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Daniel Sitaru, born on 9 August 1963 in 

Craiova, Romania, is teacher at National 

Economic College "Theodor Costescu" in 

Drobeta Turnu - Severin. He published 41 

mathematical books, last eight of these 

"Math Phenomenon", Algebraic 

Phenomenon", Analytical Phenomenon", 

"The Olympic Mathematical Marathon" 

and "699 Olympic Mathematical 

Challenges",”Olympic Mathematical 

Energy”, ”Calculus Marathon”,”Ice Math”, 

were very appreciated world wide. He is 

the founding editor of "Romanian 

Mathematical Magazine", an Interactive Mathematical Journal with 5,800.000 visitors in the 

last four years (www.ssmrmh.ro).Many problems from his books were published in famous 

journals such as "American Mathematical Monthly", "Crux Mathematicorum", "Math 

Problems Journal", "The Pentagon Journal", "La Gaceta de la RSME", "SSMA Magazine".He 

also published an impressive number of original problems in all mathematical journals from 

Romania (GMB, Cardinal, Elipsa, Argument, Recreații Matematice). His articles from "Crux 

Mathematicorum" and "The Pentagon Journal" were also very appreciated. 
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PROBLEMS 

ALGEBRA 

PROBLEM A.001.  

If       (   )          
 

 
 then: 

(
 

    
*
 

 (
 

    
*
 

 (
 

    
*
 

    

PROBLEM A.002. 

 If         
 

   
 

   
 

  
   then: 

∑
       

  

   (     )

      

PROBLEM A.003.  

If   
(       ) 

       
   

(     ) 

     
   

(   ) 

   
           then: 

  (      )(     )   (               ) 

PROBLEM A.004.  

If       ( )               

              
         then:    (          )   . 

PROBLEM A.005.  

If               then: 

√ 4
   

√  √ 
5

 

 √ 4
   

√  √ 
5

 

 √ (
   

√  √ 
*
 

   

PROBLEM A.006.  

If                         then: 

4
       

     
5

 

 4
       

     
5

 

 4
       

     
5

 

   

PROBLEM A.007.  

If                   

  
       

 
 √    

 
   

     

 
 √   

 
   

   

 
 √   then: 
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 (           )  (        )(     ) 

PROBLEM A.008.  

If                 then: 

 

  
 

 

  
 

 

  
         (

 

 
 

 

 
 

 

 
        *

 

 

PROBLEM A.009.  

If         then: 

√      √      √      √ (     )   

 √      √      √      

PROBLEM A.010.  

If       (   )  (     )    then: 

∑(  (     ) ) (  
 

(   ) 
*     

PROBLEM A.011. If           then: 

∑
   

(√     √     √    )
  

 

  
 

PROBLEM A.012. 

 If       then: 

(     )(     )(     )

(     )(     )(       )
 

  

  
 

PROBLEM A.013.  

If           then: 

(    )(                       )   

 (    )(                       ) 

PROBLEM A.014. 

 If                      then: 

                      

PROBLEM A.015.  

Let be the sequence:                   

Find three different terms of the sequence with same sum of digits. 
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PROBLEM A.016.  

Solve for real numbers: 

 

     
 

 

     
 

 

     
 

 

  (   ) 
 

where                 are different in pairs. 

PROBLEM A.017. 

 If         then: 

(     ) (
 

   
 

 

   
 

 

   
*  (

 

  
 

 

  
 

 

  
*
 

 

PROBLEM A.018.  

If           are different in pairs then: 

∑
  

(     )(   )(   )(   )
   (       )

 
(       ) 

      
 

PROBLEM A.019.  

If         then: 

 (                 )  √ ∑ √     

   (     )

 √ 
 

∑ √      

   (     )

 

PROBLEM A.020.  

If       then: 

(    )√   (    )√   (    )(    ) 

PROBLEM A.021.  

If     ( )    (     )              (     ) then: √    
 

   

PROBLEM A.022.  

If       (   ) then: 

(        ) 

   
 

((   )  (   )  (   ) ) 

(   )(   )(   )
 

PROBLEM A.023.  

Find: 

     [.
  
   

/
   

 .
    
   

/
   

] 
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PROBLEM A.024.  

If         then: 

∑ (
 

    
 

 

  
*

   (     )

  ∑
   (    )

 (      )
   (     )

   

PROBLEM A.025.  

If                     then: 

(  
 

 
*
 

 (  
 

 
*
 

 (  
 

 
*
 

  (    )  

PROBLEM A.026.  

If       then: 

(
   

 √  
*

√ (     )

   
 (

√ (     )

   
+

   

 √  

   √
     

   
 

PROBLEM A.027.  

If           then: 

√         √      √          (  √  √ ) 

PROBLEM A.028.  

If         then: 

 

   
 

 

   
 

 

   
           

 

         
   (   ) 

PROBLEM A.029.  

If           then: 

 

    
 

 

    
 

 

    
 

 

          
 

PROBLEM A.030.  

f       then: 

(
   

     
*

√ (     )

   
 (

√ (     )

   
+

   

     

   
 √   

(   )√     
 

PROBLEM A.031.  
If         then: 
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(      )(         )(            )

(    )(    )(    )
 

  

 
 

PROBLEM A.032.  
If         then: 

 √ (   )(   )(   )   √(        )(        )(        ) 
 
PROBLEM A.033.  
If         then: 

 :√
   

 
 √

   

 
 √

   

 
;   (√  √  √ )  √  

 
 √  

 
 √    

 
PROBLEM A.034. 

If     ( )       then    (     )    
 

PROBLEM A.035.  

If              √  then: 
                    

 
PROBLEM A.036.  
Solve for real numbers: 

 

(   ) 
 

 

(   ) 
 

 

   
         (   ) 

 
PROBLEM A.037.  
In      the following relationship holds: 

(    )(    )   (    )   4  
  

  
5 (      )        

PROBLEM A.038.  

 ( )  

|

|
    

 √     

 

     

 

√     

 
      

    

 
     

|

|

 

 
If         then:    ( ) ( )   ( ) ( )   ( ) ( )   (        ) 

 

PROBLEM A.039.  

If               then: 
 

 
 

 

 
  √  
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PROBLEM A.040.  

If                    then: 

     

   
  √  

PROBLEM A.041. 

 If                         then: 

       

    
    

PROBLEM A.042. 

 If                    then: 

     

   
  √ 

 
 

PROBLEM A.043. 

 If                         then: 

       

    
    

PROBLEM A.044.  

If                    then: 

     

   
   

PROBLEM A.045. 

 If            then: 

(           ) (
 

  
 

 

  
 

 

  
 

 

  
*  (

 

 
 

 

 
 

 

 
 

 

 
*
 

 

PROBLEM A.046.  

If           then: 

(           )(           )     (       )  

PROBLEM A.047. Find         such that: 

2
                   

           
 

PROBLEM A.048.  

If              then: 
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  (       )

    

PROBLEM A.049.  

If         then: 

 

(     ) 
 

 

  
 

 

  
 

 

  
 

PROBLEM A.050.  

If         then: 

(   
    

    )4 
 

    
 

    
 

  5  ( 
 
   

 
   

 
 *

 

 

PROBLEM A.051.  

If         then: 

(   )√      (   )√      (   )√      ( √   )(        ) 

PROBLEM A.052.  

If         then: 

(   )√         (   )√         (   )√          

  (        ) 

PROBLEM A.053.  

If       then: 

.    √     /
 

  √    

PROBLEM A.054.  

If         then: 

 (     )  ( √   ).√      √      √     / 

PROBLEM A.055.  

If       then: 

{
    √     .    √     /

   √      (     ) .    √     /
 

PROBLEM A.056.  

If       then: 
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      .√     /
 

 
     

    √     
    √      

PROBLEM A.057.  

If         then: 

 (     )  ∑√        

   

  (√   √   √  ) 

PROBLEM A.058. 

 If       then: 

.    √     /
 

        

PROBLEM A.059.  

If               then: 

(   )  

 
 

(   )  

 
  (       ) 

PROBLEM A.060.  

If                   then: 

(     )  

 
 

(     )  

 
 

(     )  

 
  (          ) 

PROBLEM A.061.  

If           then: 

(       )
  (       )

 
 (       )

 
 (       )

 
 

 

 
 

PROBLEM A.062. 

 If           then: 

(       )(       )(       )(       )  
 

  
 

PROBLEM A.063.  

Solve for real numbers: 

{

  √       √     √ 

  √       √     √ 

  √       √     √ 
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PROBLEM A.064.  

Find         such that: 

     

       
 

     

       
 

     

       
   

PROBLEM A.065.  

If         then: 

4
  

 
 

  

 
 

 √   

 
54

 √   

 
 

  

 
 

  

 
5  

  (   ) 

(        ) 
 

PROBLEM A.066.  

If         √  √  √   √    then: 

(    )(    )

(    )(    )
 

(    )(    )

(    )(    )
 

(    )(    )

(    )(    )
   

 
PROBLEM A.067. 

If          {

             

             

             

 then find      |     |. 

PROBLEM A.068.  
Solve for real numbers: 

{
∑

 

   √  
 ∑

 

  √ (     )
      

             

 

PROBLEM A.069.  

If         are different in pairs then: 

(
 

  
(
 

 
 

 

 
*  

 

  
(
 

 
 

 

 
*  

 

  
(
 

 
 

 

 
*+

 

  

 (        ) (
 

  
 

 

  
 

 

  
* (

 

  
 

 

  
 

 

  
* 

PROBLEM A.070.  

If          then: 

   
 

  
 

 

  
   |  

 

 
 

 

   
 

 

  
| 

PROBLEM A.071.  

If                    then: 
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(    ) 
 

    

(    ) 
 

    

(    ) 
 

  √ 

  
 

PROBLEM A.072.  

If                    then: 

|  (   )   |    

PROBLEM A.073.  

If               then: 

 (
 

 
*
   

  .
 

 
/
   

  .
 

 
/
   

   

PROBLEM A.074. 

 If                    then: 

4
    

   
5

 

 4
    

   
5

 

 4
    

   
5

 

   

PROBLEM A.075. 

 Solve for real numbers: 

{

    

  
 

    

  
 

    

  
    √  (        ) 

                 

  

PROBLEM A.076. 

 Find         such that: 

{

    (  
 )          

    (  
 )          

    (  
 )        

  

 

PROBLEM A.077.  

If                 then: 

         
 

  
((   )  (   )  (   ) )    

PROBLEM A.078. 

 If         ( )                     (   )    then: 

   (        )     (        )     (        )   

    (         )     
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PROBLEM A.079. 

 If         
   

    
 

   

    
 

   

    
   then: 

          

      
 

          

      
 

          

      
   

PROBLEM A.080.  

If         then: 

         (        )             (   )    (   )    (   )    

PROBLEM A.081.  

If                               then:  

      (     )√      

PROBLEM A.082.  

If           then:       |     |  √ (     )(     ) 

PROBLEM A.083. 

 If           then: 

 |     |(     )  (     )  (     )  (     )(     )√  

PROBLEM A.084. 

 If            (         )    then: 

4
    

  
  5 (       )(       )           

PROBLEM A.085.  

If       then: (           )  (      )  

PROBLEM A.086. 

 If       then: 

4(  )  .
   

 /
  

54   .
   

 /
 

5

4(  ) √   .
   

 /
 

5

  
(     )

 

 (  ) 
 

PROBLEM A.087.  

If            
        

   then: 
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  .√       
  √   

 

/    .√       
  √   

 

/    .√       
  √   

 

/    

PROBLEM A.088. 

 If         then: 

 √  

 √    √  
 

 √  

 √    √  
 

 √  

 √    √  
 

√    

√     √    
 

√    

√     √    
 

√    

√     √    
 

PROBLEM A.089.   

If                          then: 

(       )(        )(       )        

PROBLEM A.090.   

If         then: 

4
 √  

   
5

   

 √  

 4
 √  

   
5

   

 √  

 4
 √  

   
5

   

 √  

   (
   

 √  
 

   

 √  
 

   

 √  
* 

PROBLEM A.091.   

If         .  
 

 
/ then: 

                              

PROBLEM A.092.   

If            .  
 

 
/          then: 
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PROBLEMS 

GEOMETRY 

PROBLEM G.001.  

If in                         then find: 

  
      

      
 

      

      
 

PROBLEM G.002.  

In       the following relationship holds: 

∏   
  

 
   ∑       

 √  

 
 

PROBLEM G.003. 

 If in              then: 

   
 

 
 

 

 √  
 

PROBLEM G.004. 

 If in                then: 

(√    √   ) .√      √     / .√      √     /  
    

  
 

PROBLEM G.005.  

If   is area of pedal’s triangle of   – centroid in       then: 

  
 √   

  
 

PROBLEM G.006.  

In acute       the following relationship holds: 

   

 
       

 

 
        

 
         

PROBLEM G.007.  

Let   be any point in same plane with      . Prove that: 
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PROBLEM G.008.  

If in         is first Brocard point then: 

  

  
 

  

  
 

  

  
 

   

        
 

PROBLEM G.009. 

Solve for real numbers: 

      (   )                  

PROBLEM G.010.  

In       the following relationship holds: 

                             

PROBLEM G.011.  

If in               are Gergonne’s cevians then: 

                          

PROBLEM G.012. 

 If   is area of pedal’s triangle of   – centroid in       then: 

  
 √   

  
 

PROBLEM G.013.  

In      the following relationshiop holds: 

(      )  (      )  (      )  
 

 
(  

    
    

 ) 

PROBLEM G.014. 

 In      the following relationship holds: 

 √  
   

   
 

 
    √ (  

    
    

 ) 

PROBLEM G.015.  

In      the following relationship holds: 

√4
        

 
5

 
 

 √4
        

 
5

 
 

 √4
        

 
5

 
 

  √   
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PROBLEM G.016.  

In       the following relationship holds: 

∑.√         √         √        /
 

  (        )      

PROBLEM G.017. 

 If in         – ninepoint center,          – excenters then: 

             :    √
   

  
;:    √

   

  
;:    √

   

  
 ; 

PROBLEM G.018. 

 In      the following relationship holds: 

     
  

  
 

      
  

  
 

      
  

  
 

      
  

 
 

 

   
 

PROBLEM G.019.  

If in            then: 

(
 

 
 

 

 
 

 

 
*
 

   (
   

   
*
 

 

PROBLEM G.020.  

In       the following relationship holds: 

 (    )    
 

 
  (    )    

 

 
  (    )    

 

 
   √    

PROBLEM G.021.  

In acute      the following relatioinship holds: 

         √  (           ) 

PROBLEM G.022.  

In      the following relationship holds: 

 √   
 

 √ (     ) 

PROBLEM G.023.  

If       .  
 

 
/          then: 

  (         )

           
 

  (         )

           
 

  (         )
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PROBLEM G.024.  

If       .  
 

 
/                   then: 

                                   

PROBLEM G.025.  

In acute      the following relationship holds: 

∑
 

                 
   (     )

 
 

              
 

   

   
 

PROBLEM G.026.  

In acute triangle     the following relationship holds: 

 

    
 

 

    
 

 

    
                         

PROBLEM G.027.  

In      the following relationship holds: 

 (   )

   
 

 (   )

   
 

 (   )

   
 

 √  

 
 

PROBLEM G.028.  

If in        – incenter then: 

(
     

  
*
 

 (
     

  
*
 

 (
     

  
*
 

 (
  

  
*
 

 (
  

  
*
 

 (
  

  
*
 

 

PROBLEM G.029. 

 In      the following relationship holds: 

(
       

  
*
 

 (
       

  
*
 

 (
       

  
*
 

 (
  

  
*
 

 (
  

  
*
 

 (
  

  
*
 

 

PROBLEM G.030. 

 If       (   ) then: 

∑
 (             )

                
   (     )

   

PROBLEM G.031.  

Solve for       .  
 

 
/  
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{
 
 

 
 
      

     
   

      

     

      

     
   

      

     
            

 

PROBLEM G.032. 

 In acute      the following relationship holds: 

∑ (
     

     
 

     

     
*

   (     )

         

PROBLEM G.033.  

If     
√ 

 
 then: 

√    (√  √ )    √    (√  √ )      

PROBLEM G.034.  

Solve for real numbers: 

{

       
          

 √                    
 

PROBLEM G.035.  

In acute      the following relationship holds: 

 ∑       (           )  .∑     /∏(           ) 

PROBLEM G.036. 

 In        – incenter,         - circumcevian triangle of  . Prove that: 

              √   (
 

(   ) 
 

 

(   ) 
 

 

(   ) 
* 

PROBLEM G.037.  

If       ( )               then: 

   (           )     (
 

    
 

 

    
*     (   ) (   (  )  

 

   (  )
* 

PROBLEM G.038.  

In acute      the following relationship holds: 
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∑        
    (            )

   
  ∑             

PROBLEM G.039.  

If in       ( )  
 

 
 then: 

 √     
   

 
 

PROBLEM G.040.  

If in            then: 

 

    
 

 

    
 

 

    
 

           

  
 

PROBLEM G.041.  

If       .  
 

 
/ then: 

(                               ) (
 

          
 

 

          
 

 

          
*    

PROBLEM G.042.  

If in        is Nagel’s point then: 

∑
      

 (             )        
 

 

 
 

PROBLEM G.043. 

 In       the following relationship holds: 

 

        
 

   

(    )(    )(    )
 

 √ 

  
 

PROBLEM G.044. 

 If       (    )                then: 

  

          
 

  

          
 

  

          
 

 

   
 

PROBLEM G.045.  

If     .  
 

 
/ then: 

(  
 

     
* (  

 

           
* (  

 

           
*     
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PROBLEM G.046. 

 If           then in       the following relationship holds: 

(     )(     )(     )        

PROBLEM G.047. 

 In       the following relationship holds: 

    |        |      |        |      |        |  
  

   
 

PROBLEM G.048.  

In       the following relationship holds: 

                     
(        ) 

 
 

PROBLEM G.049.  

In       the following relationship holds: 

    

   
 
 
   

 
 

 
    

   
 
 
   

 
 

 
    

   
 
 
   

 
 

 
  

 
 

PROBLEM G.050.  

In       the following relationship holds: 

 (                 )       

PROBLEM G.051.  

If     then      the following relationship holds: 

                   ( √  )
   

 

PROBLEM G.052. 

If in                 then:        

PROBLEM G.053. 

 In acute      the following relationship holds: 

 

    
 

 

    
 

 

    
 

 

    
 

 

    
 

 

    
  √  

PROBLEM G.054. 

 If       then in      the following relationship holds: 
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PROBLEM G.055.  

If              then: 

∑
(     )(     )

    
   

  (   )(     )(     )

      
 

PROBLEM G.056. 

 If   .  
 

 
/ then: 

 (    )      (      )       

PROBLEM G.057. 

 If     .  
 

 
/ then: 

(           )   
         (           )   

        

(    )       (    )       (    )       (    )      
   

PROBLEM G.058.  

If               then: 

 (                 )               

  (√       √       √      ) 

PROBLEM G.059. 

 In      the following relationship holds: 

    

    
   √     ∑(

 

(     )(     )
* 

PROBLEM G.060.  

In acute      the following relationship holds: 

           

   
 
 

 
           

   
 
 

 
           

   
 
 

  √  

PROBLEM G.061. 

 In      the following relationship holds: 

∑  √((   )     )((   )     )

   (     )
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PROBLEM G.062. 

 In acute      the following relationship holds: 

                                      

PROBLEM G.063. 

 In acute       the following relationship holds: 

     

     
 

     

     
 

     

     
 

 

             
 

PROBLEM G.064. 

 In acute       the following relationship holds: 

 √ 

 
 

 

     
 

 

     
 

 

     
 

√ 

              
 

PROBLEM G.065. 

 If     then: 

    (         )    (     ) 

PROBLEM G.066. 

 In       the following relationship holds: 

∏( |    |   |    |   |    |)

   

 |                | 

PROBLEM G.067.  

If       (   )        then: 

(     ) .            .√     //   .     .√     /        / 

PROBLEM G.068.  

If in            then: 

   

   
 

   

   
 

   

   
 

   

   
 

   

   
 

   

   
 

PROBLEM G.069.  

In       the following relationship holds: 

√
    

    

 

 √
    

    

 

 √
    

    

 

 √
    

    

 

 √
    

    

 

 √
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PROBLEM G.070.  

In acute      the following relationship holds: 

         

        
 

         

        
 

         

        
   

PROBLEM G.071. 

 In acute      the following relationship holds: 

∑  (        )

   

      √ (        )              

PROBLEM G.072.  

In      the following relationship holds: 

.
 
   

 
   

 
  /

 

 
   

 
   

 
  

 
.
 
   

 
   

 
  /

 

 
   

 
   

 
  

 
.
 
   

 
   

 
  /

 

 
   

 
   

 
  

 
 

  
 

PROBLEM G.073. 

 In      the following relationship holds: 

∑

(

 
 
 
 :

 

     
 
    

 
 

;

 

:
 

     
 
    

 
 

;

 

 :
 

     
 
    

 
 

;

 

)

 
 
 
 

   

 
 

   
 

PROBLEM G.074.  

If       
 

 
 then: 

(   )(   (√  )     (√  ))   √  (   (
   

 
*     (

   

 
* * 

PROBLEM G.075. 

 If         then: 

√        √  √        √  √      

PROBLEM G.076.  

If         then: 
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.√      √      √     /
 

  √ (              ) 

PROBLEM G.077.  

If       then: 

(     (   )                    )     

PROBLEM G.078. 

 If         then: 

(     ) 4
√ 

 
       5   ∑

  

               
   

 

PROBLEM G.079.  

If           
 

 
 then: 

∑ (           ) 

   (       )

 ∑ (           ) 

   (       )

     

PROBLEM G.080. 

 If          
 

 
 then: 

  

   
  
  

 
  

   
  
  

 
 

.   
  
      

  
  /

  

PROBLEM G.081.  

If       .  
 

 
/ then: 

(      
 

     
*
   

 (      
 

     
*
   

 
    

  
 

PROBLEM G.082.  

If                     .  
 

 
/ then: 

                        

PROBLEM G.083.  

Find:       .  
 

 
1 such that: 

     

       
 

     

(       )(       )
 

     

(       )(       )(       )
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PROBLEM G.084.  

If       then: 

|                  |    

PROBLEM G.085. 

 If                    then: 

 (      )(     (√   
 

))        (  √   
 

) 

PROBLEM G.086.  

If       .  
 

 
/               

√ 

 
  then: 

  (                 )   (                 )   

                      

PROBLEM G.087.  

Solve for real numbers: 

{
 (                 )   (                          )   

                
 

PROBLEM G.088. 

In              the following relationship holds: 

(    )(    )(    )       √     (√    √      )
 

 

PROBLEM G.089.  

Find       .  
 

 
/ such that: 

{
 
 

 
 

           

          

           
     

            

           
     

 

PROBLEM G.090. 

 If   0  
 

  
/ then:         (     )   (     )        

PROBLEM G.091. 

 In      the following relationship holds: 
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    √

    

 
 

PROBLEM G.092.  

In      the following relationship holds: 

   

  
 

   

  
 

   

  
  √ √   

PROBLEM G.093. 

 In      the following relationship holds: 

   

  
 

   

  
 

   

  
       

PROBLEM G.094.  

If         then: 

   .
 

   /    .
 

   /   .
 

   /

   (
 

√  
*    (

 

√  
*    (

 

√  
*

 (
    

(   )(   )(   )
*
 

 

PROBLEM G.095.  

In      the following relationship holds: 

(  (     )    (     )    (     ))
 
 

 

 
(        )(  

    
    

 ) 

PROBLEM G.096. 

If             0  
 

 
1 then: 

(   )      (      )(   )  √ (           ) 

PROBLEM G.097.  

If in            then the following relationship holds: 

√
  

  

 

 √
  

  

 

 √
  

  

 

 √
  

  

 

 √
  

  

 

 √
  

  

 

   

PROBLEM G.098.  

In      the following relationship holds: 

   
     

     
 

(           ) 
 

 

     
 



DANIEL SITARU 
 

 32 MATH PHENOMENON RELOADED 

 

PROBLEM G.099.  

If in            then: 

  
     

     
   (        )

   

PROBLEM G.100.  

In      the following relationship holds: 

 :∑  (     )

   

;

 

  :∑  

   

;:∑  
 

   

; 

PROBLEM G.101. 

 In      the following relationship holds: 

√
 (   )

 

 

 √
 (   )

 

 

 √
 (   )

 

 

   

PROBLEM G.102. 

In       the following relationship holds: 

  

    
 

  

    
 

  

    
        

PROBLEM G.103. 

In      the following relationship holds: 

 

  
4
    

  
 

    

  
 

    

  
5  

     

   
 

PROBLEM G.104. 

In      the following relationship holds: 

√       √       √       
 √  

 √ 
 

PROBLEM G.105. 

In      the following relationship holds: 

        

√    

 
        

√    

 
        

√    

  (   ) 

PROBLEM G.106. 

In      the following relationship holds: 
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PROBLEM G.107. 

In      the following relationship holds: 

  

√ 
 

  

√ 
 

  

√ 
 

  

√  
  

  

√    
  

√  
  

PROBLEM G.108. 

If         then in      the following relationship holds: 

 

   
 
 

 
 

   
 
 

 
 

   
 
 

  (√   √   √  ) 

PROBLEM G.109. 

In      the following relationship holds: 

√      

  
 

√      

  
 

√      

  
 

(    )      

   
 

PROBLEM G.110. 

In      the following relationship holds: 

   
 √   (    ) 

(    )(     )
 

PROBLEM G.111. 

If         
 

 
 then: 

(     )   .
   
 

/    .
   
 

/  (     )   .
   
 

/    .
   
 

/  (     )   .
   
 

/    .
   
 

/    
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PROBLEMS 

ANALYSIS 

PROBLEM AN.001.  

If    
 

 
                         then find: 

     
   

(          ) 

PROBLEM AN.002. 

 Find: 

     
   

∫ (   ,  -)

    

 

    

PROBLEM AN.003.  

Find: 

     
   

∫ |[   
 

 
]    |   

    

 

  

, - - great integer function. 

PROBLEM AN.004.  

If       
 

 
 then: 

 ∫((           )  (           ) )

 

 

      (   ) 

PROBLEM AN.005.  

Find: 

     
   

(∑(
      (       )

     
 .

   
   

/+

 

   

+ 

PROBLEM AN.006. 

 Find: 

     
   

 ((∑
 

  

 

   

+

∑
 

  
 
   

 4
  

 
5

  

 

, 
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PROBLEM AN.007.  

If     ( )   ∫ .
    

 
/

 

 
       then: 

∫4
 

 
.   (   )     (  )/5

 

 

   ∫ 4
 

 
(   (  )     (  ))5

  

 

   

PROBLEM AN.008.  

If                       then: 

   ∫∫∫
(            )      

(          )(          )(          )

 

 

 

 

 

 

   

PROBLEM AN.009. 

 If         then: 

  √ (     )  .(      )(      )(      )/
 

 

PROBLEM AN.010.  

Find: 

  ∫
(         )(   )         

(           ) 
     .  

 

 
/ 

PROBLEM AN.011.  

Find: 

  ∫
(         )(   )         

(      )(           )
     .  

 

 
/ 

PROBLEM AN.012. 

 Prove that: 

|
 

     ∫
  

    

 

 

|  
 √ 

 
    (   ) 

PROBLEM AN.013.  

Find: 

  ∫
      

(                       ) 
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PROBLEM AN.014.  

Find all continuous functions       

 ( )   ( )    (   )   (   ) ( )      

PROBLEM AN.015. 

 If         and  ( )  ∫ ∫
(   )   

   (   )√ 

  

 

  

 
     then: 

 ( )   ( )   ( )           

PROBLEM AN.016.  

If                 then: 

   ( )     ( )     ( )  
 

  
 

Where  ( )         ∫
  

(   ) 

 

 
   

PROBLEM AN.017. 

 If               then: 

    (    )

   .
   

 /    .
   

 /
 

   .
   

 /    .
   

 /

   (    )    (    )
 

PROBLEM AN.018.  

Find: 

  ∫
 (                  )

           
   

PROBLEM AN.019. Find: 

     
   

(  
  

 
 ∑

 

  

 

   

+

 

 

PROBLEM AN.020. 

 Find: 

     
   

(       ∑   
 

   

 

   

+

 

 

PROBLEM AN.021.  

If   ,   -  ,   )       continuous then: 
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∫∫√  ( )    ( )

 

 

 

 

      ∫∫√  ( ) ( )

 

 

 

 

        √ ∫ ( )

 

 

   

PROBLEM AN.022.  

Find: 

     
   

   ∫
    

       

 

  

 

   

PROBLEM AN.023.  

If         then: 

 (
 

     
 

 

     
 

 

     
*    

 

        
 

 

        
 

 

        
 

PROBLEM AN.024. 

 If            ( )         ∫
  

(   ) 

 

 
   then: 

(   )  ( )  (   )  ( )  (   )  ( )    

PROBLEM AN.025. 

 Find: 

     
   

(
 

  
∑

 

  

 

   

+

 

 

PROBLEM AN.026. 

 Find: 

     
   

:√(  
 

 
   

 

 
* (    ) 

 

     ; 

PROBLEM AN.027. 

 If 
√ 

 
         then: 

√   
 

      :√
        

 
;  √

        

 
      (√   

 
) 

PROBLEM AN.028. 
 In       the following relationship holds: 
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 ∑   

   (     )

 
 

 
  ∑         

   (     )

    

 
PROBLEM AN.029. 
 If   ,   -  ,   )       continuous then: 

 (   ) ∫(
 

 ( )
  ( )+

 

 

   (∫
  

 ( )

 

 

+

 

 (∫ ( )  

 

 

+

 

 

PROBLEM AN.030. 
 Find: 

     
   

∑(

√ 
   

√ 
     

√   
  

(   )√    (   )√   
,

 

   

 

PROBLEM AN.031.  

Let be    
  

 
 ∑ .     .

 

      
// 

       .Find: 

     
   

(    )
  

PROBLEM AN.032.  

Find: 

     
   

(        ∑
 

 (    )

 

   

+

 

 

PROBLEM AN.033. 

 Find: 

     
   

(√∏(   )

 

   

 

,(
  

 
 ∑

 

(    ) 

 

   

+ 

PROBLEM AN.034.  

If  ( )  
 

 
 ∑ .

 

      .
 

  //
 
        then find: 

     
   √   

   
   

(   ( ) (  )     (  ))  

PROBLEM AN.035.  

If         then: 
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PROBLEM AN.036.  

If           then: 

                                  

PROBLEM AN.037. 

 Find: 

  ∫
   (   )  (   )  (   ) 

  (   )  (   )  (   ) 
       

PROBLEM AN.038. 

 If          ; 

 ( )  
 

 
∫

    (        )  

(     )(   (        )     (       ))

 

 

 

Prove that: 

( ( )   ( )   ( )) (  
 

  ( )
 

 

  ( )
 

 

  ( )
*     

PROBLEM AN.039. 

 If       then: 

∫∫
     

√       

 

 

 

 

    √  (   )(   )
 

 (   √ )(   √ ) 

PROBLEM AN.040. 

 If           then: 

∫∫∫(√       √       √      *

 

 

 

 

 

 

  (   )  

PROBLEM AN.041.  

   .
 
 
/   .

   
 

/   .
   

 
/    (   ).

 
 
/      Find:  

     
   

√  
  

PROBLEM AN.042. 

 If         then:  (     )     
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PROBLEM AN.043. 

 If       then: 

 ∫∫(     )

 

 

  

 

 

   (   ) (  (   ) ) 

PROBLEM AN.044.  

If      ; 

 (   )  ∑
    (       )          

  (   )(     )(     )

 

   

 

then: 

 (   )   (   )  
 

 √   
 

PROBLEM AN.045. 

 Let be: 

  ∑
        

  

 

   

         

Prove that: 

 (     )   (     )   (     )   (    )√   
 

 

PROBLEM AN.046. 

 If           (     )      ;          (.
   

 
/
   

  * then: 

 ( ) ( ) ( )  
 

  
 

PROBLEM AN.047. 

 If                    
       

      

    
      

    . Find:         √  
  

. 

PROBLEM AN.048. 
 If             then: 

(    )(    )    (    )  (    )(    )    (    )   √
           

   √        

PROBLEM AN.049. 
 
 If       then: 
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(       )   
 

 

   
∫   

  

 

 

 (       )   
 

PROBLEM AN.050.  
Find all functions     ,   ) such that: 

∑ ( )   ( )   ∑ ( )   ∑ ( )  ( ) ( )        

 
PROBLEM AN.051.  

   ∫(          )

 
 

 

  (      )        

Find:         
  

         
 

PROBLEM AN.052. 

 If         then: 

              
 

 
 

 

 
 

 

 
 

PROBLEM AN.053.  

If          then: 

 

 
∑∫     (  (   ) )

 

 

   √∏
(  ) 

(     ) 

 

 

PROBLEM AN.054.  

Find: 

     
   

(

 
 
   ∫

          

             

 

  

 

  

)

 
 

 

PROBLEM AN.055.  

If         then: 

 (       )

   
 

 

   
∫

  

  (   )

 

 

   
 

√  
 

PROBLEM AN.056.  

Find: 
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  ∫
    

       

 

  

 

   

PROBLEM AN.057.  

Find: 

     
   

  ( √ 
   

 √ 
   

) 

PROBLEM AN.058.  

If       then: 

∫4
          

           
5

 

  

 

 

    |
    

    
| 

PROBLEM AN.059.  

Let be         (   ) continuous functions and        . Prove that: 

∫∫∫

(

 ∑
 ( )

√ ( )( ( )   ( ))
)

   

 

 

  

 

 

  

 

 

 
  √ 

 .
 
  

 
  

 
 /

  

PROBLEM AN.060.  

Find: 

     
   

  ( √        √       ) 

PROBLEM AN.061. 

 If           (   ) are continuous functions;     then: 

∫ ( )

 

 

    ∫ √ ( ) ( ) ( ) ( )
 

 

 

    ∫ √ ( ) ( ) ( )
 

 

 

   

PROBLEM AN.062. 

 If 
 

 
     

 

 
 then: 

∫
√       
 

 √       
 

√       
 

 √       
 

 

 

    |
    

    
| 

PROBLEM AN.063.  

If     0  
 

 
1    continuous and ∫      ( )  

 

 
 

 

 
     then: 
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∫   (    ( ))

 

 

   
 

 
 

PROBLEM AN.064.  

If       
 

 
 then: 

(    ( ))   (    ( ))   (    ( ))            

where: 

 ( )  ∫4
           

         (      ) 
5  

 

 
 

 

PROBLEM AN.065.  

If         then: 

 

 
 

 

   
 

 (       )

   
 

 

   
∫

  

  (   )

 

 

 

PROBLEM AN.066.  

Prove that: 

∫(            )   

 

 

    ∫ √ .  √  √   √  /
   

 

 

   

PROBLEM AN.067.  

Find: 

     
   

√  ( )  (   ) 
 

      

  ( )  ∑(       )(   ) 

 

   

     

PROBLEM AN.068.  

If     then: 

(       )   
 

 

   
∫   

 

 

   (     )   
    

 

PROBLEM AN.069.  

Let be 
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 ( )     
   

∑(
 

  
    (      )*

 

   

 

Prove that if       0  
 

 
1 then:  (  ( )    ( )    ( ))   (        ) 

PROBLEM AN.070.  

Let be: 

 ( )     
   

∑.       .
 

    
/     .

 

  
//

 

   

 

Prove that:  ( )   ( )   ( )        

PROBLEM AN.071.  

Find: 

     
   

√   
   

∑4
       

(     ) 
5

 

   

 

 

PROBLEM AN.072. 

 If                       then: 

 (
 

 
*
 

  .
 

 
/
 

  .
 

 
/
 

  .
 

 
/
 

  (
 

 
*
 

  .
 

 
/
 

   

PROBLEM AN.073.  

Find: 

  ∑(∑ (
 

     
*

 

   
   

,

 

   

 

PROBLEM AN.074. 

 Find: 

  ∫(∑.       .
 

  
//

 

   

+   

PROBLEM AN.075. If       then: 

∫∫∫
        

  √    

 

 

 

 

 

 

    :√
   

   

 

;

(   ) 
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PROBLEM AN.076.  

If       then: 

    
     

      ∫    

 

 

   
    

     

      

PROBLEM AN.077. 

 If       
 

 
 then: 

   (    )     (    )

    
 ∫   (    )

 

 

   
   (    )     (    )

    
 

PROBLEM AN.078.  

If         then: 

(       )(       )

     
 

(       )(       )

  
 

(       )(       )

  (  ) 
 

PROBLEM AN.079. 

 Find: 

     
   

√   ∑
 

   

 

   

.
  
 
/   ∑.

  
 
/

 

   

 

 

PROBLEM PROBLEM AN.080. 

 If       then: 

∫∫∫4
 

  √  
 

 

  √  
 

 

  √  
5  

 

 

  

 

 

  

 

 

  (   )    (
   

   
* 

PROBLEM AN.081.  

If   ,   -  ,   )         integrable then: 

∫∫∫
   ( )   ( )   ( )

 ( ) ( )   ( ) ( )   ( ) ( )

 

 

  

 

 

  

 

 

   (   )  :∫
  

 ( )

 

 

;

 

 

PROBLEM AN.082. 

If   .
  
  

/    .
  
  

/ then find:      (  )      – exponential matrix 
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PROBLEM AN.083.  

If       .  
 

 
/   

 (   )  ∫
  

        √         

    

     

 

then:  (   )   (   )   (   )    

PROBLEM AN.084.  

If               then: 

 (     )( ( ))
 
 ( ( ))

 
  ( )  ∑

 

  

 

   

 

PROBLEM AN.085. 

 If    ∑ 4∫ (         )
 

 

 
 

 

      (  )  5 
    then find: 

     
   

(       ) 

PROBLEM AN.086.  

Find: 

     
   

.  
 .

 

 
      (  )/    / 

where    ∑
 

 

 
  – harmonic number 

PROBLEM AN.087.  

If  ( )  ∫
               

                  

 

 
           then find: 

     
   

(               (
 

 
*  ∑ ( )

 

   

+ 

PROBLEM AN.088.  

If         then: 

     4
     

(     )(        )
5       4

     

(     )(        )
5   

      4
     

(     )(        )
5  
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PROBLEM AN.089.  

If       
 

 
 then: 

∫4 
      

     

      5

 

 

             

PROBLEM AN.090.  

If   ,   -  (   )   continuous;       then: 

∫∫4
 ( )

 ( )
 

 ( )

 ( )
5

 

 

 

 

 
    

 ( )   ( )
 (   )∫

  

 ( )

 

 

 

PROBLEM AN.091.  

If         then: 

     4
(    )(    )

   
5       4

(    )(    )

   
5   

      4
(    )(    )

   
5  

  

 
 

PROBLEM AN.092.  

If       then: 

 

 
∫∫4

     

          
5

 

 

 

 

     (   
 

 
*
 

 

PROBLEM AN.093.  

If   ,   -  (   )         continuous then: 

∫∫∫ (     )

 

 

 

 

 

 

        (   ) ∫  ( )

 

 

   

 (     )  4
  ( )    ( )

 ( )   ( )
5

 

 4
  ( )    ( )

 ( )   ( )
5

 

 4
  ( )    ( )

 ( )   ( )
5

 

 

PROBLEM AN.094.  

If   ,   -  (   )         continuous then: 

∫∫
.  ( )   ( )/ .  ( )   ( )/

(   ( ))(   ( ))

 

 

 

 

     :∫ ( )

 

 

  ;
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PROBLEM AN.095. 

 If         then: 

  

 
.
 

 
    /  

  

 
.  

 

 
  /  

  

 
.    

 

 
/  

   (     )

 
 

PROBLEM AN.096. 

 If  ( )  ∑
 

  
 
        then: 

 

 
 ( )  

 

 
 ( )  

 

 
 (  )   (  ) 

PROBLEM AN.097. 

 Find: 

     
   

(∏4
       

     
5

 

   

+ 

PROBLEM AN.098.  

If       ,   -  (   )       continuous then: 

   ∫    ( ( )  ( )  ( ))
 
 

   :∫( ( )   ( )   ( ))

 

 

  ;

 

 

PROBLEM AN.099. 

 If       then: 

∫ (      )
 

 
  

∫ (      )
√  

 
  

   √
 

 
 

PROBLEM AN.100. 

 If       then:  

∫ (      )
   
 

 
  

∫ (      )
 

 
  

 
 

 
 

PROBLEM AN.101.  

If       then: 

∫ (    )
 

 
  

∫ (    )
 

√  
  

   √
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PROBLEM AN.102. 

 Prove that if         then: 

|∫    (    )    
 

 
∑   4  

  

  
5

 

   

 

 

|  
 

  
 

PROBLEM AN.103.  

If         then: 

|∑      (
   

√ 
*

 

   

 ∫     (
   

√ 
*

 

 

  |  
 √ 

  
 

PROBLEM AN.104.  

If           then: 

:∫4
    

    
5

 

 

  ;:∫4
    

    
5

 

 

  ;:∫4
    

    
5

 

 

  ;  (   )  

PROBLEM AN.105. 

 If                    ,   -  (   ) then: 

:∫
  ( )

  ( )

 

 

  ;:∫
  ( )

  ( )

 

 

  ;:∫
  ( )

  ( )

 

 

  ;  (   )  

PROBLEM AN.106.  

Find: 

     
   

(
 

√ 
∏(

    

    
*

 

   

+ 

PROBLEM AN.107.  

Find: 

     
   

 

  
∏(  

 

    
*

 

   

 

PROBLEM AN.108.  

Find: 
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  ∑(∑
 

(         )(     ) 

 

   

+

 

   

 

PROBLEM AN.109.  

Find: 

     
   

√∑4
           

(       ) 
5

 

   

 

 

PROBLEM AN.110.  

If   ,   -  (   )   continuous; ∫  ( )
 

 
     then: 

∫  ( )

 

 

   ∫
  

 ( )

 

 

   

PROBLEM AN.111.  

If     (,   -)  ( )     ( )    then: 

∫(  ( ))
 

 

 

   ∫
  

  ( )

 

 

   

PROBLEM AN.112. 

 If     (,   -)  ( )     ( )    then: 

∫∫∫
.(  ( ))

 
 (  ( ))

 
/ .(  ( ))

 
 (  ( ))

 
/ .(  ( ))

 
 (  ( ))

 
/

(  ( )    ( ))(  ( )    ( ))(  ( )    ( ))

 

 

  

 

 

  

 

 

     

PROBLEM AN.113.  

If    (   )         and       
        

   

    
     

      then find:         √  
  

 

PROBLEM AN.114.  

If    ∑
  

  
 
   .

 
    

/ then find:         4
 

  
    (    )

 

  
 5 

PROBLEM AN.115. 

 If         ,   -  (   -   continuous then: 
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∫∫
 ( )   ( )

( ( ))
 ( )

 ( ( ))
 ( )

 

 

  

 

 

   :∫ ( )

 

 

  ;

 

  (   )∫ ( )

 

 

   

PROBLEM AN.116.  

If       then: 

∫:∫:√
 

  
 

 

  
 

 

  
;  

 

 

;

 

 

   √    (
 

 
*
   

 

PROBLEM AN.117. 

 If   ,   -  (   )         derivable;    continuous then: 

∫
  ( )√ ( )

  ( )   

 

 

        4
 ( )   ( )

   ( ) ( )
5 

PROBLEM AN.118. 

 If       then: 

∫
    √   

    
  

 

 

   
 

 
     (

   
    

        + 

PROBLEM AN.119.  

Find: 

  ∫
(   )      (   )     

          
       

PROBLEM AN.120.  

Find: 

     
   

   :.
  

 /

  

  
 

;

.   .
  

 //

  

  
 

      
 

 
   

 

 
      

PROBLEM AN.121.  

If       
 

 
 then: 
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:∫ (√      )

√  

 

  ;

(

 
 

∫ (√      )

   
 

 

  

)

 
 

 :∫ (√      )

√  

 

  ;

(

 
 

∫ (√      )

   
 

 

  

)

 
 

 

PROBLEM AN.122. 

 Find: 

     
   

√      
 

 √      
 

  

√      
   

 √      
   

  
 

PROBLEM AN.123.  

If         ,   -  (   )   derivable in ,   - then: 

∫∫∫4
 ( )  ( )  ( )

  ( )   ( ) ( )
5  

 

 

  

 

 

  

 

 

    :√
 ( )

 ( )
;

(   )( ( )  ( ))

 

PROBLEM AN.124.  

Find: 

     
   

(  
  

  
 ∑

 

  

 

   

+

 

 

PROBLEM AN.125. 

 If      
 

 
 

 

 
   

 

 
     then find: 

     
   

  
 6(

    

  
*
  

    (
    

  
*
   

7 

PROBLEM AN.126. 

 If       
 

 
 then: 

∫   (  )

 

 

      (
   √     

   √     
+ 

PROBLEM AN.127. 

 Find: 

     
   

(  
  

 
 ∑

 

(    ) 

 

   

+
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PROBLEM AN.128.  

If        ; 

 (   )     
   

 ( 
 
   *     

 ( 
 
   *     

 

then:      (   )       (   )       (   )    (   ) 

PROBLEM AN.129.  

Find: 

     
   

(   (    )  ∑4
 

 [√ ]
 6

√  √    √   

 
75

 

   

+ 

, - - great integer function. 

PROBLEM AN.130. 

 Let be: 

 ( )  ∑6
      

      
7

 

   

 , -                         

Find: 

     
   

(   (    )  ∑
 

 ( )

 

   

+ 

PROBLEM AN.131.  

If    ∑ [
  √ 

  √  √ 
] 

    , - - great integer function then find: 

     
   

(
    

    .
    

  
/

  
,

  

 

PROBLEM AN.132. 

 If       then: 

 ∫ (      )
 

 

       4
    

    
5        

PROBLEM AN.133.  

Let be: 
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  ∑
 

0√(       )
 

1
 

 

   

 

Find: 

     
   

 (  ∑
 

  

 

   

+ 

PROBLEM AN.134. 

 If     then: 

 

    
(
    

 
*
    

 
        (     )

(  ) 
 

PROBLEM AN.135.  

If                  

                               

then find: 

     
   

4  
 4 

 
    5        5 

PROBLEM AN.136.  

Find: 

     
   

(∑(
 

∑ {
  

   
} 

   

,

 

   

     (    ), 

 

PROBLEM AN.137.  

 ( )   ∏4
    

    
5

 

   

 

Find: 

     
   

:  ( ) (  
 

 ( )
*

 
 ( )

   ( )    (
 

  ( )
*; 

PROBLEM AN.138.  
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(∑     (
 

 (   ) 
*

 

   

     4
        

 (   )
5+ 

PROBLEM AN.139.  

Let be     (   ) continuous such that for        , fixed values 

   ( )     ( )     ( )   ( ) ( ) ( ) ( )         

Prove that: 

∫ ( )

 

 

   
(   )(     )√     

 
 ( )      

PROBLEM AN.140.  

Find: 

  ∫  (                   )     .  
 

 
/ 

PROBLEM AN.141.  

Let be                ( (   )(       ))                    . Find in 

terms of    : 

     
   

. (  
     )/ 

PROBLEM AN.142. 

 If       then: 

∫∫∫∫
(       )        

√   √   √   √  

 

 

 

 

 

 

 

 

 
(   ) (   ) 

   
 

PROBLEM AN.143. 

 If           then: 

              
   

    
 

   

    
 

   

    
 

PROBLEM AN.144.  

If      
 

 
 

 

 
   

 

 
     then find: 

     
   

  ((  
 

  
*
 
.  

 
  

/

  
.  

 
  

/
 

, 
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PROBLEM AN.145. 

 If   (   )  (   )   continuos;       then: 

 (   )   (   ) ∫    ( ( ))

 

 

    (   ) ∫ ( )

 

 

   :∫ ( )

 

 

  ;

 

 

PROBLEM AN.146.  

Find: 

     
   

(
 

  
∑4

  √   √  
 

   √  
 

(   ) 
5

 

   

+ 

where      
 

 
 

 

 
   

 

 
     (harmonic number) 

PROBLEM AN.147.  

If   ,   -  (   )       continuous then: 

 (   )∫  ( )

 

 

   (   )   ∫ ( )

 

 

    :∫ ( )  

 

 

;

 

 

PROBLEM AN.148.  

If                    

                                    

then find: 

     
   

√
    

  

 

 

PROBLEM AN.149. 

 If       .  
 

 
/ then: 

(
     

        
   (

        

     
**

     

 (
    

 
*
 

(
    

 
*
 

(
    

 
*
 

 

PROBLEM AN.150. 

If         
 

 
 then: 

    

    
 

         

    
 

 

 
√.

 

 
/
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PROBLEM AN.151. 

Let be the sequence:                            

                                         

Find: 

     
   

√
       

         

 

 

PROBLEM AN.152. 

If       
 

 
 then: 

∫((    )       (    )      )

 

 

   √ (     (
    

√ 
*       (

    

√ 
** 

PROBLEM AN.153. 

If       
 

 
 then: 

∫((    )     (    )    )
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SOLUTIONS 

ALGEBRA 

 

SOLUTION A.001.  

  (   )   √  (  √ ) 

( √   )
 
( √   )    

(     √    )( √   )    

 √             √    √      

 √     √       

   √    √    

   √  (    ) 

 

 (    )
 √   

(
 

 (    )
*
 

 (√  )
 
       

(
 

    
*
 

       

∑ (
 

    
*
 

   (     )

    ∑   

   (     )

    
 

 
    

Equality holds for          
 

  
 or       

 

√ 
. 

SOLUTION A.002.  

 

  
 

 

  
 

 

  
                         

    (    )    (     ) 

        
     

    
 

     
  

   
  

      (1) 
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Analogous:      
  

   
  

  
  (2);      

  

  
 

  

      (3) 

By adding (1); (2); (3): 

∑     

   (     )

 ∑
     

  
 

∑   

   (     )

  (
 

  
 

 

  
 

 

  
*  ∑

     

  
 

∑
       

  

   (     )

 ∑   

   (     )

 
     

     

Equality holds for:       √ 
 

. 

SOLUTION A.003. 

   

 
 

     
√        √   (   )      

(   ) 

   
       

     

 
 

     
√   
 

 
(     ) 

  
     

(     ) 

     
       

       

 
 

     
√    
 

 
(       ) 

   
      

(       ) 

       
       

We prove that:         (1) 

    
(   ) 

   
 

(     ) 

     
  

    (   )   (     )    (to prove) (2) 

  (   )    (   )(   )  
     

(
          

 
*
 

 
 (     ) 

  
 

     (   )   (     )     (2) 

    
(     ) 

     
 

(       ) 

       
  

     (     )    (     )   (to prove)   (3) 

  (     )    (     )(     )(     )  
     

 

 (
                    

 
*
 

 
  (     ) 

   
 

  (     )        (       )     (3) 

By                       
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Systems (     ) (           ) are same orientation. By Cebyshev’s inequality: 

(              )  
 

 
(           )(     ) 

 (              )  (           )(     ) 

SOLUTION A.004. 

          (        )                       

       (        )                 

(      )(      )                                   

            

   (          )     .(      )(      )/     (      )     (      )   

    (   (  ) )     (   (  ) )    

SOLUTION A.005. 

First, we prove: (
   

√  √ 
*
 

 √   (   )  √  (√  √ )
 
  

           √  (     √  ) 

           √    √      ,       √    √   

    √       √    ,  √ (√  √ )   √ (√  √ )    

(√  √ )( √   √ )   , (√  √ ) 0(√ )
 
 (√ )

 
1    

(√  √ )
 
(    √  )    

4
   

√  √ 
5

 

 √   √ 4
   

√  √ 
5

 

 √     

 ∑ √ 

   (     )

4
   

√  √ 
5

 

  √     √    

Equality holds for       √ 
 

. 

SOLUTION A.006. 

First, we prove that: .
     

     /
 

 
 

     

(     )       (     ) ,      (           )              
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                 ,    (     )    (     )    

(     )(     )   ,  (     ) (          )    

.
     

     /
 

 
 

       .
     

     /
 

 
  

    , .
       

     /
 

 
  

     

∑ 4
       

     
5

 

   (     )

 ∑
  

    
   (     )

 
  

    
 

  

    
 

  

    
 

        

      
 

      

      
   

Equality holds for       √ . 

SOLUTION A.007. 

            √    
 

           √   
 

 

    √    
 

   √   
 

,    √   
 

  √    
 

 

   √   
 

   √   
 

 √   
 

 √   
 

  

 
     

   √(√   
 

)
  

    √   
 

 

Hence:         (1) 

          √   
 

      √         √   
 

   √   

   √    √   
 

 

   √     √   √   
     

 √  √   √  
 

  √   
 

 

Hence:         (2) 

By (1); (2)            

                 

By Cebyshev’s inequality: 

            
 

 
(        )(     ) 

 (           )  (        )(     ) 

SOLUTION A.008. 

Let be the random variable: 

  4
 

 

 

 

 

 
 

          
5,     4

 

  

 

  
 

   

          
5 

 ( )  
 

 
 

 

 
 

 

 
        ,   (  )  
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  ( )     (  )  ( ( ))
 
    (  )  ( ( ))

 
 

 

  
 

 

  
 

 

  
         (

 

 
 

 

 
 

 

 
        *

 

 

SOLUTION A.009. 

.√       √ /
 

            √  √       

         √ (     )        

√       √  √       (1). Analogous: √       √  √        (2) 

√       √  √      

But     √       √  √       √  √        (3) 

Adding (1); (2); (3): 

√      √      √      √ (     )  √      √      √      

SOLUTION A.010. 

  (     )        (     )  
     

 √       (     ) 
 

         (1) 

  
 

(   ) 
       

 

(   ) 
 

     
 √      

 

(   ) 

 
 

 

   
   (2) 

∑(  (     ) ) (  
 

(   ) 
*  

( ) ( )

∑(      ) (
 

   
*    ∑

     

   
 

     
 

     √
                 

(   )(   )(   )

 

 
  

√(   )(   )(   )
 

 
     

 

 
  

(   )  (   )  (   )
 

 
  

 (     )
 

 
  

 
 

    

SOLUTION A.011. 

Denote: √        √        √        √       

∑
   

. √     √     √    /
  

 

  
  ∑

  

(     ) 
 

 

  
   (1) 

Denote:           

(1)  ∑.
 

   
/
 

 
 

  
 

Let be   (   )  (   )  ( )  .
 

   
/
 

   ( )    
 

(   ) 
 .

 

   
/
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   ( )    
 

(   ) 
 .

 

   
/
 

   (
 

(   ) 
*
 

 .
 

   
/    

∑.
 

   
/
 

 ∑ ( )  
      

  (
       

 
*    (

 

 
*   :

 
 

  
 
 

;

 

  (
 

 
*
 

 
 

  
 

SOLUTION A.012. 

Let be     ,   -              

 ( )      ( )     

By Cauchy’s theorem ( )  (   ) 

 ( )  ( )

 ( )  ( )
 

  ( )

  ( )
 

     

      
     

      
 

 
 

 

     
 

 
  because: 

             
 

     
   

        
     

      
 

 
   (1) 

        
     

      
 

 
   (2) 

         
     

        
 

  
   (3) 

By multiplying (1); (2); (3): 
     

      
     

      
     

        
 

 
 
 

 
 

 

  
 

  

  
 

SOLUTION A.013. 

Let be           

         
     

 √       
        (1) 

          √       
       (2) 

          √       
        (3) 

         √       
        (4) 

By adding (1); (2); (3); (4):  (           )   (               ) 

                              (5) 

Take                         

(   )(        )    (   )    (   )  (   )(        ) 

(   )(           )  (   )(           ) 

(       )(                       )   
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 (       )(                       ) 

(    )(                       )  (    )(                       ) 

SOLUTION A.014. 

(  )     (  )     (  )    

        
 

     
((  )   (  )   (  )

  
)

 
          

 (              )
 

        

(  )     (  )     (  )     (        )              (   )         

SOLUTION A.015.  

The sequence is an arithmetical progression: 

          

      (   )  

                 

 (    )          

                    

 (     )            

                       

 (      )              

 (    )   (     )   (      ) 

SOLUTION A.016.  

Let be   ,   )     ( )  
 

    
; 

  ( )  
   

(    ) 
    ( )  

  (    )

(    ) 
     – convexe 

If         then by Jensen’s inequality: 

 (
     

 
*  

 

 
( ( )   ( )   ( )) 

 

   
     

 

 
 

 
(

 

    
 

 

    
 

 

    
* 

Denote                 

 

  √   
  

 

 
(

 

   
 

 

   
 

 

   
* 
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  √   
  

Equality holds if      . 

Denote                   

 

     
 

 

     
 

 

     
 

 

  √            
 

 

  (   ) 
 

Equality holds for: 

                

SOLUTION A.017.  

Let be the random variable: 

  (

 

  

 

  

 

  

 

     

 

     

 

     

, 

 ( )  
 

  (     )
 

 

  (     )
 

 

  (     )
 

   (

 

   

 

   

 

   

 

     

 

     

 

     

, 

 (  )  
 

   (     )
 

 

   (     )
 

 

   (     )
 

  ( )     (  )  ( ( ))
 
    (  )  ( ( ))

 
 

 

     
(
 

  
 

 

  
 

 

  
*  

 

(     ) 
(

 

   
 

 

   
 

 

   
*
 

 

(     ) (
 

  
 

 

  
 

 

  
*  (

 

   
 

 

   
 

 

   
*
 

 

SOLUTION A.018. 

∑
  

(     )(   )(   )(   )
   (       )

  

 
(       ) 

(     )(     )(     )(     )
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(       ) 

 √   
 

  √   
 

  √   
 

  √   
  

(       ) 

      
 

SOLUTION A.019.  

First, we prove that: √  √  √ (   )   (1) 

By squaring:      √         (√  √ )
 
   

Analogous: √   √   √ (   )     (2) 

     √   (√   √  )        

 √   
 

  √    
       

    √   
 

 √    
   

√   
(√   √  )  √   

(√   √  )    

(√   √  )
 
(√   √  )    

Replace           in (1); (2): √   √   √ (     )        √ (     ) 

√   
 √   

 √ (     )
 

       √ (     )
 

 

 

∑ (     )

   (     )

 ∑ (     )

   (     )

 ∑ √ (     )

   (     )

 ∑ √ (     ) 

   (     )

 

 (                 )  √  ∑ √     

   (     )

 √ 
 

 ∑ √      

   (     )

 

SOLUTION A.020. 

With √     √     the inequality can be written:  

(    )   (    )  (    )(    ) 

(    )  (    )  
(    )(    )

 
 

(    )(    )

 
 

(    )4  
    

 
5  (    )4  

    

 
5    

(    )(       )

 
 

(    )(       )

 
   

(    )(   ) 

 
 

(    )(   ) 
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SOLUTION A.021. 

                                

       (     )
 

,  (      ) 
  (     )

 
 

.(  )
 
   

 /   (     )
 

,   (     )( 
        ) 

  (     )
 
 

Multiplying (         ) 
       ,                   

              (     )     

(    )     (     )               (     )     (1) 

             ,  (      )( 
     )    (     ) 

(      )( 
    )( 

    )    (     ) 

Multiplying by (     )
  

: 

(      )( 
    )     

   (  )     (      )  (     )     (      )     (     )    

(    )           √    
 

   

SOLUTION A.022. 

If   .  
 

 
/ then   

 

 
         (1) 

      
 

   
      .

 

   
/     (2) 

By (1); (2)  (    )    .
 

   
/     (3) 

If   .
 

 
  / then   

 

 
          (4) 

      
 

   
      .

 

   
/      (5) 

By (4); (5)  (    )    .
 

   
/      (6) 

By (3); (6)  (    )    .
 

   
/    ( )  (   )   (7) 

Equality holds if   
 

 
. 

(    )    .
 

   
/       .

 

   
/
    

      

.
 

   
/
    

         (   )     
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(  ) 

 
 

((   ) ) 

   
 ( )  (   ) 

Analogous: 
(  ) 

 
 

((   ) ) 

   
 
(  ) 

 
 

((   ) ) 

   
 

By multiplying: 
(  )  (  )  (  ) 

   
 

((   )  (   )  (   ) ) 

(   )(   )(   )
     (   ) 

Equality holds if:       
 

 
 

SOLUTION A.023. 

Let   .
  
   

/    .
    
   

/ 

   .
  
   

/ .
    
   

/  .
         

             
/     

        ( )         ̅̅ ̅̅ ̅̅ ̅̅ ̅ 

(   )    ∑.
   
 

/

   

   

                   

     (         )     ,(   )   -  ,   (   )-     

 .   0.
  
   

/  .
    
   

/1/
   

 .|
   
   

|/
   

       

SOLUTION A.024. 

 ∑
   (    )

 (      )
  ∑

    (    )

  (      )
  

  ∑4
    

      
 
    

  
5   ∑(

        

      
 (  

 

  
*+   

  ∑(  
 

      
* (  

 

  
*   

  ∑(  
 

  
 

 

      
 

 

  (      )
*  

     
   ∑

 

  
 ∑

 

  
 

 

   
∑

 

 
 

    ∑
 

    
 ∑

 

  
   ∑

 

  
 

 

   
∑

 

 
       

Remains to prove: ∑
 

     
 

   
∑

 

 
                   

 (   )  (   )  (   )    

SOLUTION A.025. 

        √   
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√   
    

 

√   
       

 

√   
          (1) 

(  
 

 
*
 

 (  
 

 
*
 

 (  
 

 
*
 

 
     

 :√(  
 

 
* (  

 

 
* (  

 

 
*

 

;

 

  

 
      

 :√       √
 

 
 
 

 
 
 

 

 

;

 

  (  
 

√   
 *

 

 
( )

(    )  

Equality holds for       
 

 
. 

SOLUTION A.026.  

Lemma: 

If         then:            

Proof: 

   (  (   ))
 

 
         

  (   )     (1) 

   (  (   ))
 

 
         

  (   )    (2) 

By adding (1); (2):         (   )   (   )                 

      (   )(   )       

Hence:              (3) 

Denote:    
   

 
    √      √     

 
 

         
  

  
   

  

  
   

In (3) we take   
  

  
     

  

  
   

4
  

  
5

  

  

 (
  

  
*

  
  

   
  

  
 
  

  
 

(
   

 √  
*

√ (     )

   
 (

√ (     )

     
+

   

 √  

   √
     

   
 

Equality holds for    . 
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SOLUTION A.027.  

If     then       

√         √    (   )  √       

If     then       

√         √    (   )  √       

Hence: √             (1) 

√      √  √
     

 
 

     

√  
   

 
  

 √  
   

 
  √   (2) 

√         √           √    (3) 

By adding: (1); (2); (3): 

√         √      √            √   √   (  √  √ ) 

Equality holds for        . 

SOLUTION A.028. 

Lemma: If                      then: 

 

  
 

 

  
   

 

  
                    

 

         
 

Proof: 

For     
 

  
       

 

  
  (true) 

 ( ) ∑
 

  

 
            ∑   

 
    

 

         
   (true) 

 (   ) ∑
 

  

 
                ∑   

 
    

 

            
   (to prove) 

Denote             

∑
 

  

   

   

             ∑
 

  

 

   

 
 

    
        

 ∑
 

  

 

   

   
 

    
         

 ( )
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 ∑  

 

   

 
 

 
 

 

    
        ∑   

   

   

 
 

     
 

 

 
 

 

    
              

 

     
 

             
             

     

             
              

      

      (      )  (      )   (      )(      )    

(      )(                )    

(      ),     (   )  (   )-    

(      )(   )(       )    

Which is true because:                    

 ( )   (   ) 

Back to the problem: 

In lemma:                          

 

   
 

 

   
 

 

   
                       

 

         
 

 

   
 

 

   
 

 

   
             (   )  

 

         
 

Equality holds for        . 

SOLUTION A.029. 

   (     )  
         

   (   ) 

        (   )                  

 

     
 

      (1) 

Analogous: 
 

     
 

       (2); 
 

    
 

 

    
  (3) 

By adding (1); (2); (3): 
 

     
 

     
 

    
 

 

     
 

     
 

    
  

 
         (     ) 

(    )  (    )  (    )
 

 

          
 

SOLUTION A.030. 

  
   

        because           (   )    
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√ (     )

   
   because √ (     )       

                               (   )    

          

   (  (   ))
 

 
         

   (   )   (1) 

  ,   -          (2) 

By adding (1); (2):          (   )         

For   
   

        
√ (     )

   
 

(
   

     
*

√ (     )

   
 (

√ (     )

   
+

   

     

   
   

     
 
√ (     )

   
  

   
    √ (     )

(   )  (√     )
    

 √   

(   )√     
 

SOLUTION A.031. 

      

    
 

 

 
 

              

 (    )
 

        

 (    )
  

  
(   )  

 (    )
   

      

     
 

 
   (1) 

         

    
 

 

 
 

                  

 (    )
  

 
             

 (    )
 

    (   )   (   )

 (    )
  

 
 (   )(    )

    
 

 (   ) (   )

    
    

 
         

     
 

 
    (2) 

            

    
 

 

 
 

                  

 (    )
  

 
                 

 (    )
 

                     

 (    )
  

 
    (   )    (   )   (   )   (   )

 (    )
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(   )(           )

 (    )
 

(   ),  (   )(      )   (   )-

 (    )
  

 
(   ) (           )

 (    )
 

 (   ) (        )

 (    )
    

            

    
 

 

 
   (3) 

By multiplying (1); (2); (3): 
(      )(         )(            )

(    )(    )(    )
 

 

 
 
 

 
 
 

 
 

  

 
 

SOLUTION A.032. 

         
 (        )

 
 

                     

 
  

 
 (   )  (   ) 

 
 

 (   ) 

 
 

√         
(   )√ 

 
 

√ (   )   √         

∏√ (   )  ∏. √        / 

 √ (   )(   )(   )   √(        )(        )(        ) 

SOLUTION A.033. 

√
   

 
 √(√ )

 
 (√ )

 

 
 

     
√  √ 

 
 

     

√  
 

   (1) 

 ∑√
   

 
  ∑√

   

 
 ∑√

   

 
 
( )

 ∑
√  √ 

 
 ∑ √  

 
  

  ∑√  ∑ √  
 

   

  (√  √  √ )  √  
 

 √  
 

 √    

SOLUTION A.034. Lemma: 

If       ( ) then    (     )    

Proof: 

  (   )     
     

   (   )     
     

 

     (        )     
     

 (   )     
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     (        )     
     

 (   ̅̅ ̅)     
     

 

   (     )     (       )     (    ) (    )     (    )   (    )   

    ̅  | |    

Back to the problem: 

   (    )     (       )   

    (       )     ((  
 

 
  *

 

 4
√ 

 
  5

 

+  
     

  

   (    )     (       )     (        )  (  )    (       )   

     ((  
 

 
  *

 

 4
√ 

 
  5

 

+  
     

  

   (     )     (    ) (    )     (    )     (    )    

SOLUTION A.035. 

   (  (   ))
 

 
         

  (   )    (1) 

   (  (   ))
 

 
         

  (   )    (2) 

By adding (1); (2):         (   )   (   )                 

      (   )(   )       

           (1) 

Analogous:             (2);             (3) 

By adding (1); (2); (3): 

                                 
     

   √(   ) 
 

  

    4√ √ 
 

5

 

    (√ )
 
         

SOLUTION A.036. 

Put 
 

   
  ,  (       )             

Let  ( )              

  ( )           

       ( )          ( ) is increasing and      ( )   ( )       
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  ( )   
 

    
     ( )         

Hence decreasing 

Hence possible number of solutions is  . 

 ( )        ( )      ( )      

 ( ) ( )    Hence one root between   and   

 

 

 ( )       ( ). Clearly at     

 ( )     

Hence     is the only solution 
 

   
     

 

 
   

   
 

 
   (Answer) 

SOLUTION A.037. 

            
     

 √       
       (1) 
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 √         
       (2) 

              
     

 √         
       (3) 

  
  

       .
 

 
/
 

 
     

 √    .
 

 
/
  

 
  

 
    (4) 

                  
     

 √           
       (5) 

(    )(    )   (    )  4  
  

  
5 (      )  

( ) ( )

 

             
  

 
                    

   (        )  
                   

 

     √     √     √    
          

  √    √                

SOLUTION A.038. 

Denote          
√     

 
   

    

 
 

 ( )  |
     
    
   

|                      

  (          )      4      
      

 
 

     

 
  5   

     (             )        

 ( ) ( )   ( ) ( )   ( ) ( )   

  (                          )   (        )   (        ) 

Equality holds for        . 

SOLUTION A.039. 

         √            
 

 
 

 

  
     (1) 

 

 
 

 

 
 

   

  
 

      √  

  
 

 

√  
  (

 

  
*

 
 
    

 
   √  

Equality holds if     
√ 

 
 

SOLUTION A.040. 

            √(   ) 
 

 
 

 
 √(   ) 
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 (   )  
 

  
     

 

√  
  

 

   
 √  

 
   (1) 

     

   
 

 √   
 

   
 

 √   
 

√(   ) 
 

 
 

√(   ) 
 

  

   (
 

   
*

 
 

 
( )

  (√  
 

)
 
     

 
 
 
 
     

 
   √  

Equality holds for       
 

√ 
 . 

SOLUTION A.041. 

               √         
  √(    )  

 

√(    )  
 

 

 
 (    )  

 

        
 

√    
 

    
 √   

     (1) 

       

    
 

      √    
 

    
 

 √    
 

√(    )  
   

 

√(    )  
  

   (
 

    
*

 
 

 
( )

  .√   
/

 
 
     

 
 
 
 
           

Equality holds for:         
 

√ 
 . 

SOLUTION A.042. 

            √       
          

 

 
 

 
 

   
     (1) 

     

   
 

      √   
 

   
 

 √   
 

√(   ) 
 

   
 

√(   ) 
 

   (
 

   
*

 
 

 
( )

   
 
   √ 

 
 

Equality holds for:       
 

√ 
 . 

SOLUTION A.043. 

              
     

  √         
  √     √     

 

 
      

 

  
 

 
 

    
      (1) 

       

    
 

      √    
 

    
 

 √    
 

√(    )  
 

 

√(    )  
   (

 

    
*

 
 

 
( )
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   (  )
 
          

Equality holds for:         
 

 
 

SOLUTION A.044. 

           
     

 √       
  √(   ) 

 
 

   √(   ) 
 

 
 

  
 (   )      

 

 √ 
    (1) 

     

   
 

      √   
 

   
 

 √   
 

√(   ) 
 

   
 

√(   ) 
 

   (
 

   
*

 
 

 
( )

  ( √ )
 
   

   .(√ )
 
/

 

 
   (√ )

 
      .  Equality holds for       

 

√ 
. 

SOLUTION A.045. 

Denote   
 

 
   

 

 
   

 

 
   

 

 
. Inequality can be written: 

(
 

  
 

 

  
 

 

  
 

 

  
* (           )  (       )  

 

    
(           )(           )  (       )  

(           )(           )      (       )  

(           )(           )  
     

 √         
4
  

 
 

  

 
 

  

 
 

  

 
5  

     
 

  √     
(       ) 

(       ) 
  √     

 

  
(       ) (       )   

 
      

  
√     ( √    

 
)
 
 (       )   

 
 

  
       √     (       )      (       )  

SOLUTION A.046. 

(           )(           )  
     

 

  √         
4
  

 
 

  

 
 

  

 
 

  

 
5  

     
 √     

(       ) 

(       ) 
  

 
 

  
√     (       )  (       )   
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√    ( √    

 
)
 
(       )   

 
 

  
√       √     (       )      (       )  

Equality holds for        . 

SOLUTION A.047. 

                        (   )              

            
     

  √         
  

  √       
 

     
 √  √     

  √  √ 
  

  √   
         

               

                       

SOLUTION A.048. 

       
      

     

       
      

     
9  (  

   )(  
   )    

  
   

  (  
    

 )        
    

  (    )
     (1) 

Analogous:   
    

  (    )
       (2) 

By (1); (2):   
    

    
    

  (    )
  (    )

    

  
    

    
    

  (        )
       (3) 

Analogous:   
    

    
    

  (        )
      (4) 

By (3); (4): 

  
    

    
    

    
    

    
    

  (        )
  (        )

     

 (                )
    

SOLUTION A.049. 

Let be   (   )     ( )  
 

        

  ( )           ( )         
  

        convexe 

Suppose that       are different in pairs. 

                  

(   )  (   )  (       )   

  
   

   
  (  

   

   
*   
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 ( )   .
   

   
  .  

 

   
/  /  

         
   

   
 ( )  

   

   
 ( )   (1) 

        (
   

   
  

   

   
 *    

   

   
  

   

   
  

 (     )   .
   

   
  

   

   
 /  

         
   

   
 ( )  

   

   
 ( )   (2) 

By adding (1); (2): 

 (     )   ( )  (
   

   
 

   

   
* ( )  (

   

   
 

   

   
* ( ) 

 (     )   ( )   ( )   ( ) 

 

(     ) 
 

 

   
 

   
 

  . Equality holds for      . 

SOLUTION A.050. 

(   
    

    ) 4 
 

    
 

    
 

  5  
   

:√ 
   

 

   √ 
   

 

   √ 
   

 

  ;

 

  

 4 
 
 
.   

 

  /   
 
 
.   

 

  
/
  

 
 
.   

 

  /5

 

 
     

( 
 
 
 
  
   

 
 
 
  
   

 
 
 
  
 *

 

 ( 
 
   

 
   

 
 *

 

 

SOLUTION A.051. 

Let be       with:            ( ̂)         √      

 

By Gordon’ s inequality:                    √  ,   - 

      √        √       √  
  

 
 

(   )√        ( √   )   (1) 

Analogous: 

(   )√        ( √   )   (2) 

(   )√        ( √   )   (3) 
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By (1); (2); (3): 

(   )√      (   )√      (   )√      ( √   )(        ) 

Equality holds if        . 

SOLUTION A.052. 

Let be      with            ( ̂)      

 

By cosine law:    √                √         

By Gordon’s inequality:                    √  ,   - 

     √          √          √  
          

 
 

   (   )√          √     
√ 

 
 

   (   )√             

(   )√               (1) 

Analogous: (   )√               (2); (   )√              (3) 

By adding (1); (2); (3): 

(   )√         (   )√         (   )√          

  (        ). Equality holds for      . 

SOLUTION A.053. 

Let be      with:            ( ̂)      
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√     

 
   (circumradii); 

  
 ,   - 

        

 

 
  

 

    √     

 

 
  

    √     
   (inradii) 

By Mitrinovic’s inequality:    √     (  – semiperimeter) 

        

 
  √  

  

    √     
 

    √     

 
 

 √   

    √     
 

(    √     )
 
  √   . Equality holds if      . 

SOLUTION A.054. 

 

  
√     

 
   (circumradii) 

  
        

 
 

    √     

 
  (semiperimeter) 

By Mitrinovic’s inequality:   
 √  

 
 

    √     

 
 

 √ 

 
 
√     

 
 

    √       √  
√     

 
 

 (   )  ( √   )√         (1) 

Analogous:  (   )  ( √   )√         (2) 

 (   )  ( √   )√         (3) 

 (     )  ( √   ).√      √      √     / 

Equality holds for        . 
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 (     )  ( √   ).√      √      √     / 

SOLUTION A.055. 

 If       or         or         the relationships are obvious. 

Suppose that        . Let be       with:            ( ̂)     . 

 

  
√     

 
  (circumradii) 

  
 ,   -

        

 

 
  

 

    √     

 

 
  

    √     
   (inradii) 

By Murray – Klamkin’s inequality (1967): 

    
  √     

    √     
 

     

 
    

     

(    √     )
  

  √     

    √     
 

     

 
 

{
    √     .    √     /

   √      (     ) .    √     /
 

SOLUTION A.056. 

 Let be      with            ( ̂)     . 

 

  
√     

 
   (circumradii) 
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 ,   -

        

 

 
  

 

    √     

 

 
  

    √     
  (inradii) 

By Guba’s inequality:               ,   -(    ) 

      .√     /
 

   
  

 
4  

√     

 
 

  

    √     
5 

      .√     /
 

    (√      
  

    √     
* 

      .√     /
 

 
     

    √     
    √      

SOLUTION A.057.  

Let be       with            ( ̂)     . 

 

By cosine law:                   

             
 

 
          

  
    √        

 
 

  
 

 
 

 
          

    √        
 

 

  √ 
 

    √        
 

 
  √ 

 (    √        )
 

By Mitrinovic’s inequality:    √   

    √        

 
 

   

 (    √        )
 

(    √        )
 
         √          √      (1) 

Analogous:     √          √     (2) 
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    √          √     (3) 

By adding (1); (2); (3): 

 (     )  ∑√        

   

  (√   √   √  ) 

SOLUTION A.058. 

Let be       with:           ( ̂)      

 

  
 ,   -

        

 

 
  

 

    √     

 

 
  

    √     
   (inradii) 

By Neuberg’s inequality:       (√     )
 
      

 (     )     
    

(    √     )
  

(     ) .    √     /
 

        

SOLUTION A.059. 

   
(   )  

 
 

(   )  

 
    

  

 
   

 
  

 
   

 
   

   
(   ) 

 
    

 
   

  

    (   )   √  (   )    (   ) 

   
(   )  

 
 

(   )  

 
   (   ) 

(   )  

 
 

(   )  

 
   (   )      (       ) 

SOLUTION A.060. 

   
(     )  

 
 

(     )  

 
 

(     )  
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(     ) 

 
      

 
      

 
     

    
(     ) 

     
     

  

    (     )  
     

 √  (     )    (     ) 

(     )  

 
 

(     )  

 
 

(     )  

 
  

   (     )      (          ) 

SOLUTION A.061. 

   

           
 

   

               
     (1) 

   

           
 

   

               
    (2) 

   

           
 

   

               
    (3) 

   

           
 

   

               
   (4) 

By adding (1); (2); (3); (4): 
   

  (   )
 

   

  (   )
 

   

  (   )
 

   

  (   )
 

               

               
   

                                     (5) 

By AM-QM:                                  

  √(       )  (       )
 
 (       )

 
 (       )

 
    (6) 

By (5); (6):  √(       )  (       )
 
 (       )

 
 (       )

 
   

(       )
  (       )

 
 (       )

 
 (       )

 
 

 

 
 

SOLUTION A.062. 

   

           
 

   

       
    (1) 

   

           
 

   

       
   (2) 

   

           
 

   

       
   (3) 

   

           
 

   

       
  (4) 
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By adding (1); (2); (3); (4): 

   

  (   )
 

   

  (   )
 

   

  (   )
 

   

  (   )
 

       

       
 

       

       
   

                                   

 
     

 √(       )(       )(       )(       )
 

 

      (       )(       )(       )(       ) 

(       )(       )(       )(       )  
 

  
 

SOLUTION A.063.  

From:  √      √     
√ 

 
  

              2
 

 
 
  

 
3   (1) 

Analogous:               2
 

 
 
  

 
3    (2) 

              2
 

 
 
  

 
3    (3) 

By adding (1); (2); (3):                      2
 

 
  3    (4) 

If                            2
 

 
 
 

 
3 

Solutions: .
 

 
 
 

 
 
 

 
/  .

√ 

 
 
√ 

 
 
√ 

 
/ 

If               
√ 

 
 

        
 

 
 

If               
√ 

 
 

         
 

 
 

If               
√ 

 
 

         
 

 
 

Solutions: .
√ 

 
 
√ 

 
  /  .

 

 
 
 

 
  /  .

√ 

 
   

√ 

 
/ 
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(
 

 
   

 

 
*  4  

√ 

 
 
√ 

 
5  (  

 

 
 
 

 
* 

SOLUTION A.064. 

     

       
 

          

   (    )  
 

 (    )

(    ) (    )
    (1) 

Analogous: 
     

       
 

 (    )

(    ) (    )
    (2); 

     

       
 

 (    )

(    ) (    )
    (3) 

By adding (1); (2); (3): 

∑
     

       
   

  ∑
    

(    )  (    )
   

 
      

  
 

 
   

Equality holds if:                       

  
     

       
                  

           (   )           . 

SOLUTION A.065. 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
  . By Young’s inequality:  

  

 
 

  

 
 

 
 
 

 

 

       (1); 
 
 
 

 
 

  

 
 

  

 
       (2) 

By multiplying (1); (2): 4
  

 
 

  

 
 

 
 
 

 

 

54
 
 
 

 

 

 
  

 
 

  

 
5           

 
     

    :
 

 
  

 
  

 
 

;

 

 
     

(        ) 

(   ) 

 
  (   ) 

(        ) 
 

SOLUTION A.066.  

First, we prove that: 

    

    
 

 

√ 
   (1) 

(    )    (    )                    

              (   )  (   )    

(   )(    )    (   ) (            )    

Analogous: 
    

    
 

 

√ 
    (2) 
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By multiplying (1); (2): 
(    )(    )

(    )(    )
 

 

√  
   (3) 

Analogous: 
(    )(    )

(    )(    )
 

 

√  
 
(    )(    )

(    )(    )
 

 

√  
   (4) 

By (3); (4): ∑
(    )(    )

(    )(    )    ∑
 

√         (5) 

√  √  √   √    ∑
 

√           (6) 

By (5); (6): ∑
(    )(    )

(    )(    )      

SOLUTION A.067. 

{

 (   )   (   )   

 (   )   (   )   

 (   )   (   )   

 {

(   )(   )       ( )
(   )(   )       ( )
(   )(   )       ( )

 

By multiplying (1); (2); (3): (   ) (   ) (   )     

(   )(   )(   )     

By (1):          (4) 

By (2):          (5) 

By (3):          (6) 

By adding (4); (5); (6):  (     )   (     ) 

  |     |  | 
 

 
|    

SOLUTION A.068. 

∑
 

   √  
   

 
     

∑
 

     
   ∑

 

     
 

     

 

 ∑
 

   √
     

 
   

 ∑
 

  √ (     )
   

 

Hence:      . Be second equation:               

Let be   (   )     ( )              

  ( )    
 

     
            increasing 

 ( )            
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SOLUTION A.069. 

Let be   (

   
 

 

 

 

 

 
 

  

 

  

 

  

,. 

     
 

  
(
 

 
 

 

 
*  

 

  
(
 

 
 

 

 
*  

 

  
(
 

 
 

 

 
* 

By Hadamard’s inequality: (
 

  
.
 

 
 

 

 
/  

 

  
.
 

 
 

 

 
/  

 

  
.
 

 
 

 

 
/*

 

  

 (        ) (
 

  
 

 

  
 

 

  
* (

 

  
 

 

  
 

 

  
* 

SOLUTION A.070. 

Let be   :
 

 

 

 

  
 

  
 

 

 

  

;      ( ) 

   

(

 
 
 
 

  
 

 
 

 

  

 

 

 
 

  )

 
 
 
 

     ( ) 

     (
 

 

 

 

  
 

  
 

 

 

  

,

(

 
 
 
 

  
 

 
 

 

  

 

 

 
 

  )

 
 
 
 

 

     (
   

 

  
 

 

  
    

 

 
 

 

   
 

 

  

  
 

 
 

 

   
 

 

  
   

 

  
 

 

  
  

, 

By Binet-Cauchy’s theorem:    (    )    

(   
 

  
 

 

  
  *

 

 (  
 

 
 

 

   
 

 

  
*
 

 

   
 

  
 

 

  
   |  

 

 
 

 

   
 

 

  
| 

Equality holds for        . 



DANIEL SITARU 
 

 91 MATH PHENOMENON RELOADED 

 

SOLUTION A.071. 

Let be   (   )     ( )  
  

(    )
  

  ( )  
  (    )

(    ) 
 

    ( )   (√ )  
 √ 

(   ) 
 

 √ 

  
  ( )  

 √ 

  
 

  

(    )
  

 √ 

  
   (1) 

By multiplying in (1): 
    

(    )
  

 √ 

  
     (2) 

Analogous: 
    

(    )
  

 √ 

  
    (3) 

    

(    )
  

 √ 

  
     (4) 

By adding (2); (3); (4): 
    

(    )
  

    

(    )
  

    

(    )
  

 √ 

  
(        )  

 √ 

  
   

  √ 

  
 

SOLUTION A.072. 

Let be   .
    
    

/      ( ) 

   (

  
  
  
  

,      ( ) 

     .
    
    

/(

  
  
  
  

,  ( 
                  

                   
*   

 .
          

          
/ 

By Cauchy – Binet’s theorem:    (    )    

|
          

          
|    

   (         )    

(         )    ,  |   (   )   |    

Equality holds for        . 
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SOLUTION A.073. 

If           

 

 
   (

 

 
*
   

        

If                 

 

 
   

 

 
   .

 

 
/
   

   (
 

 
*
   

   

.
 

 
/
   

    .
 

 
/
   

      (1) 

Analogous:  .
 

 
/
   

      (2) 

 .
 

 
/
   

      (3) 

By adding (1); (2); (3): 

 (
 

 
*
   

  .
 

 
/
   

  .
 

 
/
   

       
     

 √       √ 
 

   

SOLUTION A.074. 

(   ) (      )    

(   ) ,  (   )  (   )-    

(   ) (         )    

  (   )    (   )   (   )  (   )    

                                       

                          

                                        

(    )(           )   (            ) 

(    )(   )   (    )  

.
    

   
/
 

 
    

 
    (1) 

Replacing in (1)            : 

.
    

   
/
 

 
    

 
    (2) 

.
    

   
/
 

 
    

 
    (3) 
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.
    

   
/
 

 
    

 
    (4) 

By adding (2); (3); (4): .
    

   
/
 

 .
    

   
/
 

 .
    

   
/
 

 
          

 
 

   

 
 

 

 
   

SOLUTION A.075.  

Denote                

    

  
 

    

  
 

    

  
 

  

 
 

  

 
 

  

 
 

We prove that: 
  

 
 

  

 
 

  

 
         (1) 

                  (     ),                       (     )    

(     )  (     )  (     )    

We prove that:       √ (        )    (2) 

          (        )   (        ),                    

(   )  (   )  (   )    

We prove that: √ (        )   √
   (     )

 

 
   (3) 

 (        )     
   (     )

 
 

                   (     )      (     ) 

                  (     )    

(     )  (     )  (     )    

By (1); (2); (3): 
    

  
 

    

   
    

    √
   (     )

 

 
 √     (     )

 
  

 √        (        )
 

    √  (        )
 

 

Equality holds for      . Replace       in second equation: 

                 ,  (   )        

Answer        . 

SOLUTION A.076. 

    (  
 )                                 

         
       

    (  )
 

(        )(           )          
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(        )(       )          

                            

Denote                        ,          

    (    )(   )  (       )(       )   

 
     

  √       
 

   √       
 

     

             (1) 

Analogous:          (2) 

By (1); (2):             . 

(    )(   )     ,                  

           

          (   )                

                            

SOLUTION A.077. 

  

  
 

  

  
 

  

  
 

 

  
4
(   ) 

  
 

(   ) 

  
 

(   ) 

  
5   

 
     (     ) 

(     ) 
 

 

  
 
((   )  (   )  (   ))

 

(     ) 
  

 
  

  
 

 

  
 
(   ) 

  
   

 

  
 
  

  
   

     

     
         

SOLUTION A.078. 

   .(     )    /     .(     )    /   (   (     )       )   (1) 

   (        )     (         )   (         (     ))   (2) 

By adding (1); (2): 

   (        )     (        )     (        )     (         )   

  (          (     )     (     ))   

  (                    )   (                 )   

  (              )     √              
 

   √   (   )
 

  

   √ 
 

    √   
    

Equality holds for       {(
 √  

  √ 
*  (√

  

 √ 
*} 
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SOLUTION A.079. 

 (   )   ,               

                                             

   (    )    (    )     (    )    (      )    (      ) 

(          )(    )  (     )(      ) 

          

       
 (   )

    
   (1) 

Analogous: 
          

      
 

 (   )

    
   (2); 

          

       
 (   )

    
    (3) 

By adding (1); (2); (3): 
          

       
          

      
 

          

        

  (
   

    
 

   

    
 

   

    
*        

SOLUTION A.080. 

Let be   (   )     ( )        

  ( )         
 

 
            ( )  

 

 
     concave 

By Popoviciu’s inequality: 

 ( )   ( )   ( )    (
     

 
*   [ (

   

 
*   (

   

 
*   (

   

 
*] 

                    
     

 
    (

     

 
*   

  (
   

 
   (

   

 
*  

   

 
    

   

 
 

   

 
    

   

 
* 

                  (     )    (
     

 
*   

    (
   

 
*
   

    (
   

 
*
   

    (
   

 
*
   

 

   4        (
     

 
*
     

5     4(
   

 
*
   

 (
   

 
*
   

 (
   

 
*
   

5 

         
(     )     

      
 

(   )   (   )   (   )   

         
 

         (     )                   (   )   (   )   (   )    

         (        )             (   )   (   )   (   )    
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SOLUTION A.081. 

                 

   
  

  
 

  

  
 

  

  
 

       

.
   
 /

  
  

.
   
 /

  
  

.
   

 /
  

     (     ) 

(     ) 
 

  
(     ) 

(     ) 
 (     )  (     )  

      (     )√      

SOLUTION A.082. 

Let be  ⃗⃗           ⃗⃗          

| ⃗⃗ |  √      | ⃗⃗ |  √      

   ( ⃗⃗   ⃗⃗ ̂ )  
 ⃗⃗   ⃗⃗ 

| ⃗⃗ | | ⃗⃗ |
 

     

√(     )(     )

   (1) 

    ( ⃗⃗   ⃗⃗ ̂ )        ( ⃗⃗   ⃗⃗ ̂ )    
(     ) 

(     )(     )
  

 
                                   

(     )(     )
  

 
               

(     )(     )
 

(     ) 

(     )(     )
 

   ( ⃗⃗   ⃗⃗ ̂ )  
|     |

√(     )(     )

   (2) 

If     then:                   
 

 
       

      
   

 
 

   
 
 

      
 

   
 
 

.       
 

 
    

 

 
    /  

 

   
 
 

    .  
 

 
/  

 

√ 
 

 √  

          √  ( )    

   ( ⃗⃗   ⃗⃗ ̂ )     ( ⃗⃗   ⃗⃗ ̂ )  √  

By (1); (2): 
|     |

√(     )(     )

 
     

√(     )(     )

 √  

|     |        √ (     )(     ) 

SOLUTION A.083. 

Let be  ⃗⃗           ⃗⃗          
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   ( ⃗⃗   ⃗⃗ ̂ )  
     

√(     )(     )
 

 ⃗⃗   ⃗⃗ 

| ⃗⃗ |  | ⃗⃗ |
 

    ( ⃗⃗   ⃗⃗ ̂ )        ( ⃗⃗   ⃗⃗ ̂ )    
(     ) 

(     )(     )
  

 
                                   

(     )(     )
  

 
               

(     )(     )
 

(     ) 

(     )(     )
 

   ( ⃗⃗   ⃗⃗ ̂ )  
|     |

√(     )(     )
 

    ( ⃗⃗   ⃗⃗ ̂ )      ( ⃗⃗   ⃗⃗ ̂ )    ( ⃗⃗   ⃗⃗ ̂ )    
|     |(     )

(     )(     )
 

    ( ⃗⃗   ⃗⃗ ̂ )       ( ⃗⃗   ⃗⃗ ̂ )      
(     ) 

(     )(     )
    

 
 (               )  (     )(     )

(     )(     )
  

 
                                     

(     )(     )
  

 
                         

(     )(     )
 

(     )  (     ) 

(     )(     )
 

                  
   

 
 

   
 
 

       

 
        

 
     

 
      

√ 
 

 
   .   

 
 /

 

√ 

 √    .   
 

 
/  √  

            √  

    ( ⃗⃗   ⃗⃗ ̂ )      ( ⃗⃗   ⃗⃗ ̂ )  √  

 |     |(     )

(     )(     )
 

(     )  (     ) 

(     )(     )
 √  

 (     )(     )  (     )  (     )  √ (     )(     ) 

 (     )(     )  (     )  (     )  (     )(     )√  
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SOLUTION A.084.  

Denote   
 

 
   

 

 
      

   (         )    
 

 
 
 

 
   .

 

 
 

 

 
   /    

    (     )                     

                            

   (           )    ( (   )   (   ))   

    (   )(   )  
     

    √    √       √     (1) 

Analogous:            √     (2);            √     (3) 

By multiplying (1); (2); (3):  

(      )(      )(      )    (   )√       
             (4) 

Replace in (4):   
 

 
   

 

 
      

4
  

 
 
  

 
  54

  

 
       54     

  

 
  5   

    
  

  
 
  

  
       

        

   
              

Equality holds for   
 

√ 
    

 

√ 
     √ 

 
 

SOLUTION A.085. 

Let be   (

   
   
   

+    ( ) 

     |

   
   
   

|                       

                 

By Hadamards’ inequality: (    )  (        )(        )(        ) 

(               )  (      ) ,(           )  (      )  

SOLUTION A.086. 

Denote 
   

 
   √            
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(     )
 

 (  ) 
 

        
4
 
 
(     )(     )5

 

 (  ) 
 

        
 

 

4
 
 
(   ) (     )5

 

    
 

        .
 
 
(   )   (   ) /

 

    
 

.
 
           /

 

    
  

 
         

    
 (

 

 
*
 

 

Remains to prove that: 

4(  )  .
   

 /
  

54   .
   

 /
 

5

4(  ) √   .
   

 /
 

5

  
(       )(     )

(     ) 
 (

 

 
*
 

 

  (     )    (       )(     ) 

  (             )    (                  ) 

                                         

Denote   
 

 
 

   

 

√  
 

     
        

   

   
 

  

  
 

    

   
 

   

   
 

   

   
 

  

  
     

                           

                              

   (    )     (   )    (     )  (    )    

Which is true because: 

                                    

SOLUTION A.087. 

∑4
  

        
  

     
 5  ∑4

  

        
  

     
 

 √   
 

 √   
 

5   

 
         

(        ) 
.∑    √   

 

/ (∑    
     

 
 √   

 

* 

∑(    
     

 *  
 

        
.∑    √   

 

/ (∑   
     

 
 √   

 

*   
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.∑    √   
 

/  √(   
        )

     
 

 √   
         

  

 .∑    √   
 

/  √ 
     

 
 √   

         

 ∑.    √   
 

/ 

∑(    
     

 *  ∑.    √   
 

/,   ∑  ( 
     

   √   
 

*    

  .√       
  √   

 

/    .√       
  √   

 

/    .√       
  √   

 

/    

SOLUTION A.088. 

Let be   ,   )     ( )  
  

      

  ( )  
      (     )    (             )

(     ) 
 

  ( )  
     (         )       (         )

(     ) 
   

  increasing; √   
   

 
  (√  )   .

   

 
/ 

 √  

 √    √  
 

 
   
 

 
   
   

   
 

 
 √  

 √    √  
 

√    

√     √        (1) 

Analogous: 
 √  

 √    √  
 

√    

√     √        (2) 

 √  

 √    √  
 

√    

√     √        (3) 

By adding (1); (2); (3):  

 √  

 √    √  
 

 √  

 √    √  
 

 √  

 √    √  
 

√    

√     √    
 

√    

√     √    
 

√    

√     √    
 

SOLUTION A.089.  

Let be  (   )  (   )  (   ) 

 

     √      √    (1) 
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       (   )             

   √(   )  (   )  √                 

 √            √         

   √(   )  (   )  √                 

 √            √         

   √(   )  (   )  √                    √           

The maximum of area of      is obtained when      is an equilateral one. 

The side    can be obtained by: 
 

 
 
  √ 

 
      

  

√ 
  √   

( )
√   

     ,   -  
(√  )

 
 √ 

 
 

  √ 

 
 

  √ 

 
 

        

   
 

  √ 

 
 

         
  √    √  

 
   √     √   

√         √         √              √   

√(       )(        )(       )    √  

(       )(        )(       )  (  √ )
 
       

SOLUTION A.090.  

By Bernoulli’s inequality if         then           

For   
   

 √  
 

     
  we have: 

 
   

 √   
   

 √  
  

   

 √  
   ( )    

For   
 √  

   
   we have: 

4
 √  

   
5

   

 √  

 
   

 √  
 
 √  

   
 

   

 √  
     

   

 √  
 

By summing: 
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∑4
 √  

   
5

   

   

 √  

   ∑(
   

 √  
*

   

 

SOLUTION A.091.  

By Bernoulli’s inequality:  (   )                  

For             

(     )      (   )(   ) 

                           

     
 

   
    

 

   
   (1) 

By (1):         
 

       
   (2),          

 

       
   (3),         

 

       
   (4) 

       
 

       
   (5).  By adding (2); (3); (4); (5): 

                            
       

       
   

SOLUTION A.092.  

By Bernoulli’s inequality: (   )                  

For             

(     )      (   )(   ) 

                           

     
 

   
    

 

   
   (a) 

By (a): 

  
           

  

          
    (1) 

  
          

  

          
     (2) 

               

  
             

  

          
    (n) 

By adding (1); (2);  ; (n): 
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SOLUTIONS 

GEOMETRY 

SOLUTION G.001.  

             (   )         (   )(     )    
    

  

 (   )(     )  
 

 
(     )  

 

 
   

 

 
(     )  

 

 
   

 (   )(     )  
 

 
(     ), (   ) .      

 

 
  

 

 
 /    

   
 

 
      

 

 
         

   

 
 

   

 
 

       
   

 
             

 

   
 

 
    

 

   
 

 
   

Analogous:                is an equilateral one     . 

SOLUTION G.002. 

∏   
  

 
      

  

 
   or    

  

 
   or    
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WLOG:    
  

 
   

  

 
 

 

 
   

 

 
 

        
 

 
 

 

 
 

        

   
             

            

∑       ∑ .
 

  
/
 

 
 

   
∑    

 
 

   
(        )  

 

   
.   (   )(        )/   

 
 

   
(   (   )    )  

  

   
(     )   

          
          

        √     4
√ 

 
5

 

  √     
 

 
  √   

 √  

 
 

SOLUTION G.003. 

                      

            

       
 

 
   

 

 
       

   
 

 
 

     

      
 
 

 
  (              )

      
 
 

 
              

    
 
 

  

 
    

 
    

 
    

 
 

    
 
 

 
    

 
    

 
 

 
  

 
 

 
√
 (   )

  
√
 (   )

  
 

  

  √  
√(   )(   )   

 
  

  √  
 
       

 
 

  

  √  
 
 

 
 

 

 √  
 

SOLUTION G.004. 

               

First, we prove that: √    √    √
  

 
  (1)  

Denote:               
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(1)      √(    )(    )

 
  (   )  (    )(    ) 

 (         )                  

                            ,                (    )    

Analogous with (1): √      √      √    

  
 

  

 
   (2) 

√      √      √    

  
   (3) 

Multiplying (1); (2); (3):  

(√    √   ) .√      √     / .√      √     /  
    

  
 

SOLUTION G.005. 

 

 ,   -  
 

 
 
 

 
   

 

 
        

 

  
 
  

 
 
  

 
 
 

  
 

    

     
 

   

    
 

 ,   -   ,   -   ,   -   ,   - 

  
  

  
(
 

  
 

 

  
 

 

  
*  

  

  
 
        

   
 

  

  
 
        

   
  

 
(        ) 

    
 

                    √     

    
  

 
√     

   
 

          √      

   
 

 √   

  
 

SOLUTION G.006. 

In acute angled       its valid the relationship: 

    (      )        (      ) 

∑     ∑ (      )   ∑ 4  
        

   
5   ∑

 

   
,(   )    -   
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∑

 

  
(     )(     )  

 

 
   ∑

 (     )

  
   ∑

  

   
(     )   

 
  

   
∑   (   )  

   

   
∑(      )  

 

  
, (        )  (        )-   

 
 

  
,   (         )    (          )-   

 
 

  
   (                    )  

 

 
(       )    (   ) 

    
 

  
∑    

              
.∏  

 /

 
  

 

  

 
    

 

 
     

 
       

       

 
 

   

 
       

 

 
        

 
         

SOLUTION G.007. 

By AM-GM: 
  

  
 

  

  
 

  

  
  √

  

  
 
  

  
 
  

  

 
   

Remains to prove that: 
     

        
                 

          (         )  
         

 

  (               )   (        )   

 
     

 (           )   (        )       

SOLUTION G.008. 

 

 

   (      )
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   (      )
 

  

    
    

     

    
 

 

   (      )
 

  

    
    

     

    
 

  

  
 

  

  
 

  

  
 

     

    
 

    

     
 

     

    
 

    

     
 

     

    
 

    

     
  

 
     

     
 

     

     
 

     

     
 

  
  
 

  
  
 

 
  

  
 

  
  
 

 
  

  
 

  
  
 

  

 
 

 
 

 

 
 

 

 
 

  

  
 

  

  
 

  

  
 

         (     ) 

        
 

   

        
 

SOLUTION G.009. 

  
     (     )

 
     

       

 
   

       

 
 

      (     )                      

           (     )            

 (        )        
        

 
   

        

 
    

             (    )         

           (    )         

           (    )          (    )        (    )    

,         (    )-      (    )    

    (    )                   (    )  (  )  

      (  )         
(  )   

 
 

  8       
(  )   

 
    |   9 

  
 

 
(    ) 

  
 

 
8         

(  )   

 
    |   9 

  8
 

 
4       

(  )   

 
   5   9 
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SOLUTION G.010. 

∑     
        

∑   
     

  
 

 

  
∑  (     )   

 
 

  
.∑     ∑    /  

 

  
  ∑     

 

  
∑     ∑

    

  
 ∑

    

  
   
  

  

 ∑
     

 
 ∑   

  

 
 ∑                    

SOLUTION G.011. 

 

 ,    -  
 

 
          (    ̂)  

 

 
        

 

 
  (   )  (1) 

 ,    -  
 

 
          (    ̂)  

 

 
        

 

 
  (   )   (2) 

   ,   -   ,    -   ,    -  
( ) ( )

 

 
 

 
  (   )  

 

 
  (   )  

 

 
  (       )  

   

 
 

  
   

 
 (3). Analogous:   

   

 
  (4);    

   

 
  (5) 

By multiplying (3); (4); (5):  

   
   

 
              

   

   
 

   

   
 

   

 
 

                    

 
  

                    

SOLUTION G.012. 

 



DANIEL SITARU 
 

 109 MATH PHENOMENON RELOADED 

 

   
  

 
    

  

 
    

  

 
 

 ,   -   ,   -   ,   -   ,   -  ∑
 

 
 
  

 
 
  

 
    (   ̂)  

 

  
∑          

 
 

  
∑

  

 
 
  

 
 

 

  
 

 

  
    ∑

 

  
 

  

  
 
        

   
 

  

  
 
        

   
  

 
(        ) 

    
 

                    √   

    
 

√     

   
 

          √        

   
  

 
 √   

  
 

SOLUTION G.013. 

∑(      )  ∑  
       ∑

 (     )    

 
 
  

   
  

 
 

    
∑  (          )  

 

    
∑(              )   

 
 

    
. ∑     ∑  /  

 

    
. ∑     ∑    /  

 

    
∑      

 
 

 
∑

    

   
 

 

 
∑

      

     
 

 

 
∑

      

     
 

 

 
∑

   

  
  

 
 

 
∑.

  

 
/
 

 
 

 
(  

    
    

 ). Equality holds for      . 

SOLUTION G.014. 

   √ (   )    
   (   )   (1) 

 √∏  
 

 
 

     
  

    
    

  
( )

 (   )   (   )   (   )   

  (        )   (     )     

   √ (   )    
   (   )   (2) 

 (  
    

    
 )  (  

    
    

 )
 

 

√ (  
    

    
 )    

    
    

  
( )

 (   )   (   )   (   )   

  (        )   (     )     

SOLUTION G.015. 

        

 
 (

     

 
*
 

 (
  

 
*
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√.
        

 
/
  

 √(.
  

 
/
 

*
  

 
   

 
   (1) 

        

 
 (

     

 
*
 

 (
  

 
*
 

 

√.
        

 
/
  

 √(.
  

 
/
 

*
  

 
   

 
   (2) 

        

 
 (

     

 
*
 

 (
  

 
*
 

 

√.
        

 
/
  

 √(.
  

 
/
 

*
  

 
   

 
   (3) 

By adding (1); (2); (3): √.
        

 
/
  

 √.
        

 
/
  

 √.
        

 
/
  

 
    

 
  

 
 

 
    

           

 
   √    √   

SOLUTION G.016. 

If       ∑   ∑    (1)   ∑    ∑    ∑   ∑    ∑   

 ∑    ∑   ∑   

For   √           √           √         

∑(     )  ∑   

∑.√         √         √        /
 

  

 .√        /
 

 .√        /
 

 .√        /
 

  

                             (        )      

SOLUTION G.017.  

By Euler’s inequality:               √    

          √        √
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 (   
 

 
*      √

   

  
     √

   

  
 

         √
   

  
 

Analogous:          √
   

  
          √

   

  
 

 By multiplying:              4    √
   

  
54    √

   

  
54    √

   

  
5 

SOLUTION G.018.  

    
 

  
 .    

 

  
/
 

 :
     

 
 

 
;

 

 
 

 
.     

 

 
/
 

  

 
 

 
.      

 

 
     

 

 
/  

 

 
:      

 

 
 

     
 
 

 
;   

 
 

 
 

 

 
.     

 

 
/  

 

 
   

 

 
  (1) 

Analogous:       

  
 

 

 
 

 

 
.     

  

 
/  

 

 
   

  

 
   (2) 

      

  
 

 

 
 

 

 
.     

  

 
/  

 

 
   

  

 
   (3) 

      

  
 

 

 
 

 

 
.     

  

 
/  

 

 
   

  

 
   (4) 

By adding (1); (2); (3); (4):      

  
       

  
       

  
       

  
  

   
 

 
(     

 

 
    

  

 
    

  

 
    

  

 
*   

 
 

 
(   

 

 
    

  

 
    

  

 
    

  

 
*   

   
 

 
.     

 

 
    .  

 

 
/     .  

 

 
/     .   

 

 
//   

 
 

 
:    

 
  

  
 

 
   

  
  

 
 

 
     

  
  

  
 

 
   

  
  

  
 

 
;   

   
 

 
.     

 

 
    

 

 
    

 

 
    

 

 
/  

 

 
(    

 

 
   

  

  
     

 

 
   

  

  
*   
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.     

  

 
      

 

 
/    

 

 
 

 

 
   (5) 

     
  

  
 

      
  

  
 

      
  

  
 

      
  

 
 

         .     
  

       
  

       
  

       
  

/
 

          
  

 
( ) .

 
 /

 

      
 

 
 

     
 

 
 

     
 
 

 
 

 (    )
 

 

   
 

SOLUTION G.019. 

            

                      

 (   )   (   ) 

 

 
 

   

   
    (1). Analogous: 

 

 
 

   

   
    (2); 

 

 
 

   

   
   (3) 

By adding (1); (2); (3): 
 

 
 

 

 
 

 

 
 

   

   
 

   

   
 

   

   
 

     
 √

   

   
 
   

   
 
   

   

 
  √.

   

   
/
 

 
 

 

(
 

 
 

 

 
 

 

 
*
 

   (
   

   
*
 

 

SOLUTION G.020. 

    √ (   )(   )(   )  √
 (   )

  
√(   )(   )  √    

 √   √(   )(   )     
 

 
 

        

 
 
       

 
    

 

 
 

   

 
 
 

 
   

 

 
  

 
(    ) 

 
   

 

 
 

   ∑
 (    )

 
   

 

 
 

∑ (    )    
 

 
      

          
      √     √    

SOLUTION G.021. 

: ∑   

   (     )

;

 

  ∑    

   (     )

     ∑     
 

 
   (     )

    
 

 
 

    ∑     
 

 
   (     )

    
 

 
   (           ) 
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  ∑    
 

 
    

 

 
    

         

    
 

         

  
 

              

  
  

 
         

  
                

SOLUTION G.022. 

  √  
  √ 

 
   

          
    √   

  √(     )(     )(     )
 

  

 
      

 .√(   )(   )(   )
 

 √   
 

/   √   
 

  √
  

 

 

  √   
 

  √
    

 

 

  

  √   
 

   √
 

 

 
 

          
 √   

 
   √

 √  

 

 

  √   
 

   √(√ )
  

  

  √   
 

  √   

  √   √   
 

  √   

 √   
 

   √   √   

 √   
 

 √ (     ) 

SOLUTION G.023.  

If   .  
 

 
/              

(      )(      )    

                          

 (         )              

 (         )

           
   

  (         )

           
   

∑
  (         )

           
   (     )

 ∑    

SOLUTION G.024.  

∏(
 

     
  *  ∏4

       

     
5  ∏4

(      )(      )

     
5   

 
 

∏     
∏(                   ) (                   )   

 
 

∏     
∏(         )  ∏(               )   
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∏     
 ∏ √         ∏ √             

 
  

 
     

∏     
 .∏    /  ∏(    )  

  

(∏     ) 
 .∏    /

 

        

∏(
 

     
  *      

∏4
       

     
5      ∏4

     

     
5      

∏         ∏      

Equality holds if                
 

 
             

 

 
. 

SOLUTION G.025. 

First, we prove that in any acute     : ∑
 

     
 

    

   
   (1) 

    

   
 

  

   
 

 

   
 

  

  
 

 

  
 

  

   
  

 
 

  
 

   

   
 

 

  
 

With:                   

Inequality (1) can be written: ∑
 

           
 

   

   
 

 

  
   (2) 

Now we use:   
(   )(   )(   )

 √   (     )
; 

(2)  
 

 
∑

 

 
 

  
(   )  (   ) (   ) 

     (     )

(   )(   )(   )
 

 

 (     )
 

 

 
(
 

 
 

 

 
 

 

 
*  

(   )(   )(   )

    (     )
 

 

 (     )
 

(   )(   )(   )      (     )(        ) 

After calculus we obtain an identity. 

Back to the problem: we will apply (1) for the orthic triangle of       with sides: 

                           

Area:                  ; Inradii:    
 

 
 

∑
 

        
   (        )
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∑
 

        
   (        )

 
  

  

 
               

 
 

                
 

∑
 

                 
   (        )

 
   

               
 

 

   
   

 

∑
 

                 
   (        )

 
 

              
 

   

   
 

SOLUTION G.026.  

Let be   0  
 

 
1     ( )               

  ( )       
    

     
    

   ( )  
(      )(                  )

     
   

   ( )      ( )    ( )     ( )   ( )    

               

               

     

    
      

       

    
    

 

    
         

 

    
         

∑
 

    
   (     )

 ∑ (       )

   (     )

 

 

    
 

 

    
 

 

    
                         

SOLUTION G.027. 

(      )                            

                      

  (     )  (   )  
 (     )

   
 

   

 
 

 (     )

   
 

   

 
 

 (   )
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∑
 (   )

   
   (     )

 
 

 
∑(   )  

 

 
    

 

 
  

           

 
 
 √  

 
 

 √  

 
 

SOLUTION G.028. 

 

In               

     

  
 

  

  
 (

     

  
*
 

 (
  

  
*
 

 

Analogous: .
     

  
/
 

 .
  

  
/
 

 .
     

  
/
 

 .
  

  
/
 

 

By adding: .
     

  
/
 

 .
     

  
/
 

 .
     

  
/
 

 .
  

  
/
 

 .
  

  
/
 

 .
  

  
/
 

 

SOLUTION G.029. 

 

In        – centroid: 

         
 

 
   

 

 
                

       

  
 

  

  
 

 .
       

  
/
 

 .
  

  
/
 

   (1) 

Analogous: .
       

  
/
 

 .
  

  
/
 

   (2) 

.
       

  
/
 

 .
  

  
/
 

  (3) 

By adding (1); (2); (3): 
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 .
       

  
/
 

 .
       

  
/
 

 .
       

  
/
 

 .
  

  
/
 

 .
  

  
/
 

 .
  

  
/
 

 

SOLUTION G.030.  

                    

                    

(        )(        )    

                                  

 (             )                  

             

               
 

 

 
 

 (             )

               
 

 

 
 

∑
 (             )

                
   (     )

 ∑
 

 
 

     
 √

 

 
 
 

 
 
 

 

 

   

SOLUTION G.031. 

                                   

      (       )       (       )   (       )       

                                                  

                                 

 (           )       (           )    

(           )(       )    

                                       . Analogous: 

      

     
   

      

     
           

            . Let be   (   )    

 ( )               ( )         
 

     
   

  strictly increasing;  ( )    

  injective;  ( )   ( )             . 

SOLUTION G.032. 

∑(
 

 
 

 

 
*      ∑
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∑  (     )(        )  

        

       
   

Let be          - sides of orthic triangle of      and                   

        

∑4
  

  
 

  

  
5         

∑(
     

     
 

     

     
*    (    )    

∑(
     

     
 

     

     
*          

SOLUTION G.033. 

 

             

          (       )                             

 
√ 

 
 
√ 

 
 

√ 

 
 
 

 
 

√  √ 

 
 

                          

         
√  √ 

 
    

 (√  √ )

 
   

   
 

√ 
 √     (√  √ )       (1) 

          (       )                             

 
√ 

 
 
√ 

 
 

√ 

 
 
 

 
 

√  √ 
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√  √ 

 
    

(√  √ ) 

 
   

   
 

√ 
√    (√  √ )      (2) 

               √  

By (1); (2): 
 

√ 
4√    (√  √ )    √    (√  √ )   5  √  

√    (√  √ )    √    (√  √ )      

SOLUTION G.034. 

Let be   (     -     (    )  
           

        
 

 (    )        

 ( )  
     

     
   ( )  

         

(     ) 
   

  strictly increasing;  

 (  )  
     

    
  

 

  
  ( )   

 

  
         

 

  
. From hypothesis: 

       
 

  
        

 

  
       

  

 √  
 

 √   
  

 √  
              

                    
  

 
     

If        
  

 √  
  √  

   

 √  
              

                 
 

 
 

   (  ) 
 

 
        

  (  ) 
 

  
 

  

 
     

SOLUTION G.035. 

In     : 

   (   )     (   )     (   )  (     )(   )(   )(   )   (1) 
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 (                 )(           ) 

                      (     )   

                                                   

                                                  

                                            

  (   )    (   )    (   )    

We apply relationship (1) for orthic triangle with sides:                    

        

 ∑  
 (     )

  .∑  /  ∏(     ) 

 ∑       (           )  .∑     /∏(           ) 

SOLUTION G.036. 

∑       ∑
 

  (   )
    ∑

 

 
   √   (   )(   )

  

 
   

 
∑

 

√   √ (   )
 

        

 
∑

 

   
  

     
 

  

     ∑
 

(   ) 
     ∑

 

(   ) 
  

 
     

     ∑
 

(   ) 
 

          
  √   ∑

 

(   ) 
 

SOLUTION G.037. 

 If       then is known the identity: 

   (     )                  (   (   )           )   (1) 

We take in (1):              :    (           )   

                               (   (   )           ) 

   (           )   

         (         )     (  ) (   (   )           )   

    (  )     (   )   (2) 

We take in (1):   
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   (
 

    
 

 

    
*  

 

    
 

 

    
 

 

        
(   (   )           )   

 
 

    
 

 

    
 

   (   )

         
 

 

    
 

 

    
 

   (   )

         
 

   .
 

    
 

 

    
/  

   (   )

         
  (3) 

By adding (2); (3):    (           )     .
 

    
 

 

    
/ 

SOLUTION G.038. 

∑      

   
 

             

   
              

The inequality can be written: 

∑                          ∑(     ) (     )  

Let          be the sides of the orthic triangle of                          

         

∑  
           ∑  

    

By Schur’s inequality:  

∑  
              (     )      (     )      (     ) 

Remains to prove: ∑    (     )   ∑  
    

    (     )      (     )      (     )    which is true. 

SOLUTION G.039. 

By cosine law:                           
 

 
             because 

(   )    

        (1) 

  
 

 
 

     
 √

 

 
   

 

 
 

     
 √

 

 
  

.  
 

 
/ .  

 

 
/  

  

√  
 
( )

 √  

√  
     (2) 

By multiplying: (1); (2):   .  
 

 
/ .  

 

 
/      

.  
 

 
/ .  

 

 
/  
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(   )(   )  
     

    (3) 

By AM-GM: .
       

 
/
 

 (   )(   )   (4) 

By (3); (4): .
       

 
/
 

 
     

   
    

 
 

   

 
 

     
   

 
   (5) 

By Mitrinovic’s inequality: 
 √  

 
   

 √          
( )    

 
 

 √     
   

 
 

SOLUTION G.040. 

                         

(   )(   )(   )    

(           )(   )    

                                  

                           (1) 

                            

 
  

    
   

  

    
   

  

    
   .

 

    
 

 

    
 

 

    
/      (2) 

By (1); (2): .
 

    
 

 

    
 

 

    
/               

 

    
 

 

    
 

 

    
 

           

  
 

SOLUTION G.041. 

     

     
 

     

     
                           (           )    

∑4
     

     
 

     

     
5    

∑
                           

       
 ∑

       

     
   

∑4
          

     
      5  ∑
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∑4
          

     
 

       

     
5  ∑        

∑
          

     
 ∑

 

     
 ∑        ∑

     

     
   

∑
          

     
 ∑

                        

     
   

∑
          

     
 ∑

          

     
   

.∏      ∏     /∑
          

     
   

.∏      ∏     /∑
 

          
   

SOLUTION G.042. 

Denote                            

Inequality can be written: ∑
 

 (   )  
 

 

 
 

∑ (       ) (       )  
 

 
∏(       ) 

 ∑(         ) (       )  ∏(       ) 

 (        )        (                       ) 

 ∑               
     

 ∑(       )         ∑(       )  (to prove) 

 ∑(       )   ∑(       )        

 ∑(       )        

∑(       )       (to prove) 

∑(       )  
     

 √                       
 

  √       
      

SOLUTION G.043. 

 

        
 

   

(    )(    )(    )
  

 
 (   )(   )(   )     (        )

(   )(   )(   )(        )
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   (         )     (         )

  (         )(         )
  

 
  (         )     (         )

 (         )(         )
 

 

 
  

      (      )      (    )   

      (      )    (    )(    ) 

   (    )(    )                      (to prove) 

   
         

                      

                (    )(   )     (true) 

 

        
 

   

(   )(   )(   )
 

 

 
 

           

 √  
 

 
 √ 

  
 

SOLUTION G.044. 

By Murray-Klamkin’s duality principle:          can be sides of a triangle. Denote 

                 . We must prove that: 

  

          
 

  

          
 

  

          
 

 

   
 

∑
  

          
   (        )

 ∑
  

 

  
                (        )

  

 
         (        )

 

∑  
  ∑       ∑    

 
 

   
  

    (        )
   ∑  

     ∑     

   .∑  
   ∑    /   ∑  

     ∑     

  ∑  
    ∑     

∑  
  ∑     

(     )
  (     )

  (     )
    

SOLUTION G.045. 

                             

            (           )                   (1) 
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( )        

     
 

                                 

     
  

 
      

     
   √                                 

 
  

 
 

     
 √                    

 
 

     

    
√           (2) 

  
 

          
 
( )                                       

          
  

 
      

          
   √                                      

 
  

 
 

          
           √             

 √            

        
   (3) 

  
 

          
 

                                      

          
  

 
      

          
 √                                      

 
  

 
 

          
         √             

 √            

        
   (4) 

By multiplying (2); (3); (4): .  
 

     
/ .  

 

          
/ .  

 

          
/   

 
     

    
√         

 √            

        
 
 √            

        
  

    
                       

                    
    

SOLUTION G.046. 

(
 

 
*
 

 4  (
 

 
  *5

 

    (
 

 
  *    

 

 
   

      

 
 

 

   
      

 
    

 

      
   (1) 

Analogous:    
 

      
   (2) 

By adding (1); (2):       
   

      
   (3) 

   

      
                   (   )        

   (   )              (        )    

   ((   )   (   ))      (   )(   )    
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   (   )(   )    which is true 

      
   

      
                   (4) 

Analogous:            (5);              (6) 

By multiplying (4); (5); (6): 

(     )(     )(     )  (    )(    )(    )  
     

 

  √    √    √                           

SOLUTION G.047. 

If   – the orthocenter of triangle     is the origin of the system of rectangular axis lets 

denote       the affixes of     respectively  . 

 ( )  ( )  ( )       different in pairs 

     |   |      |   |      |   | 

| |       |    | | |       |    |        |    | 

  | |  |
  

(   )(   )
 

  

(   )(   )
 

  

(   )(   )
|   

 |
  

(   )(   )
|  |

  

(   )(   )
|  |

  

(   )(   )
|   

 
| |  | |

|   |  |   |
 

| |  | |

|   |  |   |
 

| |  | |

|   |  |   |
 

| |  | |  |   |  | |  | |  |   |  | |  | |  |   |  |   |  |   |  |   | 

  |    |    |    |      |    |    |    |      |    |    |    |      

 |        |   |        |   |        |  
   

   
 

    

   
 

       |        |         |        |        |        |  
  

 
 

    |        |      |        |      |        |  
  

   
 

Equality holds for      . 

SOLUTION G.048. 

If   – Lemoine’s point of the triangle     is the origin of the system of rectangular axis 

lets denote       the affixes of     respectively  . 

 ( )  ( )  ( )       – different in pairs. 

     |   |      |   |      |   | 



DANIEL SITARU 
 

 127 MATH PHENOMENON RELOADED 

 

| |     
      

        
 | |     

     

        
 | |     

     

        
 

  | |  |
  

(   )(   )
 

  

(   )(   )
 

  

(   )(   )
|   

 |
  

(   )(   )
|  |

  

(   )(   )
|  |

  

(   )(   )
|   

 
| |  | |

|   |  |   |
 

| |  | |

|   |  |   |
 

| |  | |

|   |  |   |
 

| |  | |  |   |  | |  | |  |   |  | |  | |  |   |  |   |  |   |  |   | 

∑ (  
     

        
 

     

        
*

   (     )

     

    ∑
      

(        ) 
   (     )

     

                     
(        ) 

 
 

Equality holds for      . 

SOLUTION G.049. 

If   – incentre of triangle     is the origin of the system of rectangular axis lets denote 

      the affixes of     respectively  . 

 ( )  ( )  ( )       – different in pairs 

     |   |      |   |      |   | 

| |     
 

   
 
 

 | |     
 

   
 
 

 | |     
 

   
 
 

 

  | |  |
  

(   )(   )
 

  

(   )(   )
 

  

(   )(   )
|   

 |
  

(   )(   )
|  |

  

(   )(   )
|  |

  

(   )(   )
|   

 
| |  | |

|   |  |   |
 

| |  | |

|   |  |   |
 

| |  | |

|   |  |   |
 

| |  | |  |   |  | |  | |  |   |  | |  | |  |   |  |   |  |   |  |   | 

∑ :  
 

   
 
 

 
 

   
 
 

;

   (     )

     ∑ :
 

   
 
    

 
 

;

   (     )
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∑ :
      

   
 
    

 
 

;

   (     )

 
    

  
 ∑ :

    

   
 
    

 
 

;

   (     )

 
   

    
 

  

 
 

SOLUTION G.050. 

If   – the centroid of triangle     is the origin of the system of rectangular axis lets 

denote       the affixes of     respectively  . 

 ( )  ( )  ( )       different in pairs 

     |   |      |   |      |   | 

| |     
 

 
   | |     

 

 
   | |     

 

 
   

  | |  |
  

(   )(   )
 

  

(   )(   )
 

  

(   )(   )
|   

 |
  

(   )(   )
|  |

  

(   )(   )
|  |

  

(   )(   )
|   

 
| |  | |

|   |  |   |
 

| |  | |

|   |  |   |
 

| |  | |

|   |  |   |
 

| |  | |  |   |  | |  | |  |   |  | |  | |  |   |  |   |  |   |  |   | 

 

 
   

 

 
     

 

 
   

 

 
     

 

 
   

 

 
         

 (                 )       

Equality holds for      . 

SOLUTION G.051. 

                  
(  )   

  
 

(  )   

  
 

(  )   

  
  

 
     (        )   

(     ) 
 

      ( √  )
   

(  ) 
  

 
     (√ )

   
          

     
        (√ )

   
         

 
          

     (√ )
   

       √       (√ )
   

          ( √  )
   

 

Equality holds for      . 

SOLUTION G.052. 

           
     

 √       
  √(   ) 
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 √(   ) 

 
 (   )  

 

  
     

 

 √ 
 

 

   
  √     (1) 

     

   
 

      √   
 

   
 

 √   
 

√(   ) 
 

 
 

√(   ) 
 

  

   (
 

   
*

 
 

 
( )

  ( √ )
 
   .(√ )

 
/

 
 
  (√ )

 
   

     

   
   

  

   
   

  

     
   

 

   
          

SOLUTION G.053. 

              
     

 √                      

                     
 

 
 

 

        
      (1) 

 

    
 

 

    
 

         

        
 

      √        

        
  

 
 

√        
   (

 

        
*

 
 
    

 
   √  

Equality holds for   
 

 
. 

∑ (
 

    
 

 

    
*

   (     )

  √   √   √   √  

SOLUTION G.054. 

∑
 

   
       

   (     )

 
         (     ) 

∑ (   
       )   (     )

  

 
 

 (  
    

    
 )   (              )

  

 
 

 ((    )     )     
 

 

 (    )         
  

 
 

 (    )    
 

           

 (    )      
 

     
 

 
 

 .   
 
 /

 

   .
 
 /

  
 

.
  
 /

 

  .
 
 /
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SOLUTION G.055. 

             
  

 
 

  

 
 

  

 
                     

Inequality can be written: ∑
(     )(     )

     
   

  (   )(     )(     )

        
 

∑
(   )(   )

  
   

  (   )(   )(   )

    
 

        

  
   

  

 
 
  (         )

    
 

            

  
 

  (         )

    
 

  (         )    (         ) 

                              

            (to prove) 

By Gerretsen’s inequality:                                

     (Euler’s inequality) 

SOLUTION G.056. 

Denote                 

  .  
 

 
/      (   ) 

 (    )       (      )             

 
     

  (
       

   
*
   

 
     

 (
   

 
*
   

  

  (
           

 
*
   

  (
 

 
*
           

   (
 

 
*
 

   
 

 
   

SOLUTION G.057. 

√    
   

 
          

 
  

 
 

 
   

 
 

     
(   )   

        (1) 

In (1) we take:                 

(     )   
   (     )   

   
(           )

           

            
    (2) 

In (1) we take:                 
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(     )   
   (     )   

   
(           )

           

            
    (3) 

By multiplying (2); (3): (     )   
   (     )   

   (     )   
   (     )   

    

 
(           )   

         (           )   
        

                        
  

 
 

 
(           )   

         (           )   
         

(           )   
         (           )   

        

(     )   
   (     )   

   (     )   
   (     )   

  
   

SOLUTION G.058. 

             
  

 
 

  

 
 

  

 
                         

Inequality can be written:  

 (                 )   (        )    .√     √     √    / 

   

  
 

   

  
 

   

  
   

  (  
    

    
 )   (        )    (        ) 

  
 

 
(        )  (        )   (        ) 

                  

(   )  (   )  (   )    

SOLUTION G.059.  

By Tereshin’s inequality:    
     

  
            

      
           

    
       

    

    
 

  

   
 

  
  

    
     

 
  

  
 

  

     
 

  

  
 

   

     

  

  
 

   

     }
 

 

 
    

    
 

     

(     )(     )
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∑
    

    
   

     ∑
 

(     )(     )
   

  

       ∑(
 

(     )(     )
*

   

 
          

     
 √  

 
∑(

 

(     )(     )
*

   

  

   √    ∑(
 

(     )(     )
*

   

 

SOLUTION G.060. 

           

   
 
 

 
           

   
 
 

 
           

   
 
 

  

 
     

 √
                                   

   
 
    

 
    

 
 

  
 

√   
 
    

 
    

 
 

 
  

 
 

√ √ 
 

 
 

√(√ )
  
 

 

√ 
  √  

SOLUTION G.061. 

If   – Nagel’s point in      is the origin of the system of rectangular axis. Lets denote 

      the affixes of     respectively C 

 ( )  ( )  ( )       – different in pairs 

     |   |   |  |  |   |      |   | 

| |     √(   )      

| |     √(   )      

| |     √(   )      

  | |  |
  

(   )(   )
 

  

(   )(   )
 

  

(   )(   )
|   

 |
  

(   )(   )
|  |

  

(   )(   )
|  |

  

(   )(   )
|   

 
| |  | |

|   |  |   |
 

| |  | |

|   |  |   |
 

| |  | |

|   |  |   |
 

| |  | |  |   |  | |  | |  |   |  | |  | |  |   |  |   |  |   |  |   | 
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∑  √((   )     )((   )     )

   (     )

     

SOLUTION G.062. 

                              ,   - 

      (   )     
         

                 (1) 

      (   )     
         

                  (2) 

By adding (1); (2):                               

                (3) 

Analogous:                 (4);                 (5) 

By adding (3); (4); (5):                                       

SOLUTION G.063. 

Let          be the orthic triangle of      with sides:                    

            
 

 
 – circumradii;                   inradii. 

By Bandila’s inequality (1985) in        : 

 

 
(
  

  
 

  

  
 

  

  
*  

  

   
 

 

 
(
     

     
 

     

     
 

     

     
*  

 
 

                
 

     

     
 

     

     
 

     

     
 

 

              
 

SOLUTION G.064. 

Let         be the orthic triangle of       with sides:                    

        ; circumradii    
 

 
; inradii                  . 

By Leunberger’s inequality from 1960: 

√ 

  
 

 

  
 

 

  
 

 

  
 

√ 

   
 

√ 

 
 

 
 

     
 

 

     
 

 

     
 

√ 

                
 

 √ 

 
 

 

     
 

 

     
 

 

     
 

√ 
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SOLUTION G.065. 

(          )                                 

  (                             )    (1) 

(          )                  (2) 

By (1); (2):                                     

           (       )    (       )             

                                                 

                               (3) 

But          ( )    

By (3):                          

                                 

                (     ) 

    (         )    (     ) 

SOLUTION G.066. 

By Murray-Klamkin’s duality principle if   is a point in     ’s plane and       

           then          are the sides of another triangle. 

Let be    - orthocenter of      

     |    |      |    |      |    | 

In that case:    |    |    |    |    |    | can be sides of a triangle. 

By Padoa’s inequality in any triangle: 

∏(   |    |     |    |     |    |)

   

 ∏(   |    |)

   

 

∏( |    |   |    |   |    |)

   

 |                | 

SOLUTION G.067. 

By       (   )         . It remains to prove: 

            .√     /       .√     /            (1) 

  (   )     ( )           ( )  
 

         increasing; 

  √       ( )   .√     /              .√     / 
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  √       ( )   .√     /              .√     / 

            .√     /    (2) 

      .√     /             (3) 

By adding (2); (3)   (1): 

            .√     /       .√     /         

SOLUTION G.068.  

First, we prove that if       then: 
 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
    (1) 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
   

     

  
 

     

  
 

     

  
   

 (     )   (     )   (     )    

                          

  (   )    (   )   (   )(   )    

(   )(           )    

(   ), (   )   (   )-    

(   )(   )(   )    

(   )(   )(   )    which is true because:                   

By       {
        

        
                

We take in (1):                      

    

    
 

    

    
 

    

    
 

    

    
 

    

    
 

    

    
 

  
    

  
    

 

  
    

  
    

 

  
    

  
    

 

  
    

  
    

 

  
    

  
    

 

  
    

  
    

 

   

   
 

   

   
 

   

   
 

   

   
 

   

   
 

   

   
 

SOLUTION G.069.  

Inequality can be written: 
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√
      

      

 

 √
      

      

 

 √
      

      

 

 √
      

      

 

 √
      

      

 

 √
      

      

 

   

√
 

 

 
 √

 

 

 

 √
 

 

 
 √

 

 

 
 √

 

 

 

 √
 

 

 
   

If       are sides in a triangle then √   √ 
 

 √   are also sides in a triangle because: 

√ 
 

 √   √     (and analogs) 

√ 
 

 √   
      

√   
 

 √   

Denote    √      √ 
 

    √   

Inequality to prove becomes: 
  

   
  

  
 

  

   
  

  
 

  

   
  

   
     

   
     

  
 

     

    

 
 

      
(                                   )   

 
 

      
(                                                 )   

 
 

      
.    (     )     (     )      (     )      (     )/   

 
 

      
(     )(                  )  

 

      
(     )(  (     )    (     ))   

 
 

      
(     )(     )(     )    because:                            

SOLUTION G.070.  

In          
   

 
   

  
(   ) 

 
   (1) 

   
  (   )                                     

 (   )     |   |    which is true. 

∑
         

        

   

 ∑
(   ) 

        

   

  ∑
(   ) 

 (        )
   

 
( )

 ∑
  

 

        

   

  

 ∑
          

        

   

 
 

 
∑

 (        )  (        )  (        )

        

   

  

 
 

 
:∑

 (        )

        

   

 ∑4
(        )  (        )

        
5

   

;   
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:    ∑

        

        

   

 ∑
        

        

   

;   

   
 

 

[
 
 
 
 4

        

        
 

        

        
5  4

        

        
 

        

        
5  

 4
        

        
 

        

        
5

]
 
 
 
 

  

   
 

 
(     )        

SOLUTION G.071. 

If       are sides in an acute triangle then          can be sides in a triangle with 

area:      √
(        )             

 
. By Pedoe’s inequality: 

(  ) (        )  (  ) (        )  (  ) (        )       

∑  

   

(        )        √
(        )             

 
  

      √
(        )             

 
  

      √ (        )              

SOLUTION G.072.  

∑
.
 
   

 
   

 
  /

 

 
   

 
   

 
     

 
         .

 
   

 
   

 
  /

 

 
   

 
   

 
  

 
 

  
 

 

  
 

 

  
  

 
 

   
(     )  

    

    
 

 

  
 

      

  
 
 

 
 

  
 

SOLUTION G.073. If         then (        ) 

.
 

      
 

      
 

     / are same oriented  

(     ) (
 

     
 

 

     
*  

(     )(           )

(     )(     )
  

 
(     )(     )

(     )(     )
  . By Cebyshev’s inequality: 
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∑
  

     

   

 
 

 
:∑  

   

;:∑
 

     

   

;  
      

 
:∑  

   

;  
 

 ∑   
   

  

 
 

 
 
        

         
     

 
  because  (        )  (        )(     ) 

Last inequality it’s Cebyshev’s: 

                        
 

 
(        )(     ) 

In inequality: ∑
  

         
     

 
 we replace                

∑
(  ) 

(  )  (  )     
        

 
   (1) 

For   
  

 
   

  

 
   

  

 
 in (1): ∑

.
  

 
 
  

 
/
 

.
  

 
 
  

 
/
 
 .

  

 
 
  

 
/
     

 

 
.
  

 
 
  

 
 

  

 
 
  

 
 

  

 
 
  

 
/  

        

 
 

Using:    
 

   
 

 

    
 

   
 

 

    
 

   
 

 

 

∑

:
 

    
 
 

 
 

    
 
 

;

 

:
 

    
 
 

 
 

    
 
 

;

 

 :
 

    
 
 

 
 

    
 
 

;

 

   

 
 

 
 

∑

:
 

     
 
    

 
 

;

 

:
 

     
 
    

 
 

;

 

 :
 

     
 
    

 
 

;

 

   

 
 

   
 

SOLUTION G.074.  

Let be   .  
 

 
/     ( )  

         

 
 

  ( )  
(         )  (         )

  
 

Let be   0  
 

 
1    

 ( )  (         )  (         ) 

 ( )                        
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  ( )                                  

  ( )   (         )    ( )                
 

 
 

    ( )   .
 

 
/ 

 ( )     .
 

 
/  

 

 
     

    ( )  
 

 
    ( )      ( )      increasing (1) 

√   
   

 
 
( )

 (√  )   (
   

 
* 

   (√  )     (√  )

√  
 

   .
   

 /     .
   

 /

   
 

 

(   )(   (√  )     (√  ))   √  (   (
   

 
*     (

   

 
** 

Equality holds if    . 

SOLUTION G.075. 

 

               

 (   ̂)       (   ̂)         (   ̂)       

          

                             √  

                             √  

In               

√        √  √        √  √      
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Equality holds if         

SOLUTION G.076. 

 

                  (   ) 

   
  

√     
    √   

    

     
 

   
√              

√     
 

 ,   -  
     

 
 

 

 
 √      

√              

√     
 

 ,   -  
√              

 
 

By Mitrinovic’s inequality in     :    √    
 

 
√      √  

.√      √      √     /
 

 
 

√ 

 
√               

.√      √      √     /
 

  √ (              ) 

SOLUTION G.077. 

Let be   (
         
         
   

+ 

                                             


