy + yz + zx)? — 36 %(xy +yz + zx)? + 81(x?y? + y?z% + z°x?)
=27(xy + yz + zx)? — 54(xy + yz + zx)? + 81(x%y? + y%2? + z*x?)
>27(xy +yz + zx)? = 54(xy + yz + zx)* + 27(xy + yz + zx)> = 0 =

SxSy + SyS; + 85,5, = 0; (%)
From (x), (xx) = S > 0.Proved.
Equalitye x =y = z.

6.1241f x,y,z>0,x+y+z=1,n = 2 then:

X y z 3
+ + <
Jnx+y ny+z vYnz+x (n+1

Marin Chirciu

Solution(Tran Hong)

BCS

x — ’ x - x y z
= _— = < )
LHS chc Xty chc x ( nx+y) Syxty+z \/nx+y + ny+z + nz+x

x y z
= + +
nx+y ny+z nz+x
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X z 3
Y < o
nx+y ny+z nz+x ~ n+1

n+ Dxny +2)(nz +x) + y(nx + y)(nz + x) + z(nx + y)(ny + z)]

Put @ =

<3nx+y)ny+z2)(nz+x) &
(n? —2n)(x%y + y2z + z%x) + 2n — 1)(xy? + yz? + zx?)
> (3n% — Dxyz; ()
Because:n =2 =>n*—-2n>0,2n—12>3

Am—-Gm

(n? —2n)(x%y + y%z + z%x) S 32 -2n)Y (xyz)3
= 3(n? — 2n)xyz; (1)

Am—-Gcm
2n — D(xy? + yz? + zx?) S 302n- 1)V (xyz)3 = 2n — Dxyz; (2)

(D+(2)
= (n? - 2n)(x*y + y?z + z%x) + 2n— 1) (xy? + yz? + zx?) >

3(n? — 2n)xyz = (%) true.
>¢ < = = LHS <Jo < —_ Proved.
n+1 \} n+1

Equalitye x =y=2z=1
6.125I1f a, b, c > 0 then:

a’? + b? + c?
ab + bc + ca

(a+b+c> >3
a+b b+c c+a -2

Rahim Shahbazov

Solution (Soumitra Mandal)

a2+b2+czz a a2+b2+czz a?
ab+bc+calua+b Jab+bc+calua?+ab
cyc cyc
Berggmm a? + b? + ¢? (a+b+c)? x+2y |x
- ab+bc+ca a?+b2+c2+ab+bc+ca x+y |y

Where x = a®> + b> + ¢,y =ab+ bc+caandx >y
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We need to prove: i:;’\/% > % S 4x(x+2y)2>299(x+y) o

4x(x? + 4xy + 4y?) > 9y(x? + 2xy + y?) © 4x3 + 7x%y — 2xy? — 9y3
>0

(x —y)(4x? + 11xy + 9y?) > 0, which is truex —y > 0

> aHb7e? 5 3 proved.
Cyca+b ab+bc+ca — 2

6.126 If x{, x5, ..., x,, > 0 then:

n / n \ n

ZZ | |x,-|£| |x]-, Xp+1 = X1
- xl+-xb+1 L
i=1 =1 j=1
j:ti Jj*i

Marin Chirciu

Solution (Tran Hong)

\xl + xl+1 / xl + x, Xy + X3 Xn + X1

n/ \
xx Xy X{X3 . X X1X ue Xy
2§:| 2X3 n 1X3 no 1%X2 n1>

i=1

1 1
=2x1Xx5 .. X ( + + ) =
1z xl(xl +x7)  x(xp +x3) X (0 + x1)
2 %3 1(1 N 1 )<2 1+1( 1 )
2x1(; +x5) T 4 2% x;+xy) T4 \2x% 4\x; +x,

_2(3+1)
- “\16x;,  16x,

and analogs.

1 3 1 3 1
= Q< 4x1x; Xy 1 (x—+x—)+(x—+x—)+---+
1 2 2 3

(2+3)
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n n n/ \
SRS F R 1 1)
= 4X1Xy ... Xp 16 . 1xi = 16X1x2 . Xn ‘ X = . \ xl'/
i=

6.127If x,y,z,t >,xyzt = 1 then:
x2+1 y2+1 z22+1 t2+1
5 T35 +75 T35 S
x>+3 y>+3 z2+3 t>+3
Rahim Shahbazov

Solution(Tran Hong)
x> +1 2
<
x>4+3 " x+3 ()
S2(x*+3)—-(x+3)x*+1) =0

2x° —x3 —3x2—x+3>0

(x—1)2(x + 1)(2x% + 2x + 3) = 0 true for x = 0 = (x) is true.

x%+1 2 1 1 1 1 1
= —< —_—= —_ = —_t— 4 — 4 —) =
LHS Z:C3’5x5+3 = ZCJ’C x+3 z chc x+3 z (x+3 + y+3 + z+3 + t+3) 2

) ! + ! + ! + ! <1
= (=4
x+3 y+3 z+3 t+3

Z(x +DG+DE+3) < @+DG+DE+3)(E+3) o

cyc
=1

xyzt + 2(xyz + xyt + xzt + yzt) + 3(xy + xz + xt + yz + yt + zt) = 27 &S
2(xyz + xyt + xzt + yzt) + 3(xy + xz + xt + yz + yt + zt) =26 (¥x)

Am—-Gm

2(xyz + xyt + xzt + yzt) S 2-4Y (xyzt)3 =8 (1)

Am-Gm

3(xy + xz + xt + yz + yt + zt) S 3-65 (xyzt)3 =18 (2)

(D+(2) . .
== (%) is true.Proved. Equalitys> x =y=z=t =1
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6.128 If a,b,c > 0,abc = 1 then:

a’ + b% + c? 3(a+b+c)
ab+ bc+ca (ab+ bc+ ca)? —

George Apostolopoulos
Solution(Adrian Popa)
a? + b? + c? N 3(a+b+c) PN
ab+bc+ca (ab+ bc+ca)? ™~
(a? + b? + c?)(ab + bc + ca) + 3abc = 2(ab + bc + ca)? &
a®b+ b3c+c2a+a3c+b3a+ c3b = 2(a’b? + b?c? + c%a?) &

a2+b2+cz+a2+b2+cz> 2+ 2 +2
c a b b c a ¢% b?% a?

a® + b? N b? + ¢? N a?+ c24m™™oab 2bc 2ca 2 2 2

c a b c a b _c_2+ﬁ a?
6.1291f a,b,c > 0,abc = 1 then:
a’ + b% + c? 3(a+b+c) -
ab+ bc+ca (ab+ bc+ ca)? —

George Apostolopoulos
Solution(Adrian Popa)
a? + b% + c? N 3(a+b+c) PN
ab+ bc+ca (ab+ bc+ ca)? —
(a? + b? + c?)(ab + bc + ca) + 3abc = 2(ab + bc + ca)? &
ab+ b3c +c3a+a3c+b3a+ c3b = 2(a?b? + b?c? + c%a?) &

a2+b2+c2+a2+b2+cz> 2+ 2 +2
c a b b c a ¢2 b? a2

a2+bz_|_b2+c2 a2+czAm;Gm2ab+2bc+20a_ 2+2+2
c a b - c a b ¢2 b?2 a2
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6.1301If a, b, c > 0 then:

(% + % + %) (9 + a?b* + b*c* + c*a*) = 36
Nguyen Van Canh
Solution(Marian Ursdrescu)
From x? + y? + z2 > xy + yz + zx we have:
a’b? + b%c? + c2a? > abc(a + b + ¢) = 3abcVabe =
a?b? + b%c? + c2a? > 3/ a*b*c*
We must show that: G + % + %) (9 + 3Va*b%c*) > 36
(ab + bc + ca) (3 + W) > 12abc (1)

But: ab + bc + ca = 3Va?b%c?  (2)

34 Yatbict = 141+ 1+ Yatbict > 4°|atbict = a¥abe  (3)
From (1)+(2) we have:
(ab + bc + ca)(3 + Va*b*c*) = 12Va3b3c? = 12abc
6.131Let x,y,z > 0. Prove:
XB2+y3+22— (x+y+2) =>2log(xyz)
Jalil Hajimir
Solution (Daniel Sitaru)
f:(0,0) > R, f(x) = x3 —x — 2logx

f,(x)=3x2_1_%=(x—1)(3x2+3x+2)

x
sgnf'(x) = sgn(x — 1), min f(x) = f(1) =0 > f(x) = 0
x3—x—2logx =0 (x3—x=2logx

y3—y—2logy =0 -><y3—y=2logy -
z3 —z—2logz >0 73—z > 2logz

>x3+y3+23—(x+y+2) = 2logx + 2logy + 2logz = 2log(xyz)
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Equality holds forx =y =z = 1.
6.132Ifa,b,c,n > 0,

(a? — na + n?)(b? — nb + n?)(c? — nc + n?) = 1 then:
a’b? + b%c? + c?a? + n* < %
Marin Chirciu, Octavian Stroe
Solution (Serban Florin George)
x-—1D*>0vxeRex*—4x3+6x*—-4x+1>0
(x*=2x3 +3x> =2x+ 1D+ (—2x3+3x2-2x) >0
2 —x+1D?+*—2x3+3x2—-2x+1) >x*+1

(x? —x+1)? 2x4+1=>1_[(a2—na+n2)=1=>1_[((%)2—%+1>

cyc cyc

noé
b

e _ 26 2 _ 2 _ 1
Denote.n—x,n—y,Z—Z:>]_[CyC(x x+1) =3

4 4 .
n(xz—x+1)2:n_122(x +1)(3’.2+é)(z +1)

cyc

Cx* +2)(x*y* +xt +y*+ 1)
- 16
AT DOy Yt + )
16
((xZ)Z + (xZ)Z + 12 + 12)(()(2)2 + (yZ)Z + (xZ)Z(yZ)Z + 12
- 16
C;E'S (2 +y2+x%y2 +1)2 - 1 - Yeyex2y* +1

- 16 né — 4

4 a’b? 4
—622 2 +1:>—222:a2b2+n4
n n n

cyc cyc
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6.133If x,y,z>0,x + y + z = 1 then:
px*+y3+23)+1> (3 +§)(x2 +y*+22),np=6
Marin Chirciu

Solution (Tran Hong)

Because:x +y+z=1
ux®+y3+23)+1 2(3+g)(x2 +y2+z2) e
({:)
B3uC* +y3 +23) +3x+y+2° 2 9O+ wWx* +y* +z-)(x + y + 2)
let:p=x+y+z;q=xy+yz+zx;r =xyz
(*) ©3u(P®-3pqg +3r) +3p* 2 O+ Wh* - 2q)p ©
2w —3)p3+ (18 — 7wWpq +9ur = 0
e g —p?)

= ——g = 9r 2 4pq—p® = 9ur = 4upq — up’

We need to prove:
2(u=3)p> + (18 = 7u) + 4upq —up* 20 & (u—6)p> +3(6 —wpq = 0
e W@—-6)p P -39 =20
Which is true because: u > 6 = u—6 =0
(a+b+c)?=3(ab + bc + ca) = p? = 3q.
6.1341If x,y,z > 2 then:
z 1 1 3x2 +x+ 4 +2<2<1+1+1)
= = —_ —_ —
x+1 (x+1)(x*+2) T \x y z
cyc

cyc

Daniel Sitaru

Solution by (Tran Hong)

For x,y,z > 2 and = + — + < =1.We may write Inequality as:
x+1  y+1 z+1
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3x2+x+4 N 3y2+y+4 N 3z2+z+4
x+D*+2) +DY*+2) +DK*+2)

1 1 1 1 1 1
2<x+1+y+1 z+1) 2(x+y+z>
“’Z( 3x2 +x + 4 2 ) 2(1+1+1>
(x+1)(x4+2) x+1 y
Hz<2x4+3x2+x+8><zg_ )
x+D*+2) )~ Lux’

Hence, we must show that:

2x4+3x2+x+8<2_ (vxs2)
x+1D*+2) ~x’ =

o x(2x*+3x2+x+8) <2(x+ 1D (x*+2)
o2x*—3x3—x?—4x+4>2060 (x—2)2x3+x*+x—-2)=0

Which is true because:
x=22-5x—-220;2x3+x*+x—-22=216+4+2-2=20>0
Similary:

2y4+3y2+y+8 2

GFDGI )~y (Vr=2)

224+322+Z+8<2
z+1DE*+2) ~z
6.1351f a, b, c > O then:

o) (e ) (Ereis) (o)

(chc \/a) (ZC}’C \/a_) - (ZC}’C aZbZ) ( cye #)

Daniel Sitaru

; (Vz>=2)- (x)istrue. Proved.

188 OLYMPIAD PROBLEMS ALGEBRA-VOLUME II



DANIEL SITARU MARIAN URSARESCU

Solution(Sudhir Jha)
(Seye @b) (Eeyegp) y (Eoegz) (Eoeyz)
e VD) Eore Vo) (30 a62) (Tre
Hence
(Beyeab) (Seye) (Beye a26?) (Seyemas) 2
(Zeye V&) (Zeye ¥a?) (Zeye ) (Zevet)

Hence

(chc ab) (chc abc) (chc azbz) (chc zbz 2)
(chc %) (chc W) (chc 3\/—) (chc 3\/\/%)

Hence
(chc ab)(chc a) (chc azbz) (chc az) =
azbzcz(zcyc %)(chc W)(chc W)(chc 3V azbz); (2)

(1)

azbz)

v

By Chebyshev’s inequality, we have:

Z ab > (chc W)(chc 3\‘ azbz) .

: ¥6
cyc
(Z a) > (chc \/a)s()chc ‘/ﬁ) @)
cyc
Am-Gm
Z a’b? Z a? S 3. 3\/1_[ a*-3- 3\/1_[ a? = 9a?b%c?; (5)
cyc cyc cyc cyc

Multiplying (3),(4),(5) we get (2) is true, then (1) is true.Proved.
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6.136Ifa,b,c > 2,a + b + ¢ = 9 then:

r(%)+r(g)+r(£) > 6
Jalil Hajimir

Solution (Daniel Sitaru)
a b c
")+ r(0) ()=
2a b
Y[E@e) = 25
- 3 \b/ "3 \c - 3 /=

cyc
JENSEN 2a b 2a /b  2b c 2c a

S g ZT;’E _ar T+c+c3+a+7+5 _

a b c a’b,’f\>2 3la b ¢
=3I’<—+—+—) > 33 |——--—- =3r(3)=3:-21=6
b ¢ a b ¢ a

Equality holds fora = b = ¢ = 3.
6.137If a, b, c > O then:

(a? — ab + b?)® N (b%? — bc + ¢?)° N (c? — ca + a?)® - 3
(a + b)12 (b + )12 (c+a)2 4096

Daniel Sitaru
Solution(Abner Chinga Bazo)
(a—b)*>=>0 a?+b? > 2ab © 3(a’® + b?) > 6ab
4(a®? + b?) — 4ab = a? + b? + 2ab © 4(a? — ab + b?) = (a + b)?

a?—ab+b*> 1 (a®?—ab+b?° 1
— =S > —
(a+b)? 4 (a + b)12 212

(a? — ab + b%)® N (b% — bc + c?)® N (c? — ca + a?)° - 3
(a + b)'? (b +c)t? (c+a)2 ~ 4096
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6.1381fa,b,c > 0,u > 0,a+ b + c + pabc = 8u + 6 then:
a
b

Marin Chirciu, Daniel Vacaru

(1+uab+g)(1+ubc+§)(1+uca+ )28(1+2u)3

Solution by (Tran Hong)
a,b,c >0,a+b+c+uabc=8u+6=>puabc=8u+6—-(a+b+c)

(1+uab+§)(1+ubc +§)(1+yca+%) > 8(1 + 2p)3

& (b + ¢+ pabc)(a + ¢ + pabc)(a + b + pabc) = 8abc(1 + 2u)3
© Bu+6—a)Bu+6—b)Bu+6—c)=8abc(1+2u)?

5 (k= @) (k — b)(k — ¢) = 8abe(1 + 2u)°

o k3—(a+b+c)k?+ (ab + bc + ca)k — abc = 8abc(1 + 2u)3
o k3—(a+b+c)k?+ (ab + bc + ca)k = abc[8(1 + 2u)3 + 1]
& k3 + (uabc — 8u — 6)k? + (ab + bc + ca)k = abc[8(1 + 2u)3 + 1]
o k3 — (8u+6)k?+ (ab + bc + ca)k = abc[8(1 + 2u)3 + 1 — uk?]
© (Bu+6)3—(Bu+6)(Bu+6)2+ (8u+6)(ab+ bc+ ca)

> abc[8(1 + 2u)3 + 1 — u(8u + 6)?]
< 2(4u+3)(ab +c+ a) = abc(4u + 3)

4u+3>0 O]
< 2(ab + bc + ca) = 3abc;

m-Gm

A
Bu+6=a+b+c+uabc = 33\/abc+,uabc
Sut3+3t—Bu+6)<0e u(t—2(t?+2t+)+3(t—2)<0

t>0,u=0
o (t—-2)(Ut +2ut +4u+3) < 0 =25t < 2 & abc < 2

Am—Gm 5 (%)
So,2(ab+bc+ca) = 2-33/(abc)? = 3abc
(%) & 23/(abc)? = abc © 8(abc)? = (abc)® & 2 = abc (true), then (*) is

true.Proved.
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6.1391fa,b,c,d > 0,abcd = 1 then:

zl+(a3+b3+c3)d>4(1+1+1+1)
a+b+c “3\a b ¢ d

cyc
Marin Chirciu
Solution (Tran Hong)
a,b,c,d >0,abcd =1>=
1+(a3+b3+c3)d:(a3+b3+c3+abc) (;)ﬁ(l 1 l)
a+b+c (a+b+c)abc —9\a b ¢
(1) ©9(@a®+b3+c3+abc) >4(a+ b+ c)(ab + bc + ca)

& 9(a® + b3 +¢3) +9abc (;) 4(a+ b+ c)(ab + bc + ca)
By Schur’s Inequality:
a3 + b3+ ¢3 + 3abc = ab(a + b) + bc(c + b) + calc + a)
(a+b+c)®+9abc =4(a+b+c)(ab + bc + ca)

3
But:a3+b3+c32%@9(a3+b3+c3)2(a+b+c)3

9@ +b3+c3)+9abc=>(a+b+c)®+9abc=>4(a+b+c)(ab +
bc + ca) = (x) is true = (1) is true.
Similarly:
1+B2+c2+d3a 4
b+c+d
1+ (c3+d3+a®)d
c+d+a
1+ (a®+ b3 +d3)d
a+b+d

+

+
QU -
N———

v
O |
~—

v
Ol Ol

/-~

v

+ +
S = Ul Ok
+
Qlr
N———

QR Ol TR

+
QUl -
N————

/N

=>21+(a3+b3+c3)d>4(3+3+3+3)_4(1+1+1+1)
a+b+c “9\a b ¢ d) 3\a b ¢ d

cyc
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6.140If a, b, c > 0 then:

4 4 4 1+\/E+1+\/E+1+\/E

+ + <
ac+bva ab+cVb bc+aVc bc ca ab
Florica Anastase

Solution(Tran Hong)

For x,y > 0 we have:

1 1
<_ —_
x+y_x+yiﬂ

1 1
(x+y)<—+—) >4
Xy
Using (*) inequality:
4 1 1 1 b
— < —t—=—t—;
ac+bva~ ac bJa ac ba
4 1 1 1 b
——<—+—=—4+—02)
ab+cVvb~ ab b ab bc
4 1 1 1 e
——<—t—==—+—;
bc+avec ™ bc avc bc ac
From (1), (2), (3) we have:
+va 1+vVb 1++c
+ +
bc ca ab
6.141 In AABC the following relationship holds:
a b c 3
+ + > :
at+ub+c) b+pu(ct+a) c+pu(a+b) 1+2u

Marin Chirciu

(1)

(3)

1
LHS < = RHS

u=1

Solution(Floricd Anastase)

a a? Bergstrom (Z a)z 3
_— = > >
Za+,u(b+c) Za2+,u(ab+ac) T Ya?+2uYab  1+2u

cyc cyc

(14 2u) (Za)z > 32a2+6u2ab
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2(u — 1)Za2 >2(u— 1)Zab
(u—D[@a=b)?>+ (b —0c)?+ (c—a)?] = 0true.
Equality holds ifa = b = ¢ & AABC is equilateral.

6.1421f 0 < a,b,c < 1 then:

(1+ ab)(1 + ac)
1+ avbc

> (1 +3 azbzcz)3

cyc
Florica Anastase
Solution (Tran Hong)
For x,y,z > 0 we have:

(1+x)(1+y)2(1+\/x_y)24:)1+x+y+xy21+2\/x_y+xy(:>
x+y—2\/x_yZO<:)(\/§—\/§)220true.

Holder

(1+x)(1+y)(1+z)2(13+%)(13+W)(13+i/;) >
>(1-1-1+3fxyz) = (1+ 3xyz)’; (»)

Now,
2
1+ab)(1+ 1++Vab-ac
(+abh)(+aq) (1+Vab-ac) -
1+ avbc 1+ avbc

1+ ab)(1+ ac) 1—[ by (+) . 3
> 1+ avbe) > (1+ Va2b2c?
1+ avbc ( ) ( )

cyc cyc

6.1431f x,y,z > 0, u = 0 then:

Z x* 3>x3+y3+z3
B+py:) T 1+p?

cyc

Marin Chirciu
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Solution(Florica Anastase)

Z x4 3 B (x3)4- Ragon (x3 +y3 +Z3)4 B
Bruyd) LB+ w)? T A+wde3 +y3+23)3
cyc cyc

_ x3 +y3 + 73
1+
6.1441f a,b.c > 0,abc = 1 then:

a N b N c <3
ac+1 b5+1 c¢5+1° 2

Jalil Hajimir
Solution (Tran Hong)

First, for all x > 0 we need to prove:
x

< ox+1>x(P+1D)eoex®—xt*—x+1>0
x3+17 x3+1 ( )

o (x—1)%(x?+1) =0 (- true for x > 0)

Equality & x = 1

Now,

S LuiaS+1- Luiad+172
) 1 N 1 N 1 <3
*) —

ad+1 b3+1 3+172

©2) @+ D0 +1) 3@+ DO + D + 1)
o3a3p3c3 +adh® +bh3c3+c2at—a®?-b3—-c3-3>0
abc=1
8 3+a3pP+b3c+ccat—a®—-b3-c*-3>0
ocadhd+b3c3+c3at—a?-p3—-c3>0
u=a3v=b3w=c3

(**
-
uv + vw +wu =

—

-
- ut+v+w
uvw=1

S w+vw+wu = Yuwwu+v+w)
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o w+vw+ww)d >uwvwlu +v+w)d
o —(uw —v)W? —vw)(ur —w?) =0

o W2 —uw)@W? —vw)(uv —w?) >0

uvw=1

S W-DP-1Da-w?H=0
Which is clearly true because:

ww = 1Lu,v,w >0 - (uvw)? = u3vdwsd =

Dirichlet

5 @W-D@P-DWwi-1<0.
— (*x)istrue . Proved.

6.1451f x,y,z > 0,xy +yz+ zx = 3,n € N,n > 2 then:

n 2xnt1 n Zyn+1 n 2zn+1 3
>
(y + z)3n+1 * (z + x)3nt1 * (x +y)3n+1 —8

Marin Chirciu

Solution(George Florin Serban)
Am—-Gm
3=xy+yz4+zx > 33 xy-yz-zx=3>3(xyz)2=>xyz<1
_l ’, 1 _l_l
Let: f:(0,00) > R, f(x) =x"n,f (x) = ——xn

1
f'(x) = %(% + 1) x"n %> 0= f —is convexe.

b b
f(a+3+c>gf(a)+f( )+f(c):>zf(a)23_f<%>

3
cyc

1 1

Z n 2xn+1 Z( 2N+l >H Z ((}’ +Z)3n+1>_ﬁ
3n+l 3n+1 ) n+1
(y+2) £t (y+2) 2x

cyc

1
S 3. (y + Z)3n+1 n Am;Gm . 3 (y + z)3n+1
T ooxmHl = 2xn+1

cyc

|
S|
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1 B
Am_Gm 1—[(21/312)3“1 e 83n+1 . (xyz)3n+1 "
xn+1 - 8- (xyz)n+1
1

- 3 3 8
=3-(3/83n.(xyz)2n) " = > - _
( ( y ) ) 3n/83n . (xyZ)z 83 /_12 3

6.146 If a, b, c > 0 then:

c+ 1 1 1
s
b(a+b+2c) a+b b+c c+a

Daniel Sitaru
Solution (Tran Hong)
c ++ab _
Vab(a+ b + 2¢) B
cyc
_ c++Vab 4 b ++ac N a++bc
“Vab(a+b+2c) ac(a+c+2b) Vbe(b +c + 2a)
1 1 1
Vab(a+b +2c¢) +ac(a+c+2b) belb+c+2a)
o b a

+ + + =
Vab(a+ b +2¢) +ac(a+c+2b) be(b+ ¢+ 2a)

Am—-Gm 1 1 1
=0
- (a+b+2€+b+c+2a+a+c+2b)
2c 2b 2a
n a+b a+c b+ c

a+b+2c a+c+2b b4+cH+2a
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2c 2b 2a
_1+a+b 1+a+c 1+b+c

a+b+2c a+c+2b b+cH+2a

a+b+2c a+c+2b b+c+2a

_ a+b a+c b+c
a+b+2c a+4+c+2b b+cH+2a
1 1 1

=a+b+b+c+c+a
6.147 Let x,y, z € (0, o), prove:
[x]+1 [y]+1 [z]+1

WA R e

Jalil Hajimir
Solution (George Florin Serban)
t—1<[t]<tVteR

z? — 1 < [2z%] < z% and analogs.

z z [x]+1 >z X Z ’ x2
/— — T V2 1 2
cyc 2 + cyc yz + ZZ cyc yz +Z2 cyc y + z

2x?
Am Hm yz + Z2
f 2442 Tz
cyc cyc yz T2 +1

_Z 2x?
T Lty +z2

cyc

6.1481If x,y,z > 0,xyz = 1,n € N — {0} then:

n 2_|_n
xy+zy

Marin Chirciu
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Solution(Marian Ursdrescu)

2 2 2 4
= 1> =
\/y+z jy+z y;2+1 y+z+2

n

xm yn z

We must show: > %; (D

y+z+2 + Z+x+2 + x+y+2 T
From Holder inequality we have:

x™ N y" N z" (x+y+2)" .

y+z+2 z+x+2 x+y+2 32 20x+y+z+3)’

(2)

From (1),(2) we must show:

(x+y+2)" 3 )
3n—2-2(x+y+z+3)21@2(x+y+2)”23“ Yx+y+z+3); (3)
a? b? cz2 (3
Because xyz = 1= 3a,b,c > Osuchthatx = -,y =—,z=—&

a? b* c2\" a* b* c*
2| —+—+—| 23" —+—+—+3
<bc+ca+ab> - <bc+ca+ab+ )4:»

a®+ b3+ c3\" _(a®+ b3+ 3+ 3abc
2|———— | =37t <
abc abc
2(a® + b3 + 3" = 3" (abc)" (a3 + b3 + ¢3) + 3™ (abo)"; (4)
But (a® + b3 + c3)"™ = (3abc)™; (5) and (a® + b3 + ¢3)"1 > 3" 1(abc)" !
= (a® + b3 + 3" > 3" (abc)" (a3 + b3 + ¢3); (6)
From (5),(6) we get (4) true.

6.1491f a, b, c > O then:

1 1 1
+ + <
at+tab+b b+bc+c c+ca+a

Daniel Sitaru

Solution(Florica Anastase)

1

+ab + b > 31/ a?b? <
arda T Y ab+b =32
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1 4 1 4 1 <1( 1 N 1 4 1 )
a+ab+b b+bctc cH+cata” 3\Ya2p2  Yp2c2  Yc2a?

- 1( 1 N 1 N 1 )_ a?+ b2+ ¢2
= [3\a?bh? " b2¢c2 ' c2a2) 3a2b2¢?

6.150If a,b,c > 0,abc = 4™, n € N* then:

Z (n + 1)(b2n+3 + c2n+3) + a2n+3

BT om > 3(2n + 3)

cyc
Marin Chirciu

Solution (Tran Hong)

(b+C)2n+3

Forn € N*,a,b,c > 0: hb?"*3 4 2143 > —
22n+2

(n + 1)(b?113 4 2n+3) T +1
(b + C)Zn - 4n+1
(m+1) (23 4+c2M43) py1

n+1 8 n+1 8 n+1 8

— 3 P - .
ZW 9 (a+b+c) 24n+1 9 27abc-4n+1 9

=6(n+1);(*)

(b +c¢)?

chc ‘[a+b)P+B+c)P+(c+a)d =

n

aZch

Suppose:a=>b>c=a®>b3>c3 — —
b+c c+a a+b

=

2n 2n

o) "2 () 265

2n+3

a2n+3 b2n+3 c

Shrom  crar @t b

Cebyshev | a \2n b 2n c 2n
> (a3 4+ p3 43
- 3(a +b +C)<(b+c) +(c+a) +(a+b) )

2n

(bic+c-|lza+aib) Nes>bi”4n_(%)
32n-1 = 32n-1

2n

> —-(3abc) -

= 3; (*%)

Wl =
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(+) + (%) = Z (n + 1)(p2n+3 4 c2n+3) 4 g2n+3

b1 om =6(n+1)+3

cyc
>3(2n +3)
6.151If x,y,z > 0,xy + yz + zx = 3 then:

2x 2y 2z >3
(y+z)5+ (z+x)5+ (x+y)5~ 4

Marin Chirciu

Solution (Tran Hong)

With x,y,z > 0,let: t = xy +yz + zx = \/3(xy + yz + zx) =3

2x Am-— Hm
«’(y+2)5 (y+Z)2 ,Iy+z (y+Z)2 / y+z
2

(y + Z) L v+ Z)2 Lyt
1+ 2x 2x
y+z
X \2

_ 4x _ 4 (y + Z)
S (y+2)2Qx+y+z) 2x2+xy+xz

Similarly:

2 7 \2

2y o () 2z 4(m)

(z+x)5 = 2y2+yz+yz (x+y)> = 2z2+zx+zy

LHS = Z 2 o
B (y+2)5°~
cyc

R = R = 57

2x2+xy+xz 2y*+yz+yz 2z2+zx+2zy
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DANIEL SITARU

X y z \?

4. (y+z+z+x+x+y)
22 +y2 + 22 +xy + yz + zx)

z )2

T )2 2( T +z-3ll-x+x+y

Bergstrom

X y
_ 2(y+z+z+x+x+y y+z
(x2+y?2+2z2+xy+yz+2x) (x+y+2)2-3
X VA x2 2 72 Bergstrom
Y 4 = +—2 >
y+z z+x x+y xy+xz yz+yx zx+zy
(x+y+2?  (x+y+2)°
6

> =
T 2(xy +yz + zx)
Zt4
~ 2o 2tt 2 27(t2 - 3) © 2t* — 27t2 + 81 2 0

. I6
So, we need to prove: 73
& (t?—-9)(2t? —9) > 0truefort >3 © t>—-9>0;2t>-9>9>0

Proved.

Equalitye x =y =z =1.

6.1521If a,b,c > 0,u < 1then:
2abc u+3

a b c
b+c c+a a+b+”' (a+b)(b+c)(c+a)~ 2

u+3

Solution(Tran Hong)
2

@ b
b+cc+aa+b#

2abc
(a+b)(b+c)(c+a)

a N b N c ®Ou+3 2abc
b+c c¢c+a a+b~ 2 H (a+b)(b+c)(c+a)
More, by Schur’s inequality:

a b 4 c N 4abc -
b+c c+a a+b (a+b)b+c)(c+a) ™

Marin Chirciu
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a N b N c (i)z 4abc
b+c c+a a+b — (a+b)(b+c)(c+a)

From (), (**) we need to prove:

4abc >y+3 _ 2abc
T a+b)b+(c+a)T 2 (@a+b)(b+c)(c+a)
1—y(;)2- 2abc _ 2abc
2 (a+b)(b+c)(c+a)_y (a+b)(b+c)(c+a)

A
Fora,b,c >0= (a+b)(b+c)(c+a) mZ " 8abc (Cesaro)
2abc 1

=0 _
(a+b)(b+c)(c+a) 4

2abc 1
Let.t—m=>0<tﬁg

(1) & 2t? _Ht_(12;”) SO@%(l—Zt)(u—(1+2t)) <0
Which is clearly true because:
0<t<;u<1=1+2t>12>p=pu—(1+2t) <0.Proved.
Equality holds ifa = b = c.
6.1531fa,b,c,d > 1, abcd = e* then:

log( ) ’09(b> "’9( ) l°g<§)<i

log(ab)-log(bc)-log(cd)-log(da) — 16

Daniel Sitaru

Solution (Rahim Shahbazov)
abcd = e* - loga + logh + logc + logd = 4
a,b,c,d >1-loga,logb,logc,logd > 0
Let: x = loga,y = logb,z = logc,t = logd —

2-0@-N2-22-0 _1
x+y)+2)z+t)(t+x) ~ 16
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S+ iy+2)@+)t+x) =@ —2x)(4—2y)(4—22)(4 - 2t) >
x+y)+2)z+)(t+x) =
>z+y+t—x0)(z+x+t—y)z+x+y—-t)(x+y+t—2)

y+z+t—-x=A4>0
z+x+t—y=B>0
Z+x+y—-t=C>0
x+y+t—z=D>0

-]

(2(z+t)=A+B
2c+y)=C+D
2x+t)=B+D
200+z)=A+C

- (A+B)(C+D)(B+ D)(A+ C) = 16ABCD true from Am-Gm.

6.154If x,y,z > 0,x + y + z = 3 then:

81

1 1 1

3x* + 5y* + 62* > 3
—+—+—)
V3 5 Ve

Rahim Shahbazov
Solution(Daniel Sitaru)

4 4 4

X V4

%)

y

TAVERA
& & (
(x+y+2)* 81

3 3
(s+=+72) (roe+e)
V3 5 6 V3 V5 6
Equality holds for:
3

%(%+%+%)
3
3

%(%+%+%)

4
3x* +5y* + 62* = +yT+

x* z*
1 1
3 5 6

RADON
~

X =

. i/ﬁ(%+

7z =

\
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6.155If a, b, c,d € R then:
4(ad — bc)® + 4(ac + bd)® = (a? + b?*)3(c?* + d?)3

Daniel Sitaru
Solution(George Florin Serban)

Applying Lagrange identity: (ad — bc)? + (ac + bd)? = (a® + b?)(c? + d?)

we have:
d — bc)?]? + bd)?]3 Hola
(ad — bc)® + (ac + bd)® = IC T 2l + [(ac T )l OZeT
- [(ad — bc)? + (ac + bd)?]3 3 (a? + b?)3(c? + d?)3
(1+1)-23-2 B 4

4(ad — bc)® + 4(ac + bd)® = (a? + b?)3(c? + d?)3

6.156 If a, b, c,d € R then:
(ad — bc)®(a? + b?)(c? + d?) + (ac + bd)1?
< (a? + b?»)>(c* + d?)5
Daniel Sitaru
Solution(Ravi Prakash)

Case 1: Oneofa,b,c,d is0
Let a = 0.The inequality becomes:
b8c®b?(c? + d?) < b'%(c? + d?)°

LHS = b'0(c™® + c8d?) < b'0(c' + 5¢8d? + -+ + d10) =
= b'°(c? + d?) = RHS

Similarly, for the other caseslike b =0orc=0o0rd = 0.
Cases 2: abcd # 0.
Let a = rycos0,b = rysinf,c = rycos@p,d = rysing where r{, 1, > 0 and
0<6,p<2m

Now, LHS = 1{°r1%sin®(0 — ¢) + ri°7}%c0s1°(6 — ¢) =

= r{%r}%[sin®(0 — @) + cos°(6 — @)] =
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= r{%}%[sin%(68 — @) + cos?(0 — )] =

= 71710 = (a? + b?)5(c? + d?)S = RHS

6.1571f 1 < a < b < e then:

125%- (4a + b)***? < 125% - (a + 4b)*e*P
Daniel Sitaru

Solution(Florica Anastase)
Fora < b = 125% < 125%; (1)
Let be the function: f: (1,0) - R, f(x) = lo%,f’(x) = ki#

ffx) =0 1—-logx =0 x =eandhow logx < 1,Vx € (1,e] > 1 —
logx > 0 = f(x) —increasing on (1, e].

a<b<e=>3a<3b>5<3a+(a+b)<(a+bh)+3b<5e

4 b 4b
=1 <2 2 ~ 6 then

5 5

4a+b a+4b
()< (F5)=
log(4a + b) — log5 < log(a + 4b) — log5
4a+b a+4b

(a +4b)log(4a + b) + 3alog5 < (4a + b)log(a + 4b) + 3blog5 &
log[53*(4a + b)***?] < log[5%? (a + 4b)***?] &
53¢(4q + b)@H*P < 530 (g + 4b)*A*P; (2)
From (1),(2) we get:

125% - (4a + b)**t*P < 125P - (a + 4b)*atP
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6.158 If x,y,z € R then:

X2 +x°+ D" +y2 +1)(2*° + 2% + 1)
(xB+1D(ye+1)(z2* + 1)

S x2 y4 3
Daniel Sitaru

Solution(Tran Hong)

6 3
ForaeRwehave:%H>a<:)a6+a3+1>a(a4+1)(:»

+1

a®—a*+a’—-a+1>0e @ —-a+1D@*—-a*+1)>0¢e
1% 3 , 1\? 3
[(a——) +—”(a ——) +—]>O,VaE]R{true.
2 4 2 4

Now, choose: a = x?; b = y*; ¢ = z° we get:

L2 +x+ DO +y2+ 1D (23 +28+ 1)
B+ DO +1)(z2* + 1)

> x2y*z6

6.1591f0 < a < b < 1then:

. (3a+b+2\ , ja+3b+6 . (a+3b+2\ . (3a+b+6
sm( 2 )sm( 2 )Ssm(T)sm(—>

4
Daniel Sitaru
Solution(Adrian Popa)
o cos(a — B) — cos(a + B)
sinasinf = > >
. (3a+b+2\ . ra+3b+6
th=sm( 2 )sm( 2 ) =
(3a+b+2_a+3b+6)_ (3a+b+2+a+3b+6)
0s 7 Z cos Z 7

2
COS(Za —ib —4) _COS(4a +jb +8)

2
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_cos (61_2#) —cos(a+b +2)

2
/a+3b+2y  (3a+b+6
Rhs =sm< 2 )sm( )=

=cos(‘“‘34b+2_3a+4b+6)_ Os(a+34g+2+3a+4b+6)

4
os (—Za +42b - 4) _ cos (4a + ib + 8)

2
cos (%19—2) —cos(a+b+2)

- 2
We must show that:
cos (#) —cos(a+b+2) - cos (%19—2) —cos(a+b+2)
< > o
<a—b—2)< (—a+b—2)@ (a—b 1)
cos > < cos > cos >
a—0>b
< cos (— > — 1) S
( b—a 1)< ( b—a )@ (b—a+1)
cos > < cos > cos >
T
b—a cosxl(o;g)
< cos (1 — > )<=>
bTa+ 1> 1——@b > a true.Proved.
6.160 If a, b = 0 then:
7| 2ab a+b 2ab a+b
Vab + ( )—(\/ )+( >> +
a+b a+b 2
Daniel Sitaru
Solution(George Florin Serban)
Ifb=0 =>% 2 true.
Ifb + 0 -=t>0>

(Ex e
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7

() -7+ (Y = 04 -
AR e R
() (5

(t-i-—l_\/— t+1 t+1)[(t+1_\/_+ﬂ)

t+1\° 2t 2t \°
<t+1_\/_ )t+1+"'+(t+1>]

t+1
— >t ——\/_>0
t+1 t+1 2t t+1
- - = —_ >
\/__t+1 Vet Ct+1 2 VE20
2t : t+1
t+1"~ 6_ 2
t+1 2t t+1 t+1 2t t+1
> — R—
(2) <t+1‘/— ):>2_t+1 Vit —
=>\/—>—truebme-Hm.
t+1\° 2t t+1 1:+1 2t t+1
> -
(2>—<t+1‘/— )22 2 Vit

=>4t > —true by Gm-Hm.
(\/—) (ﬁ) =>4t >—true by Gm-Hm.
6.161If a,b,c > 0,abc = 1 then:
(a'® + b1%)(a® + b?)

(a* + b*)(a3 + b3)

cyc

>3

Daniel Sitaru
Solution(Sanong Huayrerai)

(a'® +b'°)(a® + b°)
L@+ (@® +b3) -
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(a* +b*)(a® + b3)(a® + b®)(a® + b®) (a® + b®)?
=2, (@ +b9(@ + 5% =) g2

cyc cyc
5 a® + b%\’
-2 (a® + b + ¢®)?
> 3 = 3 >3

fabc=1=a+b+c>3=2a®+b°+c®>3

6.162If a,b,c > 0; abc = 1 then:

7—6a+7—6b+7—6c>
24+a%2 2+4+b% 2+c¢%

Jalil Hajimir
Solution( Michael Sterghiou)
7—-6a 7—6b 7—6¢C >

+ =
24+a%  2+4b2  2+4c?

1;(1)

Let (p,q,7) = @ a,X ab,[[a),r = 1. By expanding (1) we get:

Y (7-6a)(2+b?)(2+c?)
[1(2+a?)

= 1 which after same computation reduces to:

24p? —12pq — 34p + 5q®> — 54q + 111 = 0
or6(p — q)? + f(q) = 0 where f(q) = 18p? — 34p — q®> — 54q + 111

Note that:

Zab2+2a2b=pq—3;2a2b2:q2—2p; Zazzpz—ans

r=1
f(q) is a decreasing function of g. Assuminga < b < ¢ (WLOG)

Wish p fixed f(q) becomes minimal when a = b(< 1) in which case if is
enough that f(q) = 0.

1

. . _1r _2 2
W|sha—b—x,C—x2,p—2x+x2,q—x+x and
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(@) - f(x) = —x—14(x —1)2(x® + 2x5 — 15x* + 40x3 — 16x2 — 36x — 18) =
_ -1)?

x4-
o(x) = x* <x2 + 2x — 3> + x<40x2 —16x — 24) —12x* —12x - 18 <0

<0 <0

-0(x), where

For 0 < x < 1.Hence g(x) = 0.

With equality forx =a = b = 1,c = 1.Done.
6.163If a,b,c > 0,vVab + Vbc + vVca = 12 then:

(a+b+\/ab)3 4 (b+c+\/bc)3 4 (c+a+\/ca)3 -
(a + b)? (b + ¢)? (c + a)? -
Daniel Sitaru

81

Solution(Sanong Huayrerai)
For a,b,c > 0,v/ab + Vbc + Vca = 12 we give: a = x2,b = y?, ¢ = 2>
Hence we have: Vab + Vbc +vVca = xy + yz + zx = 12 and

(a+b+x/%)3+(b+c+\/ﬁ)3+(c+a+\/§)3:

(a + b)? (b +c)? (c+a)?
_ (2 +y2+xy)® (?2+2z%+yz)3 N (z% + x% + zx)3 > 81
- (xz 4+ y2)2 (yz + 22)2 (Zz + x2)2 =

7
= T (xy +yz + zx)
[ ——
12
(x2+y?+xy)’ S 27

Let’s consider: —
(x2+4y2)2  — 4

xy e (X2 +y2+xy)d > %xy(x2 + y?)?

4(x® +y° + (xy)®) + 12(x*y? + x°y + x2y* + xy® + x*y? + x%y*)
+24x3y% > 27(x%y + xy°) + 24(xy)?

4(x® + y°) + 24(x*y? + x%2y*) = 26(xy)3 + 15(x°y + xy°)

4[x°(x —y) —y5(x — ] + 13[x3y? (x —y) — x2y3(x — y)]
> 11[x*y(x —y) — xy*(x — y)]
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4(x —y)?(x* + 3y + x2y2 + xy3 + y*) + 13(x — y)?(xy)?
> 11(x — y)?(x% + xy + y?)

4+ 3y + %y  +ay? +yH) 2 112 +xy +y* ) x # y
4(x4- + y‘l-) + 6(xy)2 > 7(x3y + xy3) true.Then

(y? + 2% + yz)3 27 . (z% + x% + zx)3 2_72
) I G PR C

X

(2 +y2+xy)® (y?2+2z%2+yz2)3 N (z% + x% + zx)3 S 81
(x2 + y2)? ()% + 22)2 2 +x2)2 =
27
=Z(xy+yz+zx)

12

(a+b+Vab)  (b+c+Vhe)' (c+a+vea)

@iz T hror T Gcraz =9

6.1641f a,b = 0 then:

3

2
(a+b)® 8a3b? (Va—+b)" 2ab
> VvV
8§ T (atby > bvab+ 2 a+b
Daniel Sitaru

Solution(George Florin Serban)

a+b 2ab
x = > =Ma;y:a+b:Mh;Z=\/a =My =
a+b 2ab \*
x3+y3223+(——\/ﬁ+ )
2 a+b

B+y3 =223+ (x—z+y)3

(x+y)(x?—xy+y?) =
>@z+x—z+y)|z2—zlx—z+y)+ (x—z+y)?]

c+y)x2—xy+y)—(z+x—z+YVz?—zx—z+y)+(x—z+y)?]=0&
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o+ V%2 —xy+y2—z2+z(x—z+y)+(x—z+y)?] = 0;x,y >0
>x+y>0

x2—xy+y?—z2+zx—z+ )+ -z+y)P=z-x@y -2 =0
truebyMp =y <My =z <M, =x.

6.1651fa,b,c>0,a+b+c=6,0 < u < 4then:

a? N b? c? 12
u+a* p+ b? u+c2 u+4

Marin Chirciu

Solution(Tran Hong)

>——;(1)

ForO<pu<4; chc #+a2 =rve

chc

,u+a2 -

We show that (1) is true.
62=(a+b+c)*=3(ab+bc+ca)=>ab+bc+ca<12=>Ia=c=0
such that

ab+ ba+ aa = 12.
1 1-
u+c? = u+a?

Froma =2 c¢c =

So, we need to prove:

1 1 1 3
u+a? = pu+b%2  u+a? T 4+u

;1 (2)

In fact, without loss of generality, assume that: a = min{a, b, a} =
(a—b)la—a)=0=>a?+ba=ab+aa+ ba=12
Other,a? =a-a<b-a =12 < 3ba = 4 < ba.

From the CBS inequality:
1 1 1
(ab+ba+aa)(a+a+a) >9% o
1

11 3
12(E+E+E)29@a+b+a21aba,(*).Now,
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1 N 1 2 ba — b? N ba — a? 3
u+b2 p4+a? ba+pu B2+pha+wp) (@ +wba+p

3 b(a —b) ala —b) 3 (a — b)(ba? + by — ab? — ap)
T2+ what+p) (@+phatp) (@2 + b2+ p(ba + p)

(a — b)?(ab — p) ®3)
= > 0; —b)2 > >4 >
@+ 00+ Datm = O (becausela=b)"=0,ab =42 1)

1 4 2 3 _
a?4+u ba+pu 4+u

@+ wba+p) +2(a® + w4+ — 3@ + p)(ba + )
B 4+ w(@?+ pba+w

_ (4ba + 4p + bap + p?) + 2(4a’® + a’u + 4p + p?) — 3(baa® + pa® + bay + u?)
B 4+ wa?+wba+p)

_4ba + 12u + 8a® — 2bau — 3baa® — pa®
B (4 + w(@? + W ba + 1) B

12-2ba—a?<0
_ u(12 — 2ba — a?) + (4ba + 8a® — 3baa?) osﬁsz

4+ w(a? + p) (ba + p) -

_ 4(12 — 2ba — a®) + (4ba + 8a® — baa?) ab+bc+ca=12
Bl (4 +w(a? + ) (ba + p) B

3
4a (a +b+a —Zaba) (4)
TG @+ pbat - 0; (from(x))

From (3),(4) result (2) is true then (1) is true.Proved.
6.1661f a,b,c > 0,a+ b+ c = 3,11 >~ then:

a? 3
> —
Z 22u—1b+ 341+ b8 4n

cyc
Marin Chirciu
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Solution(Tran Hong)
Forx,y > 0 we have 4(x® + y%) < (3x2 —4xy + 3y?)} &

23x% — 108x°y + 225x*y? — 280x3y3 + 225x%y* — 108xy° + 23y® > 0
(x — y)*(23x% — 16xy + 23y?) = 0 which result from (x — y)* > 0 equality
forx =y

and 23x2 — 16xy + 23y2 > 0 true from A= 16 — 4- 232 < 0.

Forx=aq,y=1
we get 4(a® + 1) < (3a? — 4a + 3)3 then /4(b® + 1) < 3a® —4a + 3

Equality fora = 1.

Similarly: 4(b® + 1) < (3b2 —4b + 3)3and 4(c®+ 1) < (3c? —4c +3)3 =

a? a?
2=, rErakds -
2(2u — Db + 341 + b9 £ 3b2 —4b+3+ (4u—2)b

cyc

(aZ)Z Bergstrom

aZ
B Z 3b2+ (4u—6)b+3 z 3a2b? + (4 — 6)a?b + 3a?
cyc cyc

- (a? + b? + ¢?)? (;) 3
~ 3(a®b? + b?c? + c?a? + a? + b? + ¢?) + (4u — 6)(ba? + cb? + ac?) ~ 4u

() © 4u (Z a* + ZZazbz) >
>3 (32 a’b? + 32 a? + (4u — 6)(ba? + cb? + ac2)>

4u2a4 + 8u2a2b2

> 9Z:a2b2 + 92 a? + 3(4u — 6)(ba? + cb? + ac?)

4;12 a*+ (8u — 9)2 a’b? > 3Z:a2 + 3(4u — 6)(ba? + cb? + ac?)

(4p — 6)Za4 + (8u — 12)Za2b2 + [42 at + BZaZbZ]

> 32 a? + 3(4u — 6)(ba? + cb? + ac?)
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DANIEL SITARU

(4u — 6) <Z a* + 22 a’b? — 3(ba? + cb? + acz))

+3(22a4+2a2b2—32a2) o

Witha+b+c=3,u2§=>4y—620wehave:

Za‘* +22a2b2 —3(ba? + cb? + ac?) =
=Za4+22a2b2 —(a+ b+ c)(ba? + cb? + ac?)
=Za4+22a2b2—

- [z a’b? + abc(a + b +¢) + (ba® + cb® + ac3)] =

= z a* + z a’b? — [abc(a+ b +¢) + (ba® + cb® + ac?)] =

®
= [z a* — (ba® + cb® + ac3)] + [z a’b? —abc(a+b + c)] >0

We have (1) is true, because:

AM-GM
a*+a*+a*+b* = 4y/(a3h)* = 4ba?
AM—-GM
b*+b*+b*+ct = 43/ (b3c)* = 4ch?

aM-GM
ct+ct+ct+at = 4Y(Ba)t = 4ac?
= 4(a* + b* + ¢*) > 4(ba® + cb3® + ac?®)
2
:Za4—(ba3+cb3 +ac3) >0

AM—GM
a’b? + b%c? +c%?a?> = abcla+b+c)
3

:Zazbz—abc(a+b+c) >0

From (1),(2)=>(1) is true.
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3za2 La=3 (Z;)Z Z 2 B?Zaz .Zaz
- 2 2Yate T

(4)@261 >Z a’b? (true by x* + y? + z2 > xy + yz + zx)

ZZa +Z 2b2>3z“a =
(5)
Za +z a?b? — 32

From (4),(5) and 4u — 6 > 0 = (xx)true = (x)true.
6.167Ifx,y,z> 0, xy+yz+zx =3, u > Sthen:

ux® +y* +z3) + x?y*z2 >3u +1
Marin Chirciu
Solution(Tran Hong)

Xy y z Z X
y,z>0,xytyzt+zx=36 = —=+F—=—=+—="—==1

V3 V3 V3 V3 V33

= (3)AABC such that:

=tan— = x =V3tan—;y = V3t

ano =x = V3 an—;y = an=;
C

=\/3tan§

Hence, u(x? +y2 +22) + x2y?22 2 3u+ L p=~ o

2

A A
Byz tan2§+27 ntani >3u+le

cyc cyc

3 (4R+r)2_252+27(r)2>3 +1
: — =Y
u . <) =3¢

3u[(4R +1)? — 2521+ 27> > Bu + 1)s* &
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©)
3u(4R +1)? +27r2 > (9u + 1)s?
But: s2 < 2R? + 10Rr — r% + 2(R — 2r)VRZ — 2Rr

Let: t =

S| =™

> 2, we must show that:
3u(4t+1)>+27=>Ou+1) [(th +10t —1) + (2t — 4)VJt2 — Zt] =3

3u(4t +1)2 +27 —(u+ 1) (2t2 + 10t — 1) = u + 1)(2t — 4)y/t2 — 2t

3u(16t? +8t+1) +27 — Qu + 1)(2t? + 10t — 1)
>Ou+ 12t —4)Jt?2 -2t &

20t - 2)[(150 — Dt —3u—7] = 209u + D(t — 2)/e2 — 2t &
(t — 2)[(150 — Dt —3u — 7] = (9u + (¢ — 2)v/t2 — 2¢
Because:t=>2=>t—22=>0
We need to prove:
(150 —Dt—3u—7>Ou+D(Et-2/e2 -2t &
[(15pu — Dt —3u—7]? = (9u + 1)?(t? — 2t) .
nz5z

t=2
(5u—1t—-3u—7 = (15u—1)-2-3u—-7=27u—9 = 13-9=4
>0

(%)
(144p2 — 481)t2 + (72u% — 168u + 16)t +9u2 +49 > 0 &

(+)
(144p? — 48u)t2 +8(9u? — 21u + 2)t +9u? +49 > 0

Which is clearly true, because:

16384 13
A= —6409u—4)Ou+1)? < — 77 < 0; (foru > ﬁ)
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Uz
a=144u?> —48u = 48n(3u—1) = 0= (xx)true = (x)true.

6.168If a,b,c > 0;a + b + ¢ = 1 then prove:

9 - a? N b? c?
136 " a3+ 5 b3+5 c3+5

O\Iv—\

Jalil Hajimir
Solution(Khanh Hung Vu)

1) Prove that the inequality:

a? N b? N c? >9_1
a®t+5 b3+5 c3+5_136'()
3
Put: f(x) = 3+5x€(01)f() x(S:+;2)>Osince

{x(lO -x3)>0
x3+5)2>0

Case 1. One of three number a, b, ¢ isn’t less than : E (7 - 3\/5). WLOG
= 3/; (7 — 3v/5) and since f —increasing result:

fla)=f 3’—(7 3\/_) 136

On the other hand, we have f(b) > 0; f(c) > 0= f(a) + f(b) + f(c) > E

;(x € (0,1)) > f —increasing.

which
a? N b? N c? - 9
a3+5 b3+5 ¢3+5 136

Case 2. Both three number a, b, ¢ less than : E (7 — 3\/5) , Which we have
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a< 3/;(7—3\/3);b < 3/;(7—36);“ 3/;(7—36)

We have:

3_5 3_5
_2(x6—35x3+25)_2<x —7(7—3\/§)><x —7(7+3\/§))

FPO=""sy - @ +5)°
; O
s[5 x*—=(7-3V5)<0
; 2
Vx €| 0, 5(7 - 3\/5) since 5
x3 _§(7+ 3V5) <0
So f —convex, by Jensen Inequality, we have:

f@)+fb)+flc) = f(%lm) =3f G)

a? N b? N c? - 9
a3+5 b3+5 3457136

. . 1
The inequality occurs whena = b = ¢ = 3

2) Prove the inequality:
a? N b? N c? - 1 @
a+5 b3+5 3+576’

By AM-GM inequality, we have:
x*+5=x3+1+1+4+3>3x+3;vx>0

On the other hand, we have: (x — 1)2x+ 1) < 0 =

2x2 —x—1<0=2>x+1>2x%vx < 1

x2

x3+5

So,x3+5>6x? & <§;Vx€(0,1)$

a? N b? N c? <a+b+c a? N b? N c?
=
a3+5 b3+5 3+5 6 a3+5 b3+5 ¢3+5

>0

1
S_
6
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From (1),(2) we have the thing to prove.
6.1691f x > 1,p,q,r € N then:

(x + 1)2PHa+n) (x2 — 1)3 < (2p)! (2q)! (27)!
(x2+2 — 1)(x29+2 — 1) (x27+2 — 1) — plq'r!
Daniel Sitaru

Solution(Ravi Prakash)

(x+1)2m
X2Mp2M=24.. 5241

,MmMENx=>1

Let f(x) =

Forx>1,f'(x) =
(x®™ 4+ x2m72 44 x2 + DM (x + D™ — (0 + D™ [2mx?™ 1 4 - 4 2x]
(x2m 4 x2m=2 4 ... 4 x2 4+ 1)2

Numerator of f'(x) is 2(x + 1)*™ Ip(x) when
p(x) =m@x®™ +x*m 2 4 .+ x* + 1) — (x+ Dmx*™ 1+ o4 x) =
=x2M 24 20" b (M- D2+ m—mx®™ T — (m— Dx?Mm 3 — e —x =

= (P24 b X+ T = maPT) + (P PO e xR+ 1
2m

—(m=2)x>"5+..+(1—-x)<0,Vx>1>f(x) <
m+1

Now, we show that:

2 @M @m—1)..(m 4 1), vm € N
m+1 m!

Form = 1,Lhs = 2, Rhs = 2.

Form = 2,Lhs =?,Rhs =4-3 = Lhs < Rhs

A 4 —am = o2m 5 22T
Form>3,(m+1)(m+2)..2m)=>4-4-.-4=4m=2°M>

- m+1
m-—times

22m
Thus, f(x) < E,Vm € N,vx > 1.
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(x + 1)*m - 2m)! Vs 1
= , VX =
X2M 4 x2Mm=2 4 ...} x2 41 m!

(x?2 —1D(x+1)*m - (2m)!
(x2=1)(?m +x2m=2 4. +x24+1) " m!

Vx> 1

(x+1)2*mx%-1) (2m)!
I S

Vx >1

Taking m = p, q, v and multiplying, we get

(x +1)?PH2a+27 (x2 — 1)3 - @p)r2g)t 2r)!
(x2P*2 — 1)(x29%2 — 1) (x?7*2 - 1) — plq'r!

6.1701f0 <a < b < \/S—Ethen:

a?b?(2 —a— b)%(2 + a + b)? < (1 — a?)(1 — b*)(a + b)*

Daniel Sitaru
Solution(Remus Florin Stanca)

a’b’2—a—-b)?*QR+a+b)?<1-a®>)A-b>)(a+b) o

a b ab a+b 2
<( )@

1—a2.1—b2.(a+b)2_ 4 —(a+b)?
a+b
1 2a 2b ab )
N . . S c)
4 1—a? 1—-b%2 (a+b)? L a+ h\?
-(*2)
a+b g
2a 2b ab 2-— 1
. . S -
1—a? 1-b2 (a+b)? 1 a+ h\? 4
-(*2)
x y tanZ+tan?
Let: tans = a,tan = b,% = tana
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Xtan2
tanstans

py—p < tan’*(a) ©

tanxtany -

x
tanxtany - tan > tan% < tan®atan®(2a); (1)

X ramy 2
tan2+tan2>

Let’s prove that: tan%tan% < tan’a tan%tan% < ( 5

a+b
(true by — > ab,Va,b = 0; 2

Let’s prove that: tanxtany < tan?(2a) ©

L ( ¢ )+1l (b )<z
209\1 " 2) T09\1T Tp2) =09

Let: f(x) = log(l_xxz) :g_i=%.1__"2.(L_L)' _

1—x2

( 1 1 )_x2+1

1
Z. + =
2 (x—1)2  (x+1)2 x — x3

X

0’ f  Bx*-1DE*+1)

1
%2 G —x3)2 <0 (a < ﬁ) = f — concave =
a+b
1 a 1 b 2
Elog(m)+§log(1_b2) <log . > | = true(3)

+b
1-(*7)
(2); 3) = (Dtrue = a?b?*(2—-a—-b)*(2+ a+ b)?

<(1-a*)(A-b*(a+b)*
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6.1711f x,y,z > 0 then:

ﬂ(x+ 1) + ﬂ(2x+ 1) ﬂ(x+ 2) > 21_[(3x+2)

cyc cyc cyc cyc
Daniel Sitaru
Solution(George Florin Serban)

[Meye(x +2)

cyc

S \/H(x +1) (2x + 1) D HlyBxt 2

[eye(3x + 2>>2

1) & n(x +1)2x+1) > ( EEE)

cyc

n(x +1) Qx + Dx +2)? > 1_[(39( +2)? o

cyc cyc
@x?+3x+1D)(x*+4x+4) > +12x+4 &

2x* + 11x3 + 12x? + 4x > 0,Vx = 0 (true).
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