
 
UP.569 Let 𝝀 ∈ ℕ∗ fixed. Evaluate: 

𝐥𝐢𝐦
𝒏→∞

{√𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏} 

Proposed by Marin Chirciu – Romania  

Solution by proposer 

We have {√𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏} = √𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏 −

[√𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏] 

From 𝝀𝒏 < √𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏 < 𝝀𝒏 + 𝟏 it follows [√𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏] = 𝝀𝒏. 

We have {𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏} = √𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏 − 𝝀𝒏. 

Calculation 

𝐥𝐢𝐦
𝒏→∞

{√𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏} = 𝐥𝐢𝐦
𝒏→∞

(√𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏 − 𝝀𝒏) = 

= 𝐥𝐢𝐦
𝒏→∞

𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏 − 𝝀𝟐𝒏𝟐

√𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏 + 𝝀𝒏
= 

= 𝐥𝐢𝐦
𝒏→∞

(𝟐𝝀 − 𝟏)𝒏 + 𝟏

√𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏 + 𝝀𝒏
= 𝐥𝐢𝐦

𝒏→∞

𝒏(𝟐𝝀 − 𝟏 +
𝟏
𝒏)

𝒏(√𝝀𝟐 +
(𝟐𝝀 − 𝟏)

𝒏 +
𝟏
𝒏𝟐

+ 𝝀)

= 

=
𝟐𝝀 − 𝟏

𝝀 + 𝝀
=
𝟐𝝀 − 𝟏

𝟐𝝀
. 

Conclusion: 

𝐥𝐢𝐦
𝒏→∞

{√𝝀𝟐𝒏𝟐 + (𝟐𝝀 − 𝟏)𝒏 + 𝟏} =
𝟐𝝀 − 𝟏

𝟐𝝀
. 

Note. 

For 𝝀 = 𝟐 we obtain Problem UP.577 proposed by Nguyen Viet Hung from Mathematical 

Reflections Nr. 1/2022. 

UP.577. Evaluate: 

𝐥𝐢𝐦
𝒏→∞

{√𝟒𝒏𝟐 + 𝟑𝒏 + 𝟐}. 

Nguyen Viet Hung – Vietnam 


