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GEOMETRY 

 

3.1 In ∆࡯′࡮′࡭∆,࡯࡮࡭′ the following relationship holds: 

ࢇ) + ࢈)(ᇱࢇ + +ࢉ)(ᇱ࢈ (ᇱࢉ ≥ ૡ൫࢘૛࢙ + ᇱ࢙ᇱ૛࢘ + ૟࢘࢘ᇱ√࢙࢙ᇱ൯ 

Daniel Sitaru 

Solution(Tran Hong) 

(ܽ + ܽᇱ)(ܾ + ܾᇱ)(ܿ + ܿᇱ) = 

= ቀ൫√ܽయ ൯
ଷ

+ ൫√ܽᇱయ ൯
ଷ
ቁ ቀ൫√ܾయ ൯

ଷ
+ ൫√ܾᇱయ ൯

ଷ
ቁቀ൫√ܿయ ൯

ଷ
+ ൫√ܿᇱయ ൯

ଷ
ቁ ≥
ு௢௟ௗ௘௥

 

≥ ൫√ܾܽܿయ + √ܽᇱܾᇱܿᇱయ ൯
ଷ
≥ ቀ√4ܴݏݎయ + ඥ4ܴ′ݏ′ݎ′య ቁ

ଷ
≥⏞

ோஹଶ௥;ோᇲஹଶ௥ᇲ

 

≥ ቀඥ8ݎଶݏయ + ඥ8ݎ′ଶݏ′య ቁ
ଷ

= 8 ቀඥݎଶݏయ + ඥݎ′ଶݏ′య ቁ
ଷ

 

Let: ݔ = యݏଶݎ√ ; ݕ = ඥݎᇱଶݏᇱ
య

ݕ,ݔ)	 > 0) 
We need to prove: 

ݔ)8 + ଷ(ݕ ≥ 8൫ݔଷ + ଷݕ + ൯ݕݔඥݕݔ6 ⇔ 
ଷݔ + ଷݕ + ݔ)ݕݔ3 + (ݕ ≥ ଷݔ + ଷݕ + ݕݔඥݕݔ6 ⇔ 
ݔ)ݕݔ3 + (ݕ ≥ ݕݔඥݕݔ6 ⇔ ݔ)ݕݔ + (ݕ ≥  ݕݔඥݕݔ2

Which is clearly true, because ݕ,ݔ > 0, ݔ + ݕ ≥
஺ீெ

2ඥݕݔ ⇔ 
ݔ)ݕݔ + (ݕ ≥  .Proved .ݕݔඥݕݔ2

 
3.2 If ࢟,࢞ ≥ ૙, ࢞ + ࢟ ≤  :then ࣊

૛൬࢙࢕ࢉ
૛࢞
૜ + ࢙࢕ࢉ

૛࢟
૜ ൰+ ૚ ≥ ૝࢙࢕ࢉ

࢞
૜ ࢙࢕ࢉ

࢟
૜ 

Daniel Sitaru 

Solution (Khanh Hung Vu) 

Put ܿݏ݋ ௫
ଷ

= ܽ and ܿݏ݋ ௬
ଷ

= ܾ; ܽ, ܾ ∈ ቂଵ
ଶ

; 1ቃ. We have the thing to prove is: 

2(2ܽଶ − 1 + 2ܾଶ − 1) + 1 ≥ 4ܾܽ or ܽଶ + ܾଶ − ܾܽ ≥ ଷ
ସ
 

We have:  ݔ + ݕ ≤ ߨ ⇒ 0 ≤ ௫
ଷ

+ ௬
ଷ
≤ గ

ଷ
⇒ ݏ݋ܿ ቀ௫ା௬

ଷ
ቁ ≥ ଵ

ଶ
⇒ 



DANIEL SITARU            MARIAN URSĂRESCU              FLORICĂ ANASTASE 
 

137 WORLD’S  MATH  OLYMPIADS 
 

ݏ݋ܿ
ݔ
3
ݏ݋ܿ

ݕ
3
− ݊݅ݏ

ݔ
3
݊݅ݏ

ݕ
3
≥

1
2
⇒ ܾܽ −ඥ(1 − ܽଶ)(1− ܾଶ) ≥

1
2

 

So, ඥ(1 − ܽଶ)(1 − ܾଶ) ≤ ܾܽ − ଵ
ଶ
⇒ 1 − ܽଶ − ܾଶ + ܽଶܾଶ ≤ ܽଶܾଶ − ܾܽ + ଵ

ସ
 

ܽଶ + ܾଶ − ܾܽ ≥
3
4

 

3.3 In ∆࡯࡮࡭ the following relationship holds: 

ෑ൫ࢇ࢓
૞ − ૞ࢇࢎ + ࢇ࢝

૞൯
ࢉ࢟ࢉ

≤ ቌෑ(ࢇ࢓ − ࢇࢎ + (ࢇ࢝
ࢉ࢟ࢉ

ቍ

૞

 

Daniel Sitaru 

Solution (Tran Hong) 

(x − y + z)ହ = 

= ହݔ − ହݕ + ହݖ + ଷݕ)ݕݔ5 − (ଷݔ + ଷݔ)ݕݔ5 + (ଷݖ + ݔ)ଶݕଶݔ10 − (ݕ

+ ݔ)ଶݖଶݔ10 + (ݖ + ݖ)ଶݖଶݕ10 − (ݕ

− ଶݔ)ݖݕݔ20 + ଶݕ + (ଶݖ + ݕݔ)ݖݕݔ30 + ݖݕ + (ݔݖ ⇒ 

ݔ) − ݕ + ହ(ݖ − ହݔ) − ହݕ + (ହݖ = 

= ݔ)5 − ݔ)(ݕ + ݖ)(ݖ − ଶݔ](ݕ + ଶݕ + ଶݖ − ݕݔ) + ݖݕ + [(ݔݖ ≥ 0 

Because ݔ ≥ ݖ ≥ ݕ > 0; ଶݔ	 + ଶݕ + ଶݖ − ݕݔ) + ݖݕ + (ݔݖ ≥ 0 

Choose: ݔ = ݉௔; ݕ = ℎ௔; ݖ = ;௔ݓ ݔ) ≥ ݖ ≥ ݕ > 0) ⇒ 

(݉௔ − ℎ௔ + ௔)ହݓ ≥ ݉௔
ହ − ℎ௔ହ + ௔ହݓ ⇒  

ෑ(݉௔
ହ − ℎ௔ହ + (௔ହݓ

௖௬௖

≤ ቌෑ(݉௔ − ℎ௔ + (௔ݓ
௖௬௖

ቍ

ହ

 

 

3.4 Find all ࢠ,࢟,࢞ > 0 such that: 

૝࢞࢔࢏࢙ ∙ ࢟࢔࢏࢙ ∙ ࢠ࢔࢏࢙ ∙ +࢞)࢔࢏࢙ ࢟ + (ࢠ = ૚ 

Daniel Sitaru 
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Solution (Marian Dincă) 

ݔ݊݅ݏ4 ∙ ݕ݊݅ݏ ∙ ݖ݊݅ݏ ∙ ݔ)݊݅ݏ + ݕ + (ݖ ≤ 1 

ݔ݊݅ݏ2 ∙ ݕ݊݅ݏ = ݔ)ݏ݋ܿ − −(ݕ ݔ)ݏ݋ܿ +  (ݕ

ݖ݊݅ݏ2 ∙ ݔ)݊݅ݏ + ݕ + (ݖ = ݔ)ݏ݋ܿ + (ݕ − ݖ2)ݏ݋ܿ + ݔ +  (ݕ

ݔ)ݏ݋ܿ] − (ݕ − ݔ)ݏ݋ܿ + ݔ)ݏ݋ܿ][(ݕ + (ݕ − ݖ2)ݏ݋ܿ + ݔ + [(ݕ = 

= ݔ)ଶݏ݋ܿ− + (ݕ + ݔ)ݏ݋ܿ + ݔ)ݏ݋ܿ](ݕ + (ݕ − ݖ2)ݏ݋ܿ + ݔ + [(ݕ

− ݔ)ݏ݋ܿ − ݖ2)ݏ݋ܿ(ݕ + ݔ + −(ݕ 1 ≤ 0 

ݔ)ଶݏ݋ܿ + (ݕ − ݔ)ݏ݋ܿ + ݔ)ݏ݋ܿ](ݕ + −(ݕ ݖ2)ݏ݋ܿ + ݔ + [(ݕ

+ ݔ)ݏ݋ܿ − ݖ2)ݏ݋ܿ(ݕ + ݔ + (ݕ + 1 ≥ 0 

Let: ܿݔ)ݏ݋ + (ݕ =  ݐ

ଶݐ − ݔ)ݏ݋ܿ]ݐ + (ݕ − ݖ2)ݏ݋ܿ + ݔ + [(ݕ + ݔ)ݏ݋ܿ − ݖ2)ݏ݋ܿ(ݕ + ݔ + (ݕ + 1

≥ 0 

൤ݐ −
1
2
൫ܿݔ)ݏ݋ − (ݕ + ݖ2)ݏ݋ܿ + ݔ + ൯൨(ݕ

ଶ

− 

−
1
4

ݔ)ݏ݋ܿ] − (ݕ + ݖ2)ݏ݋ܿ + ݔ + ଶ[(ݕ + ݔ)ݏ݋ܿ − ݖ2)ݏ݋ܿ(ݕ + ݔ + (ݕ + 1 ≥ 0 

൤ݐ −
1
2
൫ܿݔ)ݏ݋ − (ݕ + ݖ2)ݏ݋ܿ + ݔ + ൯൨(ݕ

ଶ

− 

+
4 − ݔ)ݏ݋ܿ] − (ݕ − ݖ2)ݏ݋ܿ + ݔ + ଶ[(ݕ

4
≥ 0 

But: ܿݔ)ݏ݋ − (ݕ − ݖ2)ݏ݋ܿ + ݔ + (ݕ = ݖ)݊݅ݏ2 + ݖ)݊݅ݏ(ݕ +  (ݔ

So,  

4 − ݔ)ݏ݋ܿ] − (ݕ − ݖ2)ݏ݋ܿ + ݔ + ଶ[(ݕ = 4 − ݖ)ଶ݊݅ݏ4 + ݖ)ଶ݊݅ݏ(ݕ + (ݔ ≥ 0 

because: 0 ≤ ݖ)ଶ݊݅ݏ + (ݕ ≤ 1; 0 ≤ ݖ)ଶ݊݅ݏ + (ݔ ≤ 1 

So, the inequality  

ݔ݊݅ݏ4 ∙ ݕ݊݅ݏ ∙ ݖ݊݅ݏ ∙ ݔ)݊݅ݏ + ݕ + (ݖ ≤ 1 is true for any ݕ,ݔ, ݖ ∈ ℝ. 

Equality holds when: ݖ)݊݅ݏ + (ݕ = ±1; ݖ)݊݅ݏ + (ݔ = ±1 result: 

ݔ)ݏ݋ܿ + (ݖ = 0; ݕ)ݏ݋ܿ + (ݖ = 0; ݐ −
1
2

ݔ)ݏ݋ܿ] − (ݕ + ݖ2)ݏ݋ܿ + ݔ + [(ݕ = 0 
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ݔ)ݏ݋2ܿ + (ݕ = ݔ)ݏ݋ܿ − (ݕ + ݖ2)ݏ݋ܿ + ݔ + (ݕ = ݔ)ݏ݋2ܿ + ݕ)ݏ݋ܿ(ݖ +  (ݖ

But: ܿݔ)ݏ݋ + (ݖ = 0; ݕ)ݏ݋ܿ + (ݖ = 0 ⇒ ݔ)ݏ݋ܿ + (ݕ = 0 

So, ݔ + ݖ = (2ܽ + 1) గ
ଶ

; ݕ + ݖ = (2ܾ + 1) గ
ଶ

ݔ; + ݕ = (2ܿ + 1) గ
ଶ
 

ݔ = (2ܽ − 2ܾ + 2ܿ + 1)
ߨ
4

; ݕ = (−2ܽ + 2ܾ + 2ܿ + 1)
ߨ
4

 

ݖ = (2ܽ + 2ܾ − 2ܿ + 1)
ߨ
4

; ܽ, ܾ, ܿ ∈ ℤ 

3.5 In ઢ࡯࡮࡭,  Lemoine’s point the following – ࡷ ,incenter – ࡵ

relationship holds: ࡵ࡭)ࢇ + (ࡷ࡭ + +ࡵ࡮)࢈ (ࡷ࡮ + ࡵ࡯)ࢉ + (ࡷ࡯ ≥ ૡࡿ 

Daniel Sitaru 

Solution: 

ܫܣܽ + ܫܤܾ + ܫܥܿ + ܭܣܽ + ܭܤܾ + ܭܥܿ ≥  (1)   ݏ8

ܫܣ = ௥

ୱ୧୬ಲమ
⇒ ܫܣܽ + ܫܤܾ + ܫܥܿ = ቆ ௔

ୱ୧୬ಲమ
+ ௕

ୱ୧୬ಳమ
+ ௖

ୱ୧୬಴మ
ቇ ≥ ݎ ⋅ 3ට

௔௕௖

ୱ୧୬ಲమ ୱ୧୬
ಳ
మ ୱ୧୬

಴
మ

య    

(2) 

But ܾܽܿ = and sin஺ ݎܴݏ4
ଶ
⋅ sin ஻

ଶ
⋅ sin ஼

ଶ
= ௥

ସோ
  (3) 

From (2)+(3)⇒ ܫܣܽ + ܫܤܾ + ܫܥܿ ≥ ଶయܴݏ16√ݎ3 ≥
ெ௜௧௜௥௜௡௢௩௜௖௜

 

≥ ට16ݎ3 ⋅ ݏ ⋅ ସ
ଶ଻
ଶయݏ = ට଺ସ௦యݎ3

ଶ଻

య
= ݎݏ4 = 4ܵ   (4) 

 
From Van Aubel theorem we have: 
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ܭܣ
ᇱܣܭ

=
ᇱܥܣ

ܤᇱܥ
+
ᇱܤܣ

ܥᇱܤ
=ௌ௧௘௜௡௘௥ ܾଶ + ܿଶ

ܽଶ
⇒ 

ܭܣ
ᇱܣܭ

=
ܾଶ + ܿଶ

ܽଶ
⇒
ܭܣ
ܽݏ

=
ܾଶ + ܿଶ

ܽଶ + ܾଶ + ܿଶ
⇒ 

ܭܣ = ௕మା௖మ

௔మା௕మା௖మ
ܽݏ = ଶ௕௖

௔మା௕మା௖మ
⋅ ݉௔ and similarly (5) 

From (5) ⇒ ܭܣܽ + ܭܤܾ + ܭܥܿ = ଶ௔௕௖
௔మା௕మା௖మ

(݉௔ + ݉௕ + ݉௖)   (6) 

But ݉௔ ≥
௕మା௖మ

ସோ
⇒ ݉௔ +݉௕ + ݉௖ ≥

௔మା௕మା௖మ

ଶோ
   (7) 

From (6) + (7) ⇒ ܭܣܽ + ܭܤܾ + ܭܥܿ ≥ ௔௕௖
ோ

= ସ௦ோ௥
ோ

= ݎݏ4 = 4ܵ  (8) 

From (1)+(4)+(8)⇒ 

ܫܣ)ܽ + (ܭܣ + ܫܤ)ܾ + (ܭܤ + ܫܥ)ܿ + (ܭܥ ≥ 4ܵ + 4ܵ = 8ܵ 

 

3.6 If ૙ < ܽ ≤ ܾ < ࣊
૞
	 then: 

࢔࢏࢙ ൬
(૝ࢇ+ ࣊(࢈

૞
൰࢔࢏࢙ ൬

+ࢇ) ૝࣊(࢈
૞

൰ ≤ ൬࢔࢏࢙
+ࢇ) ૝࣊(࢈

૞
൰࢔࢏࢙ ൬

(૝ࢇ+ ࣊(࢈
૜૞

൰ 

Daniel Sitaru 

Solution (Florentin Vișescu) 

0 < ܽ ≤ ܾ <
ߨ
5

 

݊݅ݏ ൬
(4ܽ + ߨ(ܾ

5
൰݊݅ݏ ൬

(ܽ + ߨ(4ܾ
5

൰

≤ ݊݅ݏ ൬
(ܽ + ߨ(4ܾ

5
൰݊݅ݏ ൬

(4ܽ + ߨ(ܾ
5

൰݊݅ݏ ൬
(4ܽ + ߨ(ܾ

35
൰ 

1
2
ቆܿݏ݋

(27ܽ + ߨ(3ܾ
35

− ݏ݋ܿ
(29ܽ + ߨ(11ܾ

35
ቇ ≤ 

1
2
൬ܿݏ݋

(3ܽ + ߨ(27ܾ
35

− ݏ݋ܿ
(11ܽ + ߨ(29ܾ

35
൰ ≤ 

ݏ݋ܿ
(27ܽ + ߨ(3ܾ

35
− ݏ݋ܿ

(29ܽ + ߨ(11ܾ
35

− ݏ݋ܿ
(3ܽ + ߨ(27ܾ

35
+ ݏ݋ܿ

(11ܽ + ߨ(29ܾ
35

≤ 0 

݊݅ݏ2− ∙
30(ܽ + ߨ(ܾ

70
݊݅ݏ

24(ܽ − ߨ(ܾ
70

− ݊݅ݏ2
30(ܽ + ߨ(ܾ

70
݊݅ݏ

18(ܾ − ܽ)
70

≤ 0 
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݊݅ݏ2−
30(ܽ + ߨ(ܾ

70
൬݊݅ݏ

24(ܽ − ߨ(ܾ
35

− ݊݅ݏ
18(ܽ − ߨ(ܾ

70
൰ ≤ 0 

݊݅ݏ2−
3(ܽ + ߨ(ܾ

7
൬݊݅ݏ

12(ܽ − ߨ(ܾ
35

− ݊݅ݏ
9(ܽ − ߨ(ܾ

35
൰ ≤ 0 

݊݅ݏ2−
3(ܽ + ߨ(ܾ

7
݊݅ݏ2

3(ܽ − ߨ(ܾ
70

ݏ݋ܿ
2(ܽ − ߨ(ܾ

70
≤ 0 

݊݅ݏ4−
3(ܽ + ߨ(ܾ

7
݊݅ݏ

3(ܽ − ߨ(ܾ
70

ݏ݋ܿ
3(ܽ − ߨ(ܾ

10
≤ 0 

0 < ܽ <
ߨ
5

, 0 < ܾ <
ߨ
5

, 0 < ܽ + ܾ <
ߨ2
5

 

0 <
3(ܽ + ߨ(ܾ

7
<

ߨ2
5
∙

ߨ3
7

=
ଶߨ6

35
<  ߨ

ܽ ≤ ܾ ⟹ ܽ − ܾ = 0	 ⟹
3(ܽ − ߨ(ܾ

10
≤ 0 

0 < ܽ <
ߨ
5

,−
ߨ
5

< −ܾ < 0, −
ߨ
5

< ܽ < −ܾ <
ߨ
5

 

−
ߨ
2

< −
ଶߨ3

50
<

3(ܽ − ߨ(ܾ
10

≤ 0, ߨ25−) < 25				ଶߨ3− >  (ସߨ3

−
ߨ
2

<
3(ܽ − ߨ(ܾ

70
≤ 0 

 

3.7 If in ∆࡯࡮࡭, ࡭࢔࢏࢙ + ࡮࢔࢏࢙ = ቀ࢔࢏࢙
૛࡭

࡭࢙࢕ࢉ
+ ࡮૛࢔࢏࢙

࡮࢙࢕ࢉ
ቁ ࢔ࢇ࢚ ࡯

૛
	then: 

૛ࢇ૛ࢉ࢓ࢇ࢓ + ࢇ࢓૛ࢉ
૛ ≤ (૛࢈࢓ +  ૛ࡾ૛(ࢉ࢓

Daniel Sitaru 

Solution (Tran Hong) 

݊݅ݏ ܣ + ܤ݊݅ݏ = ቆ
ܣଶ݊݅ݏ
ܣݏ݋ܿ

+
ܤଶ݊݅ݏ
ܤݏ݋ܿ

ቇ ݊ܽݐ
ܥ
2

… (∗) 

∴ ܤ,ܣ ≠
ߨ
2

 
If in ∆ܥܤܣ	݁ݐݑܿܽ	ݐℎ݁݊	ܿܣݏ݋, ܤݏ݋ܿ > 0 

ܣଶ݊݅ݏ
ܣݏ݋ܿ

+
ܤଶ݊݅ݏ
ܤݏ݋ܿ

≥⏞
஼஻ௌ ܣ݊݅ݏ) + ଶ(ܤ݊݅ݏ

ܣݏ݋ܿ + ܤݏ݋ܿ
 

⇒ (∗)ܵܪܴ ≥ ቆ
ܣ݊݅ݏ) + ଶ(ܤ݊݅ݏ

ܣݏ݋ܿ + ܤݏ݋ܿ
ቇ݊ܽݐ

ܥ
2

=
ݏ݋ܿ ቀܣ + ܤ

2 ቁ

݊݅ݏ ቀܣ + ܤ
2 ቁ

ܣ݊݅ݏ) + ଶ(ܤ݊݅ݏ

ܣݏ݋ܿ + ܤݏ݋ܿ
=⏞
(ଶ)

ܣ݊݅ݏ +  ܤ݊݅ݏ
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(2) is true.In fact, 

⇔
ܣݏ݋ܿ + ܤݏ݋ܿ
ܣ݊݅ݏ + ܤ݊݅ݏ

=
ݏ݋ܿ ቀܣ + ܤ

2 ቁ

݊݅ݏ ቀܣ + ܤ
2 ቁ

 

⇔
ݏ݋2ܿ ቀܣ + ܤ

2 ቁ ݏ݋ܿ ቀܣ − ܤ
2 ቁ

݊݅ݏ2 ቀܣ + ܤ
2 ቁ ݏ݋ܿ ቀܣ − ܤ

2 ቁ
=
ݏ݋ܿ ቀܣ + ܤ

2 ቁ

݊݅ݏ ቀܣ + ܤ
2 ቁ

 

൬∴ ,݁ݑݎݐ ݁ݐݑܿܽ	ܥܤܣ∆	݁ݏݑܾܽܿ݁ ⇒ −
ߨ
2

<
ܣ − ܤ

2
<
ߨ
2
⇒ ݏ݋ܿ ൬

ܣ − ܤ
2

൰ > 0൰ 

⇒ ܪܴ (ܵ∗) ≥ =	,(∗)ܵܪܮ ⇔ ܣ = ܤ ⇒ ܽ = ܾ 
Now, 

∴ ݉௔ = ඨ2ܾଶ + 2ܿଶ − ܽଶ

4
=
√ܽଶ + 2ܿଶ

2
 

∴ ݉௕ = ඨ2ܽଶ + 2ܿଶ − ܾଶ

4
=
√ܽଶ + 2ܿଶ

2
 

∴ ݉௖ = ඨ2ܽଶ + 2ܾଶ − ܿଶ

4
=
√4ܽଶ − ܿଶ

2
 

∴ ܴ =
ܾܽܿ
4ܵ

=
ܿܽଶ

ඥ(2ܽ + ܿ)(2ܽ − ܿ)ܿଶ
=

ܽଶ

√4ܽଶ − ܿଶ
 

So, inequality⇔ 

2ܽଶ ∙
√ܽଶ + 2ܿଶ

2
∙
√4ܽଶ − ܿଶ

2
+ ܿଶ

ܽଶ + 2ܿଶ

4

≤ ቆ2 ∙
√ܽଶ + 2ܿଶ

2
+
√4ܽଶ − ܿଶ

2
ቇ
ଶ

∙
ܽସ

4ܽଶ − ܿଶ
… (1) 

ݔ	ݐ݁ܮ = ඥܽଶ + 2ܿଶ; ݕ = ඥ4ܽଶ − ܿଶ	(݃݋݈ݓ, ܿ ;ܽ}ݔܽ݉− ܾ; ܿ}) 
⇒ ଶݔ = ܽଶ + 2ܿଶ; ଶݕ	 = 4ܽଶ − ܿଶ 

⇒ ܽଶ =
ଶݔ + ଶݕ2

9
; 	ܿଶ =

ଶݔ4 − ଶݕ

9
⇒ ݔ ≥  ݕ

(1) ⇔ 2ቆ
ଶݔ + ଶݕ2

9
ቇݕݔ + ቆ

ଶݔ4 − ଶݕ

9
ቇݔଶ ≤ ݔ2) + ଶ(ݕ ∙

ଶݔ) + ଶ)ଶݕ2

9ଶݕଶ
 

⇔ ଷݕଷݔ18 + ହݕݔ36 + ଶݕସݔ36 − ସݕଶݔ9
≤ ଺ݔ16 + ݕହݔ16 + ଶݕସݔ20 + ଷݕଷݔ16 + ସݕଶݔ8 +  ଺ݕହݔ4

⇔ ݔ) − ହݔ16)(ݕ + ݕସݔ32 + ଶݕଷݔ16 + ଷݕଶݔ14 + ସݕݔ31 − ହ)(అ)ݕ ≥ 0; 
Which is true because: ∴ ݔ ≥ ݕ > 0 ⇒ ݔ − ݕ ≥ 0 
⇒ ହݔ ≥ ହݕ ⇒ ହݔ16 > ହݕ ⇒ ହݔ16 − ହݕ > 0 ⇒ ߖ > 0 ⇒  .ℎݏ݅݊݅ܨ.݁ݑݎݐ(1)
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3.8 If in ∆(࡭∢)࢓,࡯࡮࡭ < ૢ૙° then: 

૜࢔࢏࢙
࡭
૛ ≤

૜૛ࢇ૜

൫√࢈ + ൯ࢉ√
૝

૝࢈√) + ૝ࢉ√ )૝
 

Daniel Sitaru 

Solution (Tran Hong) 

∴
ܽ

ܾ + ܿ
=

|ܽ|
|ܾ + ܿ| =

|ܣ݊݅ݏ2ܴ|
ܤ݊݅ݏ2ܴ| + |ܥ݊݅ݏ2ܴ =

|ܣ݊݅ݏ|
ܤ݊݅ݏ| +  |ܥ݊݅ݏ

=
ቚ22ܣ݊݅ݏ ݏ݋ܿ

ܣ
2ቚ

ቚ2݊݅ݏ ቀܣ + ܤ
2 ቁ ݏ݋ܿ ቀܣ − ܤ

2 ቁቚ
=⏞

௦௜௡஺ଶ௖௢௦
஺
ଶவ଴ ݊݅ݏ 2ܣ ݏ݋ܿ

ܣ
2

ݏ݋ܿ 2ܣ ቚܿݏ݋ ቀ
ܣ − ܤ

2 ቁቚ
 

0 < ฬܿݏ݋ ൬
ܣ − ܤ

2
൰ฬ ≤ 1

≥
0 < ܣ <

ߨ
2

݊݅ݏ
ܣ
2
⇒

ܽ
ܾ + ܿ

≥ ݊݅ݏ
ܣ
2

 

We just check: 
ܽଷ

(ܾ + ܿ)ଷ
≤

32ܽଷ

൫√ܾ + √ܿ൯
ସ

(√ܾర + √ܿర )ସ
 

⇔ ൫√ܾ + √ܿ൯
ସ

(√ܾర + √ܿర )ସ ≤ 32(ܾ + ܿ)ଷ 
రܾ√	ݐ݁ܮ = ;ݔ 	 √ܿర = ;ݔ)	ݕ ݕ > 0) ⇒ ܾ = ;ସݔ ܿ =  ସݕ

⇔ ଶݔ) + ݔ)ଶ)ସݕ + ସ(ݕ ≤ ସݔ)32 +  ସ)ଷݕ
ଵଶݔ)31 + (ଵଶݕ − ݕଵଵݔ)4 + (ଵଵݕݔ − ଶݕଵ଴ݔ)10 + (ଵ଴ݕଶݔ − ଷݕଽݔ)20 + (ଽݕଷݔ

+ ସݕ଼ݔ)65 + (଼ݕସݔ − ହݕ଻ݔ)40 + (଻ݕହݔ − ଺ݕ଺ݔ44 ≥ 0 
⇔ ݔ) − ଵ଴ݔ)ଶ[31(ݕ + (ଵ଴ݕ + ݕଽݔ)58 + (ଽݕݔ + ଷݕ଻ݔ)72 + (଻ݕଷݔ

+ ସݕ଺ݔ)134 + (଺ݕସݔ + [ହݕହݔ155 ≥ 0 
Which is clearly true.Equality for a=b. 
 

3.9 If 	࢞ ∈ ቂ૙, ࣊
૚૛
ቃ	then 

࢞૛૙૛࢙࢕ࢉ ≥ ࢞૚૙࢙࢕ࢉ ∙ (࢞૛)૚૞࢙࢕ࢉ ∙ (࢞૜)૞࢙࢕ࢉ ∙ (࢞૝)૟࢙࢕ࢉ ∙ ࢞૞࢙࢕ࢉ ∙  ࢞૟࢙࢕ࢉ

Daniel Sitaru 
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Solution (Tran Hong) 

∴ ݔ	݈݈ܽ	ݎ݋ܨ ∈ ቂ0,
ߨ

12
ቃ  	:݁ݒℎܽ	݁ݓ	

ݏ݋ܿ
ߨ

12
≤ ݔݏ݋ܿ ≤ 1 ⇒ ଶݏ݋ܿ

ߨ
12

≤ ݔଶݏ݋ܿ ≤ 1 ⇒ ߙ =
1
2

+
√3
4
≤ ݔଶݏ݋ܿ ≤ 1 

Now, we must show that: ∴ ݔ6ݏ݋ܿ ≤⏞
(ଵ)

ݔ	∀,ݔଷ଺ݏ݋ܿ ∈ ቂ0, గ
ଵଶ
ቃ ⇔ 

ݔ଺ݏ݋32ܿ − ݔସݏ݋48ܿ + ݔଶݏ݋18ܿ − 1 ≤  ݔଷ଺ݏ݋ܿ

⇔ ଵ଼ݐ − ଷݐ32 + ଶݐ48 − ݐ18 + 1 ≥ 0	(∴ ݐ = ,ݔଶݏ݋ܿ ݐ ∈ [0,1]) 

⇔ ݐ) − 1)ଶ(ݐଵ଺ + ଵହݐ2 + ଵସݐ3 + ଵଷݐ4 + ଵଶݐ5 + ଵଵݐ6 + ଵ଴ݐ7 + ଽݐ8 + ଼ݐ9

+ ଻ݐ10 + ଺ݐ11 + ହݐ12 + ସݐ13 + ଷݐ14 + ଶݐ15 − ݐ16

+ 1)≥⏟ 0;
(అ)

 

Which is true because: ∴ ݐ) − 1)ଶ ≥ 0 

∴ ݐ ∈ ,ߙ] 1] ⇒ ߖ ≥ 22 − 16 = 6 > 0 ⇒  .݁ݑݎݐ(1)

∴ ݔ5ݏ݋ܿ ≤⏞
(ଶ)

,ݔଶହݏ݋ܿ ݔ ∈ ቂ0,
ߨ

12
ቃ 

ݔହݏ݋16ܿ − ݔଷݏ݋20ܿ + ݔݏ݋5ܿ ≤  ݔଶହݏ݋ܿ

⇔ ଶହݐ − ହݐ16 + ଷݐ20 − ݐ5 ≥ 0	(∴ ݐ = ݔݏ݋ܿ ∈ ,ߙ] 1]) 

⇔ ݐ)ݐ − 1)ଶ(ݐ + 1)ଶ(ݐଶ଴ + ଵ଼ݐ2 + ଵ଺ݐ3 + ଵସݐ4 + ଵଶݐ5 + ଵ଴ݐ6 + ଼ݐ7 + ଺ݐ8

+ ସݐ9 + ଶݐ10 − 5) ≥⏟
(ః)

0 

Which is true because: ݐ)ݐ − 1)ଶ(ݐ + 1)ଶ ≥ ݐ∀,0 ∈ ,ߙ] 1] ⇒ ߔ > 12 − 7 > 0 

∴ ݔ4ݏ݋ܿ ≤⏞
(ଷ)

ݔ∀,ݔଵ଺ݏ݋ܿ ∈ ,ߙ] 1] 

⇔ ݔସݏ݋8ܿ − ݔଶݏ݋8ܿ + 1 ≤  ݔଵ଺ݏ݋ܿ

⇔ ଼ݐ − ଶݐ8 + ݐ8 − 1 ≥ 0, (∴ ݐ = ݔݏ݋ܿ ∈ ,ߙ] 1]) 

⇔ ݐ) − 1)ଶ(ݐ଺ + ହݐ2 + ସݐ3 + ଷݐ4 + ଶݐ5 + ݐ6 − 1) ≥ 0 

Which is true because: (ݐ − 1)ଶ ≥ 0 
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଺ݐ + ହݐ2 + ସݐ3 + ଷݐ4 + ଶݐ5 + ݐ6 − 1 ≥ 17 − 1 = 16 > 0 

∴ ݔ3ݏ݋ܿ ≤⏞
(ସ)

ݔ∀,ݔଽݏ݋ܿ ∈ ቂ0,
ߨ

12
ቃ 

⇔ ݔଷݏ݋4ܿ − ݔݏ݋3ܿ ≤  ݔଽݏ݋ܿ

⇔ ଽݐ − ଷݐ4 + ݐ3 ≥ 0 ⇔ ݐ)ݐ − 1)ଶ(ݐ + 1)ଶ(ݐସ + ଶݐ2 + 3) ≥ 0 

Which is clearly true because: ߙ ≤ ݐ ≤ 1. 

∴ ݔ2ݏ݋ܿ ≤⏞
(ହ)

ݔ∀,ݔସݏ݋ܿ ∈ ቂ0,
ߨ

12
ቃ 

⇔ ݔସݏ݋ܿ − ݔଶݏ݋2ܿ + 1 ≥ 0 ⇔ ଶݐ − ݐ2 + 1 ≥ 0 

	(∴ ݐ = (ݔଶݏ݋ܿ ⇔ ݐ) − 1)ଶ ≥ 0 

Which is clearly true for all ݔ ∈ ቂ0, గ
ଵଶ
ቃ. By (1),(2),(3),(4),(5) we have: 

ݔଵ଴ݏ݋ܿ ∙ (ݔ2)ଵହݏ݋ܿ ∙ (ݔ3)ହݏ݋ܿ ∙ (ݔ4)଺ݏ݋ܿ ∙ ݔ5ݏ݋ܿ ∙ ݔ6ݏ݋ܿ

≤ ݔଵ଴ݏ݋ܿ ∙ ݔ଺଴ݏ݋ܿ ∙ ݔସହݏ݋ܿ ∙ ݔଽ଺ݏ݋ܿ ∙ ݔଶହݏ݋ܿ ∙ ݔଷ଺ݏ݋ܿ

= ݔଶ଻ଶݏ݋ܿ = ݔଶ଴ଶݏ݋ܿ ∙ ݔ଻଴ݏ݋ܿ ≤⏞
ఈஸ௖௢௦௫ஸଵ

,ݔଶ଴ଶݏ݋ܿ ݔ ∈ ቂ0,
ߨ

12
ቃ 

Proved. Equality for cosx=1⇔x=0 

3.10 In ∆࡯࡮࡭ the following relationship holds: 

૜(ࢇ૛ + ૛࢈ + (૛ࢉ + ૝(ࢇࢎ૛ + ૛࢈ࢎ + (૛ࢉࢎ ≥ ૛૝√૜ࡿ 

Daniel Sitaru 

Solution (Ravi Prakash) 

1
2
ܽℎ௔ = ܵ ⇒ ℎ௔ =

2ܵ
ܽ

 

3ܽଶ + 4ℎ௔ଶ = 3ܽଶ +
16ܵଶ

ܽଶ
≥ 2ඨ3ܽଶ ∙

16ܵଶ

ܽଶ
= 8√3ܵ 

Similarly, write other two expressions and add. 
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3.11 If 	࢈,ࢇ > 0, ܽ + ܾ ∈ ቀ૚
࣊

, ૛
࣊
ቁ,	then: 

ࢇࢇ ∙ ࢈࢈ ∙ ൬૚ + ࢙࢕ࢉ
૚
ࢇ
൰
ࢇ

∙ ൬૚+ ࢙࢕ࢉ
૚
࢈
൰
࢈

≤ ቆࢇ൬૚ + ࢙࢕ࢉ
૚
ࢇ
൰ + ࢈ ൬૚+ ࢙࢕ࢉ

૚
࢈
൰ቇ

࢈ାࢇ

 

Florică Anastase 

Solution: 

:݂:ݐ݁ܮ  ቀగ
ଶ

ቁߨ, → (ݔ)݂,ࡾ = ቀ݃݋݈ ௫
ଵା௖௢௦௫

ቁ ,݂ᇱ(ݔ) = ଵ
௫

+ ௦௜௡௫
ଵା௖௢௦௫

,	 

݂ᇱᇱ(ݔ) =
ଶݔ − ݔݏ݋ܿ − 1
ଶ(1ݔ + (ݔݏ݋ܿ

 

:ℎ	ݐ݁ܮ ቀ
ߨ
2

ቁߨ, → (ݔ)ℎ,ࡾ = ଶݔ − ݔݏ݋ܿ − 1,ℎᇱ(ݔ) = ݔ2 + ݔ݊݅ݏ > 0 → ℎ(ݔ)

> ℎ ቀ
ߨ
2
ቁ = ߨ + 1 > 0 → ݂ᇱᇱ(ݔ) > ݔ∀,0 ∈ ቀ

ߨ
2

ቁߨ,

→ ݕݐ݈݅ܽݑݍ݁݊݅	݊݁ݏ݊݁ܬ	݉݋ݎܨ.ݔ݁ݒ݊݋ܿ	ݏ݅	݂ → 

݂ ൬
1

ܽ + ܾ
൰ = ݂ ൬

ܽ
ܽ + ܾ

∙
1
ܽ

+
ܾ

ܽ + ܾ
∙

1
ܾ
൰ ≤

݂ܽ ቀ1
ܽቁ+ ܾ݂ ቀ1

ܾቁ

ܽ + ܾ
↔ 

ቌ݃݋݈
1

(ܽ + ܾ) ∙ (1 + ݏ݋ܿ ቀ 1
ܽ+ ܾቁ

ቍ ≤

ܽ ∙ ݃݋݈ ቌ 1
ܽ(1 + ݏ݋ܿ 1

ܽ
ቍ+ ܾ ∙ ቌ݃݋݈ 1

ܾ(1 + ݏ݋ܿ 1
ܾ
ቍ

ܽ + ܾ  

ܽ௔ ∙ ܾ௕ ∙ ൬1 + ݏ݋ܿ
1
ܽ
൰
௔

∙ ൬1 + ݏ݋ܿ
1
ܾ
൰
௕

≤ (ܽ + ܾ) ∙ ቆ(1 + ݏ݋ܿ ൬
1

ܽ + ܾ
൰ቇ

௔ା௕

≤⏞
௖௢௦௫ି௖௢௡௩௘௫௘

 

≤ ቆܽ ൬1 + ݏ݋ܿ
1
ܽ
൰ + ܾ ൬1 + ݏ݋ܿ

1
ܾ
൰ቇ

௔ା௕

 

3.12 Let ࡯′࡮′࡭′ be the intouch triangle of ∆࡯࡮࡭. Prove that: 

ᇱ࡮ᇱ࡭ + ᇱ࡯ᇱ࡮ + ᇱ࡭ᇱ࡯ ≤
࢈ࢇ√ + ࢉ࢈√ + ࢇࢉ√

૛ <  ݏ

 

 Marian Ursărescu 
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Solution (Tran Hong) 

In ∆ܣᇱܤᇱܥᇱ: 

ᇱଶܥᇱܤ = ݏ) − ܽ)ଶ + ݏ) − ܽ)ଶ − ݏ)2 − ܽ)ଶܿܣݏ݋ 

= ݏ)2 − ܽ)ଶ − ݏ)2 − ܽ)ଶܿܣݏ݋ 

= ݏ)2 − ܽ)ଶ(1 − (ܣݏ݋ܿ = ݏ)4 − ܽ)ଶ݊݅ݏଶ ஺
ଶ

  then  

ᇱܥᇱܤ  = ݏ)2 − ݊݅ݏ(ܽ ஺
ଶ

 

Similary:  ܣᇱܤᇱ = ݏ)2 − ݊݅ݏ(ܿ ஼
ଶ

ᇱܥᇱܣ; = ݏ)2 − ݊݅ݏ(ܾ ஻
ଶ

 then 

ᇱܤᇱܣ + ᇱܥᇱܤ + ᇱܣᇱܥ = 2ቆ(ݏ − ݊݅ݏ(ܽ
ܣ
2

+ ݏ) − ݊݅ݏ(ܿ
ܥ
2

+ ݏ) − ݊݅ݏ(ܾ
ܤ
2
ቇ 

= 2ቌ
ݎ

݊ܽݐ 2ܣ
∙ ݊݅ݏ

ܣ
2

+
ݎ

݊ܽݐ 2ܤ
∙ ݊݅ݏ

ܤ
2

+
ݎ

2ܥ݊ܽݐ
∙ ݊݅ݏ

ܥ
2
ቍ 

= ݎ2 ൬ܿݏ݋
ܣ
2

+ ݏ݋ܿ
ܤ
2

+ ݏ݋ܿ
ܥ
2
൰ ≥⏞
௃௘௡௦௘௡

ݎ2 ∙
3√3

2
= 3√3 ∙  ݎ

√ܾܽ + √ܾܿ + √ܿܽ
2

≥⏞
஺௠ିீ 3√3య

2
=

యݏݎ4ܴ√3

2
 

So, we need to prove: 

 ଷ √ସோ௥௦
య

ଶ
≥ 	3√3 ∙ ݎ ⇔ యݏݎ4ܴ√ ≥	√3 ∙ ݎ ⇔ ݏܴ ≥ 6√3 ∙  ଶݎ

Which is true because ൜ ܴ ≥ ݎ2
ݏ ≥ 3√3 ∙ ݎ

⇒ ݏܴ	 ≥ 6√3 ∙  ଶݎ

Hence ܣᇱܤᇱ + ᇱܥᇱܤ + ᇱܣᇱܥ ≤ √௔௕ା√௕௖ା√௖௔
ଶ

 

Lastly, using inequality: ܺଶ + ܻଶ + ܼଶ ≥ ܻܺ + ܻܼ + ܼܺ 

Choose ܺ = √ܽ,ܻ = √ܾ,ܼ = √ܿ ⇒ √௔௕ା√௕௖ା√௖௔
ଶ

≤ ௔ା௕ା௖
ଶ

= ଶ௦
௦

=  .Proved.ݏ

3.13 In ∆࡯࡮࡭,Г −is Gergonne point, ࡹ࡯,ࡺ࡮ −simedians from 

ࡺ,Г,࡮ Prove that the points.࡯,࡮ −are collinear if only if   ࢈࢘
૛࢈

+ ࢉ࢘
૛ࢉ

= ࢇ࢘
૛ࢇ

. 

Marian Ursărescu 
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Solution: From tranversal theorem we have: 

,ܤ Г,ܰ −are collinear if only if ெ஻
ெ஺

∙ ଵ
௦ି௕

+ ே஼
ே஺

∙ ଵ
௦ି௖

= ଵ
௦ି௔

			(1) 

From Steiner theorem we have: 

ெ஺
ெ஻

= ቀ஻஼
஺஼
ቁ
ଶ

= ௔మ

௕మ
 and ே஼

ே஺
= ቀ஻஼

஺஻
ቁ
ଶ

= ௔మ

௖మ
			(2)  

From (1)+(2) we have: ௔మ

௕మ(௦ି௕)
+ ௔మ

௖మ(௦ି௖)
= ଵ

௦ି௔
 

1
ܾଶ(ݏ − ܾ)

+
1

ܿଶ(ݏ − ܿ)
=

1
ܽଶ(ݏ − ܽ)

 

But: ݎ௔ = ௌ
௦ି௔

⇒ ݏ − ܽ = ௌ
௥ೌ

, and analogs ݏ − ܾ = ௌ
௥್

; ݏ	 − ܿ = ௌ
௥೎

 

So, ௥್
௕మ

+ ௥೎
௖మ

= ௥ೌ
௔మ

 

 

3.14 In ∆ࡲ࡯,ࡱ࡮,ࡰ࡭,࡯࡮࡭ −medians, ࡳ −centroid; ࡹ࡭ =  ,ࡳࡹ

ࡹ ∈  ;(ࡳ࡭)

૛࡭࢚࢕ࢉ = ࡮࢚࢕ࢉ +  ࡯࢚࢕ࢉ

Prove that: ࡲࡹࡱࡰ is a cyclic quadrilateral. 

Marian Ursărescu 

Solution (Daniel Văcaru) 

We have: 2ܿܣݐ݋ = ܤݐ݋ܿ +  ܥݐ݋ܿ

⇒
ܣݏ݋2ܿ
ܣ݊݅ݏ

=
ܤݏ݋ܿ
ܤ݊݅ݏ

+
ܥݏ݋ܿ
ܥ݊݅ݏ

⇒
ܣݏ݋2ܿ
ܣ݊݅ݏ

=
ܤ)݊݅ݏ + (ܥ
ܥ݊݅ݏܤ݊݅ݏ

⇒ ܣ݊݅ݏ2 ∙ ܤ݊݅ݏ ∙ ܥ݊݅ݏ

=  ܣଶ݊݅ݏ

⇒ ܣݏ݋2ܾܿܿ = ܽଶ ⇒ ܾଶ + ܿଶ = 2ܽଶ 

For ܨܯܧܦ is a cyclic quadrilateral it suffices to prove that: 

ܨܯ ∙ ܧܦ ܧܯ+ ∙ ܦܨ = ܧܨ ∙ ܦܯ ⇒ 2݉௔ = ݉௕ ∙ ܾ + ݉௖ ∙ ܿ 

But  4݉௕
ଶ = 2(ܽଶ + ܿଶ) − ܾଶ = 2ܽଶ + 2ܿଶ − ܾଶ = 3ܿଶ ⇒ ݉௕ = ௖√ଷ

ଶ
,	 
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݉௖ =
ܾ√3

2
, 

4݉௔
ଶ = 2(ܾଶ + ܿଶ) − ܽଶ 	⇒ ݉௔ =

ܽ√3
2

 

It follows ݉௕ ∙ ܾ +݉௖ ∙ ܿ = ܾ ∙ ቀ௖√ଷ
ଶ
ቁ
ଶ

+ ܿ ∙ ቀ௕√ଷ
ଶ
ቁ
ଶ

= ൫௕మା௖మ൯√ଷ
ଶ

= ଶ௔మ√ଷ
ଶ

=

ܽଶ√3 = 2݉௔ ∙ ܽ 

 

3.15 In ઢ࡯࡮࡭ the following relationship holds: 

࡭ࢇ
ࢇ + ࡭ +

࡮࢈
࢈ + ࡮ +

࡯ࢉ
ࢉ + ࡯ ≤

૛࢙࣊
૛࢙ +  ࣊

Daniel Sitaru  

Solution:  By Milne’s inequality: 

ܣܽ
ܽ + ܣ

+
ܤܾ
ܾ + ܤ

+
ܥܿ
ܿ + ܥ

≤
(ܽ + ܾ + ܣ)(ܿ + ܤ + (ܥ
ܽ + ܾ + ܿ + ܣ + ܤ + ܥ

=
ߨݏ2

ݏ2 + ߨ
 

 

3.16 If in ઢ(࡭∢)࢓;࡯࡮࡭ < ࣊
૛

 then: 

૜ܖܑܛ
࡭
૛ ≤

૜૛ࢇ૜

൫√࢈ + ൯ࢉ√
૝
൫√࢈૝ + ૝ࢉ√ ൯

૝ 

Daniel Sitaru  

Solution: By Bailey’s inequality: 

2௧ିଵ ௧݊݅ݏ
ܣ
2
≤

ܽ௧

ܾ௧ + ܿ௧
; ݐ ∈ (0,1) 

For ݐ = ଵ
ଶ

; ݐ = ଵ
ଶ
 we obtain: 

2ି
ଵ
ଶ ݊݅ݏ

ଵ
ଶ
ܣ
2
≤

ܽ
ଵ
ଶ

√ܾ + √ܿ
; 2ି

ଷ
ସ ݊݅ݏ

ଵ
ସ
ܣ
2
≤

ܽ
ଵ
ସ

√ܾర + √ܿర  

2ିଶ ଶ݊݅ݏ ஺
ଶ
≤ ௔మ

൫√௕ା√௖൯
ర   (1) 
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2ିଷ ݊݅ݏ ஺
ଶ
≤ ௔

ቀ √௕ర ା √௖ర ቁ
ర  (2) 

By multiplying (1); (2): 

2ିହ ଷ݊݅ݏ
ܣ
2
≤

ܽଷ

൫√ܾ + √ܿ൯
ସ
൫√ܾర + √ܿర ൯

ସ 

ଷ݊݅ݏ
ܣ
2
≤

32ܽଷ

൫√ܾ + √ܿ൯
ସ
൫√ܾర + √ܿర ൯

ସ 

Equality holds for ܽ = ܾ = ܿ. 

 

3.17 In ∆࡯࡮࡭	the following relationship holds: 

૜(ࢇ૜ + ૜࢈ + ૡࢉ࢓
૜ + ૟ࢉ࢓࢈ࢇ) ≤ ૛(ࢇ + ࢈ + ૛ࢉ࢓)(૜ࢇ૛ + ૜࢈૛ −  (૛ࢉ

When equality holds? 

Daniel Sitaru 

Solution (Tran Hong) 

3ܽଶ + 3ܾଶ − ܿଶ = (ܽଶ + ܾଶ) + (2ܽଶ + 2ܾଶ − ܿଶ) 

= (ܽଶ + ܾଶ) + 4݉௖
ଶ 

ܵܪܴ = 2(ܽ + ܾ + 2݉௖)(ܽଶ + ܾଶ + 4݉௖
ଶ) 

Now, we just check 

2(ܽ + ܾ + 2݉௖)(ܽଶ + ܾଶ + 4݉௖
ଶ) ≥ 3(ܽଷ + ܾଷ + 8݉௖

ଷ + 6ܾܽ݉௖) 

In ∆ܥܥܣᇱ:ܥܥᇱ = 2݉௔;ܥܣ = ᇱܥܣ;ܾ = ܽ. 

Let: ܽ = ߙ + ;ߚ ܾ = ߚ + ;ߛ 2݉௔ = ߛ + ,ߚ,ߙ)				ߙ ߛ > 0) 

⇔ ଷߙ)2 + ଷߚ + ଷߛ + (ߛߚߙ3 ≥ 2൫ߙ)ߚߙ + (ߚ + ߚ)ߛߚ + (ߛ + ߛ)ߙߛ +  ൯(ߙ

ଷߙ + ଷߚ + ଷߛ + ߛߚߙ3 ≤ ߙ)ߚߙ + (ߚ + ߚ)ߛߚ + (ߛ + ߛ)ߙߛ +  (ߙ

Which is true Schur’s inequality. 

Equality⇔ܽ = ܾ = 2݉௖ ⇔ ܽଶ = ܾଶ = 4݉௖
ଶ 

ܽଶ = ܾଶ = 2ܽଶ + 2ܾଶ − ܿଶ 
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⇔ ቄ ܽ = ܾ
4ܽଶ − ܿଶ = ܽଶ ⇔

ቄ ܽ = ܿ
3ܽଶ = ܿଶ ⇔ ܽ = ܾ = ܿ√3 

 

3.18 In ∆࡯′࡮′࡭∆,࡯࡮࡭′ the following relationship holds: 

૚ૢ૛√૜
+ࢇ) ࢈)(ᇱࢇ + ࢉ)(ᇱ࢈ + (ᇱࢉ ≤

૚
૜࢘ +

૚
 ૜′࢘

Daniel Sitaru 

Solution (Tran Hong) 

192√3
(ܽ + ܽᇱ)(ܾ + ܾᇱ)(ܿ + ܿᇱ)

≤
1
ଷݎ

+
1
ଷ′ݎ

 

1
ଷݎ

+
1
ଷ′ݎ

≥⏞
஺௠ିீ௠

2ඨ
1

ଷ(ᇱݎݎ)
 

We need to prove:  

192√3
(ܽ + ܽᇱ)(ܾ + ܾᇱ)(ܿ + ܿᇱ)

≤ 2ඨ
1

ଷ(ᇱݎݎ)

⇔ (ܽ + ܽᇱ)(ܾ + ܾᇱ)(ܿ + ܿᇱ) ≥⏞
஺௠ିீ௠

96ඥ3(ݎݎᇱ)ଷ 

But: (ܽ + ܽᇱ)(ܾ + ܾᇱ)(ܿ + ܿᇱ) ≥⏞
஺௠ିீ௠

8√ܾܽܿ ∙ ܽ′ܾ′ܿ′ 

So, we just check: 8√ܾܽܿ ∙ ܽᇱܾᇱܿᇱ ≥ 	96ඥ(ݎݎᇱ)ଷ 

⇔ √ܾܽܿ ∙ ܽᇱܾᇱܿᇱ ≥ 	12ඥ3(ݎݎᇱ)ଷ ⇔ ܾܽܿ ∙ ܽᇱܾᇱܿᇱ ≥  ଷ(ᇱݎݎ)432

⇔ (ݏݎ4ܴ) ∙ (4ܴᇱݎᇱݏᇱ) ≥ ଷ(ᇱݎݎ)432 ⇔ ᇱݏᇱܴݏܴ ≥ 27 ∙  (∗)		ᇱଶݎଶݎ

Which is clearly true because : 

ܴ ≥
2

3√3
ݏ ⇒ ݏܴ ≥

2
3√3

ଶݏ ≥
2

3√3
∙ ଶݎ27 = 2 ∙  (1)				ଶݎ3√3

ܴᇱ ≥
2

3√3
ᇱݏ ⇒ ܴᇱݏᇱ ≥

2
3√3

ᇱଶݏ ≥
2

3√3
∙ ᇱଶݎ27 = 2 ∙  (2)				ᇱଶݎ3√3

(ଵ),(ଶ)
ሳልልልሰ ݏܴ ∙ ܴᇱݏᇱ ≥ 4 ∙ 27 ∙ ᇱଶݎଶݎ ≥ ᇱଶݎଶݎ27 ⇒ (∗) is true.Proved. 
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3.19 In ∆࡯࡮࡭ the following relationship holds: 

෍
−࢙ ࢈
࢙ − ࢉ + ࢙ − ࢉ

࢙ − ࢇ + ቀ࢙ − ࢇ
࢙ − ቁ࢈

૜

ቀ࢙ − ࢈
࢙ − ቁࢉ

ૢ
+ ቀ࢙ − ࢉ

࢙ − ቁࢇ
ૢ

+ ࢙ − ࢈
࢙ − ࢉ࢟ࢉࢇ

≤෍൬
࢙ − ࢈
࢙ − ൰ࢇ

૝

ࢉ࢟ࢉ

 

Daniel Sitaru 

Solution (Tran Hong) 

෍
−ݏ ܾ
ݏ − ܿ + ݏ − ܿ

ݏ − ܽ + ቀݏ − ܽ
ݏ − ܾቁ

ଷ

ቀݏ − ܾ
ݏ − ܿቁ

ଽ
+ ቀݏ − ܿ

ݏ − ܽቁ
ଽ

+ ݏ − ܾ
ݏ − ܽ௖௬௖

≤෍൬
ݏ − ܾ
ݏ − ܽ

൰
ସ

௖௬௖

			(∗) 

Let: ݔ = ௦ି௔
௦ି௕

; ݕ = ௦ି௕
௦ି௖

; ݖ = ௦ି௖
௦ି௔

⇒ ݖݕݔ = 1 then 

(∗) ⇔ ∑ ௫యା௬ା௭
௬వା௭వାభೣ

௖௬௖ ≤ ∑ ସ௖௬௖ݔ   

We have: ݕଽ + ଽݖ ≥ ݕ)ସ(ݖݕ) + (ݖ =⏞
௫௬௭ୀଵ

௬ା௭
௫ర

⇒  

ଽݕ + ଽݖ + ଵ
௫
≥ ௬ା௭

௫ర
+ ଵ

௫
= ௬ା௭ା௫య

௫ర
⇒  

∑ ௫యା௬ା௭
௬వା௭వାభೣ

௖௬௖ ≤ ∑ ௬ା௭ା௫య
೤శ೥శೣయ

ೣర
௖௬௖ = ∑ ସ௖௬௖ݔ ⇒ (1) is true. 

Lastly, we will to prove:  ݔଽ + ଽݕ ≥ ݔ)ସ(ݕݔ) + ݕ,ݔ∀,(ݕ > 0 

⇔ ଽݔ + ଽݕ ≥ ସݕହݔ + ݕ,ݔ∀,ହݕସݔ > 0 

⇔ ସݔ)ହݔ − (ସݕ + ସݔ)ହݕ − (ସݕ ≥ ݕ,ݔ∀,0 > 0 

⇔ ସݔ) − ହݔ)(ସݕ − (ହݕ ≥ ݕ,ݔ∀,0 > 0 

⇔ ݔ) − ݔ)ଶ(ݕ + ଶݔ)(ݕ + ସݔ)(ଶݕ + ݕଷݔ + ଶݕଶݔ + ଷݕݔ + (ସݕ ≥ 0 

Equality⇔ ݔ = ݕ = ݖ = 1 ⇔ ݏ − ܽ = ݏ − ܾ = ݏ − ܿ ⇔ ܽ = ܾ = ܿ 

3.20 In ∆࡯࡮࡭ the following relationship holds: 

෍
൫ࢇ࢘૛ + ૛࢈࢘ + ૛ࢉ࢘ + ૛࢈࢘ࢇ࢘ + ૛ࢉ࢘ࢇ࢘൯ࢇ૛

ࢉ࢟ࢉࢉ࢘࢈࢘

≥ ૛ૡ√૜ࡿ 

 Daniel Sitaru 
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Solution (Tran Hong): For all ݕ,ݔ, ݖ > 0, in any ∆ܥܤܣ: 

ଶܽݔ + ଶܾݕ + ଶܿݖ ≥ 4ඥݕݔ + ݖݕ + ݔݖ ∙ ܵ 

Choosing  

ݔ =
∑ ௔ଶݎ + ௕ݎ)௔ݎ2 + ௖)௖௬௖ݎ

௖ݎ௕ݎ
; ݕ	 =

∑ ௔ଶݎ + ௕ݎ)௖ݎ2 + ௔)௖௬௖ݎ

௔ݎ௕ݎ
; 

ݖ =
∑ ௔ଶݎ + ௔ݎ)௕ݎ2 + ௖)௖௬௖ݎ

௖ݎ௔ݎ
 

We must show that: 4ඥݕݔ + ݖݕ + ݔݖ ≥ 28√3 ⇔ ݕݔ + ݖݕ + ݔݖ ≥ 147; 		(∗) 

Let: ߙ = ;௔ݎ ߚ	 = ߛ;௕ݎ = ௖ݎ → ,ߚ,ߙ ߛ > 0 

(∗) ↔෍ቆ
ߙ) + ߚ + ଶ(ߛ − ߛߚ2

ߛߚ
ቇቆ

ߙ) + ߚ + ଶ(ߛ − ߚߙ2
ߚߙ

ቇ
௖௬௖

≥ 147 

↔෍[ߙ))ߛߙ + ߚ + ଶ(ߛ − ߙ))(ߛߚ2 + ߚ + ଶ(ߛ − [(ߚߙ2
௖௬௖

≥  ଶ(ߛߚߙ)147

௞ୀఈାఉାఊ
ሯልልልልልሰ෍[ߛߙ(݇ଶ − ଶ݇)(ߛߚ2 − [(ߚߙ2

௖௬௖

≥  ଶ(ߛߚߙ)147

↔෍[ߚߙ(݇ସ − ߙ)ߚ2 + ଶ݇(ߛ + [ଶߚߛߙ4
௖௬௖

≥  ଶ(ߛߚߙ)147

↔ ߚߙ) + ߛߚ + ସ݇(ߙߛ − ଷ݇ߛߚߙ4 + ଶ(ߛߚߙ)12 ≥  ଶ(ߛߚߙ)147

↔ ݇ଷ[(ߚߙ + ߛߚ + ݇(ߙߛ − [ߛߚߙ4 ≥ ;ଶ(ߛߚߙ)135 		(∗) 

݇ଷ = ߙ) + ߚ + ଷ(ߛ ≥
஺௠ିீ௠

 ߛߚߙ27

ߚߙ) + ߛߚ + ߙ)(ߙߛ + ߚ + (ߛ ≥
஺௠ିீ௠

3 ∙ ඥ(ߛߚߙ)ଶయ ∙ 3 ∙ ඥߛߚߙయ =  ߛߚߙ9

→ ߚߙ) + ߛߚ + ߙ)(ߙߛ + ߚ + (ߛ − ߛߚߙ4 ≥ ߛߚߙ9 − ߛߚߙ4 =  ߛߚߙ5

→ (∗)ܵܪܮ ≥ ߛߚߙ27 ∙ ߛߚߙ5 = ଶ(ߛߚߙ)135 → (∗) is true.Proved. 

3.21 In acute ∆ABC the following relationship holds: 

࢙
૜

࡭࢙࢕ࢉ) + ࡮࢙࢕ࢉ + (࡯࢙࢕ࢉ ≥
ࡿ
 ࡾ

Florică Anastase 
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Solution: 

ܽ	݂ܫ ≥ ܾ ≥ ܿ	 ⇒ ൝ ܣ ≥ ܤ ≥ ܥ
ܣݏ݋ܿ ≤ ܤݏ݋ܿ ≤ ܥݏ݋ܿ ⇒⏞

஼௛௘௕௬௦௛௘௩

 

ݏ
3

ܣݏ݋ܿ) + ܤݏ݋ܿ + (ܥݏ݋ܿ =
ܽ + ܾ + ܿ

6
∙ ܣݏ݋ܿ) + ܤݏ݋ܿ + (ܥݏ݋ܿ

≥
ܣݏ݋ܿܽ + ܤݏ݋ܾܿ + ܥݏ݋ܿܿ

2
= 

=
ܴ
2

ܣݏ݋ܿܣ݊݅ݏ2) + ܤݏ݋ܿܤ݊݅ݏ2 + (ܥݏ݋ܿܥ݊݅ݏ2 = 

ܴ
2

ܣ2݊݅ݏ) + ܤ2݊݅ݏ + (ܥ2݊݅ݏ =
ܾܽܿ
4ܴଶ

=
ܵ
ܴ

 

 

3.22 In ∆࡭࡭;࡯࡮࡭૚,࡮࡮૚,࡯࡯૚ −internal bisectors and ࡭૛࡮૛࡯૛ the 

circumcevian triangle of incenter.Prove that: 

ቀ
࢘
ቁࡾ

૛
≤

[૚࡯૚࡮૚࡭]
[૛࡯૛࡮૛࡭] ≤

૚
૝ 

Marian Ursărescu 

Solution (Marian Dincă) 

[ଵܥଵܤଵܣ] =
2ܾܽܿ

(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)
∙ [ܥܤܣ]

=
2ܾܽܿ

(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)
∙ 2ܴଶܥ݊݅ݏܤ݊݅ݏܣ݊݅ݏ 

ଶܣ∢ =
ܤ + ܥ

2
ଶܤ∢; =

ܣ + ܥ
2

ଶܥ∢; =
ܣ + ܤ

2
 

[ଶܥଶܤଶܣ] = 2ܴଶ݊݅ݏ ൬
ܤ + ܥ

2
൰ ݊݅ݏ ൬

ܣ + ܥ
2

൰ ݊݅ݏ ൬
ܣ + ܤ

2
൰ 

[ଵܥଵܤଵܣ]
[ଶܥଶܤଶܣ] =

2ܾܽܿ
(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) ∙ 2ܴଶܥ݊݅ݏܤ݊݅ݏܣ݊݅ݏ

2ܴଶ݊݅ݏ ቀܤ + ܥ
2 ቁ݊݅ݏ ቀܣ + ܥ

2 ቁ ݊݅ݏ ቀܣ + ܤ
2 ቁ
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ܤ݊݅ݏܣ݊݅ݏ ≤ ଶ݊݅ݏ ൬
ܣ + ܤ

2
൰ ⇔ ܤ)ݏ݋ܿ − (ܣ − ܣ)ݏ݋ܿ + (ܤ ≤ 1 − ܣ)ݏ݋ܿ + (ܤ

⇔ ܣ)	ݏ݋ܿ − (ܤ ≤ 1 

:ݕ݈ݎ݈ܽ݅݉݅ܵ ܤ݊݅ݏܥ݊݅ݏ ≤ ଶ݊݅ݏ ൬
ܥ + ܤ

2
൰ ܥ݊݅ݏܣ݊݅ݏ	݀݊ܽ	 ≤ ଶ݊݅ݏ ൬

ܣ + ܥ
2

൰ 

Multiplying the three inequalities and then extracting the square root we 

obtain the inequality: 

ܥ݊݅ݏܤ݊݅ݏܣ݊݅ݏ ≤ ݊݅ݏ ൬
ܤ + ܥ

2
൰ ݊݅ݏ ൬

ܣ + ܥ
2

൰ ݊݅ݏ ൬
ܣ + ܤ

2
൰ 

And use Am-Gm result: 

(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) ≥  (ݕݐ݈݅ܽݑݍ݁݊݅	݋ݎܽݏ݁ܥ)8ܾܽܿ

We obtain: 
[ଵܥଵܤଵܣ]
[ଶܥଶܤଶܣ] ≤

1
4

 

[ଵܥଵܤଵܣ]
[ଶܥଶܤଶܣ] =

2ܾܽܿ
(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) ∙ 2ܴଶܥ݊݅ݏܤ݊݅ݏܣ݊݅ݏ

2ܴଶ݊݅ݏ ቀܤ + ܥ
2 ቁ݊݅ݏ ቀܣ + ܥ

2 ቁ ݊݅ݏ ቀܣ + ܤ
2 ቁ

 

=
2ܾܽܿ

(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)
∙ ݊݅ݏ8

ܣ
2
݊݅ݏ

ܤ
2
݊݅ݏ

ܥ
2

 

=
2ܾܽܿ

(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)
∙

ݎ2
ܴ

 

=
4ܾܽܿ

(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ)
∙
ݎ
ܴ
≥ ቀ

ݎ
ܴ
ቁ
ଶ
⇔

4ܾܽܿ
(ܽ + ܾ)(ܾ + ܿ)(ܿ + ܽ) ≥

ݎ
ܴ
⇔ 

4ܾܽܿ
(ܾܽ + ܾܿ + ܿܽ)(ܽ + ܾ + ܿ) − ܾܽܿ

=
ݏݎ16ܴ

ଶݏ) + ଶݎ + (ݎ4ܴ ∙ ݏ2 − ݏݎ4ܴ
 

=
ݎ8ܴ

ଶݏ) + ଶݎ + (ݎ4ܴ − ݎ2ܴ
=

ݎ8ܴ
ଶݏ + ଶݎ + ݎ2ܴ

≥
ݎ
ܴ
⇔ 

8ܴଶ ≥ ଶݏ + ଶݎ + ݎ2ܴ ⇔ 8ܴଶ − ଶݎ − ݎ2ܴ ≥  ଶݏ

ଶݏ ≤ 4ܴଶ + ݎ4ܴ + ଶݎ3  ݕݐ݈݅ܽݑݍ݁݊݅	݊݁ݏݐ݁ݎݎ݁ܩ…

ܽ݊݀: 4ܴଶ + ݎ4ܴ + ଶݎ3 ≤ 8ܴଶ − ଶݎ − ݎ2ܴ ⇔ 
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4ܴଶ − ݎ6ܴ − ଶݎ4 ≥ 0 ⇔ 2ܴଶ − ݎ3ܴ − ଶݎ2 ≥ 0 

⇔ (ܴ − 2ܴ)(ݎ2 + (ݎ ≥ 0 ⇔ ܴ− ݎ2 ≥ 0 …  !݁݊݋ܦ.(ݎ݈݁ݑܧ)

 

,૛ࢠ,૚ࢠ 3.23 ૜ࢠ ∈ ℂ − {૙},ܜܖ܍ܚ܍܎܎ܑ܌	ܖܑ	ܛܚܑ܉ܘ, |૚ܢ| = |૛ܢ| = |૜ܢ| = ૚ 

 :Prove that.(૜ࢠ)࡯,(૛ࢠ)࡮,(૚ࢠ)࡭

૚
૜ࢠ૛ࢠ૚ࢠ

+෍
૚ࢠ

૛ࢠ) − ૜)૛ࢠ
ࢉ࢟ࢉ

= ૙ ⇒ ࡮࡭ = ࡯࡮ =  ࡭࡯

Marian Ursărescu 

Solution (Khaled Abd Imouti) 

1
ଷݖଶݖଵݖ

+
ଵݖ

ଶݖ) − ଷ)ଶݖ +
ଶݖ

ଵݖ) − ଷ)ଶݖ +
ଷݖ

ଵݖ) − ଶ)ଶݖ = 0; ଷݖଶݖଵݖ	 ≠ 0 

1 +
ଷݖଶݖଵଶݖ

ଶݖ) − ଷ)ଶݖ +
ଷݖଵݖଶଶݖ

ଵݖ) − ଷ)ଶݖ +
ଶݖଵݖଷଶݖ

ଵݖ) − ଶ)ଶݖ = 0 

1 +
ଷݖଶݖଵଶݖ

ଶଶݖ − ଷݖଶݖ2 + ଷଶݖ
+

ଷݖଵݖଶଶݖ
ଵଶݖ − ଷݖଵݖ2 + ଷଶݖ

+
ଶݖଵݖଷଶݖ

ଵଶݖ − ଶݖଵݖ2 + ଶଶݖ
= 0 

1 +
ଵଶݖ

ଶݖ
ଷݖ

+ ଷݖ
ଶݖ
− 2

+
ଶଶݖ

ଵݖ
ଷݖ

+ ଷݖ
ଵݖ
− 2

+
ଷଶݖ

ଵݖ
ଶݖ

+ ଶݖ
ଷݖ
− 2

= 0 

ቐ
|ଵݖ| = 1
|ଶݖ| = 1
|ଷݖ| = 1

⇒൝
ଵഥݖଵݖ = 1
ଶഥݖଶݖ = 1
ଷഥݖଷݖ = 1

⇒
ଶݖ
ଷݖ
∙
ଶݖ
ଷഥݖ
ഥ

= 1 ⇒
ଶݖ
ଷݖ

=
ଷݖ
ଶഥݖ
ഥ

= ൬
ଷݖ
ଶݖ
൰

തതതതതത
 

൬
ଶݖ
ଷݖ
൰ ൬
ଶݖ
ଷݖ
൰

തതതതതത
= 1 ⇔ ฬ

ଶݖ
ଷݖ
ฬ = 1 

1 +
ଵଶݖ

ቀݖଷݖଶ
ቁതതതതതത+ ଷݖ

ଶݖ
− 2

+
ଶଶݖ

ቀݖଷݖଵ
ቁതതതതതത + ଷݖ

ଵݖ
− 2

+
ଷଶݖ

ቀݖଶݖଵ
ቁതതതതതത+ ଶݖ

ଵݖ
− 2

= 0 
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⎩
⎪⎪
⎨

⎪⎪
⎧൬
ଷݖ
ଶݖ
൰

തതതതതത
+
ଷݖ
ଶݖ
− 2 = ଵߠݏ݋2ܿ

൬
ଷݖ
ଵݖ
൰

തതതതതത
+
ଷݖ
ଵݖ
− 2 = ଶߠݏ݋2ܿ

൬
ଵݖ
ଶݖ
൰

തതതതതത
+
ଶݖ
ଷݖ
− 2 = ଷߠݏ݋2ܿ

⇒ ቐ
ଵߠ = ଷݖ)݃ݎܽ − (ଶݖ
ଶߠ = ଷݖ)݃ݎܽ − (ଵݖ
ଷߠ = ଶݖ)݃ݎܽ − (ଵݖ

 

1 +
ଵଶݖ

ଵߠݏ݋ܿ)2 − 1)
+

ଶଶݖ

ଶߠݏ݋ܿ)2 − 1)
+

ଷଶݖ

ଷߠݏ݋ܿ)2 − 1)
= 0 … (݅) 

ܽଶ = 1 + 1 − 2 ∙ 1 ∙ 1 ∙  ଵߠݏ݋ܿ

−ܽଶ = ଵߠݏ݋2ܿ − 	ݏ݃݋݈ܽ݊ܽ,2 − ܾଶ = ଶߠݏ݋2ܿ − 2;−ܿଶ = ଷߠݏ݋2ܿ − 2	 

Subbtituted in relation (i), we obtain: 

1 +
ଵଶݖ

−ܽଶ
+

ଶଶݖ

−ܾଶ
+

ଷଶݖ

−ܿଶ
= 0 … (݅݅) 

ଵଶݖ

ܽଶ
+
ଶଶݖ

ܾଶ
+
ଷଶݖ

ܿଶ
= 1 

1 = ቤ
ଵଶݖ

ܽଶ
+
ଶଶݖ

ܾଶ
+
ଷଶݖ

ܿଶ
ቤ ≤

หݖଵଶห
ܽଶ

+
หݖଶଶห
ܾଶ

+
หݖଷଶห
ܿଶ

 

1
ܽଶ

+
1
ܾଶ

+
1
ܿଶ
≥ 1 

ܽଶܾଶ + ܾଶܿଶ + ܿଶܽଶ ≥ ܽଶܾଶܿଶ 

ܽ = ܴ;ܣ݊݅ݏ2ܴ = 1;	ܽଶ =  ܣଶ݊݅ݏ4

⇒ ܤଶ݊݅ݏܣଶ݊݅ݏ)16 + ܥଶ݊݅ݏܤଶ݊݅ݏ + (ܣଶ݊݅ݏܥଶ݊݅ݏ ≥  ܥଶ݊݅ݏܤଶ݊݅ݏܣଶ݊݅ݏ64

ܤଶ݊݅ݏܣଶ݊݅ݏ  + ܥଶ݊݅ݏܤଶ݊݅ݏ + ܣଶ݊݅ݏܥଶ݊݅ݏ ≥ …ܥଶ݊݅ݏܤଶ݊݅ݏܣଶ݊݅ݏ4 (݅݅݅) 

ܣ = ܤ = ܥ =
ߨ
3

 

The triangle ܥܤܣ is equaliteral. 

3.24 In ∆ࡲ࡯,ࡱ࡮,ࡰ࡭,࡯࡮࡭ −internal bisectors,  ࡰ ∈ ࡱ,(࡯࡮) ∈  	,(࡭࡯)

ࡲ ∈  .(࡮࡭)

Prove that: [࡯࡮࡭] ≥ ቀૢ
૛
− ࢘

ࡾ
ቁ [ࡲࡱࡰ] ≥ ૝[ࡲࡱࡰ] 

Marian Ursărescu 
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Solution (George Florin Șerban) 

ܥܤܣ∆ ⇒⏞
஻௜௦௘௖௧௢௥	௧௛௘௢௥௘௠ ܦܤ

ܥܦ
=
ܤܣ
ܥܣ

⇒	
ܦܤ
ܥܤ

=
ܤܣ

ܤܣ + ܥܣ
⇒ ܦܤ =

ܽܿ
ܾ + ܿ

 

⇒ ܥܦ =
ܾܽ
ܾ + ܿ

 

ܧܣ
ܥܧ

=
ܤܣ
ܥܤ

⇒
ܧܣ
ܥܣ

=
ܤܣ

ܤܣ + ܥܤ
⇒ ܧܣ =

ܾܿ
ܽ + ܿ

⇒ ܧܥ =
ܾܽ
ܽ + ܿ

 

ܨܣ
ܨܤ

=
ܥܣ
ܥܤ

⇒
ܨܣ
ܤܣ

=
ܥܣ

ܥܣ + ܥܤ
⇒ ܨܣ =

ܾܿ
ܽ + ܾ

⇒ ܨܤ =
ܽܿ

ܽ + ܾ
 

஽ாிߪ = ஺஻஼ߪ − ஺ாிߪ − ஽ா஼ߪ −  ஻ி஽ߪ

஽ாிߪ = ஺஻஼ߪ ൬1−
஺ாிߪ
஺஻஼ߪ

−
஽ா஼ߪ
஺஻஼ߪ

−
஻ி஽ߪ
஺஻஼ߪ

൰ 

஽ாிߪ
஺஻஼ߪ

= 1−
ܧܣ ∙ ܣ݊݅ݏܨܣ

2
ܤܣ ∙ ܣ݊݅ݏܥܣ

2
−
ܧܥ ∙ ܥ݊݅ݏܦܥ

2
ܥܣ ∙ ܥ݊݅ݏܥܤ

2
−

ܨܤ ∙ ܤ݊݅ݏܦܤ
2

ܤܣ ∙ ܤ2݊݅ݏܥܤ
2

 

= 1 −
ܿ

ܽ + ܿ
∙

ܾ
ܽ + ܾ

−
ܽ

ܽ + ܿ
∙

ܾ
ܾ + ܿ

−
ܽ

ܽ + ܾ
∙

ܿ
ܾ + ܿ

 

= 1 −
ܾܿ

(ܽ + ܿ)(ܽ + ܾ) −
ܾܽ

(ܽ + ܿ)(ܾ + ܿ) −
ܽܿ

(ܽ + ܾ)(ܾ + ܿ)≤
⏞
? 1

9
2−

ݎ
ܴ

=
2ܴ

9ܴ − ݎ2
⇒෍

ܾܿ
(ܽ + ܿ)(ܽ + ܾ)

௖௬௖

≥ 1 −
2ܴ

9ܴ − ݎ2
=

7ܴ − ݎ2
9ܴ − ݎ2

 

⇒
∑ܾܽ(ܽ + ܾ)
∏(ܽ + ܾ)

≥
7ܴ − ݎ2
9ܴ − ݎ2

⇒
ݏ2)ܾܽ∑ − ܿ)
∏(ܽ + ܾ)

≥
7ܴ − ݎ2
9ܴ − ݎ2

 

⇒
ݏ2 ∑ܾܽ − 3ܾܽܿ

∏(ܽ + ܾ)
≥

7ܴ − ݎ2
9ܴ − ݎ2

 

⇒
ଶݏ)ݏ2 + ଶݎ + (ݎ4ܴ − 3 ∙ 4ܴܵ

ଶݏ)ݏ2 + ଶݎ + (ݎ2ܴ
≥

7ܴ − ݎ2
9ܴ − ݎ2

 

⇒
ଶݏ)ݏ2 + ଶݎ + (ݎ4ܴ − ݏݎ12ܴ

ଶݏ)ݏ2 + ଶݎ + (ݎ2ܴ
≥

7ܴ − ݎ2
9ܴ − ݎ2

 

⇒
ଶݏ)ݏ2 + ଶݎ + ݎ4ܴ − (ݎ6ܴ

ଶݏ)ݏ2 + ଶݎ + (ݎ2ܴ ≥
7ܴ − ݎ2
9ܴ − ݎ2
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⇒
ଶݏ + ଶݎ − ݎ2ܴ
ଶݏ + ଶݎ + ݎ2ܴ

≥
7ܴ − ݎ2
9ܴ − ݎ2

 

⇒ (9ܴ − ଶݏ)(ݎ2 + ଶݎ − (ݎ2ܴ ≥ (7ܴ − ଶݏ)(ݎ2 + ଶݎ +  (ݎ2ܴ

⇒ ଶܴݏ9 + ଶݎ9ܴ − 18ܴଶݎ − ଶݏݎ2 − ଷݎ2 + ଶݎ4ܴ

≥ ଶܴݏ7 + ଶݎ7ܴ + 14ܴଶݎ − ݎଶݏ2 − ଷݎ2 −  ଶݎ4ܴ

ଶܴݏ2 + ଶݎ2ܴ − 32ܴଶݎ + ଶݎ8ܴ ≥ 0 

ଶݏ)2ܴ + ଶݎ − ݎ16ܴ + (ଶݎ4 ≥ 0 

ଶݏ)2ܴ + ଶݎ5 − (ݎ16ܴ ≥ 0, ܴ	݁ݏݑܾܽܿ݁	݁ݑݎݐ > 0, ଶݏ

≥ ݎ16ܴ − (݊݁ݏݐ݁ݎݎ݁ܩ)ଶݎ5 ⇒ ଶݏ − ݎ16ܴ + ଶݎ5 ≥ 0 

൬
9
2
−
ݎ
ܴ
൰ߪ஽ாி ≥⏞

?

஽ாிߪ4 ⇒
9
2
−
ݎ
ܴ
≥ 4 ⇒

9
2
− 4 ≥

ݎ
ܴ
⇒ ܴ ≥ …ݎ2  (ݎ݈݁ݑܧ)݁ݑݎݐ

 

3.25 In ∆࡮,࡯࡮࡭ᇱ ∈  the contact point of the external (࡯࡭)
circumscription circle of side ࡯࡭ and ࡯′ the contact point of the 
external circumscription circle of side ۰ۯ.Prove that: 

  if and only if ࡯࡮࡭∆ is tangent of the inscribed circle in ′࡯′࡮
࢙) − ૛(࢈ + ࢙) − ૛(ࢉ = ࢙) −  ૛(ࢇ

Marian Ursărescu 

Solution: 
ᇱܥᇱܤ −is tangent⇔ ܥᇱܤܥܤ −tangential ⇔ 

ᇱܥᇱܤ + ܥܤ = ᇱܥܤ +  (1)			ᇱܤܥ
In ∆ܣᇱܤᇱܥᇱ we have: ܤᇱܥᇱ = ඥݔଶ + ଶݕ −  (2)			ܣݏ݋ܿݕݔ2

From (1)+(2) we have:  
ඥݔଶ + ଶݕ − ܣݏ݋ܿݕݔ2 = ܾ + ܿ − ܽ − ݔ) + (ݕ = ݏ)2 − ܽ) − ݔ) + (ݕ ⇔ 

ଶݔ + ଶݕ − ܣݏ݋ܿݕݔ2 = ݏ)4 − ܽ)ଶ + ݏ)4 − ݔ)(ܽ − (ݕ + ଶݔ + ଶݕ +  (3)					ݕݔ2
where ݔ + ݕ < ݏ)2 − ܽ) 

ݏ)4  − ܽ)ଶ − ݏ)4 − ݔ)(ܽ + (ݕ + ݕݔ2 ቀ1 + ௕మା௖మି௔మ

ଶ௕௖
ቁ = 0 ⇔ 

ݏ)4 − ܽ)ଶ − ݏ)4 − ݔ)(ܽ + (ݕ +
ݕݔ4
ܾܿ

∙ ݏ)ݏ − ܽ) = 0 

ݏ − ܽ − ݔ − ݕ +
ݕݔ
ܾܿ

∙ ݏ = 0 

ݏ)ܾ − ܿ) ൬
ݕ

ܾ(ܾ − (ݕ +
1
ܾ
൰+ ݏ)ܿ − ܾ) ൬

ݔ
ܿ(ܿ − (ݔ +

1
ܿ
൰ =  ݏ
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ݏ) − ܿ)
ݕ

ܾ − ݕ
+ ݏ) − ܾ)

ݔ
ܿ − ݔ

= ݏ − ݏ) − ܿ) − ݏ) − ܾ) = ܾ + ܿ − ݏ

= ݏ − ܽ			(4) 
But ܤᇱ,ܥᇱ −the contact points of the external circumcircle, then 

ݔ = ݏ − ܾ, ݕ = ݏ − ܿ, ݏ − ݕ = ݏ − ܽ, ܿ − ݔ = ݏ − ܽ				(5) 
From (4)+(5) ⇔ (௦ି௖)మ

௦ି௔
+ (௦ି௕)మ

௦ି௔
= ݏ − ܽ ⇔ ݏ) − ܾ)ଶ + ݏ) − ܿ)ଶ = ݏ) − ܽ)ଶ 

  
3.26 In ∆࡯࡮࡭ let the point ࡭ᇱ ∈  such that the circle inscribed (࡯࡮)

 :have same radius. Prove that ࡯′࡭࡭∆ and ࡮′࡭࡭∆

ඥ࡭࡭′ ∙ ′࡮࡮ ∙ ૜′࡯࡯ ≥ ૜࢘ 

Marian Ursărescu 

Solution:  

Let: ݎ஺ −the radius of circle inscribed ∆ܤ′ܣܣ and ∆ܣܣᇱܥ. 
ܵ = ܵ஺஻஺ᇲ + ܵ஺஼஺ᇲ = ஺஻஺ᇲݏ ∙ ஺ݎ + ஺஼஺ᇲݏ ∙ ஺ݎ = ஺ݎ ∙ ஺஻஺ᇲݏ) + (஺஼஺ᇲݏ

= ஺ݎ ∙ ݏ) +  (1)		ᇱ);ܣܣ

ܥܤܫ∆~ଶܫଵܫܫ∆ ⇒
ଶܫଵܫ
ܥܤ

=
ݎ − ஺ݎ
ݎ

= 1 −
஺ݎ
ݎ
⇒
஺ݎ
ݎ

= 1−
ଶܫଵܫ
ܽ

; 				(2) 

Let ܧ,ܦ −the points of intersection with sides ܥܤ of inscribed circle 
ܦܧଶܫଵܫ −rectangle, then: ܫଵܫଶ = ܦܧ = ᇱܣܦ + ܧᇱܣ = ஺஻஺ᇲݏ − ܿ + ஺஼஺ᇲݏ − ܾ =

ݏ − ܾ − ܿ + ;ᇱܣܣ 				(3) 
From (2)+(3) we have: ௥ಲ

௥
= 1 − ௦ି௕ି௖ି஺஺ᇱ

௔
= ௦ି஺஺ᇱ

௔
⇒ ஺ݎ = ௥

௔
ݏ) − ;(ᇱܣܣ 			(4) 

From (1)+(4) ⇒ ௥
௔

ݏ) − ݏ)(ᇱܣܣ + (ᇱܣܣ = ܵ ⇒ ଶݏ − ᇱଶܣܣ =  ݏܽ

⇒ ᇱଶܣܣ = ଶݏ − ܽݏ ⇒ ᇱܣܣ = ඥݏ)ݏ − ܽ) and analogous 
ᇱܤܤ  = ඥݏ)ݏ − ᇱܥܥ;(ܾ = ඥݏ)ݏ − ܿ) 

ᇱܣܣ ∙ ᇱܤܤ ∙ ᇱܥܥ = ݏ)ݏඥݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ) = ݏ ∙ ܵ = ݎଶݏ ≥  ଷݎ27
ඥܣܣ′ ∙ ′ܤܤ ∙ య′ܥܥ ≥  ݎ3

 
3.27 If in ઢ(࡮)ࣆ,࡯࡮࡭ = ૛(࡯)ࣆ,(࡭)ࣆ = ૛(࡮)ࣆ then: 

the following relationship holds: 
૛ࢇ) + ૛࢈ + ૝ࢇ)(૛ࢉ + ૝࢈ + (૝ࢉ >  ૛ࢉ૛࢈૛ࢇ15

Daniel Sitaru  

Solution (Adrian Popa) 

Δ:ܥܤܣ	ܤ෠ = ;መܣ2 መܥ	 = ෠ܤ2 መܣ, + ෠ܤ + መܥ = ߨ ⇒ መܣ + መܣ2 + መܣ4 =  ߨ
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መܣ =
ߨ
7

෠ܤ; =
ߨ2
7

; መܥ	 =
ߨ4
7

 

(ܽଶ + ܾଶ + ܿଶ)(ܽସ + ܾସ + ܿସ) > 15ܽଶܾଶܿଶ 

ܽ
sinܣ

+
ܾ

sinܤ
+

ܿ
sinܥ

= 2ܴ ⇒ ܽ = 2ܴ sin
ߨ
7

 

ܾ = 2ܴ sin
ߨ2
7

, ܿ = 2ܴ sin
ߨ4
7

 

(ܽଶ + ܾଶ + ܿଶ)(ܽସ + ܾସ + ܿସ) ≥
஻௘௥௚௦௧௥௢௠

(ܽଶ + ܾଶ + ܿଶ)ቆ
(ܽଶ + ܾଶ + ܿଶ)ଶ

3
ቇ 

=
(ܽଶ + ܾଶ + ܿଶ)ଷ

3
=
ቆ4ܴଶ ቀsin ߨ2

7 + sinଶ ߨ2
7 + sinଶ ߨ4

7 ቁቇ
ଷ

3
= 

=
64ܴ଺ ⋅ ቀ7

4ቁ
ଷ

3
=

343ܴ଺

3
 

15ܽଶܾଶܿଶ = 15 ⋅ 4ܴଶ sinଶ
ߨ
7
⋅ 4ܴଶ sinଶ

ߨ2
7
⋅ 4ܴଶ sinଶ

ߨ4
7

= 

= ܴ଺ ⋅ 15 ⋅ 4ଷ ൬sin
ߨ
7

sin
ߨ2
7

sin
ߨ4
7
൰
ଶ

= 15 ⋅ 4ଷ ⋅
7

64
= 105ܴ଺ 

343
3

ܴ଺ >
?

105ܴ଺|:ܴ଺ ⇒ 343 > 3 ⋅ 105 

343 > 315   (True) 

We must prove two relationships that we’ve used here: 

1) sinଶ గ
଻

+ sinଶ ଶగ
଻

+ sinଶ ସగ
଻

= ଽ
ସ
 

2) sin గ
଻

sin ଶగ
଻

sin ସగ
଻

= √଻
଼

 

1) sinଶ గ
଻

+ sinଶ ଶగ
଻

+ sinଶ ସగ
଻

=
ଵିୡ୭ୱమഏళ

ଶ
+

ଵିୡ୭ୱరഏళ
ଶ

+
ଵିୡ୭ୱఴഏళ

ଶ
= 

=
3
2
−

cos ߨ2
7 + cos ߨ4

7 + cos ߨ8
7

2
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cos
ߨ
7

+ cos
ߨ3
7

+ cos
ߨ5
7

=
2 sin7ߨ cos 7ߨ + 2 sin7ߨ cos ߨ3

7 + 2 sin7ߨ cos ߨ5
7

2 sin7ߨ
= 

=
sin ߨ2

7 + sin ߨ4
7 − sin ߨ2

7 + sin ߨ6
7 − sin ߨ4

7
2 sin7ߨ

=
sin ߨ6

7
2 sin7ߨ

=
sin ቀߨ − ߨ

7ቁ

2 sin7ߨ
=

1
2

 

⇒ cos
ߨ2
7

+ cos
ߨ4
7

+ cos
ߨ8
7

= −൬cos
ߨ5
7

+ cos
ߨ3
7

+ cos
ߨ
7
൰ = −

1
2
⇒ 

⇒ sinଶ
ߨ
7

+ sinଶ
ߨ2
7

+ sinଶ
ߨ4
7

=
3
2

+
1
4

=
7
4

 

2) ቀsinగ
଻

sin ଶగ
଻

sin ଷగ
଻
ቁ ቀcos గ

଻
cos ଶగ

଻
cos ଷగ

଻
ቁ = 

=
ቀ2 sin7ߨ cos 7ቁߨ ቀ2 sin ߨ2

7 cos ߨ2
7 ቁ ቀ2 sin ߨ3

7 cos ߨ3
7 ቁ

8
= 

=
sin ߨ2

7 sin ߨ4
7 sin ߨ6

7
8

=
sin ߨ2

7 sin ߨ3
7 sin7ߨ

8
⇒ 

⇒ cos
ߨ
7

cos
ߨ2
7

cos
ߨ3
7

=
1
8

 

Now: 

ቀ2 sinଶ
ߨ
7
ቁ ൬2 sinଶ

ߨ2
7
൰ ൬2 sinଶ

ߨ3
7
൰ = ൬1− cos

ߨ2
7
൰ ൬1− cos

ߨ4
7
൰ ൬1− cos

ߨ6
7
൰ = 

= 1 +
1
2
൬2 cos

ߨ2
7

cos
ߨ4
2

+ 2 cos
ߨ4
7

cos
ߨ6
7

+ 2 cos
ߨ6
7

cos
ߨ2
7
൰ − 

− cos
ߨ2
7

cos
ߨ4
7

cos
ߨ6
7
− cos

ߨ2
7
− cos

ߨ4
7
− cos

ߨ6
7

= 

= 1 +
1
2
൬cos

ߨ6
7

+ cos
ߨ2
7

+ cos
ߨ10

7
+ cos

ߨ2
7

+ cos
ߨ8
7

+ cos
ߨ4
7
൰ − 

− cos
ߨ2
7
− cos

ߨ4
7
− cos

ߨ6
7
− cos

ߨ2
7

cos
ߨ3
7

cos
ߨ
7ᇣᇧᇧᇧᇧᇧᇤᇧᇧᇧᇧᇧᇥ

ଵ
଼

 

ቀ2 sinଶ
ߨ
7
ቁ ൬2 sinଶ

ߨ2
7
൰൬2 sinଶ

ߨ3
7
൰ = 
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= 1 +
1
2
൬− cos

ߨ
7

+ cos
ߨ2
7
− cos

ߨ3
7

+ cos
ߨ2
7
− cos

ߨ
7
− cos

ߨ3
7
൰ − 

− cos
ߨ2
7
− cos

ߨ4
7
− cos

ߨ6
7
−

1
8

= 

=
7
8

+ cos
ߨ2
7
− cos

ߨ
7
− cos

ߨ3
7
− cos

ߨ2
7

+ cos
ߨ3
7

+ cos
ߨ
7

=
7
8

 

So, 2 sinଶ గ
଻
⋅ 2 sinଶ ଶగ

଻
⋅ 2 sinଶ ଷగ

଻
= ଻

଼
⇒ 

⇒ sinଶ
ߨ
7

sinଶ
ߨ2
7

sinଶ
ߨ3
7

=
7

64
⇒ sin

ߨ
7

sin
ߨ2
7

sin
ߨ3
7

=
√7
8

 

 

3.28 In acute ∆࡯࡮࡭  the altitudes ࡭࡭ᇱ,࡮࡮ᇱ,࡯࡯′ intersect at all second 

times the determined circle by the points ࡯,’࡮,’࡭’ in ࡭",B",࡯". 

Prove that: (૛࢘)૛࢙ ≥ ࢇ("࡭′࡭) ∙ ࢈("࡮′࡮) ∙  ࢉ("࡯′࡯)

Marian Ursărescu 

Solution: 

"ܣܣ
ᇱܣܣ

=
"ܣܣ ∙ ′ܣܣ
ᇱଶܣܣ

			(1) 

"ܣܣ ∙ ′ܣܣ = (ܣ)ߩ = Ωଶܣ −
ܴଶ

4
			(2) 

From 
(ଵ)ା(ଶ)
ሳልልልሰ "ܣܣ ∙ ′ܣܣ = ௕మା௖మି௔మ

ସ
⇒ ᇱܣܣ = ℎ௔ = 2ܴ ∙ ܤ݊݅ݏ ∙  (3)				ܥ݊݅ݏ

From 
(ଵ)ା(ଶ)ା(ଷ)
ሳልልልልልልልሰ ஺஺"

஺஺ᇱ
= ௕మା௖మି௔మ

ଵ଺ோమ∙௦௜௡మ஻∙௦௜௡మ஼
= ଶ௕௖∙௖௢௦஺

ଵ଺ோమ∙௦௜௡మ஻∙௦௜௡మ஼
= ସோమ∙௖௢௦஺∙௦௜௡஻∙௦௜௡஼

଼ோమ∙௦௜௡మ஻∙௦௜௡మ஼
=

ଶ௕௖∙௖௢௦஺
ଶ௦௜௡஻∙௦௜௡஼

 

Therefore 

෍
"ܣܣ
ᇱܣܣ

=
1
2
෍

ܣݏ݋ܿ
ᇣᇧᇧᇧᇤᇧᇧᇧᇥܥ݊݅ݏܤ݊݅ݏ

ଵ

= 1 ⇒෍
"ܣܣ
2ܵ
ܽ

= 1 ⇒෍ܽ ∙ "ܣܣ = 2ܵ 

⇒෍ܽ(ℎ௔ − ("ܣ′ܣ = 2ܵ ⇒෍ܽℎ௔ −෍ܽ ∙ "ܣ′ܣ = 2ܵ 
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⇒෍ܽ ∙ "ܣ′ܣ = 4ܵ ⇒෍
ܽ ∙ "ܣ′ܣ
ܽ + ܾ + ܿ

=
4ܵ
ݏ2

=
ݎݏ4
ݏ2

=  (4)				ݎ2

Applying weighted mean’s inequality, we have: 

ݎ2 = ෍
ܽ

ܽ + ܾ + ܿ
∙ "ܣ′ܣ ≥ ௔/ଶ௦("ܣ′ܣ) ∙ ௕/ଶ௦("ܤ′ܤ) ∙  ௖/ଶ௦("ܥ′ܥ)

So:  

ଶ௦(ݎ2) ≥ ௔("ܣ′ܣ) ∙ ௕("ܤ′ܤ) ∙ ௖("ܥ′ܥ)  

3.29 In any ∆࡯࡮࡭ the following relationship holds: 

࢘
૝ࡾ ≤ ࢔࢏࢙ ൬

࣊ − ࡭
૝ ൰࢔࢏࢙ ൬

࣊ − ࡮
૝ ൰࢔࢏࢙ ൬

࣊ − ࡯
૝ ൰ ≤

૚
ૡ 

Marian Ursărescu 

Solution:  

In any ∆ܥܤܣ, we have: 

݊݅ݏ ൬
ߨ − ܣ

4
൰ ݊݅ݏ ൬

ߨ − ܤ
4

൰ ݊݅ݏ ൬
ߨ − ܥ

4
൰ =

ݏ݋ܿ 2ܣ ݏ݋ܿ
ܤ
2 ݏ݋ܿ

ܥ
2

2 ቀܿݏ݋ 2ܣ + 2ܤݏ݋ܿ + ݏ݋ܿ 2ቁܥ
				(1) 

∴ ݏ݋ܿ
ܣ
2
ݏ݋ܿ

ܤ
2
ݏ݋ܿ

ܥ
2

=
ݏ

4ܴ
			(2) 

ݏ݋ܿ
ܣ
2

+ ݏ݋ܿ
ܤ
2

+ ݏ݋ܿ
ܥ
2
≤

3√3
2

⇒
1

ݏ݋ܿ 2ܣ + 2ܤݏ݋ܿ + ݏ݋ܿ 2ܥ
≥

2
3√3

				(3) 

From  (1)+(2)+(3) we have: ݊݅ݏ ቀగି஺
ସ
ቁ ݊݅ݏ ቀగି஻

ସ
ቁ ݊݅ݏ ቀగି஼

ସ
ቁ ≥ ௦

ସ∙ଷ√ଷோ
			(4) 

From Mitrinovic: ݏ ≥  (5)				ݎ3√3

From (4)+(5) we get: ݊݅ݏ ቀగି஺
ସ
ቁ ݊݅ݏ ቀగି஻

ସ
ቁ ݊݅ݏ ቀగି஼

ସ
ቁ ≥ ௥

ସோ
 

ݏ݋ܿ
ܣ
2

+ ݏ݋ܿ
ܤ
2

+ ݏ݋ܿ
ܥ
2
≥ 3 ∙ ඨܿݏ݋ଶ

ܣ
2
∙ ଶݏ݋ܿ

ܤ
2
∙ ଶݏ݋ܿ

ܥ
2

య
						(6) 

From (5)+(6) we have:  
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݊݅ݏ ൬
ߨ − ܣ

4
൰ ݊݅ݏ ൬

ߨ − ܤ
4

൰ ݊݅ݏ ൬
ߨ − ܥ

4
൰ ≤

1
6
∙ ඨܿݏ݋ଶ

ܣ
2
∙ ଶݏ݋ܿ

ܤ
2
∙ ଶݏ݋ܿ

ܥ
2

య

=
1
3
∙ ඨ

ଶݏ

16ܴଶ
య

; (7) 

From Mitrinovic⇒ ଶݏ ≤ ଶ଻
ସ
ܴଶ			(8) 

From (7)+(8) we get: ݊݅ݏ ቀగି஺
ସ
ቁ ݊݅ݏ ቀగି஻

ସ
ቁ ݊݅ݏ ቀగି஼

ସ
ቁ ≤ ଵ

ଷ
∙ ටଶ଻

଺ସ
య = ଵ

଼
 

3.30 In acute ∆ABC the following relationship holds: 

૜࢙)ࡾ૛ − ૛࢘ − ૝࢘ࡾ) ≥ ࡾ) + ૛࢘)(࢘ + ૝ࡾ࢘+  (૛࢙

Florică Anastase 

Solution: 

:ݐ݁ܮ ܽ ≥ ܾ ≥ ܿ ⇒	 ൝
ܣݏ݋ܿ ≤ ܤݏ݋ܿ ≤ ܥݏ݋ܿ

1
ܣ݊݅ݏ

≤
1

ܤ݊݅ݏ
≤

1
ܥ݊݅ݏ

⇒⏞
஼௛௘௕௬௦௛௘௩

 

ܽଶ + ܾଶ + ܿଶ

4ܵ
= ܣݐ݋ܿ + ܤݐ݋ܿ + ܥݐ݋ܿ

≥
1
3

ܣݏ݋ܿ) + ܤݏ݋ܿ + (ܥݏ݋ܿ ൬
1

ܣ݊݅ݏ
+

1
ܤ݊݅ݏ

+
1

ܥ݊݅ݏ
൰ 

ܣݏ݋ܿ + ܤݏ݋ܿ + ܥݏ݋ܿ = 1 +
ݎ
ܴ
 :ݐ݈ݑݏ݁ݎ	݉݁ݎ݋ℎ݁ݐ	ݏݑ݊݅ݏ	݀݊ܽ	

ܽଶ + ܾଶ + ܿଶ

4ܵ
≥

1
3
ቀ1 +

ݎ
ܴ
ቁ ൬

2ܴ
ܽ

+
2ܴ
ܾ

+
2ܴ
ܿ
൰ ⇔ 

⎩
⎨

⎧ܽ
ଶ + ܾଶ + ܿଶ

4ܵ
≥

2
3

(ܴ + (ݎ ൬
ܾܽ + ܾܿ + ܿܽ

ܾܽܿ
൰

ܽଶ + ܾଶ + ܿଶ = ଶݏ)2 − ଶݎ − (ݎ4ܴ
ܾܽ + ܾܿ + ܿܽ = ଶݎ + ݎ4ܴ + ଶݏ

⇒ 

ଶݏ − ଶݎ − ݎ4ܴ
4ܵ

≥
1
3

(ܴ + (ݎ
ଶݎ + ܴݎ4 + ଶݏ

4ܴܵ
⇔ 

ଶݏ)3ܴ − ଶݎ − (ܴݎ4 ≥ (ܴ + ଶݎ)(ݎ + ܴݎ4 +  (ଶݏ
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3.31 Let ࡿ and ࢀ be points inside the triangle ࡯࡮࡭. The distance from 
 is 10, 7 and 4, respectively. The distance ࡭࡯ and ࡯࡮,࡮࡭ to lines ࡿ
from ܂ to these lines is 4, 10 and 16, respectively. Determine the 
radius of the incircle of triangle ۰۱ۯ. 

Stipe Vidak-Croatian NMO-2017 

Solution: Denote ܽ = ,|ܥܤ| ܾ = ,|ܣܥ| ܿ = ݏ ,Let ܲ be the area .|ܤܣ| = ଵ
ଶ

(ܽ +
ܾ + ܿ) the semiperimeter, and ݎ the radius of the incircle of triangle ܥܤܣ.	We 
can divide triangle ܥܤܣ into three smaller triangles by connecting pppoooint ܵ 
to vertices ܤ,ܣ and ܥ.  

 
By adding the areas of triangles ܵܥܤ,ܵܤܣ and ܵܣܥ, we get the area of 
triangle  ܥܤܣ, so we have  2ܲ = 10ܿ + 7ܽ + 4ܾ.	Analogously, by observing 
point ܶ we get 2ܲ = 4ܿ + 10ܽ + 16ܾ.	If we multiply the first equality by 2 and 
add it to the second equality, we get  6ܲ = 24(ܽ + ܾ + ܿ) = ,ݏ48 ݅. ݁.ܲ =  ݏ8
Since ܲ = ݎ we have ,ݏݎ = 8. 
 
3.32 If ࢠ,࢟,࢞ > 0 then in ઢ࡯࡮࡭ the following relationship holds: 

૛࢞ + ࢟ + ૜ࢠ
+࢞ ૛࢟ ૛ࢇ +

૛࢟ + ࢠ + ૜࢞
࢟ + ૛ࢠ ૛࢈ +

૛ࢠ + ࢞ + ૜࢟
ࢠ + ૛࢞ ૛ࢉ ≥ ૠ૛࢘૛ 

Daniel Sitaru  

Solution: 

෍
ݔ2 + ݕ + ݖ3
ݔ + ݕ2

௖௬௖

ܽଶ = ෍൬
ݔ2 + ݕ + ݖ3
ݔ + ݕ2

ܽଶ + ܽଶ൰
௖௬௖

−෍ܽଶ
௖௬௖

= 

= ෍
ݔ2 + ݕ + ݖ3 + ݔ + ݕ2

ݔ + ݕ2
௖௬௖

ܽଶ −෍ܽଶ
௖௬௖

= 



DANIEL SITARU            MARIAN URSĂRESCU              FLORICĂ ANASTASE 
 

167 WORLD’S  MATH  OLYMPIADS 
 

= ݔ)3 + ݕ + ෍(ݖ
ܽଶ

ݔ + ݕ2
௖௬௖

−෍ܽଶ
௖௬௖

≥ 

≥
஻ாோீௌ்ோைெ

ݔ)3	 + ݕ + (ݖ ⋅
(ܽ + ܾ + ܿ)ଶ

ݔ + ݕ2 + ݕ + ݖ2 + ݖ + ݔ2
−෍ܽଶ

௖௬௖

= 

= ݔ)3 + ݕ + (ݖ ⋅
(ܽ + ܾ + ܿ)ଶ

ݔ)3 + ݕ + (ݖ −෍ܽଶ
௖௬௖

= 

= 3(ܽ + ܾ + ܿ)ଶ − (ܽଶ + ܾଶ + ܿଶ) = 2(ܾܽ + ܾܿ + ܿܽ) = 

= ଶݏ)2 + ଶݎ + (ݎ4ܴ ≥
ா௎௅ாோ

ଶݏ)2 + ଶݎ + (ଶݎ8 ≥ 

≥
ெூ்ோூேை௏ூ஼

ଶݎ27)2 + (ଶݎ9 =  ଶݎ72

 

3.33 If ࢠ,࢟,࢞ > 0 then in ઢ࡯࡮࡭ the following relationship holds: 

૜࢞ + ૝࢟
ૠࢠ + ૝࢞+ ૜ࢇ࢟

૛ +
૝࢟ + ૝ࢠ

ૠ࢞ + ૝࢟ + ૜࢈ࢠ
૛ +

૜ࢠ + ૝࢞
ૠ࢟ + ૝ࢠ + ૜࢞ ࢉ

૛ ≥ ૛√૜ࡿ 

Daniel Sitaru  

Solution: 

෍
ݔ3 + ݕ4

ݖ7 + ݔ4 + ݕ3
௖௬௖

ܽଶ = ෍൬
ݔ3 + ݕ4

ݖ7 + ݔ4 + ݕ3
ܽଶ + ܽଶ൰

௖௬௖

−෍ܽଶ
௖௬௖

= 

= ෍
ݔ3) + ݕ4 + ݖ7 + ݔ4 + ଶܽ(ݕ3

ݖ7 + ݔ4 + ݕ3
௖௬௖

−෍ܽଶ
௖௬௖

= 

= ෍
ݔ)7 + ݕ + ଶܽ(ݖ

ݖ7 + ݔ4 + ݕ3
௖௬௖

−෍ܽଶ
௖௬௖

= 

= ݔ)7 + ݕ + ෍(ݖ
ܽଶ

ݖ7 + ݔ4 + ݕ3
−

௖௬௖

෍ܽଶ
௖௬௖

≥
஻ாோீௌ்ோைெ

 

≥ ݔ)7 + ݕ + (ݖ ⋅
(ܽ + ܾ + ܿ)ଶ

(7 + 4 + ݔ)(3 + ݕ + (ݖ −෍ܽଶ
௖௬௖

= 
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=
1
2

(ܽ + ܾ + ܿ)ଶ −෍ܽଶ
௖௬௖

=
1
2
⋅ ଶݏ4 − ଶݏ)2 − ଶݎ − (ݎ4ܴ = 

= ଶݏ2 − ଶݏ2 + ଶݎ2 + ݎ8ܴ = ݎ)ݎ2 + 4ܴ) ≥ 

≥
஽ை௎஼ா்

ݎ2 ⋅ 3√ݏ = ݏݎ3√2 = 2√3ܵ 

 

3.34 In ઢ࡯࡮࡭ the following relationship holds: 

૚૛ࢇ

࢈) ૛ܛܗ܋ ࢞ + ࢉ ૛ܖܑܛ ૝(࢞ +
૚૛࢈

ࢉ) ૛ܛܗ܋ +࢞ ૛ܖܑܛࢇ ૝(࢞ + 

+
૚૛ࢉ

૛ܛܗ܋ࢇ) ࢞ + ࢈ ૛ܛܗ܋ ૝(࢞ ≥
૟૝
૜ ⋅ ࢞;૝ࡿ ∈ (૙,࣊) 

Daniel Sitaru  

Solution: 

෍
ܽଵଶ

(ܾ cosଶ ݔ + ܿ sinଶ ସ(ݔ
௖௬௖

= ෍ቆ
ܽଷ

ܾ cosଶ ݔ + ܿ sinଶ ݔ
ቇ
ସ

௖௬௖

≥ 

≥
ோ஺஽ைே 1

3ଷ
ቌ෍

ܽଷ

ܾ cosଶ ݔ + ܿ sinଶ ݔ
௖௬௖

ቍ

ସ

= 

=
1

27
ቌ෍

(ܽଶ)ଶ

ܾܽ cosଶ ݔ + ܽܿ sinଶ ݔ
௖௬௖

ቍ

ସ

≥
஻ாோீௌ்ோைெ

 

≥
1

27
ቆ

(ܽଶ + ܾଶ + ܿଶ)ଶ

∑ (ܾܽ cosଶ ݔ + ܽܿ sinଶ ௖௬௖(ݔ
ቇ
ସ

= 

=
1

27
ቆ

(ܽଶ + ܾଶ + ܿଶ)ଶ

(ܾܽ + ܾܿ + ܿܽ)(cosଶ ݔ + sinଶ ቇ(ݔ
ସ

= 

=
1

27
⋅ ቆ

(ܽଶ + ܾଶ + ܿଶ)ଶ

ܾܽ + ܾܿ + ܿܽ
ቇ
ସ

≥
1

27
⋅

(ܽଶ + ܾଶ + ܿଶ)଼

(ܽଶ + ܾଶ + ܿଶ)ସ = 

=
1

27
(ܽଶ + ܾଶ + ܿ)ସ ≥

ூைோௌ஼௎ିௐாூ்௓ாே஻ை஼௄ 1
27

൫4√3ܵ൯
ସ

= 
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=
64
27

⋅ 9 ⋅ ܵସ =
64
3
ܵସ 

Equality holds for ܽ = ܾ = ܿ. 

 

3.35 In ઢ࡯࡮࡭ the following relationship holds: 

ࢇ) + ૛ࢉ + ૛ࢇ࢓)૛ > 24√૜ࡿ 

Daniel Sitaru  

Solution: 

 

ܵᇱ = [ᇱܣܤܣ]ܵ =
ܵ
2

 

ᇱݏ = [ᇱܣܤܣ]ݏ =
1
2
ቀܿ +

ܽ
2

+ ݉௔ቁ =
ܽ + 2ܿ + 2݉௔

4
 

ᇱݎ =
ܵᇱ

ᇱݏ
=

ܵ
ᇱݏ2

=
2ܵ

ܽ + 2ܿ + ݉௔
 

By Mitrinovic’s inequality in ܣܤܣ߂ᇱ:ݏᇱ ≥ ᇱݎ3√3  
ܽ + 2ܿ +݉௔

4
≥ 3√3 ⋅

2ܵ
ܽ + 2ܿ + 2݉௔

 

(ܽ + 2ܿ + ݉௔)ଶ ≥ 24√3ܵ 

Equality holds for: ܿ = ௔
ଶ

= ݉௔ ,			ܽ = 2ܿ 

݉௔
ଶ =

ܽଶ

4
⇒

1
2

(ܾଶ + ܿଶ) −
1
4
ܽଶ =

1
4
ܽଶ 

ܾଶ + ܿଶ = 2ܽଶ ⇒ ܾଶ + ܿଶ = 8ܿଶ ⇒ ܾ = ܿ√7 
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݉௔ = ܿ ⇒
1
2

(ܾଶ + ܿଶ) −
1
4
ܽଶ = ܿଶ 

ܾଶ + ܿଶ

2
−

1
4
⋅ 4ܿଶ = ܿଶ ⇒

ܾଶ + ܿଶ

2
= 2ܿଶ ⇒ ܾ = ܿ√3 

ܿ√7 = ܿ√3 ⇒ ܿ = 0. False! 

Inequality is a strict one. 

3.36 In ઢ࡯࡮࡭ the following relationship holds: 

૚
૛ࢇ + ࢉ࢈ +

૚
૛࢈ + ࢇࢉ +

૚
૛ࢉ + ࢈ࢇ ≤

૚
૝࢘ࡾ 

Daniel Sitaru  

Solution: 

ܽଶܾ + ܽଶܿ + ܾଶܿ + ܾܿଶ ≥
஺ெିீெ

4 ⋅ ඥܽସܾସܿସర = 4ܾܽܿ 

4ܾܽܿ ≤ ܽଶ(ܾ + ܿ) + ܾܿ(ܾ + ܿ) 

4ܾܽܿ ≤ (ܽଶ + ܾܿ)(ܾ + ܿ) 

1
ܽଶ + ܾܿ

≤
ܾ + ܿ
4ܾܽܿ

 

෍
1

ܽଶ + ܾܿ
௖௬௖

≤෍
ܾ + ܿ
4ܾܽܿ

௖௬௖

=
2(ܽ + ܾ + ܿ)

4ܾܽܿ
= 

=
ݏ4

4ܾܽܿ
=

ݏ
ܾܽܿ

=
ݏ

ݏݎ4ܴ
=

1
ݎ4ܴ

 

3.37 If ࢞ ∈ ቂ૙, ࣊
૚૛
ቃ then: 

ܠ૛૙૛ܛܗ܋ ≥ ૚૙ܛܗ܋ ࢞ ⋅ ૚૞ܛܗ܋ ૛࢞ ⋅ ૞ܛܗ܋ ૜࢞ ⋅ ૟ܛܗ܋ ૝࢞ ⋅ ܛܗ܋ ૞࢞ ⋅ ܛܗ܋ ૟࢞ 

Daniel Sitaru 

Solution: 

 cos଺ ݔ = ଵ
ଷଶ

(10 + 15 cos ݔ2 + 6 cos ݔ4 + cos (ݔ6 ≥ 

≥
஺ெିீெ 1

32
⋅ 32 ⋅ ඥ1ଵ଴ ⋅ (cos ଵହ(ݔ2 ⋅ (cos ଺(ݔ4 ⋅ cos యమݔ6 = 
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= ඥcosଵହ ݔ2 ⋅ cos଺ ݔ4 ⋅ cos యమݔ6  

cosଵଽଶ ݔ ≥ cosଵହ ݔ2 ⋅ cos଺ ݔ4 ⋅ cos  (1)  ݔ6

cosହ ݔ =
1

16
(10 cos ݔ + 5 cos ݔ3 + cos (ݔ5 ≥

≥
1

16
⋅ 16 ඥcosଵ଴ ݔ (cos ହ(ݔ3 ⋅ cos భలݔ5  

cos଼଴ ݔ ≥ cosଵ଴ ݔ ⋅ cosହ ݔ3 ⋅ cos  (2)   ݔ5

By multiplying (1); (2): 

cosଶ଴ଶ ݔ ≥ cosଵ଴ ݔ ⋅ cosଵହ ݔ2 ⋅ cosହ ݔ3 ⋅ cos଺ ݔ4 ⋅ cos ݔ5 ⋅ cos  ݔ6

 

3.38 Let ∆࡯′࡮′࡭′ be the circumcevian triangle of ࡴ−ortocenter in 

acute ∆࡯࡮࡭.	Prove that: 

[ᇱ࡯ᇱ࡮ᇱ࡭]
[࡯࡮࡭] ≥ ૝ቆቀ

࢘
ቁࡾ

૛
+
૛࢘
ࡾ − ૚ቇ 

Marian Ursărescu 

Solution (Tran Hong) 

[ᇱܥᇱܤᇱܣ]
[ܥܤܣ] =

′ܤ′ܣ ∙ ′ܥ′ܤ ∙ ′ܣ′ܥ
4ܴ

∙
4ܴ
ܾܽܿ

=
′ܤ′ܣ ∙ ′ܥ′ܤ ∙ ′ܣ′ܥ

ܾܽܿ
 

ቄ∠ܪܣܤ = ᇱܣᇱܤܤ∠
ᇱܤܤܣ∠ = ᇱܤᇱܣܣ∠

⇒ ᇱܣᇱܤܪ∆~ܤܣܪ∆ ⇒
ܣܪ
ᇱܤܪ

=
ܤܣ
ᇱܤᇱܣ

⇒ 

ᇱܤᇱܣ =
ᇱܤܪ ∙ ܤܣ
ܣܪ

=
ܿ ∙ ܤܪ ∙ ᇱܤܪ

ܣܪ ∙ ܤܪ
=
ܿ ∙ (ܪ)ߩ
ܣܪ ∙ ܤܪ

 

Similary: 

ᇱܥᇱܣ =
ܾ ∙ (ܪ)ߩ
ܣܪ ∙ ܥܪ

ᇱܥᇱܤ; =
ܽ ∙ (ܪ)ߩ
ܤܪ ∙ ܥܪ

 

(ܪ)ߩ = ܴଶ − ଶܪܱ = ܴଶ − ൫9ܴଶ − (ܽଶ + ܾଶ + ܿଶ)൯ = ܽଶ + ܾଶ + ܿଶ − 8ܴଶ 

ܥܤܣ∆ −acute⇒ ܣܪ = ܤܪ;ܣݏ݋2ܴܿ = ܥܪ;ܤݏ݋2ܴܿ =  ܥݏ݋2ܴܿ

⇒
[ᇱܥᇱܤᇱܣ]

[ܥܤܣ] =
ܾܽܿ൫(ܪ)ߩ൯ଷ

ܣܪ)ܾܿܽ ∙ ܤܪ ∙ ଶ(ܥܪ =
(ܽଶ + ܾଶ + ܿଶ − 8ܴଶ)ଷ

64ܴ଺(ܿܣݏ݋ ∙ ܤݏ݋ܿ ∙  ଶ(ܥݏ݋ܿ
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=
ଶݏ)8 − 4ܴଶ − ݎ4ܴ − ଶ)ଷݎ

4ܴଶ(ݏଶ − 4ܴଶ − ݎ4ܴ − ଶ)ଶݎ

=
ଶݏ)2 − 4ܴଶ − ݎ4ܴ − (ଶݎ

ܴଶ
≥⏞
(∗)

4 ൬ቀ
ݎ
ܴ
ቁ
ଶ

+
ݎ2
ܴ
− 1൰ 

(∗) ⇔ ଶݏ − 4ܴଶ − ݎ4ܴ − ଶݎ ≥ ଶݎ)2 + ݎ2ܴ − ܴଶ) ⇔ ଶݏ ≥ 2ܴଶ +∗ ݎܴ +  ଶݎ3

true by Walker’s inequality, then (∗) true.Proved. 

 

3.39 In ∆࡮࡮,࡯࡮࡭ᇱ,࡯࡯ᇱ −interior bisectors. If the circumcircle of 

 :then ,࡯࡮ it is tangent to the side ࡯࡮࡭∆

૛࢈
૛ࢇ + ࢉ +

૛ࢉ
૛ࢇ + ࢈ < 1 

Marian Ursărescu 

Solution: 

(ܤ)ߩ = ᇱଶܣܤ = ᇱܥܤ ∙ ;ܣܤ (ܥ)ߩ	 = ᇱଶܣܥ = ᇱܤܥ ∙ ܣܥ ⇒ 

ܽ = ᇱܣܤ + ܥᇱܣ = √ܿ ∙ ᇱܥܤ + √ܾ ∙  	(1)						ܥᇱܤ

′ܥܤ
ܣ′ܥ

=
ܽ
ܾ
⇒
′ܥܤ
ܿ

=
ܽ

ܽ + ܾ
	⇒ ᇱܥܤ =

ܽܿ
ܽ + ܾ

					(2) 

ܥ′ܤ
ܣ′ܤ

=
ܽ
ܿ
⇒
ܣ′ܤ
ܾ

=
ܽ

ܽ + ܿ
	⇒ ܥ′ܤ =

ܾܽ
ܽ + ܿ

					(3) 

From (1)+(2)+(3) we have: ܽ = ට௔௖మ

௔ା௕
+ට௔௕మ

௔ା௖
⇒ √ܽ = ௖

√௔ା௕
+ ௕

√௔ା௖
 

⇒ 1 =
ܿ

ඥܽ(ܽ + ܾ)
+

ܾ

ඥܽ(ܽ + ܿ)
				(4) 

ඥܽ(ܽ + ܾ) ≤
2ܽ + ܾ

2
⇒

1

ඥܽ(ܽ + ܾ)
>

2
2ܽ + ܾ

 

ඥܽ(ܽ + ܿ) ≤
2ܽ + ܿ

2
⇒

1

ඥܽ(ܽ + ܿ)
>

2
2ܽ + ܿ

			(5) 

From (4)+(5) we have: 1 = ௖
ඥ௔(௔ା௕)

+ ௕
ඥ௔(௔ା௖)

> ଶ௖
ଶ௔ା௕

+ ଶ
ଶ௔ା௖
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 3.40 Let ࡯′࡮′࡭′ be the circumcevian triangle of symedians in ∆࡯࡮࡭. 

Prove that: 

[ᇱ࡯ᇱ࡮ᇱ࡭]
[࡯࡮࡭] ≤ ൬

ࡾ
૛࢘൰

૛

 

Marian Ursărescu 

Solution (Tran Hong) 

[ᇱܥᇱܤᇱܣ]
[ܥܤܣ]

=
′ܤ′ܣ ∙ ′ܥ′ܤ ∙ ′ܣ′ܥ

4ܴ
∙

4ܴ
ܾܽܿ

=
′ܤ′ܣ ∙ ′ܥ′ܤ ∙ ′ܣ′ܥ

ܾܽܿ
 

൜ܭܣܤ෣ ≡ ᇱ෣ܣᇱܤܤ
ᇱ෣ܤܤܣ ᇱ෣ܤᇱܣܣ≡ ᇱܣᇱܤᇱܭ∆~ܤܣܭ∆⇒ ⇒

ܣܭ
ᇱܤܭ

=
ܤܣ
ᇱܣᇱܤ

 

⇒ ᇱܣᇱܤ =
ܤܣ ∙ ′ܤܭ
ܣܭ

= ܿ ∙
ܤܭ
ܣܭ

∙
′ܤܭ
ܤܭ

=
ܿ ∙ (ܭ)ߩ
ܣܭ ∙ ܤܭ

 

Similary ܤᇱܥᇱ = ௖∙ఘ(௄)
௄஻∙௄஼

 and ܣᇱܥᇱ = ௖∙ఘ(௄)
௄஺∙௄஼

 

So,	[஺
ᇲ஻ᇲ஼ᇲ]

[஺஻஼]
= ௔௕௖(ఘ(௄))య

௔௕௖(௄஺∙௄஻∙௄஼)య
= (ఘ(௄))య

(௄஺∙௄஻∙௄஼)య
 

But: (ܭ)ߩ = ܴଶ ଶܭܱ− = ଷ(௔௕௖)మ

(௔మା௕మା௖మ)మ
 

ܣܭ =
ܾଶ + ܿଶ

ܽଶ + ܾଶ + ܿଶ
∙ ௔ݏ =

ܾଶ + ܿଶ

ܽଶ + ܾଶ + ܿଶ
∙

2ܾܿ
ܾଶ + ܿଶ

∙ ݉௔ =
2ܾܿ݉௔

ܽଶ + ܾଶ + ܿଶ
⇒ 

ଶܣܭ = 	
(2ܾܿ݉௔)ଶ

(ܽଶ + ܾଶ + ܿଶ)ଶ ⇒ 

[ᇱܥᇱܤᇱܣ]
[ܥܤܣ] =

27(ܾܽܿ)଺
(ܽଶ + ܾଶ + ܿଶ)଺

64(ܾܽܿ)ସ
(ܽଶ + ܾଶ + ܿଶ)଺ ∙ (݉௔݉௕݉௖)ଶ

=
27
64

∙ ൬
ܾܽܿ

݉௔݉௕݉௖
൰
ଶ

 

= 	
27
64

∙ ൬
ݏݎ4ܴ

݉௔݉௕݉௖
൰
ଶ

≤⏞
௠ೌ௠್௠೎ஹ௦మ௥ 27

64
∙ ൬

ݏݎ4ܴ
ݎଶݏ

൰
ଶ

=
27
4
∙
ܴଶ

ଶݏ
≤⏞

௦ஹଷ√ଷ௥

 

27
4
∙
ܴଶ

ଶݎ27
= ൬

ܴ
ݎ2
൰
ଶ
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ܠ	܎۷ 3.41 ∈ ቀ૙, ૈ
૛
ቁ  :ܖ܍ܐܜ	

(૚ + ࢞૛࢔࢏࢙ା࢞࢔࢏࢙(࢞࢔࢏࢙ ∙ (૚+ ࢞૛࢙࢕ࢉା࢙࢞࢕ࢉ(࢙࢞࢕ࢉ ≥ ૛ +
૚

࢞࢔࢏࢙ +  ࢙࢞࢕ࢉ

Florică Anastase 

Solution (Soumava Chakraborty) 

Proof: weighted	GM ≥ weighted	HM → 

ට(1 + ௦௜௡௫ା௦௜௡మ௫(ݔ݊݅ݏ ∙ (1 + ௖௢௦௫ା௖௢௦మ௫(ݔݏ݋ܿ
ೞ೔೙ೣశೞ೔೙మೣశ೎೚ೞೣశ೎೚ೞమೣ

≥
ݔ݊݅ݏ + ݔଶ݊݅ݏ + ݔݏ݋ܿ + ݔଶݏ݋ܿ
ݔ݊݅ݏ + ݔଶ݊݅ݏ

1 + ݔ݊݅ݏ + ݔݏ݋ܿ + ݔଶݏ݋ܿ
1 + ݔݏ݋ܿ

=
1 + ݔ݊݅ݏ + ݔݏ݋ܿ
ݔ݊݅ݏ + ݔݏ݋ܿ

→ 

(1 + ௦௜௡௫ା௦௜௡మ௫(ݔ݊݅ݏ ∙ (1 + ௖௢௦௫ା௖௢௦మ௫(ݔݏ݋ܿ

≥ ൬
1 + ݔ݊݅ݏ + ݔݏ݋ܿ
ݔ݊݅ݏ + ݔݏ݋ܿ

൰
௦௜௡௫ା௦௜௡మ௫ା௖௢௦௫ା௖௢௦మ௫

= ൬
1 + ݔ݊݅ݏ + ݔݏ݋ܿ
ݔ݊݅ݏ + ݔݏ݋ܿ

൰
ଵା௦௜௡௫ା௖௢௦௫

≥⏞
஻௘௥௡௢௨௟௟௜

1

+ ൬
1

ݔ݊݅ݏ + ݔݏ݋ܿ
൰ (1 + ݔ݊݅ݏ + (ݔݏ݋ܿ = 2 +

1
ݔ݊݅ݏ + ݔݏ݋ܿ

 

 

3.42 In acute ∆࡯࡮࡭ the following relationship holds: 

෍ቆ
࡭૜࢔࢏࢙૝ࢇ

࢈ +
࡭૜࢙࢕ࢉ૝ࢇ

ࢉ ቇ
ࢉ࢟ࢉ

≥
૛࢙) − ૛࢘ − ૝࢘ࡾ)૛

࢙  

Florică Anastase 

Solution: 

෍ቆ
ܽସ݊݅ݏଷܣ

ܾ
+
ܽସܿݏ݋ଷܣ

ܿ
ቇ

௖௬௖

= ෍ቆ
ܽସ݊݅ݏସܣ
ܣ݊݅ݏܾ

+
ܽସܿݏ݋ସܣ
ܣݏ݋ܿܿ

ቇ
௖௬௖

 

≥⏞
஻௘௥௚௦௧௥௢௠

෍
ܽସ(݊݅ݏଶܣ + ଶ(ܣଶݏ݋ܿ

ܣ݊݅ݏܾ + ܣݏ݋ܿܿ
௖௬௖

= ෍
ܽସ

ܣ݊݅ݏܾ + ܣݏ݋ܿܿ
௖௬௖
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≥⏞
஻஼ௌ

෍
ܽସ

√ܾଶ + ܿଶ௖௬௖

	≥ ෍
ܽସ

ܾ + ܿ
௖௬௖

≥⏞
஻௘௥௚௦௧௥௢௠ (ܽଶ + ܾଶ + ܿଶ)ଶ

ݏ2
 

=
ଶݏ)4 − ଶݎ − ଶ(ݎ4ܴ

ݏ2
=

ଶݏ) − ଶݎ − ଶ(ݎ4ܴ

ݏ
 

3.43 In acute ∆࡯࡮࡭ the following relationship holds: 

෍ቆ
࡭૜࢔࢏࢙૛ࢇ

࢈ +
࡭૜࢙࢕ࢉ૛ࢇ

ࢉ ቇ
ࢉ࢟ࢉ

≥
૛ૠ࢘૛

૛࢙  

Florică Anastase 

Solution:  

෍ቆ
ܽଶ݊݅ݏଷܣ

ܾ
+
ܽଶܿݏ݋ଷܣ

ܿ
ቇ

௖௬௖

= ෍ቆ
ܽଶ݊݅ݏସܣ
ܣ݊݅ݏܾ

+
ܽଶܿݏ݋ସܣ
ܣݏ݋ܿܿ

ቇ
௖௬௖

 

≥⏞
஻௘௥௚௦௧௥௢௠

෍
ܣଶ݊݅ݏܽ) + ଶ(ܣଶݏ݋ܿܽ

ܣ݊݅ݏܾ + ܣݏ݋ܿܿ
௖௬௖

= ෍
ܽଶ

ܣ݊݅ݏܾ + ܣݏ݋ܿܿ
௖௬௖

 

=⏞
஻஼ௌ

෍
ܽଶ

√ܾଶ + ܿଶ௖௬௖

≥෍
ܽଶ

ܾ + ܿ
௖௬௖

≥⏞
஻௘௥௚௦௧௥௢௠ (ܽ + ܾ + ܿ)ଶ

2(ܽ + ܾ + ܿ) =  ݏ

= ଶ෍ݎ
ଶݐ݋ܿ 2ܣ
ݏ − ܽ

௖௬௖

≥⏞
஻௘௥௚௦௧௥௢௠

ଶݎ ∙
ቀ∑ܿݐ݋ 2ቁܣ

ଶ

ݏ2
=
ଶݎ

ݏ2
∙ ൮෍ܿݐ݋

ܣ
2ᇣᇧᇧᇤᇧᇧᇥ

ஹଷ√ଷ

൲

ଶ

≥
ଶݎ27

ݏ2
 

3.44 In acute ∆ABC the following relationship holds: 

ࢇࢎࢉ࢈)ࡾૢ + ࢈ࢎࢉࢇ + (ࢉࢎ࢈ࢇ ≥ ૛࢘૛(࢙૛ + ૛࢘ + ૝ࡾ࢘) 

Florică Anastase 

Solution: 

If	ܽ ≥ ܾ ≥ ܿ ⇒ ൝
ℎ௔ ≤ ℎ௕ ≤ ℎ௖

1
ܣ݊݅ݏ

≤
1

ܤ݊݅ݏ
≤

1
ܥ݊݅ݏ

⇒⏞
஼௛௘௕௬௦௛௘௩

 

ℎ௔
ܣ݊݅ݏ

+
ℎ௕
ܤ݊݅ݏ

+
ℎ௖
ܥ݊݅ݏ

≥ ൬
ℎ௔ + ℎ௕ + ℎ௖

3
൰൬

1
ܣ݊݅ݏ

+
1

ܤ݊݅ݏ
+

1
ܥ݊݅ݏ

൰ ⇔ 
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ℎ௔
ܣ݊݅ݏ

+
ℎ௕
ܤ݊݅ݏ

+
ℎ௖
ܥ݊݅ݏ

≥ ൬
ℎ௔ + ℎ௕ + ℎ௖

3
൰ ൬
ܤ݊݅ݏܣ݊݅ݏ + ܥ݊݅ݏܤ݊݅ݏ + ܣ݊݅ݏܥ݊݅ݏ

ܥ݊݅ݏܤ݊݅ݏܣ݊݅ݏ
൰ ≥⏞
஼௛௘௕௬௦௛௘௩

 

≥ ൬
ℎ௔ + ℎ௕ + ℎ௖

9
൰

ܣ݊݅ݏ) + ܤ݊݅ݏ + ଶ(ܥ݊݅ݏ

ܥ݊݅ݏܤ݊݅ݏܣ݊݅ݏ
⇒ 

2ܴ ൬
ℎ௔
ܽ

+
ℎ௕
ܾ

+
ℎ௖
ܿ
൰ ≥

1
9
ቆ
ଶݏ + ଶݎ + ܴݎ4

2ܴ
ቇቆ

8ܴଷ

ܾܽܿ
ቇ ቀ

ݎ
ܴ
ቁ
ଶ
⇔ 

9ܾܴܽܿ ൬
ℎ௔
ܽ

+
ℎ௕
ܾ

+
ℎ௖
ܿ
൰ ≥ ଶݏ)ଶݎ2 + ଶݎ + (ܴݎ4 ⇔ 

9ܴ(ܾܿℎ௔ + ܽܿℎ௕ + ܾܽℎ௖) ≥ ଶݏ)ଶݎ2 + ଶݎ +  (ܴݎ4

 

3.45 In acute ∆ABC the following relationship holds: 

૛࢙)࢙૛ − ૛࢘ − ૝࢘)(ࡾ࢘+ (ࡾ ≥ ૜ࡾ࢘[૜࢙૛ − (૛ࡾ+ +ࡾ૝)(࢘  [(࢘

Florică Anastase 

 Solution: 

ܽଶܿܣݏ݋ + ܾଶܿܤݏ݋ + ܿଶܿܥݏ݋ =
ݎ
ݏ

ଶݏ3] − (2ܴ + 4ܴ)(ݎ +  [(ݎ

⎩
⎪
⎨

⎪
⎧ ܽଶ ≥ ܾଶ ≥ ܿଶ

ܣݏ݋ܿ ≤ ܤݏ݋ܿ ≤ ܥݏ݋ܿ
ܽଶ + ܾଶ + ܿଶ = ଶݏ)2 − ଶݎ − (ܴݎ4

ܣݏ݋ܿ + ܤݏ݋ܿ + ܥݏ݋ܿ = 1 +
ݎ
ܴ

⇒⏞
஼௛௘௕௬௦௛௘௩

 

ܽଶܿܣݏ݋ + ܾଶܿܤݏ݋ + ܿଶܿܥݏ݋ ≤
ܽଶ + ܾଶ + ܿଶ

3
ܣݏ݋ܿ) + ܤݏ݋ܿ + (ܥݏ݋ܿ ⇒ 

ଶݏ)ݏ2 − ଶݎ − ݎ)(ܴݎ4 + ܴ) ≥ ଶݏ3]ܴݎ3 − (2ܴ + 4ܴ)(ݎ +  [(ݎ

 

3.46 In acute ∆ABC the following relationship holds: 

૜ࢉ૜࢈૜ࢇૢ

૛࢈ + ૛ࢉ − ૛ࢇ +
૜ࢉ૜࢈૜ࢇૢ

૛ࢇ + ૛ࢉ − ૛࢈ +
૜ࢉ૜࢈૜ࢇૢ

૛ࢇ + ૛࢈ − ૛ࢉ ≥ ૛࢙[ૡࡾ)ࡿ +  ૛[(࢘

Florică Anastase 



DANIEL SITARU            MARIAN URSĂRESCU              FLORICĂ ANASTASE 
 

177 WORLD’S  MATH  OLYMPIADS 
 

Solution: 

ܽ	݂ܫ ≥ ܾ ≥ ܿ	 ⇒ ܣ ≥ ܤ ≥ ܥ ⇒ ൝
ܣ݊݅ݏ ≥ ܤ݊݅ݏ ≥ ܥ݊݅ݏ

1
ܣݏ݋ܿ

≥
1

ܤݏ݋ܿ
≥

1
ܥݏ݋ܿ

	 ⇒⏞
஼௛௘௕௬௦௛௘௩

 

ܣ݃ݐ + ܤ݃ݐ + ܥ݃ݐ ≥
1
3

ܣ݊݅ݏ) + ܤ݊݅ݏ + (ܥ݊݅ݏ ൬
1

ܣݏ݋ܿ
+

1
ܤݏ݋ܿ

+
1

ܥݏ݋ܿ
൰

=
1
3

ܣ݊݅ݏ) + ܤ݊݅ݏ

+ (ܥ݊݅ݏ ൬
ܤݏ݋ܿܣݏ݋ܿ + ܥݏ݋ܿܤݏ݋ܿ + ܣݏ݋ܿܥݏ݋ܿ

ܥݏ݋ܿܤݏ݋ܿܣݏ݋ܿ
൰			(1) 

ℎݐܹ݅ ∶

⎩
⎪
⎨

⎪
⎧ ܣ݊݅ݏ + ܤ݊݅ݏ + ܥ݊݅ݏ =

ݏ
ܴ

1
ܥݏ݋ܿܤݏ݋ܿܣݏ݋ܿ

≥ 8

ܣ݃ݐ =
4ܵ

ܾଶ + ܿଶ − ܽଶ
(ݏ݃݋݈ܽ݊ܽ	݀݊ܽ)

				 ⇒⏞
(ଵ)

 

4ܵ
ܾଶ + ܿଶ − ܽଶ

+
4ܵ

ܽଶ + ܿଶ − ܾଶ
+

4ܵ
ܽଶ + ܾଶ − ܿଶ

≥
ݏ8
3ܴ

ܤݏ݋ܿܣݏ݋ܿ) + ܥݏ݋ܿܤݏ݋ܿ +  (ܣݏ݋ܿܥݏ݋ܿ

4ܵ
ܾଶ + ܿଶ − ܽଶ

+
4ܵ

ܽଶ + ܿଶ − ܾଶ
+

4ܵ
ܽଶ + ܾଶ − ܿଶ

≥
ݏ8
9ܴ

ܣݏ݋ܿ) + ܤݏ݋ܿ +  ଶ(ܥݏ݋ܿ

9 ∙ 4ܴܵ
ܾଶ + ܿଶ − ܽଶ

+
9 ∙ 4ܴܵ

ܽଶ + ܿଶ − ܾଶ
+

9 ∙ 4ܴܵ
ܽଶ + ܾଶ − ܿଶ

≥ ݏ8 ቀ1 +
ݎ
ܴ
ቁ
ଶ
⇔ 

9 ∙ ܾܴܽܿଶ

ܾଶ + ܿଶ − ܽଶ
+

9 ∙ ܾܴܽܿଶ

ܽଶ + ܿଶ − ܾଶ
+

9 ∙ ܾܴܽܿଶ

ܽଶ + ܾଶ − ܿଶ
≥ ܴ)ݏ8 + ଶ(ݎ ⇔ 

9ܽଷܾଷܿଷ

ܾଶ + ܿଶ − ܽଶ
+

9ܽଷܾଷܿଷ

ܽଶ + ܿଶ − ܾଶ
+

9ܽଷܾଷܿଷ

ܽଶ + ܾଶ − ܿଶ
≥ ܴ)8ܵ]ݏ2 +  ଶ[(ݎ

3.47 In acute ∆ࡴ,࡯࡮࡭ −ortocenter, ࡭࡭૚,࡮࡮૚,࡯࡯૚ −altitudes. Prove 

that: 

૚
૚૛࡭ࡴ

+
૚

૚࡮ࡴ
૛ +

૚
૚૛࡯ࡴ

≥
૚૛
૛ࡾ ૚࡭, ∈ ૚࡮,(࡯࡮) ∈ ૚࡯,(࡭࡯) ∈  (࡮࡭)

Marian Ursărescu 
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Solution (Tran Hong) 

In acute ∆ܪܣ :ܥܤܣ + ܪܤ + ܪܥ = ܣݏ݋ܿ)2ܴ + ܤݏ݋ܿ + (ܥݏ݋ܿ = ݎ)2 + ܴ) 

1
ଵଶܣܪ

+
1

ଵଶܤܪ
+

1
ଵଶܥܪ

≥
1
3
൬

1
ଵܣܪ

+
1
ଵܤܪ

+
1
ଵܥܪ

൰
ଶ

≥
஼஻ௌ 1

3
൬

9
ଵܣܪ + ଵܤܪ + ଵܥܪ

൰
ଶ

 

ଵܣܪ ଵܤܪ+ + ଵܥܪ = ℎ௔ + ℎ௕ + ℎ௖ − ܪܣ) + ܪܤ +  (ܪܥ

=
ଶݏ + ଶݎ + ݎ4ܴ

2ܴ
− ݎ)2 + ܴ) =

ଶݏ + ଶݎ − 4ܴଶ

2ܴ
 

We must show that: 

1
3
൬

9
ଵܣܪ ଵܤܪ+ ଵܥܪ+

൰
ଶ

≥
12
ܴଶ

⇔
9

ଶݏ + ଶݎ − 4ܴଶ
2ܴ

≥
6
ܴ

 

⇔ 3ܴଶ ≥ ଶݏ + ଶݎ − 4ܴଶ ⇔ 7ܴଶ − ଶݎ ≥  ଶݏ

But: ݏଶ ≤ 4ܴଶ + ݎ4ܴ +  ଶݎ3

So, we just check 4ܴଶ + ݎ4ܴ + ଶݎ3 ≤ 7ܴଶ −  ଶݎ

⇔ 3ܴଶ − ݎ4ܴ − ଶݎ4 ≥ 0 ⇔ (ܴ − 3ܴ)(ݎ2 + (ݎ2 ≥  ݕܾ	݁ݑݎݐ		0

	ܴ ≥  (ݎ݈݁ݑܧ)ݎ2

3.48 Prove that in every triangle there is a median whose length 
squared is at least √૜ times the area of the triangle. 

Estonian NMO-2017 

Solution: Assume w.l.o.g. that ܥܤ is the shortest side of the triangle. 
Then the least angle of the triangle is by vertex ܣ. Denote ܽ = ,ܥܤ ܾ = ,ܣܥ ܿ =
ߙ,ܤܣ =  By .ܣ ෣ and let ݉ be the length of the median drawn from vertexܥܣܤ
assumptions made at the beginning of the solution, ߙ ≤ 60° . Let ܨ,ܧ,ܦ be the 
midpoints of sides ܤܣ,ܣܥ,ܥܤ, respectively. As ܦܨܣ෣ = 180° −  because of ߙ

ܨܦ ∥ implies ݉ଶ ܦܨܣ the law of cosines in triangle ,ܣܥ = ቀ௕
ଶ
ቁ
ଶ

+ ቀ௖
ଶ
ቁ
ଶ
− 2 ∙

௕
ଶ
∙ ௖
ଶ
෣ܦܨܣݏ݋ܿ = ௕మ

ସ
+ ௖మ

ସ
+ ௕௖

ଶ
ݏ݋ܿ ߙ ≥ ௕మ

ସ
+ ௖మ

ସ
+ ௕௖

ଶ
ݏ݋ܿ 60° = ௕మା௖మା௕௖

ସ
. As 

ܾଶ + ܿଶ ≥ ܾܿ, we obtain ݉ଶ ≥ ଷ௕௖
ସ

. 
On the other hand, let ܵ be the area of the triangle ܥܤܣ.  
Then ܵ = ଵ

ଶ
ߙ݊݅ݏܾܿ ≤ ଵ

ଶ
°60݊݅ݏܾܿ ≤ √ଷ௕௖

ସ
.  
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Before we obtained the inequality ݉ଶ ≥ ଷ௕௖
ସ

= √3 ∙ √ଷ௕௖
ସ

. Consequently, 

݉ଶ ≥ √3ܵ. 
 

3.49 Let ࡯࡮࡭ be an acute triangle, and ࡴ−orthocenter. The distance 
from ࡴ to rays ࡮࡭,࡭࡯,࡯࡮ is denote by ࢉࢊ,࢈ࢊ,ࢇࢊ. Let ܀ be the radius 
of circumcenter of ∆࡯࡮࡭ and ܚ be the radius of incenter of ∆࡯࡮࡭. 
Prove that following inequality: 

ࢇࢊ + ࢈ࢊ + ࢉࢊ <
૜ࡾ૛

૝࢘  

Moldova NMO-2017 

Solution: Firstly we use Euler’s inequality (ܴ ≥  and turn our inequality (ݎ2
into: ݀௔ + ݀௕ + ݀௖ ≤

ଷ
ଶ
ܴ. Now using Erdos-Mordell inequality we have 

݀௔ + ݀௕ + ݀௖ ≤
ܣܪ + ܤܪ ܥܪ+

2
 

But ܣܪ = ݏ݋ܿ so only have to prove that ܣݏ݋2ܴܿ ܣ + ܤݏ݋ܿ + ݏ݋ܿ ܥ ≤ ଷ
ଶ
 and 

this can be easily proved using Jensen. Another way is by Carnot’s Relation: 

ݏ݋ܿ ܣ + ݏ݋ܿ ܤ + ݏ݋ܿ ܥ = 1 +
ݎ
ܴ

 

 

3.50 In any ∆࡯࡮࡭ the following relationship holds: 

ࢇ࢘૛ࢇ + ࢈࢘૛࢈ + ࢉ࢘૛ࢉ ≥ ૞૝࢘ࡾ૛ 

Marian Ursărescu 

Solution (Daniel Văcaru) 

We can write: 

ܽଶݎ௔ + ܾଶݎ௕ + ܿଶݎ௖ =
ܽଶ

1
௔ݎ

+
ܾଶ

1
௕ݎ

+
ܿଶ

1
௖ݎ

≥
஻௘௥௚௦௧௥௢௠ (ܽ + ܾ + ܿ)ଶ

1
௔ݎ

+ 1
௕ݎ

+ 1
௖ݎ

= 

=
(ܽ + ܾ + ܿ)ଶ

ݏ) − ܽ) + ݏ) − ܾ) + ݏ) − ܿ)
ܵ

=
(ܽ + ܾ + ܿ)ଶ

1
ݎ

= (ܽ + ܾ + ܿ)ଶݎ 

=
(ܽ + ܾ + ܿ)ଷ ∙ ݎ

ݏ2
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But: (ܽ + ܾ + ܿ)ଷ ≥ 27ܾܽܿ ⇒ 

ܽଶݎ௔ + ܾଶݎ௕ + ܿଶݎ௖ ≥
27ܾܽܿ ∙ ݎ

ݏ2
=

27 ∙ 4ܴܵ ∙ ݎ
ݏ2

= ݎ54ܴ ൬
ܵ
ݏ
൰ =  ଶݎ54ܴ

 

3.51 In ∆࡯࡮࡭ the following relationship holds: 

ඥ(ૡࡾ૛ − ૛ࡾ૛)(ૡࢇ − ૛ࡾ૛)(ૡ࢈ − (૛ࢉ ≥ ૛√૞ࡾ૛(૛ࡾ+  (࢘

Marian Ursărescu 

 Solution (Rahim Shahbazov) 

ඥ(8ܴଶ − ܽଶ)(8ܴଶ − ܾଶ)(8ܴଶ − ܿଶ) ≥ 2√5ܴଶ(2ܴ +  (1)		;(ݎ

ܽ = ;ܣ݊݅ݏ2ܴ ܾ = ;ܤ݊݅ݏ2ܴ ܿ = ܥ݊݅ݏ2ܴ
(ଵ)
ሳሰ 

16ܴଶ(2 − −2)(ܣଶ݊݅ݏ −2)(ܤଶ݊݅ݏ (ܥଶ݊݅ݏ ≥ 5(2ܴ +  ଶ(ݎ

16ܴଶ(1 + 1)(ܣଶݏ݋ܿ + 1)(ܤଶݏ݋ܿ + (ܥଶݏ݋ܿ ≥ 5ܴଶ ቀ2 +
ݎ
ܴ
ቁ
ଶ
 

16(1 + 1)(ܣଶݏ݋ܿ + 1)(ܤଶݏ݋ܿ + (ܥଶݏ݋ܿ ≥ 5(1 + ܣݏ݋ܿ + ܤݏ݋ܿ +  ଶ(ܥݏ݋ܿ

Let: ܿܣݏ݋ = ௫
ଶ

; ܤݏ݋ܿ = ௬
ଶ

; ܥݏ݋ܿ = ௭
ଶ
 then 

ଶݔ) + ଶݕ)(4 + ଶݖ)(4 + 4) ≥ ݔ)5 + ݕ + ݖ + 2)ଶ; 			(2) 

ݔ) + ݕ + ݖ + 2)ଶ ≤
஺௠ିீ௠

ଶݔ) + 4)ቆ1 + ൬
ݕ + ݖ + 2

2
൰
ଶ

ቇ ⇒ 

5ቆ1 + ൬
ݕ + ݖ + 2

2
൰
ଶ

ቇ ≤ ଶݕ) + ଶݖ)(4 + 4) ⇔ ݕ)5 + ݖ − 2)ଶ ≥ 0 

 

3.52 If in ∆ࡴ;࡯࡮࡭ −orthocentre; ࡲࡴ,ࡱࡴ,ࡰࡴ bisectors of angles 

ࡰ;࡮ࡴ࡭ respectively ࡭ࡴ࡯,࡯ࡴ࡮ ∈ ࡱ;(࡯࡮) ∈ ࡲ;(࡭࡯) ∈  then the (࡮࡭)

following relationship holds: 

[ࡲࡱࡰ]
[࡯࡮࡭] ≥ ૚૜ቀ

࢘
ቁࡾ

૛
− ૜ 

Marian Ursărescu 
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Solution:  

ܥܩܤ∆ ⇒ ஻஽
஽஼

= ு஻
ு஼

 and analogs 

ܦܤ
ܥܦ

∙
ܧܥ
ܣܧ

∙
ܨܣ
ܤܨ

=
ܤܪ
ܥܪ

∙
ܥܪ
ܣܪ

∙
ܣܪ
ܤܪ

= 1; (1) 

Let: ு஺
ு஻

= ݉, ு஻
ு஼

= ݇, ு஼
ு஺

=   ݌

஺ܵாி = ஺ி∙஺ா∙௦௜௡஺
ଶ

= ௠
(௠ାଵ)(௣ାଵ)

∙ ௕௖∙௦௜௡஺
ଶ

= ௠
(௠ାଵ)(௣ାଵ)

∙ ஺ܵ஻஼   and analogs 

ܵ஽ாி =
1 + ݌݉݇

(1 + ݇)(1 +݉)(1 + (݌ =
(ଵ) 2

(1 + ݇)(1 + ݉)(1 + (݌ = 

=
ܪܣ2 ∙ ܪܤ ∙ ܪܥ

ܪܣ) + ܪܣ)(ܪܤ + ܪܥ)(ܪܥ + (ܪܤ
∙ ஺ܵ஻஼  

But: ܪܣ = ܣ݊݅ݏ2ܴ ⇒ 

ܵ஽ாி =
ܥݏ݋ܿܤݏ݋ܿܣݏ݋2ܿ

ܣݏ݋ܿ) + ܤݏ݋ܿ)(ܤݏ݋ܿ + ܥݏ݋ܿ)(ܥݏ݋ܿ + (ܣݏ݋ܿ ∙ ஺ܵ஻஼ ; (2) 

But: ܿܥݏ݋ܿܤݏ݋ܿܣݏ݋ = ௦మି(ଶோା௥)మ

ସோమ
; (3) 

ܣݏ݋ܿ) + ܤݏ݋ܿ)(ܤݏ݋ܿ + ܥݏ݋ܿ)(ܥݏ݋ܿ + (ܣݏ݋ܿ =
ଶݏ)ݎ + ଶݎ + (ݎ2ܴ

4ܴଷ
; (4) 

ଶݏ ≤ 27ܴଶ ∙ ଶݏ ≥
27
4
∙ ଶݎ ,ܴ ≥ ;ݎ2 (5) 

From (1)+(2)+(3)+(4)+(5) proved. 

 

3.53 In acute ∆࡯࡮࡭ the following relationship holds: 

࡭૛࢔࢏࢙√ + ࡮૛࢔࢏࢙√ + ࡯૛࢔࢏࢙√
࡭࢔ࢇ࢚√ + ࡮࢔ࢇ࢚√ + ࡯࢔ࢇ࢚√

≥ ඨ૛ ቀ
࢘
+ࡾ ૚ቁ

૛	
– ૝ 

Marian Ursărescu 

Solution: 

ݔ)2 + (ݕ ≥ ൫√ݔ +ඥݕ൯
ଶ

ݕ,ݔ∀, > 0 

Let: ݔ = ܣ2݊݅ݏ + ܤ2݊݅ݏ − ;ܥ2݊݅ݏ ݕ = ܣ2݊݅ݏ − ܤ2݊݅ݏ +  ܥ2݊݅ݏ
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ܣ2݊݅ݏ4 ≥ ൫√ܣ2݊݅ݏ + ܤ2݊݅ݏ − ܥ2݊݅ݏ + ܣ2݊݅ݏ√ − ܤ2݊݅ݏ + ൯ܥ2݊݅ݏ
ଶ

 

ܣ2݊݅ݏ√ + ܤ2݊݅ݏ − ܥ2݊݅ݏ + ܣ2݊݅ݏ√ − ܤ2݊݅ݏ + ܥ2݊݅ݏ ≤  ܣ2݊݅ݏ√2

Analogous:  

ܣ2݊݅ݏ√ + ܤ2݊݅ݏ − ܥ2݊݅ݏ + ܣ2݊݅ݏ−√ + ܤ2݊݅ݏ + ܥ2݊݅ݏ ≤  ܤ2݊݅ݏ√2

ܣ2݊݅ݏ√ − ܤ2݊݅ݏ + ܥ2݊݅ݏ + ܣ2݊݅ݏ−√ + ܤ2݊݅ݏ + ܥ2݊݅ݏ ≤  ܥ2݊݅ݏ√2

෍√ܣ2݊݅ݏ + ܤ2݊݅ݏ − ܥ2݊݅ݏ ≤ ܣ2݊݅ݏ√ + ܤ2݊݅ݏ√ + ;ܥ2݊݅ݏ√ 		(1) 

But: ܣ2݊݅ݏ + ܤ2݊݅ݏ − ܥ2݊݅ݏ = ܣ)݊݅ݏ2 + ܣ)ݏ݋ܿ(ܤ − (ܤ −  ܥݏ݋ܿܥ݊݅ݏ2

= ܣ)ݏ݋ܿ]ܥ݊݅ݏ2 − (ܤ − [ܥݏ݋ܿ = ݊݅ݏܥ݊݅ݏ4− ൬
ܣ − ܤ + ܥ

2
൰ ݊݅ݏ ൬

ܣ − ܤ − ܥ
2

൰ 

= ܥ݊݅ݏܤݏ݋ܿܣݏ݋4ܿ = ܥ݊ܽݐܥݏ݋ܿܤݏ݋ܿܣݏ݋4ܿ =
ଶݏ − (2ܴ + ଶ(ݎ

ܴଶ
;ܥ݊ܽݐ (2) 

From (1),(2) we have: ට௦మି(ଶோା௥)మ

ோమ
ܣ݊ܽݐ√∑ ≤  ܣ2݊݅ݏ√∑

ඨݏ
ଶ − (2ܴ + ଶ(ݎ

ܴଶ
≤
ܣ2݊݅ݏ√∑
ܣ݊ܽݐ√∑

; (3) 

ඨݏ
ଶ − (2ܴ + ଶ(ݎ

ܴଶ
≥
(∗)
ඨ2ܴଶ + ݎ8ܴ + ଶݎ3 − 4ܴଶ − ݎ4ܴ − ଶݎ

ܴଶ

= ඨ2ݎଶ + ݎ4ܴ − 2ܴଶ

ܴଶ
= ඨ2 ቀ

ݎ
ܴ

+ 1ቁ
ଶ	

– 4 

ଶݏ	:(∗) ≥ 2ܴଶ + ݎ8ܴ + ;	ଶݎ3 	(4) 

From (3) and (4) we have: 

ܣ2݊݅ݏ√ + ܤ2݊݅ݏ√ + ܥ2݊݅ݏ√
ܣ݊ܽݐ√ + ܤ݊ܽݐ√ + ܥ݊ܽݐ√

≥ ඨ2 ቀ
ݎ
ܴ

+ 1ቁ
ଶ	

– 4 

3.54 Let ࢖ be a circle with center ࡷ passing through ࢗ,ࡹ a semicircle 
with diameter ࡹࡷ and ࡸ a point inside the segment ࡹࡷ. A line ࡸ 
perpendicular to ࡹࡷ intersects ࢗ a point ࡽ and ܘ at points ࡼ૚,ࡼ૛ 
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such that ࡼ૚ࡽ >  for the second time at ܘ intersects ࡽࡹ Line .ࡽ૛ࡼ
ࡾ ≠ ,૚ࡿ Prove that areas .ࡹ  satisfy ࡽࡾ૛ࡼ,ࡽ૚ࡼࡹ ૛ of triangleࡿ

૚ <
૚܁
૛܁

< 3 + √ૡ. 

Sarka Gergelitsova-Czech and Slovak NMO-2017 

Solution: The circle containing the semicircle ݍ in this image of ݌ in 
homothety with center ܯ and factor ଵ

ଶ
, hence ܳ is the midpoint of ܴܯ. Since 

triangles ܯ ଵܲܳ, ଶܴܲܳ share the angle by ܳ, we have 

ଵܵ

ܵଶ
=

1
2 ଵܲܳ ∙ ܳܯ ∙ ݊݅ݏ ଵܲܳܯ෣

1
2 ଶܲܳ ∙ ܴܳ ∙ ݊݅ݏ ଶܲܳ෣ܴ

= ଵܲܳ
ଶܲܳ

. 

Let ܯܭ = ܮܯ,ݎ = ,ݔ ଵܲܮ = ݀ଵ,ܳܮ = ݀ଶ	(݃݅ܨ. 1). Points ଵܲ, ଶܲ are symmetric 
about ܯܭ, therefore ଵܲܮ = ଶܲܮ and ଶܲܳ = ݀ଵ − ݀ଶ. Denote by ܯ′ the point 
such that ܯܯ′ is the diameter of ݌. Theorem (an altitude splits a right triangle 
into two similar triangles) we get ݀ଵଶ = ݎ2)ݔ −  Similarly in right triangle .(ݔ
we get ݀ଶଶ ܯܳܭ = ݎ2)ݔ −   and thus (ݔ

ଵܵ

ܵଶ
= ଵܲܳ

ଶܲܳ
=
݀ଵ + ݀ଶ
݀ଵ − ݀ଶ

=
(݀ଵ + ݀ଶ)ଶ

(݀ଵ − ݀ଶ)(݀ଵ + ݀ଶ) 

=
ݎ2)ݔ − (ݔ + ݎ)ݔ − (ݔ + 2ඥݎ2)ݔ − (ݔ ∙ ݎ)ݔ − (ݔ

ݔݎ
 

=
ݎ3 − ݔ2 + 2ඥ(2ݎ − ݎ)(ݔ − (ݔ

ݎ
 

 
We view expression as a function of variable ݔ with parameter ݎ. The function 
is decreasing on (0, ݎboth functions 3) (ݎ − ݎand (2 ݔ2 − ݎ)(ݔ −  are (ݔ
decreasing), therefore it attains its maximum 3 + 2√2 at ݔ = 0 and minimum 
1 at ݔ = ݔ ,By the problem statement .ݎ ∈ (0, thus 1 ,(ݎ < ௌభ

ௌమ
< 3 + 2√2 =
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3 + √8.	Remark. The inequality ௌభ
ௌమ

> 1 follows immediately from the given 

inequality ଵܲܳ > ଶܲܳ and from ܴܳ = since ଵܵ ,ܯܳ > ܯܮ] ଵܲ] = ܯܮ] ଶܲ] >
ܳܯ] ଶܲ] = ܵଶ. 
 

3.55 In any ∆࡯࡮࡭ the following relationship holds: 

࢘
૝ࡾ ≤ ࢔࢏࢙ ൬

࣊ − ࡭
૝ ൰࢔࢏࢙ ൬

࣊ − ࡮
૝ ൰࢔࢏࢙ ൬

࣊ − ࡯
૝ ൰ ≤

૚
ૡ 

Marian Ursărescu 

Solution (Daniel Văcaru) 

We have: ௥
ସோ

= ݊݅ݏ ஺
ଶ
݊݅ݏ ஻

ଶ
݊݅ݏ ஼

ଶ
. 

Observe that: ∏ ݊݅ݏ ቀగି஺
ସ
ቁ௖௬௖ =

∑ ௦௜௡ಲమ೎೤೎ ିଵ

ସ
≥

ଷ ට∏ ௦௜௡ಲమ೎೤೎
య

ିଵ

ସ
≥ ∏ ݊݅ݏ ஺

ଶ௖௬௖ ; (1) 

Let’s denote ට∏ ݊݅ݏ ஺
ଶ௖௬௖

య =  .ݔ

Then (1) became: 

ݔ3 − 1 ≥ ଷݔ4 ↔ ݔ2) − 1)ଶ(1 − (ݔ ≥ 0, true because ݔ < 1. 

For the right side, we have:  

∑ 2௖௬௖ܣ݊݅ݏ − 1
4

≤⏞
௧→௦௜௡௧ଶ	௖௢௡௖௔௩௘ ݊݅ݏ3 ቀܣ + ܤ + ܥ

6 ቁ

4
=

1
8

 

 

3.56 In acute ∆࡯࡮࡭ the following relationship holds: 

૝ࢇ

ࢇ࢘
+
૝࢈

࢈࢘
+
૝ࢉ

ࢉ࢘
= ૚ૡࡾ૜ ൬

ࡾ
࢘ − ૚൰ 

Marian Ursărescu 

Solution(Soumava Chakraborty) 

෍
ܽସ

௔ݎ
= ෍

ܽସ(ݏ − ܽ)
ݏݎ ≤ 18ܴଷ ൬

ܴ
ݎ − 1൰ =

18ܴଷ(ܴ − (ݎ
ݎ ⇔෍ܽସ(ݏ − ܽ)

≤ ܴ)ଷܴݏ18 −  (ݎ
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⇔ ෍ܽସݏ2 − 2෍ܽହ ≤
⏞

(ଵ)
ܴ)ଷܴݏ36 −  (ݎ

ቌ෍ܽቍቌ෍ܽସቍ,ݓ݋ܰ = ෍ܽହ +෍ܾܽ(ܽଷ + ܾଷ) ⇒ 

෍ܽସݏ2 −෍ܽହ = ෍ቐܾܽቌ෍ܽଷ − ܿଷቍቑ=
⏞
(௜)
ቌ෍ܽଷቍቌ෍ܾܽቍ− ܾܽܿ෍ܽଶ 

ቌ෍ܽଶቍቌ෍ܽଷቍ,ݓ݋ܰ = ෍ܽହ +෍{ܽଶܾଶ(2ݏ − ܿ)}

= ଶܾଶܽ∑ݏ2 + ෍ܽହ − ܾܽܿ෍ܾܽ 

⇒ −෍ܽହ =
⏞

(௜௜)
ݏ2

⎝

⎜
⎛
ቌ෍ܾܽቍ

ଶ

− 2ܾܽܿ ቌ෍ܽቍ

⎠

⎟
⎞
− ܾܽܿ෍ܾܽ −ቌ෍ܽଶቍቌ෍ܽଷቍ 

 

3.57 In ∆࡯࡮࡭ the following relationship holds: 

ࢇ࢘
ࢇࢎࢇ࢓

+
࢈࢘

࢈ࢎ࢈࢓
+

ࢉ࢘
ࢉࢎࢉ࢓

≥
૝(ࡾ − (࢘

૛ࡾ  

Marian Ursărescu 

Solution: 

1) ∑ܽଶ = ଶݏ)2 − ଶݎ −  (ݎ4ܴ

2) ∑ܽଶݎ௔ = ܴ)ଶݏ4 −  								(ݎ

3) ݉௔ ≤
௔మା௕మା௖మ

ଶ√ଷ௔
																						 

ݎ3√3 (4 ≤ ݏ ≤ ଷ√ଷ
ଶ
ܴ −Mitrinovic 

ݎ16ܴ(5 − ଶݎ5 ≤ ଶݏ ≤ 4ܴଶ + ݎ4ܴ + ଶݎ3 −Gerretsen 

6) ܴ ≥ ݎ2 −Euler 

(3) →
1
݉௔

≥
2√3ܽ

ܽଶ + ܾଶ + ܿଶ
→

௔ݎ
݉௔

≥
௔ݎ3ܽ√2

ܽଶ + ܾଶ + ܿଶ
→ 
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௔ݎ
݉௔ℎ௔

≥
√3ܽଶݎ௔

(ܽଶ + ܾଶ + ܿଶ)ܵ
 

෍
௔ݎ

݉௔ℎ௔௖௬௖

≥෍
√3ܽଶݎ௔

(ܽଶ + ܾଶ + ܿଶ)ܵ
௖௬௖

=
√3

(ܽଶ + ܾଶ + ܿଶ)ܵ
෍ܽଶݎ௔
௖௬௖

=
(ଶ)

 

=
√3

(ܽଶ + ܾଶ + ܿଶ)ܵ
∙ ܴ)ଶݏ4 − (ݎ =

ଶݏ3√

ܵ
∙

4(ܴ − (ݎ
ܽଶ + ܾଶ + ܿଶ

=
(ଵ)

 

=
ଶݏ3√

ݎݏ
∙

4(ܴ − (ݎ
ଶݏ)2 − ଶݎ − (ݎ4ܴ =

ݏ3√
ݎ

∙
4(ܴ − (ݎ

ଶݏ)2 − ଶݎ − (ݎ4ܴ ≥
(ସ)

 

≥
√3൫3√3ݎ൯

ݎ
∙

4(ܴ − (ݎ
ଶݏ)2 − ଶݎ − (ݎ4ܴ =

9 ∙ 4(ܴ − (ݎ
ଶݏ)2 − ଶݎ − (ݎ4ܴ ≥

(∗) 4(ܴ − (ݎ
ܴଶ

 

(∗) ↔ 9ܴଶ ≥ ଶݏ2 − ଶݎ2 − ݎ8ܴ ↔ ଶݏ2 ≤ 9ܴଶ + ଶݎ2 + ݎ8ܴ
(ହ)
ርሮ 

8ܴଶ + ݎ8ܴ + ଶݎ6 ≤ 9ܴଶ + ଶݎ2 + ݎ8ܴ ↔ ܴଶ ≥ ଶݎ4 ↔ ܴ ≥  true from ݎ2

Euler.Proved. 

3.58 In ઢ࡯࡮࡭ the following relationship holds: 

෍൬ܛܗ܋
࡮
૛ + ܛܗ܋

࡯
૛ − ܛܗ܋

࡭
૛൰

૜

ࢉ࢟ࢉ

≥
૜࢙
૝ࡾ 

Daniel Sitaru  

Solution (Tran Hong) 

We have: cos ஺
ଶ

cos ஻
ଶ

cos ஼
ଶ

= ௦
ସோ

 

Let ݔ = cos ஺
ଶ

; ݕ = cos ஻
ଶ

; ݖ = cos ஼
ଶ

 

,ݕ,ݔ) ݖ > 0) 

We just check: 

෍(ݔ + ݕ − ଷ(ݖ
௖௬௖

≥  ݖݕݔ3

෍(ݔ + ݕ − ଷ(ݖ
௖௬௖

= ݔ) + ݕ − ଷ(ݖ + ݔ) + ݖ − ଷ(ݕ + ݕ) + ݖ −  ଷ(ݔ
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= ଷݔ + ଷݕ + ଷݖ + ଶݕݔ3 + ଶݔݕ3 + ଶݖݔ3 + ଶݔݖ3 + ଶݖݕ3 + ଶݕݖ3 −  ݖݕݔ18

So, we prove:  

ଷݔ + ଷݕ + ଷݖ + ଶݕݔ3 + ଶݔݕ3 + ଶݖݔ3 + ଶݔݖ3 + ଶݖݕ3 + ଶݕݖ3 − ݖݕݔ18

≥  ݖݕݔ3

⇔෍ݔଷ + 3 ቀ෍ݕݔଶ + ෍ݔݕଶቁ ≥  ݖݕݔ21

It is true because: 

෍ݔଷ ≥
஺ெିீெ

 ݖݕݔ3

ଶݕݔ)3 + ଶݔݕ + ଶݖݔ + ଶݔݖ + ଶݖݕ + (ଶݕݖ ≥ 3 ⋅ 6ඥݔ଺ݕ଺ݖ଺ల =  ݖݕݔ18

 

3.59 If in ઢࡷ,࡯࡮࡭ – Lemoine’s point then: 

෍
ࢉ࢈ ⋅ ࡷ࡮ ⋅ ࡷ࡯

࢈ ⋅ ࡷ࡮ + ࢉ ⋅ ࡷ࡯ − ࢇ ⋅ ࡷ࡭
ࢉ࢟ࢉ

≥ ࢇ ⋅ ࡷ࡭ + ࢈ ⋅ ࡷ࡮ + ࢉ ⋅  ࡷ࡯

Daniel Sitaru 

Solution:  

 
ܾܿ ⋅ ܮܤ ⋅ ܮܥ

ܾ ⋅ ܮܤ + ܿ ⋅ ܮܥ − ܽ ⋅ ܮܣ
+

ܿܽ ⋅ ܮܥ ⋅ ܮܣ
ܿ ⋅ ܮܥ + ܽ ⋅ ܮܣ − ܾ ⋅ ܮܤ

+
ܾܽ ⋅ ܮܣ ⋅ ܮܤ

ܽ ⋅ ܮܣ + ܾ ⋅ ܮܤ − ܿ ⋅ ܮܥ
≥ 

≥ ܮܣܽ + ܮܤܾ +  ܮܥܿ

From Van Aubel theorem we have: 
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ܮܣ
ᇱܣܮ

=
ᇱܥܣ

ܤᇱܥ
+
ᇱܤܣ

ܥᇱܤ
=ௌ௧௘௜௡௘௥ ܾଶ + ܿଶ

ܽଶ
⇒ 

஺௅
௦ೌ

= ௕మା௖మ

௔మା௕మା௖మ
   (1)  

But ݏ௔ = ଶ௕௖
௕మା௖మ

݉௔   (2) 

From (1)+(2)⇒ 

ܮܣ = ௕మା௖మ

௔మା௕మା௖మ
⋅ ௔ݏ = ଶ௕௖

௔మା௕మା௖మ
⋅ ݉௔ and similarly ⇒ 

ܾܿ ⋅ ܮܤ ⋅ ܮܥ
ܾ ⋅ +ܮܤ ܿ ⋅ ܮܥ − ܮܣܽ =

ܾܿ ⋅ 2ܽܿ
ܽଶ + ܾଶ + ܿଶ ⋅ ݉௕ ⋅

2ܾܽ
ܽଶ + ܾଶ + ܿଶ ⋅ ݉௖

2ܾܽܿ
ܽଶ + ܾଶ + ܿଶ݉௕ + 2ܾܽܿ

ܽଶ + ܾଶ + ܿଶ݉௕ −
2ܾܽܿ

ܽଶ + ܾଶ + ܿଶ݉௔

 

=
మೌ್೎

ೌమశ್మశ೎మ⋅௠್⋅௠೎

௠್ା௠೎ି௠ೌ
⇒ we must show: 

2ܾܽܿ
ܽଶ + ܾଶ + ܿଶ

⋅෍
݉௕ ⋅ ݉௖

݉௕ +݉௖ −݉௔
≥

2ܾܽܿ
ܽଶ + ܾଶ + ܿଶ

(݉௔ + ݉௕ + ݉௖) ⇔ 

∑ ௠್௠೎
௠್ା௠೎ି௠ೌ

≥ ݉௔ + ݉௕ + ݉௖   (1) 

Let ݉௕ + ݉௔ −݉௔ =  ݔ

݉௔ −݉௕ + ݉௖ =  ݕ

݉௔ + ݉௕ −݉௖ =  ݖ

,ݕ,ݔ ݖ > 0 and ݉௔ + ݉௕ + ݉௖ = ݔ + ݕ +  and ݖ

݉௔ = ௬ା௭
ଶ

,݉௕ = ௫ା௭
ଶ

 and ݉௖ = ௫ା௬
ଶ

   (2) 

From (1)+(2) we must show: 

෍
ݔ) + ݔ)(ݖ + (ݕ

ݔݕ
≥ ݔ + ݕ + ݖ ⇔ 

෍
ଶݔ + ݕݔ + ݖݔ + ݕݖ

ݔ
≥ ݔ)4 + ݕ + (ݖ ⇔ 

෍ቀݔ + ݕ + ݖ +
ݕݖ
ݔ
ቁ ≥ ݔ)4 + ݕ + (ݖ ⇔ 

ݕݖ
ݔ

+
ݖݔ
ݕ

+
ݕݔ
ݖ
≥ ݔ + ݕ + ݖ ⇔ 

ଶݕଶݔ + ଶݖଶݔ + ଶݖଶݕ ≥ ݔ)ݖݕݔ + ݕ +  true (ݖ
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Because ߙଶ + ଶߚ + ଶߛ ≥ ߚߙ + ߛߙ + ,ߚ,ߙ	∀,ߛߚ  ߛ

3.60 In ઢ࡯࡮࡭ the following relationship holds: 

૛൫√ࢇ + ࢈√ + ൯ࢉ√ ≤ ૜ඨ
૜ࢉ࢈ࢇ

૝࢘ࡾ +  ૛࢘

Daniel Sitaru 

Solution: 

൫√ܽ + √ܾ൯
ଶ

= ܽ + ܾ + 2√ܾܽ > ܽ + ܾ > ܿ = ൫√ܿ൯
ଶ
⇒ 

√ܽ + √ܾ > √ܿ - and analogs. 

By Mitrinovic’s inequality in the triangle with sides √ܽ,√ܾ,√ܿ ∶ 

ଵݏ ≤
3√3

2
ܴଵ ⇔

1
2
൫√ܽ + √ܾ + √ܿ൯ ≤

3√3
2

∙
√ܽ ∙ √ܾ ∙ √ܿ

4 ଵܵ
⇔ 

⟺
1
2
൫√ܽ + √ܾ + √ܿ൯ ≤

3√3ܾܽܿ

8 ∙ 1
ݎ4ܴ√2 + ଶݎ

⇔ 

⟺ 2൫√ܽ + √ܾ + √ܿ൯ ≤ 3ඨ
3ܾܽܿ

ݎ4ܴ + ଶݎ
 

3.61 In ઢ࡯࡮࡭ the following relationship holds: 

൫√ࢇ + ࢈√ + ൯ࢉ√
૛
≥ ૟ඥ૚૛࢘ࡾ+ ૜࢘૛ 

Daniel Sitaru  

Solution: ൫√ܽ + √ܾ൯
ଶ

= ܽ + ܾ + 2√ܾܽ > ܽ + ܾ > ܿ = ൫√ܿ൯
ଶ
⇒ 

√ܽ + √ܾ > √ܿ −  .ݏ݃݋݈ܽ݊ܽ	݀݊ܽ

ܿ√,ܾ√,ܽ√	ݏ݁݀݅ݏ	ℎݐ݅ݓ	݈݁݃݊ܽ݅ݎݐ	ℎ݁ݐ	݊݅	ݕݐ݈݅ܽݑݍ݁݊݅	ݏ’ܿ݅ݒ݋݊݅ݎݐ݅ܯ	ݕܤ ∶ 

ଵݏ ≥ ଵݎ3√3 ⟺
1
2
൫√ܽ + √ܾ + √ܿ൯ ≥ 3√3 ∙ ଵܵ

ଵݏ
⟺ 
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⟺
1
2
൫√ܽ + √ܾ + √ܿ൯ ≥ 3√3 ∙

1
ݎ4ܴ√2 + ଶݎ

1
2 ൫√ܽ + √ܾ + √ܿ൯

⟺ 

⟺
1
2
൫√ܽ + √ܾ + √ܿ൯

ଶ
≥ 3ඥ12ܴݎ + ଶݎ3 ⟺ 

൫√ܽ + √ܾ + √ܿ൯
ଶ
≥ 6ඥ12ܴݎ +  ଶݎ3

3.62 If ࢈,ࢇ,  inradii – ࢘ sides in a bicentric quadrilateral with – ࢊ,ࢉ

then: ࢇ૜࢈૜ + ૜ࢉ૜ࢇ + ૜ࢊ૜ࢇ + ૜ࢉ૜࢈ + ૜ࢊ૜࢈ + ૜ࢊ૜ࢉ ≥ ૜ૡ૝࢘૟ 

Daniel Sitaru  

Solution (Soumava Chakraborty) 

∵ ଷݔ + ଷݕ ≥ ݔ)ݕݔ +  (ݕ

∴ ܽଷܾଷ + ܿଷ݀ଷ ≥
(ଵ)

ܾܽܿ݀(ܾܽ + ܿ݀) 

ܽଷܿଷ + ܾଷ݀ଷ ≥
(ଶ)

ܾܽܿ݀(ܽܿ + ܾ݀) 

ܽଷ݀ଷ + ܾଷܿଷ ≥
(ଷ)

ܾܽܿ݀(ܽ݀ + ܾܿ) 

(1)+(2)+(3)⇒ ܵܪܮ ≥
(ସ)

ܾܽܿ݀(ܾܽ + ܾܿ + ܿ݀ + ܽ݀ + ܽܿ + ܾ݀) 

=
௉௧௢௟௘௠௬

ܾܽܿ݀(ܾ(ܽ + ܿ) + ݀(ܽ + ܿ) +  (ݍ݌

= ܾܽܿ݀൫(ܽ + ܿ)(ܾ + ݀) + ൯ݍ݌ = ଶݏ)ܾ݀ܿܽ +  (ݍ݌

(∵ ܽ + ܿ = ܾ + ݀ =  (ݏ

Now, Yiu & Paul ⇒ ௣௤
ସ௥మ

− ସோమ

௣௤
= 1 ⇒ ௣మ௤మିଵ଺ோమ௥మ

ସ௣௤௥మ
= 1 

⇒ ଶ(ݍ݌) − (ݍ݌)ଶݎ4 − 16ܴଶݎଶ = 0 ⇒ ݍ݌ =
ଶݎ4 ± ସݎ16√ + 64ܴଶݎଶ

2
 

= ଶݎ2 ± ଶඥ4ܴଶݎ2 + ଶݎ ⇒ ݍ݌ =
(௜)

ݎ2 ቀݎ +ඥ4ܴଶ +  ଶቁݎ

Again, Radic & Mircko ⇒ ଶݏ ≥
(௜௜)

൫√4ܴଶݎ8 + ଶݎ −  ൯ݎ

(4), (i), (ii) ⇒ LHS 
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≥ ܾܽ݀ܿ ቂ8ݎ ቀඥ4ܴଶ + ଶݎ − ቁݎ + ݎ2 ቀݎ + ඥ4ܴଶ +  ଶቁቃݎ

= ଶݏଶݎ ቀ10ݎඥ4ܴଶ + ଶݎ − ∵൫		ଶቁݎ6 √ܾܽܿ݀ = Δ =  ൯ݏݎ

≥ ଷݎ ⋅ ൫√4ܴଶݎ8 + ଶݎ − ൯൫10√4ܴଶݎ + ଶݎ −  ൯   (Radic & Mirko)ݎ6

≥
௅.ி௘௝௘௦	்௢௧௛

ସݎ8 ቀඥ4(2ݎଶ) + ଶݎ − ቁݎ ቀ10ඥ4(2ݎ)ଶ + ଶݎ −  ቁݎ6

= 16 ⋅ ଺ݎ24 =  ଺    (Proved)ݎ384

3.63 If࢞ ∈ ቀ૙, ࣊
૛
ቁ then: 

ቆ
૝ܖܑܛ ࢞

૝ܛܗ܋ ࢞ − ૛ܛܗ܋ ࢞ + ૚ +
૝ܛܗ܋ ࢞

૝ܖܑܛ ࢞ − ૛ܖܑܛ ࢞ + ૚ቇቆ
૟ܖܑܛ ࢞

૝ܛܗ܋ ࢞ − ૛ܛܗ܋ ࢞ + ૚

+
૟ܛܗ܋ ࢞

૝ܖܑܛ ࢞ − ૛ܖܑܛ ࢞ + ૚
൰ ≥

૛
ૢ 

Daniel Sitaru  

Solution(Șerban George Florin) 

ସݏ݋ܿ ݔ − ଶݏ݋ܿ ݔ + 1 = ଶݏ݋ܿ ݔ ଶݏ݋ܿ) ݔ − 1) + 1 = ଶ݊݅ݏ− ݔ ଶݏ݋ܿ ݔ + 1 

ସ݊݅ݏ ݔ − ଶ݊݅ݏ ݔ + 1 = ଶ݊݅ݏ ݔ ଶ݊݅ݏ) ݔ − 1) + 1 = ଶ݊݅ݏ− ݔ ଶݏ݋ܿ ݔ + 1 

ସ݊݅ݏ ݔ + ସݏ݋ܿ ݔ = ଶ݊݅ݏ) ݔ + ଶݏ݋ܿ ଶ(ݔ − 2 ଶ݊݅ݏ ݔ ଶݏ݋ܿ ݔ = 1− 2 ଶ݊݅ݏ ݔ ଶݏ݋ܿ  ݔ

଺݊݅ݏ ݔ + ଺ݏ݋ܿ ݔ = ଶ݊݅ݏ) ݔ + ଶݏ݋ܿ ସ݊݅ݏ)(ݔ ݔ − ଶ݊݅ݏ ݔ ଶݏ݋ܿ ݔ + ସݏ݋ܿ (ݔ = 

= 1− 3 ଶ݊݅ݏ ݔ ଶݏ݋ܿ  ݔ

ቆ
ସ݊݅ݏ ݔ

1− ଶ݊݅ݏ ݔ +
ସݏ݋ܿ ݔ

1− ଶ݊݅ݏ ݔ ଶݏ݋ܿ ݔ
ቇቆ

଺݊݅ݏ ݔ
1 − ଶ݊݅ݏ ݔ ଶݏ݋ܿ ݔ +

଺ݏ݋ܿ ݔ
1− ଶ݊݅ݏ ݔ ଶݏ݋ܿ ݔ

ቇ ≥
2
9 

⇒
(1− 2 ଶ݊݅ݏ ݔ ଶݏ݋ܿ 1)(ݔ − 3 ଶ݊݅ݏ ݔ ଶݏ݋ܿ (ݔ

(1 − ଶ݊݅ݏ ݔ ଶݏ݋ܿ ଶ(ݔ ≥
2
9
⇒ 

⇒ 9(1 − 5 ଶ݊݅ݏ ݔ ଶݏ݋ܿ ݔ + 6 ସ݊݅ݏ ݔ ସݏ݋ܿ (ݔ

≥ 2(1− 2 ଶ݊݅ݏ ݔ ଶݏ݋ܿ ݔ + ସ݊݅ݏ ݔ ସݏ݋ܿ  (ݔ

54 ସ݊݅ݏ ݔ ସݏ݋ܿ ݔ − 45 ଶ݊݅ݏ ݔ ଶݏ݋ܿ ݔ + 9

≥ 2 ସ݊݅ݏ ݔ ସݏ݋ܿ ݔ − 4 ଶ݊݅ݏ ݔ ଶݏ݋ܿ ݔ + 2 

52 ସ݊݅ݏ ݔ ସݏ݋ܿ ݔ − 41 ଶ݊݅ݏ ݔ ଶݏ݋ܿ ݔ + 7 ≥ 0 
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Denote: ܽ = ଶ݊݅ݏ ݔ , ܾ = ଶݏ݋ܿ ݔ ,ܾܽ = ݊݅ݏ) ݔ ݏ݋ܿ ଶ(ݔ = ௦௜௡మ ଶ௫
ସ

≤ ଵ
ସ
 

⇒ 52(ܾܽ)ଶ − 41ܾܽ + 7 ≥ 0,ܾܽ =  ݐ

߂ = (−41)ଶ − 4 ⋅ 52 ⋅ 7 = 1681 − 1456 = 225 

ଵݐ =
41 + 14

104
=

56
104

, ଶݐ =
41 − 15

104
=

26
104

=
1
4

 

⇒ ݐ ∈ ቀ−∞, ଶ଺
ଵ଴ସ

ቃ ∪ ቂ ହ଺
ଵ଴ସ

,∞ቁ, true because  

ݐ = ܾܽ ≤
1
4

=
26

104
 

3.64 In ∆࡯࡮࡭ the following relationship holds: 

ቀඥࢇ૞૟ + ඥ࢈૞૟ + ඥࢉ૞૟ ቁ
૟
ቀඥࢇૠૡ + ඥ࢈ૠૡ + ඥࢉૠૡ ቁ

ૡ
≤ ૜૛૙ ∙  ૚૛ࡾ

Daniel Sitaru 

Solution (Tran Hong) 

݂: (0,∞) → (0,∞); 	݂(ܽ) = ඥܽହల = ܽ
ହ
଺ 

݂ᇱ(ܽ) =
5
6
ܽି

ଵ
଺ > 0 

݂"(ܽ) = − ହ
ଷ଺
ܽି

ళ
ల then f is concave, we have: 

෍ඥݔହల

௖௬௖

≤⏞
௃௘௡௦௘௡

3 ∙ ඨ൬
ܽ + ܾ + ܿ

3
൰
଺ల

 

߮: (0,∞) → ℝ,߮(ܽ) = ඥܽ଻ఴ = ܽ
଻
଼,߮ᇱ(ܽ) =

7
8
ܽି

ଵ
଼ 

߮ᇱᇱ(ܽ) = −
7

64
ܽି

ଽ
଼ < 0,∀ܽ > 0 

෍ඥݔ଻ఴ

௖௬௖

≤⏞
௃௘௡௦௘௡

3 ∙ ඨ൬
ܽ + ܾ + ܿ

3
൰
଻ఴ
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ቌ෍ඥݔହల

௖௬௖

ቍ

଺

∙ ቌ෍ ඥݔ଻ఴ

௖௬௖

ቍ

଼

≤ 3଺ ∙
(ܽ + ܾ + ܿ)ହ

3ହ
∙ 3଼ ∙

(ܽ + ܾ + ܿ)଻

3଻
 

= 9(ܽ + ܾ + ܿ)ଵଶ ≤ 9 ∙ ଵଶ(ݏ2) ≤⏞
ଶ௦ஸଷோ√ଷ

3ଶ଴ ∙ ܴଵଶ 

3.65 Solve for real numbers: 

࢞૛࢔࢏࢙ = ൫√૛ − ૚൯(࢞࢔࢏࢙+ ࢙࢞࢕ࢉ + ૚) 

Daniel Sitaru 

Solution (Ravi Prakash) 

ݔ2݊݅ݏ = ൫√2− 1൯(ݔ݊݅ݏ + ݔݏ݋ܿ + 1) … (1) 

ݔ݊݅ݏ	ݐݑܲ + ݔݏ݋ܿ = ,ݐ ݔ݊݅ݏ = ଶݐ − 1 

Now, (1) becomes: ݐଶ − 1 = ൫√2− 1൯(ݐ + 1) 

ݐ + 1 = ݐ	ݎ݋	0 − 1 = √2− 1, ݐ = ݐ	ݎ݋	1− = √2 

ݔ݊݅ݏ + ݔݏ݋ܿ = ݔ݊݅ݏ	ݎ݋	1− + ݔݏ݋ܿ = √2 

ݏ݋ܿ ቀݔ −
ߨ
4
ቁ = −

1
√2

ݏ݋ܿ	ݎ݋	 ቀݔ −
ߨ
4
ቁ = 1 

ݔ −
ߨ
4

= ߨ2݊ ±
ߨ3
4
ݔ	ݎ݋	 −

ߨ
4

= ;ߨ2݉ 	݉,݊ ∈ ℤ 

ݔ ∈ ቄ2݊ߨ +
ߨ
4

; (2݇ + ;ߨ(1 ߨ2݉ −
ߨ
2

/݊,݇,݉ ∈ ℤቅ 

ࡴ,࡯࡮࡭ࢤ	܍ܜܝ܋܉	ܖ۷ 3.66 − ,ܚ܍ܜܖ܍܋ܗܐܜܚܗ ࡵ −  ,ܚ܍ܜܖ܍܋ܖܑ

ࡳ	 −  :ܛ܌ܔܗܐ	ܘܑܐܛܖܗܑܜ܉ܔ܍ܚ	܏ܖܑܟܗܔܔܗ܎	܍ܐܜ	܌ܑܗܚܜܖ܍܋

࡭࢙࢕ࢉࢇ࢓ࢇ + ࡮࢙࢕ࢉ࢈࢓࢈ + ࡯࢙࢕ࢉࢉ࢓ࢉ ≤
૜࢙
૛ࡾ

૛ࡵࡴ) + ૛ࡵࡳ + ૝࢘ࡾ) 

Daniel Sitaru 

Solution (Tran Hong) 

• ߗ = ܣଶݏ݋ܿܽ + ܤଶݏ݋ܾܿ +  ܥଶݏ݋ܿܿ
= ܽ(1− (ܣଶ݊݅ݏ + ܾ(1− (ܤଶ݊݅ݏ + ܿ(1−  (ܥଶ݊݅ݏ

= (ܽ + ܾ + ܿ) − ܣଷ݊݅ݏ)2ܴ + ܤଷ݊݅ݏ +  (ܥଷ݊݅ݏ
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= ݏ2 − 2ܴ ቈ
ଶݏ)ݏ − ݎ6ܴ + ଶݎ3 − (ଶݏ

2ܴଶ
቉ =

4ܴଶ)ݏ + ݎ6ܴ + ଶݎ3 − (ଶݏ
2ܴଶ

 

= ݏ2 −
ଶݏ)ݏ − ݎ6ܴ − (ଶݎ3

2ܴଶ
=
4ܴଶ)ݏ + ݎ6ܴ + ଶݎ3 − (ଶݏ

2ܴଶ
 

 

• ߖ = ܽ݉௔
ଶ + ܾ݉௕

ଶ + ܿ݉௖
ଶ =

ݏ
2

ଶݏ) + ݎ2ܴ +  (∗)	(ଶݎ5

 
 ,ݓ݋ܰ

 

ܵܪܮ = ෍(ܽ݉௔ܿܣݏ݋) =
3
1
∙

1
2ܴ

෍൬ܽ ∙ ܣݏ݋2ܴܿ ∙
2
3
݉௔൰

௖௬௖௖௬௖

 

ܯܣ − ܯܩ
≤

ܥܤܣ∆ − ݁ݐݑܿܽ

3
4ܴ

ቌܽ ∙
ଶ[ܣݏ݋2ܴܿ] + 4

9݉௔
ଶ

2
+ ܾ ∙

ଶ[ܤݏ݋2ܴܿ] + 4
9݉௕

ଶ

2
+ ܿ

∙
ଶ[ܥݏ݋2ܴܿ] + 4

9݉௖
ଶ

2
቉ 

=
3

8ܴ
൬4ܴଶߗ +

4
ߖ9

൰ =
3

8ܴ
൤24ܴ)ݏଶ + ݎ6ܴ + ଶݎ3 − (ଶݏ +

4
9 ∙

ݏ
2

ଶݏ) + ݎ2ܴ +  ଶ)൨ݎ5

=
ݏ3
4ܴ

ቆ4ܴଶ + ݎ6ܴ + ଶݎ3 − ଶݏ +
ଶݏ

9
+

2ܴ
9

+
5
9
 ଶቇݎ

=
ݏ3
4ܴ

ቆ4ܴଶ +
56
9
ݎܴ −

ଶݏ8

9
+

ଶݎ32

9
ቇ =

ݏ3
4ܴ

∙
36ܴଶ + ݎ56ܴ + ଶݎ32 − ଶݏ8

9
 

 ,ݓ݋ܰ

ଶܫܪ = ଶݎ2 + 4ܴଶ + ݎ4ܴ − ଶܫܩ;ଶ݌ =
ଶ݌ − ݎ16ܴ + ଶݎ5

9
 

ଶܫܪ⟹ + ଶܫܩ + ݎ4ܴ =
36ܴଶ + 32ܴଶ + ݎ56ܴ − ଶݏ8

9
 

 

⟹ ܵܪܴ =
ݏ3
2ܴ

∙
36ܴଶ + 32ܴଶ + ݎ56ܴ − ଶݏ8

9
⟹ ܵܪܮ2 ≤  (݀݁ݒ݋ݎܲ)	ܵܪܴ

 
3.67 In ∆࡯࡮࡭ the following relationship holds: 

ቆ࢈࢓ࢇ࢓ +
૛࢈ + ૛ࢉ

૛ࢇࢉ ቇቆ
૚

࢈ࢎࢇࢎ
+
૛ࢉ + ૛ࢇ

૛ࢉ࢈ ቇ ≥ ቆࢇ࢓൫ࢉ૛ + +૛൯ࢇ
૛࢈ + ૛ࢉ

࢈ࢎ
ቇ൬

࢈࢓

૛ࢉ࢈+
૚

૛ࢇࢎࢇࢉ
൰ 

Daniel Sitaru 
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Solution (Tran Hong):  

ቆ݉௔݉௕ +
ܾଶ + ܿଶ

2ܿܽ
ቇቆ

1
ℎ௔ℎ௕

+
ܿଶ + ܽଶ

2ܾܿ
ቇ

≥ ቆ݉௔(ܿଶ + ܽଶ) +
ܾଶ + ܿଶ

ℎ௕
ቇ ൬

݉௕

2ܾܿ
+

1
2ܿܽℎ௔

൰ 

݉௔݉௕

ℎ௔ℎ௕
+
݉௔݉௕(ܿଶ + ܽଶ)

2ܾܿ
+
ܾଶ + ܿଶ

2ܿܽℎ௔ℎ௕
+

(ܾଶ + ܿଶ)(ܿଶ + ܽଶ)
4ܾܽܿଶ

≥ 

≥
݉௔݉௕(ܿଶ + ܽଶ)

2ܾܿ
+
݉௕(ܾଶ + ܿଶ)

2ܾܿℎ௕
+
݉௔(ܿଶ + ܽଶ)

2ܿܽℎ௔
+
ܾଶ + ܿଶ

2ܿܽℎ௔ℎ௕
 

݉௔݉௕

ℎ௔ℎ௕
+

(ܾଶ + ܿଶ)(ܿଶ + ܽଶ)
4ܾܽܿଶ

≥
݉௕(ܾଶ + ܿଶ)

2ܾܿℎ௕
+
݉௔(ܿଶ + ܽଶ)

2ܿܽℎ௔
 

௠ೌ௠್
௛ೌ௛್

+ ௠ೌ௠್
௦ೌ௦್

≥ ௠ೌ௠್
௦ೌ௛್

+ ௠ೌ௠್
௛ೌ௦್

 because ቀݏ௔ = ଶ௕௖
௕మା௖మ

∙ ݉௔ቁ 

⇔ ℎ௔ℎ௕ + ௕ݏ௔ݏ ≥ ℎ௔ݏ௕ + ℎ௕ݏ௔ ⇔ ℎ௔(ℎ௕ − (௕ݏ + ௕ݏ)௔ݏ − ℎ௕) ≥ 0 

⇔ ௕ݏ) − ℎ௕)(ݏ௔ − ℎ௔) ≥ 0. 

Which is clearly true,because: ݏ௕ ≥ ℎ௕; ݏ௔ ≥ ℎ௔.Proved. 

 

3.68 In ∆࡯࡮࡭ the following relationships holds: 

૛ࡾ +
૝

૛ࢉ૛࢈૛ࢇ
ቌ෍࢙)ࢉ࢈ − ૛(ࢇ
ࢉ࢟ࢉ

ቍ

૛

+ ૚૚࢘૛ ≥ ૛૚࢘ࡾ 

Daniel Sitaru 

Solution (Tran Hong) 

෍ܾܿ(ݏ − ܽ)ଶ
௖௬௖

= ݏ)ܾܿ − ܽ)ଶ + ݏ)ܽܿ − ܾ)ଶ + ݏ)ܾܽ − ܿ)ଶ = 

= ଶݏ)ܾܿ − ܽݏ2 + ܽଶ) + ଶݏ)ܽܿ − ܾݏ2 + ܾଶ) + ଶݏ)ܾܽ − ܿݏ2 + ܿଶ) = 

= ܾܽ)ଶݏ + ܾܿ + ܿܽ)− ݏ6ܾܽܿ + ܾܽܿ(ܽ + ܾ + ܿ) = 

= ଶݏ)ଶݏ + ݎ4ܴ + (ଶݎ − ଶݏݎ16ܴ = ଶݏ)ଶݏ − ݎ12ܴ + (ଶݎ ⇒ 
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4
ܽଶܾଶܿଶ

ቌ෍ܾܿ(ݏ − ܽ)ଶ
௖௬௖

ቍ

ଶ

=
4

ଶ(ݏݎ4ܴ) ൫ݏ
ଶ(ݏଶ − ݎ12ܴ + ଶ)൯ଶݎ = 

=
ଶݏ)ଶݏ − ݎ12ܴ + ଶ)ଶݎ

4ܴଶݎଶ
≥

௦మஹଵ଺ோ௥ିହ௥మ ݎ16ܴ) − ݎଶ)(4ܴݎ5 − ଶ)ଶݎ4

4ܴଶݎଶ
= 

=
16ܴ)ݎ4 − ܴ)(ݎ5 − ଶ(ݎ

ܴଶ
= ݎ16ܴ)4 − (ଶݎ5 ቀ1−

ݎ
ܴ
ቁ
ଶ
 

Let: ோ
௥

= ݐ ≥ 2. We need to prove: 

ଶݐ + ݐ16)4 − 5) ൬1−
1
ݐ
൰
ଶ

+ 11 ≥ ݐ21 ⇔ 

ସݐ + ݐ16)4 − ݐ)(5 − 1)ଶ − ଷݐ21 + ଶݐ11 ≥ 0 

ସݐ + ݐ64) − ݐ)(20 − 1)ଶ − ଷݐ21 + ଶݐ11 ≥ 0 

ସݐ + ଷݐ43 − ଶݐ137 + ݐ104 − 20 ≥ 0 

ݐ) − ଷݐ)(2 − ଶݐ45 − ݐ47 + 10) ≥ 0 

Which is clearly true, because: ݐ ≥ 2 ⇒ ݐ − 2 ≥ 0 and  

ଷݐ − ଶݐ45 − ݐ47 + 10 ≥ 2(2ଷ − 45 ∙ 2ଶ − 47 ∙ 2 + 10 = 104 > 0. 

3.69 In ∆࡯࡮࡭ the following relationship holds: 

෍࢔࢏࢙)ࢇ૜࡮− (࡯૜࢔࢏࢙
ࢉ࢟ࢉ

≤ ૡ࢙෍࡮)࢔࢏࢙− (࡯
ࢉ࢟ࢉ

 

Daniel Sitaru 

Solution(Tran Hong) 

For all ݕ,ݔ ∈ ℝ we have identity: 

ݕ3݊݅ݏݔ݊݅ݏ − ݕ݊݅ݏݔ3݊݅ݏ = ݔ)݊݅ݏݕ݊݅ݏݔ݊݅ݏ4 + ݔ)݊݅ݏ(ݕ − (ݕ ⇒ 

෍ܽ(ܤ3݊݅ݏ − (ܥ3݊݅ݏ
௖௬௖

= 

= ܤ3݊݅ݏ)ܣ݊݅ݏ]2ܴ − (ܥ3݊݅ݏ + ܥ3݊݅ݏ)ܤ݊݅ݏ − (ܣ3݊݅ݏ

+ ܣ3݊݅ݏ)ܥ݊݅ݏ − (ܤ3݊݅ݏ = 
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= ܣ)݊݅ݏܤ݊݅ݏܣ݊݅ݏ4]2ܴ + ܣ)݊݅ݏ(ܤ − (ܤ + ܥ)݊݅ݏܣ݊݅ݏܥ݊݅ݏ4 + ܥ)݊݅ݏ(ܣ − (ܣ

+ ܤ)݊݅ݏܥ݊݅ݏܤ݊݅ݏ4 + ܤ)݊݅ݏ(ܥ −  [(ܥ

= ܣ)݊݅ݏ]ܥ݊݅ݏܤ݊݅ݏܣ݊݅ݏ8ܴ − (ܤ + ܤ)݊݅ݏ − (ܥ + ܥ)݊݅ݏ − [(ܣ = 

=
ݎݏ4
ܴ

ܣ)݊݅ݏ] − (ܤ + ܤ)݊݅ݏ − (ܥ + ܥ)݊݅ݏ − [(ܣ = Ω 

0 < ܥ,ܤ,ܣ < ߨ ⇒ ߨ− < ܣ − ܤ,ܤ − ܥ,ܥ − ܣ < ߨ ⇒ 

ܣ)݊݅ݏ − (ܤ + ܤ)݊݅ݏ − (ܥ + ܥ)݊݅ݏ − (ܣ ≥ 0
௥
ோ
ஸ
ଵ
ଶሳልሰ 

Ω ≤
ݏ4
2

ܣ)݊݅ݏ] − (ܤ + ܤ)݊݅ݏ − (ܥ + ܥ)݊݅ݏ − [(ܣ ≤ 

≤ ܣ)݊݅ݏ]ݏ8 − (ܤ + ܤ)݊݅ݏ − (ܥ + ܥ)݊݅ݏ −  [(ܣ

 

3.70 In ∆࡯࡮࡭ the following relationship holds: 

૛࢙࢕ࢉࡾ൬૚૟ࡾ
࡭
૛ ࢙࢕ࢉ

૛ ࡮
૛ ࢙࢕ࢉ

૛ ࡯
૛ + ൰࢘ ≤ ૞ࡾ૛ +  ૛࢘ૢ

Daniel Sitaru 

Solution (Tran Hong) 

ݏ݋ܿ
ܣ
2
ݏ݋ܿ

ܤ
2
ݏ݋ܿ

ܥ
2

=
ݏ

4ܴ
⇒ ܴ ൬16ܴܿݏ݋ଶ

ܣ
2
ଶݏ݋ܿ

ܤ
2
ଶݏ݋ܿ

ܥ
2

+ ൰ݎ = 

= ܴ ൬16ܴ ቀ
ݏ

4ܴ
ቁ
ଶ

+ ൰ݎ = ܴ ቆ
ଶݏ

ܴ
+ ቇݎ = ଶݏ + ݎܴ ≤

(∗)
5ܴଶ +  ଶݎ9

(∗) ⇔ ଶݏ ≤ 5ܴଶ − ݎܴ +  ଶݎ9

But: ݏଶ ≤ 2ܴଶ + ݎ10ܴ − ଶݎ + 2(ܴ − ܴ)ඥܴ(ݎ2 − (ݎ2 ≤
(∗)

5ܴଶ − ݎܴ +  ଶݎ9

(∗∗) ⇔ 3ܴଶ + ݎ11ܴ − ଶݎ10 ≥ 2(ܴ − ܴ)ඥܴ(ݎ2 − (ݎ2 ⇔ 

(ܴ − 3ܴ)(ݎ2 − (ݎ5 ≥ 2(ܴ − ܴ)ඥܴ(ݎ2 − (ݎ2 ⇔ 

(ܴ − (ݎ2 ቂ3ܴ − ݎ5 − 2ඥܴ(ܴ − ቃ(ݎ2 ≥ 0 

Because ܴ ≥ ⇒(Euler) ݎ2 ܴ − ݎ2 ≥ 0 

We just check: 3ܴ − ݎ5 − 2ඥܴ(ܴ − (ݎ2 ≥ 0
ଷோஹ଺௥வହ௥
ሯልልልልልሰ 
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(3ܴ − ଶ(ݎ5 > 4(ܴଶ − (ݎ2ܴ ⇔ 9ܴଶ − ݎ30ܴ + ଶݎ25 > 4ܴଶ −  ݎ8ܴ

5ܴଶ − ݎ22ܴ + ଶݎ25 > 0
௧ୀ
ோ
௥
ஹଶ

ሯልልሰ ଶݐ5 − ݐ22 + 25 > 0 

5 ቀݐ − ଵଵ
ହ
ቁ
ଶ

+ ସ
ହ

> 0 true for ݐ ≥ 2 ⇒ (∗∗) is true ⇒ (∗) is true.Proved. 

 

3.71 In any ∆࡯′࡮′࡭∆,࡯࡮࡭′ the following relationship holds: 

෍൫ࢇ૛ + ᇱ૛൯ࢇ
ࢉ࢟ࢉ

+ ૛ ∙ ඩቌ෍ࢇ૛
ࢉ࢟ࢉ

ቍቌ෍ࢇ′૛
ࢉ࢟ࢉ

ቍ ≥ ૜૟(࢘ +  ᇱ)૛࢘

Daniel Sitaru 

Solution (Adrian Popa) 

ቌ෍ܽଶ
௖௬௖

ቍቌ෍ܽᇱଶ

௖௬௖

ቍ = (ܽଶ + ܾଶ + ܿଶ)൫ܽᇱଶ + ܾᇱଶ + ܿᇱଶ൯ ≥
஼஻ௌ

 

≥ (ܽܽᇱ + ܾܾᇱ + ܿܿᇱ)ଶ ⇒ 

෍൫ܽଶ + ܽᇱଶ൯
௖௬௖

+ 2 ∙ ඩቌ෍ܽଶ
௖௬௖

ቍቌ෍ܽᇱଶ

௖௬௖

ቍ ≥ 

≥ ܽଶ + ܾଶ + ܿଶ + ܽᇱଶ + ܾᇱଶ + ܿᇱଶ + 2ܽܽᇱ + 2ܾܾᇱ + 2ܿܿᇱ = 

= (ܽ + ܽᇱ)ଶ + (ܾ + ܾᇱ)ଶ + (ܿ + ܿᇱ)ଶ ≥
஻௘௥௚௦௧௥௢௠

 

≥
(ܽ + ܾ + ܿ + ܽᇱ + ܾᇱ + ܿᇱ)ଶ

3
=

ݏ2) + ᇱ)ଶݏ2

3
=

ݏ)4 + ᇱ)ଶݏ

3
≥

ெ௜௧௥௜௡௢௩௜௖
 

≥
4൫3√3ݎ + ൯′ݎ3√3

ଶ

3
=

4 ∙ 9 ∙ ݎ)3 + ᇱ)ଶݎ

3
= ݎ)36 +  ᇱ)ଶݎ

3.72 Solve for real numbers: 

૝(࢞࢔࢏࢙+ ૛࢙࢟࢕ࢉ) + ૜(࢙࢞࢕ࢉ + ૛࢟࢔࢏࢙) = ૚૞ 

Daniel Sitaru 
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Solution(Adrian Popa) 

ݔ݊݅ݏ)4 + (ݕݏ݋2ܿ + ݔݏ݋ܿ)3 + (ݕ݊݅ݏ2 = 15 

ݔ݊݅ݔ4 + ݔݏ݋3ܿ + ݕݏ݋8ܿ + ݕ݊݅ݏ6 = 15 

ݔ݊݅ݏ4) + ଶ(ݕݏ݋3ܿ ≤
஼஻ௌ

(4ଶ + 3ଶ)(݊݅ݏଶݔ + (ݔଶݏ݋ܿ = 25 

ݔ݊݅ݏ4 + ݔݏ݋3ܿ ≤ 5; (1) 

ݕݏ݋8ܿ) + ଶ(ݕ݊݅ݏ6 ≤
஼஻ௌ

(8ଶ + 6ଶ)(݊݅ݏଶݕ + (ݕଶݏ݋ܿ = 100 

ݕݏ݋8ܿ + ݕ݊݅ݏ6 ≤ 10; (2) 

From (1), (2) ⇒ ݔ݊݅ݏ4 + ݔݏ݋3ܿ + ݕݏ݋8ܿ + ݕ݊݅ݏ6 ≤ 15 

Equality holds ସ
௦௜௡௫

= ଷ
௖௢௦௫

⇒ ସ
ଷ

= ௦௜௡௫
௖௢௦௫

= ݔ݊ܽݐ ⇒ ݔ = ଵି݊ܽݐ ସ
ଷ

+ ,ߨ݇ ݇ ∈

ℤ		 

And ଼
௖௢௦௬

= ଺
௦௜௡௬

⇒ ଼
଺

= ௖௢௦௬
௦௜௡௬

⇒ ݕ݊ܽݐ = ଷ
ସ
⇒ ݕ = ଵି݊ܽݐ ଷ

ସ
+ ,ߨݍ ݍ ∈ ℤ	 

3.73 In ઢ࡯࡮࡭ the following relationship holds: 

૛൫√ࢇ + ࢈√ + ൯ࢉ√ ≤ ૜ඨ
૜ࢉ࢈ࢇ

૝࢘ࡾ +  ૛࢘

Daniel Sitaru 

Solution: 

 ൫√ܽ + √ܾ൯
ଶ

= ܽ + ܾ + 2√ܾܽ > ܽ + ܾ > ܿ = ൫√ܿ൯
ଶ
⇒ 

√ܽ + √ܾ > √ܿ −  .ݏ݃݋݈ܽ݊ܽ	݀݊ܽ

ܿ√,ܾ√,ܽ√	ݏ݁݀݅ݏ	ℎݐ݅ݓ	݈݁݃݊ܽ݅ݎݐ	ℎ݁ݐ	݊݅	ݕݐ݈݅ܽݑݍ݁݊݅	ݏ’ܿ݅ݒ݋݊݅ݎݐ݅ܯ	ݕܤ ∶ 

ଵݏ ≤
3√3

2
ܴଵ ⇔

1
2
൫√ܽ + √ܾ + √ܿ൯ ≤

3√3
2

∙
√ܽ ∙ √ܾ ∙ √ܿ

4 ଵܵ
⇔ 

⟺
1
2
൫√ܽ + √ܾ + √ܿ൯ ≤

3√3ܾܽܿ

8 ∙ 1
ݎ4ܴ√2 + ଶݎ

⇔ 
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⟺ 2൫√ܽ + √ܾ + √ܿ൯ ≤ 3ඨ
3ܾܽܿ

ݎ4ܴ + ଶݎ
 

3.74 In ઢ࡯࡮࡭ the following relationship holds: 

൫√ࢇ + ࢈√ + ൯ࢉ√
૛
≥ ૟ඥ૚૛࢘ࡾ+ ૜࢘૛ 

Daniel Sitaru 

Solution: 

 ൫√ܽ + √ܾ൯
ଶ

= ܽ + ܾ + 2√ܾܽ > ܽ + ܾ > ܿ = ൫√ܿ൯
ଶ
⇒ 

√ܽ + √ܾ > √ܿ −  .ݏ݃݋݈ܽ݊ܽ	݀݊ܽ

ܿ√,ܾ√,ܽ√	ݏ݁݀݅ݏ	ℎݐ݅ݓ	݈݁݃݊ܽ݅ݎݐ	ℎ݁ݐ	݊݅	ݕݐ݈݅ܽݑݍ݁݊݅	ݏ’ܿ݅ݒ݋݊݅ݎݐ݅ܯ	ݕܤ ∶ 

ଵݏ ≥ ଵݎ3√3 ⟺
1
2
൫√ܽ + √ܾ + √ܿ൯ ≥ 3√3 ∙ ଵܵ

ଵݏ
⟺ 

⟺
1
2
൫√ܽ + √ܾ + √ܿ൯ ≥ 3√3 ∙

1
ݎ4ܴ√2 + ଶݎ

1
2 ൫√ܽ + √ܾ + √ܿ൯

⟺ 

⟺
1
2
൫√ܽ + √ܾ + √ܿ൯

ଶ
≥ 3ඥ12ܴݎ + ଶݎ3 ⟺ 

൫√ܽ + √ܾ + √ܿ൯
ଶ
≥ 6ඥ12ܴݎ +  ଶݎ3

3.75 Find ષ = ࢞ + ࢟ +  :such that ࢠ

ቐ
࢞ܖ܉ܜ ܖ܉ܜ) ࢟ + ܖ܉ܜ (ࢠ = ૞
ࢠܖ܉ܜ ܖ܉ܜ) ࢞ + ܖ܉ܜ (࢟ = ૢ
ܖ܉ܜ ࢟ ܖ܉ܜ) ࢠ + ܖ܉ܜ (࢟ = ૡ

 

Daniel Sitaru   

Solution: 

 Denote: ܽ = ݊ܽݐ ݔ ݕ݊ܽݐ ; ܾ = ݊ܽݐ ݔ ݊ܽݐ ݖ ; ܿ = ݊ܽݐ ݕ ݊ܽݐ  ݖ

൝
ܽ + ܾ = 5
ܾ + ܿ = 9
ܿ + ܽ = 8

⇒ ൝
ܽ = 2
ܾ = 3
ܿ = 6

⇒ ൝
݊ܽݐ ݔ ݕ݊ܽݐ = 2
݊ܽݐ ݔ ݊ܽݐ ݖ = 3
݊ܽݐ ݕ ݊ܽݐ ݖ = 6
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⇒ ൝
݊ܽݐ ݔ = 1
݊ܽݐ ݕ = 2
݊ܽݐ ݖ = 3

⇒ ൝
ݔ = ଵି݊ܽݐ 1
ݕ = ଵି݊ܽݐ 2
ݖ = ଵି݊ܽݐ 3

 

ݔ + ݕ + ݖ = ଵି݊ܽݐ 1 + ଵି݊ܽݐ 2 + ଵି݊ܽݐ 3 =  ߨ

3.76 Let ઢ࡯࡮࡭ ∧ ᇱ࡭ ∈ ᇱ࡮,(࡯࡮) ∈ (࡯࡭) ∧ ᇱ࡯ ∈  the contact points (࡮࡭)

of the incircle with the sides of ઢ࡯࡮࡭. Prove that: 

ᇱ࡮ᇱ࡭ + ᇱ࡯ᇱ࡮ + ᇱ࡭ᇱ࡯ ≤
࢈ࢇ√ + ࢉ࢈√ + ࢇࢉ√

૛  

(a refinement of the inequality: ࡮࡭ᇱ + ᇱ࡯ᇱ࡮ + ᇱ࡭ᇱ࡯ ≤ ࢙ ,(࢙ = ࢉା࢈ାࢇ
૛

 

Marian Ursărescu 

Solution:  

 
From sine theorem in ܣ߂ᇱܤᇱܥᇱ ⇒ 

ᇱܥᇱܤ

݊݅ݏ ቀ2ߨ −
ܣ
2ቁ

=
ᇱܥᇱܣ

݊݅ݏ ቀ2ߨ −
ܤ
2ቁ

=
ᇱܤᇱܣ

݊݅ݏ ቀ2ߨ −
ܥ
2ቁ

= ݎ2 ⇒ 

ᇱܥᇱܤ = ݎ2 ݏ݋ܿ
ܣ
2

ᇱܥᇱܣ, = ݎ2 ݏ݋ܿ
ܤ
2

ᇱܥᇱܤ, = ݎ2 ݏ݋ܿ
ܥ
2
⇒ 

The inequality becomes: ∀ቀܿݏ݋ ஺
ଶ

+ ݏ݋ܿ ஻
ଶ

+ ݏ݋ܿ ஼
ଶ
ቁ ≤ √௔௕ା√௔௖ା√௕௖

ସ
  (1) 

We will prove that: ݎ ݏ݋ܿ ஺
ଶ
≤ √௕௖

ସ
  (2) 

(2) ⇔ ට௦(௦ି௔)ݎ4
௕௖

≤ √ܾܿ ⇔ 4 ⋅ ∑ ඥݏ)ݏ − ܽ)௦ ≤ ܾܿ ⇔ 
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ସඥ௦(௦ି௔)(௦ି௕)(௦ି௖)
௦

ඥݏ)ݏ − ܽ) ≤ ܾܿ ⇔ ݏ)16 − ܽ)ଶ(ݏ − ܿ) ≤ ܾଶܿଶ   (3) 

But ݏ − ܽ = ,ݔ ݔ − ܾ = ,ݕ ݏ − ܿ = ݖ ⇒ (3) ⇔ ݖݕଶݔ16 ≤ ݔ) + ݔ)ଶ(ݖ +  ଶ(ݕ

Which is true because: 
ݔ) + ଶ(ݖ ≥ 	ݖݔ4
ݔ) + ଶ(ݕ ≥ ݕݔ4

⇒ (3) (true) 

But (2) ⇒ ݎ ቀܿݏ݋ ஺
ଶ

+ ݏ݋ܿ ஻
ଶ

+ ݏ݋ܿ ஼
ଶ
ቁ ≤ √௔௕ା√௔௖ା√௕௖

ସ
 

3.77 In ∆࡯࡮࡭ the following relationship holds: 

૚
૛܁ቌ

૛܉
૚
܊ + ૚

܋
+ ૛܊
૚
܋ + ૚

܉
+ ૛܋
૚
܉ + ૚

܊
ቍ

܉ܕ + ܊ܕ + ܋ܕ
≥

૜܀
૛ܛ − ૟√૜ܚ+ ܚૢ

 

Daniel Sitaru 

Solution ( Soumava Chakraborty) 

ܽଶ

1
ܾ + 1

ܿ
+

ܾଶ

1
ܿ + 1

ܽ
+

ܿଶ

1
ܽ + 1

ܾ
= ∑

ܽଶܾܿ
ܾ + ܿ

= ∑ݏݎ4ܴ
ܽ

ܾ + ܿ
≥⏞

ே௘௦௕௜௧௧

ݏݎ6ܴ

⇒

1
2ܵ ቌ

ܽଶ
1
ܾ + 1

ܿ
+ ܾଶ

1
ܿ + 1

ܽ
+ ܿଶ

1
ܽ + 1

ܾ
ቍ

݉௔ +݉௕ +݉௖
≥

3ܴ
∑݉௔

≥⏞
? 3ܴ

ݏ2 − ݎ3√6 + ݎ9
 

⇔ ∑݉௔ ≤⏞
?

ݏ2 − ݎ3√6 + ݎ9

⇔ (∑݉௔)ଶ≤⏞
?

ଶݏ4 + ൫6√3 − 9൯
ଶ
ଶݎ − ൫6√3ݎݏ4 − 9൯

⇔ (∑݉௔)ଶ + −൫6√3ݎݏ4 9൯ ≤⏞
?

⏟
(ଵ)

ଶݏ4 + ൫6√3− 9൯
ଶ
 ଶݎ

,ݓ݋ܰ (∑݉௔)ଶ + ൫6√3ݎݏ4 − 9൯ ≤⏞

஼௛௨	௔௡ௗ	௒௔௡௚,
஻௟௨௡ௗ௢௡

ଶݏ4 − ݎ16ܴ + ଶݎ5

+ −൫6√3ݎ8ܴ 9൯ + 4൫3√3− 4൯൫6√3− 9൯ݎଶ≤⏞
?

ଶݏ4

+ ൫6√3 − 9൯
ଶ
 ଶݎ
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⇔ 16ܴ − 8ܴ൫6√3 − 9൯ ≥⏞
?

൫6√3 − 9൯൛4൫3√3 − 4൯ − ൫6√3− 9൯ൟݎ + ݎ5

⇔ 8ܴ൫11 − 6√3൯≥⏞
?

൛൫6√3− 9൯൫6√3 − 7൯ + 5ൟݎ 

⇔ 8ܴ൫11− 6√3൯≥⏞
?

൫176 − 96√3൯ݎ ⇔ ܴ൫11 − 6√3൯≥⏞
?

2൫11− 6√3൯ݎ

⇔ ൫11 − 6√3൯(ܴ − ⏞≤(ݎ2
?

0 

→ ݁ݑݎݐ ∵ ܴ ≥⏞
ா௨௟௘௥

൫11	݀݊ܽ	ݎ2 − 6√3൯ > 0 ⇒ ݁ݑݎݐ	ݏ݅	(1)

∴

1
2ܵ ቌ

ܽଶ
1
ܾ + 1

ܿ
+ ܾଶ

1
ܿ + 1

ܽ
+ ܿଶ

1
ܽ + 1

ܾ
ቍ

݉௔ + ݉௕ + ݉௖
≥

3ܴ
ݏ2 − ݎ3√6 + ݎ9

 (݀݁ݒ݋ݎܲ)	

 

3.78 In acute ∆࡯࡮࡭ the following relationship holds: 

෍(࡭࢔࢏࢙)૛࢔ࢇ࢚૛࡭
ࢉ࢟ࢉ

+ ෍(࡭࢔࢏࢙)૛ࢉࢋ࢙૛࡭
ࢉ࢟ࢉ

< 3 

Daniel Sitaru 

Solution (Tran Hong) 

ܣଶܿ݁ݏ = ଵ
௖௢௦మ஺

= 1 +   ܣଶ݊ܽݐ

ܤଶܿ݁ݏ				 =
1

ܤଶݏ݋ܿ
= 1 +  ܤଶ݊ܽݐ

ܥଶܿ݁ݏ =
1

ܥଶݏ݋ܿ
= 1 +  ܥଶ݊ܽݐ

෍(ܣ݊݅ݏ)ଶ௧௔௡మ஺
௖௬௖

+෍(ܣ݊݅ݏ)ଶ௦௘௖మ஺
௖௬௖

= 

= ෍(ܣ݊݅ݏ)ଶ௧௔௡మ஺
௖௬௖

+ ෍(ܣ݊݅ݏ)ଶ൫ଵା௧௔௡మ஺൯
௖௬௖

= ෍(1 + ଶ௧௔௡మ஺(ܣ݊݅ݏ)(ܣଶ݊݅ݏ
௖௬௖

 

= ෍(1 + ൯ܣଶ݊݅ݏ൫(ܣଶ݊݅ݏ
௧௔௡మ஺

௖௬௖

= Ω 

For 0 < ݔ < గ
ଶ

, let: ݂(ݔ) = (1 +  ௧௔௡మ௫(ݔଶ݊݅ݏ)(ݔଶ݊݅ݏ
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݂ᇱ(ݔ) = ݔ݊ܽݐ2 ∙ ݔଶܿ݁ݏ ∙ ݔଶݏ݋௧௔௡మ௫[2ܿ(ݔଶ݊݅ݏ) + (1 + [(ݔଶ݊݅ݏ)݃݋݈(ݔଶ݊݅ݏ = 

= ݔ݊ܽݐ2 ∙ ݔଶܿ݁ݏ ∙ −௧௔௡మ௫[2(1(ݔଶ݊݅ݏ) (ݔଶ݊݅ݏ + (1 + [(ݔଶ݊݅ݏ)݃݋݈(ݔଶ݊݅ݏ = 

= ݔ݊ܽݐ2 ∙ ݔଶܿ݁ݏ ∙ ௧௔௡మ௫(ݔଶ݊݅ݏ) ∙  (ݔଶ݊݅ݏ)߮

0 < ݔ <
ߨ
2
→ ݔ݊ܽݐ > 0, ݔଶܿ݁ݏ > 0, ݔଶ݊݅ݏ > 0, ݔଶ݊ܽݐ > 0 → 

ݔ݊ܽݐ2 ∙ ݔଶܿ݁ݏ ∙ ௧௔௡మ௫(ݔଶ݊݅ݏ) > 0 

(ݐ)߮ = 2(1− (ݐ + (1 + ;ݐ݃݋݈(ݐ 	൫∴ ݐ = ,ݔଶ݊݅ݏ ݐ ∈ (0,1)൯ 

߮ᇱ(ݐ) = −2 + ݐ݃݋݈ +
ݐ + 1
ݐ

 

(ݐ)"߮ =
1
ݐ
−

1
ଶݐ

=
ݐ − 1
ଶݐ

< 0, ݐ ∈ (0,1) 

߮ᇱ(ݐ) ↓ (0,1) ⇒ ߮ᇱ(ݐ) > ߮ᇱ(1) = −2 + 0 + 2 = 0 ⇒ (ݐ)߮ ↑ (0,1) 

⇒ (ݐ)߮ < ߮(1) = 2(1 − 1) + (1 + 1) ∙ 0 = 0 

Hence, ݂ᇱ(ݔ) < 0		 ቀ0 < ݔ < గ
ଶ
ቁ ⇒ (ݔ)݂ ↓ (0,1) 

(ݔ)݂ < ݂(0ା) = lim
௫→଴శ

(ݔ)݂ = lim
௫→଴శ

(1 + ௦௜௡మ௫൧(ݔଶ݊݅ݏ)ൣ(ݔଶ݊݅ݏ
ଵ

௖௢௦మ௫ = 1 

→ (ݔ)݂ < 1, ቀ0 < ݔ <
ߨ
2
ቁ 

So, Ω < 1 + 1 + 1 = 3 

3.79 In ∆࡯࡮࡭ the following relationship holds: 

ૠ࢙෍ࢇ࢙૜
ࢉ࢟ࢉ

> (2√૛+ ૚)ቌ෍ࢇ࢙૛
ࢉ࢟ࢉ

ቍቌ෍ࢇࢎ૛
ࢉ࢟ࢉ

ቍ 

Daniel Sitaru 

Solution (Tran Hong) 

෍ݏ௔ଷ
௖௬௖

= ෍
ଶ(௔ଶݏ)

௔௖௬௖ݏ

≥
஻௘௥௚௦௧௥௢௠ ଶ(௔ଶݏ∑)

௔ݏ∑
=

∑)(௔ଶݏ∑) (௔ଶݏ
௔ݏ∑

	 ≥
௦ೌஹ௛ೌ

 

≥
(ℎ௔ଶ∑)(௔ଶݏ∑)

௔ݏ∑
→ 
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௔ଷݏ෍ݏ7
௖௬௖

≥
ݏ7
∑ ௔ݏ

∙ ቀ෍ݏ௔ଶቁ ቀ෍ℎ௔ଶቁ ≥
(∗)
൫2√2 + 1൯ ቌ෍ݏ௔ଶ

௖௬௖

ቍቌ෍ℎ௔ଶ
௖௬௖

ቍ 

(∗) ↔
ݏ7
∑ ௔ݏ

> 2√2 + 1 ↔ ݏ7 > (2√2 + 1)෍ݏ௔
௖௬௖

				 

෍ݏ௔
௖௬௖

≤෍ඥݏ)ݏ − ܽ)
௖௬௖

≤
஻஼ௌ

ඥ3[ݏ)ݏ − ܽ) + ݏ)ݏ − ܾ) + ݏ)ݏ − ܿ)] =  3√ݏ

So, we need to prove: 

ݏ7 > ൫2√2 + 1൯ ∙ 3√ݏ ↔ 7 > ൫2√2 + 1൯√3 ↔ ൫7− √3൯
ଶ

> ൫2√6൯
ଶ
↔ 

2 > √3 ↔ 4 > 3. True.→ (∗) is true.Proved. 

 

3.80 In ∆࡯࡮࡭ the following relationship holds (࢔ࡲ-Fibonacci 

numbers): 

ା૛࢔ࡲ૛ࢇ࢘
࢔ࡲ࢈)ࢇ + (ା૚࢔ࡲࢉ +

ା૛࢔ࡲ૛࢈࢘
࢔ࡲࢉ)࢈ + (ା૚࢔ࡲࢇ +

ା૛࢔ࡲ૛ࢉ࢘
࢔ࡲࢇ)ࢉ + (ା૚࢔ࡲ࢈ ≥ ൬

૜࢘
ࡾ ൰

૛

 

Daniel Sitaru 

Solution (Adrian Popa) 

 

௡ାଶܨ ቆ
௔ଶݎ

௡ܨܾ)ܽ + (௡ାଵܨܿ +
௕ଶݎ

௡ܨܿ)ܾ + (௡ାଵܨܽ +
௖ଶݎ

௡ܨܽ)ܿ + ௡ାଵ)ቇܨܾ ≥
஻஼ௌ

 

≥ ௡ାଶܨ ∙
௔ݎ) + ௕ݎ + ௖)ଶݎ

௡ܨ) + ܾܽ)(௡ାଵܨ + ܾܿ + ܿܽ) =
(4ܴ + ଶ(ݎ

ଶݏ + (4ܴ + ݎ(ݎ
≥ 

≥
ீ௘௥௥௘௧௦௘௡ (4ܴ + ଶ(ݎ

4ܴଶ + ݎ4ܴ + ଶݎ3 + ݎ4ܴ + ଶݎ
=

(4ܴ + ଶ(ݎ

4ܴଶ + ݎ8ܴ + ଶݎ4
≥ 

≥
ா௨௟௘௥
ோஹଶ௥ ଶ(ݎ9)

4ܴଶ + 8ܴ ∙ ܴ2 + 4 ∙ ܴ
ଶ

4

=
ଶݎ81

9ܴଶ
= ൬

ݎ3
ܴ
൰
ଶ
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3.81 If ૙ ≤ ,࢈,ࢇ ࢉ ≤ ૚ then: 

૛ૠ෍ࢇ࢔࢏࢙ ∙ ࢉ૛࢙࢕ࢉ
ࢉ࢟ࢉ

≤෍࢈(૜ − ૜(ࢇ
ࢉ࢟ࢉ

 

Daniel Sitaru 

Solution (Florentin Vişescu) 

For all ݔ ∈ [0,1] ⊂ ቂ0, గ
ଶ
ቃ , ݔ݊݅ݏ ≤ and 0 ݔ ≤ ݔݏ݋ܿ ≤ 1− ௫

ଶ
, ݔ ∈ [0,1] 

We show that: ܿݔݏ݋ ≤ 1− ௫
ଶ

ݔ∀, ∈ [0,1] 

Let: ݂: [0,1] → ℝ,݂(ݔ) = ݔݏ݋ܿ − 1 + ௫
ଶ
 

݂ᇱ(ݔ) = ݔ݊݅ݏ− +
1
2

;݂ᇱ(ݔ) = 0 ⇔ ݔ݊݅ݏ =
1
2
⇔ ݔ =

ߨ
6
∈ [0,1] 

 

																											0 ݔ
ߨ
6
																														1	 

݂ᇱ(ݔ) −−− − 									0								 + + + +				 

								0 (ݔ)݂ ↗↗↗ 				݂(
ߨ
6

) 						↘↘↘ 											1 

 

So, 0 ≤ ݔݏ݋ܿ ≤ 1 − ௫
ଶ

, ݔ ∈ [0,1] 

ܽ݊݅ݏ ∙ ଶܿݏ݋ܿ ≤ ܽ ∙ ଶܿݏ݋ܿ = ܽ ∙ 1 ∙ ܿݏ݋ܿ ∙ ܿݏ݋ܿ ≤ ܽ ൬
1 + ܿݏ݋2ܿ

3
൰
ଷ

≤ ܽቌ
1 + 2 ቀ1− ܿ

2ቁ
ଶ

3
ቍ

ଷ

= ܽ ൬
3− ܿ

3
൰
ଷ

=
ܽ(3 − ܿ)ଷ

27
 

⇒ ܽ݊݅ݏ27 ∙ ଶܿݏ݋ܿ ≤ ܽ(3− ܿ)ଷ ⇒ 27෍ܽ݊݅ݏ ∙ ଶܿݏ݋ܿ
௖௬௖

≤෍ܾ(3 − ܽ)ଷ
௖௬௖
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3.82 In ∆࡯࡮࡭ the following relationship holds: 

ቆ
ࢇ࢓૝ࢇ

૛

ࢉ࢓࢈࢓
ቇ
૞

+ ቆ
࢈࢓૝࢈

૛

ࢇ࢓ࢉ࢓
ቇ
૞

+ ቆ
ࢉ࢓૝ࢉ

૛

࢈࢓ࢇ࢓
ቇ
૞

≥
(૝ࡿ)૚૙

ૡ૚  

Daniel Sitaru 

Solution (Tran Hong) 

෍ቆ
ܽସ݉௔

ଶ

݉௕݉௖
ቇ
ହ

௖௬௖

≥
஺௠ିீ௠

3ඨ
(ܽସܾସܿସ)ହ݉௔

ଶ݉௕
ଶ݉௖

ଶ

(݉௔݉௕݉௖)ଶ
య

= 3ඥ(ܾܽܿ)ଶ଴య ≥
(∗) (4ܵ)ଵ଴

81
 

(∗) ⇔ 27(4ܴܵ)ଶ଴ ≥
(4ܵ)ଷ଴

81ଷ
⇔ 27ܴଶ଴ ≥

(4ܵ)ଶ଴

81ଷ
=

ଵ଴(ݎݏ4)

81ଷ
 

⇔ 27ܴଵ଴ܴଵ଴ ≥
ଵ଴(ݎݏ4)

81ଷ
 

From ܴ ≥ and 3√3ܴ (Euler) ݎ2 ≥  :we have ,(Mitrinovic) ݏ2

27ܴଵ଴ܴଵ଴ ≥ ଵ଴(ݎ2)27 ቀ ଶ௦
ଷ√ଷ

ቁ
ଵ଴

= (ସ௦௥)భబ

଼ଵయ
⇒ (∗) is true.Proved. 

3.83 In ∆ࡷ,࡯࡮࡭ −Lemoine’s point, the following relationship holds: 

ࡷ࡭ࢇ + ࡷ࡮࢈ + ࡷ࡯ࢉ
ࢇ࢓ + ࢈࢓ + ࢉ࢓

≤
૛ࡾ√૜
૜  

Daniel Sitaru 

Solution: 

From Van Aubel theorem we have: ஺௄
௄஺ᇲ

= ஺஼ᇲ

஼ᇲ஻
+ ஺஻ᇲ

஻ᇲ஼
; 			(1) 

From Steiner theorem we have: ஺஼
ᇲ

஼ᇲ஻
= ௕మ

௔మ
; 	஺஻

ᇲ

஻ᇲ஼
= ௖మ

௔మ
;   (2) 

From (1),(2) we have: 

ܭܣ
ᇱܣܭ =

ܾଶ + ܿଶ

ܽଶ ⇒
ܭܣ
ܵ௔

=
ܾଶ + ܿଶ

ܽଶ + ܾଶ + ܿଶ ⇒ ܭܣ =
ܾଶ + ܿଶ

ܽଶ + ܾଶ + ܿଶ ∙ ܵ௔

=
ܾଶ + ܿଶ

ܽଶ + ܾଶ + ܿଶ ∙
2ܾܿ

ܾଶ + ܿଶ ∙ ݉௔ =
2ܾܿ݉௔

ܽଶ + ܾଶ + ܿଶ 
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⇒ ܣܭܽ = ଶ௔௕௖
௔మା௕మା௖మ

∙ ݉௔ and simillary. 

ܭܣܽ + ܭܤܾ + ܭܥܿ
݉௔ + ݉௕ + ݉௖

=
2ܾܽܿ

ܽଶ + ܾଶ + ܿଶ 

We must show: 

2ܾܽܿ
ܽଶ + ܾଶ + ܿଶ ≤

2ܴ√3
3 ⇔

ݏݎ4ܴ
ܽଶ + ܾଶ + ܿଶ ≤

ܴ√3
3 ⇔ 

ݎݏ12 ≤ √3(ܽଶ + ܾଶ + ܿଶ);   (3). From Mitrinovic: 

ݏ  ≥ ݎ3√3 ⇒ ݎ ≤ ௦
ଷ√ଷ

; 		(4). From (3),(4) we must show: 

ଶݏ4 ≤ 3(ܽଶ + ܾଶ + ܿଶ) ⇔ (ܽ + ܾ + ܿ)ଶ ≤ 3(ܽଶ + ܾଶ + ܿଶ) true 

because it’s Cauchy inequality.Proved. 

3.84 In ∆࡯࡮࡭ the following relationship holds: 

૜ࢇ + ૜࢈ + ૜ࢉ ≥ ૡඥ૜ࡿ૟૝  

Daniel Sitaru 

Solution (Adrian Popa) 

ܽଷ

1
+
ܾଷ

1
+
ܿଷ

1
≥

ோ௔ௗ௢௡ (ܽ + ܾ + ܿ)ଷ

9
=

ଷ(ݏ2)

9
=

ଷݏ8

9
 

ଷݏ8

9
≥
?

8ඥ3ܵ଺ర ⇔ ଷݏ ≥ 9ඥ3ܵ଺ర ቚ
ସ
⇔ ଵଶݏ ≥ 3ଽܵ଺ ⇔ ଶݏ ≥ 3√3ܵ 

ܽଶ + ܾଶ + ܿଶ ≥ 4√3ܵ (Ionescu-Weitzenbock) ;(1) 

ܾܽ + ܾܿ + ܿܽ ≥ 4√3ܵ ⇒ 	2(ܾܽ + ܾܿ + ܿܽ) ≥ 8√3ܵ ; (2) 

From (1),(2) we get: (ܽ + ܾ + ܿ)ଶ ≥ 12√3ܵ ⇔ ଶ(ݏ2) ≥ 12√3ܵ 

⇔ ଶݏ4 ≥ 12√3ܵ ⇔ ଶݏ ≥ 3√3ܵ.	Proved. 

3.85 In ∆࡯࡮࡭ the following relationship holds: 

࢈࢓) + ࡭࢔࢏࢙(ࢉ࢓
࡯࢔࢏࢙࡮࢔࢏࢙ࢇ࢓

+
ࢉ࢓) + ࡮࢔࢏࢙(ࢇ࢓
࡭࢔࢏࢙࡯࢔࢏࢙࢈࢓

+
ࢇ࢓) + ࡯࢔࢏࢙(࢈࢓
࡮࢔࢏࢙࡭࢔࢏࢙ࢉ࢓

≥ ૝√૜ 

Daniel Sitaru 
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Solution  (Tran Hong) 

(݉௕ + ݉௖)ܣ݊݅ݏ
݉௔ܥ݊݅ݏܤ݊݅ݏ

+
(݉௖ + ݉௔)ܤ݊݅ݏ
݉௕ܣ݊݅ݏܥ݊݅ݏ

+
(݉௔ + ݉௕)ܥ݊݅ݏ
݉௖ܤ݊݅ݏܣ݊݅ݏ

 

= ൬
݉௕

݉௔
+
݉௖

݉௔
൰

ܣ݊݅ݏ
ܥ݊݅ݏܤ݊݅ݏ + ൬

݉௖

݉௕
+
݉௔

݉௕
൰

ܤ݊݅ݏ
ܣ݊݅ݏܥ݊݅ݏ

+ ൬
݉௔

݉௖
+
݉௕

݉௖
൰

ܥ݊݅ݏ
 ܤ݊݅ݏܣ݊݅ݏ

= ෍൬
݉௕

݉௔
∙

ܣ݊݅ݏ
ܥ݊݅ݏܤ݊݅ݏ +

݉௔

݉௕
∙

ܤ݊݅ݏ
൰ܣ݊݅ݏܥ݊݅ݏ

௖௬௖

 

≥
஺௠ିீ௠

2෍ඨ
݉௕݉௔

݉௔݉௕
∙

1
ܥଶ݊݅ݏ

௖௬௖

= 2 ൬
1

ܣ݊݅ݏ +
1

ܤ݊݅ݏ +
1

 ൰ܥ݊݅ݏ

≥
஼ି஻ିௌ

2 ∙
9

ܣ݊݅ݏ + ܤ݊݅ݏ + ܥ݊݅ݏ ≥
18

3√3
2

= 4√3	 

Because: ܣ݊݅ݏ + ܤ݊݅ݏ + ܥ݊݅ݏ = ଷ√ଷ
ଶ

 

 

3.86 If in ઢࡾ,࡯࡮࡭ < ࢘)2 + ૚) then: 

ࢉ࢝࢈࢝ࢇ࢝ < (૛+ +૛)(ࢇࢎ +૛)(࢈ࢎ  (ࢉࢎ

Daniel Sitaru 

Solution (Tran Hong) 

௔ݓ =
2√ܾܿ
ܾ + ܿ

⋅ ඥݏ)ݏ − ܽ) ≤
஺ெିீெ

1 ⋅ ඥݏ)ݏ − ܽ) = ඥݏ)ݏ − ܽ) 

Similarly: 

௕ݓ ≤ ඥݏ)ݏ − ௖ݓ;(ܾ ≤ ඥݏ)ݏ − ܿ) 

⇒ ௖ݓ௕ݓ௔ݓ ≤ ݏ)ݏඥݏ − ݏ)(ܽ − ݏ)(ܾ − ܿ) = ݏ ⋅ ܵ = ݏ ⋅ ݏ ⋅ ݎ =  ݎଶݏ

ܵܪܴ = (2 + ℎ௔)(2 + ℎ௕)(2 + ℎ௖)    (*) 
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> (1 + ℎ௔)(1 + ℎ௕)(1 + ℎ௖)

= (ℎ௔ + ℎ௕ + ℎ௖) + (ℎ௔ℎ௕ + ℎ௕ℎ௖ + ℎ௖ℎ௔) + ℎ௔ℎ௕ℎ௖ 

> ℎ௔ℎ௕ℎ௖ + ℎ௔ℎ௕ + ℎ௖ℎ௔ + ℎ௕ℎ௖ 

=
ݎଶݏ2
ܴ

+
ଶݎଶݏ2

ܴ
=

ݎଶݏ2 + ଶݎଶݏ2

ܴ
 

We must show that: ݏଶݎ < ଶ௦మ௥ାଶ௦మ௥
ோ

⇔ ݎଶݏܴ < ݎଶݏ2 +  ଶݎଶݏ2

Which is true because: 

∵ ݎଶݏܴ <
ோழଶ(௥ାଵ)

1)ݎଶݏ2 + (ݎ = ݎଶݏ2 +  ଶݎଶݏ2

3.87 In ࢤ	࡯࡮࡭ the following relationship holds: 

࢈) + ࢇ࢓(ࢉ + ࢉ) + ࢈࢓(ࢇ + ࢇ) + ࢉ࢓(࢈ ≤ ૟ࡾ࢙ 

Marian Ursărescu 

Solution (Soumava Chakraborty) 

LHS ≤
஼஻ௌ

ඥ∑(ܽ + ܾ)ଶඥ∑݉௔
ଶ = ඥ2∑ܽଶ + 2∑ܾܽටଷ

ସ
∑ܽଶ 

= ඥ3(ݏଶ − ݎ4ܴ − ଶݏଶ)(3ݎ − ݎ4ܴ − (ଶݎ ≤
?

 ܴݏ6

⇔ ଶݏ)3 − ݎ4ܴ − ଶݏଶ)(3ݎ − ݎ4ܴ − (ଶݎ ≤
?

ଶܴଶݏ36  

⇔ ସݏ3 − ݎଶ(4ܴݏ4 + (ଶݎ + ଶ(4ܴݎ + ଶ(ݎ ≤
?

 ଶܴଶݏ12

⇔ ସݏ3 + ଶ(4ܴݎ + ଶ(ݎ ≤
(ଵ)

?
ଶܴଶݏ12 + ݎଶ(4ܴݏ4 +  (ଶݎ

Now, LHS of (1) ≤
ீ௘௥௥௘௧௦௘௡

ଶ(4ܴଶݏ3 + ݎ4ܴ + (ଶݎ3 + ଶ(4ܴݎ +  ଶ(ݎ

≤
?

ଶܴଶݏ12 + ݎଶ(4ܴݏ4 + (ଶݎ ⇔ ݎଶ(4ܴݏ − (ଶݎ5 ≥
(ଶ)

?
ଶ(4ܴݎ +  ଶ(ݎ

Now, LHS of (2) ≥
ீ௘௥௥௘௧௦௘௡

ݎ16ܴ) − ݎଶ)(4ܴݎ5 − (ଶݎ5 ≥
?
ଶ(4ܴݎ +  ଶ(ݎ

⇔ 4ܴଶ − ݎ9ܴ + ଶݎ2 ≥
?

0 ⇔ (ܴ − 4ܴ)(ݎ2 − (ݎ ≥
?

0 → true 

⇒ (2) is true (proved) 
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3.88 Let ۰۱ۯ be an acute, non isosceles triangle with (ࡻ) is its 
circumcircle. Denote ࡴ as the orthocenter and ࡲ࡯,ࡱ࡮ as the altitudes 
of triangle ࡯࡮࡭. Suppose that ۶ۯ intersects (ࡻ) at ࡰ differs from ࡭.  
    1. Let ۷ be the midpoint of ࡵࡱ,ࡴ࡭ meets ࡰ࡮ at ࡹ and ࡵࡲ meets ࡰ࡯ 
at ࡺ. Prove that ࡺࡹ is perpendicular to ࡴࡻ. 
  2. The lines ࡲࡰ,ࡱࡰ intersect (ࡻ) at ࡽ,ࡼ respectively (ࡼ and ࡽ differ 
from ࡰ). The circle (ࡲࡱ࡭) intersects (ࡻ) and ࡻ࡭ at ࡿ,ࡾ respectively 
 .are concurrent ࡿࡾ,ࡽ࡯,ࡼ࡮ Prove that .(࡭ differ from ܁ and ࡾ)

Vietnam NMO-2017 

Solution:    1) Denote ܬ as the center of nine points circllle   of triangle ܥܤܣ 
then (ܬ) passes through ܧ,  .ܪܱ is also the midpoint of segment ܬ and point ܨ,ܫ
It is easy to see that ܦ and ܪ are symmetric with respect to the line ܥܤ then 
triangle ܪܦܤ is isosceles with ܦܤ = ܧܫ has ܪܧܫ Since triangle .ܪܤ =  then ܪܫ

ܪܧܫ∠ = ܧܪܫ∠ = ܦܪܤ∠ =  ,ܪܦܤ∠
which implies that ܫܧܦܤ is a cyclic quadrilateral. But ܤܦ cuts ܫܧ at ܯ then 

തതതതതܧܯ ∙ തതതതܫܯ = തതതതതܤܯ ∙  .തതതതതܦܯ

 
 
Thus the power of point ܯ to circles (ܬ) and (ܱ) are equal. Similarly, the 
power of point ܰ to circles (ܬ) and (ܱ) are also equal. So we can conclude that 
ܰܯ is the radical axis of (ܱ), thus ܰܯ ⊥ ,ܪ,ܱ But .ܬܱ  are collinear then ܬ
ܰܯ ⊥  .ܪܱ
    2). Let ܺ be the midpoint of ܨܧ and ܭ be the intersection of ܪܣ and ܥܤ. It is 
easy to see that two triangles ܧܨܤ and ܧܪܭ are similar, which implies that 
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two triangle ܺܨܤ and ܧܪܦ are also similar, thus ∠ܺܤܨ = ܧܦܪ∠ =  .ܲܤܨ∠
Then three points ܤ,ܲ,ܺ are collinear; similar to three points ܥ,ܳ,ܺ. 
 

 
Denote ܮܣ as the diameter of circle (ܱ) then we can see that ܵܪ passes 
through ܮ and quadrilateral ܥܮܤܪ is a parallelogram, which implies that ܮܪ 
passes through the midpoint ܯ of ܥܤ. It is easy to check that two triangles 
 .are also similar ܤܥܵ and ܨܧܵ are similar then two triangle ܤܨܵ and ܥܧܵ
These triangles have the medians ܵܺ and ܵܯ respectively then ∠ܺܵܨ =
 are similar then two ܮܴܵ and ܤܨܵ We also have two triangles .ܯܵܤ∠
triangles ܴܵܨ and ܵܮܤ are also similar. Thus ∠ܴܵܨ = ܮܵܤ∠ = ܯܵܤ∠ =
 ܴܵ From this we can conclude that three points ܵ,ܺ,ܴ are collinear or  .ܺܵܨ∠
passes through ܺ. Therefore, three lines ܳܥ,ܲܤ and ܴܵ are concurrent at the 
midpoint ܺ of the segment ܨܧ. 
 

3.89 Let ۰۱ۯ be an acute triangle inscribed in the circle (ࡻ) and ࡵ is 

the circumcenter of triangle ࡯࡮ࡻ. Point ࡳ belongs to the arc ࡯࡮ (not 

contains ࡻ) of (ࡵ). The circle ࡳ࡮࡭ intersects ࡮࡭ at ࡲ (points ࡲ,ࡱ 

differ from ࡭). 

     1. Denote ۹	as the intersection of ࡱ࡮ and ࡲ࡯. Prove that ࡯࡮,ࡷ࡭ 

and ࡳࡻ are concurrent. 

     2. Let ࡰ be a fixed point on the arc ࡯࡮ that contains ࡻ of (ࡵ) and 

 intersects ࡺࡹ Suppose that .ࡺ at ࡰ࡮ meets ࡯ࡳ,ࡹ at ࡰ࡯ meets ࡮ࡳ
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 the circumcircle of ,(ࡵ) Prove that when ۵ moves on .ࡽ,ࡼ at (ࡻ)

triangle ࡽࡼࡳ always pass through two certain fixed points. 

 

Vietnam NMO-2017  

Solution: 

1) We have 
ܨܩܧ∠ = ܧܩܤ∠ + ܨܩܥ∠ − ܨܩܧ∠ = 360° − ܥܣܤ∠2 − ൫180° − ൯ܥܣܤ∠2

= 180°  
then three points ܨ,ܩ,ܧ are collinear. Since ∠ܭܤܣ + ܭܥܣ∠ = ܧܩܣ∠ +
ܨܩܣ∠ = 180° then ܭ belongs to the circle (ܱ). 

 
It is easy to check that ܩ is the Miquel point then two triangles ܣܤܩ and ܥܭܩ 
are similar, which implies that ∠ܣܩܤ =  is the angle ܱܩ We also have .ܥܩܭ∠
bisector of ∠ܥܩܤ then ܱܩ is the angle bisector of ∠ܭܩܣ. Combine with 
ܣܱ =  is cyclic quadrilateral. Consider the ܩܭܱܣ we can conclude that ,ܭܱ
radical axis circles (ܱ), ,(ܩܭܱܣ)  are ܥܤ and ܩܱ,ܭܣ we can see that ,(ܥܱܤ)
concurrent. 
 
2)  In this part, we just need (ܱ),  are two fixed circles that pass through (ܫ)
 By applying Pascal’s theorem .(ܫ) moves on ܩ while (ܫ) is fixed on ܦ point ,ܥ,ܤ

for the tuple ቀܤ ܥ ܦ
ܥ ܤ  passes through the ܰܯ ቁ, one can check that the lineܩ

intersection of the tangent line at ܥ,ܤ, namely ܬ of the fixed circle (ܫ). Suppose 
that ܦܬ meet (ܫ) at the second point ܺ then ܺ is the fixed point and the 
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quadrilateral ܺܦܥܤ is harmonic then (ܺܦ,ܥܤ)ܩ = −1. Denote ܶ as the 
intersection of ܰܯ and ܥܤ then (ܶܦ,ܥܤ)ܩ = −1, which means ܺܩ passes 
through ܶ. Thus  

ܶܺതതതത ∙ തതതതܩܶ = തതതതܤܶ ∙ തതതതܥܶ = ܶܲതതതത ∙ ܶܳതതതത 

 
This implies that (ܳܲܩ) passes through the fixed point ܺ. Suppose that ܻ is the 
intersection of (ܳܲܩ) and ܺܦ (which differs from ܺ) then  

തതതܺܬ ∙ തതതܻܬ = തതതܲܬ ∙ തതതܳܬ = ௃ܲ∕(ை) 
which is a constant then ܻ is fixed. Therefore, the circles (ܱܲܩ) passes through 
two fixed points ܺ,ܻ. 
 
3.90 Let ࣓ be the circumcircle of the acute non-isosceles triangle 
 be the feet of ࡲ and ࡱ Let .࡭ lies on the altitude from ࡼ Point .࡯࡮࡭∆
the altitudes from ࡼ to ࡮,࡭࡯ respectively. Circumcircle of triangle 
 Prove that the .࡭ different from ,ࡳ intersects the circle ࣓ in ࡲࡱ࡭∆
lines ࡱ࡮,ࡼࡳ and ࡲ࡯ are concurrent. 

Moldova NMO-2017  

Solution: Let ܣ′ be the antipode of ܣwrt߱. Let ܧܤ and ܨܥ concur at ܶ. 
Note that ∠ܲܩܣ = 90°, so ܣ,ܲ,ܩ′ are collinear , so it is enough to show that 
 ,(ܧܲܦܥ) and (ܨܲܦܤ) is on the radical axes of circle ܣ.ܲ passes through ܶ′ܣ
so by PoP we have that ܨܧܥܤ is concyclic. Now we have that 

ܶܧܲ∠ = 90° ܤܧܥ∠− = 90° ܥܨܤ∠− =  .ܶܨܲ∠
ᇱܣܤܲ∠ = ܥܤܲ∠ + ᇱܣܤܥ∠ = ܤܥܲ∠ +  .ᇱܣܤܥ∠
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By applying sine rule on triangles ܣܲܤ′ and ܣܲܥ′, and then applying trig Ceva 
in triangle ܨܶܧ we get the desired result. 
 
3.91 In a triangle ࡯࡮࡭ the point ࡰ is the intersection of the interior 
angle bisector of ∠࡯࡭࡮ and side ࡯࡮. Let ۾ be the second intersection 
point of the exterior angle bisector of ∠࡯࡭࡮ with the circumcircle of 
 internally ࡼ࡮ intersects line segment ࡼ and ࡭ A circle through .࡯࡮࡭∆
in ࡱ and line segment ࡼ࡯ internally in ࡲ. Prove that ∠ࡼࡱࡰ =  .ࡼࡲࡰ∠
 

Germany EGMO TST-2015 

Solution:  We consider the configuration in which the points ܥ,ܤ,ܣ and ܲ lie 
in that order on the circumcircle. The other case is analogous. 
   By the inscribed angle theorem for the circumcircle of ∆ܥܤܣ, we have 

ܧܤܣ∠ = ܲܤܣ∠ = ܲܥܣ∠ =  .ܨܥܣ∠
Moreover, by the inscribed angle theorem for the circle through ܧ,ܲ,ܣ and ܨ: 

ܤܧܣ∠ = 180° ܲܧܣ∠− = 180° − ܲܨܣ∠ =  .ܥܨܣ∠
We therefore see (AA) that ∆ܨܥܣ∆~ܧܤܣ. From this, it is follows that 

|ܤܣ|
|ܥܣ| =

|ܧܤ|
 |ܨܥ|

The angle bisector theorem then implies that 
|஺஻|
|஺஼| = |஽஻|

|஽஼|, so therefore |஻ா|
|஼ி| = |஽஻|

|஽஼| , (1) 

Choose ܼ on ܲܣ such that ܣ lies between ܲ and ܼ. As ܲܣ is the external angle 
bisector of ∠ܥܣܤ, we have ∠ܲܤܣ = ܥܣܼ∠ = 180°  So using the .ܥܣܲ∠−
inscribed angle theorem and the fact that ܲܤܥܣ 
 Is a cyclic quadrilateral, we see that 

ܨܥܦ∠ = ܤܥܲ∠ = ܤܣܲ∠ = 180° − ܥܣܲ∠ = ܥܤܲ∠ =  .ܦܤܧ∠
If we combine this with (1), we obtain ∆ܦܨܥ∆~ܦܧܤ (SAS). Therefore 
ܦܧܤ∠ = ܲܧܦ∠ hence we have ,ܦܨܥ∠ = 180° ܦܧܤ∠− = 180° − ܦܨܥ∠ =
 .ܲܨܦ∠
 
3.92 Let Г૚ and Г૛ be circles with respective centres ࡻ૚ and ࡻ૛ that 
intersect each other in ࡭ and ࡮. The line ࡻ૚࡭ intersects Г૛ in ࡭ and ࡯ 
and the line ࡻ૛࡭ intersects Г૚ in ࡭ and ࡰ. The line through ࡮ parallel 
to ࡰ࡭ intersects Г૚ in ࡮ and ࡱ. Suppose that ࡻ૚࡭ is parallel to ࡱࡰ. 
Show that ࡰ࡯ is perpendicular to ࡻ૛࡯. 

Germany IMO TST-2017 
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Solution: We consider only the configuration in which ܧ,ܤ,ܣ, and ܦ lie in that 
order on a circle, in which ଵܱ,ܣ and ܥ lie in that order on a line, and ܱଶ,ܣ and 
 lie in that order on a line; the proof is analogous for the other ܦ
configurations.As ܦܧܤܣ is a cyclic quadrilateral, we have ∠ܦܧܤ = 180° −
ܦܧܤ∠ Moreover, using the parallel lines, we see that .ܤܣܦ∠ = ܣܦ∠ ଵܱ and as 
| ଵܱܣ| = | ଵܱܦ| we have ∠ܣܦ ଵܱ = ܦܣ∠ ଵܱ. We deduce that 180° ܤܣܦ∠− =
ܦܣ∠ ଵܱ. Therefore ܦ ଵܱ and ܤܣ are parallel. 
     We already know that ∠ܦܣ ଵܱ = ܣܦ∠ ଵܱ. Since |ܱଶܣ| = |ܱଶܥ|, it follows 
that ∠ܣܦ ଵܱ = ∠ܱଶܥܣ = ∠ܱଶܣܥ. So ∠ܱଶܦ ଵܱ = ܦܣ∠ ଵܱ = ∠ܱଶܣܥ =
∠ܱଶܥ ଵܱ, so ଵܱܱܥܦଶ is a cyclic quadrilateral. 
    The line ଵܱܱଶ is the perpendicular bisector ܤܣ, therefore is also 
perpendicular to ܦ ଵܱ, as this line is parallel to ܤܣ. Therefore ∠ܱଶ ଵܱܦ = 90°. 
   As ଵܱܱܥܦଶ is a cyclic quadrilateral, we now also have ∠ܱଶܦܥ = 90°. 
 

3.93 An equilateral triangle ࡯࡮࡭ is given. On the line through ࡮ 
parallel to ࡯࡭ there is a point ࡰ, such that ࡰ and ࡯ are on the same 
side of the line ࡮࡭. The perpendicular bisector of ࡰ࡯ intersects the 
line ࡮࡭ in ࡱ. Prove that triangle ࡱࡰ࡯ is equilateral. 
 

Germany IMO TST-2015 

Solution:We consider the configuration in which ܧ lies between ܣ and ܤ. The 
case in which ܤ lies between ܣ and ܧ is treated analogously. (Because of the 
condition that ܦ and ܥ lie on the same side of ܤܣ,   it is impossible that ܣ lies 
between ܤ and ܧ, hence we have treated all cases.) 
    As ܧ lies on the perpendicular bisector of ܦܥ, we have |ܥܧ| =  ,Hence .|ܦܧ|
it is sufficient to prove that ∠ܦܧܥ = 60° . First suppose that ܧ =  Then we .ܤ
have ∠ܦܧܥ = ܦܤܥ∠ = ܤܥܣ∠ = 60°	because of alternating (ܼ) angles, hence 
we are done. Now suppose that ܧ ≠     .ܤ
   As ܦܤ is parallel to ܥܣ, we have ∠ܦܤܥ = ܤܥܣ∠ = 60° =  Hence, the .ܣܤܥ∠
point ܧ is the intersection point of the perpendicular bisector of ܦܥ and the 
exterior angle bisector of ∠ܦܤܥ. This means that ܧ lies on the circumcircle of 
triangle ܦܤܥ. (This is a known fact, it is also possible to prove it as follows. Let 
 and the	ܦܤܥ∠ be the intersection point of the exterior angle bisector of ′ܧ
circumcircle of ∆ܦܤܥ. Because ܧܤ′ is the exterior angle bisector, we have 
ᇱܧܤܥ∠ = 180° −  ,have the same length ′ܧܦ and ′ܧܥ ᇱ. Hence, chordsܧܤܦ∠
which means that ܧ′ lies on the perpendicular bisector of ܦܥ). We conclude 
that ܦܤܧܥ is a cyclic quadrilateral. Hence, ∠ܦܧܥ = ܦܤܥ∠ = 60° 
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3.94 Circles ࢑૚ and ࢑૛ intersect in points ࡭ and ࡮. Line ܔ intersect 
circle ࢑૚ in points ࡯ and ࡱ, and circle ࢑૛	in points ࡰ and ࡲ in such a 
way that ࡰ is between ࡯ and ࡱ, and ࡱ is between ࡰ and ࡲ. Lines ࡭࡯ 
and ࡲ࡮ intersect in point ࡳ, and lines ࡭ࡰ and ࡱ࡮ in point ࡴ. 
Prove that ࡲ࡯ ∥  .ࡳࡴ

Croatian NMO-2015  

Solution: It is suffices to show that ∠ܣܥܧ =  .ܣܩܪ∠
Since the quadrilateral ܧܤܥܣ is cyclic, we have ∠ܣܥܧ =  so it suffices ,ܣܤܧ∠
to show that ܪܩܤܣ is a cyclic quadrilateral. 
From triangle ܪܧܦ we have ∠ܧܪܦ = 180° − ܪܦܧ∠ −  .i.e ,ܦܧܪ∠

ܤܪܣ∠ = ܧܪܦ∠ = 180° − ܣܦܨ∠ − (180° −  (ܤܧܥ∠
so by using that ∠ܤܧܥ =  we get (is cyclic ܧܤܥܣ which holds because) ܤܣܥ∠
that 

ܤܪܣ∠ = 180° − ܣܦܨ∠ − ൫180° − ൯ܤܣܥ∠ = 180° − ܣܦܨ∠ −  .ܩܣܤ∠
 

 
Quadrilateral ܨܦܤܣ is cyclic, so we have ∠ܣܦܨ = ܣܤܨ∠ =  It follows .ܣܤܩ∠
that ∠ܤܪܣ = 180° ܣܦܨ∠− − ܩܣܤ∠ = 180° ܣܤܩ∠− − ܩܣܤ∠ =  .ܤܩܣ∠
Therefore, ܪܩܰܣ is a cyclic quadrilateral, which finishes the proof. 
 
3.95 Let ࡯࡮࡭ be a right triangle with the right angle at ࡯. Let ࡭ᇱ,࡮′ 
and ࡯′ be the pedals of the perpendiculars from the centroid of the 
triangle ࡯࡮࡭ on to the lines ࡭࡯,࡯࡮ and ࡮࡭ respectively. 
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    Determine the ratio of the areas of the triangles ࡯′࡮′࡭′ and ࡯࡮࡭. 
Croatian NMO-2015 

Solution: Let us denote by ܶ the centroid of the triangle ܥܤܣ, by ܽ, ܾ and ܿ 
the lengths of the sides ܥܤതതതത,ܣܥതതതത and ܤܣതതതത respectively and by ݒ the length of the 
altitude to the side ܤܣതതതത. Let us denote ߙ = ߚ and ܥܣܤ∠ =  .ܣܤܥ∠
    Since ܶ is the centroid of the triangle ܥܤܣ, it follows that 
 

|′ܣܶ| = |ܥ′ܤ| =
1
3

|ܣܥ| =
1
3
ܾ, |′ܤܶ| = |ܥ′ܣ| =

1
3
ܽ, |′ܥܶ| =

1
3
 .ݒ

 
We have 

(ᇱܥᇱܤᇱܣ)ܲ = (ᇱܶܤᇱܣ)ܲ + (ᇱܶܥᇱܤ)ܲ + (ᇱܶܣᇱܥ)ܲ = 

=
1
2

|ᇱܣܶ|) ∙ |ᇱܤܶ| + |ᇱܤܶ| ∙ |ᇱܥܶ| ∙ ߨ)݊݅ݏ − (ߙ + |ᇱܥܶ| ∙ |ᇱܣܶ| ∙ ߨ)݊݅ݏ − ((ߚ = 

=
1

18
(ܾܽ + ݒܽ ∙ ߙ݊݅ݏ + ݒܾ ∙  (ߚ݊݅ݏ

 
Since ݒ = ,ߚ݊݅ݏܽ ݒ = ܽ,ߙ݊݅ݏܾ = ,ߙ݊݅ݏܿ ܾ = and ܿଶ ߚ݊݅ݏܿ = ܽଶ + ܾଶ hold, 
we get 

(ᇱܥᇱܤᇱܣ)ܲ =
1

18
(ܾܽ + ܽଶߚ݊݅ݏߙ݊݅ݏ + ܾଶߚ݊݅ݏߙ݊݅ݏ) = 

=
1

18
(ܾܽ + ܿଶߚ݊݅ݏߙ݊݅ݏ) =

1
18

(ܾܽ + ܾܽ) =
1
9
ܾܽ =

2
9
 (ܥܤܣ)ܲ

Hence ௉
൫஺ᇲ஻ᇲ஼ᇲ൯
௉(஺஻஼)

= ଶ
ଽ
. 
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3.96 Let ࡵ be the incentre of the triangle ࡯࡮࡭ and let ࡰ be the point 
on side ࡯࡭തതതത such that |ࡰ࡭| =  ࡰ࡯࡮ Incircle of the triangle .|࡮ࡰ|
touches the lines ࡯࡭ and ࡰ࡮ in points ࡱ and ࡲ, respectively. Prove 
that the line ࡲࡱ passes through the midpoint of the segment ࡵࡰതതതത. 

Croatian MEMO TST-2015  

Solution: We denote by ܽ, ܾ and ܿ the lengths of the sides ܥܤതതതത  തതതതܤܣ തതതത andܣܥ,
respectively. Let ܭ be the point at which the incircle of the triangle ܥܤܣ 
touches the line ܥܣ.     Let ܰ be the food of the altitude from ܤ in triangle ܥܤܣ 
and let ܬ be the intersection of line ܨܧ and the altitude ܰܤതതതത. 
     Note that ∠ܧܰܬ = ܫܭܣ∠ = 90° and 

ܬܧܰ∠ =
1
2
൫180° ൯ܧܦܨ∠− =

ܤܦܣ∠
2

=
ܥܣܤ∠

2
=  .ܭܣܫ∠

 
Let ݀ = |ܦܧ| Then .|ܦܥ| = ௖ାௗି௔

ଶ
 and  

|ܰܧ| = |ܦܧ| + |ܰܦ| =
ܿ + ݀ − ܽ

2
+
ܾ − ݀

2
=
ܾ + ܿ − ܽ

2
=  .|ܭܣ|

Hence the triangles ܭܫܣ and ܰܬܧ are congruent. It follows that |ܭܫ| =  so ,|ܰܬ|
|ܬܫ| =  ,Furthermore	.|ܰܭ|

|ܬܫ| = |ܰܭ| = |ܭܣ| − |ܰܣ| =
ܾ + ܿ − ܽ

2
−
ܾ − ݀

2
=
ܿ + ݀ − ܽ

2
=  .|ܦܧ|

From this we conclude that ܫܬܦܧ is a parallelogram and hence its diagonals 
have the same midpoint.  
3.97 Let ࡯࡮࡭ be an acute-angled triangle with ࡮࡭ <  Tangent to .ܥܣ
its circumcircle Ω at ࡭ intersects the line ࡯࡮ at ࡰ. Let ࡳ be the 
centroid of ∆࡯࡮࡭ and let ࡳ࡭ meet Ω again at ࡴ ≠  Suppose the line .࡭
 respectively. Prove that ,ࡲ and ࡱ at ࡯࡭ and ࡮࡭ intersects the lines ࡳࡰ
ࡳࡴࡱ∠ =  .ࡲࡴࡳ∠

Czech-Polish-Slovak Match-2016 
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Solution:   Let ݌ be the line parallel to ܥܤ that passes through ܣ and let 
ܲ = ݌ ∩  by ܶ.    We project the harmonic ܥܤ We denote the midpoint of .ܩܦ
ratio (ܥܶܤ∞) = −1 from ܣ onto the line ܩܦ and learn that (ܲܨܩܧ) = −1. 
Therefore by a well-known Apollonian property of harmonic ratios it suffices to 
prove ∠ܲܣܪ = 90°.    Now let ܳ be the orthogonal projection of ܦ onto ܪܣ. 
The homothety centered at ܩ with factor − ଵ

ଶ
 maps the line ݌ onto the line ܥܤ 

and hence it maps ܲ to ܦ. Moreover, it leaves the line ܪܣ intact, so we just 
need to prove that it maps ܪ to ܳ.    As ܪ lies on the circumcircle of ܥܤܣ, 
which is mapped to the nine-point circle ߱ of ܥܤܣ by the considered 
homothety, we just need to verify that ܳ lies on ߱ and that ܳ is not the 
„wrong” intersection point of ߱ and ܪܣ. But this other point is the midpoint of 
ܤܣ  which does not coincide with ܳ when ,ܥܤ ≠  So our current claim is    	.ܥܤ
just that ܳ lies on 	߱. To verify it, we denote the orthogonal projection of 	ܣ to 
,ܴ	by ܵ. It is known that ܤܣ by ܴ and the midpoint of ܥܤ ܵ and ܶ lies on ߱. 
Further, the points ܳ and ܴ lies on the circle with diameter ܦܣ.	    Hence: 
∠ܴܳܶ = ܣܦܤ∠ = ߚ − ܦܣܤ∠ = ߚ − ߛ = ߙ − ൫180° − ൯ߚ2 = ܶܵܤ∠ −
ܴܵܤ∠ = ∠ܴܵܶ  and we may conclude.  

3.98 Let ࢽ૚ and ࢽ૛ be externally tangent circles and ࡿ be the point of 
tangency. Let ࣓ be a circle that touches internally ࢽ૚ and ࢽ૛ at ࡼ and 
 one of the intersection points of ࣓ and ࡾ respectively. Denote by ࡽ
the common tangent line of ࢽ૚ and ࢽ૛ that passes through ࡿ. 
Furthermore, the lines ࡼࡾ and ࡽࡾ intersects ࢽ૚ and ࢽ૛ at ࡭ and ࡮ 
respectively and ࡽࡼ intersects ࢽ૚ and ࢽ૛ at ࡯ and ࡰ respectively. 
Prove that the lines ࡯࡭,ࡿࡾ and ࡰ࡮ have a common point. 

U.Batzorig Mongolian NMO-2010 

Solution: Let (ܥܣ) ∩ (ܦܤ) =  is on the radical ܯ If suffices to prove that .ܯ
axis of ߛଵ and ߛଶ . 
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It’s equivalent to ܥܯ ∙ ܣܯ = ܦܯ ∙  is a cyclic ܤܦܥܣ This is equivalent to .ܤܯ
quadrilateral. Since ܲܶ and ܶܳ are tangents to ߱,∡ܶܲܳ = ∡ܶܳܲ =  From .ߙ
this ∡ܲܥܣ = ߙ =  ଵ andߛ implies. Since ܴ is on the radical axis of ܦܤܳ∡
ଶߛ ܣܴ, ∙ ܴܲ = ܤܴ ∙ ܴܳ. This means ܲܳܤܣ is cyclic quadrilateral and 
ܦܣܤ∡ + ܲܳܤ∡ = 180°; ߙ	 + ܥܣܤ∡ + ܲܳܤ∡ = 180°  

ݔ + ܲܳܤ∡ = ܦܤܳ∡ + ܲܳܤ∡ = 180° −  .ܤܦܳ∡

Hence ∡ܥܣܤ =  .is cyclic, as desired ܥܦܤܣ This means .ܤܦܳ∡

3.99 Let ࡰ࡯࡮࡭ be a tangential quadrilateral. Let ࣓ be externally 
inscribed circle in ࡰ࡯࡮࡭, tangent to ࡯࡮,ࡰ࡭ and ࡮࡭. Denote by ࡮࡭ࢄ 
the point of tangency of ࣓ and the circle that passes through ࡭ and ۰ 
and internally tangent to ࣓. Let us define ࡰ࡯ࢄ,࡯࡮ࢄ and ࡭ࡰࢄ, 
analogously. Prove that the bisectors of the angles ∡࡯࡯࡮ࢄ࡮∡,࡮࡮࡭ࢄ࡭, 
 .are concurrent ࡭࡭ࡰࢄࡰ∡ and ࡰࡰ࡯ࢄ࡯∡

G.Batzaya-Mongolian NMO-2010 

Solution: Let ܫ be center of incircle of ܦܥܤܣ, and ܤܣ touches incircle at ܳ and 
߱ at ܲ. It will be sufficient to show that ஺ܺ஻,ܲ, ܤ∡ are collinear and ܫ ஺ܺ஻ܲ =
ܣ∡ ஺ܺ஻ܲ (all passes through ܫ). Let (ܲܫ) ∩߱ = ܺ,ܲܲᇱ and ܳܳᇱ are diameters 
and (ܲܳᇱ) ∩߱ = ܻ, (ܺܲᇱ)∩ (ܤܣ) = ܴ. 
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ܳᇱܫ = ᇱܳܳ,ܳܫ ∥ ܲܲ′ follows that (ܲܲᇱܻܺ) is harmonic division. 

Therefore, tangent line to ߱ at ܻ passes through ܴ. Tangent line at ܳ′ is 
parallel to ܤܣ. From this ܦܣ,ܥܤ,ܲܳ′ are concurrent. If ߱ touches ܥܤ and ܦܣ 
at ܤ′ and ܣ′ respectively, we have (ܣᇱܻܤᇱܲ) harmonic division and ܴ ∈
ᇱܤܣ,ᇱܣܤ According to Nagel point .(ᇱܣᇱܤ) ,ܲܳ′ lines are concurrent. This 
implies that (ܴܣܲܤ) harmonic division. Considering ∡ܲܺܲᇱ = ܲܺܤ∡,90° =
(ܤܺ) holds. If ܲܺܣ∡ ∩߱ = ,ᇱᇱܤ (ܣܺ) ∩∩ ߱ = ᇱᇱܣ ᇱᇱ, thenܣ ∥  Hence .ܤܣ
 .is tangent to ߱, as needed (ܣܤܺ)߱

3.100 Rectangle of perimeter 2016 was cut into four rectangles 
I,II,III,IV, and two regions A and B (fig.1). The perimeters of rectangles 
are in the ratio  ࢂࡵࡼ:ࡵࡵࡵࡼ:ࡵࡵࡼ:ࡵࡼ = ૚:૜:૞:ૠ.	What is the sum of 
perimeters of regions A and B? 

 

Fig. 1 

 Ukrainian NMO-2017 

Solution: The sum of perimeters of rectangles is equal to the perimeter of the 
outer rectangles (it is easily verified by considering their sides): 

ூܲ + ூܲூ + ூܲூூ + ூܲ௏ = 2016. Let ݔ = ூܲ . Than the last equality can be 
rewritten as: 16ݔ = 2016	or 	ݔ = 126. 

3.101 In the figure, a qudrilateral ࡰ࡯࡮࡭ is drawn. The midpoint of 
side ࡮࡭ is called ࡹ. The four line segments ࡯࡮,ࡹ࡮,ࡹ࡭	and	۲ۯ each 
have length 8, and the line segments ࡹࡰ	and	ࡹ࡯ both have length 5. 

What is the length of line segment ۱۲? 
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Beware: the figure is not drawn to scale. 

A) 3               B) ૝૙
૚૜

               C) ૛૞
ૡ

              D) ૚૟
૞

               E) ૚૜
૝

  

 Germany NMO-2015 

Solution:     Answer: C) ଶହ
଼

.   Observe that ܤܯܣ is a straight angle. This implies 
that ∠ܦܯܣ + ܥܯܦ∠ + ܤܯܥ∠ = 180°.             Since triangles ܦܯܣ	and	ܥܯܤ 
are equal (three equal sides), we see that ∠ܤܯܥ =   .ܣܦܯ∠

Hence ∠ܥܯܦ = 180° ܦܯܣ∠− − ܣܦܯ∠ =  because the angles of ,ܯܣܦ∠
triangle ܦܯܣ sums to 180 degrees. It follows that ܥܯܦ and ܯܣܦ are 
isosceles triangles with equal apex angles. Hence these two triangles are equal 
up to scaling. This means that |஼஽|

|஽ெ| = |஽ெ|
|஺஽| .	    Therefore, the length of ܦܥ 

equals ହ
଼
∙ 5 = ଶହ

଼
. 

3.102 In a triangle ࡯࡮࡭, we have ∠࡭ = ૡ૝°. Moreover, ࡰ is a point on 

the line segment ࡮࡭ such that ∠ࡰ૚ = ૜ ∙

 ࡯ࡰ ૛ and such that the line segments࡯∠

and	࡮ࡰ have equal lengths.What is ∠࡯૚? 

A) ૛ૠ°          B) ૛ૡ°            C) ૜૙°            D) ૜૛°            

E) ૜૟° 
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Germany  NMO-2014 

Solution: Answer: A) 27°           

3.103 Three equal rectangles ࡽࡼࡺࡹ,ࡰ࡯࡮࡭ and ࢅࢄࡼ࡮ are arranged 
as fig.2 shows. Rectangle ࡲࡳ࡯ࡺ is common for all of them and has an 
area of 17. Determine the sides of equal rectangles if it is known that 
these sides can be expressed as positive integers. 

 

Fig.2 

 Ukrainian NMO-2017 

Solution: Answer: 17 and 33. 

Denote the sides of equal rectangles by ܽ ≥ ܾ. Let us 
find the lengths of some segments formed by 
intersecting the rectangles (see fig.2). ܤܣ = ܲܤ = ܻܤ,ܽ = ܥܤ = ܲܰ =
ܰܤ,ܾ = ܲܥ = ܽ − ܰܥ,ܾ = ܾ − (ܽ − ܾ) = 2ܾ − ܽ.	Hence ܵிே஼ீ =
ܾ(2ܾ − ܽ) = 17. Since 17 is prime number, only two cases are possible: 

Case 1: ܾ = 1; 2ܾ − ܽ = 17, which is impossible. 

Case 2: ܾ = 17; 2ܾ − ܽ = 1 ⇒ ܽ = 33. 

3.104 We are given a square ࡰ࡯࡮࡭. A  is dawn through ࡭ that 
intersects the segment ࡯࡮ in ࡱ, and the line through ࡯ and ࡰ in ࡲ. The 
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ratio of the lengths of the segments ࡱ࡮ and ࡯ࡱ is ૚
૛
. The area of the 

grey area is 60. What is the area of the square? 

 

 

 

 

 

 

 Germany NMO-2014 

Solution: 36 

3.105 Mies has drawn a regular hexagon with area 1. She notices that 
the midpoints of the six sides also form a regular hexagon. What is the 
area of this small hexagon? 

 

Germany  NMO-2015 

3.106 An equilateral triangle ࡯࡮࡭ is inscribed into a circle Ω and 
circumscribed about a circle ࣓. Points ࡼ and ࡽ are chosen on the sides 
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 is tangent to ࣓. A ࡽࡼ respectively, so that the segmant ,࡮࡭ and ࡯࡭
circle Ω࢈ centered at ࡼ passes through ࡮, and a circle Ωࢉ centered at ࡽ 
passes through ࡯. Prove that the circles Ω,Ω࢈ and Ωࢉ	have a common 
point. 

A.Akopyan, P.Kozhevnikov-Regional MO Russian-2017 

Solution: The second meeting point of Ω and Ω௕  is symmetric to ܤ about ܱܲ; 
similar statement holds for that of Ω and Ω௖ . To prove that these points 
coincide, one needs just to verify that ߤ൫ܱܲ෣ܳ൯ = 60°. 

3.107 A circle centered at ۷ is inscribed into a quadrilateral ࡰ࡯࡮࡭. 
Rays ࡭࡮ and ࡰ࡯ meet at ࡼ, and rays ࡰ࡭ and ࡯࡮ meet at ࡽ. Given 
that ࡼ lies on the circle (࡯ࡵ࡭), prove that ࡽ also lies on this circle. 

A.Kuznetsov-Regional MO Rusia-2017 

Solution: Prove that ∠ܫܣܦ = ܫܣܤ∠ = ܫܥܦ∠ =  ܫܥܤ∠

3.108 The circle ࣓ is circumscribed about an acute-angled triangle 
 ,respectively ,࡯࡮ and ࡮࡭ are chosen on the sides ࡱ and ࡰ Points .࡯࡮࡭
so that ࡯࡭ ∥  of ࡯࡭ are chosen on the smaller arc ࡽ and ࡼ Points .ࡱࡰ
࣓ so that ࡼࡰ ∥  ,ࢅ and ࢄ at ࡱࡰ meet ࡯ࡼ and ࡭ࡽ Rays .ࡽࡱ
respectively. Prove that ∠ࢅ࡮ࢄ+ ࡽ࡮ࡼ∠ = ૚ૡ૙°. 

A.Kuznetsov-Regional NMO Russia-2017 

Solution: Since ܳܥܤܣ is cyclic and ܥܣ ∥ ܺܧܤ∠ we have ,ܧܦ = ܣܥܤ∠ =
ܣܳܤ∠ =  is also cyclic. Thus ܲܦܤܻ ,is cyclic; similarly ܳܧܤܺ ,Therefore .ܺܳܤ∠
ܳܤܺ∠ = ܳܧܺ∠ = ܻܤܲ∠ and ܳܧܦ∠ =  .ܧܦܲ∠

3.109 A quadrilateral ࡰ࡯࡮࡭ is inscribed into a circle Г centered at ࡻ. 
Its diagonals ࡯࡭ and ࡰ࡮ are perpendicular to each other; let ࡼ be 
their meeting point ( the point ࡻ lies inside the triangle ࡯ࡼ࡮). A point 
ࡼࡴ࡮∠ so that ࡻ is chosen on the segment ࡴ = ૢ૙°. The circumcircle 
࣓ of the triangle ࡰࡴࡼ meets again the segmant ࡯ࡼ at ࡽ. Prove that 
ࡼ࡭ =  .ࡽ࡯

A. Kuznetsov-Regional MO Russia-2017 



DANIEL SITARU            MARIAN URSĂRESCU              FLORICĂ ANASTASE 
 

227 WORLD’S  MATH  OLYMPIADS 
 

Solution: Let ܶܤ be a diameter of Ω; then the points ܲ,ܪ,ܶ, and ܦ are 
concyclic. Thus ∠ܲܳܦ = 90°, and the perpendicular bisectors to ܲܳ,ܶܦ, and 
 .coincide ܥܣ

3.110 Let ࡹ࡭ be a median of an acute triangle ࡯࡮࡭, and let ࡴ࡮ be 
the altitude. The line through ࡹ perpendicular to ࡹ࡭ meets the ray 
෣൯࡯࡭ࡹ൫ࣆ Given that .ࡷ at ࡮ࡴ = ૜૙°, prove that ࡷ࡭ =  .࡯࡮

B.Obukhov-Regional MO Russia-2017 

Solution: The points ܯ,ܪ,ܣ, and ܭ lie on a circle ߱ with diameter ܭܣ. Since 
෣൯ܪܣܯ൫ߤ = 30°, we have  ܯܪ = ஺௄

ଶ
. On the other hand: ܥܤ =  ܯܪ2

3.111 Determine if there exist a triangle whose side lengths ࢟,࢞,  ࢠ
satisfy :  ࢞૜ + ૜࢟ + ૜ࢠ = ࢞) + ࢟)(࢟ + +ࢠ)(ࢠ  .(࢞

V.Senderov-Regional MO-Russia-2017 

Solution: Answer: No. 

ݔ) + ݕ)(ݕ + ݖ)(ݖ + (ݔ = ݕ)ଶݔ + (ݖ + ݔ)ଶݕ + (ݖ + ݔ)ଶݖ + (ݕ + ݖݕݔ2
> ଶݔ ∙ ݔ + ଶݕ ∙ ݕ + ଶݖ ∙ ݖ + 0 

3.112 Let ࡰ࡯࡮࡭ be an isisceles trapezoid where ࡯࡮ ∥  and ࡰ࡭
࡮࡭ ∥  and meets again the ࡯ and ࡮ A circle ૑ passes through .ࡰ࡯
segmants ࡮࡭ and ࡰ࡮ at ࢄ and ࢅ, respectively. The tangent to ࣓ at ࡯ 
meets the ray ࡰ࡭ at ࢆ. Prove that the points ࢅ,ࢄ and ࢆ are collinear. 

 A.Kuznetsov-Russia NMO-2017 

Solution: Notice that ܼܦܻܥ is cyclic. 

3.113 Let Ω be the circumcircle of a scalene triangle ࡯࡮࡭ with 
࡮࡯࡭∠ = ૟૙°. The points ࡭′ and ࡮′ are chosen on the internal angle 
bisectors of the angles ࡯࡭࡮ and ࡯࡮࡭, respectively, so that ࡮࡭′ ∥  ࡯࡮
and ࡭࡮ᇱ ∥  Prove that the	.ࡱ and ࡰ meets ࣓ at points ′࡮′࡭ The line .࡯࡭
triangle ࡱࡰ࡯ is isosceles. 

A.Kuznetsov-Russian NMO-2017 
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Solution: Let ܰ be the midpoint of the arc ܥܤܣ, and ܶ be the midpoint of the 
lesser arc ܰܥ. Prove that ܰ and ܶ lie on ܣᇱܤᇱ. For this purpose, notice that 
ܰܣ = ܰܤ = ܤܣ = ܤᇱܣ =  .ܣᇱܤ

3.114 In the Cartesian plane, two graphs Г૚ and Г૛ of monic quadratic 
trinomials and two non-parallel lines ࢒૚ and ࢒૛ are drawn. Assume that 
Г૚ and Г૛ cut out segments of equal lengths on ࢒૚, and that they cut 
out segments of equal lengths on ࢒૛. Prove that Г૚ and Г૛ coincide.   

A.S.Golovanov-Russian NMO-2017 

Solution: The unique vector mapping Гଵ into Гଶ should be parallel to both ݈ଵ 
and ݈ଶ. 

3.115 Let ۽ be the circumcenter of an acute-angled isosceles triangle 
࡮࡭ with ࡯࡮࡭ =  ࡮࡭ and ࡯࡭ meet the sides ࡻ࡯ and ࡻ࡮ The rays .࡯࡭
at ࡮′ and ࡯′, respectively. Let ࢒ be the line through ࡯′ paralel to ࡯࡭. 
Prove that ࢒ is tangent to the circumcircle of tha triangle ࡮ᇱ࡯ࡻ. 

A.Kuznetsov-Russian NMO-2017 

Solution: Prove that ܶ = ܱܣ ∩ ݈ is the required tangency point. 

3.116 Let ࡯࡮࡭ be a right triangle with ࡯෡ = ૢ૙°. Points ࡰ and ࡱ on the 
hypotenuse ࡮࡭ are such that ࡰ࡭ = ࡱ࡮ and ࡯࡭ =  ࡽ and ࡼ Points .࡯࡮
on ࡯࡭ and ࡯࡮ respectively are such that ࡼ࡭ = ࡽ࡮ and ࡱ࡭ =  Let .ࡰ࡮
෣࡮ࡹ࡭ Find .ࡽࡼ be the midpoint of segment ࡹ . 

Argentina NMO-2016 

Solution: We show that ܯ coincides with the incenter ܫ of the triangle. Since 
መܣ + ෠ܤ = 90°, this implies  ܤܯܣ෣ = ෢ܤܫܣ = 180° − ଵ

ଶ
൫ܣመ + ෠൯ܤ = 135° 

 



DANIEL SITARU            MARIAN URSĂRESCU              FLORICĂ ANASTASE 
 

229 WORLD’S  MATH  OLYMPIADS 
 

By hypothesis ܦܣ =  in the bisector ܥ is the reflection of ܦ meaning that ,ܥܣ
መܣ of ܫܣ . Likewise ܳ is the reflection of ܦ in the bisector ܫܤ and ܲ is the 
reflection of ܧ in the bisector ܫܣ, hence ܫܥ = ܫܧ =  .ܫܲ

We obtain ܫܥ = ܫܲ = ෢ܫܥܲ Also .ܫܳ = ෢ܫܥܳ = 45° since ܫܥ bisects ܥመ = 90°. 
Therefore ܫܥ෢ܲ = ෢ܳܫܥ = 90°. In conclusion ܲ,ܳ and ܫ are collinear , and ܫ is the 
midpoint of ܲܳ as ܲܫ =  .coincide, as started ܫ and ܯ Thus	.ܫܳ

3.117 Find the angles of a convex quadrilateral ࡰ࡯࡮࡭ such that 

෣ࡰ࡮࡭ = ૛ૢ°,࡮ࡰ࡭෣ = ૝૚°,࡮࡯࡭෣ = ૡ૛°	 and ࡰ࡯࡭෣ = ૞ૡ°. 

Argentina NMO-2016 

Solution: 

 

We have ܦܣܤ෣ = 180° − ൫29° + 41°൯ = ෣ܦܥܤ,110° = 82° + 58° = 140° . 
Consider the circumcircle ߛ of triangle ܦܥܤ. Since ܦܣܤ෣ + ෣ܦܥܤ > 180°, point 
 By inscribed angles .ܧ at ߛ to meet ܣ beyond ܣܥ Extend	.ߛ is interior to ܣ
෣ܦܤܣ = ෣ܦܥܧ = ෣ܦܥܣ = ෣ܤܦܧ  ,58° = ෣ܤܥܧ = ෣ܤܥܣ = 82°. 

Given that ܦܤܣ෣ = ෣ܤܦܣ,29° = 41° we obtain that ܣܤ and ܣܦ are bisectors of 
෣ܤܦܧ	and	෣ܦܤܧ  respectively.  Hence ܣ is the incenter of triangle ܧܦܤ, implying 
that ܣܧ is the bisector of ܦܧܤ.෣	From the cyclic quadrilateral ܧܦܥܤ we have: 

෣ܦܧܤ = 180° − 140° = 40°. 
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Therefore ܥܦܤ෣ = ෣ܥܧܤ = ଵ
ଶ
෣ܦܧܤ = 20° and analogously ܥܤܦ෣ = 20°. In 

conclusion ܥܤܣ෣ = 29° + 20° = ෣ܥܦܣ,49° = 41° + 20° = 61°. 

3.118 Let ࡯࡮࡭ be a triangle and let ࡹ the middle of the side ࡯࡮. 
Externally of the triangle we consider parallelogram ࡱࡰ࡯࡮, such that 
ࡱ࡮ ∥ ࡱ࡮ and ࡹ࡭ = ࡹ࡭

૛
. Prove that the line ࡹࡱ passes from the 

middle point of the segment ࡰ࡭. 

S.Brazitikos-Hellenic NMO-2014 

Solution: We extend ܯܣ till it meets ܦܧ at point ܰ. Then ܧܰܯܤ and ܰܦܥܯ 
are parallelograms and hence ܰܧ = ܯܤ = ܥܯ =  Hence N is the middle .ܦܰ
of ܦܧ. Moreover we observe that ஺ெ

ெே
= 2 and ܯ lie on the median of the 

triangle ܦܣܧ. Hence ܯ is the centroid of the triangle ܦܧܣ. Therefore the line 
 and ,ܧ is the line of the median of the triangle AED passing from the vertex ܯܧ
so it intersects the side ܦܣ in the middle. 

 

3.119 Let ࡯࡮࡭ be an acute-angled triangle such that, denoting with ࡴ 
the foot of the altitude from ࡯, one has ࡴ࡭ = ૜ ∙   Furtermore, let .࡮ࡴ

 ࡹ be the midpoint of ࡮࡭; 
 ࡺ be the midpoint of ࡯࡭; 
 ࡼ be the point in the other half-plane than ࡮ with respect to 

the line ࡯࡭ such that ࡼࡺ = ࡯ࡼ,࡯ࡺ =  .࡮࡯
Prove that ∠ࡹࡼ࡭ =  .࡭࡮ࡼ∠

Italian NMO-2017 
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Solution: Since ܪܣ = 3 ∙  is then both ܪܥ;ܤܯ is the midpoint of ܪ,ܤܪ
altitudes and median of the triangle ܤܯܥ, which is therefore isosceles. This 
means that ܯ leis on the circle with centre ܥ and radius ܤܥ. By the inscribed 

angle theorem it follows that ܤܲܯ෣ = ெ஼஻෣
ଶ

= ෣ܤܥܪ .	The triangle ܤܲܥ is by 
definition isosceles with base ܲܤ, and therefore ܤܲܥ෣ =  .෣ܲܤܥ

Furthermore 90° = ෣ܤܲܥ + ෣ܯܲܤ ෣ܣܲܯ+ , and at the same time sum of the 
internal angles of the triangle ܤܪܥ is 90° = ෣ܤܥܪ + ෣ܲܤܥ +  ෣. Since, asܣܤܲ
shown above, ܤܲܥ෣ = ෣ܯܲܤ ෣ܲ andܤܥ = ෣ܤܥܪ , it follows that ܣܲܯ෣ =  .෣ܣܤܲ

3.120 Cut a square by straight lines into 3 pieces so thet one could 
recompose the pieces into an obtuse triangle. You are not allowed to 
move the resulting pieces after the first cut. 

Ukrainian NMO-2015 

Solution: Answer: one possible solution is in Fig.1. In Fig.1, ܦ and ܧ are the 
midpoints of the respective sides of the square. Then ∆ܦܥܣ =  and ܧܥܨ∆
ܩܦܣ∆ =  which is clearly obtuse, can be ,ܨܤܣ∆ which means thet ,ܥܧܤ∆
constructed from the three resulting parts. 

 

3.121 Let ࡰ࡭ be a bisector in an isosceles triangle ࡯࡮࡭	࡮࡭) =  ,(࡯࡮
and let ࡱࡰ be another bisector in the triangle ࡰ࡮࡭. Find out the 
measures of all angles in ࡯࡮࡭ if the bisectors of ࡰ࡮࡭ and ࡰࡱ࡭ 
intersect on the straight line ࡰ࡭. 

Ukrainian NMO-2015 
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Solution: Answer: ∠ܥܣܤ = ܣܥܤ∠ = ܥܤܣ∠,80° = 20°.	Let ܭ be the 
intersection point for the bisectors of the angles ܦܤܣ and ܦܧܣ (Fig.3). Then 
this point lies on the segment ܦܣ and is equidistant from rays ܣܤ and ܥܤ, as 
well as from ܣܧ and ܦܧ.	Hence, it’s equidistant from rays ܧܦ and ܥܦ. Then 
 is an excenter of the triangle ܭ ,in other words) ܦܧܥ∠ is the bisector of ܣܦ
ܥܦܣ∠ With the initial conditions, this implies .(ܦܤܧ = 60°. Since ∠ܣܥܦ =
ܣܥܦ∠ we have that ,ܥܣܦ∠2 = 80°. Finally, we can write ∠ܥܣܤ = ܣܥܤ∠ =
ܥܤܣ∠,80° = 20°. 

 

3.122 Is it possible to construct a triangle with sides ࢠ,࢟,࢞ satisfying 

the condition:  ૜࢞૛࢟૛ + ૜࢟૛ࢠ૛ + ૜ࢠ૛࢞૛ = ૝࢞ + ૝࢟ +  ?૝ࢠ

Bogdan Rublyov-Ukrainian NMO-2015 

Solution: Answer: no. Rewrite the equation as: 

ଶݕଶݔ2 + ଶݖଶݕ2 + ଶݔଶݖ2 − ସݔ − ସݕ − ସݖ = ଶݕଶݔ + ଶݖଶݕ +  ଶݔଶݖ

The left-hand side can be decomposed as: 

ݔ) + ݕ + ݔ)(ݖ + ݕ − ݕ)(ݖ + ݖ − ݖ)(ݔ + ݔ − (ݕ = ଶݕଶݔ)− + ଶݖଶݕ +  .(ଶݔଶݖ

Hence, the left-hand side is negative, therefore, at least one of the multipliers 
is negative too. The first one is always positive, then, without loss of generality, 
we can assume the second one is negative, i.e. ݔ + ݕ − ݖ < 0, which 
contradicts the triangle inequality. 
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3.123 A right trapezoid is given with the following property: a square 
can be inscribed into it such that all its vertices lie on different edges 
of the trapezoid and none of them coincide with any vertex of the 
trapezoid. Construct this square with a ruler and a compass. 

Mariya Rozhkova-Ukraine NMO-2015 

Solution: Let ܦܥܤܣ be our trapezoid with right angles ܣ and ܤ. Let ܪܩܨܧ be 
the required square centred at ܱ, and suppose ܧ ∈ ܨ,ܤܣ ∈  In the .ܥܤ
quadrilateral ܱܨܤܧ two opposite angles are right, hence, it’s cyclic. This 
implies that ∠ܱܨܧ = ܱܤܧ∠ = 45° as they intercept the same arc ܱܧ (Fig.4). 
Likerwise , ∠ܱܣܧ = 45°. Thus ܱ is the intersection point for bisectors of angles 
 .ܱ are symmetric with respect to ܩ and ܧ ,in the trapezoid. Also ܤ and ܣ
Construction: Construct ܱ as the intersection point of two bisectors drawn 
from ܣ and ܤ. Then we can construct a straight line ݈ symmetric to ܤܣ with 
respect to ܱ. The line ݈ intersects the segment ܦܥ at a unique point ܩ, which is 
a vertex of our square. Having the center and one vertex of the square, we can 
reconstruct it in a unique way. 

 

3.124 Points ࡮૚,࡯૚ are chosen on the bisector ࡯࡭࡮ of a triangle ࡯࡮࡭ 
so that ࡮࡮૚ ⊥ ૚࡯࡯,࡮࡭ ⊥  ૚. Prove࡯૚࡮ be the midpoint of ࡹ Let .࡯࡭
that ࡮ࡹ =   .࡯ࡹ

Ukrainian NMO-2015 
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Solution: Assume the perpendicular dropped from ܥଵ on ܤܣ intersects it at 
some point ܥ௕ . Define ܤ௖  in the same way so that ܤܤ௕ ⊥ ௕ܯ Let .ܥܣ ௖ܯ.  be the 
projections of ܯ onto lines ܤܣ and ܥܣ respectively. Without loss of generality, 
suppose the points are located as Fig. Then: ∆ܤܣଵܤ௖~∆ܯܯܣ௖~∆ܥܣ௕ܥ and 
 Then from basic properties of a trapezoid we have.ܤ௖ܤܣ∆~௕ܯܯܣ∆~௕ܥଵܥܣ∆
௖ܯ௖ܤ = ௕ܯ௕ܥ,ܥ௖ܯ = ܯ௖ܤ Hence .ܤ௕ܯ = ܯ௕ܥ and ܥܯ =  Since .ܤܯ
௖ܤଵܤܯ∠ = ଵܤܤ and ܯଵܤܤ∠ = ௖ܤଵܤ , this implies ∆ܤܤܯଵ =  ௖, henceܤଵܤܯ∆
ܯܤ = ܯܤ ௖, andܤܯ = ௖ܤܯ =  .ܯܥ

 

3.125 An acute-angled triangle ࡯࡮࡭ has the side ࡯࡮ >  and the ,ܤܣ
bisectrix ࡸ࡮ =  for which ,ࡹ there exists point ࡸ࡮ On the segment .࡮࡭
ࡸࡹ࡭∠ = ࡹ࡭ Prove that .࡭࡯࡮∠ =  .࡯ࡸ

Ukrainian NMO-2015 

Solution: On the segment ܥܤ put a point such as ܦܤ = ܮܤܣ∆ Then .ܮܤ =
ܤܣܮ∠  mark ,ܦܮܤ∆ = ܣܮܤ∠ = ܦܮܤ∠ =  choose a ܦܤ On the segment .ܮܦܤ∠
point ܭ, such that ∠ܯܮܣ = ܯܮܣ∆ Then .ܭܮܦ∠ = ܦܮ because of ܭܮܦ∆ =  ,ܮܣ
but then ∠ܮܯܣ = ܦܭܮ∠ = ܮܭ that’s why ,ܣܥܤ∠ = ܯܣ =  and it is ,ܥܮ
exactly what we have to prove. 
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3.126 Points ࢅ,ࢄ are chosen on the sides ࡮࡭ and ࡰ࡭ of a convex 
quadrilateral ࡰ࡯࡮࡭ respectively so that ࢄ࡯ ∥ ࢄࡰ,࡭ࡰ ∥ ࢅ࡮,࡮࡯ ∥  ࡰ࡯
and ࢅ࡯ ∥ ࢄ࡭ Find the ratio .࡭࡮

ࢄ࡮
. 

Ukrainian NMO-2015 

Solution: Answer: √ହାଵ
ଶ

.  Denote this ratio by ߣ = ஺௑
஻௑

. Since ܴܻܦܥ is a 

parallelogram, by Thales’ theorem we obtain  ߣ = ஺௑
஻௑

= ௒ோ
ோ஻

= ஼஽
ோ஻

 

Likewise, 

ߣ =
ܺܣ
ܺܤ

=
ܻܥ
ܺܤ

=
ܻܥ
ܲܥ

=
ܻܤ
ܳܤ

=
ܻܤ
ܦܥ

=
ܻܴ + ܴܤ
ܦܥ

=
ܦܥ + ܴܤ

ܦܥ
= 1 +

ܴܤ
ܦܥ

= 1 +
1
ߣ

 

By solving this equation for ߣ, we obtain the answer. 

 

3.127 The segments ࡰ࡭ and ࡰ࡯ intersect in the point ࡻ and are 
divided into ratio ࡻ࡭

࡮ࡻ
= ࡻ࡯

ࡰࡻ
= ૚

૛
. The lines ࡰ࡭ and ࡯࡮ intersect in the 

point ࡹ. Prove that ࡹࡰ =  .࡮ࡹ

Ukrainian NMO-2015 

Solution: Let the length of the segments be ܤܣ = ܦܥ = 3ܽ, then ܱܣ = ܱܥ =
ܽ and ܱܤ = ܦܱ = 2ܽ.	Since ∠ܦܱܣ = ܦܱܣ∆ as vertical, then ܤܱܥ∠ =  .ܤܱܥ∆
Hence ∠ܱܦܣ = ܱܦܤ∠ is isosceles, then ܦܱܤ∆ As .ܱܤܥ∠ =  ,ܱܤܦ∠
consequently ∠ܤܦܯ =  as the sum of the equal angles. In other words ܦܤܯ∠
 .is isosceles, from where the equality we need ܤܦܯ∆
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3.128 On the sides ࡭࡯,࡯࡮,࡮࡭ of triangle	࡯࡮࡭ the points ࡯૚,࡭૚,࡮૚ 
are chosen respectively, and these points are noot the vertex. 
૚࡭૚࡯࡮∠ ૚ is equilateral and࡯૚࡮૚࡭∆ = ૚࡯૚࡭࡮∠ and ࡭૚࡮૚࡯∠ =
 ?required to be equilateral ࡯࡮࡭∆ If is .࡯૚࡮૚࡭∠

Ukrainian NMO-2017 

Solution: Answer: yes. Mark angles ∠ܥܤଵܣଵ = ܣଵܤଵܥ∠ = ଵܥଵܣܤ∠ and ݔ =
ܥଵܤଵܣ∠ = ݔ is straight, so ܥଵܤܣ∠ .ݕ + ݕ = 120°. Then ∠ܥܤܣ = 60° , hence 
ܥଵܣଵܤ∠ = ܤܥܣ∠ so ,ݔ = 60° , in other words ∆ܥܤܣ is equilateral. 

 

3.129 In the convex quadrilateral ࡰ࡯࡮࡭ with angles ࡯࡮࡭ and ࡰ࡯࡮ 
equal to ૚૛૙°,ࡻ is the intersection of diagonals, ࡹ is the midpoint of 
 It happens hat .ࡰ࡭ and ࡻࡹ is the point of the intersection of ࡷ,࡯࡮
࡯ࡷ࡮∠ = ૟૙°. Prove that ∠࡭ࡷ࡮ = ࡰࡷ࡯∠ = ૟૙°. 

Serduk Nazar-Ukrainian NMO-2015 
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Solution: Let us draw external bisector of ∠ܥܭܤ. Let it intersects lines ܣܤ and 
 outside equilateral triangles ܥܭܤ∆ ᇱ. We draw on sidesܦ and ′ܣ at ܦܥ
 ᇱ, and ܲ is anܦᇱܣ Obviously that ܴ and ܳ are on .ܴܳܥ and ܭܴܤ,ܥܲܤ
intersection of ܤܣ and ܦܥ.	Consider ∆ܥܭܤ. We saw, that 

ܴܤܥ∠ = ܭܤܥ∠ + 60° = 180° − ൫120° ൯ܭܤܥ∠− =  ′ܣܤܭ∠

It implies that ܴܤ and ܣܤ′ are isogonal, also ܴܭ is external bisector. So ܣ′ and 
ܴ are isogonal, hence ܣܥ′ and ܴܥ are isogonal. Similarly we have that 
segments ܦܤ′ and ܳܤ are isogonal. It is easy to see that ܲ −the point of 
intersection of tangents to circumcircle of ∆ܥܭܤ, so ∠ܥܲܭ = ܥܭܤ∠ =
ܤܥܲ∠ = 60°.	For this ܲܭ is symedian of ∆ܥܭܤ, so ܲܭ and ܯܭ are isogonal. 

As it known ܳܤ,ܲܭ and ܴܥ intersect in the same point, namely at Fermat 
point, so as lines ܦܤ,ܯܭ′ and ܣܥ′ intersect in the same point. Let is be point 
ܱᇱ.  Assume that ܱܯ >  ,ܦܥ and ܣܤ are on sides ′ܦ and ′ܣ ᇱ. Then pointsܱܯ
but in this case ܦܣ and ܦ′ܣ′ don’t intersect each other. Similarly if ܱܯ <   .ᇱܱܯ
Hence ܱܯ = ᇱܱܯ ⇒ ܣ = ᇱܣ ܦ, = ᇱܦ ⇒ ܤܭܣ∠ =  .ܥܭܦ∠
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3.130 In the trapezoid ࡰ࡯࡮࡭ with perpendicular diagonals points 
 respectively. On ࡭ࡰ,ࡰ࡯,࡯࡮,࡮࡭ are the middles of sides ࡽ,ࡺ,ࡹ,ࡼ
the base ࡰ࡯ there is a point ࡸ(different from the point ࡽ) for which 
the angle ∠ࡸࡺࡹ is straight. Find the angle ∠࡭ࡼࡸ. 

Bogdan Rublyov-Ukrainian NMO-2017 

Solution: Answer: 90°. By Varignon’s Theorem quadrangle ܳܰܲܯ is a 
parallelogram and its sides are parallel to the diagonals of trapezoid ܦܥܤܣ, so 
it is a rectangle (Fig.). Denote ܱ the intersection point of ܥܣ and ܦܤ. Then 
from the properties of rectangular ∆ܮܰܯ we get that: ܱܮ = ܯܱ = ܱܰ ⇒
ܮܱ = ܱܲ = ܱܳ, so ∆ܲܳܮ is rectangular. That means ܲܮ ⊥  and since ,ܳܮ
ܤܣ ∥ ܮܲ then ܦܥ ⊥  .ܤܣ

 

3.131 Let ࡭૚ and ࡯૚ be the points on the sides ࡯࡮ and ࡮࡭ of he 
triangle ࡯࡮࡭ respectively, so that ࡭࡭૚ =  ૚࡯࡯ ૚ and࡭࡭ ૚. Segments࡯࡯
meet at the point ࡲ. Prove that if ∠࡭ࡲ࡯૚ = ૛∠࡯࡮࡭ then ࡭࡭૚ =  .࡯࡭

Andrii Gogolev-Ukrainian NMO-2015 

Solution: Consider translation by vector ܣଵܣሬሬሬሬሬሬሬ⃗ . Thus ܣܣଵܥܥଷ is a 
parallelogram, ܥܥଵܥଶܥଷ is a rhombus. Then ∠ܥଵܥܥଷ = ܣܨଵܥ∠ = ଵܣܨܥ∠ =
ଷܥܣଵܥ∠  therefore ,ߙ2 = 180° ܥܤܣ∠− = 180° − ଵ

ଶ
ଵܣܨܥ∠ = 180° −  .ߙ
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If we built a circle where the point ܥ is its centre, then the central angle 
ଷܥܥଵܥ∠ =  ,ߙ ଷ, equalsܥଵܥ thus the inscribed angle, that subtends the arc ,ߙ2
therefore the point ܣ belongs to the circle. Therefore, ܥܣ = ଷܥܥ =  ଵ, thisܣܣ
completes the proof. 

 

3.132 Let ࡹ be the midpoint of the hypotenuse AB of the right triangle 
ࡼ࡯ so that ࡮࡯ is chosen on the cathetus ࡼ Point .࡯࡮࡭

࡮ࡼ
= ૚

૛
. The 

straight line passing through ࡮ meets the segment ࡼ࡭,࡯࡭ and ࡹࡼ at 
points ࢅ,ࢄ, and ࢆ, respectively. Prove that the bisector of the angle 
 if and only if the bisector of the angle ࡯ passes through point ࢅࢆࡼ
 .࡯ also passes through ࢄࢅࡼ

I.Voronovich-Belarus  NMO-2017 

Solution:  

Let ܦ symmetric to ܣ with respect to the vertex ܥ. The segment ܥܤ is the 
altitude and the median in the triangle ܦܤܣ so the triangle ܦܤܣ is isosceles. 
Likewise, the triangle ܲܦܣ is isosceles. Let  ܲ′ be the intersection point of the 
medians ܯܦ and ܥܤ of triangle ܦܤܣ. Since the point of intersection divides 
the medians in the ratio ଶ

ଵ
, points ܲ and ܲ′ coincide. Since ܥ belongs to the 

bisector of the angle ∠ܣܲܦ, we see that ܥ is equidistant to the lines ܲܦ and 
 is equidistant ܥ is equidistant to the bisector of the angle ∠ܼܻܲ, then ܥ If .ܣܲ
to the lines ܼܲ and ܼܻ, therefore, ܥ is equidistant to the lines ܻܲ and ܻܺ, i.e. ܥ 
belongs to the bisector of the angle ∠ܻܲܺ.	In the same way, one can prove the 
converse proposition. 
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3.133 Point ࡹ is marked inside a convex quadrilateral ࡰ࡯࡮࡭. It 
appears that ࡹ࡭ = ࡹ࡯,ࡹ࡮ = ࡮ࡹ࡭∠ and ,ࡹࡰ = ࡰࡹ∠ = ૟૙°.	Let 
,ࡷ  ,ࡹࡰ and ,ࡹ࡭,࡯࡮ be the points of the segments ࡺ and ࡸ
respectively. Find the value of the angle ࡺࡷࡸ. 

S.Mazanik-Belarus NMO-2017 

Solution: Answer: 60°. Let ܧ and ܨ be the midpoints of the segments ܯܤ and 
ܤܯܣ∠ respectively. Since ,ܯܥ = ܦܯܥ∠ = 60°,	we have 

ܥܯܤ∠ = 360° ܤܯܣ∠− − ܦܯܥ∠ − ܰܯܮ∠ = 360° − 60° − 60° ܰܯܮ∠− = 

= 240°  .ܰܯܮ∠−

Since ܨܭ is the midline in the triangle ܤܯܥ, we have ܨܭ ∥  ,therefore ,ܯܤ
ܥܨܭ∠ = ܯܨܭ∠ Then .ܥܯܤ∠ = 180° ܥܨܭ∠− = 180° − ܥܯܤ∠ = 180° −
൫240° − ൯ܰܯܮ∠ = ܰܯܮ∠ = 60°.	By the condition , ܯܥ =  and ܯܦ
ܦܯܥ∠ = 60°, so the triangle ܦܯܥ is equilateral. Since ܰܨ is the midline in the 
triangle ܦܯܥ, we see that the triangle ܰܯܨ is equilateral too and ܯܨ =
ܯܰ = ܰܨܯ∠,ܰܨ = 60°. Therefore, 

ܰܨܭ∠ = ܯܨܭ∠ + ܰܨܯ∠ = ܰܨܯ∠ൣ = 60°൧ = ܰܯܮ∠ − 60° + 60° =
ܮܧܭ∠ :In the same way, one can show that  .ܰܯܮ∠ = ܯܧ and ܰܯܮ∠ =
ܮܯ = ܮܧܭ∆ ,Thus .ܮܧ = ܭܨܰ∆ =  by two sides and the angle) ܮܯܰ∆
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between them), so ܮܭ = ܰܭ =  is equilateral ܰܮܭ Therefore, the triangle	.ܰܮ
and ∠ܰܭܮ = 60°. 

 

3.134 Given a convex hexagon ࡴ with obtuse inner angles and 
pairwise parallel opposite sides. 

a) Prove that there exists a pair of the opposite sides of ࡴ which 
possesses the following property: there exists a straight line 
that is perpendicular to these sides and intersects each of 
them. 

b) Is it true that there exist two pairs of the opposite sides of ࡴ, 
each of which possesses the same property, as described in 
item a)?  

P.Irzhavskii-Belarus NMO-2017 

Solution: Answer: ܾ) is not true. 

a)Let ܨܧܦܥܤܣ be a hexagon with all obtuse inner angles and parallel opposite 
sides (ܤܣ ∥ ܥܤ,ܧܦ ∥ ܦܥ,ܨܧ ∥  Consider the greatest side of this hexagon .(ܣܨ
(one of such sides if there are more than one). Let it be the side ܤܣ. Since the 
hexagon ܨܧܦܥܤܣ is convex, it completely lines in one of the half-planes with 
respect to the line ܤܣ; denote this half-plane by ߨ. 

Suppose hat none of the lines intersecting and perpendicular to the side ܤܣ 
intersect the side ܧܦ. Construct the perpendiculars ℎ஺ and ℎ஻ in the half-plane 
 in the half-strip ଴ܲ. In ܧܦ By our assumption, there are no points of the side .ߨ
particular. Either point ܦ lies to the right of the ray ℎ஺ for point ܧ lies to the 
left of the ray ℎ஻. Without loss of generality suppose that ܦ lies to the right of 
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ℎ௔. Then the vertex ܥ lies neither to the right of the ray ℎ஺ or to the left of the 
ray ℎ஻. Indeed, otherwise we obtain ܥܤ > ܦܥ and (Fig.3) ܣܤ > .݃݅ܨ)ܣܤ 4), 
respectively. But any of these inequalities contradicts to the choice of the side  
 .as the greatest side of the hexagon ܤܣ

Fig.1 

So the vertex ܥ lies in the half-strip ଴ܲ, but in this case the angle ܥܤܣ is not 
obtuse, contrary to the problem condition. Therefore, there exists a straight 
line such that it is perpendicular to the sides ܤܣ and ܧܦ and intersects both of 
them. 

b)Construct the convex hexagon ܨܧܦܥܤܣ satisfying the problem condition (all 
inner angles are obtuse and opposite sides are parallel) such that there exists 
exactly one pair of the opposite sides by the perpendicular straight line. 

 

Consider the isosceles triangle ܯܮܭ with tha base ܯܮ and the acute angle 
 Let points ܲ and .ܯܮܭ be the altitude of the triangle ܪܭ Let .(see Fig.5) ܯܭܮ
ܳ be the inner points of the segments ܪܯ and ܪܮ, respectively, such that they 
are symmetric with respect to ܪ. Let ܧ be the foot of perpendicular from ܲ into 
 Then .(see Fig.5) ܯܭ be the foot of perpendicular from ܳ into ܦ and let ,ܮܭ
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ܧܦ ∥  on ܤ and some point ܳܮ on the segment ܣ Further, mark some point .ܮܯ
the segment ܲܯ. Construct the line ݈(ܣ) passing trough ܣ parallel to ܯܭ, and 
construct the line ݈(ܤ) passing trough  ܤ parallel to ܮܭ. Let ܨ be the 
intersection point of ݈஺ and ܮܭ, and let ܥ be the intersection point of ݈஻ and 
 is ܨܧܦܥܤܣ Then (see Fig.6) it is easy to see that the hexagon .(see Fig.5) ܯܭ
required. 

 

3.135 Let be given ∆࡯࡮࡭ and let ࡭࡭૚,࡮࡮૚ and ࡯࡯૚ are the medians 
in the triangle which intersect in the point ࢀ and ࡭࡮૚ሬሬሬሬሬሬሬሬ⃗ = ሬሬሬሬሬሬሬሬ⃗ࢀ૚࡭ . On the 

continuation of ࡯࡯૚ we choose a point ࡯૛ such that ࡯૚࡯૛ሬሬሬሬሬሬሬሬሬሬ⃗ = ૚࡯࡯
૜
ሬሬሬሬሬ⃗ , and 

on the continuation of ࡮࡮૚ we choose a point ࡯૛ such that 

૛ሬሬሬሬሬሬሬሬሬሬሬ⃗࡮૚࡮ = ૚࡮࡮
૜
ሬሬሬሬሬሬ⃗ . Prove that the quadrilateral ࡮ࢀ૛࡯࡭૛ is a rectangle. 

Macedonian NMO-2017 

Solution: Since ܣܣଵ is a median in the ∆ܥܤܣ and ܣܤଵሬሬሬሬሬሬሬሬ⃗ = ଵܶሬሬሬሬሬሬሬ⃗ܣ , we get that 

ଵܶሬሬሬሬሬሬሬ⃗ܣ = ஻஼
ଶ
ሬሬሬሬ⃗  i.e. ܣଵ is the circumcenter of the circumcircle of ∆ܶܥܤ. So according 

to the Thales theorem ∠ܥܶܤ = 90°. We have ∠ܤଶܶܥଶ = 90° (as vertically 

opposite angles). Since ܶ is the barycentre of ∆ܥܤܣ we have ܥଵܶሬሬሬሬሬሬሬ⃗ = ஼஼భ
ଷ
ሬሬሬሬሬ⃗ =

ଶሬሬሬሬሬሬሬሬሬ⃗ܥଵܥ . From ܥܤଵሬሬሬሬሬሬሬ⃗ = ሬሬሬሬሬሬሬ⃗ܣଵܥ  we get that the quadrilateral ܥܣܶܤଶ is a 
parallelogram. Then ܶܤ ∥ ଶܥܣ , so ∠ܶܥଶܣ = ܤܶܥ∠ = 180° ଶܥଶܶܤ∠− = 90° 
(as angles on the transversal). With analogy, we can prove that the 
quadrilateral ܶܤܥଶܣ is a parallelogram i.e. ∠ܶܤଶܣ = ଶܤଶܶܥ∠ = 90° (as 
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angles on the transversal). So, we get hat ∠ܥଶܤܣଶ = 360° − 270° = 90° i.e. 
the quadrilateral is a rectangle. 

 

3.136 Le be given the ∆࡯࡮࡭. On the arc ࡯࡮෢  of the circumcircle of 
 are ࢅ and ࢄ points ,࡭ which does not conttain the point ,࡯࡮࡭∆
choosen, such that ∠ࢄ࡭࡮ =  be the middle point of the ࡹ Let .ࢅ࡭࡯∠
chord ࢄ࡭. Prove that ࡹ࡮ሬሬሬሬሬሬሬ⃗ + ሬሬሬሬሬሬ⃗ࡹ࡯ > ሬሬሬሬሬ⃗ࢅ࡭ . 

Macedonian NMO-2017 

Solution: Let ܱ be the circumcenter of the circumcircle of ∆ܥܤܣ. Then 
ܯܱ ⊥  and let it intersect ܯܱ atܤ We draw a normal line from the point .ܺܣ
the circumcircle in the point ܼ. Since ܼܤ ⊥  is a line of ܯܱ we have that ܯܱ
symmetry of ܼܤ. According to this, ܼܯሬሬሬሬሬሬ⃗ = ሬሬሬሬሬሬ⃗ܤܯ . Now, from the triangle 
inequality we have that ܯܤሬሬሬሬሬሬ⃗ + ሬሬሬሬሬሬ⃗ܥܯ = ሬሬሬሬሬሬ⃗ܯܼ + ሬሬሬሬሬሬ⃗ܥܯ > ሬሬሬሬሬܼ⃗ܥ . 

But, ܼܤ ∥ ෢ܼܣ so ,ܼܣ = ෢ܺܤ = ෢ܻܥ  where from we get  

෣ܥܣܼ = ෢ܣܼ + ෢ܥܣ = ෢ܼܥ .෣ i.eܣܥܻ = ෢ܻܣ . That is why ܯܤሬሬሬሬሬሬ⃗ + ሬሬሬሬሬሬ⃗ܯܥ > ሬሬሬሬሬܻ⃗ܣ . 
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3.137 Square ࡰ࡯࡮࡭ is given. Points ࡺ and ࡼ are selected on sides ࡮࡭ 
and ࡰ࡭, respectively, such that ࡺࡼ =  is selected on ࡽ and point ,࡯ࡺ
segment ࡺ such that ∠࡮࡯ࡺ = ࡽ࡯࡮∠ Prove that .ࡺࡼࡽ∠ = ૚

૛
 .࡭ࡽࡼ∠

Arian Mohammadi-Iran NMO-2015 

Solution: Let ܧ be the intersection point of ܲܳ and ܥܤ. According to the 

problem assumption, ܲܰ = ܥܲܰ∠ and so ܥܰ =  From these we .ܰܥܲ∠

conclude that ܥܲܧ is an isosceles triangle. Therefore, its altitudes ܲܵ and ܭܥ 

have equal length. So ܭܥ = ܲܵ = ܤܣ =  and therefore right-angled ܥܤ

triangles ܳܥܤ and ܳܥܭ are congruent. So ܳܥ	is the bisector of angles ∠ܤܥܭ 

and ∠ܤܳܭ. Hence, ∠ܳܥܤ = ଵ
ଶ
 .(∗)			ܤܥܭ∠

 

On the other hand, since ∠ܳܥܤ + ܥܭܳ∠ = 90° + 90° = 180°, we get that 
ܭܥܤ∠ is a cyclic quadrilateral which implies ܭܥܤܳ =  This together .ܲܳܣ∠
with (∗) completes the proof. 

 3.138 Point ࡰ is the intersection point of the angle bisector of vertex 
 is the tangency point of ࡱ and point ,࡯࡮࡭ of triangle ࡯࡮ with side ࡭
the inscribed circle of triangle ࡯࡮࡭ with side ࡭.࡯࡮૚ is a point on the 
circumcircle of triangle ࡯࡮࡭ such that ࡭࡭૚ ∥  ࢀ If we denote by .࡯࡮
the second intersection point of line ࡭ࡱ૚ with the circumcircle of 
triangle ࡰࡱ࡭ and by ࡵ incenter of triangle ࡯࡮࡭, prove that ࢀࡵ =   .࡭ࡵ

Ali Zamani-Iran NMO-2015 
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Solution: 

 Let ܧଵ be the reflection of ܧ with respect to the midpoint of ܥܤ and ܺ the 
intersection point of ܧܣଵ. We claim that ܺܫ ∥  For this reason, we have .ܥܤ
(suppose that ܴ is the radius of circumcircle of ܥܤܣ and ∠ܤ ≥  .(ܥ∠

ܺܣ
ଵܧܺ

=
ଵܣܣ
ଵܧܧ

=
ଵܣܣ

ܥܣ − ܤܣ
 

ܫܣ
ܧܫ

=
ܤܣ
ܦܤ

=
ܥܣ
ܦܥ

=
ܤܣ + ܥܣ
ܥܤ

 

So referring to the Thales’ theorem, we must prove ܣܣଵ ∙ ܥܤ = ଶܥܣ −  .ଶܤܣ

We have ܣܣଵ = ܥܤ − ܪܤ2 = ܥܤ −  is the foot of ܪ where ,ܤݏ݋ܿܤܣ2
perpendicular from ܣ to ܥܤ and on the other hand, by the Law of Cosines we 
have ܥܣଶ − ଶܤܣ = ଶܥܤ − ܤܣ2 ∙  .Therefore, he claim is proved .ܤݏ݋ܿܥܤ

Now since the quadrilateral ܶܣܧܦ is cyclic and ܣܣଵ ∥  we get that the ,ܺܫ
quadrilateral ܺܶܣܫ is cyclic. Also, since pairs (ܧ,ܧଵ) and (ܣ,ܣଵ) are symmetric 
with respect to the perpendicular bisector of the side ܥܤ, we have ܺܧ =  ଵܧܺ
and so ∠ܫܶܣ = ܫܺܣ∠ = ܧଵܧܺ∠ = ଵܧܧܺ∠ = ܧܺܫ∠ = ܶܫ ,Thus .ܫܣܶ∠ =  .ܣܫ

 

3.139 In an isosceles triangle ࡯࡮࡭ with ࡮࡭ =  are ࡹ and ࡷ points ,࡯࡮
the midpoints of the sides ࡮࡭ and ࡯࡭, respectively. The circumscribed 
circle of the triangle ࡮ࡷ࡯ meets the line ࡹ࡮ at point ࡺ different from 
 meets the ࡯࡭ aparallel to the side ࡺ The line passing through .ࡹ
circumscribed circle of the triangle ࡯࡮࡭ at poins ࡭૚and ࡯૚.Prove that 
the triangle ࡭૚࡯࡮૚ is equilateral. 

V.Karamzin-Belarusian NMO-2017 

Solution: Let O be the center of the circumcircle of the triangle ܥܤܣ. Since 
 ,ܥܤܭ is the bisector of the angle ܤܰ is an inscribed quadrilateral and ܰܥܤܭ
we have ܰܭ =  Moreover, since ܰ lies on the perpendicular .(see Fig.1) ܥܰ
bisector of the segment ܥܣ, we have ܰܣ =  therefore, ܰ is the ,ܥܰ
circumcenter of the triangle ܥܭܣ. 
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Construct the perpendicular from ܰ and ܱ into line ܤܣ (see Fig.2). Since the 
circumcenter is the intersection point of the perpendicular bisector, we see that 
 ,and ܶ are the feet of perpendiculars from ܱ and ܰ, respectively. So ܭ
ܶܭ = ଵ

ଶ
ܣܭ = ଵ

ଶ
It follows that ஻௄.ܤܭ

௄
= ଶ

ଵ
. Now by the Thales theorem, it 

follows that ஻ை
ைே

= ஻௄
௄்

= ଶ
ଵ
. Thus, the circumcenter ܱ of the isosceles triangle 

 ଵ coincides with the point of intersection of the medians, so this triangleܥܤଵܣ
is equilateral, as required. 

3.140 Points ࡷ and ࡹ are the midpoints of the sides ࡮࡭ and ࡯࡭ of 
triangle ࡯࡮࡭, respectively. The equilateral triangles ࡺࡹ࡭ and ࡸࡷ࡮ 
are constructed on the sides ࡹ࡭ and ࡷ࡮ to the exterior of the 
triangle ࡯࡮࡭. Point ࡲ is the midpoint of the segment ࡺࡸ.	Find the 
value of the angle ࡹࡲࡷ. 

S.Mazanik-Belarusian NMO-2017 

Solution: 

 Answer: 90°. Le points ܤ,ܣ and ܥ lie in the same half-plane with respect to 
the line ܰܮ. Let ܧ and ܦ be the midpoints of the segments ܮܣ and ܰܣ, 
respectively (see the Fig.). By condition, the triangle ܮܭܤ is equilateral and ܭ is 
the midpoint of the side ܤܣ, so ܭܤ = ܣܭ =  is ܣܮܤ Therefore, the triangle .ܮܭ
a right-angled triangle (the median ܭܮ is half as long as the side ܤܣ) and 
ܣܮܤ∠ = 90°. By condition, ∠ܮܤܭ = 60°, so ∠ܤܣܮ = 30°. By condition, the 
triangle ܯܰܣ is equilateral, then ∠ܰܯܣ = 60°.  



DANIEL SITARU            MARIAN URSĂRESCU              FLORICĂ ANASTASE 
 

248 WORLD’S  MATH  OLYMPIADS 
 

 

Therefore: ∠ܰܣܮ = 360° ܭܣܮ∠− − ܯܣܰ∠ ܯܣܭ∠− = 360° − 30° − 60° −
ܯܣܭ∠ = 279° ;ܯܣܭ∠− (1). Since ܦܨ and ܧܨ are the midlines of the 
triangle ܰܣܮ, we have ܦܨ ∥ ܧܨ and ܣܮ ∥  .is a parallelogram ܣܦܨܧ so ,ܣܰ

Then: ∠ܣܦܨ = ܣܧܨ∠ = 180° ܰܣܮ∠− =
(ଵ)

ܯܣܭ∠ − 90°; 		(2) 

Since ܦ is midpoint of the side ܰܣ of the equilateral triangle ܯܰܣ, we have 
ܣܦܯ∠ = 90°. Now from (2) it follows that: 

ܯܦܨ∠ = ܣܦܨ∠ + ܣܦܯ∠ = ܯܣܭ∠ − 90° + 90° = ;ܯܣܭ∠ 		(3) 

In the similar way, we easily find that ∠ܭܧܨ = ;ܯܣܭ∠ 		(4) 

Since ܣܦܨܧ is a parallelogram, we have  

ܦܨ = ܣܧ = ܣܧܭ∠ൣ = ܭܣܧ∠;90° = 30°൧ =
3√ܣܭ

2
 

Also ܯܦ = ܣܦܯ∠ൣ = ܦܣܯ∠;90° = 60°൧ = ெ஺√ଷ
ଶ

. Therefore, ி஽
஽ெ

= ௄஺
ெ஺

, so, 
taking into account (3), we see that the triangles ܯܦܨ and ܯܣܭ are similar, 
hence ∠ܦܨܯ = ܦܯܨ∠,ܣܭܯ∠ =  ,Thus .ܣܯܭ∠

ܨܯܭ∠ = ܣܯܭ∠ + ܨܯܣ∠ = ܦܯܨ∠ + ܨܯܣ∠ = ܦܯܣ∠ = 30° 

In the same way, we get ∆ܯܣܭ∆~ܨܧܭ, since 

ܧܭ
ܨܧ

=
ܧܭ
ܦܣ

=
1
2
:ܣܭ

1
2
ܣܯ =

ܣܭ
ܣܯ

ܨܧܭ∠, =  .ܯܣܭ∠

So ∠ܨܭܧ = ܯܭܨ∠ and then ,ܯܭܣ∠ = ܣܭܨ∠ + ܯܭܣ∠ = ܣܭܨ∠ + ܨܭܧ∠ =
ܣܭܧ∠ = 60°. Thus, ∠ܯܨܭ = 180° ܨܯܭ∠− − ܯܭܨ∠ = 180° − 30° − 60° =
90°.	In the same way we can consider the case when the points ܣ and ܥ,ܤ	lie 
in the different half-plane with respect to the line ܰܮ. 
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3.141 Let ࡯࡮࡭ be a triangle and ࡰ a point on the side ࡯࡮. Point ࡱ is 
the symmetric of ࡰ with respect to ࡮࡭. Point ࡲ is the symmetric of ࡱ 
with respect to ࡯࡭. Point P is the intersection of line ࡲࡰ with line ࡯࡭. 
Prove that the quadrilateral ࡼࡰࡱ࡭ is cyclic. 

Solution: 

 

Let ߙ = ߠ and ܥܣܤ∠ =  with respect ܦ is the symmetric of ܧ Because .ܦܣܤ∠
to ܤܣ, we have ܦܣ =  We deduce that  .ܤܣ is perpendicular to ܧܦ and ܧܣ
ܦܣܧ∠ = ܣܧܦ∠ and ߠ2 = 90° −  with respect ܧ is symmetric of ܨ Because	.ߠ
to ܥܣ, we have ܧܣ =  We deduce that .ܥܣ is perpendicular to ܨܧ and ܨܣ

ܨܣܥ∠ = ܥܣܧ∠ = ܤܣܧ∠ + ܥܣܤ∠ = ߠ +  ߙ

and  

ܣܦܲ∠ = 90° −
1
2
ܨܣܦ∠ = 90° −

1
2

ܥܣܦ∠) + (ܨܣܥ∠ = 

= 90° −
1
2
൫(ߙ − (ߠ + ߙ) + ൯(ߠ = 90° −  ߙ

We deduce that ∠ܥܲܦ = ܣܦܲ∠ + ܥܣܦ∠ = ൫90° − ൯ߙ + ߙ) − (ߠ = 90° −
ߠ =  .is cyclic ܲܦܧܣ ;This proves that quadrilateral  .ܣܧܦ∠
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3.142 Let ࡯࡮࡭ be a triangle and ࡰ a point on the side ࡯࡮. The tangent 
line to the circumcircle of the triangle ࡰ࡮࡭ at the point ࡰ intersect 
the side AC at ࡱ.	The tangent line to the circumcircle of the triangle 
 ࡭ Prove that the point .ࡲ at ࡮࡭ intersect the side ࡰ at the point ࡰ࡯࡭
and the circumcenters of the triangles ࡯࡮࡭ and ࡲࡱࡰ are collinear. 

Malik Talbi-Saudi Arabia  NMO-2017 

Solution:  

Let ߙ = ߚ,ܥܣܤ∠ = ,ܣܤܥ∠ ߛ = ߠ and ܤܥܣ∠ =  is ܧܦ Because line.ܦܣܤ∠
tangent to the circumcircle of triangle ܦܤܣ, we have ∠ܣܦܧ = ܣܤܦ∠ =   .ߚ
Because line ܨܦ is tangent to the circumcircle of triangle ܥܦܣ, we have  

ܨܦܣ∠ = ܦܥܣ∠ =  .ߛ

 

Therefore ∠ܨܦܧ + ܧܣܨ∠ = ܣܦܧ∠ + ܨܦܣ∠ + ܥܣܤ∠ = ߙ + ߚ + ߛ = 180° 

This proves  that quadrilateral ܧܦܨܣ is cyclic and hence ∠ܣܨܧ = ܣܦܧ∠ =  ߚ
and ∠ܨܧܣ = ܨܦܣ∠ =  ܱ are parallel. Let ܥܤ and ܨܧ This proves that sides .ߛ
and ܱᇱ be circumcenters of triangle ܥܤܣ and ܧܨܣ, respectively. We have: 

ᇱܱܣܨ∠ = 90° − ܨܧܣ∠ = 90° − ߛ =  .ܱܣܤ∠

This proves that ܣ,ܱ and ܱ′ are collinear. 
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3.143 Let ࡯࡮࡭ be a triangle, ࡵ its incenter, and ࡰ a point on the arc 
෢࡯࡮  of the circumcircle of ࡯࡮࡭ not containing ࡭. The bisector of the 
angle ∠࡮ࡰ࡭ intersects the segment ࡮࡭ at ࡱ. The bisector of the angle 
,ࡲ,ࡱ Prove that the points .ࡲ at ࡯࡭ intersects the segment ࡭ࡰ࡯∠  are ࡵ
collinear.  

Malik Talbi-Saudi Arabia NMO-2015 

Solution:  

Let ܤ′ and ܥ′ be the midpoints of the arcs ܣܥ෢  and ܤܣ෢ , respectively. Because ܦ 
and ܥܦ′ are the bisectors of the angles ∠ܤܦܣ and ∠ܣܦܥ, respectively, point ܧ 
is the intersection of ܤܣ and ܥܦᇱ,  point ܫ is the intersection of ܤܤ′ and ܥܥ′ 
and point ܨ is the intersection of ܦ′ܤ and ܣܥ. We deduce from Pascal’s 
theorem applied to the cyclic hexagon ܥ′ܥܦ′ܤܤܣ that the three points ܧ,  and ܫ
 .are collinear ܨ

 

3.144 Let ࡰ࡮ and ࡱ࡯ be altitudes of an arbitrary scalene triangle ࡯࡮࡭ 
with orthocenter ࡴ and circumcenter ࡻ. Let ࡹ and ࡺ be the 
midpoints of sides ࡮࡭, respectively ࡯࡭, and ࡼ the intersection point of 
lines ࡺࡹ and ࡱࡰ.	Prove that lines ࡼ࡭ and ࡴࡻ are perpendicular. 

Liana Topan-Saudi Arabia NMO-2015 

Solution: Because ∠ܪܦܣ = ܣܧܪ∠ = 90°, quadrilateral ܦܪܧܣ is cyclic with 
ܱܰܣ∠ a diameter of its circumcircle ߱ு. Because ܪܣ = ܣܯܱ∠ = 90° , 
quadrilateral ܱܰܯܣ is cyclic with ܱܣ a diameter of its circumcircle ߱ை . 
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Let ߱ଽ be the nine point circle of the triangle ܥܤܣ. It is the circumcircle of 
quadrilateral ܰܯܧܦ. 

 

Because the circles ߱ு  and ߱ଽ intersect at ܦ and ܧ, the line ܧܦ is radical axis 
of ߱ு  and ߱ଽ.	We deduce that ܲ is the radical center of the circles ߱ு ,߱ை and 
߱ଽ, and therefore, the line ܲܣ is the radical axis of the circles ߱ு  , which is 
perpendicular to the line ܪᇱܱᇱ, where ܪ′ is the center of ߱ு 	and ܱ′ the center 
of ߱ை. But ܪ′ is the midpoint of ܪܣ and ܱ′ is the midpoint of ܱܣ. We deduce 
that ܲܣ is perpendicular to ܱܪ. 

3.145 Let ࢉ࢈࡭ be a triangle and ࡳ centroid. Let ࢈ࡳ,ࢇࡳ and ࢉࡳ be the 
orthogonal projections of ࡳ on sides ࡭࡯,࡯࡮, respectively ࡮࡭. If ࢇࡿ,  ࢈ࡿ
and ࢉࡿ are the symmetrical points of ࢈ࡳ,ࢇࡳ respectively ࢉࡳ with 
respect to ࡳ, prove that ࢇࡿ࡭   .are concurent ࢉࡿ࡯ and ࢈ࡿ࡮,

Liana Topan-Saudi Arabia  NMO-2015 

Solution:  

Let ܪ௔  be the foot of altitude from ܯ,ܣ௔  the midpoint of side ܣ,ܥܤ′ the 
intersection point of line ܵܣ௔  and side ܥܤ and ܣ′′ the intersection point of the 
parallel line to ܥܤ passing through ܵ௔  with ܯܣ௔. 



DANIEL SITARU            MARIAN URSĂRESCU              FLORICĂ ANASTASE 
 

253 WORLD’S  MATH  OLYMPIADS 
 

 

Because ܩܩ௔  and ܪܣ௔  are parallel, we have 

௔ܯ௔ܪ

௔ܯ௔ܩ
=
௔ܯܣ

௔ܯܩ
= 3 

Because ܵ௔ܣ′′ and ܥܤ are parallel, we have 

௔ܯ௔ܩ

ܵ௔ܣᇱᇱ
=
ܩ௔ܩ
ܩ௔ݏ

= 1 

We also have 

ܵ௔ܣᇱᇱ

௔ܯᇱܣ
=
ᇱᇱܣܣ

௔ܯܣ
= 1 −

ᇱᇱܣ௔ܯ

௔ܯܣ
= 1 − 2

ܩ௔ܯ
௔ܯܣ

=
1
3

 

Multiplying these three relations we deduce that ܣᇱܯ௔ = ௔ܪ௔ܯ , which means 
that ܵܣ௔ and ܪܣ௔  are isotomic conjugate. Similarly, ܵܤ௕  and ܪܤ௕  are isotomic 
conjugate and ܵܥ௖ and ܪܥ௖  are isotomic conjugate. Since the altitudes of a 
triangle are concurrent, so are ܵܣ௔ ௕ܵܤ,  and ܵܥ௖ .   

3.146 Let ࡯࡮࡭ be a triangle, with ࡮࡭ <  the foot of the altitude ܦ,ܥܣ
from ࡹ,࡭ the midpoint of ࡯࡮, and ࡮′the symmetric of ࡮ with respect 
to ࡰ. The perpendicular line to ࡯࡮ at ࡮′ intersects ࡯࡭ at point ࡼ. 
Prove that if ࡼ࡮ and ࡹ࡭ are perpendicular then triangle ࡯࡮࡭ is right-
angled.  

Liana Topan-Saudi Arabia  NMO-2015 

Solution: Let ܧ be the intersect point of ܦܣ and ܲܤ. Because ܦܣ is 
perpendicular to ܯܤ and ܲܤ is perpendicular to ܯܣ, the point ܧ is the 
orthocentre of triangle ܯܤܣ and therefore ܧܯ is perpendicular to ܤܣ. 
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Because point ܦ is the midpoint of the segment ܤܤ′ and ܧܦ and ܤ′ܲ are 
parallel, we deduce that point ܧ is the midpoint of segment ܲܤ. But ܯ is the 
midpoint of segment ܥܤ. We deduce that lines ܧܯ and ܥܤ are parallel. 

It follows that ܤܣ and ܥܣ are perpendicular and triangle ܥܤܣ is right-angled.  

3.147 Let ࡯࡮࡭ be a triangle, ࢇࡴ  the feet of its altitudes ࢉࡴ and ࢈ࡴ,
from ࡮,࡭ and ࡯, respectively, ࢉࢀ,࢈ࢀ,ࢇࢀ its intouch points on the sides 
 and ࢉࡴ࢈ࡴ࡭ respectively. The circumcircles of triangles ࡮࡭ and ࡭࡯,࡯࡮
 and ࢇࡴࢉࡴ࡮ The circumcircles of triangles .′࡭ intersect again at ࢉࢀ࢈ࢀ࡭
࢈ࡴࢇࡴ࡯ ᇱ. The circumcircles of triangles࡮ intersect again at ࢇࢀࢉࢀ࡮  and 
 are ′࡯,ᇱ࡮,ᇱ࡭ ᇱ. Prove that the points࡯ intersect again at ࢈ࢀࢇࢀ࡯
collinear.  

Malik Talbi-Saudi Arabia TST-2015 

Solution: 
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Let ܪ and ܫ be the orthocentre and the incenter of triangle ܥܤܣ, respectively. 
Because ∠ܪܣ௕ܪ = ܣ௖ܪܪ∠ =  is a diameter of the circumcircle of ܪܣ,90°
ܪᇱܣܣ∠ ௕, and thereforeܪܪ௖ܪܣ = 90°. Because ∠ܣ ௕ܶܫ = ܫ∠ ௖ܶܣ =  is a ܫܣ,90°
diameter of the circumcircle of ܣ ௖ܶܫ ௕ܶ  and therefore ∠ܣܣᇱܫ = 90° . We deduce 
that point ܣ′ is on the line ܫܪ.	Similarly, we prove that the points ܤ′ and ܥ′ are 
on the line ܫܪ, which prove that the points ܣᇱ,ܤᇱ,ܥ′ are collinear. 

3.148 Let ࡯࡮࡭ be a triangle, Г its circumcircle, ࡵ its incenter, and ࣓ a 
tangent circle to the line ࡵ࡭ at ࡵ and to the side ࡯࡮. Prove that the 
circles Г and ࣓ are tangent.  

Malik Talbi-Saudi Arabia TST-2015 

Solution:  

Let ܯ be the midpoint of arc ܥܤ not containing ܧ,ܣ the tangent point of ܥܤ to 
 is the ܯ with ߱. Remember that ܯܧ the second intersection point of ܨ,߱
circumcenter of triangle ܫܥܤ and therefore ܫܯ =  .ܤܯ

 

Because ܫܯ is tangent to ߱, we have from the power of the point ܯ with 
respect to ߱:  ܧܯ ∙ ܨܯ = ଶܫܯ =  is tangent ܯܤ ଶ. We deduce that the lineܯܤ
to the circumcircle of triangle ܨܧܤ.	Therefore, 

ܯܨܤ∠ = ܧܤܯ∠ = ܥܣܯ∠ =  .ܯܣܤ∠
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Because the tangent line to Г at ܯ is parallel to the tangent line to ߱ at ܧ and 
 is the center of ܨ.߱ is an intersection point of Г and ܨ are collinear and ܯ,ܧ,ܨ
the homothety of the circles ߱ and Г and therefore, they are tangent. 

3.149 The picture shows the path of a rabbit that was being chased by 
a wolf in the fog. The rabbit first ran to the east, then it turned right, 
after a while, it turned left, and soon after, it turned left again. After 
the last turn, the rabbit again ran to the east. How many degrees does 
the angle at the second turn measure? 

  			°૛ૢ(ࡱ)			°૙ૢ(ࡰ)			°ૡૡ(࡯)			°૟ૢ(࡮)			°ૡૢ(࡭)

Slovenia NMO-2013 

Solution: 

 The first and the last section of the rabbit’s path are parallel. If we add 
another line passing through the second turn, we get ߙ = 44°	and ߚ = 180° −
132° = 48°. The angle at the second turn is therefore equal to ߙ + ߚ =
92°.	The correct answer is ܧ. 

3.150 A rectangle has been divided into four parts by three line 
segments, as shown in 
the picture. After that, 
the four shapes 
obtained have been 
rearranged to from a 
square. What is the 
perimeter of this 
square?  

Slovenia  NMO-2013 

Solution: Let us the notation suggested in the figure. By Pythagora’s theorem 
we have  ݕ = √15ଶ − 9ଶ = √144 = 12.  The two right triangles on the left 
side are similar, so ௫

ହ
= ௬

ଵହ
, or ݔ = ௬

ଷ
= 4.	Hence, the sides of the rectangle 

measure 9 and 16, and its area is 144. The area of the square is therefore also 
equal to 144, so its side has the length 12, and its perimeter is 48. 
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3.151 In the triangle ࡯࡮࡭, 
the bisectors of the angles 
 intersect at ࡭࡮࡯∠ and ࡯࡭࡮∠
the point ࢀ. Let ࢽ denote the 
size of the angle ∠࡮࡯࡭. What 
is the size of the angle 
  ?࡮ࢀ࡭∠

 Slovenia NMO-2013 

Solution: We have ∠ܤܶܣ =
180° ܶܣܤ∠− − ܣܤܶ∠ = 180° − ఈ

ଶ
− ఉ

ଶ
= 180° − ଵ

ଶ
ߙ) + ߙ Since	.(ߚ + ߚ +

ߛ = 180° , we get ߙ + ߚ = 180° − ܤܶܣ∠ ,So 	.ߛ = 180° − ଵ
ଶ
൫180° − ൯ߛ =

90° + ఊ
ଶ
. The correct answer is ܧ. 

3.152 Let ۽ be the origin of the coordinate system. The point 

ቀ૞࡭
૛

,− ૞√૜
૛
ቁ	is rotated around ۽ by ૛૙૚૜࣊ into the point ࡮. The point 

 ius reflected across the bisector of the odd quadrats into the point ࡮

 .࡯ࡻ࡭∠ Find the size of the angle .࡯

Slovenia NMO-2013 

Solution:                                                                                                                                                                            
The coordinates of the point ܤ 

are ቀ− ହ
ଶ

, ହ√ଷ
ଶ
ቁ and the 

coordinates of ܥ are ቀହ√ଷ
ଶ

,− ହ
ଶ
ቁ. 

All three points lie on circle with 
the centre at ܱ and radius 5. 
From the values of the 
trigonometric functions 
൫−30°൯݊݅ݏ = − ଵ

ଶ
 and 

൫−30°൯ݏ݋ܿ = √ଷ
ଶ

 we conclude 
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that the angle between ܱܥ and the positive ray of the ݔ −axisis is 30°. 
Similarly, ݊݅ݏ൫−60°൯ = − √ଷ

ଶ
 and ܿݏ݋൫−60°൯ = ଵ

ଶ
 imply that the angle between 

ݔ and the positive ray of the ܣܱ −axis is 60°.	From here we conclude that 
ܥܱܣ∠ = 30°. 

3.153 Into a square with the side of length 
2 we draw two semicircles whose 
diameters are the sides of the square as 
shown in the figure. What is the area of 
the unshaded part of the square? 

	(࡭)
࣊
૛ 			

(࡯)			૛	(࡮) 	
૜
૛ +

࣊
૝ 			

(ࡰ)
૜࣊
૝

−
૚
૛			

(ࡱ)
૜࣊
૝  

Slovenia NMO-2013 

Solution: Adding both diagonals onto the figure 
we notice that the parts ܥ,ܤ,ܣ and ܦ have equal 
area. The area of the unshaded part is therefore 
equal to one half of the area of the square, i.e. 
ସ
ଶ

= 2. The correct answer is ܤ. 

 

3.154 Let ࡲࡱࡰ࡯࡮࡭ be a regular hexagon, let ࡼ be the midpoint of the 
side ࡮࡭ and let ࡾ the midpoint of the side ࡲࡱ, as shown in the figure. 
What is the ratio of the area of the quadrilateral ࡲࡾࡼ࡭ to the area of 
the quadrilateral ࡼࡰ࡯࡮? 

Slovenia NMO-2013 

Solution: Denote the length of the side of the regular hexagon by ܽ. The 

quadrilateral ܨܴܲܣ is a trapezium with the altitude ଵ
ଶ
∙ ௔√ଷ

ଶ
= ௔√ଷ

ସ
, so its area 
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equals  ஺ܲ௉ோி = ௔√ଷ
ସ
∙ |௉ோ|ା|஺ி|

ଶ
=

௔√ଷቀయమ௔ା௔ቁ

଼
= ହ√ଷ௔మ

ଵ଺
.	The triangle ܲܦܤ has a 

side of length |ܦܤ| = ௔
ଶ

,	so its area equals 

 ௉ܲ஻஽ = 	2 ∙ ௔√ଷ
ଶ

= √ଷ௔మ

ସ
.	 The triangle ܦܥܤ has a side of length |ܦܤ| = √3ܽ. 

The area of the quadrilateral ܲܦܥܤ is  

஻ܲ஼஽௉ = ௉ܲ஻஽ + ஻ܲ஼஽ = 2 ∙
√3ܽଶ

4
=
√3ܽଶ

2
. 

The ratio of the areas is ௉ಲುೃಷ
௉ಳ಴ವು

= ହ
଼
. 

3.155 In the unit square ࡰ࡯࡮࡭, the two rays from the vertex ࡭ divide 
the right angle in three: the middle angles measures 	૜૙°and the other 
two angles are of the same size. One of the rays intersects the side ࡯࡮ 
at the point ࢀ. Find the length of the line segment ࢀ࡮. 

(࡭)
૚
૛			

√(࡮)
૜
૛ (࡯)			

૚
૜			

√(ࡰ)
૜
૜ √(ࡱ)			

૛
૛  

Slovenia NMO-2013 

Solution: 

From the given data we determine ∠ܶܣܤ =
30°. Since (ܶܣܤ∠)݊ܽݐ = ቚ்஻

஺஻
ቚ, we have 

|ܤܶ| = |ܤܣ| ݊ܽݐ 30° = 1 ∙ √ଷ
ଷ

= √ଷ
ଷ

. The correct 
answer is ܦ. 

 

 

3.156 Prove that every tangential quadrilateral whose diagonal 
intersect at right angles is a deltoid.  

Slovenia NMO-2013 
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Solution: 

Let us use the notation from the 
figure. By Pythagoras’ theorem 
we have 

 ܽଶ = ଶݔ +  ,ଶݕ

ܾଶ = ଶݕ + ,ଶݖ ܿଶ = ଶݖ +
and ݀ଶ	ଶݓ = ଶݓ + ଶݔ . This 
implies ܽଶ + ܿଶ = ܾଶ + ݀ଶ. But 
the quadrilateral is tangential, so ܽ + ܿ = ܾ + ݀. Squaring this equality and 
using the equalities obtained above we find that 2ܽܿ = 2ܾ݀, or ܽܿ = ܾ݀. 
Plugging in ܽ = ܾ + ݀ − ܿ we get   ܿଶ − (ܾ + ݀)ܿ + ܾ݀ = 0, which can be 
factored as   (ܿ − ܾ)(ܿ − ݀) = 0.	So, ܿ = ܾ and ܽ = ݀ or ܿ = ݀ and ܽ = ܾ. In 
both cases the quadrilateral is a deltoid. 

3.157 A point ࡱ lies on the extension of the side ࡰ࡭ of the rectangle 
 at the ࡱ࡮࡭ meets the circumcircle ࣓ of ࡯ࡱ The ray .ࡰ over ࡰ࡯࡮࡭
point ࡲ ≠  is the foot of the ࡴ.ࡼ meet at ࡲ࡭ and	࡯ࡰ The rays .ࡱ
perpendicular drawn from ࡯ to the line ࢒ going through ࡱ parallel to 
 .࣓ is tangent to ࡴࡼ Prove that the line .ࡲ࡭

A.S.Kuznetsov-Yakuti-Russian NMO-2017 

Solution: 

Let the lines ܪܥ and ܨܣ meet at ܮ, then ∠ܪܮܣ = 90°. Since ∠ܧܦܥ = ܧܪܥ∠ =
90°,	the points ܭ,ܧ,ܪ,ܥ belong to some 
circle ߱ଵ .	Let ܭ be the fourth vertex of a 
rectangle ܭܥܦܧ, obviously, ܭ belongs to 
߱ and ߱ଵ.	Note that ∠ܤܭܨ = ܨܣܤ∠ =
 the first equality is true because ) ܥܲܧ∠
the angles subtend a common arc of 
߱,	the second because of parallelity ). 
Therefore ܥܭܲܨ is cyclic. Then 

ܭܲܨ∠ = 180° ܭܥܨ∠− = 90° ܭܧܥ∠−
= 90° −  .ܭܪܥ∠
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We can rewrite this as ∠ܭܲܮ = 90°  This  means that the .ܭܪܮ∠−
quadrilateral ܪܭܲܮ is in fact a right triangle, and the points ܲ,ܪ,ܭ are 
collinear. It remains to prove that ܲܪ is tangent to ߱ at ܭ,	which is true 
because  ∠ܲܭܨ = ܲܥܨ∠ =  .ܭܧܨ∠

3.158 Point ࡰ is chosen on side ࡯࡮ of tha acute triangle ࡯࡮࡭ so that 
ࡰ࡭ =  be respectively the feet of the perpendiculars ࡽ and ࡼ Let .࡯࡭
from ࡯ and ࡰ to side ࡮࡭. It is known that  

૛ࡼ࡭ + ૜ࡼ࡮૛ = ૛ࡽ࡭ + ૜ࡽ࡮૛. Find ۰۱ۯ෣ . 

Argentina NMO-2017 

Solution: Write the condition ܲܣଶ + ଶܲܤ3 = ଶܳܣ +  ଶ in the formܳܤ3
ଶܳܣ − ଶܲܣ = ଶܲܤ)3 −  ଶ by Pitagoras theorem forܲܣ ଶ andܳܣ ଶ). Expressܳܤ
tha right-angled ܳܦܣ and ܲܥܣ: 

ଶܳܣ = ଶܦܣ ଶܳܦ− ଶܲܣ, = ଶܥܣ − ܥܣ ଶ. Sinceܲܥ =  it follows that ,ܦܣ
ଶܳܣ − ଶܲܣ = ଶܲܥ ଶܳܦ− . Likewise the right-angled triangles ܲܥܤ and ܳܦܤ 
yield ܲܤଶ = ଶܥܤ −  ,ଶܲܥ

ଶܳܤ = ଶܦܤ −  ,ଶ. Henceܳܦ

 

ଶܲܤ − ଶܳܤ = ଶܥܤ ଶܦܤ− − ଶܲܥ)   .(ଶܳܦ−

We showed above that ܲܥଶ − ଶܳܦ = ଶܳܣ −  ଶ; on the other handܲܣ
ଶܳܣ − ଶܲܣ = ଶܲܤ)3 −  ଶ) by hypothesis. So the obtained equality can beܳܤ
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written as ܲܤଶ − ଶܳܤ = ଶܥܤ − ଶܦܤ − ଶܲܤ)3 −  ଶ), which impliesܳܤ
ଶܲܤ)4 (ଶܳܤ− = ଶܥܤ − ଶ. Furthermore, we have ஻஼ܦܤ

஻௉
= ஻஽

஻ொ
= ݔ with ݔ > 0 

from the similar triangles ܲܥܤ and ܳܦܤ. Replacing ܥܤ = ܦܤ and ܲܤݔ =  ܳܤݔ
in 4(ܲܤଶ (ଶܳܤ− = ଶܥܤ ଶܲܤ)ଶ leads to 4ܦܤ− (ଶܳܤ− = ଶܲܤ)ଶݔ  .(ଶܳܤ−
Because ܲܤଶ − ଶܳܤ ≠ 0 and ݔ > 0, it follows that ݔ = 2.	Then ܦܤ =  ,ܳܤ2
meaning that hypotenuse ܦܤ of right-angled triangle ܳܦܤ is twice that its leg 
෣ܳܦܤ Therefore .ܳܤ = 30° and so ܥܤܣ෣ = ෣ܳܤܦ = 60°. 
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