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ABSTRACT. In this paper we present new trigonometric inequalities.

Theorem 1.
If 2, € (0, %),Vk = 1,n, then

n

. 1
(Z(sinxk + Qtanxk)> Z — > 3n?

X
k=1 =1k

Proof. We have:

i 2t
o 2T T e(o,T)
Indeed, we denote by tan § = ¢ € (0,1), and we have to prove that:
2t 4t 1 2
>6t,¥t e (0,1) & ——+——— >3,Vte (0,1) & 1-t24+2+2t> > 3(1-t}) &
1+t2+17t2 (0.1) 1+t2+17t2 (0.1) et ( )
& 3t* + 12 > 0,Vt € (0,1), which is evidently.
Therefore,
(2) Z(sinxk+2tanxk) >3Z$k,ka 6(0, g),k: 1In

k=1 k=1
Multiplying the inequality (2) with Y, _, é > 0 and taking account that:

n n 1
(Z xk> (Z ) > n?, then the inequality (2) because:
k=1

T
=1k

<Z(sinxk + 2tanxk)> Z p >3 <Z xk> (Z x) > 3n?, and we are done.
k k

k=1 k=1 k=1
(I

Theorem 2.
(Fy,)n>0 is the sequence of Fibonacci and (L,,)n>0 is the sequence of Lucas, then:

F2 + F2 L2+ L2 F, L,
arctan %"H +arctan || -2~ "L > aretan —22 1 arctan 2+2,Vn €N.
Proof.
fiR=(=2.2), f(2) = arctanz, f(z) L Vo € R is increasing on R
: - =, = x) = arctanz, f'(z) = ——,Vz is increasing on R.
2 b 2 b ) 1 + I2 ) g
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Since,

21 2 |F2 4 F2  F,+F, F,
z —;—y > x;—y,Vac,yeR, we have ’ 5 ntl > +2 1 2+2 and
i+ L2ur | Lot Lnor _ Loss
N n n T ontl _ 202 vp e N
2 2 g "€
Therefore,

/F2+F2 /L2+Ln F, n
f( >+f< +1 Zf( +2)+f< +2)@
| 2 |12
& arctan + 5 "H 4-arctan L "H > arctan 2 | arctan L +2 VneN

O

Theorem 3. )
If a,b > 0, then 4v/ab - S22 4 b(ta%) +a > 6Vab, for any z € (0, %).

Proof.

By AM-GM inequality we have

(1)

4m.si;m+ (ta;lx) ta >4\F 512x+2\ﬁ tanx _2\F< sinx ta2x>,‘da:€(0, g)

Also we have sinz > x — %3 and tanx >z + g,Vx €(0,%) &

sinz x? tan

>1—€and

1'2 ™
1+ 2 (7)
> +3 Va:€02

2 2

X X ™
2- L 114+Z —3y (0,—)
> 3+ +3 T € 5

From (1) and (2) yields the desired inequality. O

sinx tanx
+

(2) So, 2 -

Theorem 4. .
If a,b > 0, then 2v/ab - 8102 4 atb . tans  3,/0h v € (0, Z).

Proof.
By AM-GM inequality we have:

(1)
Q\F sinx a—2&—b ta;lx >2\/» smx+\/> tanx —\F( sinx ta;x) Vx€<0,g)

We mfer that:

23 a3 T
smx>xf€and tanx + — Vxe( 2)@

2 2

i t
T2 g M>1+£,vxe(o,z).
x 6 T 3 2
Therefore:
sinx tanzx x? z? T
2 2. 2- L 1142 =3 (f)
(2) - + . > 3 +1+ 3 3, Ve €(0 5

From (1) and (2) yields the desired inequality. O
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Theorem 5.

If a,b > 0, then (a+b)'si$+%fg~ta%>§%,vxe(0,%)-

Proof.
By AM-HM inequality we have:

(1)

sinz 2ab tanx 4ab sinx 2ab tanx 2ab sinz tanz T

(atb)- 2224 =0 > SR 2P - (2- + ),V:v e(o, f)
T a+b «x a+b =z a+b «x a+b 2

T T
Since: . 5
sinx > x — r and tanz >z + £7Vx E((Lz) &
6 3 2

. 2 t 2

et % and 2% S 14 %,Vm e(o%).
Therefore:

sinx tanzx x? x? T
2 2. 2- L 11+ =3, ( ,f)
(2) T 3 +1+ 3 3,Vz (0 5
By (1) and (2) q.e.d. O

Theorem 6.
If a,b,c > 0, then:

2 2 2 si
2\/m.smx+a+b+c.tanx>a+b+C,V$€<0aw)~
3 x 3 v ’
Proof.
By AM-QM:

a?+b2+c?2 sine a+b+c tanz a+b+c sint a+b+c tanz
2 ) + . > 2. . + . —
3 x 3 x 3 x 3 x
b i t
a+ —|—c_ sinz " anx>7vx 6(0, g)

1 - (2
(1) 3 -
sinsc>a:—% and tanm>x+x—,Vm E((Lg) &
2

3 3
3
i t
Slngc>1—ac—amd anx>1+x—7Vx€(07
T 6 T 3

So,

sinx n tanx - _
T T 3 3
By (1) and (2) q.e.d. O

Theorem 7.
If a,b > 0and x € (0,F) then a-tanz +b-sinx > 2x\/ab.

Proof.
By AM-GM inequality we have:

(2) 2

(1) a-tanz 4 b-sinz > 2Va-b-tanz - sinz, Y E(O,g)
First we show that:

(2) tanx - sinz > 22, Va G(O, g)
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Indeed, denoting ¢t = tan £,z € (0, 5) we have:

_ 2t 2t 4¢2 9 5 T 2, 7
tanx - sinx = —2 17 =1 > 4t° = 4tan 5 >4~Z:z Vo G(O,f)
By (1) and (2) we obtain q.e.d. O

Theorem 8.
a tan®z + 0% sinfx >2-a-b- 2% Va,b > 0,Vz E(O,g) and k € N*

Proof.
By AM-GM:

(1) a® - tan®z + 0% -sin®x >2-a-b-\/(tanz - sinz)k, Vo E(O,g)

We prove that:

(2) tanz - sinz > 22, Vr G(O, g)

Indeed, denoting ¢t = tan §,x € (0, g)

. 2t 2t 4¢2 9 9T x? 9 s
tanx-81nx=17t2~1+t2:17t4 > 4t° = 4tan §>4~Z=x 7Vx€(07§).

From (1) and (2) q.e.d. O
Theorem 9.
The acute triangle ABC is equilateral if and only if:

tan A tan? B tan® C
102 2 + 2 2 + 2 2 =
sin® B+ cos2C  sin“C +cos? A sin“ A + cos?2 B

Proof.
7 = 7 If the triangle ABC is equilateral we have that:

tan? A tan? A tan? A T
U= = = =3-tan? - =33=0.
Z sin® B + cos2 C Z sin® A + cos2 A Z 1 . 3
7 <7 We have:

tan? A 1 tan? A
9=U= = . sin? B4+cos? (). ——-——— =
Z sin? B+ cos2C Y (sin® B + cos? O) (Z( ) Z sin? B + cos2 C
1 . 9 9 tan? A
— g.(Z(sm B + cos C’)) : Z - S— et
where we apply Cauchy-Schwarz’s inequality and we obtain that:

97 = 3U 2<ZtanA)27

than we taking account that the function tan : (0, 5) — R is convex, and applying
Jensen’s inequality we deduce that:

A+B+C>2:<

27T =3U Z(ZtanA>22(3~tan 3-tang>2=(3\/§)2:27.

The last relation implies the fact that: tan A = tan B = tan C' and because the
function tan is strictly increasing on (0, ), so is injective, hence A = B = C = Z,
yields that the triangle ABC' is equilateral. (]
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