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SP.567 Prove that ; is the largest positive value of the constant k such that

the inequality:
(@a+k)?+b+Ek?+(Cc+k*+d+k)>+(e+k)*+(f+k)?=6(1+k)?
holds whenevera > b >1>c>d = e > f > 0 satisfying
ab+ bc+cd+de+ef+fa=6
Proposed by Vasile Cirtoaje — Romania

Solution by proposer

Assuminga =b =2,c=1andd = e = f = 0, the equality constrait is satisfied, while
the inequality becomes

2(2 + k)? + 3k* > 5(1 + k)?
which is equivalent to 2k < 3. To show that ; is the largest positive value of k, we need to

prove the inequality E > 150, where

E=2a+3?%*+2b+3)*+ (2c+3)2+(2d +3)*> + (2e + 3)* + (2f + 3)?
For fixed ¢, d, e, f, we may assume that b and E are functions of a. By differentiating the
equality constraint, we get

—(b+
(a+c)b’+b+f=0,b’=M2—1
a+c
Since
E'(a)
2 =2a+3+2b+3)b'>2a+3—-(2b+3)=2(a—b) =0,

E(a) is increasing and has the minimum value when a is minimum, hence when a = b.
Similarly, for fixed a, b, ¢, d, assume that E are functions of f. By differentiating the
equality constraint, we get

d+fle'+a+e=0, e’=_flaT+fe)S—
Since
EP_, , _
2 - f+3+2e+3)e' <2f+3—-(2e+3)=2(f—e) <0,

E(f) is decreasing and has the minimum value when f is maximum, hence when f = e.

So, it suffices to consider a = b and f = e, when we need to show that F > 150 for b >

1>c>d>e>0suchthat b + bc + cd + de + e* + be = 6, where
F=22b+3)*+ (2c+3)%+(2d +3)* +2(2e + 3)?

Now, for fixed d and e, assume that b and F are functions of c. By differentiating the

equality constraint, we get

(2b+c+e)b'+b+d=0,b = —b+d) _—(b+d)
cre 'Y T 2b+c+e " 2b+c+d

hence

F'(c¢) 2(2b+3)(b+d)
i < — <
1 2c+3+22b+3)b'<2c+3 btctd
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22b+3)(b+d) 5+4b—4b%*— (4b + 1)d

= 2b+1+d 2b+1+d
We will show that F'(c) < 0, that is

4b* —4b-5+(4b+1)d >0

From
6=b%>+bc+cd+de+e*+be<b?+bc+cd+2d*+bd<b?>+b+3d+bd
we get
6 —b — b?
>
b+3

therefore
—p—p2 _
4b% —4b — 5+ (4b + 1)d > 4b* — 4b — 5 + HDELP) 30003 5

Since F'(c) < 0,F(c) is decreasing and has the minimum value when c is maximum,

hence when ¢ = 1. So, it suffices to consider this case, when we need to show that G >

125forb>1>d > e > Osuchthatb? + b+ d + de + e?> + be = 6, where
G=202b+3)*+(2d +3)? +2(2e + 3)?

For fixed b, we may assume that d is a function of e. By differentiating the equality

constraint, we get

(1+e)d +b+d+2e=0,

hence
G(e 2d+3)(b+d+ 2e
ST)z2(2e+3)+(2d+3)d’=2(2d+3)—( )1(+e )S
2e+3)(b+d+2
32(2e+3)—( ¢ ) ¢)
1+e
_(2e+3)(2—b—d)
B 1+e '
From

6=b*+b+d+de+e*+be<b>*+b+d+2d*+bd< (b+d)?*+(b+d)
we get b + d > 2, therefore G'(e) < 0, G(e) is decreasing and has the minimum value
when e is maximum, hence when e = d. So, it suffices to consider e = d, when we need
to show thatif b > 1 > d such that

b2 +b+d+2d?+ bd =6,
then 2(2b + 3)? + 3(2d + 3)%? > 125, i.e.
2b% +3d?* + 6b +9d > 20,2b(2 —d) >d?> —7d + 8

Since 2b = —d — 1 + V25 — 2d — 7d?, we need to show that

(—d—1+\/25—2d—7d2)(2—d)2d2—7d+8,

(2 —d)y25—2d—7d? > 10 — 6d
This is true if
(2 —d)?(25—2d —7d?) > (10 — 6d?),
which is equivalent to the obvious inequality
d(d - 1)?(12 - 7d) = 0.
The proof is finished. For k = %, the equality occurswhena=b=c=d=e=f =1,
andalsofora=b=2,c=1andd=e=f=0.



