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THE THREE COSINES IDENTITY,
USING LINEAR ALGEBRA AND THE SITARU - ABl - KHUZAM LEMMA

By Martin Celli — Iztapalapa — Mexico

ABSTRACT: We give two new proofs of the classic three cosines identity.The three cosines identity
relates the cosines of the three angles of a triangle.

Theorem (three cosines identity): If A + B + C = w[2m], then:

(cos(A))? + (cos(B))? + (cos(€))? + 2 cos(A) cos(B) cos(C) = 1.

Proof 1: Let
1 —cos(C) —cos(B) _ -
We(ceos© 1 costy |p = () Zes )
—cos(B) —cos(4) 1

We can check that PTP = M. Moreover, since P has 3 columns and 2 rows, its kernel has dimension
> 3 — 2 = 1. Thus, there exists a vector X # 0 such that PX = 0. This implies that MX = 0.
Cancelling the determinant of M, we obtain the theorem.

Proof 2: Taking X = (sin(4), sin(B), sin(C)), we can directly check that

1 —cos(C) —cos(B)\ [sin(4)
MX =| —cos(C) 1 —cos(4) || sin(B) | = 0.
—cos(B) —cos(4) 1 sin(C)

Then we just have to cancel the determinant of M.
Some remarks The identity PTP = M is equivalent to
XTMX = XTPTPX = ||PX||* forall X = (x,y,2),

x%2 + y? + z%2 — 2(yz cos(A) + zx cos(B) + xy cos(C)) =

= (—x cos(B) — y cos(4) + z)? + (xsin(B) — y sin(4))?
In [S], this identity is used to prove the inequality

x% +y? + z%2 = 2(yz cos(A) + zx cos(B) + xy cos(C)),
which is equivalent to the positivity of M.
Let l_f, 17, W be three unit vectors of the plane such that

(V,W) =n - Al2r),(W,U) = = — B[2n]

Then
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(U, V)= (UW)+ (W, V)= - —B)—(w—A) = A+ B =n—C[2n]
Denoting by W' the image of W under the rotation of angle g, we can easily see that P is the matrix
of (U,V, W) in the basis (W, W'). Thus, for every vector X = (x,, z):

XTMx = [|PXI|" = ||x0 +y7 + zl/T/’||2
This gives us a generalization of the inequality of [S]:
x%2 + y? + 2% — 2(yz cos(A) + zx cos(B) + xy cos(C)) = |xl_f + yl7 + zl/_l/)|2 >0
We can check that the identity
XTMX = ||xU + yV +ZV7||2
remains valid for any three unit vectors l_f, V, W of three — dimensional space, such that
(V,W) = — Al2n),(W,U) = n — B[2n),(U,V) = n — C[2n],

even when A + B + C # n[2m]. Thus, the inequality of [S] remains valid when
A+ B+ C % n[2m].
Reference:

[S] D. Sitaru, A simple proof for Abi — Khuzam’s inequality, Romanian Mathematical
Magazine, April 2021.

https://www.ssmrmh.ro/wp-content/uploads/2021/04/A-SIMPLE-PROOF-FOR-ABI-KHUZAMS-
INEQUALITY.pdf

IONESCU-WEITZENBOCK’S TYPE INEQUALITES WITH FIBONACCI NUMBERS

By D.M. Batinetu-Giurgiu, Mihaly Bencze, Claudia Nanuti and Neculai Stanciu-
Romania

ABSTRACT: In this paper we present some inequalities with Fibonacci numbers related to lonescu-
Weitzenbock’s inequality.

Let M be positive real number and N be positive integer number. If ABC, is a triangle with area S
and usual notations then we have that:

az(m+1) bz(m+1) Cz(m+1) 4m+1\/§
2 o T FmZ+F,,m) (F.mE+F m2)23mFm >
ana + lemb) n''b n+1'tle n''le n+l'''a n+2

()
(
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2(m+1) 2(m+1) 2(m+1) m+1
(2) ma m + an 2 + TC 2 2 3m \r/n§ S
(Fnbz + lecz) (Fnc + Fn+1a ) (Fna + I:n+1b ) 4 I:n+2

a‘2(m+1) b2(m+l) C2(m+1)
(3) 2 2 2 m+(F 2 F 2 F 2)+(F 2 F 2 F 2)2
(ana + lemb + Fn+2mc) WMy + F Mg + My nMe + My +F M,y
m+2
L2
3 l:n+2
m2(m+l) m2(m+1) m2(m+1)
(4) 2 : 2 o T 2 : 2 AN 2 — )=
(Fna +Fn+1b +Fn+2C ) (Fnb +Fn+1c +Fn+2a ) (FnC +Fn+la +Fn+2b )
m+1
.3 J3 s
8m F m

n+2

Proof: We use Radon’ s inequality, the well-known formula
3
m2 +m? +m? :Z(a2 +b? +c?),

and lonescu-Weitzenboéck's inequality, i.e.
a’ +b?+c? >44/3S.
Proof of (1) We have:
2(m+1) (az )m+1

Wn:Z( : m:Z(

2 2
Fn ma + I:n+1mb )

’

2 2 \m
I:n ma + Fn+lmb)

and by J. Radon’s inequality we deduce that:

m+1 m+1

W, > <a2+b2+cz) _ (a2+b2+cz) _

EFEm: +Famd )" (Fy+ Fo)"(m? v+ me )

1
(a2 +b? +c2)m+

m 2 2 2\
F.., (ma +m] + mc)

m

3mFm

n+2

3
But, mZ +m; +m? :—(af+b2+c2),so:wn > (a2+b2+c2).
4

By lonescu-Weitzenbdck’s inequality, i.e. a?+b%+c?> 4\/58 , we deduce that:
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4m+l 3
W, = \/_S , 50 (1) is proved.

3m F m

n+2
Proof of (2). We have:
2(m+1) 2 \m+l
m m
Y”:Z 2a 2m:z ga) 2\’
(F,b?+F,.c?) (F.b?+F,.c?)
and by J. Radon’s inequality we deduce that:
(m,j +m2 +m? )M (m,j +m2 +m? )m+1

Y, 2 = —
S E0Foc ) (F )t 0P e

2 2 2 m-+1
(mal +m; +mc)
Fm,(a% +b2+¢?)"

n+2

3
Since, M2 +m? +m? = Z(a2 +b? +C2), we have:

m+1

Y >—
n 4m+1Fm

n+2

(a2 +b? +c2).

By lonescu-Weitzenbdck’s inequality, i.e. a?+b%+c?> 4\/§S , we deduce that:

m+1
L 3™3

n_4mFm

Y S, s0(2) is proved.

Proof of (3). We have:

S Z g2 _ (az )m+1

n m
(F,m2+F, ,m?+F,,m?) (Fm2+F,, m2+F

n+2 n+2

2\’
m?)
and by J. Radon’s inequality we deduce that:

1 1
(a2 +b? +c?)" (a2 +b2 +c?)™

Z >
’ ) (Z(anj + Fn+1mt3 + Fn+2m§ ))m (Fn + I:n+1 + I:n+2 )m (ms + mlf + ms_ )m

1
~ (a2 +Db? +c2)m+

2mFm

n+2

2 2 2\
(ma+mb +mc)

3
Since, M2 +mZ +m? = Z<a2 +b? +C2), we have:
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By lonescu-Weitzenbéck’s inequality, i.e. a2 +b? +¢? > 4/35 , we deduce that:

m+2
L 2™3

n_3mFm

n+2

Z S, so (3)is proved.

Proof of (4). We have:
m&m) (mz )m+1
X = a - a ’
2 (F,a®+F, b2 +F,c2) 2 (F.a®+F, b2 +F, c2)

n+1

and by J. Radon’s inequality we deduce that:

x> (m2 +m? +m2)™ _ (m2 +m? +m2)™ _
" (Y(Fa?+F, b*+F, )" (F +F,,+F.,)"(@*+b2+c?)

n+1 n+2

_ (m? +mZ +m? )™
2"F", (a2 +b% +c?)"

n+2

3
We know that: mZ +m? +m? :Z(a2 +b? +C2),so:
3m+1

n+2

By lonescu-Weitzenbdck’s inequality, i.e. a?+b*+c?> 4\/§S , we obtain that:

m+1
3™

n = ~»3m m
2 n+2

X

S, and the proof is complete.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro

ABOUT AN INEQUALITY BY MARIN CHIRCIU FROM RMM-43
By Titu Zvonaru and Neculai Stanciu - Romania

Here we present 7 methods to solve the problem J.2491 from R.M.M. - 43, Winter
Edition, 2024, p. 84.

J.2491.

a N b N c
7a+b+c a+7b+c¢c a+b+7c

1 1
=3 (1)

9 ROMANIAN MATHEMATICAL MAGAZINE NR. 46
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Inequality (1) can also be written in the form:

1 a 1 b 1 c 3 1

cmr——— s — o 2o —

7 7a+b+c 7 a+7b+c 7 a+b+7c 7 3
b+c 4 c+a 4 a+b >2 )
7a+b+c a+7b+c a+b+7c 3 )

SOLUTION 1. (REMOVE DENOMINATORS)

B3a(a+7b+c)(a+b+7c)+3bla+b+7c)(7Ta+b+c)+3c(7Ta+b+c)(a+7b+
c)=((7a+b+c)a+7b+c)(a+b+7c)

4(a® + b3 + ¢3) + 12(a?b + ab? + b%c + bc? + c?a + ca?) = 84abc (3)

The inequality (3) yields by AM — GM: a3 + b3 + ¢3 > 3abc, a?b + ab? + b%c + bc? +
c?a + ca? > 6abc.

SOLUTION 2. (BREAKING)
The inequality

a <5a+2b+20
7a+b+c~ 27(a+b+c)

(4)
can be written as
8a2 —8a(b +¢) +2(b+¢)? 2 0 = 2(2a— (b + )" = 0.

Using the inequality (4) we obtain

a b c
+ + <
7a+b+c a+7b+c a+b+7c

- 5a+2b+26+5b+2c+2a+5c+2a+2b - 9(a+b+c) 1
“27(a+b+c) 27(a+b+c) 27(a+b+c) 27(a+b+c) 3

SOLUTION 3. (HORNER BREAK)
Due to the homogeneity we can assumethata+b + c = 1.
The inequality (2) becomes

a b c

6a+1+6b+1+6c+1

L 5
=3 (5)

We want to determine m, n such that the inequality

<
6x+1_mx+n (6)

To be true for any x > 0. The inequality (6) is equivalent to

emx?+ (m+6n—1x+n=0 (7)

10 ROMANIAN MATHEMATICAL MAGAZINE NR. 46
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Bearing in mind that in the inequality (5) we have equalityfora = b = ¢ = i, must as the
left side of the relation (7) to admit the double root é
Using Horner's scheme we have

6m m+6n-—1 n
1 1
— 6m 3m+6n-1 m+3n——
3 3
1
3 6m Sm+6é6n—1

By relations m + 3n —g =0,5m+6n—1 = 0yields m = g,n = 22—7 The inequality (7)
becomes 2(3x — 1)? > 0. Writing the inequality (6) for a, b, c we obtain

a b c 3a+2 3a+2 3c+2 3(a+b+c)+6 1
+ + < + + = =
6a+1 6b+1 60+1 27 27 27 27

SOLUTION 4. (TANGENT METHOD)

Another method to determine m, n such that the inequality (6) is true for any x > 0. For

x =2 weobtain 2 +n =1, By derivation yields that L= m; forx = Iwehavem =1
3 3 3 (6x+1)2 3

Form = %,n = 22—7, the inequality (6) becomes 2(3x — 1)? > 0, evidently true.

SOLUTION 5. (BERGSTROM)
Using the form by (2) and applying Bergstrém’s inequality, we obtain

b+c 4 c+a 4 a+b _
7JZa+b+c a+7b+c a+b+7c

B (b + c)? (c + a)? (a + b)? -
_(b+c)(7a+b+c)+(c+a)(a+7b+c)+(a+b)(a+b+7c)_

- (a+b+b+c+c+a)
“(a+b)a+b+7c)+b+c)b+c+7a)+(c+a)c+a+T7b)

It remains to prove that

6(a+b+c) =(@+b)la+b+7c)+(b+c)(b+c+7a)+ (c+a)(c+a+7b)

4(a? + b? + c?) = 4(ab + bc + ca),

Which is a well-known inequality.

SOLUTION 6. (SUBSTITUTIONS)

We denotex =7a+b+c,y=7b+c+a,z="7c+ a+ b. Solving this system, we get

8x—y—z 8y—z—x 8z—x— . .
= Y ,b = Y ,C = Y The inequality (1) becomes
54 54 54

11 ROMANIAN MATHEMATICAL MAGAZINE NR. 46
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8x—-y—z 8y—z—x 8z—x-—
y n y—z n Z )’S
54x 54y 54z

W =

24 — <+y+y+++)<18
y y
Z+24+ 2424242 > 6,whichyieldsby = +2 > 2.
y X zZ y X z y X

SOLUTION 7. (DELIGATION)

a b c 1
JTa+b+c a+7b+c a+b+7c 3
a 1 b 1 c 1
“7atb+tc 9 a+7btc 9 atb+7c 9
2a—b—-c 2b—c—a 2c—a—>b

=9(7a+b+c)+9(a+7b+c)+9(a+b+7c)=

_ a—b>b 4 a—c + b—c + b—a 4 c—a 4 c—b _
" 9(7a+b+c) 97a+b+c) 9a+7b+c) 9a+7b+c) 9(a+b+7c) 9(a+b+7c)

a—b( 1 1 >+b—c< 1 1 )+C_a< 1 1 )_
9 \7a+b+c a+7b+c 9 \a+7b+c a+b+7c 9 \a+b+7c 7a+b+c/

_ 6 (a — b)? (b—c)? (c — a)? <0
__5((7a+b+c)(a+7b+c) (@a+7b+c)(a+b+7c) (a+b+7c)(7a+b+c))—'

The equality occurs iffa = b = c.

REFERENCE: Romanian Mathematical Magazine-www.ssmrmh.o

LALESCU AND EULER-MASCHERONI TYPE NEW LIMITS

By D.M. Batinetu-Giurgiu, Mihaly Bencze, Claudia Nanuti and Neculai Stanciu-
Romania

ABSTRACT: In this paper we present some new limits with sequences.

1 lim ("y(n+1)! —/n)af(2n —1)!sin % = 2%.
n—e Yn!

.n _ Y@n=-Dp 2
Proof. lim =e, Im——=—.
n—oo n[n! n—o n e
"“J(n+1)! u, -1
Denoting U, :(—; imu, =1,Im ——=1, limu; =e.

n/ n! n—ow n-w |n u n—ow
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We denote X, = ("J(n+1)! —W)”./(Zn —D!sin % :
vn!

(2n - 1'
x, = ("J(n+1)! —/nnaf(2n - 1)"S|n =4/nl-(u, -1)- ( n \/_
gl
. T
ynl u -1 @n-" n Sln”nl
n Inu n /nl Vd
y¥nl
. T
ynl u, -1 @n-I n M I
PRl By R YTLE n
n Inu, n nl 7w
yvnl
Hence, lim xn:n-l-l'lne-z-e-lzz—”.
n—oo e e e

. Vva
I. rI]|m Jn(ya,,, —+a,)= - where (a,,) ., is a positive real sequence such that
—>© o

im(a,, —a,)=a, a>0.
n—o0

a, = lim i i I a; denoting X, = \/_(\/_ \/_) \/— \/—

Proof: lim —
e o oo (n+l)—n
n+1 \/7 \/F \/—
n+1
lim \/_(\/_ Ja,) = lim x, \/_.1“/_ 7.

2.7 \where (2k —)N=1-3-...-(2k —1), Vk e N”

. lime™ \/\/3_' Ysi.nf2n-N =

n

andH, = Z%
k=1

Proof: n-e " =e"e " =g =7 \where lim y, = y is Euler-Mascheroni constant.
n—o
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e BB T < YA i
\/\/3_' 361 /(2n— 1“ \/ ..... 1/(2n 1nc D
n" —0
_ i VNS Y (@2n+1)I n" Im g (2n+ )N
_”” (n+1)n+1 NETRICTEN afen=pn % n+l

i ,/(2n o /(2n 1)HCD. @+t " L 2n+1( n j”_g
N>R N>R n—>oo(n+1)n+1 @n- % n+l(n+1 e’

2 _
Hence, I|mx =e. —2-e(”1).
n—RN e

0,dacaa+b<1

V. m(w/((n +)H)A((2n+DM° —g/(n)2 ((2n—-DN)°) = %,daeaa+b =1, where a,beR

oo,dacaa+b>1

Proof: lim ——e lim —W:g
noeffpl e e
Denoting U, = "%/((n+1)!)a((2n+1)!!)b : limu, =1, lim Uy _121;
Y (@n-puny> e e nu,
jm 07 — fim (0FDD° @+’ 1

e oS () ((2n-D)° “*Q/((n+1)') ((2n+DM"

= lim n+l a(2n+1jb n+1 =ea2b( jb — P
e g (n+D! ) U n+1 )~y (2n+1)N 2 '

We denote X, = ("§((n+1)1)* (2n+D1)°* —3/(n)* (2n-D)") =
:(Vﬁja[n/(zn—wjb T S

Inu;.
n n Inu

n
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0,dacaa+b<1

b b

. 1 2 . _ 2
Hence, lim x, = —-=—-1-e*®-lim n*** =4~ dacaa+b=1.
n—oo e e n—>R e

o,dacaa+b>1

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro

NUMBER BASES

By Carmen - Victorita Chirfot-Romania

In everyday life, what coordinates us is the binary system. The other number bases are applications
of this binary system, including base 10.

Letbe N = aia,a; ... Ap—10pAp+1, where a4, ay, as, ..., p, Ay 41 are the digits of the number N
written in base b, namely a4, a;, as, ..., p, ap41 € {0,1,2,...,b — 1}. Then

N=a;-b?+ay -b?P"' +az-bP"*+ - +a,;-b*+a,-b* + a,, represents the writing in
base b of the natural number N.

Note: For the transition from a lower base to a higher base, we will use the digits of the higher
number base and the index of the base to which we want to convert the number.

For the transition from a higher number base to a lower number base, we will use the digits of the
higher number base and then shift them to the lower number base.

Note: In the number base b, we keep all the known operations, with the observation that addition
and subtraction in the base b will be done by passing over the order or by borrowing to the higher
order digit, not using digits higher than the index of the number base in which wants a certain
number to pass. Multiplication and division will be done using all digits in base b.

To begin, we will convert the first powers of 2 to base 3. We have 1y =20= 1(3),
10 =21 =233),100) =22=2-2=(1+ DA+ =1+1+1+1=
=1-3"4+1=113).But
22=34+1-(1+1)=21000,=2°=@B+ DA +1)=3+3+1+1=
=2-3142 =224
Let’s find:
24=2%.2=02-3+2)(1+1)=2-3+2-3+2+2=2-34+1-3+1-3+2+
+14+1=0Q2+1)-3+2:34+1=1-3242-3+2=121().

Let's find and 10000 =25 =2*-2= (32 +2-3+2)-(1+1) =
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=3242-34+24+3%24+2:-342=2-3242-341-342+1+4+1=
=2-3243-3434+1=2-3241-3243+1=3-334+3+1=
=1-3*40-340-324+1-34+1=100113

In this way, using additions, we can convert any number from base 2 to base 3, using the digits and
the base 3 index.

We will also convert the first powers of 3 to base 2. We have 13y = 3% = 1(3),

103 =3'=1-24+1=1133),1003=3*=2+1) - CQ+1D=1+1-24+1-2+2%=
=1+(1+1)-2+22=
=2242241=2-2241=1-2240-2240-2'+1=1001(,),

10005 =33 =32-(2+1) =
=2*+DC+D=2*+22+2+1=1-2*+1-2240-22+1-2+1=11011(,
100003y =3*=3*- 2+ 1D =0Q*+2°+24+ D2 +1) =
=25 424424 4+ 23422 4+24+24+1=
=2542-2%4+2342242-241=2542+234224+224+1=
=2-25423+2-2241=
=2604234+234+1=204+2-234+1=204+2%+1=1-2640-2+1-2*4+0-23+
+0-224+0-2+1=1010001,

For example, the number N = 10015y = 1-2% 4+ 0- 2% 4+ 0 - 2! 4 1is written in base 2. We
propose to pass the number N in base 3. But

22=34+1-1+1D)=222=C@+1DA+1D)=3+3+1+1=2-3"4+2=223
SooN=1-2241=(2-342)+1=2-34+1-3=(Q2+1)-3=32=
=1-3240-3'40=100,
Hence, 1001(;) = 1003,
For the reverse transition, from base 3 to base 2, we have
1003y =1-3240-3"+0=3*=2+1D2+1D =
=22424+2+1=22+2-2+1=22+22+1=
=2242241=2-2241=224+1=1-224+0-224+0-2+1=1001(y
Note. We have used the fact that 3 =2 + 1.

Suppose we want to convert a number from base 2 to base 5. Let be
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N=101011; =2"+23+24+1=(G5+5+5+5+5+5+2)+(5+3)+2+1=
=524+5+4+2+54+43+2+1=
=52+5+2+5+3+2+1=1-52+3-5+3 =133
Suppose we want to transform the number N = 1335 in base 2. But
5=1-3+252=0B+2)(B+2)=32+4-3+22=32+1-3+32+B+1) =
=2-32+2-3+1
ThenN =133 =1-52+3-54+3=(2-3242-3+1)+3-(3+2)+3 =
=2-32+2-3+1+32+3-2+3=33+3+2)-3+1=
=33+324+2-3+1=1121(,
Let’s suppose that we want to pass from base 5 in base 3 the number N = 133 5. But
5=1-3+2,
52=03+4+2)(3+4+2)=324+4-3+22=3241-3+3*+3B+1 =
=2-32+2-3+1
ThenN =133 =1-5°4+3:54+3=(2-3*42-3+1)+3-(34+2)+3 =
=2-3242-3+1+32+3-2+3=
=3*+(3+2):34+1=34+3*+2-3+1=1121(3

Note: Conversions from one base to another can also be done with the help of subtraction
operations, but the calculations become more cumbersome.

Note: It is known that to convert a number from base 2 to base 4, groups of 2 digits can be made,
associating them with a digit from the base 4 system.

For example, for the number N = 100111 ;) groupings are made from right to left of 2 digits each,
because

100111z = 1001(y) - 22 + 11 = (10z) - 22 + 01(y)) - 22 + 11(p) =
=10y + 2% + ﬁ(z) <22+ 112y =10y - 42 +ﬁ(2) 4+ 11y =
=2-42+1-443 =213,

The reverse shift is done by associating each digit in the base 4 system with a corresponding number
in base 2. The resulting zeros will also be taken into account, minus the first digit of the resulting
number.

Note: To convert a number from base 2 to base 8, groups of 3 digits can be made, associating them
with a digit from the octal system. It will proceed analogously to the transitions from base 2 to base 4
and vice versa.
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Note: To convert a number from base 2 to base 16 (hexadecimal digits are from 0 to 9 and then 4 =
10,B =11,C =12,D = 13,E = 14, F = 15) groups of 4 digits can be made, associating them with
a digit from the hexadecimal system. So, to move a number from base 2 to base 2™,n € N*,
groupings of n digits are made.

To convert a number N = ABCE(4¢) to base 2, the hexadecimal digits are converted to base 2. We
have: A=2+2+2+2+2=22+224+2=2-22+2=2+1-2=

=1000(3) + 10(3) = 1010y
B=A+1=1010¢) + 1) =1011,,C =B +1=1011(3) + 1) = 1100y,
D=C+1=11000) + 1) =11013),E =D +1=11013) + 1) = 11110y,
F =1111(y). So, the number N in base 2is N = 1010 1011 1100 1101 y).

To convert to base 4, convert the hexadecimal digits into numbers in base 4 and write the numbers
in the order found.

Let’s transform the number N = 1221123y in base 9. We have that
N =122112(5) = 1221(3) - 32 + 12(3) = (12(3y - 32 + 21(3)) - 32+ 1-3+2 =
= 12(3)'34+21(3)-32+1'3+2=5'92+7'9+5=575(9).

So, for the transition of a number from base 3 to base 9, groupings of 2 digits are made from right to
left, i.e. the exponent of 3 in the writing 9 = 32. To convert a number from base 9 to base 3, each
digit in base 9 is written as a number in base 3, also retaining the zeros, less the most significant digit.
For example

62709y = 6-924+2-9+7 =203 - 3* + 023 - 32 + 21(3) = 2002213,

Note: For the transition from base 2 to base 10, the procedure is the known one. E.g, N =

1011y = 22+2+1= 1110y . To move from base 10 to base 2, repeated divisions are made, each
time retaining the remainders 0 and 1, and the number that is read in reverse order with the
remainders found is the number written in base 2.

Solved problems:

1) Prove that Vn € N, 3 unieque numbers ag, a;, ay, ..., a, € {0,1,2,...,b — 1},b € N —{0,1} such
thatn = ag-b? +a, - bP"' +a,-bP* + -+ a,_; - b+ a, andthat

a;-bP'+ay - bP 2+ +a,,-b+a, <bP

Solution: The writing above represents the writing in base b of the natural number n, thatisn =

A1z - Ap - Since in a numeration base there is only one number corresponding to a number n

in base 10 (it is obvious, because the remainders of the repeated divisions by the number b of the
number n, respectively of the quotients obtained are unique), we conclude that the numbers are
unique.
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To deduce the inequality, we use that 1 000 ...000 = bP . Obviously that 1 000 ...000 >
"p" times 0 (b) "p" times 0 (b)

410203 - p ), because the number on the left of the inequality has

p + 1 digits, and the one on the right has p digits. But

<Gb-Db-1.b-1) =0B-DG" ' +bP2++b>+b+1)
for p times b—1(p) )

a,a,as ... ap(b)

=bP — 1< bP = @l Gy, <bP = ay - bP 4 ay PP 4k @y b+ a, < bP
where a,,a;,as, ..., a, € {0,1, ..., b — 1} are the numbers found above and b € N — {0,1}
2) Prove that 26 + 23 + 1 < 28 + 25 + 22, without making operations with powers.
Solution: 26 4+ 23 + 1 = 10010013, 28 + 2° + 22 = 100100100 ,). Obviously that
1001001 ;) < 1001001002 = 20423 +1 <28 425422
3) Prove that 3" + 3" 1 43772 > 373 y 3n=4 1 3n=5 1 ...4+ 34+ 1,neN,n>3.

Solution: 3" + 3"~ 1 4+ 3772 =111 000...000
n-2of 0 @3)

3773 4 3"% 4 3"5 +...43+11111..11 .Because 111000..00 > 1111..11 =
n-1of1 @3) n-2 Of0(3) n-2of 1 ©)

=30 430143725373 4 3n4 4 3n=5 4 ...434+1,neNn>3.
4)Provethat2 -3"+2-3""142.3"24...42.342<3"! neN

Solution: 2-3"+2-3"142.3"24...42.34+2= 222..22
S ———
ndigits of 2(3)

3"*1 =1 000..00 .We observe that:
~—————
ndigits of 0(3)

222 ..22 <1 000..0 .$0,2-3"+2-3"1 4+2.3"24+...42.3+2< 3" and
S~———, N————
ndigits of 2(3) ndigits of 0(3)

222 .22 + 13 =1 000..00 ,namely
~———, N——
ndigits of 2(3) ndigits of 0(3)

2-3"+2-3"142.3"24..42.-3424+1=3" neN.
5) Prove that there exist the natural numbers a, b, ¢, d, e, f, g for which

20 +20 +2¢ 429 +2° + 2/ +29 =1020
Solution: 1024 = 2% = 10000000000, = 1023 = 10000000000, — 1 =

= 111111115 = 1022 = 111111115 — 1z = 11111110,y = 1021 =
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= 111111105 — 1(z) = 11111101y = 1020 = 111111013y — 1() = 111111003 =

=28 4+27+20+2°+2%+23+22=5a=8b=7c=6d="5e=4,f=3,g=2andall their
permutations.

6) What is the smallest number written in base 3 consisting of 3 different digits? What is the largest
base 10 number made up of 3 different digits?

Solutions: 1023y = 32 + 2 = 11 the smallest number written in base 3 by 3 digits. Also, 2103y =2 -
32 + 3 = 21 the largest number written in base 3 of 3 different digits.

7) To count how many three-digit natural numbers abc have ab + ¢ = even.

Solution: We count how many numbers abc has ab + ¢ = even. We have

even - odd + even. We have even - odd + even = odd, even - even + even = even, odd - even +
even = even,odd - odd + odd = even. If we associate even with the digit 0 and odd with digit 1,
we have to count the combinations 010,000,100,111, where 0 can take the values 0,2,4,6,8 and 1
can take the values 1,3,5,7,9. The digit a can not be 0, so on the case 010 we will have5-5:6 =
150 possibilities. On the case 000, we will have

5.6 6 = 180 possibilities. On the case 100 we have 150 + 180 + 180 + 125 = 635 numbers.
Proposed problems:

1) Convert in base 5 the number 25° + 5 from base 10.

2) Write the number 599 as a sum of powers of 2.

3) Convert the number 1 00...000 in base 3 without making the transition to base 10.
20 for 0 )

4) Find 11115y + 1111y as a base 5 number without making the transition to base 10.

5) To directly convert (without using intermediate base 10) the number 12122 5 to base 2.
6) Convert the number 110110111, to bases 4, 8 and 16 using groupings of digits.

7) Convert the number ABCD4¢) in bases 2 and 4, without making the transition in base 10.

8) Convert the number 22211215y in base 9, using groupings of digits and to do the test, converting
the number from base 9 to base 3, then to base 10 for verification.

9) Write the number 1000 as the sum of distinct powers of 3.
10) Show that the natural numbers exist a, b, ¢, d for which 2% + 2P + 2¢ + 29 = 149,

Bibliography: The collection of Romanian Mathematical Magazine.
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ABOUT THE PROBLEM 12303-AMM
By Marius Dragan and Neculai Stanciu

ABSTRACT: This paper presents two refinements of an inequality proposed in The
American Mathematical Monthly.

Keywords: geometric inequality.

MSC: 51M16, 26D05

In The American Mathematical Monthly (AMM), Vol. 129, Nr. 2, February, 2022, was
proposed the following problem:

12303. Proposed by George Apostolopoulos, Messolonghi, Greece. Let R and I be the
circumradius and inradius, respectively, of triangle ABC. Let D, E, and F be chosen on

sides BC, CA, and AB sothat AD, BE, and CF bisect the angles of ABC . Prove

FD DE EF 3 R
+ + <—1+—.
AB+BC BC+CA CA+AB 8 2r

Our purpose is to present two reinforcements of the above inequality.

B C ac
I. From bisector theorem we have — = —, so BD = ——. From cosine law we deduce
DC b b+c

that

2 2 2.2 2 2 K2
FD = BFZ+BD? —2BF -BD -cosB = (a")+( ac]_ 2ac’  a+c’ b’ _
a+b b+c (@a+b)(b+c) 2ac

_ abc-(-a®+b*-c®-a’b+a’c+ab®+ac® +b*c—bc’ +3abc)
(a+Db)*(b+c)?

Since \/;+\/§+\/ES1/3(X+y+Z), VX, Y,z >0 we get

> FD > V-a®+b® —c® ~a’b+a’c+ab? +ac’ +b2c —bc? +3abe <
& AB+BC H(a+b) =

cyc

| Jabe
[Ta+b)

cyc

J3(=a® —b* —c® +a’b+ab? +b’c+bc? +c?a+ca’) +9abc =
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3(-)_a’+ ] J(a+h)+7abc) . We denote 2s=a+b+c.

H(a+ b)\/ <® L

cyc

Since, Y ab=s?+r?+4Rr, [[(a+b) =] [(2s—c) =8s° —25-4s” + > ab-2s—abc =

cyc cyc cyc cyc

= ab-2s—4Rrs = 25(s” +r” +4Rr — 2Rr) = 25(s* + 2Rr +r?) and

cyc

Za3 =25(s* —3r? —6Rr), then by the last inequality we get:

cyc

> M - JARrs - J3=25(s? —6Rr —3r2) + 2s(s” + 2Rr +r?) + 28Rrs] =
o AB+BC  2s(s® +2Rr +r°)
JI2Rr2(LIR+2r) , o, ) .
= 5 >— . Using Gerretsen inequality, i.e. s° >16Rr —5r" we obtain:
S“+2Rr +r
3 FD VI2Rr?(1IR+2r) [3R(IR +2r)
< AB+BC  18Rr—4r>  9R-2r

We will prove that the inequality from above improves the inequality from the problem
12303. Indeed, if we denote X =R/r, X > 2 we have successively that

3R(UIR+2r) _ §£1+5j o V3XAIx+2) _ §(1+§) o
OR - 2r sl 2r ox-2 8l 2
3256 (11X +2) < 9(X +2)2(9X — 2)2 <> 3(X — 2)(243x° +1350x° + 436X — 24) > 0, true.

Hence, we obtained the following strengthening of the inequality from AMM:

2
5 FD S\/12Rr (IR+2r) _3RUIR +2r) s§(1+3j ).
&' AB + BC s? +2Rr +r? 9R-2r 8

Il. Next we will get another reinforcement of inequality from the AMM problem.

Let s, = \/ZR2 +10Rr —r? —2,/R(R—2r)* . By Blundon theorem we know that S, <§, so

5 FD <\/12Rr2(11R+2r) 3 J12Rr2(11R + 2r)
&% AB+BC  s®+2Rr+r?  2R2112Rr —2\/R(R-2r)°

Now, we shall prove that
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J12Rr?(L1R + 2r) 3 JI2x(@1x+2) 3 o
2R2 +12Rr —2)R(R-2r)° 4 2x* +12x-2x(x-2)® 4

2
<16-12x(11x +2) < 9(2x2 +12x - 24/x(x - 2)° ) , or after some algebra equivalent to
3x(x— 2)(3x2 +15x+14—3(X + 6)/ X(X — 2))2 0, Vx> 2, which is true since

(3x% +15x +14)* —9x(x — 2)(X+6)* > 0, VX > 2 <> 201x* +1068x +196 > 0, Vx > 2.

Therefore, we obtain the following refinement

s_FD _VI2Rr*@IR+2r)  J12Rr’(LIR+2r) 3<3(1+Rj(**)
G AB+BC  s®+2Rr+r®  oR? y12Rr—2\/R(R-2r)¢ 4 8L 2r)

PRODUCT OF TWO NUMBERS IN MATRIX (TABLE)

By Carmen - Victorita Chirfot-Romania

In this article | will present the product of two unstandardized numbers, using a different method of

multiplication. Suppose we have two numbers A = a;a; ...a,, and B = b1 b, ...b,, m,n €N,

m,n = 1. One method of calculating this product is to distribute the digits of number A as the head
of the column and of number B on one line (we put the digits of number B on the lines in reverse
order, descending to the left). Suppose we want to calculate A - B, where A = 123456 and B = 57.

We will distribute the digits in an array, making the appropriate traversals.

1 2 3 5 6
7 O 71t 412 1|35 42
5 o5 L' o]t s 25130
5 7 o5 7129|446 |°%5 42
Sum o5 |t 7|2 9|4“6]°¢09 0 2
The overorder sum o 5|t 7]29]|5%52|0%99]02
The overorder sum o 5|t 73 4]0 2]09]02
The overorder sum ® 512 0]°%4]|02]|09]02
Product 071900940 2]09] 02
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Using matrix notation A - B = 123456 - 57 = 704292. To calculate this product, we will make the

partial products c;cj, in the form 2u , moved to the left by one position (depending on the order of

the second digit with which we do the multiplication), z being the tens digit, and u the units digit, for

the product between one digit ¢; of one number and one digit ¢; of the other number. On the line

labeled Sum, we'll do the appropriate additions one column at a time (that is, the sum of the array's

column elements, without using the header with the digits of the first number). Unit to unit and tens

digit to tens digit will be added. On the lines Sum with overorder, we will correct the overorders, so

that, if they exist, we will add them to the units digit of the number in the matrix cell, changing the

content of the cell. If we need more calculation time, we will complete with other lines labeled

Amount with overorder (for particular cases).

For example, for the adjacent cells in the table,
will pass the 9 to the units below the cell

operation, and because we do not have tens,

we will perform 5+%= 9, we
corresponding to the addition

we will not change the 6 from

the tens. We will proceed in this way until we get the product of the two numbers on the Product

line. So 123456 - 57 = 704292 . However we do the additions, if we calculate correctly, the product

is the same. We will stop the algorithm when the tens are zero, that is, we have no overorder.

For generalization, we will consider the following table, which we will analyze later.

a1 az a3 a‘m—1 am
bn bn & bn &, bn a, bn a4 bn a,
b, b,a, b,a, b,a, b,a, b,a
b1 b].a:L b1a2 b1a3 b1a4 b1a5 bla_6
b1 b2 b i_ZL,1biaj Zbiai Z biaj ,:rbia i;biaj ;ﬁbiaj iﬂZﬂ biaj i; bia
n j=11 ;z%] Jii]% j=1,4 :ﬁ J:3;75 j:my—l,m j:ﬁ
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The
overorder

sum

7 =
10

Zi:l,_n bia)-
jvariable

u= Yt
jvariable

10

Yistmn Dy
jvariable
bia; — 10 - [Lrariade

The product

On the line b;, we will write the partial products biaj, with1 <i < n,1 <j <m, using the notation
Zu. On the row (by, by, bs, ..., b,) and column a;, we will calculate the sum corresponding to the
numbers on each column a; or unlabeled (when we have no more digits in number A). On line

(by, by, bs, ..., by,) , we will have all partial sums calculated.

But, 10k < ),._—b;a; < 10(k + 1),k € N, k digits

i=1n

Z i=1,n biaj Z i=1in bl-aj
Sk < jvariable <k+1>k= jvariable
10 10

X =i by
jvariable

m is the transition (the number of tens) over the units order of the number

The number

» i=Th biaj. To bring the number to the order of units, we subtract the tens of the number, i.e

j variable

Y i—tm big
j iable
b.a: — 10 - |[Lrartade
2, b i0
i=1,n
jvariable
In this way
Y i—1n big
j variabl
0< Z bia; — 10 - | L2222 < 10
— 10
i=1,n
jvariable
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and the number was converted to unity. After calculating the partial sums with crossing over the

order, we will find the product of the two numbers.

Note: The calculation of the partial sums with crossing the order can be done from right to left or

from left to right, no matter how we proceed we will get the product of the two numbers.
Applications:

1) Calculate the product in the table 2367 - 1234.

2) Calculate the product in the table 1111 - 11111. What is observed?

3) Calculate in the table 156,23 - 23,156.

4) Calculate in the table 25°.

5) Find the digits a and b knowing that it respects the given table.

Find the two factors that generate such a product.

Product 1 7 0 4

Bibliography: The collection of Romanian Mathematical Magazine.

CONNECTIONS BETWEEN FAMOUS CEVIANS-I

By Bogdan Fustei-Romania
We consider the triangle ABC with notations:
DPa Db, Pc-Spieker’s cevians, n,, ny, n.-Nagel’s cevians, g,, g5, g--Gergonne’s cevians
It is known that:
n,m,>p? (and analogs) [1]
n,g, = m,l,(and analogs) [2]

We will find an interesting connection between n, , g, ,Pa » la:
From those relations we obtain a new one:

na\/g > p;,,\/l—a (and analogs) (1)

(1) Is a refinement for n, = p, because |, = g,.

26 ROMANIAN MATHEMATICAL MAGAZINE NR. 46



Romanian Mathematical Society-Mehedinti Branch | 2025

and using (1) we obtain:

a pa la ra
—>— |— +2 d 1 2
2r = h, /ga + —— (and analogs)(2)
From (2) after summation:
R NC)

Y 1,4y/8a = X pay/1a (4)
Ma la
>3 B
1, 1 1c
na+nb+nc2pa\/j+pb\/z+pc\/j(6)
8a &b 8c

a=2Rsin A (Sine Theorem) — % = %sin A (and analogs)

R (Pa ,li ) 1
. = (ha . + 2na+p> (and analogs) (7)

‘/m (and analogs) [4] » 2— = a_\/@(and analogs)

ha Na+p

- (pa\/g + p) (a —J4rz + (b - c)z) < 4rr,(and analogs) (8)

From 4rr, = 4(p — b)(p — c¢)(and analogs) and (8) —

(pa2 +) (a- VAT + B—0P) < 40 - )P - O)0)

From (8) and ry + rp + r. = 4R + r after summation we obtain:

From (1):

From

2 (pa\/7 + p) (a —J4rz + (b - c)z) <4r(r, + r, + rJ) =4r(4R +r)(10)

From ﬁ = h—:‘ (and analogs)[4]; % =1+ ?(and analogs) and (1):

r JarZ+(b-c)?

Bay _ZPa \/7 (and analogs)(11)

From (11) after summation:
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ha+hp+he
>

2r \/4r2+(b c)?2 (12)

From (11) —»

5"
+

2pa
m — 1 (and analogs) (13)

8abc

__2vbc _
From l,= s J/Iprc (and analogs) — lalblc_(a+b)(b+c)(c+a) ralple

Talplc__ (a+b)(b+c)(c+a) 2pa la
>
8 alblc abc I (Jm )(14)

n3+ri

We know: R_ 1=
r 2h

(and analogs)[5] we obtain:

2r h, (% — 1)=n§1 + r2 (and analogs) —>2:—: G — 1) =24 ;—z (and analogs) using (1) we

Ta

obtain:

2(2-1) 2 :—\/;j(“—+ ;_1)(15)

From:% >1+ E—a(and analogs) —

R
= 1+ h (and analogs) (16)
a
3
R n R nahpn R 3 [nghpn . R
Ry Na (_ _ ) < Dampnc R NaNpnc RS
From -2 1+ ha(and analogs) — . 1) = hahehe o2 1+ hahehe we obtain =

Pa Pb Pc la lb lc
1 +
ha hy b [ 8a 8b 8¢ ( )

From p?=nZ + 2h,r, (and analogs) »p? — nZ=2h,r,

p—n,)(p + n,)=2h,r,, and L = 1 and analogs —>i + 22 = Zra and analogs). Usin
g h g g
/ 2
h A +(b © (and analogs) and — E—a = pz_—nwe obtain:
2ra _ a+/4r2+(b—c)? (and analogs)
p—na 2r g
4rgr

= a+ \/4r2 + (b — ¢)? (and analogs)

= S L (and analogs)(*)
P= a+\/4r2+(b )2 g
4(p—b)(p—0)

P= N2t ermor

(and analogs) (**)

28 ROMANIAN MATHEMATICAL MAGAZINE NR. 46



Romanian Mathematical Society-Mehedinti Branch | 2025

From those we obtain:

la 4(p—b)(p—©)
> = —_—
P= Pa ’ga + N (and analogs)(18)
From (18) after summation we obtain:

Iy 4(p-b)(p—c)
> a TPTOAPTY)
3p= L (pa ga a+,/4r2+(b—c)2) (19)
ny 2ry

a R
From —+ o (and analogs) and (1) we obtain:

2r. 1 a
2 >& = E(and analogs)(20)

p_na_ha 8a

From (20) after summation we obtain:

2 Spyyha [l
ZP_na = r + Zha 8a (21)
REFERRENCES:
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CONNECTIONS BETWEEN FAMOUS CEVIANS-II

By Bogdan Fustei-Romania
We consider triangle ABC with notations:
Da> Pp, Dc-Spieker’s cevians, n,, ny, n.-Nagel’s cevians, g,, gp, g--Gergonne’s cevians
1.) n,m,>p? (and analogs) [1]
2.) n,g, = myl,(and analogs) [2]
3.) mZ > I,p.(and analogs) [3]

From 1) and 3) we obtain:
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m3n, > p3l,(and analogs) (1)

We obtain:
3[Ma  Pa
= (

and analogs) (2)

Ia

From (2) after summation we obtain:

Z m, 3\/111:: = PatPutPc (3)
3 [N Pa
) L2 Zm—a (4)

Xmin, > ¥ pil, (5)
From 2) and 3) -
n,g,m, > 12p, (and analogs) (6)
From (6) after summation we obtain:
Zn,gam, > Y 13p, (7)

Y /n.g.m, > X1, /p, (8)

From (6) and I, = 2 ,/rbrc (and analogs)

E < Palblc
\ﬁ+\ﬁ22 nogam a(and analogs) (9)

From:a h, = b h, = ch, and (9) we obtain:

\/7 \/lTC np“rbrc (and analogs) (10)

= + > 2 (2 PalbTe _ 1) (and analogs) (11)

From (9) we obtain:

NagaMm,
w=Brocard angle, Slzg::)w) b 4= (and analogs)(Traian Lalescu)[4] and using (11):
sin(A+w) Palblc
o >2 (2 — 1)(and analogs) (12)

b2+c? . my _b ¢
m, = — — (Tereshin) and bc=2Rh, (and analogs) — 2 =2t E(and analogs) and (11)

we obtain: 2% > 2 (2w — 1)

a Na8aMa
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Ta > 2 Palb’e _ q(and analogs) (13)

ha Nagam,

We proved: n, > pa\E (and analogs) [5] and using (2) we obtain:

na\/?:: +ma3\/'l‘:: > 2p, (and analogs)(14)

From (14) after summation we obtain:

» (n\/fi + m\ﬁ—) > 2(p, + Py + Pe) (15)

From (2) and (6) after summation we obtain:

m, (3\[% + n‘;—;“) = 2p,(and analogs) (16)
From (2) and n, > pa\E (and analogs) we obtain:

n, ( \[% + %) > 2p,(and analogs) (17)

From (2) and m2 + m{ + m? = %(a2 + b? + ¢?) we obtain:

4 3[71,\2
a®+b? +c? > ¥ p; (n_a) (18)
From 1.) and m,l, = ryr.(and analogs)(Panaitopol) we obtain:
Nala Pa
/E > m, (and analogs) (19)

From (19) after summation we obtain:

Naly Pa
> o = Zm_a(zo)

ala
Z m, . . = PatPprtPc (21)

From (2) and (19) we obtain:

m, (i/% + f%) > 2p,(and analogs)(22)
a blc
3[ng Nala PaPbPc
e+ o) = 820 e

From (22) we obtain:
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From 1.) and m,l, = ryr.(and analogs)(Panaitopol) we obtain:
m,(n,+1,) > p2 + r,r.(and analogs) (24)
From (24) after summation we obtain:
Y m,(n,+l) = ps +py + p + p*(25)
m, + my + m, > Z%(%)

From (22) after summation we obtain:

Z':—(3\/‘l‘:+ \/“bz) > 6 (27)
From (6) after summation we obtain:

m, + my, + m, > Z%(ZS)

From (26) and (28) we obtain:

m, + my + m, > \[Z -aPa s Pa¥Tble P +rbre (29)

na+l,

From (3) and (21) we obtain:

\/ Ym, 3 m, /"" 2 > patPy+Pc (30)

From (6) after summation we obtain:

12
N, +ny, +nc > Z—gapma (31)
attia

From (31) and n, > pa\/:;1 (and analogs) we obtain:

1 lc 13pa
na+nb+nc2\/ \/7 pb\/T) pc\/7 p (32)

From (6) and n, = p, 12 (and analogs) after summation we obtain:
g 8

2n, > p,:,\/;1 (1 + IL—"‘\/?) (and analogs) (33)
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CONNECTIONS BETWEEN FAMOUS CEVIANS-III

By Bogdan Fustei-Romania

In A ABC we have:

§=p(p-a)+%(b — ¢)? (and analogs)

12=p(p-a)— I(Jép ;) (b — ¢)? (and analogs) [1]
(3p+a) 2
=p(p-a) +p-—= pia)? (b — ¢)?(and analogs) [2]

Will prove that: 12 + pZ < 2mZ(and analogs)

After we simplify with 2p(p-a) we obtain:

_ 52|, Bp+a)  p(p-a)
(b C) [p(2p+a)Z (b+c)2] (b )

If b=c we obtain equality.

(Bp+a)  p(p-a)

If b#c we obtain: p 2pra)?  (bi0)?

<1
2

(3p+a) _ 1, 8p?-a? 1, 8p%-a® _ 1 , 8p%-a’ _ 1 , p(p-a)

(2p+a)?2 4  4(2p+a)? "4  4(2p+a)? 2 " 4(2p+a)? 4 (b+c)?

2
8p —at <« (Zp + a)2+p(p a)( p+23) =(2p + a)z + p(p_a) (2a+2(b+c)+2a)

b+c
8p2 — a2 < (2p+a)® + p(p-a) (2 +—) STRUE 111
We obtain:

12 + p2 < 2m?(and analogs) (1)
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12 + p2 > 2p,l, (and analogs) >
m?2 > p,l,(and analogs)(2)
From (1) and (2) after summation we obtain:
2m, > p, + 1, (and analogs) (3)

From (1) and 4m2 = nZ + g2 + 2r,r, (and analogs) [3]

nZ + g2 > 2(12 + p% — rpr.) (and analogs) (4)
From (b — ¢)?=n2 + g2 — 2r,r, (and analogs) [3]
We obtain:

(b—c)? > 2(12 + p2 — 2r,r.)(and analogs)(5)
From (5) and 12 + p2 > 2p,l, (and analogs) we obtain:

(b — ¢)? > 4(p,l, — r,r.)(and analogs)(6)

From p, = m,(and analogs)
m,l, = ryr.(and analogs) (Panaitopol)
we obtain:

(b —¢)? = 2(12 + p% — 2m,l,) (and analogs) (7)

|b-c| > V2 (p,—1,) (and analogs) (8)
We know that n, + g, = 2m, (and analogs) [4] and using (3) we obtain:
n, +g, = 2m, > p, + l,(and analogs) (9)

From |b-c| = n, — g, (and analogs) [4] and (8) after summation we obtain:

2| b-c| = n, + V2 (p,—1,) —g.(and analogs) (10)

We know that 2), |b — c| =4[max(a,b,c) — min(a,b,c)] and using (10) we obtain:

max(a,b,c) —min(a,b,c) > %Z(na +v2 (pa—1,) —ga)(11)

1

2sinZw

2
From Z%=1+ and (1) we obtain:

1 1
14— > -
2sinw — 22

13+p3
h3

(12)

13 +p3 1
2> Y22 _
=) h3 sin2w

From 2m, = \/Z(bz + ¢2) — a2 (and analogs) and (3)
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J2(b2 + ¢2) — a2 > p, + 1, (and analogs) (13)

A/ 2
From ZELM < b 4= (and analogs) [5] and (3) we obtain
h, 3R c b
[ 2 2
g+§ > "hHa at+bitc? (and analogs) (14)
51n(A+w) b

e + = (and analogs) (Traian Lalescu) , w = Brocard angle in triangle ABC

sin(A+w) pa+l Va2 +b2 +c2

sin w h,

(and analogs)(15)

From (15) we obtain:

1 _patla \/a2+b2+c

smoo h,

(and analogs)(16)

From (10) and n, = pa\E (and analogs) [6] we obtain:

2| bc| = paf+f(pa —g. (and analogs) (17)
From (1) and n,g, = m,l, (and analogs) [1] we obtain:

n, = ;ia fl"+p" (and analogs) (18)

From (18) after summation we obtain:

2 2
n, +n, +n;, > Z;—" la+Tp"(19)
From (1) and m,n, = p2 (and analogs) [7] we obtain:
13+p3) o
2n, =~ ——p; (and analogs)(20)
From (20) after summation we obtain:

13+p3
2(n, +ny +ne) =T p2()

312 2y Pi
m, = (la + pa) E(zz)

After summation from (22) we obtain:

m, + my, + m, > /(12+p) pi (23)

From (20) we obtain:
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3 pz 2
From (22) we obtain: m3 > ((1.% +p3) ﬁ)

m2 +m} + m§=2(a2 + b? + ¢?) and after summation we obtain:

4 3 pz 2
@+ b2 +c2 235 (02 +p2) ) (29)

From (20) we obtain 2na o 2 pa+— (and analogs) and after summation we obtain:

: i
250,75 = Pa + P + Pe + 2 (25)

From (25) and using Bergstrom inequality we obtain:

(la+lb+lc)2
Pa+tPptPc

Zzna 3 2pa-l'pb"'pc (26)

3 12 .
From Zna?—g =Py t+ p—i (and analogs) we obtain:

NaPa

P
2 12 = m3 (and analogs) (27)

From (27) after summation we obtain:

3
25 525 = Y25 (28)

12+2

¥ 3|2 Zaka 2"—"+"—"+I‘I’I—CC(29)

l% +pa m, my

Zm 3 2 n,Pp,
* | 13+ p3

From (27) and p, = m, we obtain:

= p, + pp + P (30)

2n,p, = 12 + p? (and analogs) (31)

p.(2n, — p,) = 1% (and analogs) and after summation we obtain:

Z Y, pa(zna - pa)Zla + lb + lc (32)

From p,(2n, — p,) = 12 (and analogs) and Bergstrom inequality we obtain:

(la+1b+lc)2
2(na+np+nc)—(pa+tpp+pc)

Pa + Pov + Pc = (33)
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FUNDAMENTAL SYMMETRIC POLYNOMIALS IN ALGEBRAIC INEQUALITIES-I

By Marius Dragan and Neculai Stanciu-Romania

Definition: Polinomyal p € R[X, Y, z] it is symmetric in the variables X, y, z if for any
permutation o of the variables X, y,z we have: o(p) = p, i.e. the polynomial p satisfy
pP(x,y,2) = p(x,Z,y) = p(Y, %, 2) = p(y,2,X) = p(z, %, y) = p(z,¥,X) .
Polynomials: o, e R[Xx,Y,2],0, =X+Y+2;0, €R[X,Y,2],0, = Xy+ Yz +2X;
o, € R[X,Y,2], 0, = xXyz they are called fundamental symmetric polynomials.
Lemma. Polynomials S, = x + y* +z* can be expressed using polynomials &,,0,,0,.
Proof. We have that:

S, =0,5,,-0,S, ,+07,S, 5, Vk>3(S,=3,S, =0,,S, =0,), (1).

Indeed, substituting S, ;,S, ,,S, ;,0,,0,,0; through their expressions we obtain

(X+y+2)(X T+ y T+ 2D —(xy+ yz+ )X+ Yy 2+ 2 +
+xyz(X P+ y T+ 2% = xF +y* 4+ 2.

Theorem 1. Any symmetric polynomial in three variables X,y,z can be expressed
uniquely with the help of fundamental symmetric polynomials.Waring's formula is
deduced from formula (1):

_N\ kA4 MM A A
S _y (D (bt 4, + 4 ~DI01°05°08" | 1de 4 424, +34, =K, (2).
K PXPREN

By (2), we obtain S, (k = ?E):

1. S, =0, - 30,0, +305;
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2. S, =0, —40/0, +20 +40,0;
3. S, =0, -50 0, +50,05 +50/ 0, —50,05;
4. S, =0, —60,0, +90/c; - 205 + 60,0, —120,0,0, + 307 .

Example. If peR[x,y,z], p=x"(y" +z")+y"(x" +z")+z"(x" +y™), m,ne N, then
p=x"(y"+z" +x") = x"" +y" X" +y" +z2M) —y"" +2"(X" +y" +2")-2z"" =
=S,S, =S,

Theorem 2. If x>0,y >0,z>0,then o, >0,0, >0,0,>0.
If x,y,zeRand o, >0,0, >0,0, >0,then x>0,y >0,z>0.

Proof. By equation u:u®—o,u’ +o,u—0c, =0,if u<0,then u®-ou’+o,Uu-0c, <0,

So,u>0and x>0,y>0,z>0.
Theorem 3. If x>0,y >0,z > 0, then we have the following inequalities:
(1) 62 -30, >0; (2) 6. —30,0, >0; (3) 67 >30,0,;(4) 0,0, >90,;
(5) o) — 40,0, + 90, = 0 (Schur);
(6) o3 >2752;(7) o, > 270,; (8) 20} ~T0,0, +90, >0;(9) 86, — 270,05, + 275, > 0.
Proof.

(1) By (x—=y)?+(y—-2)>+(z-x)>>0, we have (X+y+2)>>3(xy+yz+2x), ie.

o’ -30,>0.
(2) Yields by (1) by multiplying with o;.
(3) Yields by (a+b+c)> >3(ab+bc+ca) with a=xy,b=yz,c=zx.

(4) (x+ y+z)(i+l+1j29 itis oy0, 290;.
X y z

(5) In (a+b)(b+c)(c+a)>8abc wetake a+b=x,b+c=y,c+a=1z

Xyz> (-X+y+2z)(X—y+2z)(X+Yy—12),then o - 40,0, +90, >0;
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(3 (4)
(6) o5 =0,0. >0, 30,0, =30,(0,0,) > 275Z;

@ (4)
(7) o) =00’ >0} 30, =30,(0,0,) 230,90, 50 &, > 270,.

(2)
(8) 20} - 70,0, + 90, = (0, — 40,0, +90,) + (o) —30,0,) (%) 0.

(9) 80 - 270,0, + 270, = 420, — 70,0, +90;,) + (0,0, —95,) %O.
Applications
1) (X+y+2)(X* +y® +2%)>9xyz, Vx,y,z>0.
Solution. The inequality becomes &, (o —25,) > 90, < &, > 20,0, +90,.
By (1) we have o > 30, < &) > 30,0, < o, > 20,0, + 0,0,, than by (4) we deduce
o >20,0,+0,0,= 0. >20,0, +90,.
2) 20+ Yy} +2) 2 X(Y+ )+ Y (z+ X) + 22 (X+Y), VX, Y,z >0.
Solution. The inequality becomes
2(c? -30,0, +30,) > 0,0, — 30, < 20, — 70,0, +90, >0, true by (8).

2 2 2 9
+ + >

3 >
)x+y Yy+Z Z4+X X+y+z

, VX, ¥,2>0.

Solution. The inequality becomes
2(X+y+ z)((x +Y)(X+2)+(y+xX)(y+2)+(z+x)(z+ y)) >9(x+y)y+2)(z+X) or
20,(S, +30,) > 90,0, —0,) < 20,(c? — 20, +30,) > 90,0, —0,) &

< 2067 -T70,0,+90, >0, trueby (8).

xX}+y +2° S Xty+z

4 >
)x2+y2+22 3

, VX, ¥,2>0.

Solution. The inequality becomes successively

3S,>S,S, © 3(o; —30,0, +30,) > 0,(c{ - 20,) < 20 -T0,0, +90, >0,
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true by (8).
5 (x+y+2)°>9(x*+y*+12z°%), Vx,y,2>0.
Solution. The inequality becomes successively o >9S, < 80) - 270,06, +270, >0,

true by (9).

6) If x,y,z>0 suchthat x+y+2z=1, then

Xy yz . xz
1+z 1+x 1l+y

< %—%(1—3(xy+ yZ + 2X)) < % where m=min( x,Y,2) .

Solution. 11 1- z = Xy =x>{1—iJ=Xy—£ Analogusly:

+2 1+z 1+z 1+z 1+
yz Xyz Xz Xyz
———=Yyz- i —— =XZ———;then Xy — Xyz
1+x y 1+x§1+x 1+y’ Z Zy yzl+z
1 1 9 9
— 1+2))29= ) —>—;5s0 Xy—xyz) — <o, ——
(zl+zj(z( ) Z1+z 4 Z:1+z 29~ yz1+z T27 4%
9 1 m
From o, =1= m(1—30'2)£1—40'2+90'3:>O'2—ZO'3SZ——(l—BO'Z).
Therefore, Xy ¥, X Sl—m(l—&)'z).
1+z 1+x 1+y 4 4
2
Xy+yZ+ZXSW:>O'ZS%:>1—3O'Z203—%(1—30'2)30,SO
S A Sl—m(l 3(xy+yz+zx))<1
1+z 1+x 1+y 4 4 4

Equality occurs iff x=y =17 = %
7) Prove that in any triangle ABC holds:
a) 2(ab+bc+ca) >a’ +b* +c?;
b) (@ +b* +c*)(a+b+c) >2(a’ +b® +c?).

Solution. a) We denote x=a+b—-c,y=a-b+c,z=—-a+b+c,where x,y,2>0.
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X X+2 z
We have a = ; y b= ; ,C= y42r and the inequality becomes

X+ Y)X+ )+ (Y+X)(Y+2)+(Z+x)(z+Y) . X+ YY) +(y+2)*+(z+x)?
2 4

<= 2(S, +30,)>2S,+20, <o, >0, true.

b) The inequality becomes successively

25 (5 oo (2005 (5

& 0,0, +30; >0, true.

8) Prove that among all triangles with the same perimeter, the equilateral triangle has the
maximum area.
Solution. Let a,b,c be the sides of triangle and p the semiperimeter, so 2p = o;.

(a+b+c)(b+c—a)a+c—-b)(a+b-c)
16 '

The area of triangle is S = \/

We denote x=a+b-c,y=a-b+c,z=-a+b+c, then:

(X+y+2)xyz _ (7>1 / 1 f\/§
S= |—F— ,/ .
16 27 36

. . . . (o
represents the area of an equilateral triangle with the side | =—%

or
Hence,

9) (IMO, 1977) x°> +y® +2° +3xyz > X*(y+ 2) + Y* (X + 2) + 2°(x+ y), VX, Y,z > 0.
Solution. The inequality becomes successively

o} -30,0, +30, +30, > 0,0, — 30, < o, —40,0, +90, >0, i.e. the inequality of

Schur.
10) (IMO, 1964) Prove that in any triangle ABC is true the following inequality:
a’(b+c—a)+b*(a+c—b)+c*(a+b—c)<3abc.

Solution. Denoting x=b+c—-a,y=a-b+c,z=a+b-c ( X,y,zZ>0 )the inequality

becomes:
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> (y+12)? % < g(y+ 2)(z+X)(x+Y) = 2> (y* + 27 +2yz)X 33(2x2y+2xyz)<:>

e S(y+ z)zggg(y+z)(z+x)(x+ y) & 0,0, — 30, 2 60, < 0,0, > 90,

true by (4).
11) x'+y* + 2% + xyz(x + y+2) > 2(x’y* + y?z° + 2°x%), VX,y,2 > 0.
Solution. The inequality becomes successively
S, +0,0, > 2(c; —30,0,) < o, —40}0, +20; + 40,0, + 0,0, > 20; — 40,0, <

< o) —40,0, +90, >0, i.e. Schur’sinequality.

12) If x,¥,Z>0 suchthat x+y+z=1,then (1+ 1)[14‘ 1)(14‘ l) >64.
X y z

Solution. The inequality becomes successively

1+ X+y+zZ+Xy+Yyz+2X=63Xyz < 20, + 0, = 630;,, true since 60, <2 =20,

20) <540, and o, <90,.
13) ( Moldavia Republic, National Math Olympiad 1993)
X(X—2)> +y(y—2)* > (x—2)(y —z)(X+y+12),VX,y,z>0.
Solution. The inequality becomes successively
X3+ y® +2° +3xyz > xy? + yx* +yz° + 2y* + 2x* +x2° < S, + 30, > 0,0, — 30, <
& o) —40,0, +90, >0, true (Schur).
14) If x,y,z > 0 such that xyz=1, then
2(X+ Y +2)° + (Xy+ yz+2X)° + 27 >18(X + Y + 2)(XY + yZ + 2X).
Solution. The inequality becomes successively 2o + 305 +27 >180,0, .

o} -40,0,+90, >0 < 206> +18> 80,0, ; 03 +90; > 40,0, < 305 +27 >120,0, and
0,0, 290, < 20,0, 218, which by adding up yields to the desired inequality la

inegalitatea.
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15) a® +b*® +c® —3abc > (a® +b? +c?)va® +b%* +c?, va,b,ceR

b C

. . a
Solution. Denoting X = y Y= y L= —F/—,
va?+b?+c? va?+b?+c? va?+b?+c?

(a#0,b=0,c#0 ) and we have x> +y®> +2z> =1.Thecase a=b=c=0 itis obvious.

The inequality becomes successively :
X+y?+2° -3xyz<le (X+y+2)(XP +y2 + 2 —xy-yz-X) <1l 0,(3-0)) <2 =
< (0, -1)%(o, +2) =0, true.
Equality occurs if o, =1<ab+bc+ca=0 orif

o, =—2<2) ab=3)a’<=2> (a-b)’>+> a’=0<a=b=c=0.
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FUNDAMENTAL SYMMETRIC POLYNOMIALS IN ALGEBRAIC INEQUALITIES-II
By Marius Dragan and Neculai Stanciu-Romania

Abstract: In this article we will present a method for proving symmetric inequalities in two

and three variables.
Preliminary considerations: In what follows, we will demonstrate some symmetric

inequalities with the help of fundamental symmetric polynomials
Definition. Polinomial p € R[x, y] it is symmetrical if p(x,y) = p(y,X),vx,y € R.

Very important to remember: polynomials &, = x+vy,o, € R[x, y] and
o, = Xy,o, € R[x, y] they are called fundamental symmetric polynomials. Fundamental

symmetric polynomials are applied to prove some types of inequalities. The solution of
these inequalities is based on Lemma 1.

Lemma 1. Let X+ Y = 0, ; XY = O, . Both numbers X, Y are real and positive

iff: 0. —40,>0,0,>0,0,>0.
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2
Proof. X, Y are the roots of equation 2" —0,2+0, =0, j.e.

X_O'l+\10'12—40'2 _y_al—\/of—402 O'l—\/0'12—40'2 .y_01+\10'12—40'2
- 2 e 2 2 e 2 '

or X=

X,y are real if 0 —40,>0.1f 6/ —40,=0, then X=Y. So, there is z>0, such that

2
o, L
0'12—40'2 = Z. We have 0'12 =4O'2+Z or 0, =

, Xx=20,y>0, hence: 5, >0,5, >0.

2
Reciprocal: If O, —40'2 20, then x,yeR andif 5, >0,6, >0,then x>0 and y>0.

Indeed, if Xx<0, then ZZ—O'lz-I-O'2 >0 for Z=X and also 22—612+62 >0 for z=Y. So,
x>0and y>0.

Lemma 2. We denote S, = X* + ¥, vk € N . We have:
Skt =015 —0,54, (S, =28, =07), vk 21, (i).

Proof. By some algebra we obtain:
Xk+l + yk+1 — (X+ y)(xk + yk) _ Xy(Xk—l + yk—l) — Xk+l + yk+1 + ka + ka _ Xky_ ka —
— Xk+1 + yk+1’ g.e.d.

By (i) we deduce Waring’s formula:

Lo ()" (k-m-1
PR mi(k—2m)l !

"oy, (ii).
By (ii) we compute Sk (k € {3,4,5,6}) and we obtain:
S,=0.-30,0,; S, =0, —~400,+20;;S, = 0. 5070, +50,07

S, =0 -60,0, +90.0; 205 .

Theorem. Any symmetric polynomial p e R[x, y] can be expressed uniquely with the
help of fundamental symmetric polynomials.

k k
Proof. We will use (ii) by Lemma 2 and the facts: aX yy =4ao, or
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b(XkyI +X|yk) — kayk(XI—k + yl—k), I >k si b(XkyI _I_lek) :bXIyI(Xk—I + yk—l)’ k> ’
(iii).

By example: P=xXy(X’ +Y°)+X*y* + X'y’ (Xx+y) =0,8; +0; + 0,5, =
=0,(0, -30,0,)+0’ +0l0,= 0.0, - 30,0, +0. +0,05 =
3 2 2 3
=o0,0,-20,0, +0, =0,(0, -20,0,+0,).

In what follows, we will use the above results to prove a number of inequalities in two

variables highlighting, for each individual case, the essence of the solution method.
Observation. The theorem can also be extended for all rational algebraic expressions, as

will be seen in the following examples.

Applications:

1) If a,b are positive real numbers, then prove that :

a‘°'+b3>(a+bj3
2 L2 )°

Solution. Putting a+b =0o,, ab=0c,, We obatin:

3 3 3 3 3
a ;b _(a;bj =S—2‘°'—%=%(af—3010'2)—%=201220, true because z>0.

2) If a,b,c are positive real numbers such that a+b > c, then prove that:
2 4 8

a’ +b? ZC—, a4+b4zc—, a® +bt >
2 8 128

2“

. . 2" 2"
Generalization: a°~ +b° >

2n+l *

Solution. We let a+b=0,, ab = &,, S0 We have:

2 2 2 2
oy -2 _0y+2_0;

2 | K2 2 2
S,=a°+b" =0, -20, =0, -2-
Analogously:

1(c?) ¢ 1(c*) ¢
at+b'=(@)2+ )2 > = | =—.a®+h¥ =@+ >=| = | =—
(@%)" +(b°) 2(2) g @)+ (") 2[8] .
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W cY
By induction yields that a® +b* > o
3) If a,b are positive real numbers, then prove that:
2 2
J& +1/b— >a++b.
b a
Solution. We denote \/g = U,\/B =V and the inequality to prove becomes
u> Ve
—+—>u+veud+vi>uu+v).
\" u
Since, U*+V° —uv(u+v) = S;-0,0,= 0'1(0'12 -40,) 20, true.
4) If a,b are positive real numbers, then: a* +b* >a*b+ab®.
solution. a* +b* —a’h-ab® =a* +b* -ab(a® +b*) =S, - 0,5, =
4 2 2 2 4 2 2 320—12 +2°
=0, —40,0,+20, —o0,(cf —20,)=0, —50,0, +40, ZTZO’
where Z=0, —40, >0,
5) If a,b are positive real numbers, then
a’ +2a’b+2ab® +b* >6a’b?.
Solution. Let a+0h=0,,ab=0,,7= 0'12 ~40, 20, then:
a* +2a’b+2ab’ +b* -6a’v’* =S, + 20,5, - 60; = 0, -28’0, - 80" =
=(z+40,)* -2(z+40,)0,-80; =1° +60,2 >0, true.
6) ( I.V. Maftei) If a,b are positive real numbers such that a+b =1, then
2 2
(a+1J +(b+1) zé.
a b 2
L 1)" )" _ 5"
Generalization. | a+—| +|b+=| >—, VneN.
a b 2"
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b

2 2 2 2
Solution. (aq_ij +(b+1j _%:a2+b2+a +Db _Ezsz+i_£:
a

a’b® 2 ol 2

1
=— (405 —1507 — 40, +2) and it remains to prove that
0,

403 +150% +40,<2.

2
Since: o, >0 and L=0, ~40,20, and using 0; =1 yields that 0 < o, <

15

NP

So, 403 +1507; + 40, S%+E+1= 2.We have equality for a=b = 2.

To prove the generalization we consider the convex function f :[0,0) — R, f(X)=X

X
ne N and by Jensen’ s inequality f(X)+ f(y)= Zf(%yj_

If we take x=a+1,y=b+%, then we obatin
a
(a+£j +(b+lj 22E al+ﬁ = 171 1+i .
a b 2 o, 2" o,

1 1 n n
Using: 0 240, <& — >4 —+1>5, we will obtain (a+1j +(b+£j >
o, o, a b

7) (I.V. Maftei) If a,b are positive real numbers such that a? +b? =1, then:

1 1
+ > 4422
l-a 1-b
) 1 2-o0, 2(2-0,)
Solution. We have + = = 5 -
l1-a 1-b o, -1 (o,-))

l1-0, +

2 2
From, O; —20'2 =1si 0, 240'2 we have o, g%and o S\/E.

Then, 2—0, 2 2—\/5 si (o) —1)2 S(\/E—l)z,

Hence, ?fl :;12) > i(/zi_—\i)iz) =4+242.

5n

2n—l .

n

7
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8) (AoPS, Daniel Sitaru) If a,b >0, then prove that

9< _2ab+ ab+a+b a+b+ ! + 2 <5+2 3+9.
a+b 2 2ab  Jab a+b b a

Solution. LHS becomes

2.0 2.0 o o do o
2 2+ 1+ 1 2 1

2
o, o, 2o, 2|0, o 4o,

which yields by AM-GM inequality. RHS becomes

4.|c o, 4o, To} o
24— +—2<—L and if we denote t =—=>2, then

- <
o, Jo, o, 4o, NI

the last inequality becomes

2+

7t —4t° —8t* 16t -16> 0 < (t —2)(7t® +10t* +12t +8) > 0, true.

9) (Olympiad, URSS, 1984) If a,b > 0, then:

2
("”zb) +a1b >aJb +bVa.

Solution. Denoting Ja= X,\/E: Y, X+y=0,=S,Xxy=0,=P:

2 2\2 2 2
(x +2y) X7 2 y(xy) & 257 -2P) 4587 -2P 24P

& 25" —85?P +8P% +S° —2P > 4SP < 8P” —(8S° +4S +2)P+2S5* + 5% >0.

2

We consider the function f :{O,ST} —R, f(P)=8P°—(8S” +4S +2)P+2S* +S°.

A=4(S>+4S% +45+1) >0 and let P,, P, the roots of equation f(P)=0.

We prove that f(P) >0, soitis suffices to prove

S? 852445 +2-2165°+4S% +4S+1 2
Pl>7<:> 16 >— &

< (25% +25+1)% >16S° +4S% +4S +1 < 4S%(S-1)% > 0.
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2
So, f(P)>0, VP e {O,ST} ,g.e.d.

10) If x,y,z>0, suchthat x+y+z=1,then 0 <Xxy+ yz+zx—2xyz< % (IMO, 1984).
Solution. Since Xx+y+z=1,s0 z=1-0,, where z €[0,]. The inequality becomes:

0<o,+0,(1-0,)-20,(1-0,) S%.

2
We consider the function: f : {0,%} —R, f(0,) =250, ~1)0o, + 0, — 07, o fixed.

—50, +4) 20

2 2
We have f(O)zo-l(l_o-l)ZO, f(O_TlJ:O-]_(ZO'l y

The equality for o, =0 or o, =1, i.e. for {X,y,z}={10,0} .Also we consider the function:

2
g :|:0,O-Tl:| —R, 9(0,) =27(20, )0, —270,(c, -1)—7,9(0) = 270 + 270, -7 <0.

2
0, O,

2
Since, A=—27<O,g(7]=%(301—2)2(601—7)£0 ,$0 g(o0,)20,Vo, €|:0,T}.
2 111
Equalit f =—,ile. {X,y,2}=<=,—,—¢.
quality occurs for o, 3 ie. {x,y,2} {3 3 3}

11) If x,y,z >0, suchthat x°+y®+z°+2xyz=1, then:
2(Xy+yz+zX) <X+ y+1z .

Solution. Let X+ Yy =max{xX+Y,y+12Z,2+X},so

0'12 - 20, +2z° +20,1=1< Z:\/O'22 + 20, +1—0'12 -0,.

The inequality becomes:

20, "‘20'1(\/0'22 +20,+1-0} —0,) <o, + \/0'22 +20,+1-0} -0,

= \/0'22 +20, +1- 0} (20, -1) < 20,0, - 30, + 0,

& (80, —8)o? + (40 — 20, +2)o, — 40! +40, + 207 —40, +1<0.
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We consider the function

2
f :{o,(ﬂ SR, f(c,) = (80, —8)0? + (40’ — 20, + 2)0, — A2 +4c? + 207 —do, +1.

We have: 1=Xx* +y? + 2% + 2xyz < (X+ y)® + z?and since X+ Yy > Y+ 7>z we deduce

2(xy)? > (x+y)’ +7° 21 X+y2i. Because x <1,y <1 we have iéal <2.

VJ2 V2

2
We will prove that f(o,)<0,Vo, € {O, %}

2
Case 1. o, €(0,2]. Itis suffices to prove that f(0) <0and f(%} <0.

f(0) = —4012 + 40'13 + 2012 —40, +1 and we consider the function
d(o,) =—40] + 40 + 267 — 4o, +1 with

3+\/ﬁ

9'(c,) =4(-40} +30) +0,-1),9"(0,) =4(-12067 + 60, +1) <0 since o, >1> T

So g’ is decreasingon (1,2],i.e. g'(0,) <9'(1) <0 . Therefore, gis decreasingon (1,2],i.e.
9(0,) <9 <0, hence f(0)<0.

<0, since 67 —60, +2<-3<0.

; oy | _ (oy+1)(o, —1)(o7 —60, +2)
4 | 2

Case 2. 0, € {i ,1} .

V2
2 2 4 2_2 2
We prove that %<02\, @%<%@ 20/ (1-0,) <20 —0,+1

< (206{ 1o, +1>0, true because 267 -1>0.

<0, since 67 —60, +2 < <0.

5-6+/2
2

; o7 | _ (oy +1)(o, —1)(o7 —60, +2)
4 | 2

2

o ol | . 1
Therefore, f(o,) <0, Vo, E{O,Tl},then f(o,)<0,Vo, E|:O,Tl sioy e E,Z :
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12) If X,y,z >0, then

X(y + 2 —2x)°
(X+y+2)°>27xyz+ (y ) _
Solution. Y + Z_ al,l-i =0,. The inequality is equivalent to
X X X X

Y
(1+0,)° <270, +¥ .

2
o
Since Tl > o, it suffices to prove that

270} N (0,-2)*
4

1+0,)° > & 4o,(0,-2)° >0, true.

Remark. A stronger inequality it is:

X(Yy+2z2-2%x)" y(x+z-2y)* z(x+y-2z)°
4 4 4 '

(x+y+z)3—27xy22max{ , ,

13) If x,y,z >0, then:

(X+y—22)°(4x+4y +2)
2 .

(x+y+12)°-27xyz>

. z z . .
Solution. DA al,l-— = 0,, and the inequality becomes

X X X X

(0, -2) ? (4o, +1)
4

2
%

1+0,)° -270, > . Since > o, it is suffices to prove that

2707 -2)° (4o, +1
1+0,)° - 40-1 > (o )4( 9. T ), which is true.

Remark. A stronger inequality it is:

(x+y+12)°®—27xyz>

51 ROMANIAN MATHEMATICAL MAGAZINE NR. 46



Romanian Mathematical Society-Mehedinti Branch | 2025

S maX{(x+ y—22)*(4x+4y+47) (y+12-2X)°(4x+4y+42) (z+x—2y)2(4x+4y+4z)}
- 4 ’ 4 ’ 4

2
14) (Marius Dragan) If Xx,y,z >0, then (x+ y+z)(1+1+lJ erZ+1 .
x y z) (Jyz

Solution. y+z =0, yz = o, . The inequality becomes
1
(X+o,) P T P
X o, Nl

<:>6{l+1j2 29, = x 1 >0 0 >0, which is true.
o, X 1/()'2 o, X o, 1/0'2 \/_

15) If a,b,c e Rwith a+b+c>0,then a®+Db®+c®>3abc.

2
2 2
oX o, o] _O 20
Jc>1+—+—l+—1>—l+ Liles

o, X 0, 0, .o,

Solution. b+c = o, ,bc = o, . The inequality becomes

a’+o’-30,(0,+a)>0< (o, +a)(o{ —ao, +a° —30,) >0.
2

Since o, +a >0, it is remains to prove that ¢ —ac, +a° —30, >0 and since Tl > o, it

12 (o, —2a) ?

suffices to show o} —ac, +a° -3 —% >0, true.

>0

16) If a,b,c>0,then a*+b*+c* >abc(a+b+c).

b ¢ b c
Solution. —+— =o0,,—-— =0, . The inequality becomes

a a a a

1+ (0} —20,)* —20% > 0,(1+0,) & < 20, — (4o’ + 0, +))o, + o, +1>0.

-
Considering the function: f :{O,GT1 —R, f(0,) =207 - (46} + 0, +)o, + 0, +1>0.

f(0)=c’+1>0, f

a_fj_ (0,-2)*(25° +25+2) _

4 4
o} 4o} + oy +1 o}
Since: Tl< Oy :% yields that f(o,)>0, Vo, € O'Tl :

17) (1.V. Maftei, L. Toderiuc, IMAC, 2007) If a,b,c >0, then:
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8(a® +b® +c®)? >9(a® +bc)(b? +ac)(c® +ab).

. b . .
Solution. —=X,—=Yy,x’ +y® =c,,Xy = 0,. The inequality becomes
a

c
a
8(x° +y® +1)? = 9(x* + y)(y* + )1+ xy) < 8(c, +1)* > 9(0, + 57 +7,)(0, +1) <

< 903 +180% +(9+90,)0, 807 —T70, —8<0.
. o
Because x° +Yy® >2,\/x’y® < o/ >405); denoting u® :71, then o, <u?. So,

902 +18072 +(9+90,)0, —802 — 7o, —8 <9u® +18u* + (9—18u®)u? —32u° —14u° - 8.
It remains to prove that 23u® —18u® —18u* +14u® -9u? +8>0 <
< (U-1%(23u* +28u® +15u” +16u+8) >0, true.
The equality occurs for u=1and x=y,i.e. X=y=1,s0 a=b=c.

18) (Moldavian Math Olympiad, 1993) If Xx,y,z >0, then

X(x=2)* +y(y-2)* 2 (x=2)(y—2)(x +y - 2).

. X X , .
solution. ~+¥ = o, XY o,. The inequality becomes
z z z 1

0'1(612 -30,)+0, —2(0‘12 -20,)2(0,+1-0))(0,-) &
< (5-30,)0, + (0, +1)(c, -1)* >0.

2
Considering the function f : {O,%} —R, f(o,)=(5-30,)0, + (o, +1)(c, —1)?, since

2

2 )Y
f(%) _ (o 42) ->0, yields f(c,)20, Vo, e{o,%] Equality iff o, =2, i.e.

X=y=2z.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro
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SOME GENERALIZATIONS FOR LANGLEY’S PROBLEM
By Marius Dragan and Neculai Stanciu-Romania

Abstract: This paper presents other generalizations for Langley’s problem. Keywords:
isosceles triangle, adventitious angles.MSC: 51M04
Langley's Adventitious Angles is a puzzle in which one must infer an angle in a geometric
diagram from other given angles. It was posed by Edward Mann Langleyin The

Mathematical Gazette in 1922.
In its original form the problem was as follows:

ABC!'is an isosceles triangle with ZCBA = ZACB = 80°.
CF at 30" toc AC cuts ABin F.

BE at20° to AB cuts AC' in E.

Prove ZBEF = 30°. ['IZIE]

A

207

80° 80°
B C_ .
Solution to Langley's 80-80-20
triangle problem
Generalizations of Langley’s problem. If ABC is a isosceles triangle with AB=AC,

E € (AB), F € (AC) such that ZABF = Z/FAB=u and ZACE =v, then:
a = Z/AEF =arcsin f(u,v) or o = ZAEF =180° —arcsin f (u,v), where

Langley's Adventitious Angles
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sinusin(u +v)

f(u,v)= .
J4cos? usin? v— 4cos? usin vsin(u +Vv) +sin 2 (U +v)

not. not

not. . .
Proof. AB=AC =Yy, BF = AF =x, ZAEF = .

A

B C
By Sine Law in AAEC : — /= AE o pp— _YSMV
sinf(u+v) sinv sin(u +V)

By Cosine Law in AAEF:EF? = AE® + AF? —2. AE - AF -cosu <

o EF2— yZsin?v iy 2xysin vcosu - EF? _(zjz sin®v +1_Q.sin vcosu
sin 2 (u +V) sin(u +V) x2 \x) sin?(u+v) X sin(u+v)
By Sine Law in AABF : y ZLQX:ROSU.

sin2u  sinu X

EF? 4coszusin2v+l 4sinveos®u  4cos? usin? v +sin ? (U +V) — 4sin vcos? usin(u + V)

x> sin2(u+v) sin(u+v) sin?(u +v)
EF? sin’u
By Sine Law in AAEF: ——=——.
x> sin‘a
sinu _ 4cos®usin®v+sin®(u+V) - 4sin vcos? usin(u +v)
sin? o sin % (U +v) '

Hence: o = ZAEF =arcsin f (u,v) or @ = ZAEF =180° —arcsin f (u,v), where

F(ULV) = sinusin(u +v)

J4cos? usin? v— 4cos? usin vsin(u +Vv) +sin 2 (U +v)
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—0 —0
Next: If u and v are by the formu=m0 ,v=n0 ; mne {ZLZ,...,S} we will determine

the angles o which satisfy the Langley’s generalizations from above, where ¢ is of the
0

form k_OO , ke {ZLZ,...,S}. Since U < 18 = , yields that u<60°,s0 me {1,2,3,4,5}.

We will obtain the following cases:
. (u,v,) = (10°,10°,85°) - trivial;
. (u,v,@) = (20°,10°,180° —arcsin f(20°,10°)) = (20°,10° 130°);
. (u,v,@) = (20°,30°,arcsin f(20°,30°)) = (20°,30°,50°) - the problem of Langley;
. (u,v, ) = (20°,50°, arcsin f(20°,30°)) = (20°,50°,30°) ;
. (u,v, @) = (40°,40°, arcsin f(40°,40°)) = (40°,40°,70°) - trivial;
. (u,v,@) = (50°,50°,arcsin f (50°,50°)) = (50°,50°,65°) - trivial.
For other cases k¢ N*, and (u,v,a)=(20°,80%,a) and (u,v,a)=(40°,70°,) doesn’t
work.
Problem. If ABC is an isosceles triangle with Z/A=20", N,P < (AB), M ¢ (AC),

ZABM =20°, /PCA=30° si ZNCA=10°,then MN = MP.
Solution.

i A W N =

()}

By the case 2, yields Z/ANM =130°, and by the case 3, yields Z/APM =50°.
Hence, /MNP = ZAPM =50°,so MN = MP.
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SOME INEQUALITIES SOLVED BY BW METHOD

By Marius Dragan and Neculai Stanciu-Romania

Abstract. This paper presents some inequalities solved by Buffalo Way (BW) method.
Keywords: algebraic inequalities, problem solving.
MSC: 26D05.

I was going through an "article" on the "Buffalo Way", where the author said that one
should NEVER use the Buffalo Way for proving inequalities in actual real-time contests as it
is "highly inelengant"”. What is the reason behind this notion ? In Mathematics, there are a
whole lot of ways to attempt a given question. If the BW provides a proof for some
inequality, then why it is given the downvote ?[1]

As an answer to this question we will solve some inequalities by " Buffalo Way’ (BW)
method.

APPLICATION L. In [2], [3] and [5] was proved on many pages the following inequality:
If x,y,z,t >0, then:
(X+y+z+t)(Xyz+ xyt+ xzt+ yzt) > (-X+y+z+t)(x—y+z+t)(X+y—z+t)(x+y+z-t).

Solution: Here we proved the inequality in few lines ! We use "’Buffalo Way”” (BW) method
— see also [5]. We make substitutions:

(1) X=min{x,y,z,t}, y=X+U,z=X+V,t =x+Ww, wher u,v,w>0.
The inequality to prove becomes:

(B> u? =2> uv)x? +(4Z:u3 —2> uv(u+v) +2uvw)x+Z:u4 —2> UtV +uvwWu +V+Ww) =0

We denote: A=3> u?-2>"uv, B=4>u®-2> uv(u+V)+2uvw,

C=>u*=2> u?v? +uvwu+v+w); A=>u?+> (u-v)*>0.

Since > u® +3uvw— > uv(u +V) =0 (Schur) and ZM = Z(E + Xj >6>5=
w vV ou
= > uv(u+v)—5uvw=>0, we obtain

B =4 u® +3uvw— Y uv(u +V)) + 20O uv(u +Vv) —5uvw) > 0.

Schur MA-MG

By D u*+uvw(u+v+w) = > uv(u?+v?) > 2> u’v? wededuce C>0.
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APPLICATION II. If x,y,z,t >0, then:
AX3 +y? + 2% +1°) +15(Xyz + Xyt + Xzt + yzt) > (X + y + 2 + 1),
(see the inequality 3 from [4], pag. 271).
Solution: Using (1) the inequality becomes

12x° +9> uv-x? +6>_uv- x +3(Z:u3 ->(u +v)uv+3uvw)2 0, which is true because

> u® => uv(u+v)+3uvw>0, (Schur).
. 11
APPLICATION Il If Xx,y,z,t >0 si 4> o then

A+ Y +2° +1%) + (16 — A)(XyzZ + Xyt + Xzt + yzt) > (X + y + z +1)°.

Solution: Using (1) the inequality becomes
(A—4)F w(u+v) - (41 —13)uvw = uvv{(ﬂ - 4)2(% + %) +13- 4/1} >
>uvw(6A —24+13-41) = (24 —11)uvw > 0, the inequality is proved.
Remark. For 1 =1—21 we obtain a problem proposed by Vasile Cartoaje (M.S. 2006).
APPLICATION IV. If X,y,z,t>0 si @, 8 € Rsuchthat a >4,a+ 8 >163c + S > 27, then
a(X® + Y2 +2° +13) + B(Xyz+ Xyt + Xzt + yzt) > (X + y + 2 + 1)°.

(see the inequality 41 from [4], pag. 374).

Solution: Using (1) the inequality becomes
Mo+ B-16)X° +3(a + f-16)> u-x2 +|Ba -12)3 u? + (28 -24)> uv|- x+

+(@—1)> u®+ (B-6)uvw—3> uv(u+v) >0.

Since 3a+2ﬂ=6a;4’8=3a+ﬂ+23(a+ﬁ)2?236,wededuce:

Ba—12)> u*+(28-24)> w=Ba+2£-36)> uv=0.

Hence, from above yields the given inequality.On BW method see also [6].
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SPECIAL DIFFERENTIAL EQUATIONS

By Samir Cabiyev-Azerbaijan

Abstract: An initial condition for the wave equation is a problem of finding a solution that
satisfies a given function in the form of an integral statement. Bringing the integral
expression to the Bessel’s function with the help of the Euler’s integral. Using a new theorem,
we determine the unknown coefficient and consider it in the starting problem.

Key words and Phrases: differential equation, Bessel’s function , D’Alembert’s formula,
complex numbers, gamma function

1. INTRODUCTION

In this article, we will look at the solution of the problem where the initial condition is an
integral condition. Here, the initial condition has undefined coefficients, which are
determined by an inequality that ensures that all the roots of the new equation are real.
We have used time analysis, Bessel’s function, Gamma function, and D’Alembert’s
formula, which simplify this starting condition. The D’Alembert’s formula is defined as:

x+at
u(x,t)= ¢°(X_at);¢°(x+at)+2—1a Igol(z)dz, here u,; + a?u,, = 0 and initial condition
x—at
ou
U =m0 | L =e(]

59| ROMANIAN MATHEMATICAL MAGAZINE NR. 46


https://l.facebook.com/l.php?u=https%3A%2F%2Fartofproblemsolving.com%2Fcommunity%2Fc6h605279%3Ffbclid%3DIwAR1Qqvvw20aunwPG7uQ080DJgKP4VN-whKENi5LNEfayEh3OdV4-Dz05FzI&h=AT0i80UDNsrNH83HkCymlX-KFzoobM8CPfo-IlT3GTzBEyfzMExUmlMAjfUJwZM9n4h83_Papx2AjqI2cI3-RKSz-2VsKN78-TuHalKV9CDaPpZDqcyFuEIIWNA4jLsbCrmp
https://artofproblemsolving.com/community/c6h522084

Romanian Mathematical Society-Mehedinti Branch | 2025

2. A NEW THEOREM ABOUT THE DIFFERENTIAL EQUATIONS

Theorem . Suppose the following differential equation is given:

ayV + by —cyl —dy =0 here a>0b> ¢<0 d<O0 . Forthe
following numbers, one condition is satisfied (b,c,d are taken positive):

b:c:d =a:2a:a

A necessary and sufficient condition for satisfying all the roots of the characteristic
equation corresponding to the differential equation is that the following inequality is

true:

0 <§ < 0.3125

Proof: The proof of the new theorem is given in the solution of the problem:

3. MAIN PROBLEM AND ITS SOLUTIONS

Consider the following issue:
utt + uxx = 0 (1)

for the wave equation

_mx % = (_1)k a x ozk+vj72‘r _
u(x,0) = ( - ) 2, ] F(k + %) F(v + i) (a) J cos® xsin® xdx
here v = i (2)
u.(x,0) =0 (3)

Note that a here is a positive number in the interval that ensures that all the roots of the
characteristic equation corresponding to the following differential equation are reals:

ayV + by —cy! —dy=0 here a>0b>0 c<0 d<0 . (4)
The following condition is satisfied for the coefficients:

(b,c,d are taken positive)
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5
b:c:d =a:2a:a %6(0;47] (5)
Solution of the problem:

First, let's find o, which belongs to the part of the differential equation. Taking into account the
coefficients parameter, let's construct the following characteristic equation:

4 4 bps _Hbg b _
pr+2pr-22p-L=0 (6)
Let's solve this algebraic equation:
b 3 4
—(B-26-1 =5
If we apply Bezu’s theorem known from the algebra course, we get:
B+UNB2-B-1)=—p*

With technical conversions and this substitution, we find the following roots: lil=y

B B?
1+ /3+2 /1+—4b“
P12 =——F——
4a
1+ 1+T

, here roots always are positive.

where the following condition must be satisfied to ensure that all the roots are positive:

3—-2 ’1 + %a = 0 from here% < % (7) whenaand b are positive% > 0(8) 7-8 from
inequalities we get that %6(0;%] we will buy.That is, a=2. If we consider this in the initial

condition (2), we get the integral expression as:

T

o —1)k 2 2k+v T .
u(x O) = n?xzkzo( k!) F(k+%)r(v+%) (g) foz cos®Vxsin®* xdx2k (9)

To bring this to the Bessel’s function, let's get the following formula with the help of the Euler

integrals known from the course of mathematical analysis [2]:
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NME

. 15,2‘1__1 .219_—1_ sin?x=u
cosPxsind xdx = 3 (sin®x) 2z (1 —sin*x) z 2sinxcosxdx —
0
0

. . pr1) (a4t
%fgunl (1-— u)pTldu == (q+1 p+1 %—r(r(zpzquz) ) (10)
2

If we take p= 2v gq= 2k here and consider equation (10) in (9):

_ X (-1)k 2 x 2k*'VN k+3)
N S e +;)r(v+z)(z) 2 r(k+v+1) S h@

2

As we mentioned above, since we take v = i for the half-power Bessel’s function

, 2 .
Ji(x) = — Sinx taking into account that, we get the following problem for the wave equation:
2

Use + Uy = 0 ul(x,0) = sinx u(x,0) =0

To solve this problem, if we take into account that the coefficient a is complex in the D’Alembert’s
formula and the wave equation in the finite domain and apply Euler's formula known from the
course of complex analysis (according to condition 3, the integral part in the formula will be 0.

sin(x —it) + sin(x +it)

ulx,t) =
) 2
pl(x—it) _p—i(x—it)  pi(x+it)_,—i(x+it) , .
ix _ ,-ix gt -t
_ 2i + 2i _e e e te "
= > = > > = sinxcht
[
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SPIEKER’S CEVIANS IN THE GEOMETRY OF TRIANGLE

By Bogdan Fustei-Romania, Mohamed Amine Ben Ajiba-Morocco

Abstract :
In this article, we establish new geometric inequalities in triangle involving Spieker’s Cevians.

We consider AABC with usual notations. Let p,, p,, p, be the Spieker’s Cevians in AABC.
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Lemma 1.
Given two points P = (x4,y4,2,) and Q = (x5, y,, Z;) in normalized barycentric
coordinates in the plane of the triangle ABC. Then:
PQ* = —a*(y, — ¥2)(21 — 22) — b*(z1 — 2,) (%1 — x2) — % (x1 — x2) (¥1 — ¥2).
The above formulae is well known (see [1, pp. 11]).
Note that the barycentric coordinates of A and S, are
A=(1:0:0)andS,=(+c:c+a:a+b).
If D is the point of intersection of the lines AS,, and BC, then we have

D=(:c+a:a+b) and by using the Lemma 1, we have

2 C DA? = —g2 c+a a+b b2 a+b 1) 2(_1) c+a
Pa” = T Y 2afb+c2a+b+ec ‘2a+b+c’ ¢ ‘2a+b+c
b®+c3+ab?+c*) a*(a+b)(a+c)

S o= _ 1)
2a+b+c (2a+ b + ¢)?
Lemma 2. For any triangle ABC, we have
s(3s+ a)(b — ¢)?
P> =s(s—a)+ ( )b — ) 2"

(2s + a)?
Proof. Using the identity (1), we have

, (+c+2a)(b+c)*+[3(b+c)+2a](b—c)? B a’[(2a+b+c)?>—(b—c)?]

Pa 4(2a+b +c¢) 4(2a + b + ¢)?
(b+c))—a®* QRa+b+0c)[3(b+c)+2al+a?
= + .(b —¢)?
4 4(2a+ b + ¢)?
(a+b+c)(5a+ 3b+ 3¢) 5 s(3s+a)(b—c)?
=ss—a)+ 4(2a+ b + ¢)? (b—c)=s(s—a)+ (2s + a)?
Lemma 3. For any triangle ABC, we have
m, < p, < n,. (3

Equality holds if and only if b = c.

Proof. We have the following known formulas
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(b—4c)2, ng? =s(s—a)+M.

mg? =s(s—a) +

s(B3s+a) 1 8s? —a? 1 3s+a

. _ 1 > _
Since (2s+a)? 4 + 4(2s+a)? ~ 4 and (25 + a)?

1 4sz+sa<1th by using (2)
Ta a(2s+a)r " g enbyusmelisl

we obtain : m,; < p, < n,.
Lemma 4. For any triangle ABC, we have

(2s+a)(2s+ b)(2s + ¢) = 2s(9s% + %2 + 6RY).

1 N 1 N 1 21s® + r?> + 4Rr
2s+a 2s+b 2s+c 2s5(9s2+1%2+6Rr)

21s* — s2(92Rr + 307%) — 64R?*r? — 28R13 — 31r*

2 2-2
Z( S+ @)pa s 9s2 + 12 4+ 6RT

Z(Zs + a)?p,? = 4s*(3s> — r> — 16RT).

cyc

Z(Zs + a)3p,? = 3253(s?* + % — 6RY).

cyc
Proof. With known identities [2, pp.52],
a+b+c=2s, abc = 4Rsr
a? +b%?+c?=2(s?>—1r?—4Rr), ab 4+ bc +ca=s*>+1r?+4Rr
a+ b3+ ¢3 =2s(s? —3r2 — 6Rr),
a* + b* + c* = 2s* —4(4Rr + 3r?)s? + 2(4R + 1)?r?,
we obtain
(2s+a)(2s+b)(2s +¢c) =8s3 +4s%(a+ b + c¢) + 2s(ab + bc + ca) + abc
= 25(9s%2 + 1% + 6RY).

1 1 1 12s°+4s(a+b+c)+(ab+ bc+ ca)

25+a+25+b+25+c_ (2s+a)(2s+ b)(2s+ ¢)
21s2 +r%2 + 4Rr

- 25(9s2 +r2 4+ 6Rr)’

(4)

(59

(6"

(79

(8"
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Now, since we have
a’(a+ b)(a+c) =a?*(2sa + bc) = a(2sa? + 4sRs)
= [(2s + a) — 2s5].2s[45?> + 2Rr — (2s + a)(2s — a)]
= 2s(2s + a)(a? + 4s? + 2Rr — 2sa) — 8s%(2s? + Rr).
then, by using the identity (1"), we obtain

a’(a+b)(a+c)
2s+a

2s+ a)p,? = b3 + 3+ a(b? + c?) —

8s2(2s% + Rr)

=b3+ 3+ a(b? +c?) — 2s(a® + 4s® + 2Rr — 2sa) +
2s+a

Adding this identity with its similar ones and using the identity (5'), we obtain

Z:(Zs+a)pa2 =Za3 +Za2.2a— ZSZCLZ — 65(4s? + 2Rr)+4SZZa+

cyc

1 1 1
8s5%(2s> + R ( )
+85%(2s* + Rr) 25+a+25+b+25+c

21s* — s?(92Rr + 30r%) — 64R?*r? — 28Rr3 — 3r*
S 9s2 + 1?2 4+ 6Rr '

Now, by using the identity (2"), we have
(2s+ a)?p,? =s(s—a)(2s + a)? + s(3s + a)(b — ¢)?
= 4s* — 2sa® + 352(b? + c? — a? — 2bc) + s(a? + b? + c?)a — 2sabc,

Adding this identity with its similar ones, we obtain

Z(ZS + a)3p,? = 12s* — ZSZ a3 + 3s? Z:(a2 — 2bc) + SZ a? Z a — 6sabc

cye
= 45%(3s2 —r?2 — 16Rr).
Also, by using the identity (2"), we have
(2s+a)p2=s(s—a)(2s+a)® +sBs+a)(2s +a)(b—c)?

= 8s° + 25(2s® — abc)a — 10s%a® — 2sa* — 12s3(a® + bc)
+ (653 + 5s%a + sa?)(a? + b? + c?) — 10s?%abc,

Adding this identity with its similar ones, we obtain
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Z(Zs +a)’p,?

cyc
= 245s° + 2s(2s3 — abc)Za — 10s? Za - Zsz

—12s3 Z(a +bc)+z 185 + 552 Za+sz —30s2abc

= 32s3(s%? +r%2 — 6RY).

Theorem 1. For any triangle ABC, we have

14R —7r

Pa+Pp+DPc < —3 9"

Equality holds if and only if the triangle ABC is equilateral.

Proof. By using the CBS inequality and the results (5") and (6"), we have

(pa + Pp + pc)z
< ((2s + A)ps® + (2s + b)pp? + (25 + c)p.?) (

1 + 1 4 1 )
2s+a 2s+b 2s+c

3 [21s* — s2(92Rr + 30r?) — 64R?*r? — 28Rr3 — 3r*](21s% + r? + 4Rr)
B (952 + 12 + 6R1)?

= (2152 + 1% + 4Rr).f(s?),

21s* — (92Rr + 30r?)s? — 64R?*r? — 28Rr3 — 3r*

where f(s?) = (952 + 12 + 6Rr)?

24(45Rr + 13r%)s? + 8(75R? + 29Rr + 3r?)r?
(9s2 4+ r2 + 6Rr)3

We have f'(s2) =

> 0, then f is increasing,
and by using Gerretsen's inequality s? < 4R? + 4Rr + 312, we obtain

(Pa + Db + P)? < (215% + 1% + 4Rr). f(52)
< (84R? + 88Rr + 6412). f(4R? + 4Rr + 31?)

_ 16(441R°® + 861R°r + 1132R*r? + 805R>r> + 524R?*r* + 212Rr® + 961°)
N (18R2% 4+ 21Rr + 141r2)?2

B (14R — r>2
~\ 3
(R — 2r)(15120R*r + 31608R>r? + 36840R?r> + 21121Rr* + 6814r°)
9(18R? + 21Rr + 1412)?

(14R — r)z
< ,
3
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the last line is true by Euler’s inequality
R > 2r,with equality if and only if ABC is equilateral.
This completes the proof of Theorem 1.
Theorem 2. For any triangle ABC, we have

(8R — 71)s?

PaPpPc < 9 . (10’)

Equality holds if and only if the triangle ABC is equilateral.

Proof. By using the AM — GM inequality, we have

(2s + a)?p %+ (2s + b)?*p,2 + (2s + ¢)?p.2 = 33\[((25 +a)(2s+ b)(2s + c)papbpc)z.

Using the identities (4") and (7"), we obtain

[(2s + a)?p %2 + 25 + b)?p,2 + (2s + ¢)?p.2)®  [4s52(3s? —r?2 —16R1)]?

(PappPe)” < 271(2s + )(2s + b)(2s + O = 27[25(95% + 12 1 6RN)]’

_ 165*(3s? — 1% — 16Rr) 54Rr +4r2 \*
B 243 952 +12+6Rr )’

and by using Gerretsen's inequality s? < 4R? + 4Rr + 312, we obtain

(PaPpP)? <

165*(12R? — 4Rr + 812) S54Rr + 412 2
243 36R? + 42Rr + 2812

_ 256(3R%—Rr+2r2)*
= 27(18R% + 21Rr + 14r2)2"° "

To complete the proof it is enough to prove that
768(3R* — Rr + 2r?)3 < (8R — 7r)?(18R? + 21Rr + 141?)2,
which is equivalent to
r(R — 2r)(32832R* + 8964R3r + 15180R?*r? — 8903Rr3 — 1730r*) = 0,
which is true by Euler’s inequality R > 2r, with equality if and only if ABC is equilateral.
This completes the proof of Theorem 2.

Theorem 3. For any triangle ABC, we have
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1 N 1 N 1 - 2 11)
Pa P» Pc R
Equality holds if and only if the triangle ABC is equilateral.

Proof. By using Holder's inequality, we have

(1 1 1)2 [2s+a)+ (2s+b)+(2s+)]?

——+—=) >
Pa Pp DPc (2s + a)3py? + (2s + b)3p,2% + (2s + ¢)3p.?

~ (85)3 16
"~ 32s3(s24+1r2—6Rr) s24+1r2—6Rr

and by using Gerretsen’s inequality s? < 4R? + 4Rr + 372,

and Euler’s inequality R > 2r, we get

1 1 1 4
—+—+—= >
Pa Do Pc  \J4RZ —2r(R — 2r)

J

=v] 1)

with equality if and only if ABC is equilateral. This completes the proof of Theorem 3.
The main aim of the following part is to establish a geometric inequality involving Speiker’s
cevians angle bisectors and medians of a triangle, and applications of this inequality.
Theorem 4. For any triangle ABC,we have
PaWa < M,”. (12
Equality holds if and only if b = c.

Proof. By the formulas for median and angle bisector of triangle ABC,

2+/bcs(s —a)

, we can easily get
b+c Y8

1
my? = 7 (2b%* +2¢? —a*)andw, =

(b —¢)? s(s—a)(b—c)?

mg? =s(s—a) + y and w2 =s(s—a) — b+ o2

and by using the identity (2"), we can get

, 5, (Bs2—a®)(b-c)?

N (852 — 8sa+ a?)(b — c)?
Pa” = Ma 4(2s + a)?

4(2s — a)?

and w,?2 = my? —

Based on these results, we have
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— ,  8s?—a®)(b—c)? , (8s?—8sa+a?)(b—c)?
PaWa™ = <ma T as + 0 ><m B 4(2s — a)? )

8s2—8sa+a® 8s?—a?\(b-rc)?
Sma4—ma2< >( )

(2s—a)?  (2s+a)? 4
mg2[4sa(s — a)(4s + a) + a*](b — ¢)?

=mg" — <mg”

2(4s? — a?)?

the last line is true because s > a, with equality if and only if b = c.
This completes the proof of Lemma 5.
By Lemma 5 and some known identities a inequalities, we can get the following results

Corollary 1. For any triangle ABC, we have
3 2 2 ’
PaWa + DpWp + DWW, < Z(S —r® — 4Rr). (13")

Equality holds if and only if the triangle ABC is equilateral.

Corollary 2. For any triangle ABC, we have
3 !
PaWa + PpWp + P W, = E (ZRZ + .’,2). (14‘ )

Equality holds if and only if the triangle ABC is equilateral.

Corollary 3. For any triangle ABC, we have
s
ap,w, + bppwy, + cp.w, < E(s2 + 572 + 2Rr). (15"

Equality holds if and only if the triangle ABC is equilateral.

Corollary 4. For any triangle ABC, we have
s
(b + O)pgw, + (c + @)ppwy, + (a+ b)p.w, < 2(532 —11r% — 26RT). (16"

Equality holds if and only if the triangle ABC is equilateral.

Corollary 5.For any triangle ABC, we have

JPaWq +PpWp + /PW, < My +my, + M. 17"
Equality holds if and only if the triangle ABC is equilateral.

Corollary 6.For any triangle ABC, we have
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JPaWa + /PpWp + \/DW: < 4R +T.
Equality holds if and only if the triangle ABC is equilateral.
Corollary 7. For any triangle ABC, we have

ma Tn’C2
W, +wp,+w, < + + <=m, +my, +m..
Pa Pb Pc

Equality holds if and only if the triangle ABC is equilateral.

Corollary 8. For any triangle ABC, we have

+Pp+ P S —+—+—.
Pa T Pp T Pc w, W) w,

Equality holds if and only if the triangle ABC is equilateral.

Corollary 9. For any triangle ABC, we have

Pa Pp Pc m, m, m,
— 4+ <S—+—+—
m, m, m, Wq Wy W,

. (Soumava Chakraborty)

Equality holds if and only if the triangle ABC is equilateral.

Corollary 10. For any triangle ABC, we have

PaWa DPoWp, DPW, m, m, m;. 3R
So—to—to <o (S Chakrabort
hm, hym, hm, h, h, + h, = 2r (Soumava Chakraborty)

Equality holds if and only if the triangle ABC is equilateral.

Corollary 11. For any triangle ABC, we have

\/pawa_l_\/pbwb_l_\/pcwcsﬁ m_l_mcsﬁl
h, h,, h, h, h, h, = 2r
Equality holds if and only if the triangle ABC is equilateral.

In this part, we will use the Theorem 4. to obtain new results;

After summation we obtain Y, p,1,<> m2

Ym? =2@a? +b? + ¢2) - TN pal,<a? + b2 + c2 (1)

(18")

(19

(20

(21')

(227)

(23")

We use well-known identity: m3 = rpre + i (b — ¢)? (and analogs) and we obtain:

% |b-c |=\/p.la — rpr (and analogs) (2)
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We use 4m2 = n2 + g2 + 2rpr. (and analogs) [4] and obtain:
n? + g2 >4p,l, — 2ryr. (and analogs) (3)

From (3) we obtain :

n, + g, = \/4p.l, + 2n,8, — 2rpr. (and analogs) (4)

Butn,g, = m,l, (and analogs) and from (4) we obtain:

n, + g, = \/4pal, + 2m,l, — 2ryr. (and analogs) (5)

But (b — ¢)?=(n, — g,)?+2(n,g, — rpr.) (and analogs) and (2) we obtain:

n,—g,=> \/ |4p.l, — 2n,8, — 2,1, | (and analogs) (6)

From (4) and (6) after summation we obtain:

2n, >,/4p,l, + 2n,g, — 2ryr.+y/ |4p.l, — 2n,8, — 2rpr, | (and analogs) (7)

4m2=2(b% + ¢?) — a%? > 4p,l, > b* +c? > %(4pala + a?) (and analogs) (8)

2
From (8) we obtain : D4y tpalatar (and analogs)
c b 2bc
sin(A+w) _E c .
But———==-+ (and analogs)(Traian Lalescu)[5]

w-Brocard angle in AABC, We obtain:

sin(A+w) > 4p,l,+a?
sinm  —  2bc

(and analogs)(9)

From (9) we obtain:

1 - 4p,l, + a?

sing > Zbe (and analogs)(10)

Triangle ABC with sides a, b, ¢ and triangle with sides m,, m;, m. have same Brocard

1 sin(A+w b ¢ .
angle; [6] From —— > ( ) =2 4 £ and theorem above we obtain:
sin w sin w c b
S}

me P
sne 2 me + p— (and analogs) and from (10) we obtain:

v

1 1 (4pala+ 2 <
E( Palata® , My ::—b)(and analogs) (11)

sin w 2bc mg

1 1 (4p,la+ 2 a
E( Palata® , My ::—b)(and analogs) (12)

sin w 2bc m,

v

1 4 ala 2 ¢
S J palata? (1 ::—b)(and analogs) (13)

sinw me
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sin w

1 4pala 2 a
> " (5 ) and analog) 19

From p,l, < mZ (and analogs) and ?—§=1+(bi;;22)2(and analogs) and
2S=ah, = bhy, = ch.,b? — c? = (b + ¢)(b — ¢) we obtain:

ﬂ |b-c [=/pala — hZ (and analogs) (15)

2
From p,l, < m?2 (and analogs) and ), %_

2 Paza (16)

Zsm2
From Catalan inequality:

a’b (a—b)+b%c (b—c) + c?a(c—a) = 0

a3b+b3c+c3a>azb2+b2c2+cza2 1

— a3b + b3c + c2a>a?b? + b?c? 4 c?a? > =—
452 452 sin?w

++—

nz 2 and (16) we obtain:

1({ab , bc | ca pala
1+E (h_g-l_E-I_E) = (17)

From 4m,=2,/2(b% + c2) — a? (and analogs) and using AM-GM we obtain:
d4mgoVa? + b2 + c2<2(b? + ¢?) — a? + a? + b? + ¢?=3(b%? + c?) and
mg, = /Pqls(and analogs) we obtain:

g\/pala(a2 + b2 + ¢2)<b? + c? (and analogs)(18)

We know that bc=2Rh,(and analogs) and from (18) we obtain:

ala [221h2 402
2,/pal a -;l; +c _sn;f::)w) _b+ (19)

From (19) we obtain:

Zmax{‘/p“l“ VPblp 1/pclc}\/a2+b2+c2< 1 (20)

h, ' hy ' h 3R ~ sinw

From (19) after summation we obtain:

2 2 2
2y a*+b“+c Z‘/pala b+c+ (21)

From (21) and 2S=ah, = bh;,, = ch, ,g = % (and analogs) we obtain:
b
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2y a%+b2+c? [ hy, +h,
et rhhay i o
a a

From (19) we obtain:

21h24c2
2va“+b“+c Z,/pal a/z sin(A+w) (23)

sinw

We proved — >0 + (and analogs) [7,8] and from m, > /p,l, (and analogs) we
hb

obtain:

1

- «/T n */‘F (and analogs) (24)

sinw
Froml, = me p(p—a =2b\ib_cc Iple = %(\/% + \/%>=—“rlzr° (and analogs)
4 Tbrc—2+ + -=2+ Sln(A+w) and using (9) we obtain:

2
42 >247P22%(and analogs) (25)

From m,l, = p(p —a) = rpr.(and analogs)(Panaitopol) and (25) we obtain:
4°2>2 +4p"‘]"+a —22—(and analogs) (26)

Ia

(a? + b?)(a? + c?) = (ab + ac)?(C.B.S inequality)

2 2
my, > > ";C (and analogs) (Tereshin Inequality), ac=2Rhy (and analogs)
After simple manipulations we obtain:

2,/mpm.>hy + h, (and analogs) and using m, > ,/p,l, (and analogs) we obtain after
summation:

3,/mym.>h, + h, + ¥/p.l.pl, (and analogs) (27)

From n, + g, = 2m,(and analogs)[9]

2m, = 2,/pal, (and analogs) we obtain:

n, + g, = 2,/pa.la(and analogs)(28)

From (28) and n, + g, =2,/n,g,(and analogs) after summation we obtain:

n, + g, = /pala + /n,g.(and analogs) (29)

From %( |b—c H |a—c 4+ |b—a |)=max(a, b, ¢) —min(a, b, ¢) and (2) we obtain:

max (a, b, ¢) —min(a, b, c) > ), /p.l, — 1,1 (30)
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From m,l, = p(p —a) = rpr.(and analogs)(Panaitopol) and (2) we obtain:

% |b-c [=/1,(p. — m,)(and analogs) (31)

From (31) after summation we obtain:

max (a, b, ¢) —min(a,b,c) > /1,(p, — m,)(32)
(

We use the identity: =1+ (and analogs) and (2) and obtain:

fa> —“rzﬂ’arl"‘_rbr‘(and analogs) (33)

h, =
From (33) and m,l, = p(p —a) = rpr.(and analogs)(Panaitopol) we obtain:

- >—“r+l“(p“(and analogs) (34)

h,

From (33) and + + — % after summation we obtain:
C

1> Z N r2+p;:la—rbrC (35)

From (35) and m,l, = p(p —a) = rpr.(and analogs)(Panaitopol) we obtain:

1> Zvr +la(pa m,) (36)

n h . .
From (33) - -=—=——=>-"and after summation we obtain:
Jr24palag—rpre T
5 n, Shathy +he 37)
r24+paly—rpre r

2S=2pr=ah, » (a+b+c)r =ah, - hTa =1+ % (and analogs)

n,

_) —————————————————————
Vr24+paly—rpre

From (38) we obtain:

>1 4 2 (and analogs)(38)

n, _ >(a+b)(b+c)(a+c),
H (\/r2+pala—rbrc 1>_ abc \39)

2vbc 2+/bc 8ab .
Froml, = ?CC,/p(p — a)=ﬁ:,/rbrc - lalblczm r,rpre and using (39)

we obtain:

11—[ n, -1 rarbrc(40)
8 Vr24paly—Tpre Lalple
R rarpre _Talblc Lalple
2r h hbhC lalple hahphe

and using (40) we obtain:
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I1pl n, 4R
— 1)2 — (41
hyhphe (V I'2'|']3ala_1'brc r ( )

We proved %2% + I;—; (and analogs)[8] and using (41) we obtain:

Il 1 n, me mp M, mp Mg
hyhp he H( — 1) > 4max{h +—= b + e + ha}(42)
S b+c-a 2S ra__ a
From Ta=o ;P —a=—— 2Ty = = ;2S=ah, —» r— (and analogs)
}rla btc-a b+c—1+ (and analogs) and using (38) we obtain:
n, _ E
N era (and analogs)(43)
-1
Ta Ny _ = ______a_
b, > NETIO— 2] (and analogs) — >H m 2| (49
28_T Ta_
sin =R b, 4R %7 (and analogs) — -2 h
ra+rb+rc—4R+r—>Z Tweobtam
2R 1
721-'_2 [ rZ4+pylya—rpre B 2] (45)
From (44) and (45) we obtain:
R 2 ny -1
(;) >q;q; (46) whereq; =[] [—’7r2+pala—rbrc - 2]
n -1
42 :1+Z [\/ rZ4+pala—rpre B 2]
Ia n, _ B _ .
From hy > N 2] (and analogs) and r, + ry, + r. = 4R + r we obtain: 4R +
-1
e R e
b+c ra+r
Can be proved that: — (and analogs) and using (38) we obtain:
ng _ _
(m 1) (ra — r)=r, + r (and analogs) (48)

From (48) after summation we obtain:

Z (ﬁ - 1) (l'a - r) = 4-(R+r) (4‘9)
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Now we use the well-known relation:

cos BT_C=% =% sin %(and analogs) and using (38) we obtain:
sin2 (L - 1) Ba (and analogs) (50)
2\ rpaaore ) = e 8

From (50) after summation we obtain:

S sin’ (ﬁ - 1)>z ha 1)

We use E \E Ba % (and analogs) [10] and the inequality:

la

2R ~ _TatTptre pV3

r - mg+mp+me  hy+hp+he

[11], we obtain:

I, n, h, Ia+Ip+re pV3
Aal__M  _q)> —( ) and analogs) (52
h, (\/r2+pala—rbrc ) T Al ra \my+mp+m, + h,+hp+h, ( gs) (52)

From (52) after summation we obtain:

Zl_;,,( n, _1> (ra+rb+rC pV3 )Z k(53)
hy \Vr2+p,ly—-rpre my+mp+me  hy+hy+h, Iy

Using (38), ki \/ZTR];—E‘ l:—a (and analogs),

11] we obtain:

2R > pV3 ra+rp+re o/Talb+y/Tprc+y/Talc [
r = ha+hp+he ha+hp +he 1g+1p+1c

1_3(# _ 1) >( pV3 n Fa+rp+re /Talb+/Thlct rarc)z ha(54)

hy \Vr2+p,ly—rpre — \ha+hp+h, h,+hp+h, Iy +1p+le

Using (38) fhaﬁ (and analogs),

2R ra+rp+rc Jra+rb+rc Jrarp+/Tprc+y/rare [

>
r - mg+mp+me ha+hp+he Ia+lp+]1c

l_a by Ia+Ip+TIc Ia+rp+re /Tal'b+/Tplct+4/Talc E
2z h, (,/r2+pala—rbrc 1) (ma+mb+mc + «/ hy+hp+h la+Hp+1c ’ ) 2z Ia (35)
Using (38), E_ ’ZRE /E (and analogs), ’E = ’E + ’r—a(and analogs) [11] we
r lya/ra r Ta Na

obtain:
laf_ M ha (fma T
Z h_a (\l I'2+pala_rbrc 1) 2 Z \/; (\/:a + na) (56)

11], we obtain:
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From (15), %z\/z;R%\/? (and analogs) we obtain:

\E |b-c |2:1—‘; f;—aa (pala — h2)(and analogs) (57)

From (57) after summation we obtain:

JECIb=cl+ Ja=cl+ b-a 2z 20l - nd)E8)

%( |b—c [+ |a—c [+ |b—a |) =max(a, b, ¢) —min(a, b, ¢) we obtain:

ﬁ [max(a,b,¢) — min(a,b,¢) 1252 ™ (p,1, — h2)(59)

From (9) and 2(2 ’w — 1>2W—+°ﬂ(and analogs)[7] we obtain:
Izhphe sin w

mympmc 4p,l,+a®
2 /—lahbhc >1+ b (and analogs) (60)
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SOME SPECIAL DEFINITE INTEGRALS

By D.M. Bdtinetu-Giurgiu, Mihdly Bencze, Daniel Sitaru and Neculai Stanciu-
Romania

ABSTRACT: In this paper we present some special definite integrals.

z P 7
1+ In x)sin x —xcos xIn x 3‘/§+2”|n§ NEHTI“Z
Theorem 1. j — T2 dx = arctan —— = —arctan .
= SnEX+XTineX 3/3-2zn % 242 -z *
4 3 4
Proof.
(1+In x)sin x—xcosxIn x _ (cosx+In x+1)(sin Xx—xInx) (cos X +In x+1)(sin x+xIn x)
sin®x+x%IN?%x 2sin? x+2x2%In?% x 2sin > x+2x%In?x
[sin x+x|nxj
sin X —xIn x
(sin X+ XIn x]z
14| > 21202
sin X — xIn x
Hence,
z \/§ T A \/E T VA
# (1+In x)sin x — xcos xIn x sin x+xIn x| % 7+—In§ 7+Zlnz
I — > dx = arctan —— | 2 = arctan —arctan “——— =
J sin? x+x?In?%x sin x—xIn x )| 5 J3 7T J2 7T
) 2 33 2 44
3V3+2zh ~ 2J2 vzl *
—arctan—— 3 _arctan 4
3J§—2;ﬂn% Zﬁ—ﬂln%
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V4 T T
" . 22 +7ih = 3+7ih=
t (L+1In x) cos x + xsin xIn x V2+r 4
TMmmmz.j 5 T2 dx =arctan ——— —arctan .
T T
z CoS™ X+ Xx-In" X 22—z = 3—-7ih=—
6 4 6
Proof:
a+h@cmx+x9nMnx_osmx+mx+3@%x—XMX)+@mx+hx+D@mx+xhx)_
cos® x+x%In?x 2c0s° X+ 2x%In? x 2c0s% X+ 2x%In?x
’
cos X+ xIn x
cosx —XxlIn x
1+cosx+x|nx2
cosx—xlIn x
Hence,
z N 1l »n. .«
4 : x —+=Ih= “+=In=
(L+1In x)cos x + xsin xIn x cos X+ XIn x5 2 4 4 2 6 6
j 5 > dx =| arctan ——— | 4 =arctan ———— —arctan =——— =
J cos® x+x%In?x cosx—xInx )% V2 7 o 1 o =«
z Ne _Pint ——-"In=
6 2 4 4 2 6 6
T T
2J2 + 7 = 3+~
—arctan ——4 _arctan .
T T
242 -7 = 3—zh=
4 6
z T T
3 . 3V3+2xin— 3+xih—
1+ In x)sin x + xcos xIn x V3 3 6
Theorem 3. I — T2 dx = arctan ————————= —arctan :
T T
= SEXEXTheX 3V3-2zh~ 3-zh’
6 3 6
Proof:
(L+Inx)sin x+xcosxIn x  (cosx+In x+1)(sin x+xIn x) (cosx+In x+1)(sin x+xIn x)
sin?x+x%In?x 2c0s° X+ 2x%In?x 2sin 2 x+2x%In? x

!’
sin X+ xIn x
sin X—XIn x

B 2 °

sin X+ xIn x
1+ —————

sin X —xIn x
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Hence,
z V3 oz o« 1 «
# (1+In x)sin x + xcos xIn x sin X+ xIn x % 7+§In§ 2%
I — —— dx =| arctan —————— || 4 =arctan arctan
’ sin?x+x*In%x sin x—xIn x| £ J3 7 V4
z NS -
2 3 2 6
3V3+27rh” 3+zin”
—arctan—— 3 _arctan .
3J§—27z|n% 3—7rln%

Theorem4. If f:R — R, satisfy f(0)=2019 and 3f(x)=f(x+y)+2f(x-y)+YV for
—€
any X,y € R, then jf(x)dx— (7 +e+4038).

Proof: If we take Y = X, then 3f(x) = f(2x)+2f(0)+ X, (1).

If we take y =—X, then 3f(x)= f(0)+2f(x)—X, (2). From (1) and (2) we obtain that
f(x)=x+1(0),so f:R—>R, f(x)=x+2019. Then,

Ve V4 2
j f (x)dx = j (x+2019)dx =(X?+2019xj 4 :%(n-e)(ﬂ+e)+2019(7z—e) _
7%z +e+4038).

Theorem 5. If f:R — R, satisfy f(x+2019) <x< f(x)+2019 forany x e R, then
jf(x )dx_ 3 (7z +7e+e —6057)

Proof: We have f(X)+20192>x < f(x)>x-2019, VxeR, (1).

Also we have f(X+2019) <X, where we take X+2019=, thus
f(y)<y—-2019,Vy e R so f(x)<x-2019,Vx eR, (2). From (1) and (2) we obtain
f(x)=x-2019, VxeR.
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Therefore,J. f (XZ)dX =
e

T 2_ _ X_S_ 7[_1 3_ 3 _ _ _
[ (x* ~2019)dx = 5~ 2019x e-3(7r e*)-2019(7—€) =

= %(7[2 +e+e?— 6057)_

Theorem6.If acR, f:R — R, is astrictly increasing functionand g:R —> R bea
function which satisfy f (g(x+a)) < f(x) < f(g(x)+a) forany xR, then

w(1r
X)dx = 2| &=
9() 12(24 a}_

AN e—w |y

Proof: We have g(X)+a>x< g(x)>x—-a VxeR, (1).

Also we have J(X+a) <X, where we take X+a=1Y,thus g(y)<y—-a,VyeR so
g(x) <x-a,vVxeR,(2). From (1) and (2) we obtain g(X) =x—a, VxeR.

w(lr
=—| —-a
12(24 j

B

Hence,

g(x)dx = _T(x —a)dx = (X—; - ax]

4

SN Wy

BN |y

P .
Theorem 7. I cosx+1-x dx = 2arcsin M
7 (L+ xsin x)v1-x? 8++/27
4
— 2 2 _ 2
Proof. We have cosx+1-x _ C0s” x+(1-x")cosx

(L+ xsin X)v1— x> B (L+ xsin X)v1—x? -cos x -

14 Xsin X+COS X+ XSin XCOS X — XSin X — X? COS X —Sin * X — XSin XCOSX

(L+ xsin X)v1+2xsin X+ x2sin 2 X — x* — 2xsin X —sin 2 X
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!

X +Sin X
_ L+ cosx)(L+ xsin x) — (x +sin X)(sin X + X COS X) _ (1+ Xsin xj 1),
J@+ xsin )2 = (x +sin x)? \/1_( X 4+5in X jz ’
1+ xsin x
Also we have | T X | g o (x+sin x)* < (1+ xsin x)* <
1+ xsin X

< X2 42xsin X+ x%sin? x <1+ 2xsin X+ x’sin? x < x? <1< -1<x<1,(2).

From (1) and (2) we obtain

x z 2 T
¢ cosx+1-—x? X+sin x |5 27 —g sy
j (arosin —j 4. =arcsin —arcsin
e (L+ xsin x)v1-x? 1+xsin x| 1 J2 7 Vi [ zrj
~ +—= 1-=|sin| -=
N 4 4
7, V2
= 2arcsin —*——2 = 2arcsin M
£ 3 8+2r
2 4

Theorem 8.If f :R — R be a continuous function such that f (0) = 2019 and there exists

t € (0,)) such that f(x)— f(tx) = x* + x, for any real X. Then,

i Y 20197

f(x)dx = o+ +
648(1—-t°) 288(1-t) 12

O — [y

Proof. If we take x=t*y,ye R,k e N,thenby f(x)— f(tX) = x> + X we obtain that

ft“y) - f(t"ly) = t2ky+tky-So,E(f(th)—f(tk”x)) nZ(tZ"XZH X) <

k=0 k=0
e - Ft=xt - I g —im ferx) = x2im 2 xim Y
1_t2 1-t n—o n—o 1_t nso 1—t
1 1 1 1
< f(x)-f(0)=x2- X — e f(X)=x- +Xx-——+ f(0).
()= 1O =x" T x g @ T =Xt e axm + 10)

IEWSNE]

3
Hence, j f(x)dx = (1
:
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1 = 7 1 z* T 7
= "o | 44 T a3 + - — 2019(———):
31-t9)\ 4 6 2(1-t)\ 4 6 4 6

p 572 20197
= + +
648(1— tz) 288(1—t) 12

Theorem 9. If f :(0,7) > R with f'(x)= Coij]ﬂ for any real x € (0, 7), then
In X

f(x)= Lcos 2019x + LcosZOl?x +..+ gcos3x +2c0sX+In +C
2019 2017 3

tan >
2

COSHX

Proof. Let f :(0,7) >R, f (X)= j Vx € (0, 7) . We have that

cos(n + 2)x — cos nx
sin X

fro ()= F,00 =] dx = —2jsin(n+1)xdx=niﬂcos(n +1)x+C, so
2
fr.,(X) = f, (X)+——cos(k +1)x,Vk e N, (1).
k+1

1
fo(x)zjsin—xdx=|n +C, (2).

tan >
2

From (1) and (2) we obtain

2018 2018 2018

3 (o2 (00 = () = Zilcos(ku)xcfm(x) f,(X) = 22%c05(k+1)x<:>

k=0

2018

& Fop0(X) = fo(X) + 2Z%COS(k +1)x =

k= 0

= Lc052019x+L0052017x+ ...+gcos3x+ 2cosx+In +C.
2 2017 3

019

tan 2>
2

Hence,

f(x)= Lcos 2019x + LcosZOl?x +..+ gcosBx +2c0sX+1In +C,
2019 2017 3

tan 2>
2

where C is an arbitrary real constant.
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SOME LIMITS OF SEQUENCES OF BATINETU AND LALESCU TYPE

By D.M. Bdtinetu-Giurgiu, Mihdly Bencze, Daniel Sitaru and Neculai Stanciu-
Romania

ABSTRACT: In this paper we present some limits of Batinetu and Lalescu sequences

If (a,),, is a positive real sequence such that im —=aeR, and
n—o N

Theorem 1.

N—o0

n
_(a,, ) .
lim (fj =beR,then I['an(am—an):a'nb-

Proof. We have lim - = [im R
n>en+l a N

n—oo an

a
We denote U, =—** and a,,, —a, = a{
a

nN—o0

. _u -1 "
We have limu, =1, so lim =1; limu; = Ilm(aa ] =b, (2).

n—o n—o In u n—>N

From (1) and (2) we obtain lim(a,, —a,)=a-1-hb=alnb.

n

.a, 1 . [a

Example. If a, =¥n! , then lm — ==, Ilm( "+1j =€ and
e n—o an

n—wo N

Ilm (”+\]/ n+1)! - \/_) In e= E i.e. Traian Lalescu limit.

Theorem 2. If (a,),., and (b,),., are positive real sequences such that

- b, a a
n ~ 4, " =aeRand lim % =beR, then Ilm( i _ N =§_
™ bn+1 nV bn 2b

_a,
lim ="
n—oo n n—ow nbn
1
nn n+)™ b, . (n+1)" b e
Proof. We have Im — = lim n|— = lim Q—?} = lim ==
n—ow n [b n—w n—w bn+l n n—w n - b
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a' 1_an _II an+1_an_ n ZE
2

. a,
lim —- = lim m
oen® noe(n41)? —n?  nee 2n+1

a, u“_l-lnu u, -1

a‘n+1 _ an — a‘n (U _1):__
b, b, b, " b, Inu, " n\/_ Inu,

/b

n+l n

‘Inu;

a n u -1
=—.—.—"—".Inu,; where we denote U,

2
n> afb. Inu, ”*bm a,

n

a,, n° n+1 yb, n+1

=(n+1)2'¥'n+\1/m. n n

. a2eb _u -1 _(a_,) b
Therefore, lmu_=—--=.=.=. 1=1,so lim =1, limuy =lim| | —ngb =
" 2abe [anJ b, ”

n—ow n—ow |n u n—->N n—ool M

2
a1~y l
an n a,

n
_|bn b, n+l(a 1b, . a,, —a, |&aa
lim| =—. UL .| Znsd =21 limll 1+
- b n+l n a, b e noe a,

n+1

—l-eaé—e Hence, lim &g _ & —E-—-l-lne——
e : 7 e n+3[bn+1 n bn 2 b 2b.

n+3[ 1 | n/ |
Theorem 3. lim "\/n!( (n+ - n'J =0.
- n+1 n
n/nl
Proof. It is well-hnown that lim - =1 .
n—o0 n e

n—ow n—» Inu
n

"y (n+1)! . . -
If we denote u, = (n+1) ( 1j,then limu, =1, lim Uy 1:1 and
n-+

l n
fim u” = fim (n+1) j n+1 1. n+1 —1~e:1.
n+1 e

n—oo n—oo ( n+3[(n +1| en—>oo n+3[(n +1|
n+y D! _
lim \/_[ (n+ \/_J—h ( J u"_1.|nu”=i2.1.|n1:0_
n e

n
nN—o0 N—>o0)
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o "J(n+1)! Yn! 4
Theorem 4. r|]|r%nw,/(2n—1!!( — =——.

(n+D)*> n® e

. . vnt 1 . . y@n=pnt 2
Proof. It is well-hnown that lim == and respectively lim (— =—.
n—o0 n e Nn—o0 n e

If we denote u, =

Y(n +1)! ? _ U —
(n+ ( n j,then lim u, =1, lim Uy 1:1and

Un! n+1 N > nug
lim u” = fim (””)!( n jzn ! lypontt 1
now n—o n! n+1 nm e2 n—o nm e
Hence,
: Y(n+1)!  Ynt
lim »/(2n -1 - =
n—>o ( ( (n+1)? nZJ
2
_(ef@n-pn) Yt u, -1, . 41 1 4
= lim . ‘huf=—-=-1-In| = |=——.
n—oo n n Inu, e’ e e e

. a *
Theorem 5. If (a,),., is a positive real sequence such that lim —*==aeR], then
) > A/nl

im (fa,., ~a,) =5

n—o0

-D’ n n+1
Proof. lim Vo0 — fim o/ 3“2 fm _Bea Ny Bea [N ) VDL
o n—® " n— n n—o n/nl
n n (n+1)" a, a tnt (n+1 n
.a (ncPbAg.  (n+)! n" a, n\ a
n—>o e \n e n—w (n +1) n! enool n+1 e

va, u,-1
nda,,, —v/a, =4a, -(u, - =—>=- Inn ‘Inu’, where

n u,

_ n+‘\]]a‘nJrl _ " a'n+l .n+1. n
" n/an n+1 n n/an

u ,Vn>2.

: - u, -1 , . a 1 . a n+l1 n ¥nl
imu, =1, lim -—"—=1, lmu’ = lim . —— = lim —~L. . . _
n—ow n—o |n Un n—o n—w an nliq n—o anw Nt an+1 n+1 n

n+1
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2

e 1 . a a
_a-z‘l-gze. Hence, !]'an(”\]/anu —,n/an):e—z-l-lne:

|
N

a .
Theorem 6. If (a,) ., is a positive real sequence such that lim —**— =a e R, then:
n—oo na l

im = (a,., ~a,) = -

- an+l Ant L An!a
Proof. lim = =Ilim =alim =—.
n—oo a n n—o0 na [ n n—oo n e

. 2n+2
_Na, . |a coA a, ., n®" an+l n " al a
im =—==limn[—- = lim D = lim %= .| — = ——=—=.
N N\ N n—= (N +1) a, n+1 e

n~>ooa n e e3
n+ —n V \I Un —1 n
( Vana Va)_ u,-1)= NG Inu; , where
n+ya n+ya (n+l) nz
un 2 ’anZ-
n/an (n+1) n n/a,
N - u - . ) a 1 a n 1 2 n
lim u, :11 lim -~ 21, lim U: = lim =L — [im n+l ( + )

. D (e
n—o n—» |n un n—o0 n—ow an n+: an+1 n—o [ a N+ an+l n+1

o |

3
e - a 2a
‘E-lzez. Hence, lmoﬁ(n+\j/a“+1 —1fa,) :e—3-1-ln e? =22,

a
Theorem 7. If (a,),., is a positive real sequence such that lim il

I v
C/xa
X =a, - Ia2.3 a, -...-ya, , then lim L =—

=aeR] and

n—o0o n e3 '

A%, [x coAl n" . "Ja n ) 1. %a
Proof. lim X" =Ilim o/~ = fim —2% . —|jm Y| — | =Z|im Y =
n—o N n—wo \l n" n—o (n _|_l)n X,

> n+1 (n+1 gn-e n
. 1
_1 H an CiBAl H a'n+1 nn _1 H ar1-¢—1 n "R n!_
==limas— = =lim —+—==1Iim =
en—>=\n er>=(n+1)" a, enr=a Ynin+l n
1 a neobag (n+)! n" a 1 a
=—-—lmp— = ZIlm ——— —=—.—=—.
e em>=\n g% o= (n+1) n e e e
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a
Theorem 8. If (a,),., is a positive real sequence such that lm ——1—=aeR

g, 8/ (2n -1l v
then Iim ("Ja,,, —Ya,) = 2—?.
n—o e

Proof.
«/ a, c®A_a., n" a, ., n \"* z/2n-Hu
=lim s/ — = lim —+— = lim . . =
N oo\ e (n+1)" a, "ea n/(2n-)N \n+1 n

a 2n-pne- DAa (2n+]t n" _a_. 2n+l({ n " 2a
= lim —n/=——"= lim ) —lim — | ==
o @ n em>=(n+1)™ (2n-DI  en>= n+l\n+l e

w/ -1
Ja,, —ya, =ya, -(u, -1 = -Inu;, where

un
u _n+‘\]]an+l _n+ a'n+l n+1 n V >2
" “Thel  n afalnEe
an an

limu, =1, lim n -1

n—o n—» |n u

fim u? = fim 2.1 2,1 n+1. n y/en-qn

= lim
Nn—>00 N g n*,\]ja " n—=*a \/(Zn 1)” "N n+1 n

=1,

1/(2n N e2 (2n 1)"CDAe (2n+1)" n"

n—>oo n 2 n—>oo 2 n—>oo (n +1)”+1 (2n ]_)ll
e 2n+1( n \' e* _1
:—Ilm |/ :_'2'_:e.
2o n+l (n+l 2 e

Hence, Ilm (”+\J/a Q/a_) -2 1 he-= é
e’

*

a
Theorem 9. If (a,),., is a positive real sequence such that lim — M -—a

eR,,
e ng t/(2n =N
then lim = (vfa,, —t/a,) = 22
n—oo n e

- SR an., n/(2n-1i! . y(@n-Dl
Proof. lim —=- = lim i . =alim X " _
e Nt e ng f(2n-1)N n n—>o n
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' n
. 2n-pne-oa o (2n+N n" . 2n+1( n 2a
alim n[———->= = alm . —=alim — | =—.
n—>0 n e (2n =D (n+1) e n4+1{n+1 e
. 2n+2
_ta, . [a, cDPA. a,, n*" a,., n 2a 1 2a
im —==limn[—- = lim o = lm =5 — =— ===
noe e\ n - (N +1) a, m™=an® \n+l e e e

%(m\]/a_ '{/a_)—‘/_ u, -1 = \/_” Un =2 o Inu , Where

n

_ n+‘\]; an+l _ n+‘\J; an+1 (n +1)2 nz

u, = = : : ,Vnz=2.
" qfa, (+D* n* 1fa

n

. U - . . a 1 a n+1)>
imu_ =1, lim-—2—=1, limu = lim . = lim —*= (n+D)

! ( L )’ =
n ’ n -
n—o n—» |n un n—o0 n—ow an n+:lan+1 n—o [ a n+3[an+1 n+1

2a e’ 2 4
=—.——.1=¢*. Hence, I|m —("+\1/an+1 —n/a,) =—?-1-In e’ =—?.
e e

e 2a
a .
Theorem 10. If (a,) ., is a positive real sequence such that lim ——%——=aeR;,
" e g nf(2n-1N!
then
iim ((n +1)*> n? J_ e’
n—w n+3/ n/an 2a
Proof.
ofa, a, COA " afen-1n
= lim ¢ T = o ( ; j A -

n+1

. n
-— =lim
n—w n—o0 nn n—w (n +1)” a, n—>o0 annl(zn 1N
a [(2n-peorg . (2n+ n"_a. 2n+l( n )" _2a
=lim —n—= lim . —lim — | ==
rHooe n" em>=(n+1)™ (2n-DI  en>= n+lln+l e
n°~ u,-1 n u,-

2
((n+1) n 1= o Inu , Where

o r] e g

Z . u, -1
Un=(n+1j . \/a_” ,vn=>2; limu, =1, lim =1,

n +3,an+1 n—o n—» |n u

. n+1) a, na, "ya n+1 e 2a
lim u” = lim| —= da,., =e’lim LA —e?. .2 .1=¢
n—ow n—o n n—>ooa n+1 n 23_ e

n

2
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2 2 2 2
Hence, Iim{mﬂ) _n j:e—-l-lne:e—.

n—oo) n% r{/a—n 2a 2a

ABOUT AN EQUATION BY IR R VN INVIT - |
By Marin Chirciu — Romania

1) Solve in R: 2¥°~3% 4 2%-x* = 21-x

- Canada

Solution: Using the means inequality we obtain:

LHS = 2%°=3% 4 px=x% > 9 [ox?-3x . px—x% = 2. 2=% = 21=% = RHS, with equality if and
only if 2¥°73* = 27" o x2 _3x =y —x2 o x(x —2) =0 & x € {0,2}.

The set of equation’s solutions is S = {0,2}
Remark: The problem can be developed.
1.2 Let A € R fixed. Solve in R: 2¥*~34x 4 2Ax—x* — p1-Ax

Marin Chirciu - Romania

Solution: Using the means inequality we obtain:

LHS = 2¥*=34% 4 24x=x? > 9 [ox2-34x . pAx—x? = . =A% = 21-4 = RHS, with equality if
and only if 2%°734 = =2 o 2 _ 3)x = Jx —x2 o x(x —21) = 0 © x € {0,21}

The set of equation’s solutions is § = {0,21}.

Note: For A = 1 we obtain the proposed problem by Jalil Hajimir|, Canada, in Pascal Academy
10/2019.Remark: The problem can be developed.

1.3 Let a, b € R fixed. Solve in R; 2*°~2ax 4 2bx—x* — p1+(b-a)x
Marin Chirciu - Romania

Solution: Using the means inequality we obtain:

LHS = 2x2—2ax + 22bx—x2 > 2\/2x2—2ax . 22bx-x% = 9 . p(b-a)x — P1+(b-a)x — RHS, with
equality if and only if 2%°72a% = 22bx-%% o 2 _2qx = 2px —x2 S x(x —a—b) = 0 &

& x € {0,a + b}.The set of equation’s solutions is § = {0, a + b}.
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Note: For a = Zand b = %we obtain the proposed problem by Jalil Hajimir|, Canada, in
Pascal Academy 10/2019. Remark: The problem can be developed.

2) Let A € R fixed. Solve in R; 32¥°~34% 4 334x—x” | 332x—x” — 31+ix
Marin Chirciu - Romania

Solution:Using the means inequality we obtain:

LHS = 32x*-3Ax 4 334x-x% 4 33Ax-x% > 3i/32x2—3/1x . 33Ax-x? . 33Ax-x% = 3. 34 —

= 3142 = RHS, with equality if and only if 32%°~34% = 332x—x* = 332x—x* &
©2x2-3lx=3x—x?© 3x(x—21) =0 o x € {0,21}.
The set of equation’s solutions is S = {0,21}. Remark: The problem can be developed.

3) Let A € R fixed. Solve in R:

4337 -22x 4 g20x—x* 4 A2Ax-x% | A22x-x® _ gl+ix
Marin Chirciu - Romania

Solution: Using the means inequality we obtain:

LHS = 43x%-2Ax | g2Ax-x? | p2Ax-x? 4 p22x-x? >

> 41/43x%-22x . g22x-x? . gadx—x? , 4220-x7 = 4 . 47% = 41+2X = RHS with equality if and
only if 43%° 722 = 42Ax=x® = g20x=x® = g20ox® o 332 _ 2 )x = 2x — ¥ &

S 4x(x — 1) = 0 © x € {0,1}. The set of equation’s solution is § = {0, 1}.

Reference: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT AN INEQUALITY BY ADIL ABDULLAYEV-X

By Marin Chirciu-Romania

1) In AABC the following relationship holds:

m§,+mg+m§23F\/mﬁ+mf,+m§

Proposed by Adil Abdullayev-Baku-Azerbaijan
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Solution. Lemma . 2) In AABC the following relationship holds:
(m;°;+m,?;+m) > ( mb+m)

Proof. Using Power Means Inequality: If x4, x5, ...,x,, > 0and r = s > 0 then:

1 1

x{ + x5+ + x,ﬁ>? (xf + x5 + ---+x,§>5
> > x1X5 o Xy

n n

rlxy x5+t xS (x; x5+ 0+ xp
\] ! 2 o 2 > xxy o Xp ;1S EN T > 5 > 2.

n n

We consider the particular case r = 3,s = 2,n = 3, then we have:

3

ijm2+m§+m§>\/mﬁ+m§+mg <m3+mg+mg>2><m§+m§+mg>3
PN
3 - 3 3 - 3

o (md+mj+m3)? > é(m,z1 + m2 + m?2)3.Let’s get back to the main problem.

3 [x3+y3+23 x%+y2+z2 .
\[ Y > \[ 3; and putting x = m,, y = my, z = m,, we get:

m3 +mj +md > 3F\/m,21+m§ +m2 & (m3 +m} +m2)? = 9F2(mZ + m2 + m2)
Which follows from Lemma and lonescu-Weitzenbock inequality:
. 8
LHS = (m3 + m} + m3)? > 3 (m2 + m2 + m2)? > 9F2(m2 + m2 + m2), where
(1) © Em2)3 = 27F?2(Xm2) © (X m?2)? = 27F2, which follows from

Ym? = ZZ a? and Y, a? > 4+/3F, therefore
Ym? = 32 a’® > Z4\/§F = 3+v/3F, and from ¥, m2 > 3+v/3F, we get (X m2)3 > 27F2.

Equality holds if and only if triangle is equilateral. Remark. In same class of problems.

3) In AABC the following relationship holds:

k+1 k-1
"+mb+m">32F2\/m§+m,2,+m%,k22

Proposed by Marin Chirciu-Romania
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Solution. Lemma. 4) In AABC the following relationship holds:

1
— (mZ +m + m%)k,k > 2

(mk + mk + mi‘)2 = 3%

Proof. Using Power Means Inequality: If x4, x5, ...,x,, > 0and r = s > 0 then:

1 1
(x{+x§ +---+x{l>? - <xf+x25+ Xy
- >

s
n
n > > /XXy o Xy

rlxy +xy + et xp o s(xi x5+ x;
\/ ! 2 O 2 > xxy o Xp 1S EN T > 5 > 2,
n

n

. k [mk+mkimk mZ+m?2+m?
Putting x = mg, y = my, z = m,, we get: \[ 2 3b £> [ 3” =

k\[m’é+m’l§+m§>\[m§+m§+m§ <m§+m’g+m’g>2><m§+m§+mg>k
PN =N
3 - 3 3 - 3

1
3k-2

2
(mf +mk +mk)” > (m2 + m? + m2)*. Let’s get back to the main problem.

k+1 k-1
mk +mk + mk > 372 F \/mﬁ+m§+m§@

2 kt1
(mk + mk + mk)” = 372 F*"1(m2 + mZ + m2), which follows from Lemma and lonescu-
Weitzenbock inequality.

(1) k+1
L (m2 +mZ +mH* > 372 FF1(m2 + m2 + m2) = RHS,

2
LHS = (mf§ +mf +mf)" = 5=

1

k+1
where (1) & o, (m2 +m2 +m2)* >372 FFl(m2 +m2 +m?) &

3k-3
(m2 + mZ + m2)* > 372 FK"1(mZ2 + mZ + m2) & (m2 + m + m2)k~t >

k_
1F"“1 & Y m2 > 3+/3F, which follows from ¥ m2 = EZ a? and
33 ”

3 3
zaz > 43F, (1 — W) = Zma =ZZa2 > S 4V3F = 3V3F.

Equality holds if and only if triangle is equilateral.

Note. For k = 3, we get proposed problem by Adil Abdullayev-Baku-Azerbaijan-R.M.M.-
4/2020.
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5) In AABC the following relationship holds:

m,7l+m,7,+mZZ9F3\[mﬁ+m§+m§

Proposed by Marin Chirciu-Romania

Solution. Lemma. In AABC the following relationship holds:
7 7 7oL 2 217
m, +my, +mg Z—S(ma+mb+mc)

Proof. Using Power Means Inequality: If x4, x5, ..., x,, > 0and r = s > 0 then:

1 1

X1 +x5+ -+ x{l)r <xf + x5 + ---+x,§>5
= = nﬁxl.XZ Xn

n

n

n n

rlxy +xy 4t xS (x; x5+ +xp
\/ ! 2 o 2 > Xy Xy, ;1S EN T > 5 > 2.

TIxT+y7+z7 x4+ y?+z?
r=7,s=2,n=3: 3 = 3

mz+mi+m?2
3

. 7 |mZ+m]+m?
Putting x = my, y = my,, z = m,, we get: J - \/

7\/mc71+mz+mz>\/m§+mlz,+m§ <mg+mg+mz>2><m§+m§+mg>7
o
3 - 3 3 - 3

(m? + m] + ml)? = 3—15 (m2 + m2 + m2)7. Let’s get back to the main problem.

ml +mj +m? > 9F3\/m§l +m? + m2 & (m] + m) + m?)? = 81F%(mZ + mj + m2)
Which follows from Lemma and lonescu-Weitzenbock inequality:

€Y
LHS = (mZ + m} + m?)? = —= (m2 + m2 + m2)” > 81F°(mZ + m + m2) = RHS,

35
(D) e 3—15(m621 + mZ +m?2)” = 81F°(mZ + mZ + m2) & (mZ + m} + m2)” >

39F°(m2 + mZ + m2) & (m2 + mi + m2)° > (3\/§)6F6 & Y m2 = 3+/3F, which follows
from
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Ym2=3Ya2andYa?>4V3F,(I-W) = Ym2 =33 a2 2%4\/§F = 3+/3F.

4 4

Equality holds if and only if triangle is equilateral.

6) In AABC the following relationship holds:

3
mik1 4 mpkl o mi1 > 3"F2k‘1\/mﬁ +mi +mé k = 2
Proposed by Marin Chirciu-Romania

Solution. Lemma. 8) In AABC the following relationship holds:

k_
(md ' +mg + m‘clk_l)z = 39k-3 )4 '

3
(m2 + m2 + m? 'kZZ'

Using Power Means Inequality: If x4, x5, ..., x, > 0and r = s > 0 then:

1 1
(x{+x§+---+x£>?><xf+x§+---+x,§ s

S
> 2 nﬂxl.xZ ...xn

n n

r r S S S
rlxy +xy e+ xn O S|xgHx; 0+ X
\/1 2 ”2] 1 2 nz",/xlxz...xn,;r,seN,rZSZZ.

n n

r=4k—1,s=2,n=3:

4k-1\/x4-k—1 + y4k—1 + Z4-k—1 \/xZ + yZ + ZZ
>
3 - 3

Putting x = mg,,y = my,, z = m,, we get:

4le=1|mak=1 4 k=1 4 mak-1 - m2 + mZ + m2
3 - 3

2 k—
<mgk-1 +mgkt 4 mgk—1> . <mg +m2 + mg>4 '
3 o 3

2
(mEk=t + mpk=1 + m#*-1)" > (m2 + m2 + m2)*-1

34k—3

Let’s get back to the main problem.

mik=t 4 mpk-1l 4 mik-t > 3"F2"_1\/m5 +mi+méoe
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2
(mEk=1 + mpk=1 + m#*-1)" > 32kF4=2(m2Z + m2 + m2), which follows from Lemma and

lonescu-Weitzenbock (I-W):

(1)
LHS = (m =1 + mpk=1 + m&*- 1) (mZ + m2 + m2)#-1 >

— 34k-3
(1)
> 32kF4=2(m2 + mZ + m%) = RHS

(1) © == (M2 + mf + m3)*k-1 > 32kF4k=2(m2 + mZ + m?)

34k 3
(m2 + mZ + m2)*-1 > 6% 3F4*-2(m2 + m2 + m?) &

2
(m2 4+ mi + m2)*-2 > 36k=3p4k-2 o (Z mg) >27F? & Z m2 > 3+/3F,

which follows from Y m2 = %Z a?and Y a? = 4V3F,(I -W) =

Zma_4z 2>= 4\/_F—3\/_F

Equality holds if and only if triangle is equilateral.

Note. For k = 1, we get proposed problem by Adil Abdullayev-Baku-Azerbaijan-R.M.M.-
4/2020.

Reference: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmbh.ro.

ABOUT AN INEQUALITY BY DRAGOLJUB MILOSEVIC-I

By Marin Chirciu — Romania

1) In AABC the following relationship holds:

Z?—fzu(z-%)

Proposed by Dragoljub Milosevic - Serbia

2

Solution: We prove the following lemma:
Lemma:

2) In AABC the following relationship holds:
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hZ s*+s%(2r? — 12Rr) + r*(4R +r)
r, 4R2r

Proof:

. 25 S ,
Usingh, = o andr, = T we obtain:

2 é 2 _ 4 2 2_ 3
siiopG) 453,32 = SHCETEROICERD, pich follows from:

ra 4R2r
s-a

Z s—a s*+s5%(2r? —12Rr) +r*(4R + 1)
a2 16R2r2s

Let’s get back to the main problem:
Using the Lemma we write the inequality:

s* +s2(2r2 —12Rr) + r3(4R +r ry2
( ) +r( )24r(2——) N
4R?r R

& s?(s? +2r> — 12Rr) + r3(4R +r) > 16r?(2R — 1)?,
Which follows from Gerretsen’s inequality: s> > 16Rr — 5r2. It remains to prove that:
(16Rr — 5r?)(16Rr — 5r2 + 2r2 — 12Rr) + r3(4R +r) > 16r’(2R—-r)? &
& (2R —r1)% = (2R —r)? obviously with equality.
Equality holds if and only if the triangle is equilateral.
Remark: Let’s emphasize and inequality having an opposite sense.

3)In AABC the following relationship holds:

h? 1
Z—as—(ZR—r)z

r, r
Proposed by Marin Chirciu - Romania
Solution: Using the Lemma we write the inequality:

s*+s2(2r2 —12Rr) +r3(4R+r) 1
<-(2R-r?e
16R2r?s - r( r)

& s?(s?+2r> —12Rr) + r3(4R +r) < 4r*2(2R —r)?,

which follows from Gerretsen’s: s> < 4R? + 4Rr + 3r?.
It remains to prove that:

(4R? + 4Rr + 3r?)(4R?> + 4Rr + 3r2 + 2r> — 12Rr) + r3(4R+r) < 4r’(2R-r)? &
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& 4R?r? > 16r*, which follows from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
Remark: We can write the double inequality:

4) In AABC the following relationship holds:

ry2 h? 1
4r (2 — = SZ—aS—ZR— 2
r( R) r, r ( r)
Solution: See inequalities 1) and 3). Equality holds if and only if the triangle is equilateral.

Remark: Switching between them h, and r, we propose:

5) In AABC the following relationship holds:

1 r2 9R*
~ (2R —1r)? <Z—a<
r( r” < h, = 1613

Proposed by Marin Chirciu - Romania
Solution: We prove the following lemma:
Lemma:
6) In AABC the following relationship holds:

r;y 8R?+2Rr-s?
h, r

. 25 S .
Proof: Usingh, = ~ andr, = —we obtain:
S 2
Zﬁ =y (;) _ EZ a_ _ 8RZ+2Rr-s?
h, 28 2~ (s—a)?

, which follows from:

Z a  2(8R*+2Rr—s?)
(s—a)? r2s

Let’s get back to the main problem: LHS inequality:
Using Lemma, LHS inequality can be written:

8R? + 2Rr — s?
r

1
ZF(ZR—r)Z(:)sZ < 4R? + 6Rr — r?

which follows from Gerretsen’s inequality: s? < 4R? + 4Rr + 3r?
It remains to prove that:

4R? + 4Rr + 3r? < 4R? + 6Rr — r? & R > 2r (Euler’s inequality)
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Equality holds if and only if the triangle is equilateral
RHS inequality: Using Lemma the RHS inequality can be written:

8R? + 2Rr — s? - 9R*
r ~ 16r3

& 16r?(8R? + 2Rr — s?) < 9R*

which follows from Gerretsen’s inequality: s> > 16Rr — 5r2.
It remains to prove that:
161‘2(8R2 + 2Rr — (16Rr — 5r2)) < 9R* © 9R* — 128R?r? + 224Rr®* - 80r* > 0

& (R —2r)%2(9R? + 36Rr — 20r?) > 0, obviously. Equality holds if and only if the triangle is
equilateral.

h2 2 . . .
Remark: Between the sums Zr—a and Z;—a we can write the relationship:
a a

7) In AABC the following relationship holds:

Yy
ra ha
Proposed by Marin Chirciu - Romania

Solution Using the sums:

y h2 _ s*+s?(2r?—12Rr)+r3(4R+r)
ra 4R2r

8R2+2Rr-s? . . .
BFERTS the inequality can be written:

r3
and Z—h =
a

s* +s2(2r? —12Rr) + r3(4R+r) - 8R? + 2Rr — s?
=
4R2?r - r

& s?(s? + 2r2 —12Rr + 4R?>) + r3(4R+r) < 8R3(4R + 1),

which follows from Gerretsen’s inequality: s> < 4R? + 4Rr + 3r2.
It remains to prove that:
(4R? + 4Rr + 3r?)(4R? + 4Rr + 3r? + 2r> — 12Rr + 4R?) + r3(4R +r) <
<8R3(4R+r) ©® 2R3 *—-3R*r—4r3>0< (R—2r)(2R*+Rr+2r?) > 0

which follows from Euler’s inequality R = 2r. Equality holds if and only if the triangle is
equilateral.

Remark: We can write the sequence of inequalities:

8) In AABC the following inequality holds:

ry2 h: 1 r? 9R*
—_) < A -1 < 2 <
4r(2 R) _zra_r(ZR < h, ~ 16r3
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Solution: See inequalities 4) and 5). Equality holds if and only if the triangle is equilateral.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro

ABOUT AN INEQUALITY BY ELDENIZ HESENOV-V

By Marin Chirciu — Romania

1) I,, I, I, — excenters in AABC. Prove that:

1t 1 1 .3
[BCI,] ' [CAI,] '[ABI]~" S

Eldeniz Hesenov - Georgia
Solution: We prove: Lemma:
2)If1,,1,, I.—excentersin AABC, then:

1 1 1 _sz+r2—8Rr

[BCI,] + [CAIL] + [ABI.] 2sRr?

Proof: Using [BCI,] = azﬂ we obtain:

F= 1 +1+1 _Zl _21_221_221_
~ [Bcl,] " [CAL) " [ABI.] Zu[BCl,] %_ a-r, a-—=

s—a

_Zzs—a_ 2 52+r2—8Rr_52+r2—8Rr
S a  sr 4Rr N 2sRr?

Let’s get back to the main problem. Using the Lemma the inequality can be written:

s24+r2—8Rr

3 . . .
Py, > - & s?2 > 14Rr — r?, which follows from Gerretsen’s inequality

s?2 > 16Rr — 5r2. It remains to prove that: 16Rr — 572 > 14Rr — r? & R > 2r (Euler’s
inequality). Equality holds if and only if the triangle is equilateral.

Remark: The inequality can be strengthened.
3) I, 1I,, I, - excentersin AABC. Prove that:
1 n 1 " 1 > 2 ( 1")

[BCI,] |[CAI,] [ABI.]— S

R
Marin Chirciu

Proof: Using the Lemma we obtain:
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1 1 1 _ s% + 12 — 8Rr Gerretsen 16Rr — 5r% +r? — 8Rr _

= >
[BCL] ' [CAl,] | TABI] 2SR = 2SR

_ 8Rr— 4r? _A4r(2R—1) 2QR-71) 2 (2 r)
~ 2sRr? 2sRr?  sRr S R

Equality holds if and only if the triangle is equilateral.
Remark: Inequality is stronger than the inequality

4)1,,1,,1.—excenters in AABC. Prove that:

1 N 1 n 1 > 2 (2 T) > 3
[BCI,] " [CAI,] ' [ABI_.]~ S R/™S

Solution: See inequality 3) and % (2 - %) > % < R = 2r, (Euler’s inequality). Equality holds

if and only if the triangle is equilateral.Remark: Let’s find an inequality of opposite sense.

5)1,,1,, I.-excentersin AABC. Prove that:

1 4 1 4 1 <2(R+r 1)
[BCI,] [cAI,] [ABI.]~ S\r R
Marin Chirciu
Proof: Using the Lemma we obtain:
1 N 1 N 1 s?+r?—8Rr Gerretsen 4R* + 4Rr +3r* +r> —8Rr _
[BC1,] " [CAI,] [ABI,]  2sRr? = 25Rr?2 B

4R? —4Rr +4r*> 2(R*—Rr +71?%) _ 2(R+ r 1)
2sRr? B SRr? T S\r

Equality holds if and only if the triangle is equilateral.Remark:
We can write the double inequality:

6) I, 1,,I.—excentersin AABC. Prove that:

2(2 r)< 111 <2<R+r 1)
S R/ = [Bc1,) ' [cAl,] " [ABI] ~S\r 'R

Marin Chirciu
Solution: We prove:Lemma:
7)If1,,1,, 1. —excentersin AABC, then:

1 1 1 _sz+r2—8Rr

[BCI,] + [CAIL] + [ABI.] 2sRr?
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Proof: Using [BCI,]| = % we obtain:
1

1 1 N 1 _z 1 _Z 1 _zz 1 5 z _
[ 4] L L, P
2 S—a

[Bcr,] ' Tcal,] T TABL BCI,]

E =
_Zzs—a_Z sz+r2—8Rr_sz+r2—8Rr
S a  sr 4Rr - 2sRr2

Let’s get back to the main problem.RHS inequality.Using the Lemma we obtain:
s? +1r? — 8Rr Gerretsen 4R? + 4Rr + 3r%2 + r?> — 8Rr

1 1 1
= <
(B¢, T [cal,] T TABIL] 25Rr? = 25Rr?
4R —4Rr+4r% 2(R2—Rr+71?) 2(R+ r 1)
B SRr? ~S\r R

2sRr?
Equality holds if and only if the triangle is equilateral.LHS inequality. Using the Lemma we

obtain:
1 N 1 N 1 s*+r*—8Rr Gerretsen 16Rr — 5r% + 1% — 8Rr
[BC1,] " [CAI,] [ABI,] 2sRr? - 2sRr2 B
_8Rr—4r2 _4r(2R-71) 2Q2R-71) _ 2(2 r)
~ 2sRr? ~ 2sRr?  sRr S R

Equality holds if and only if the triangle is equilateral.

Note:The inequality strengthen the proposed problem by Eldeniz Hesenov in RMM 12/2020.

Reference: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT AN INEQUALITY BY ERKAN OZAL-I

By Marin Chirciu-Romania

1) In AABC the following relationship holds:
64 1 1 1 1 - 8

Proposed by Erkan Ozal-Turkiye

Solution. Lemma. 2) In AABC the following relationship holds:

1 1 1 1 12R ,
i e Sl (Toscano Identity)
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Proof. Using identities r = gand T, = i we get:

r3 2 g ol (F)3 (F)3 F3
- cyc |\ ——
N s—a

1 1 1 1 1 Z 1 $3 = Yeyc(s —a)?

_3s?(a+b+c)—3s(a®+b*+c?)+a’+b°+c?—2s°

F3
3s2-25s—3s-2(s?—1r%2 —4Rr) + 2s(s?> — 3r2 — 6Rr) — 2s3
653 — 653 + 651% + 24Rrs + 253 — 6sr? — 12rrs — 253
= 12R3TS = 12R;F = g. Let’s get back to the main problem. For RHS using Lemma, we have:
F F F
12R ﬁ 3R 16

7 255 © 53 255 © 27R* 2 16s%r?, which follows from

s? < 4R? + 4Rr + 3r?(Gerretsen) and R > 2r(Euler). Remains to prove that:
27R* = 167%(4R? + 4Rr + 31r?) © 27R* — 64R?*r? — 64Rr3 —48r* >0 &
(R — 2)(27R® + 54R?R + 44Rr? + 24r3) > 0, which follows from R > 2r(Euler).
Equality holds if and only if triangle is equilateral.
Remark. In same class of problems.

3) In AABC the following relationship holds:
8 1 1 1 1 2
<

Proposed by Marin Chirciu-Romania

Solution: Lemma. 4) In AABC the following relationship holds:

_______ —— " (Toscano Identit
R 7 ( y)

F
s—a’

Proof. Using identities r = Eand T, = we get:

r2 12 sz T2 (F)z (F)z F2
- cyc \—
s s—a

1 1 1 1 1_2 1 s2=Y(s—a)®

2s(a+b+c)—a?—b%?—c?—2s? 2s-25s—2(s? —r? —4Rr) — 2s?
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45?2 — 252+ 2r>+8rr—2s> 8Rr+2r? 2r(4R+71)

Let’s get back to the main problem. For RHS using Lemma, we get:

2r(4R + 1) 8 2r(4R + 1) 8
= < =
F? 3R? s2r2 3R?
Which follows from s? < 4R? + 4Rr + 3r? and R = 2r(Euler).

< 3R%(4R + 1) = 4s?r

Equality holds if and only if triangle is equilateral. Remark. In same class of problem.
5) In AABC the following relationship holds:

112 <1+1+1+1<7R2
27R*r2 ~r* ri ri v~ 27RS

Proposed by Marin Chirciu-Romania

Solution. 6) In AABC the following relationship holds:

1 1 1 1 1 1 s+ Y(s —a)t
— =t St =— +Z L= =
rt ot oy (5) (L) F*
S cye S—a
s*+Y(s—a)* s*+X(s* —4s3a + 6s%a® — 4sad +a*)
s* +3s* — 45325+ 65%-2(s> —1r?> — 4Rr) —4s - 25(s®> — 3r?> — 6Rr) + Y a*
125%r2 + Y a* 12F?+Ya* 125%r? + 2(s* — s?(8Rr + 612) +r?(4R +1)?)
125212 4+ 25* — 2s?(8Rr + 612) + 2r2(4R +1r)? 25* — 16s?Rr + 2r2(4R + 1)?
1 N 1 N 1 N 1 (a®+b*>+c?*)?+8F* 12F*+Ya*
¢ rE ot rd 2F*% B F* B

_ 2s*-16s2Rr+2r2(4R+71)?
= = .

Let’s get back to the main problem. For RHS using Lemma, we get:

2s* —16s?Rr + 2r2(4R + r)? 2s* —16s%Rr + 2r%(4R + 1)?
F? - str4

= 74 1- 52 54 1- Rz T 2772 _T(4R+7)? =

R+7r

2 8Rr N r2(4R +1)? - 2 8Rr 1r2(4R +71)?
=4
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2 . 32r +R +71 _ 2(R®+28Rr —32r?) (2 7R?
T4 27R ~ 27r ]~ 27RrS = 27R®

(1) © 2r(R?> 4+ 28Rr —32r?) < 7R® © 7R3 — 2R*r —56Rr* — 6413 > 0 &
(R — 2r)(7R? + 2Rr — 32r?%) > 0, which follows from R > 2e(Euler).

Equality holds if and only if triangle is equilateral.
2 2
v s?2>16Rr —5r% > % (Gerretsen) and 27r% < 5?2 < % (Mitrinovic).

Equality holds if and only if triangle is equilateral. For LHS using Lemma, we get:

2s* — 16s%Rr + 2r2(4R +1)?  25* —16s?Rr + 2r2(4R +7r)2 @ 112
F2 B s4rt = 27R2r2

2s* — 16s%Rr + 2r?(4R + 1)? - 112
s4r4 — 27R?r2

2) e

s* —8s?Rr + r%(4R +1)? 56
( ) > & 27R?%s* — 27R? - 8s%Rr + 27R2r2(4R + T)Z
str2 27R?

> 56s5*r? © s*(27R? — 561r?) — 2165%R3r + 27R*r?(4R+1)? >0 &

s?[s2(27R? — 5612) — 216R3r] + 27R?*r2(4R +1)* > 0
Distinguish the cases:
Case |) If [s2(27R? — 5612) — 216R3r] = 0, inequality is obviously true.
Case Il) If [s?(27R? — 5612%) — 216R3r] < 0, inequality can be written as:
27R?r?(4R +1)? > s?[216R3*r — s2(27R? — 5612)], which follows from

R(4R +1)?
16Rr — 51?2 < s?2 < (—) < 4R? + 4Rr + 3r%(B — Gerretsen)
2R —-71)

Remains to prove that:

R(4R + 1r)?

27R2r2(AR +7)2 > 7
r2(4R + 1) =20R-1)

[216R3r — (16Rr — 5r2)(27R? — 5612)] &

54Rr(2R —r) = (—216R3 + 135R?*r — 896Rr? + 28013) &
108R?r — 54Rr? = —216R3 + 135R?*r + 896Rr? — 28013 &
216R3 — 27R?*r — 950Rr? + 28013 > 0 © (R — 2r)(216R? 4+ 405Rr — 1401?%) = 0,
which follows from R > 2r(Euler). Equality holds if and only if triangle is equilateral.
Reference:

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro
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ABOUT AN INEQUALITY BY MARIAN URSARESCU-VI

By Marin Chirciu — Romania

1) Prove that in any acute-angled triangle the following inequality holds:

2 2 2 2

h; hy hy 12r
2 2 2 = R2

Wy Wy We R

Proposed by Marian Ursarescu - Romania
Solution: We prove the following lemma:
2) In AABC the following relationship holds:

h; hy hi (bo)?
w2 wZ w?Z 4R?%s?

Proof: Using the following formulas: h, = za_s and w, = %cos %, we obtain:
282
hi _ (?) _ 8% beb+o)? S*  be-dbe b
wi o (Zﬂcosé)2 ~ a?b%2c?  s(s—a) ~ 16R2S% s(s—a) 4R2%s(s—a)
b+c 2

b2c2 Bergstrom

Wi 1 L, Gbo? _ Gbo?
It foIIOWSZWEZi = 4RZZS(S_a) = 4RZ Y s(s—a)  4R2s?

Let’s get back to the main problem:
Using the Lemma it suffices to prove that:

X be)? - 12r2 (s> +r? +4Rr)? 12r?

I I © TRES? > R © s?(s? + 8Rr — 46r?) + r’(4R+1r)* >0

We distinguish the following cases:
Case 1). If (s + 8Rr — 46r2) > 0, the inequality is obvious.
Case 2). If (s? + 8Rr — 46r?) < 0, the inequality can be rewritten:

r2(4R +r)? > s?(46r? — 8Rr — s2), which follows from Blundon-Gerretsen’s inequality:

R(4R+R)?

16Rr — 5r2 < s? <
2(2R-r)

. It remains to prove that:

R(4R +71)?

2 2>
r‘(4R+r)? > 22R—1)

(46r?> — 8Rr — 16Rr + 5r%) © 24R? —47Rr—2r’ > 0

< (R—=2r)(4R + 1) = 0, obviously from Euler’s inequality R > 2r.

Equality holds if and only if the triangle is equilateral.
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Remark: From the above proof, the condition of acute-angled triangle it is not necessary.
Remark: Inequality can be strengthened:
3) In AABC the following inequality holds:

h? hZ h? eér
e tuE s
Wi owp W¢ R

Proposed by Marin Chirciu - Romania

Solution: Using Lemma, it suffices to prove that:

Xbc)? 6r (s?+r?+4Rr)? 6r
TZSZZE@ ARZS? ZE(:)52(52+2r2—16Rr)+r2(4R+ r)?=>0

We distinguish the following cases:
Case 1). If (p? + 2r?2 — 16Rr) = 0, the inequality is obvious.
Case 2). If (s? + 2r? — 16Rr) < 0, the inequality can be rewritten:

r2(4R +r1)? > s?(16Rr — 2r? — s2), which follows from Blundon-Gerretsen’s inequality:

R(4R+1)2

16Rr — 512 < s? < .
2(2R-1)

It remains to prove that:

2
r2(4R +1)2 > % (16Rr — 2r% — 16Rr + 5r2) & R = 2r (Euler)

Equality holds if and only if the triangle is equilateral.
Remark: Inequality 3) is stronger than inequality 1)

4) In AABC the following relationship holds:

h? h h? e6r 12r?
— =+t —=>—2
w2 wZz wZ R~ R?

12r2
RZ

Solution: See inequality 3) and % > & R > 2r (Euler) Equality holds if and only if the

triangle is equilateral.

Remark: If we replace h, with r, we propose:

5) In AABC the following relationship holds:

I rc2>3R

w2 wZ w?Z  2r

Proposed by Marin Chirciu - Romania
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Solution: We prove the following lemma:

Lemma:
6) In AABC the following relationship holds:
2 2 2 2
T, I, T, res
et ) e
w2 wi W’ (s—a)
. . S 2bc A .
Proof: Using the following formulas: r, = — and w, = prc COS5, we obtain:
S 2
r; (;) S (b+0) - rs? 4bc 1’
w2 (zbc A)2 " 4s be(s—a)®~ 4s be(s—a)d (s—a)d
—CO0S—
b+c 2
It follows ¥, 1 > ¥ ¢
ollows oz 2 L

Let’s get back to the main problem.

r?s 3R
(s—a)3 — 2r

Using Lemma it suffices to prove that: ),

__ (4R+1)3-12s5?R
- r3s3

Using the identity in triangle: ). (S_la)3 the inequality holds:

r?s 3R .
> > — we write r?s -
(s—a)3 2r

(4R41)3-12s%R
r3s3

> % & 2(4R +1)3 — 245?R > 3s’R &

& 2(4R +1)3 > 27s2R, it follows from Blundon-Gerretsen’s inequality.

2 < R(4R+r)Z.
— 2(2R-r)
R(4R + r)2
22R—-r)

It remains to prove that:

2(4R+1)% = 27R ©5R2—8Rr—4r’ >0 <

< (R—=2r)(5R+ 2r) = 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro

108 ROMANIAN MATHEMATICAL MAGAZINE NR. 46



Romanian Mathematical Society-Mehedinti Branch | 2025

PROPOSED PROBLEMS
PROBLEMS FOR JUNIORS

Romanian

Magazine

'u-u-uu

J.2975 In any AABC with the area F the following inequality holds:
1
a’b? + b%c? + c?a?> > 16 - F? + E((ab — bc)? + (bc — ca)? + (ca — ab)?)

Proposed by D.M. Bdtinetu - Giurgiu- Romania

J.2976 If u,v,w, x,y,z > 0 thenin any AABC with the area F the following inequaity holds:

16 2
(u+x)?%a*+ (W +y)?*b* + (w+ 2)%c* 2?(\/uv+vw+wu +Jxy +yz+zx) - F?

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

J.2977 If m,n = 0,m + n,x,y,z > 0 then in any AABC with the area F the following inequality
holds:

mx + ny 4 my + nz 4 m+ nx s 2
a* + b* + c* > 8F
nx +my+ (m+n)z ny + mz+ (m+n)x my +mx + (m +n)y

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

J.2978 If a, b, c, t,x,y > 0 then:

a—2+2t2 . b—2+2t2 . L+2t2 >£
(bx + cy)? (cx + ay)? (ax + by)? T (x4 y)?

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
J.2979If a,b,c,m,n € R} andm + n € [1, ), then:

o a*" 2 27

cyc
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
J.2980 In any AABC with the area F the following inequality holds:
1
2+r2+12>3V3-F +5 (g =1)2+ (p —7)%2 + (. — 1)?)

Proposed by D.M. Badtinetu - Giurgiu, Daniel Sitaru- Romania
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J.2981If a,b,c,x,y > 0, then:

a’ +2 ' +2 ¢t +2])> 27
(bx + cy)® (cx + ay)® (ax + by)8 T (x+y)t-(a+b+c)?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti- Romania

%k",k = 1,nand X}_; x; = s, then:

J.2982Ifm > 0,n € N* — {1}, x; € R}, py =

n Xj sl—m . nm(n—l)
>
kZ{ (s +p)™ ~ (W14 sm2)m
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2983 Ifm > 0andt,u,x,y,z > 0and x + y + z = s then:

x y z gm . gl-m
+ + >
(ts + uyz)™ = (ts +uzx)™ (ts +uxy)™ — (9t + us)™

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.2984 If m = 0,x,y,z > 0 then:

(x +y)m+1 (y + Z)m+1 (Z +x)m+1 - 3m+1
(x+y+22)2m+t1 ° (y+z+2x)2M*+1 - (z+x + 2y)2m+l = 23mtl(x 4y 4 7)™

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2985If m = 0,u,v,x,y,z > 0 then:

m+1 2m+1 m+1 3m+1

x y z
+ + >
(uy + vz)?m+1 = (uz + vx)?m+1 - (ux + vy)?™*1 = (u+ v)2m+H i (x + y + 2)™

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.2986 If x,y > 0 and ABC, A; B, C; are two triangles with the area F respectively F;, then:
x%2(a? 4+ b? +c?) +y?(a? + b? + c?) =
> 8xy - V3 - \/F_Fl + (xa —ya;)? + (xb — yb;)? + (xc — yc,)?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.2987 Let be x,y > 0, then in any AABC with the area F the following inequality holds:

ad b3 c3 4/3
+ + > -F
xbR + ycr  xcR +yar xaR +ybr — xR + yr

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2988 If m = 0 and x,y > 0, then in any AABC with the area F the following inequality holds:
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am+2 bm+2 Cm+2 4\/§
>
(bxR + cry)™ + (cxR + ayr)m + (axR + byr)™ = (xR + yr)™F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.2989 If m = 0 and a, b, ¢ € (1, ), then:

(og. )" (loga %)mﬂ (logg bo)™+

(log, ab)™ * (log, ac)™ (loga g)m

21—m

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.2990 If a, b, c > 0 then:

(1 N 1 N 1) a’b? N b?c? N c?a? - 9
a?  b% 2 (a+b)? (b+c)2 (c+a)) 4
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2991 If a,b,c,x,y > 0, then:

1 1 1
2(x+y) 2(x+y) 2+ — o x x x)2
(a +b + c2047)) (a2y+b2y+cZY)2(a +b* + ¢*)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2992 If A, B;C;, A, B,C, are two triangles with the area F; respectively F,, then:

1
a%'a§+b%'b§+clz'6'22 216‘F1‘F2 +§'Z(a1a2_b1b2)2

cyc
Proposed by D.M. Bdtinetu - Giurgiu, Dan Nanuti- Romania

J.2993 If n,, ny, n. are Nagel’s cevians of AABC with the area F and m = 0, then:

1_
Za 7 +E>—2F(\/§) .

am b_m Cm - Rm+1
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.2994 In any AABC the following inequality holds:
1A% IB* ic*
(2 2) (212). (1 12)
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.2995 If a, b, c = 0 then prove that:

(a+bc)?+ (b+ca)?+ (c+ab)2=V2(a+b)(b+c)(c+a)

Proposed by Nguyen Hung Cuong - Vietnam
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J.2996 If a,b,c > 0and a + b + ¢ = a’b? + b?c? + c?a? then prove that:

1 1 1
ﬁ + ﬁ + C_Z >3
Proposed by Nguyen Hung Cuong - Vietnam
J.2997 In any AABC with ng, ny, n. — nagel’s cevian the following relationship holds:

nZn} nin? nZn?

4
B . C' . C. AT —5 = 972r
sin—sin= sin=sin= sin=sin—

272 22 202

Proposed by Zaza Mzhavanadze - Georgia

J.2998 If a, b, c > 0 and a®b3 + b3¢® + c3a® = (abc)* then prove that:

1 1 1
E+F+C_621

Proposed by Nguyen Hung Cuong - Vietnam

J.2999 If a,b,c > 0 and a? + b? + c? = 1 then prove that:

a5—2a3+a+b5—2b3+b+cs—2c3+c<2\/§
b2 + 2 c?+a? az+b2 — 3

Proposed by Nguyen Hung Cuong - Vietnam
J.3000 If x,y,z > 0 and x? + y? + z2 = 3 then prove that:

x2+xy yi4yz z?+zx
5—2z2 5—x2 5-—y?

3
<—
2

Proposed by Nguyen Hung Cuong - Vietnam

J.3001 If a, b, c > O then:

ab+2a+b+ac+2a+c> 4a
a+2b+1 a+2c+1 a+1

Proposed by Daniel Sitaru - Romania

(b+c)Va+b+(a+c)Vb+c > 3

J.3002 If a, b, c > 0, then prove that: ..y TV @rbVare =

Proposed by Zaza Mzhavanadze - Georgia
J.3003 If x, ¥,z > 0 and x = z then prove that:

Xz y? X+ 2z

5
+ >
y:4+yz xz+yz x4z 2

Proposed by Nguyen Hung Cuong - Vietnam
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J.3004 In AABC the following relationship holds:

a’?+bc b*+ca c?*+ab

+ + 2s
b+c c+a a+b

Proposed by Daniel Sitaru - Romania

J.3005 In any triangles AABC and Vn € N, the following relationship holds:

ha (t B+t C)+ h (t C+t A)+ he (t A+t B>>\/§
hE+ R\ TR T (AR TR T e PN TR ) =

Proposed by Zaza Mzhavanadze - Georgia

J.3006 If a,b,c < 0 and a? + b% + ¢? < 3 then prove that:
1 1 1
2(a+b+c) —(—+—+—) > -3
a b c
Proposed by Nguyen Hung Cuong - Vietnam

J.3007 In AABC the following relationship holds:

ay/4a? + 9b? + by/4b? + 9c? + c\/4c? + 9a? > 10V6F
Proposed by Daniel Sitaru - Romania

J.3008 Let —1 < x,y < 2. Find the maximum and minimum the values of

1
P =
x? +y? + 2022

+x* +y*+x+y+2023

Proposed by Nguyen Van Canh-Vietnam
J.3009 Let be the real numbers x # y # z # x. Prove that:
Ex,v,2)=(x—y)°+(@y—2>+(Z—-x)° %0
Proposed by Sorin Botea, Nicoleta Dinca - Craiova - Romania

J.3010 Let be x > 1 and y > 1. Prove that x2y? + 16(x + y) = 16xy + 16. When does the equality
occurs?

Proposed by Lucian Tutescu, Sorin Botea - Romania

J.3011 Let be ABCD trapezoid and E the middle of the base AD.If BD N CE = {F}and BC = CF.
Prove that AF L BD

Proposed by Dan Grigorie, Gigi Zaharia - Romania
J.3012 In any AABC with the area F the following inequality holds:
(@12 + 2)(b?rZ +2)(c?r2 +2) = 12 - F?

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
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J.3013 Given three positive real numbers x,y, z such that x + y + z = x? + y? + z2. Prove that:

\/?+\/¥+ \[%+ 15\ /xyz = 2 (\/x3 +8xyz ++/y3 + 8xyz + /23 + 8xyz)

Proposed by Phan Ngoc Chau -Vietnam

J.3014 In any AABC with the area F the following inequality holds:
(m +2)(m¢ +2)(m# +2) >81-F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti- Romania
J.3015 In AABC the following relationship holds:

pr L 52 >0 ) 4 max (&_ﬂ)z,(@_&)z,(&_&)z
sin2w ~ 3 hq he hy hy, he he hqg

cyc

Proposed by Bogdan Fustei - Romania
J.3016Ifa,b,c =0anda+b+c= gthen:

a+b b+c c+a
+ +
b+c c+a a+b

15
+ab+bc+ca27

Proposed by Sidi Abdullah Lemrabott-Mauritania

2 2 2
J.3017Ifa,b,c§3anda+b+c:6then:%+%+%+§23(a +b%+c?)
b c a 8 32

Proposed by Sidi Abdullah Lemrabott-Mauritania

J.3018 Ifa,b,c > 0,(n>1)and (a+ b)(b+c)(c+a) =2(a+ b + c + 1) then:

a?Va+b+1+b2Vb+c+1+c2Ne+a+1=33.(ab + bec + ca)
Proposed by Sidi Abdullah Lemrabott-Mauritania

J.30191fa,b > 0,(n > 1) and (a + b)(ab — 2) = 2 then:

1
a?Va+1+ (ab)?Va+b+1+b2Vb+1=32""(a+ab+b)?
When does equality holds?
Proposed by Sidi Abdullah Lemrabott-Mauritania

J.3020 Find x, y, z € Z such that:

x y z 3
+ + =-XyZ
y+z x+z x+y 2

Proposed by Kerimov Elsen-Azerbaijan
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J.3021If (s € R) and k,m,a; > 0,i € {1,2, ...,n} then:
m m my S

fraf, e

-1 n

a* +ay* +-+ay = (k- 1)° . ot

Proposed by Sidi Abdullah Lemrabott-Mauritania

J.3022 If x, ¥,z > 0 then in any AABC with the area F the following inequality holds:

C A B
xa? +yb? + zc? > Zﬁ'\[xy Cot— +yz - coto +2x - cotE-F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.3023 Let be M an interior point in AABC with the area F and d,, d}, d. the distances of point M to

the sides BC, CA, AB, then:
(a?d2 +2) - (b%d2 +2) - (c?d? +2) = 12 - F?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.3024 If x, v,z > 0 then in any AABC with the area F we have:

X4y z
e R xtytz
xy+yz+zx  2F xXyz

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.3025 If a,b,c > 0 and x,y, z € R then:
(a? + 4(sin* x + cos* x)) - (b? + 4(sin* y + cos*y)) - (¢? + 4(sin* z + cos* z)) = 9(ab + bc + ca)

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

J.3026 In any AABC with the area F the following inequality holds:
a(a?+b%?) bb?*+c?) c(c?>+a?
(@453 bGP +ed) cltad) | o
a+b b+c c+a
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

J.3027 In any AABC the following inequality holds:
a? 2 2

—t+S+—5=4
hg hp ke

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

J.3028 In any AABC with the area F the following inequality holds:
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a b c
—+—+—>2vV3
ha+hb+hc_ V3

Proposed by D.M. Batinetu - Giurgiu, Daniel Sitaru- Romania

J.3029 Let be M an interior pointin AABC and x = MA,y = MB,z = MC and u, v, w the distances
of point M to the sides BC, CA, AB then:

2\ 2 2\ 2 2\ 2
X y y z Z X
+—) +2]- +— | +2]- +—) +2|=675
v+w wu w+u uv u+v vw

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.3030 In any AABC the following inequality holds:
(n2-n2+2) - (n2-n2+2) - (n2-n2+2) >3- (mys, + mpsp + 3ms.)?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.3031 In any AABC with the area F the following inequality holds:
(@®+b%+c%)?>64-V3-F3
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.3032 In any AABC with the area F the following inequality holds:
6V3-r -
R

we +wi +wé =

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania
J.3033 In any AABC the following inequality holds:
a-wg+b-w,+c-w,>18V3 r?
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania
J.3034 In any AABC with the area F the following inequality holds:
(ha - b? + hy - ¢ + R - a2)? > 32-%-F3
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

J.3035If a,x,y,t > O then:
3
(@x* +¢%) - (a®y* +¢%) 2 7 (@*(x + )* + ¢2)t?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.3036 If x, ¥,z > 0 then:
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(2 +2(y+2)2)-?+2(z+2)32) - (22 +2(x +y)?) = % (x +¥)?(y + 2)%(z + x)?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
point M to the sides BC, CA, AB, then:
(x + y)2+2 (y +Z)2+2 (Z + x)2+2 > 243
v+w wu w+u Juv u+c +Jow -
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.3038 Let be m,n = 0;m + n > 0 and M an interior point in AABC and x = MA,

J.3037 Let be M an interior pointin AABC,x = MA,y = MB,z = MC and u, v, w the distances of

y = MB,z = MC and u, v, w the distances of point M to the sides BC, CA, AB, then:

mx?  ny?\’ my? nz?\’ mz?  nx?\’
+— +2): +— +2)- +—) +2]=2432-(m+n)?
vw o wu wu o uv

uv - wu
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.3039 Let be M an interior pointin AABC and x = MA,y = MB,z = MC and u, v, w the distances
of point M to the sides BC, CA, AB then:

<(v-|9—cw)2+2>'<<wiu+§>2+2>'<<uiv+;—1>2+2>2675

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.3040 If t € R, then in any AABC with the area F the following inequality holds:

((m2 - sin? t + m¢ cos? t)? + 2) - ((m?2 sin? t + m2 cos?t)? + 2) - ((m? sin? t + m2 cos? t)> + 2) =81 - F?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.3041 If a, b, c are three positive real numbers, then prove that:

1 1
- > -
Z_ 2Q2a+b+c) Z 3(a+b) + 2c
cyclic cyclic

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
J.3042 If a, b, c > 0, then prove that:

2
E—Za > 2
b Yab

Proposed by Neculai Stanciu - Romania
J.3043 If a;, > 0(k = 1,2, ...,n), then prove that:
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a;a,(a; + a a? + a? -
162 1a;(ay 2) + 1 zsgzak
(3a

1 +ay)(a; +3a,) a, +a, ]
Proposed by Mihaly Bencze - Romania

J.3044 Prove that any triangle ABC with usual notations is true the following
Z a® (b? + c?) > (12Rr)?s
Proposed by Neculai Stanciu - Romania

J.3045 If a, b, c > 0 then prove that:

6a3
) et
J2a(a + b)3 + /2b%(a? + b?)
Proposed by Neculai Stanciu - Romania

J.3046 If x;, > 0(k = 1,2, ...,n), then prove that:

2 2 n
X1 +x1%3 + x5 <3zl
(e +2)(xZ +x35) ~ 4k_1xk

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
1.3047 If a, b, ¢ > 0, then prove that 3v6(X a? — Y ab) = (Zla — b|)?
Proposed by Mihaly Bencze, Neculai Stanciu - Romania

J.3048 Prove that in all triangle ABC holds the inequality
72 a* + 64s?Rr > 5(s? +r% + 4Rr)?

Proposed by Neculai Stanciu - Romania
J.3049 If a, b, c > 0, then prove that

2a>+c(b—c) -
b+c)a+b+c)

Proposed by Neculai Stanciu - Romania

J.3050If a,b,c > 0and abc = 1 and A = 0 then:

a b c 3
- + >
bc+Ac ca+Ada ab+Ab A+1

Proposed by Marin Chirciu - Romania

J.3051Ifa,b,c > 0and A = 0 then:
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a? b? c? 3

+ + >
bvab + Abc  cVbc+Aca bVca+dab V141

Proposed by Marin Chirciu - Romania

J.3052 In AABC the following relationship holds:

Z\/raz + Argry + 12 = py/3(A + 2), where =2 < 1< 2

Proposed by Marin Chirciu - Romania

J.3053 In AABC the following relationship holds:

Z\/cot2§+lcot§cot§+ cot2§23 3(1+2),where —2<1<?2

Proposed by Marin Chirciu - Romania

J.3054 Let x,y,z > 0. In AABC the following relationship holds:

z—h > 18r

Proposed by Marin Chirciu - Romania

J.3055 In AABC the following relationship holds:

Z\/h:21+ﬂhahb+h2 > 9rvA+ 2, where—2<1<2

Proposed by Marin Chirciu - Romania

J.3056 In AABC the following relationship holds:

36 475 C 4R +r
’RZ _z wacos—cos—

Proposed by Marin Chirciu - Romania

1.3057 If a, b, ¢ > 0 such that%+%+% =3and A > 0 then:

1 1 1 3
a(Aa+1)+b((/1+1)b+1)+c((/1+2)c+1)2/1+2

Proposed by Marin Chirciu - Romania

J.3058 In AABC the following relationship holds:
8r
216713 < (hg + hy)(hy + h)(h, + hy) < 3 (4R + 1)?

Proposed by Marin Chirciu - Romania
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J.3059 In AABC the following relationship holds:
4R
108RT2 < (1, + 1) (1, + 1) (1, + 1) < ?(4R +71)?

Proposed by Marin Chirciu - Romania

J.3060 In AABC the following relationship holds:

24 A B 2B _
Z\/tan 2+/1tan2tan2+tam 2Zw/3()L+2),where 2<A<2

Proposed by Marin Chirciu - Romania

J.3061 Let be m = 0 and n,, ny, n. are the Nagel cevians lenghts of AABC, M an interior point and
dg, dp,d. the distances M to the sides BC, CA respectively AB. Prove that:

(" ("

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
J.3062 If a,b,s,t > 0 then (a? + s2)(b? + t?) > (at + bs)?

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
J.3063 In any triangle ABC with the area F the following inequality:

(%H)@#g(%npﬁg?

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

J.3064 If a,b,c,x,y > 0and ab + bc + ca = 3 then:

1 1 1 3
+ + >
al(bx+cy) b3(cx+ax) c3(ax+by) x+vy

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
J.3065 In triangle ABC with the area F the following inequality holds:
@ bt 16
mZ mZ m2 3
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

J.3066 Let be M an interior point in triangle ABC with the area F such that that the angles
£LBAC, 2CMA, LCMA, LAMB are congruents, then:

232 2.2 2.2
a“b b“c cca

+ >12V3-F
XaXp XpXc XcXa

Proposed by D.M. Bdtinetu - Giurgiu,Mihaly Bencze- Romania
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J.3067 In any AABC with the area F, the following inequality holds:
(m¢ +2)(m +2)(m? +2) >81-F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti- Romania

J.3068 If a,b,c,x,y,2,5 > 0, then:

(a®x +s)(b%y + s5)(c?z +s) > Zsz(ax/f +b\/y+ C\/E)z

(A generalization of Arkady Alt inequality and Hojoo Lee inequality)
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.3069 If M is an interior pointin ABCD tetrahedron, and dy, dg, d¢, dp are the distances of point M
to the faces BCD,CDA, DAB respectively ABC then:

he hg he h
2+LE+L1+-2>16
A, dp dg ' dp

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze - Romania

J.3070 In any triangle ABC having the lenght sides a, b, c we have inequality:

(arcsin (b i C))Z + (arcsin (c i a))z + (arcsin (a j_ b))z = 71T—;

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze - Romania

J.3071 Let be ny, ny, n, Nagel cevians lengths of triangle ABC, M an interior point in triangle, and
d,, dp,d. the distances of point M to the sides BC, CA respectively AB. Prove that:

ng n, n
_a+_b+_c>9

dq dc dc—
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.3072 Let be m = 0 and M an interior point in triangle ABC having the area F and F, = area
MBC, F, =area MCA, F. = area MAB, then

2m+2 b2m+2 C2m+2

m+1
+ + > 22m+2(4/3 F
ROR R ()

a

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
J.3073 Let be m = 0 and ABC a triangle where F is the area ABC then:

a? N b? N c? - V3
(b+c)m-h  (c+a)™h]*  (a+b)mh] — 4m-1Fm-1

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
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J.3074 Let be M an interior point AABC with the area F and d,, d;, d. the distances of point M to
the sides BC, CA respectively AB. Prove that:

mg, my, m
i
da db dc

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti- Romania
J.3075 If x, ¥,z > 0 then in any AABC with the area F the following inequality holds:
(a* + b* + z2)(c* + x% + y?) > 16(xy + yz + zx)F*
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti- Romania
J.3076 Let M be an interior point in AABC with the area F and F, = area MBC, F;,, = area MCA,
F. =area MAB. If x,y,z > 0 then:

x%a® y?b® zc8

+ + > 64F3
(y+2)%F, (z+x)?F (x+y)?*F,

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

J.3077 If a,b,c,x,y > 0 then:

1 1 1 81
>
c(ax + by)? + a(bx + cy)? + b(cx +ay)? ~ (x+y)2(a+b +c)3

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

J.3078 If m = 0 and M an interior point AABC with the area F then if x, y, z are the distances point
M to the sides BC, CA respectively AB, then:

m+1

xa™*tl 4 ypml 4 pemtl > . fm+l
Y x+y+2)m

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

1.3079 If n,, ny, n. — Nagel cevians, g,, g, g. — Gergonne cevians in AABC then:

NgYa + NpGp + Nege < 52

Proposed by Mohamed Amine Ben Ajiba-Morocco

J.3080 If n,, n;,, n. — Nagel cevians, g,, g, g. — Gergonne cevians in AABC then:

Ng9a , MpYp + ncYc < 20R — 137'.
h, = h, = h, 3

Proposed by Mohamed Amine Ben Ajiba-Morocco
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All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

PROBLEMS FOR SENIORS

- Romanian

2 Magazine

$.2981 If a, b, c > 0 then prove that:

1 1 1 a?+4+2b*> b?>+4+2c®> c?+2a?

—+=> + +
a b ¢ ad+2b3 b3+4+2c3 3+2ad

Proposed by Nguyen Hung Cuong - Vietnam

$.2982 In AABC the following relationship holds:

a2024 R2026 a2025
+ > 22026 +
b2024 + C2024 T2026 - b2025 + CZOZS

Proposed by Nguyen Van Canh - Vietnam

$.2983 In any acute triangles AABC and ¥n € N the following relationship holds:

Cn
am+p™

bn
ct+a™

an
bM+cn

1.

- (secB +sec(C) +

- (secC + secA) +

- (secA+secB) =6

ha

" hp+hi

hp
hZ+h7

he

hg+hp}

- (secB +secC) +

- (secC +secA) +

- (secA+secB) =6

Proposed by Zaza Mzhavanadze - Georgia

S$.2984 Prove that:

21 8w 10m
tan? (ﬁ) + tan? (ﬁ) + tan? (?) =93 4 20v21

Proposed by Vasile Mircea Popa - Romania

$.2985If a,b,c > 0and a+ b + ¢ < 2 then prove that:

a\/5+b\/3+cx/5+1<13\/3
a+vab+b b++Vbc+c c++ca+a 27Vabc 36

Proposed by Nguyen Hung Cuong - Vietnam
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$.2986 In any triangles AABC the following relationship holds:

a b c 2
+ + > =
b-(sinA+sinB)+c-sinC c-(sinA+sinB)+a-sinC a-(sinA+sinB)+b-sinC /3

Proposed by Zaza Mzhavanadze - Georgia

S$.2987 Ifx,y,z > 0,x + y + z = 2 then:

z x2(y? +x2) (22 +x%) = g
cyc
When equality holds?
Proposed by Khaled Abd Almouti - Syria
$.2988 p,q,r € R (prime), n € N
an? + p* + 24p%q® + 24p2qr + 6p*r? + p? + 16q* + 32¢°r + 24q*r? + 2q* + 8qr3 +
+10q +r*+25=m
4ng + 8p3q + 4p3r + 32pq> + 48pq®r + 24pqr? + 2pq + 4pr3 + 10p = k
Solveit=>m =k

Proposed by Kerimov Elsen,Kenan Rustemov-Azerbaijan

S$.2989 If x € R then in AABC holds:

z ay/(asinx)? + (b cos x)? = 2V6F

cyc
Proposed by Daniel Sitaru - Romania

$.2990 x; y € R* solve the system equation

3x 3 12

—+ Y + Y =

y y—2x x-—y
x> +xy+y=3

-8

Proposed by Amin Hajiyev-Azerbaijan

$.2991 In AABC the following relationship holds:

a b) R? b a
2022 min Z —,Z— 4+ —>4+4 2022 max Z —,Z—.
b a r2 a b

Proposed by Nguyen Van Canh-Vietnam

$.2992 If a = min(a, b, ¢) in acute AABC then:
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2m, > np N
Ta hc hb

Proposed by Bogdan Fustei - Romania

$.2993 In AABC the following relationship holds:

T, +1,+7; 2(a+c)—b+ 2(a+b)—c - 2R
hqg+ hy + he\ |2(a+b) —c 2(a+c)—=b |~ |r

Proposed by Bogdan Fustei - Romania

$.2994 In AABC the following relationship holds:

z tang - 81R3
tang + 2tan§ ~8r(4R +1)?

Proposed by Marin Chirciu - Romania
$.2995 In AABC the following relationship holds:

cosB + cosC < V2
~ 216Rr?

2

Ty 2

+ r¢

Proposed by Marin Chirciu - Romania
S.2996 If a, b > 0 such that a? + b?> = 2and 2 > 0,n > 0 then find the maximum of

(a+ b +n)(Aa + Ab(A? + 1)ab)
(a+2)B+2)

Proposed by Marin Chirciu - Romania

S$.2997 Let A > O fixed. Solve in R

A+1+0Vi—x+ A+ 1—-x)VAi+x=2J2x2 + A(A + 1)?
Proposed by Marin Chirciu - Romania

$.2998 If a, b, ¢ > 0 such that 2% = Ziand A > 0 then:

a+1l b+ c+4
+ + >3(1+1)
b c
Proposed by Marin Chirciu - Romania
$.2999If a4, ay, ..., an, apy1 > 0 suchthata; + a, + -+ a, + a1 =n+1then
(@ +n)(a} +n)..(a?* + n)(aly; +n) = (n+ ™!

Proposed by Marin Chirciu - Romania
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$.3000If a,b,c > Osuchthata+ b+ c =6and A = 0 then:

a+A1 4 b+2 4 c+A1
Vb3+1 V3+1 Vad+1

Proposed by Marin Chirciu - Romania

>A+2

$.3001Ifa,b,c > 0suchthata+ b+ c=6andn = 0,4 = 0 then:

na+ A + nb+ A1 4 nc+ A
Vh3+1 Ve3+1 Vad+1

>2n+ A1

Proposed by Marin Chirciu - Romania
$.3002 In AABC the following relationship holds:

xmg

YXmpme

+A-%SA+1,whereAZ

N | =

Proposed by Marin Chirciu - Romania

$.3003 In AABC the following relationship holds:

a? 9R?
36r < z <

(p — a)tan 3 r

Proposed by Marin Chirciu - Romania

2
$.3004 In AABC the following relationship holds: Z(aﬁ > 8p
p—a)sin;

Proposed by Marin Chirciu - Romania
S$.3005 If x, v > 0 such that x> + y? = 1and n € N*, then:

V2

>—xy

2n+1 2n+1
X +y = on1

Proposed by Marin Chirciu - Romania

S.3006 If a, b, c > 0 such that abc = 1, then:

: + ! + ! <1(+b+)2
a?+bc b%Z+ca cz+ab_6a ¢

Proposed by Marin Chirciu - Romania

$.3007 In AABC the following relationship holds:

bc 2R
4 < — < —

w2~ or

Proposed by Marin Chirciu - Romania
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S$.3008 If a,b,c = Osuchthata+ b + c =nandn,A > 0 then:

a2+ab+b2< n
(a+b+21)2% "~ 22

Proposed by Marin Chirciu - Romania

$.3009 Let A > 0. Solve for x,y,z € N

(14— ) s (1) 4 (14—~ )2_3(“2)2
y + Az z+ Ax x+Ay/  T\U+1

Proposed by Marin Chirciu - Romania

S$.3010 If a, b, c > 0 such that abc = 8™,n € N, then:

ab+ 4™ bc+4" ca+4"

>3.2"
a+ 2" +b+2n * c+2n

Proposed by Marin Chirciu - Romania

1 _2\2

S$.3011 Let a > 1 fixed. Solve in R: T + Tt aver

Proposed by Marin Chirciu - Romania

S$.3012Ifa,b,c > 0 and n € N,n = 2 then find the minimum of

8l(a?2+ 1)(b%2 +1)
(@+b+3n— 3)2Jab(a+ DG+ 1)

Proposed by Marin Chirciu - Romania

$.3013 In AABC the following relationship holds:

)=yt

a

2

Proposed by Marin Chirciu - Romania
$.3014 If ABC, A,B,C;, A, B,C, are triangles of areas respectively F, F;, F, then:
a,aya® + b b,b? + cicyc? = 16,/F, - F, - F
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

$.3015 Let be x,y,z > 0 then in AABC the following inequality holds:

X

a y b z c
—+ F— 4+ -— =13
y+z hy, z+x h, x+y h, V3

Proposed by D.M. Badtinetu - Giurgiu, Mihaly Bencze- Romania
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$.3016 Let ABC, A; B, C; be triangles of area F respectively F; and sides of lengths a, b, ¢
respectively a4, b, c;. Prove that:

a~af+b~bf+c~clz>8F
he  hy o he T

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania
$.3017 In any AABC the following inequality holds:

a®? b%* c?

S+ —+—5=4
hy  h¢ hg

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti- Romania

$.3018 In any AABC with the area F the following inequality holds:

((i+%)2+2)-((%b+%)2+2)-((h%%)z”)lef

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.3019 If a;, > 0 (k = 1,2, ...,n), then prove that:

n
1 a3 a3 a3
3 a: —a,a +a2+a2—aa +a2+a2—aa +a? = He
2 203+ a3 aj—aza;t+ay ajy—a,a;+a;

Proposed by Neculai Stanciu - Romania

$.3020 If x,y,z € Rsuchthat 3x + y 4+ 2z = 3and —x + 2y + 4z = 5, then find:
min(x + 2y + 4z).
Proposed by Neculai Stanciu - Romania

S.3021 Find: Zy<x<—1 2x+1 . 3)’ . 5
X,YEL

Proposed by Titu Zvonaru, Neculai Stanciu - Romania

$.3022 Prove that the numbers on form 32" — 1 it is written as the sum of two perfect squares for
any natural number n.

Proposed by Neculai Stanciu - Romania
$.3023 Prove that for all n € N the expression:

A2 4 (n+1)(Bn+8)
3 2

is divisible by 9.

Proposed by Neculai Stanciu - Romania
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$.3024 Prove that in all triangles ABC holds:

s2— 4R —12\*  [s2 472 4+ 4Rr\°
R? 2R?

Z(l —cos A — cos 24 — cos(B — €))? = <

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

S.3025 Let a, b, ¢ € R. Statement 1) a, b, ¢ are in geometrical progression; Statement 2) (3, a?)? =
(X ab)?; Statement 3) (3 ab)?® = abc (3, a)3. Which of the following three statements from above
are equivalent?

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

S$.3026 Solve:

2(Vx+Vx—1+Vx—2)=Vx+1+Vx+5+Vx+9

Proposed by Sakthi Vel-India
2 2 2
$.3027 If a,b,c > 0and a® + b%? + ¢? = 3then%+b?+% > 3.

Proposed by Nguyen Hung Cuong - Vietnam

$.3028 If a, b, c > 0, then prove that:

BRI

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

$.3029 If a,b,c > 0 and abc = 1,Vn € N then prove that:

b(b+c)¥+ala+c)®™ bla+b)+cla+c)®™ ala+b)**+c(b+c)3n
+ + >3-8"
c(a+b) a(b + ¢) b(a+c)

Proposed by Zaza Mzhavanadze - Georgia

$.3030 Solve the equation:

3 +3x2+2x+2] 1 5
=-x"+z
3 3 3

Proposed by Ibrahim Abdullayev Masalli - Azerbaijan
$.3031 If a;, > O(k = 1,_n), then prove the inequality:
3
| a, + 2a3
cyclic

Proposed by Neculai Stanciu - Romania
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S$.3032 If a, b, c > 0, then prove that:

a® + b?
abcz . SZZ:a‘L

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

$.3033 Prove that in all triangles ABC holds:

m1‘§+1

X

— e > S'mk forallk € N.
mp+me—mg

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
S.30341fa+ b+ c + abc = 4then a? + b? + ¢? > 3.
Proposed by Nguyen Hung Cuong - Vietnam
$.3035If a + b = 3 and a? + b? = 5 then: a* + b* + 6a?bh? > 41
Proposed by Nguyen Hung Cuong - Vietnam

$.3036Llet0<a<1<b<2<c<2023. Find the maximum and minimum value of the

expression:
p b 4 sla+1
CJa+1 a+?2

Proposed by Nguyen Van Canh - Vietnam

$.3037 In any acute triangle ABC holds:

1 1 1 2
—+Vtan4A +—+VtanB +—+tanC > =133
h, hy, h. R

Proposed by Vasile Mircea Popa - Romania
$.30381fa > 0,b > 0,c > 0then prove:

a®(a? + bc) N b8(b? + ca) N c8(c? + ab) 3
(b + )10 (c + a)to (a+ b)10 — 512

Proposed by Zaza Mzhavanadze - Georgia

$.30391If a,b,c,d > 0 and Vn € N prove that:

a b c
nb+(n+1)c+(n+2)d+nc+(n+1)d+(n+2)a+nd+(n+1)a+(n+2)b+

d 4
>
+na+(n+1)b+(n+2)c_3(n+1)

Proposed by Zaza Mzhavanadze - Georgia
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$.3040 If a, b, c € RT then:

a+b b+c a+c 3
+ + > =
a+b+2c b+c+2a a+c+2b 2

Proposed by Samed Ahmedov - Azerbaijan
S.3041 Let a,b,c = 0 and a? + b? + ¢% # 0. Prove that:

a(a® + 3bc) a+b+c
(b+c)2+a?+3bc 2

Proposed by Nguyen Van Canh - Vietnam

$.3042 Ifx,y > 0,x+y =1and A = 0,n € N then:
1 1
()l+x—n) (/’1+y—n) > (A+2M)?
Proposed by Marin Chirciu - Romania

S.3043 If ABCDEFGHJKLM is a regular 13-gon, then prove that: AE(AC — AB) = AF(AD — AC)

Proposed by Neculai Stanciu - Romania

$.3044 If a;, > 0 Vk = 1,n, then prove that

re(ag+n—-1)

k=1 @)™

Proposed by Neculai Stanciu - Romania

$.3045 Let ABC be a triangle, the altitude h, intersects the circumcircle in point E the bisector of
angle £EAC intersects the circumcircle in point D. The tangent line to circle in point D intersects the
lines AE and BC in points M and N. 1) Determine all triangles ABC for which BHCE is rhombus.

2) Determine all trinagles ABC for which ABMN is cyclic
Proposed by Mihaly Bencze, Neculai Stanciu - Romania
$.3046 If x; > 0 (i =1,2,...,n) and k € N, then prove that:

n
2k+2 2k 2k 2,2 2k—-2 2k-2

2 ) x; = Z xlxz(xl + x5 )2 Z xlxz(x1 + x5 )2---2

i=1 cyclic cyclic

> Z xkxk(x? +x3) =2 Z xHlxk+1

cyclic cyclic
Proposed by Mihaly Bencze, Neculai Stanciu - Romania

$.3047 If x; > 0(i = 1,2, ...,n) and k € N*, then prove that:
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n
Zinz"“ > Z X%, (3871  x2k1) > Z x3x2(x2k=3 4 x2k=3) > ... > Z x¥xk (o, + x,)
-1

cyclic cyclic cyclic
Proposed by Neculai Stanciu - Romania
$.3048 Prove that the following equations
(@) x} +x+3+x+3°+x3 +x2=0and(b)x] +xJ +x] +x] +xi +x2+x] +x} =0
have an infinitely solutions in Z
Proposed by Neculai Stanciu - Romania

$.3049 If ABCDEFGIJK is a regular 11 — gon, then prove that:

AE? — AD? = AB - AE (AD AE)
- AB AC

Proposed by Neculai Stanciu - Romania

$.3050 Solve for positive real numbers the following system:

( x3 6y —x—2z—2
d+yd+2) 8

< y3 _bz—y—x—2
1+20+x) 8

z3 _bx—z—y—2
\1+x)1+y) 8

Proposed by Neculai Stanciu - Romania

$.3051 In AABC the following relationship holds:

z t2A+ tA tB+ tZB>9
cot® = + cot = cot > + cot® — =
Proposed by Marin Chirciu - Romania

$.3052 In AABC the following relationship holds:

A
4(4R +71) < Z COtE < 2R(4R +71)
3V3r sinBsinC ~ 3123

Proposed by Marin Chirciu - Romania
S.3053 Ifa,b,c > O suchthatabc =1andn € N,n = 2,1 = 0 then:

a™b b"c c"a 33-n
+ + >
b+A c+A a+1 1+1

Proposed by Marin Chirciu - Romania
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$.3054 Let x,y,z > 0. In AABC the following relationship holds: Z—ra > 18r

Proposed by Marin Chirciu - Romania

$.3055 Let x,y,z > 0. In AABC the following relationship holds:

+z
Zyx mg, = 18r

Proposed by Marin Chirciu - Romania

$.3056 In AABC the following relationship holds:

B Cc
729 Z tan3 —tan - Z cot3 > cot3 >

Proposed by Marin Chirciu - Romania
S$.3057 If a,b,c > Osuchthata+ b+ c=3andn = 0,4 = 0 then:

n+a? n+b®> n+c? 3(n+1)
+ + >
b+Ac c+ia a+ b A+1

Proposed by Marin Chirciu - Romania

S.3058 If a,b,c > 0 suchthat a® + b> + c?> =3 and 1 < 1 < 2 then:
1 1 1

Ma+b+co)+—+-—+—-=23(1+1)
a b c

Proposed by Marin Chirciu - Romania

$.3059 Let AABC be a equilateral triangle. Let D € [BC],E € [CA],F € [AB] such that
|BD| = |CE| = |AF|. If [AD] n [CF] = {K}, [AD] n [BE] = {L}, [CF] n [BE] = {M},

[AD] n [FE] = {P},[BE] n [FD] = {Q} and [DE] n [CF] = {R}. Prove that the triangles
AABC,ADEF,AKLM and APQR have the same circumcenter.

Proposed by Mehmet Sahin-Turkiye

S.3060 Let AABC be atriangle . Its side lenghts are a, b, c, the inradius is r and its the
exradii are 7y, 1,7, . Prove that:

T, T 7, 27r
a + b + [+ 2
b+c-r ct+a-r a+b-r 4s5-3r

Proposed by Mehmet Sahin-Turkiye

S.3061 If n,, n,, n. — Nagel cevians, g,, g, g — Gergonne cevians in AABC then:

n n n R
afa | ToIb | ngcs\/g(——2>+3.
h, hp, h. r

Proposed by Mohamed Amine Ben Ajiba — Morocco
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$.3062 If a,b,c > 0, then:
(a® +1936-4) - (b? + 1936 - 4) - (c? + 1936 - 4) > 9882(ab + bc + ca)
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

$.3063 If a,b,c > 0 and b? + ¢? = a? then:
1 1 1
(3+a4+b4+c4)~(3 +—4+—+—4) > 20
a c
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania
$.3064 Let be x,y,z > 0 and M an interior point in triangle ABC with the area F and d,, d,, d the
distances of point M to the sides BC, CA respectively AB, then:
x2a3 y2b3 2203

> 6F
G122 d,  Grro2d,  (xty)Pd. =

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

$.3065 In any AABC with the area F the following inequality holds:

sinA+sinB+sinC> 3
h2 hlz, h? — 2F

Proposed by D.M. Bdtinetu - Giurgiu- Romania

$.3066 In AABC with the area F the following inequality holds:

a* b* c*
<(b + ¢)2h? * 2> . ((c + a)?h} * 2) . ((a + c)2h§> =9

Proposed by D.M. Bdtinetu - Giurgiu- Romania

$.3067 Let be M an interior point in triangle ABC with the area F, and d,, d}, d. the distances of
point M to the sides BC, CA respectively AB, then:

ad - bt b3 . c4 3. .4

+ +% S 64.p3
Jhada Ry -dy  \Jhe-d,

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

$.3068 Let be x,y,z > 0 and M an interior point in triangle ABC with the area F and d, d},, d. the
distances of point M to the sides BC, CA respectively AB, then:

3 3 4

coal | yebt 2t G
(y+2)3-d: (z+x)3-d2 (x+y)3-d?™

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
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$.3069 Let be m = 0 and ABC a triangle with the area F, then:

a-cot™lA b-cot™tl'B c¢.cot™1lC 2
h§m+1 + hlz)m+1 + hgm+1 = 3mpEm

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

$.3070. If M is an interior point in triangle ABC and d, dp, d are the distances of point M to the
sides BC, CA respectively AB, then:

MA? + MB? + MC? > g(da +dp +d.)?
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania
$.3071 Let be A, B,Cy, A,B,C, triangles with the areas F;, respectively F,, then:
(a?a3 + 2)(b2b3 + 2)(c?c3 +2) > 144 - F,F,
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

$.3072 Let be M an interior point in triangle ABC with the area F and d,, d}, d. the distances of
point M to the sides BC, CA respectively AB, then:

a’b* b%c* c?a*
. . > .2
<hada + 2> (hbdb + 2) <hcdc + 2) >432-F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

S$.3073If x € (O, g) then in any AABC with the area F the following inequality holds:

a? + b2 4 ¢% > 4V/3F sin 2x +Z(a sinx — b cos x)?

cyc
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

S.3074 If p,, py, P — Spieker cevians, n,, ny,, n. — Nagel cevians in AABC then:

4
ng+ny,+n, <pg+pp, + .+ 3 (max{a, b, c} — min{a, b, c})

Proposed by Mohamed Amine Ben Ajiba — Morocco
S.3075 If p,, py, P — Spieker cevians, n,, ny,, n. — Nagel cevians in AABC then:

2 a?+b%?+c*—ab—bc—ca
na+nb+n62'pa+'pb+'pc+§. S

Proposed by Mohamed Amine Ben Ajiba — Morocco

135 ROMANIAN MATHEMATICAL MAGAZINE NR. 46



Romanian Mathematical Society-Mehedinti Branch | 2025

$.3076 If p,, pp, v — Spieker cevians, n,, n;,, n. — Nagel cevians in AABC then:

na—pa_l_nb—pb+nc—pc>a2+b2+c2—ab—bc—ca
ha hb hc o 3F

Proposed by Mohamed Amine Ben Ajiba — Morocco
S.3077 If p,, pp, - — Spieker cevians, n,, n;,, n. — Nagel cevians in AABC then:

2s(R — 27)

na+nb+nc2pa+pb+pc+ 5R
Proposed by Mohamed Amine Ben Ajiba — Morocco

S.3078 If p,, pp, P — Spieker cevians in AABC then:

4
Pa+Dp+De<wWg+wy+w,+ 3 [max{a, b, c} — min{a, b, c}]

Proposed by Mohamed Amine Ben Ajiba — Morocco
S.3079 If p,, pp, P — Spieker cevians in AABC then:

pa_Wa+pb_Wb+pc_Wc<4

0<
a b c 3

Proposed by Mohamed Amine Ben Ajiba — Morocco

S.3080 If p,, pp, P — Spieker cevians in AABC then:

4s(R — 27)

Dot DPp+0:2=2W, +wy +w, + 1R

Proposed by Mohamed Amine Ben Ajiba — Morocco
All solutions for proposed problems can be finded on the

http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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UNDERGRADUATE PROBLEMS

Romanian

Magazine

U.2981 Compute:

1
K:f \/x+2021 /x+2020ﬁdx
0

Proposed by Nguyen Van Canh -Vietnam

U.2982 Let:
oo o . T B, By o) _
q —Ze_eznk N _zsm(lllnk—k+Z—1_2k+3_4k3—---) 0 - (—1)k-1
1= WAl = , 3= T ok AN
= = Jksinh (k) £ kel (2 — 1)
Prove that:

2\/%(\/%(91 —Q3) — Qz) L 4
where: B,,: denote the nth Bernouli number

Proposed by Toubal Fethi -Algeria

U.2983
17

17
(60 T (o) () e
= — 2 6 - — — — .
o x6+2 T s\ 2 6)) T TSN\5) 15

: <Q (%) -Q (%)) + mesc (2?”) 21_5 <" (%) -0 (%»

Where

32 ,n-1 _ 1
Q(n) =f dx

1 1 5
-1 32 51 21

w(Q)= [ Egmean af3)-a()- [
6) ), x—1 2 6/ =) T x-1 ¢
17 1 111

23 29
9 23 q 17 32x5‘1—x5‘1d N 29 q 11 32 y3071 — x50~ 4
Go)-oG)=) 5 a(g)-0(g)=] T

Proposed by Fao Ler-Iraq
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U.2984

T x7e EEl 31 13 ° 8 1
f o dx =26 (ln(129><x6 +315% 23 +297 X 22 + 873 X 23 4+ 1059 X 25 +3265))—
L 322

(o5 )
2131 2Ftan-t | — 23
J25+2i-8 /
Proposed by Fao Ler-Iraq
U.2985 Find:

“In(1 + x)
A= Zrzd%
o (2 +1)
Proposed by Vasile Mircea Popa - Romania

U.2986 Prove the below closed form

fff » Idxdydz_—z‘{/_ 1)
V,Z ’
Proposed by Ankush Kumar Parcha -India

U.2987 Find:

Q=f§ In(4 tan x)

7 sin 2xIn(2 tan x) x
4

Proposed by Nguyen Hung Cuong - Vietnam

U.2988 Prove the below closed form

ff 1( ! )dd kY ( )+3((3) m 22—
[0,1]2 n sinh?(x) + cosh?(y) X =g '3 et 16 12 nem3

Proposed by Ankush Kumar Parcha-India

U.2989 Find the general form of the integral and if a;a,a3 ...a, =1 2k >2n+1

Prove that:

4an—k

xZTL

dx Z (-D"a,,
(x? +a?)(x% + af)(x? + a3) ... (x? + af) =2t ¢ eery; k]\m(at am)

Proposed by Abbaszade Yusif - Azerbaijan
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U.2990 Prove the below closed form
27 1 + sin(x) + sin?(x 2
f ) 2()dx=— 24+14V3 -3 |
o 1+ cos(x)+ cos?(x) 3

Proposed by Ankush Kumar Parcha-India

U.2991 Let be the sequence:

U, = 1
(un)n21:u 352 - suchthat: s, = u; +uy, + -+ u,

= nz=
n+1 252"

Find: lim (u,)

n—oo

Proposed by Khaled Abd Imouti-Syria

U.2992 Let be t = 0 and (a,)ns1, (bn)n>1 Sequences of real strictly positive numbers such that

. t+1 . bni1
lim =a >0, lim = b > 0. Calculate:

n-oco Aan n—-oo An-Opn
n+1 n
( Vbni1 \/bn>

(n+ 1)t nt

n

lim
n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.2993 Let (a,)ns=1, (bp)ns1 be sequences of real strictly positive numbers such that

. . b
lim £ = ¢ > 0 and lim ";1 = b > 0. Calculate:

n—oo Nan n—oo N-Op
n+1 n
i (Vb Vb
im /a,

n+1 n

n—->oo
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.2994 If (a;)ns1, (br)ns1, (€n)ns1 are sequences of real strictly positive numbers such that
. . b .
lim 22 = g > 0, lim ";1 =b>0andcl,; = ay- by cl; vn € N*, calculate:
n

n—-oo N-An —00 n2. n
n+1 n
( Ven+1 4/ Cn)

(n+1D2 n?

lim
n—-oo
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.2995 Let be (a,)5>1, (bn)n=1 be sequences of real strictly positive numbers such that

lim (b,y; —b,) =b >0and a,,; = a, - b, ¥Vn € N*. Calculate:
n—-oo

T{i_r){)lo(nﬂx/ An+1 — %)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania
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U.2996 Let be (a,,)p>1, (Hy)ps1 Where a1 = a,, - efn, vn € N* where a,, > 0,V¥n € N* and
where H, = ﬁzli. Calculate:

lim (nH\/ An+1 — rva—n)

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.2997 If (a,)n>1, (bn)ns1 are sequences of real strictly positive numbers such that

lim b, =b>0anda,1 =a, (nbn + Y (@2n— 1)!!),Vn > 2. Calculate:

n—oo
lim (nH\/ An+1 — ri/a_n)

n—-oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
U.2998 Let be (H,,),51, (@n)ns1 be sequences of real strictly positive numbers such that

n
1
Hy = z E,anﬂ =a,- e?fn, vn € N*
k=1

Calculate:

o ((n+ 1) nd

llm n+1 - n

e\ {nt1r §/0n

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.2999 Let (a,)ns1, (bp)ns1, (€n)ns1 be sequences of real strictly positive numbers such that
lim 241 = g > 0, lim b;‘“ =b>0andc},; - a, = cltb,, Vn = 1. Calculate:

n—-oo N-An n—-oo N“-Dn
lim (nH\/ Cn+1 — %)

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.3000 Let (a,),>1 be a sequence of real strictly positive numbers such that:

. OQp+a
lim =a>0
n-wn - dy

Calculate:

lim ", (n \/iZZJlr pn - ’i/(Znn— 1)!!)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.3001 Let be (a,);52, (by)ns2 sequences of real strictly positive numbers such that

Anss + Y 2n— D = a, + ™/2n + DI, Vn > 2 and lim 222 = b > 0. Calculate:

n—oo Apbn
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i (**3/Brs — VBn)

n—-oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
U.3002 Let be k € N* and (a,)ns1 a sequence of real strictly positive numbers such that

llm k\/ an+1

N e = a > 0. Calculate:

. n+1 /_an+1 n /_an
now \(n+ 1)k-1  pk-1

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.3003 Prove the integral
oo ) 2
f ((1 +ierf(x))(1 + ierfi(x))) e ™ dx=1-— Ecoth_l(n)

where erf(x), erfi(x) are Error functions

Proposed by Srinivasa Raghava-AIRMC-India
U.3004 Prove the below closed —form:

= () R (Lnt+dim+50) 1205 (3(V2+2)) - 2 + 15 107(2) - 6102(VZ + 2)
5= z CESV T R 3v2

=0

Proposed by Pham Duc Nam-Vietnam

U.3003 Prove the summation:

oo 2n
2n — (=" (n) _ 5w
~2n+ (D" 2n+ D4 8 6v2 4

Proposed by Srinivasa Raghava-AIRMC-India

x| _
For)

n
U.3005 Find a closed form: Q = Y7o (=)™ — (@ — D") - (_Tl)

U.3004 Prove that:

arcsin (

Proposed by Khalaf Jssam - Iraq

Proposed by Khaled Abd Imouti-Syria
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U.3006 Show that for all {z € C:Re(z) > 0 Az #+ 2}

: 1 1 2z 1
f * sin?-2(20) tan(8) d6 = +2B (— 1 —)

where B(a, b) is the Beta function.

Proposed Vincent Nguyen-USA
U.3007 Find:

(-3 () 2 —

(2k+1)2

(RGN e
0=

Proposed by Basir Ahmad Alizada-Afghanistan

f%f%s sin3xd dv =
o Jo +[sin2y xay=

Proposed by Ghulam Shah Naseri-Afghanistan

d 1
2= Z <_f0 (x f!n)! dx) 3"1n!

n=1

U.3008 Prove that:

U.3009 Evaluate:

Proposed by Toubal Fethi -Algeria
U.3010 If {a; b;c} €EZY a+ b # ¢

*A-0A+0 1\ 215
bx_ax T ax—xt ————dtdx —600L12(—H)+T

Prove that: c? =a® 4+ b? a>b

Proposed by Amin Hajiyev-Azerbaijan
U.3011 Find a =? such that:

< L Sin?(x —1) cos?(x — 1) _(m-a)*
;(_1) (x — 1)? -

a3

Proposed by Tahirov Shirvan -Azerbaijan
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U.3012 Prove the below closed form.
ln(xy) x2y?—xy+1 137*

f f ) dxdy =
[0,1]2 x“ys+xy+1 324

Proposed by Ankush Kumar Parcha-India

U.3013 Prove that:

®In(vx)In?(x + 1) 1
=—|(21 2m% + 41In(2 In?(2 1
fl o =57 (21(3) + 27 + 41n(2) (6 + 0’ (2) + n(®)))
Note: {(3) — Apery’s constant
Proposed by Cosqun Memmedov and Shirvan Tahirov-Azerbaijan

U.3014 Find:

n—-oo xZ

1—(1+x?)Hnt
Q= lim (logn + lirré
xX—

Proposed by Khaled Abd Imouti -Syria

U.3015 If x > e then:

+Inx + In(l
ln(({/x-lnx-ln(lnx))+\/x nx3 n(nx)<1

Proposed by Khaled Abd Imouti-Syria
U.3016x,, x5, x3, x4 are the real roots of equation ax* + bx> —cx —d =0
(b:c:d =a:2a:a,a>0,b>0,c <0,d <0) prove that: 0 <%S 0,3125
Proposed by Samir Cabiyev - Azerbaijan

U.3017 Determine all real functions derivable such that:

fx) = \/2024 + fx [(f(t:))2 + (fr(t))z] dt,vx € R*
0

Proposed by Neculai Stanciu - Romania

U.3018 Prove that 1(45 + \/2010)nJ + 1(45 ++v2011 )nJ is even for any natural number n, where
[*] is GIF.

Proposed by Neculai Stanciu - Romania
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U.3019 If p,, pp, pc — Spieker cevians in AABC then:

1
Pa+Dp+0:<mg+my+m,+ 3 (max{a, b,c} — min{a, b, c})

Proposed by Mohamed Amine Ben Ajiba-Morocco
U.3020 If p,, pp, pc — Spieker cevians in AABC then:

pa_ma_l_pb_mb pc_mc<l

o<
a b c 3

Proposed by Mohamed Amine Ben Ajiba-Morocco
U.3021 If p,, py, pc — Spieker cevians in AABC then:
Patpptpc.<Mmyg+my,+m.+R—2r
Proposed by Mohamed Amine Ben Ajiba-Morocco
U.3022 If p,, pp, p. — Spieker cevians in AABC then:

a’?+b%>+c?—ab—bc—ca
3s

PatDp+pPc.=my+my +m.+

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3023 If p,, py, p. — Spieker cevians in AABC then:

Pa + 0y + D¢ Sgs—(7\/§—9)r
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3024 If p,, py, p. — Spieker cevians in AABC then:
ha(Pa + W) + hyy(py +wp,) + he(pe + w,) < 252

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3025 If p,, pp, P — Spieker cevians in AABC then:

—-—m, +w, —my +w —-—m,+w, R
Pa a a_l_pb b b+pc c CS—+1.
h, hy, h. r

Proposed by Mohamed Amine Ben Ajiba-Morocco
U.3026 If p,, pp, P — Spieker cevians in AABC then:

Ta ) Te
Pa Pp Pc

Proposed by Mohamed Amine Ben Ajiba-Morocco
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U.3027 If p,, pp, . — Spieker cevians in AABC then:
Ta(Pa +wo) + 15 (pp + wp) +1.(pc + W) < 257
Proposed by Mohamed Amine Ben Ajiba-Morocco
U.3028 If p,, py, p. — Spieker cevians in AABC then:

R
Po Py P R,
m, m, m;. 2r

Proposed by Mohamed Amine Ben Ajiba-Morocco
U.3029 If p,, pp, p. — Spieker cevians in AABC then:

+w +w +w,
Pa a Pp b Pc c <2

+ + <
Zma + W/ PaWq 2rnb + 1/ PpWp ch + PcWe

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3030 Prove the below closed form

[, s = ()~ () + - (G55
o sinh(x) x=\Ty 2\ A P

Where, Li,(z) is the dilogarithm or Spence’s function.

Proposed by Ankush Kumar Parcha-India

U.3031
)
k(x) == z ;m x™,
0osn
24x(1 — k(1 — k() k(1 — x)? — k(x)? 5
f XA~ 0k( = DkCIUA =07 = KO | 11— y2k(a)? — k(1 = 0% — k() *)dx = —
o 1-—2x 2T (3)
4
Proposed by Hikmat Mammdov-Azerbaijan
U.3032 Find:
Z o — 2 (2m) (_ 1)"
n n 4
n=1
Proposed by Hikmat Mammadov-Azerbaijan
U.3033 If

1j°° dx 4-[“’ dy 9-[“’ dz
Q== ——s+=| m—t—| s+
4), +e9)2"9), @+e”)?  16), 3+e?)?
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Then, show that

7'[2 7'[2
0= 27‘[2 In4— ?]/ + {(3) - ?ln(Zne)

Where: A: Glaisher — Kinkelin constant, y: Euler — Mascheroni constant, {(3): Apery’s constant
Proposed by Ankush Kumar Parcha-India

U.3034 Prove that:

foo —x F(l 320 "‘)d =21
o e 342 212121 Ile X =

sF,(a, b, c; p, q, x) is Generalized hypergeometric function
Proposed by Srinivasa Raghava-AIRMC-India

U.3035 Find:

T Vxlnx
0= —_—dx
0o X3 —xvx+1

Proposed by Vasile Mircea Popa - Romania

U.3036 Prove that:

Proposed by Srinivasa Raghava-AIRMC-India

U.3037 If we have the integral

1
a_f‘”%_ﬁ dx

- 1 2
_00%4_%1 +x+x

then find the value of Si/—(810(8 +9936a°® + 19296a* + 5376a?2).
Proposed by Srinivasa Raghava-AIRMC-India

U.3038 If:

0 flflln((xo +yO) + G+ YD) + (2 +92) + (3 +y3)+m)dxdy
o Jo

A-0+0-y)
Then, show that: Q = %2 +1n%(2) + 21n(2)

Proposed by Ankush Kumar Parcha-India
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U.3039 Find:
©  xlnx

———dx
; xt+x%+1

Proposed by Vasile Mircea Popa - Romania
U.3040Ifn > 2,p,q > 1,% +% = 1 then:

n = n 2q
1 14
n+ (; (Hk)p) (kZZ(Hk) ) >14+n-logn

Proposed by Khaled Abd Imouti-Syria

QR

U.3041 Prove that:

ﬁ n+(m+1) _ﬁ F<1_102gzﬁ(2m)>

n——=pgem) 11lzm+0rim+1)

nm=1 log2 m=1
{(x): Zeta function, I'(x): Gamma function, 8 (x): Dirichlet Beta function
Proposed by Hikmat Mammadov-Azerbaijan

U.3042 In AABC the following relationship holds:

ma+mb+mc>3 R+2
he hy he 2 r '

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3043 If n,, ny, n. — Nagel cevians in AABC then:

Ng Np N, 4R
S ey
h, h, Th.C ’r+

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3044 If p,, pp, P — Spieker cevians in AABC then:

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3045 In AABC the following relationship holds:
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R 1,7 1.1, 1,7 2R
R p3oyz <o Vi VTan 2R
r h, hy, h. r

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3046 If p, — Spieker cevian in AABC then:

(b +¢)?
< 7
Pa="T¢,

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3047 Ifp,, vp, v — Spieker cevians, n,, n,, n, — Nagel cevians in AABC then:

(3pa - Zna)z n (3pb - znb)2 n (3pc - ch)z

<
h n h < 2R+ 5r

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3048 Find the largest positive constant k such that the following inequality

(a+b+c) (a\/a2 + bc + bb? + ca+ cyc? + ab)
> k(ab(a + b) + bc(b+ c) + calc + a)),

holds for all nonnegative real numbers a, b, c.
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3049 If p,, py, p. — Spieker cevians in AABC then:

Pa Pp Pc S
< —.
b+c+c+a+a+b_4r

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3050 If p,, pp, P — Spieker cevians in AABC then:

3p, — 2 3p, — 2 3p,.— 2 2R
Pa mg + Pp my + Pc me < _1
h, h, h. r

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3051 If p,, pp, P — Spieker cevians and I — incenter in AABC then:
(Bpa + wy). Al + (3py, + wy,). BI + (3p, + w,).CI = 2(a? + b? + ¢?).
Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3052 In AABC the following relationship holds:
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) ) ) 243
sin® A.cosA + sin® B.cos B + sin® C.cos C SSE

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3053 Let a, b, c > 0 such that abc = 1. Prove that:

1 4 1 4 1 4 8 >11
ai+a?+a b3+b2+b c3+c2+c a+b+c 3

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3054 In AABC the following relationship holds:

5v/3s N 3
6r 2

4R A B B C C A
1+—> |[cot?=+cot?2—+ 3+ |cot?—+cot?2=+3+ [cot?=+cot?=+3 >
r 2 2 2 2 2 2

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3055 Ifp,, pp, b — Spieker cevians in AABC then:
A B C
(Bpg +wy) sin > + (Bpp + wy) sin > + (Bp, +w,) sin > > 2(hg + hy + h.)

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3056 If p,, n,, g, — Spieker cevian, Nagel cevian, Gergonne cevian
in AABC then: w, + 2p, < 4m, —w, < 3p, < 2m, +n, < g, + 2n4
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3057 If p, — Spieker cevian in AABC then:

2b%? — bc + 2¢?
6R

Pa =
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3058 If n, — Nagel cevian in AABC then:

b? — bc + c?

ng = R

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3059 If n,, n,, n. — Nagel cevians in AABC then:

Nng Ny nc>b+c ct+a a+b_

ha+h_b+h_c_ a + b + c

Proposed by Mohamed Amine Ben Ajiba — Morocco
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U.3060 If p, — Spieker cevian in AABC then:

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3061 If p,, py, p. — Spieker cevians in AABC then:

2/b+c c+a a+b
”—“+@+&z—( + )-1
he hy h, 3\ a b c

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3062 If n,, n,, n. — Nagel cevians in AABC then:

a? + b? + ¢?
\/nanb + \/lenc + \/ncna = )

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3063 If p, — Spieker cevian in acute AABC then:

b2 + 2 A
;oS

Pa =

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3064 If p,, py, p. — Spieker cevians in AABC then:

2(a?+b?>+c?)+ab+ bc+ca
PaPp +\/PpDc +/PcPa = R

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3065 If p,, n,, g4 — Spieker cevian, Nagel cevian, Gergonne cevian
in AABC then: 4n, + 5g, < 9, < 16m, — 79g,-
Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3066 Ifn,, n,, n. — Nagel cevians in AABC then:

Jnpne N Jneng N N - hq N hy N h

ha hb hc Ta ) Te

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3067 If p,, pp, p. — Spieker cevians in AABC then:
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\/pbpc_l_\/pcpa_l_\/papb>\/g(b+C+C+a+a+b_

3\ a b c

h, h, h, - 3 6)+3

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3068 If p,, py, p. — Spieker cevians, n,, n,, n. — Nagel cevians in AABC then:

n n n, Vv6/b+c c+a a+b
‘/p““+‘/pbb+‘/p”2—( + )+3—2\/€.
n, h, h =3\ a b c

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3069 If p,, py, p. — Spieker cevians in AABC then:

m m m V3/b+c c+a a+b
JmaPa TPy | ¥ Cpcz—( +—+ )+3—2\/§.
hq hy, h. 3 a b c
Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3070 If n,, n,, n, — Nagel cevians in AABC then:

h, h, h, = 2

mg,n myn m.n V2/b+c c+a a+b
YMalla | Moy |yt ( + + )+3—3\/§.

a b c

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3071If (Hy)ps1, Hy = Zﬁﬂ% and (a,)ns1 is a sequence of real strictly positive numbers such
that a,., = a, + nefln - sin%. Find T{l_l;glof—\/%

Proposed by D.M. Bdtinetu - Giurgiu-Romania

U.3072 Let be (a,)p>1,a, > 0,Vn € N* such that lim i";l = a > 0. Find:
n—oo n:an
CxWnl+1 N
sin————sinx | Y/a
( Vnl ) "

lim

n—-oo
where x € R.
Proposed by D.M. Bdtinetu - Giurgiu-Romania

U.3073 Let be t > 0 and (a,,),,»1 a sequence of real striclty positive numbers such that

(n _|_ 1)t+2 nt+2 T
lim -sin—

n-ooo \ n+1 /_an+1 n /_an n

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.3074 Let be (Hy )1, Hy = Yty <. Find:
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lim e?Hn ("“w/(n + 1! — W) sin%

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

1.
e3Hn 2

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

e e
& \nﬂ ((n+ DY)’ ) V(n!)s/

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.3076 If s > 0, find:

U.3077 Let be (a,)ns1, (Hp)ns1, Hp = Z}(‘ﬂ% and a,,, = a, + efn,¥n > 1. Find:

I
lim (an - n! - sin —3)
n

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.3078 If n,, n,, n. — Nagel cevians, g4, g, 9. — Gergonne cevians in AABC then:

1672(R — 27)

+ + >s% 1+
Ngda T NpGp negc S\/ s2R

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3079 If n,, n,, n. — Nagel cevians, g,, g, g — Gergonne cevians in AABC then:

n n n
a9a b9b + cYc > \/16R2 + 24Rr — 31r2.
h, hy he

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3080 If n,, n,, n. — Nagel cevians, g,, g, g — Gergonne cevians in AABC then:

Na9a  Mp9Jb ncgc>\/R2+3Rr—r2

he>  hy® RS T r

Proposed by Mohamed Amine Ben Ajiba — Morocco
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All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR JUNIORS

JP.556 In acute AABC the following relationship holds:

Z sin? A (cosB + cosC) < 2 +%<13%_ 15 (%)2 i (%)3>

cyc
Proposed by Marian Ursdrescu - Romania

JP.557 In AABC the following relationship holds:

(b+c> 2A_I_(a_l_c) 2B_I_(a_l_b> 2C<3(R+1)
cbcosz cacosz baCOSZ_Zr

Proposed by Marian Ursdrescu - Romania

JP.558If a,b,c > 0; x = 0 then:

Z (a® + x)(b3 + x) - (ba? + x)(cb? + x)
ac? + x - c+x
cyc cyc

Proposed by Daniel Sitaru - Romania

JP.5591f x,y,z > 0 then:

cyc cyc
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

JP.5601If x,y,z > 0; xyz < 1 then:
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1 1 1 3x+y+
z(_+_+_)2u
x7 ys  z3 xyz

Proposed by Daniel Sitaru - Romania

JP.561 Solve for real numbers:

logzm(xz +x+2)= logm(xz +x+1)
Proposed by Marian Ursarescu and Floricd Anastase - Romania

JP.5621If a,b,c € (0,1) and x,y,z > 0 such that a = (bc)*, b = (ca)?,c = (ab)? and
xyz = 1 then holds:

"\/Z a*(a*+y+2)"1>6- Yabce,n € N*,n > 2
cyc

Proposed by Marian Ursdrescu and Floricd Anastase - Romania

JP.563 In acute triangle ABC,A’, B', C' are symmetric points of the points A4, B, C to the
sides BC, AC and AB respectively. Prove that:

olA'B'C] _ (z)2+8.1_1
6[ABC] " \R R
where o[ABC] is area of AABC.

Proposed by Marian Ursarescu and Floricd Anastase - Romania

P.5641f x,y,z > 0;x% + y> + 2% = %then:
1 1 1
4(x+y+z)+2(—+—+—> > 18
X y z
Proposed by Daniel Sitaru - Romania

JP.565 If a, b > 0 then:

33a+5Ya+3¥b+5¥b<4V/a+4Vb+8

Proposed by Daniel Sitaru - Romania

JP.566 In AABC the following relationship holds:

b c¢\a*> 4R (R
YRS
c b/m2~ r \r

Proposed by Marin Chirciu - Romania

JP.567 Let ABC be a triangle with inradius r and circumradius R. Prove that:
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JP.568 Let ABC be a triangle, with inradius r, and circumradius R. Prove that:
4 < sec? é+sec E+sec ESZ(R)4+2
2 2 2 2r
Proposed by George Apostolopoulos - Greece
JP.569 In AABC prove that:

3R

r

b? — c? c? —a?

bc

aZ _ bZ
ab

ca
Proposed by Ertan Yildirim-Turkiye

JP.570 In AABC the following relationship holds:

12R2p z b2+c2 9R2
Wa

Proposed by Marin Chirciu - Romania
PROBLEMS FOR SENIORS

SP.556 We consider the function f: (0,») - R, f(x) = @ Prove that it is integrable

and prove the inequality:
8
f f(x)dx <10+1In2
&

wherel > ¢ >0and e - 0.
Proposed by Adalbert Kovacs - Romania

SP.557 Prove the following inequality:

3 [sinx
f dx<2+1In3
1 x

2024

Proposed by Adalbert Kovacs - Romania
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SP.558 In AABC, O — circumcenter. If the bisector from angle A4, altitude from angle B and
CO circumcevian are in concurrence, then holds:

3\/—1 + 3%—;(%)2 <cosA < 3’%(%)2

Proposed by Marian Ursdrescu - Romania

SP.559 In acute AABC,AD, BE, CF — symmedians. Prove that:

r3< AF -BD - CE <Rr
R AB+BC+CA 4

Proposed by Marian Ursdrescu - Romania

SP.560 For k € N fixed and a > 0 evaluate:

na

k
L1 1 n+k+i
= lim : | |—
n-o /N n+i

Proposed by Marian Ursdrescu and Floricd Anastase - Romania

SP.561 Let be the function f: [0, 1] —» R integrable such that f(1) = 1 and

y
[ r@ae =550 - xf@) vxy € 0.1

Find:

i
I =f f(x) - tan? x dx.
0

Proposed by Marian Ursdrescu and Floricd Anastase - Romania

SP.5621f0 <a<bh < gthen:

>4(b—a)

sz + v2(sinx + cos x)
= Y3
a sin (Z + x)
Proposed by Daniel Sitaru - Romania

SP.563Ifa,b,c > 0,a+ b + c = 3, then:

Z 2a* o1
3a2 —-2a+5

Proposed by Marin Chirciu - Romania
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SP.5641fa,b,c >0,(a+ b —1)? = aband A > 0 then:

1 1 Avab
_ >
ab+a2+b2+a+b_1+ﬁ

Proposed by Marin Chirciu - Romania

sP.5651f aq,a,,...,a, > 0,a; + a, + -+ a,, = nthen:
1 1

(1 + —) (1 +—)
a; a;

SP.566 If A > 0 then find:

af

(1+—) >2"
an

a3 a3

Proposed by Marin Chirciu - Romania

jl (x2e*+ A+ Dx+ 1)e*
dx
0 A+ xe*

Proposed by Marin Chirciu - Romania
SP.567 Prove that ; is the largest positive value of the constant k such that the inequality

(a+k)?>+(b+k)?+(c+k)?+d+k)?+(e+k)+ (f+k)?=6(1+k)>
holds whenevera>b >1>c>d > e > f > 0 satisfying
ab+ bc+cd+de+ef+fa=6
Proposed by Vasile Cirtoaje - Romania
SP.568leta; >1>a; = - > a, = 0suchthata, + a, + --- + a,, = n. Prove that
aa, +aaz +---+a,a; <n
Proposed by Vasile Cirtoaje - Romania

SP.569 Let a, b, c be positive real numbers such that at most one of them is greater that 1
and abc = 1. Prove that

11(b? + ¢?) — 10a? N 11(c? + a?) — 10b? N 11(a? + b?) — 10c?

<18
b+c c+a a+b

Proposed by Vasile Cirtoaje - Romania

SP.570 Let a, b > 1 fixed. Solve the equation:

( x )log\/ax ( x )logﬁx

ab? a’h

Proposed by Marin Chirciu - Romania
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UNDERGRADUATE PROBLEMS

UP.556 Let be f:[a,b] » R;0 < a < b, f continuous, convex and

a b
ff(x)dx=a;f f(x)dx =2b
0 0

Prove that:

a+b

fo(x)dea+b
0

Proposed by Daniel Sitaru - Romania

UP.557 Prove:

n cos? 9
fz cos B arccos (1+Sin2 e) 10 — 3 (@
0 1+ sin20 8 '

Proposed by Said Attaoui - Algeria
UP.558 Prove that 3 is the greatest positive value of k such that:

1 4 1 +1+ 1 4 1 - 5
a+k b+k c+k d+k e+k 1+k

foranya>b>c>d > 1 > e > 0satisfyingab + bc + de + ea = 5.

Proposed by Vasile Cirtoaje - Romania

UP.559 For given n > 2, prove that n — 1 is the smaller positive value of the constant k
such that

1 1 1
@G tay+ota,=>—+—++—
a; a; a,

for any positive numbers a; with a; < a, < --- < a, and a’l‘an > 1.
Proposed by Vasile Cirtoaje - Romania

UP.560 Prove:

© [ (x4 y)e Y
f f T dx dy =2{(3)
0o o

Proposed by Said Attaoui - Algeria

UP.561 Prove:

158 ROMANIAN MATHEMATICAL MAGAZINE NR. 46



Romanian Mathematical Society-Mehedinti Branch | 2025

2 (™ xsin(x) B
| dx = ¢(2)

3 ), 1+ cos?(x)
Proposed by Said Attaoui - Algeria

UP.562 Prove:

(o] L] 2
j sin(2x) log(x)dx = — r (log2 +vy)
0 x 2

Is there a way to prove that?

jllog(%) 1—2x+ 2x%\ . ( 1-2x )d . my
Ox(l—x)coS 2x(1—x) s 2x(1 — x) r=77

where y design the Euler — Mascheroni constant given by I''(1) = y = 0.557215.. and
INa) = fooo t*le~t dt is the gamma function.

Proposed by Said Attaoui -Algeria
UP.563 Calculate the integral:

©  \xIn%x
dx
; (x+1Dx2%2+1)

Proposed by Vasile Mircea Popa - Romania

UP.564 Calculate the integral:

fs arctan(x)
0

—_——dx
Vxt—x2+1
Proposed by Vasile Mircea Popa - Romania

UP.565 Evaluate:

ol 2
;(_1)., ((Zq + 1‘;(q + 1))

Proposed by Said Attaoui-Algeria

UP.566 If 0 < a < b < 1then:

b /b b xyz
f“f“f“j(l‘xxl—y)u_z)dxdydzz<b2—a2)3

Proposed by Daniel Sitaru - Romania
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UP.567 If —2 < a < b < 2 then:

——————dxdy <
aJa X2 —xy+1 2-b

Proposed by Daniel Sitaru - Romania

UP.568 Let a = 0,a + b # 0. Find all functions f: R — R such that:
f(2) =1and af(f(x)) + bf(x) =a+b,Vx €ER.
Proposed by Marin Chirciu - Romania

UP.569 Let A € N* fixed. Evaluate:

lim {JAZnZ Y (2A-Dn+ 1}.
n—>oo
Proposed by Marin Chirciu - Romania

UP.570 Solve for real numbers the equation:

VI8 +x+V7 —x=x*—-11x+ 25

Proposed by Marin Chirciu - Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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NOTA: Pentru a publica probleme propuse, articole si note matematice in RMM puteti trimite
materialele pe mailul: dansitaru63@yahoo.com
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