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      (   )                     

By Hadamard’s inequality: 

(    )  (             )(             )(        ) 

(     (   )                    )           

SOLUTION G.078. 
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By adding (2); (3); (4): 
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SOLUTION G.079. 
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Equality holds for         
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SOLUTION G.080. 
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SOLUTION G.081. 
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SOLUTION G.082. 
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By adding (1); (2); (3):  
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SOLUTION G.083. 
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By hypothesis: LHS     LHS    

                     
 

 
 

SOLUTION G.084. 

Let be   (
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     4
                               

                               
5 

     (
                   

                   
* 

By Binet Cauchy’s theorem:    (    )    

  (                  )    

(                  )    

|                  |     

SOLUTION G.085. 

Let be   (   )     ( )  
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because: 
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  increasing. By Mac Laurin’s inequality 
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SOLUTION G.086.  

We use the relationship:       
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SOLUTION G.087. 
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SOLUTION G.088. 
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SOLUTION G.089. 
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SOLUTION G.090. 
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SOLUTION G.091. 
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 ∑

   
 

  
 ∑    ∑  

  

 
 ∑          

It remains to prove:        √
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SOLUTION G.092. 
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It remains to prove:     √ √       √   

    √       √    (Mitrinovic) 

SOLUTION G.093. 
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SOLUTION G.094. 
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By multiplying (1); (2); (3): 
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SOLUTION G.095.  

Let be   (
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By Hadamard’s inequality: (    )  (        )(  
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SOLUTION G.096. 
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SOLUTION G.097.  

First, we prove that if       then: 
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  (   )    (   )   (   )(   )    
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SOLUTION G.098.  

Let be   (   )     ( )       ( )         ( )           concexe 

By Jensen’s inequality: ∑   
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SOLUTION G.099.  
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               (     ) 

Let be   (   )    

 ( )            (     )     (     )   – fixed 
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SOLUTION G.100. 
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hence (1) is true. 

SOLUTION G.101. 

Let be   (   )     ( )  √    
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  concave. By Jensen’s inequality: 
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Remains to prove: 
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SOLUTION G.102. 

By Radon’s generalized inequality: 
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SOLUTION G.103. 
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SOLUTION G.104. 

By Wolstenholme’s inequality if            then in      holds: 

  
    

    
                                

For    √        √        √     

                  √            √            √           (1) 

It is known that                   

By (1): 

 √      (√       √       √      )     

√       √       √       
  

 √      

  

 
  

 √   
 

 

 √ 
 

          
 √ 
  

 √ 
 

 √  

 √ 
 

SOLUTION G.105. 

By Wolstenholme’s inequality if            then in      holds: 
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It is known that: 
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SOLUTION G.106. 

Let          be the distances from   – incentre to vertex    , respectively   and          

the distances from   to sides       respectively   . 

By Gueron’s inequality (AMM-2001): 
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Equality holds for      . 

SOLUTION G.107. 

Let          be the distances from   – centroid to vertex    , respectively   and          

the distances from   to sides       respectively   . By Gueron’s inequality (AMM-2001): 

                (√       √       √      ) 
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Equality holds for      . 
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SOLUTION G.108. 

Let          be the distances from   – incentre to vertex     respectively   and          

the distances from   to       respectively   . By Gueron’s inequality (AMM-2001): 

                (√       √       √      ) 
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Equality holds for            . 

SOLUTION G.109. 

It is known that: 
 

  
   

  
 

  
   

  
 

  
   

  
 (    )

   
   (1) 

By Wolstenholme’s inequality: 

                                
    

    
     (2) 

           in any triangle    . 

We take:    
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  in (2): 

 √  √     
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SOLUTION G.110. 

        
          

 √     
         

 √   (        )   √   (      ) 

It remains to prove:   
 √   (    ) 

(    )(     )
  √   (      ) 

(    )  (      )(    )(     ), (    )  (     )(    )(    ) 
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    (EULER), (    )  (          )(    ) 

                                            

              ,              ,             

             , (   )(    )    true because     

SOLUTION G.111. 

By Bernoulli’s inequality: 

(   )                  

For             

(     )      (   )(   )             

                
 

  
     

   
 

   
    (1) 

By (1): 

(    )          
    

              
    (2) 

(    )          
    

              
    (3) 
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    (4) 

By adding (2); (3); (4): 
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SOLUTIONS 

ANALYSIS 

SOLUTION AN.001. 

Let be:   
 

 

√.
 

 
/
 
 .

 

 
/
 
   

 

 

√.
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 .
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/ such that 
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 /
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(                       ) 

|    |  √
  

  
|   (      )|  √

  

  
 

|         |  |  |  |  |    |  |  :√
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  |       |  :√
  

  
;

 

 

     
   

(          )    

SOLUTION AN.002.  

Let be                   continuous,   periodical with     period. Its known 

that:       ∫  (  )
 

 
   

   

 
∫  ( )
 

 
     (1) 

We take  ( )    , -       

 (   )  |,   -  (   )|  |, -       |  |, -   |   ( ) 

Replace   and   in (1): 
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∫ (  , -)

    

 

   
      

 
∫(  , -)
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SOLUTION AN.003. 

Let be                   continuous;   periodical with     period. 

Its known that:       ∫  (  )
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We take  ( )  |0  
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]   |   ( ) 
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SOLUTION AN.004. 
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Equality holds for    . 

SOLUTION AN.005. 
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SOLUTION AN.006. 

If     then:       
     

   
 
   

      .
                   

 
/          (     )  

  (     )   (1) 

Let be    ∑
 

  
 
             

  

 
 

     
   

 ((  )
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 4    
  

 
5     

   

 

(   ) 
 
  (   )

  
  4

  

 
5
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SOLUTION AN.007. 

   ( )   ∫ (
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]  

    

 
 

∫4
 

 
(  (   )     (  ))5

 

 

   ∫:∫    (  )  
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   ∫ :∫   (  )  

 

 

;

  

 

    

 ∫ 4
   (  )
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   ∫
   (  )     (  )

 

  

 

   ∫
   (  )    (  )

 

  

 

    

 ∫ 4
 

 
(  (  )     (  )5

  

 

   

SOLUTION AN.008. 

  
            

(          )(          )(          )
 

     
 

 
            

 √       
  √       

  √       
 

            

   √            
 

     

    
   

            ,   - 
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               (    )  (   )    

 (   )(        )              which is true. 

   ∫∫∫       

 

 

 

 

 

 

 ∫∫∫      

 

 

 

 

 

 

   

SOLUTION AN.009. 

    √ (     )    .(      )(      )(      )/
 

 

 √ (     )   (  (      )    (      )    (      )) 

Let be   ,   )      ( )     (      )   √   

  ( )    
    

      
  √  

      √ (      )

      
 

  ( )  
  √     (   √ )     √ 

(      )
 

  (   √ )
 
    √ (   √ )          √    √       
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SOLUTION AN.042. 

 Let be        ( )     
   ( )       

    ( )      
       

   

   convexe. Suppose that       are different in pairs. 

                  

(   )  (   )  (       )  

  
   

   
  (  

   

   
*   

 ( )   .
   

   
   .  

   

   
/  /  

         
   

   
 ( )  

   

   
 ( )    (1) 

        (
   

   
  

   

   
 *    

   

   
  

   

   
  

 (     )   .
   

   
  

   

   
 /  

         
   

   
 ( )  

   

   
 ( )   (2) 

By adding (1); (2):  (     )   ( )  .
   

   
 

   

   
/ ( )  .

   

   
 

   

   
/ ( ) 

 (     )   ( )   ( )   ( ) 

 (     )     
    

     

Equality holds for      . 

SOLUTION AN.043. 

   (  (   ))
 

 
         

   (   )    (1) 

   (  (   ))
 

 
         

   (   )    (2) 

By adding (1); (2):          (   )     (   )   
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                    (   )(   )       

∫ ∫ (     )
 

 

  
 

 

   ∫ ∫ (    )  
 

 

  
 

 

  

 ∫ ∫   
 

 

  
 

 

 ∫ ∫   
 

 

  
 

 

   (   )  
(   ) 

 
 
(   ) 

 
  

 (   ) 4  
(   ) 

 
5 

 ∫ ∫ (     )
 

 

  
 

 

   (   ) (  (   ) ) 

SOLUTION AN.044. 

 (   )  ∑
    (       )          

  (   )(     )(     )

 

   

  

 ∑ (
   

    (   )(     )
 

     

  (     )(     )
*

 

   

 
   

(   )(   )
 

 (   )   (   )  
   

(   )(   )
 

   

(   )(   )
 

 

(   )(   )
  

 
 

(     )(     )
 

      

 √     
  

 

 √      
 

 

 √   
 

SOLUTION AN.045. 

 (     )  ∑
        

  

 

   

       ∑
        

  

 

   

  

       ∑
  (   )  (   )   

  

 

   

  

       ∑ (
 

(   ) 
 

   

(   ) 
 

 

  
*

 

   

  

          (   )(   )   (   )   

  (       )   (     )   (   )          (   ) 

 (     )   (     )   (     )   

   (     )   (     )  (     )(   )   

 (     )(        )   
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 (    )(     )  
     

 (    )√   
 

 

SOLUTION AN.046. 

   
   

 4(
   

 
*
   

  5     
   

.  
 
 /

   

  

 
 

    
   

(   )
 
 
  

  

 
  

    
   

6 
 

  
(   )

 
 
  

   (   )  (
 

 
  * (   )

 
 
    

7   

    
   

(   )
 
 
  

[
   (   )

  
 

 
   

   
] 

     
   

      (   )   (   )

     
     

   

          (   )

      
  

     
   

      (   )

      
     

   

   
 

   

    
   

    

 
  (  

 

 
* 

 ( )   ( )   ( )   (      
 

 
*   (     )  

  

 
  

 
  (     )    

 
 

       

 
   

   ( )   ( )   ( )   √ ( ) ( ) ( )
 

 

     ( ) ( ) ( ) 

 ( ) ( ) ( )  
 

  
 

SOLUTION AN.047. 

     
   

√  
  

        
   

    

  
    

   

           

(   )    
  

    
   

           

  4.  
 
 /

 

  5

    
   

           

  
    
   

  

         
  

    
   

  
    

  

  
 
 

 
 

 

 
   
   

  
    

    
   

    

  

(   )    
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(   )    
  

 
 

  
   
   

  4
         

    
 5    4

       

    
 5

    
 

 

  
   
   

  4
         

    
  

    
 

       
5

 
 

 

    
 

 
 

  
   
   

  4
         

 

       
 5

 
 

 

  
   
   

  4
         

 

         
 5    4

         
 

       
 5

     
  

 
 

  
   
   

  4
         

 

         
  

       
 

         
 5  

 

  
   
   

  4
       

      

    
      

 5  
 

  
    

 

  
 

    
 

  
      

 
   

  √    
 

SOLUTION AN.048. 

Let be   (   )     ( )     (   )      ( )  
  

   
      ( )  

  

(   ) 
     

  concave     decreasing  
 .

 

 
/  ( )

 

 
  ( )

 
 ( )  ( )

   
 because 

 

 
   for    . 

 .
 

 
/

 

 

 
 ( )

 
   .

 

 
/   ( )   .

 

 
/  

 

 
 ( )   4

 

 

 
5  

 

 
 .

 

 
/   .

 

  
/  

 

 
 .

 

 
/     

(1) 

∑4  (
 

  
*  

 

 
 (

 

 
*5

 

   

 ∑ (
 

  
*

 

   

 
 

 
∑ (

 

 
*

 

   

  

 ∑(   (  
 

  
*  

 

  
*

 

   

 
 

 
∑(   (  

 

 
*  

 

 
*

 

   

 ∑   (
    

  
*

 

   

 
 

 
∑

 

 

 

   

  

 
 

 
∑   (

   

 
*

 

   

 
 

 
∑

 

 

 

   

    ∏
(    )

  

 

   

 
 

 
   ∏(

   

 
*

 

   

    
∏ (    ) 

 

       
  

 
 

 
   (

 

 
*  

    

 
    4

∏ (    ) 
   

       
5     

 
 
 ∏ (    ) 

   

       
 
( )
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For        
 
 
  ∏ (    ) 

   

       
      

∏ (    ) 
    

       

 
 
 

 
     

   
 
 

  (2) 

Analogous: 

∏ (    ) 
    

       

 
 
 

 
     

   
 
 

    (3) 

∏(    )

 

   

 ∏(    )

 

   

 
     

 √∏(    )

 

   

 ∏(    )

 

   

 
( ) ( )

 √
           

   √        

SOLUTION AN.049. 

Let be   ,   )     ( )     
   ( )       

    ( )      
       

  

     
(     )      convexe. 

By Hermite – Hadamard inequality:  .
   

 
/  

 

   
∫     

 
   

 ( )  ( )

 
 

 .
   
 

/
 

 
 

   
∫   

 

 

   
   

    

 
 

 .
   
 

/
 

    
(       )   .

   
 

/
 

   

         

 
.
   
 

/
 

   

   (
   

 
*
 

             

 (   )              (   )    

It remains to prove: 
       

 
 (       )   

 

        
  (       ) 

      
    (     ) 

        
(    (   ))  which is true because: 

      
   and     (   )    

SOLUTION AN.050. 

∑ ( ) (  ( )    ( )   )    

∑ ( ) ( ( )   )    
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 ( )  ( )  ( )  *   + 

 ( )  {
      

      
                 

SOLUTION AN.051. 

    
 

 
   

  

 
         (1) 

      
 

 
  (2) 

By adding (1); (2):  
  

 
     

 

 
 

  

 
 

    
  

 
                

  

 
   (3) 

    
 

 
                     

    (      )      

Multiplying (3) with   (      ): 

4    
  

 
5   (      )  (          )   (      )   

 4    
  

 
5   (      ) 

By integration: .    
  

 
/  

    

 
    .    

  

 
/  

    

 
 

    

 
   
   

    
  

 
 (   )

 

   
    

 
   
   

    
  

 
 (   )

 

 

           ;       . We used the fact:  

  ∫   (      )

 
 

 

   
    

 
 

  
 

 
          

  ∫   .     .
 

 
  //

 

 
 

(   )  ∫   :  
   

 
      

     
 
     

;
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 ∫   (
             

      
*

 
 

 

   ∫   (
 

      
*

 
 

 

  

 ∫    

 
 

 

   ∫   (      )

 
 

 

         
 

 
      

    

 
 

  
    

 
 

SOLUTION AN.052.  

Let be   ,   )     ( )  
   

      

  ( )  
    (     )       

(     ) 
 

   (         )

(     ) 
 

  ( )                

         (   )(   )(    )    

because    . Hence   ( )    ( )    . 

    ( )   ( )  
 

  
 

 ( )   ( )  
   

     
 

 

  
     

     

  
 

      .
 

 
/
 

 ( )     (1) 

Take in (1):           .
 

 
/
 

   (2) 

Analogous:       .
 

 
/
 

   (3) 

      .
 

 
/
 

  (4) 

By adding (2); (3); (4):               .
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

  

   
 

 
 
 

 
 

 

 
 
 

 
 

 

 
 
 

 
   

 

 
 

 

 
 

 

 
 

SOLUTION AN.053. 

 (   )  ∫    (   )     

 

 

 
 ( ) ( )

 (     )
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 (       )  ∫  (   )   

 

 

 
 (   ) (   )

 (     )
 

 (   )      (       )  
    

(     ) 
 

( )                    ( )  ,   - 

 

 
∑∫     (  (   ) )

 

 

   
 

 
∑∫  

 

 

(   )     

 
 

 
∑ (       )  

 

 
∑

    

(     ) 
 

     
 

 
 

 
  √∏

    

(     ) 

 

 √∏
(  ) 

(     ) 

 

 

SOLUTION AN.054.  

Let be   (   )  (   )  ( )  
          

             
 and   (   )  (   ) 

  – primitive of  . 

   
   

(

 
 
  ∫  ( )

 

  

 

  

)

 
 

    
   

 .
 
  /   ( )

 
  

  

    
   

    

     .
 
  /

    

   

    
   

 (
 

  
*   ( )  

 

 
 

SOLUTION AN.055.  

If   (   ) then           
 

 
 

 

 
        

   

 
     

   

 
 

  (   )  
(   )   

   
   (   )  

 

   
 

 

  (   )
 

   

 
   

 

 
 ∫

  

  (   )

 

 

 ∫  

 

 

 ∫
 

 

 

 

       (       ) 

 

   
∫

  

  (   )

 

 
   

       

   
   (1) 

By the inequality logharitmic mean greater than geometric mean: 
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 √   

 

√  
 

       

   
  

       

   
 

 

√  
    (2) 

By adding (1); (2): 
       

   
 

 

   
∫

  

  (   )

 

 
   

 

√  
 

       

   
 

 (       )

   
 

 

   
∫

  

  (   )

 

 

   
 

√  
 

SOLUTION AN.056. 

 Let be   (   )     ( )  
    

       
 and   (   )    his primitive. 

   
   

   ∫
    

       

 

  

 

      
   

 .
 
  /   ( )

 
  

    
   

    

     .
 
  /

    

   

  

 
 

 
   
   

 

  
    (

 

  
*  

 

 
   
   

   
.
 
  /

 

  

.
 
  /

 

 .
 
  /

 

  

  

 
 

 
         

     

    
   

          
 

 
           (1) 

Let be (  )    a sequence such that            

By (1):         
 ∫

    

       

 

  
 

 
     

For      we obtain    . 

SOLUTION AN.057. 

            
 

   
 

 

   
 

  [
 

   
 

 

   
]     ( )     

By Lagrange’s theorem: ( )   .
 

   
 

 

   
/ 

 (
 

   
*   (

 

   
*    (  ) (

 

   
 

 

   
* 

 
 

     
 

             
       

(   )(   )
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  ( √ 
   

 √ 
   

)     
   

   

(   )(   )
               

because: 

 

   
    

 

   
    

   
     

SOLUTION AN.058.  

If       then: .
   

     /
 

 
 

  
   (   )  (     )  

  (         )              

                  (   )    (   )    

(   ) (        )    

For               : .
          

           
/
 

 
 

         
 

 

     

    
 

∫4
          

           
5

 

  

 

 

 ∫
(    ) 

    

 

 

      |
    

    
| 

SOLUTION AN.059. 

 Let be        ( )  
  

√    
   ( )  

       

 (    )
 
 

    ( )  
 

 
 

 

 
            

(    )
 
 

   

  convexe. By Jensen’s inequality: 

 

√ 
  ( )   (

   

 
*   :

  
 
    

 
    

 
 

 
;  

 

 
( .  

 

 
/   (  

 

 
*   .  

 

 
/+   

 
 

 

(

 

 
 

√
 
   

 

 
 

√ 
   

 

 
 

√
 
   

)

  
 

 
 (

 

√     
 

 

√     
 

 

√     
* 

 

√ (   )
 

 

√ (   )
 

 

√ (   )
 

 √ 

 
 

Let be    ( )    ( )    ( ). 

∑
 ( )

√ ( )( ( )   ( ))

 
 √ 
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∫∫∫

(

 ∑
 ( )

√ ( )( ( )   ( ))
)

   

 

 

  

 

 

  

 

 

 ∫∫∫
 √ 

 

 

 

  

 

 

  

 

 

   
 √ 

 
     

 
      √ 

 
 :

 

 
  

 
  

 
 

;

 

 
  √ 

 .
 
  

 
  

 
 /

  

SOLUTION AN.060. 

    
 

   
 

 

   
 

  [
 

   
 

 

   
]     ( )  (    )  

 (
 

   
*   (

 

   
*  (    )      (    ) (

 

   
 

 

   
* 

(    )
 

    (    )
 

    (    )      (    )
 

(   )(   )
 

 

   
    

 

   
    

   
     

     
   

  ( √        √       )     
   

  

(   )(   )
    
   

(    )      (    )   

   (    )     (    )     (    ) 

SOLUTION AN.061. 

 ( )   √ ( ) ( ) ( )
 

 
     

 √ ( ).√ ( ) ( ) ( )
 

/
  

  √ ( ) ( ) ( ) ( )
 

 

∫. ( )   √ ( ) ( ) ( )
 

/

 

 

    ∫ √ ( ) ( ) ( )
 

 

 

   

∫ ( )

 

 

    ∫ √ ( ) ( ) ( ) ( )
 

 

 

    ∫ √ ( ) ( ) ( )
 

 

 

   

SOLUTION AN.062. 

√       
 

 √       
 

√       
 

 √       
  

√(         ) 
 

 √(         ) 
 

√(         ) 
 

 √(         ) 
 

 

 
√          √         

√          √         
 

(√          √         )
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                     √           

     
  

      
 

 
√
     

    
      

∫
√       
 

 √       
 

√       
 

 √       
 

 

 

   ∫     

 

 

    

 ∫
    

    

 

 

       |    | |
 
 

     |    |    |    |     |
    

    
| 

SOLUTION AN.063.  

By Kober’s inequality:        
  

 
   0  

 

 
1 

  0  
 

 
1       ,   -  0  

 

 
1     (    )    

     

 
 

Replace   with  ( )    (    ( ))      
 

 
 
 

 
 

 

 
 

SOLUTION AN.064.  

If       then: .
   

     /
 

 
 

  
   (1) 

(   )    (     ) ,    (         )               

                         ,                  

  (   )    (   )    

(   )(     )    (   ) (        )    

For                 in (1): 

4
           

(    )  (      ) 
5

 

 
 

(    )       
 

 ( )  ∫4
           

         (      ) 
5

 

 
 

   ∫

 
    
      

 

 
 

    

 
 

 
(      )  

 

 
.     

 

 
/
 

 
 

 
((      )   )  

 

 
(    ) 

  ( )       
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(    ( ))        

∑ (    ( ))  

   (     )

 ∑     

   (     )

          

SOLUTION AN.065.  

Let be   ,   -     ( )  
 

 
   ( )   

 

    
  ( )  

 

       convexe. 

By Hermite-Hadamard inequality: 

 

   
∫  ( )
 

 
   

 ( )  ( )

 
 

 

   
∫

 

 

 

 
   

 

 
 

 

 

 
 

   

   
   (1) 

Let be   (   )     ( )      (   )   

  ( )    
 

   
 

     

   
 

   

   
   ( )  (   ) 

  increasing   ( )   ( )        (   )  
 

 
 

 

  (   )
  

 
 

   
∫

 

 

 

 

   
 

   
∫

 

  (   )

 

 

   

 (       )

   
 

 

   
∫

  

  (   )

 

 

  
 

   
∫

 

 

 

 

   
 

   
∫

 

 

 

 

    

   
 

   
∫

 

 

 

 
   

( )

  
   

   
 

 

   
 because (   )     . Remains to prove:  

 

   
 

 

   
 

 

 
 

 

   
 

 

 
       which is true because      . 

SOLUTION AN.066. 

∫ √   

 

 

   ∫     

 

 

      

√                     

∫(            )   

 

 

   ∫4   
  (√ )

 

  . √  /
 

  . √  /
 

5

 

 

    

  ∫ 
4
  √  √   √  

 
5

  

 

    ∫ √ .  √  √   √  /
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SOLUTION AN.067. 

  ( )  ∑(       )(   )

 

   

   

 ∑(,(     )(     )  (    )(     )      -(   ) )

 

   

  

 ∑((    )(   )  (     )  (    )(     ) )

 

   

  

 (    )∑,(   )  (     ) -

 

   

 ∑,(     )  (     ) -

 

   

  

 (    )∑,(   )  (     ) -

 

   

 ∑,(     )  (     ) -

 

   

  

 (    )(   (     ) )  (     )  (   )   

   (        )  (     ) (          )   

 (   )(     )  (   )  

      
   

√(   )(     )  (   )  (   ) 
 

  

    
   

(     )

(   )
 
(     ) 

(     ) 
      

   
(     )    

SOLUTION AN.068. 

  (   )     ( )     
   ( )       

    ( )  (     )   
     convexe 

By Hermite-Hadamard’s inequality: 

 

   
∫    

  
 

 
 

       

 
 (     )   

    
   (to prove) 

   
    

 (       )   
     

   (1) 

By Lagrange’s theorem: ( )  (   ) 

    
    

      (   ) 

  increasing    ( )    ( )             
 

   
    

   
            

 

   
    

 (   )     
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 (       )   
     

 ((1) is proved) 

By Hermite-Hadamard’s inequality: 

 

   
∫    

  
 

 
  .

   

 
/
 

 (       )   
  (to prove) 

    .
   
 

/
 

    .(       )   
/ 

(
   

 
*
 

    (       )     

   (       )        (
   

 
*
 

       
         

 
 (   )    

SOLUTION AN.069. 

      
 

 
     

 

 
      

 

 
    (  )  

 

 
      

 

   
   (   ) 

 

  
    (   )  

 

   
   (   )  

 

    
   (   ) 

                      

 

  
    (   )  

 

      
   (   )  

 

    
   (     ) 

∑
 

  

 

   

    (   )     
   

4
 

 
     

   (     )

    
5   

 
 

 
     

 

 
   
   

   (     )

  
 

 

 
     

 (  ( )    ( )    ( ))   

  (  
 

 
   (    )    

 

 
   (    )    

 

 
   (    )*   

  (        )   (        ) 

SOLUTION AN.070.  

First, we prove: 

   .
 

    /     .
 

  /     .
 

    /      .
 

  /    (1) 

    .
 

  
/     .

 

    
/ .      .

 

  
// 
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    .
 

  
/  

    
 
  

      .
 
  /

 .      .
 

  
// 

    .
 

  
/      .

 

  
/ 

Multiplying (1) with     :        .
 

    /     .
 

  /         .
 

    /       .
 

  / 

 ( )     
   

∑.       .
 

    
/       .

 

  
//

 

   

 

 ( )          
   

     .
 

  
/          

   
:
   .

 
  /

 
  

  ;         

 ( )   ( )   ( )                 (     )   

                        

SOLUTION AN.071. 

     
   

√   
   

∑4
       

(     ) 
5

 

   

 

    
   

√∑
 

(   ) 

 

   

 ∑
   

(     ) 

 

   

 

  

    
   

√
 

(   ) 

 

    
   

(   ) 

(   ) 
    

   

 

   
   

SOLUTION AN.072.  

Let be   ,   -     ( )     

  ( )           ( )   (   )         concave 

By Jensen’s inequality: 
  .

 

 
/   .

 

 
/   .

 

 
/   .

 

 
/   .

 

 
/   .

 

 
/

           
  

  :
  

 
    

 
    

 
    

 
    

 
    

 
 

           
; 

  (
 

 
*
 

  .
 

 
/
 

  .
 

 
/
 

  .
 

 
/
 

  (
 

 
*
 

  .
 

 
/
 

  

 (           )  (
           

           
*
 

 (   )       
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SOLUTION AN.073. 

∑ (
 

     
*

 

   
   

 ∑ (
 

     
*

   

   

 ∑ (
 

     
*

 

     

  

 
 

  
∑(

 

   
 

 

   
*

   

   

 
 

  
∑ (

 

   
 

 

   
*

 

     

  

  
 

  
∑(

 

   
 

 

   
*

   

   

 
 

  
∑ (

 

   
 

 

   
*

 

     

  

  
 

  
(

 

   
 

 

   
 

 

   
 

 

   
   

 

 
 

 

    
*   

 
 

  
[(  

 

    
*  (

 

 
 

 

    
*  (

 

 
 

 

    
*   ]   

  
 

  
(  

 

 
   

 

   
 

 

   
   

 

    
*   

 
 

  
(  

 

 
   

 

  
*   

 

  
( 

 

 
*  

 

   
 

 

   
 

  ∑(∑(
 

     
*
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 ∑(
 

   
*

 

   

 
 

 
∑(
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SOLUTION AN.074. 

  ∫(∑.       .
 

  
//

 

   

+   
 

 
∫(∑.      .

 

    
/          .

 

  
//

 

   

+    

 
 

 
∫(     ( )    )   

 

 
    ( )  

 

 
 
  

 
   

     ( )

 
 

   

 
   

SOLUTION AN.075.  

Let be         such that:                

Let be   (   )  (   )  ( )  
 

    
    ( )   

  

(    ) 
    ( )  

  (    )

(    ) 
   

  convexe   .
     

 
/  

 

 
( ( )   ( )   ( )) 
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  √    
 

 

   
 

 

   
 

 

   
 

∫∫∫4
 

  √    
5

 

 

 

 

 

 

         ∫∫∫(
 

   
 

 

   
 

 

   
*

 

 

 

 

 

 

         

∫∫∫4
 

  √    
5

 

 

  

 

 

  

 

 

   
 

 
(   )    (   ) |

 
 

  

 
 

 
(   )    (

   

   
*     :√

   

   

 

;

(   ) 

 

SOLUTION AN.076.  

Let be   ,   -   ; 

 ( )  ∫      

 

 

 
    

     

      

  ( )        
      

      

  ( )      (
 

 
  *  

    

 
(   ) 

            ( )      ( )    

  decreasing       ( )   ( ) 

But  ( )     ( )    

∫      

 
   

   
 
    

 

    
       (1) 

Let be   ,   -      ( )  
   

 
    

 

    
  ∫      

 
   

  ( )  
 

                  

  ( )      (
 

 
  *       

   

 
   

Because     

  ( )      – increasing 

     ( )   ( )  ( )     ( )    
   

 
    

 

     
 ∫      

 
      (2) 
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By (1); (2): 

    
     

      ∫    

 

 

   
    

     

      

Equality holds for     

SOLUTION AN.077.  

Let be   ,   -     

 ( )  
   (    )     (    )

    
 ∫   (    )

 

 

   

  ( )  
 

    
         (    )     (    ) 

  ( )     (    ) (
    

    
  * 

  ( )     (    )  
         

    
   

 ( )      increasing because     

     ( )   ( )   ( )    

   (    )     (    )

    
 ∫   (    )

 

 

     

∫    (    )
 

 
   

   (    )    (    )

    
   (1) 

Let be   ,   -     

 ( )  ∫   (     )

 

 

   
    (    )     (    )

    
 

  ( )      (     )  
        (     )

    
,   ( )     (     ) .   

    

    
/ 

  ( )     (    ) .  
    

    
/,    ( )     (    ) .

         

    
/    

                          

  ( )      increasing;  ( )    

     ( )   ( )    

 ( )    
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∫   (     )

 

 

   
    (    )     (    )

    
   

∫    (    )
 

 
   

   (    )    (    )

    
   (2) 

By (1); (2): 

   (    )     (    )

    
 ∫   (    )

 

 

   
   (    )     (    )

    
 

Equality holds for    . 

SOLUTION AN.078.  

Let be   ,   -     ( )  ∫    
 

 
   

       

     

  ( )       
     

        .   
  

  /     .
     

  /    because     

  decreasing;  ( )    

     ( )   ( )   ( )    

∫   

 

 

   
       

    
   

       

  
 

       

    
 

 
       

 
 

       

       (1) 

Let be   ,   -     ( )  
       

     ∫    
 

 
   

  ( )  
     

            .
  

    /  
   (     )

       because     

  increasing   ( )   ( ) (   ) 

 ( )     ( )    

       

     ∫    
 

 
     

       

     
       

  
 

       

 
 

       

       (2) 

By (1); (2): 

       

    
       

 
 

       

       (3) 

Analogous by    : 

       

    
       

 
 

       

   
    (4) 

By multiplying (3); (4): 
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(       )(       )

     
 

(       )(       )

  
 

(       )(       )

  (  ) 
 

Equality holds for      . 

SOLUTION AN.079. 

Let be:  ( )     ∑
 

   

 
   .

  
 
/   ∑ .

  
 
/ 

    

 ( )    ∑(  
 

   
*

 

   

.
  
 
/ 

 ( )    ∑
    

   

 

   

.
  
 
/ 

 ( )    
 

 
   ∑

    

   

 

   

.
  
 
/ 

 ( )    
     

   
 .

 
 
/  ∑

    

   

 

   

.
  
 
/ 

 ( )    ∑
    

   

 

   

.
  
 
/    ∑.

  
 
/

 

   

 
        

   
  

   ∑.
  
 
/

 

   

 4
 (    )

   
  5    ∑.

  
 
/

 

   

 4
 (    )(   )

(   ) 
  5 

 ( )    ∑.
  
 
/

 

   

4
(    )(    )

(   ) 
  5 

 ( )    ∑(
(    ) 

((   ) )
  

(  ) 

(  ) 
+

 

   

 

 ( )    ∑4.
    
   

/  .
  
 
/5

 

   

 

 ( )    ∑(
    

   
*

 

   

 ∑.
  
 
/

 

   

 

 ( )    .
    
   

/    .
    
   

/ 
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√ ( ) 
    

   

 (   )

 ( )
    

   

(

 .
    
   

/  
 

.
    
   

/
)

   

    
   

(
(    ) 

((   ) )
  

((   ) )
 

(    ) 
+     

   
4
(    ) (    )(    )

(   )  (    ) 
5   

    
   

4
(    )(    )

(   ) 
5    

SOLUTION AN.080.  

If       we prove that: 
 

   
 

 

   
 

 

  √  
   (1) 

 

   
 

 

   
 

 

  √  
   

(   )(  √  )  (   )(  √  )   (   )(   )    

  √      √     √    √                 

 √    √    √             

 (   √    )  √  (     √  )    

(   √    )(√    )    

(√  √ )
 
(√    )    

Which is true;         √     √       

Analogous: 
 

   
 

 

   
 

 

  √  
    (2) 

 

   
 

 

   
 

 

  √  
   (3) 

By adding (1); (2); (3): 
 

   
 

 

   
 

 

   
 

 

  √  
 

 

  √ 
 

SOLUTION AN.081. 

 ( )  ( )  ( )  ,   )   ( )     ( )     

  ( )( ( )   )   ( )( ( )   )    

  ( ) ( )   ( )   ( )      (1) 

 ( )     ( )     ( ) ( )        (2) 

By (1); (2): 
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∑( ( )(  )   )

   

(  ( ) ( )   ( )   ( ))    

∑4
 ( )   ( )     ( )  ( )    ( ) ( )    ( ) ( )   ( )  ( )

  ( ) ( )
5

   

   

∑4
 ( )   ( )

  ( ) ( )
  ( ) ( )    

 ( )

 
 

 ( )

 
5

   

   

∑
 ( )   ( )

  ( ) ( )
   

 ∑ ( ) ( )

   

   ∑ ( )

   

 

∑
 

 ( )
   

 ∑ ( ) ( )

   

   ∑ ( )

   

 

:∑ ( ) ( )

   

;  
 

 ( ) ( ) ( )
 ∑ ( ) ( )

   

   ∑ ( )

   

 

  
 

 ( ) ( ) ( )
 

   ( )   ( )   ( )

 ( ) ( )   ( ) ( )   ( ) ( )
 

∫∫∫4
   ( )   ( )   ( )

 ( ) ( )   ( ) ( )   ( ) ( )
5

 

 

  

 

 

  

 

 

    

 ∫∫∫  

 

 

  

 

 

  

 

 

 ∫∫∫(
        

 ( ) ( ) ( )
*

 

 

 

 

 

 

 (   )  :∫
  

 ( )

 

 

;

 

 

SOLUTION AN.082. 

  .
  
  

/     .
  
  

/    (by induction) 

  .
  
  

/     .
  
  

/   (by induction) 

   ∑(
 

  
   *

 

   

 ∑
 

  

 

   

.
  
  

/  

(

  
 
∑

 

  

 

   

∑
 

  

 

   

 ∑
 

  

 

   )

  
 

 .
  
  

/ 

   ∑(
 

  
   *

 

   

 ∑
 

  

 

   

.
  
  

/  .
  
  

/ 
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   (  )     (  )  .
  
  

/   

(  )  .
  
   

/  (  )   (

 

 
 

 
 

 

 

 

, 

     (  )   .
  
  

/(

 

 
 

 
 

 

 

 

,  .
  
   

/ 

SOLUTION AN.083. 

With substitution      

 (   )  ∫
  

         √         

    

     

 ∫
  

         √         

    

     

 

  (   )  ∫ (
 

        √         
 

 

         √         
*

    

     

   

  (   )  ∫
       √         

(     √         )
 
    

    

     

   

  (   )  ∫
 (     √         )  

                 √         

    

     

 

  (   )  ∫
 (     √         )  

     (     √         )

    

     

 

  (   )  
 

    
∫   

    

     

 
     

    
 

 (   )  
    

    
 

 (   )   (   )   (   )  
    

    
 

    

    
 

    

    
 

     
 √

    

    
 
    

    
 
    

    

 

   

SOLUTION AN.084. 

By Radon’s inequality: 
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∑
  
 

  
 

 

   

 
(∑   

 
   ) 

(∑   
 
   ) 

              

For    
 

      
 

   we obtain: 

∑

 
   

 
 
  

 

   

 
.∑

 
  

 
   /

 

.∑
 
  

 
   /

  

∑
 

      

 

   

 
( ( ))

 

( ( ))
  

 (     )  
( ( ))

 

( ( ))
  

 (     )( ( ))
 
 ( ( ))

 
 

SOLUTION AN.085. 

Let be:    ∫ (         )
 

 

 
 

 

     (  )   

With      

   ∫ ( (  )   (  )   )

 
 
 

 
 

     (   ) (   ) 

   ∫(         )

 
 

 
 
 

(       (  ))   

   ∫(         )

 
 

 
 
 

        

     (
   

 
|

 

 

 
 

 

 
   

 
|

 

 

 
 

 

 
 

 
, 
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   ∑  

 

   

 
  

 
∑

 

  

 

   

 
  

 
∑

 

  

 

   

      

     
   

(      )  
  

 
   
   

∑
 

  

 

   

 
  

 
   
   

∑
 

  

 

   

 
  

 
 ( )  

  

 
 ( ) 

SOLUTION AN.086. 

   
   

.  .
 

 
       /   /     

   
 .

  

 
          /   

    
   

  
           

 
 

 
   

   
   

 
         

 
    

 
 
  

  

 
   

   
   

 
 

     
    

(    ) 

 
 
  

    
   

(         )  

 (    ) 
    

   

   

 (    ) 
   

   
   

        
   

.  
 .

 

 
        /    /    

SOLUTION AN.087. 

 ( )  ∫
               

                  

 

 

    

 ∫
   (   )      

    (    )   (    )  (    )

 

 

    

 ∫
.(   )    / (    )  (   )    (        )

(    )(        )

 

 

    

 ∫4
(   )    

        
 

(   )    

    
5

 

 

      |        | |
 
 
 

   

 
   |    | |

 
 

  

      
   

 
     

     
   

(              (
 

 
*  ∑ ( )

 

   

+   

    
   

(              (
 

 
*  ∑(     

   

 
    *

 

   

+   
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(                                ∑
   

 

 

   

+   

    
   

     (     ∑(  
 

 
*

 

   

  +   

         
   

(       ∑
 

 

 

   

  +           
   

(∑
 

 

 

   

     +   

                

SOLUTION AN.088.  

First, we prove that: 
     

(     )(        )
    (1) 

      (     )(        ) 

                              

                

  (         )    

  (   )    which is true. 

Let be   ,   )     ( )         

  ( )  
 

         increasing 

By (1)  (
     

(     )(        )
*   ( )  

 

 
 

     (
     

(     )(        )
*  

 

 
   (2). Analogous:      (

     

(     )(        )
*  

 

 
   (3) 

     (
     

(     )(        )
*  

 

 
    (4) 

By adding (2); (3); (4): 

∑     4
     

(     )(        )
5

   

 
  

 
 

SOLUTION AN.089.  

Let be   ,   )     ( )  (   )    (   )    
  

 
 

  ( )     (   )       ( )  
  

   
   

   ( )       decreasing    ( )    ( )    
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  ( )      decreasing   ( )   ( )    

(   )    (   )    
  

 
   

(   )    (   )    
  

 
 

   (   )          
  

  

(   )       
  

  

Let be         

(       )   
            

     
  

(
 

     
*

 

     
        

     
  

 
     4      

     
 

5
 

 

     
 

∫      

 

 

4
     

     
       

     

      
      5   ∫

 

     

 

 

   

∫4 
      

     

      5

 

 

             

SOLUTION AN.090. 

 If       then: .
 

 
 

 

 
/  

 

   
 

     
 √

 

 
 
 

 
 

 

   
  

 
 

   
 

 
   

 

 
      

 
 
 
 
 
 

 
 

 
.
 

 
 

 

 
/    (1) 

We take in (1):    ( )    ( ) 

4
 ( )

 ( )
 

 ( )

 ( )
5  

 

 ( )   ( )
 

 

 
(

 

 ( )
 

 

 ( )
* 

∫∫4
 ( )

 ( )
 

 ( )

 ( )
5

 

 

 

 

 
    

 ( )   ( )
 

 

 
∫∫(

 

 ( )
 

 

 ( )
*

 

 

 

 

      

 
(   )

 
∫

  

 ( )

 

 

 (   )∫
  

 ( )
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SOLUTION AN.091. 

(   )                

                              

                   

(    )(    )      

(    )(    )

   
      (1) 

Let be   (   )     ( )         

  ( )  
 

         increasing 

By (1): 

     .
(    )(    )

   
/         

 

 
   (2) 

Analogous:      .
(    )(    )

   
/  

 

 
   (3);      .

(    )(    )

   
/  

 

 
   (4) 

By adding (2); (3); (4): 

∑     4
(    )(    )

   
5

   

 
  

 
 

SOLUTION AN.092. 

(   )  (     )    (   )    

                                            

                          

                        

     

          
 

 

   
 

 

 
 

     

          
 

 

  
 

 

 
∫∫4

     

          
5

 

 

 

 

     ∫∫
    

  

 

 

 

 

 :∫
 

 

 

 

  ;

 

 (   (
 

 
**

 

 

SOLUTION AN.093. 

(     )     (   ) (        )    

(     )      (   )      (   )    
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 (                 )  (     )(               ) 

 (     )  (     )(   )  

4
     

   
5

 

 
 

 
(     ) 

∑ .
     

   
/
 

    ∑
 

 
(     )    ∑   

      (1) 

For    ( )    ( )    ( ) in (1): 

∑4
  ( )    ( )

 ( )   ( )
5

 

   

 ∑  ( )

   

 

 (     )    ( )    ( )    ( ) 

∫∫∫ (     )

 

 

  

 

 

  

 

 

   ∫∫∫.  ( )    ( )    ( )/

 

 

 

 

 

 

        

  (   ) ∫  ( )

 

 

   

SOLUTION AN.094.  

If       then: 

(   ) (   )    

  (   )    (   )    

                              

                (        ) 

(    )(    )    (   )(   ) 

(    )(    )

(   )(   )
      (1) 

In (1) we take    ( )    ( )  

.  ( )   ( )/ .  ( )   ( )/

(   ( ))(   ( ))
      ( ) ( ) 
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∫∫
.  ( )   ( )/ .  ( )   ( )/

(   ( ))(   ( ))

 

 

 

 

     ∫∫ ( ) ( )

 

 

    

 

 

 :∫ ( )

 

 

  ;

 

 

SOLUTION AN.095. 

 

 
 

 

 
 

 

 
  . By Young’s inequality: 

  

 
 

  

 
 

  

 
       (Equality for      ) (1) 

By integrating in (1): 

∫
  

 

 

 

   ∫
  

 

 

 

   ∫
  

 

 

 

     ∫ 

 

 

   

  

 
 

   

 
 

   

 
 

  

 
       (2) 

∫
  

 

 

 

   ∫
  

 

 

 

   ∫
  

 

 

 

     ∫ 

 

 

   

   

 
 

  

  
 

   

 
   

  

 
      (3) 

∫
  

 

 

 

   ∫
  

 

 

 

   ∫
  

 

 

 

     ∫ 

 

 

   

   

 
 

   

 
 

  

  
    

  

 
  (4) 

By adding (2); (3); (4): 

  

 
.
 

 
    /  

  

 
.  

 

 
  /  

  

 
.    

 

 
/  

   (     )

 
 

SOLUTION AN.096. 

 

 
 

 

 
 

 

 
  . By Young’s inequality:     

  

 
 

  

 
 

  

 
    (1) 

In (1) we take   
 

     
 

     
 

   

 

 
 
 

  
 

 

 
 
 

  
 

 

 
 

 

   
 

 

  
 
 

  
 
 

  
     

Pass to the sum: 

 

 
∑

 

  

 

   

 
 

 
∑

 

  

 

   

 
 

 
∑

 

   

 

   

 ∑
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 ( )  

 

 
 ( )  

 

 
 (  )   (  ) 

SOLUTION AN.097. 

      
   (   )

 
  . Let be (  )                   . 

( )    ( ) ( )    ( )   ( )  

|
   (    )

  
  |    

   
   (    )

  
     

    
   (    )

  
     

For        – fixed;    
 

        

(   )  
 

     
    .  

 

     
/  (   )

 

     
 

(   )∑
 

     

 

   

 ∑   4
       

     
5

 

   

 (   )∑
 

     

 

   

 ( )    

   
   

∑
 

     

 

   

 ∫
 

    

 

 

         |
 
 

 
 

 
 

   
   

∑   4
       

     
5

 

   

 
 

 
 

   (   
   

∏4
       

     
5

 

   

+  
 

 
 

   
   

∏4
       

     
5

 

   

  
 
  

SOLUTION AN.098.  

By integral form of AM-GM: 

 
 

   
∫    ( ( ))
 
 

   
 

   
∫  ( )
 

 
      (1) 

 
 

   
∫    ( ( ))  
 
  

 

   
∫  ( )
 

 
     (2) 

 
 

   
∫    ( ( ))  
 
  

 

   
∫  ( )
 

 
     (3) 
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By multiplying (1); (2); (3): 

 ∫    ( ( ))  
 
 

 ∫    ( ( ))  
 
 

 ∫    ( ( ))
 
 

    

 :∫ ( )

 

 

  ;:∫ ( )

 

 

  ;:∫ ( )

 

 

  ;  
     

 

 (
∫  ( )
 

 
   ∫  ( )

 

 
   ∫  ( )

 

 
  

 
+

 

 
 

  
:∫ ( )   ( )   ( )

 

 

  ;

 

 

   ∫    ( ( ) ( ) ( ))
 
 

   :∫( ( )   ( )   ( ))

 

 

  ;

 

 

SOLUTION AN.099.  

Let be   ,   -     ( )  
 

   
∫ (      )
 

 
   

  ( )  
(      )(   )  ∫ (      )

 

 
  

(   ) 
 

∫(      )

 

 

   
   

(      )(   )       

  ( )  
(      )(   )  (      )(   )

(   ) 
 

             

   
   

Because  ( )           (   )    is increasing 

                    

          

  ( )      increasing   ( )   ( ) 

  (√  )   ( ) 

 

√    
∫ (      )

√  

 

   
 

   
∫(      )

 

 

   

∫ (      )
 

 
  

∫ (      )  
√  

 

 

 

√    
 

   

 
   

√    
  



DANIEL SITARU 
 

 212 MATH PHENOMENON RELOADED 

 

 
(√  √ )(√  √ )

√ (√  √ )
 

√  √ 

√ 
   √

 

 
 

SOLUTION AN.100.  

Let be   ,   -     ( )  
 

   
∫ (      )
 

 
   

  ( )  
(      )(   )  ∫ (      )  

 

 

(   ) 
 

∫(      )

 

 

   
   

(      )(   )       

  ( )  
(      )(   ) (      )(   )

(   )  
 

             

   
   beause the function  

  (   )     ( )         

  ( )  
 

       is increasing  

                    

          

  ( )      increasing   ( )   ( )   .
   

 
/   ( ) 

 

   
   

∫(      )

 

 

   
 

   
∫(      )

 

 

   

∫ (      )
   
 

 
  

∫ (      )
 

 
  

 

 
   

 
      

 

 

 
   

 
   

 
 

 
 

SOLUTION AN.101.  

Let be   ,   )     ( )  
 

   
∫ (    )
 

 
   

  ( )  
 (    )(   )  ∫ (    )  

 

 

(   ) 
 

   
 

 
 (    )(   )  (    )(   )

(   ) 
 

         

   
         

Because the function   ,   -     ( )       

  ( )  
 

 
   is increasing. 
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  ( )      increasing   (√  )   ( ) 

 

   
∫(    )

 

 

   
 

  √  
∫(    )

 

√  

   

∫ (    )
 

 
  

∫ (    )
 

√  
  

 

 

  √  
 

   

 
   

√ (√  √ )
 

√  √ 

√ 
   √

 

 
 

SOLUTION AN.102. 

|∫    (    )    
 

 
∑    4  

  

  
5

 

   

 

 

|  ||∑ ∫ 4   (    )     4  
  

  
55  

 
 

   
 

 

   

||   

 
   

∑ ∫ |  (  ) (  
 

 
*|

 
 

   
 

 

   

      (
   

 
 
 

 
* 

where  ( )     (    )    ,   -    

  ( )  
  

    
   |  (  )|    

|∫    (    )   

 

 

 
 

 
∑   4  

  

  
5

 

   

|  ∑ ∫ |  
 

 
|

 
 

   
 

 

   

   ∑ ∫ (
 

 
  *

 
 

   
 

 

   

    

 ∑(
 

 
(
 

 
 

   

 
*  

 

 
4
  

  
 

(   ) 

  
5+

 

   

 ∑(
 

  
 

    

   
*

 

   

 ∑
 

   

 

   

 
 

  
 

SOLUTION AN.103. 

|∑     (
   

√ 
*

 

   

 ∫     (
   

√ 
*  

 

 

|   

 |∑:     (
   

√ 
*  ∫      (

   

√ 
*

 

   

  ;

 

   

|   
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 ∑|     (
   

√ 
*  ∫      (

   

√ 
*  

 

   

|

 

   

  

 ∑| ∫ (     (
   

√ 
*       (

   

√ 
**

 

   

  |

 

   

 
   

 

 ∑|
 

√ 
∫ (

 

(    )   
 (   )  *

 

   

|

 

   

  

 
(   (   ))  

√ 
∑ ∫ |

 

(    )   
|

 

   

 

   

 (   )    

 
 

√ 
 
 

 
∑ ∫(   )

 

   

 

   

   
 

 √ 
∑4  

  

 
|  
   

5

 

   

 
 

 √ 
∑4  

   (   ) 

 
5

 

   

  

 
 

 √ 
∑4  

          

 
5

 

   

 
 

 √ 
∑(  

    

 
*

 

   

 
 

 √ 
∑

       

 

 

   

  

 
 

 √ 
∑

 

 

 

   

 
 

 √ 
 

 √ 

  
 

SOLUTION AN.104. 

 Let be   (   )     ( )        

  ( )  
 

 
     ( )   

 

        - concave. By Jensen’s inequality: 

 :
 

   
∫

    

    

 

 

  ;  
 

   
∫ 4

    

    
5

 

 

   

   :
 

   
∫

    

    

 

 

  ;  
 

   
∫    4

    

    
5

 

 

   

 

   
∫

    

    

 

 
    

 

   
∫    (

    

    
*

 
 

  
   (1) 

Analogous: 
 

   
∫

    

    

 

 
    

 

   
∫    (

    

    
*

 
     (2); 

 

   
∫

    

    

 

 
    

 

   
∫    (

    

    
*

 
 

  
   (3) 

By multiplying (1); (2); (3): 
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(   ) 
:∫

    

    

 

 

  ;:∫
    

    

 

 

  ;:∫
    

    

 

 

  ;   

  

 
   ∫    (4

    

    
5 4

    

    
5 4

    

    
5+

 
 

  

  
 

   
     

:∫
    

    

 

 

  ;:∫
    

    

 

 

;:∫
    

    

 

 

;  (   )  

SOLUTION AN.105.  

Let be   (   )     ( )        

  ( )  
 

 
    ( )   

 

       concave. By Jensen’s inequality: 

 :
 

   
∫

  ( )

  ( )

 

 

  ;  
 

   
∫ 4

  ( )

  ( )
5

 

 

   

   :
 

   
∫

  ( )

  ( )

 

 

  ;  
 

   
∫    4

  ( )

  ( )
5

 

 

   

 

   
∫

  ( )

  ( )

 

 
    

 

   
∫    (

  ( )

  ( )
*

 
 

  
   (1) 

Analogous: 
 

   
∫

  ( )

  ( )

 

 
    

 

   
∫    (

  ( )

  ( )
*

 
 

  
   (2) 

 

   
∫

  ( )

  ( )

 

 
    

 

   
∫    (

  ( )

  ( )
*

 
 

  
   (3) 

By multiplying (1); (2); (3): 

 

(   ) 
:∫
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SOLUTION AN.106.  

We prove by induction: 
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SOLUTION AN.107.  

We prove by induction: 
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SOLUTION AN.108. 
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SOLUTION AN.109. 

     
   

√∑4
           

(       ) 
5

 

   

 

  

    
   

√
 

(    ) 

 

 
   

   
   

 

(    ) 
 
(    ) 

 
    

   

 

    
   

SOLUTION AN.110. 
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Equality holds for  ( )      ,   - 

SOLUTION AN.111. 
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(  ( ))

 
  

  ( )

 

 

   ∫  ( )

 

 

   ∫  
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 ∫
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Equality holds for  ( )      ,   -. 

SOLUTION AN.112. 

If       then: (   ) (        )    

(   )(     )      (   )    (   )    

                          

(     )  (   )    

      (   )√   

     

   
 √   

For     ( )     ( ) 

.  ( )/
 
 .  ( )/

 

  ( )   ( )
 √  ( )  ( )   (1) 
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 .  ( )/

 

  ( )   ( )
 √  ( )  ( )   (2); 

.  ( )/
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By multiplying (1); (2); (3): 

∏(
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By integrating: 
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SOLUTION AN.113. 
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SOLUTION AN.114.  
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SOLUTION AN.115.  

Let be     (   -. By Bernoulli’s inequality: 

     (     )      (   )(   )                    

 

             
 

      
   (1) 

Analogous:    
 

      
   (2) 

By adding (1); (2):       
   

      
 

   

               (3) 

We take in (3):    ( )    ( ) 
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( ( ))
 ( )

 ( ( ))
 ( )

  ( ) ( )   ( )   ( ) 

∫∫
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SOLUTION AN.116. 

√
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∫
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∫
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SOLUTION AN.117. 

For     (   ) (            )    

(   )(    )      (   )  (   )    

            

(        )           

(    )   (    )  

(    )√       
√ 

    
 

 

    
    (1) 

Replace   in (1) with  ( ) and multiplying with   ( ). 

  ( )√ ( )
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∫
  ( )√ ( )
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   ∫
  ( )
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      ( ( ))       ( ( ))       4
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Equality holds for    . 

SOLUTION AN.118. 

For     (   ) (            )    

(   )(    )      (   )  (   )    

            (        )           
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 and multiplying with      

. 

     √   

    
  

 
     

    
  

 

∫
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∫
    √   

    
  

 

 

   
 

 
(     (   

)       (   
))  

 

 
     (

   
    

        + 

SOLUTION AN.119. 

  ∫
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SOLUTION AN.120. 
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SOLUTION AN.121.  

Let be   .  
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Equality holds for    . 

SOLUTION AN.122. 
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Analogous:  

   
   

  ( )    (      )    (      ) 
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SOLUTION AN.123.  

First, we prove that if         then: 

  

     
 

   

  
   (1) 

     (   )(     )                         

 (         )   (         )    

 (   )   (   )    which is true. 

In (1) we take:    ( )    ( )    ( ) and multiplying with   ( )  ( ). 

 ( )  ( )  ( )

  ( )   ( ) ( )
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  ( )

 ( )
   ( )  
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 ( )
5 

By integrating: 

∫∫∫
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SOLUTION AN.124. 
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SOLUTION AN.125. 
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SOLUTION AN.126. 
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SOLUTION AN.127. 
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SOLUTION AN.128.  

Denote: 
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SOLUTION AN.129. 

0
√  √    √   

 
1  0

√  √  √ 

 
1  [√ ]    (1) 

                   

√           √ (   )       

      √ (   )       

  (   )   √ (   )   (   ) 

(√  √   )
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√  √     √    
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6
√  √    √   

 
7  6
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SOLUTION AN.130. 

 If     0
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If     then: 
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SOLUTION AN.131.  

First, we prove that if     then:   
  √ 

  √  √ 
     (1) 

{
 

   √  √    √ 

  √      √  √ 
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 √  √  √ 

 √  √    √ 

 

 {     √ 

    √       √   
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 √     √   √     
 

 {
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Which are true because    . 
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SOLUTION AN.132.  

Let be        ( )         
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SOLUTION AN.133.  

If     then: 
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SOLUTION AN.134.  
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SOLUTION AN.135. 
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SOLUTION AN.136. 
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SOLUTION AN.137. 
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SOLUTION AN.138. 
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SOLUTION AN.139. 
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SOLUTION AN.140. 
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SOLUTION AN.141. 
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SOLUTION AN.142. 

     ,   - . By Schweitzer inequality: 
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  (   )    (   )  

√  (   )  √  (   )   (1) 

Analogous: 

√  (   )  √  (   )  (2) 

√  (   )  √  (   )  (3) 

√  (   )  √  (   )  (4) 

By adding (1); (2); (3); (4): 
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SOLUTION AN.143.  
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SOLUTION AN.144.  
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SOLUTION AN.145. 

In Hlawka’s inequality: 

|   |  |   |  |   |  | |  | |  | |  |     | 

we take:       ( )        ( )        ( ) 

 ( )  ( )  ( )            

                (   )     ( )        (1) 

|    ( )      ( )|  |    ( )      ( )|  |    ( )      ( )|   
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     ( )   ( )   ( )   ( ) ( ) ( ) 

   ( ( ) ( ) ( ))
 
    ( )   ( )   ( )   ( ) ( ) ( ) 

      ( ( ) ( ) ( ))   ( )   ( )   ( )   ( ) ( ) ( ) 
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SOLUTION AN.146.  

By induction we prove that: 
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     (1) 

Suppose (1) true. We must prove that: 
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SOLUTION AN.147. 

Let be   .
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,      ( ). By Binet – Cauchy’s theorem: 
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Replacing    ( )    ( )    ( ). By integrating: 
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By dividing with      : 
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SOLUTION AN.148. 

The characteristic equation is: 

                  (   )(   )    

Eigen values are              
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SOLUTION AN.149. 

Let be   .  
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SOLUTION AN.150. 
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It remains to prove that: 
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By (2); (3)    (1) 

SOLUTION AN.151. 

The characteristic equation for this sequence is: 
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with solution           
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SOLUTION AN.152. 

By Bernoulli’s inequality: 
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   (1) 

By (1): 
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   (2) 

By adding (1); (2): 
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Integrating (3): 
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SOLUTION AN.153. 

By Bernoulli’s inequality: (   )                  
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FAMOUS THEOREMS 

CAUCHY – SCHWARZ’S INEQUALITY 
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(√  √ )
 

 
 

   

 
 

    (   )
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HEINZ’ INEQUALITY 

8√   
             

 
 

   

 
         ,   - 

MACLAURIN’S INEQUALITY 

{
 
 
 
 
 
 

 
 
 
 
 
      

 
 √

        

 
 √   

 

       

 
 √

                 

 
 √

               

 

 

 √    
 

∑  

 
 √

∑    

.
 
 
/

 √
∑      

.
 
 
/

 
  

  √
∑              

.
 

   
/

   
 √            

 

 

{

  
            √  

  √    
         

   
 

.
 
 
/
 ∑             

           

      

 

BERNOULLI’S INEQUALITIES 

(   )              (    -  ,   ) 

(   )              ,   - 

(   )    (    )    ,   -   (    -  ,   ) 

(   )  
 

    
   ,    -      

(   )    
  

  (   ) 
   [   

 

   
]       

(    )    (  (   ) )           

(   )       (   )              

.  
 

 
/
 

 .  
 

 
/
 

 for {

( )         
(  )          
(   )          
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.  
 

 
/
 

 .  
 

 
/
 

 for {
(  )            
( )            

 

TRIGONOMETRIC INEQUALITIES 

  
  

 
       

     

   
 
 
 
  √        

  

 
     

 

√ 
      

HYBERBOLIC INEQUALITIES 

      
  

      
      .

 

 
/       (        )  ⁄  

  

     
 

  

 
          

 

 
     

  

 
        0  

 

 
1 

               .  
 
 
/       ,    - 

ACZEL’S INEQUALITY 

{
 
 

 
 
(     ∑    

 

   

+

 

 (  
  ∑  

 

 

   

+(  
  ∑  

 

 

   

+

       
  ∑  

 

 

   

       
  ∑  

 

 

   

 

ABEL’S INEQUALITY 

{
     

 
∑  

 

   

 ∑    

 

   

      
 

∑  

 

   

                 

 

 

KY FAN’S INEQUALITY 

{

∏   
   

   

∏ (    )   
   

 
∑     

 
   

∑   (    )
 
   

    [  
 

 
]

   ,   -             

 

 

SHAPIRO’S INEQUALITY 

{
∑
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CHONG’S INEQUALITY 

{
 
 

 
 ∑

  

  ( )

 

   

    ∏  
  

 

   

 ∏ 
 

  (  )

 

   

     

  (
       
    ( )    

*         

 

POLYA – SZEGO’S INEQUALITY  

(  
    

      
 )(  

    
      

 )

(                ) 
 

 

 
:√

  

  
 √

  

  
;

 

 

                       ,   -  

           ,   -                  

(    
      

        
 )(    

      
        

 )

(                      ) 
 

 

 
:√

  

  
 √

  

  
;

 

 

SCHWEITZER’S INEQUALITY 

(     ) (
 

  
 

 

  
*  

(   ) 

  
 

(        ) (
 

  
 

 

  
 

 

  
*  

 (   ) 

   
 

(          ) (
 

  
 

 

  
   

 

  
*  

  (   ) 

   
 

           ,   -           

 

KANTOROVICI’S INEQUALITY 

(         ) (
  

  
 

  

  
*  

(   ) 

   
(     )

  

(              ) (
  

  
 

  

  
 

  

  
*  

(   ) 

   
(        )

  

(                ) (
  

  
 

  

  
   

  

  
*  

(   ) 

   
(          )

  

           ,   -                        
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CALLEBAUT’S INEQUALITY 

(∑    

 

   

+

 

 (∑  
     

   

 

   

+(∑  
     

   

 

   

+   

 (∑  
   

  
   

 

   

+(∑  
   

  
   

 

   

+  (∑  
 

 

   

+(∑  
 

 

   

+ 

                                    

 

DIAZ – METCALF’S INEQUALITY 

∑  
 

 

   

   ∑  
 

 

   

 (   )∑    

 

   

 

  
  

  
        ̅̅ ̅̅ ̅                                  

 

TURKEVICIU’S INEQUALITY 

                                                      

          

 

LYNESS – CARLITZ’S INEQUALITY 

                   

(        )  ,(   )  (   )  (   ) -(        ) 

 

CAUCHY – BINET’S IDENTITY 

(∑    

 

   

+(∑    

 

   

+  (∑    

 

   

+(∑    

 

   

+  
 

 
∑(         )

 

     

(         ) 

                        

LAGRANGE’S IDENTITY 

(∑  
 

 

   

+(∑  
 

 

   

+  (∑    

 

   

+

 

 
 

 
∑(         )
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WEIGHTED CEBYSHEV’S INEQUALITY 

(∑  

 

   

+(∑      

 

   

+  (∑    

 

   

+(∑    

 

   

+ 

(          ) (          ) – same orientation 

                 

GRUSS’ INEQUALITY  

|∑      

 

   

 (∑    

 

   

+(∑    

 

   

+|  
 

 
(   )(   ) 

                           

           ,   -            ,   -     

CÂRTOAJE’S INEQUALITY 

 

  
          

 

 
 

    
 

 

    
   

 

    
 

 

  √       
 

 

           (   )     

 

DICU’S INEQUALITY 

√       
  

  .
  

  
/
 

   .
  

  
/
 

     .
  

  
/
 

 
 

          

 
 

  ,   -                  

 

DRÎMBE’S REFINEMENT FOR CBS INEQUALITY 

(∑√    

 

   

+

 

 (∑(  
    

 )
 
 

 

   

+(∑(  
     

  ) 
 
 

 

   

+   

 (∑(  
 
   

 
)
 
 

 

   

+(∑(  
  

   
  

)
 
 
 

 

   

+   

 (∑  

 

   

+(∑  

 

   

+        
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MITRINOVIC’S INEQUALITY 

    (     )        √                      (     ) 

WEIGHTED JENSEN’S INEQUALITY 

 (
                

          
*  

   (  )     (  )       (  )

          
 

  convexe on                                 

BORDEN’S INEQUALITY 

(∑   
 
   )∑   

 
   

∏   
   

   

 
(∑   

 
   )∑   

 
   

∏   

   
   

 
(∑ (     )

 
   )∑ (     )

 
   

∏ (     )
(     ) 

   

 

KARAMATA’S INEQUALITY 

 (  )   (  )     (  )   (  )   (  )     (  ) 

  convexe on                               

                         

                                              

                      

DRÎMBE’S INEQUALITY 

 (  )   (  )   (  )   (  )   (  )   (  ) 

  increasing and convexe on ,    )       ,    ) 

EXPONENTIAL INEQUALITIES 

   .  
 

 
/
 

     .  
 

 
/
 

   4  
  

 
5       | |    

      ( )    

  

  
      .  

 

 
/
  

 
 
     (   ) 

       
  

 
            

  

 
     

      
 

 
   ,      - 

      
 

 
   ,   - 
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             (   ) 

 
 
 (   )    ( 

 
   *       ,   ) 

           (  
 

 
*
 

  
  
        (   ) 

                           

        
       

LOGARITHMIC INEQUALITIES 

   

 
     

    

  
          ( 

 
   *      (   ) 

  

   
   (   )  

 

√   
     

  

   
   (   )  

 

√   
   (    - 

  (   )  
 

 
     ∑

 

 

 

   

       

  (   )  
 

 
   ,      - 

  (   )  
 

 
   (    -  (      ) 

  (   )    
  

 
 

  

 
   ,      - 

  (   )    
  

 
 

  

 
   (    )  (      ) 

  (   )     
  

 
 

  

 
   ,      - 

  (   )     
  

 
 

  

 
   (    )  (      ) 

BINOMIAL INEQUALITIES 

   8
  

  
 
(     ) 

  
9  .

 
 
/  

  

  
 

(  ) 

  
 

.
 
 
/  

  

  (   )   
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 .

 
 
/ for √      

  

√  
(  

 

  
*  .

  
 

/  
  

√  
(  

 

  
* 

.
  

  
/ .

  

  
/  (

     

     
* for                 

√ 

 
  .

 
  

/      
   ( )

√    (   )
  

 ( )       ( 
 (   )   ) 

∑.
 
 
/

 

   

       ∑.
 
 
/

 

   

          

∑.
 
 
/

 

   

 .
  

 
/
 

       

∑.
 
 
/

 

   

 .
 
 
/ (  

 

      
*  

 

 
     

.
 
  

/  ∑.
 
 
/

  

   

 
   

    
.
 
  

/    (  
 

 
* 

USEFUL INEQUALITIES 

                    ,   ) 

 

(   ) 
 

 

(   ) 
 

 

    
     (   )       

     

        
 

   

 
     (   ) 

  

        
 

    

 
     (   ) 

√         
√ 

 
(   )      ,   ) 

√         √ (        )       

BASIC INEQUALITIES 

I. Inequalities can be proved by equivalence: 

1)       
(   ) 

 
     (Basic BCS inequality for 2 numbers) 
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 √
     

 
 

   

 
 √   

   

   
 

 
 

 
 

 

 

 (Basic RMS-AM-GM-HM inequality for      ) 

 
   

 
 √

     

 
     

   

   
 with       such that       

2)          
(     ) 

 
          

 ⟨
  (              )  (        )      (     )

 
  

 
 

  

 
 

  

 
 √ (        )        √ (        )            

 

3)                      

4)                      such that         (special case:         – Cauchy’s 

inequality for 3 non-negative numbers) 

5) (     )(     )  (     )   (Basic Bunyakovsky’s inequality) 

6)         (   )      such that       

  (     )  (   )     (   ) for       

7)  (        )           (           )     

 √         
     

   
     

   

   
 with       

8) 
 

   
 

   
 

(   ) 
 with real numbers     such that      (special case:      ) 

9) 
 

   
 

 

   
 

 

   
 

 

 
 with         (Nesbitt’s inequality)   This is even true for real 

numbers       such that           . 

10) (   )(   )(   )  
 

 
(     )(        )       for        . 

 ⟨
     (     )(     )(     )                                  

 (     )                    (                                                )
 

11) 
  

 
 

  

 
 

(   ) 

   
 with         (Basic Bunyakovsky Cauchy-Schwarz inequality) 

* Also, from this inequality we have the chain: 
  

 
 

  

 
 √ (     )       √   for 

     . 

12) ⟨
  (     )  (   )(   )   (     )             

  (        )  (     )(     )   (        )                 
 (Basic 

Chebyshev’s inequality) 

13)                         with       
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* More general:                         for              

14)  (     )  (     )(     ) with                      

                     for              

15)          
 

 
(   )           

 

 
(   )         

        

         
 

 
 with real 

numbers            . 

16) √      √      √(   )  (   )   (Basic Minkovsky’s inequality) 

17*) 
 

(   )  
 

 

(   ) 
 

 

    
 with       (The equality happens iff      ) 

18) Consider  (   )  
 

     
 

     
 

    
 with      . If      then  (   )   ; if  

     then  (   )   . 

19) 
 

    
 

 

    
 

 

    
 with       

20) (        )(     )       *                       + with  

        

21) (        )  (     )(           )          

22) 
 

   
 

 

   
 

 

   
 

 

 
 

 

   
 

 

   
 

 

   
 with         

23*)(        )   (           ) (Vasile’s inequality) 

24) 
 

       
 

 
 with     

 

     
 

     
 

     
 

 
                 . 

25) (     )                          

II. Some familiar Inequalities, lemmas and techniques: (ascending by higher level) 

a) For junior – early – senior: 

1) √
  
    

      
 

 
 

          

 
 √       

  
 

 

  
 

 

  
   

 

  

 with                  and 

         

(RMS-AM-GM-HM inequality for   positive numbers) 

  If            are positive real numbers that             then with same condition 

for    we have: 

                   
     

     
    (Weighted AM-GM inequality) 

2) For real numbers       (         ) we have:  

(  
    

      
 )(  

    
      

 )  (                )
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(Cauchy-Schwarz inequality)  
  
 

  
 

  
 

  
   

  
 

  
 

(          ) 

          
        

 
  

 

  
 

  
 

  
   

    
 

  
 

  
 

  
 √ (  

    
      

 )                   

3) Let            

⟨
                     (                )  (          )(          ) 

                     (                )  (          )(          )
 

(Chebyshev’s inequality) 

4) If        (                    ) then we have: 

(                )(                ) (                )   

 ( √             
  √             

    √             
 )

 
 

(Hölder’s inequality) 

Ex:  (   )(   )  (√   √  )
 
            

 (     )(     )(     )  (√     √     √    )
 
                      

 ⟨

 
  
 

  
  

  
 

  
    

  
 

  
  

  

  

 
  

  

   
  

  

          (         )         

 √
  
    

      
 

 

 

 
          

 
                     (                     )

 
 

  
  

 

  
    

 

  
 
 

  

(         )
 
          (         )  

 

  
  

 

  
    

 

  
 
 

    

(          )
 

 

  Let    and     (         ) and real       such that       . Then we have: 

(  
 
   

 
     

 )
 

  (  
 
   

 
      

 )
 

                     (General Hölder’s 

inequality) 

5) Let         (         ) and any    . Then we have: 

(  
    

 )(  
    

 ) (  
    

 )  √(          )  (          ) 
 

 

(Minkovsky’s inequality)   similarly for 3 variables           . 

6) For any      we have: ⟨
 (   )                        

 (   )                
  (Bernoulli’s 

inequality) 

7) For any positive integer   and         we have:  

  (   )(   )    (   )(   )    (   )(   )    
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(Schur’s inequality)   This is also true for real     and equality happens iff       or 

(     ) (     ) with    . 

  Case     – Schur deg  : All forms: (      will be discussed in later part) 

                 (   )    (   )    (   )  (     )        

  (     )(        )           
    

     
  (        )   

 (     )(                 )   ,  (   )    (   )    (   )- 

     (     )(     )(     ) (Well – known result) 

 (   ) (     )  (   ) (     )  (   ) (     )    

  (        )  (     ), (        )          - 

  (        )        (     )  

* 
 

   
 

 

   
 

 

   
 

    

(   )(   )(   )
   

 
 

 
 

 

 
 

 

 
         

 

 
 

 

 
 

 

 
 for              . 

 (           )(           )  (              )(        ) 

  Case     – Schur deg  : All forms: 

             (     )    (     )    (     )    (     )   

              (     )  (        )(        ) 

  (        )  (        )  
    (     )

                 
 

    

     
 

* ,(   )(     )-  ,(   )(     )-  ,(   )(     )-    

  Let              . Then we have:  

 (   )(   )   (   )(   )   (   )(   )    iff       and: 

                                              

                                        √  √  √  

                

(General Vornicu – Schur inequality) 

8) 
 

(   ) 
 

 

(   ) 
 

 

(   ) 
 

 

 (        )
  for        , no 2 of which are  . (Iran 96 inequality) 

9) (        )   (           )  (Vasile’s inequality)   The equality happens iff 

      and also for (     )  .        

 
         

 
        

 
/ or any cyclic permutation. 
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10) Let    and     (         ) such that: 

                           

                                               

                                 

For      we have: ∑    

  
      

      

   ∑    

  
      

      

  , where (          ) are all the 

permutations of (       ) 

(Muirhead’s inequality) 

E.g:         (   )                      

                                                

            (     )                        

                      

b) For senior and higher classes:  

1)   If [
                     

                     
 and (          ) is an arbitrary permutation 

of (       ) then:                       
      

        
. 

  If            and            then:  

                      
      

        
  

 (                )  (          )(          ) 

(Rearrangement inequality) 

2) * Convex function: If       such that       then  ( ) is called a convex function on 

 (   )    iff          we have:  (       )    (  )    (  ) 

* Concave function: If       such that       then  ( ) is called a concave function on 

 (   )    iff          we have:  (       )    (  )    (  ) 

* If  ( ) is a convex function on interval     then for any      (         ) we have: 

 .
          

 
/  

 (  )  (  )    (  )

 
  (Classic Jensen’s inequality) 

* If  ( ) is a convex function on interval     then for any       (         ) and  

     we have: 

   (  )     (  )       (  )

          
  (

                

          
* 

And if  ( ) is a concave function then the inequality is reversed. (General Jensen’s inequality) 
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    If  ( ) is a convex and continuous function on interval     then for any  

      (         ) and    (   ) such that              we have: 

   (  )     (  )       (  )   (                ). And if  ( ) is a concave 

function then the inequality is reversed. 

* The classic inequality is a special case from the general one with            

* Let    and     (          )     (   ) such that: 

_                        

_                                               

_                                 

If  ( ) is a convex function on   then we have:  

 (  )   (  )     (  )   (  )   (  )     (  ) (Karamata’s inequality) 

* If  ( ) is a convex function on     then for       (         ) we have: 

 (  )   (  )     (  )   (   ) (
          

 
*   

 (   ), (  )   (  )     (  )- where    
  

   
 

          

   
   (         ) 

(Popoviciu’s inequality) 

3) Define                          with       are any real numbers. If 

  √      then we have: 
           

  
   

           

  
 

  The minimum and maximum happens iff   of   variables       are equal. 

4) * Let  (     ) be a symmetric polynomial of degree   with        . Then:  

 (     )     (     )  (     )  (     )    (SD3 theorem) 

* Let  (     ) be a cyclic homogeneous polynomial of degree   with        . Then: 

 (     )     (     )     (     )     (CD3 theorem) 

  Let   (     ) be a cyclic homogeneous polynomial of degree    (       ) with       

 . Then   (     )      (     )    and   (     )   . 

5) (S.O.S technique) Define     (   )    (   )    (   ) , where          are 

functions with variables      . Then     iff: 

*            

*                            
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*                                   

*                             

*                             

  Consider  (     )   (   )   (   )(   )     (*) 

* If  (     ) is symmetric then to prove (*) is true, we assume that       or  

     *     + or      *     + and prove that      . 

* If  (     ) is cyclic then to prove (*) is true, we assume that      *     + or  

     *     + and prove that      . (S.S technique) 

c) Some identities: 

(*) Some useful identities and inequalities which can be proved by S.O.S, S.S technique: 

1)           (   )  
 

 
 

 

 
   

(   ) 

  
 

 √ (  
    

      
 )  (          )  

∑ (     )
 

       

√ (  
    

      
 )  (          )

 

For     √ (     )  (   )  
(   ) 

√ (     )    
 

For     √ (        )  (     )  
(   )  (   )  (   ) 

√ (        ) (     )
  

(   )  (   )(   )

√ (        ) (     )
 

 (     ) (
 

 
 

 

 
 

 

 
*    

(   ) 

  
 

(   ) 

  
 

(   ) 

  
 

 (   ) 

  
 (

 

  
 

 

  
* (   )(   ) 

2) (     )   (        )           (        )   

 
 

 
,(   )  (   )  (   ) -  (   )  (   )(   ) 

3)         (   )  (   )(   )  

 
 

   
 

 

   
 

 

   
 

 

 
 

(   ) 

 (   )(   )
 

(   ) 

 (   )(   )
 

(   ) 

 (   )(   )
  

 
(   ) 

(   )(   )
 

(      )(   )(   )

 (   )(   )(   )
 

  (        )  (     )(        )  (   )(   )  (   )(   )  (   )(   )  

  (   )(   )  (      )(   )(   ) 

4) (     )(        )       (   )(   )(   )        

  (   )   (   )   (   )    (   )  (   )(   )(   ) 

5)               
 

 
(     ),(   )  (   )  (   )  -   
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 (     ),(   )  (   )(   )- 

6) 
 

 
 

 

 
 

 

 
   

 

    
,(   ) (      )  (   ) (      )  (   ) (      )-   

 
(   ) 

  
 

(   )(   )

  
 

7) 
  

 
 

  

 
 

  

 
 (     )  

(   ) 

 
 

(   ) 

 
 

(   ) 

 
 .

 

 
 

 

 
/ (   )  

   

  
(   )(   ) 

8)                 (   )    (   )    (   )   

 
 

 
,(     )(   )  (     )(   )  (     )(   ) - 

 (     )(   )   (   )(   ) 

9) 
  

  
 

  

  
 

  

  
 (     )   

 
 

    
*(   ) ,(   )    -  (   ) ,(   )    -  (   ) ,(   )    -+ 

 
(   )    

   
(   )  6

 

 
 

(   )(   )

   
7 (   )(   ) 

10) 
  

 
 

  

 
 

  

 
 (        )  .

 

 
 

 

 
/ (   )  .

 

 
 

 

 
/ (   )  .

 

 
 

 

 
/ (   )  

11)                          (     )   (     )   (     )   

 
 

 
,(     )(   )  (     )(   )  (     )(   ) - 

 (     )(   )  (           )(   )(   ) 

(**) More identities:  

1) * 
    

   
 
    

   
 

    

   
 
    

   
 

    

   
 
    

   
         with       

* 
    

   
 
    

   
 

    

   
 
    

   
 

    

   
 
    

   
          with       

2) * 
   

   
 

   

   
 

   

   
 

(   )(   )(   )

(   )(   )(   )
 

* 
   

   
 

   

   
 

   

   
 

 (   )   (   )   (   ) 

(   )(   )(   )
 with       

3) * 
   

   
 
   

   
 

   

   
 
   

   
 

   

   
 
   

   
    with       

* 
   

   
 
   

   
 

   

   
 
   

   
 

   

   
 
   

   
 

 [ (   )   (   )   (   ) ]

(   )(   )(   )
 

4) * 
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*
     

   
 
     

   
 

     

   
 
     

   
 

     

   
 
     

   
  (     )  with       

5) (     )(   )  (     )(   )  (     )(   )    

(     )(   )  (     )(   )  (     )(   )    (   )(   )(   ) 

6) 
(   ) 

(   )(   )
 

(   ) 

(   )(   )
 

(   ) 

(   )(   )
   with       

7) 
    

   
 
    

   
 

    

   
 
    

   
 

    

   
 
    

   
    with       

8) * 
     

   
 
     

   
 

     

   
 
     

   
 

     

   
 
     

   
          with       

* 
     

   
 
     

   
 

     

   
 
     

   
 

     

   
 
     

   
  (     ),  (   )    (   )    (   ) - 

9) 
     

     
 
     

     
 

     

     
 
     

     
 

     

     
 
     

     
    

10) (     )            (   )(   )(   ) 

11)  (              )  (        )  (     )(     )(     )(     ) 

12) (           )  (           )  (   )(   )(   )∑       
    with 

        and     such that            (?) 

E.g: for     (           )  (           )  (   )(   )(   ) 

    (           )  (           )  (   )(   )(   )(     ) 

    (           )  (           )  (   )(   )(   )(                 ) 

13)   (   )(   )    (   )(   )    (   )(   )   

 
 

 
,(        )(   )  (        )(   )  (        )(   ) - 

14) If         such that       then: 
 

      
 

 

      
 

 

      
   

15)                      √(    )(    ), etc   

 
     

(   )(   )
 

     

(   )(   )
 

     

(   )(   )
  

 
(   )(   )

     
 

(   )(   )

     
 

(   )(   )

     
 

 

     
 

 

     
 

 

     
  

 
  

     
 

  

     
 

  

     
   

 

     
 

 

     
 

 

     
 

 

       
  

 
       

 (        )     
 (       )  (   )(   )(   ) 

  From the identity, there exists         such that: 
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    √
  

(   )(   )
    √

  

(   )(   )
    √

  

(   )(   )
. 

 And there exists triangle     such that:                         

16)                      √(    )(    ), etc   

 
    

(   )(   )
 

    

(   )(   )
 

    

(   )(   )
  

 
(   )(   )

    
 

(   )(   )

    
 

(   )(   )

    
    

 
 

    
 

 

    
 

 

    
   

  

    
 

  

    
 

  

    
    

 
 

    
 

 

    
 

 

    
 

 

       
 

       

            
  

 (       )   (   )(   )(   ) 

  If we substitute   
 

 
   

 

 
   

 

 
 we will get identity 15, so: 

From the identity, there exists         such that:   √
  

(   )(   )
    √

  

(   )(   )
  

  √
  

(   )(   )
. And there exists triangle     such that:                     . 

 Also if we let                   with         then        , so we have 2 

identities 17-18: 

17)                
 

   
 

 

   
 

 

   
 

 

   
 

 

   
 

 

   
    

 
√ 

   
 

√ 

   
 

√ 

   
 

√   

√   √   √    
 

18)                 
 

   
 

 

   
 

 

   
   

 

   
 

 

   
 

 

   
    

 
√ 

   
 

√ 

   
 

√ 

   
 

 √   

√   √   √    
 

  From identity 17, there also exists,         such that   
  

   
   

  

   
   

  

   
, 

similarly for identity 18. 

19)  (        )   (        )   (        )   (        )   

  (        )   (        )  (     )(        ) 

 (        )   (        )   (        )  (     )(        ) 
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20) (        )(        )(        )          , where  

                            

  (           )(           )  ,(   )(   )(   )-  

 
 

 
,  (   )    (   )    (   )-  

 

 
,(   )(   )(   )-  

 
 

 
,(     ) (              )  (        ) (        )- 

 ⟨
 (        ) (        )  (      )(      )(      )  ,(   )(   )(   )- 

 (     ) (              )  (      )(      )(      )  ,(   )(   )(   )- 
 

21)  (     )(     )(     )  ,  (   )    (   )    (   )      -   

 ,(   )(   )(   )-  

22)  ,  (   )    (   )    (   ) -  , (   )   (   )   (   ) -   

 ,(   )(   )(   )-  

23) 
  

     
 

  

     
 

  

     
 

 

 
 .

        

     
/
 

           or       or       

d) Useful lemmas:  

d. 1) If         such that       then: 

1)                   (          ) 

2) 
 

 
 

 

 
 

 

 
       

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
(       )   

 
 

 
 

 

 
 

 

 
         

 

 
 

 

 
 

 

 
 

3) 
 

        
 

 

        
 

 

        
   with      

4) 
 

       
 

 

       
 

 

       
   with      

5) * 
 

 (   )
 

 

 (   )
 

 

 (   )
 

 

 
 

 
 

 (   )
 

 

 (   )
 

 

 (   )
 

 

 
 

 

 (     )
 

 

 (     )
 

 

 (     )
 

 

   
 with       (*) 

6) 
 

        
 

 

        
 

 

        
 

 

 
 

7) 
  

        
 

  

        
 

  

        
   

8) Let                    then: 



DANIEL SITARU 
 

 273 MATH PHENOMENON RELOADED 

 

*         ⟨
  

 

 
  

  
 

 
   

 

 

               

9) 
 

     
 

 

     
 

 

     
   

 

     
 

 

     
 

 

     
 

 

   
 

 

   
 

 

   
    

 
 

   
 

 

   
 

 

   
 

 

    
 

 

    
 

 

    
   

 

   
 

 

   
 

 

   
 

(      
 

    
 

 

    
 

 

    
 

 

 
 

 

   
 

 

   
 

 

   
* 

10) (    )(    )(    )  (   )(   )(   )  (   )(   )(   )    

11) √(    )     √(    )     √(    )      (     ) with  

               

  Special case:       
 

 
 

 

 
 

 

 
 and without condition      . 

12) 
 

(   ) 
 

 

(   ) 
 

 

(   ) 
 

 

 
 

13) (     )    (        ) 

d. 2) If         such that         then: 

1)                     

2)            for      

3) 
  

   
  

   
  

     for        such that     

4) 
 

   
 

   
 

            

5)                
     

   
 

     

   
 

     

   
          with all      

6) 
 

       
 

 

       
 

 

       
 

 

   
 with all     

7) 
  

      
  

      
  

      
 

 
 with        such that     

8)    (        )    (   )  (        )     

with      
 

   
 

   
 

   
 

  
 

 

  
 

 

  
          

9) 
 

         
 

         
 

           

10)                   

11)                      
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12*) 
 

     
 

 

     
 

 

     
 

 

   
 with     

d.3) If                    then: 

1)            (     )         

2) 
 

 
 

 

 
 

 

 
       

3) 
 

    
 

 

    
 

 

    
 

 

 
 

 

(   ) 
 

 

(   ) 
 

 

(   ) 
 

 

 
 

4)                      

5) 
 

(   )   
 

 

(   )   
 

 

(   )   
 

 

   
 with     

 
 

(     )   
 

 

(     )   
 

 

(     )   
 

 

(   )   
  

with       and     (        )    

6) 
 

       
 

 

       
 

 

       
 

 

   
 with     

7) 
 

    
 

 

    
 

 

    
   

8*) 
 

     
 

 

     
 

 

     
   

d.4) If         such that            then: 

1)                √   √ 
 

 √            with      

2) 
 

 
 

 

 
 

 

 
 

 

     
 (     )   (        ) 

3) 
 

   
 

 

   
 

 

   
   

 

   
 

 

   
 

 

   
 

 

 
 

4)               

5)                    In case          the equality happens 

if[
       

  √                                   
 

d.5) If         such that                then: 

1) 
 

     
 

 

     
 

 

     
   

2)             {
             

 (   )(   )(   )   
 

3) 
 

   
 

 

   
 

 

   
 

 

 
 

4) (   )(   )(   )    
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5) 
  

 
 

  

 
 

  

 
          

  

 
 

  

 
 

  

 
 

  

             with     

6)             

d. 6) If         such that                then: 

1)                  
 

   
 

 

   
 

 

   
 

     

 
 

 

 
 

 

 
 

 

 
       

2) 
     

 
 

 

   
 

 

   
 

 

   
 

 

 
 

     

 
 

 

   
 

 

   
 

 

   
 

3) 
 

    
 

 

    
 

 

    
   

4) √   √   √     

5) 
 

 
 

 

 
 

 

 
       

6)                      

d.7) If         such that                then: 

1)                                         

2) 
 

 
 

 

   
 

 

   
 

 

   
 

 

 (        )
 

3)  (     )   (     )   (     )    

4) 
  

 
 

  

 
 

  

 
   

  

 
 

  

 
 

  

 
          

5)        .
   

 
/
 

  ; etc 

6)                    (     )        √  √  √           

d.8) If         such that           (        ) then: 
     

 
 √    

 
 

  the equality happens if (     ) (      ) with    . 

d.9) If         such that                then: 

1) Assume that (   )(   )    then:                       

2)    *        +       *     +    

• Inequalities with classic condition (like        ): 

d.10) If         then: 
 

 
 

 

 
 

 

 
 

     

√   
  

d.11) If              then: 
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d.12) If        , no 2 of which are   then: 
     

   
 

     

   
 

     

   
   

        

     
 with 

      

d.13) If         then: 
 

 
 

        

        
 

 

   
 

 

   
 

 

   
 

        

 (        )
   

d.14) If               then:  

 (   )   (   )   (   )   √(        )(        ) 

d.15) If           then:  

                                                (Turkevich’s 

inequality)  The equality happens if         and               or any 

cyclic permutation. 

d.16) If         then: 
   

 
 

   

 
 

   

 
  .

 

   
 

 

   
 

 

   
/ 

d.17) If       are sides of a triangle then:  

√ (     )  √  √  √  √      √      √      

d.18,19) If         then: 

* 
  

         
  

         
  

         
        

     
 

     

 
 

* 
  

         
  

         
  

               
 (        )

     
 

d.20) If         then:  

 

        
 

 

        
 

 

        
 

     

        
 

 

      
 

 

      
 

 

      
 

d.21) If         then: 
 

 
 

 

 
 

 

 
  √

        

        
 

d.22) If             then: 
 

     
 

 

     
 

 

     
 

 

   
 

d.23*) If     then:        
  

 
        .  

 

 
/
 

 

d.24) If                 then: ∑
  
 

  
              

 
 
    

          

 
  (       ) 

d.25) If         then: 
 

   
 

 

   
 

 

   
 

   

(   ) 
   

d.26) If         then:  

                 (        )                  (     ) 
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d.27*) If       are sides of a triangle then:    (   )     (   )     (   )    (IMO 

1983) 

d.28) If         and      then: 
  

     
  

     
  

     
    

     
    

     
    

        

 
  

  
 

  

  
 

  

  
 

  

 
 

  

 
 

  

 
       

d.29) If         then: 
 

  √(   )(   )
 

 

  √(   )(   )
 

 

  √(   )(   )
   

d.30) If         then: √
 

   
 √

 

   
 √

 

   
 

 

√ 
 

d.31) If       are sides of a triangle then:           (              ) (the equality 

happens iff       are sides of a degenerate triangle.) 

d.32*) If         and     then: 
 

 
 

 

 
 

 

 
 

    

    
 

    

    
 

    

    
 

d.33) If         then: 
 

 
 

 

 
 

 

 
 

    

(   )(   )(   )
   

d.34) If        , no   of which are   then: 
        

        
 

    

(   )(   )(   )
   (Jack Garfunkel’s 

inequality) 

• Inequalities with classic condition – part 2:  (denote                      

   ) 

Firstly, we have some identities about      : 

1)                

2)                       

3) (   )(   )(   )         (   )    (   )    (   )        

4) (   )(   )  (   )(   )  (   )(   )      

5)                    

6)                            

7)                          

8)   (     )    (     )    (     )             

9) Denote                            , then: 

* ,(   )(   )(   )-    

*             
      √ 

 
 if (   )(   )(   )    

      √ 

 
 if  



DANIEL SITARU 
 

 278 MATH PHENOMENON RELOADED 

 

(   )(   )(   )    

*             
            √ 

 
 if (   )(   )(   )    

            √ 

 
 if 

(   )(   )(   )    

10)     (     )      (     )      (     )                          

11)   (     )    (     )    (     )                             

12)                                           

• Some inequalities about the relation of      : 

1)              

2)          
  

 
(    )      

   

 
     

3)             
 (     )

 
      2  

 (     )

 
3 

4)            

5)             

6)                 

7)   
(     )(    )

  
      2  

(     )(    )

  
3 

8)   
 (     )

  
   

            

  
 

Combining inequality 3, 6, 8 and we get:  

   8
 (     )

  
 
            

  
9       8  

 (     )

 
 
(     )(    )

  
9 

9*) 
          √ 

  
   

          √ 

  
, with        . This result comes from solving the 

inequality                               with variable  .  

 From this result, by AM-GM we have: 

*               √          
 (     )(     )√  (     )

 (     )
 

 
  (      )(     )  (     ),(     )    (     )-

 (     )
  

 
(     )(              )    (     ) 

 (     )
 

(     )(             )

 (     )
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*               √          
 (     ).   

 

 
 /√  (     )

 .   
 

 
 /

 

 
 (       )(      )   (     ) [.   

 
  /

 

   (     )]

 (      )
  

 
(      ), (       )  (     )(      )-     (     ) 

  (      )
 

 
(      )(             )     (           )

  (      )
 

    (    )

  (      )
 

So we have the chain: 
  

  
 

  (    )

  (      )
   

(     )(             )

   (     )
, more interesting, the third 

inequality is stronger than Schur deg   and  , since: 

(     )(             )

   (     )
 

 (     )

 
 

(     )(     )(    )

   (     )
   in case       

(     )(             )

   (     )
 

(     )(    ) 

  
 

(     ) (     )

   (     )
   

Hence we can also conclude that:      2  
(     )(             )

   (     )
3 

Further more, we can write inequality   as: 
         √ 

  
   

         √ 

  
 

 
(  √ )

 
(   √ )

  
   

(  √ )
 
(   √ )
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