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2001. If p,, Py, P =

Spieker cevians in A ABC, then the following relationship holds :

3 Z((hb + hy) (P — Wg)) = 4s(h, + hy + h, — 9r)
cyc

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

B

Let AS produced meet BC at X and m(4BAX) = a and m(4CAX) = 8 (say)
and inradius of A DEF = r'(say)

a?\ /b? at 1 161r2s2
Now, 16[DEFJ? =2 ) (T) (Z) - Te=1g(2Q et ) at) ==
a b c
S pEF =S p(2i2Y2) T
= — &2 = S l=— = — >
2 T 2 20327 @M

. . . C 2B+C B+m-—-A
-+ Spieker center is incenter of A DEF, .- m(AAFS)=B+E= > = >
m_A-B mdmaEs)=c+o="_AC
= —— = —_—=——
2 2 and m 2°3 > (2)

Via (1),(2) and using cosine law on A AFS and A AES, we arrive at :

AS? = rt +f— 2r (E) sinA_ B
T € 7 502 2
2 sin

4sin2
r? N b? 2r (b) . A-C
= — —| ——= |[=] sin
4sinzg 4 Zsing 2 2
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2 2

2r (c) . A-B N r? N b2
—— |(=)sin —
Zsin% 2 z B

2r (b) . A-C
— | sin
ZsinE 2 2

2
Now, 2r (S) sinA —B + 2r (E) sinA —C
Zsing 2 2 ZSing 2 2
r C_. A-B B _  A-C
=E(4Rcosism 2 +4Rcosism 2 )
.A+B . A-B .A+C . A-C
=Rr(251n 2 sin 2 + 2sin 2 sin 2 )

=Rr (1 - Zsin2§+ 1- Zsinzg -2 (1 — 2sin? %))
3 2Rr<2a(s —b)(s—c)=b(s—c)(s—a) —c(s—a)(s— b))

abc

r C

+ ——
4

= 2AS? ® C
4sin? 5

Rr
= arrs (268 + (b +0a? — 2a(b? +¢2) — (b + ) (b~ ©)?)
— i Zé_ _ : zé
4(b+C)szin2%—2a.2bccosA bc<(Zs a)sin®> a(l 2sin 2)
Bl 8s - 2s
bc (Zs+a)sin2é—a
2 (2s+a)(s—b)(s—¢)
o = — 2Rr
2s 2
N 2r (c) . A—B 2r (b) _A-C
- — ) sin - —)sin
ZSin% 2 2 ZSing 2 2
®»—-2s+a)(s—b)(s—c
O-@2s+@E-bG-0 .
2s
Asai r? n r? l‘z( ca 4 ab )
ain, —
& 4sin27 4sin2% 4 \(s—c)(s—a) (s—a)(s—Db)
r? ab + ca (++) 12 r2
=4—2(ca(s—b)+ab(s—c))= — 2Rr = 5+ -
s 4sin27 4sin22

: _ b +c2+ab+ca (2s+a)(s—b)(s—c)
(i), (), (%) = 2AS? = _ .

4
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
3, .3 2 2 _ 2 v3 3 2
_bl+c —abc + a(2b? + 2¢ _a):>2ASZ @b’ +c¢ —abc + a(4m2)

4s 4s
L AS cAS
Via sine law on A AFS, = =
. . A—-B . C
2sing sina  cos—;, (a+ b)smi
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= csi =) r(a+b) d via sine | A AES. bsi G0 r(a+c)
na = n n n ng =
csina 2AS and via sine c;wo ,1 sinf 2AS
Now, [BAX] + [BAX] = [ABC] = Epacsina+ Epabsinﬁ =rs
via (x+x) and (xxx) p,(a+ b+ a +c) 4s
= =s> = A
4AS ST PaT 55t a
,vie@ 16s?  b%+c —abc+ a(4m3)
>p: = >
2s+a) 8s
) 2s

iz &
“|Pa = (2s+ a)?
Now,b? + ¢3 — abc + a(4m2) = b3 + ¢3 — abc + a(2b? + 2¢2 — a?)
= (b + ¢)(b? — bc+ ¢2) + a(b? —bc + ¢2) + a(b? + ¢ — a?)
= 2s(b? —bc + c?) + a(b? — bc + ¢? + bc — a?)
(b+c)?—(b-c)? _ a2>

(b3 + ¢ —abc + a(4m§))

=(Zs+a)(b2—bc+c2)+a< 2

3 a(b+c+2a)(b+c—2a) a(b-—c)?

=(2s+a)(b?—bc+c?) + 2 -—
:(zs+a)(b2_bc_l_cz)+a(Zs—a+2a)(b+c—2a)_a(b—c)2

4 4

2 2 _ — —0)?

:(Zs+a).4b +4c 4b(;+a(b+c 2a)_a(b4c)

= (2s +a).
4z+2)?+4(x+y)? -4+ 0)(x+y)+(y+2)(z+x) + (x+y) —2(y+2))
4
_ 2
_a(b4c) (a=y+zb=z+x,c=x+Yy)

4x(x+y+z)+2x(y+z)+3(y—2z)? _a(b- c)?

= (2s+a).

4
= (ZS + a) (S(S — a) + Z (b _ C)z n a(sz— a)> B a(b4_- C)Z

=(2s+a) (s(s— a) +%(b O+ a(sz— a)) _ (a+2s— is)(b — )2

(b-—c)? a(s—a)\ s(b-c)?
2 2 >+ 2

=(2s+a) (s(s—a) +

(e*)
~|b3+c® —abc+ a(4m3) = (2s+ a) <

(s—a)2s+a) (b-c)?\ s(b—c)?
2 T2 >+ 2

“(0.(00) = Pa = F g 2 2 2

s 2 S 1 1
_ _ 2 —_=
=s(s—a)+(b-c) <(Zs+a) +Zs+a+4 4)

b — ¢)? 1\%
~sts-a) -~ 4c) +0- 0 (552" 2)

— 2 — 2 _ M2
2s ((s a)(2s+ a) +(Zs+a)(b c) +s(b c))
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(b—c)? ((4s + a)? 1
4 (2s + a)?

=s(s—a)+

(+09) s(3s+ a)(b — c)?
>p: = s(s—a)+ Zs 1 a)?
? 2 (b—c)?via(s+s) s(3s+a)(b—c)? ?
Now,pa2wa+§. P e s(s—a)+ 25+ a) >s(s—a)

ss—a)(b—c)? 4 (b—0o)* 4w, (b—c)?
T (2s—a)? +6'(b+c)2+ 3 b+c
(Bs+a) s(s—a) 4 (b—0c?[?] 4w,
s3s+a) s(s-a) 4 c VZ_C)(‘-'(b—C)ZZO)

@s+@?  @s—a? 9 (b+o?|3 30

s3s+a) ss—a) 4 (b- c)2+a®>0b-9’g(3s+a) s(s—a)

We have : 2s+a)?  (2s—a)? 9 (b+c)? (2s+a)? (2s—a)?
4 a? 9(s(3s+ a)(2s — a)? + s(s — a)(2s + @)?) — 4a®(2s + a)?
- 9'(2s— a)? =3 , . 9(4s2 — a2)?
Gl a)(36sg(15128_s :2; 55a” +0%) 524 0 | HS of (0)>0.(m) e
(9T—4(b—c)?(2s+ a)z)2 ? 16(s(s —a)(2s — a)? —s(s — a)(b— ¢)?)
81(4s%2 — a?)* = 9(2s — a)*

(T=s@Bs+a)(2s—a)? +s(s— a)(2s + a)?)
81T% +16(b—c)*(2s+ a)* — 72T(b— ¢)?(2s + a)? ?
& >
9(2s + a)* -
16s(s — a)(2s — a)? — 16s(s — a)(b — c)?
& 16(2s+ a)*(b — 0)* — (72T(2s + a)* — 144s(s — a)(2s + a)*) (b — ¢)? + 81T?

?

—144s(s— a)(2s — a)’(2s +a)*| > |0

(wm)

Now, LHS of (mm) is a quadratic polynomial in "’ (b — ¢)2?” with |discriminant| =

(72T(2s + a)? — 144s(s — a) (2s + @)*)”

—64(2s + a)*(81T? — 144s(s — a)(2s — a)?(2s + a)*)
=72%(2s+ a)*Q* -
64.9(2s + a)*(9T? — 16s(s — a)(2s — a)?(2s + a)*)
(Q=sBs+a)(2s— a)? —s(s— a)(2s + a)?)
= 64.9(2s + a)*(9Q? — 9T% + 16s(s — a)(2s — a)?(2s + a)*)

= —45.64.9(2s + a)*.a’(176t7 — 288t° — 40t5 + 208t* — 13t — 50t* + 3t + 4)

S
(t= z)
120t5 + (24t5 — 24t3) + (325 — 32t?) +>
(64t* — 64t3) + 11t + 4

<0

=[-256s.9(2s + a)*.a’ (t — 1)2<

“t>1=>LHSof (mm)> 0= (mm) = (m) is true
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_ - +2(b—c)2
Pe=We T3 T C

and analogs

=3 Z((hb +ho)(Pa — Wa)) — 45(hg + hy + he — 9r)

cyc

B ca+ab\ (2 (b—c)? s? 4+ 4Rr + r?
_32(< 2R )(5 b+c )>_4S< 2R _9r)

cyc

1 s2 —14Rr +r?
=§z (a(b2+c2 —2bc))—4s< R >

cyc

g o e

cyc cyc

1 5 5 s2 — 14Rr + r?
= E.Zs(s 4+ 4Rr+r- — 18Rr) —2s

R

-~ 3 Z((hb + h)(Pe — Wa)) = 4s(h, + hy, + he — 91) V A ABC,

cyc

with equality iff A ABCis equilateral (QED)
2002.1f p,,, Py, Pc =

Spieker cevians in A ABC, then the following relationship holds :
4
Pat+Pp+Pc S W, +W, + W, + E(max{a, b,c} — min{a, b, c})

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
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Let AS produced meet BC at X and m(ABAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r’(say)

N0w16[DEF2=ZZ( )(bz) 216 - z a2b? — Z 16r22

a c
rs 7t3+t3)\ rs
= [DEF] = = 1| #—5—= |= =71 ———>(1)

=3

. . . C 2B+C B+m-A
- Spieker center is incenter of A DEF, . m(5AFS) =B + 2 = > = >

T _A-B nd (4AES) cyB T _A-C
= —— = —_ =
2~z andm(4 2°2 2 @

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS? r? N c? 2r (c) . A-B
= ——| ——=|(=)sin
4sin2% 4 Zsinc 2 2

2

N 2r cy, . A-B 2r by . A-C
ow, —C (E)sm > + —B ()sm
Zsmi Zsmi

_I‘(4R C . A_B+4R B . A—C)
=3 cos > sin— cos 5 sin—
. (2_ A+B_A-B  A+C_ A—C)
= Rr(2sin——sin— sin——sin—
= Rr 1—ZsinZE+1—ZsinZE—2<1—Zsinzé)
- 2 2 2

= 2Rr<2a(S —b)(s—c)—b(s—c)(s—a) —c(s—a)(s— b))

abc

(Za + (b +c)a? — 2a(b? + ¢2) — (b + ¢)(b — ¢)?)

8R
A A
_ 3 2_ _ _ . 2_
4(b+ c)bcsinZ%— 2a.2bccosA bc<(25 a)sin®> a(l 2sin 2))
B 8s B 2s
bc| (2s + a)sinZé —-a
2 (2s+a)(s—b)(s—c¢) IR
= —2Rr

- 2s B 2s

8 RMM-GEOMETRY MARATHON 2001-2100
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N 2r (c) . A-B 2r (b) . A-C
- — ) sin - — ) sin
ZSin% 2 2 Zsing 2 2
D —(2s+a)(s —b)(s—
O-@s+a)s=b)s=0
2s
Acai r? N r2 rz( ca N ab )
ain, = —
s 4sinzg 4sin2§ 4\(s—c)(s—a) (s—a)(s—b)
r ab + ca (++) T2 r2
= 425 (ca(s —b) +ab(s — ) = —,— 2Rr =

. -B C
2 a2
4sin > 4sin )

(), (), (ve) = 2452 = 2 2 Habrea (2s+a)s—b)s—0

4 2s
_(@a+b+)(b?2+c*+ab+ca)—(2a+b+c)(c+a-b)(a+b-c)

8s
b3 + ¢ — abc + a(2b? + 2¢% — a?) G b3 + ¢ — abc + a(4m3)
= = 2AS? =

4s 4s
L. r AS cAS
Via sine law on A AFS, =

. C. ~ _A-B~ —C
Zsmisma cos— (a+b)sm7

(=) r(a+b)
o =

S csi d via sine 1 A AES, bsing =" T+ ©)
csina = and via sine law on ,bsin =
2AS 1 1 2AS
Now, [BAX] + [BAX] = [ABC] = Epacsina+ EpabsinB =rs
via () and (=) p,(a+ b+ a +c) 4s
= =s= = AS
4AS ST P55k a
,vie@ 16s?  b%+c —abc+ a(4m3)
>p: = 5
(2s+a) 8s
) 2s

- pg = m(b3 +C3 _abc+a(4mg))
Now,b3 + ¢ —abc + a(4m2) = b3 + ¢® — abc + a(2b? + 2¢? — a?)
= (b + ¢)(b? —bc + ¢?) + a(b? —bc + ¢Z) + a(b? + ¢* — a?)
= 2s(b* —bc + ¢?) + a(b? — bc + ¢* + be — a?)

2 _ (b —c)2
=(Zs+a)(b2_bc+C2)+a<(b+C) 4(b ) _a2>
— _ 2
— (2s+ @)(b? — b+ c?) 4 22T e 2B re-2a) alb-o

4
— 25+ a)(b? —be + ct)  WEST@F 200 ¥ cm2a) ab—c)

4 4
2 2 _ — — )2
:(Zs+a).4b +4c 4bi+a(b+c 2a)_a(b4c)
= (2s + a).
4z+x)?+4(x+y)? -4+ 0)(x+y)+(y+2)(z+x) + (x+y) —2(y+2))
4

a(b —c)?
—%(a=y+z,b=z+x,c=x+y)

9 RMM-GEOMETRY MARATHON 2001-2100
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A4x(x+y+2z)+2x(y+2z)+3(y—2)% a(b-—c)?

= (2s + a). -
=(2s+a) <S(s —a)+ % (b—0c)?+ a(SZ— a)> B a(b; 0)?
= (2s+a) <S(S—a) +%(b—c)2 N a(sz— @)\ (a+ Zs—is)(b_c)z
—¢)? — — )2
=(2s+a) <s(s _a+ 2 ZC) N a(SZ a)) sk . ©)
«|b3+ ¢® — abc + a(4m2) © 25+ @) <(s - a);Zs ta) O —zc)2> EC ; o2

5 (), (o) > p2 = 2s ((s —a)(2s + a)? N (2s+ a)(b—c)? N s(b— c)z)

(2s+ a)? 2 2 2

s 2 S 1 1
_ _ M2 —_ =
=s-—a)+(b-c) <(Zs+a) +Zs+a+4 4)

b — 2 12
—s(s-@) - P+ -0 (354 g)

(b—c)?((4s + a)? 1
4 (2s+ a)?
s(3s+ a)(b — c)?
(2s + a)?
? 2 ? 4 4
Now, p, Swa+§|b—c| (:)pﬁSw§+§(b—c)2+§.wa.|b—c|

via (++) s(3s + a)(b — c)? s(s —a)(b —c)?
e sls-a)+ (2s + a)? —s(s-a)+ (2s — a)?

Sb-0? <5 welb—d
5 ©f <3 W, c
<s(35+ a) s(s—a) 4) ? 4

S\ sraz T @s—a 9)P Sz Wal:Ib-dz0)

(20s* — 18s3a—s?a? —a*)|b—c| 2 w,
& <2

=s(s—a)+

(...)
>p: ="s(s—a)+

9(4s2 — a?)? - 3
(s — a)(20s® + 2s%a + sa? + a®)|b — c| 2 w
3(4s2 — a?)?2 -
o (s — a)?(20s3 + 2s%a + sa? + a3)2(b — ¢)? 2 S(s— a) - s(s—a)(b —c)?
9(4s2 — a2)* , - (2s—a)?
3 2 2 .3 2 4
- (s—a)(ZOs +2s“a+sa” +a ) +9s(2s—a)*(2s + a) (b0 ésand

9(4s2 — a%)*

(b —=c¢)? < a? - in order to prove this, it suffices to prove :
?
9s(4s? — az)4 > a?(s — a)(20s® + 2s%a + sa® + a3)2 + 9sa?(2s — a)?(2s + a)*
?
& 2304t° — 3280t7 — 256t° + 1044t° + 288t* — 69t> —33t2 +t+1> 0
s 2212t% + 92(t® — t°) + 884(t” —t°) + 1232(t" — t%) +) 2

(t:_)@(t_l) 7 _ 14 3 2 2 2 >0

188(t7 — t*) + 10063 + 28t2 + 2(2 —t) +t> — 1

10 | RMM-GEOMETRY MARATHON 2001-2100
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S 2
- true~t= a >15pg <w, +§ |b — c| and analogs

2
= pa+pb+pc Swa+wb+wc+§(|a—b|+|b—c|+|c—a|) _)(m)

Now, we shall provethat:%(lb— c|+|c—a|+ |a—b])
= max{a,b, c} — min{a,b, c}
aZch-‘-%(lb—cl+|c—a|+|a—b|)=%(b—c+a—c+a—b)
= a— ¢ = max{a,b,c} —min{a,b, c}
aZch-‘-%(lb—cl+|c—a|+|a—b|)=%(c—b+a—c+a—b)
= a — b = max{a,b,c} — min{a,b, c}

1 1
Case (3) chZa:-E(Ib—c|+|c—a|+|a—b|)=i(b—c+c—a+b—a)

=b — a = max{a,b,c} — min{a,b, c}

1 1
Case (4) b2a2c-'-i(|b—c|+|c—a|+|a—b|)=5(b—c+a—c+b—a)

=b — ¢ = max{a,b,c} — min{a,b, c}

1 1
Case (5) CZaZb-'.E(lb—cl+|c—a|+|a—b|)=E(c—b+c—a+a—b)

= ¢ —b = max{a,b,c} — min{a, b, c}

1 1
Case (6) chZa-‘-E(lb—cl+|c—a|+|a—b|)=E(c—b+c—a+b—a)

= ¢ —a = max{a,b,c} — min{a, b, c} . combining all 6 cases, we conclude :

%(Ib— c| + |c— a] + |a—b]) = max{a,b,c} — min{a,b,c}|| - (n) -~ (m) and (n)

4
S PatPptPcSWe+wW, +wW,+ 3 (max{a,b,c} — min{a,b,c}) V A ABC,
with equality iff A ABCis equilateral (QED)

2003. In AABC the following relationship holds:

D=5y e+

ra+rb

Z(a + b)cosC = 2s

re—T

Proposed by Dang Ngoc Minh-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

1) Z Jmé +rr,
mi+rr, = i((Z(b2 +c?)—a?)+ (@’ - (b-0)?) =

1 1 1
=Z(2b2+2c2—a2+a2—b2—c2+2bc)=Z(b2+cz+2bc) =Z(b+c)2

11 RMM-GEOMETRY MARATHON 2001-2100
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Here |a? = (b —c¢)? + 4rr,| (true)

Z\/m§+rra=z;(b+c) =2s (1)

1 re+r
2) ) @e+r) [

Te—T

C C C C
(ro+r)= stani + (s — c)tanz = (2s — c)tanE =(a+ b)tanz

Te+71p, 4R+71r-—71, 4R 1 4R 4R
r.—r ro—r re—r stang —(s— (;)tan£ ctanz
2 2 2
4R 1
shsincosGtang | sl
siny cos5 tany sin 5

c
= ctg? 2 Here [r,+1,+1.= 4R + 1| (true)

’r +7r
(ro+r) = b
r.—T

1 Ta+ T
EZ(rc+r) = @)

Cc Cc
=(a+ b)tani.coti =(a+b)

3) Z(a + b)cosC

Z(a + b)cosC = (a+ b)cosC + (b + c)cosA+ (a + ¢)cosB =

= (bcosC + ccosB) + (ccosA + acosC) + (acosB + bcosA) =a+b +c=2s

a = b.cosC + c.cosB
Here |b = c.cosA + a.cosC| (true)
c=a.cosB + b.cosA

z(a + b)cosC = 2s (3)

The expression from (1),(2) and (3) has been proved.

2004. In AABC the following relationship holds:
Tq
™ +1 - r,—T

h — —
cych_:+1 cyc ha "

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Tapas Das-India

F _ rs—s+a)

Ta™ " s—a "~ s—a  _ a? _ a*
h,—r  2F__ — r(Zs—a) T (s—a)(2s-a) (s—a)(b+c)
a
ry—T
h,—r H(s—a)(b+c)
e zbz 2
(4)

" G-a)i-bG-0c@a+b)b+olcta
r s—b
7”_:+1_s— +1 a 2s—b-a ac
ha+1_ b+1 “a+b s—-a (G-a) a+h)

hy
1_[ (s — a)(a + b)

cyc ha +1 cyc

r“+1

a’b?c?

T G-aG-bGs-0@+bb+olcta (B)
( +1) N
From (A) and (B)we get _ a
I_I Z:'+ 1 I_]:ha -r

2005. In any A ABC, following relationship holds :

z 1 a® . c8 _ 2
a® + c5\bZsinB  b°>sinC/ — R23

cyc

Proposed by Zaza Mzhavanadze-Georgia
Solution by Soumava Chakraborty-Kolkata-India

VA,B,C >0,(A'+B), (B +C),(C +A’) form sides of a triangle
(+(A+B)+ (B +C)>(C+A) and analogs)

= VA’ + B,VB + C,VC + A’ form sides of a triangle with area F (say) and 16F?

=2 W+ B)B+C) - ) (A +B)?

cyc cyc
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= ZZ ZA'B’+B’2 —ZZA’Z—ZZA'B’

Ccyc cyc cyc cyc
= 6ZA'B’ +ZZA’2 —ZZA’Z - ZZA'B’ = 4F =2 ZA’B' - (1)
cyc cyc cyc cyc cyc

~

*

~—

Now, V >0 7\/_ Z Yy 23
) Yo ) — > —
oWy LY.E (y+z)(z+x) £ xy(y +z)(z + x) = 4

(Zeyexy) _ (Begexy)”
Yeye (XY(chc xy + ZZ)) (Zeyexy)” + xyz Teye x

Via Bergstrom, LHS of (x) >

2

;3 ; 3 t ) ; 3 (2)
_@ _) '0. __)
E Xy XyZ E X rue C 2z ) 2
cyc

cyc cyc

Weh 1 a’® N c8 N 1 b> N a8
e have :
a5+ c3\b2sinB b3sinC/ a’+b5\c2sinC c5sinA

N 1 cs N b8
b5 + c5\a?sinA a®sinB
- c’a’® b3 a5 c’ LR a’b’ c> /b N a’
B aSb5 + b5¢5 c5a5 \b3 b5 cSa’ +b5cd a’b5 ' \¢3 5

b5c5 a®> (¢ b’
. . A —=+—=
cSa® + a®b> "b5c5 (a3 a5)

_ R b5¢c> a? b2 LoR c’a’® b2 N c?
T e5as 4+ adbs b5 asb’ + b5c> \c¢c> ad

a’b® ¢z qa?
+2ZR. c3a’ + b5c5’ <$ + ﬁ)

+2R

X Z
= 2R—— (B'+C) + 2R ——(C' + A") + 2R.—— (A’ + B)
y+z Z+Xx Xty

2 2 2

C a b

<x =b3c’,y=c’a’,z=a’b’A'=— B =-+,C = —5>
a c

X 2 Z 2 Oppenheim
=2R——.yB' +( +2RL C+A +2R——.{A'+ B >
y+z Z+Xx Xty
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xy via (1) and (2) \/§

4F. Z > 2R.2 ZA'B'.—

y+2)(z+x) 2

cyc cyc
R |3 c2 a?\ A-G R 6/c2 a? a%? b? b2 c2 R 6 1 6R
= . —.— = = = = = . =
Z a’s’ b5/ — as> b5 b5 ¢5 ¢5 ad abéc® 4Rrs
cyc

Euler
and

3 Mitrinovic 6 1 a’® c8
— > +
2rs R.3V3R a’+c3\b%sinB b3sinC

N 1<b5+a8>+1<c5+b8>>2
a5 +b3\cZsinC c3sinA/ b5 +c3\a2sinA aSsinB/ ~ R2.4/3
v AABC,”" =" iff A ABC is equilateral (QED)
2006.
If pa, Pu, Pc — Spieker cevians and n,, n;, n. = Nagel cevians in A ABC,

then the following relationship holds :

pa_ha+pb_hb+pc_hc2ﬂ(na ny N )
n,+h, nyp+h, n.+h." 3s

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

B

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r'(say)
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N0w16[DEF]2—ZZ( )(bz) 216 = Z 2b? — z 16r252

C
rs_ PR ANRE
= [DEF] = -=r'| &=——* =Z:>r———>(1)

=3

a
7+

. . . C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(5AFS) =B + 2T T T 2

~m A-B B nm A-C
andm(iAES) = C+E =E—T—> (2)
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
r? c? 2r c A—B
AS? = +—— | —=
4sin2% 4 ( ) 2

2
N 2r (c) . A—B+ 2r (b) . A-C
ow, —|sin — ) sin
Zsin% 2 Zsing 2 2
r C A-B B A-C
= E (4Rcosism + 4Rcoszs1n
A+B . A—B . A+C . A—C)

= Rr( 2si 2
r(sm 5 sin— + 2sin 5 sin—

=Rr (1 - Zsin2§+ 1- Zsinzg -2 (1 — 2sin? %))
3 2Rr(Za(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))

abc

= BRrs (Za + (b +c¢)a? — 2a(b?+ ¢?) — (b +¢)(b—c)?)

A A
— in2 = — _ . 244
4(b+C)bCSinzg—2a.2bccosA bc<(Zs a)sin > a(l 2sin 2))
B 8s B 2s

. 2 A
) bc<(25+a)sm27—a>  @s+@-b)E—0 -
- 2s B 2s —aRr

2r cy, . A-B 2r (b) . A-C
— sin

(_) sm 2

2 2

:_
2

Zsini Zsmi
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()—(Zs+a)(s—b)(s—c)_|_2

[

Rr
2s
Asai I‘Z n l‘2 l‘2 ( ca 4 ab )
ain, =—
s 4sinzg 4sin2% 4 \(s—c)(s—a) (s—a)(s—Db)
r ab + ca () 12 r2
= 225 (cals —b) +ab(s - ) = — 2Rr = -

4sinzg 4sin2 =

2
] _b2+c?+ab+ca (2s+a)(s—b)(s—c)
(i), (x), (++) = 2AS? = - 23

4
_(@a+b+)(b2+c*+ab+ca)—(2a+b+c)(c+a-b)(a+b-c)

8s
b3 + ¢ — abc + a(2b? + 2¢% — a?) G b3 + ¢ — abc + a(4m3)
= = 2AS? =

4s 4s
.. r AS cAS
Via sine law on A AFS, = A_B- C
2sin5 sina cos—;, (a+ b)sinz
. =»r(a+b) L . (o r(a+c)
= csina = T2AS and via sine lalw onA AES,;)smB = 2AS
Now, [BAX] + [BAX] = [ABC] = Epacsina+ EpabsinB =rs
via (+++) and (x+++) p,(a+ b+ a + c) 4s
> =s> = A
4AS ST PaT 5 a
,vie@ 16s2  b®+c —abc+ a(4m3)
= = .
Pa (2s + a)? 8s
() 2s

- |pa (b3 +c3—abc+ a(4m§))

(2s + a)?
Now,b? + ¢3 — abc + a(4m2) = b + ¢3 — abc + a(2b? + 2¢2 — a?)
= (b+ ¢)(b? — bc+ ¢?) + a(b? —bc + ¢2) + a(b? + ¢ — a?)
= 2s(b? —bc + c?) + a(b? — bc + ¢? + bc — a?)

b+ ¢)? — (b —c)?
=(Zs+a)(b2—bc+c2)+a<( © 4( © —a2>
a(b+c+2a)(b+c—2a) a(b-—c)?

= (2s+ a)(b? —bc+c?) +

4 4
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s+a)(b?>—bc+c?)+

4 4
2 2 _ — —c)?
=(Zs+a).4b +4c 4bi+a(b+c 2a)_a(b4c)
= (2s +a).
4z+x)?+4(x+y)? -4+ 0)(x+y)+(y+2)(z+x) + (x+y) —2(y+2))
4
_a(b—c)2

(a=y+zb=z+x,c=x+Yy)
4x(x+y+2z)+2x(y+2z)+3(y—2)? a(b-c)?
4 4

= (2s + a).
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— — )2
=(2s+a) <s(s —a) +%(b _o?+ 0t(s2 a)> _ab-9

4
- - — )2
=(2s+a) <s(s—a) +%(b—c)2 +a(s2 a)\ (a+2s iS)(b )
— )2 _ _ 2
=(2s+a) <s(s—a) G ZC) +a<s2 a)) +s(b2 )
. _ — —
+|b*+ ¢ — abc + a(4m?) & 25+ a) <(S a);zs ta) O ZC) > G 2 o)

. _2s (s—a)(2s+a)?* (2s+a)b-c)? s(b—c)?
() = BE = oy a)z( Zore) @eraboo 0 )

s 2 S 1 1

_ _ M2 —_ =
=s(s—a)+(b-c) <(Zs+a) +Zs+a+4 4)

2

3 (b—c)? 5 s 1
=s(s—a)— +(:)_c)'(252+a+§)
_ (b—c)*[((4s+ a)
=s(s—a)+ 2 25+ a)? 1
(+09) s(3s + a)(b — c)?
>p: ="s(s—a)+ 25+ a)?
? 2 (b —c)? via(s+*) s(3s+ a)(b —c)?
> =, -
Now,p, = h, + 3 a S s(s—a)+ 25+ a)?
? ss—a)(b—c)? 4 (b—c)* 4h, (b—c)?
>s(s—a)— P +§2 P + 3 a
s(3s+a) s(s—a) 4(b-—c)“|? |4h, )
- > “(b—c¢)2>
(2s + a)? a? 9a? (f) 3a (b -0?=0)
s(3s+a) s(s—a) 4(b-c)?a*>®0-90*s(3s+a) s(s—a) 4
We have : + - - =
(2s+ a)? a? 9a? (2s + a)? az 9

_ 9s(3s+ a)a* +9s(s — a)(2s + a)* — 4a*(2s + a)?
- 9a?(2s + a)?
_A(s— a)(9s® + 9s%a + 5sa? + a3) s;a 0 = LHS of (m) > 0 . (m) &
9az(2s + a)? -

T? 16(b—c)* 8T(b-c)* ? 16 s(s—a)(b— c)?
+ - = As(s—a)—
a*(2s + a)? 81a* 9a*(2s + a)? ~ 9a? a?

(T=sBs+a)a® +s(s— a)(2s+ a)?)

16(b—c)* 8(b—c)? T T? 16s(s — a)
=3 - —2s(s—a) |+ -
81a* 9a* (2s + a)? a*(2s+ a)* 9qa?
4(b - c)?\> N 4(b — c)? 4s(2s® —3sa? — a3)
9 9 ' (2s + a)?
9T? — 16s(s — a)a?(2s + a)* 2 0
9(2s + a)* (ﬁ)
. . . ,4b—-0)? —
Now, LHS of (mm) is a quadratic polynomial in —g whose [discriminant]|
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2
_ 16s%(2s® —3sa” — a®) 9T2 — 16s(s — a)a?(2s + a)*
B (Zs + a)* ' 9(2s + a)*

16sa’ S

=————— (4415 — 28t* — 4913 + 10t2 + 19t +4) (t = —

" 9(2s+ a)t’ ( ) ( a)
_16sa’ (t—1)2(44t3 + 60t? + 27t +4) < 0 = LHS of (mm) > 0

= _ (t— o
9(2s + a)*
2 b — ¢)?
= (mm) = (m)istrue . p, = h, 3 ( ) - (m)

Again, Stewart’s theorem = b?(s — ¢) + ¢?(s —b) = an% + a(s —b)(s — ¢)
= s(b? + ¢2) — be(2s — a) = an? + a(s? —s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?) = s(b? + ¢* — a® — 2bc) = an? — as? = an? =
4sbc(s—b)(s—c)(s—a)
bc(s — a)

as(cta—b)(a+b—c) 5 a? — (b—c)? )
a =as“ —as f =>Nng; =

s<s—w>=s<s—a+(b;c)z>=>n§=s(s—a)+2.(b—c)2

a
4r (n, 4ra (n?%—h2
> (3e-1)= .
3s \h, 3s.2rs \n, +h,

A
as? + s(2bccos A — 2bc) = as? — 4sbc sinZE = as? —

2 _

=as

s s(s—a)(b—c)?
a)+a.(b—c)2—s(s—a)+ p _2a i (b — ¢)2
352 n, +h, 3s2'a? n, + h,
2 (b—c)? 1 viemp —h —h, A4r
== (b-o < Pa "M  Pa—la > — (—— 1) and analogs
3 a ‘ng+h, n,+h, ng+h,  3s'\h,
—h —h —h, 4
:>pa a+pb b+pc > r<na+ﬁ __3>
n,+h, n,+hy, n.+h." " 3s\h, h, h

Vv A ABC,with equality iff A ABC is equilateral (QED)
2007. In AABC the following relationship holds:
2
a

L S
(sinB + sinC)?

Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

3R?

a? 4R%sin%A Zsin%cos%
- — o =T —— = ( BT C B_C)2.4R2=
(sinB + sinC) (sinB + sin() 2sin 5. 05—
., A
sinscos B-C
4R?( 22 2> 4R%sin?= (Because cos < 1)

CO0S+.COS—5—
2 2
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2

a A
Z , , 24R225in2—
(sinB + sinC)? 2
cyc cyc
Z _,A 3 1 PO 1(1+r) . rE‘é’frl 3 4
sin“—=——— > cosA=—-—— —)=1-— = 1-—=-
2 2 2 2 2 R 2R 4 4 1)
cyc cyc
2
a 3
Z , , > 4R*. — = 3R?
(sinB + sinC)? 4
cyc

2008. If p,, Py, Pc —

Spieker cevians in A ABC, then the following relationship holds :
7
pa+pb+pc+12r2§(ha+hb+hc)

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

B

Let AS produced meet BC at X and m(4BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ (b? at* 1 16r12s?
2 _ E: _E _ 2 2 2_2 4) _
Now, 16[DEF]* = 2 (4)(4) 16 16(2 a“b a) 16

a b c
rs_ (2F2t2\_rs_ ,_r
:>[DEF]=Z:>r =)= == @

4 2

. . C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(5AFS) =B+ - = 5= >
m_A-D mdm(saEs)=c+o=T_2"C_
i = —_—,——,—
> > and m(4 ) >=3 > 2)
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Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

r? _2r (c) A—-B

AS? = hd
2 2

4sin2 %

C

2
B r? +b2 2r
4sinzg 4 ZsinE

r2 c? 2r

+ c*
4 2sins

= 2AS? (;)
4sin? 5

2
Now, 2r (S) sinA —B + 2r (E) sinA —¢
Zsing 2 2 2
r C_  A-B B _  A-C
=E(4Rcosism 2 +4Rcosism 2 )
_.A+B . A-B .A+C . A-C
=Rr(251n 2 sin 2 + 2sin 2 sin > )

=Rr (1 - Zsinzg+ 1- Zsinzg -2 (1 — 2sin? %))
B 2Rr<2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))

abc

Rr
so—(2a3 + (b + 9)a? — 2a(b? + ¢2) — (b + ) (b~ ©)?)
A A
— 3 2__ _ . 248
4(b+c)bcsin2%—2a.2bccosA bc<(25 a)sin ) a(l 2sin 2))
B 8s - 2s
bc (Zs+a)sin2é—a
2 (2s+a)(s—b)(s—c)
- = —2Rr
2s
N 2r (C) . A—B 2r (b) A-C
- —)sin — — ] sin
Zsin% 2 2 Zsing 2 2
) —(2s+a)(s—b)(s—
() —( )(s —b)(s c)+2Rr
2s
Avgi r? N r? rz( ca N ab )
ain, -
® 4sin? 5 4sin2g 4\(s—c)(s—a) (s—a)(s—Db)

2

ab + ca () r? r

2Rr = +
4sinzg 4sin2%
b2+c2+ab+ca (2s+a)(s—b)(s—c)
4 2s

12
= Fzs(ca(s —b)+ab(s—c)) =

(i), (), (xx) = 2A8% =
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_(@a+b+0)(b?2+c*+ab+ca)—(2a+b+c)(c+a-b)(a+b-oc)

8s
b3 + ¢ — abc + a(2b? + 2¢? — a?) G b3 + ¢ — abc + a(4m3)
= = 2AS? =

4s 4s
Via sinel A AFS,— AS cAS
ia sine law on , = — =
2sin% sina cosA > B (a+ b)sing
=) r(a+b ) r(a+c
= csina = % and via sine lalw onA AES,l)sinB = (ZAS )
Now, [BAX] + [BAX] = [ABC] = Epacsina+ Epabsinﬁ =rs
via (+++) and (x+++) p,(a+ b+ a + c) 4s
= =s=> = A
4AS ST PaT 55k a
,via@) 16s? b3 +c® —abc+ a(4m3)
>ps: = .
(2s + a)? 8s
) 2s
w2 3, 3 2
“|Pa = 2sta)? (b + ¢ —abc+ a(4ma))

Now,b? + ¢3 — abc + a(4m32) = b + ¢3 — abc + a(2b? + 2¢? — a?)
= (b+ ¢)(b? — bc+ ¢2) + a(b? —bc + ¢2) + a(b? + ¢ — a?)
= 2s(b? —bc + c?) + a(b? — bc + ¢? + bc — a?)

b 2 _ b — 2
=(25+a)(b2—bc+c2)+a<( to 4( © —az)
ab+c+2a)(b+c—2a) a(b-—c)?

4 4

=(2s+a)(b?—bc+c?) +

_ _ )2
:(2s+a)(b2—bc:rc2);ra(zs a+zi)(b+c za)—a(bz4 ©
=(Zs+a).4b +4c —4bc+a(b+c—2a)_a(b—c)
4 4
= (2s+a).
4z+x)?+4(x+y)? -4+ 0)(x+y)+ (y+2)(z+x)+ (x+y) —2(y +2))
4
)2
—%(u=y+z,b=z+x,c=x+y)

_2s 4 @) FOHY+D+2xG+2) +3G-2)° ab-o)

2 4
a(s—a)\ (a+2s-2s)(b—c)?
2 B 4
— )2 _ 2
(b—10¢) +a(s a))_l_s(b )

4
=(2s+a) (S(s—a) +%(b—c)2+‘l(s_“[)>_‘l(b—0)2

=(Zs+a)<s(s—a)+%(b—c)2+

=(Zs+a)<s(s—a)+ > > >

D)
»|b%+ ¢ —abc+ a(4m3) = (2s+ a)<

(s—a)2s+a) (b—c)?\ s(b-c)?
2 T2 >+ 2
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2s (s—a)2s+a)? (2s+a)b-c)? s(b—c)?
(2s + a)? ( 2 + 2 + 2 )

S 2 S 1 1
=s(s—a)+(b—c)2((25+a) +Zs+a+1_1>
(b —c)? s 1\2
4 +(b_c)2'<25+a+§)

(b—c)? ((4s + a)? B 1)
4 (2s+ a)?

s(3s+a)(b—c)?
(2s + a)?

N 2 2b? —bc+2c¢?  p? 2 (2b%? —bc+ ZCZ)Z
@ —
OW:Pa = 6R hZ= gz DiC
" 4R?

p2 —h2 ? (2b%? —bc+ 2c? 2b?% —bc + 2¢?
= -1 +1

“(0),(0) > pa=

=s(s—a)—

=s(s—a)+

(“‘)
>p: = s(s—a)+

hZ = 3bc 3bc
s(3s+ a)(b — c)? s(s—a)(b — c)?
(2s+a)? az 2 4(b—c)?(b? + bc + c?)
h2 = 9b2c2
4s*(b — c)? 2 4(b— ¢)?(b% + bc + ¢?)
a’h%(2s+a)? ~ 9b2c2
st ? b? 4+ bc + ¢?
S =
4s(s—a)(s—b)(s—c)(2s + a)? 9b2c2
4(s—a)(2s+a)? — creJis s—¢
= (b? + bc+ c?)(—s(s— a) + bc)
9s3b?c? ?
>
< 4(s—a)(2s+a)? —

160 Zs F a7 c cs(s—a) > (bc—s(s—a s—a c
9s3b2c?

=
4(s—a)(2s+ a)?
(bc—s(s— a))(2s — a)> — 2b?c? + 2bces(s — a)

s(s—a) +

—s(s—a)+

via (s++)
o

(~(b-0c)?=0)

(bc—s(s— a))(b? + c2) + b%c? —bes(s — a)

?
—b?c? +bes(s—a) >

o 9s3b2c?
4(s— a)(2s+ a)?
25s3 — 12sa? — 4a3

>
b2c2 — (552 — 2) D) (25— ) >
“lac-aaEs+az C (5s* - 5sa+a?).bc +s(s —a)(2s— a) (?)0

+b%c? +s(s— a)(2s — a)? —bc(s(s — a) + (2s — a)?) ; 0

Now, LHS of (m) is a quadratic polynomial with discriminant =

25s3 — 12sa? — 4a3
(5s% —5sa+a?)’ - st a) .s(2s — a)?

B —a?(12s* — 18s3a + 5s%a? + 2sa® — a*)
B (2s + a)?
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—a%(s — a) ((s —a)(12s? + 6sa + 5a%) + 6a3)
- (2s + a)? <0ts>a

2b% —bc + 2¢2
6R

7 2b%2 —bc+2c¢*2 7
:>pa+pb+pc+12r—§(ha+hb+hc)22 — _6_szc+12r

cyc cyc

_ 4%y ca? — 8% cbc+ 72Rr  8(s? — 4Rr —r?) — 8(s? + 4Rr + r?) + 72Rr

6R 6R
8r(R — 2r) Euler 7
=T > 0-’-pa+pb+pc+12r2§(ha+hb+hc)
Vv A ABC,with equality iff A ABC is equilateral (QED)

~ (m) is true (strict inequality) - p, = and analogs

2009. In any A ABC, the following relationship holds :

mambmc z pc
) = r,n, |—
F W,

cyc

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

A

B

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r’'(say)

a?\ /b2 at 1 16r2s?
Now,16[DEF]2=ZZ (= —Z—z—(zZazbz—Za‘*):
4 4 16 16 16

c
tTs+3) rs r
L lE=per=0o®

N
=2

rs
:>[DEF]=Z:>r’< 2 2
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2B+C B+m—A

C
.+ Spieker center is incenter of A DEF,.. m(£AFS) = B + 2 =

2 2
T A-B nd (4AES) cio T A-C
= —— = —_=——_—_—
2 T andmis 272 2 °®@
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
r2 c? 2r c A—-B
AS? = C+Z_ — (E)sin 5
i 2 b .
4sin > Zsm2
r? N b? 2r b A-C
=—g+a- | — 5z
2D e
4sin > Zsm2
. 2 2 2 2
i r C 2r c A—-—B r b
= 2AS? - +Z— (E)sin 2 + +Z
- 2_ - -~ - 2_
4sin 3 Zsm2 4sin 3
2r (b) A-C
— — ] sin
Zsing 2 2
N 2r (c) ) A—B+ 2r (b) . A-C
ow, —) sin — ] sin
Zsin% 2 2 Zsing 2 2
r C A—B B A—-C
= — (4Rcos —sin + 4Rcos —sin )
2 2 2 2 2
_A+B _A-B A+C _  A-C
= Rr <Zsm sin + 2sin sin )
2 2 2 2

=Rr (1 - 25in22+ 1- Zsinzg— 2 (1 — 2sin? %))
<2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
= 2Rr

abc

= i(Za3 + (b +c)a? - 2a(b*+c*) — (b +c)(b - c)?)
8Rrs

2
8s 2s

. 2, A
be <<2s +a)sin’y — “> _@s+a)(s—b)(s—0)
25 - 2s -

2r cy, . A-B 2r by  A-C
=—|—= (E) sin——— (E) sin—
Zsini 2sin
»—2s+a)(s—b)(s—c) N
- 2s

A A
_ ein2 2 _oein2A
4(b + c¢)bcsin? A_ 2a.2bccosA  P€ <(ZS a)sin 2 @ (1 2sin 2)>

2Rr

2Rr
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2 2 2

Asai r + r r ( ca + ab )
ain, = —
& 4sinzg 4sin2% 4\(s—c)(s—a) (s—a)(s—Db)
rz ab + ca (xx) ['2 rZ
= 12 (ca(s —b) + ab(s — C)) = —2Rr = g+ c
4r-s 4 4sin2 i 4'Sil’l2 E

b?2+c2+ab+ca (2s+a)(s—b)(s—c)

(i), (%), (x¥) => 2AS? = 1 7
B (a+b+c)b*+c?+ab+ca)— 2a+b+c)(c+a—-b)la+b—-rc)

8s
b3 + ¢3 — abc + a(2b? + 2¢? — a?) (i) b3 + ¢3 — abc + a(4m?)
= = 2AS? =

4s 4s
L. r AS cAS
Via sine law on A AFS, = A_B- C
Zsinisin(x cos —, (a+ b)sini
= = —-—— T ——
csina 2AS and via sine alw on ,1 sinf 7AS
Now, [BAX] + [BAX] = [AB(C] = Epacsina + EpabsinB =rs
via () and () p,(a+ b+ a+c) 4s AS
= = = =
4AS ST Pa= 55 a
, via (i) 16s2 b3 + ¢ — abc + a(4m?)
Pa = (2s + a)?’ 8s
() 2s
e 2 o 3, 3 _ 2
“Pag = s + a)? (b + ¢®> —abc + a(4ma))
= p2 — 2——25 (b3+ 3 —abc + a(4 2))— 2
p; —mz; = 25 + a)? ¢’ —abc + a(4m; m;

2
a

8sa )

== ¥+ —ab —(1——
(Zs+a)2( T ¢ —abo) (2s + a)?
_4(a+b+ ¢)(b3 + ¢3 — abc) — (2b? + 2¢% — a?)(b + ¢)?

4(2s + a)?
_ a’(b-c)? +4a(+ c)(b —c)? + 2(b% — c?)?
- 4(2s + a)?

((a2 +2a+¢)+ (b+0)2) + ((b+c)?+2ab+c)+a?) — aZ)

(b — ¢)? (b — ¢)2(8s2 — a?)
=— " _(2(a+b+0)?—a?) =
225+ a2 2@ ©)" —a’) 4(2s + a)?
) (b —c)%(8s% — a?)
4(2s + a)?
Lascu + A-G ? ?
Now, miw, > m3.s(s —a) > s?(s—a)%.p, © m§ > s?(s —a)?.p?
mg ? pa
——* __1>-%_4
s2(s—a)? m2

_ (b-0)?
"~ 4(2s +a)?

. 2 2
< Pg — Mg
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b— c
via (+) (S(S —a)+ ( k ) -s’(s-a)?, (b —c)?(8s? — a?)
=N >
2(s —a)? T 4(2s+ a)?2.m2
b —c)* b — c)?
S ma. >
@ s2(s — a)? - 4(2s + a)?
— )2 _
(b - 0| m} i U Sl >0
e (b— . —
7\ Ma s2(s —a)? 4(2s + a)? (f)
v (b—¢c)?>>0and m2 > s(s — a) - in order to prove (m), it suffices to prove :
s(s — a)M 8s2 — a2
2 _ >0 22s+a)?>8s2—a? = 8sa+3a?2>0
s2(s —a)? 4(2s + a)?

4
mg, Pa

s2(s—a)? "~ w,

< Pa

2o m2 > nr.. |— and analogs = Z m2 > Z Iple. [—

rbr Wq Wq
cyc cyc

- true = (m) is true -~ miw, > s?(s — a)%.p, =

a* ? FZ 2 ! rzsz 2 2 J 2
Nowl_[ .16R“r > .Za < 9R Zza
64 36
cyc cyc cyc cyc
FZ
— true via Leibnitz - 1_[ 1 236 a’ and implementing this on a triangle
cyc cyc
. . Zma 2rrlb ch .. .
with sides 3 '3 ' 3 whose area as a consequence of trivial calculations
4 F?
_F we get : l_[ (gm‘zl) S (?) 4 m2 = 1 mZmZm2 > F® fz m2
3’ WeBE: 4 36 9/, MaT 729 MMM =779/, Ma
cyc cyc cyc
m mbm v1a( *) Pa m,mpme 2 Pc
Z m: > Z Ipre. [— | = (—) = z Ialy [—
W, F W,
cyc cyc cyc
v AABC,”" =" iff A ABC is equilateral (QED)
2010. In AABC the following relationship holds:
1 1

> _
T 2R+r—-1r,)(3R+r—r,) + R? — R?

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Tapas Das-India

Z(ZR +r—r, )3BR+1r—ry) =
= Z(6R2 +5Rr —2Rr, — 3Rr, —1r(ry+ 1) + Torp +72) =

= 3.6R? +3.5Rr—2RZrb—BRZra—ZrZra+Zrarb+3r2 =

= 18R? + 15Rr —2R(4R+ 1) —3R(4R+ 1) — 2r(4R + 1) + 5% + 312 =

Gerretsen

=—2R*+2Rr+1r%2+s* < —2R*+2Rr+71r*+4R?* +4Rr +3r% =

Euler R R\?
=2R? + 6Rr +4r* < 2R?*+ 6R.E+ 4(5) = 6R% (1)

1 Bergstrom

Z:(ZR+1'—1'a)(3R+r—rb)+R2
cyc

- (1+1+1)2 (;) 9 1
“YQ2R+r—-r.)BR+1r—1,)+3R2 T 6R2+3R2 R2

Equality holds for a=b=c

2011. In AABC the following relationships holds:

a b c
1. + 5+ ¢ 12+/3r,

sin siny  sins
5 a? b? c? R
-~ AT Bt ¢z
siny sin siny
Proposed by Zaza Mzhavanadze-Georgia

Solution by Mirsadix Muzefferov-Azerbaijan

a b c
1. + 5+ 6212\/§r

sini sinf sini
a b c A6 3 abc
+ B + =3 Y B C (1)

. A . . C . . .

siny siny  siny sing.sin.siny
A | B C<1 Let' it

smz.smz.smz_g, et's prove it ..
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( A
az= ZsinE\/bc
A B A c 1
a’=(b—c)*+ 4bcsin25 ><{b> sinE\/ac - sinE.sinE.sinE <3 (2)
Cc
(€2 ZsinE\/ab
From (1) and (2) we have :
a b c -
At Bt =
siny sinz  sing
RE_‘Zr 3
> <33\/8ab =6V4R.S > 6V8r.5 > 12 /r.3\/§r2) = 12rV3 (True)
a? b? c? - )
2. —4 + —pt+ g7
sinz siny  sing
a? b? cz 46 (abc)?
— + —p+ ——¢=3
sinz siny  singy sinz.sinz.siny

If we use formulas ,we get :
A B c 1
sini.sini.sinz < 3 and abc = 4RS ,R > 2r Euler ,S > 3v/3r2 Mitrinovici
a? b? cz A6
1+ 5 T c = 3V 8(abc)? =

sin+ sin+ sin
2 2 2

= <63/(4R5)2 = 63\/(4. 27, 3\/§r2)2> = 72r% (True)

2012.

sinA sin(A - B)
sinC _ sin(B — C)
sin? A sin? C R

rove that : 1 < — - + — i <——1
P sin2B+sin?C sin2A+sin?B ™ r

If in A ABC, the following relationship holds : ,then

Proposed by Tapas Das-India

Solution 1 by Soumava Chakraborty-Kolkata-India

SinA _sin(A-B) ., inAsi (B—C) = 2sinCsin(A — B)
= n n(B-C) = nCsin(A —
sinC sin(B—C) Sin Ast sint.st
= cos(A—-B+C)—cos(A+B—-C)=cos(C—A+B)—cos(C+A—B)
= 2 cos(m — 2B) = cos(m— 2A) + cos(m— 2C) = —2 cos 2B = — cos 2A — cos 2C
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2 2 2
i 2 2 > 4 in2 2b _a“+c
>1-2sin“A+1-2sin“C=2—-—4sin“B=>—

4R2 4R2
= 2b%2=a? +c? - (1)

N sinZ A N sin? C Bandila
ow,—— 1—|— " . . =
sin2B + sin2C  sin? A +sin?B
c N a 1 a? N c2 via (1)
a ¢ b2 +c¢c2  a? + b2 B
c2+a?—-ca a? c? ?
- 2 2 2 2
ca a-+c¢ pe a2+a -2|—c
c2+a%—-ca? 2a2(3a2 + cz) + 2c2(3cZ + az)
g =
ca (3c2 + a?)(3a? + c?)
?

- a
©3t5—9t5 + 13t4 — 143 + 13t2—9t+3 >0 (t:z)

1 ?
& 2= (t—1)? ((12t2 +13)(2t— 1)% + 4t +35) 2 0 > true

sin? A sin? C R
S " + — . <——-1
sinZ B +sin?C  sin?A+sin?B " r
Aeai sin? A N sin? C 1 a? c? 1
ain, — g _ . 1= _
BN Sin? B + sin?C ' sinZA + sinZ B a’ +c? t2 a4+ a? +c?

_ 2a*(3a* + c?) + 2¢%(3c? + a®) — (3¢ + a?)(3a® + ¢?)
B (3c2 + a?)(3a? + c2)
_ 3(a*—2a*c*+c*) 3(c? — a?)* =0
(3c2+a?)(3a?+c2) (3c2+a?)(3a%+c%)
sin? A sin? C
“ SinZB + sin2C | sin?A 1 sin?B ~ » 4ndso,

- sinZ A N sinZ C - R 1 wh
< — - - - < — — 1 whenever
sin2 B +sin?2C  sin2A+sin?B ™ r

SinA _sin(A—B) ,, _, it¢ 5 ABC s equilateral (QED
sinC_sin(B—C)’' i is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

sin4 sin(4 - B)
sinC  sin(B — ()

o sinAsin(B — C) = sinCsin(4 — B)

< cos(A—-B+C)—cos(A+B—-C)=cos(C—A+B)—cos(C+A4—-B)

A+B:_(:' =7
&  —cos(2B) + cos(2C) = — cos(2A4) + cos(2B)

cos2x =1-2sin?x

S (1 -2sin?4) + (1 —2sin?C) = 2(1 — 2 sin® B)
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a=2RsinA

~
S  a?+c?=2b2
sinZ A sin? C a? c? 2a? 2¢?

+ = + = +
sin2 B +sin2C sin2A+sin?2B b2+c¢2 a2+ b?2 a?2+3c? 3a?+c?

CBS 2(a? + c?)? 2(a? + ¢?)2  AM_ M

= a2(a? +3c?) + 2(B3aZ + &) (a® + c2)? + 4a’c?

2(a? + ¢?)?
> =1.
(a2 + ¢2)? + (a? + c2)?
sin? A sin? C 2a? 2¢?

+ = + =
sin? B +sin?2C sin?A +sin2B a? +3c? 3a? + c?

2a* N 2¢?
(a4 ¢2) +2¢2  2a+ (a2 + c?)

AMéGM 2a? N 2c? at+c® a*+c*-ac a L€ 1Ba'i<fil“R 1
2ac+2c¢%  2a?+2ac acla+c) ac T c -

Q

r

Equality holds iff AABC is equilateral.

2013.If p,, Py, Pe =

Spieker cevians in A ABC, then the following relationship holds :
4 a* +b%+c?—ab—-bc—ca
3 s

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Pa+Pp +Pc=hy+hy +h,+

Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(4BAX) = a and m(4CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ (b2 at 1 161252
N ,16DEF2:ZZ— Py §ye _ 1 ZZ zbz_z4:
ow, 16[DEF] (4)(4) 16 16( @ a*) 16
a b c
72t7+T3)\ rs r
2tata\_rs_ . r
2 4:>r 2—)(1)

rs
= [DEF] = T =>r

C 2B+C B+m—A

- Spieker center is incenter of A DEF, . m(5AFS) =B + 2=—3 = >

T AB ndm@AES) =c+o=F_AC
= — — = —_—_——
2~z andm(s 2=2 2 ~@

Via (1),(2) and using cosine law on A AFS and A AES, we arrive at :

AS? =

r? c? 2r (c) A-B

4sin? % 4 2sin

2
Now, 2r (E) sinA B + 2r <E> sinA —¢
Zsing z 2 Zsing 2 2
r C. A-B B . A-C
=E(4Rcosism 2 +4Rcosism 2 )
_.A+B . A—-B .A+C . A-C
=Rr(251n 2 sin 2 + 2sin > sin > )
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= Rr(l - ZsinZE +1-— ZsinZE -2 (1 — 2sin? é))
2 2 2
B 2Rr<2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))

abc

= % (2a® + (b + ¢)a? — 2a(b? + ¢2) — (b + ¢)(b — ¢)?)

— 3 Zé_ _ . Zé
4(b+C)bCSinZé—2a.2bccosA bc<(25 a)sin®> a(l 2sin 2)

= 2
8s 2s
bc (Zs+a)sin2é—a
2 (2s+a)(s—b)(s—0)
- = —2Rr
2s
N 2r (C) . A—-B 2r (b) _A-C
- =) sin — —|sin
Zsin% 2 2 2sin> 2 2
) —(2s+a)(s—b)(s—
() —( Ns—b)(s=¢) o
2s
Acai r? N r2 rz( ca N ab )
ain, =—
® 4sin? 5 4sin2g 4\(s—c)(s—a) (s—a)(s—Db)

2

r 2
= m(ca(s —b)+ab(s—c)) =

ab + ca (+x) 12 r

2Rr = +
4sinzg 4sin? c

2
. _b2+ct+ab+ca (2s+a)(s—b)(s—c)
(1), (x), (++) = 2AS? = - 7S

4
_(a+b+0)(b?+c*+ab+ca)—(2a+b+c)(c+a—-b)la+b-0)

8s
b3 + ¢ — abc + a(2b? + 2¢% — a?) G b3 + ¢ — abc + a(4m3)
= = 2AS? =

4s 4s
.. r AS cAS
Via sine law on A AFS, = =
. . A—-B . C
Zsmi sina  cos—; (a+ b)smi
S esi ) r(a+b) d via sine | A AES bsi ) r(a+c)
csina = — = and via sine alw on ,1 sinf = AS
Now, [BAX] + [BAX] = [ABC] = Epacsina+ Epabsin[} =rs
via (***)gld (ex) pgl@a+b+a+c) oy - 4s A
4AS ST PeT o5 a
,via@ 16s?  b®+c —abc+ a(4m3)
= = .
Pa (2s + a)? 8s
) 2s
a2 3, 3 2
Pe = e v a2 (b +¢% —abc+ a(4ma))

Now,b? + ¢ — abc + a(4m2) = b + ¢3 — abc + a(2b? + 2¢2 — a?)
= (b + ¢)(b% — bc + %) + a(b? — bc + %) + a(b? + % — a?)
= 2s(b? —bc + ¢%) + a(b? — bc + ¢% + bc — a?)
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2 _ (b—=c)2
=(25+a)(b2—b<=+c2)+a<(b+® 4(b 2 —a2>

a(b+c+Za)(b+c—2a)_a(b—c)2

= (2s+ a)(b? —bc+c2) +

4 4
2s—a+2a)(b+c—2 b — ¢)?
:(Zs+a)(b2—bc+c2)+a( stat2a)btc-2a) alb-o)

4 4
4b% + 4c®> —4bc+a(b+c—2a) a(b-—c)?

=(2s+a). 2 2
=(2s+a).
4(z+2)?+4(x+y)? -4+ 0)(x+y)+y+2)(z+x)+ (x+y) —2(y+2))
4
2
_a(b4 © (a=y+z,b=z+xc=x+Yy)

4x(x+y+2z)+2x(y+2z)+ 3(y—1z)? _a(- ©)?

= (2s+a).

4
a(s—a)\ a(b-c)?
2 >_ 4

a(s —a) _(a+25—25)(b—c)2

=(Zs+a)<s(s—a)+%(b—c)2+

=(Zs+a)<s(s—a)+%(b—c)2+

2 4
— )2 _ 2
=(2s+a) <S(S—a) _|_(b ZC) +a(52 a)>+S(b2 c)
LX) —_— _ 2 _ 2
~|b3+ ¢% — abc + a(4m3) © (2s + a) <(S a);ZS + a) + (b 2c) > R s(b 2 )

2s (s—a)2s+a)> (2s+a)(b—c)?> s(b—c)?
(2s+ a)z( 2 * 2 T2 )

3 2 s 1 1
_ _ PRY - _=
=s(s—a)+(b-c) <(Zs+a) +Zs+a+4— 4)

(b —¢c)? s 1\2
4 +(b_c)2'(2s+a+5>
(b—c¢)? ((4s+ a)? 1
4 (2s+a)?
s(3s+a)(b—c)?
(2s+ a)?
? 2 (b—c)?via(ess) s(3s+ a)(b—c)?
Now,p, = ha+§. S s(s—a)+ 25+ a)?
? ss—a)(b—c)> 4 (b—c)* 4h, (b—c)?
2S((;_ao)_ o oo m
s(3s+a) s(s—a —0*[2|4hg .
(2s+ a)? a2 9aZ (“-2") 3a (v (b-0?=0)
SBs+ta) s(s—a) 4(b- c)2:a?>0b-0*g(3s+a) s(s—a) 4

Weh : > -
¢have (Zs+a)2+ a? 9a? (Zs+a)2+ az 9

HOACOES

=s(s—a)—

=s(s—a)+

(“‘)
>p: ="s(s—a)+
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_ 9s5(3s+ a)a? +9s(s— a)(2s + a)? — 4a*(2s + a)?
ot rarte st
= 4(s a)(9;a;|-(;)ss+aa-l)-255a +a?) > 0=>LHSof (m)>0. (m) &
T? 16(b—c)* 8T(b—c)®> ? 16 s(s—a)(b— c)?
a*(2s + a)* 81a*  9a*(2s+a)? = 9az’ <S( —@) - a? )
(T=sBs+a)a® +s(s— a)(2s + a)?)

16(b—c)* 8(b—c)? T T? 16s(s — a)
- —2s(s—a) |+ -
81a* 9a* (2s + a)? a*(2s+ a)* 9a?
4(b-c)?\* 4(b-c)? 4s(2s — 3sa® — a®)
= + .
9 9 (2s + a)?
9T? — 16s(s — a)a?(2s + a)* ; 0
9(2s + a)* (.;.)
. . o ,4(b-0)? ——
Now, LHS of (mm) is a quadratic polynomial in —9 whose [discriminant]|
_ 16s2(2s® — 3sa? — a?)’ 4 9T~ 165(s — )a?(2s + @)*
h (Zs + a)* ' 9(2s + a)*
16sa’ S
=————— (44t5 - 28t* — 493 + 10t> + 19t + 4) (t=—
9(28 + a)*’ ( ) ( a)
16sa’

=—————— (t—1)%(44t3 + 60t?> + 27t +4) < 0 = LHS of (mm) >0

9(2s + a)*
2 (b—c)?s> 2 (b—o¢)?
= (mm) = (m)istrue . p, = h, +—( c) S>ah + ( ©

:Zpa_Zh +— Z(b—c)z

cyc cyc cyc
4 a?+b%2+c2—ab—-bc—ca
pa+pb+pc>h +hb+h +§

Vv A ABC,with equality iff A ABC is equ1lateral (QED)

and analogs

2014. In any A ABC with

p. — Spieker cevian, the following relationship holds :

paSha-I—T

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

16R /b — c\?
o)

Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(3BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ /b2 at 1 16r2s?
Now,16[DEF]2=ZZ ~— (= —Z—z—(zZazbz—Za‘*):
4 4 16 16 16

a b c
rs_fztztz)_rs_ T
> [DEFl=—=or1 |42 42 |="sr==5(1)
4 2 4 2
. .. C 2B+C B+m—A
- Spieker center is incenter of A DEF,.. m(£AFS) = B + 2= = >
m_AD dmGaEs) =c+o=T_AC_
= — - = —_—_———_—
2 2 mamis 2=2" 2 ~®
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
r? c? 2r c A-B
PO L B . PP
4sinz - 4 2sin= | "2 2
2 2
r2 N b2 2r by L A-C
-— 57585
2D ol
4sin 2 Zsm2
. 2 2 2 2
@ r C 2r c A—-B r b
= 2AS? ; +—— (—) sin + 4+ —
4sinz= % 2sin= | 2 2 4sinz> ¥
2 2
2r (b) A—-C
- —)sin——
Zsing 2 2
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2r cy, . A-B 2r by  A-C
Now, —C —) sin + ( )sm
Zsinz 2 2 Zsini 2
r ( C A—B B A— C)

2

= —(4Rcos = si 4Rcos — si
COs 2 sin 2 + COos 2 sin 2

2
re (g ATB  AZB o A+C A-C
= I‘( sin 2 sin 2 + 2sin 2 sin 2 )

=Rr (1 — 2sinZE +1- 2sinZE -2 (1 — 2sin? é))
2 2 2
R (Za(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
r

abc

= R a3+ b+ 0)a? — 2ab% + ¢2) — (b + )b — ©)2)

8Rrs
A A
— in2 = — C9cin2 2
4(b+C)bCSinzé—\—2a.2bccosA bc <(2s a)sin 5 a(l 2sin 2)>

- 8s 2s
be | (2s + a)sin? A_ a
2 (2s+a)(s—b)(s—c)
- = — 2Rr
2s 2s
2r cy, . A—-B 2r by A-C
- )@= 5 )5)n =
Zsini Zsinf
) —(2s+a)(s—b)(s—c
O-@sta)s-bE-o
2s
ain, -
& 4sinzg 4sin2% 4 \(s—c)(s—a) (s—a)(s—b)
r? ab + ca = 12 r2
=——(ca(s—b) +ab(s — ¢)) = —2Rr = 4 -
4r-s 4 4-sin2 7 4sin2§

b2+c2+ab+ca (2s+a)(s—b)(s—c)

(i), (%), (x¥) = 2AS? = 1 >
B (a+b+c)b*+c2+ab+ca)— 2a+b+c)(c+a—-b)(a+b-rc)

8s
b3 + ¢3 — abc + a(2b? + 2¢% — a?) i) b3 + ¢3 — abc + a(4m3)
= = 2AS? =
4s 4s
r AS cAS
Via sine law on A AFS, = =

. . A—B . C

2sin5sina  cos (a + b)sin

2 2 2
. (#%%) r(a + b) ] . . (#x%) r(a + C)
= csina = ————— and via sine law on A AES, bsin = —————

2AS 2AS
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1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬁ =rs

via (++) and (+++x) p,(a+ b+ a + c) 4s AS
= =s=>p, =
4AS Pa =55t a
, viaG) 165> b® +c® —abc+ a(4m?)
>p: = .
(2s + a)? 8s
() 2s

2
a

S P

(b3 +c3 —abc+ a(4mﬁ))

(2s + a)?
Now, b3 + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2c? — a?)
= (b +c)(b?—bc+c?) +ab?—-bc+c?) +ab?+c?—-a?)
= 2s(b? — bc + ¢?) + a(b? — bc + ¢% + bc — a?)

2 (h 2
=(Zs+a)(b2—bc+c2)+a<(b+C) 4(b © -

a(b+c+2a)(b+c— 2a)_ a(b — c)?

2

= (2s+a)(b? —bc+c?) + 2 2
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s+a)(b®?—bc+c?) +

4 4
4b% + 4c®> —4bc+ a(b+c—2a) a(b-c)?
= (2s + a). —
4 4
= (2s + a).
4z+x)?+4(x+y)? —4Z+x)(x+y) +(y+2)(z+2)+ (x+y) —2(y +2))
4
a(b — c)?
— 1 (a=y+zb=z+x,c=x+Yy)

Ax(x +y+1z) +2x(y +z) + 3(y —z)? ~ a(b — ¢)?

= (2s + a).

2 4
a(s—a)\ (a+2s—2s)(b-c)?
2 a 4
(b-—c)? a(s— a)) s(b —¢)?
+ +

4
- — 2
=@2s+a) <S(s —a)+ Z(b — )2+ als “)) _a(b-o

= (Zs+a)<s(s—a)+%(b—c)2+

=(Zs+a)<s(s—a)+ 2 > >

_ — )2 Ry
~ b3+ ¢3 — abc + a(4m?) « (2s + a) <(S a)2sta) (b= ) + s(b— )

+
2 2 2

. ,  2s (s—a)2s+a)®? (2s+a)(b—c)? s(b-c)?
o (), (s0) = p2 = (2s + a)2< 5 + 5 + > >

=s(s—a)+(b—c)2<( s\ S Ll)

+ +
Zs+a) 2s+a 4 4

(b — ¢)? s 1,2
4 +(b_c)2'(25+a+5>

=s(s—a) —
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B (b—-1c)?/(4s + a)?
=ss—a)+ 4 ((Zs+a)2_ )
5 (449 s(3s + a)(b — ¢)?
=>p; = s(s—a) + 25+ @)
2b%? —bc+2c? p?2 (2b% — bc + 2¢?)?
o — > o
4R?2
pﬁ—hfl> 2b% — bc + 2¢? . 2b% — bc + 2c? 1
hz ( 3bc B )( 3bc * )
— )2 _ _ ~\2
via (see) s(s—a)+ S(3S(‘2|‘Sa-|)_(::)2 J -s(s—a)+ s(s ac)lgb ©
= hZ
- 4(b — ¢)%?(b?% + bc + ¢?)
- 9b2c2
4s*(b — )2 - 4(b — ¢)?(b?% + bc + ¢?)
< a’hZ(2s + a)? — 9b2c2
st - b2 + bc + ¢?
< 4s(s—a)(s—b)(s—c)(2s+a)?~  9bZ%c2

9s3b?%c? (b2 a b ) b
@4(s—a)(25+a)2_( +bc+ c*)(s—b)(s—c)
= (b% 4+ bc + c2)(—s(s — a) + bc)

Now,p, = > =
6R hz 36R2.

=14

(~(b-0)?=0)

9g3ph2c2 N (b ( ))(bz .\ 2) LB b ( )
@ — —_— — —
16— w2staE> c—s(s—a C cs(s—a
9s3b?c? _— )
— b%c” + bes(s —a) = (bc —s(s— a))((Zs —a)® —2bc)

It 4(s — a)(2s + a)?
9s3b?c?
< 4(s—a)(2s + a)?
(bc — s(s — a))(2s — a)? — 2b%c? + 2bcs(s — a)

— b%c? + bes(s —a) >

9s3b?c?
< 4(s—a)(2s+ a)?
25s% — 12sa? — 4a3
4s—a)(2s+a)?

Now, LHS of (@) is a quadratic polynomial with discriminant =
25s3 — 12sa? — 4a3 5
.s(2s — a)

+b%c2+s(s—a)2s—a)’ —be(s(s—a)+(2s—a)?) >0

@
b%c? — (552 — 5sa + a?).bc +s(s —a)(2s —a)? =

(552 — 5sa + a?)? —

(2s + a)?
—a?(12s* — 18s3a + 5s2a? + 2sa® — a*)
- (2s + a)?
—a%(s—a) ((s — a)(12s? + 6sa + 5a?) + 6a3)
- (2s + a)? <0ls>a)
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=~ (@) is true (strict inequality)

2b? — bc + 2¢?
o Pa = 6R v AABC - (m)
16R/b—c\> pZ—hZ 16R (b—c)?
Again,p, <h +—( ) = < .
841 Pa = lla pa+h,~ 9 a?

9 a

s(3s +a)(b —c)? s(s—a)(b — ¢)?
s(s—a) + s + a)? —-s(s—a)+ o2 3 16R (b — )2
PN .
pPa + hg -9 a?
st (--) 4R )
m < .(Pat+hy) (- (b-0c)*=0)
4R 4R 2b2 bc +2c? +3bc 4
Now, via (m) (pa + ha4) z 5 R =5 (b% + bc + ¢?) >
4 3 S ?
EZ(Zs—a)Z (zs_l_—a)z<=4s2—a2>352=)s >a - true = (mm)
16R /b — c\?
is true - p, Sha+T( - ) vV AABC," =" iff b = c (QED)

2015. In AABC the following relationship holds:

J (n2+ga2)+% Cosi (b—c)?>— (rb+r)+,/ </%(rb+rc)—w/ha>
sin
2

Proposed by Bogdan Fustei-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

cos A
na2 + ga2 (b - C)z =
smz2
b—c)? b —c)? cos A
=s<s—a+( )>+(s—a)<s—( ))+ (b—c)z—
a a sm2
2
cosA (b — ¢)?
=2s(s—a)+[1+ (b-c)?=2s(s—a)+ =
24 24
sin 2 tan 2
s—a)%(b — c)?
:25(s—a)+( )« )

r2
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(s — a)?[a? —4(s — b)(s — ¢)] a(s — a)\>
=< " > —2s(s—a) =

=2s(s—a)+ >
T

a 2 F?
:(F'(s—b)(s—c)) T2 GG -0
1 1 s—b s-—-c g 2

And since —+ — = + = —=—,then:
T, T, F F F h,

=(rp+r)t—2ryro=rpt+rlt=

2ryr,

—h, (ry,+r.) =r,r.and h, = .
za(b c) b'c a rb_l_rc

So the desired inequality can be rewritten as follows

r2+r2 rp+r, 211, rp? +r2 ry+r, 2rpr.
> + JTpTe— o |2——_ frpr.> -
2 2 rpt+r. 2 2 ryt+ 1,

(rp—1.)?2 (rp — 1)

= = )
22 +r 2+ 2 rpr, 2(rp+T10)

which is true because:

CBS

V2(rp?2 +1r2) + 2 /1y, 2 \/(2 +2)((rp2 +12) + 21ryr,) = 2(rp +10).

So the proof is complete. Equality holds iff r, =7, © b =rc.

2016.

In any A ABC with p, — Spieker cevian, the following relationship holds :
64
Pa =< ha +E(R— 21‘)

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(3BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ /b2 at 1 16r2s?
Now,16[DEF]2=ZZ ~— (= —Z—z—(zZazbz—Za‘*):
4 4 16 16 16

a b c
rs_fztztz)_rs_ T
> [DEFl=—=or1 |42 42 |="sr==5(1)
4 2 4 2
. .. C 2B+C B+m—A
- Spieker center is incenter of A DEF,.. m(£AFS) = B + 2= = >
m_AD dmGaEs) =c+o=T_AC_
= — - = —_—_———_—
2 2 omamis 2=2" 2 ~®
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
r? c? 2r c A-B
PO L B . PP
4sinz - 4 2sin= | "2 2
2 2
r2 N b2 2r by L A-C
-— 57585
2D ol
4sin 2 Zsm2
. 2 2 2 2
@ r C 2r c A—-B r b
= 2AS? ; +—— (—) sin + 4+ —
4sinz= % 2sin= | 2 2 4sinz> ¥
2 2
2r (b) A—-C
- —)sin——
Zsing 2 2
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2r cy, . A-B 2r by  A-C
Now, —C —) sin + ( )sm
Zsinz 2 2 Zsini 2
r ( C A—B B A— C)

2

= —(4Rcos = si 4Rcos — si
COs 2 sin 2 + COos 2 sin 2

2
re (g ATB  AZB o A+C A-C
= I‘( sin 2 sin 2 + 2sin 2 sin 2 )

=Rr (1 — 2sinZE +1- 2sinZE -2 (1 — 2sin? é))
2 2 2
R (Za(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
r

abc

= R a3+ b+ 0)a? — 2ab% + ¢2) — (b + )b — ©)2)

8Rrs
A A
— in2 = — C9cin2 2
4(b+C)bCSinzé—\—2a.2bccosA bc <(2s a)sin 5 a(l 2sin 2)>

- 8s 2s
be | (2s + a)sin? A_ a
2 (2s+a)(s—b)(s—c)
- = — 2Rr
2s 2s
2r cy, . A—-B 2r by A-C
- )@= 5 )5)n =
Zsini Zsinf
) —(2s+a)(s—b)(s—c
O-@sta)s-bE-o
2s
ain, -
& 4sinzg 4sin2% 4 \(s—c)(s—a) (s—a)(s—b)
r? ab + ca = 12 r2
=——(ca(s—b) +ab(s — ¢)) = —2Rr = 4 -
4r-s 4 4-sin2 7 4sin2§

b2+c2+ab+ca (2s+a)(s—b)(s—c)

(i), (%), (x¥) = 2AS? = 1 >
B (a+b+c)b*+c2+ab+ca)— 2a+b+c)(c+a—-b)(a+b-rc)

8s
b3 + ¢3 — abc + a(2b? + 2¢% — a?) i) b3 + ¢3 — abc + a(4m3)
= = 2AS? =
4s 4s
r AS cAS
Via sine law on A AFS, = =

. . A—B . C

2sin5sina  cos (a + b)sin

2 2 2
. (#%%) r(a + b) ] . . (#x%) r(a + C)
= csina = ————— and via sine law on A AES, bsin = —————

2AS 2AS
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1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬁ =rs

via (++) and (+++x) p,(a+ b+ a + c) 4s AS
= =s=>p, =
4AS Pa =55t a
, viaG) 165> b® +c® —abc+ a(4m?)
>p: = .
(2s + a)? 8s
() 2s

2
a

S P

(b3 +c3 —abc+ a(4mﬁ))

(2s + a)?
Now, b3 + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2c? — a?)
= (b +c)(b?—bc+c?) +ab?—-bc+c?) +ab?+c?—-a?)
= 2s(b? — bc + ¢?) + a(b? — bc + ¢% + bc — a?)

2 (h 2
=(Zs+a)(b2—bc+c2)+a<(b+C) 4(b © -

a(b+c+2a)(b+c— 2a)_ a(b — c)?

2

= (2s+a)(b? —bc+c?) + 2 2
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s+a)(b®?—bc+c?) +

4 4
4b% + 4c®> —4bc+ a(b+c—2a) a(b-c)?
= (2s + a). —
4 4
= (2s + a).
4z+x)?+4(x+y)? —4Z+x)(x+y) +(y+2)(z+2)+ (x+y) —2(y +2))
4
a(b — c)?
— 1 (a=y+zb=z+x,c=x+Yy)

Ax(x +y+1z) +2x(y +z) + 3(y —z)? ~ a(b — ¢)?

= (2s + a).

2 4
a(s—a)\ (a+2s—2s)(b-c)?
2 a 4
(b-—c)? a(s— a)) s(b —¢)?
+ +

4
- — 2
=@2s+a) <S(s —a)+ Z(b — )2+ als “)) _a(b-o

= (Zs+a)<s(s—a)+%(b—c)2+

=(Zs+a)<s(s—a)+ 2 > >

_ — )2 Ry
~ b3+ ¢3 — abc + a(4m?) « (2s + a) <(S a)2sta) (b= ) + s(b— )

+
2 2 2

. ,  2s (s—a)2s+a)®? (2s+a)(b—c)? s(b-c)?
o (), (s0) = p2 = (2s + a)2< 5 + 5 + > >

=s(s—a)+(b—c)2<( s\ S Ll)

+ +
Zs+a) 2s+a 4 4

(b — ¢)? s 1,2
4 +(b_c)2'(25+a+5>

=s(s—a) —
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B (b—-1c)?/(4s + a)?
=ss—a)+ 4 ((Zs+a)2_ )
5 (449 s(3s + a)(b — ¢)?
=>p; = s(s—a) + 25+ @)
2b%? —bc+2c? p?2 (2b% — bc + 2¢?)?
o — > o
4R?2
pﬁ—hfl> 2b% — bc + 2¢? . 2b% — bc + 2c? 1
hz ( 3bc B )( 3bc * )
— )2 _ _ ~\2
via (see) s(s—a)+ S(3S(‘2|‘Sa-|)_(::)2 J -s(s—a)+ s(s ac)lgb ©
= hZ
- 4(b — ¢)%?(b?% + bc + ¢?)
- 9b2c2
4s*(b — )2 - 4(b — ¢)?(b?% + bc + ¢?)
< a’hZ(2s + a)? — 9b2c2
st - b2 + bc + ¢?
< 4s(s—a)(s—b)(s—c)(2s+a)?~  9bZ%c2

9s3b?%c? (b2 a b ) b
@4(s—a)(25+a)2_( +bc+ c*)(s—b)(s—c)
= (b% 4+ bc + c2)(—s(s — a) + bc)

Now,p, = > =
6R hz 36R2.

=14

(~(b-0)?=0)

9g3ph2c2 N (b ( ))(bz .\ 2) LB b ( )
@ — —_— — —
16— w2staE> c—s(s—a C cs(s—a
9s3b?c? _— )
— b%c” + bes(s —a) = (bc —s(s— a))((Zs —a)® —2bc)

It 4(s — a)(2s + a)?
9s3b?c?
< 4(s—a)(2s + a)?
(bc — s(s — a))(2s — a)? — 2b%c? + 2bcs(s — a)

— b%c? + bes(s —a) >

9s3b?c?
< 4(s—a)(2s+ a)?
25s% — 12sa? — 4a3
4s—a)(2s+a)?

Now, LHS of (@) is a quadratic polynomial with discriminant =
25s3 — 12sa? — 4a3 5
.s(2s — a)

+b%c2+s(s—a)2s—a)’ —be(s(s—a)+(2s—a)?) >0

@
b%c? — (552 — 5sa + a?).bc +s(s —a)(2s —a)? =

(552 — 5sa + a?)? —

(2s + a)?
—a?(12s* — 18s3a + 5s2a? + 2sa® — a*)
- (2s + a)?
—a%(s—a) ((s — a)(12s? + 6sa + 5a?) + 6a3)
- (2s + a)? <0ls>a)
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=~ (@) is true (strict inequality)
2b% — bc + 2¢?
o Pa = 6R v AABC - (m)
16R/b—c\> pZ—hZ 16R (b—c)?
galn pa a pa + ha 9 aZ

9
s(3s +a)(b —c)? s(s—a)(b — ¢)?

a

s(s—a) + s + a)? —-s(s—a)+ o2 <16R (b — c)?
o .
p,+h, -9 a?
st (4R h b-¢c)2>0
& < —.(pat+h) (v (b-0)?2
N ( )4R( ih) > 4R 2b* —bc+2c¢*+3bc 4 (b 4 be 4+ €2) >
ow, via (m Pa +he) 2~ R =2 c+c
+3 (2 )2 s* 4s? 2;3 2 > t (mm)
—— - >—— - =3 - = (mam
273 (25— a 2s F ) s“—a S s? > a? - true
_ 16R /b —c\? 2 64
is true .. paSha+T( . ) Sha+E(R—2r)
4 ?
@g(R—Zr).aZZR(b—c)Z@
4R(1 asin2cosE—Cia '2A> 16R? sin? 2 cos?
3" sin - cos — sin® ). sin® - cos® -
? A B—-C
> R.16R? sin? Esinz 5
4(1 4si A B—C+4_2A)(1 _ZA);1 2B—C
@_ J— — — p— — p—
3 sin_ cos — sin® - sin® - ) > cos® —
— —C ? A
& 3 cos? —16(x — x3) cos +1+12x%2—-16x* > |0 (xzsmi)

(l:l)

Now, LHS of (mmm) is a quadratic polynomial in cos with discriminant =

256(x — x3)%2 —12(1 + 12x% — 16x*) = 256x° — 320x* + 112x% — 12

V3 3
= 4(4x* —1)%(4x*> - 3) < 0iff x < - and so,when x < T,discriminant <0

= LHS of (mmm) > 0= (mmm) is true and we now focus on the scenario when :

3
when x > > and then, in order to prove (mmm), it suffices to prove :

B-C 8(x—x3)+ (4x?—-1).V4xZ -3 V3 1 )
cos > TX>—>—>4x“—-1>0
2 3 2 2
b+c
B-C b+c A a1

and - cos = smE > x -~ it suffices to prove :
8x x3) + 4x -1 \/4x2
( )+ ( 3 ) 4:)8x —5x > (4x% —1)./4x% —
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3 2 2 2 2 V3 2 3
S (8x° —5x)° > (4x* —3)(4x* —1) -.-x>7:>8x >6>5=8x>>5x
©3-3x2>0=>1>x% > true = (mmm) is true and combining both cases,

64
(mmm)istrueVAABC . p, < h, +E(R_ 2r),

A 1
" =""iff sinE =5 and B = C =" =" iff AABCis equilateral (QED)

2017. In AABC the following relationship holds:

h,./h, 2r
yhelte . o
Wa/Ta R

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

8F3 8r3s3 2r2s?
abc 4Rrs R

Wa<y/s(s—a)
T TpTe = 21 (2), wowpw, < fl—[ s(s —a) = \/s3sr?2 = s?r, (3)

Z h,/h, AM-GM 33\[ h,hyh./ h hyh, (1),(;),(3)

> =
Wa\/r_a WaWp WC\/ rarpTc

3 2rs2
3/(h hph,)2 _3 ’hahbhcg R__, ,Zr
3 2 2. n
(s2r)2 s°r s°r R

Equality holds for an equilateral triangle

h hph, = (1)

>3

2018.

In any A ABC with p, — Spieker cevian,n, — Nagel cevians, the following
s(b—c)? _ <s|b—c|

—_— < n — <

a2s+a)~ “ Pa=sta

relationships hold :

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
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Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(3BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ [(b? ar 1 161252
N ,16DEF2=ZZ )= —z—=_ 22 sz_z 4) =
ow. 16[DEF! <4><4> 16 16( “ a) 16

a C

2tz _rs_ T

£ £ Ll or==5(1)
2 4 2

=2

rs
= [DEF] = T =>r

2B+C B+m—-A

C
~+ Spieker center is incenter of A DEF,.. m(£AFS) = B + 2 =

2 2
m A-B dmsAES) = c+o-F_A~C
= — — = —_——
2 g andmis 22" 2 @
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
r? c? 2r c A—-B
AS? = e+ = |(5)sin
4sinz= % 2sin= /| ‘2 2
2 2
r? N b? 2r ) by A-C
=——g+5 | —3)G)n
2D ad
4sin 2 Zsm2
2 AS? @ r? +c2 2r (c) ] A—B+ r? +b2
N = —— [ ——= (=) sin —
4sin29 4 2sinE 2 2 45inZE 4
2 2 2
2r b A-C
(2N ()i
Zsinf 2 2
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2r cy, . A-B 2r by  A-C
Now, —C —) sin + ( )sm
Zsinz 2 2 Zsini 2
r ( C A—B B A— C)

2

= —(4Rcos = si 4Rcos — si
COs 2 sin 2 + COos 2 sin 2

2
re (g ATB  AZB o A+C A-C
= I‘( sin 2 sin 2 + 2sin 2 sin 2 )

=Rr (1 — 2sinZE +1- 2sinZE -2 (1 — 2sin? é))
2 2 2
R (Za(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
r

abc

= R a3+ b+ 0)a? — 2ab% + ¢2) — (b + )b — ©)2)

8Rrs
A A
— in2 = — C9cin2 2
4(b+C)bCSinzé—\—2a.2bccosA bc <(2s a)sin 5 a(l 2sin 2)>

- 8s 2s
be | (2s + a)sin? A_ a
2 (2s+a)(s—b)(s—c)
- = — 2Rr
2s 2s
2r cy, . A—-B 2r by A-C
- )@= 5 )5)n =
Zsini Zsinf
) —(2s+a)(s—b)(s—c
O-@sta)s-bE-o
2s
ain, -
& 4sinzg 4sin2% 4 \(s—c)(s—a) (s—a)(s—b)
r? ab + ca = 12 r2
=——(ca(s—b) +ab(s — ¢)) = —2Rr = 4 -
4r-s 4 4-sin2 7 4sin2§

b2+c2+ab+ca (2s+a)(s—b)(s—c)

(i), (%), (x¥) = 2AS? = 1 >
B (a+b+c)b*+c2+ab+ca)— 2a+b+c)(c+a—-b)(a+b-rc)

8s
b3 + ¢3 — abc + a(2b? + 2¢% — a?) i) b3 + ¢3 — abc + a(4m3)
= = 2AS? =
4s 4s
r AS cAS
Via sine law on A AFS, = =

. . A—B . C

2sin5sina  cos (a + b)sin

2 2 2
. (#%%) r(a + b) ] . . (#x%) r(a + C)
= csina = ————— and via sine law on A AES, bsin = —————

2AS 2AS
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1 1
Now, [BAX] + [BAX] = [AB(C] = Epacsina + Epabsinﬁ =rs
via (++) and (+++x) p,(a+ b+ a + c) 4s AS
= = = =
4AS ST Pa= 5 a
, viaG) 165> b® +c® —abc+ a(4m?)
>p: = .
(2s + a)? 8s

() 2s
(2s + a)?

2s

= p2-m?= m(b3 +c3 —abc+ a(4mﬁ)) —m?

2s 8sa )

== _ 3+ —ab —(1——
(2s + a)? ( ¢® - abc) (2s + a)?
_4(a+b+ ¢)(b3 4+ ¢3 — abc) — (2b?% + 2¢% — a?)(b + ¢)?
B 4(2s + a)?
B a’?(b—c)?>+4a(b+c)(b —c)? +2(b? — ¢?)?
- 4(2s + a)?
((a? +2a(b + ©) + (b + ©%) + (b + ) + 2a(b + ©) + a?) — a?)
(b — ¢)? (b — ¢)?(8s?% — a?)
=— — _(2(a+b+c)?—a?) =
4(2s + a)z( (@+b+c)”—a” 4(2s + a)?
(b — ¢)%(8s% — a?) (+*)
.2 2 _
“Pa— My = 4(Zs+a)2 20:>paznla
Now, b3 + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2c? — a?)
= (b + ¢)(b%? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢? — a?)
= 2s(b% — bc + ¢2) + a(b? — bc + ¢% + bc — a?)
(b+¢c)%2 - (b —c)?
4
a(b+c+2a)(b+c—2a) a(b-c)?

- |p? (b3 + ¢3 —abc + a(4mﬁ))

2
a

_ (b-0)?
~ 4(2s +a)?

a?

= (Zs+a)(b2—bc+c2)+a<

= (2s+ a)(b? —bc+c?) +

4 4
= (2s + a)(b%? — bc + ¢?) + as—a+2a)bt+c—2a) alb- c)?

4 4
4b% + 4c?> —4bc+a(b+c—-2a) a(b-c)?

= (2s + a).

4 4
= (2s + a).
4z+x)?+4(x+y)? - 4@Z+20)(x+y) ++2)(z+x)+ (x+y) —2(y +2))
4
_a(b— c)?

(a=y+zb=z+x,c=x+Yy)
4x(x+y+1z)+2x(y+z)+3(y—-2?% al--c)?
4 4

= (2s + a).

50 RMM-GEOMETRY MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro

3 a(s—a) a(b — ¢)?
=(Zs+a)<s(s—a)+z(b_c)z+ - )_ -

- — )2

= (ZS + a,) <S(s - a) +E(b _ C)Z + a(S a) _ (a + 2s ZS)(b C)

4 2 4

(b-c)? a(s—a)\ s(b—-c)?

:(Zs+a)<s(s—a)+ 5 + > >+ .

_ — 2 ERY)
- b3 + ¢ — abc + a(4m2) (2+) 2s + ) <(s a)éZs + a) N (b 2c) ) N s(b2 c)
. . 2s s—a)2s+a)? (2s+a)(b—c)?> s(b—-rc)?
e a)2< 2 * 2 T2 )

=s(s—a)+(b—c)2<( > )2+ > +1—1>
2s+a 2s+a 4 4
(b — c)? s 1,2
=s(s—a)- 4 +(b_c)2'<2s+a+5>
(b—-1c)?/(4s + a)?
=s(s—a)+ 2 ((Zs+a)2_1>
5 (2e) s(3s+ a)(b—c)?
=>p; = s(s—a)+ 25+ a)

Again, Stewart's theorem = b?(s — c¢) + ¢?(s —b) = an? + a(s— b)(s — ¢)

= s(b?% + c¢?) —bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s%) = s(b? + ¢? — a? — 2bc) = an? — as? = an? = as? +
4sbc(s — b)(s—c)(s—a)

s(2bc cos A — 2bc) = as? — 4sbc sin? — = as?
2 bc(s — a)
, as(c+a-b)la+b-oc) ) <a2—(b—c)2>
= as? — =as?—as|————
a a
) a? — (b — ¢)? 5 (b — c)?
sng=s(s——— ——|=n;=s(s-a+—
=n? =7 s(s—a)+—.(b—c)?
N éslb—cl 2; 2 | 2 (b—c)2+ s|b — c|
— o — —_—
OWla=Pa =" g TMa=PaTs (2s + a)? Payita
via (s+++) and (s+++) s s(3s+ a)(b—c)?
pan —a)+~.(b-0)2—s(s—a) -
s(s—a) a ( c)“—s(s—a) 25+ a)?
?< ) (b — ¢)? N s|b — c|
_s'(Zs+a)2 Pas it a
s s(3s+a) s? ? s|b — ¢
- - b - c)? < 2p,.
<a (2s + a)? (Zs+a)2>( ©)" < 2p, 2s+a
4s3|b — c|? ?
< 2s.pg.lb—cl e ap, = db—=c|l (< |b—=c|=0)

a(2s+a) ~ 2s+a
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via (soe2) s(3s+a)(b—c)?\ ? 4s*
< a <S(S @)+ (2s + a)? ~ (2s+a)? (b-c)
4s* — a?s(3s + a) ?
2 2
s a*s(s—a) — 25t @) .(b=0c)*=0
s(s — a)(2s + a)? ?
2 2
s a*s(s—a) — 25+ @) .(b=-¢c)>=>0
e s( )(a?— (b )2);0 t <S|b_C|
— — — - —
s(s—a)(a c)?) > rue g — P < 5 ——

Now, b3 + ¢ — abc + a(4m?) = b3 + ¢3 + a® — abc + a(2b? + 2¢? — a?) — a3
= z a3 — abc + 2a.2bc cos A = 2s(s? — 6Rr — 3r?) — 4Rrs + 16Rrs cos A

cyc

2s

>pi=——"—
Pa (2s + a)?
4s?

- (2s+a)?’

.2s(s? — 8Rr — 3r% + 8Rrcos A)

A
(sz — 8Rr — 3r? + 8Rr (1 — 2 sin? E))

4s? ( 2 3.2 _ 16Rrsi ZA) - 4s* 2s?
= - - —)|<—=>>p, <— N, —
(2s + a)? > r Ty (2s + a)? Pas5c " Ma"Pa
s s(3s+a) 2
nZ — p2 (6_—2 2>(b—c)
. p“z (S+a)2 (+n%=s%2-2h,r,<s’=>n,<s)
n, + pa s+ 2s
2s+a
s(4s? + sa)(b— ¢)? s(b—c)? - s(b — ¢)? d

— 2 = oo na — pa = ———— anda so,

a(2s + )2, (4;5 i Za) a(2s+ a) a(2s + a)

s(b — ¢)? s|b — |

——< — < Vv A ABC,
a(2s + a) Ma=Pa="5 "0

with equality iff A ABC is equilateral (QED)

2019.

In any A ABC with p, — Spieker cevian, the following relationship holds :
2s(b — ¢)? 2salb — c|
4s2 — q? SPa—Wa= 4s2 — g2
Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(3BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ /b2 at 1 16r2s?
Now,16[DEF]2=ZZ ~— (= —Z—z—(zZazbz—Za‘*):
4 4 16 16 16

a b c
rs_fztztz)_rs_ T
> [DEFl=—=or1 |42 42 |="sr==5(1)
4 2 4 2
. .. C 2B+C B+m—A
- Spieker center is incenter of A DEF,.. m(£AFS) = B + 2= = >
m_AD dmGaEs) =c+o=T_AC_
= — - = —_—_———_—
2 2 mamis 2=2" 2 ~®
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
r? c? 2r c A-B
PO L B . PP
4sinz - 4 2sin= | "2 2
2 2
r2 N b2 2r by L A-C
-— 57585
2D ol
4sin 2 Zsm2
. 2 2 2 2
@ r C 2r c A—-B r b
= 2AS? ; +—— (—) sin + 4+ —
4sinz= % 2sin= | 2 2 4sinz> ¥
2 2
2r (b) A—-C
- —)sin——
Zsing 2 2
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2r cy, . A-B 2r by  A-C
Now, —C —) sin + ( )sm
Zsinz 2 2 Zsini 2
r ( C A—B B A— C)

2

= —(4Rcos = si 4Rcos — si
COs 2 sin 2 + COos 2 sin 2

2
re (g ATB  AZB o A+C A-C
= I‘( sin 2 sin 2 + 2sin 2 sin 2 )

=Rr (1 — 2sinZE +1- 2sinZE -2 (1 — 2sin? é))
2 2 2
R (Za(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
r

abc

= R a3+ b+ 0)a? — 2ab% + ¢2) — (b + )b — ©)2)

8Rrs
A A
— in2 = — C9cin2 2
4(b+C)bCSinzé—\—2a.2bccosA bc <(2s a)sin 5 a(l 2sin 2)>

- 8s 2s
be | (2s + a)sin? A_ a
2 (2s+a)(s—b)(s—c)
- = — 2Rr
2s 2s
2r cy, . A—-B 2r by A-C
- )@= 5 )5)n =
Zsini Zsinf
) —(2s+a)(s—b)(s—c
O-@sta)s-bE-o
2s
ain, -
& 4sinzg 4sin2% 4 \(s—c)(s—a) (s—a)(s—b)
r? ab + ca = 12 r2
=——(ca(s—b) +ab(s — ¢)) = —2Rr = 4 -
4r-s 4 4-sin2 7 4sin2§

b2+c2+ab+ca (2s+a)(s—b)(s—c)

(i), (%), (x¥) = 2AS? = 1 >
B (a+b+c)b*+c2+ab+ca)— 2a+b+c)(c+a—-b)(a+b-rc)

8s
b3 + ¢3 — abc + a(2b? + 2¢% — a?) i) b3 + ¢3 — abc + a(4m3)
= = 2AS? =
4s 4s
r AS cAS
Via sine law on A AFS, = =

. . A—B . C

2sin5sina  cos (a + b)sin

2 2 2
. (#%%) r(a + b) ] . . (#x%) r(a + C)
= csina = ————— and via sine law on A AES, bsin = —————

2AS 2AS
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1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬁ =rs

via (++) and (+++x) p,(a+ b+ a + c) 4s AS
= =s=>p, =
4AS Pa =55t a
, viaG) 165> b® +c® —abc+ a(4m?)
>p: = .
(2s + a)? 8s
() 2s

2
a

S P

(b3 +c3 —abc+ a(4mﬁ))

(2s + a)?
Now, b3 + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2c? — a?)
= (b +c)(b?—bc+c?) +ab?—-bc+c?) +ab?+c?—-a?)
= 2s(b? — bc + ¢?) + a(b? — bc + ¢% + bc — a?)

2 (h 2
=(Zs+a)(b2—bc+c2)+a<(b+C) 4(b © -

a(b+c+2a)(b+c— 2a)_ a(b — c)?

2

= (2s+a)(b? —bc+c?) + 2 2
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s+a)(b®?—bc+c?) +

4 4
4b% + 4c®> —4bc+ a(b+c—2a) a(b-c)?
= (2s + a). —
4 4
= (2s + a).
4z+x)?+4(x+y)? —4Z+x)(x+y) +(y+2)(z+2)+ (x+y) —2(y +2))
4
a(b — c)?
— 1 (a=y+zb=z+x,c=x+Yy)

Ax(x +y+1z) +2x(y +z) + 3(y —z)? ~ a(b — ¢)?

= (2s + a).

2 4
a(s—a)\ (a+2s—2s)(b-c)?
2 a 4
(b-—c)? a(s— a)) s(b —¢)?
+ +

4
- — 2
=@2s+a) <S(s —a)+ Z(b — )2+ als “)) _a(b-o

= (Zs+a)<s(s—a)+%(b—c)2+

=(Zs+a)<s(s—a)+ 2 > >

_ — )2 Ry
~ b3+ ¢3 — abc + a(4m?) « (2s + a) <(S a)2sta) (b= ) + s(b— )

+
2 2 2

. ,  2s (s—a)2s+a)®? (2s+a)(b—c)? s(b-c)?
o (), (s0) = p2 = (2s + a)2< 5 + 5 + > >

=s(s—a)+(b—c)2<( s\ S Ll)

+ +
Zs+a) 2s+a 4 4

(b — ¢)? s 1,2
4 +(b_c)2'(25+a+5>

=s(s—a) —
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_ )+(b—c)2 (4s + a)?
—SsisTa 4 (2s + a)?
Sp2 g )+S(38+a)(b—c)2
Po = Si5—4 (2s + a)?
2s(b — ¢)?
Now,p, — W, >¥@p§—w§2

@7 452 — g2
4s?(b—c)* 4s.w,. (b — c)? via ()
N
(4s% — a?)? 4s? — a?

s@s+a) s(s—a) 4si(b-o)?[®] 4s.w,
(2s+a)?  (2s—a)? (4s?—a?)? 2137 = 2 (v (b—c)?=0)

s(3s+a) s(s—a) 4s%(b-c)?
(2s+a)?2 ' (2s—a)? (4s2— a?)? >
s(3s+a) s(s—a) 4s2q?
(2s + a)? * (2s —a)?2  (4s? — a2)?
_s(3s+a)(2s— a)?+s(s—a)(2s + a)? — 4s%a? B 8s2(2s+ a)(s— a)

We have :

(452 — a2)? (452 — a2)? >0
(s(3s+a)(2s —a)? + s(s— a)(2s + a)? — 4s%(b — ¢)?)?
~(m) e (s? — a?)t
16s? s(s—a)(b —c)?
Zm-<s(5‘“>‘ @s- )

16s*(b — c)* — 8s%(b — ¢)?(s(3s + a)(2s — a)? + s(s — a)(2s + a)?) +
(s(3s+a)(2s — a)? + s(s — a)(2s + a)?)?

< (4s? — a2)2
- 16s2(s(s—a)(2s —a)? —s(s—a)(b — ¢)?)
- (2s — a)?

4 4 aczin a2 (SBs+a)(2s—a)® +s(s—a)(2s+ a)z)
< 16s*(b — c)* — 8s“(b —¢) ( 28(s — a)(2s + a)?2
+(s(3s+a)(2s—a)? +s(s—a)(2s+ a)®)? —16s3(s —a)(4s®> —a?)? >0
& 16s*(b — )* — 16s3(b — ¢)?(4s3 — 4s%a + sa? + a3)
+16a%s3(4s3 —4s2a+a3) >0

e s(b—c)*— (4s® —4s?a +sa? +a®)(b—c)? + a*(4s® —4s?a+ a3 | > |0
and in order to prove (mm), it suffices to prove :
(4s3 — 4s%a + sa’ + a®) -8
(b—c)?< 25 ,where 8§ =
(4s3 — 4s%a + sa? + a®)? — 4sa?(4s3® — 4s?a + a®) and =~ (b — ¢)? < a?

- it suffices to prove : 2sa? < (4s3 — 4s%a + sa? + a3?)

—/(4s3 — 4s2a + sa? + a3)? — 4sa?(4s3 — 4s2a + a3)
& /(s —a)2(4s? — a?)? < 4s3 — 4s2a — sa? + a3 = (s — a)(4s% — a?) - true
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(mm) = (m)ist >2s(b—c)2

= = L p, — _—

(]| m) is true . p, — w, > 157 — o2
2salb—c| s(Bs+a)(2s—a)?+s(s—a)2s+a)?

. 2

Again,p, — w, < 252 — a2 (452 — a2)? .(b—oc)
4s%a’(b — ¢)?> 4sa.w,.|b —c|

(452 — a?)? 4s? — a?
s(3s+a)(2s—a)? +s(s—a)(2s + a)? — 4s%a? 4sa.w,
o b —¢| <
(4s2 — a?)? 4s2 — 2
8s2(2s +a)(s — a)

(*b-c|=0) &

4s2(2s + a)*(s — a)? tst-d’
457 a2)? .(b—-10)? < a? (s(s —-a) —

4s%(s —a)? + a*s(s — a)

.Ib—c| <4sa.w,

s(s — a)(b — ¢)?
(2s — a)? )

.(b—¢)? <a?*s(s—a)

(2s — a)?
s(s —a)(4s? — 4sa + a?)
25 —a)? .(b=¢c)? < a’*s(s—a)

?
es(s—a).(b—c)?<a*s(s—a) @ s(s—a)(a*— (b—c)2) =0 - true
‘ 2salb — c| 2s(b — c)? 2salb — c|
TPamWaS o S0 TGy SR WaS gy

Vv A ABC, with equality iff A ABC is equilateral (QED)

2020. In AABC the following relationship holds:

r,SinA
3r < 2“7 <2R-r
YsinA
Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

) B F a F a _i. Ya(s—b)(s—c) B
Zras“‘"‘zs—aﬁ‘ﬁZE‘zR G-a)(s—b)(s—c
_F _(Z(asz—s(ab+ac)+abc))_

" 2R sr2 B

_F sz(a+b+c)—23(ab+bc+ca)+3abc_
" 2R sr2 B
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Zs —2s(s?2+ 1%+ 4Rr +12Rrs F Zsr 2R—1) s S
( ) ( )_=(2R_r)ﬁ(1)

sr ‘2R sr 2R
2. Tr,sinA @ s1 Euler
—ZS Y (2R r)——_ZR—r > 4r—r=3r
in 5
R

Equality holds fora=b =c
2021. In any acute A ABC, following relationship holds :
sinA.m,w, > F > 3v/3r2 +v2r(R — 2r)
Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
F>3V3r2+v2.r(R-2r) ©s—vV2(R-2r) > 3V3r

= (s —V2(R- Zr))2 > 27r?

'.'AABCisacute:HcosA>O=>s> 2R+ 1r > 2R
cyc

=>s—V2(R-2r)>(2-V2)R+2V2.r>0

& s2+2(R-2r)% —2v2.s(R - 2r) > 27r2
& s2+2(R-2r)2-27r2 > 2v2.s(R-2r) & (s2 + 2(R — 2r)% — 27r2)2

Mitrinovic

> 8s%(R — 2r)? ( s2—-27r?+2(R-2r)2 > 2(R-2r)?%> 0)

)
& s* — (4R%? — 16Rr + 70r?)s? + 4R* — 32R3r — 12R?*r? + 304Rr3 + 361r* > |0
and - (s? — 2R? — 8Rr — 3r?)? > 0 - in order to prove (), it suffices to prove :
LHS of () > (s?2 — 2R? — 8Rr — 3r?)?

(+%)
& (4R — 8r)s?| > |8R3 + 11R?r — 32Rr? — 44r3

Walker
Now, - A ABC is acute . (4R —8r)s? > (4R - 8r)(2R2 + 8Rr + 3r?) >

8R3 + 11R?r — 32Rr? — 44r3 & 40r%(R? — 4Rr + 4r?) > 0 © 40r?(R — 2r)? > 0

- true = (%) = () is true - F > 3v/3r2 + V2.r(R — 2r) V acute A ABC
Lascu+A-G @ abc

Again,sinA.m,w, — F > 2R’ s(s—a) — IR - 2R (2s(s—a) —bco)
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abc (

2A . A © A 1
_E' 2 cos ——1>>0°-'AABC1sacute=>0<—<—:cos—>—

2 24 2° 2
A
= ZCOSZE— 1> 0 .~ sinA.m,w, > F V acute A ABC and so,

sinA.m,w, > F > 3V3r? + V2.r(R — 2r) V acute A ABC
/' =""iff A ABC is equilateral (QED)

2022. In AABC the following relationship holds:

3(R —21) < (2cos A — 1)(2 cos B — 1)(2 c—1< (R — 2r)(16R? — Rr — 81r?)
= COS COoSs COS s (16R — 51‘)R2

Proposed by Nguyen Minh Tho-Vietnam
Solution by Tapas Das-India
(2cosA—1)(2cosB—1)(2cosC—-1) =
=-1+ ZZcosA —42 cosAcosB +8cosAcosBcosC =

B 1+2(1+1‘) 4sz+r2—4R2_|_8sz—(2R+r)2_
B R 4R? 4R? B
—R? 4+ 2R? + 2Rr — s> —r?2 + 4R? + 25> — 2(4R?> + 4Rr + 1%)
s> —3R? — 6Rr — 3r?
= 1)

R s2 — 3R? — 6R1T — 312 Gerretsen
(2cosA—1)(2cosB—1)(2cosC—-1) = Rz >
_ 16Rr — 5r> —3R? — 6Rr — 3r> —3R? + 10Rr — 817 Butler
> 2 2 >
- —3R* + 10Rr — 8r-§ _—3R*+6Rr _ 3(R—21)
- R? R? R

(2cosA—1)(2cosB—1)(2cosC—1) =

s2 —3R% — 6Rr — 312 cemztsen 4R% + 4Rr + 3r% — 3R%? — 6Rr — 312
B R2 = R2 B

_R(R—-2r) (R-2r)R(16R—5r) (R— 2r)(16R? — 5Rr) B
~ R? ~ (16R-5r)R? (16R — 51)R? B
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_(R— 2r)(16R?% — Rr — 4Rr) E‘i" (R —2r)(16R?> — Rr — 4.2r.1)
- (16R — 51)R? - (16R — 51)R?

_(R- 2r)(16R% — Rr — 812)
B (16R — 51)R?

Equality holds forA=B =C

2023. In AABC the following relationship holds:

R? + 6Rr — \/R(R — 27)3 _ 1—[ A—B R?+6Rr+.R(R-2r)3
= COoSs

<
4R? 2 4R?

Proposed by Nguyen Minh Tho-Vietnam
Solution by Tapas Das-India
Blundon's inequality:

2R? + 10Rr — 1> — 2\/R(R — 21r)3 < s2 < 2R?> + 10Rr — r* + 2{/R(R - 21)3 (1)

l_[ A—B s24+r24+2Rr® 2R? +10Rr — > —2/R(R—-21r)3 4+ 1%+ 2Rr
COoSs =

2 8R? - 8R?
2R%? + 12Rr — 2./R(R—2r)3 R%?+6Rr —/R(R —21)3
B 8R? B 4R?

1—[ A—B s24+1r24+2Rr® 2R?2 4+ 10Rr — 12+ 2/R(R—21r)3 +r%2 + 2Rr
COS =

2 8R2 = 8R2
B 2R% + 12Rr + 2./R(R — 271)3 B R? + 6Rr + /R(R — 27)3
B 8R?2 B 4R2

Equality holds for an equilateral triangle
2024. In any A ABC with p,, py,, P —

Spieker cevians, the following relationship holds :
pa+wa pb+wb pc+wc
+
Zma + PaWq Znllb + Y, PbWp ch + PcW,

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

<2
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Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(3BAX) = a and m(5CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ [(b? ar 1 161252
N ,16DEF2=ZZ )= —z—=_ 22 sz_z 4) =
ow. 16[DEF! <4><4> 16 16( “ a) 16

a C

2tz _rs_ T

£ £ Ll or==5(1)
2 4 2

=2

rs
= [DEF] = T =>r

2B+C B+m—-A

C
~+ Spieker center is incenter of A DEF,.. m(£AFS) = B + 2 =

2 2
m A-B dmsAES) = c+o-F_A~C
= — — = —_——
2 g andmis 22" 2 @
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
r? c? 2r c A—-B
AS? = e+ = |(5)sin
4sinz= % 2sin= /| ‘2 2
2 2
r? N b? 2r ) by A-C
=——g+5 | —3)G)n
2D ad
4sin 2 Zsm2
2 AS? @ r? +c2 2r (c) ] A—B+ r? +b2
N = —— [ ——= (=) sin —
4sin29 4 2sinE 2 2 45inZE 4
2 2 2
2r b A-C
(2N ()i
Zsinf 2 2
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2r cy, . A-B 2r by  A-C
Now, —C —) sin + ( )sm
Zsinz 2 2 Zsini 2
r ( C A—B B A— C)

2

= —(4Rcos = si 4Rcos — si
COs 2 sin 2 + COos 2 sin 2

2
re (g ATB  AZB o A+C A-C
= I‘( sin 2 sin 2 + 2sin 2 sin 2 )

=Rr (1 — 2sinZE +1- 2sinZE -2 (1 — 2sin? é))
2 2 2
R (Za(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
r

abc

= R a3+ b+ 0)a? — 2ab% + ¢2) — (b + )b — ©)2)

8Rrs
A A
— in2 = — C9cin2 2
4(b+C)bCSinzé—\—2a.2bccosA bc <(2s a)sin 5 a(l 2sin 2)>

- 8s 2s
be | (2s + a)sin? A_ a
2 (2s+a)(s—b)(s—c)
- = — 2Rr
2s 2s
2r cy, . A—-B 2r by A-C
- )@= 5 )5)n =
Zsini Zsinf
) —(2s+a)(s—b)(s—c
O-@sta)s-bE-o
2s
ain, -
& 4sinzg 4sin2% 4 \(s—c)(s—a) (s—a)(s—b)
r? ab + ca = 12 r2
=——(ca(s—b) +ab(s — ¢)) = —2Rr = 4 -
4r-s 4 4-sin2 7 4sin2§

b2+c2+ab+ca (2s+a)(s—b)(s—c)

(i), (%), (x¥) = 2AS? = 1 >
B (a+b+c)b*+c2+ab+ca)— 2a+b+c)(c+a—-b)(a+b-rc)

8s
b3 + ¢3 — abc + a(2b? + 2¢% — a?) i) b3 + ¢3 — abc + a(4m3)
= = 2AS? =
4s 4s
r AS cAS
Via sine law on A AFS, = =

. . A—B . C

2sin5sina  cos (a + b)sin

2 2 2
. (#%%) r(a + b) ] . . (#x%) r(a + C)
= csina = ————— and via sine law on A AES, bsin = —————

2AS 2AS
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1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬁ =rs

via (++) and (+++x) p,(a+ b+ a + c) 4s AS
= =s=>p, =
4AS Pa =55t a
, viaG) 165> b® +c® —abc+ a(4m?)
>p: = .
(2s + a)? 8s
() 2s

2
a

S P

(b3 +c3 —abc+ a(4mﬁ))

(2s + a)?
Now, b3 + ¢ — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2c? — a?)
= (b +c)(b?—bc+c?) +ab?—-bc+c?) +ab?+c?—-a?)
= 2s(b? — bc + ¢?) + a(b? — bc + ¢% + bc — a?)

2 (h 2
=(Zs+a)(b2—bc+c2)+a<(b+C) 4(b © -

a(b+c+2a)(b+c— 2a)_ a(b — c)?

2

= (2s+a)(b? —bc+c?) + 2 2
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s+a)(b®?—bc+c?) +

4 4
4b% + 4c®> —4bc+ a(b+c—2a) a(b-c)?
= (2s + a). —
4 4
= (2s + a).
4z+x)?+4(x+y)? —4Z+x)(x+y) +(y+2)(z+2)+ (x+y) —2(y +2))
4
a(b — c)?
— 1 (a=y+zb=z+x,c=x+Yy)

Ax(x +y+1z) +2x(y +z) + 3(y —z)? ~ a(b — ¢)?

= (2s + a).

2 4
a(s—a)\ (a+2s—2s)(b-c)?
2 a 4
(b-—c)? a(s— a)) s(b —¢)?
+ +

4
- — 2
=@2s+a) <S(s —a)+ Z(b — )2+ als “)) _a(b-o

= (Zs+a)<s(s—a)+%(b—c)2+

=(Zs+a)<s(s—a)+ 2 > >

_ — )2 Ry
~ b3+ ¢3 — abc + a(4m?) « (2s + a) <(S a)2sta) (b= ) + s(b— )

+
2 2 2

. ,  2s (s—a)2s+a)®? (2s+a)(b—c)? s(b-c)?
o (), (s0) = p2 = (2s + a)2< 5 + 5 + > >

=s(s—a)+(b—c)2<( s\ S Ll)

+ +
Zs+a) 2s+a 4 4

(b — ¢)? s 1,2
4 +(b_c)2'(25+a+5>

=s(s—a) —
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(b—-1c)?/(4s + a)?

4 ((Zs +a)? )

, (529 s(3s + a)(b — ¢)?
=>p; = s(s—a) + 25+ @)

Now, Zml:a.*_+ v:)‘;wa < g =4 s(pa + Wa) - zﬂ PaWq = 4-ma

& 9(py + We)? +4p,w, — 12(py + Wo). /PaWe < 16m2 and -

A-G
—12(py + Wo).\/PaWa < — 24p,w, - it suffices to prove :
via (eee)

9(p2 + w2) + 18p,w, + 4p W, — 24p,W, < 16m%2 o

=s(s—a)+

s(3s+a)(b—c)? s(s—a)(b—c)? (b — ¢)?
9(2 — — — 16 —
< s(s—a) + 25 t a)? 25— a)? s(s—a) + 2
9s(3s+a) 9s(s—a) )
< 2p W, & < Zsta? 2s—a? 4|.(b—c)* < 2p,w, —2s(s—a)
4s* — 36s3a + 25s%a? + 9sa® — 2a* 5 |®
= (5% — a?)? (b—0)*| < |paw,—s(s—a)
4s* — 36s3a + 25s%a? + 9sa® — 2a* < 0 and then : LHS of (m) < 0
s(3s+ a)(b — c)? (b — ¢)?
v p2=s(s—a)+ >m:=s(s—a)+
< RHS of (m) Pa (2s + a)? “ 4
Lascu + A-G
= paW,—s(s—a) 2myw, —s(s—a) > 0
[Case 2]4s* — 36s3a + 25s%a® + 9sa® — 2a* > 0
S Via(ooo)
(@ t= p > 8.20584 (approximately)) and then: (m) <
4s* — 36s3a + 25s%a? + 9sa® — 2a* ) 2
s(s—a) + (s —a?)? .(b—2o¢) <
( )+s(35+a)(b—c)2 ( ) s(s—a)(b —c)?
Sis—a (2s + a)? Sis—a (2s — a)?
(4s* — 36s3a + 25s%2a? + 9sa® — 2a*)? s?(3s+a)(s—a)
& + (b-o)*<
(4s% — a?)* (452 — a?)?
/ s?2(3s+a)(s—a) s?(s—a)?
(2s + a)? - (2s—a)? 2
b — S
2s(s — a)(4s* — 36s3a + 25s%a? + 9sa® — 2a%) |(b~c)
(4s% — a?)?
(4s* — 36s3a + 25s%2a? + 9sa3® — 2a*)? + s2(3s + a)(s — a)(4s% — a?)?
.(b—=0c)*
(4s2 — a?)*

(sz(Ss +a)(s—a)(2s—a)? —s%(s —a)?(2s + a)z)
—2s(s — a)(4s* — 36s3a + 25s%a? + 9sa® — 2a*)
= (4s? — a?)?

.(b—-1c¢)?
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16s” — 64s%a + 300s°a? — 128s*a3
4(s —a) 3,4 2,5 6_ 7
—135s°a™ + 13s“a> + 8sa® — a 2
2| 2 2\4 .(b—¢)
& (b—0)?| (4s? — a?) <0
\ 4sa(s — a)(16s3 — 12s2a — 4sa? + a?)
(4s? — a?)?
7 _ 6 5,2 _ 4,3 _ 3,4 (mm)
N (165 64s°a + 3020s5 a 16285 7a 135s°a )(b o2 <
+13s“a’> + 8sa® — a
sa(16s® — 12s%a — 4sa? + a®)(4s? —a?)? (~ (b—c)2>0and (s —a) > 0)
Now, 16s’ — 64s°a + 300s°a? — 128s*a® — 135s3a* + 13s2a® + 8sa® — a’
= (s — a)(16s® — 48s°a + 252s*a? + 124s3%a® — 11s%a* + 2sa® + 10a®) + 9a’
(s—a) <(16s6 +225s*a®? — 120s%a) + 27s*a? + 113s3a®
+11s2a3(s — a) + 2sa® + 10a®
(4s3 — 15s2a)? + 72s%a + 27s*a? + 113s3a3
=(s—a) 2,3 5 6
+11s“a’(s — a) + 2sa” + 10a
and = (b —c¢)? < a? . LHS of (mm) <
16s7 — 64s%a + 300s°a? — 128s*a® — 135s3a*\ ; ’
2,5 6 _ 7 a® <
+13s“a” + 8sa® —a
sa(16s® — 12s?a — 4sa? + a®)(4s? — a?)? o
?
256t% — 208t7 — 128t% — 188t> + 176t* + 115t3 —17t2 -7t + 1> 0
6 5 4 3 ?
ot-1(t=2) (256t + 56(2)t + 1040t* + 1812t ) 428359 | > 0
+3532t“ + 7087t + 14180
— true = t > 8.20584 (approximately) >2= (t—1),(t—2) > 0= (mm)
= (m) is true (strict inequality) and combining both cases, (m) is true Vv A ABC

+9a’

>
>+9a7s>ao

Pa + Wqo 2
= < — and analogs V A ABC =
zma + pawa
+w, +w +w
Pa a + Pb b Pc [ <2V AABC,

Zma t {/PaWa 2rnb + vV PbWp ch +/PcWc
with equality iff A ABC is equilateral (QED)

2025. In AABC the following relationship holds:

< cos? A+ cos? B + cos? € < o <
< Cos Ccos Ccos =g 2 RZ

W

Proposed by Nguyen Minh Tho-Vietnam
Solution by Tapas Das-India
Y a?

2 2 2, _ 22 4
cos“A+cos“B+cos“C=3— sinfA=3-—— (1
E 4R2()
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From (1) cos? 4 2p 2pog 2O e OR®_ o 93
rom COS + cos + cos = — > —_—= -
( 4R? 4R? 4 4
Y a? 2(s2 —1r2—4Rr)
From (1) cos?A+ cos?B+cos?C=3-—=3— =
@ 4R? 4R?
3_l_r2+4Rr s2 3+1(r)2+2r s2 Elier3+1(l>2+21 s2
B 2R2 2R 2\R R 2R?2 ~— 2\2 "2 2Rz
1 s 33 &2
— 4=

Equality holds for an equilateral triangle

2026. In any A ABC, the following relationship holds :

A-B _B-C _ C-A 1 /(s?2 —12Rr — 3r2)3
. S1n .SIn

P
2 2 2 24+/3 R2r

Proposed by Nguyen Minh Tho-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

sin

A-B B-C C-A Sil‘lzésinZu (b_cz)z
sin? .sin? 5 .sin? = 1—[ 2 2 _ 16RA
cyc sin? 7 cyc sin? 5
__ 1 16R® , TT.,B-C 1 )
 256.16R6" r2 'H(b —ons ns“‘ 2 256Rr? -n(b 0> (1)
cyc cyc cyc
Now, H(b —-0c)? = Z a*b? + Z a’b* — Zabcz a3 — ZZ a3b3
Ccyc Ccyc cyc Ccyc cyc
+2abc (Z a’b + Z ab2> — 6a’b?c?
cyc cyc

= Z a’b? (Z a? — c2> — 16Rrs?(s? — 6Rr — 3r?)

cyc cyc

([ s oo (S ] o

cyc cyc
cyc cyc y y

—3abc
= 2(s? — 4Rr — r?)((s? + 4Rr + r?)? — 16Rrs?) — 16Rrs?(s? — 6Rr — 3r?)

-2 ((s2 + 4Rr + r?)3 — 24Rrs?(s? + 2Rr + rz)) + 16Rrs?(s% + 4Rr + r?)

66 | RMM-GEOMETRY MARATHON 2001-2100



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmbh.ro
—240R?r?s? = 4r2(—s* + (4R? + 20Rr — 2r?)s? — r(4R + 1r)3)

B — C via (1) 1
. .2 _ 2 4 2 2V 2 3
o sin = Are(—s*+ (4R + 20Rr — 2r¢)s“ —r(4R+r
1—[ 2 256R*r2 ( ( ) ( )
cyc

? (s? — 12Rr — 3r?)3
- 3.576R*r? , ) )
& s*—252.9r(2R—1) + (9r(2ZR-1))" 20 & (52— 9r(2R—1)) 20 > true
. ,B—C (s® — 12Rr — 3r?)3
nsm <
2 3.576R*r2

?
& s* — (36Rr — 18r2)s? + 81r2(2R-r)2 >0

cyc

A-B B—C C—A| 1 /(s?2-12Rr — 3r2)3

$|sin 2 .sin > .sin > S24\/§. Rer
v AABC,”" =" iff A ABC is equilateral (QED)
2027. In acute triangle ABC :
5
e <=R
* 72

Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

5 A 5 s A 5 A B C A 5
r,<-Restan—-<-R&-—.tan-<-© cos-cos—cos—.tan—- < - &
2 2 2 4R 2 8 2 2 2 2 8
A B € 5
& sin—cos—cos— < —.
2 2 2 8

m—A V2 .
Letx := cos €(0,— |. By AM — GM and Jensen Inequalities, we have

2 2
C 2
B C (COSZ‘FCOSf) 2B+C 1 B+C
COS—CoS— < = CcOoS =—( + cos )
2 2 4 2 2
A B C_ m—A 1(1+ n—A> x(1+x)<\/§ 1+\/7
= - — — .= = _— —_
sin 2 COS 2 COoS 2 < COS 2 2 COS 2 2 S 4 2
2V2Z+2 5
= < —.
8 8
2028.
If pg, Pu, Pe
— Spieker cevians in A ABC, then the following relationship holds :
2 a*+b*+c2—ab—-bc—ca
Pa  Po Pes 5,2
h, h, h, 3 F

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
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Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(4BAX) = a and m(4CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ (b? at* 1 16r2s?
2 _ E: _E _ E 2 2_2 4) _
Now, 16[DEF]* = 2 (4)(4) 16 16(2 a“b a) 16

a C

ztzta\_rs_ v

= = " |l=— = — >
2 7 r =37 @

=3

rs
= [DEF] = Viind r

. . . C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(5AFS) =B + 2=—% = >
M _A-B mdm(AEs)=c+o="_A2"C
— = —_————
2~ g anem 2-2 2 °@®
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

cz_ _2r (%)s A;B

2
2r cy, . A-B 2r by . A-C
Now, (—) sin + (—) sin
. Cl\2 . B
Zsmi Zsmi
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r

_ (4R c.A-B . B A—C)
—2 coszsm 2 coszsm

_R (2_ A+B . A—B+2_ A+C . A—C)
—l‘SanSln2 Sll‘lZSHl2
= Rr 1—ZSinZE+1—ZsinZE—2<1—Zsinzé)
B 2 2 2

<2a(s —b)(s—=c)—b(s—c)(s—a) —c(s—a)(s— b))
= 2Rr

abc
Rr

= SRrs (2a® + (b + ¢)a? — 2a(b? + ¢2) — (b + ¢)(b — ©)?)

A A
— in2 = — — in2—
4(b + c)bcsin? % —2a.2bccosA  PC <(Zs a)sin“5 —a (1 Zsin ))

2
8s - 25
A
bc| (2s + a)sin?5 —
c<( s + @)sin®5 a) (254 @) (5 —b)(s )
B 2s - —2Rr
B o) s - =) sin
®»—(2s+a)(s—b)(s—c
2 X s )+ 2Rr
2s
Ascai r2 N r2 rz( ca . ab )
ain, _
° 4sinzg 4sin2% 4 \(s—c)(s—a) (s—a)(s—Db)
r’ ab +ca () 12 r2
= ——(ca(s—b)+ab(s—c)) = _9Rr = _ .
(), (), (vn) o 2852 = - HEE Habtca s+ a)s—b)(s—¢)

4 2s
_(@a+b+)(b2+c*+ab+ca)—(2a+b+c)(c+a-b)(a+b-c)

8s
3 b3 +¢3 —abc+ a(Zb2 +2c%2 - az)

Gi) b3 + ¢ — abc + a(4m?2
= 2AS? = (4m3)
4s 4s
L. r AS cAS
Via sine law on A AFS, = =

. . A—-B"~ . C
Zsmi sina cos—5— (a+ b)smi
¢=)r(a+b)

= csina and via sine law on A AES, bsinf Coor@t o
2AS 1 '1 2AS
Now, [BAX] + [BAX] = [ABC] = Epacsina+ Epabsinﬁ =TS
via (o) and (=) po(a+b + a + c) 4s
=> =s= = A
4AS ST PaT o5 ra
,viaG 16s? b3+ c® —abc+ a(4m?)
>p: = >
(2s+a) 8s
Q) 2s
2 = 3, 3 2
~|Pa = 25t a)? (b +c¢® —abc+ a(4ma))
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Now,b? + ¢ — abc + a(4m2) = b + ¢3 — abc + a(2b? + 2¢2 — a?)
= (b + ¢)(b% — bc + %) + a(b? — bc + %) + a(b? + % — a?)
= 2s(b? —bc + ¢%) + a(b? — bc + ¢% + bc — a?)
(b+¢c)?>—(b-c)? 22

:(Zs+a)(b2—bc+c2)+a< 2
a(b+c+2a)(b+c—Za)_at(b—c)2
4

4
a(2s—a+2a)(b+c—2a) a(b-c)?
4

= (2s+ a)(b? —bc+c2) +

= (2s+a)(b?>—bc+c?)+
4b% + 4c®> —4bc+a(b+c—2a) a(b-—c)?
4

= (2s+a). 4
=(2s+a).

4z+x)?+4(x+y)? -4+ 0)(x+y)+y+2)(Z+x) + (x+y) —2(y+2))

4

_ 2
_a(b4c) (@=y+zboz+rczx4y)
— 2 _ 2
_ 2s+q) POy D) +2xG+2) 43¢ - 2) _a(b4c)
a(s—a)\ a(b—c)?
2 >_ 4

= (2s+a) s(s—a)+%(b—c)2+
a(s—a)\ (a+ 2s —2s)(b —¢)?
4

2
) s(b —¢)?

a(s—a)

2 2
(s—a)(2s+a) N (b—c¢)?
2 2

=(Zs+a)<s(s—a)+%(b—c)2+
_ 2
b-o”,

2

2

b3 + ¢3 — abc + a(4m?) i (2s+ a) (

_ _2s (s—a)2s+a)> (2s+a)(b—c)?> s(b—c)?

() = PR = en a)z( Zera) Eeraboo S0 )

=sGs—a) +(b_c)2<(25+a) +Zs+a+1 1)

(b —c)? s 1\2
+ (b_c)z'(25+a+5>

(4s + a)?
((Zs +a)? )
s(3s+ a)(b—c)?

D)
s(s—a)+ (2s + a)?
s(3s+ a)(b —c)?

=(2s+a) <s(s —a)+
> s(b — ¢)?

2 s

=s(s—a)—
(b—c)?

=s(s—a)+ I

>p; =
? 2 (b—c)?via(-)

Now,pa2ha+§. " S s(s—a)+ 25+ a)?

? s(s—a)(b—c)? 4 (b—c)* 4h, (b—c)?

>s(s—a)— P 62 P + 3 4
s(3s+a) s(s—a) 4(b-c)*|? |4h,

_ > .o b _ 2 > O

< (2s + a)? a? 9qa? (;7') 3a (b -0)?20)
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s(3s+a) s(s—a) 4(b-0)? @*>0b-0*sBs+a) s(s—a) 4
We have - - —
" (2s+a)? a? 9a? (2s + a)? az 9
_ 9s5(3s+ a)a’ +9s(s— a)(2s + a)? — 4a*(2s + a)?
- 9a2(2s + a)?

4(s — a)(9s3 + 9s2a + 5sa? + a3) s>
_ ( )( )s>a0=>LHSOf(l)>0-'-(l)‘:’

9a2(2s + a)?
T? 16(b—c)* 8T(b-c)? ? 16 5—a)— s(s—a)(b— c)?
—_— S J—
a*(2s + a)? 81a* 9a*(2s + a)? — 9aZ a?
(T=sBs+a)a® +s(s— a)(2s+ a)?)
16(b—c)* 8(b—c)? T T? 16s(s — a)
— —2s(s—a) |+ -
81a* 9a* (2s + a)? a*(2s+ a)* 9a?
4(b-c)?\> 4(b-c)? 4s(2s3 — 3sa® — a®)
= + .
9 9 (2s + a)?
9T? — 16s(s — a)a?(2s + a)* ; 0
9(2s + a)* (.;-)
. . .., 4(b-0)? ——
Now, LHS of (mm) is a quadratic polynomial in —9 whose [discriminant]|
_ 16s2(2s® — 3sa? — a?)’ 4 92— 165(s — @)a’(2s + @)*
B (Zs + a)* ' 9(2s + a)*
16sa’
=————— (44t5 - 28t* — 493 + 10t> + 19t + 4) (t=—
9(2s + a)*’ ( + + + )( a)
_16sa’ (t—1)2(44t3 + 60t? + 27t +4) < 0 = LHS of (mm) > 0
= _ (t— 0
9(2s + a)*
2 (b—c)? _Pa 2 (b—c)
t =2h, +5 —>1+-.
= (mm) = (m)istrue - p, = +3 p ha_ +3 ah,
2 (b —c)? _Pa (b-0¢)?
= 2>
1 + F h 1+ 3F and analogs =
Pa z 5 pa 2 a?+b%?+c?2—ab—-bc—ca
-—>3 - - g —.
Z hoZ 3435 ) (00 + hoZ3+3 .
cyc cyc

v A ABC,with equallty iff A ABC is equilateral (QED)
2029. In any A ABC, the following relationship holds :
m,w, r
rghg = R-—r+./R(R-2r)
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

] ) m,w, Lascu+A-G pa(p — a)?
If p - semi — perimeter, = 2.2
aha 2r°p
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. ab-@r e p-a) _a A
2(p—a)(p-b)(p—c) 2p (p—b)(p—c) 2p’ 2
? r ? 2pr A

SR-r+ R(R—Zr)Z—a .tanZE

" R-r++/R(R-2r)

A B C ?
(:)R—4RsinEsinEsinE+R. 1—4sc+c? >
2.4Rcos%cosgcosg4Rsin%singsing s2 A B-C

A A 7 5 <s=sin5 and ¢ = cos )
4Rcosfsin7 -Ss

©1-2s(c—s)++/1- 4sc+c2>2(s+c)(c—s)
41— 4sc+c2>2(s+c)(c—s)

? 2s%¢? + Zc(s —-s3)—(s?2+1)
eVl - 4sc+cz> <2

®

— —1+Zs(c—s)

1
We note that for an equilateral triangle,c = 1 and s = 2 and then : LHS of (x) =

RHS of (x) = 0 and moreover, if LHS of () < 0, then (x) is evidently true and so,
we now consider the case when : 2s2¢% + 2c¢(s — s3) — (s? + 1) > 0 and then :

2
(Zszc2 +2c(s —s3) — (s + 1))
(1 —s2)2
& —cts—2c3(1-s%)+c2(3s—5s3)+2c(1—-s2)+s3—-25s>0
e —cts+(2c—2c3)1-52)+s3(1-c?) +s(83c2-2)=>0
os3c2-2-cH+(1-¢c? (53 +2c(1 - sz)) >0

osl-c2)(c2-2)+(1—-¢c?) (53 +2¢(1 - s2)) >0

(x) ©1—4sc+c2 >

(**
e|(1-c? (sc2 —2s+s3+2c(1- sz)) >0
B-C b+c _ A _ A

We have : ¢ = cos =g .smE > smE =s = ¢ > s and so, LHS of () >

B—-C
(1—c2)(s3—25+s3+Zs(1—s2)) ( 1—-c?=1- cos? > >O)
= (1 —c?).0 = LHS of () > 0 = (**) = () is true (strict inequality)

and hence, combining both scenarios, (*) is true V A ABC

mawa r . - -
. > v A ABC,” =" iff A ABC is equilateral (QED)
r;hy  R-r+ . /R(R-2r)

2030. In AABC the following relationship holds:
h, T

>_
re+tr,+r., 2R
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Proposed by Dang Ngoc Minh-Vietnam

2) ab- ) a?=

=2(s2+ 12+ 4Rr) —2(s* —r?2 —4Rr) =

AM—GM
=4r(4R+1) Da’?+b+c)? > 2ab+c)(2)
we need to show
h, T
— > — or,

Tegt+ry+1r. 2R

Solution by Tapas Das-India

bc r
— > — or,bc >r(4R + r) or,
(4R + 2R~ 2R r( )

4 bc > 4r(4R + 1) or,
(€Y)
4bc > Zz:ab—z:a2
or,z a? + 4bc > ZZab or,

Z a? + 2bc > 2ab + 2ac or,
(b% + 2bc + ¢?) + a? > 2a(b + ¢) or,

a?+ (b +¢)? > 2a(b + ¢) true (using (2))

2031. In acute AABC the following relationship holds:
Wa  _ 3R?
h,cosA ~ 10r? — 2R?

cyc

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

WLOGa=b > c thenh, < h, < h.and
cosA < cosB < cosC (acute) and h,cos A < h,cos B < h.cosC

ZWa_Z\/S(T \/35(33_‘1 b= o) _S\/_Mltrmomc

E tan A 25T 2F < Walk
. an Aa = alker's
s2—(2R+1)? s2—(2R+71)% "
2F

S =
2R? + 8Rr + 3r2 — (2R + 1r)?
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2F Euler 2F

= < < 2
4Rr + 212 —2R?2 =~ 4.2r.r+2r2—2R%?2 "~ 101r%2 — 2R? 2)

m Chebyshev 1 Z , (

h, cosA h,cos A -
cyc

3O Q) =3 Owa) Y rrens) =

() (o) "2 A
= — an < _— =
3F \L e 3F 2 10r2 — 2R? _ 1012 — 2R?

Equality holds for an equilateral triangle
2032. In AABC the following relationship holds:

h, cosA) -

2F< b + A+ + b B+ +b C<F
R_( c a)sm2 (c+a-— )sm2 (a c)sm2 =

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A Jensen A+B+C T 3
Zsini < 35inT=35ing=—(1)

A B C Chebyshev
(b+c—a)sm +(c+a- b)s1n2+(a+b—c)smE <

31 sr F
Z(b+c—a) (Zsm )<2s.—.—=s=—=—
23 r r

A B C
(b+c—a)sinz+(c+a—b)sini+(a+b—c)sinz=

= Z(b+c—a) sing= zz(s—a) sméAM . \h_[(s— a) sm—

1 1
sr2r\3 33r3 3 Mitrinovic s3r3 3 6rs 2F

Equality holds fora=b =c

2033. In AABC the following relationship holds:

74 RMM-GEOMETRY MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
cscA + cscB + cscC
> 23/3

3 A B B
\/tani + tanf + tani
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
12 Bergstom 1+1+1)% 9 O9R 3|9%R3
zcscA Z > e =g=—= (1and
sin A Y sinA 3 s s3
R
A 4R +7r
tan— = (2)
2 S
3/93R3

cscA +cscB +cscC Y. cscA (1)&(2) s3
T afaR+r
JZ tan S

s[ A

Jtan2+tan +tan
93R3 93R3

s =38x3 =233

3| 93R3  Mitrinovic & Euler ,
= | 50— > =
Isz(4R+r) = 27R? R 27RZ (9R
"7 (4R +3) 7 (7)
14

Equality holds forA=B =C = 3

2034. In AABC the following relationship holds

z(_vra+rb>n>i neN
— n

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India
(rog+rp)rp+r)re+ry = Z raz Talp —ToVprc = (AR +1)s° — s°r = 4Rs* (1)
Euler R\?
a’b?c? = 16R*r?s> < 16R? (E) s = 4R*s? (2)
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n
Z N a T T n_z Tet 1y AM;GM
c B c? -
cyc cyc
( \ "
2
N g +rp)p+r)re+1y) | W& [ 3] 4Rs? 3
>3 RS (il RS
\ a’b?c? } 4R*s? RZ
Equality holds for an equilateral triangle
2035. In AABC the following relationship holds
A B
Z tan; + tano _ svV2
A B A B r
— - 27 2
Jtan 2 tan 2 tan 2 tan 2
Proposed by Marin Chirciu-Romania
Solution 1 by Tapas Das-India
A B c
Lettan— = x,tanE = y,tanE =z
We know thatin A ABC :
A B
Z tanEtanE =1 or,ny =1(1)
=t At Bt C_ (2) d
xyz an_,tan- an2 = an
A (4R + r) s >31‘(4-R+T) S S 3
=) tan—=— "~ = -
Z = z an .sb h 3rs 3r 3)
tan tanE— tanZEtan —=xy — x*y? = xy(1 — xy) @
=xy(xy + yz + zx — xy) = xyz(x + y) (4)
A B
Z tan§+tanf Z x+y (i)
[xv — x2v2
\/tanA tang — tanzgltan2 7 ry =Xy
x+y CBS
Z Z Jx+y <
Jxyz(x+y) \/ xXyz
1 (2)&3) [s s
< =——6(x+y+z) < - |[6—=——
JXyz rN 3r

Equality holds for an equilateral triangle

Solution 2 by Soumava Chakraborty-Kolkata-India
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I, + 1 4R p(p—o©)

A B
Z tanz +tanz :Z P :Z p° ab _
A A B \/
cyc

cyc \/tanftang — tan? itan2 5 o [Tglp _ r2ry p(p—c) p%(p—c)?
p: p* p? p*

4R pc(p—o) C(p —0) cp-0
p  4Rrp ’

- ERCCEDE

_; p(p—o© (1_p(p—C)) cz P(p—©) pe ;Vc(p_c cye
p? p? p? 'p?

A B
Cgswz JZ“"@- WZJ 2

cyc cyc cyc tan > tanz — tan? Etan2 5

v A ABC,” =" iff A ABC is equilateral (QED)
2036. In any A ABC, the following relationship holds :

h, s hy, +hc <3R3
“asinA bsinA csinC ™ <2r>

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

h, hy h be \ 3
. _.|_ - -|- - = Y = z —_— = —2 b C
asinA bsinA c¢sinC (2RsinA)a a? 16R2r2s2
cyc cyc cyc
(s + 4Rr + r?)3 — 3(4Rrs) (Zs(s2 + 2Rr + rz)) ? R:\3
= Lol
16R?%r2s2 2r
& rs® — (12Rr? — 3r3)s* — (6R® — 3r%)s? + r*(4R + )3 é 0
(*)
Gerretsen
Now,LHS of (x) < (r(4R2 + 4Rr + 3r?) — (12Rr? — 3r3)) st
—(6R® — 3r%)s? + r*(4R + )3
= r(4R? — 8Rr + 6r?)s* — (6R% — 3r°)s? + r*(4R + )3
Gerretsen

< (r(4R? - 8Rr + 6r?)(4R? + 4Rr + 3r2) — (6R® — 3r) ) s? + r*(4R + 1)°

? ?
< 0 © (6R> — 16R*r + 16R%*r? — 4R?r® — 21r5)s? > r*(4R +r)3
(+%)
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Now, 6R®> — 16R*r + 16R3r? — 4R?r3 — 21r° =

Euler
(R —2r)(4R* + 2R3(R — 2r) + 8R?%r% + 12Rr3 + 24r*%) + 27r> > 27r° >0
Gerretsen

?
~LHSof () > (6R5 —16R*r + 16R*r? — 4R?’r® — 21r%)(16Rr — 5r%) >

? R
r*(4R +r)? © 48t° — 143t° + 168t* — 104t3 — 14t2 — 174t + 52> 0 (t = ;)

?
s (t-2) (24t5 + 24t4(t — 2) + t* + 7443 + 44t + 61t + 13(t — 2)) > 0 - true

2 25 (e = () ist Ba b, R <3(R)3
- 1strue asinA bsinA c¢sinC ™ 2r

+ l'lb hc _
asinA bsinA csinC
(s? 4+ 4Rr +r?)3 — 3(4Rrs) (25(52 + 2Rr + rz)) ?

>3
16R?%r2s2

?

& s% — (12Rr — 3r?)s* —r?2s?2(48R%? — 3r?) + r3(4R+1)3| > |0

Again,

Gerretsen

Also,LHS of (***) >  (4Rr — 2r?)s* — r?s2(48R%? — 3r?) + r3(4R +r)3
Gerretsen ?

> ((4Rr — 2r2)(16Rr — 5r2) — r2(48R% — 3r2)) s2+r3(4R+1)3 > 0

?

© (16R? — 52Rr + 13r¥)s? + r(4R +1)3| > |0

16R? — 52Rr + 13r? > 0 and then : LHS of (x*+*) > r(4R+1)3 > 0
= (x*xx) is true (strict inequality)

Gerretsen

16R? — 52Rr + 13r% < 0 and then : LHS of (x*xx) >
?
(16RZ — 52Rr + 13r2)(4R%2 + 4Rr + 3r2) + r4R+1r)3 >0
?
o 16t* —20t3 — 152 - 23t+10>0
Euler

?
o (t-2)16t3+12t2+3(t—2)+6t+1)>0->true~t > 2
= (***x) is true and so, combining both cases, (+*#x) = (**x) is true V A ABC

3

o Mo P o gindsoz<—o g b R <3(R)
“asinA  bsinA  csinC~ and so, “asinA bsinA c¢sinC ™ 2r
v A ABC,” =" iff A ABC is equilateral (QED)

2037.In any A ABC, the following relationship holds :
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—1+19 (%)4 < z:cos2 Bcos?C < 1;’—27_%(%)4

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

b2 c?
ZcosZBcos2C= 1-—|([1-— ]| =
4R? 4R?
cyc

b?% + c2 b%c? Goldstone sZ —4Rr —r? 4R2s2
4R? 16R% R2 16R4
cyc cyc
12R% — 452 + 16Rr + 4r? + s2 -
B 4R2 =
Gerr<etsen 12R? 4+ 16Rr + 4r2 — 3(16Rr — 5r2) ? 137R* — 16.131r*
- 4R2 - 32R%

? R
& 41t* + 25613 — 152t2 - 2096 > 0 (t = ;)

Euler

?
e (t—2)(41t3 + 338t + 524t +1048) >0 > true ~ t > 2

137 131 ,r.\4
Z cos’?Bcos?C< —— —(—)
R

Now, Z ab | —24Rrs? =

cyc
Gerretsen

=s*+ (4Rr + 122 + 2(4Rr + r?)s? — 24Rrs? >

> (16Rr — 5r2)s? + 2(4Rr + r?)s? — 24Rrs? + (4Rr + r?)? = r2((4R + r)? — 3s2)
2

Doucet or Trucht 1 24Rrs?
> O:Zb2c22§ zab > ﬁZbZCZZf;RI‘SZ—)(l)

cyc cyc 3 cyc
Z 2B cos? C — 3 s? — 4Rr — r? N b?c? via (D)
COS CoS = — =
R2 16R*
cyc cyc
3 s — 4Rr — r? N 8Rrs? _ 6R* - 2R?(s% — 4Rr — r?) + Rrs? B
- R2 16R* 2R*% B
B 6R* + 2R%(4Rr + r?) — (2R? — Rr)s? B
B 2R% B
Gerretsen 6R* + 2R%(4Rr + r?) — (2R? — Rr) (4R? + 4Rr + 3r2) ? r4
> R >— 1419 (ﬁ)
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19r* — R* ? ?
=T®4t3+3t—3820@(t—2)(4t2+8t+19)20—>true
Euler r\4 r\4
.o . 2 2 _ _ _ —
-t = 2. cos“ Bcos“C > 1+19(R) and so, 1+19(R) <
cyc
Z 2 B cos? € < 131(r) Vv AABC,” =" iff A ABC ilateral (QED
—_— | = 1 i 1 r
cos” B cos =33 2 \R s equilateral (QED)
cyc
2038. In AABC holds:
r,(2r, — 3r
Z a(21, )21
r.% + 1812
cyc

Proposed by Marin Chirciu-Romania

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

z ro(2r, —3r) Z 5 3r(r, +12r) AM";GMZ 5 3r(r, +12r)
ro2 +18r2 (rg2+9r2) +9r2) — 6rro+9r2 |

cyc cyc cyc
Y-S ) Y- ) -
B 2r, +3r/) 2 2(2r + 3r) *3r
cyc cyc cyc

_2(10 71")_10 7r 1 10 7r1
B 9 3r,) 3 3 Zir, 3 3r

cyc cyc

Equality holds iff AABC is equilateral.

2039. In AABC holds:

h,(2h, — 3r
z a(z a ) -1
h,” + 18r?
cyc
Proposed by Marin Chirciu-Romania
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Z ha(2hg —31) _ Z (2 __ 3r(h,+121) )AM;FMZ (2 3r(hg + 12r)> _
h,% + 18r2 (h> +9r2) +9r2) 6rh, + 9r2
cyc cyc

cyc

80 | RMM-GEOMETRY MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

WWW. ssmrmh ro

=Z(Z_%)=Z(; 2(2h, +3r)) ZF_E( 31r)]=

cyc cyc cyc

_Z(IO 7r> 10 7r 1 10 7r 1

9 3n,) 3 3 Zh, 3 3r

cyc cyc

Equality holds iff AABC is equilateral.

2040. In AABC the following relationship holds:

b% +c2 9R*
Za

<
2 T 4r?
Solution by Tapas Das-India

Proposed by Marin Chirciu-Romania
z a b? -2|_ c2 Cgs \/(z az) (Z b2 -2|- (:2> _ (Z az) Lei%niz

< oR? — 9R* E'ier 9R* B 9R*
= T RZ T (2r)?2 412

Equality holds fora=b =c

2041. In AABC the following relationship holds:

A B
Z tan7+ tan? B pwlz
A, B A, ,B T
\/tanftani — tan itan 7

Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

tané + tang tané + tanE 1 tan+ + tan+ 1
2 2 _my 2); ("2 2 y3-
- A ' A B’
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ey

C 2
/ cosz \ 1
A B C 2 1
| cos7 .cos7 | A B 1 cos C\2
= i A B i (tan + tan—)Z =\—7a B .<Ctg E) =
\tanf .tanE/ Slnf .smi
C C 1
cos5 cosy 4R\2 C +VARr C
T A _B __C1l 1:<_) ST T %7
(sin% .sin=.sin5)2 (I )2
2z Stz sty iR

1 C 1 |abc |[p(p—-c¢c) 1
== 4Rr.cosi—;\[ \/ ab —;\/c(p—c)

p

A B
tan§+ tani
A B ZA 2
E \/tanz tani —tan Etan 2

< e Yoo -3 m 55

Equality holds fora = b = c.

N

2042. In AABC the following relationship holds:

Z Al \? 71?2
> _
(b—i—c) — RZ

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

o r T . r
AI——A,BI——B,CI——C and

sinz sinz siny
r3 4-R Euler
Al -BI-CI = =r3— > r2.4.2r=8r3=(2r)% (1)
I1 sin r
AM—GM Z(a + b+ c) 4.s Mitrinovic 4 3\/_

i/(a+b)(b+c)(c+a) < — T—Z\/_R 2

<
3 "3 3
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2 2
Z ( Al )ZAM;GM 3 Al - BI - CI (Di@) 3 (@r®3 1212 r?
b+c - (a+b)(b+c)(c+a) '(2\/§R)2 " 12R?  R?

Equality holds for an equilateral triangle

2043. In AABC the following relationship holds:

tandA+ tanB + tanC
> {243
3 A B B C C
\/cotf coti + cotfcoti + cotf coti

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
For acute triangle cos(A— B) <1 (1)

sinAcosB + cos AsinB

(tanA + tanB) = =
cosAcosB
2sin(4 + B) a+B+c=n 2sinC (;) 2sinC
"~ 2cosAcosB cos(A+B)+cos(A—B) T cos(A+B)+1
. C C
A+B+C=n 2sinC 4 sinz cos 5 _y cotg,

1—cosC 25in27

A
similarly, (tanC + tan B) > 2 cotE, (tanC+tand) > 2 cotE

A
Using above result we getz tan4 > z cotE 3)

2
B Vxy,z>03Yxy<(Zx)? (Z cot% )

A
t—cot— < — 4
Zco ~cot T @
A 1
tanA + tan B + tan C @&@3)  Ycoty 3 A\3
: A B B _C cC A = —ZZﬁ(ZCOtE) B
3 £ 2 2 el L a 3 A
Jcotzcotz + cot = cotz + cotz cot (2 cot )
3

T 1,
3 ) ML 33 (3VE)F = 32,473 = 335 = V243

r
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Equality holds forA=B =C = g
2044. In AABC the following relationship holds:
1 1 - 93

R r 2s

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1 93
We need to show R + - > s or 2s(R+1r) = 9V3Rr or

4s%(R +1)? > 243 R?*r?

4(16Rr — 51%)(R + 1)? > 243R?*r*(Gerretsen) or
16R R 2 R\?
4(——5)(—+1) > 243 (—) or
r r R r
4(16x —5)(x + 1)? > 243x? (; =x>2 Euler) or
4(16x —5)(x%* +2x + 1) > 243x?
4(16x3 4+ 27x% + 6x — 5) > 243x% or
64x3 — 135x% +24x —20 > 0 or
(x —2)(64x%> —7x+10) > 0trueasx > 2
Equality holds for an equilateral triangle

2045. In AABC the following relationship holds:

A B C
cotA + cotB + cotC + cotEcotE cotE > 2(cscA+cscB+cscC)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
4R?
s2 — (2R +1)?

We know that in AABC : Z tanAtanB =1+
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1—[ tan A 28T
anAd =
s2 — (2R +1)?

s2 +1r2 +4Rr sr
ZsinAsinB: , nsinAz—
4R? 2R2

Using the above result we get:

1 YsinAsinB s?+ 1%+ 4Rr
Z cscA = z - = - = and
sinA4 [Isin4 2sr

Z A z 1 YtanAtanB s% — (2R +1)? + 4R?
cotA = = = )
tan4 [ItanA4 2sr

[Jeo -2
cot—=—

2 T
We need to show:

A B C
cotA+ cotB + cotC + cotEcotEcotE > 2(cscA + cscB + cscC)

s2+1r%2+ 4Rr
2sr

s2— (2R +1)? + 4R? N
2sr

SNl

or
s2— (2R +1)?>+4R?> 4+ 25> — 25> —2r* —8Rr > 0 or
16Rr — 512 — 4R? — 4Rr — r? + 4R? — 2r?> — 8Rr > 0 (Gerretsen) or
4Rr — 8r*> > 0 or R > 2r true Euler
Equality holds forA=B =C

2046. In AABC the following relationship holds:

4m? — b? Z tanA

4mz —a? L. tanB

cyc cyc
Proposed by Ertan Yildirim-Turkiye
Solution by Daniel Sitaru-Romania
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4m? — b? 2(a? + c%) — b? — b?
4m2 —a? Li2(b%2+c?)—a?—a?
cyc cyc
a? + ¢ — b? 2accosB <" acosB
T b2 +c2—a? a? 2bccosA bcosA
cyc cyc cyc
sinA
2RsmAcosB cosA tanA
2RsinbcosA sinB =~ /. tanB
cyc c¥¢ cosB cyc

2047. In AABC the following relationship holds:
m, w, h, - 3V3r

a b ¢~ R
Proposed by Zaza Mzhavanadze-Georgia

Solution by Daniel Sitaru-Romania

a b

> = t—t+— =
a b

a? b? c?

m, w, h, - h, h, h. ah, bh, ch,

C C
2F 2F 2F 2F(1+1+1) oF 13+13+13 -
B b2 B b2 a =

RAE"N (1+1+1)3 54F 27rs 27r
(a+b+c)2 4s2 252  2s

MITR’I.>LVOVIC 27r _ 9r _ 3\/§T
- ,.3V3R V3R R
2

Equality holds fora = b = c.
2048.In any A ABC with p,, py,, p.
Spieker cevians, the following relationship holds :
s(R—2r)
~ 10R
Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Pa+Pp+Pc=mMm, +my+m,+

Solution by Soumava Chakraborty-Kolkata-India
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A

Let AS produced meet BC at X and m(3BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)

a?\ /b2 at 1 16r2s?
Now,16[DEF]2=ZZ ~— (= —Z—z—(zZazbz—Za‘*):
4 4 16 16 16

a b c
rs_fztztz)_rs_ T
> [DEFl=—=or1 |42 42 |="sr==5(1)
4 2 4 2
. .. C 2B+C B+m—A
- Spieker center is incenter of A DEF,.. m(£AFS) = B + 2= = >
m_AD dmGaEs) =c+o=T_AC_
= — - = —_—_———_—
2 2 mamis 2=2" 2 ~®
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
r? c? 2r c A-B
PO L B . PP
4sinz - 4 2sin= | "2 2
2 2
r2 N b2 2r by L A-C
-— 57585
2D ol
4sin 2 Zsm2
. 2 2 2 2
@ r C 2r c A—-B r b
= 2AS? ; +—— (—) sin + 4+ —
4sinz= % 2sin= | 2 2 4sinz> ¥
2 2
2r (b) A—-C
- —)sin——
Zsing 2 2
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2r cy, . A-B 2r by  A-C
Now, —C —) sin + ( )sm
Zsinz 2 2 Zsini 2
r ( C A—B B A— C)

2

= —(4Rcos = si 4Rcos — si
COs 2 sin 2 + COos 2 sin 2

2
re (g ATB  AZB o A+C A-C
= I‘( sin 2 sin 2 + 2sin 2 sin 2 )

=Rr (1 — 2sinZE +1- 2sinZE -2 (1 — 2sin? é))
2 2 2
R (Za(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
r

abc

= R a3+ b+ 0)a? — 2ab% + ¢2) — (b + )b — ©)2)

8Rrs
A A
— in2 = — C9cin2 2
4(b+C)bCSinzé—\—2a.2bccosA bc <(2s a)sin 5 a(l 2sin 2)>

- 8s 2s
be | (2s + a)sin? A_ a
2 (2s+a)(s—b)(s—c)
- = — 2Rr
2s 2s
2r cy, . A—-B 2r by A-C
- )@= 5 )5)n =
Zsini Zsinf
) —(2s+a)(s—b)(s—c
O-@sta)s-bE-o
2s
ain, -
& 4sinzg 4sin2% 4 \(s—c)(s—a) (s—a)(s—b)
r? ab + ca = 12 r2
=——(ca(s—b) +ab(s — ¢)) = —2Rr = 4 -
4r-s 4 4-sin2 7 4sin2§

b2+c2+ab+ca (2s+a)(s—b)(s—c)

(i), (%), (x¥) = 2AS? = 1 >
B (a+b+c)b*+c2+ab+ca)— 2a+b+c)(c+a—-b)(a+b-rc)

8s
b3 + ¢3 — abc + a(2b? + 2¢% — a?) i) b3 + ¢3 — abc + a(4m3)
= = 2AS? =
4s 4s
r AS cAS
Via sine law on A AFS, = =

. . A—B . C

2sin5sina  cos (a + b)sin

2 2 2
. (#%%) r(a + b) ] . . (#x%) r(a + C)
= csina = ————— and via sine law on A AES, bsin = —————

2AS 2AS
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1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + Epabsinﬁ =rs

via () and (+»+) p,(a+ b+ a+c) 4s AS
= = = =
4AS ST P50
, via i) 16s2 b3 + ¢ — abc + a(4m?)
= = :
Pa (2s + a)? 8s
2s

L2 _ 4SS (3., .3 2

npE= Zs1 a)? (b +c¢®> —abc+ a(4ma))

2 2_ 2 b3 + 3 — ab (4m2) 2
:>pa—ma—(zs+a)2( + ¢3 — abc + a(4m? )—ma
_ 2s (b3+ 3 bo) (1 8sa ) ’

"~ (2s +a)? ¢ Tane (2s+a)?2) °
_4(a+b+ ¢)(b3 + ¢3 — abc) — (2b?% + 2¢2 — a?)(b + ¢)?
B 4(2s + a)?

B a’?(b—c)?>+4a(b+ c)(b —c)? + 2(b? — ¢?)?
- 4(2s + a)?
- M((a2 +2a(b+¢) + (b + 02 + (b + 2+ 2a(b + ) + a?) — a?)
4(2s + a)?
(b — ¢)? (b — ¢)2(8s2 — a?)
=————=Q2(a+b+c)?-a?) =
125z 2@ ©)* - a?) 4(2s + a)?
2 2 ©(b=—0)?%(8s*—a?)
P — Mg =
4(2s + a)?
(b—c)? (b-0* m,(b-c)?

Now,p,—m,>———— o p2>ms+ +
Pa *~22s+a) Pa ¢ 4(2s+ a)? 2s+a

via(») (b — ¢)2(8s%? —a? — (b — ¢)?) (;) m,. (b — ¢)?
PN
4(2s + a)? - 2s+a
We note that : 8s2 —a? —(b—-¢)2>8s2—-2a?>0.-(m) &
(852 —a?®)? + (b—c)*—2(8s%2 —a?®)(b—c)?
16(2s + a)?

Y
(b—o) ) (- (b—c)% = 0)

o (8s2 —a%?)? —16s(s—a)(2s+a)?> + (b—c)*
—2(b-0c)?B8s?-a?+22s+a)?) >0

> <s(s—a) +

| | |
& (b—c)*—2(4s+ a)?(b—c)? + a?(32s% + 16sa + a?) (z : 0
Now, (mm) is a quadrilateral in (b — c¢)? with discriminant =
4(4s + a)* — 4a%(32s% + 16sa + a?) = 256s2%(2s + a)?
. in order to prove (mm), it suffices to prove :

2(4s+a)? —16s(2s+ a
(b—c)?< ( ) 2 ( )=a2—>true:(ll)=>(l)istrue
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- (b—c)?
Ma =525+ a)

(mmm) (b —c)?
“PatPbtPc = mMmg+my+mg+ m
cyc

S Pa — and analogs

(b—0)? (m 1
2(2s+a) - 4s(9s2 + 6Rr + r?) Z ((b —¢)?(8s* — 2sa + bc))

cyc cyc

and, z ((b —¢)%(8s% — 2sa + bc))

cyc

= SSZZ(b —c)? - Zs.z a(b? + c¢2 — 2bc) +Z bc zaz — a? — 2bc

cyc cyc cyc cyc

We have :

= 16s%(s? — 12Rr — 3r?) — 2s. z a Z ab | —9abc | +
cyc cyc
2(s? — 4Rr — r2)(s? + 4Rr + r?) — 2((s? + 4Rr + r?)? — 16Rrs?) — 8Rrs?
= 16s%(s? — 12Rr — 3r?) — 4s%(s? — 14Rr + r?) +
2(s? — 4Rr — r?)(s%? + 4Rr + r?) — 2((s? + 4Rr + r?)? — 16Rrs?) — 8Rrs?
via (m) (b —c)?
(—4 _ =
2(2s+a)

cyc
(16sz(s2 — 12Rr — 3r?) — 4s?(s? — 14Rr + r?) + 2(s? — 4Rr — r?)(s? + 4Rr + r?) —)
2((s? + 4Rr + r?)? — 16Rrs?) — 8Rrs?
4s(9s2 + 6Rr + r?)
? s(R—2r)
> S
10R ,
(21R + 18r)s* — rs?(326R? + 129Rr — 2r?) — 10Rr?(4R + r)? 5 0 and -

(mmmm)

Gerretsen

(21R +18r)(s? —16Rr + 5r?)2 > 0 .. in order to prove (mmmm),

it suffices to prove : LHS of (mmmm) > (21R + 18r)(s? — 16Rr + 5r?)? &
(mmmmm)

(346R? + 237Rr — 178r%)s? > r(5536R3 4+ 1328R?r — 2345Rr? + 450r3)

Gerretsen 2
Finally, (346R? + 237Rr — 178r%)s? > (346R1;82§7Rr> (16Rr — 5r2)
— r

2

> r(5536R3 + 1328R%r — 2345Rr? + 450r3)
? ?
© 2r3(367R? — 844Rr + 220r?) > 0 © 2r3(R—2r)(367R— 110r) > 0
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Euler . (b — C)Z S(R - 21')
struevR > 2r=> (mmmmnm)=> (mmmnm)istrue - >
2(2s+ a) 10R

via (mmm) S(R _ 21‘)
= Pa+Pp+Pc=m; + my + m + ——VAABC,

with equality iff A ABC is equilateral (QED)

2049.In any A ABC, the following relationship holds :

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

pb gc h hb hc A-G 3 hahbhc mgmpm, <

— —+—+— 2 3. [ >
m, W ha m, m. m, m,m,m,
3/4r2 7 6r  4r? ? 8r3 ? P, g. 6r
=3 [ == > — & R = 2r - true via Euler - —+—+—2—
R? R RZ ™R3 my, h,
v A ABC," =" iff A ABC is equilateral (QED)
Rs?

Proof of m,m;m, < N

mZmZm? 6—(sz + 2c¢? — a?)(2c? + 2a% — b?)(2a? + 2b? — c?)

= a(“’i a®+6 (Z a*b? + Z a2b4> + 3a2b2c2> - (1)

cyc cyc cyc

3
Now,z ab = (2 a2> — 3(a?+b2)(b? + c2)(c? + a?)

cyc

() o (5]

3
= Zaz + 3a*b%c? - 3 Zazb2 Zaz
cyc cyc cyc
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3

-'-Za(’: Zaz + 3a%b?c? -3 z:azb2 Zaz - (2)

cyc cyc cyc cyc

Also, Z a‘b? + Z a’b* = z a’b? Z a’—c2||=

cyc cyc cyc cyc

z a?b? Z a? | — 3a?b%c? - (3) ~ (1),(2),(3) = mZmZm?

cyc cyc
3
/—4 Z a’?| —12a?b%c? + 12 Z a? b? Z a? \
_ iI cyc cyc cyc I
64 | |
\ +6 Z a? b? Z a? | — 18a2%b?c? + 3a?b?c? /
cyc cyc
3
1
=<1 -4 Zaz +18 zaz b2 Zaz — 27a%b?c?
cyc cyc cyc
3 2
1
=1 —4 z a?| +18 Z ab | — 16Rrs? Z a? | — 27a*b?c?
cyc cyc cyc

B i(—SZ(sZ — 4Rr — r?)3 + 36(s? — 4Rr —r?)(s? + 4Rr + rz)z)
—576Rrs?(s? — 4Rr — r?) — 432R?r?s?
1
= E(s6 —s*(12Rr — 33r?) — s?2(60R?r? + 120Rr3 + 33r*) —r3(4R +r)3)
R%s*
<
+ O]

s® —s*(4R? + 12Rr — 33r?) — s2(60R?*r? + 120Rr3 + 33r*) - r3(4R+r)¥ <0

=4

Gerretsen

Now,LHSof (¢) < —s*(8Rr — 36r2) —s2(60R?r? + 120Rr3 + 33r%)
?
-r}(4R+r)3¥ <o
?
& s*(8R — 16r) + s2(60R?*r + 120Rr? + 33r3) + r2(4R +r)3 > 20rs*

D)
Gerretsen

Now, LHS of (e¢) > s2(16Rr — 5r?)(8R — 16r1)

©)
+s2(60R?*r + 120Rr? + 33r3) + r2(4R + r)® and
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Gerretsen

RHS of (s¢) <  20rs?(4R? + 4Rr + 3r?)
(+%)

(%), (xx) = in order to prove (), it suffices to prove :
s2(16Rr — 5r?)(8R — 16r) + s2(60R?r + 120Rr? + 33r3) + r?(4R +r)3
> 20rs?(4R? + 4Rr + 3r?)
< s%(108R? — 256Rr +53r2) + r(4AR+1r)2 >0

(...)
< s?(108R? — 256Rr + 80r?) + r(4R +r)3 > 27r2s?
Gerretsen

Now, LHS of (ee¢) > (108R% — 256Rr + 80r?)(16Rr — 5r2) + r(4R + r)3

(k%)
Gerretsen

and RHS of (ee¢) < 27r2(4R? + 4Rr + 3r?)
(****)
(xx), (xx%x) = in order to prove (ee¢), it suffices to prove :
(108R? — 256Rr + 80r?)(16Rr — 5r%) + r(4R + )3 > 27r2(4R? + 4Rr + 3r?)

R
& 22413 - 587t +308t—60 >0 (where t= ;)

Euler
& (t—2)((t—2)(224t+309) + 648) > 0 > true =~ t > 2= (e00) = (o0)
RZs* Rs?

2 = m,mpym, < - (QED)

= (o) is true = m;

2,12
mpymg <

2050. In AABC the following relationship holds:

2 A N B N C - 5(12sr
3 (cos > cos 2 cos 2) RZ

Proposed by Nguyen Minh Tho-Vietnam
Solution by Tapas Das-India

2 A B C\ AM-GM 2 3 A B C 3 S
—(cosE+cos—+cos—> > —=.3 (cos—.cos—.cos—)zz —

3 2 2 3 2 2 2 4R
15 15
5 123r 3 5(12sr
We need to show 2 or > RZ

s> 123

2 210R5 - R6

15 s> 33265343
2 210R5 = R6
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Rs? > 5413

Mitrinovic

R -27r* > 5473
R > 2r (Euler)

Equality holds for an equilateral triangle.

2051.
In any A ABC with p, — Spieker cevian, the following relationship holds :
(b —¢)? alb — c|
PN S pa - a S Py
2(2s + a) 2(2s+a)

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(4CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF2=ZZ< )(b2> 216 - Z L Z _16r%s

C
t5+35 rs , T
L lE=per=0o®

NIQ
c‘

rs
:>[DEF]=Z:>r< 2 2

C 2B+C B+m-—A
- Spieker center is incenter of A DEF, . m(5AFS) = B + 2= 5 = 5
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T _A-B ond (4AES) ciB T A°C
= — - = —_———
2~z andmis 272 2 @
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
r2 c? 2r c A—-B
AS? = C + Z — C (E) sin 2
.2 L ——
4sin > 2 n2
r? N b? 2r b A-C
- B a4 .B(E)S“‘z
2 b had
4sin 2 Zsm2
G r? c? 2r c A—-B r2 b2
= 2AS% = —— —) sin + +—
4sin? C 4 ZsinE (2) 2 4sin? B 4
2 2 2
2r b A-C
— (—) sin
2sin > 2 2
N 2r (c ) A—B+ 2r (b) . A-C
ow, — ) sin — ] sin
Zsin% 2 2 Zsing 2 2
r C A—-B B A—-C
=— (4Rcos —sin + 4Rcos —sin )
2 2 2 2 2
A+B A-B A+C A-C
= Rr (Zsin sin + 2sin sin )
2 2 2 2

= Rr (1 - Zsin2§+ 1-— Zsinzg— 2 (1 — 2sin? %))
R (Za(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
r

abc

= R 2634 b+ 0a? - 2a0b? + @) — (b + (b - )
8Rrs

A A
— inZ - _ _ s 2
4(b + c)bcsin? é—\ — 2a.2bccosA D€ <(ZS a)sin®5 —a (1 2sin —2)>

8s 2s
LA
bc| (2s + a)sin 57— a

B (2s+a)(s—b)(s—c)
2s B 2s
2r cy, . A-B 2r by  A-C
= — C (E) sin > (—) sin >
Zsini
»—2s+a)(s—b)(s—c)
B 2s *

2Rr

2Rr
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2 2 2

Asai r + r r ( ca + ab )
ain, = —
& 4sinzg 4sin2% 4\(s—c)(s—a) (s—a)(s—Db)
rz ab + ca (xx) ['2 rZ
= 12 (ca(s —b) + ab(s — C)) = —2Rr = g+ c
4r-s 4 4sin2 i 4'Sil’l2 E

b?2+c2+ab+ca (2s+a)(s—b)(s—c)

(i), (%), (x¥) => 2AS? = 1 7
B (a+b+c)b*+c?+ab+ca)— 2a+b+c)(c+a—-b)la+b—-rc)

8s
b3 + ¢3 — abc + a(2b? + 2¢? — a?) (i) b3 + ¢3 — abc + a(4m?)
= = 2AS? =

4s 4s
L. r AS cAS
Via sine law on A AFS, = A_B- C
Zsinisin(x cos —, (a+ b)sini
= = —-—— T ——
csina 2AS and via sine alw on ,1 sinf 7AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (++) and (+++x) p,(a+ b+ a + c) 4s AS
= = = =
4AS ST Pa= 55 a
, via (i) 16s2 b3 + ¢ — abc + a(4m?)
Pa = (2s + a)?’ 8s
2s
CnZ — 34 .3 _ 2
“Pg = 2s + a)? (b + ¢®> — abc + a(4ma))
= p2 — 2——25 (b3+ 3 —abc + a(4 2))— 2
p; —mz; = 25 + a)? ¢’ —abc + a(4m; m;

2
a

8sa )

- (2s + a)? (b +¢* —abc) - (1 (25 + a)?
4(a+b+c)(b3+ c2 —abc) — (2b% + 2¢2 — a?)(b + ¢)?
- 4(2s + a)?
a’(b—c)?+4a(+c)(b—c)? + 2(b? — c?)?
- 4(2s + a)?
((@? +2a(b+©) + (b + ©%) + (b + ) + 2a(b + ©) + a?) — a?)
b —c)? b — ¢)?(8s? — a?
- 452s n 2:)2 2(a+b+)f —a®) = ( 4()Zs(+ a)? )
, 5, ®(b—0)?%(8s%—a?)
Pa=MMa = 95+ a)?
- alb — ¢ - 2<az(b—c)2 am,.|b — c|
“_2(Zs+a)@pa m“_4(25+a)2 2s+a

_ (b-0)?
"~ 4(2s +a)?

Now,p, — m

96 RMM-GEOMETRY MARATHON 2001-2100



ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
via (+) (b — ¢)?(8s? — 2a?) ™) am,. |b — ¢
PN <
4(2s + a)? - 2s+a
Now, a?(4m?2) = a?(2b? + 2¢%? — a?)
= 2a%b? + 2c%a? + 2b%c? — a* — b* — c* + (b* + ¢* — 2b2c?)
= 16F2 + (b% — c2)2 > (b? — ¢?)? = 2am, > |[b% — ?|
~amg. |b—c| - (b—0c)?2s—a) 2(b-c)?*R2s—a)2s+ a)

2s+a ~  2(2s+a) - 4(2s + a)?
(b — ¢)?(8s? — 2a?) (m)is t - alb —c|
= = WP, — -
4(2s + a)? W) ISIIUE = Po — Ma = 2(2s +a)
(b — ¢)? (b-0* m,(b-c)?

2 2
© pz =>mg +

Again,p,—m, > —— +
g Pa = 212s+ a) 4(2s + a)? 2s+a

via(+) (b — ¢)?(8s% — a? — (b —¢)?) (l>l) m,. (b — ¢)?
PEN
4(2s + a)? - 2s+a
We note that : 8s2 —a? —(b—c¢)2>8s2—-2a%2>0. (mm) &
(852 —a?)? + (b —c)*—2(8s%2—a?)(b - c)?
16(2s + a)?
b — c)?
( 2 ) ) (+(b-c)?=0)
& (8s?2 —a?)? —16s(s—a)(2s+a)? + (b—c)*
—2(b-0c)?B8s?—-a?+22s+a)?) >0

> (s(s—a) +

HEN
e (b—0)*-2(4s+ a)?(b —c)? + a?(32s? + 16sa + a?) ( > : 0
Now, (mmm) is a quadrilateral in (b — c¢)? with discriminant =
4(4s + a)* — 4a?*(32s? + 16sa + a?) = 256s%(2s + a)?
=~ in order to prove (mmm), it suffices to prove :
2(4s + a)? — 16s(2s + a)

(b—c)? < 5 =a? > true = (mmm) = (mm) is true
. - (b — ¢)? q (b — ¢)? - - alb — c| " A ABC
" Pa m“_2(25+a)an so'2(Zs+a)_p“ Ma = 2(2s+ a) ’

with equality iff A ABC is equilateral (QED)
2052. In AABC the following relationship holds:
mow, + myw, + m.w, > s*

Proposed by Nguyen Minh Tho-Vietnam
Solution by Tapas Das-India

Using the known inequalities:

97 RMM-GEOMETRY MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

- b+c A d 2bc A
m, = cos— and w, = CoS —
¢ 2 2 ® b+c 2 4
>b+c A 2bc A b A . coszi
mow, > coS— . cos — = bc cos“ - = abc =
e 2 2'b+c 2 2 a
2 A
Cos™ 4Rrs A A
= abc 1= cot—=rscot—- (1)
4R sin cos 5 4R 2 2
2 2
™ A s
m,w, + mpwy + m.w, = m,w, = TSZ COtE = TS.; — SZ

Equality holds for an equilateral triangle

2053.

In any A ABC with p,, py,, p. — Spieker cevians, n,, n,, n, — Nagel cevians,

2s(R— 2r)
—n
Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

the following relationship holds : n, + ny, + n. = p, + pp + pc +

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)
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Now, 16[DEF]? ZZ bz Z Z a’b? — Z 16r22
ow, 16 16
a C
2t2ta\_rs_ L _T
£ £ L)l _oSyr==5(1)
2 4 2

=2

rs
= [DEF] = T =>r

C 2B+C B+m—A
- Spieker center is incenter of A DEF,.. m(4AFS) = B + 23 = >
W A—-B B n A-C

d AES) =C+—=——— 2
=3 5 and m(% ) +2 5 5 - (2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2 2r c A-B

—C (E) sin 2
2

r

AS? =

N c
4sin2g 4 2sin=

2r cy, . A-B 2r by  A-C
Now, (—) sin + B (—) sin
2sin Zsini 2 2
r C A—B B A—-C
= E (4Rcos Esin + 4Rcos Esin
A+B A—B A+C A—-C
= Rr (Zsin sin + 2sin sin )
2 2 2 2
=Rr(1 2'2B4<1 2si 2 & 2(1 2 '2A>
= Rr sin 2 sin 2 sin 2
R <2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
= r

abc

N[O

= R 203 + (b + )a? — 2a(b? + 2) — (b + &) (b — ©)?)

8Rrs
A bc| (2s — a)sin? A_ a (1 — 2sin? é)
4(b + c¢)bcsin? 5 — 2a.2bccosA 2 2
- 8s - 2s

. 2 A
_bc<(25+a)smzi—a> _(Zs+a)(s—b)(s—c) X
_ 2s 2s — 2Rr
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2r cy, . A-B 2r by A-C
- )@= 5 )5)n =
Zsini Zsinf
) —(2s+a)(s—b)(s—c
O-@sta)s—b)s=o
2s
Avgi r2 N r? r2< ca N ab )
ain, = —
; 4sin2§ 4sinzg 4 \(s-c)(s—a) (s—a)(s—Db)
r? ab + ca (+x) T2 r2
=— (ca(s—b)+ab(s—c))= — 2Rr = = .
4r-s 4 4sin2 i 4sin22

b2+c2+ab+ca (2s+a)(s—b)(s—c)

(i), (%), (xx) = 2AS? = 1 >
B (a+b+c)(b*+c?+ab+ca)— 2a+b+c)(c+a—-b)la+b—rc)

8s
b3 + ¢3 — abc + a(2b? + 2¢? — a?) (i) b3 + ¢3 — abc + a(4m?)
= = 2AS? =
4s 4s
r AS cAS
Via sine law on A AFS, = A-_B- C
2sinssina  cos (a + b)sin
2 2 2
. Gsor(a+b) . . Ge0r(a+c)
= csina = ———— and via sine law on A AES, bsinf = ————
2AS 1 1 2AS
Now, [BAX] + [BAX] = [ABC] = Zpacsina + EpabsinB =rs
via (+++) and (+++) p,(a+ b+ a + c) 4s
= =S Pp, = AS
4AS 2s+a
, via i) 16s2 b3 + ¢ — abc + a(4m?)
>p: = >
(2s+a) 8s
() 2s
w2 2 3, .3 2
~|pPa = 2s + )2 (b + ¢’ —abc+ a(4ma))
= pZ —mZ = 2—S(b3 +c3 —abc+ a(4m2)) — m3
a a (ZS + a)z a a
2s (b 4 ¢3 bo) (1 8sa ) 2
=—Q ¢ —abc)—(1-——
(2s + a)? 2s+a)2)
_4(a+b+ ¢)(b3 4+ ¢3 — abc) — (2b% + 2¢% — a?)(b + ¢)?
B 4(2s + a)?
B a’?(b—c)?>+4a(b+c)(b —c)? +2(b? — ¢?)?
- 4(2s + a)?
= M((az +2ab+c)+Mb+c)®)+((b+c)2+2a(b+c)+a?)-— az)
4(2s + a)?

_ (b-0)?
"~ 4(2s + a)?

(b — ¢)2(8s2 — a?)
2(a+b+c)?—-a?) = 425 1 a2
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(b — ¢)?(8s% — a?) (+9)
R
"pa ma_ 4(25+a)2 20:>pa 2 ma
Now, b3 + ¢3 — abc + a(4m2) = b3 + ¢ — abc + a(2b? + 2c? — a?)
=(b+c)(b? —bc+c?) +a(b?—-bc+c?) +ab?+c?—-a?)
= 2s(b% — bc + ¢2) + a(b? — bc + ¢% + bc — a?)
(b+c)2—(b—c)? 2)
2 —a
a(b+c+2a)(b+c—2a) _ a(b — c)?

4 4
a2s—a+2a)(b+c—2a) a(b-c)?

= (Zs+a)(b2—bc+c2)+a<

= (2s+ a)(b?> —bc+ c?) +

= (2s+a)(b? — bc+ c?) + 2 2
4b% + 4c?> —4bc+ a(b+c—2a) a(b-c)?

= (2s + a). m 2
= (2s + a).
4z+x)?+4(x+y)? —4Z+x)(x+y) +(y+2D(z+2) + (x+y) —2(y+2))
4
_a(b— c)?

(a=y+zb=z+x,c=x+Yy)

—7)2 — )2
=(Zs+a).4x(x+y+z)+Zx(y+z)+3(y 2)? a(b—0)

4
- 2
=2s+a) (s(s—a) +z(b —0)? +a(s2 a)) B a(b4 c)

- - — )2
=(2s+a) (s(s—a)+%(b_c)z+a(sz a))_(a+25 is)(b c)

(b-—c)? a(s—a)\ s(b-rc)?
2 T 2 >+ 2

=2s+a) <s(s— a) +

_ — 2 Y
- b3 + 3 — abc + a(4m2) (++0) 2s+ @) <(S a)éZs +a) N (b ZC) ) + S(b2 ©)
' . 2s s—a)2s+a)? (2s+a)(b—c)?> s(b—rc)?
(o) =P = (2s+a)2< 2 " 2 T2 )

B b ) N S 1 1
=sis—a)+(b-c) (Zs+a) +Zs+a+Z_Z

(b;c)2+(b—c)2.< s +%>2

=s(s—a)—

(b (s + a2
—-c s+a
=s(s—a)+ 2 ((Zs+a)2_1>
5 (o) s(3s+ a)(b — c)?
>p; = s(s—a)+ 25+ a)?

Again, Stewart’s theorem = b?(s — ¢) + ¢?(s —b) = an? + a(s— b)(s — ¢)
= s(b? + c?) —bc(2s — a) = ané + a(s? —s(2s — a) + bc) = s(b? + ¢2) — 2sbc
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= an? + a(as — s?) = s(b? + ¢? — a? — 2bc) = an? — as? = an? = as? +
4sbc(s —b)(s—c)(s—a)

s(2bc cos A — 2bc) = as? — 4sbcsin? — = as? —

2 bc(s — a)
, as(c+a-b)la+b-o) ) <a2—(b—c)2
= as? — =as?—as|————

a a
) ( aZ—(b—c)2> 2 < (b—c)z)
>ni=sls—— |=>nk=s|s—-a+——

a a

..... S
:nﬁ(z)s(s—a)+a.(b—c)2

Now, b3 + ¢3 — abc + a(4m?) = b3 + ¢3 + a® — abc + a(2b? + 2¢? — a?) — a3
= Z a3 — abc + 2a.2bc cos A = 2s(s? — 6Rr — 3r%) — 4Rrs + 16Rrs cos A

cyc
........

= b3 + ¢3 —abc + a(4ma) 2s(s?2 — 8Rr — 3r% + 8Rrcos A) - (o), (seeeess)

Zs
=>p2=——.25(s? — 8Rr — 3r? + 8Rrcos A
Pa (2s + a)? ( )

— 4s’ 2 2 : ZA
—m.(s — 8Rr — 3r +8Rr(1—2s1n E))
4s? A 4s* 2s?
= G (7 RN ) < s b < e

s s(3s+ a)) (b — ¢)?

_ni— (a_ﬁ
Pa (2s+ a) (+n%=s%2-2h,r,<s’=n,<s)

T ng+p 2s?
¢ s+ 2s+a
s(4s? + sa)(b — ¢)? s(b — ¢)? s(b — ¢)?
= = - — Pa = —=——— and analogs

= < n Pa =2
4s? + sa a(2s+ a) @ “~ a2s+a)

a Fa)2 L

(2s )'(Zs+a)

() s(b — ¢)?
=Ngt+tnp+n. = pg+Pppt+Ppct Za(25+a)

b — ¢)? b2 + c2 + a? 2
Now,z( ) =Z —Za— .szcz
a a 4Rrs

cyc cyc cyc yc
2
1 8Rrs? 2
= Z a? Z ab | — - Z ab | — 16Rrs?
4Rrs 4Rrs 4Rrs
cyc cyc cyc
1
= Zab ZaZ—ZZab + 24Rrs?
4Rrs
cyc cyc Ccyc
2(s? + 4Rr +1r?) (s2 —4Rr —r? — (s® + 4Rr + rz)) + 24Rrs?
B 4Rrs
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_ (ZR - r)SZ - r(4’R + r)z (T) Z (b _ C)Z
Bl Rs — a
cyc
(b-0)?w 1 .
(2s+a)  2s(9s% + 6Rr + r2) Z ((b —¢)?(8s% — 2sa + bc))

cyc cyc

and,z ((b —¢)%(8s%? — 2sa + bc)) =

cyc

SSZZ(b —-c)? - ZS.Z a(b? + c? — 2bc) +Z bc Z a? — a? — 2bc

cyc cyc cyc cyc

We have :

= 16s%(s? — 12Rr — 3r2) — 2s. z a Z ab | —9abc |+
cyc cyc
2(s? — 4Rr — r?)(s? + 4Rr + r?) — 2((s? + 4Rr + r?)? — 16Rrs?) — 8Rrs?
= 16s%(s? — 12Rr — 3r?) — 4s%(s? — 14Rr + r?) +
via (1)
2(s? —4Rr — r?)(s® + 4Rr + r?) — 2((s? + 4Rr + r?)?2 — 16Rrs?) — 8Rrs? <
(16s2(sZ — 12Rr — 3r%) — 4s%(s? — 14Rr +r?) +>

(b - ¢)? [ 4r ((ZR —1r)s?—r(4R + r)z)
(2s+ a) = 2s(9s2 + 6Rr +r?)
cyc
2s(b — ¢)? (2s+a—a)(b— c)?
We have : Z E—————
a(2s + a) a(2s+a)
cyc cyc
_ Z (b - C)Z (b - C)Z via (m)_and (n) (ZR - l')S2 - l'(4R + I')Z
B a 2s+a B Rs

cyc cyc
16s52(s2 — 12Rr — 3r2) — 452(s? — 14Rr + r2) + 4r ((ZR — 1)s2 — r(4R + r)z)
2s5(9s2 + 6Rr + r?)
2(9s? + 6Rr + r?) ((ZR —1r)s?—r(4R + r)z) —Ro

2Rs(9s2 + 6Rr + r?)
<c = 16s%(s? — 12Rr — 3r?) — 4s%(s? — 14Rr +r?) +> ? 4s(R — 2r)
2 _—

4r ((2R —r)s? — r(4R + r)Z) 5R

?
& (24R + 271r)s* — r(364R% + 196Rr + 42r2)s? — 5r2(4R + r)30 and *
©)

Gerretsen

(24R +27r)(s? — 16Rr + 5r2)2 > 0 .. in order to prove (1),
it suffices to prove : LHS of (1) > (24R + 27r)(s? — 16Rr + 5r?%)?2

©)
& (101R? + 107Rr — 78r%)s? | > |r(1616R3 + 828R%*r — 915Rr? + 170r3)
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erretsen

G ?
Finally, LHSof 2) > (101R? + 107Rr — 78r?)(16Rr — 5r%) >
?
r(1616R3 + 828R?r — 915Rr? + 170r3) © 379R? — 868Rr + 220r? > 0
?

? Euler
© (379R—-110r)(R—2r) > 0> true*R > 2r= (2) = (1 istrue
Z s(b — ¢)? - 2s(R — 2r) via (m) >
= n n n
a(2s +a) 5R a®Th T Te=
cyc

2s(R —2r)
5R

Pa+ Pb +Pc + Vv A ABC, with equality iff A ABC is equilateral (QED)

2054. In any AABC, prove that:

_A-B B-C C-A 1 /(p?—12Rr —312)3
sin sin sin < .

2 2 2 ‘ ~ 2443 R%r
Proposed by Nguyen Minh Tho-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

B—C_b—c

A
By Mollweide’s formula, we have sin .cos — (and analogs), then:

A-B B-C C-4 (@a-bb-oc—a) p- (@a-b)b-c)c—a)
sin sin sin = — =
2 2 2 4pRr 4R 16R2%r
and since (a — b)? + (b — ¢)? + (¢ — a)? = 2(p? — 12Rr — 371?),
then the desired inequality is equivalent to
3vV6.|(a—b)(b—c)(c—a)| </[(a—b)2+ (b—c)? + (c— a)?]3.
WLOG, we assume thata > b > c.
Letx :==a— b,y = b — c.The desired inequality becomes
3V3xy(x + y) < 24/ (2% + y2 + xy)3
By AM — GM inequality, we have

)

(x + 2\’
=)

x +y)?
3V3xy(x +y) = 2\[27.xy.xy.%s 2\/<xy+xy+

< 2/(x2 + y% + xy)3
So the proof is complete. Equality holds iff x = y © a + ¢ = 2b and permutation.

2055. In any A ABC, the following relationship holds :

1 1 1 Vr+4R (r + 4R - /2r(r + 4R)) (Vr + 4R — V2r)
<F+F+F>(r§+r€+r§)s o
a b c

Proposed by Nguyen Minh Tho-Vietnam

104 | RMM-GEOMETRY MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Soumava Chakraborty-Kolkata-India

1 1 1 VI +4R (r+ 4R — /2r(r + 4R)) (V¥ + 4R — V2r)
—2+—2+—2 (r§+r§+rcz)ﬁ 2
hZ * h2 ' h2 2r
2(s2 — 4Rr — r?)
2 2
Ar2s? ((4R +1)* —25%) <
(4R +r—+2r(4R + r)) (4R +r—J2r(4R + r))
<
- 2r2
s?2 — 4Rr — r? 5 5 5

oG ((4R+1)2 —25%) < (4R+1)? + 2r(4R+1) — 2(4R +1).{/2r(4R + 1)

4Rr + r?)(4R + r)?
& (4R +1)? —25% — ( s)z( ) +2(4Rr +1?) <

< (4R+1r)? 4+ 2(4Rr + r?) —2(4R + r)./2(4Rr + r?)

& 25+ (4Rr +r2)(4R + )2 — 2s2(4R +1)./2(4Rr + r2) = 0

PN (\/Esz)2 + (\/4Rr +r2. (4R + r))2 —2(V2s2). <\/4Rr +r2. (4R + r)) >0
o (\/Es2 —+4Rr +r2.(4R + r))2 > 0 - true

1 1 1
.-.<h—g+h—%+h—%>(r,§+r§+r3)s
Jr+ 4R (r +4R — /2r(r + 4R)) (Vr+ 4R —2r)

2r2

Vv A ABC (QED)

2056.
In any A ABC,V x,y,z > 0, the following relationship holds :

X

y/ 3
(1 +cosA) +L(1+cosB)+—(1+cosC) 2£(sinA+sinB+sinC)
y+z Z+x x+y 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

cos?—+ cos?— — cos?= =

2 2 2 bc ca ab

A B C_sGs-a) sis—b) sis—o _

S S
=m(a(s—a)+b(s—b)—c(s—c))=m(x(y+z)+y(z+x)—z(x+y)) =
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s
=E(2xy)>0(x=s—a,y=s—b,z=s—c:>a=y+z,b=z+x,c=x+y)

ZC< ZA+ 2B<< A+ B)Z: A+ B C>0
s COS™— COoS” — COS” — COS— COS— COS— COS— — COS—
2 2 2 2 2 2 2 2

and analogs = cosE, cosE, cosi form sides of a triangle

A B C
= \/cos—, \/cosi, \]cosi form sides of a triangle with area

F_1 ZZ A B Z 2A
1= coszcos2 cos >

cyc cyc

x vA

Now,—— (1 + cosA) +L(1 +cosB)+ ——(1+ cosC)
y+z Z+x x+y

4

4 4
X A y B Z C

=2 —. cos— | + . cos— | + . CoS— >
y+z 2 Z+x 2 xX+y 2

Tsintsifas A B A? \/§
> 16F12=ZZcosEcosE—Zcoszi27(sinA+sinB+sinC)

cyc cyc

B+C C+A B+C?+3
(:)ZZSin sin —z:sin2 2£ Zsin(B+C)
2 2 2 =2
cyc cyc ® cyc
N . .B+C+C+A+A+B_ ‘X—B+CY—C+AZ—A+B
ow,since : — 5 =M X=—— Y= L=—

form angles of a triangle XYZ with sides x,y,z and semiperimeter,
circumradius,inradius = s’,R’ and r’ (say) and then

? /3
:@@225inXsinY—Zsin2XZg.Z:sinZX

cyc cyc cyc
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XyZz 4R'r's’
e —:; ny z >— 4sinXsinYsinZ = 23.2=
4R’ 8R’3

= 2+/3. -
8R’

cyc cyc

o2 Z xy — z x? 2 4+/3.r's’ - which is true via Hadwiger — Finsler

cyc cyc

= (D is true -

z
—— (1 + cosA) +L(1 + cosB) + —— (1 + cos ()
y+z Z+x x+
> —(sinA +sinB + sinC) V A ABC,” =" iff A ABCis equilateral (QED)

2057. In AABC the following relationship holds

mczl_l_mlzJ mc 9
bc ca ab 4

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Za.mﬁ =%Z a(2b? + 2¢%? — a?) = %(22a(b2+c2) —Za3) (D
Zza(b2+c2)—2a3 =22a2(b+c)—2a3 =
=22a2(2s—a)—2a3 =4s2a2—22a3—za3=

= 8s(s2 —1r%2 —4Rr) — 6s(s? —3r2 — 6Rr) =
= 8s3 — 8s(4Rr + 1%) — 653 + 6s(6Rr + 31?%) =

= 253 — 25s(16Rr + 41r? — 9r?> — 18Rr) =

Gerretsen
=2s(s?+2Rr+5r%) >

2s(16Rr — 512 + 2Rr + 51%) = 36Rrs (2)

Zamﬁ iZa(2b2+2c —a?) = (Za(b2+c2) Z

1
> Z 36Rrs = 9Rrs
m,zl_l_mb_l_ Z 1 Z , o 1 ORrs _9Rrs 9
bc ab bc _ abc ¢~ abc ~4Rrs 4
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Equality holds for an equilateral triangle

2058.In any A ABC with p,, pp, Pc —

Spieker cevians, the following relationship holds :

4s(R — 2r)
15R

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Pa+Pp + Pc = Wg+ Wy, +WwW,+

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(4BAX) = a and m(4CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF2=ZZ< )<b2> 216 - 2 L Z _16r%s

C
t5+5 rs , T
Lt =per=s-®

NIQ
c‘

rs
:>[DEF]=Z:>r< 2 2

C 2B+C B+m-—A
- Spieker center is incenter of A DEF, . m(£AFS) = B + e =

2 2
T_A~D mdmars) =c+o="_2"C_
= — — = —_—_————_—
2~ andmiz 227 2 °®@
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
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AS? = rt +i— 2r (E)sinA_B
- . ,C 4 C/\2 2

2L .
4sin > Zsm2
r? N b? ( 2r by A A-C
- B4 B (E) STy
i g
4sin 2 Zsm2
i) r? c c r2 b2
= 2AS?2 = ct C (— sm +—
4sin? = 5 4 2sin 5 2 4sin2 5 4

(mg)@sm

N 2r (c) . A—B+ 2r (b) . A-C
ow,| ——= | (=) sin —]sin
Zsin% 2 2 Zsing 2 2

r C_ A-B B A-C
=— (4Rcos —sin + 4Rcos —sin )
2 2 2 2 2
. A+B A-B A+C _ A-C
= Rr (Zsm sin + 2sin sin )
2 2 2 2

=Rr (1 - 2sinZE +1-— 2sinZE -2 (1 — 2sin? é))
2 2 2
IR <2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
= r

abc

= %(2:13 + (b +c)a® - 2a(b*+c*) - (b+c)(b-c)?)

A A
_ 28 Cocin2 A
4(b + c)bcsinZ%— 2a.2bccosA bc <(Zs a)sin 2 a(l Zsin 2)>
- 8s - 2s
bc| (2s + a)sin? A_ a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s 2s
2r cy, . A-B 2r by  A-C
= - C (E) sin—— - B (E) STy
Zsini Zsinf
5 —(2s + a)(s — b)(s —
® (2s+a)(s—b)(s—o¢) + 2Rr
2s
Avdi r? N rr r2< ca N ab )
saim, T 4\(s—0(s-a) (s—a)(s—b)

B C
i 2D P2
4sin > 4sin 2
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r2 ab + ca (++) 12 r2
—(ca(s—b) +ab(s—0)) = —2Rr = g+ C
4rcs 4 4sin? 5 4sin27
b2+c2+ab+ca (2s+a)(s—b)(s—c)
i), (%), = 2AS? = —
1), (%), (x%) 1 2

_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
b3 + ¢3 — abc + a(2b? + 2¢% — a?) Gi) b3 + ¢3 — abc + a(4m?)
= = 2AS? =

4s 4s
o r AS cAS
Via sine law on A AFS, —C = A_B- —C
Zsmisma cos — (a+ b)smi
. @=r(a+b) dvid sine | A AES, bsing =+ T(@ + ©)
= csina = ———— and via sine law on ,bsinf = ——
2AS 1 1 2AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (++) and (+++x) p,(a+ b+ a + c) 4s
= =S>Pp, = AS
4AS 2s+a
, via (iD) 16s? b3+ c3 — abc + a(4m?)
>p: = >
(2s+a) 8s
() 2s
“|p2 = ———— (b3 + ¢® — abc + a(4m?
pa (Zs+a)2( ( a))

Now, b3 + ¢3 — abc + a(4m?) = b3 + ¢ — abc + a(2b? + 2¢% — a?)
= (b + ¢)(b%? — bc + ¢2) + a(b? — bc + c2) + a(b? + ¢? — a?)
= 2s(b% — bc + ¢2) + a(b? — bc + ¢% + bc — a?)
b+ c)? — (b —¢)?
:(Zs+a)(b2—bc+c2)+a<( ) 4( ) —a?

a(b+c+2a)(b+c— Za)_ a(b — c)?

= (2s + a)(b? — bc + ¢?) + 2 2
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s + a)(b? — bc + ¢?) + 2
4b% + 4c?> —4bc+ a(b+c—2a) a(b-c)?

= (2s + a). 4 "
= (2s + a).
4z+x)?+4(x+y)? -4+ (x+y) ++2)(z+x)+ (x+y) —2(y +2))
4
_a(b— c)?

(a=y+zb=z+x,c=x+Yy)
4x(x+y+1z)+2x(y+z)+3(y—-2?% al--c)?

= (2s + a).

4
a(s—a)\ a(b-c)?
2 )_ 4

= (Zs+a)<s(s—a)+%(b—c)2+
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3 a(s—a)\ (a+ 2s—2s)(b-c)?
=(Zs+a)<s(s—a)+1(b—c)2+ 5 >— 2

(b — ¢)? N a(s — a)) N s(b — ¢)?

:(Zs+a)<s(s—a)+ > 2 2

— —_ )2 _ M2
~|b3 + ¢3 — abc + a(4m?) ) (2s+a) ((s a)2sta) b-o ) + stb —¢)

2 * 2 2

. ., 2s (s—a)2s+a)?* @2s+a)b-c)? s(b-c)?
.-(o),(--)ﬁpa—(zﬁa)z( > + : I >

B b ) S 2 S 1 1
=sts—a)+(b-c) (Zs+a) +Zs+a+Z_Z

2

2
—ss—a) -2 4c) +(b- c)2.(281a+%)
(b—10¢)?/(4s + a)?
=sls—a)+—3 ((Zs+a)2_ )
y (++9) s(3s + a)(b — ¢)?
>p; = s(s—a) + 25+ @)
2s(b — ¢)?

2 2
NO"Vrpa_‘Na2 4s2 — a2 S Pa—Wgq =

4s2(b—c)* 4s.w,. (b — c)? via(s+)
(4s% — a?)? 4s2 — a? <
s3s+a) s(s—a) 4s?(b—-c)*|®™| 4s.w, )
(2s+a)?  (2s—a)? (4sZ— a?)? = 4s2 — g2 (< (b—0)* 2 0)
s(3s+a) s(s—a) 4s%(b-c)?
(2s+a)? ' (2s—a)? (4s2— a?)?
s(3s+a) s(s—a) 4s2q?
(2s+a)2  (2s—a)? (4s? — a?)?
s(3s +a)(2s —a)? + s(s —a)(2s + a)? — 4s2a? B 8s2(2s+a)(s— a)

We have :

= (4s? — a?)? = (4s2 — a?)? >0
(s(3s+a)(2s —a)? +s(s—a)(2s + a)? — 4s%(b — c)?)?
~(m) & (5% —a?)t
- 16s? s(s—a)(b —¢)?
~ (4s2 — a?)?’ <s(s —a)- (2s — a)? )

16s*(b — c)* — 8s2(b—¢)?(s(3s + a)(2s — a)? + s(s — a)(2s + a)?) +
(s(3s +a)(2s — a)? + s(s — a)(2s + a)?)?
(4s? — a?)?
- 16s%(s(s —a)(2s —a)? —s(s —a)(b — ¢)?)
- (2s — a)?
s3s+a)(2s—a)? +s(s—a)(2s+ a)z)
—2s(s— a)(2s + a)?

=

& 16s*(b — ¢)* — 8s%(b — ¢)? (
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+(s(B3s+a)(2s—a)?+s(s—a)(2s+ a)?)?2 —16s3(s—a)(4s2 —a?)? >0
& 16s*(b — ¢)* — 16s3(b — ¢)2(4s3 — 4s2a + sa? + a3)
+16a%s3(4s® —4s?a+a3) >0

o s(b—c)*— (4s® —4s?a+sa? +a®)(b—c)? + a?(4s® —4s?a+ a3 | > |0
and in order to prove (mm), it suffices to prove :
4s3 — 4s?2a + sa? + a3) — /8
(b—c)?< ( 7 ) ,where 8§ =
(4s3 — 4s%a + sa? + a3)? — 4sa?(4s® — 4s?a+ a®) and - (b —¢)? < a?

- it suffices to prove : 2sa? < (4s3 — 4s%a + sa? + a?)

—/ (4s3 — 4s2a + sa? + a3)? — 4sa?(4s3 — 4s2a + a3)
& /(s —a)2(4s? — a?)? < 4s3 — 4s2a — sa® + a3 = (s — a)(4s% — a?) - true

) 2s(b — ¢)?
= (mm) > (m)istrue -~ p, —w, > 252 _qZ and analogs
(mmm) 2s(b — ¢)?
S PatPprtPe 2 Wa+Wb+Wc+Z 452 — g2

cyc

Now, D" ((b - )2(4s? - b?)(4s? — c2)) =

cyc

1654Z(b—c)2—4szz (b — ¢)? Z:az—a2

cyc cyc cyc
+z b2c? Zaz—az—Zbc
cyc cyc

= 32s*(s? — 12Rr — 3r?) — 16s%(s?> — 4Rr — r?)(s? — 12Rr — 3r%) +
4s? Z (az(b2 +c% — 2bc)) + 2(s? — 4Rr — r?)((s? + 4Rr + r?)? — 16Rrs?)
cyc
—48R%r2s2 — 2 ((s2 + 4Rr + r2)3 — 24Rrs2(s% + 2Rr + rz))
= 32s*(s? — 12Rr — 3r?) — 16s%(s?> — 4Rr — r?)(s? — 12Rr — 3r%) +
(10s2 — 8Rr — 2r2)((s? + 4Rr + r?)? — 16Rrs?) — 64Rrs* — 48R?*r?s?
-2 ((s2 + 4Rr + r?)3 — 24Rrs?(s? + 2Rr + rz))
= 4(6s° — (64Rr + 5r?)s* — r2s2(148R? q; 76Rr + 12r?) — (4Rr + r?)3)
2s(b — ¢)

4s%2 — g2
cyc

8s(6s® — (64Rr + 5r%)s* — r2s2(148R? + 76Rr + 12r?) — (4Rr + r?)3) ; 4s(R — 2r)

4s2(9sZ + 6Rr + r2)(s% + 2Rr + r?) ~— 15R
& 15R(6s® — (64Rr + 5r2)s* — r?s2(148R? + 76Rr + 12r?) — (4Rr + r?)3)
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?
> 25%2(9s% + 6Rr +r?)(s? + 2Rr + r?)(R — 2r)
& (72R + 361)s® — r(1008R? — Rr — 40r?)s* —

?
r?(2244R3 + 1108R?r + 150Rr? — 4r3)s? — 15Rr3(4R + r)30 and
®

Gerretsen

(72R + 36r)(s? —16Rr +5r2)> > 0 . in order to prove (1), it suffices
to prove : LHS of (1) > (72R + 36r)(s?2 — 16Rr + 5r2)3 &
(2448R? + 649Rr — 500r2)s*

—r(57540R3 — 5804R?*r — 11730Rr? + 2696r3)s? +

@
r2(293952R* — 129744R3r — 52020R?r? + 34185Rr3 — 4500r*) |>| 0 and
Gerretsen

+ (2448R? + 649Rr — 500r?)(s2 — 16Rr + 5r2)2 > 0 - inorder
to prove (2), it suffices to prove : LHS of (2) >
(2448R? + 649Rr — 500r2)(s? — 16Rr + 5r%)?

®
& (5199R3 + 523R%r — 2690Rr? + 576r3)s?
r(293952R* — 129744R3r — 52020R?r? + 34185Rr3 — 4500r%)

Gerretsen

Finally, LHSof 3) >  (5199R3 + 523R?r — 2690Rr? + 576r%)(16Rr — 5r?)
?
> r(293952R* — 129744R3r — 52020R?r? + 34185Rr3 — 4500r%)
? R
o 632113 — 16000t2 + 7156t — 880 > 0 (t = ;)

? Euler
& (t—2)(4642t%> + 1679t(t—2) +440) >0 > true~t > 2= (3) = (2)
Dist 2s(b — ¢)? - 4s(R — 2r) via (umm)
= =
1strue 4s%2 —q? — 15R

cyc
4s(R — 2r)
Pa + Pb + Pc ZWa+Wb+Wc+TVAABC,

with equality iff A ABC is equilateral (QED)

2059. In AABC the following relationship holds:
h,+hy,+h.—9r <2(R—2r)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

ab+bc+ca s%?+1r%+4Rr Gerrétsen

h,+h, +h,= R 2R <
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4R%? + 4Rr + 3r* + r2 + 4Rr 4R? + 8Rr + 4r?

<
2R 2R

We need to show:

4R? + 8Rr + 41?
h,+hy,+h,—9r <2(R - 2r), 2R —9r <2(R-2r)
4R%? — 10Rr + 4r% < 4R? — 8Rr

2Rr > 4r% or R > 2r (True Euler)

Equality holds for an equilateral triangle

2060. In AABC the following relationship holds:

2 2 2
m m m a“ + b +c
a b c>

. A . B . C 2r
siny  siny  siny

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

. . . b+ c A
Using the known inequalities m, > cosE and
b+c A )
m, >TCOS§ b+c tA b+c s s(2s—a) 2s as
= = CoOtl— = — = = —_ =
sini sini 2 2 2 r, 2r, 2r, 2r,
2s2 a(s—a)
= - D
Ta 2r
m m m m, @O 2s? a(s—a
e e N e SN als—a) _
siné sinE sin£ siné 2T 2r
2 2 2 2

252 2s?— (a?+ b?% + ¢?) _a2+b2+c2
2r 2r B 2r

Equality holds forA=B =C
2061.

In any acute A ABC, the following relationship holds :
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COS A cosB cosC
t—¢ At B

B C =2
COSECOSE COSZCOSE COSECOSE

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

cos A cos B cosC A-G Z 4 cos A

B osE Cosh A osB 2B 2 C
COS5C0S5 COS5COS5  COS7 COS5 cyc 2 cos 0 + 2 cos 3
4cos A cos?A

= =4
1+cosB+1+cosC 2cosA+ cosAcosB+ cosAcosC

cyc cyc
2
Bergstrom 4(chc cos A) ?
= =
, 2 )cycCOSA+ 23 . COSA ;:os B

?
o2 ZcosA ZZZcosA+ ZcosA — S—ZsinzA

cyc cyc cyc cyc
(R+1r)? 2(R+r) s — 4Rr — r? ;
R2 R 2R2 -
2R% + 4Rr + 2r? — 4R? — 4Rr + 6R? — s%2 + 4Rr + r? ; 0
2R? -
& 4R? + 4Rr + 3r? > s? > true via Gerretsen
cos A cos B cosC

=4

B > 2 V acute A ABC,

COS5C0S5; COS5COS5  COS55 COS
2 2 2 2 2 2

"= ""iff A ABC is equilateral (QED)

2062. In AABC the following relationship holds:

S = Ym

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

2
ng - (Z Ta) - ZZrarb = (4R +1)?> — 2s? and

3 3 3s2 —3r%2 — 12Rr
E 2 _ 2 E 2) _ 2 2 _ .2 _ _
ma—4( a)—4.2(s r“ —4Rr) = >
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) , _ 35 —3r2 —12Rr
We need to show, (4R + r)= — 2s% > 2 or

2(4R + 1)? — 4s*> > 35> — 3r2 — 12Rr or

2(16R%? + 8Rr + 1%) + 12Rr + 3r% > 7s% or

Gerretsen

32R? + 28Rr +5r> >  7(4R? +4Rr + 3r¥)or
4R? > 1612 or R > 2r true Euler

Equality holds fora=b =c
2063.
In any A ABC with p,, pp, Pc
— Spieker cevians, the following relationship holds :

9r(64R — 53r)
25

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

(Pa + Pp + Po)? = 4s% —

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(£CAX) = B (say)
and inradius of A DEF = r'(say)
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Now, 16[DEF]? ZZ bz Z Z a’b? — Z 16r22
ow, 16 16
a C
2t2ta\_rs_ L _T
£ £ L)l _oSyr==5(1)
2 4 2

=2

rs
= [DEF] = T =>r

C 2B+C B+m—A
- Spieker center is incenter of A DEF,.. m(4AFS) = B + 23 = >
W A—-B B n A-C

d AES) =C+—=——— 2
=3 5 and m(% ) +2 5 5 - (2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2 2r c A-B

—C (E) sin 2
2

r

AS? =

N c
4sin2g 4 2sin=

2r cy, . A-B 2r by  A-C
Now, (—) sin + B (—) sin
2sin Zsini 2 2
r C A—B B A—-C
= E (4Rcos Esin + 4Rcos Esin
A+B A—B A+C A—-C
= Rr (Zsin sin + 2sin sin )
2 2 2 2
=Rr(1 2'2B4<1 2si 2 & 2(1 2 '2A>
= Rr sin 2 sin 2 sin 2
R <2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
= r

abc

N[O

= R 203 + (b + )a? — 2a(b? + 2) — (b + &) (b — ©)?)

8Rrs
A bc| (2s — a)sin? A_ a (1 — 2sin? é)
4(b + c¢)bcsin? 5 — 2a.2bccosA 2 2
- 8s - 2s

. 2 A

bc <(Zs+a)smzi—a> (2s+a)(s—b)(s—c¢)

_ _ — 2Rr
2s 25
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2r cy, . A-B 2r by A-C
- )@= 5 )5)n =
Zsini Zsinf
) —(2s+a)(s—b)(s—c
O-@sta)s—b)s=o
2s
Avgi r2 N r? r2< ca N ab )
ain, = —
; 4sin2§ 4sinzg 4 \(s-c)(s—a) (s—a)(s—Db)
r? ab + ca (+x) T2 r2
=— (ca(s—b)+ab(s—c))= — 2Rr = = .
4r-s 4 4sin2 i 4sin22

b2+c2+ab+ca (2s+a)(s—b)(s—c)

(i), (%), (xx) = 2AS? = 1 >
B (a+b+c)(b*+c?+ab+ca)— 2a+b+c)(c+a—-b)la+b—rc)
B 8s
b3 + ¢3 — abc + a(2b? + 2¢? — a?) , () b* +c® —abc + a(4m?)
= = 2AS8° =

4s 4s
AS cAS

r
Via sine law on A AFS, = =
. . A—-B . C
2sin 5sina  cos—; (a+ b)smz

= csina = ————— and via sine law on A AES, bsinf =
2AS 2AS

1 1
Now, [BAX] + [BAX] = [ABC] = Zpacsina + EpabsinB =rs
via (++) and (+++x) p,(a+ b+ a + c) 4s
= =s=>p, =
4AS 2s+a
, via i) 16s2 b3 + ¢ — abc + a(4m?)
>p: = >
(2s+a) 8s

api=— (b3 +¢3 — abc + a(4mt21)) = p:i-m:=

AS

(b3 + ¢ — abc + a(4m§)) — m?

2
a

8sa
=m(b3 + ¢3 — abc) — (1 —m)
_4(a+b+)(b+c —abc) — (2b% + 2c2 — a?)(b + ¢)?
- 4(2s + a)?
_a2(b - 0% + 4a(b + ) (b — )% + 2(b% — c2)?
- 4(2s + a)?

(b —c)?

:m((az+2a(b+c)+(b+c)2)+((b+c)2+2a(b+c)+a2)_a2)

(b — ¢)? (b — ¢)2(8s2 — a?)
= azs o 2l@tbrot-at) =——m T
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2(8s2 — g2
) , @ (b—c)*(8s* —a’)

TP T Ma = T et a)?
(b—c)? (b—c)* m,.(b- c)?
N ) - >——— o p2>m?+
OW:Pa ~ Ma 2(2s +a) Pa = Ma 4(2s + a)? 2s+a

via () (b — ¢)?(8s% —a? — (b — ¢)?) ® m,. (b — ¢)?
= =
4(2s + a)? 2s+a
We note that : 8s2 —a? - (b—-c)? >8s2-2a?2>0.- (m) ©
(852 —a?)? + (b—c)*—2(8s%2 —a?)(b—c)?
16(2s + a)?
b — c)?
( n ) ) (~(b-0c)?=0)
& (8s2—a?)?-16s(s—a)(2s+a)’+ (b—c)* -
2(b—0c)?(8s?2—-a?+22s+a)?) >0

>|s(s—a)+

(mm)
e (b-c)*-24s+a)’b-c)?+a*(32s>+16sa+a?) > 0

Now, (mm) is a quadrilateral in (b — ¢)? with discriminant =
4(4s + a)* — 4a?(32s?% + 16sa + a?) = 256s%(2s + a)? - in order to
2(4s + a)? — 16s(2s + a)

prove (mm), it suffices to prove : (b — c)? < 2
(9 (b - c)?

=a’->t = = is t ) > -
a® - true = (mm) = (m) is true . p, —m, 225+ a)

and analogs

2

952 782 Gerretsen
Via Chu and Yang, z m, | =——+-—28Rr+29r2 " >

cyc

9s2 N 7(16Rr — 5r?) 9s2 ( 35) 9s2 (+++) 35

—28Rr+29r¢2=—+1(29——Jr2>—= Y m, > —
4 4 4 4 4 a 2

cyc
b-0%w 1 o
(2s+a) - 2s5(9s2 + 6Rr + r2) Z ((b —€)*(8s° — 2sa + bc))
cyc

We have :

cyc

and,z ((b —¢)%(8s% — 2sa + bc)) = 8s? Z(b — )% —2s. Z a(b? + c2 — 2bc)

cyc cyc cyc

+Z bc Zaz—aZ—Zbc

cyc cyc

= 16s2(s%2 — 12Rr — 3r?) — 2s. z a Z ab | —9abc | +
cyc cyc
2(s? — 4Rr — r?)(s%2 + 4Rr + r?) — 2((s? + 4Rr + r?)? — 16Rrs?) — 8Rrs?
= 16s%(s? — 12Rr — 3r?) — 4s%(s? — 14Rr + r?) +
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via (1)
2(s2 — 4Rr — r?)(s® + 4Rr + r?) — 2((s? + 4Rr + r?)?2 — 16Rrs?) — 8Rrs? =

(b —¢)? [[m]|4s%(s* — 12Rr — 3r?) — s?(s® — 14Rr + r?) +r ((ZR —r)s? —r(4R + r)z)

2(2s+a) s(9s2 + 6Rr + r2)
CcycC
y _ o
" s(9s2 + 6Rr + r2)
o
+ Py + Pe = Z + = (Pg +Pp +P)? =
Pa + Pb + Pc Mo+ 952+ 6Rr + 12 (Pa + Pb +Po)

cyc

(say) - (s) and (m) =

2

Z N o2 N 20 Z
Ma s2(9s2 + 6Rr +r2)2  s(9sZ+ 6Rr +r2)’ Ma

cyc cyc
via Chu and Yang,and (e«¢) 5 ) 0.2 30

> 4s%2 — 28Rr + 29r2 + +

S r r s2(9s%2 + 6Rr + r2)2  9s2 + 6Rr + r?
9r(64R — 53r) 6% + 3s52(9s2 + 6Rr + r?)c ; 124r(R — 2r)
[—t
25 s2(9s2 + 6Rr + r2)2 - 25

& 2250s8 — (35094Rr — 8763r%)s® — r2(15392R? — 31652Rr — 7489r2)s* +

?
> 4s% —

@®
Now, T = 2250(s? — 16Rr + 5r2)* + (108906Rr — 36237r2?)(s? — 16Rr + 5r2)3

Gerretsen

+2r?(878048R? — 590657Rr + 106772r?)(s? — 16Rr + 5r®)2 > 0
- in order to prove (1), it suffices to prove : LHS of (1) > T

?
r3(13936R3 + 26640R?*r + 9002Rr? + 873r3)s? + 25r*(4R + r)40

?
< (589575R? — 611967R?*r + 243365Rr? — 33862r3)s2
@
r(9433200R* — 12568272R3r + 6508764R?*r? — 1537665Rr3 + 138450r?)

Now,LHS of @) 3 (589575R3 - 611967R2r) 2R? + 10Rr — r?
' = \4+243365Rr? - 33862r3/ \~2(R — 2r).\/R? — 2Rr
?

> RHS of (2)
1179150R* — 2403084R3r + 1539589R2r2>
, —451693Rr3 + 52294r*
> 2(R — 2r)./R% — 2Rr. (589575R3 — 611967R?r + 243365Rr? — 33862r3)

Euler
and ~ R—-2r > 2 . itsuffices to prove :

(1179150R* — 2403084R3r + 1539589R?*r? — 451693Rr3 + 52294r%)2 >
4(R? — 2Rr)(589575R3 — 611967R?r + 243365Rr? — 33862r3)2
< +1179150R* — 2403084R3r + 1539589R?r? — 451693Rr3 + 52294r*

Eul

— (R — 2r)(1179150R3 — 44784R%r + 1450021Rr? + 2448349r3) + 4948992r* > 0)
< 986,948, 550,000t° — 1,821, 847, 095, 300t5 +
(1,559,557, 564, 533t* — 770, 879, 282, 042t3) +

@(R—Zr)(
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R
(228,609,350,325t% — 38,068,587,132t) + 2,734,662,436 > 0 (t = ;)
Euler
t > 2andhence, 986,948,550, 000t° >
2 +986,948,550,000t> = 1,973,897,100,000t> > 1,821,847,095,300t>

(here, comma is the thousands — seperator) = (2) = (1) is true

9r(64R — 53r)
~ (Pg +Pp +P)? = 4s% — o5 v A ABC,

with equality iff A ABC is equilateral (QED)

which is clearly true -

2064. In AABC the following relationship holds:
hohy ~O ho+hy, 3 h, + hy

h, — h, A

= =—+ ) ———=3+4+ ) ————= Z cos?—
4rr, 2(r+r.) 2 4(ry+71) 2(rq—1p) 2
cyc cyc cyc cyc cyc

Proposed by Dang Ngoc Minh-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

Observation: p = s —semiperimeter, F = S — area

h,h
1)2 a'b
4rr,
cyc
28 2S
hohy B 452 _ abcpr 1 ¢
arre 4y ptang 4abrp. tang 4Rabrp. tang 4R tang
. C
1 2RsinC _Siny.cosy , € h,h, B ,C
“aR,_C ~ c "% arr, L. 2
tani tani cyc ¢ cyc
Z h + hb
2) 2(r+r,)
cyc
28 2§
h, + hy _+T B 2S(a+ b) B abc B
2(r + rc) (ptan + (p — c)tan g) 2ab(a + b) tan% 4Rab. tang
Cc c
B c _ 2RsinC _smi.cosi_ ,C h, + h, B ,C
= c™= c™= C = CO0Ss E m = coSs E
4Rtan7 4Rtani tani cyc c
h,+ hy
3)— —_—
2 4(r +71)
28 2§
ho+hy, — wtH 2S(a+ b) B

4T +1) AUR+T—T) g (4R + (- c)tan% — ptan g)
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3 2S(a + b) 3 abc(a+ b) 3 c(a+b) 3
- C - Il C - 2 - 2
4ab(4R—ctanE) 2ab.4R.2R(2—smCtan§) 16R (Z—ZSln 7)
9 . . . 2 . C C
4R?sinC(sinA + sinB) 16R".sin5.cos5 A+ B A-B
= C = ¢ -sin 5 .COS ;=
32R2coszi 32chos27
. C C C
siny.cos3.cos5  A-B 1 C; C+A-B _ C+B-A
= C .COS 2 =Esmi(smT+smT)
ZCOSZE

1
=— (cosB + cosA)
3, N hathy 1 3 1
_— + ZZ(COSB + cosA) = 3 + E(cosA + cosB + cosC) =

2 4(r +7r)
cyc
3 1 3+z< A+ 2B+ ) = +Z —Z 2L
= 2 2 cos? > cos > cos? = cos? = cos >
cyc cyc
3 hea+hy + Z B Z ,C
2 4(r + r) cos® B cos 2
cyc cyc
4)3 + Z —hy
) 2(ro—r1p)
cyc
28 28
ho—hy, a b 3 2S(b—a) abc.2R(sinB — sinA)
2(ra—7h) o (ptan% — ptan g) - 2abp (tan% - tang) - sin ;
4Rabp
€0s5.COS%
.. B—A A+ B A B IRsInC. si 4 A B
_ ¢ Sin—5—.c0s—5—.c0s75.c0s5 _ sinC.sinz.cos5.cos>
p sin = p
. C . . ,C A B
_ 4Rsm§.cosf.sm7.cosf.cosf _ _4Rsm f(cosi.cosi.cosi)
p p
sin2£ L I C C
— 4R 24R _ g2 _ (1 — cosz—> = cos?——1
P 2 2
h, — h, C
3+ z = Z 2=
2(r,—r1p) cos 2
cyc
2065. In AABC the following relatlonshlp holds:
B

A A
(Z CSC A) <z c0t5> > 2 cotEcotE
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Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Bergstrom

12 1+1+1)% 9 O9R
(chcA):Z - 2( _ ) =5=—0@1)
sinA YsinA B s

Deg)=2r=7 @

a

A B s s >r
chot—cot—=2 — =252 =% =
2 2 Tq Th ToTpTc

24R+r_8R+2rEu<ler(8R+R) 9R

=252 — =— (4)
s2r r r

r

A\ W&2)9R s O9R
(Z csc A) <Z cotE) > o= (B)

s
A A B
From (A) and (B) we get (Z csc A) (Z cot E) > 2 Z coticoti
Equality holds forA=B=C
2066.In any A ABC with n,, n,,n, -
Nagel's cevians, the following relationship holds :

n, +ny +n.+18r > 3(h, + hy + h,)

Proposed by Mohamed Amine Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

Stewart's theorem = b?(s — ¢) + ¢c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s%) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +
A 4sbc(s—b)(s—c)(s—a
s(2bc cos A — 2bc) = as? — 4sbcsin? — = as? — ( ) ) )
bc(s — a)
1 s
=as’—s(@a*—(b-c)?)=as(s—a) +s(b—c)? > n? v s(s—a) + Z(b —¢)?

? b?2—bc+c? n, ? b?—Dbc+c? z

N 2 2 n2 1; b2 — be + 2\ 1
own,>————>—— & ——1>—— | —
. 2R h, bc h2 bc
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_ (b — c)%(b? + ¢?) o nz — h? 2 (b — ¢)%(b? + c?)
b2c? hz — b2c?
via (1) s(s—a)(b—c)? ?
= s(s—a)+a(b—c)2—s(s—a) ( ‘)lg ) >

22 4 +2) R2e2 _ 2 (b — 2, .2
(b — ¢)%(b= + ¢“) b“c ®<S+S(S a))(b_ 02 2 (b —c)%2(b? + ¢?)

b2c?2 " 4R? 4R?
2 5 h2 o o2
s ?b“+c ?
o —> (~ (b—¢)? > 0) © 4R?s? > a?b? + c?a? - true
a? 4R?

Goldstone
(strict inequality) - 4R?*s? > Z a’b? > a’b? + c?a?

cyc

bZ — bc + c?
SNy > — R and analogs = n, + n, + n. + 18r — 3(h, + hy, + h,)
2 a? ab -3 ab
> chc Zc;cR chc 1 18r
B 2(s?2 —4Rr — r?) — 2(s® + 4Rr + r?) + 18Rr _ 2Rr - 4r? _ 2r(R—2r) Elger 0
B R B R B R -

~ng +ny +n. + 18r > 3(h, + hy, + h,) v A ABC,
with equality iff A ABC is equilateral (QED)

2067. In any A ABC, the following relationship holds :
sinC sin B

2 4 2
(b )smA+( ta )SmA>4-8\/_r

b2+c2 /c2+a
cyc Z b .sinC + pv A .sin B

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

3
Firstly, Z a? + a? Z a? + b2 Z a? + c2
cyc cyc cyc

9R? + a? 27R2 + Yeyc a?
3 3

Lelbmtz

*[(OR% + a?) (9RZ + b2)(ORZ + ) < Z

cyc

Leibnitz 27R? + 9R?
< —3 = 12R% > <Za2+a2><2az+bz><2az+cz> <

cyc cyc cyc
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144 + 12R® = Za2+a2 Za2+b2 Za2+c2 < 24V3R3 -5 (1)

cyc cyc cyc
2 sinC 2+ Sin B 2 2+ SIiN C 2+ SINA
(b )smA+( ta )smA (a®+b )smB+( ta )smB
/b2+c2 [¢2 +a? /2+b2 [ +a?
a2+bzs nC+ 2+bzs b2+zs C+b2+zsmA
2+ Sin B 2 sinA
+b )smC-l_(b )smC
2 2 2 1 c2
/zzibz sinB + /bz-ll_-cz sinA
cBs (0% +¢A) 4 (¢t +a?) D (@ +bA) g+ (2 +ad)p

aZ+bZ T aZ b2 b2+ cZ T b2+ 2

@+)2 2+ D2 A \/(b2+cz)(cz+az) ,/ .Va? +b?
+2R. £ € > 4R +

2 2 2 2 -
o ey a @ VBT [Soeat +
V(a? +b?)(c? + a?). /E—g-\/bz + c? V(a2 +b2)(b? + c2). /C—Z.\/cz + a?
+4R

V2 + a?. /chca2+a2 va? + bZ. /chcaz + b2

Cesaro

and
A-G (a? +b2)(b% + c2)(c% + a?) via (1) 3|8a’b?c?
2 12R. 3 2 12R. 24_—\/§R3
J (Beye@? + a2)(Seye a2 + b2)(Seyeaa? + c2)

R. + 2R.
212 a2 2102 2 tal
\/b tc2 Eral oo \/a +b? Z+a oy

4R.

Euler

and
12R Mltr1n0V|c 12
\/16R2r2 3\/64 27r6——
2 smC 2 2 Sin B 2 2+ SinC 2+ SINA
(b” + )smA+( ta )smA ( +b )smB-I_(c tTa )smB
2 2 c2 2 2 2 c2 2
’ZZ-I-I—-IC)Z sinC + / Zigz ’ﬁzibz sinC + /bz-l_l-_az sinA
2+ Sin B 2 sin A
+b )smC-I_(b )

sinC 5 48v3r2 v A ABC,

+
Z 1 b2 2+ c?
\/%.sinB +ﬁ sinA
" =" iff A ABC is equilateral (QED)
2068.

In any non — obtuse A ABC, the following relationship holds :
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R
I'aSZR-FI'SF'ha

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

rs rs.(s—s+a)
——<2R&

s—a s s(s—a)

4Rsin%singsin%.4Rcos%sin2 A 1
2= < 2R & sin?— < — & sin
A . B.C 2 2
4Rcos§sm§s1nf

A = A =« i
ESZ( 0<=< >®A<E—>true A ABC is non — obtuse . r, < 2R +r

2 2

2rs 2(s—a) r

Aga1n2R+r<—h @R(——Z) ro——>—
ra a R

A B C

7 Singz sing . A B C . ,A 1 i

24smEsmEsmE@sm ES—(:)sm

r,<2R+re

NI:>
NIl =

<

8R cos

<

N| 3>

N
i =

A .
4R cos Esmf

A T i1
( 0< E < E) S A< E — true + A ABC is non — obtuse
2

R
R+randso,ras2R+rs;.haVnon—obtuseAABC

" ='""iff A ABC is right — angled at A (QED)
2069.
In any A ABC, the following relationship holds :
r s R_36+29V3

-4 —4—>
s+R+r_ 18

Proposed by Dang Ngoc Minh-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

Mitrinovic

and
I S Gerretsen + Euler 2r N +/3(4Rr + rZ) _ 2\/§l‘ 4 +/3(4Rr + 1'2)

-+ = >

s R 3v3R R ~ 9R R
] . 2V3r 3(4Rr+r% R 36+ 29V3
-~ it suffices to prove : + > """
9R R r 18
R 29 2r 4r r?
©——22 ——— =+ =
r va 18 O9R R RZ

©)
ot-2> ——— —4 =
V3 18 9t t+t2

29 2 4 1 < R)
T r
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Letf(t) =t—2 —+3 29 2 4+1 Vt>2andth
¢ B 18 9t |t t2 = candthen:

/ t2+t3 @0 t2+t13\
f')=1-+3 > 1- \/_
\9t2 tzz/ 1 \9t2 \/’ /
~1 _@<9§14 ; W;“) (m = V)
m

1 1 mz\/gzx/fviaEuler 1 1
BT W B P T )
2m 94" 242 8V2

~0.1383>0=>f' () >0vt=>2=>f(H)isTon[2,0)=>f(t)) =>f(2)=0Vt=>2

t_ 253 29 2 4+1 Dist r+s+R>36+29\/§
St —_—— = — = g — — —
=V 18 ot |t BHUESSTRTY ™7 18

v A ABC,”" =" iff A ABC is equilateral (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have
Z+£+5:<f+£+@)+25< +s+\/§R)+(72—29\/§)R
s R r 27R  18r) 18\3R 3R 4r 72r
A"Eﬁ” 3,25 . (72 —29V3)R
T 3g1y3 18 12\/_Rr 72r

Cosnita Turtoiu

E'g‘” \/_§+§ s| 27, (72-29V3).2 36+ 29V3
- 3 6 [12V3.2 72 18

Equality holds iff AABC is equilateral.

2070.In any A ABC, the following relationship holds :

R s r 9+58\/_

s R 18
Proposed by Dang Ngoc Minh-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India
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Mitrinovic
R s 58\/§ Gerret:el:ld+ Euler 2 m 29\/§
stvTis 2 3T ¢ 9
2 +3.\/4Rr+r2_ 29 _9.m_27r_3.m_9r;1_
V3r —2

33 V3r 3V3 3V3r

9(4Rr + r?) + 81r2 — 54r.V4Rr + r2 ; (R —2r)?
3r2 ~  4R?

34R+r1)+27r (R—2r)? ; 18.V4Rr + r2
r 4R2 r

(4R?(12R + 30r) — r(R — 2r)?)? ; 324(4Rr + r?)
16R*r2 - r2
3(4R + 1) + 27r Euler Euler (R — 2r)?
> 54>1 > —————
r 4R2
= 4R?(12R + 30r) - r(R—-2r)2 > 0

?
& 2304t —9312t5 + 9361t* + 568t3 — 936t2 — 32t +16 >0 (t = ;)

?
o (t—2)2 ((t —2)(2304t3 + 4512t + 8785t + 17566) + 35136) > 0 - true

Euler R s 58/3 1 r
vt 2 2h—F————— > ——
s T 18 2 R
R s r 9+58/3 _ . .
> S + = + R > —18 v AABC,""="" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have
R 2s r +3s \/§s> N (25 -3v3)s
27r

r
s T R <§+27r)+<R+18r+18r
AMZEM 12R 3| sz (25-3V3)s
> 2 +3 +
27r 108Rr 27r

Cosnita—T.ur?oiu ]
Euler andﬁ{\mtrmomc 4 3| 27 (25 _ 3\/§) 3\/§ 9+ 58\/§
> 2|—+3 + = :
27 108.2 27 18
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Equality holds iff AABC is equilateral.

2071.In any A ABC with p,, py,, Pc

Spieker cevians, the following relationship holds :
9
Pa+Pp tPc = E.\/ZRr

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(4BAX) = a and m(4CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF]? = 22( )<b2> Z = z aZb? — Z 161'2s2

C
t5+35 rs , T
2 2 Z2)__op=—5()
2 4 2

NIQ
c‘

rs
:>[DEF]=Z:>1'<

C 2B+ C B +m—A
+ Spieker center is incenter of A DEF,.. m(£AFS) = B +

2 2
W A-B B m A-C
and m(£AES) =C+E=E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

AS? r? N c? 2r (c) . A-B
= ——|——=](=)sin
4sin2g 4 Zsin% 2 2
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r? N b? 2r (b) A-C
= ——| —— |[=]sin
B 4 Zsing 2 2
@ r c? 2r c A-B r? b?
= 2AS?% = +—— —) sin + 4
4sin? ¢ 4 <2sin% (2) 2 28 4

2r (b) . A-C
B|\3)Sin—

2sin+

2
2r cy, . A-B 2r by 0 A-C
Now, —C (—) sin + B (—) sin
Zsini 2 2 Zsini 2 2
r C A—B B A-C
= E <4Rc0s Esin + 4Rcos E sin
R (2' A+B A—B+2_ A+C A—C)
= Rr | 2sin 2 sin 2 sin 2 sin 2

=Rr (1 — 2sinZE +1- 2sinZE -2 (1 — 2sin? é))
2 2 2
— oRr <2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))

abc

- £(2a3 + (b +c)a?—-2ad?+c?) - (b+c)(b—0)?)
8Rrs

A A
_ 22t _ _ = 24
4(b+C)bCSin2%—2a.2bccosA bc<(Zs a)sin®3 a(l Zsin 2)>
B 8s - 2s
bc (Zs+a)sinZA—a
2 2s+a)(s—b)(s—o¢)
- = — 2Rr
2s 2s
2r (c) . A-B 2r (b) _A-C
= \7<¢c|\3)sm - —)sin
Zsing 2 2 ZSing 2 2
) —(2s+a)(s—b)(s—c
O-@s+a)s-bs-0
2s
ain, -
; 4sinzg 4sin2% 4 \(s—c)(s—a) (s—a)(s—b)
~ " (cals—b) +ab(s—0) =PI _ppe T, T
= ar%s ca(s ab(s—c¢)) = 2 r = C

4sinzg 4sin27
b2+c2+ab+ca (2s+a)(s—b)(s—c)

(1), (%), (+x) = 2A8* = 2 29
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B (a+b+c)(b?+c2+ab+ca)—2a+b+c)(c+a—-b)(a+b-rc)

8s
b3 + ¢ — abc + a(2b? + 2¢% — a?) Gi) b3 + ¢3 — abc + a(4m?)
= = 2AS? =

4s 4s
r AS cAS
Via sine law on A AFS, = =

. . A—B . C

2sinssina  cos (a + b)sin

2 2 2
. (%%) r(a + b) . . . (k) r(a + C)

= c¢sina = ———— and via sine law on A AES, bsinf =

2AS 2AS

1 1
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (+++) and (++++) p,(a + b+ a + ¢) 4s
= _

4AS =STPaT o4
, via (iD) 16s2 b3 + ¢ — abc + a(4m?)

= = :
Pa (2s+ a)? 8s
Lpi=m (b3 +c3 —abc+ a(4m¢21)) > pi-m2=

AS

(b3 +¢3 —abc + a(4m§)) — m2

8sa )

=—— _(®+c—ab —(1——
(Zs+a)2( T ¢ —abo) (2s + a)?
_4(a+b+ ¢)(b3 + ¢3 — abc) — (2b?% + 2¢2 — a?)(b + ¢)?

4(2s + a)?
_ a’?(b-c)? +4a(+c)(b—c)? + 2(b% — c?)?

B 4(2s + a)?
((a® +2a®+ ) + (b +)?) + (b + )2 + 2a(b+ ¢) + a?) — a?)
(b — ¢)? (b —¢c)?(8s? — a?)
- 4(2s + a)? 2(a+b+0)*-a®) = 4(2s + a)?
L, , (b — ¢)2%(8s% — a?)
“Pa T M = T s+ a)?
- (b —c)? 2o 2 (b-0* m, (b-c)?
“_2(Zs+a)®p“_m“+4(25+a)2+ 2s+a
via (+) (b — ¢)?(8s% —a? — (b — c)?) ® m,. (b — c)?
o >
4(2s + a)? 2s+a
We note that : 8s2 —a? —(b—c¢)2 >8s?2—-2a%2>0-(m) &
(852 —a?)? + (b—c)* —2(8s% —a?)(b —c)?
16(2s -|2- a)?
2<s(s—a)+(b_c) ) (~ (b—c)% > 0)

& (8s2—a?)?-16s(s—a)2s+a)’?+ (b—c)* -

2
a

_ (b-0)?
"~ 4(2s + a)?

Now,p, —m
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2(b—c)%(8s?2—-a?+2(2s+a)?) >0
(mm)

o (Mb-0)*-20s+a)’(b-c)® +a?(32s2+16sa+a?) = 0
Now, (mm) is a quadrilateral in (b — c¢)? with discriminant =
4(4s + a)* — 4a?*(32s? + 16sa + a?) = 256s%(2s + a)? - in order to

2(4s + a)? — 16s(2s + a)

prove (mm), it suffices to prove : (b —¢)? < >
¢ (b — )2

= a? - true = (mm) = (m) is true - p, — > ———
a“ - true = (mm) = (m) is true . p, —m, 225+ )

and analogs

2

9s2 7s? Gerretsen
Via Chu and Yang, Z mg | 2 —+— - 28Rr + 29r2 >

cyc

9s2  7(16Rr — 5r?%) ) 9s2 35\ , 9s2 (++») 3s
+ — 28Rr + 29r =—+(29——)r >—= m, > —
4 4 4 4 4 2

cyc
(b-0? © 1
= . b _ 2 8 2 _ 2 b
(2s+a) 2s(9s?+ 6Rr + r2) Z (( c)*(8s sa + c))
cyc

cyc

and,z ((b —¢)%(8s% — 2sa + bc)) = 8s? Z(b —¢)% —2s. Z a(b? + ¢2 — 2bc)

cyc cyc cyc

+z bc Zaz—aZ—Zbc

cyc cyc

We have :

= 16s?(s? — 12Rr — 3r?) — 2s. Z a Z ab | — 9abc | +
cyc cyc
2(s? — 4Rr — r?)(s% + 4Rr + r?) — 2((s? + 4Rr + r?)? — 16Rrs?) — 8Rrs?
= 16s%(s? — 12Rr — 3r?) — 4s?(s? — 14Rr + r?) +
via (1)
2(s? —4Rr — r?)(s? + 4Rr + r?) — 2((s? + 4Rr + r?)?2 — 16Rrs?) — 8Rrs? =
(b— )2 [Tl 4s2(s — 12Rr — 3r2) — s%(s2 — 14Rr + %) +r ((ZR —r)s? — r(4R + r)Z)

2(2s+ a) s(9sZ + 6Rr + r?)
CycC
Y B o
~ s(9s2 + 6Rr + r2)

Pa+Py+Pc > ) mg+

cyc

(say) - (¢¢) and (m) =
(4)

s(9s2 + 6Rr +r2) = (Pg + P +P)* 2

2

L0 R A M)
m . m
@ s2(9s% + 6Rr +r2)2 ' s(9sZ + 6Rr +r2) @

cyc cyc
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via Chu and Yang,and (e«¢) 0‘2 30

> 4s? — 28Rr + 29r? + +
s2(9s2 + 6Rr +r2)2  9s2 + 6Rr + r?
B s2(4s% — 28Rr + 29r%)(9s? + 6Rr + r?)? + 62 + 30.5%(9s% + 6Rr + r?) 2 81Rr

B s2(9sZ + 6Rr + r2)2 -2
& 828s% — (12237Rr — 393612)s® — r2(14668R? — 4462Rr — 1294r2)s*

?
—r3(3460R3 — 1980R?r — 1051Rr? — 108r3)s2 + 2r*(4R + r)40

®
Now, T = 828(s? — 16Rr + 5r?)* + (40755Rr — 12624r?)(s? — 16Rr + 5r?)3
+1r2(669764R?* — 417935Rr + 66454r%)(s? — 16Rr + 5r?)? +
4r3(923775R3 — 882507R?*r + 291296Rr? — 32908r3)(s? — 16Rr + 5r?)

Gerretsen

> 0. inorder to prove (1), it suffices to prove : LHSof (1) > T

R
< 9200t* — 327553 + 34842t%2 — 13060t + 1592 > 0 <t = ;) PN

(t—2) ((t—2)(9200t? + 4045t + 14222) + 27648) > 0 - true = (D is true
81Rr

9
= (pg + P +P)* 2 pa+pb+pc_5.\/2Rr
Vv A ABC, with equality iff A ABC is equilateral (QED)

2072.In any A ABC the following relationship holds :
1.1 1) 33+ 293
Res+0)(gryty)z=—g—
Proposed by Dang Ngoc Minh-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India
Mitrinovic

d
R s 58V3 Gerret:éE1+Euler 2 /3(4Rr + r2) 293
S

+ > +
r 18 3V3 r 9
2 3.V4Rr+r?2 29 9 V4Rr+r¢2-27r 3.Vv4Rr+r?2-9r

+ —_ =
3V3 V3r 3V3 3V3r V3r
9(4Rr + r?) + 81r%? — 54r.V4Rr + r2 ; (R —2r)?
(=
3r2 T 4R?
34R+1)+27r (R-—2r)? ; 18.V4Rr + r2
@ J—
r RZ r
(4R?(12R + 30r) — r(R — 2r)%)2 ? 324(4Rr +r?)
& >
16R*r? r2
3(4R + 1) + 27r Euler Euler (R — 2r)?
> 54>1 —_—

r 4R2
= 4R%2(12R+30r) —r(R—2r)2> 0

? R
& 2304t° —9312t° + 9361t* + 568t3 — 936t2 — 32t +16 >0 (t = ;)

? 1
>
2

==
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?
o (t—2)2 ((t —2)(2304t3 + 4512t2 + 8785t + 17566) + 35136) > 0 - true

tElgerz R+s 58\/§>1 r R+s+r>9+58\/§ 0
St > — 4+ -4+ =>—— >
= “"s"r 18 “2 R s 'r R~ 18 !
Mitrinovic
and
. T S Gerretsen + Euler 2r J3(4Rr+r2) 2V3r /3(4Rr+r2)
Again,— + — = + = +
s R 3v3R R 9R R
) r s R 36+29V3 ]
~ in order to prove : -+ —+ — > ——— it suffices to prove :
s R r 18
2\/§r+ 3(4Rr+r2)+R>36+29\/§ R 253 29 2r 4r+r2
— —@__ — — — — — —
9R R r 18 r - 18 O9R R R?
O 29 2 4 1 R
st-2>v3[=-Z- 242 <t=—>
18 9t t t? r
29 2 4 1
Letf(t) =t—2—-V3|—=—-—— |-+ | vt> 2 andthen:

(0 2ed\ie (2 3l
12 T3 |\t 12 T 13
f'=1-+3 s 1-v3 4+ 8L

oz [z 1/ 9t2 1/
\ tte 2|t

2 1
_+_
=1-+3 912114+m42m6 (m =)
m
2 1 1 m=\/§2\/fviaEuler 1
=1—\/§(—+—+—) > 1- \/_< )
9m* m3 2md 9.4 2\/— 82

~0.1383>0=>f' () >0Vt>2=f(t)isTon[2,0) = f(D) >f(2)=0Vt>2

29 2 4 1 r s R 36+29V3
wt=22V3|————- [-+ 5 |=2Qistrue - -+ -+ —> ——
V3 18 ot ’t g | @istrue -« o+ o+ 0 TR
R

1 1
We have : (R+s+r)( + + )—3+s+ + + - + +—

_3+R+ L r +r+s +RVla(l)+(ll)3+9+58\/—+36+29\/—
R R = 18 18
33 + 29\/— _ _ _
=—— VAABC,” =" iff AABC is equilateral (QED)

6
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have
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1 1 R r S 1
(R+s+r)< +—+ ) _+E+(R+r)(_+_>+3=
_3R+<R+r>+(R+) 25s +< 2s +1 43>
“ar \ar 'R "\27rr T \27Rr

Cosnita—Turtoiu

EuleranéAM—GMs L 143 RT 27RT L
- 2 27Rr’ 27Rr

_33+ 293
6

Equality holds iff AABC is equilateral.

2073. In any acute AABC the following relationship holds :

1 1 1 27
| | + — =
(rbrc —rry, T ra—TTr, Torp+ rrc> (abc)?

cyc
Proposed by Dang Ngoc Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

_ F? r.sr B
rbrc—rra—(S_b)(s_c)—s_a—s(s—a)—(s—b)(s—c)—

_(b+c)2—a2 az—(b—c)z_b2+cz—a2
B 4 4 B 2
E T s—a) 4 (s—B)s—c) =
(s—b)(s—c) =s(s—a s s—¢) =
= 2s? —s(a+b+c)+bc=bc

TpTe+ 17,

Let2x:=b%*+c?*-a?>>0, 2y:=c>+a?’-b*>0, 2z:=a*+b*-c*>>0

We have
1 N 1 1 2 N 2 1
Tple —TTq Tg—TTp Tarp+17. b2+c2—a? c2+a2—-b%2 ab
1

:;+;_\/(z+x)(z+y) B
_ G+ @+ D@ +y) —xy ML 2 xy. (24 xy) —xy

xy/(z+x)(z+y) B xy/(z+ x)(z+ y)
= S J
Jxy(z+x)(z+y) Jxy(z+x)(z+ y)
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Therefore

33’22\/x_y
H( 1 N 1 1 )El;ley(

Tpre —TTq T Tq—TTp Tolp+ 7T, z+x)(z+y)

cyc

_ 27 _ 27
C(x+y)(y+2)(z+x) (abc)?

Equality holds iff AABC is equilateral.
2074.In any A ABC with n,, n,,n, -

Nagel cevians, the following relationship holds :
nZ + nf + nZ — s?
2s

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

n,+n,+n.=2mg,+m,+mg+

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b?% + c¢?) —bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?) > s(b? + ¢ — a? — 2bc) = an? — as? = an? =

B 4sbc(s —b)(s—c)(s—a)

A
as? + s(2bccos A — 2bc) = as? — 4sbc sin? 5= as?

bce(s — a)
, as(c+a-b)la+b-oc) 5 <a2—(b—c)2>
=as? — =as“—as| ——
a a
, ( az—(b—c)2> - ( (b—c)2>
>n,=s|s———— |=>n;=s|s—a+
a a

. s
=>nﬁ(=)s(s—a)+a.(b—c)2

? (b — ¢)? via(v) s b — ¢)?
Now,na—maz( a) =Y s(s—a)+—.(b—c)2—s(s—a)—( )
? (b—1c)* (b-=¢c)? 4s—a (b-0c)?[?
> . — > —c)? >
Z ) + m, " o 2 1a gjma( (b—c)*=0)
4s—a (b-c)? 4s—a a?* 4s-2a
Now, _! ) ——= >0-.De
4 4a 4 4a 4
(a(4s — a) — (b — ©)?)? 2 ( )4 (b — ©)?
16a? =sis—a 4

?

oa’(ds—a)’+ (b-c)*—2a(@s—a)(b-c)? > 16a?s(s — a) + 4a%(b — ¢)?
?

& (b—c)* - (8sa+ 2a?)(b—c)? + a?(16s% — 8sa + a? — 16s% + 16sa) > 0
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o (b-—c)* - (8sa+2a®)(b—-c)?+ a*(8sa + a?) 0
@

Now, LHS of (2) is a quadratic polynomial in (b — c¢)? with discriminant =
(8sa + 2a*)? — 4a*(8sa + a?) = 64a®s? .. in order to prove (2),
? 8sa + 2a% — V64a2s? ?

it suffices to prove : (b—c)? < 5 o a? > (b - c)? - true

b —c)?
= (2) = (Distrue ~ n, — m, > % and analogs — (1)

b — ¢)? b2 + ¢% + a? 2
Now,y =) =) e 2P
a a 4Rrs
yc

cyc cyc cyc
1 Z 5 Z b 8Rrs? 2 Z b L6Rrs?
= a ab | — — a — rs
4Rrs 4Rrs A4Rrs
cyc cyc cyc
= ! Zab ZaZ—ZZab + 24Rrs?
4Rrs
cyc cyc cyc
2(s2 + 4Rr + r2) (s2 — 4Rr — r? — (s + 4Rr + r2)) + 24Rrs?
B 4Rrs
_ (2R- r)s?2 —r(4R +r)? (m) Z (b—c¢)?
B Rs — a
cyc
4s(s—b)(s—c)(s—a 4F?
As deduced earlier, an? = as? — ( ) X ) =as?—a.———
(s—a) a(s—a)
2F F 2rs? tan%
= as? — 2a.—. = n2 =s? - 2h,r, =s?-2. A
as—a 4Rcos27tan7
2 2002 12 o2
rs nZ+n2+n?-s
= n2 = s2 — — . sec?— and analogs = *+—2 =
P a
rs? s2+ (4R+r
B 3s% — R 2 —s? (ZR —1)s? —r(4R +r)? via (m)
B 2Rs B
(b — C)Z via (l)
Z a Z(n . N, +ny +n, > m, + my + mg
cyc cyc
n? + nf + n? — s?
a b C . . . N .
75 Vv A ABC, with equality iff A ABC is equilateral (QED)

2075. In any AABC, the following relatlonshlp holds:
mawa

>
reha  R—r+ /R(R-2r)
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Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

. . . b+c A
Using the known inequality m, > > cos 2 we have:

2 A

MW bccos®s  s(s—a).(s—a)a (s—a)la
roh, = r.hy 2F? - 2sr2
So it suffices to prove that :
(s —a)’a r 2r

2st2 " R—r+ JRR-2r) (VR + VR =2r)’

2Vst.2Vsr3 4sr?
o 2VsrWVR+VR=-2r)>———— o Vabc++Jabc —8sr2 > ———
( ) (s —a)a (s —a)Va
o Jabe—gsrt = BT be. (1)
abc — 8sr2 > — — —Vabc.
(s —a)a

If RHS ;) < 0, the inequality (1) is true. Assume now that RHS 1) > 0. We have

16(sr?)?> 8sr?J/bc 2512
(1) © —8sr? > (s77) — oVvbc>—+s—a
a(s—a)2 (s—a) a(s—a)

2(s—b)(s—¢)
= +
a

By CBS and HM — GM inequalities, we have

\/b_=\/[(s—c)+(s—a)][(s—b)+(s—a)]2\/(s—b)(s—c)+s—a=

- 2(s—b)(s—0¢) _2(s—b)(s—c)
_(s—b)+(s—c)+s_a_ a *

which completes the proof. Equality holds iff b = ¢ < a.

2076.In any A ABC with n,, n,,n, -

Nagel cevians, the following relationship holds :

a Mg M, —m, nc—mc>a2+b2+c2—ab—bc—ca
h, h, h, - 2F
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Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢2) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?) = s(b? + c> — a? — 2bc) = an? — as? = an? =
4sbc(s —b)(s—c)(s—a)
be(s —a)
, as(cta-b)la+b-rc) ) (az—(b—c)2>
— - = as® —as|—————

A
as? + s(2bccos A — 2bc) = as? — 4sbc sin? > as?

=as
) a? — (b — ¢)? 5 (b — c)?
sng=s|s——— ——|=n;=s s—a+ "
2 S 2
=>na=s(s—a)+z.(b—c)
?(b—c)zvia(') S (b_c)z
Now,n, —m, > & s(s—a)+—.(b—c)?—s(s—a)—
-0t  (b-0? 4s-a (b-o? )
> (b—c —c s—a —c)?[>
> _ - > “(b-0c)?%>
Z + m, " S 2 1a Ema( (b—c)*=0)
4s—a (b-c)? 4s—a a?> 4s—2a
Now, _¢ ) ——= >0-.De
4 4a 4 4a 4
(a(4s—a) — (b —c)?)? 2 (b — ¢)?
leaZ >s(s—a)+ 2

?

s a*(4s—a)’+ (b—c)*—2a(4s—a)(b— c)? > 16a®s(s — a) + 4a?(b — ¢)?
?

& (b—c)* - (8sa+ 2a®)(b —c)? + a®(16s> — 8sa + a? — 16s + 16sa) > 0

?
& (b—c)* - (8sa+2a?)(b - c)? + a?(8sa + a?) 0
©)
Now, LHS of (2) is a quadratic polynomial in (b — c¢)? with discriminant =
(8sa + 2a?)? — 4a%(8sa + a?) = 64a’*s? .. in order to prove (2),

? 8sa + 2a? — V64a?s? ?

it suffices to prove : (b —¢)? < & a? > (b-c)? - true
(b-c? n,-m, a(b-c)?
= (2)=> 1)istrue ~n, — m, > = >
@ = Qistrue + ng —mg 2 — h, 2a.2F
n,—m, (b—c)?
> d l
™ 2p  @nd analogs
:>na_ma+nb_mb+nc_mcZZ(b_C)Z
h, ™ h, 4F
cyc

a?+b%2+c2—ab—bc—ca
- 2F

Vv A ABC, with equality iff A ABC is equilateral (QED)
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17+15V3

2077.In any AABC, for a <

3

a). 3%. Prove that:

and B =(2+3V3+

R+s+ar>pBVF
Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

The desired inequality is equivalent to

R+s>(2+3V3) %+a< /%—r)

, F
Since s > 3\/§r, then ﬁ —1r > 0,so it suffices to prove that

R+s>(2+3V3) /3%+17+515\/§.< /35?—1”) or
2
R+<\/§— f3\/§r> +%r2g /%

17 27 F
or R+—r> 5 33 °F (5R + 17r)* > 273s%r2.

5 3v3

By Gerretsen’s inequality, we have
273s%r? <

< 273(4R? + 4Rr + 31r*)r?
= (5R+17r)* — (R - 2r)?(625R%? + 11000Rr + 611812) <

< (5R + 17r)*.
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Equality holds iff AABC is equilateral.

2078. In AABC the following relationship holds:

tA+ tB+ tC> 2s°
m, coto +my, cot— +m, coty > o

Proposed by Nguyen Minh Tho-Vietnam
Solution by Tapas Das-India

A B C_ Amaz{s(s-a)
macotE+mbcotE+mccotE—Zmacoti =
s(s—a) s(s—a)
> D, S(S‘“)j@—b)(s—c) _Z\/(s—b)(s—c) -
3

3 (s —a)2 s 3
_SZ\/(s—b)(s—a)(s—c)_\/srzz(s aj: =

_ gz(s B a); cbs Vs (B —a) )% _ ﬁ(S)% _ s?

r 3% T 3% /3
s3 Mitrinovic s3 2 33
— > =
rsv3 r3vV3R 9RT
> V3

Equality holds for an equilateral triangle.
2079.In AABC, b? + bc + c* < a?. Prove that:

9 h,+h,+h, 18
4R ro+rp+r, 25

Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

9r<ha+hb+hc 9r ab+ bc+ca

—_— o —<——— 5 94r(4R +1) < 8(ab + bc + ca
4R ro+ry,+r. 4R 2R(4R+7T) ( ) ( )

© 9[2(ab + bc + ca) — (a? + b? + ¢?)] < 8(ab + bc + ca)

©0<5b+c—a)?+4(a?—-b%?—bc—c?) +8(b-c)?
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whichistrue.(-b+c—a > 0)

h,+h,+h, 18

B -V IO A, S
_@ J—
Te+try+r. 25 b c b+c- c+a—-b a+b-c

CBS

25( 1 1><18( 1 N 4) 25(1 1) 18 11
pa e -
a b b+c—a 2a b

+ .
b+c— a
Since bc > (b + ¢)? — a? > 0, it suffices to prove that

b+c
= — 1
25b+c) 18 110 &7 2x 18 o,
s = -
(b+c)2—a? b+c—a a x2-1 x-1 x xv s

which is true for x > 1. So the proof is complete.

2080.In any A ABC with n,, n,, n. -

Nagel cevians, the following relationship holds :

1
na+nb+ncZma+mb+mc+i(s—3\/§r)

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b?(s — ¢) + c2(s —b) = an? + a(s —b)(s — ¢)
= s(b? + ¢?) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢?) — 2sbc
= an? + a(as — s?) = s(b? + c> — a? — 2bc) = an? — as? = an? =

A 4sbc(s—b)(s—c)(s—a
as? + s(2bccos A — 2bc) = as? — 4sbcsin? — = as? — ( ) ) )

bce(s — a)
, as(c+a-b)la+b-oc) 5 (az—(b—c)2>
= as2 — =as“—as| ———
a a
, ( aZ—(b—c)2> . < (b—c)2>
>ni=s({s———— |=>ni=s(s—a+
a a

. s

= n? =)s(s—a)+—.(b—c)2
? b—c2v1a() b_cz
Now,na—maz( ) =N s(s—a)+a (b—c)z—s(s—a)—( )

4
? (b—1c)* (b—c)2 4s —a (b—c)2 ?
> + m,,. =N > b-c)2>0
12 mg. — " 1a (5 m, (~ (b—c) )
4s—a (b-c)? 4s—a a?* 4s-2a
Now, —( ) > ——= >0~ (Do
4 4a 4 4a 4
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(a(4s —a) — (b — ©)?)? 2 S(s—a)+ (b —¢)?
16a? - , 4
e a’(ds—a)?+ (b-c)*—2a(4s—a)(b—c)? > 16a*s(s —a) + 4a?*(b — ¢)?
?

& (b—c)* - (8sa+ 2a?) (b —c)? + a%(16s% — 8sa + a? — 16s2 + 16sa) > 0
?
& (b—-c)* - (8sa+2a?)(b-c)?+ a*(8sa + a?) 0
@

Now, LHS of (2) is a quadratic polynomial in (b — c¢)? with discriminant =
(8sa + 2a?)? — 4a%(8sa + a?) = 64a?s? .. in order to prove (2),

] _ , 2 8sa+2a”®—V64a’s? 5 2 )
it suffices to prove : (b — ¢)* < > < a® > (b—c)* - true
(b — ¢)?

= (2 = (Distrue ~ n, — m, > “2a and analogs —» (m)

b — ¢)? b2 + c2 + a? 2
Now,g ( ) = E - Ea— .Ebzc2
a a 4Rrs

cyc cyc cyc yc
2
1 8Rrs? 2
= Z a? Z ab | — - Z ab | — 16Rrs?
4Rrs 4Rrs 4Rrs
cyc cyc cyc
1
= Zab ZaZ—ZZab + 24Rrs?
4Rrs
cyc cyc cyc
2(s? + 4Rr +r?) (s2 —4Rr —r? — (s? + 4Rr + rz)) + 24Rrs?
B 4Rrs
2R-1r)s?2—r(4R+1r)?|[() Z (b—c)?
B Rs — a
cyc
2R-r)s’?—-r(4R+r)? ? 1
«~ (m) and (n) = z(na -—mg,) > ( ) 2Rs ( ) > E(S - 3\/§r)

cyc

?
& (R—r)s? +3V3Rrs — r(4R + r)ZO

(*)
We have, via Mitrinovic : LHS of (*) > (R — r)s? + 2rs? — r(4R +r)?
Gerretsen
=R+1r)s’?—r4R+r)? > (R+r)(16Rr—5r?) —r(4R+r)?
Euler 1
=3r2(R-2r) > 0= (+)istrue - Z(na —m,) > E(s - 3\/51')

cyc

1

“ Mg +ny +n, >m, + my + mg +E(s—3\/§r)VAABC,
with equality iff A ABC is equilateral (QED)
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2081.
V3(373V3 + 1323)
1794
1 N 1 N 1 <k
R+s s+r r+R ™ \F

In any AABC, for k =

,prove that:

Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have

Mitrinovic & Euler
- 2s 2+ 3v3)VF
R+s=VvVR.R+Vs.s = /—.2r+ /S.S\/ r=%.

s 3\/§_ 1 AM-GM &Mltrmovlc sTr 3\/— 1
s+r= +r+ Vs.s 5.3V3rs

3V3 3V3 3\/—
_ (1+3V3)WF
- 27
Mitrrt:fovic 2s AM GM & Mitrinovic sr sr
r+R = r+—==r +—+ / —+ /
33 3\/_ 3V3
Then
1 1 1 V27 V27

R+s str r+R - (2+3V3VF (1+3V3WF m f'

Equality holds iff AABC is equilateral.
2082. In any A ABC, the following relationship holds :

R-r—/R(R-2r) r

<
r

S}

<R—r+ R(R — 2r)
a r

=3

Proposed by Dang Ngoc Minh-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

I, 1 rpa 1 ] imeter) a 1
— E ——————————— ﬁ — E ——
) +1= 2100 ) + 1 (p —» semi — perimeter) = . +
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A
b+c 4Rcosfcos 2

e

=

= = L .
2(p—a) 8Rcos%singsing h, c=s

B-C . A)
,$ = sin—
2

(where C = cos

~ R+ /R(R-2r) 1 R.V1 — 4sc + 4s?2
Again, - =

. A . B . C .A ., B . C
4sm§smfsmi 4Rs1nfsmfsmi

_RJ_r,/R(R—Zr)@ 1 +\/1—4sc+4sz
" r ~ 2s(c—s)—  2s(c—5s)
Iy R—-r++R(R-2r
Now,(D) and 2) = — < ( )(:)
h, r
c 1 V1 — 4sc + 4s? 2sc—1 V1 —4sc + 4s?

< + S <
c—s 2s(c—5s) 2s(c—s) 2s(c—s) 2s(c—s)
b+c A A b+c—a A )

=14

O]
2sc—1 < 1—4sc+4sz(°-'c—s= .Sin——sin—=——.sin—>0
\/ a 2 2 a 2

and if 2sc — 1 < 0, then : (x) is trivially true and so, we now focus on :
2sc — 1> 0 and then : (¥) © 4s%c? —4sc+ 1 <1 — 4sc + 4s?

& 4s%(c? — 1) < 0 - true = ¢ = cos? <1 = (%) is true v A ABC

.E<R—r+ R(R — 2r)

" h, r
T R-r—/R(R—-2r)
Also,(1) and (2) :>h—“2 . &
a
c 1 V1 —4sc+4s? V1—4sc+4s? 1-2sc
= — < =
c—s 2s(c—5s) 2s(c—s) 2s(c—s) 2s(c—s)

(x*)
=3 \/1 —4sc+4s? > 1 —2scandif 1 — 2sc < 0,then : (xx) is trivially true
and so,we now focus on : 1 — 2sc > 0 and then : (xx) &
1 —4sc+4s?>4s%c? —4sc+1=4s?2(1—-c?) >0

- true = ¢ = cos? > <1 = (*%) is true V A ABC

Tg >R—r—,/R(R—2r)
“h, ~ r
R-r—R(R-2r) r R—-r+.R(R-2r)

- << . Vv A ABC (QED)

and hence,

Q

=
Q

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
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Weh Ty a _1( s 1)
¢ have h, 2(s—a) 2\s—a

1, . . e .
= 2 (7 - 1) ,so the desired inequality is equivalent to

2R—r—-2J/R(R-2r) <1, < 2R -7+ 2 /R(R - 21).

We have

1 1 1 1
4 <(rp+r.) <—+—) = (4R+r—ra)(———> S4rry,<(AR+r—ry)r,—r1)
r, T, r T,

©1r,2-2QR-1r)r,+r(4R+1) <0
(:)(ra—ZR+r+2 R(R—Zr))(ra—2R+r—2 R(R—Zr))SO

S2R-r—-2R(R-2r)<r,<2R-—r+ 2\ R(R —2r).
which completes the proof. Equality holds iff b = c.

2083.In any A ABC with p,, py,, pc
Spieker cevians, the following relationship holds :

e\ — W - W 4
Pa a+pb b+pc c<_

o<
a b c 3

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India
A

B
Let AS produced meet BC at X and m(4BAX) = a and m(4CAX) = B (say)
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and inradius of A DEF =r'(say)

Now, 16[DEF2:ZZ< ><b2> 216 = z 2b? — Z 16r2 2

a C
(2t2t2) s r
£ £ Ll —oSyr==5(1)
2 4 2

=2

rs
= [DEF] = Zz r

2B+C B+m—-A

C
+ Spieker center is incenter of A DEF,.. m(£AFS) = B + 2 =

2 2
_ T A-B d (4AES) c+B T _A-C
—_— = —_—=———
=37 andmis 2°2" 2 @
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
2 2
r c 2r C A-B
AS? = e+ = |(5)sin
4sinz~ % 2sin= | ‘2 2
2 2
r2 N b2 2r (b) A-C
= —_— — | sin
. ,B " 4 . B J\2 2
4sin 2 Zsm2
i r? c? 2r c A-B r2 b2
= 2AS% = Z (E) sin 2 + + Z
- 2_ - -~ - 2
4sin 2 Zsm2 4sin >
2r b A-C
(=22) B sin
Zsinf 2 2
2r ¢y, . A-B 2r by 0 A-C
Now, C (—) sin + (—) sin
Zsini 2 2 Zsini 2 2
r C A-B B A-C
—(4Rcos Esm + 4Rcos —sin
. (2 L A+B_A-B . A+C_ A—C)
= Rr | 2sin > sin > sin > sin >

=Rr (1 — Zsinzg+ 1- Zsinzg— 2 (1 — 2sin? %))
<2a(s —b)(s—c)—b(s—c)(s—a) —c(s—a)(s— b))
= 2Rr

abc

Rr
=—QRa?+Mb+c)a*-2ab?+c2) - (b+c)b-—c)?)

8Rrs
A bc| (2s — a)sin? A_g (1 — 2sin? A)
4(b + c¢)bcsin? 5 — 2a.2bccosA 2 2
B 8s B 2s
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LA
be <(25 + a)sin® 5 — a> _@2s+a)(s-b)(s-0o)

- 2Rr
2s 2s
2r cy, . A-B 2r by A-C
S Pt [ P [
Zsini Zsinf
) —(2s+a)(s—b)(s—c
O-@s+a)-bGs-0
2s
ain, =
® 4sinzg 4sin2% 4 \(s—c)(s—a) (s—a)(s—b)
r? ab + ca (= 12 r2
=5, (ca(s —b) + ab(s — ¢)) = ;. —2Rr = + -

4sinzg 4sin27
b2+c2+ab+ca (2s+a)(s—b)(s—c)

(i), (), (%) => 2AS? = 1 s
B (a+b+c)(b*+c2+ab+ca)—2a+b+c)(c+a—-b)(a+b-rc)

8s
b3 + ¢ — abc + a(2b? + 2¢? — a?) i) b3 + c3 — abc + a(4m3)
= = 2AS? =

4s 4s
L r AS cAS
Via sine law on A AFS, —c - A_B- —C
2sin5sina  cos (a + b)sin
2 2 2
. (#%%) r(a + b) ] . . (#%%) r(a + C)
= csina = ————— and via sine law on A AES, bsin = ————

2AS 1 1 2AS
Now, [BAX] + [BAX] = [ABC] = Zpacsina + EpabsinB =rs

via () and () py(a+ b+ a+c) 4s
= =S$S=>Pp, = A
4AS 2s+a
, via (iD) 16s2 b3 + ¢ — abc + a(4m?)
= = .
Pa (2s+ a)? 8s

2 © 2s 3 3 2

“|Pa = m (b + ¢ —abc + a(4ma))

Now, b3 + ¢3 — abc + a(4m?) = b3 + ¢ — abc + a(2b? + 2c? — a?)
= (b + ¢)(b?2 —bc + c2) + a(b? — bc + c?) + a(b? + c? — a?)
= 2s(b? — bc + ¢2) + a(b? — bc + ¢% + bc — a?)
(b+¢)2—(b-rc)? _ a2>

=(Zs+a)(b2—bc+c2)+a< 2
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a(b+c+2a)(b+c—2a) a(b-c)?

4 4
a(2s—a+2a)(b+c—2a) a(b--c)?

4 4
4b% + 4c?> —4bc+a(b+c—2a) a(b-c)?

4 4
= (2s + a).

= (2s+a)(b? —bc+c?) +

= (2s+a)(b®? —bc+c?) +

= (2s + a).

4z+x)?%+4(x+y)? -4+ (x+y) ++2)(z+x)+ (x+y) —2(y +2))
4

a(b — c)?
4
4x(x+y+1z)+2x(y+z)+3(y—-2?% al-c)?

4 4
a(s—a)\ a(b—c)?
2 >_ 4

(a=y+zb=z+xc=x+Yy)

= (2s + a).

3
= (2s+a)(s(s—a)+1(b—c)2+

- — _ 2
=(ZS+61)<S(S—a)+Z(b—c)2+a(S a)>_(a+25 2s)(b—o¢)

2 4

(b-0c)? a(s—a)\ s(b—c)?
2 2 )+ 2

=(2s+a) <s(s— a) +

_ — )2 EPAY)
~|b3 + ¢ — abc + a(4m?) w 2s+a) ((s A)(2s+ a) + (b-c ) + s(b— )

2 2 2

2s ((s —a)(2s+a)? (2s+a)b-c)? sb- c)2>

PO == ooy 2 " 2 T

s 2 S 1 1
— — - 2 4 4
=s(s—a)+(b-0) ((25+a) +zs+a+4 4>

b — ¢)? 1,2

(4s + a)?
(2s+a)? )

y (++9) s(3s+ a)(b — ¢)?
>pz = s(s—a)+ 25+ @)

(b — ¢)?

=s(s—a)+ 2 (
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2salb—c| s(Bs+a)(2s—a)?+s(s—a)(2s+ a)?

. 2
Again, p, — w, < 252 — a2 (452 — a2)? .(b—oc)
4s%a*(b — c)? 4sa.w,.|b — |
(4s2 — a?)2 4s2 — q2
s(3s +a)(2s —a)? + s(s —a)(2s + a)? — 4s%a? 4sa.w,
o dJb—¢c| £ ——
(4s%2 — a?)? 4sZ — a2
8s2(2s +a)(s — a)

(“b=c|=0) e .Ib—c| <4sa.w,

s(s—a)(b — c)2>

4s2 — g2
4s2(2s + a)*(s — a)?

.(b—c)ZSa2<s(s—a)—

(57— a2 (s =ar
2(c 2 4 nZafe
e (C;)s —-I_:):(S @) .(b—c)? <a*s(s—a)
- a)((::— a;sa ta) .(b—c)? < a*s(s—a)

es(s—a)(b-c)?<a?s(s—a) e s(s—a)(a®—-(b-—c)? é 0 - true

2salb — c|
S Pa— Wq < 22— and analogs

Pa = W n Pp — Wp n Pc— W < 2s.|b — c| Ib=cl <aa<ndanalogs

a b C 4s2 — q2
cyc

=

2s 2 L
(Meye(2s — @)). (Ieye(2s + @) ; (a(4s b?)(4s” —c ))

2s (Zs. 16s* — 4s%(Tyc ab? + Yoy ab) + 4Rrs(s? + 4Rr + rz))
- (2s(s? + 2Rr +r2)).(2s(9s2 + 6Rr + r2))

4s? (1654 — 4s%(s? — 2Rr +r?) + 2Rr(s? + 4Rr + rz))
4s2(s%2 + 2Rr +r2)(9s? + 6Rr +r?2)

4s? (1654 — 4s2(s? — 2Rr + r?) + 2Rr(s%? + 4Rr + rz)) 2 4
= < —
4s2(s2 + 2Rr + r2)(9s? + 6Rr +r?) 3

?
o 2r ((33R +261)s% + r(12R% + 13Rr + 2r2)) > 0 - true

Pa — Wq Pp —Wp Pc — W, 4
+ < = and pZ — w?
a b c 3 Pa a
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s(3s+a)(2s —a)?+s(s—a)(2s+ a)? —w
( )( ) ( )( ).(b—c)220:>pa a
(4s2 — q2)2
- W —-w —-wW
Pa a+pb b+pc
b c

— W, -w -w, 4

Pa a+pb b Pc c<—VAABC,
a b C 3

with equality iff A ABC is equilateral (QED)

2084. In any A ABC with A > 90°, the following relationship holds :

>0

C
= 0 and so,

and analogs -

0<

mgh, > w?
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

— 2 _ _ 2
msh, > w2 & <s(s —a)+ ®-9 > (s(s —a)— ss—a)b-o )

4 a?
- s(s — a)(b — ©)2\*
>|s(s—a)— b+ 02 >
s?(s —a)?(b — ¢)? (b—c)? s(s—a)(b—c)*
S — > +s(s —a). — 1q?
2(c — 2(h — 2 <2(c— \2(h _ 4
> — 257(s (bc:_)cglz) © + s°(s (baj_ ((:;)4 ©) and - (b — ¢)? > 0 . it suffices
1 s(s—a) (b—c)? s(s—a) ) (b — ¢)?
toprove:  —— 7 T 142 (b + ¢)? ( b+ c)2>
a’?—(b+c)+a’-(b-0c)? s(s—a)
= yy +(b+c)4.(b2+c2+6bc)>0

and - a? > b? + ¢? - it suffices to prove :
2(b%2+c2)—(b+c)?2—(b—-c)? N s(s—a)

4q? (b+ )%’

(b? + ¢% + 6bc) > 0 - true -~ myh, > w2 vV A ABC with A > 90°,

"="iff B=C< 45° (QED)

(b% + c%2 + 6bc) > 0

s(s—a)

S h+or

2085. In any A ABC, the following relationship holds :
2R-r-2 /R(R-2r)<r;, <2R-r+2,/R(R—2r)
Proposed by Dang Ngoc Minh-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India
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rp N rp r(b+c¢)

r,+r= — semi — perimeter
a p—a p_ p-a (p p )
. A . B . C A B—-C
=4Rsmismfsm§.4RcosicosT
A. B . C
4R cos 2 sin 2 sin 3
@® B—-C A
~ I, +r = 4Rsc (wherec=cos 2 ,s=smE>

@
Again, 2R + 2./R(R — 2r) = 2R + 2R.\/1 — 4sc + 4s?

Now, D and @) = r, < 2R—r + 2,/R(R— 2r)

()
& 4Rsc < 2R + 2R.\/1 — 4sc + 4s2 & 2sc — 1 < /1 — 4sc + 4s? and if
2sc — 1 < 0,then : (*) is trivially true and so, we now focus on :

2sc—1=>0

and then : (*) © 4s%c® —4sc+1 <1 —4sc+ 4s? © 4s?(c? — 1) < 0 > true

¢ = cos?

<1=(x)istruevAABC. 1, <2R-r+2,/R(R-2r)

Also,(D) and (2) >, > 2R—r — 2{/R(R— 2r)
(+)
& 4Rsc > 2R — 2R.\/1 — 4sc + 4s2 & /1 — 4sc + 4s2 > 1 — 2scand if

1 — 2sc < 0,then : (**) is trivially true and so, we now focus on : 1 — 2sc

=0
and then : () © 1 —4sc+ 452 > 4s?’c? —4sc+1 = 4s2(1—-c?) =0
- true
2 2B—C .
“ ¢“ = cos <1= (x¥+x)istrueVAABC .~ r, >22R—r —2,/R(R—2r)

and hence
2R—r—2,/R(R-2r) <r, <2R-r+ 2,/R(R — 2r) V A ABC (QED)
Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

1 1 1 1
4 < (rp+r.) <—+—> = (4R+r—ra)(———> S4rry,<(4R+r—-ry)(r,—r)
r, T, r T,

©1,2-2QR-1)r,+r(4R+1) <0

& (ra—2R+7+2/RR-27) (ro— 2R+7 - 2/R(R—21)) <0
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©2R-r—2R(R-2r)<r,<2R-r+2\R(R - 2r).

Equality holds iff b = c.

2086. In any A ABC, the following relationship holds :

Wi, i o
ab bc

Proposed by Dang Ngoc Minh-Vietnam
Solution 1 by Soumava Chakraborty-Kolkata-India

,  4bc ( )_bc((b+c)2—a2)_b a’bc A>Gb a2
Y Tt YT T by )2 e G+ 02 = ¢
2 2
207 D= Z
> 4, v, ¢ I
:ab 2 2b and analogs = b+bc b2 b
cyc cyc cyc

3 9Yeyca® ? 9 ,6R 3r 9.4(s®?—4Rr —r)? 2 6R — 3r
— = =
_ 4 - _
(chc a) S5R—-r 16s S5R—-r
?
& (15R —3r)(s2 — 4Rr — r)2 > (8R — 4r)s?

©)
& (7R +1)s* —r(120R? + 6Rr — 61%)s? 4+ r2(240R3 + 72R*’r —9Rr?2 - 3r3) > 0
Gerretsen

and ~ (7R+1)s* > (7R +r)(s? — 16Rr + 5r?)? . in order to prove (1),
it suffices to prove : LHS of (1) > (7R + r)(s? — 16Rr + 5r2)?2
©)
& (26R? — 11Rr — r?)s? > r(388R3 — 234R?r + 6Rr? + 7r3)

Gerretsen

?

Now, (26R%Z — 11Rr — r?»)s? > (26R? —11Rr — r?)(16Rr — 5r%) >
? R

r(388R3 — 234R?r + 6Rr? + 7r3) © 28t3 — 72t2 +33t—-2>0 (t = ;)

Euler

?
o (t—-2)20t2+8t(t—2)+1)=>0—>true vt > 2= (2)= (Distrue

Wi wp W9 J6R=3r e ABCis equilateral (OED
“ab bc ca 4 |5R—-r =0 is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

4cs(s — a) MM 27cs(s —a) 27
> 3 = c(s—a)=
ab a(b + c)? b+c 6 b+c 8s2
cyc cyc (a + 2 + T) cyc
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_27(s>—r?—4Rr) 27 (1 r(4R + r)) Gerretsen
= - (-

8s2 8
- 27 r(4R+ 1) B 81(2R—1)
-8 16Rr —5r2) 4(16R—5r)
,

; 6R — 3r z ?
272R-r)(5R—1r)>(16R -51r% © (R—2r)(14R-1) >0,

-9
2 —
4 |5R—r
which is true by Euler’s inequality R > 2r. Equality holds iff AABC is equilateral.

2087. In AABC the following relationship holds:

27 ++/3
=~ "R

RE+s3+1r3> 5 sr

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India
We will show: R? + 13 > ?Rsr (1)

Mitrinovic 3\/§RT
RE+13 > RV3- 2
9R%*r
R3+13>

4R3 —9R?*’r + 413> 0

R
F—x22 Euler

4x3 —9x% + 4 > 0

(x—2)(4x2-x-2)=>0

(x —2) (x(2x— 1) +2(x% - 1)) >0trueas x > 2

27Rr 27Rr 27
s (as st > ) = 7Rrs (2)

s3=s2s5>
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s 3 g D@ V3 27 27 +3
R°>+s’>+r > 7Rsr+?Rr5= 2

Rsr

Equality holds for an equilateral triangle.
2088. In any A ABC with p,, py,, p. —

Spieker cevians, the following relationship holds :
16(a® + b? + ¢* — ab — bc — ca)
15s
Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Pa+Pp+Pc =W, +Wy, +W,+

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(4BAX) = a and m(4CAX) = B (say)
and inradius of A DEF = r’(say)

Now, 16[DEF2=ZZ< )<b2> 216 - 2 L Z _16r%s

C
t5+5 rs , T
Lt =per=so®

NIQ
c‘

rs
:>[DEF]=Z:>r< 2 2

C 2B+C B+m-—A
- Spieker center is incenter of A DEF, . m(£AFS) = B + 2 =

2 2
T_A~D mdmars) =c+o="_2"C_
= — - = —_———
2~ andmiz 227 2 °®@
Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
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AS? = rt +i— 2r (E)sinA_B
- . ,C 4 C/\2 2

2L .
4sin > Zsm2
r? N b? ( 2r by A A-C
- B4 B (E) STy
i g
4sin 2 Zsm2
i) r? c c r2 b2
= 2AS?2 = ct C (— sm +—
4sin? = 5 4 2sin 5 2 4sin2 5 4

(mg)@sm

N 2r (c) . A—B+ 2r (b) . A-C
ow,| ——= | (=) sin —]sin
Zsin% 2 2 Zsing 2 2

r C_ A-B B A-C
=— (4Rcos —sin + 4Rcos —sin )
2 2 2 2 2
. A+B A-B A+C _ A-C
= Rr (Zsm sin + 2sin sin )
2 2 2 2

=Rr (1 - 2sinZE +1-— 2sinZE -2 (1 — 2sin? é))
2 2 2
IR <2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s— b))
= r

abc

= %(2:13 + (b +c)a® - 2a(b*+c*) - (b+c)(b-c)?)

A A
_ 28 Cocin2 A
4(b + c)bcsinZ%— 2a.2bccosA bc <(Zs a)sin 2 a(l Zsin 2)>
- 8s - 2s
bc| (2s + a)sin? A_ a
2 (2s+a)(s—b)(s—c¢)
= = — 2Rr
2s 2s
2r cy, . A-B 2r by  A-C
= - C (E) sin—— - B (E) STy
Zsini Zsinf
5 —(2s + a)(s — b)(s —
® (2s+a)(s—b)(s—o¢) + 2Rr
2s
Avdi r? N rr r2< ca N ab )
saim, T 4\(s—0(s-a) (s—a)(s—b)

B C
i 2D P2
4sin > 4sin 2
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r2 ab + ca (++) 12 r2
—(ca(s—b) +ab(s—0)) = —2Rr = g+ C
4rcs 4 4sin? 5 4sin27
b2+c2+ab+ca (2s+a)(s—b)(s—c)
i), (%), = 2AS? = —
1), (%), (x%) 1 2

_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
b3 + ¢3 — abc + a(2b? + 2¢% — a?) Gi) b3 + ¢3 — abc + a(4m?)
= = 2AS? =

4s 4s
o r AS cAS
Via sine law on A AFS, —C = A_B- —C
Zsmisma cos — (a+ b)smi
. @=r(a+b) dvid sine | A AES, bsing =+ T(@ + ©)
= csina = ———— and via sine law on ,bsinf = ——
2AS 1 1 2AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + EpabsinB =rs
via (++) and (+++x) p,(a+ b+ a + c) 4s
= =S>Pp, = AS
4AS 2s+a
, via (iD) 16s? b3+ c3 — abc + a(4m?)
>p: = >
(2s+a) 8s
() 2s
“|p2 = ———— (b3 + ¢® — abc + a(4m?
pa (Zs+a)2( ( a))

Now, b3 + ¢3 — abc + a(4m?) = b3 + ¢ — abc + a(2b? + 2¢% — a?)
= (b + ¢)(b%? — bc + ¢2) + a(b? — bc + c2) + a(b? + ¢? — a?)
= 2s(b% — bc + ¢2) + a(b? — bc + ¢% + bc — a?)
b+ c)? — (b —¢)?
:(Zs+a)(b2—bc+c2)+a<( ) 4( ) —a?

a(b+c+2a)(b+c— Za)_ a(b — c)?

= (2s + a)(b? — bc + ¢?) + 2 2
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s + a)(b? — bc + ¢?) + 2
4b% + 4c?> —4bc+ a(b+c—2a) a(b-c)?

= (2s + a). 4 "
= (2s + a).
4z+x)?+4(x+y)? -4+ (x+y) ++2)(z+x)+ (x+y) —2(y +2))
4
_a(b— c)?

(a=y+zb=z+x,c=x+Yy)
4x(x+y+1z)+2x(y+z)+3(y—-2?% al--c)?

= (2s + a).

4
a(s—a)\ a(b-c)?
2 )_ 4

= (Zs+a)<s(s—a)+%(b—c)2+
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3 a(s—a)\ (a+ 2s—2s)(b-c)?
=(Zs+a)<s(s—a)+1(b—c)2+ 5 >— 2

(b — ¢)? N a(s — a)) N s(b — ¢)?

:(Zs+a)<s(s—a)+ > 2 2

— —_ )2 _ M2
~|b3 + ¢3 — abc + a(4m?) ) (2s+a) ((s a)2sta) b-o ) + stb —¢)

2 * 2 2

. ., 2s (s—a)2s+a)?* @2s+a)b-c)? s(b-c)?
.-(o),(--)ﬁpa—(zﬁa)z( > + : I >

B b ) S 2 S 1 1
=sts—a)+(b-c) (Zs+a) +Zs+a+Z_Z

2

2
—ss—a) -2 4c) +(b- c)2.(281a+%)
(b—10¢)?/(4s + a)?
=sls—a)+—3 ((Zs+a)2_ )
y (++9) s(3s + a)(b — ¢)?
>p; = s(s—a) + 25+ @)
2s(b — ¢)?

2 2
NO"Vrpa_‘Na2 4s2 — a2 S Pa—Wgq =

4s2(b—c)* 4s.w,. (b — c)? via(s+)
(4s% — a?)? 4s2 — a? <
s3s+a) s(s—a) 4s?(b—-c)*|®™| 4s.w, )
(2s+a)?  (2s—a)? (4sZ— a?)? = 4s2 — g2 (< (b—0)* 2 0)
s(3s+a) s(s—a) 4s%(b-c)?
(2s+a)? ' (2s—a)? (4s2— a?)?
s(3s+a) s(s—a) 4s2q?
(2s+a)2  (2s—a)? (4s? — a?)?
s(3s +a)(2s —a)? + s(s —a)(2s + a)? — 4s2a? B 8s2(2s+a)(s— a)

We have :

= (4s? — a?)? = (4s2 — a?)? >0
(s(3s+a)(2s —a)? +s(s—a)(2s + a)? — 4s%(b — c)?)?
~(m) & (5% —a?)t
- 16s? s(s—a)(b —¢)?
~ (4s2 — a?)?’ <s(s —a)- (2s — a)? )

16s*(b — c)* — 8s2(b—¢)?(s(3s + a)(2s — a)? + s(s — a)(2s + a)?) +
(s(3s +a)(2s — a)? + s(s — a)(2s + a)?)?
(4s? — a?)?
- 16s%(s(s —a)(2s —a)? —s(s —a)(b — ¢)?)
- (2s — a)?
s3s+a)(2s—a)? +s(s—a)(2s+ a)z)
—2s(s— a)(2s + a)?

=

& 16s*(b — ¢)* — 8s%(b — ¢)? (
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+(s(B3s+a)(2s—a)?+s(s—a)(2s+ a)?)?2 —16s3(s—a)(4s2 —a?)? >0
& 16s*(b — ¢)* — 16s3(b — ¢)2(4s3 — 4s2a + sa? + a3)
+16a%s3(4s® —4s?a+a3) >0

o s(b—c)*— (4s® —4s?a+sa? +a®)(b—c)? + a?(4s® —4s?a+ a3 | > |0
and in order to prove (mm), it suffices to prove :
4s3 — 4s?2a + sa? + a3) — /8
(b—c)?< ( 7 ) ,where 8§ =
(4s3 — 4s%a + sa? + a3)? — 4sa?(4s® — 4s?a+ a®) and - (b —¢)? < a?

- it suffices to prove : 2sa? < (4s3 — 4s%a + sa? + a?)

—/ (4s3 — 4s2a + sa? + a3)? — 4sa?(4s3 — 4s2a + a3)
& /(s —a)2(4s? — a?)? < 4s3 — 4s2a — sa® + a3 = (s — a)(4s% — a?) - true

) 2s(b — ¢)?
= (mm) > (m)istrue -~ p, —w, > 252 _qZ and analogs
(mmm) 2s(b — ¢)?
“PatPptpe = +wp + W + Z
Pa T Pb T Pc Wq T Wp T W, 4s2 — q2
cyc

Now, D" ((b - )2(4s? - b?)(4s? — c2)) =

cyc

16S4Z(b—c)2—4szz (b — ¢)? Z:az—a2

cyc cyc cyc
+z b2c? Zaz—az—Zbc
cyc cyc

= 32s*(s? — 12Rr — 3r?) — 16s%(s?> — 4Rr — r?)(s? — 12Rr — 3r%) +
4s? Z (az(b2 +c% — 2bc)) + 2(s? — 4Rr — r?)((s? + 4Rr + r?)? — 16Rrs?)
cyc
—48R%r2s2 — 2 ((s2 + 4Rr + r2)3 — 24Rrs2(s% + 2Rr + rz))
= 32s*(s? — 12Rr — 3r?) — 16s%(s?> — 4Rr — r?)(s? — 12Rr — 3r%) +
(10s2 — 8Rr — 2r2)((s? + 4Rr + r?)? — 16Rrs?) — 64Rrs* — 48R?*r?s?
-2 ((s2 + 4Rr + r?)3 — 24Rrs?(s? + 2Rr + rz))
= 4(6s° — (64Rr + 5r?)s* — r2s2(148R? + 76Rr + 12r?) — (4Rr +r?)3)

8s <6s6 — (64Rr + 5r?)s* — r2s2(148R? + 76Rr + 12r2)>
2s(b—c)? —(4Rr + r2)3
4s2 —a? 4s2(9s2 + 6Rr + r2)(s% + 2Rr + r2)

cyc

;16(a2+b2+c2—ab—bc—ca)

15s
& 15(6s® — (64Rr + 5r2)s* — r2s2(148R? + 76Rr + 12r2) — (4Rr + r?)3)
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?
> 8(s? — 12Rr — 3r%)(9s? + 6Rr + r?)(s? + 2Rr + r?)
& 18s® — (288Rr — 61r%)s* — r2s2(12R%? — 332Rr — 52r?) +

Gerretsen

?
r3(192R3 + 336R?r + 108Rr? + 9r3)0 and - 18(s? —16Rr +5r2)> > 0
®
- in order to prove (1), it suffices to prove : LHS of (1) > 18(s? — 16Rr + 5r?)3
& (576R — 209r)s* — r(13836R? — 8972Rr + 1298r?%)s? +

@
r2(73920R3 — 68784R?r + 21708Rr? — 2241r3) |>| 0 and

Gerretsen

(576R — 209r)(s®? — 16Rr + 5r?)2 > 0 - in order to prove (2),
it suffices to prove : LHS of (2) > (576R — 209r)(s? — 16Rr + 5r2)2

®
& (1149R?% — 869Rr + 198r?)s?
r(18384R3 — 19220R?r + 6533Rr? — 746r?)
Rouche 2R? + 10Rr — r?
Finally, LHS of 3 > (1149R? —869Rr + 198r2)< T )
—2(R—-2r)./R% — 2Rr

?
> r(18384R3 — 19220R?r + 6533Rr? — 746r3)

?
& (R -2r)(2298R3 — 4036R?r + 1705Rr? — 274r3) >

Euler

2(R — 2r)./R2 — 2Rr. (1149R? — 869Rr + 198r%) and ~ (R—2r) > 0
~ in order to prove this, it suffices to prove :
(2298R3 — 4036R?*r + 1705Rr? — 274r3)?
> 4(R? — 2Rr)(1149R? — 869Rr + 198r?%)?2

R
& 3309120t* — 3964248t3 + 2208945t% — 620708t + 75076 > 0 (t = ;)

& 1326996t* + 1982124t3(t — 2) + 1898591t% + 310354t(t— 2) + 75076 > 0
Euler 2s(b — C)Z
t vt =2 2> = = ist - -
- true > 3 =@ = D is true a2 g2 2
cyc

16(a? + b? + c2 — ab — bc — ca) via (mum)

16(a? +b% + c2 —ab — bc — ca)
W, +wp + we + 15s v A ABC,
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with equality iff A ABC is equilateral (QED)

2089. In any A ABC, the following relationship holds :

D 5 :
31‘ 3(R + r)?2 +5
cyc h 2

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-KoIkata-India

= 2s.
Z 31‘ 31'11 42 3a + 4s
cyc h yc 21s cyc

Yeye((ds + 3a)(4s + 3b)) 6s(16s% + 3 Y cab + 8s Y yca)
S. =
(4s + 3a)(4s +3b)(4s + 3¢)  s(64s?+ 36 Y, .ab+48sY . a+ 108Rr)
652
>
3(R+r)% + 552
)
& —7s* + (35R? + 6Rr + 28r?)s? + r(12R3 + 27R?r + 18Rr? + 3r3) > 0

Gerretsen

Now,LHS of (+) > (—7(4RZ + 4Rr + 3r2) + (35R? + 6Rr + 28r2)) 52

?
+r(12R3 4+ 27R?>r + 18Rr?2 + 3r3) > 0

?
& (7R? — 22Rr + 7r?)s? + r(12R3 + 27R?r + 18Rr? + 3r3) >0
(+%)
7R? — 22Rr + 7r? > 0 and then : LHS of (x*) >
r(12R3 + 27R?r + 18Rr? + 3r3) > 0 = (*) is true

Gerretsen

[Case 2] 7R? — 22Rr + 7r? < 0 and then : LHS of (x+) >
(7R? — 22Rr + 7r%?)(4R? + 4Rr + 3r%) + r(12R3 + 27R?r + 18Rr? + 3r3) > 0
R
e 7t - 123 -3t2 -5t + 6 > 0 ( r) e (t-2)(7t3+2(t2-4)+t+5) 2 0

Euler
- true - t > 2 = (*x) is true . combining both cases, (x*) = (x) is true

v A ABC - Z 3r v A ABC,” =" iff A ABC is equilateral (QED)

= 2
3(RS+ r) +5

2090.
In any A ABC, the following relationship holds :
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6
Z 3r 3r(4R + r)

cye
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

231' 231'(3 5s — 3a

cyc +2 cyc cyc
chc((SS 3a)(5s — 3b)) 35(255 + 3 Yeycab — 10s Yy a)
(5s —3a)(5s—3b)(5s — 3c¢) s(125s2 + 45 cycab —75s Y ca — 108Rr)
652

©)
> & (AR—-17r)s2+3r@R+1r)2 >0
3r(4R +r) + 5s2 ( ) ( )
Now, (4R — 17r)s? + 3r(4R + r)? = (4R — 8r)s? — 9rs? + 3r(4R + r)2
Gerretsen

> (4R —8r)(16Rr — 5r%) — 9r(4R? + 4Rr + 3r?) + 3r(4R + r)? 2 0
? ?
& 19R% — 40Rr + 4r% > 0 © (19R — 2r)(R — 2r) = 0 - true via Euler =

1
(%) is true - Z 37

cyca-l_z

= 3r(4R + 1) s vV A ABC, iff A ABC is equilateral (QED)
)

2091.In any A ABC, the following relationship holds :
18R? a3 8(2R3 — 7r3)
< z <
S

s(s—a) ~ ST
cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India
Z a3 _Z(s—(s—a))3_
s(s—a) s(s—a)
cyc cyc

_Zs3—(s—a)3—352(s—a)+3s(s—a)2_

s(s—a)

cyc

2 2
(o) ) e

cyc cyc cyc
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s(4R + 1) N 2(4Rr + r?)
= ————— s —_— e

- @

3 2 2 2
a 4R — 61r)(4R“ + 4Rr + 3r“) + r“(8R + 2r
Via (1) and Gerretsen,z o < ( X ) ( )

r S
Z al s?(4R — 6r) + r?(8R + 2r)

s(s—a) rs
cyc

a) ~ rs
cyc
? 8(2R3 — 7r3) ) 2 ?
STcwlr(ZR +Rr—10r©)>0< 4r(R-2r)(2R+5r) >0
a3 8(2R3 — 7r3)
— true via Euler .. Z <
s(s—a) sr

cyc
a3 4R — 61)(16Rr — 5r2) + r2(8R + 2r
Via (1) and Gerretsen, Z G5 > ( ) ) ( )
cyc

a) rs

2 18R? ? ?
> & 23R%2 — 54Rr + 16r% > 0 © (R — 2r)(23R — 8r) = 0 - true via Euler
a3 18R? 18R? a3 8(2R3 — 7r3)
Z > and so,——— < z <
s(s—a) S S s(s—a) sr
cyc cyc
v A ABC,”" =" iff A ABC is equilateral (QED)

2092. In AABC the following relationship holds:
A
6rSZ(b+c—a)tan2 < 3R
Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

A B C
WLOG a>b > cthentani > tanE > tanE

A Chebyshev 1 A
Z(b+c—a)tan——22(s—a)tan— < 2-§Z(s—a)2tan5=

2 4R+ r Euler 29R
=—S. <
3 S 3 2

A AM-GM
Z(b+c—a)tan——22(s—a)tan— >

—=3R
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1
(H(s—a)tan ) —6( rsr>3 = 6r

Equality holds fora = b = c.

2093. In AABC the following relationship holds:

2(2R — 1)?

18r < -
8r Z(b+c a)cot2 =

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Z(b+c—a)cotg=22(s—a)cotg:ZZ(s—a)ria:
=2522rla—2sza(sr;a) =Z:Z—§(32a—za2 =

ZS 2 GERRETSEN

= -t - 2(s? -1 —4Rr)——(s —8Rr —2r%) <

2(2R —1r)?

2 2
< ;(4R2 + 4Rr + 3r* — 8Rr — 21%) = ;(4R2 —4Rr +1%) = -

Z(b+c—a)cotg=ZZ(s—a)cotg=ZZ(s—a)ria=
(s — a) AM—GM 3({(s—a)(s—b)(s—c) 3|sT2 3 [T
:252 - > 6s(\/ —— =6s\[32:r:6s\/;:

3 |rs2 Mitrinovic 3 [277r3
= 6S —3 = 6s 3 = 18r
S S

Equality holds for an equilateral triangle
2094. In AABC the following relationship holds:
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sin?4A R(R-71)
hZ = 8rt
Proposed by Kostantinos Geronikolas-Greece

Solution by Tapas Das-India

Gerretsen

We have,: Z a*=2[(s?—4Rr - 3r>)?2-8r3(2R+1r)] <
< 2[(4R*)? — 8r3(2R +1)] = 16(2R* — 2R3 —1*)
We will show: 16(2R* — 2Rr3 — r*) < 54R3(R—1) (1)
11R* — 27R3r + 16Rr3 + 8r* > 0

(R —2r) ((R —2r)(11R? + 17Rr + 2471?) + 44r3) > 0 true Euler
2

a
siffA "3z 1 Z , V54R3(R - 1) Mitrinovic
h: — L.ib*c?  a’b%c? ~  16R2%rZs? -

4R?

- 54R3(R—-r) R(R-71)
~ 16R%r227r2  8rt

Equality holds if AABC is an equilateral one.
2095. In AABC the following relationship holds:

15 N Z sinZ A “9 R
2 sin2 B + sin? C — <2r)

Proposed by Kostantinos Geronikolas-Greece

2

Solution by Tapas Das-India

6 6R2 Euler 6 R 2 1
= — < —_
R — (Zr) 1)

z sin% A B a? AM;HM 1 a? N a? 1 Z a? N b? B
sin2 B +sin2 C b2+c¢2 — 4 b c2) 4 b 2]
2

SEE ) TR ) 6 e
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15+2 sinZ A (215+3(R>2 3 3<R)2+6(2
2 sin2 B +sin2C ~ 2 2r 2 " \2r =

<3(z) +(z) =9 ()

Equality holds forA=B =C

2096. In AABC the following relationship holds:
_ 3R,
Z VcotA.sinA < a7 V3

Proposed by Kostantinos Geronikolas-Greece
Solution by Tapas Das-India

Zm.sinA = zm.\/mcg \/(Z cosA) (Z sinA) =

rulers X 3V3R 3
T\ S Euler & Mitrinovic T 4
= [1+=)= < (1+—> =,V3=
( R)R 2 R 2\/_
3,—~ REuler3, R 3 R,
==V3-— < =V3-—=--=-33
2\/_ R Z\/— 2r 4 r\/_

Equality holds for an equilateral triangle

2097. In acute AABC, H —orthocenter, the following relationship holds:

AH BH CH

A B C <
sec A + sec B + sec _HD+HE+HF

Proposed by George Apostolopoulos-Greece
Solution by Tapas Das-India
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T AF b cos A
From A AFC,AF = b cos A, In AAFH, cos (— _ B)

or,
2 AH AH
bcosA
H =— =2Rcos A4,
sin B
similarly CH = 2R cos Cand BH = 2R cos B,
V(4 FH FH
InAAFH,tan(——B) or,FH = bcosAcotB
2 AF bcosA
AH +BH+CH 2R cosC 2R cos Csin B
HD HE HF HF bcosAcotB 2R sin BcosAcosB

Z cos?C AM;GM Y cos Acos B
B cosAcosBcosC ~ cosAcosBcosC

cosAcosB
:Z = secC =secA + secB + secC
cosAcosBcosC

2098. In AABC the following relationship holds:

A\? B\? C\> 9R?
(hatan5> +(hbtani) +<hctanz) ST

Proposed by George Apostolopoulos-Greece
Solution by Tapas Das-India

hotanz < p— =J(s—b)(s—¢) (1)

A MasVsG=0) \/(s —b)(s—¢)
s(s—a) i

2 2 2 2 (1)

A B C A
(ha tan E) + (hb tan E) + (hc tan E) = z (ha tan E) <
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< Z(s—b)(s—c) =Z(s2 ~s(b+¢)+be) =

=332—23(a+b+c)+2ab=352—4sz+32+4Rr+r2:

AR ) Euler AR R R? O9R?
=4Rr+r° < -t —=—

4 4
Equality holds for an equilateral triangle

2099. In acute AABC the following relationship holds:
b% + ¢? — a?

a? + ¢ — b?
b+c—a

a? + b% — c?
a+c—b>b

< 3R z cotA
a+b—-c

cyc
Proposed by Ertan Yildirim-Turkiye
Solution by Mirsadix Muzefferov-Azerbaijan

4FcotA 4 4FcotB N 4FcotC B
2(s—a) 2(s—b) 2(s—c¢)

_b2+c2—a2
cotA=
2FcotA 4 2FcotB 2FcotC

4F

(True), (True)
o
sE(a )s—b sz—(c b) 2( )
s—a)r s—b)r s—or
2", + = b cotB+ " cotC =
s—a s — s—c
= 2(rycotA + rycotB + r.cotC)
WLOG : a<b<c - rs<r,<r. and cotA = cotB = cotC
CEBYSHEV
2(ry cotA + rpcotB + r cotC)

2 Z-E(ra+rb+rC)ZcotA=
cyc
2 1 Eule
=§(4R+r)z cotA=§(8R+2r)ZcotA <
cyc

"1

= 9RZ cotd = SRZ cotA
cyc 3 cyc
Equality holds for:a = b = c.

cyc

2100. In any non — obtuse A ABC, the following relationship holds :

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

E_( 1 +1>> 2c(c + a)? <1 1>

wZ \2m, ¢/ “4cas(s—b) \a ¢
(~ innon — obtuse AABC,4m2 — a? = 2(b? + c? —a?) > 0 = 2m, > a)
2(c+ a)? c+a

? ?
>0  2c(c+ a) = (c+ a)? — b?

- a((c+a)?—-b?) ca

? ?
o 2ct2+2ca>ct+a*+2ca—b? e b%+c?>a? - true

2c 1 1
A ABCis non — obtuse . — = + — V non — obtuse A ABC,
w, 2m, c

" =" iff A = 90° (QED)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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