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An interesting inequality regarding convex / concave functions is highlighted .
By particularizing this inequality to different functions, numerous applications
are obtained.
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In [1] the following statement was proposed :
Ifa, b,c;x,y,z arestrictly positive real numbers and n>1, then :

(ax+by +cz)n +(ay+bz +cx)n +(az+bx +cy)n < (a+b+c)n (x" +y" +z") . §))

In solving inequality (1), as in the following Lemma, an essential role
was played by Jensen's weighted inequality , which we recall in the statement :

1. Theorem (Jensen's weighted inequality)

If f:IlcR ——>R isaconvex function , I an interval , then ,
2 wif(x,) Zf(Zwkxkj : J)
k=1 k=1

* n n
where, neN", w, >0, x,€l, Y wx, el , > w =1
=1 =1

If f 1sa o concave function on 1, the inequality sign in (J) is reversed .
The equality in (J) occurs if and only if x; =x, =+++=Xx, , or when the function f

is a linear (affine) function .
Starting from this famous inequality, we will obtain a new inequality for
convex functions , respectively concave functions .

2. Lemma

If filcR ——> R isaconvex function and p, >0 , Zpk=1,then,
k=1

f(p1x1+p2x2 +...+pnx,,)+f(plx2+p2x3 +...+pnxl)+...+f(plxn+p2xl +...+pnxn_1)S
< f(x1 )+f(x2)+...+f(xn) . 2)

If the function fis concave on 1, then in inequality (2) the inequality sign is inverted .

Proof



Using Jensen's weighted inequality for convex function , we have :

F(Px+pyxy +ot Py, ) S puf () + 0o f (%) +t puf (%) (3)

f(Plxz"‘Pz X3 +---+an1) S1’1]'1(3‘72 )+sz(x3)+---+l’nf(x1) (32)

f(plxn +p, X +---+ann—1) Splf(xn)+p2f(x1)+...+pnf(xn_l) : (3,)
Adding the relations (3,) , (3,), . . ., (3,,), grouping and using the condition relationship,

> p, =1 we obtain the inequality from Lemma's statement .
k=1

Starting from this Lemma , by particularizations of the function f, numerous other
inequalities are obtained .

3. Proposition

If ay,ay,---,a, ; x1,x;,++,X, are strictly positive real numbers , and m>1 ,

n € N* | then the following inequality occurs :

(@ +a, %, +ota,x,)" + (a2 +a, X, ot a,x)" +ot (g, +a, 3 +ota,x, )" <
< (@ +ay+.ta,)" (' + X X - @
If 0 <m <1 the inequality in relation (4) is inverted .

Proof
We consider the function f:(0,0) —— (0,0) , f(x)= x", m>1, - obviously
convex on (0, 00) and the weights :
a, a, a,

p: ’p= ’oo-’p —
"“ata,+..4a, " a+a,+..+a, " ata, +..+a,

for which we obvious have p;+p,+...+p,=1.
With these in Lemma’s inequality (2) , we get :

m
a a a
L X, + 2 Xyt L |t
a,+a, +..+a a,+a, +..+a, a,+a, +..+a,

n

m
a a a
+ ( 1 'x2+ 2 'x3+...+ n 'xlj +
a+a, +...ta, a+a, +...+a, a+a, +...+a,
+
m
a a a
+( 1 ‘X, + 2 Xttt # ~xn_1] <
a+a, +...ta, a+a, +...+a, a+a, +...+a,
m m m
S XU+ x) +o+x)



where does the inequality in the statement come from.
Equality occurs when x;=x;=-**=x, .
If 0<m <1, the function f is concave and we will apply inequality (2) with the
opposite sense .
For example, if in (4) we operate the substitution m — 1/ m , we obtain :

" a3+ %, %, + N @3 Xy X e X, X A, 2
> " +a, +..+a, ("ﬁ+ "l x, +...+"(/Z) : @)

4. Remark Inequality (4) is a generalization of inequality (1) .

For positive real numbers o; , &, , -+, a, we will use for their arithmetic mean

. a,to,+...ta,
the notation A loa,,...,0,]= 42 : 5)
n

With this notation , we can reformulate the result from Proposition 3 in the language of
means :

5. Corollary

If ay,ay,---,a, ; x1,x;,++,Xx, are strictly positive real numbers , and m>1 ,

n € N* | then the following inequality occurs:
(Aulars, @ %, -, 4,5, ] )" + (A [0, %, a,5])" +.t (A [a%,.0,5 %, ) <
< (An[al,aQ,---,an])m-(x'l”+x;" +...+xﬁ,") : (6)
Proof

Everything results from relation (4) , by dividing by »™ and recognizing the respective
arithmetic means , in accordance with the notation (5) .

If we also consider the power-mean (or generalized mean , or Holder mean) of positive
real numbers a; , , , -+, a, , noted and defined as follows ,

(M

m m m\ m

x; tx; +..+x,

M
n

M(,;’”[xl,xz,-", xn] = [
then we will have another reformulation in the language of means :

6. Corollary
If ay,ay,---,a, ; x1,x,++,X, are strictly positive real numbers , and m>1 ,
n € N* | then the following inequality holds :
M I:An [”1-"17 X35 anxn]’An [“13"2:”2 X357 anxl]""9An|:a1xnﬂa2 Xyt ’anxn—l:HS
<A, [a.0, 0, MY [x, 5,00, x| (8)
Proof

The inequality results from relation (6), by dividing by » and raising to to the power 1/m .

7. Proposition , [3]



If ay,ay,---,a,;x1,%3,°+, X, are strictly positive real numbers , then the following

inequality holds :
L + 1 +...+ 1 <
ax +ta, x, +..+a,x, ax,+a,x;+..+a,x ax,ta,x; +...+a,x, ,
< L -[l+i+...+iJ : 9)
a+ta, +...+a, | x; Xx, X,
Proof

1
The function f:(0,0) ——> (0, o) , f(x)= P is a convex function pe (0, ) ,

so applying the inequality from Lemma , in the form
1 1 1

+ +...+ <
DX tD X ot X, Pt DX et X DX, tp X ot px,
< l+i+...+i :
X X Xn
with the weights ,
— a, — a, — a,
D P, s Py )

a,va,+..+a, ’ a,+ta,+..+a, a,+a,+..+a,

(for which we obviously have Z P, =1), we immediately obtain the inequality from the
k=1

statement.

Also, here we can give a description in the language of means, now using the notation :

- n
H,[x,%; ,...,x,] = 1 T (10)
St
X X, X

n

for the harmonic mean of positive real numbers x; , x5, -+, X, .

8. Corollary

Ifay,ay,---,a, ; x1,x2,++,X, are strictly positive real numbers , then the
following inequalities hold :
a)
1 1 1
+ +...+ <
A, [alxl,a2 X, ,...,anxn] A, [alxz,a2 X, ,...,anxl] A, [alxn,ale ,...,anxn_J
1 1
S n . , (11)
A, la.ay,....a,] H,[x,x, ,....,x,]
b)
Hn[An[a1x1,a2x2,...,anxn],An[aIXQ,azxs,... ,anxl], ,An[alxn,azx1 ,...,anxn_lﬂ >
2 A,la,a,,.. .0, H[x, x,..,x,] (12)
Proof

a) results from Proposition 7 in accordance with notations (5) and (10).



b) Rewriting @) in the form
n <
H, [An [ax.0,%,,....a,%, ], A, [ax,,0, x5, ... ,a,x], ... A, [alxn a4, X, ,...,anxn_l:l]
1 1

n. .

An[al,a2 ,...,an] Hn[xl,x2 ,...,xn]
immediately yields the result from the statement .

9. Proposition

If ay,ay,---,a, ; x1,x;,++,Xx, are strictly positive real numbers , then the following
inequality holds :

b

(ax,+a, %, +..ta,x, ) (@ +a, Xy +otax)-. . (agx,+a, X+ 4a,x, ) 2
> (a+ay +...+a,)" X X, X, (13)
Proof

Function f:(0,0) ——> (0,©) , f(x)=Inx " is a concave function on (0, ),
so applying the inequality from Lemma , but with the inequality sign reversed, and with the

. a a a . .
weights : py=——— , pp=—"— ,++, p,=—"— , we will obtain :
D D D
k=1 k=1 k=1
| a, a, @ @, a,
In| — x +— x, +..+— x, |[+in| — X, +— X3 +..+— X, [t..+
2.4 2.4 hA 2 D D
k=1 k=1 k=1 k=1 k=1 k=1
+in| 2 + 4. +—L 2 Inx,+Inx,+ ... +1 =
n| ——x,+——x; +..+—"—x, | 2 Inx;+Inx,+ ... +Inx,
2.4 24 2.4
k=1

QX ta,x, +.ta,x, o, +a,x; +...+a,x X, ta,x +..+a,x,
p " ce n
> > >
k=1 k=1 k=1

2 In(x; x,... x,)

>

from which the inequality from the statement results .

Here too we can convert the result from the statement by reformulating it in the language
of means .

For this, let us also recall the geometric mean of positive real numbers. o; , &y, * -+, @,
with notation and definition, G,lo,0,, ..., ,] = %a; a,-...-a (14)

n

10. Corollary
If ay,a,,---,a, ;x1,x,°++,x, are strictly positive real numbers , then the following



inequalities hold :

a
)G,, [ax+ayx, +..4a,x,, a5 +a, X+, . ax,+ayx Fotax, | 2
znAla,a,...40,]G[x, x,...x,] 15)
b)
G,,[An[alxl,azx2,...,anx,,],A,,[alxz,a2 Xyseo sy )5 oo A%, 0, %, ,...,a,,xn_lﬂ >
2 A4, a,...4,]G,[x, x5, ...x,] (16)

a) , b) The Proof

follows from Proposition 9 in agreement with notations (5) and (14).
11. Remark

As a matter of fact , we also have ,

G,|aX+a, % +..4a,X,, 4X+8,X +..4a,X,. .., X, +ax +..+a,x,  |<
SA,,[alx1 +a, x, +...+a,x,, %+a,x; +...ta,x, ..., qx,+a,x +...+a,,xn_1]=
_(ax+ayx, +otax,) @ ay X ot a,x) L Hax, e X +tax, )

n

(gt e+ ... +a,) (5 + x5+ .+ x,)
n

= n.An[ap a,, ... ,an]-A,,[xl, Xy 5 eee axn] >

it turns out that we have even the very next refinement of the inequality of means ,

12. Corollary ( O rafinare a inegalitatii GM—-AM )

If ay,a,,-+,a, ;x1,x5,°+-,Xx, are strictly positive real numbers , then the following
inequality holds :
G.[x. %, ...x,] <
< Gn [a1x1+a2x2 +...+anxn, a1x2+a2x3 +...+anxl,. .o alxn+azx1 +...+anxn_1] <
B nA,la,a,..,a,) B

S AN %, x] (A7)
13. Proposition
If ay,ay,---,a, ; x1,x,-+,Xx, are strictly positive real numbers , with the notations :
A:=a+tay+---+ a, and X:=x;+x,+---+Xx, ,then the following inequality holds :

)alx1 +lly Xy oy Xy ( )a1x2 +ay X3+t Xy o

(ax,+a, x, +...+a,x, ax,+a, X, +...+a,x,

A
A X+ X) +.H Uy X, AX .
coc(ax, tay X +ta,x, )T ' <A (xf‘ X2 X ) : (18)
Proof

The function f:(0,0) ——> (0,0), f(x)=x-Inx isaconvex function on (0, ),
so applying the inequality in Lemma , we obtain in a first instance:



)p1x1+ DyXy +.t PpXy ( )p1x2+p2 X3+t Py

(pix+ Py X5+t X, DXyt Py X+t pLx,
P1Xn+ Py Xp et PpX,,_ X X »
(X Py X et pux, ) DS X XX (19)

: : 4 4 ) ) a
Then taking the weights : py=——=—, P, = == L, Py= ~

A _n—_ A n - A
> a, > a, > a,
k=1 k=1 k=1
after some routine calculations , the relationship in the statement is obtained .

14. Proposition
Ifay,ay,---,a, ;k;x1,%x,,°+, X, are strictly positive real numbers , with notation ,

a

n — _n

b

A:=a +ta,+ ---+ a, , then the following inequality holds :

YX T4y Xy .. HpXy X+ X3+ Xy Xy +y X| +.A A X,
k A +k A +...+k A SE VYK 4L+ - (20)

Proof
Function f:(0,0) ——> (0,0), f(x)=k*, k>0 ,1s a convex function on (0, ) ,

so applying the inequality from Lemma , with the weights :

a a a a a
1 1 — — "2 —
- 9p2 D) pn

= n A - n - n -
D a, D a, D a
k=1 k=1 k=1

after a few simple calculations , the relationship in the statement is obtained .

15. Proposition
Ifay,ay,---,a, ; x1,x,+,X, are strictly positive real numbers , with notation ,

n —_n

Dy

9

> | R

A:=a;+a,+ ---+ a,, then the following inequality holds :

ax,+a, x +..ta,x

sin ax ta, x,+...+ta,x, +sin ax, +a2x3+...+anx1 +  +sin 1 >
A A A
2 sinx, +sinx, +. . . +sinx, (1)

Proof

Function f:[0,m1] —— R , f(x)=sinx is a concave function on [0,7®] ,
so applying the inequality in Lemma , with the weights :

a a a a a
1 — 1 — 2 — 2 — n
__’pZ_ —= e, p,=

n A n A n
Z @ Z a Z @
k=1 k=1 k=1

for which we obviously have >’ p, =1, the inequality from the statement is obtained .
k=1

P1= >

=
A

Xo(zy Tot @y X5,

A 9
a permutation of order n . because if 0 < Xy, X555 05 X5, < T, then we have too ,

4 X5 ta,

where o 1s a

Let's note that it makes sense to write Sin

WXy Tl Xy Tt @ X o amtam +.ta,n _ (@ +ay+ota,)T
< =
A A A

o<

=1 -



Analogously, if we consider the function f:[0,7/2] ——> R , f(x)=cosx which is
also a concave function on [0,m/2], is obtained in a similar way ,

15. Propozitie

Ifay,ay,---,a, ; x1,x2,++,Xx, are strictly positive real numbers , with notation ,
A:=a;+a,+ ---+ a,, then the following inequality holds :

oS ax ta, x,+..ta,x, 4008 a,x, +a2x3+...+anx1 4 oS ax,ta, x +...+
A A A

2 008X, +COSX,+. .. +COSX, (22)

anxn—l >

Numerous other inequalities can be obtained by conveniently choosing convex or concave

functions — to which Lemma 2 is applied.

References :

[1] Marghidanu Dorin , Proposed problem , THE MATHEMATICAL GAZETTE , Volume 106,
Issue565 , March 2022

[2] Marghidanu Dorin , Proposed problem , Mathematical Inequalities ,
hittps://www.facebook.com/photo? (bid=9339103202815371 &set=gm.3922582018029830&idorvanity=1486244404996949

[3] Marghidanu Dorin , Proposed problem ROMANIAN MATHEMATICAL MAGAZINE RMM , 20-12-2024,
https://www.facebook.com/photo/?fbid=9378720515520306 &set=gm.7175529782571239&idorvanity=355300697927549




