MATH
PHENOMENON

RELOADED

DANIEL SITARU

EEEEEEEEEEEEEEEEEEEEEE



DANIEL SITARU

MATH PHENOMENON RELOADED



DANIEL SITARU

Daniel Sitaru, born on 9 August 1963 in
Craiova, Romania, is teacher at National
Economic College "Theodor Costescu" in
Drobeta Turnu - Severin. He published 41
mathematical books, last eight of these
"Math Phenomenon", Algebraic
Phenomenon", Analytical Phenomenon",
"The Olympic Mathematical Marathon"
and "699 Olympic Mathematical
Challenges",” Olympic Mathematical

Energy”, ”"Calculus Marathon”,”Ice Math”,

were very appreciated world wide. He is

the founding editor of "Romanian
Mathematical Magazine", an Interactive Mathematical Journal with 5,800.000 visitors in the
last four years (www.ssmrmh.ro).Many problems from his books were published in famous
journals such as "American Mathematical Monthly"”, "Crux Mathematicorum", "Math
Problems Journal", "The Pentagon Journal"”, "La Gaceta de la RSME", "SSMA Magazine".He
also published an impressive number of original problems in all mathematical journals from
Romania (GMB, Cardinal, Elipsa, Argument, Recreatii Matematice). His articles from "Crux

Mathematicorum" and "The Pentagon Journal" were also very appreciated.
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PROBLEMS
ALGEBRA

PROBLEM A.001.

Ifx,y,z € (0,1);x% + y® + z° = %then:

6 6

() +(25) +(:25) =
1—x2 1-—y? 1-—22) —

1 1 1
fx,yz> O;x_3+ﬁ+z_3= 1 then:

yi+z3+1
Z L~ >3xyz

PROBLEM A.002.

x3
C}’C(x,y,z)
PROBLEM A.003.
4 3 2
If x = (a+b+c+d) y = (a+b+c) iz = (a+b) ‘a,b,c,d > 1then:
256abcd 27abc 4ab

ab(1+c+cd)(x+y+ z) <3(abcdx + abcdy + abz)
PROBLEM A.004.
fABeM,(R;n>2;p>1npeN
A%Pt1 4 B2p = [ ;. A*P+1 = A?P then: det(I,, + A%? + B?P) > 0.
PROBLEM A.005.
Ifx,y,z> 0;xyz = 9 then:

x+y \ y+z \° z+x \?
ﬁ(x/hﬁ) +ﬁ<ﬁ+\/§> +‘/;(\/5+\/?) =°
PROBLEM A.006.

Ifx,y,z > 0; x* + y* + z* = x>y?z? then:
2 2 2
zx* + zy? xy? + xz* yz? + zx?
) () ) =1
xt + yt y* + z4 z* + x*

ifa,b,c,d>0p=>q=>2r=0

a+b+c+d 4 a+b+c 3 a+b
X =" Vabcd;y = et abc; z = - vab then:

PROBLEM A.007.
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3(4px+3qy+2rz) > (4x+3y+2z)(p+q+r)
PROBLEM A.008.
Ifa,b,c>0;a+ b+ c < 1then:

a b c a z
ﬁ+c—2+?+1—a—b—(12(3

PROBLEM A.009.

b ¢
+—+—+1—a—b—c)
c a

Ifa>=b=c= 0then:

Jaz—b?+b2—ct+a2—ct+vV2(a+b+c) =

> ya? + b? +/b? + c% ++/a? + c?
PROBLEM A.010.
Ifa,b,ce (0,1);2(a+ b + c) = 3 then:

Z(s + (log, ©)%) (3 + ﬁ) > 48

PROBLEM A.011. If x,y,z,t > O then:

Z yzt > i
27

(Vztx + 3ftxy + i/yxz)3

PROBLEM A.012.
If 1 < x <ythen:

(y5—x%)" —xN(° —x°) 21
O — 29 (P — ) (10 — 210 ~ 32

PROBLEM A.013.
Ifx,y,z t > 1then:

(Inxy)(In?x+1In’y—InxIny—1Inzlnt) >

> (Inzt)(InxIny +Inzlnt —In?z — In?t)
PROBLEM A.014.
Ifa,b,c > 1;ab + bc + ca = abc then:

abc® + bca® + cab® > a?b?*c?

PROBLEM A.015.
Let be the sequence: 3,8,13,18,23, 28, ...

Find three different terms of the sequence with same sum of digits.
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PROBLEM A.016.

Solve for real numbers:

1 1 1 1

1+m3x+1+n3x+1+p3x_1+(mnp)x

where m,n,p € N; m,n, p = 3 are different in pairs.
PROBLEM A.017.
If a,b,c > 0 then:
a b c a b c
(a+b+0) <W+cT0+W) > (—+—+—)
PROBLEM A.018.
Ifa,b,c,d > 0 are different in pairs then:

a3 (a+b+c+d)3

btctda—bla—ola—d) -~ 8labcd
cyc(a,b,c,d)

PROBLEM A.019.

Ifa,b, c > 0 then:

2(a?+b*+ct+a+ b+ %) <V2 Z vas +bé + V4 Z Vas + b

cyc(ab,c) cyc(ab,c)
PROBLEM A.020.
If x,y = 0 then:

(e*+1DVe? + (e? + DVe* < (e* +1)(e? + 1)
PROBLEM A.021.

If A € M5(R); det(A° + I) # 0; A%° — I = A5(A° + I;) then: VdetA € R
PROBLEM A.022.
Ifx,y,z € (0,1) then:

(x* -y - 2)* L@-0*-A-y>-1- 2)*)?
xXyz B (1-x)1-y)(1-2)

PROBLEM A.023.
Find:

a=aef 575 )]
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PROBLEM A.024.
Ifa, b, c > 0 then:

Z ( 1 —l>+2 Z bcz(ab+1)>6
cyc(a,b,c) a*b? ab cyc(a,b,c) a(bZCZ + 1) -
PROBLEM A.025.
ifa,b,c,de>0;c+d+ e =1then:

A bt 4

(a+z> +<a+E> +(a+§) > 3(a + 3b)*

PROBLEM A.026.
If a,b > 0 then:

1’Z(a2+b2) a+b

(a + b>T . <w/2(a2 + bZ))N@ i [EFP

2vab a+b 2ab
PROBLEM A.027.

If0 < x,y,z < athen:

Vet —xz+ 22+ Jy? + 22+ Jx2 +xy + y2 < a(1 + V2 +V3)
PROBLEM A.028.

If x,y,z > e then:

1+1+1+lll> ! + In(xyz)
Inx Iny Inz nxiny nZ_lnxlnylnz mxyz

PROBLEM A.029.

If0 <a,b,c <1then:

1 N 1 4 1 - 9
a+a* b+b® c+c 3+ a?+b?+c?

PROBLEM A.030.

fa,b > 0 then:

[2(a2+b2) 2ab
2ab \ @b [J2(aZ + b?)\e*+b* 2vV2ab
(@+5) +<a—+b) R PR ey
PROBLEM A.031.
Ifa,b,c = 1 then:
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1+a+a®>)@A+b+b2+b3 A +c+c2+cB+c)
1+a2)(1+b3)(1+c*)

15
S -
2
PROBLEM A.032.
If a,b,c = 0 then:
3vV3(a+b)(b+c)(c+a) < 8\/((12 + ab + b%)(b% + bc + ¢%)(c? + ca + a?)

PROBLEM A.033.
If a,b,c = 0 then:

ja+b+\/b+c+\/c+a > 2(vVa+Vb +c) + Vab + Vbc + Yca

2 2 2

PROBLEM A.034.
If A € Ms(R); A2 = O5 then det(4%2 —I5) <0

PROBLEM A.035.
If x,y,z > 1; xyz = 2+/2 then:
xX+y*+z°+y*+27+x*>9

PROBLEM A.036.

Solve for real numbers:
1 1

G+ Tz Txr1

=156 +logs(x + 1)

PROBLEM A.037.

In AABC the following relationship holds:
3

c
2+a®>)B3+a*)+33B+b®)+2 <2 + 5) (3 + c*a*) > 432r?
PROBLEM A.038.

] —/3cosx —cosx

sin x > >

_ [V3cosx
Qx) = — sin x -1

COS X X _

> sin x

Ifx,y,z > 0then: Q(x)Q(y) + 2(y)Q(2) + (2)Q(x) < 4(x? + y? + z?)

PROBLEM A.039.

lfa,b> 0 a?+b% = 1then:§+%z 22

11 MATH PHENOMENON RELOADED




DANIEL SITARU

PROBLEM A.040.
Ifa,b,c > 0;a* + b* + ¢* = 1 then:

a+b+c
abc

>33

PROBLEM A.041.
ifa,b,c,d > 0;a® + b3 + ¢ + d® = 1 then:
a+b+c+d>
abcd -
PROBLEM A.042.
ifa b,c> 0;a®+ b3 + c® = 1 then:

a+b+c

> 339
abc

PROBLEM A.043.

Ifa,b,c,d > 0;a? + b%? + ¢ + d? = 1 then:

a+b+c+d>
abcd -
PROBLEM A.044.

Ifa,b,c > 0;a? + b?> + ¢* = 1 then:

a+b+c
- -9
abc
PROBLEM A.045.

Ifx,y,z,t > 0 then:

1 1 1 1 1 1 1 12
(xy+yz+zt+tx)<F+F+z—4+t—4> > ( +—+—+—)
PROBLEM A.046.
Ifa,b,c,d > 0 then:
(ab + bc + cd + da)(a* + b* + ¢* + d*) > abc(a + b + ¢ + d)?
PROBLEM A.047. Find x,y,z > 0 such that:

{logz x+log,y+log,z=3
3*+3Y+ 3% =27
PROBLEM A.048.

If a,a,,..,ag = 1 then:
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at +a}+ - +at < (aja;..a5)*+7
PROBLEM A.049.

If0 <a<b<cthen:

1 1 1 1

<+ —
(a—b+c)® b® a® co

PROBLEM A.050.
If a,b,c > 0 then:

2 2 nf L 1L 1 a b c\?
(e® + e’ +e)| ea? + eb? + ec? 2(e5+e3+e5)
PROBLEM A.051.

If a,b,c = 0 then:

(a+ b)Vaz+b%2+(b+c)Vb?2+c%2+(c+a)/c?+a? > (2\/?7— 1)(ab + bc + ca)
PROBLEM A.052.
Ifa,b, c > 0 then:

(a+b)\Ja?+b%2—ab+ (b+c)\Vb?+ c2—bc+ (c+a)/c?+a?—ca>

> 2(ab + bc + ca)

PROBLEM A.053.
Ifa,b > 0then:
2
(a+ b++Va+ b2) > 6v/3ab
PROBLEM A.054.

Ifa,b,c > 0 then:

4(a+b+c)S(3\/5—2)(\/512+b2+\/b2+c2+\/c2+a2)

PROBLEM A.055.
If a,b = 0 then:
4absm(a+b+\/m)
4ab+/a? + b2 < (a2+b2)(a+b+\/m)
PROBLEM A.056.
Ifa,b > 0 then:
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3 4a?b?
a® + b3 + (a% + b?2) + > 4ab+/ a? + b?
( ) a+b+Va? + b?

PROBLEM A.057.
If a,b,c = 0 then:

2(a+b+c)+z\/a2+b2—ab23(\/¢E+\/E+\/a)

cyc
PROBLEM A.058.
If a,b > 0 then:

2
(a +b++a2+ bz) > 18a?b?
PROBLEM A.059.

Ifa,b > 0;x,y,z € R then:

(a+b)y* (a+ b)z?
+
a b

>x(2y+2z—x)

PROBLEM A.060.
Ifa,b,c > 0;x,y,zt € Rthen:

(a+b+c)y? (a+b+c)z? (a+b+o)t?
+ +
a b
PROBLEM A.061.

>x(2y+2z+2t—x)

Ifx,y,z t > 1then:

1
(logxzt x)Z + (logxyt y)z + (logxyz Z)Z + (logyzt t)z > Z
PROBLEM A.062.

If x,y,z,t > 1then:

(108, 1) (1080 7) 108,y 2) (108, £) < 7
PROBLEM A.063.
Solve for real numbers:
Zx\/l——y2 + Zym =3
2y\J1— 2% +2z,/1—y2 =3
221 —x% +2xJ1-22 =3
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PROBLEM A.064.
Find x,y,z = 0 such that:

2x2+ 4 N 2y +4 N 2z +4
z2+2y+3 x2+4+2z+3 y2+2x+3

PROBLEM A.065.
If a,b,c > 0 then:

a* b® 5V /5B b® c* 27(abc)?
— e [ )
8 8 (ab + bc + ca)3

278 8
PROBLEM A.066.
If x, ¥,z > 0;vVx + [y + Vz = 3,/xyz then:
2+ +1) (PP+1)(2%2+1) N (Z2+1)(x%+1)
B+ +1) B+ +1) B+ +1)

PROBLEM A.067.
xX+xy+xz+yz=2
Ifx,y,z € R; { yx + y* + yz + zx = 3 then find @ = max|x + y + z|.
zx+zy+z*+xy==6
PROBLEM A.068.
Solve for real numbers:

x _Z y
Zx+ 2\/yz Six+ 2(y? + z2)

cyc
2x+log,y+22=9
PROBLEM A.069.

If a, b, c > 0 are different in pairs then:

1 1 b1 1 c/1 1 :
<cb(“5>+a(a‘z)+w(z‘a)>
cwer e oo )

PROBLEM A.070.
Ifa, b, c € R* then:
| 1 1

a+-— +—+—

+1+1+1
at b be?

b2
PROBLEM A.071.

Ifa,b,c > 0;a? + b? + ¢* = 9 then:
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a3 b? N b3c? N ca? <27\/§
(@2+1)2 (b2+1)2 (c2+1)2 ~ 16

PROBLEM A.072.
Ifa,b,c € R;a? + b? + c¢? = 3 then:

la+(a+c)b+c|l <4
PROBLEM A.073.

Ifx,y,z> 0;xyz = 1 then:
X xX=y y y—-z V4 zZ—X
Z(;) +X(E) +y(;) =3
PROBLEM A.074.

ifa,b,c> 0;a+ b3 + ¢ = 3 then:

a2+13+ b2+13+ c2+13>3
a+1 b+1 c+1 -

PROBLEM A.075.

Solve for real numbers:

4

xtyt ytzt ztx
T T T
z x y

xt—4y3+6z22-4y+1=0

= xyz /27 (x* + y* + z4)

PROBLEM A.076.
Find x,y,z > 1 such that:

log,(2x3) = logg, z'°

log;(2y?) = logg, x'°

log,(223) = logg, y'©
PROBLEM A.077.

Ifa,b,c>0;a+ b+ c = 3 then:
1
a6+b6+c6+§((3—a)6+(3—b)6+(3—c)6) >9
PROBLEM A.078.
IfA,B,C € M,(R); detA,detB,detC > 0; det(ABC) = 8 then:

det(4? + B? + C?) + det(A4% + B? — C?) + det(A%? — B% + C?) +
+det(—A% + B? + C?) > 48
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PROBLEM A.079.

x+y y+z z+x
2x+y  2y+z @ 2z+x

ifx,y,z> 0; = 2 then:

3x2 + xy +2y* 3y%+ yz+ 22> N 322 + zx + 2x?
2x?% + y? 2y% + z2 272 + x?

PROBLEM A.080.
If a,b,c > 0 then:
a® - bb - c¢ - (4a + 4b + 4c)*b+c > 3atbtc . (g 4 p)a+b . (b + c)b*C . (¢ + @)t
PROBLEM A.081.
ifa,b,c,x,y,z> 0,a3x + b3y + ¢3z = xyz then:
x+y+z=>(a+b+c)Va+b+c
PROBLEM A.082.

Ifa,b,c,d € Rthen: ac + bd + |ad — bc| < \/Z(a2 + b%)(c?% + d?)
PROBLEM A.083.
Ifab,c,d € R then:
2|lad — bc|(ac + bd) + (ac + bd)? < (ad — bc)? + (a? + b?)(c% + d®)V2
PROBLEM A.084.
Ifx,y,z> 0;xyz(3x+ 2y + 36z) = 6 then:

x2y?
( + 1) (4y?z% + 1)(92%x% + 1) > 64x*y*z*

36
PROBLEM A.085.
If x,y € Rthen: (x3 + 2y3 — 3xy?)% < (x% + 2y?%)3
PROBLEM A.086.
If a,b > 0 then:
64 a + b
(@ (59 ) (@5 s
= 4(ab)3
<(ab)3\/_ + ( ) >
PROBLEM A.087.

Ifa,b,c>0:a’ - b - c® = 1then:
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b2 (3 aa+b+c _ a%/m) + 2 (3/ba+b+c _ bW) + a? (3 ca+tb+c _ CW) >0
PROBLEM A.088.

If x,y,z > 0 then:

E3 7\/yz 7Vzx JT7EY 7Yz 77 x
+ + < + +
5V 4 3V 5Vyz g 3z 5VEx 4 3Vax T /Gy 4 (3xHy  \[5yFZ 4 \3¥F2  ([5IHX 4 \[37Hx

PROBLEM A.089.

fx,y,zt€R;x% +y* = z2 + t> = 10 then:

(10 — x — 3y)(10 — xz — yt)(10 — z — 3t) < 10125
PROBLEM A.090.
If a,b,c > 0 then:

a+h bic cta
(2Vab>2\/ﬁ+<2\/ﬁ>2m+<2\/c_a>2\/c_a> 6 (a+b+b+c+c+a)
a+b b+c c+a - 2vab  2Vbc 2ca

PROBLEM A.091.

Ifab,c dEe (O, i) then:
ab+c+d + bc+d+a + cd+a+b + da+b+c >1

PROBLEM A.092.

1
If xq,%x5,..., X, € (O,Z);n € N;n > 2 then:

Xz +x3++x X1+x3++x X1+x2++xp—
xlz 3 n+x21 3 n+"'+xn1 2 n1>1
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PROBLEMS
GEOMETRY

PROBLEM G.001.
IfinAABC:3a + m, = 3b + m;, = 3¢ + m. then find:

moym,m, rarpTre
O =
hahb hc SaSpSc

PROBLEM G.002.
In A ABC the following relationship holds:

34 ., 9/3r
ncos7=0:2asm A> >

PROBLEM G.003.

Ifin AABC;2b = a + c then:

. B s
sin <

2  3yac

PROBLEM G.004.
Ifin AABC,m, < m, < m_ then:

alb?®

(Va=c+Vb-c) (\/a2 — 2 ++/b? —cz)(\/a3—c3 +/b3 —c3) <3
PROBLEM G.005.

If T is area of pedal’s triangle of G — centroid in A ABC then:

3v/3r*
T =
RZ

PROBLEM G.006.

In acute A ABC the following relationship holds:

a a a

2mg+b+c . mz+b+c . mg+b+c < 3R

PROBLEM G.007.
Let P be any point in same plane with A ABC. Prove that:

AP N BP 4 cpP - 108r?
BP CP AP a?+ b?+c?
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PROBLEM G.008.
Ifin A ABC, Q is first Brocard point then:

AQ BQ (CQ 4s?

BO ' C0 40" ab+ bc+ca
PROBLEM G.009.
Solve for real numbers:

4sin’(x+y) =1+ 4cos?x +4cos?y
PROBLEM G.010.
In A ABC the following relationship holds:
a’*m, + b*my, + ¢*m, = bch, + cahy, + ah,

PROBLEM G.011.
Ifin AABC, c,, cp, C. are Gergonne’s cevians then:

€aCpCc = 8R3 sin? A sin? Bsin? C
PROBLEM G.012.

If Q is area of pedal’s triangle of G — centroid in A ABC then:

3+/3rt
Q==

PROBLEM G.013.

In AABC the following relationshiop holds:
3
(m, sin4)? + (m,, sin B)? + (m,sin €)% < Z(hﬁ + h% + h?)

PROBLEM G.014.
In AABC the following relationship holds:

3
3 /w%,w,z,wg <s’< \/S(mg +mj +m})

In AABC the following relationship holds:

3 a3+b3+c32_|_5 a5+b5+c52+7 a7+b7+c72>4\/§s
3 3 3 o

PROBLEM G.015.
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PROBLEM G.016.
In A ABC the following relationship holds:

2
Z(\/a2+c2+45+\/b2+c2+4S—\/a2+b2+4S) > 2(a? + b? + ¢2) + 12§

PROBLEM G.017.

Ifin A ABC, N — ninepoint center, I,, I, I . — excenters then:

abc abc abc
8NIa'NIb'NIc2 Zra+ Z_S ZTb+ X ZTC+ Z_S

PROBLEM G.018.
In AABC the following relationship holds:
in® L sin®3T sin®2T ind /T
sin® g2 sin®3e  sin®3e  sin 16 . 9

+ + +
Tq Tp T r 20R

PROBLEM G.019.
Ifin AABC;A > B > C then:

PROBLEM G.020.
In A ABC the following relationship holds:
A B C
a(2s —a) cosi + b(2s — b) cosi +c(2s —¢) cosz > 36312

PROBLEM G.021.

In acute AABC the following relatioinship holds:

Al + BI + CI < \/6R(h, + hy + h, — 61)
PROBLEM G.022.
In AABC the following relationship holds:
23abc <V3(3R — 21)
PROBLEM G.023.
Ifx,y ze€ (O,g);x +y + z = m then:

xy(tanx + sinx) yz(tany+siny) zx(tanz + sinz)
x? +sinxtanx  y?+sinytany  z? +sinztanz
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PROBLEM G.024.
Ifx,y,ze€ (0,2) ;8inx + siny + sinz = 1 then:

cos? x cos? y cos? z > 512 sin? x sin? y sin? z
PROBLEM G.025.

In acute AABC the following relationship holds:

Z 1 R N 2R?
bcosB +ccosC—acosA 4RcosAcosBcosC abc
cyc(a,b,c)

PROBLEM G.026.

In acute triangle ABC the following relationship holds:
1 1 1
cos A + cosB + cosC
PROBLEM G.027.

> A%+ B?2+ C%? 4+ cosA+cosB +cosC

In AABC the following relationship holds:

a(s—a) b(s—b) c(s—c) - 3vV3R
b+c c+a a+b — 4

PROBLEM G.028.
If in AABC; I —incenter then:

(AI + BI>5 N (BI + CI>5 N (CI + AI)5 . (Bc)5 N (CA)S N (AB)5
CI Al BI Al BI CI

PROBLEM G.029.

In AABC the following relationship holds:

2m, +2m,\’ /2m, +2m,\’ /2m,.+2m,\’ /3a\’ /3b\’
) () () > () G
b

m, m, my mg,
PROBLEM G.030.
Ifx,y,z € (0,1) then:
y(sin~1x + tan~1x)
¥ o
x2+tanlx-sin1x

Cyc(x:}’:z)
PROBLEM G.031.

Solve for x,y,z € (O, g)
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( x 2sin? x
|——=1+
{ cos?y sin? y
|

3 cos?y 2sin?y

cos?z sin? z
x+2Y+log,z=3

PROBLEM G.032.

In acute AABC the following relationship holds:

Z (bcosB+ccosC) 24 = —3
ccosC  bcosB) 0T

cyc(a,b,c)
PROBLEM G.033.

If0o < xsgthen:

(22 + (V2 -VB)x +2+ [202 - (V2 +VE)x+2 22

PROBLEM G.034.
Solve for real numbers:

tanx < -3
13tan3x > -9

5vV10cos3x +13sin3y—-13 =0
PROBLEM G.035.

In acute AABC the following relationship holds:

ZZ a? cos? A(bcos B + ccos €)% < (ZacosA) H(bcosB + ccos()

PROBLEM G.036.

In AABC, I —incenter, AA’'B’C' - circumcevian triangle of I. Prove that:

1 1 1
IA' +IB' +IC > 48V3 3( )
+I5+ Var Bb+0Z (ctal  @ath)?

PROBLEM G.037.
IfA,B € M,(C);detA + 0;det B # 0 then:

= det(4 + B) (det(AB) +

A
det(AdetB + BdetA) + det (detA + s B)

det(AB))
PROBLEM G.038.

In acute AABC the following relationship holds:
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3abc(a? + b% + c* — 8R?
Z a3 cos3 A+ ( )

8R2 > ZZba2 cosBcos? A

PROBLEM G.039.
Ifin AABC, u(A) = ’3—’then:

4bc
3V3R+a>—
a
PROBLEM G.040.
Ifin AABC;a = b > c then:
1 1 1 a’b + b%*c + c*a
p + — + — <
sin4A sinB sinC 28
PROBLEM G.041.
s
Ifx,y,z€ (O, E) then:
(sin? x sin? y sin? z + cos? x cos? y cos? z) ( ! + ! + ! ) >
sin? xcos?y sin?ycos?z sin?zcos?x/

PROBLEM G.042.
Ifin AABC, N is Nagel’s point then:

Z a? - AN? - 1
5(b%? - BN? + ¢? - CN?) —a%? - AN?2 — 3
PROBLEM G.043.

In A ABC the following relationship holds:

s N 8Rr - 2v3
ab+bc+ca (2s—a)(2s—b)(2s—c) ~ 9R

PROBLEM G.044.
If M € Int (AABC); AM = x; BM = y; CM = z then:

ax N by 4 cz - 3
ax+ by +98cz bx+cy+98az cz+ay+98bz 100

PROBLEM G.045.

if x,y € (0,5) then:

1 1 1
RS TP - )= 61
sin? x sin? y - cos? x cos?x - cos?y
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PROBLEM G.046.

If 0 < a,b,c <1thenin A ABC the following relationship holds:
(a® + b*)(b° + c*)(c* + a®) > 32Rrs

PROBLEM G.047.

In A ABC the following relationship holds:

sin A |cos B cos C| + sin B |cos C cos A| + sin C [cos A cos B| >
PROBLEM G.048.

In A ABC the following relationship holds:

(a® + b% + ¢?)?
4

a’mym, + b*m.m, + c*m,m,, >

PROBLEM G.049.
In A ABC the following relationship holds:

sin A sin B sinC 2s

B, C' . C. A _A.B~r
Sll’lZSlll2 SlllZSln2 sm251n2

PROBLEM G.050.
In A ABC the following relationship holds:
4(amym, + bm,m, + cm,m,) = 9abc
PROBLEM G.051.
If x > 0 then AABC the following relationship holds:

ba**! + cb**! + actt! > 3(2\/§1‘)x+2
PROBLEM G.052.
Ifin AABC; a? + b* + ¢* = 1then: 18Rr < 1
PROBLEM G.053.

In acute AABC the following relationship holds:
1 1 1 1 1 1
sin A + sin B + sinC+ cos A + cosB + cosC
PROBLEM G.054.

> 6V2

If x,y > 0 then in AABC the following relationship holds:

rs

2R?
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1 4 1 4 1 - 2
3r2+7rery  3ri+7r,r, 312+ 7r.or,  15R?

PROBLEM G.055.
If AABC ~ AA'B’C' then:

Z (a' + b’)(a +c') 15(b+c)(c’ +a’)(a’ + b")
+3 =
8ab'c’

PROBLEM G.056.
T
If x € (0, E) then:

2(sinx)1-sin*(1 — sin x)sin* < 1

PROBLEM G.057.
T
Ifx,y€ (O, E) then:

(sin? x + sin? y)sin**+sin®y . (cos2 x + cos? y)cos” x+cos’y
(sin x)25i%x . (sin y)25in*y . (cos x)2¢0s”* . (cos y)2cos’y —
PROBLEM G.058.
If AABC ~ AA’B’'C' then:

4(m,my + mymy + memy) + aa’ + bb' +cc’ =

> 4(vaa’'bb’ +Vbb'cc’ +Vec'aa')

PROBLEM G.059.
In AABC the following relationship holds:

hahb C
<243k ) ( )
momy, ~ 24V3R*r (b?% + c%)(a? + c?)

PROBLEM G.060.
In acute AABC the following relationship holds:
logsinasin B loggi,psinC loggi,cSin4

A B C
tan 7 tan 7 tan 7

>3V3

PROBLEM G.061.
In AABC the following relationship holds:

a/((b — ¢)? + 41r2)((c — a)? + 412) > abc
cyc(a,b,c)
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PROBLEM G.062.
In acute AABC the following relationship holds:
2sinA 4 psinB 4 9sinC | pcosA 4 pcosB | pcosC 5, g
PROBLEM G.063.
In acute A ABC the following relationship holds:

acosA+bcosB+ccosC< 3
bcosB ccosC acosA ™ 8cosAcosBcosC

PROBLEM G.064.
In acute A ABC the following relationship holds:
2V3 .1 1 1 V3

< + + <
R acosA bcosB ccosC ™ 4RcosAcosBcosC
PROBLEM G.065.

If x > 0 then:

sinx (16 sin* x + 5) < 5x(4x? + 1)
PROBLEM G.066.
In A ABC the following relationship holds:

n(alcosAI + b|cos B| — c|cos C|) < |abc - cos A cos B cos C|

cyc
PROBLEM G.067.
Ifa,b,c € (0,1);x,y € R then:

(a+b+c) (tan‘1 x —tan~?! (\/x2 + yz)) <3 (tan‘1 (\/xz + yz) —tan™! y)
PROBLEM G.068.
Ifin AABC:a < b < c then:

bm, N am, N cm, - cm, bm, 4 am,
cmy, bm, am, bm., am, cm,

PROBLEM G.069.

In A ABC the following relationship holds:

3 sinA+3 sinB+3 sinC 3|sin4A 3|sinB 3 sinC<1
sin B sinC sinA sinC sin4 sin B
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PROBLEM G.070.

In acute AABC the following relationship holds

b% + c* + 2bc

cZ+a?+2ca a*+b?*+2ab
b?% + ¢2 — a?

¢ + a? — b2 a? + b?% — ¢?

PROBLEM G.071.

In acute AABC the following relationship holds

cyc

Z a*(b? + ¢ — a?) > 32RS%,/2(a? + b? + c%) cos A cos B cos C
PROBLEM G.072.

In AABC the following relationship holds:

i) Grded) (Gordd)

n bctcat ab 4 \ca ab+bc) >i
1.2 1 "1 2 1 "1 2 1 R
ab " bc ca bc ca ab

PROBLEM G.073.

In AABC the following relationship holds:

/ N

ab smA smB
zl 2 2

6
cyc

\l
1 6/| 2

cl T

bc sin 5 sin= casiny sm
2772

PROBLEM G.074.

|f0<a§b<§then:

(a + b)(sin(Vab) — cos(vVab)) < 2vVab (sin (a ‘Zl' b) _ cos (a -;— b) )
PROBLEM G.075.

If x,y,z > 0 then:

sz + 22 +xzx/§+\/y2 +22 +yzV2 = /%% + y?
PROBLEM G.076.

If x,y,z > 0 then:
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(\/x2 +y2+y? + 22 + 22 + xz)z > 2,/3(x2y? + y2z2 + z2x2%)
PROBLEM G.077.
If x,y € Rthen:
(1+ cos(x —y) —siny —sinxcosy — cos x)? < 12
PROBLEM G.078.
If x,y,z > 0 then:

(ot y+2 (24 tanz0° >4y a4
xryTz 3 an xcot50° + ycot10°

cyc

PROBLEM G.079.

fo0<xy,zt <§then:

Z (sin? x + csc? x)3 + Z (cos? x + sec? x)® > 125
cyc(x,y,z,t) cyc(xy,z,t)

PROBLEM G.080.

ifx,y>0;xy=> %then:

x? y? 1
. 31 + . 4r > 21 571\ 2
sih13 Ssing7 (cos 11 T sin ﬁ)

PROBLEM G.081.

Ifm=0;x€ (o,g) then:

1 m+1 1 m+1 5m+1
(sin2 X+ — ) + (cos2 x+ ) >
sin? x cos?x 2m

PROBLEM G.082.

If2sin?x +2sin?y=1;x,y € (Og) then:

2tanxtany +2tanx +2tany < 3
PROBLEM G.083.
Find: x,y,z € (0, g] such that:
sin? x sin?y sin? z 1

<1
1+ sin2 x + (1 +sin?x)(1 + sin?y) + (1 + sin?x)(1 + sin? y)(1 + sin? z) + 8sinxsinysinz ~
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PROBLEM G.084.
If x,y € Rthen:
|sin x + siny cosx + cosy| < 2
PROBLEM G.085.
Ifa,b,c > 0;ab + bc + ca = 3 then:
4(tan~12)(tan"1(Vabc)) < mtan1(1 + Vabc)
PROBLEM G.086.

2
Ifx,y,ze€ (O,E);cosxcosycosz = % then:

15(cos 2x + cos 2y + cos 2z) + 6(cos4x + cos4y + cos4z) +
+ cos6x + cos 6y + cos6z > 18
PROBLEM G.087.
Solve for real numbers:

{3(005 2x + cos2y + cos2z) + 4(sinxsiny + sinysinz + sinzsinx) = 1
sinx +sinz =2+ siny

PROBLEM G.088.
In AABC; AA'B’'C' the following relationship holds:

2
(a+a)(b+b)(c+c)=64rr'Vss' +4(VRrs —VR'T's')
PROBLEM G.089.

Findx,y,z € (O, g) such that:

(  2sin’x=tany

| 3sin3ycosy

{ sin*y + cos? y

L4 sin* z + cos?z
sin* z + cos*z

=tanz

= tanx
PROBLEM G.090.
Ifx e [0, 1—’1) then: cos*13 x > (cos 3x)?1 - (cos 5x)7 - cos 7x

PROBLEM G.091.
In AABC the following relationship holds:
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2 bwi 2 486
aw;, N wy N cw; S 2y2 r
h, h,, h, R
In AABC the following relationship holds:
am, bm, cm,
=>2|3V3S
h, th, th, 22033

In AABC the following relationship holds:

PROBLEM G.092.

PROBLEM G.093.

ara+brb+crc> b+
h,  h, ' h, = ° ¢
PROBLEM G.094.
Ifa,b, c > 1then:
. 2 . 2 . 2
sin (a + b) sin (b + c) sin (c + a) - ( 8abc )2
1 “\(a+b)(b+c)(c+a)

in(7a5)5in () o (7)
sin (—| sin sin
( ab Vbc Vea
PROBLEM G.095.
In AABC the following relationship holds:
9
(my(he — hy) + mg(hy — he) + me(he — hy))" < 7 (@ + b2 +cA)(hZ + B} + h2)
PROBLEM G.096.

fx,y,z,te R ac [0, g] then:

(x+2z)sina+ (1 —-sina)(y+t) < \/Z(x2 + y2 + 22 + t2)
PROBLEM G.097.

Ifin AABC,a = b = c then the following relationship holds:
m m m m m m
my m m, m m, my

In AABC the following relationship holds:

PROBLEM G.098.

am3 + bm; + cm? o1
(am, + bmy, + cm,)> — 729R*
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PROBLEM G.099.
Ifin AABC,a < b < c then:

h2% — h2° + h2° > (h, — hy, + h)?°
PROBLEM G.100.

In AABC the following relationship holds:

2

4 Zma(hb—hc) <9 Zaz Zhﬁ

cyc cyc cyc
PROBLEM G.101.

In AABC the following relationship holds:

st(s—a) . i[z(s—b) . sJZ(s—c) _,
c a b

In A ABC the following relationship holds:

PROBLEM G.102.

8 b8 8

C
+ + > 6912r°
rpre rrq rqTp

a

PROBLEM G.103.
In AABC the following relationship holds:

1 [a®r, b8rc+c3ra - 72918
64\ b? c? a’? | R+r

PROBLEM G.104.
In AABC the following relationship holds:

3V3R
JracosA+ [r,cosB + [r.cosC < W=
PROBLEM G.105.
In AABC the following relationship holds:
b>2+c*—a?* c*+a*-b* a*+b*-c?
<4(R+r)

+ +

NTpT e JTeTa T alb
PROBLEM G.106.
In AABC the following relationship holds:
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1 N 1 N 1 - 4s
. A . B . C ™ abc
2 a4 2 o 2 hd
b siny c¢“siny a®sing
PROBLEM G.107.
In AABC the following relationship holds:
ma mb mc ha hb hc

= +
\/_ Ve \/_ ‘V_ Vab
PROBLEM G.108.
If x,y,z = 0 then in AABC the following relationship holds:

X
G2t — 2 2(fay + 7z + Vzx)

ins ins ins
Siny Sy Sing

PROBLEM G.109.
In AABC the following relationship holds:

vbccos A N Vcacos B N vab cos C - (4R + r)m,mym,
m, my, m, rs3

PROBLEM G.110.

In AABC the following relationship holds:

;. 3V3r’(4R+r)?
5?2
(2R -1)(2R + 571)

PROBLEM G.111.

fo<xyz< gthen:

(sin? x)sm(y+Z) c"s(y_ ) + (sin? y)sm( +x) C°S( ) + (sin? Z)sm(x+y) cos(le) >1
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PROBLEMS
ANALYSIS

PROBLEM AN.001.

Ifx, = %; 6x,,1 = 3sinx, + 2cosx,,;n = 1 then find:

Q=1lim(x; - x;-...- x)
n—oo
PROBLEM AN.002.
Find:
2018
Q = lim (nx — [nx]) dx;
n—-oo
0
PROBLEM AN.003.
Find:
2018
. 1
Q = lim f |[nx+—] —nx|dx;
n-oo 2
0

[*] - great integer function.
PROBLEM AN.004.

If0<aSb<§then:

b
4f((sin2 x + csc? x)? + (cos? x + sec?x)3)dx > 125(b — a)
a

PROBLEM AN.005.
Find:

S (3 kl(4n -4k —1) m41
Z n—k+1 '(k+1)

o)

I
1z
L=

N

PROBLEM AN.006.
Find:

1 2

n 1 Z7¢l=1k—2 2 %
a-tmal (Y5 -(F)

k=1
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PROBLEM AN.007.

If si (x) = — [ (=) dt; x > 0 then:

j <i (Sl (e%x) — si (1tx) > f < (Sl (ex) — si (yx)))

14
PROBLEM AN.008.
If0<a,b,c,def,x,y,z<1then:

111

108]]1 (3abcdefxyz — 1)dxdydz <1
(a2 + b2 +x2+3)(c2+d*+y>+3)(e?+f2+2z2+3)

PROBLEM AN.009.
If a,b,c > 0 then:
3
e?V3@th+o) > ((aZ +a+1D)B*+b+1D)(c2+c+ 1))

PROBLEM AN.010.
Find:

(sinx —cosx)(1+x)+3 —2cosx
= f - dx;x € (0,—)
(sinx + cosx + 4)2 2
PROBLEM AN.011.
Find:
(sinx —cosx)(1+x)+3—2cosx

T
Q= dx;x € (0,—
(x — sinx)(sinx + cos x + 4) Hx ( 2)

PROBLEM AN.012.

Prove that:
1
1 dy
e2x2 _fezyz < X e (0 1)
0
PROBLEM AN.013.
Find:
_f xte*dx >0
T Ft4x3 + 1222 + 24x + 24 + 72e9)2 "
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PROBLEM AN.014.
Find all continuous functions f: R - R

fO+f)+xylx+y)=fx+y);(Vx,yeR
PROBLEM AN.015.

2
Ifa,b,c > 0and Q(a) = [ [ -E2*L gxdy then:

a xy+(x+y)W3
Q(a) + (b)) + Q(c) = ab + bc + ca

PROBLEM AN.O16.

ifa,b,c>0;a+ b+ c = 2 then:

8
b3Q(a) + 2Q(b) + a®Q(c) > 25

Where Q(a) = lim,,_,, nfol(xi—a)z

PROBLEM AN.017.

If0<a<b<c abc =1then:

tog?(@? + 1) _ log (P log ()

log (b -ll; 1) log (c-; 1) ~ log(b? + 1) log(c? + 1)

PROBLEM AN.018.
Find:

dx

j‘x(tanx + 2tan 2x + 4 tan 4x)
Q=
cotx — 8 cot8x

PROBLEM AN.019. Find:

PROBLEM AN.020.
Find:

n 1 n
Q=1lim|1-1log2 Z i
nl_)lg( Og + L Slnn+ k>

PROBLEM AN.O021.

If £:[0,a] - [0,); a > 0; f continuous then:
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[ [VF@+ PG axay+ [ [ V@70 ax ay < 202 [ 1) ax
00 00 0

PROBLEM AN.022.
Find:

PROBLEM AN.023.
Ifa,b,c < 0 then:

1 1 1 1 1 1
2 <3
<11a+1+11b+1+11c+1>_ +10a+9b+1+10b+9c+1+10c+9a+1

PROBLEM AN.024.

ifa,b,c € N*; Q(a) = lim,,_,, nfol xx" dx then:

(x+m)@
1+ mb0(a) + 1+ 1)) + (1 + m)2Q(c) >3

PROBLEM AN.025.
Find:

PROBLEM AN.026.
Find:

7 1 1
Q = lim \/(1 +-+ ---+;> (logn)® — logn

n-o 2

PROBLEM AN.027.

If?Sa,b,cS 1 then:

-tan~1(Yabc)

ab + bc + ca ab + bc + ca
Yabc - tan~?! \/— S\/—

3 3

PROBLEM AN.028.
In A ABC the following relationship holds:
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9 .
3 z A2+ES3 z sinAtanA + n?
cyc(4,B,0) cyc(4,B,C)

PROBLEM AN.029.
If f:[1,a] - [1,0);a = 1; f continuous then:

a

3(a—1)2]<ﬂ ) f(x))dx (f‘Z—) (ff(x)dx)
1 1

PROBLEM AN.030.
Find:

3

Vi 2 VE+1
ottt TR

ﬂ=n£nolz (k+1)VE+2+ (k+2)Vk+1

PROBLEM AN.031.
Let be x,, —S—n—Z (tan ( ——

Q=1lim(1+ x,)"

n—oo

PROBLEM AN.032.
Find:

n 1 n
Q= 1111_)rg<210g2 - 1+Zm>
k=1
PROBLEM AN.033.
Find:

PROBLEM AN.034.

If w(x) = % + Y1 (zi" tanh (zin)) ; x > 0 then find:

n—->oo

Q = lim \/llm(x”w(x)w(Zx) w(nx))

x>0

PROBLEM AN.035.

If0 <a<bhb<cthen:

1 1 1 1
T+erbe 1ted 1+e 1+te
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PROBLEM AN.036.

If1 <x,y,z < ethen:

e <xlogx+ylogy+zlogz+e*V*? < 3e + €3
PROBLEM AN.037.

Find:

_ [0+ - DS - (43
_j26<x+2)3—(x+1)3—(x+3>3 Hx=

PROBLEM AN.038.
f0<abc<1,;

a(a) = Sf xcos(10cos 1 x) dx
V= ) (x2+ a?)(cos(11cos 1x) + cos(9cos1x))

Prove that:

1 1 1
(2(a) + (b) + 2(0)) (6 HHORMCEON 93(c)) =27
PROBLEM AN.039.

Ifa,b > 1 then:

ffJfg§%7<hthMa—1Xb—D+WMgW@“mVB
PROBLEM AN.040.

Ifa, b > 1;a < b then:

b b b

fff(,/logyzx+\/10gzxy+ /logxyz>22(b—a)3

a a a

PROBLEM AN.041.
e,=(3)+2(" 1)+3(";2)+---+ (n—6)(;);n2 7.Find:

o= lim Y0,

PROBLEM AN.042.

IfO0<a<b<cthen: ela-b+o)? | ob? < e? 4 o
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PROBLEM AN.043.
If 1 < a < b then:

b b
4”(xy+yx) dxdy > (b — @)?(4 + (b — a)?)

PROBLEM AN.044.

Ifx,y > 0;
Axy) = §:2n2 +(2x+2y+5n+2xy+6x—1y
LYy)= 3t(n+y)n+y+1Dn+y+2)
then:
Axy) Q%) < —
x,y) - L x) <
y) - Qy Y
PROBLEM AN.045.
Let be:
San? 4+ bn + ¢
Q= z—;a,b,c> 0
n!
n=1
Prove that:

Q(a,b,c) + Q(b,c,a) + Q(c,a,b) > 3(4e — 1)Vabc
PROBLEM AN.046.

. n+1 n+a
Ifa,b,c > 0;2e(a+b+c)=3e+2;Q2=1lim, ., n ((T) — e) then:

Qa)Q(b)Q(c) < %

PROBLEM AN.047.

a® .. 4
If a, > 0;n € N;n > 2;lim,,_,, 2on22ntt — 10 Find: Q = lim,_,., "\/a,.

Ant1'Ant3

PROBLEM AN.048.
Ifa b € N;a, b = 2 then:

a!'-b!-a®-bb

—_ p— . . 2— -_ - * ° 2_
2a-1)Ba-1)-..-(@*-1)+2b-1)B3b—-1)-..- (b 1)>2jab_aw

PROBLEM AN.049.

If 0 < a < b then:
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b
f e dx < (1 —ab + b?)e"”

a

1 2 a?
(1+ ab—a%)e <b—a

PROBLEM AN.050.
Find all functions f: R — [0, ) such that:

Zf(x)fz(Y) + 4Zf(x) = 4-Zf(x)f(y), Mx,y,z€R

PROBLEM AN.051.

T
4

Q, = j(‘lx2 —mx +4n?)In(1 + tanx) dx; n € N*
0

Q,

Find: Q = lim —_—
N2X 14243 +--4n

PROBLEM AN.052.

Ifa,b,c > 1 then:

c b a
e yebc fe@ >3 4 — 4 —
a ¢ b

PROBLEM AN.053.
Ifa,b,c € N* then:

1
1 o . 3 (a")?
gzofsm H(x4(1 - 0P dx > j CET T

PROBLEM AN.054.
Find:

xsinx + cosx
2sinx+3cosx+6

/ 1
n’
Q = lim | n7-f
n—>oo\
0

5
N~

PROBLEM AN.055.
If0 <a<b<1then:

b
2(Inb —1Ina) 1 f dx
+ <1+—
b—a b—a) In(1-x) JVab
a

PROBLEM AN.056.
Find:
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1
5

Q=i Bf x2+1 d

=limn® | ————dx

n-oo xt+x2+1
0

PROBLEM AN.057.
Find:
0 = lim n? ("7 -"N7)
PROBLEM AN.058.
If0 < a < bthen:

b 2
cos?x + tanx tan b
4 5 dx < log | |
cos*x + tan? x tan a
a
PROBLEM AN.059.

Letbe f, g, h: R — (0, ©) continuous functions and a, b, c > 0. Prove that:

ab c
s

3
f(x)‘l'f(}’))/ 2(E+F+E)
PROBLEM AN.060.
Find:

Q = lim n?("*/log 5 — "*%/log 5)

n—-oo

PROBLEM AN.061.

Ifp,q,7,s:R - (0,) are continuous functions; a > 0 then:

fs(x) dx > 4f f/p(x)q(x)r(x)s(x) dx — Sf Vp(x)q(x)r(x) dx
0 0 0
PROBLEM AN.062.

|f§<as b<§then:

cosa

log |cos b

b4- N 4 =

f\/1+sm2x—\/1—sm2x<
Y1 +sin2x + V1 —sin2x

a

PROBLEM AN.063.

ff:R - [O, g] f continuous and foa sin? f(x) dx = g; a > 0 then:
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a
1
f cos(sin f(x)) dx < 2
0
PROBLEM AN.064.

Ifa,b,c > ;—tthen:

(1 +22(a)b? + (1 +29(b))c? + (1 + 29(c))a? < a* + b* + ¢*

where:

Q(a) =

x’+1+tan1x d
x
x*+2x2+1+ (tan"1x)2

MR

PROBLEM AN.065.
If0 <a<b<1then:

b
1 2 2(Inb —Ina) 1 j dx

27asb" " b-a ‘Tb-a)mad-n

a

PROBLEM AN.066.

Prove that:

1 1

16 3 4 2
f(l +2x + 3x% + 4x3)eX dx > 4f \/e("‘“ﬁ+ Vet 4x) dx
0 0

PROBLEM AN.067.
Find:

Q =lim \/Q,(a) —(a+1);nEN;
n—->oo

Q.(a)= ) (k*—a*+1)(a+k);neN

PROBLEM AN.068.

If x < athen:
1 a
1+ ax — x¥)e*’ < nf e’ dx < (a? — ax)e® + e*
X

PROBLEM AN.069.
Let be
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Q(a) = lim z (— sin®(3¥ sin a))

Prove thatifa, b, c € [O, ;—t] then: 4(bQ(a) + cQ(b) + aQ(c)) < 3(a? + b* + ¢?)

PROBLEM AN.070.
Let be:

n

Q(x) = 1111_)210 (Zk—l tan (2:_1) tan? (Zxk))
k=1

Prove that: Q(4) + Q(B) + Q(C) > ABC — =
PROBLEM AN.071.
Find:

_ S (k2 +kp—1
Q= llm lim Z
po© [n-o =] (p + k+ 1)!

PROBLEM AN.072.
Ifa,b,c>0;a+b+c=3;0<x<1then:

a(g)"+b(g)"+c(g)"+b(g)"+c(§)"+a(§) <6
PROBLEM AN.073.
Find:

PROBLEM AN.074.
Find:
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PROBLEM AN.076.
If 0 < a < b then:

4b> b

2 2 2

_e4a 2 e4b _e4a

WS erdx<———
e

a

PROBLEM AN.077.

If0<a§b<72—tthen:

cos(cos b) — cos(cos a) cos(cos b) — cos(cos a)

sinb

< fsin(cos x)dx <

a

sina
PROBLEM AN.078.

If0 < a<c< bthen:

(b30 _ a3°)(b3° _ C30) (bzs _ azs)(bzs _ czs) (b30 _ a30)(b30 _ C30)
< <
36b10 - 25 - 36(ac)’
PROBLEM AN.079.

Find:

n

Q= lim "6~ 2 ii1(2ii)+3.zn:(2ii)

i=2 i=2
PROBLEM PROBLEM AN.080.
If 1 <a < bthen:
bbb
fff( ! + ! + ! >ddd>3(b )21 <b+1)
X z> —a)“log| ——
1+ /xy 1+./yz 1++zx Y Bla+1
a a a

PROBLEM AN.081.
If f:[a,b] - [1,);0 < a < b; f integrable then:

bbb b 3
34 £ + f) + £(2) o fax
af f f O + ff@+ fafo P =P | 7

PROBLEM AN.082.

_(1 1y p_(1 0 ) — oA . (oBY-1. oA _ : :
IfA—(0 1),3—(1 1)thenfmd.ﬂ—e (e?)~1; e” — exponential matrix
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PROBLEM AN.083.

Ifa,b,ce€ (0,2);

sina

Q(a,b) = f

—sina

dx
x5 +sinb + Vx10 + sin? b

then: Q(a,b) + Q(b,c) + Q(c,a) > 3
PROBLEM AN.084.
fa,f>1;3a—28 > 1then:

o

$Ba—20(B) = ((@)’54(s) = ni
n=1

PROBLEM AN.085.
1

fQ,=Yr, (f_"l(Zx8 + 3x% + 1) - cos1(kx) dx> then find:
k

Q=1im(Q,—m-H,)
n—>oo
PROBLEM AN.086.

Find:

0 = lim (H3 (g — tan"\(H,)) — H,)

n—->oo
1 .
where H,, = Z}(‘E - harmonic number

PROBLEM AN.087.

k_p.k—1_, k-1
FQk) = [ 2% =X *1 gy k € N; k > 1 then find:

0 xZk+1y9xk+1yxkyxt1

n
3
Q = lim (logZ -logn —n -log (E) + Z ﬂ(k))
n—->oo
k=1

PROBLEM AN.088.

If x,y,z > 0 then:
x* + yt y* + z*

ran <(x2 +yD) (% — xy + y2)> *tan <(y2 + 292 —yz + z2)> *

z* + x4 - 3

(22 +x2)(z2—zx+x2)) — 4

+tan~1 <
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PROBLEM AN.089.

|f0<asb<’2—’then:

b
sm X+ Slll d

f e 2cos?x |dx > tanb — tana

a

PROBLEM AN.090.

If f:[a, b] - (0, ), f continuous; 0 < a < b then:
b

f f (f (x) f(y)> dxdy > b —a) J
@) fx) fx+ o)~ f)

PROBLEM AN.091.
Ifa,b, c > 0 then:

9ab 9bc
2c+ + 2 3
+tan~?! <( c+ae a)> > Tn

i <(2a + b)(a + 2b)> + tan-1 <(2b +c)(b + 2c)> N

9ca
PROBLEM AN.092.
If 0 < a < b then:

2

b b

2| (g = o)

2 xt +x2y? + yt ray =%y
a a

If f:[a, b] - (0,); 0 < a < b; f continuous then:

PROBLEM AN.093.

b b b b
fffﬂ(x'y'z) dxdydz = 3(b—a)2ff3(x)dx

Qx,y,z

<f2 x) + f? (y)) <f2 ) + f2 <z>>3 .\ <f2 (2) + f <x>>3
fO+1O )+ 1@ f@+

PROBLEM AN.094.

If f:[a, b] - (0,2); 0 < a < b; f continuous then:

b b b 2
f f (FP@+®) (FPO) + ) tady > ( f . dx)

1+ f@))(1+fO)
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PROBLEM AN.095.

If x,y,z > 0 then:

%Z(g+y+z)+y;(x+%+z)+%6(x+y+;)>xyz(x;y+z)

PROBLEM AN.096.

If{(s) = ;‘fﬂ%;s > 1 then:

1 1 1

58 +58(9) +£8(30) > £(10)
PROBLEM AN.097.
Find:

P ﬁ n? +n + k?
N nl—>rg> n2 + k?
k=1

PROBLEM AN.098.

If f,g,h:[0,1] - (0,); f, g, h continuous then:
3

1
27elo 108(f (g0 h()dx < f (f(x) + g(x) + h(x)) dx
0

PROBLEM AN.099.
If 0 < a < b then:

f:(tan‘1 x) dx

>1+
ft:/ﬁ(tan‘1 x) dx

QT

PROBLEM AN.100.
If 0 < a < b then:

a+b

J,?2 (tan”')dt 1

) : (tan-1t)dt 2

PROBLEM AN.101.
If 1 < a < bthen:
b
J,(ogt) dt a
fm(log t)dt

48 MATH PHENOMENON RELOADED




DANIEL SITARU

PROBLEM AN.102.

Prove thatif n € N; n = 1 then:

1
jl 1+x3)d 12"21 1+k2 <1
o8 S 08 n?/| = 2n
0 k=1
PROBLEM AN.103.
Ifn € N;n = 1 then:
n n
Zt <k+1) jt _1(x+1)d n 3
an~ an 7 X =7g
k=1 0

PROBLEM AN.104.
Ifa,b € R;a < b then:

([ 22y 2o ] ) 0o

a

PROBLEM AN.105.
fa<b;abeR;fqf,f3:[ab] - (0 ) then:

b b b
f1 (x) (x) f3 (x)
(a £, )(f 20 )( A d") z(b-a

PROBLEM AN.106.

Find:

PROBLEM AN.107.
Find:

PROBLEM AN.108.
Find:
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“=Z<Z (25kZ + 5k — 6)(n k+1)2>

n=1

PROBLEM AN.109.
Find:

y m i 2n2+2nm+n-1
@ = lim (Zn+2m+ 2)!!

n=1
PROBLEM AN.110.

If £:[1,2] - (0, ); f continuous; flz f(x) dx = 1 then:

2 2
) dx

ljf (x)dx+1jf—(x) >2

PROBLEM AN.111.

If f € C1([1,2]); f(1) = 1; f(2) = 2 then:

2 2
, 2 dx
i]-(f (%)) dx + J-f_'(x) >2
PROBLEM AN.112.
If f € C'([1,2]); f(1) = 1; f(2) = 2 then:

2 22

f f f ((F@)" +(Fe) ) ((Fo))" +(F@)) ((F @) + (F@))
FO+FM)FE®+F@)f @ +f @)

dxdydz > 1

PROBLEM AN.113.

. xn+4x,61+2xn 24 . . nt
Ifx, c (0,0);n € N;n > 1and llmn_,ooW = e** then find: Q = lim,,_,, "\/x,
n+3'n+1

PROBLEM AN.114.

1
_ n Z_k n H . — i i —_ g
If X, = Xk=0n (Zn _ k) then find: Q = lim,,_,, <xn log(x,, + 1) >

PROBLEM AN.115.
If0 <a<b;f:[ab] - (0,1], f continuous then:
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ff FGO) + FO)
) ) (f(x))f(Y) _I_(f(y))f(x)

PROBLEM AN.116.

b 2 b
dxdy+<ff(x)dx> SZ(b—a)ff(x)dx

If 0 < a < b then:

b b
1 1 1 b\P~®
N T T > —
j(j( x2+xy+y2>dx>dy_\/§log(a)
a

a

PROBLEM AN.117.
If f:[a, b] - (0,);0 < a < b; f derivable; f' continuous then:

b
[0\ f(x) [ fb) = f(a)
| PG +1 dx < tan™! <1 n f(a)f(b)>

PROBLEM AN.118.
If 0 < a<bthen:

PROBLEM AN.119.
Find:

x—1)cosx—(x+1)sinx
sz( ) ( ) dx;:x € R

x2+sin2x+1

1 1
;s Hy =14+ +—;n€eN"
n n

(an(fys

PROBLEM AN.120.
Find:

Q = lim

n—->oo

PROBLEM AN.121.

|f0<a§b<§then:
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a+b a+b

Vab /7‘ Vab /7—
<f (%sinx)dx>|\f (i/}cosx)dx|s<f (Wcosx)dx)l\f (¥/xsinx) dx |

0

PROBLEM AN.122.
Find:

Q-1 V1 +sinx + V1 —sinx — 2
= lim
noo "1 Fsinx + ""V1 — sinx — 2

PROBLEM AN.123.
If0 < a<b;f:[a b] - (0,o); f derivable in [a, b] then:

b b b
FOOF F' @) )
af f f (fz ™ + f(y)f(2)> dxdydz < ‘°g< f@

PROBLEM AN.124.

>(b—a)(f(b)—f(a))

Find:

PROBLEM AN.125.

f Hy =1+ ++-+-;n > 1 then find:

1+ H,\™ 1+ H,\*r
Q=limH,21[< 0 n) —log( ") l

n—->oo n

PROBLEM AN.126.

|f0<a§b<§then:

b
f in(e®) dx > 1 el +/1 + e2b
sin(e*) dx > lo
& e® + V1 + e24

a

PROBLEM AN.127.
Find:

2 n
Q = lim 4—”—+Z;
n-o 3 k—1(k2+-k)2
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PROBLEM AN.128.

Ifa,b,c>1;

1
x(ai— 1) —Ina
Q(a,b) = lim ——
’H“’x(zﬁ— 1) —Inb

then:lna-Q(a,b) +Inb - Q(b,c) +Inc - Q(c,a) > In(abc)

PROBLEM AN.129.
Find:

- VE+Vk+1+Vk+2
Q=1lim | log(2n+1) — < D)
M< kz K[VE] }

[+] - great integer function.
PROBLEM AN.130.
Let be:

i+i+1
w(n) = Z Z_ir1l’ — great integer function

Find:

-1
Q = lim | log(3n+1) — —)
n—oo < kzl w(k)

PROBLEM AN.131.

n [ i—Vi
=i-Vitvi

Ifx, = ; [*] - great integer function then find:

Xn
1+ x%log (%)
Q = lim n

n—oo xn

PROBLEM AN.132.
If a,b € R then:

b 1+ b?
6f (tan"lx) dx > 3log

3_b3
a 1+a2>+a

PROBLEM AN.133.
Let be:
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- 1
w=z

n=1 [i/(n3 +2n+ 1)]2

Find:

PROBLEM AN.134.

If n > 1 then:

1 (2"—1>2"+1 137 (220 1)
log 2 n
PROBLEM AN.135.
fxq =2;x, =4;x3 =10;
Xpi3 — Xpi2 + 7Xp1 —3x, =0neEN;n>1

then find:

1
Q = lim <x,21 <3§ - 1> — x,log 3>
n—-o0o
PROBLEM AN.136.
Find:

C 1
Q = lim Z o (kp ] —2log(2n+1)

PROBLEM AN.137.

i=2
Find:

1

0= tim | @2 (14 575)™ - 0t cos ()

PROBLEM AN.138.
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= a2+ nz/? 2(k+ 1)

PROBLEM AN.139.

Let be f: R — (0, ) continuous such that for a, b, c > 0, fixed values

@f(0) + b f(y) + 3 f(2) = fOfWf(2), (V) x,y,z€ R

Prove that:

B
ff(x)dxz(ﬁ_a)(a+b;c)va+b+c;(‘v’)0<aSB

PROBLEM AN.140.
Find:

T
Q= fex (4 cot3 x + cot? x + cotx — 2)dx; x € (O’E)

PROBLEM AN.141.
Letbex, >0;n>1; limn_)oo(n(n +1)(x41 — xn)) = a,lim,_ x, = b;a,b € R. Find in

terms of a, b:

= lim (n(x bxn))

n—-co

PROBLEM AN.142.
If 0 < a < b then:

bbbb
j‘j‘j‘j‘(x+y+z+t)dxdydzdt<(b+a)2(b—a)4
S LT xy + \Jyz +Vzt +ix 4ab

PROBLEM AN.143.

If0<a<bhb<c<dthen:

tan"ld —tanla < b-a + c—b + d-c
1+a2 1+b%2 1+c2

PROBLEM AN.144.

fH, =1+ +7++-;n > 1then find:
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PROBLEM AN.145.
If f:(0,0) — (1,); f continuos; 0 < a < b then:

b 3

b b
4(b —a)® + 6(b — a)? f log(f(x)) dx < 3(b — a)? f f(x)dx + Jf(x) dx

a

PROBLEM AN.146.
Find:

i [ o (1721331 .- VKl
@ = lim H_nkzl< (k+1)! >

whereH, =1+ % + % + -+ %;n = 1 (harmonic number)

PROBLEM AN.147.

If f:[a,b] - (0,);a < b; f continuous then:

2

b b b
3(b—a)ff2(x)dx+(b—a)2 zzjf(x)dxn Jf(x)dx

PROBLEM AN.148.
Ith = 14;Xé = 81;x3:= 564

Xps3 — 14x,,, + 65x,,1 —100x,=0;n>1;x, €ER
n|X
Q = lim ’ il
n—-oo xn

a+b+c b

a+b+c | (ab+bc+ca sinb\“ /sin ¢\’ /sina\°
( sn ) =05 () )
ab + bc + ca a+b+c b c a

PROBLEM AN.150.
sinx sinx+siny 63 /x\2
e eyl
siny sin z .| \z

then find:

PROBLEM AN.149.

Ifa b, c € (O, g) then:

H0<z<y<x<§mm:
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PROBLEM AN.151.
Let be the sequence: x; = 10,x, = 64,x3 = 352,x, = 1702

Xpiqa — 10x,,3 +36x,,, —54x,,1 +27x,=0neEN;n>1

., n| Xp - Xpy3
Q=lim |—————
no0o 1 Xnt1 t Xnt2

Find:

PROBLEM AN.152.

If0<a§b<§then:

b
) tanb tana
(sin x)2°5° ¥ + (cos x)25I"° ) dx > V2 (tan‘1 (—) —tan~! ( ))
J ) . o
PROBLEM AN.153.

If0<aSb<§then:

b

f((tan x)°t* + (cotx)®")dx >b—a
a
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SOLUTIONS
ALGEBRA

SOLUTION A.001.
x €(0,1) = xV3 € (0,V3)
(xV3-1)"(x/3+2) >0
(3x2 —2V3x+1)(xV3+2) >0
3V3x3 + 6x% — 6x% —43x+xV3+2>0
3V3x3 —3V3x+22>0
2 > 3v/3x — 3V/3x?
2 > 3vV3x(1 - x%)

2
—3(1—x2) > /3x

6
(5 m) = (V30" =5

6
) > 3%. x6

(1—x2
6

2 1
= 29 . Z 6 _29.- _ a7
Z (1—x2> =3 x=35=3

. 6 _ -6 _ .6 _ 1 _ _ _ 1
Equality holds for x°® = y° =z =yorx=y=z="2
SOLUTION A.002.

1.1 3,3 3,3 3,3 343,3
F+?+;=1:>xy +y°z° +z°x" =x"y°z

x3y3(z3 - 1) = 23(y3 + x3)

3 3
+x
Z3—1:Z3.yx3y3
3 3
3 z z
z2—1 x_3+y_3 (1)
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© B 3 .3
Analogous: x3 — 1 = Gts (2;y3—1= Z_3+ i’_3 (3)
By adding (1); (2); (3):

3 3
y +z
3 _
X' -3= Z x3
Cyc(x:ylz)

5 1 1 1 y3 + 23
Z x*(ﬁ*?*z—s)sz X

cyc(x,y,z)

y3+2z3+3 5 AM—GM
Z TZ Z X > 3xyz

cyc(x.y.z) cyc(x,y.z)

Equality holds for: x =y = z = /3.

SOLUTION A.003.
a+ b AmM-6Mm a+ b)?
> > Vab=>a+b22\/ab=>(a+b)224ab=>%21:>z21
a+b+cam-6m (a+b+c)3 (a+b+c)
——— > Vabc>—————>abc>———>1=>y>1
3 = vape 27 =€ 27abc - V=
a+b+c+dam-em , (a+b+c+d)* (a+b+c+d)*
D —— > > > >
2 > +Vabcd > 756 > abcd = >56abed >1=>x>1

We provethat: z <y < x (1)
cvo (a + b)? - (a+b+c)3
Z=y 4ab —  27abc
© 27c(a+b)> < 4(a+ b+ c)?® (toprove) (2)

3
2c(a+ b)? = 2c(a+ b)(a +b) AM;GM (Zc ra +3b rat b) = 8(a +zl,)7+ )’
27-2c(a+b)><8@a+b+c)= (2)
(a+b+c)3 - (a+b+c+d)?

27abc 256abcd
& 256d(a+b+c)3 <27(a+ b+ c)* (toprove) (3)

AM—GM
3d(a+b+c)¥=3da+b+c)la+b+c)a+b+c) <

y<x&

<<3d+a+b+c+a+b+c+a+b+c>4_81(a+b+C)4
= 4 B 256

3d(a+b+c)®-256>81(a+b+c+d)*=> (3)
Bya,b,c,d > 1= ab < abc < abcd
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Systems (x,y,z); (abcd, abc, ab) are same orientation. By Cebyshev’s inequality:

1
(abcdx + abcy + abz) > 3 (abcd + abc + ab)(x + y + z)

3(abcdx + abcy + abz) > (abcd + abc + ab)(x + y + z)
SOLUTION A.004.
APPB2P = A2P(], — A%P+1) = A2P — A%P+1 = 427 _ A% = 0,
B2 A2p — (In _A2p+1)A2p = A2p — g+l — 0,
(I, + A?")(I,, + B??) = I,, + A*" + B?? + A?’B?? =, + A*’ + B?’ + 0,, =
=1, + A?? + B??
det(I,, + A?? + B?P) = det ((In + A?P)(I,, + BZP)) = det(I,, + A??) - det(I,, + B??) =
= det(I,, + (4P)?) - det(I,, + (BP)?) > 0
SOLUTION A.005.

2
First, we prove: (é:%) > [xy o (x+y)? = [xy(Vx + \/;)2 o

o x?+2xy+y? = Jxy(x +y + 2/xy)
x% 4 2xy + y? = x[xy + y\[xy + 2xy,x% + y? = x[xy + y,/xy
x* —x[xy +y* -y fxy 2 0, xVx(Vx - \Jy) - yy(Vx - \[y) 2 0

(Va - )@z - y/3) 2 0, Vx - J3) [(V2) - ()] 2 0
(Va—yy) (x+y+xy) 20

xX+y

x+y \° 2
<ﬁ+ﬁ> Zmi’ﬁ@ﬂﬁ) Ve

x+y \°
= z ﬁ(m) 23\/x_yz=3\/§=9

Cyc(x:}’:z)
Equality holds forx =y =z = Yo.
SOLUTION A.006.

x2+y2)2 1

First, we prove that: (x4+y4 =

x2y?
(2 + )2 - 2292 < (x* + yM2, x2y2(xt + y* + 2x2y2) < x® + yB + 2ty
x0y? + x2y% + 2xty* < x8 + yB + 221yt
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x8 +y8 —x%y® —x%y2 > 0, x6(x2 — y?) —yS(x2 —y*) = 0
(x2 —y?)(x6 —y%) = 0, (x® —y2)2(x* + x%y2 +y*) = 0

(x2+yz)2S 1 - 2 (xz+yz)2S zz,(zxz+zyz)2S 7%
xt+yt x2y? xt+yt x2y? 4 2

xt+y x%y
Z zx2+zy22< Z 22 7 +x2 _l_y2 _xt+yt+ 2t xPyP2R
x4- + y4- - nyZ - nyZ yZZZ ZZxZ - nyZZZ ny ZZ
cyc(x,y,z) cyc(x,y,z)
Equality holds for x =y = z = /3.
SOLUTION A.007.

4x=a+b+c+d—44\/abcd23y=a+b+c—33\/abc
& d —4YVabed > —33\/abc, d + 3¥abc > 43 abcd
d + 3¥abc = d + Vabc + Vabc + Vabc >

AM>GMd+3/( bc)’ = d +3%abc

Hence: 4x > 3y (1)
3y = a+b+c—-3Vabc>a+b—-2Vab =2z c—3Vabc > —2Vab
c + 2Vab > 33abc

AM-GM f
c+2Vvab=c++Vvab++Vvab > 33c-\/ab-\/ab=33\/abc

Hence: 3y = 2z (2)
By(1);(2)» 4x>3y>2z>0

4x >3y =>2z,p=q=>1r=0
By Cebyshev’s inequality:
1
4xp + 3yq + 2zr > 5(4x+ 3y+2z)(p+q+r1)

3(4xp+3yq+2zr) > (4x+3y+2z)(p+q+r1)
SOLUTION A.008.

Let be the random variable:

1 1 1 1 1 1
X=<E c a 1 ),x2=<b—z 2 @ 1 )
a b ¢c 1-a—b—-c a b ¢ 1—-a—-b-c
b
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D2(X) = 0 = M(X?) — (M(X))2 > 0= M(X?%) > (M(X))2
@ i1—ab >(“+b+c+1 b-c)
b2 ¢z a2 a €= b ¢ a a ¢

SOLUTION A.009.

2

(Va2 =7 + bV2) = a? — b? + 26 + 2V2Zby/a? — b7 =
= a? + b% + 2by/2(a? - b?) > a? + b?

VaZz — b? + bVZ = Va? + b? (1). Analogous: Vb% — c? + c\2 > Vb? + 2 (2)
m+ V2 > \/T-l-cz
Buta>c=>Va?—c2+av2>Va - c2+cvV2=>VaZ+c% (3)
Adding (1); (2); (3):

Va2 —b2 +b2—c2 +a? —c2 +vV2Z(a+b+c) >ya?+b%+/b+c+ a2 +c?
SOLUTION A.010.

AM-GM
3+(log,0)*=1+1+1+(log,c)* = 43/1-1-1-1(og,c)* =4log,c (1)
1

B 1 AM-GM 1 4
3+W—1+1+1+m > 4\/1'1'1'@—@ (2)
1 (1):(2) 4 log, c AM-GM
I3+ i) > 2Umo(irp) =160 >
Z(3+(logac))(3+(a+b)4> > (4log, ©) Py 16 P
216-33 logac-logba-logcb: 48 AM;GM
(a+b)(b+c)ct+a) 3f(a+b)(b+c)(c+a)
. 48 __ 48 48
“(a+b)+(b+c)+(c+a) 2(b+c+a) 3
3 3 3

SOLUTION A.011.

Denote: 3[yzt = u; Yztx =v; 3ftxy =w; 3[xyz =1t
yzt 4

u3 4
(SVth+31/txy+3 yxz)3 27 2 (v+w+t)3 27 ( )

Denote: S =u+v+w+t

(1)@2(&)3 >4

27

Let be f: (0,0) — (0,%); f(x) = (ﬁ)sif'(x) =3 (s_sx)z ' (ﬁ)z
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2 x

S 2 S
f"(")=3'(5—x)3'(sfx) +3'((5—x)2) (5=)>0

Z(ﬁ)s=Zf(u)]ENZSEN4f<%w)=4f(§)=4<%> =4(§
4

SOLUTION A.012.

Letbef,g:[x,y] > RrnmeN,n<m
f(x) =x"g(x) =x™
By Cauchy'’s theorem (3)x € (x,y)

_ ’ n_.n cn-1
F-f® _f© y=x" _ me" _m ml_n <"31 because:

g-gx  g'(c)  ym—xm  mem-1 m ¢

1
m-—-n
c>x=>21=c >1=>cm_n<1

<— (3)

x5yx7 y2—x9? 579 _ 21

By multiplying (1); (2); (3):% a8 Y010 <5 10" 32

9
m= 9n—10=>y

SOLUTION A.013.
Letbea,b,c,d > 0

a®+b3+c3 AM;M 3Va3b3c3 = 3abce (1)
b® + ¢3 + d3 > 3Vb3c3d? = 3bcd (2)
3 +d?+ad>3Vc3d%ad = 3cda (3)
d? + a3 + b3 > Vd3a3b3 = 3dab (4)

By adding (1); (2); (3); (4): 3(a® + b3 + ¢3 + d?) > 3(abc + bcd + cda + dab)
a®+ b3+ c3 +d3 > abc+ bed + cda + dab (5)
Takea=Inx;b=Iny;c=1Inz;d =Int
(a + b)(a? —ab + b?) —cd(a + b) = ab(c + d) — (c + d)(c? — cd + d?)
(a+b)(a®? +b%* —ab —cd) > (c+d)(ab + cd — c* — d?)

(Inx +Iny)(n’x+In?y —Inxlny—Inzlnt) >
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>(nz+Int)(Inxlny+Inzlnt—1n%?z—1In?t)
(Inxy)(In?x+1In’y —InxIlny —Inzint) > (Inzt)(nxIlny +Inzlnt — In? z — In? t)
SOLUTION A.014.

(ab) - c¢ + (bc) - a® + (ca) - b? AM_GM
ab + bc + ca

(et - Canyte . (pr)°“)F7herca —

= (cabe . gabe . babc)ﬁ = abc
(ab) - ¢ + (bc) - a? + (ca) - b? > (ab + bc + ca) - abc = abc - abc = (abc)? = a?b?c?
SOLUTION A.015.
The sequence is an arithmetical progression:
a; =3;r =5.
a,=a;+n—-Dr
a;p1 =3+100-5 =503
S(ayp1) =5+0+3=8
1001 =3 +1000-5=5003
S(a1001) =5+0+0+3 =38
Q10001 = 3 +10000-5 = 50003
S(A10001) =5+0+0+0+3=38
S(a01) = S(ay001) = S(@10001)

SOLUTION A.016.
Letbe f:[0,0) - R; f(x) = o x,
— e* " e*(e*-
f'(x) = T x)z,f x) = re x)3 > 0, f - convexe
Ifu,v,w > 0 then by Jensen’s inequality:
ut+tv+w 1
(A <3(ra) + £@) + )
1 - 1( 1 N 1 N 1 )
utviw =
1+e 3 3\1+e* 1+e" 1+e%¥

Denotea = e“; b =eV;c = e%

1 1( 1 1 1 )
1+ ¥abc ~ 1+a 1+b 1+c¢
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1 1 1 3
+ + < 3
1+a 1+b 1+4+c™ 1+ 3Vabc

Equality holds ifa = b = c.

Denote a = m3*; b = n3%; ¢ = p3*

1 N 1 N 1 _ 3 _ 3
1+ m3x 1+ n3x 1+p3x_ 1+i/m3x,n3x,p3x_ 1+(mnp)x

Equality holds for:
m3x=n3x=p3x:x=0
SOLUTION A.017.

Let be the random variable:

1 1 1
5 5 5
x=( & b e
a+b+c a+b+c a+b+c
a b c
M(X)zb5(a+b+c)+c5(a+b+c)+a5(a+b+c)
1 1 1
X2 — p10 c10 al0
a b c
a+b+c a+b+c a+b+c
a b c

M(X?) =

b1°(a+b+c)+c1°(a+b+c)+a1°(a+b+c)

D%(X) > 0 = M(X?) — (M(X))* > 0 = M(X?) > (M(X))*

2

1 <a+b+c>> 1 (a+b+C)
a+b+c\b5> ¢ a®/ (a+b+c)2\b1® 10 ql0

a b C)Z

a b c
(a+b+d65+g+—dzﬁ—4_—+——

a5 pio T ;10 T 410
SOLUTION A.018.
a3 B
(b+c+d)(a-b)a-c)la-d)
cyc(a,b,c,d)
(a+b+c+d)3 AM-GM

“Wbrct+d)ctd+a)d+a+b)a+hb+c)
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- (a+b+c+d)3 _(a+b+c+d)3
33/bcd - 33cda - 33/dab - 33V abc 81abcd
SOLUTION A.019.

First, we prove that: Vx + \[y < \J2(x + y) (1)
By squaring: x +y + 2,/xy < 2x + 2y © (Vx— /y) =0
Analogous: Yx + 3y </a(x+y) (2)
x+y+33Yxy(Vx+3y) <4x+4y
33/x2y + 33/xy? < 3x + 3y
x+y—3Yx2y—Yxyr=>0
V(- 3y) - P (E - 1) = 0
Qx-3) Qx+3) 20
Replace x = a®y = b® in (1); (2): Va® + Vb® < \/2(a® + b®) = a3 + b3 < /2(a® + b®)
Vas + b6 < 3/4(a’ + bS) = a? + b? < 3/4(ab + bS)

(@ + b®) + Z (a® + b?) < Z 2(a® + b%) + Z 3[4 (ab + bo)

cyc(a,b,c) cyc(a,b,c) cyc(a,b,c) cyc(a,b,c)
2@ +b*+ct+a*+b3 +c3) <V2- Z Vas +bé+ 4. Z Vas + bé
cyc(a,b,c) cyc(a,b,c)
SOLUTION A.020.

With \/e* = a;\/e? = b the inequality can be written:
(@ +1) b+ (B*+1)a< (@®>+1)(b*+1)
(@>+1)B*+1) (a>+1)(B*+1)
2 + 2

2 2
(a2+1)<b—b 2+1>+(b2+1)<a—a 2+1>so

(@’ +1b+ (b? +1a <

(a? + 1)(2;) - b%2-1) N (b? + 1)(2;1— a’—-1) -
(a? + 1)2(b —1)2 N (b% + 1)2((1 —1)? >

0

0
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SOLUTION A.021.
A=A+ A5+ 152 A% + A% = A0 + 24° + 5

A20 4 A5 = (A5 +I5)", (A +15)A5 = (45 + I5)"
((45)° + 1B) 45 = (85 +15)", (A% +15)(A — 4% + I5)A° = (45 +15)"
Multiplying (A0 — A% + I5)A5 = A5 + I5, A — A" + A5 = A% + I,
A — AV = [ =AY (A5 - 15) =I5
(detA)'*det(A5 — Is) = detls =1 >0 = det(4°> —I5) > 0 (1)
A2 — 15 = A0 + 45, (AY +15)(AY° — I5) = A5(A° + 1)
(A +15)(A% — I5)(A5 + I5) = A5(A5 + 1)
Multiplying by (A° + 15)_1
(A + I5)(A5 - I) = AS
det(A°%) = det(A' +I) - (4% — I5) = det(A'° + I5) - det(4° —I3) > 0
(detA)® > 0= detd >0 = Vdetd > 0
SOLUTION A.022.
Ifx € (0,5)thenx <>=2x-1<0 (1)
x<1-x=>-<1=log()<0 (2)
By (1); (2) > 2x— Dlog (=) >0 (3)
Ifxe(3,1)thenx>>=2x-1>0 (4
x>1-x=">1=lg()>0 (5
By (4); (5) > 2x— Dlog(=) >0 (6)
By (3); (6) > 2x — 1) log( ) >0,(V)x € (0,1) (7)

Equality holds if x = E’
X X 2x-1
(2x—1)log (m) >0 = log (m) >log1

2x—1
) > 1= a2 1 > (1 — x)2x-1

(1—x
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2 _ (1=

= ; (W)x € (0,1
x 1_ (W)x € (0,1)
2 2 z\2 Y 4 2
Analogous: &2 > {A=Y)" . )", (-2
y 1-y 7 1—z

P (N2 N2 (29)? _ (A-0*(1-y)Y-(1-2)%)>?
H > ;
By multiplying p— 2 T (D vxe(0,1)

Equality holdsif: x =y =z = -

SOLUTION A.023.
Letx = (; 255);Y = (Eg _15)
XY = (; 255) (Ei _15) - (ég _ 35 —;g I gs) =0,

Xiy/ = 0,; (V)i,j € 1,100
100

(X +Y)100 — Z (100) X100-kyk _ x100 4 1100
k
k=0

Q = det(X100 + y100) — det[(X + Y)“’O] = [det(X + Y)]100 =
100

= (aer(3 )+ (3 DD = ) =z

SOLUTION A.024.

zz bc?(ab + 1) B 2z:bzcz(ab +1)
a(b2c2 +1) ab(b%c? +1)

b*c* ab+1 b*c*+1-1 1
:22<b202+1' ab >ZZZ< b%cz + 1 .(1+E)>:
1
_ZZ( b2c2+1>(1+5>:
1 1 1 AM—-GM 1
=22(”E‘bzcz+1‘ab<bzc2+1>) =" 6+2) - E‘@Z‘

> —_—— >
LHS Z ZD? Z ap T +Zab abcz 6 = RHS

—Z s a?+b*>+c?>ab+bc+ca

Remains to prove: Y, —— sz >

o@-b?*+b-c)?+(c—-a)=>0
SOLUTION A.025.

3 c+d+e 1
c+td+e=1> cdestgi
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= >
T 2 T 3b=>a+§/_ a+3b (1)

4

b b b\* am-6m [ 3 b b b
(a+—) +(a+—) +(a+—) >3 (a+—)(a+—)(a+—) >
c d e c d c

4
HOLDER b b b 4 (1)
> 3|l¥Ya-aa+ |- —=— =3(a+ ) > (a+ 3b)*
‘I d e Ycde ( )

Equality holds forc =d = e = i

SOLUTION A.026.
Lemma:

Ifx>1;y>1then: x>’ +y*>1+xy
Proof:

y Bernoulli

¥=1+x-1)) = 1+x-1y (1)

x Bernoulli

y=01+@-D) = 1+@-Dx (2)
By adding (1); (2): x> + y* =21+ (x—-1Dy+1(y—-Dx=1+xy—-x—-y+1+xy=
=1+4+xy+(x—-1(y—-1)=1+xy
Hence: xY +y* > 1+xy (3)

a+b a%+b?
Denote: m, = > =vab;m, = /

m, m,

mquang:>—>1—>1
mg a

In (3) we take x = “>1y— 1>1

a
mq

-4 mg

m,\Ma m m, m
() ez
my m, m, m,

2(a?+1?) ath

<a+b> a+b_+ (Jz(az +b2)>m 1 a? + b2

2+/ab a? + b? 2ab

Equality holds for a = b.

69 MATH PHENOMENON RELOADED



DANIEL SITARU

SOLUTION A.027.
Ifx <zthenx —z<0
Jx2 — xz + 72 =\/zz+x(x—z)S\/?=zSa
Ifx>zthenz—x<0
\/xz—xz+z2 =\/x2+z(z—x)S\/x_=xSa
Hence:Vx? —xz+2z2 <1 (1)

2+ZZQM—AM +z
Jyr+z2 =2 yz < \/E-yz <

S\/i-%=a\/§ (2)
Jx2+xy+y?<Vva®+a-a+a?=aV3 (3)
By adding: (1); (2); (3):
Va2 —xz+ 22 +\[y + 22+t xy + y? <a+aV2 +aV3 = a(1+v2 +V3)

Equality holds forx =y =z = a.

SOLUTION A.028.
Lemma: Ifaq, a,, ...,a, = 1;n € N;n > 1 then:
l+i+---+i+a1a2 @y 2 a1+a2+---+an+;
a, a, a, aa; - .. a,
Proof:

Forn=1.—+ a, =a, += (true)
aq aq

1
P(n): 2;‘1=1a_k +a,ay...a, = Y- a; + p—— (true)
n 1 n 1
. el > - -
P(n+1):X5;_ p” +a,a,...a,a,,1 = X1 a; + PR— (to prove)

Denoteu = aqa, ..a, =1

n+1 n

1 _ 1 1 _

kzla_k + aa; ..a,a,,1 = kZla_k+ A + ua,+q1 =
=1 1 P(n)
=kz=1a—k+u+an+1+uan+1—u =
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n n+1
> z P P
= a, +— ua,.q1 — uz a
u a ua
k=1 n+1 = n+1
1,1 . L1
. UAp+1 — U = Ay
U Qapiq UAp i1

Aniq tu+u?ai,, —vla,, >d’ ju+1
Anyq +u+uai,, —utay,,,—ua:, ,—-1>0
wan1(@per — 1D+ (@p — 1) —u(aps — D@1 +1) =0
(@ni1 — D@Papy +1-uap,; —u) 20
(aps1 — Dluap(u—1)-(u-1]=0
(apy1 —Dw—-1)(ua,,;1 —1)=>0
Which is true because: a1 = 1;u > 1;ua,,; > 1
P(n)-»P(n+1)
Back to the problem:

Inlemma:n =3;a, =Inx;a, =Iny;a; =Inz

1 1 1
>
lnx+lny+lnz+lnxlnylnz_ Inx+Iny+Inz+

L1y
Inx Iny In

InxInylnz

> —
S +InxInylnz > In(xyz) + nxInylnz

Equality holds forx =y =z =e.
SOLUTION A.029.

BERNOULLI
a*=(1+a—-1)°* < 1+ala-—1)

a+a*<1+a(a-1)+a=1+a’—-a+a=1+a?
1 1

a+a? = 1+a? 1)
A I . 1 > ; 2 . 1 > 1 3
nalogous: —5 > — (2); —~ 215 (3)
. 1 1 1 1 1 1
By addmg (1); (2)1 (3)' a+a? + b+b?  c+c€ = 1+a? 1+b2 + 1+¢2 —
BERGSTROM (1+1+1)>2 9
> =
- (A+a)+@+b)+(1+c?) 3+a’+br+c?
SOLUTION A.030.
0 <a§+f,zs 1 because 2ab < a*> + b* & (a—b)?> = 0

71 MATH PHENOMENON RELOADED




DANIEL SITARU

[2(a2+b?)
— =1 because \/2(a? + b?) > a+ b &

a+
e 2a2+2b*>a*+2ab+b* = a*—-2ab+b*>0=>(a—-b)% >0
0<x<1,y=>1

Bernoulli

y=1+@-1) < 1+x(y-1) (1)
x€[0,1]=xr <x! (2)
By adding (1); (2): x> + y* <1+x(y—1)+x=1+xy

2ab /z(a2+b2)
For x = 'Yy =

a2+p?’ Y= a+b

2(a?+b?) 2ab

( 2ab ) a+b +< /Z(az + bz))a2+b2 14 2ab /Z(az + b?)

a? + b? a+b az+b2  a+b

2ab - /2(a? + b?) 2vV2ab
S=1+
(a+ b) - (Va? + b?) (a+b)Va?® + b?

SOLUTION A.031.

1+a+ a? 3_2+2a+2a2—3—3a2_—a2+2a—1_

1+a2 2 2(1 + a?) T 21+ a?
_ (a—1)2 1+a+a? 3
© 2(1+a?) =0 v =2 (1)
1+ b+ b? + b3 4_2+2b+2b2+2b3—4—4b3_
1+ b3 2 2(1 + b3) B
_ —2b*+2b*+2b-2 -2b*(b-1)+2(b—1)
- 2(1+ b3) - 2(1+ b3) a
_—b-D®* -1 _ -(b-1*B+D _
N 1+ b3 N 1+ b3 -

1+b+b%2+b3 _ 4
1+b3 2 (2)

14+c+c2+c3+ct 5_2+2c+2c2+2c4—5—5c4_

1+c* 2 2(1+¢%)
_ —3c*+2c3+2c2+2c-3  -3c*+3c* - +c?—-c+3c-3
2(1+c¢%) 2(1+c¢Y)
=3 (c-1D-Flc-D+clc-1)+3(c-1)
2(1+c¢%)
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(=13 -c*+c+3) (c—-D[-3(c-1D(+c+1)—clc—1)]

21+ %) 21+ %)
_(c— 1)2(-3¢?—-3c—-3+0) _—(c— 1)%2(3¢%? +2c + 3) -
a 2(1+c%) B 2(1+c%) -
1+c+c+c3+c* 5
e =2 3
, . (. (27, (1ra+ta®)(1+b+b?+b%)(1+c+cP+c3+ct) 3 4 5 15
By multiplying (1); (2); (3): (1rad)(1+57)(17cT) S2 5555
SOLUTION A.032.
5 , 4(a®+ab+b*) 3a®+6ab+3b°>+a®—2ab+b?
a“ + ab + b = = =
4 4
_3(a+ b)? + (a — b)? - 3(a + b)?
B 4 - 4
a+ b)\V/3
va? + ab + b? 2%
V3(a + b) < 2+/a? + ab + b?

nﬁ(a+b) < 1_[(2\/(12 +ab+b2)

3v3(a+b)(b +c)(c+ a) < 8y (a? + ab + b?)(b? + bc + c2)(c? + ca + a?)

SOLUTION A.033.
2 2 QM-AM AM—-GM
’aTH’: /M > @ > 3ab (1)

32 a-zl—bzzz a-2|—b+z a-zl-b(é)zz\/a-;\/ﬁ_l_zm:
=ZZ\/E+ZW:
= 2(vVa+Vb +c) + Vab + Vbc + Yca

SOLUTION A.034. Lemma:
IfX,Y € M,,(R) then det(X? + Y?) > 0
Proof:

<isn
<js<n

X = (Clij)lsiSn; Y = (bij)l

1<j<n 1

X+iY = (Clij + ibij)lsisn = (Zij)lsisn
1<jsn

1<jsn
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Zjj = j + bi]'

X—iY = (ai]- - ibi]')ist:srl = (Z_U)lsisrz

<j<n 1<j<n
det(X? + Y?2) = det(X? — i2Y?) = det(X — i¥) (X + i¥) = det(X + iY) det(X — i¥) =
=z-z=|z]*?>0
Back to the problem:
det(A+I5) =det(05 + A+ I5) =

1 2 \/§ 2 Lemma
= det(4% + A+ 1I5) = det (A+215) + 715 > 0

det(A—1I5) =det(0s +A—1I5) =det(—A>+ A—1I5) = (—1)°det(42 — A+ 1I5) =

2
1 z 3 L

det(A%2 —I5) =det(A—1I5)(A+1Is) =det(A—1I5) -det(A+15) <0
SOLUTION A.035.

y Bernoulli

¥=1+x-1)) > 1+&x-1Dy (1)

x Bernoulli

y=01+0-D) = 1+@-Dx (2)
By adding (1); (2): x> +y* =21+ (x—-1Dy+1(y—-Dx=1+xy—-x—-y+1+xy=
=1+4+xy+(x—-1D(y—-1)=1+xy
xY+y*>1+xy(1)
Analogous: y* +z¥ > 1+ yz (2);z*+x* > 1+ zx (3)
By adding (1); (2); (3):
AM—G

M
X4y 2y + 2+ x2>1+1+1+xy+yz+zx > 3433 (xyz)?2=

2
=3+3<3/2\/E> =3+3(V2) =3+3-2=9

SOLUTION A.036.
1
Put— =1, (3 +t2+t)— 156 = —logs t
Letf(t) =t3+t* +t— 156
ff)=3t2+2t+1
A<O f'(t) >0Vt € R = f(t) isincreasing and —logs(t) = g(t) t>0
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1
g(t)=—m g(t)<O;Vt>0

Hence decreasing
Hence possible number of solutions is 1.
f(0) = -156,f(5) = —1,f(6) = 102
f(5)f(6) < 0 Hence one root between 5 and 6

fmm=@ N1
Y

g(t) = —logs(t). Clearlyatt = 5
9(5)=-1
Hence t = 5 is the only solution ﬁ =5x= 1_ 1
X = —% (Answer)
SOLUTION A.037.

AM-GM
2+a3=1+1+a3 = 3Y1-1-a3=3a (1)
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AM-GM
3+a*=1+1+1+a* = 4V1-1-1-a*=4a (2)

AM—-GM
34b8=1+14+1+b® > 4V1-1-1-b%=4b% (3)

z+:—2=1+1+(§)3AM£GM33/1-1-(§)3=~°;—C 4

AM-GM
3+cta*=1+1+1+c*a* = 4V1-1-1-c*ta*=4ac (5)
c3 1-(5)
2+a®)3+a*)+3(3+b®)+(2 +3 B+cta?) =

3c
23a-4a+3-4b2+7-4ac=12a2+12b2+12c2=

IONESCU—-WEITZENBOCK
=12(a? + b? + ¢?) >

MITRINOVIC
> 12 -4/3S = 48V3S = 48V3rs > 4831 - 3V3r = 48 - 9r2 = 43272

SOLUTION A.038.

Denote a = sinx; b = ﬁczosx;c = co:x
a -b -

Qx)=[p a -1l=a®>+bc—bc+ac’®+ab*+a=
C 1 a

=a(@®+b*+c?2+1) = sinx(sin2x+ 3cc;szx+ co:2x+ 1> =
= sinx (sin®? x + cos?x + 1) = 2sinx
Qx)Q(y) + 2(y)Q(2) + 2(2)Q(x) =
= 4(sinxsiny + sinysinz + sinzsinx) < 4(xy + yz + zx) < 4(x? + y? + z?%)
Equality holds forx =y =z = 0.
SOLUTION A.039.
1=a?+b*22Va?b? =2ab=>ab<;=>-—->2 (1)

N =
N =

1 1 a-+ bamM-6m 2+/ab 2 1

= > =—=2(—) >2.22=2V2
a b ab ab vab ab

Equality holds ifa = b =

IS

SOLUTION A.040.

1
1=a*+b*+c* >33 (abo)* = 3 > 3/(abc)*
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= (abc)‘* <2—$abC_?=>m 4\/ (1)

a+b+c>3\/abc_ 33abc _ 3

abc = abc  3[(abc)® 3f(abc)?
2
1 \3( 2 32 1
=3-(—) >3.(Y27)°=3.313=3.32 =33
abc

Equality holds fora =b = c = i3

SOLUTION A.041.
1=a®+b3+c3+d3> 4Va3b3c3d3 = 4V(abcd)3

*/(abecd)3 <* 2> (abcd)3 <a=abcd < W = ——> V28 (1)

a+b+c+dam-6m 43abed 43 abcd 1

abcd abcd ‘(abcd)* *[(abcd)3
3

1 )4(1) (i/_) 233 =22.22 = 16

=4 (abcd
Equality holds for:a=b =c=d = T

SOLUTION A.042.
1
1=a3+ b3+ c3 >33 a3h3c3 = 3abc = abc < 3

1
ﬁaZB (1)

WIN
—~

1)

a+b+cAM—GM33\/abc 33\/abc _ 1 _3 ( 1 ) D33
=3 () =23

wliN

=339

- > = =3 —
abc abc 3/(abc)3 3/(abc)?

Equality holds for:a = b = c = %

SOLUTION A.043.

AM—-G 1 1
> 4 YVa2b2c2d? = 4/abed = Vabed < - 1> abcd < 16

1
=>——>16 (1)

1=a?+ b* + c* + d?

a+b+c+dam-em4/abcd 4% abcd _ 4 —4 ( 1 ) ;4 16

e > = =
abcd - abcd Y (abed)* i/(abcd)3 abcd

INI®
~
p—_

Blw
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=4-(z4)%=4-23=32
Equality holds for:a=b =c=d = %
SOLUTION A.044.
1 =a%+ b% + ¢? AM;M 33 a%b%c? = BW
1 >3W=>—> (abc)? = abc < — f (1)

a+b+cAM>GM 3Vabc  3%Vab ( )
abc ~  abc W W

2
3\3 2 .
=3'((V3) )3=3-(\/3) =3-3=0. Equalltyholdsfora=b=c=\/i§,

WIN
WIN

2 3.(3v3) =

SOLUTION A.045.

Denotea—i b=i;c=§;d=l. Inequality can be written:
(1+1 1+ )( +b*+c*+dY) = (a+b+c+d)?
ab " bc Tcd Tda) 't c* @ ¢

abcd(ab+bc+cd+da)(a4+b4+c4+d4)2(a+b+c+d)2

(ab + bc + cd + da)(a* + b* + ¢* + d*) > abcd(a + b + ¢ + d)?
AM-GM 4 p* ¢* d*\ rabon
(ab + bc + cd +da)(a* + b* +c* +d*) = 4Ya?b?c?d? <T N T T)

(a+b+c+d?
> 44/ . = 4/ 2 2>
> 4vVabcd A71i717 17 = 4vabcd (a+b+c+d) (a+b+c+d)?*=

AmMGM 1
T¢ Vabed - (4Vabcd ) (a+b+c+d)?=

1
=—abcd - 16Vabcd - (a+ b + c +d)? = abcd(a+ b + ¢ + d)?

16

SOLUTION A.046.
AM-GM

(ab + bc + cd + da)(a* + b* + ¢* +d*) >

4 pt A g4 4
4 a* b* ¢* d*\ RaDON (a+b+c+d)
> 2p2 22 —+ > 44/ =
4abcd<1+1+1 1) 4vabcd (1 111417

1
= cVabed-(a+b+c+d)?-(at+b+c+d?>
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AM-6M 1
2 -
16

\/abcd(4‘§/abcd)2(a +b+c+d)? =

1
= 1—6\/abcd- 16Vabcd - (a+ b + ¢+ d)? = abcd(a+ b + ¢ + d)?
Equality holds fora = b = c = d.
SOLUTION A.047.

log, x + log, y + log, z = 3 = log,(xyz) =log, 8 = xyz =8

AM-GM
27=3*+3Y+37 > 3.33*.37.37=

= 33/3%+y+z AMéaM 33«’333nyz = 33,’333‘/§ =3336=3.32=27

3*=3=3FF3x=y=2z2
xyz=8=2x3=8=>x=2;y=2;z=2
SOLUTION A.048.

a,>1>a}>1>a1-1>0
a,>1>a3;>1>a3-1=>0

}=> (af-1)(a3-1)=0

ataj —(at+a)+1=>0>a}+a} <(aa)*+1 (1)
Analogous: a3 + a; < (aza))*+1 (2)
By (1); (2): af + a5 + a3 + aj < (a1a,)* - (aza)* + 1
ai + a3 + a3 + aj < (aqazaza)* +1 (3)
Analogous: a3 + af + a% + aj < (asaga,ag)* +1 (4)
By (3); (4):
ai + a3 + a3 + aj + at + af + a} + aj < (a1a,a3a5)* - (asagayag)* + 1 =
= (a1a,a3a4a5a6a7a5)* +1
SOLUTION A.049.
Letbe f:(0,) - R; f(x) = x% = x~%;

f(x)=—6x75f"(x) = +30x* = 05 0; f convexe

x%
Suppose that a, b, c are different in pairs.
bc — ab = ac — ab — ac + bc

(c—a)b=(c—b)a+(c—a—-c+ b)c

c—b c—b
b = a+(1— )c
c—a c—a
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f convexe

fB) =f(Za+(1-S)e) = Sf@+220 @)

c—b b—a b—a c—b
a—b+c=a—< a+ c)+c= a+ c
c—a c—a c—a c—a

fa-b+o = f(ta+i2e) "L @)+ p0) 2)
By adding (1); (2):
c—b

b-a c—b b-
f(a—b+c)+f(b)s(—C_Z+—z_a)f(a)+(c_a+c_z

fla=b+c)+f(b) < f(a)+ f(c)

)f(C)

! Loy %. Equality holds fora = b = c.

(a—b+c)® b6 = ab

SOLUTION A.050.

1 1 1\ cBs 2,1 2,1 2,1
2 2 2 — —_ — a’+— b2+— 2+
(e® +eb +e° )(ea2+eb2+ec2> > \[e b +.e ct+4e a*| =

2 2
12,1 12, 1 1r2, 1 AM-GM / 12a 12b 12c a b c
= (ez(“ +52) 1 21+ 4 gale +a2)> > (eiT +eZc + ei'?) = (ez +ec + ea)

SOLUTION A.051.

Let be A ABC with: AB = a; AC = b; u(4) = 90° BC = Va? + b?

C

N

By Gordon’ s inequality: AB - AC + AB - BC + AC - BC > 4+/3S[ABC]
ab
a-b+a-Ja?+b2+b- a2+b2>4\/§-7

(a+b)VaZ + b2 > ab(2v3-1) (1)
Analogous:

(b+ c)Vb? +c% > bc(2V3-1) (2)

(c+ a)Ve? +a? > ca(2V3-1) (3)

a

80 MATH PHENOMENON RELOADED




DANIEL SITARU

By (1); (2); (3):
(a+b)Waz+b2+ b+ )b+ 2+ (c+a)/e? +a? > (2v3 —1)(ab + bc + ca)
Equality holds ifa =b = c = 0.
SOLUTION A.052.
Let be AABC with BC = a; AC = b; u(C) = 60°

A

C

B

By cosine law: AB = Va2 + b% — 2ab cos 60° = Va2 + b2 — ab

By Gordon’s inequality: AB - BC + BC - CA+ CA - AB > 4+/3S[ABC]
AC-BC -sinC
2

a-b+a\/a2+b2—ab+b\/a2+b2—ab24\/§-

3
ab + (a + b)\/a? + b2 —ab > 2\/§-ab-\/2—_
ab + (a + b)\/a? + b2 — ab > 3ab
(a+ b)Va%? + b2 —ab = 2ab (1)
Analogous: (b + c)Vb? + ¢2 — bc = 2bc (2); (c+ a)Vc? + a? —ca = 2ca (3)
By adding (1); (2); (3):

(a + b)va? + b% —ab + (b + c)yb? + c2 — bc+ (c + a)y/c? +a? —ca >

> 2(ab + bc + ca). Equality holds for a = b = c.

SOLUTION A.053.
Let be AABC with: AB = a; AC = b; u(4) = 90°

C

v a? + b2

A B
a
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R = a*+b* (circumradii);

S[ABC] 7 ab R

= AT = a+b+\£m Ry~ (inradii)

By Mitrinovic’s inequality: s > 3\/3r (s - semiperimeter)
AB +BC +CA ab
2 2 e e
a+b++Va?+b? - 3v3ab
2 “a+b+vVaZ+b?

2
(a + b +Va? + b?) > 6v3ab. Equality holds ifa = b = 0.
SOLUTION A.054.

a2+b?

R =

> (circumradii)

__ AB+AC+BC _ a+b+ya?+b?
N 2 N 2

(semiperimeter)

By Mitrinovic’s inequality: s < 3\/2&

a+b+\/a2+b2<3\/§ va? + b?

2 2 2
va? + b?
a+b+‘/a2+b2<3\/§'T

2(a+b) < (3V3-2)VaZ + b2 (1)
Analogous: 2(b + ¢) < (3\/§ - 2)\/!)2—-I-c2 2)
2(c+a) < (3V3-2)Vez+aZ (3)
4la+b+c) < (3\/5—2)(\/a2+b2+\/b2+c2+\/c2+a2)

Equality holds fora=b =c = 0.
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4(a+b+c) < (3\/5—2)(\/cﬂ+b2+\/b2+cz+\/cz+a2)
SOLUTION A.055.

Ifa=b=00ra=0;b+0ora +# 0;b = 0 the relationships are obvious.

Suppose that a # 0; b # 0. Let be A ABC with: AB = a; AC = b; u(A) = 90°.

C

N

\/a2+b

R = (circumradii)

ab
S[ABC] _ >

2
r= = = inradii
AP T asbaaZip? a+b+vaz+b2 ( )

z 2

By Murray - Klamkin’s inequality (1967):
abva? + b? a? + b?

4r? < < = R?
a+b+VaZ+b? 4
4.a?b? abVa? + b? a? + b?

(a+b+\/m) Satbivaih 4
4ab < /a2 + b2 (a+ b +a* + b?)
4ab+/a? + b? < (a? + b?) (a+b+\/a2 +b2)
SOLUTION A.056.

Let be AABC with AB = a; AC = b; p(4) = 90°.

C

N

R = va2+b?
2

(circumradii)
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ab
S[ABC] > ab

2
Tr = = =
w a+b+vVa2+p2 a+b++ a2+b2
2

(inradii)

2

By Guba'’s inequality: AB® + BC? + CA3® > 8S[ABC|(2R — 1)

3 ab va? + b? ab
a3 + b3 + (Va2 + b? >8-—<2- — )
( ) 2 2 a+ b+ Va? + b?

ad + b3+ (VaZ + B2) > 4ab (\/a2 + % - ab )

a+b+VaZ+b?
ad + b3 + (\/ a? + b2)3 + 4a’h” > 4ab+/ a? + b?
a+b+VaZ+b?
SOLUTION A.057.

Let be A ABC with AB = a; AC = b;m(4) = 60°.
A

£\

B

By cosine law: BC?> = a*? + b?> — 2ab cos A

1
BC=a2+b2—2ab-E=a2+b2—ab

_a+b+Va®+b?—ab
B 2

%-a-b-sinA ab4\/§ ab\/3
r=-—

S a+b+Va?2+b?’—ab a+b+Va’+b’—ab 2(a+b+Va®+b?—ab)
Z Z

S

By Mitrinovic’s inequality: s > 3~/3r

a+b+Va2+b2—ab> 9ab
2 ~ 2(a+b++Va?+ b2 —ab)

2
(a+b++Vaz+b2—ab) =9ab=a+b+Va?+b?—ab=3Vab (1)
Analogous: b + ¢ +Vb? + c2 — bc = 3+/bc (2)
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c+a++Vc +a?—ca=3JVca (3)
By adding (1); (2); (3):
2(a+b+c)+§:\/czz+b2 —ab = 3(Vab + Vbc + Vca)

cyc

SOLUTION A.058.

Let be A ABC with:AB = a; AC = b; u(A) = 90°

C

R

__ S[ABC] _ >

ab
r= = =
AB+AC+BC atbt /a2+b2 atht /a2+b2

z 2

(inradii)

2
By Neuberg’s inequality: a> + b? + (Va2 + b2) > 3612

a’b?
2(a* + b*) = 36 - >
(a+ b+ Va2 + b?)
2
(a2+b2)(a+b+\/a2+b2) > 18a%b?
SOLUTION A.059.
a+b)y*> (a+ b)z? 2 z?> cBs + z)?
x2+( )y +( ) S R A > x% + brar  _
a b _a b a_ b
a+b a1b a+tb a+b

=x*+ (y+2)?*=22/x2(y+2)? =2x(y + 2)

a+b)y? (a+ b)z?
x2+( )y +( ) >2x(y + 2z)

(a + b)y? N (a + b)z>

m 5 >2x(y+2z)—x2=xQ2y+2z—x)

SOLUTION A.060.

a+b+c)y? (a+b+c)z?2 (a+ b+ o)t?
x2+( a)}’_l_( b)_l_( C):
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2 2 2
y VA t CBS
)
=X+ —G—+—p —+t—= >
a+b+c g¥xp+c a+b+c
2 2
S 24 ytz+t) _ 2 otz
= a + b n c a+b+c
a+b+c a+b+c a+b+c a+b+c

AM-GM
=x2+(y+z+t)? > 2Jx2(y+z+0)2=2x(y+z+10)
a+b+cy* (a+b+0)z* (a+b+o)t?

( y" L« )z% L

a

b c

>2x(y+z+t)—x*=xQy+2z+2t—x)

SOLUTION A.061.

Igx Igx (1)
lgx+lgz+lgt lgx+lgy+lgy+igt
lgy lgy (2)
Igx+lgy+lgt Igx+lgy+lgz+lgt
lgz lgz (3)
Igx+lgy+lgz Igx+lgy+lgz+ligt
Igt Igt (4)
lgy+lgz+igt lg x+lgy+lg z+ligt
. Igx Igy Igz Igt Ig x+lgy+lg z+lgt
By adding (1); (2); (3); (4): =
i4 g (1); (2); (3); (#) 1g(xzt) + lg(xyz) = lg(xyz) lg(yzt) =~ lgx+lgy+lgz+igt

log,,; x +10g,,,y +10g,y,z + log,,, t >1 (5)

By AM-QM: 10g,,; x + 10g,,, ¥ + 108y, z + l0g,,; t <

< ZJ (108, )2 + (10815, %) + (10gsy, 2)” + (l0g, 8)° (6)

By (5); (6): 2\/ (log,ze )% + (1084, ¥)" + (logyy, 2)” + (log,, t)” > 1

1
(logxzt x)Z + (logxyz y)z + (logxyz Z)Z + (logyzt t)z > Z

SOLUTION A.062.

Igx

Igx
1
lgx+lgz+lgt Igx+lgz ()
lgy lgy (2)
lgx+lgy+lgt lgy+lgt
Igz Igz
3
lgx+lgy+lgz Igx+lgz ()
Igt Igt (4)
lgy+lgz+lgt lgy+igt
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By adding (1); (2); (3); (4):
Ig x Igy Igz Igt Igx+1gz lgy+lgt
+ + + < -
lg(xzt) lg(xyt) lg(xyz) lg(yzt) lgx+lgz lgy+lgt

2 >logy,; x + 108y, y + 108y, Z + 108, t =

AM-GM

> 44\[(logxzt x)(10g,y: y)(10g,,y, z)(l0g,, t)
16 > 256(log,,; x) (logxyt y) (logxyz z) (logyzt t)

1
(Ingzt x) (Ingyt Y) (logxyz Z) (logyzt t) < R

SOLUTION A.063.
From: x\/1 —y2 + yV1 —x2 = ? =
sin"lx+sin"lye {g%ﬂ} (1)
Analogous: sin~'y +sin"1z € {g 2?"} (2)
sin"lx+sin"lze {g%”} (3)

By adding (1); (2); (3):sin"1x +sin"ly + sin"1z € {’2—’11} 4)
Ifx=y=2z> sin"1x = sin‘1y= sin“1z e {E E}

6’3

Solutions: (1 L. 1) . (E V3.V3

E;E’E H

N——

2’2’2
Ifx:y;tz:>z:0;x:y:\/2—§
z=1,x=y=1

2
Ifx=z¢y:>y:0;x=z=§
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(312 (0% 7)) (137)

SOLUTION A.064.

2x%+4 AMZGM 93244 2(x%+2) (1

z2+2y+3 T z2+(y2+1)+3 (z2+2)+(y2%+2)

. 2y%+4 2(y%+2) 222+4 2(z%+2)
Analogous: x2+2z+3 ~ (x2+2)+(2%2+2) (2); y2+2x+3 — (y2+2)+(x2+2) (3)

By adding (1); (2); (3):
x2 +2 NESBIT

Z 2x2 + 4 Z B, 3_3
z2+2y+3 (z22+2)+(y*2+2) ~ 2

cyc

Equality holds if: x> +2 = y* +2 =2’ +2>x=y=2z>

2x2 + 4 ) 5
‘m=3=>2x +4=x“+2x+3>

5x2-2x+1=0>x-1)2=0=>x=y=z=1.

SOLUTION A.065.

1,1,5_1,6_1,3
stete=ats=ata=1B Young’s inequality:
4 8 3 : 8 4
a b c5 as b c
T+;+?2abc (1),?+§+22abc 2)

4 8 3 8 8 4
By multiplying (1); (2): (% + % + %) <%5 + % + %) > abc - abc >

5 5
3

GM;HM b 3 B 27abc B 27(abc)*
= ane 1,11 ~ (ab + bc +ca)® (ab+ bc + ca)3
a b c (abc)3
SOLUTION A.066.
First, we prove that:
2
aa<7F (@)

x3+1
(x2+1)2-xs(x3+1)2;x +2x3+x<x0+2x3+1
X0 —x5—x+120x°(x-1D)-(x-1)=0
(x—1)(x5—1)20;(x—1)2(x4+x3+x2+x+1)20

(2)

ﬁ
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By multiplying (1); (z),% < J% 3)

(y 1)(2 +1) (z +1)(x +1) ( )
(3¥+1)(z3+1) — \/y_z (z3+1)(x3+1)

By (3); (4): Seye iy < Seve 7 (5)

(x3+1)(y3+1) —

\/}+\/;+\/E= 3\/xyz:2cyc\/7—y= 3 (6)

By (5); (6): Yeye D0t 3

(x3+1)(y3+1) —

Analogous:

SOLUTION A.067.

x(x+y)+zlx+y) =2 x+y)x+z)=2 (1)
yx+y)+zy+x)=3={(x+y)Q@y+2 =3 (2)
x(z+y)+z(z+y)=6 (z+y)x+2z)=6 (3)

By multiplying (1); (2); (3): (x + y)*(y + 2)?(z + x)? = 36
x+y)(¥+2)(z+x) =16
By(1):y+z=413 (4)
By(2):z+x =12 (5)
By(3):x+y=+1 (6)
By adding (4); (5); (6):2(x+y+2z)=+(1+2+3)

6
=|x+y+z|=|iz|=

SOLUTION A.068.

Z X AM;GMZ X 1 Z y QM-AM
_— > _—— = _— <
cycx+2/yz x+y+z x+y+z

cny+2,y2+zz ;x+ V22 +22)

Hence: x = y = z. Be second equation: 2x + log, x + 2* =9

Letbe f: (0,©) - R; f(x) = 2x + log, x + 2*
f'(x) =

log 2 > 0; f increasing

fR)=9=x=y=2z=2
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SOLUTION A.069.

Letbe A =

e sl

By Hadamard'’s inequality: (ib -—= ai (l - %) + bc—a (% - i

<(a2+b2+c2)(—+i+i)(i+i+l)
a? b%? c?/\a* b* *

le"a = Q
%|>—\&IH@

SOLUTION A.070.

1 1
a ; - 1
Letbe A = Cl 1 € M2,4(R)
1 a ; c_z
a 1
(1 ,)
- a
| b I
|l liEM‘LZ(R)
¢z b
\+ 2/
c2
(i)
1
1 1 - a
a ;@ 1\| b |
A-AT = T .l 1]
1 a - - |CZ bl
b C \ 1/
=
+1+1+1 +— +1+1
Ao AT — @+ 5z b b2
a 1 1 1 1
atitistsg @ttt

By Binet-Cauchy’s theorem: det(A - AT) > 0
1 1 2 a 1 1\°
( tzta +1> >(a+b+b2+ )
1 1 1 1
+ﬁ+ +1= |a+b+b2+ |
Equality holds fora=b =c = 1.
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SOLUTION A.071.

Let be f:(0,0) ~ B f(x) = 31)
o x%(3 —x?)
f(x)= EI1?

3V3  3v3 33
Groz- 16 T@=7¢

a? 3V3
@y =1 M

min f(x) = f(V3) =

By multiplying in (1): (2 1)2 <2 b2 (2)

3.2
Analogous: (bb e 3‘/_ c? (3)

241)?
342

a 3\/_ 2
(c2+1) =76 ¢ 4)

2 27\3

, . . . a3p? b3c? c3a 2 2 4 22. _ 2733
By adding (2); (3); (V) i) + D11y + 2 2+1) ( +b%+c?) == o

SOLUTION A.072.

LetbeAz(‘ll Z ‘ 1)EM24(]R)

AT = (S M4‘2 (R)

=0 SR
O T Q=

1

a :(a2+b2+c2+1 a+ab+bc+c):
b a+ab+bc+c a?+b% +c%2+1
c

:( 4 a+ab+bc+c)
a+ab+ bc+c 4

By Cauchy - Binet’s theorem: det(A - A7) > 0

| 4 a+ab+bc+c|>0
a+ab+ bc+c 4 -

16 —(a+ab+bc+c)*=>0
(a+ab+bc+c)><16, l[a+bla+c)+cl<4
Equality holds fora=b =c = 1.
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SOLUTION A.073.
Ifx>y=>x—-—y=>0

X x\*7Y
—21:»(—) >1*7r=1
y y
Ifx<y=>x-y<0=>y—-x>0

y-x x-y
<122215(2) 21:(5) >1
y x x y

G)x_y >1= z(i)x_y >z (1)

y—z
Analogous: x (f) =>x (2)

y&) T2y @)
By adding (1); (2); (3):

x\ XY y\YZ Z\NZX AM-GM _ _ 3
z(;) +x(;) +y(;) >x+y+z = 33xyz=3-1/1=3

SOLUTION A.074.
x-1D*&x%*+x+1)=>0
x—-1?%[x2(x-1)-(x-1D]=>0
(x—1?(x*—x3—-x+1)>0
-2 -23x-1D?2-x(x—-1)2+(x-1)?%*>0
x6—2x5 +axt -+ 2xt -3 -3+ 222 —x+x?-2x+12>0
x6—3x5+3x*—2x3+3x2-3x+1=>0
x6+3x5+3x* +x3 + a3 +3x2 +3x+1<2x% + 6x* +6x%+2
B+ +3x2+3x+1) <2(x®+3x* +3x2+1)
B+Dx+1)3<2(x*+1)3
2.4\3 3
(G 25" @

Replacingin (1) x = a;x = b;x = c:

) =5 @
() =5 @
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2 3 3
c“+1 c’+1
> 4
(c+1) - 2 ( )
(b2+1)3 (c2+1)3 > al+b3+c3+3 343 6
b+1 c+1 -

=3

. a?+1 3
By adding (2); (3); (4): (a+1) + 2 2 2
SOLUTION A.075.

Denote x* = a;y* = b;z* = ¢

xtyt y4z4+z4x4 ab bc ca
z* x* y* c a b

Weprovethat:a?b+%+%2 a+b+c (1)
a’b? + b*c? + a*c? > abc(a+ b + ¢), 2a®b? + 2b*c? + 2a®*c? — 2abc(a+b+c¢) >0
(ab — bc)? + (bc — ca)? + (ca—ab)? > 0

We prove that: a + b + ¢ > \/3(ab + bc + ca) (2)
a? + b? + ¢ + 2(ab + bc + ca) = 3(ab + bc + ca), a®> + b%* + c?> > ab + bc + ca
(a—b)?+b-0)?+(c—a)’ >0

We prove that: \/3(ab + bc + ca) > 34/_abc(a;b+c) 3)

abc(a+ b + c)
3

a’b? + b*c? + c?a®? — 2abc(a+ b +¢) = 3abc(a+ b + ¢)

9(ab + bc + ca)? > 81 -

a’b? + b*c? + c*?a®> —abc(a+b+¢c) >0
(ab — bc)? + (bc — ca)? + (ca—ab)? >0

4.4 4,4 4.4
By (1); (2); (3): -+ + 234/W=‘t/27abc(a+b+c)=

4 y

= Y27x4y*z4 (x4 + y* + 2%) = xyz /27 (x4 + y* + z4)
Equality holds for x = y = z. Replace x = y = z in second equation:
xt—4x3+6x2—4x+1=0, (x—-1)?*=0>x=1
Answerx =y =2z =1.
SOLUTION A.076.
log,(2x3) = logg, z'® = log, 2 + log, x3 = 16logg, z
16log, z
log,(8x)
(1+ 3log, x)(log, 8 + log, x) = 16log, z

1+ 3log, x =
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(1+3log, x)(3+1og, x) =16log, z
x,y,Zz=>1=log, x;log,y;log,z=>0
Denote a =log, x; b =1log, y;c =log,z, a,b,c>0

16c=(1+3a)3+a)=1+a+a+a)(1+1+1+a) >

amM-6mMm .
> 4-Y1-a-a-a-4-VY1-a-a-a=16a

1l6c>16a=>c>a (1)
Analogous: a = b; b = ¢ (2)
By(1);(2):cza=b=c>a=b=c.
(1+3a)(3+a)=16a,3+a+9a+ 3a?>—16a=0
3a2-6a+3=0

a’?-2a+1=0=>@-1)?=0=>a=1=>a=b=c=1

log,x=1log,y=log,z=1=>x=y=2z=2
SOLUTION A.077.

a® b ¢® 1/3B3-a)° @B-b)° (B-0¢)°
STttt 5 + 5 + 5 =
1 1 1 32 1 1 1

raDON (a+b+¢)® 1 ((3—a)+(3—b)+(3—c))6_

> = .
- (1+1+1)5+32 1+1+1)°
_3, 1 0-39 160 o 203 3o,
35 32 35 32 35 25.35 N

SOLUTION A.078.
det (4% + B?) + C?) + det (4% + B?) — C?) = 2(det(A? + B?) + det C?) (1)
det(A? — B* + C?) + det(—A? + B® + (?) = 2(det C* + det(4*> — B?)) (2)
By adding (1); (2):
det(A% + B? + C?) + det(4? + B? — C?) + det(4? — B? + C?) + det(—A%? + B> + C?) =
= 2(2detC? + det(A? + B?) + det(4%? — B?)) =
=2(2detC? + 2 detA? + 2detB?) = 4(2detC + 2detA + 2detB) =

= 8(detA + detB + detC) > 8- 3V/det A - detB - det C > 243/det(ABC) =
=24%¥8=24-3/23 =48

Equality holds for A= B = C € {(_(\)/E —(\)/f) ; (? \72)}
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SOLUTION A.079.
yy—x)2=0,y3-2xy?+x%y>0
6x3 + 3x%y + 2x%y + xy? + 4xy? + 2y3 < 6x3 + 3xy% + 6x%y + 3y3
3x22x +y) + xy(2x +y) + 2y?*(2x + y) < 3x(2x% + y?) + 3y(2x% + y?)
(Bx? +xy+2y?)(2x+ y) < 3x+ 3y)(2x% + y?)

3xZ +xy+2y® 3(x+y)
< 1
2x2+y2 T 2x+y 1)

3y%+yz+2z% 3(y+2) i 3z%+zx+2x2 3(z+x)
2v2 472 = (Z)l 242 < (3)
ye+z 2y+z 2z°+x 2z+x

By adding (1); (2); (3):

< <x+y y+z z+x
- \2x+y 2y+z 2z+x

Analogous:

3x2+xy+2y? | 3y%+yz+2z2  3z%+zx+2x?%
2x2 +y2 2y2+ 72 272 +x2

) =3-2=6
SOLUTION A.080.
Let be f: (0,0) - R; f(x) = xlog x
f(x)=logx+x- i =1+logx; f'(x) = % > 0 = f concave

By Popoviciu’s inequality:

f(a)+f(b)+f(C)+3f<Lb+c>Zz[f(b+c)+f(c+a)+f<a+b)]

3 2 2 2
a+b+c a+b+c
aloga+blogb+clogc+3-T- og(T)Z
>2<b+c (b+c>_|_c+a_|_l c+a_|_a+b_|_l a+b)
=4\T2 8\ 2 2 %8 2 %

>

b a+b+c
loga® +logb® +logc® + (a+ b + ¢) log(—)

b+c

b+c c+a\t® a+b
210g(—2 ) +log(—2 ) +log( > )

) a+ b+ c\*Pre b+c\’" /c+a\t® sa+ b\*P
logaa'b'cc( 3 ) Zlog(z> (2) (z)

(Cl+ b+ C)a+b+c (b + C)b+c(c+ a)c+a(a+ b)a+b
) 3atb+c = 22a+2b+2c

a® - b? - c¢

a® - bb . c€ - (a +b+ C)a+b+c . 4_a+b+c > 3a+b+c(b + C)b+c(c + a)c+a(a + b)a+b

a® - bb . c€ - (4-0, +4b + 4C)a+b+c > 3a+b+c . (b + C)b+c(c + a)c+a(a + b)a+b
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SOLUTION A.081.
xyz=a3x+ b3y +c3z=
a> b3 3 am-em a3 b3 c¢3 Rapbon (a+ b+ c)3
S1l=—+—+— > S+ >+ - x>
yz zx Xy (y+Z) (z+x) (x+y) x+y+2z)
2 2 2

a+b+c)
_Ex-l-y—+z§2:(x+y+z)22(a+b+c)3

x+y+z=>(a+b+c)Va+b+c
SOLUTION A.082.

Letbeu = al + bj;v = ¢j + dj

|l =

JaZ + b% 3| = /& + &2

cos(U,v) = ﬁ:T’

[l 1] (a2+a;-)lz‘ciz+d2) (1)
sin?(4,v) = 1 — cos?(U,v) = 1 — @ iazz-;(lz‘:): =
_a’c® + a’d* + b*c? + b*d® — a*c? — b*d? — 2abcd
(a? + b%)(c? + d?)
B a’d? — 2abcd + b*c? B (ad — bc)?
(a% + b2)(c2 +d?)  (a? + b2)(c? + d?)

sin (Ti’,\T)’) = |ad —be]

2)
(a2+b2)(c2+d?)

If x € R then: sinx + cosx = sinx + tang-cosx =
sink
=sinx + 4

1 . T T 1 . T 1
77 COSX = n(smxcos—+sm—cosx): n.-sm(x+—)§—=\/2
COS COS 4 CoS — 4 V2

4 4 4 -5

sinx + cosx < V2; (V)x € R
sin(, ¥) + cos(4, ) < V2
By (1); (2): |ad—bc| 4 ac+bd < \/E
J(a2+b2)(c2+d2) J(a2+b2)(c2+d2)

lad — bc| + ac + bd < \/Z(a2 + b?%)(c% + d?)
SOLUTION A.083.

Letbeu = ai + bj;v = ct + dj
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— =

cos(TiATi)— ac + bd _uv
0 J@+ b)) (2 +az) lul-1vl
(ac + bd)?

in2(w. ) = — 2(4 v = —_ =
sin?(4, %) =1 — cos?(u,v) =1 (a? + b (c? + d2)

a’c? + a*d? + b*c? + b*d? — a*c? — b*d? — 2abcd 3
(a2 + b2)(c? + d?) -

B a’d? — 2abcd + b*c? B (ad — bc)?
(a2 + b2)(c2 +d?) ~ (a? + b?)(c? + d?)
— d—»b
sin(@7) = 24— b

J(@? + b?)(c? + d?)
. lad — bc|(ac + bd)
(a? + b%)(c? + d?)
. (ac + bd)? _
(a? + b%)(c? + d?)
B 2(a%c? + b%c? + 2abcd) — (a? + b?)(c? + d?) 3
(a? + b%)(c? + d?)
_ 2a®c® +2b*d* + 4abcd — a*c® — a*d® — b*c? — b*d*
(a? + b%)(c? + d?)
a’c? + b*>d? + 4abcd — a*d? — b?c? _(ac+ bd)? — (ad — bc)?
(a? + b%)(c? + d?) (a? + b%)(c? + d?)

sin 2(u, V) = 2 sin(u, ¥) cos(i, V) = 2

1=

cos2(u,v) = 2 cos?(U,¥) — 1 = 2

sinE
4 cos2x =

sin2x + cos2x = sin2x +
cos

/11 I . 14
sin2x cos; + sinycos2x  sin (Zx + —) T
— 4 4 _ 4) _ . n
= 72 = 1 —\/Zsm(2x+4)S\/2
2 V2

sin2x + cos 2x <2

sin 2(%, ¥) + cos 2(U, V) < V2

2|ad — bc|(ac + bd) N (ac + bd)? — (ad — bc)?
(a? + b?)(c? + d?) (a? + b2)(c% + d?)

2(ad — be)(ac + bd) + (ac + bd)? — (ad + bc)? < V2(a? + b?)(c? + d?)
2(ad — bc)(ac + bd) + (ac + bd)? < (ad — bc)? + (a? + b2)(c? + d®)V2

<2
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SOLUTION A.084.
Denote a =§;b =§;c =6z

oo 6z(*42 _
xyz(3x+2y+36z)—6=»2 3 6Z(Z+3+6z)—1

= abc(a+b+c) =1= a’bc + ab*c+ abc* =1
a’b? + 1 = a?b? + a®’bc + ab?c + abc? =
= ab(ab + ac + bc + ¢®) = ab(a(b + ¢) + c(b+¢)) =
AM—-GM
=ab-(b+c)a+c) = ab-2Vbc-2Vac = 4abcVab (1)
Analogous: b*c? + 1 > 4abc\bc (2); c?a? + 1 > 4abcca (3)
By multiplying (1); (2); (3):
(a?b? + 1)(b%c? + 1)(c%a? + 1) > 64(abc)Va?b?c? = 64a*b*ct (4)

RepIacein(4):a=§;b =§;c=6z

x2 yz yz X2
.z . 2 2, >
<4 9+1><9 36z +1><36z 4+1>_

xt oyt 64xtvizt
> 64 - ﬁ . ;’—4 . 36424 = 3—6}; . 365 = 64x4y4z4
, _ 2. =i_ — @3
Equalltyholdsforx—%,y %/Z’Z 634
SOLUTION A.085.
X yy
LetbeA=(Y Y x|e M;(R)
y x Yy
X y)y
y xy

detd = 3xy? — 2y3 — x3
By Hadamards’ inequality: (detA)? < (x? + y* + y*)(y? + y* + x2)(y? + x? + y?)
(Bxy? —2y% — 2y3 — x3)? < (2% + 2y%)3,(x3 + 2y3 — 3xy?)? < (&% + 2y?%)3
SOLUTION A.086.

Denote%bz x;vab=y=a+b=2x
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CEBYSHEV
>

2
1
(as + b5)2 CEBYSHEV (7 (a* + b*)(a® + b3)>
T a7 1Nt >
4(ab)> - 4(y2)5

2 2

2
1 2(a3 + b3 1 1
(4- (a+b)*(a” +b )> MUIRHEAD (Z (a + b)?ab(a + b)z) (Z -4x? - y? - Zx)
= = = =

4_y10 - 4_y10 4y10
_xtoytoax® (x)6

Remains to prove that:

<(ab)6 (a 3 b )( - ; b) > (2 +y'H)(x* +y%) (x)ﬁ
= <(=
((ab)3\/_ + (a b)7>2 e ’

x6(x7 + y7)2 > y6(x12 + yIZ)(xZ + yZ)
x6(x14 + y14 + 2x7y7) > y6(x14 + leyZ + x2y2 + y14)

x20 4+ x6yl4 4 2x13y7 — x4y _ 1246 _ 32418 _ 320 >
x B2 AM-GM
=== > >t—1>
Denote t S = Var = 1=t-1>0
X206 2413 414 412 2

Y R L
0+t +2tB3 -t —t12 -2 -1>0
20—t B+ t2 B3 -2+t -12>0
te -1 +tBEt-D+2"'-1D+(°-1) >0
Which is true because:
t>1=>t>1;t1'>1=2t-1>20;t°-1>0;t11'-1>0
SOLUTION A.087.

( - ll); — . aa+g+c> _ < - ll); — . aa+3l‘)+c_3TbC+3Tbc> >
z a C Z a C
CEBYSHEV 1 N +b+ —
= (a? + b? + c¢2)? (Z b -a abc) (Z Boa s abc)

a+b+c 1 a+b+c 3
P G B e O (W e
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2,52, .2
AM - GM a“+b“+c atb+c 3
2 2 2 Vabc
E b2 . 3/abe (ab . bc* . ca ) 3 =

a?+b +c\[m
= (> b2 - a¥e) S (b2 - a¥)
5 (bz ' aa+;;+c) Sy (bz . am)’ 5 b2 (au+;7+c \/_) 0
(W ) (W b‘/‘ﬁ) +a ( catb+c _ W)

SOLUTION A.088.

Letbe f:[0,0) - R; f(x) =

5% 43%
() = 7*log 7 (5* + 3*) — 7*(5*log 5 + 3*log 3)
flx = (5% + 37)2
) = 7* - 5*(log7 — log5) + 7* - 3*(log 7 — log 3)
fix (5% + 37)2
f increasing; \/xy < x;r—y > f(J/xy) <f (HTy)
7%y 77 7y 7%y 4
5\/_+3\/_ 52 30 = 5VXY 4 3V/%y T VEXHY 437+ 1)
7yz V7y¥z

Analogous: —Tirale S SorTne 2)

7V V72Fx
Vi paveE = )
5Vzx 4 3Vzx \V5Z+x1.\/32+x

By adding (1); (2); (3):
7V 7V72 7V2x 7%y V772 V75
SV + 30 | 507 1 300 | 5V 4 30 RN e I N N
SOLUTION A.089.
Letbe A(1,3); B(x,y); C(z,t)

R=0A=+V12+32 =10 (1)
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A,B,C€C(O,R); C:x* +y* =10

AB=(x-1)2+(y—-3)2=y/x2—-2x+1+y2—6y+9 =

= /10 —2x — 6y + 10 = /20 — 2x — 6y

AC=\(z— 12+ ({t—-3)2=+22-2z+1+t2—6t+9 =

=110 -2z—6t+ 10 =20 — 2z — 6t

BC=\/(x—z)2+(y—t)2=\/x2—2xz+zz+y2—2yt+t2=\/20—2xz—2yt

The maximum of area of AABC is obtained when AABC is an equilateral one.

®
The side AB can be obtained by:% . %‘E =R= AB = % = RV3 =+/30
2
(vV30)"-v3 30vV3 15v3
Smax [ABC] = 4 = 4 = 2
AB-AC-BC _15V3
4-R -2
15v3 -4 - /30
AB - AC-BC < > =30v90 = 90V10

J20—2x— 6y V20 — 2z — 6t - /20 — 2xz — 2yt < 90 V10

J(@0 —x—3y)(10 — xz — yt)(10 — z — 3t) < 45V5

2
(10 — x — 3y)(10 — xz — yt)(10 — z — 3t) < (45V5) = 10125
SOLUTION A.090.

By Bernoulli’s inequality ifa > 1; x > 0thenx* > ax —a + 1

a+p AM-GM
For a = W > 1 we have:
a+b
a+b a+b
x2Vab > X — +1;(V)x>0
2vVab 2vab
For x = 2/ab > 0 we have:
a+b
a+b
<2\/ab>2\/E - a+b 2Vab a+b_|_1 _, a+b
a+b “2vab a+b 2\ab 2v/ab
By summing:
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a+b
z (2\/ab>2\/E -6 z (a + b)
cyc ath - cyc 2vab

SOLUTION A.091.
By Bernoulli’s inequality: (1 +x)* <1+ax;x>-1,0<a<1
Forx=p—-1a=1-g¢q
A+p-DI<1+A-@-1)
pl<1+p-1-pq+q=p+q-pq<p+q
p1-1>1 5 p1>2 (1)

p+q p+q
By (1): ab+<+d > ﬁ (2), be+d+a > ﬁ (3), ci+a+b > a-l-bcm 4
de+b+e > a+b:i-c+d (5). By adding (2); (3); (4); (5):
ab+e+d | petdia | d+ath 4 gatbrc atbtc+d -
a+b+c+d

SOLUTION A.092.
By Bernoulli’s inequality: (1 +x)* <1+ ax;x>-1,0<a <1
Forx=p—-1,a=1—¢q
A+p-DI<1+A-qp-1)
pl<1+4p-1-pq+q=p+q-pq<p+q

pi1>L spi>P (g

ptq ptq
By (a):
X1+x2++xn X1
*1 >x1+x2+-~-+xn 1)
X1+x3+:xp X2
*2 >x1+x2+---+xn (2)
xic11+x2+-~-+xn_1 # (n)

xX1t+x2++xy

By adding (1); (2); ..; (n):

X2 +x3++x X1+x3++x X1+xp++xp_
x12 3 n+x21 3 n+"'+xn1 2 n1>

x1+x2+“'+xn_

x1+x2+“'+xn
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SOLUTIONS
GEOMETRY

SOLUTION G.001.

3a+m, =3b+m,=3(a-b)=my, —m, = 3(a-b)(my, +m,) =mj —m?
1 1 1 1
_ (a2 L f2Y T h2 (B2 r2) 2
3(a — b)(my + m,) 2(a + ¢%) 4b 2(b +c)+4a

3(a— b)(m, +my) =%(a2 —b?),(a—b) (ma+mb —ia—ib) =0

a b a+b a+b
ma+E>b;mb+E>a:ma+mb> > > 2

a+b
=>ma+mb—T¢0=>a—b=O=>a=b

+b>
m, 2 a

Analogous: b = c¢; ¢ = a > A ABC is an equilateral one = Q = 2.

SOLUTION G.002.

34 34 3B 3C
]'[cos? =0= cos—- = Oorcos7= Oorcos; =0
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WLOG: cos%A= 0 :>‘%A=

N[/

>A==2
3

A= n_l_b2+c2—a2:>b2+ 5 2 p
cosA =cosz =5 = he ¢z —a? = bc

a’? = b%* +c? — bc

3=
Z“SH’A Z 2R 4R22a

3 3y _ 2 2y) —
4R2(a +b%+ %) = 4-R2( +(b+ ) —bc+c?)) =
2
= — 3 . a? = — =
4R2(a +(b+c)-a*) 4Rz(a+b+(:)
2
MITRINOVIC V3 3 9/3r
= sinZ A - 2s > ZsinZA-S\/§r=2-<7>-3\/§r=2-1-3\/§r= >
SOLUTION G.003.
2b=a+c=>3b=a+b+c>3b=2s
3:-2RsinB = 2s
B B
6R-2sin—cos—=a+b+c
2 2
. B a+b+c 2R(sinA+sinB+sinC) sinA+sinB+sinC
SlnE= B: B = B =
12Rc057 12Rcosi 6c057
tcos cosB eos€  2cosAeosC
_ coszcoszc052: coszcosz_
B 3
6c057
2 [s(s—a) s(s—)
_5\/ bc \/ ab 3b\/ Ve -a)s-o <
< 2s s—a+s—c 2s b_ S
~ 3bac 2 " 3bvac 2 3+ac

SOLUTION G.004.

m,<my,<m.>a=>b=>c

First, we prove that: \Ja—c ++Vb — ¢ < \/g (1)

Denote: a — ¢ = x*;b — ¢ = y?

104 MATH PHENOMENON RELOADED




DANIEL SITARU

(1)ex+y< /w@c(x+y)zs(c+x2)(c+yz)

c(x? + y* + 2xy) < % + cy? + cx? + x%y?

cx? + cy? + 2cxy < ¢t + cy? + ex? + x?y?, xty? — 2cxy+ ¢t =20 (xy—¢)2 =0

Analogous with (1): Va2 — c2 + Vb2 — ¢2 < «/aigz = ac_b 2)
V@ -G+ - < [ 3
Multiplying (1); (2); (3):
a®b?

(Va=c++Vb-c) (\/a2 —c? +/b? —cz) (\/a3 — 3 ++/b3 —(:3) <3

SOLUTION G.005.

A

1 25 25 a 45%a S%a

_Sz<a b c>_52 a’? +b%*+c* S§2 a2+b2+c2_

T=5r\bc T actap

9R abc 9R 4RS
_ (@ +Db*+c?)S I0NESCU-WEITZENBOCK 4/3-5-5
36R? - 36R?2
V3s2r2 miTrINovIC /3 - 27r*  3+/3r?
Y = 9R2 _ _ R?

SOLUTION G.006.
In acute angled A ABC its valid the relationship:
m, < R(1+cosA) =am, <aR(1+ cosA)

b% + ¢* — a? a
< = Z T T )\= et 2 _ 27—
Zama_RZa(1+cosA) R2a<1+ 2be > RZZbC[(b—i-c) a]
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Z—(b+c—a)(b+c+a)—— 2s za(b+c—a) Z—(ZS—ZG)

4RSE:ZaZ(s—a)—ZR Z(a s—a [s(a +bh2+c?)—(a®+b3+c3)] =

= [ -2(s? —r* — 4Rr) — 2s(s* — 3r* — 6Rr)] =
2r

1 s
=5 2s(s? —r> —4Rr — s> + 3r2 + 6Rr) = ;(Zr2 +2Rr) =2s(R+71)

1
1 WEIGHTED AM—GM 75
R+r22—sZama = (| |m2)

a Zb Zc_s Euler 3R
m2s my-mP <R+r < >
a b c

2mg+b+c . mlt’l+b+c . mg+b+c < 3R

AP BP CP 3|/AP BP CP
ByAM-GM'E-l-C_P-l-EZS/E.C_P.E 3

10812

SOLUTION G.007.

Remains to prove that: - <3 & a? + b? + ¢* = 3617

GERRETSEN
a’? +b?+c? =2(s*> —r* —4Rr) >

> 2(16Rr — 51 — 12 — 4Rr) = 2(12Rr — 6712) >

EULER
> 2(12-2r-r—61?%) = 2(241% — 61%) = 367

SOLUTION G.008.

A

b AQ 10 b sin w
= =
sin(180° - A4) sinw sin A
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c BQ csinw
- = — = BQ = —;
sin(180° — B) sinw sin B
a cQ asin w

= ﬁc
sin(180°— C) sinw sin C
AQ BQ CQ bsinw sinB csinw sinC asinw sinA

BQ CQ+AQ sinA csinw+ sin B asinw+ sinC bsinw

. . p.2R 2R 2R
bsinB c¢sinC asinA b [ a a

=csinA-I_asinB-l_bsmC C-E-l-a-g-l—b-ﬂ_
a b c
a+b c az_l_bz_l_c2 BERG;GROM (a+ b + ¢)? 452
B a b ac ab bc - ac+ba+cb ab+ bc+ca

SOLUTION G.009.
1—cos(2x+2 1+ cos2x 1+ cos2
( Y 144 +4- Y
2 2 2
2—2cos(2x+2y)=1+2+2cos2x+ 2+ 2cos2y

2cos2x+ 2cos(2x+2y) +2cos2y = -3
2x + 2y + 2y 2x + 2y —2y
cos
2 2
4cos’x—2+4cos(x+2y)cosx = -3

=-3

2(2cos?x—1)+2-2cos

4cos?x+4cos(x+2y)cosx =—1
4 cos?x + 4 cos(x + 2y) cosx + cos?(x + 2y) + 1 — cos?(x + 2y) = 0
[2 cos x + cos(x + 2y)]? + sin?(x + 2y) = 0
sin?(x +2y) = 0= x + 2y = km; k € Z = cos(x + 2y) = (—1)*
(—1)k+1

2cosx+ (—1*¥=0= cosx = 5

_1)k+1

€ {i arccosT + 2km|k € Z}

1
y =5 (km—x)

k+1

1
y € E{kn + arccos — 2km|k € Z}

1/ (_1)k+1
y € 2 +arccosT—kn kel
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SOLUTION G.010.

TERESHIN b?% + c?
2 2 < 2 2. 2 2(h2 1 2) —
a‘m, > a AR 1R (b* + ¢*) =
1 ZbZ
— 2hL2 2 2 2 2_ 22
_4R(Z“ b +Z“ “)T 4R ZZ b ZRZ b z 2R abc

25 - ab 28
—Z =Zab-—=2abhc=abhc+bcha+cahb

Cc C

SOLUTION G.011.

1

SIABA,] = AA, - BA, sin(44;B) <7 AA; - BA; = ;c,(s — b) (1)

1

SIACA,] = 7 AA; - CA; sin(AA{C) < 7 AA; - CA; = 5c,(s—©) (2)

D,(2)
S = S[ABC] = S[ABA,] + S[ACA,] <
1 1 1 ac
Eca(s—b)+2ca(s—c) —Eca(s—b+s—c) = Za

§ < “(3). Analogous: S < = (4); S =< = (5)

By multiplying (3); (4); (5):
, _ abc 8s3 853 282 2.4R*sin?Asin?Bsin?C
57 = g CalhCe @ CaCpCe = (P = yps =g = R =

= 8R3 sin? Asin? Bsin? C

SOLUTION G.012.
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ha hb hc
GD_?,GE_?,GF_?
1 h, hy  ,___ 1 ]
SIDEF] = S|GDE] + S[GFE] + S[GFD] = ) —-—=- == sin(DGE) = EE h,h,sinC =
Z 1 2z:c_S2 az+b2+c2_S2 a2+b2+c2_
~ 18 b 2R 9R’ ab 9R abc " 9R 4RS B
(a? + b* + ¢*)S TONESCU-WEITZENBOCK 4+/35%2 +/3r2s? MITRINOVIC V3r? - 2772
36R?2 = 36R2  9R? = 9R? B
3/3r*
=25

SOLUTION G.013.

2

) ] 2(b2+c2)—a2 a
Z(ma sinA)% = Zmﬁ sin? A = Z ARE "

_ 2(9h2 _ 22 2,2 _
_16RZZ (2b? + 2¢? — a?) = 16RZZ(2ab +2b%c? —at) =

1
BT OIENIE _16R2 OXLEINLD 1611’22“21’2=

B a?b?* 3" a?b*c? 3" 16R*S? 3 457
4/, 4R? T 4/ AR? 2 4 4R%2c2 c?

2
= %Z (%) = %(hﬁ + h% + h?). Equality holds for a = b = c.
SOLUTION G.014.

w,< Js(s—a)>w:<s(s—a) (1)

3 ZAM—GM ) ) 2(1)
3 nwa < witwp+wi <s(s—a)+s(s—b)+s(s—c) =

=s(3s—a—-b—-c) =s(3s—2s) =s?
m,>.s(s—a)=>m:>s(s—a) (2)

3(mi + mj + m}) > (m2 + m% + mc)

(2)
\/3(m3+m§+m‘c')2m§+m,2,+m§ > s(s—a)+s(s—b)+s(s—c) =

=s(3s—a—b—-c) =s(3s—2s) =s?
SOLUTION G.015.

a3+b3+c3>(a+b+c>3_<25)3
2 = 3 “\3
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ey / =W

5+b5+c >(a+b+c _( )

Ji / )

7+b7+c S a+b+c _( )

ey / i )

7 2 2
Byaddmg(I) (2) (3) \[a3+b3+c3 +\[(a5+1;5+c5) +\[(a7+l;7+c7) 212; _

4 MITRINOVIC 4
=§s-s > —s 3/3r = 43S

SOLUTION G.016.
Ifx,y>0;Xx2>Yxy (1)=>2YXx*=22Yxy=>3xx*=>Yx>+2Yxy

BZxZ—ZnyEZxZ
Forx =Vva?+c2+4S;y =Vb?2+c*+4S;z=VvVa? + b? +4S
Z(x+y—z)zzzx2
2
Z(\/a2+c2+4S+\/b2+c2+4S—\/a2+b2+45) >
2 2 2
2(\/a2+b2+4s) +(\/b2+c2+45) +(\/a2+c2+45) =

=a’+b*+4S+b*+c*+45+a® +c + 45 =2(a® + b* + c*) + 125
SOLUTION G.017.

By Euler’s inequality: R > 2r = R* > 2Rr = R > \/2Rr

4ARrTsS

2ra +R =21, +V2Rr = 2r, + 23
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2( +R>>2 N 4RS_2 N abc
T, )2 r, 75 = T, r

abc

ZNIaZZTa-l- 2_5

Analogous: 2N, > 2r, + f‘;—b:; 2NI. = 2r. + abe

By multiplying: 8NI, - NI, - NI, > <2ra + /az—b:> <2Tb + /az_bsc> <21‘c ¥ aZ_bSc)

SOLUTION G.018.

sin® — = (sinzi) = ﬂ = 1(1 - cosE)2 =
16 16

T
1 T T 1 T 1+cosZ
=Z(1—Zcos§+c052§)=1 1—2cos§+T =

(1 + cos—") —=cos— (3)

1
8
1 7 1 VAL
1o +§(1+cosT)—Ecos— 4)

; (21 (2) (4): sin? ™ 1 cind 3T 4 cind 3" 4 cind /T —
By adding (1); (2); (3); (4): sin ¢ T sIn" - +sin™ -4 sin® - =

= 1+§ 4+cosZ+cosT+cosT+cosT

1 ( [ 3w 5 711)

1 ( A 3w 5w 71r)

2 COS— + coS— + cos— + cos—

8 8 8 8

=1+%(4+cos%+cos(n—%)+cos(n‘+g)+cos(2n—g))—

+71t m @ 31r+51r St 3m
8 8 8 8 8 8 2 | _
2 cos 2 + 2 cos 2 cos 2 =

]

! 2
7| 2cos

_1+1(4+ (4 yi4 n+ n) 1(2 yi4 61r_|_2 v Zn)_
= 3 cos4 cos4 cos4 cos4 > coszcos16 coszcos16 =
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1 1 3n 4 1 3
=1+§'4—E(0'COS?+O'COSE)=1+E=E (5)

2
in® T sin837 in83T in8 /T in* 7+ sin® 37 4 sin* 2T 4 sint /T
sin 16+sm 16+sm 16+sm 16BERGS>TR0M (sm 16+sm 16+sm 16+sm 16)
Trq Ty T r rotrpt+ret+r
(3)2 9 9 0 0
5 2 2 Z
Q) 2 _ 4 S

4 = =
4R+71r+T 4R+2r_4R+2.§ 4(4R+1r) 20R
SOLUTION G.019.

A>B>C=>a>b>c
a>b=as>bs=>ab+as>ab+ bs
a(b+s)>b(a+s)

a+s
b+s

a+s

> -
ct+s

(1). Analogous: % >

: @):7>7 (3)

ct+s

. a a b a+s b+s at+ts AM-GM _3 /4.5 b+s a+s 3| (a+s 2
Byadding (1); (2); B): 3+ 5+ >+ 2+ 2 3 gt a=3(57)

(a+a+b>3 S 27(a+S)2
b ¢ ¢ b+s
SOLUTION G.020.

S=rs/s(s—a)(s—b)(s—c) = /#J(S —b)(s—c¢)-Vbc =

AAaM-Mb+c s—b+s—c A b+c a A
=vbc-\/(s—b)(s—c) -cosz < :

z2 = T2 2 08y T T 2% T
2s—a)a A
=y cosy
35<Z:Mcosé
- 4 2

A MITRINOVIC
Z a(2s—a) cos > 12rs > 12r - 3v/3r = 36V3r?

SOLUTION G.021.

B C
Al'] <3 Z AI? = 48R>? z sin? —sin? —

2 2
cyc(A,B,C) cyc(A,B,C) cyc(A,B,C)

B c
48R? Z sin? Esin2 3 < 6R(h, + hy, + h, — 61)
cyc(A,B,C)
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s2+1r>?—8Rr s’+1r*—8Rr s?+1r*+4Rr—12Rr
T 16RZ 2R - 2R -
s’ +1r% +4Rr
- 2R

8R Z sin? B sin? ¢_ 8R
2 2

—6r=h,+h,+h,—6r
SOLUTION G.022.

3R\3  MITRINOVIC
3R\/_—— > 2s=2ys3=2}(s—a+a)(s—b+b)(s—c+c) =

MAHLER r2g2
(\/(s—a)(s—b)(s—c)+\/abc)—2\/ bc + 2 /——2\/ c+2/ 5
MITRINOVIC 313v3

—2\/_c+2r\F > 2W+2r/ \i—r

= 2¥abc + 2\3r
3RV3 > 2Vabc + 2V3r
2Vabc < 3RV3 — 2V/3r
2Vabc <V3(3R - 2r)

= 2¥/abc + 2r.|(V3)’ =

SOLUTION G.023.
Ifx € (Og) > sinx <x<tanx

(x —sinx)(tanx—x) >0
xtanx —x%? —sinxtanx + xsinx > 0
x(tanx + sinx) > x? + sin x tan x

x(tan x + sin x) 1 xy(tan x + sin x)
=

>
x2 + sinxtanx x2 +sinxtanx y
xy(tan x + sin x)
Y iy,
x2 + sinxtanx
cyc(x:}’:z)

SOLUTION G.024.

1—[ (Sin12 - 1) _ 1—[ <1 ;usllznx2 x> _ 1—[ <(1 - sinsaicl)l(zlx+ sin x)> _

H(smx + siny + sinz — sinx) (sinx + siny + sinz + sinx) =

H sm2

1
B Wn(sm}q‘ sin z) - 1_[(2 sinx + siny + sinz) >
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AM—-GM 1

>" o [ [2/sinysinz | [4ysinxsinysinz =
23_43 - - 83 . )
= sz (| [0 [ om0 = g ([ [sine) =27 =512
1
; —1)>512
1_[<sm2x )
1-sin®x cos? x
>512 > 512
sinZx
ncoszx > 5121_[sin2x

Equality holds if sinx = siny = sinz = % = x =Yy =z = arcsin %

SOLUTION G.025.

4R+r

First, we prove that in any acute AABC: ), b+1

a (1)
4R+r 4R r 2R 1 2R 1_8R2 1

2rs _er+2rs_g+2_s_ abc+z_abc+z
4R

With:a=y+z,b=z+x;c=x+Yy

1

Inequality (1) can be written: ), prpTa—— E Z (2)
.o _ Y (y+2)(z+x),
Now we use: R = ek
1 ’ (x+y)"2(y+z)2(z+x)2 L
il e 16xyz(x+y+2)
@)= 2 2 x (x+y)(y+2)(z+x) 2(x+y+z)
11 1 1) x+y)@y+2)(z+x 1
R .
2\x 'y z 2xyz(x+y+2) 2(x+y+2z)

x+yY)y+2)(z+x)+xyz=(x+y+z)(xy+yz+ zx)
After calculus we obtain an identity.
Back to the problem: we will apply (1) for the orthic triangle of A ABC with sides:
ap=acosA;by=bcosB;cy=ccosC
Area: Sy = 25 cos A cos B cos C; Inradii: Ry = g
1 _ 8R} 1

- +
bo + Co —Q aob()CO ZSO
cyc(ap,bo,co)
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RZ
1 8- 1

= +
by+cy—a, abccosAcosBcosC acosA+bcosBccosC

cyc(ag,bo,co)

Z 1 B 2R? N 1
bcosB+ccosC—acosA 4RScosAcosBcosC abc

cyc(ag,bo,co) 2R2

Z 1 3 R +2R2
bcosB+ccosC—acosA 4ScosAcosBcosC abc

cyc(ag,bo,co)
SOLUTION G.026.
Letbe f: [Og] - R; f(x) = sinx - tanx — x?

sinx

f'(x) =sinx + 2x

cos? x

100 (cosx — 1)(cos3x + cos?x — cosx — 2)
X) =
cos3 x

ffix)20=f'(x)=f(0)=0= f(x) = f(0)=0
sinx-tanx—x? >0
sind-tanA—A4%2>0
sin? A 1—cos?4

cos A

>0

1
—cosA>A*’=>——>A%2+cosA

cos A CosA
1
> Z (4% + cos A)
cos A
cyc(A,B,C) cyc(A,B,C)
1 1

+ + > A2+ B2+ C%*+cosA+cosB+cosC
cosA cosB cosC

SOLUTION G.027.

(b+c—2a)?>0= b?+c?+4a* +2bc—4ab —4ac >0
4ab + 4ac — 4a* < b? + ¢% + 2bc

b — b

a(b+c a)< +c

4ab+c—a)<(b+c) =

b+c -4
a(2s—2a) b+c a(s—a) b+c
< = <
b+c ~— 4 b+c — 8
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a(s—a) 1 1 1 mrrivovic1l 3v3R 3vV3R
Y =g bro=g-4 SpEALL

== <
b+c R e T 4

cyc(a,b,c)
SOLUTION G.028.

InABIC: BI + CI > BC

BI+cI BC (BI+cCI\° [BC\®
>ar= ) > (Gr)
Al Al Al Al

5 5 5 5
BI+AI cA AI+BI AB

Analogous: (—+ ) > (—) ;(—+ ) > (—)
BI BI cI cI

s (222)"+ (252)" (220> ()" (2 + (2

SOLUTION G.029.

In ABGC; G - centroid:

2 2 2my, +2m, 3a
GB+GC>BC=>—-m,+-m.>a=>2m,+2m,>3a=> —— > —
3 3 m, m,

() (2 oo

mg a

Analogous: (%)7 > (2)7 2)

mp

(Zrarzm)’ 5 (397 (3)

me me

By adding (1); (2); (3):
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(metima)” . (Bmaime)” . (Bmetine) 5 (307 (20)7 4 (2)
SOLUTION G.030.
tan"lx<x=>x—-tan x>0
x<sinlx=sinlx—x>0
(x —tan 1 x)(sin"1x—x) >0
xsinlx—x*—tanlxsin"lx+xtan"1x >0
x(sin"lx+tan"1x) > x?+tan"1xsin 1x

sin"lx+tan1x

1
xZ +tan-lxsin1x  x
y(sinlx +tan"1x) y
x2 +tan-lxsin-1x ~ x

y(sin~1x + tan~1 x) y AM-6M 3|y z Xx
3 mmnyyef
x%2+tan~lx-sin~lx x Xy z
C}"—'(x,}’,z)

SOLUTION G.031.

3 cos? xsin?y = cos? ysin?y + 2 sin® x cos? y
3cos?x(1—cos?y) =cos?y(1—cos?y)+2(1—cos?x)cos?y
3 cos?x —3cos?xcos?y = cos?y—cos*y+ 2cos?y—2cos?xcos’y
3 cos?x —3cos?’y—cos?xcos’?y+costy=0
3(cos? x — cos?y) — cos? y(cos?x — cos?y) =0
(cos?x — cos?y)(3 —cos?y)=0
cos?x — cos?y =0 = cos?x = cos?y = cosx = cosy = x = y. Analogous:

3cos?y N 2sin?y
cos? z sin? z y y

x+2*+1log, x =3.Letbe f:(0,0) - R

- x . f! — 9x
fx)=x+2"+1og, x; f'(x) =2 log2+xlog2>0

f strictly increasing; f(1) = 3

f injective; f(1) = f(x) >x=1=>x=y=z=1.
SOLUTION G.032.

b c b% + ¢ b?% + ¢ — a?
z<—+—>cosA=Z . =
c b bc

2bc
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6a’ b*c?
_ 2002 1 2Y(h2 4 2 — o2) — -
Zazbzczza (6% + ) (b" + ¢* — a) 2a?b?c? 3
Letbe a',b’, ¢’ - sides of orthic triangle of AABC and A’ = — 2A,B’' = w — 2B,

C'=m—-2C

Z D+ ) cosar =3
oty cosd =

z(bcosB_l_ccosC) ( 24) = 3
ccosC ' beosB) O\ B

Z(bcosB+ccosC) 24 = —3
ccosC  bcosB) 0T

SOLUTION G.033.

75°

AB=AC=1;AB=x
cos 15° = cos(45° — 30°) = cos 45°cos 30° + sin 45°sin 30° =
V2V VZ 1 V6+V2

2 27227 1
BM? = AB? + AM? — 2AB - AM cos 15° =
V6+vz  , x(V6++2)
X ———=x2 - 7

= 2—
1+x 2 2 X 2
1
BMzﬁ-\/sz—x(\/6+\/2)+2 (1)

c0s 75° = cos(45° + 30°) = cos 45°cos 30° — sin45°sin 30° =
VIV V21 612

2 2 2 2 4
CM? = AC?* + AM? — 2AC - AM cos 75° =
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.@z_xz_k(\/i_z—\/g)xﬁ_l

1
CM=5J2x2+(ﬁ—JE)x+2 2)
CM + MB > BD + DC = BC =2

By(1);(2):\%<\[2x2+(\/f—\/g)x+2+\[2x2—(\/§+\/3)x+2)2\/5

=1+ x%2—-2x

(22 + (VZ-VB)x +2+ [202 - (V2 +VE)x+2 22

SOLUTION G.034.

3 tan x—tan3 x

Letbe f:(—,—-3] - R; f(tanx) =

1-3tanZ x
f(tanx) = tan 3x
(x) = 3x — x3 ()_3+6x2+3x4>0
fO) =132 W =" 352
f strictly increasing;

f(-3) = REAL —19—3 = f(x) < ——=> tan 3x < — . From hypothesis:
tan 3x > i tan 3 i 3 13
an 3x {3~ tan3x=—_2=cos3x = 5Vi0

5v10 —13 + 13sin3 13=0
V10 - sin3y — 13 =
5v10 Y
nm
sin3y=0:>3y=n1t;nEZ:>y:?;nEZ
Ifcos3x———:>5\/ —+1351n3y 13=0

1
13sin3y =26 > sin3y=§
T
3y = (—1)”g+nn;ne Z

y= (—1)”1—1;+ns—n;ne Z
SOLUTION G.035.
In AABC:
2a%(b+c¢)? +2b%*(a+c)? +2c?(a+b)>* < (a+b+c)a+b)(b+c)a+c) (1)

2a%b? + 4a®bc + 2a%c? + 2a?b? + 4ab*c + 2b%*c? + 2a%c? + 4abc? + 2b%c? <
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< (a® + ab + ac + ab + b? + bc)(ab + ac + bc + ¢?)
4a’b? + 4b%*c? + 4a*c? + 4abc(a+ b +¢) <
< a3b + 2a%b? + a’bc + ab? + ab*c + a3c + 2a*bc + a*c? + ab*c + abc? +
+a%bc + 2ab®c + abc? + b3c + b%c? + a?b? + 2abc? + ac3 + b?c? + b3
a3b — 2a’b? + ab® + a3c — 2a®*c* + ac® + b3c — 2b*c?* + bc®* > 0
ab(a—b)? +acla—c)>+bc(b—c)?=>0
We apply relationship (1) for orthic triangle with sides: ay; = acos A;by = bcosB;

c=ccosC

2 Z a2 (by + co)? < (Z a) 1_[(a0 + by)

ZZ a? cos?A(bcosB + ccos C)? < (Z acosA) n(acosA + bcosB)

SOLUTION G.036.

IA' = abc abc
Z Zwa(b+c) Zb_zl_c\/bcs(s—a)(b+c)

abc AM- GMabc

2
= 2abcz b+ = 8Rrsz b+ c)z >

EULER 16 MITRINOVIC 48\/_
> >
”Z(b+c)2 = TZ(b+ BE

SOLUTION G.037.
If x,y € C then is known the identity:
det(xA + yB) = x*det A + y*> detB + xy(det(4 + B) — detA — detB) (1)
We takein (1): x = detB;y = det A: det(Adet B + BdetA) =
=det’B -detA + det>? AdetB + detA - det B (det(4A + B) — det A — detB)
det(AdetB + BdetA) =
= detAdetB (detA + detB) + det(4AB) (det(A + B) — detA — detB) =
= det(4B) - det(A+ B) (2)

1

. 1
We take in (1): x = woia Y =SB
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A B 1 1
det (detA T det B) = detA detB  detAdetB (det(4 + B) —detA — detB) =
1 1 det(4 + B) 1 1 det(4 + B)
~ detA + detB + detA -detB detB detA detA-detB

A B __ det(4+B)
det (detA + detB) " detA-detB (3]

By adding (2); (3): det(A det B + B det 4) + det (- + -2

detA detB

SOLUTION G.038.
Y a? — 8R? B s2 — 4Rr — r? — 4R?
8R? N 4R2

The inequality can be written:

= cosAcosBcos(C

Z a3 cos®a + 3abccosAcosBcosC > 2 Z(a cos A)? (b cos B)?

Let ay, by, ¢, be the sides of the orthic triangle of AABC:a, = acosA,b, = bcos B,

co=ccosC
Z a3 + 3agbgcy = Zz aib
By Schur’s inequality:
Z aj + 3agbgcy = agbg(ag + by) + boco(bg + ¢o) + coaglag + ¢o)
Remains to prove: Y, agh, (ay + bg) = 2 a3b,

aobo(ay — by) + bycy(cy — by) + agco(ag — co) = 0 which is true.

SOLUTION G.039.
By cosine law: a?b? + c¢* — 2bc cos A = b? + ¢? — 2bc - % = b? + ¢* — bc = bc because
(b—0c)?=>0
a’? > bc (1)

a AM-GM a aAM GM
1+B = 2\/%;14'— \/72}

(1+D) (1492220 y

By multiplying: (1); (2): a® (1+2) (1+2) 2 4bc

(1+%)(1+%)24a—lf
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b+a)c+a) =2 (3)

2

By AM-GM: (““2%) > (b+ a)(c + @) (4)
2 2.2

By (3); (4): (b+a;-c+a) > 4I;2c = Zsz+a > Z‘lﬂ

2s+a="* (5)
L, ... 3V3R

By Mitrinovic’s inequality: — =S
(5) 4bc
3V3R+a=2s+a > -

4bc
3V3R+a > -

SOLUTION G.040.
a>b>c=>b—a<0c—-b<0a-c=>0>

(b—a)c—b)(a—c)=0
(bc —b%? —ac+ab)(a—c)=>0
abc — bc* — ab? + b?>c — a’c + ac® + a’b —abc = 0
a’b + b%*c + c?a = a*c + b*a + ¢*b (1)
a’c+b*a+c?b=ac-a+ab-b+bc-c=

Zc= ()28 (2)

sinB sinC sinA

28 28
sinC

sinA4

sinB.

(. (2 b c 2 2 2

By (1); (2): (- + ——+ )25 < a’b + b’c + ca
a 4 b 4 c

sinB sinC sinB

a’b + b%c + c*a
28

SOLUTION G.041.
sinfz cos?y

> ——>2 o sin*z+cos*y > 2sin’zcos?y & (sin?z — cos?y)2 > 0
cos?y sin?z

Z sin? z N cos’y
cos?y sin?z
Z sin? ysin? z + sin? z — sinzysinzz_l_z 1—sin?z o6
1—sin?y sinZx

sin?ysin’z 1—sin%z
D CAELLEFPNR T o B U
cosZy sinZ x
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sin?ysin?z 1 —sin’z L,
z 3 +— +ZSm z=>6
cos?y sinZ x

sinzysinzz sin? z_
D sty Dt 2ot =3 ) G
cosZy sin sin

sin? ysin? z 1 + sin? x sin? z — sin? x — sin? z
T >3
cos?y

sin? ysin? z cos? x cos? z
—a. 1 —wo2. =3
Ccos-y sin® x
cos? x cos? z
sin? x + cos? x I —— 3
sin® x
1
sin? x + cos? x I v 3
sin? x cos?y

Denote x = a* - AN?;y = b? - BN?;z = ¢? - CN?

sin? x

SOLUTION G.042.

Inequality can be written: Y, 5(y+z) -2 %

Zx(52+5x—y)(5x+5y—z) 251_[(5y+52—x)

3Z(Sx+ 5x2 —xy) (5x + 5y —z) > ﬂ(5y+ 5Z — x)
5(x3 +y3 +23) + 3xyz > 3(x%y + y?z + z°x + y?x + 2%y + x%y)
5 x3 + 15xyz — 12xyz SCEUR 5Y(x%*y + xy?) — 12xyz > 3 Y(x%y + xy?) (to prove)
SZ(xzy + xy%) -3 Z(xzy + xy?) > 12xyz

2 Z(xzy + xy?) > 12xyz

Y(x%*y + xy?) = 6xyz (to prove)

2 2y AMZEM 6 2 2 2 2 2, — 65/ x6v6,6 —
(x“y +xy*) = 6\/xy-yz-zx-yx-zy-xz-6\/xyz—6xyz

SOLUTION G.043.
s N 8Rr _
ab+bc+ca (2s—a)(2s—b)(2s—c)

B s(a+b)(b+ c)(c+ a) + 8Rr(ab + bc + ca) B
(a+b)(b + c)(c+ a)(ab + bc + ca) -
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_ 25%(s®* + 2Rr + 1) + 8Rr(s* + 4Rr + 1?) _
h 25(s2 + 2Rr + r2)(s® + 4Rr + r?) B

_ 5%(s> + 2Rr +1%) + 4Rr(s* + 4Rr + 1?%) - 1
~ s(s2+2Rr +12)(s% 4+ 4Rr + 1?) ~ s

& st + s2(6Rr +1%) + 4Rr*(4R + 1) >
> s* + s2(6Rr +1r?) +1r*(2R+1r)(4R + 1)

© 1r’(4R+1)(2R—71) = s*r? © s* < 8R? — 2Rr — r? (to prove)

GERRETSEN
s2 < 16Rr — 512 < 4R? + 4Rr + 31?2 &

© 4R* —12Rr +8r* >0 (R—2r)(R—1) = 0 (true)

s 8Rr 1 MITRINOVIC 1 2\/3

+ >= < =—

ab+bc+ca (a+b)(b+c)(c+a) s 3vV3R 9R
2

SOLUTION G.044.
By Murray-Klamkin’s duality principle: ax, by, cz can be sides of a triangle. Denote
ax = ay, by = by, cz = cy. We must prove that:

ag N bo n Co > 3
ag + bo + 98C0 bo + Co + 98(10 Co + (1)) + 98b0 — 100

). s = D, B
ap+ by +98¢c, a% + agby + 98a,c,
cyc(ag,bo,co) 0 0 0 cyc(agho.co) ° 00 00
BERGSTROM (ag + by + ¢p)? 3

= s
Yai+Yaghy+98Y apc, 100

& 100(ay + by + €5)? > 32 az + 2972 aobo

100 (Z az + zz aghy) = 32 az + 2972 aoby
972 a > 972 aob,
Za(z) = Zaobo

(@9 — bo)? + (bg — ¢o)* + (cg — ag)* 2 0
SOLUTION G.045.
sin? x + sin? y cos? x + cos? x cos?y =

= sin? x + cos? x (sin®? y + cos?y) = sin?x + cos?x =1 (1)
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1 @sin?x+1
sin2x  sinZx
AM-6mMm 1 4 — - -
Sn?x 4 -/sin? x - sin? x - sin? y cos? x - cos2 xcos?y =

__sin® x + sin® x + sin y cos® x + cos? x cos? Y.
N sin? x =

— 4 2 2 2 2 4 — dcosx r

= in in in 2

sz - {/sin* x cos* x sinZ y cos2 y = i Jsinycosy (2)
1

(1) sin? y cos? x + sin? x + sin? y cos? x + cos? x cos? y
sin? y cos? x

sin? y cos? x -
AM—-GM 1
=

ﬁ%}-\/sinzycoszx-sinzx-sinzycoszx-coszxcoszy=
sin? y cos? x

=—* _ .siny cosx \/sinxcos Cos x = nfsinxcosycosx (3)
" sin2ycos? x y y siny cos x

1 cos? x cos? y + sin? x + sin? y cos? x + cos? x cos? y
cos2xcos?y

=
cos? xcos?y
AM-GM 4

4 - -
—— Vcos? xcos?y - sin? x - sin? y cos? x - cos? x cos?y =
cos? xcos?y

4 - - 4,/51nxsmycosx
=———>—"COS X COS SInXSINnycCosx = 4
cos? x cos? y y \/ y )

cosxcosy

1 1 1
>
n2 x) (1 + sin2 y cos? x) (1 + cos?2 x cos? y) -

i 4,/sinx cosycosx 4,/sinxsiny cosx
Jsinycosy - - : =
sin x sin y cos x COS X COS y

4 COsSXx-sinycosy-sinx-cosx
siny cos x cos x cos y sin x

By multiplying (2); (3); (4): (1 +

4 cosx

SOLUTION G.046.

1,7 b a+b—ab
(—) = ——1 <1+b ——1>=1+——b=—
a a a
<

a+b—ab

1
ab

b
=a’ > a+b—ab (1)

« ha
Analogous: b* > T 2)

By adding (1); (2): a® + b*

a+b
>a+b—ab (3)

a+b
———>1+absa+b>a+b—ab+abla+b)—a*bh? o
a+b—ab

< ab(a+b) —a’b?* —ab<0< ab(a+b—ab—-1) <0
s ab((a-1)-bla—1)) <0 abla—-1)(1-b)<0
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< ab(1 —a)(1 —b) > 0 which is true

a+b
a+b—ab

Analogous: b° + c? > 1+ bc (5); c* + a® > 1+ ac (6)
By multiplying (4); (5); (6):
AM-GM

(a® + b*)(b° + c®)(c* + a®) > (1 + ab)(1 + bc)(1 + ca) =

ab? + b* >

>1+ab=>a’+b*>1+ab (4)

> 2Vab - 2vbc - 2\/ac = 8abc = 8 - 4RS = 8 - 4Rrs = 32Rrs
SOLUTION G.047.
If H - the orthocenter of triangle ABC is the origin of the system of rectangular axis lets
denote x,y, z the dffixes of A, B respectively C.
A(x); B(y); C(z); x, y, z different in pairs
C=AB=|y—x|;b=AC=|z—x|;a=BC=|z—Yy|
|x| = AH = 2R|cos A|;|y| = BH = 2R|cos B|;z = CH = 2R|cos C|

1=]1] = vy oy = <
(z-x)z-y) (x-y)&x-20 -x(Q-2)
ezl el lo==al-
z-x)z-y)| lx-yk-2 [F-x)(y-2)
x| - |yl lyl - |zl z| - |x|

= +
lz—x[-lz—y|l |x—yl-lx—2 |y—x|-|y—zl
lx[ |yl - lx =yl +1yl-|z| - ly—z| + |z| - |yl - [z—y| 2 |z — x| - [z— y| - |[x — |
2R|cos B| - 2R|cosC| - a + 2R|cosC| - 2R|cos A| - b + 2R|cos A| - 2R|cos B| = abc

|cos B cos C| + b|cos C cos A| + c|cos 4 cos B| > 22¢ — RS
a|cos COS COos C cos C|(COS COS = 4R2 = 4R2

rs
2RsinA - [cosBcosC| + 2RsinB - [cosCcos A| + 2R sin C |cos A cos B| > z

rs

sin A |cos B cos C| + sin B |cos C cos A| + sin C |cos A cos B| > 2RZ

Equality holds fora = b = c.
SOLUTION G.048.
If K - Lemoine’s point of the triangle ABC is the origin of the system of rectangular axis
lets denote x,y, z the affixes of A, B respectively C.
A(x); B(y); €C(z); x,y, z - different in pairs.
c=AB=|y—x|;b=AC=|z—x|;a=BC=|z—-y|
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x| = KA = 2bcm, 1yl = KB = 2camy, 2| = KC = 2abm,
= 2+ +2 VT B T " a?+ b2+ c?
xy yz zx |
e [ | e Rl g | o Ry e  copupsy
<

(z—xj)rz]z—y)| * |(x—y)),fx—2)’ * ’(y—x?(cy—Z)| B

3 |x] - |yl lyl - |z| |z| - |x|
lz—x|-lz—y| lx—=yl-Ix—z| |y—x|-|ly—z|

x| - |yl lx—yl+1yl-lz| - |ly—z|+|z| - |x| - |z—y| = |z—x| - |z—y| - |x — yI

( 2cam,, 2abm, ) > ab
a- . > abc
a’ + b% +c% a%?+b? +c?
cyc(a,b,c)
tab a*m,m, > ab
abc E > abc
(a? + b?% + ¢%)?

cyc(a,b,c)
(a? + b? + ¢?)?
4

a’*mym, + b*m.m, + c*m,m,, >

Equality holds fora = b = c.
SOLUTION G.049.
If I - incentre of triangle ABC is the origin of the system of rectangular axis lets denote
x, Y, z the dffixes of A, B respectively C.
A(x); B(y); C(2); x,y, z - different in pairs
C=AB=|y—x|;b=AC=|z—x|;a=BC=|z—y|

Tr Tr
|x| = 1A = ) é;IyI=IB=_—E;IZI=IC= T
smz smz smz
xy yz zx
1=11] = + + |<
z-x)z-y) x-y)x—-2 @G-x)(Qy-—-2)

<| xy +| yz +| zZX |_
“lz-x)z-p x-nx-2| -0 -2)|
|| - |yl ly| - |z] |z] - |x|
= + +
lz—x|-1z—y| |x—yl-Ix—2z| |y—x|-ly—2z|
x| - |yl - lx—yl+1yl-lz|- ly—z|+|z| - |x| - |z—y| = |z— x| - |z— y| - |x — yI

r r a abc
a —— — > abc =

. . . B .
Cyc(a,b,c) sin 7 sin 7 cyc(a'b'c) sin 7 sin 7

rz
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2RsinA ARrS sin A 4Rs 2s
= > =—

. B . -
cyc(abe) \SIN 7 Sin r-2R R

. B . = 2
Cyc(a’b’c) sin 7 sin 7

SOLUTION G.050.
If G - the centroid of triangle ABC is the origin of the system of rectangular axis lets
denote x,y, z the dffixes of A, B respectively C.
A(x); B(y); C(z); x, y, z different in pairs
c=AB=|y—x|;b=AC=|z—x|;a=BC=|z-Yy|

2 2 2
x| = GA = gmg; |yl = 6B =gmy;|z| = GC = gm,

1=11| = a4 + b + i |s
z-x)z-y) (@x-y)kx-2z QG-0Q@-2)
Xy N | yz n | zZX _

“lz-0E-» lx-»Nx-2|  ly-x0@-2)|
|x] - |yl lyl - |2] |z| - x|

“lz—allz—yl T Tx—yl lx—2l Tyl Iy
lx| - |yl -lx =yl + |yl -zl - ly —z| + |z] - [x] - |z — x| = |z — x| - [z—y| - [x — y]
2 2 2 2 2
gma-gmb-c+§mb -gmc-a+§mc-§ma-b2 abc
4(amym, + bm,m, + cm,my,) = 9abc
Equality holds fora = b = c.
SOLUTION G.051.
(ab)**1 . (bc)**1 | (ca)**1 .

x+1 x+1 x+1 _
ba +cb + ac = p= =

RADON (ab + bc + ca)**! GORDON (4\/§S)x+1 B

- (a+b+c)* - (2s)*

4x+1 . (\/g)x+1 L+l gxtl
N 2% - s¥

— 22x+2—x(\/§)x+1 Lpxtllg >

MITRQOWC 2x+2 (\/§)x+1 Crxtl . 34/3r = 2x+2(\/§)x+2 L3 .pxt2 = 3. (2\/§T)

Equality holds fora = b = c.

x+2

SOLUTION G.052.

AM—GM
1=a?+b2+c® > 33azb2c? =33/(abc)?
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%2 2/ (abc)? = (abc)? < %z:» abc < i:iz 3v3 (1)

3v3
a+b+cAM;GM 33\/abc_ 33abc _ 3 _
abc - abc Y (abc)? 3/ (abc)?

=3 () 23 (3V3)° = 3 ((\/§)S)§ —3(v3) =9

a+b+c 2s

S
> =2 s >
29> 1rs =2 iR rs =2

abc

1
-~ >9=-18Rr<1
2Rr = 0 7 18R <

SOLUTION G.053.

AM—GM
1=sin?4+cos?A > 2/sin24 cos?A = 2sinAcosA

1>2sindcosA=>sindcosA<i=s—1 _>2 (1)
2 sinAcos A

1 N 1 sinA + cos4 AM;GM 2vsin A cos A
sind cosA sinAcosA sindcosA

1
2 1 2 1
=—=2'(.—) >2-22=22
VsinAdcos A sindcos A

Equality holds for A = %.

1 1
Z ( + >>2\/§+2\/§+2\/§=6\/§
sin4d cosA

cyc(A,B,C)
SOLUTION G.054.

1 Bergstrom (1 +1+ 1)2
- - > =
Z 31‘121 + 71‘ch chc(a,b,c)(Brtzl + 7rbrc)

cyc(@b,c)
9
N 3(r2 + 12 +712) + 7(rary + 1T + Tc1g) N
9 9
“3(AR+1)?—2s2)+7s2 3(AR+1)2— 652+ 7s%

9 MITRINOVIC 9

EULER
= > >
3(4R + 1)?% + s2 - 3(4R+1)2+27r%2 —

> 9 _ 3 _ 3 :12R2:2R2
Gl el TR 0
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SOLUTION G.055.

a b c

AABC ~AA'B'C > —=—=—=k=>a =ka b =kb:c’ =ck
a b c

Z (ka+kb)(ka+kc) +3> 15(b+c)(kc+ka)(ka+kb)

kb-kc 8a-kb-kc

Inequality can be written:

z(a+b;£a+c) L3> 15(b + ¢)(c + a)(a + b)

- 8abc
s? —1r%2 —Rr 15 2s(s®>+ 1%+ 2Rr)
S
Rr 8 4Rrs
s2—1%2 —Rr + 3Rr - 15(s? + 1% + 2Rr)
Rr o 16Rr

16(s* — 1% + 2Rr) > 15(s* + r* + 2Rr)
16s* — 161> + 32Rr = 15s* + 15r% + 30Rr
s? > 31r? — 2Rr (to prove)
By Gerretsen’s inequality: s> > 16Rr — 51% > 31r? — 2Rr < 18Rr > 3612
R > 2r (Euler’s inequality)
SOLUTION G.056.

Denotea =sinx;b =1 —sinx
T
x € (O,E) = abe(01)

2(sin x)27sinx . (1 — sin x)si"* = 24P - p2 <

a+b

AM-GM a-b+b-a AM—-GM a+b
<2 (S 2(~5-)
a+b

a+b

a+b 1 sinx+1-sinx 1 1 1

_2<sinx+1—sinx> _2(> _2<)_2 _1
B 2 - T\2 B 2) T2

SOLUTION G.057.

S WGMéWHM a+b _a+t b
a Q 2

ath

(a+b)?+b

2a+b (1)

In (1) we take: a = sin? x; b = sin?y

abb? >

. in2 . in2 (sin2 x+sin? y)Sin2x+Sin2y
(smz x)sm X, (San y)sm y > > . (2)

2sin“ x+sin“y

In (1) we take: a = cos? x; b = cos?y
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5 5 (COSZ x+COSZ y)cosz x+c0$2}’
2 cos“x 2 cos“y
(cos? x) (cos? y)oos™Y > =" "oty (3)

By multiplying (2); (3): (sin? x)sinzx . (sin? y)sinzy . (cos? x)coszx . (cos? y)coszy >

. . 02 ) 2 2
- (smz x + San y)sm x+sin“y | (COSZx + COSZ y)cos x+cos“y

2sinZ x+sin? y+cos? x+cos? y

. . in2 in2 2 2
= Z (sz x + San y)sm x+sin“y | (COSZ x + COSZ y)cos x+cos“y

. . in2 i02 2 2
(smz x + San y)sm x+sin“y | (COSZ x + COSZ y)cos x+cos“y

(sinz x)sinzx . (sinz y)sinzy

<
- (cos? x)coszx - (cos? y)coszy -
SOLUTION G.058.

a b c
AABC~AA’B’C’:E=3=?=k=»a’=ka;b’=kb;c’=kb;k>0

Inequality can be written:

4(mymy + mymy + momy) + k(a? + b? + ¢%) > 4k (\/azb2 ++/b2c? + \/czaz)

m, _ my _ m.

=k

m, a my m,
4k(m2 + m% + m?) + k(a? + b? + c) > 4k(ab + bc + ca)
3
4-Z(a2+b2 + ¢%) + (a? + b? + ¢?) > 4(ab + bc + ca)

a’? +b%*+c*>ab+bc+ca

(a—b)?+b-0)?+(c—a)’=>0
SOLUTION G.059.

2, .2
By Tereshin’s inequality: m, > % = b%* + ¢ < 4Rm,

2-2RsinA - 2
b% + ¢ < ?m Ma _ p2 4 2 < (_lma
sin4 sinA
28
28 2

‘sind _ ha 2b

< -
am,~ b%2+c2 m,” b?+c?

h, < 2bc
m, ~ b% + czl h,h, 4abc?
h, =

2ac mgmy, ~ (b% + c?)(a? + ¢?)

m, ~ a? + c?

131 MATH PHENOMENON RELOADED



DANIEL SITARU

c
<4
m,my, “”Cz (b2 + c%)(a? + cz)
cyc
4. 4R c MITRINOVIC L6R 3V3R c
= . < . =
”Z ((bz + D) (a? + cz)) = T ((bz + D) (a® + c2)>
cyc cyc

= 24\/§R21'Z ((bz + CZ)C(aZ + CZ))

cyc
SOLUTION G.060.

logginasinB  logg,gsinC logg,csin4

A B C -
tan 7 tan7 tan 7
AM;GM 33\/logsim sin B - 1ogi, g sin C - loggjp ¢ Sin4 3 -
= A B B -
tans tan tany *ltan A tan B tan &
2 2 2
3 3
=—==3V3

3
23 = =
\/3\/§ 3\[(\/5)3 V3

SOLUTION G.061.
If N - Nagel’s point in AABC is the origin of the system of rectangular axis. Lets denote
x, Y, z the dffixes of A, B respectively C
A(x),B(y),C(z);x,y, z - different in pairs
C=AB=|y—x|;b=|AC| =|z—x|;a=BC =|z—Yy|

Eq =NA=\/(b—c)2+4r2
ly| =NB=\/(c—a)2+4r2
|z| =NC=\/(a—b)2+4r2

yz zx

“”“=k_@@—w & wu D -00-2°

|(z x)(z y) |(x y)(x 2) |(y—x§3<cy—z)|:

3 |x] - |yl |yl - |z] N |z| - |x]|
lz—x|-lz—y| |x—yl-Ix—2z| |y—x|-ly—2z|

lx| -1yl - lx =yl + |yl - |zl - ly —2z[ + |z| - |x] - |z — x| 2 [z — x| - |z — y| - |x -y
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a\/((b —0)2+4r%)((c — a)? + 4r2) > abc
cyc(a,b,c)

SOLUTION G.062.

sinA;sinB;sinC;cosA;cosB;cosC € [0,1]

. . Bernoulli
2sind = (14+1)$"4 > 1+sind>1+sin?4 (1)

Bernoulli

26054 = (14+1)°4 > 1+cosA>1+cos?4 (2)
By adding (1); (2): 254 + 254 > 1 + sin A+ 1+ cos?A =3
2sind 4 2cosd 5 3 (3)
Analogous: 25™B 4 2€05B > 3 (4); 2sInC 4 2¢0sC > 3 (5)
By adding (3); (4); (5): 254 + 25inB 4 2sinC 4 pcosd | gcosB 4 cosC > g
SOLUTION G.063.

Let A AyB,C, be the orthic triangle of AABC with sides: ay = acosA; by, = bcosB;
co=ccosC;R, = g - circumradii; vy = 2R cos A cos B cos C inradii.
By Bandila’s inequality (1985) in AAyB(C:
l1ay by ¢ R
( 0, Do, _0) < 2o

3 b_o co ay/  2rg
1/acosA bcosB ccosC g
§(bcosB+ccosC+acosA>S2-2RcosAcosBcosC
acosA bcosB ccosC 3

+ + <
bcosB ccosC acosA 8RcosAcosBcosC
SOLUTION G.064.

Let AAyB(C, be the orthic triangle of A ABC with sides: ay, = acosA; by = bcos B;
¢y = ccos C; circumradii Ry = g; inradii vy = 2R cos A cos B cos C.

By Leunberger’s inequality from 1960:
V3 1 1 1 43
< <

R_o_ao b_o Co 21

V3 1 1 1 V3
R
2

+ + <
acosA bcosB ccosC ™ 2-2RcosAcosBcosC

2\/§< 1 1 1 V3

R _acosA+bcosB+

ccosC = 4R cosAcosBcosC
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SOLUTION G.065.
(cosx + isinx)5 = cos® x — 10 cos® x sin? x + 5 cos x sin* x +
+i(5 cos* xsinx — 10 cos? x sin® x + sin® x) (1)
(cosx + isinx)® = cos5x + isin5x (2)

By (1); (2): sin 5x = 5 cos* x sin x — 10 cos? x sin® x + sin®

x
sin 5x = 5sinx (1 — sin? x)2 — 10(1 — sin? x) sin3 x + sin® x
sin 5x = 5sinx — 10 sin® x + 5sin® x — 10 sin® x + 10 sin® x + sin® x
sin5x = 16 sin® x — 20sin®x + 5sinx (3)
But sin5x < 5x; (V)x >0
By (3): 16 sin® x — 20sin3 x + 5sinx < 5x
16 sin® x + 5sinx < 5x + 20 sin® x < 5x + 20x3
16 sin® x + 5sinx < 5x(4x% + 1)
sinx (16sin*x + 5) < 5x(4x*> + 1)
SOLUTION G.066.
By Murray-Klamkin’s duality principle if P is a point in AABC’s plane and PA = x;
PB =y; PC = z then ax, by, cz are the sides of another triangle.
Let be P = H- orthocenter of AABC
PA = 2R|cos A|; PB = 2R|cos B|; PC = 2R|cos C|
In that case: 2Ra|cos A|; 2Rb|cos B|; 2Rc|cos C| can be sides of a triangle.
By Padoa’s inequality in any triangle:

l_[(ZRalcosAI + 2Rb|cos B| — 2Rc|cos C|) < H(ZRaIcosAI)

cyc cyc

n(alcosAI + b|cos B| — c|cos C|) < |abc - cos A cos B cos C|
cyc

SOLUTION G.067.

Bya,b,c € (0,1) = a+ b + c < 3. It remains to prove:

tan !x —tan™?! (w/x2 + yz) < tan™! (w/x2 + yz) —tanly (1)

f=(0,1)—>]R;f(x)=tan‘1x;f’(x): 1

142

x<Jx2+y2 > f(x) < f(m) = tan"!x < tan™! (\/m)

> 0; f increasing;
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y<Jx2+y:2=fy)<f (\/xz + yz) = tan !y < tan™! (\/x2 + yz)
tan~!lx < tan?! (,/x2 + yz) (2)
—tan?! (w/x2 + yz) <-—-tanly (3)

By adding (2); (3) = (1):
tan ! x —tan~?! (w/x2 + yz) < tan! (\/xz + yz) —tanly

SOLUTION G.068.

z(x2—y) +x(y? -z +y(z* —x*) >0
x*z —zy* + xy? —xz> + yz> —yx* >0
xz(x—2)+y*(x-2)+y(z—x)(z+x) =0
(x—2)(xz+y*—yz—yx)=>0
(x—2)[yly—2)—z(y—x)]=0
x—2)(y—-x)(y—2)=0

(z—-x)(y—x)(z—y) = 0 which is true because: z— x> 0;y —x > 0;z—y >0

m,=m,=m,

ha = hb > hc = maha = mbhb > mchc

ByaSbSc:>{

We take in (1): x = m h.;y = myh,;z = m,h,
mchc mbhb maha > mbhb maha mchc
mbhb maha mchc N mchc mbhb maha

ZSm ZSm ZSm ZSm ZSm ZSm
M p ™ g Ma ™ g Ma M
25 t2s  “tas =as Tas oTas

= .m m m m m, —-—.
b " p Ta ¢ T ¢ T g b q

bm, am, N cm, - cmy, N bm, am,
cmy, bm, am, bm., am, cm,

SOLUTION G.069.

Inequality can be written:
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3 2RsinA+3 2RsinB+3 2RsinC 3|2RsinA 3|2RsinB 3 2RsinC<1
2Rsin B 2RsinC 2Rsin A 2Rsin C 2RsinA 2R sin B

sfa 3/b s3[c s3fa 3/b 3fc
[l e e
If a, b, c are sides in a triangle then Ya, %, /¢ are also sides in a triangle because:
Vb + ¢ > ¥Ya (and analogs)
b+ > Ybte>Va
Denotea’ =3a,b’ =3b,c’ =3/c

, a b a b ¢ ad-c  b-a -
Inequality to prove becomes: ytoto oo =5 T vt =
1 12 12 7 12 1 12/ 12 1/ 12 0
=a’b’c’(a ¢ —c%a +b%a —a?b’ +c*b - b?c) =

(@'b'c —a'c?—-a?b +a?c —b?*c +b'c*+ab?—-abc)=

- a'b'c
1
= (alcl(b' —c)—a?*’' —c)-b (b —c)+ab' (b - c’)) =
a'b'c
1 1
=—— (' -c)ac —-—a?-b'c+a'b)=——(b" - c’)(a’(c’ —a)-b'(a - b’)) =
a'b’c’ ab'c
= a,;,c, (b' —c')(c' —a')(a — b") < 1because:b’' —c' < a';c’ —a <b';a —b' <

SOLUTION G.070.
2
InAABC:m, <2 o m? <L (1)
ami < (b+c)> o 2b* +2c*—a?><b*+c*+2bco b?>-2bc+c?<a’? o

e (b—-—c)? < a? © |b—-c| < awhich s true.

b® + ¢ + 2bc _ (b+c)? (b + ¢)? (;) 42 m? B
b?+ct—a? Lib*+ct—-a? 4(b? + c% — a?) b +c?—a?
cyc cyc cyc cyc
_22b2+202—a2_124(b2+c2—a2)+(c2+a2—b2)+(a2+b2—c2)_
B b?+c2—a? 2 b% + ¢ — a? B
cyc cyc
1 z4(b2+c2—a2)+ (¢ +a®—b*) + (a® +b*—c?)) ) _
2 b% + ¢2 — a2 b% + ¢2 — a? B

cyc cyc
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1 4.3+ cz+a2—b2+ a? + b? — c¢? B
T2 b? + ¢ — a? b2+c2—a?|
cyc cyc
[cz+a2—b2_|_b2+c2—a2 aZ+b2—c2_|_c2+a2—b2 +]
1\p2+cZ—a2” 2+ aZ - 12 Z+a?—b? aZ+b*—c%) |
erd -

b2+c2—az_|_az+b2—c2
a’> +b*—c*>  b*+c*—a®

1
26+E(2+2+2)=6+3=9

SOLUTION G.071.

If a, b, ¢ are sides in an acute triangle then a?, b%, c? can be sides in a triangle with

(a?+b2%+c?) cos A cos B cos C
2

area: F = abc . By Pedoe’s inequality:

(a?)2(b? + ¢ — a?) + (b?)?%(a? + c* — b?) + (c¢?)?(a? + b? — ¢?) > 16FS

a? + b% + c2)cosAcosBcosC
Za“ (b? + %2 —a?) > 16Sabc\/( ) 5 =

cyc

(a? + b2 + c¢%) cos Acos B cos C
= 64RS? 2 =

= 32RS%/2(a? + b? + c?) cos Acos B cos C
SOLUTION G.072.

2 1, 1)\° 4 4 4\°
Z(%-I_E-I_a) BERG;TROM(%+E+E) :i+i+i:
i+£+i - i_l_i_l_i ab bc ca
¢ ab " bc ' ca ab ' bc ' ca
_ 4( +b+)_4-23_2EU£ER 2 4
~abc® = 4Rrs Rr = R.R R?
2
SOLUTION G.073. If u,v,w > 0 then (u’; v7; w’)
1 1 1 ,
(v6+w6 s u6+v6) are same oriented
_ 1 1 u” —v") (Wb + ub — v® — wb)
u —v )( — ) = -
ve +wé  wb +ub (v° + wb)(wb + ub)

7_,7 6_,6
= (Wv)(-0%) > 0. By Cebyshev’s inequality:

(v5+w)(wh+u®)
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D 1 I D B D B

= o u > — u . =
v +wbéb 3 6 + wb 3 2% ycub
cyc cyc cyc cyc

7 7 7
_3 u+v'+w u+v+w because3(u7+v7 +W7) > (u6+v6+w6)(u+v+w)

2 ub+vb+wd —

Last inequality it’s Cebyshev’s:
1
u +v’ +w’ =u6-u+v6-v+w6-w2§(u6+v6+w6)(u+v+w)

. , u’ u+v+w
In mequallly: chc 6w = we replaceu =Xy, V=YZ;,W = ZX
(xy)7 xy+yz+zx
> 1
ZCyC (yz)6+(zx)6 —_ 2 ( )

Al BI\?

Al BI cl ., &3) 1(41 BI BI cI , cI Ar HAYASHY 4

Forx=iy =332 = T S mattams 25 (0 5t T D) 2 ;
G +(E2)

Using: Al = ——;BI = —;CI = —
Sll’lE smE Sll’lE

\Y
N| =

cyc
r r
: +

. B .
bsmf csiny

csins asins
2 2

7

1
. A .
ab sin = sin = 1
Z 25112 -
6 6 = 22
cye 1 n 1
. B . . .
bc sin 7 siny casinzsinzy
SOLUTION G.074.
Letbe f: (Og) ->R; f(x) = w
, (cosx + sinx)x — (sinx — cos x)
f(x) = 32

Let be g: [Og] - R
g(x) = (cosx + sin x)x — (sinx — cos x)

g(x) = xcosx + xsinx — sinx + cos x
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g'(x) = cosx —xsinx + sinx + xcosx — cosx — sinx
T
g'(x) = x(cosx —sinx); g'(x) =0=> cosx =sinx = x =—

max g = f (3)

9(0)=1;g(§)=§—1>0

inf g(x) = ;—t —1=g(x)>0> f'(x) >0 = fincreasing (1)

\/_<a+b(:3f(\/_) (a+b)

sin(Vab) ~ cos(vab) _ sin (“7 b (

Vab N a-+ 2
(a+ b)(sin(\/cﬁ) - cos(\/@)) < 2vab (sin (a ‘Zl' b) ~ cos (a ;— b))

Equality holds ifa = b
SOLUTION G.075.

OA=x;0B=y;0C=1z
p(A0B) = 90°% u(BOC) = 135°% p(A0C) = 135°
AB* = x* + y?

BC? = y? + 72 — 2yzcos 135° = y% + 2% + yz\/f
AC? = x? + 22 — 2xzcos 135° = x% + 7% + xzV2
In AABC:BC + AC > AB

\/x2+zz+xzx/§+\/y2+zz+yzx/§2\/m

139 MATH PHENOMENON RELOADED



DANIEL SITARU

Equality holds if x =y=z=0
SOLUTION G.076.

OA=x;0B=y;0C=2z2,0A1(0BC)

VA 272
0M=y—'AM= x2 + 4

2+ 2% y*:+ 22

AM =

Jx2y2 + y2z2 + z2x2
2

By Mitrinovic’s inequality in AABC: s > r/3 & s > E\/§ o s?>85V3

S[ABC] =

2
x2+y2+\/y? +22 + V22 + x? 3
(\/ J 1 ) > \/2——\/x2y2 + y2z?% + z2x?

(\/x2 +yZ+.y2 +22+/z2 + x2)2 > 2,/3(x2y? + y22% + z2x2)
SOLUTION G.077.

sinx cosx 1
LetbeA=| 1 siny cosy
1 1 1

detA =sinxsiny +cosxcosy+ 1 —siny —sinxcosy —cosx =
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