DANIEL SITARU

=1+ cos(x —y) —siny —sinxcosy — cosx
By Hadamard’s inequality:
(detA)? < (sin® x + cos? x + 1)(1 + sin? y + cos? y) (12 + 12 + 12)
(1+ cos(x —y) —siny —sinxcosy —cosx)? <2-2-3 =12

SOLUTION G.078.

tan 20°tan 30° _ V3 sin20°cos 10°
tan10°tan 50° 3tan50° sin 10°cos20°

V3 sin 20°sin 40°sin 80° cos40° _
cos 80° cos 40° cos 20° sin40°

~ 3tan50°
V3 sin20°sin40°sin 80°
~ 3tan50° cos 20° cos 40° cos 80° cot40” =
V3tan50°  8sin®20°sin40°sin80°
8 sin 20° cos 20° cos 40° cos 80°

- 3 tan 50°
_ ﬁ . 8sin? 20° - %(cos 40° — cos 120°) _
3 4 sin 40° cos 40° cos 80°

. 1
V3 4sin%20° (cos 40° + 7) V3 1
=—" p =—-4s5i 20°( 40° —)
3 sin 20° g Asme0{cosdliH 3

V3
— (4 sin 20° cos 40° + 2 sin 20°) =

wla

(4 —(sin 60° — sin 20°) + 2 sin 20°) =

V3
=— (2 sin 60° — 2 sin 20° + 2 sin 20°) =

=1 = tan 20°tan 30° = tan 10°tan 50° (1)

“|%
N
Nlﬂ

A
xtan20°+ ytan30° >
= 2,/xytan 10°tan 50° = 2./(x tan 10°) - (y tan 50°)

1
2,/xytan20°tan 30° =

GM-HM
2 4 4xy
2. = 5 5 = 2
1 + 1 cot 10 +cot 50 x cot 50°+y cot 10° ( )
xtan10°  ytan50° x y

B ° ° 4yz
Analogous: y tan 20° + z tan 30° > 5 oot 50°+2 ot 10° (3)
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ztan 20° + x tan 30° > dox 4)

zcot 50°+x cot 10°
By adding (2); (3); (4):

V3 Xy
S +tan20°)>4)
(x+y+z)<3 +tan 0>> xcot50° + ycot10°

cyc

SOLUTION G.079.
sin2x <1 = sinxcosx < i = sin?xcos? x < i (1)

sin® x + cos® x = (sin? x + cos? x)3 — 3 sin? x cos? x (sin? x + cos? x) =

€))
=1 - 3sin® xcos?x > 1——=— 2)

(sin? x + csc? x)3 + (cos? x + sec? x)3 =
1 1 ) 1 4 1 (i)
sin? x sin®x cos®x —

)+3(coszx+ >
cos? x

=sin®x 4+ cos®x + 3 (sinzx +

>1+3+3< t 1 )+( 1 |1 )AM;GM13+
4 sin?x cos%x sin®x cos®x/ — 4

2 sin® x + cos®x W:@ 13 6 Y 13 125
= +— > — 4 = +124+16="——

sinxcosx  sin®xcos®x 4 1 5 4
2 (3)
. 1
(sin? x + csc? x)3 + Z (cos? x + sec?x)3 > 4-T= 125

cyc(x,y,z,t) cyc(xy,z,t)

Equality holds forx =y =z =t = %.

SOLUTION G.080.

31'l'+ 4-11'_2 V411 T . (n' 711) T
sm11 s1n11 sm22 cos cos (5 — 55 )e0s o =
=2cosZcosZ =2 cos—sm (—— 1) = 2 cos Z sin = (1)

1 22 22 11 11
x? y?  BERGSTROM (x + y)? @ (x+y)? aM-6M
+ > = =
. 31 4m 3 n 4m 2 27 5w
singg singy sing7 +sing7 cos 37 singg

4xy AM;GM 4xy _ 8xy

2m . ST 21 5m\> [ 2m 51

~ 2cosZTsin 2T cos 2T + sin 2% cos == + sin

1171 2 11 11 ( 11 11)

2
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.1 ,
> =
(cosz—n + sin 5—”)2 (cos 2m + sin 5—”)2
11 11 11 11
SOLUTION G.081.
1 m+1 1 m+1
(sin2x+ — ) +(coszx+ > ) =
sinZ x cos? x
m+1 m+1
(sin2 X+ = 12 ) (COS2 X+ -2 )
_ sin? x n cos? x -
1m 1im -
1 1 m+1
=2 2
RAI;ON (sm X +cos“x+ sinZx | cosZ x) _
- 1+1)m
(1 cos? x + sin? x)m+1 1 m+1
sin? x cos? x ( sin? x cos? x)

2m m
1 4 m+1 1 m+1
=—\1+——— >—(1+4)m1 =
2m ( + sin? Zx) —2m 1+4) 2m

SOLUTION G.082.

. ) 1 ) 1
smzx+sm2y=§=>1—coszx+sm2y=§

1, . 1, .
cos?x = 5+ sin? y. Analogous cos?y = 5+ sin? x

sin? y

1, .,
7+sm X

in2 x sin2 AM-GM 4 02 i 2
tanx -tany = (1 s"; o ?’2 s 3 2 el 4 (1)
E+sm y)(§+sm x)

1 . 1 .
gtsinx  S4sin?y

AM-GM 4

sinZ x . 1
tanx = |3 ‘1 < =|sin®x+3 (2)
E+sin2 y 2 i+sin2 y
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AM—-GM 4 1
s a2
< Z|sin“y+
2( y %+sin2x

sinZy

tan Y= %+sinZ X

> (3)

By adding (1); (2); (3):

1 - 2 1 - 2

1 7 tsin“x 5+siny

tanx-tany+tamx+tany<E(sin2x+sin2y)+1 +1 =
5+sin?x 5 +sin’y

+1+1—1+2—9<3
4 4

N =
N =

SOLUTION G.083.
sin? x N sin? y N sin? z N
1+sin?2x (1+sin?2x)(1+sin?y) (1 +sin?x)(1 + sin? y)(1 + sin? z)

1 1+sin2x—1+ 1+sinfy—1 N
8sinxsinysinz 1 +sinZx (1 + sin? x)(1 + sin? y)

1+sin?z—-1 1
+ (1 + sin? x)(1 + sin? y)(1 + sin? z) + 8sin xsinysin z -
1 1 1 1
1 +sinZx + 1+sin2x (1 + sin2 x)(1 + sin2 y) + (1 + sin? x)(1 + sin? y) B
1 1
" (1 +sin2 x)(1 + sin2 y)(1 + sin? z) + 8sin xsinysinz -
1 1
=1- (1 + sin? x)(1 + sin? y)(1 + sin? z) + 8sinxsinysinz —

AM~-GM 1 1
= 1-5— - — + o - —=1
2sinx-2siny-2sinz 8sinxsinysinz

By hypothesis: LHS< 1 =>LHS=1

1[4
sinx=siny=sinz;x=y=z=§

SOLUTION G.084.

sinx cosx 1

Letbe A = ( .
1 siny cosy

) € M2,3 (R)
sinx 1
AT = (cosx sin y) € M3,(R)

1 cosy

A-AT—<Sinx cosx 1 ) cos x Silll
~\ 1 siny cosy y
1 cosy
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4.4 = sin® x + cos?x + 1 sin x + cos xsiny + cos y
sinx + sinycosy + cosy 1+ sin?y + cos?y
A AT—( 2 sinx+sinycosx+cosy)
~ \sinx +sinycosx + cosy 2

By Binet Cauchy’s theorem: det(A - A7) > 0
4 — (sinx + sinycosx + cosy)? > 0
(sinx + siny cos x + cos y)? < 4

|sinx + sinycosx + cosy| < 2

SOLUTION G.085.

Letbef (0 Oo)ﬁRf(X)_m

_ 1 ian? S S
+ 5z tan 1+x) 1+(1+x)2tan X

1
(tan~1(1 + %))

oy A+@+x)tan ' (1 +x) - (1+x*)tan"'x
&) =—ar®a+ A+ 0D anT1+ 0

1+(1+x)?> 1+x2}
tan 1(1+x) >tan 1x

>A+@+x)HDtan 11 +x)> @ +x¥)tan1x

f increasing. By Mac Laurin’s inequality

\/_< /ab+bc+ca f

tan 11

f( be) < f(1) = tan-12 4tan‘12

tan~1(Vabc) __ T
tan-1(1 + Vabc) ~ 4tan~12

4(tan~12) tan~1(Vabc) < mtan1(1 + Vabc)

f(x) =

because:

SOLUTION G.086.
We use the relationship: cos® x = 10+15 cos 2x+6 cos 4x+cos 6x
32

10 + 15 cos 2x + 6 cos 4x + cos 6x = 32 cos® x. By summing:

30+ 152 cos2x+6z cos4x+Zcos6x=

cyc cyc cyc
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_ 6 6 6,y MM .23 6 6 6, —
=32(cos®x + cos®°y +cos®z) = 32 3\/cos xcos®ycostz =
V2

= 96 cos? x cos® y cos?z = 96 - <7>

2
2

152c052x+62cos4x+26x248—30= 18

cyc cyc cyc

SOLUTION G.087.

3Zc052x+4z sinxsiny=1>= BZ(l—Zsinzx) +4Zsinxsiny= 1

cyc cyc cyc
9 — 62 sin? x + 42 sinxsiny =1
cyc cyc
32:(sinZ x) — ZZ sinxsiny = 4
cyc cyc

Z(sinx + siny — sinz)? = 4

cyc
(sinx + siny — sinz)? + (sinx — siny + sinz)? + (—sinx + siny + sinz)? = 4
y y y
(sinx + siny —sinz)? + 4 + (—sinx + siny + sinz)? = 4
(sinx + siny — sinz)? + (—sinx + siny + sinz)? = 0

{ sinx +siny—sinz=0
—sinx +siny +sinz=0

siny=0=>y=kmkeZl
T
sinx=sinz=1:>x=z=(—1)"‘§+mn';mEZ

SOLUTION G.088.

(a+a)b+b)c+c')=abc+ab'c +abc+ab'c+abc’" +a'b'c+abc’ +ab'c’ >

AM-GM
> abc+a'b'c +6%(abca’b'c)? = abc +a'b'c’ +6\Vabca'b'c' =

= 8vVabca'b'c’ + abc+ a'b’'c’ —2vVabca'b'c’ =

RR’ 2
— 12 NPV _ T ! >
64\/64RR,abca b'c' + (Vabc —Va'b'c’) =

+ (Vabc - \/a’b’c’)2 =

EU;ER 61 , abc a'b'c’
= 4R Tar
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abc a'b'c
—64-\/1'1'55 + 4 \/ER_\[‘I-R’ ‘R =

2 2
= 64r1'Vss' + 4(VSR —VS'R’)" = 64r1r'Vss' + 4(VRrs —VR'r's’)
SOLUTION G.089.

2sin?xcos?x 2tan®x 2tan?x 4mM-G6M 2 tan? x

tany = 2sin’x = = = < = tanx
Y cos2 x 1 1+ tanZ x 2 tan x
cos?x
tany<tanx=y<x (1)
3sin®ycosy 3tan3ycos*y 3tan3y
tanz = —— Zv  cind 2v =
sin*y+cos“y sIn*y+ cos“y tant
an*y + 7
cos?y
3tan3y am-6mM 3tan®y 3tandy .
= < = = tan
tan*y+tan?y+1 33/tanby 3tan’y Y
tanz<tany=2<y (2)
. 4 sin* zcos? z 4tan*z 4 tan* z AM-GM
anx = — = i =
sin*z + cos* z 1 (sm4 N 1) (tan*z + 1)(1 + tan? z)
cos?z\cos*z
4tan*z

< =tanz
2tan?z-2tanz

tanx <tanz=>x <z (3)
By(1);(2);(3):z<y<x<z=>x=y=12z
(4 1 (4
2sin’x =tanx;x € (0,—):>Zsinx=—:>sin2x= 1=>x=—
2 cos X 4

Solution: x =y =2z = %

SOLUTION G.090.

1
cos” x = a(cos7x+ 7 cos5x + 21 cos3x + 35cosx) >

AM-6M 1

> vl 646f/cos 7x - (cos 5x)7 - (cos 3x)21 - (cos x)33

(cos” x)®* > cos 7x - (cos 5x)7 - (cos 3x)?1(cos x)35

cos**8-35 x > (cos 3x)%! - (cos 5x)7 - cos 7x

cos*13 x > (cos 3x)?1 - (cos 5x)7 - cos 7x
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SOLUTION G.091.

Wg = hg;wy > hy;we > he

zaw3> “h%‘—z h —Z 25—225—65—6
n, 2 o ah,= ) a-—= = 6S = 6rs

, 486r 486 486
It remains to prove: 6rs > 2r? T o3s>r [ o952 >r2. =L o s?R > 54r3
Euler MITRINOVIC
s’R > s*2r = (3\/_r) - 2r =27r% - 2r = 5413

SOLUTION G.092.

my = hg;my > hy,;me > h,

am, ah, z
> = =
Z h, ~ Lih, @=2s

It remains to prove: 2s > 2+/3v/3S < s? > 343§

s? > 3/3rs © s > 3+/3r (Mitrinovic)
SOLUTION G.093.
S S S

ara_l_m_l_&:a's—a+b's—b+c's—c
ha hb hc E E E
a b c
1/ a? b? c2 \ BERGSTROM
== + + >
2\s—a s—-b s-c
1 (a+ b + c¢)? (a+b+c)2 (a+ b+ c)?
== = =a+b+c
2 s—a+s—b+s—c 2s a+b+c

SOLUTION G.094.
Let be f: (1,) - R; f(x) = x? sinl; f'(x) =2x sin1 + x? (—xiz) cosl = szinl - cos%
f'(x) = xcos- (2 tan———) > 0 because: tan > = 2tan > tan > =

f increasing; Vab < == = f(Vab) < f (a+b)

ab sin <\/c11_b> < (a :b)zsin (ai b)

in( )

(1). Analogous: il )_ (b+c)2 ():

sin

sin(zrg)
sl L) =

sin (c+a)2 ( )

(@)
(7

1 2 2
m) (a +b)

(S
a\~+\~
o o
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n

By multiplying (1); (2); (3): Sl.

N

S (e
n(\/%) sin(\/%) sin(\/%) ~ \(a+b)(b+c)(ct+a)

SOLUTION G.095.

1 1 1
LetbeA=<ma my mc)

ha hb hc
1 1 1
detA=|m, m, m; =myh.+mh,+mh,—myh, —m.h,—m.h, =
ha hb hc
1 1 1

m, m, m
= ma(hb - hc) + mb(hc - ha) + mc(ha - hb)
By Hadamard’s inequality: (det 4)? < (1* + 1% + 12)(m2 + m} + m2)(h2 + h% + h?)

(mq(hy — he) + my(he — hy) + me(hg — hy))” < 3(mZ + m2 + m2)(h% + h2 + h2) =
3 9
=37 (a® +b? +c?)(h2 + hi + h?) = 2 (@ +b? + c?)(h2 + h% + h2)
SOLUTION G.096.
Ifx<y=xsina+(1—-sina)y=sina-(x—y)+y<y<,x%+y?
Ifx>y=>xsina+ (1-sina)y=_1-sina)(y —x) +x < x <.x?+y?

xsina+ (1-sina)y <./x2+y? (1)

Analogous: zsina + (1 —sina)t < Vz2 +t?2 (2)

AM-QM
By adding (1); (2): (x + z)sina + (1 —sina)(y +t) < /22 + y2 +Vz2 + 2 <

2
<2\/(,/x2+y2) +(\/zz+t2)2_\/22 X2+ y? 472 4 12

- 2 L vZ 1 22 4 2
> > V2(x2 + y2 + 22 + t2)

SOLUTION G.097.
First, we prove thatifx <y < zthen:§+§+§2 §+§+§ (1)

x x2—y* y*—-z> z2—x
-——20; 4 +y + =0
z Xy 2y Xz

+

v,y 7.7
X z y Xx

zxX2—y) +x(y? -z +y(z* —x*) >0

x
y

x’z—zy?* + xy*? —xz> + yz> —yx* > 0
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xz(x—z)+y*(x—2z)+yz—x)(z+x)=0
x—2)(xz+y*>*—yz—yx) =0
(x—-2)[yly—-x)—z(y-x]=0

x—2)y—x)(y—2)=0
(z—-x)(y —x)(z—y) = 0 which is true because, z — x > 0;y—x>0,z—y >0
Bya<b<c=>m,=>m,=>m, = 3m, <3m, <3 m,

We take in (1): x = }/my;y = /my; 2z = 3/m,

PR T L T

s Yme | | g Yo,

sj&pjﬂpjﬁ_sjﬁ_ -'*jﬂ_ sj&< )
m, m, m, m, m, my
SOLUTION G.098.

Let be f: (0,) - R; f(x) = x% f'(x) = 5x% f"(x) = 20x3 > 0 = f concexe

JENSEN 5
By Jensen’s inequality: ¥ am3 = 2s Y. (a+b+cm§l) > 2s) ( ) 2 )4 - (X am,)’

Y am? 1 MITRINOVIC 1 1

Cam,s - @) < 33 >4=729R4

2—R

SOLUTION G.099.
a<b<c=>h,=hy,>h,> 3)p,qeR
h, =ph;ha=qh, (p=q=1)

Letbe f:(0,0) - R
f@=p*"-q¢*+1-(P-q+1* (p=q=1);q-fixed
f'(p) =20p° -20(p—-q+ 1) =20
because:q>1=>0=>—q+1=>
p2p—q+1=>pP>(p-q+D" >
20p° -20p—q+ 1P >0=>f(p)=0
f increasing; p = q = f(p) = f(q)
P*-q*+1-(p-q+1*° 2
>p?-p*+1-(p-p+1D** =0

150 MATH PHENOMENON RELOADED




DANIEL SITARU

P -q*+12(p-q+1*
(Ph)?° — (qh)*° + hZ° = (ph. — qh. + h)*°
h2% — h2° + h2° > (h, — hy, + h)?°
SOLUTION G.100.

4 (Z mq(hy — hc)>2 <4 (Z mﬁ) (Z(hb - hc>2> =

cyc cyc cyc

e ) (g )

Remains to prove:

(ze)gns) {2z

2
(Z(hb - m)) <3) 2

cyc cyc

ZZhg—ZZhahb<3Zh5

cyc cyc cyc

~2%cychahy < Xeychl (1)
But: =2 ¥.cyc hahp < 0; ) h:2>0
hence (1) is true.
SOLUTION G.101.

Let be f:(0,00) - R; f(x) = ¥x = xé;

1 4 4 9
"(x) ==x5: f"(x) = ——2x 5
f'(x) Sx ;7 (x) st <0

f concave. By Jensen’s inequality:

1 2(s —a) 1 2(s—a)
521‘( c >3f<§z c >

cyc cyc
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LHS = Zf<(_a)> 3f Z—Z(S_a)

c
cyc cyc
Remains to prove:

3f ZM <3

c
cyc

5\/2(s—a) +2(s—b) +2(s—c)

c a b
3

2(s—a 2(s—b 2(s —

( )+(s )+(s C)S
c a b
s—a+s—b+s—c<3

c a b — 2
b+c—a+c+a—b a+b-c
2c 2a 2b

<1

o
|
T;:l

—+— +aab <0, alb>-c®)+b(c* —a?)+c(a®>-b*) <0
b’a — ac? + bc? — ba? +ca? —cb?* <0, (a—c)(b? —ba—cb+ac) <0
(a—c)(b—c)(b— a) < 0true by (1)
SOLUTION G.102.

By Radon’s generalized inequality:

a b8 c8 (a+b+c)®
+ + > 3278. =
TpTe Tcrg Talp TpTe +1rrg + 1,1y
8 8
_ l . (2s) _ 2_ 66 MITRI>NOVIC
36 s2 36 -
256 56
> 222 (3v3) rs -36.33r6 =256 - 27r° = 69121

SOLUTION G.103.
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1 (ar, bPr. cBr,\ 1[a® N b® N c8 RADON
64\ b2 ¢ a? ) 64\ b* 2 a®| ~
Tp Te Ta
1 1 (a+b+c)8 1 (2s)8

> .. = . =
T64 36 b 2 a? 20:-3% 4(R+T)
Ty r. rg

1 2868 MITRINOVIC (3\/§)8r8 312 . 48 368 72948
~28.36 R+r = 35(R+r) 3°R+r) R+r R+r
SOLUTION G.104.
By Wolstenholme’s inequality if x4, x5, x3 € R then in AABC holds:
x3 + x5 + x3 > 2x,x, c0S A + 2x,x3 cOS B + 2x3x, cos C
For x; = \[T T g; X2 = \[TqTp, X3 = /1T,
Tcrq + Tolp + TpTe = 274\[TpT COS A + 21 [T T4 cOS B + 21, [T, vy cos C (1)
It is known that r,1), + 1,1, + 1.1, = 5?
By (1):
2,/r,rpr.(JTacos A+ [y cos B + [T .cosC) < 52

2

\/r_acosA+\/r_bcosB+\/r_ccoscsz\/ﬁ=
3V3

s2 s MiTrINovic —— R 3+/3R
= —_— S —
2\Vrs?  24r 2\r 4r

SOLUTION G.105.
By Wolstenholme’s inequality if x4, x5, x3 € R then in AABC holds:

x2 + x% + x3 > 2x,x, c0S A + 2x,Xx3 cos B + 2x3x, cos C

For x -2 Xy = ——; Xy = —=
S N e N
b? c? a? 2bccos A 2cacosB 2ab cos C
—+—+—= + + (1)

Trp re Ta VTbTc VTcTa VTaTh
It is known that:

2 2 2
a—+b—+i——4(R+r).By(1)

Ta Tp c
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2bccos A N 2cacosB 2abcosC

+
JTpTe JTera JTalp

b2+c*—a* c:+a*—-b*> a?+b%-—c*
+ + <4(R+r)
T, T, T,

<4(R+r)

SOLUTION G.106.
Let R4, R;, R3 be the distances from I — incentre to vertex A, B, respectively C and r,7,,73
the distances from I to sides BC, CA respectively AB.
By Gueron'’s inequality (AMM-2001):

).1R1 + )'ZRZ + ).3R3 = 2(\/11127‘1 + \/12131"2 + ﬂlgllrl)
4T A,r Azr
fA+_ZB+_3czd i1 + Ay 5T + \[A3A,7)
Sins Sins  Siny
2 2 2
A Az

A
g+ —pt—¢2 2y + T35 + A51y)
siny  siny  siny

1 1 1
Forll =¥,AZ =b_2,).3 =C_2
1 1 1 1 1 1 2(a+b+c) 4s
+ 22(— — —) _ _
C ab bc ca abc abc

a? sin%4 b? sing c? sin 5
Equality holds fora = b = c.
SOLUTION G.107.
Let R4, R;, R3 be the distances from G — centroid to vertex A, B, respectively C and r{,7,,73

the distances from G to sides BC, CA respectively AB. By Gueron’s inequality (AMM-2001):
AlRl + AZRZ + ).3R3 = 2(\/).1).27'1 + \/).2).37'2 + 1/).3).17'3)

2 2 2 h h h
Algma‘klzEmb+).3§m(-22(w/).1}.2_a+ lzlg?b'i‘ ).3).1?(:)

3
Alma + Azmb + Agmc = W,AIAZha + w/lzl:;hb + Agllhc
1 1 1
Forll —ﬁ,).z —ﬁ, 13 = ﬁ

m, my m, ha hb hc

—t—=t+t—==2=+7="*3

Vb e e Vbc Vea Vab
Equality holds fora = b = c.
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SOLUTION G.108.
Let R4, R,, R3 be the distances from I — incentre to vertex A, B respectively C and r{,7r,,73

the distances from I to BC, CA respectively AB. By Gueron’s inequality (AMM-2001):

AlRl + AZRZ + AgR3 > 2(\/11127'1 + \//12/131"2 + \113111"3)
Alr Azr

Asr
A+ B+ 3622( Allzr+\11213r+vl3llr)

ins in+ ins
Siny Sy Sy

2 2 2
_1 + _ZB+ _3622(¢1112+J1213+\/1311)
smf sm7 smi
ForAl=x;AZ=y;A3=z:L+L3+ﬁ22(\/x_y+\/ﬁ+\/z_x)
2

siné sin
2 2

Equality holds for x =y =2z;A=B = C.
SOLUTION G.109.

. a b c 2(4R+1
Itis known that: —— + —— +—5— = ( 3 )
mpyme  memg  mgmy rs

(1)
By Wolstenholme’s inequality:
2x1X5 COSA + 2x,X3 COSB + 2x3x,cos C < x5 + x5 + x5 (2)

X1,X2,X3 € R in any triangle ABC.

ey = Vb Ve . _ Va . .
We take: x, = o X2 = Xy = e i 2):
2/b -+\/ccos A N 2+/c -JacosB N 2+/a - Vb cos C -
mZm,m, m,mim, momymZ
a b c W2M4R+1T)
S 2 ot o3 2 = 3
mpym? mimg mim; rs
2vVbccos A N 2+/cacos B N 2+vab cos C 1 - 2(4R+71)
m, my, m, momym,~  rs3
Vbccos A N vVcacos B N vab cos C - (4R + r)m,mym,
m, my, m, rs3
SOLUTION G.110.
MITRINOVIC GERRETSEN

s3=g5-s2 > 3V3rs? > 3V3r- (16Rr — 51%) = 3+/3r2(16R — 51)

33t aRn? rrep
ZR-marrsy < 3V3r*(16R — 57)

(4R+1)3<(16R—-5rN(2R—-1r)(2R+57), (4t+1)3 < (16t—-5)(2t—1)(2t +5)

It remains to prove:
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t == >2 (EULER), (4t +1)° < (32t2 — 26t + 5)(2t + 5)
64t3 + 48t* + 12t + 1 < 64t3 + 160t> — 52t?> — 130t + 10t + 25
60t? — 132t +24 >0, 10t>? —22t+4>0,5t* —11t+2 >0
5t2—-10t—t+2>0,(t—2)(5t—1) > 0 true because t > 2
SOLUTION G.111.
By Bernoulli’s inequality:
1+x)<14+ax;x>-1,0<a<1
Forx=p—-1,a=1—q

A+p-D"I<1+(1-q@(p-D=1+p-1-pq+q
pl“’<p+q—pq<p+q=>£<p+q

q~ _P_
p?>-- (1)

By (1):

(sin x)siny+sinz > sin x

(2)

sinx+siny+sinz

; sinz+sinx siny
(Sln y) > sinx+sin y+sinz (3)

(sin Z)sinx+siny > sinz

(4)

sinx+siny+sinz
By adding (2); (3); (4):

i i Zsiny—-l-zcosu
Z(sin x)simytsinz > 19 - Z(sin x) 2 2 >1

cyc cyc

sin—y+z cosy—_z
= Z:(sin2 x)%" 2 z >1

cyc
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SOLUTIONS
ANALYSIS

SOLUTION AN.001.

Ji F

p =sint;q = cost

1 1
Xpi1 = cosxn 1+3 2

3 \
3
Xn+1 = Cosxn 1t \/'—Slnxn—l/

1 1
Xni1 = ’9 4(smtcosxn 1 +costsinx, ;)
13 1
[Xpi1] = glsm(t+ Xn-)| < 36

n
13
X1X3 ot Xpl = |xq] - [2x2] s 2] < 36

n
0<| | < 13
X1X32 ... Xp 36

Q=1lim(x; - xp:...-x,) =0
n—->oo

Let be: p = ;P> + q? = 1. Exists te€ (0, g) such that

—=sinx,_1

w

SOLUTION AN.002.
Letbef-R - R;a,b € R;a < b; f continuous, f periodical with T > 0 period. Its known
that: llmn_,oof f(nx) dx = — f(x) dx (1)
We takef(x) =x—[x];/fR->R
f+D =llx+1]-x+D|=lx]+1-x—-1] = |[x] - x| = f(x)
Replace f and T in (1):
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2018 1
Q= lim (x—[x])dx=wf(x—[x])dx=
0 0
- 2018<X—Z|1 - 0) _ 2018 _ 009
2 lo 2

SOLUTION AN.003.
Letbe f-R - R;a,b € R; a < b; f continuous; f periodical with T > 0 period.

Its known that: lim,,_,, f: f(nx) dx = b_Ta faT fx)dx (1)

We take f(x) = |[x+ﬂ—x|;f:]l%—>]1§

fx+1) = |[x+1+%]—(x+1)|=|[x+%]+1—x—1|= |[x+%]—x|=f(x)

Replace f and T in (1):
2018

1
1 2018-0
Q= lim |[nx+2]—nx|d J|[x+ —x|dx—

n—-oo

0

(2 \

=2018 |0 —xldx+ [ |1 —x|dx | = 8/;xdx \
o v oo

1-x)dx | =

NIH\H

018 x21+ 1 xzi _2018(1+1 1 1+1)_2018_1009
- 22757 2)5) 8" 228/ 4 2

SOLUTION AN.004.

Lo

. . 1.
sin2x <1 =sinxcosx < = sinfxcos?x<- (1)

sin® x + cos® x = (sin% x + cos? x)3 — 3 sin? x cos? x (sin? x + cos? x) =
@ 3 1
=1-3sin®?xcos?x > 1-7=1 (2)
(sin? x + csc? x)? + (cos? x + sec? x)3 =
1 1 1 @
) >
cosZx

>1+3+3( 1 1 )+( 1 1 )AM;GM
4 sin2x cosZx sin®x cos®x -

.6 6 2 1 2
=sin°x+ cos®°x + 3(sin“x + > + 3({cos“x +
sin® x

+ — + =
sin®x cos®x
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13 2
+

-6 6 1
sin®x + cos®x M@ 13 6 )

C— +——= 3 = —+=F+
4 sin x cos x sin® x cos® x 4 1 1
2 (3)

4((sin? x + csc? x)3 + (cos? x + sec? x)3) > 125

—13+12+16—125
37 4 T4

b
4 j((sin2 x + csc?x)3 + (cos? x + sec? x)?) dx > f 125dx = 125(b — a)
a

a

Equality holds for a = b.
SOLUTION AN.005.

_on 3"k lan-4k-1) m+1
Leta, = k=0 n-k+1 (k + 1)
_ Z": 3n-k-1(4n — 4k + 4 — 5) (" + 1)
e n—-k+1 k+1

n n
_ fz 3(n+1)—(k+1) n+ 1 Z —k+1 (n + 1)
3 k + 1 n-— k +1\k+1

n 3
4 5
_ n+1 n+1] _ — n—k n+1
=3l@+3)mt =3 92[" (k+1)dx
k=0
4 5 ([
_ 2an+l _ on+1y _ ° n+1 n+1—(k+1)
=5 (4m1 —3m) gf Z(k+1)x dx
0

4 5
— §(4_n+1 _ 3n+1) _ 6_].[(1 + x)n+1 _ xn+1] dx
0

+ n+ _; n+2 __ __22n+
=@M =3 - [ - 1) - 3]
. 5 \.. 5
[3 9(n+2)]4 i (4_ +2>3 tom+2)
_ (Bn+ 1)4™"*2  (4n+3) 5
G=—m+2  nrz C)tomr2

a, - ooasn - ©
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SOLUTION AN.006.

xx'x* 1ix' x*Inx
1

—a? L'H
If a > 0 then: lim,_,, xx_z = llmx_,a(

) =lim,,x*(1+1Inx) =

a’(1+Ina) (1)

Letbea, = )} L. lim a -
n k=1 ;2> n—oo Yn 6
TL’Z
g3 11.2 6
. 2\ 6 - (ay)™ -~ (T) a, — % )
Q= limn| (a,)%" —|— = lim T . =
n—»oo n—-oo a, —— l
n 6 n
n.Z
2\ 6 2 _
_ L L . Qpy —ay _
‘(6) (”‘“ 6> L
n+1 n
2 2

B w2\ 6 1_I_l1tZ i 1 +n(n+1) w2\ 6 1+ln2
~\6 M) mem+1?2 . -1 \2 3

SOLUTION AN.007.

o)

si(x) = —f (sm t) dt; si’(x) = — [lim sin x _ sin x] _ sin x

x—-oo X X X
x

e2

IG (si(e*x) —sin(nx))> dx =I j- si'(tx)dt |dx =J. J.si’(tx)dx dt =

T T V4

e

2 2

j‘ (s (tx) ) . j‘ si (et) — si (yt) gt — j‘ si (ex) — si(yx) dx

t X
T
e
f < (si(ex) — si (yx)>
3
SOLUTION AN.008.
_ 3abcdefxyz — 1 AM;GM
~ (a? + b? +x2+3)(cz+d2+y2+3)(e2+f2+zz+3) -
3abcdefxyz — 3abcdefxyz—1  3a° -1

)

6\/aZb2x2 61/ c2d2y? - 6\/ezfzz2 216i/abcdefxyz —1 216a
a = abcdefxyz € [0,1]
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3

3x
1080 <1 < 108 <1e3a®-1<2a

216«
3¢ -3a+a-1<0e3a(@-1D+@-1)<0

o (a@-1Ba’?+3a+1)<0o a—-1<0 < a<1whichis true.
111

111
108] f f Qdxdydz < ff f dxdydz = 1
000 000
SOLUTION AN.009.
In e2V3(@+b+) > I ((a2 +a+1)(B*2+b+1)(c*+c+ 1))3

2V3(a+b+c)=3(n@2+a+1)+In(b2+b+1)+In(c2+c+1))
Letbe f:[0,0) - R; f(x) = 3In(x? + x + 1) — 2+/3x

2x+ 1 6x+3-2V3(x2+x+1
f’(x)=3‘z——2\/§= > ( )
x“+x+1 x“+x+1
,()_—2\/§x2+x(6—2\/§)+3—2\/3_’
fix) = (x24+x+1)

A=(6-2v3) +4-2V3(3-2V3) =36+ 12— 24V3 + 24V3 — 48 =0
_2/3-6 _2V3-6_3-V3

e T 3) T 12 6
2
—2\/§<x—3 _6\/§>

fx) = x2+x+1 =0

:>maxf(x)=f(0)=0:>f(x)20:>f(a)20:>zf(a)20
ZSln(a2+a+1)22\/§Za

SOLUTION AN.010.

f(x) =x—sinx; g(x) =sinx + cosx + 4
f'(x)=1—cosx;g'(x) =cosx—sinx
f(x)gx)—f(x)g'(x) = (1 —cosx)(sinx+cosx+4) — (x —sinx)(cosx — sinx) =
=sinx + cosx + 4 —4cosxsinx — cos?x —4cosx —xcosx + xsinx +
+sinx cosx — sin? x = sinx + cosx + 3 —4 cos x + x(sinx — cos x) =

= (sinx —cosx)(1+x)+3 —2cosx

161 MATH PHENOMENON RELOADED




DANIEL SITARU

Q

(@9 —fg® _ ((fRY
- 9% (x) dx = f (g(x)> dx =
B f(x) 3 x —sinx

T g €= Sinx +cosx + 4

+c

SOLUTION AN.011.
f(x) =x—sinx; g(x) =sinx + cosx + 4
f'(x)=1—-cosx;g'(x) =cosx—sinx
f(x)gx)—f(x)g'(x) = (sinx —cosx)(1+x)+3 —2cosx

_ (F®g0) - f0g'®)
- x =

. 09

_ (&) g )
“l ™ _f 90 M= In|f(x)[ —Inlg(x)| + ¢ =

e B
—lnm +c=1In

x —sinx

. +c
sinx+cosx+4

SOLUTION AN.012.

1 1

1
1 dy| |1 1
e2? .f e2y’| f(erZ a e23’2>dy Sf
0 0 0

1 1
= f|—4ce‘zcz| x—yldy < 4f|ce‘2c2|dy; lx—y|<1;c€e(0,1)
0 0

1

Lagrange

dy =

2 2+\e
max |4ce‘2c2| = |—— = —\/_
c€(0,1) Ve e

1
1 J‘dy <2\/E
2x2 ) e~ e
0

SOLUTION AN.013.
[e *(x* + 4x3 + 12x% + 24x + 24) + 72]' =
= —e¥(x* + 4x3 + 12x% + 24x + 24) + e *(4x3 + 12x% + 24x + 24) = —e*x* (1)

0 _f x*e*dx B
) e?*(e*(x* +4x3 + 12x%2 + 24x +24) +72)2

B f —x*e *dx B
B (e~*(x* + 4x3 + 12x2 + 24x + 24) + 72)2
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@ f [e™*(x* + 4x3 + 12x% + 24x + 24) + 72]
[e*(x* + 423 + 1222 + 24x + 24) + 722
1

e (x* + 4x3 + 12x% + 24x + 24) + 72 +C

SOLUTION AN.014.

Letbe g:R - R; g(x) = f(x) —§

3 3 3 3
9@ +90) = FO +FO) -~ = fa+y) —xyx+y) -5 -5 =
3 2 2 3 3
= by TEIIII IV oy ) B gy

gx+y)=gx)+g(y)
g continuous = g(x) = ax;a € R*
x3 x3
fx) =g(x)+?= ax+?;

SOLUTION AN.015.
x+y)?2+1 am-em x+y)?+1
( ()’) ) : S ( i }’) >1
+ + Y, X +

(x +y)?
4

o x+y)?2+1> +(x+y)V3

3(x + y)?
4

2
(Feen Yo

—(x+yV3+1=0

2a 2a 2a 2a
2
Q(a)sz (x+y)+1 dxdysz dxdy = 2a — a)(2a — a) = a?

xy+ (x +y)V3

a a
Q(a) + 2(b) + Q(c) > a? + b?>+c? >ab + bc + ca
SOLUTION AN.016.

_ 1
T (14 a)?

n—->oo

1 1
Q(Cl) =limn f mdx
0
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B Q(a) = Z b3  Rapon (a+b+c)3 23 8

-— = = [
1+a)? — @@A+a+1+b+1+4+0)?% (3+2)2 25
cyc(a,b,c) cyc(a,b,c)

SOLUTION AN.017.

log(ax+1)
log(bx+1)

a(bx + 1)log(bx + 1) — b(ax + 1) log(ax + 1)
(ax+ 1)(bx + 1) log?(bx + 1)

Letbe g: (0,) > R;
g(x) = a(bx + 1)log(bx + 1) — b(ax + 1) log(ax + 1)
g'(x)=ab log(
g'(x) =g(0)=0>= f'(x) = 0= fincreasing
= f(a) < f(b) (becausea < b)

Letbe f:(0,0) - R; f(x) =

f(x) =

bx+1
ax+1

) > 0 because b > a

1
log(a? +1) log(ab +1) N log(a®? + 1) - log (E + 1)
log(ab + 1) ~ log(b? + 1) log (1+ 1) ~log(b? +1)
c

log(a?+1) log(%+ 1)
log(%+1) ~ log(c%+1)

Analogous:

og?(aer) (") og()

() tog(<EY) ~ log(v%+1) log(c2+1)

By multiplying: 1
og

SOLUTION AN.018.

We prove that: tan x + 2 tan 2x + 4 tan 4x = cotx — 8 cot 8x

1
cotx—tanx—Ztaan—4tan4x=m—tanx—2tan2x—4tan4x=

1 —tan?x
=——2tan2x—4tan4x =2
tan x

1—tan?x
—— —tan2x | —4tandx =
2tan x

=2(cot2x—tan2x)—4tan4x=2( —tan2x>—4tan4x=

tan 2x
1 — tan? 2x 1 — tan? 2x
=2|————])—4tan4x=4|— —tan4x | =
tan2x 2tan2x
1 — tan? 4x
=4(cot4x—4tan4x)=4(1—tan4x)=4( —tan4x>=4~—=
tan4x tan4x
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1 —tan? 4x
=8-——— = 8cot8x
2tan 4x
x(tan x + 2 tan 2x + 4 tan 4x) x?
Q= dx=|xdx=—+C
cotx — 8 cot8x 2
SOLUTION AN.019.
n i_’t_z 1 w2 1
1 Yt Shenz—e @12
- 2 1_n? 1 lim ——&= 2 lim 52—
. 1w\ bT R .
Q = lim 1+Zﬁ—? k 6 =e n =e n n+l =
n—oo
k=1
—n(n+1)
= en—x (n+1)? — e_l = —
SOLUTION AN.020.
1
1 Zk:lsmn+k log 2
n 1
. Yk=1Sin log 2 =
Q = lim (1 + Z sin —lo 2) ntk n =
n-o k
k=1
lim Yk=15in_z—log2 ynil sin_—2—r—Yk=qsin_ ¢
n—oo l n—oo
=e n =e n+l n =
1 o1
lim — 1 M2+ 1 M2
n—o0o -1
sinL sinL 1 sinL 1
. n+1 2n+1 2n+2
JL‘&( 1 1 1 1 1 )" 1
=e n+1 2n+tl n+l 2n+2 n+l/ = *® = — = 0
e

SOLUTION AN.021.

2¢C

(VPG + FP0) + VT @F®) <
<2+1) (VP + D) +(V2ZF@ro) )
=2(f2() + F2() + 2fF D)) = 2(F () + F3))

V200 + 200 +2fOf ) < V2(F ) + fF ()

f f (\/fZ(x) + f2(y) + \/Zf(x)f(y)) dxdy =
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=j}f\/fz(x)+f2(y)dxdy+faf\/mdxdyS
Sx/ijljl(f(x)+f(y))dxdy=\/Efff(x)dxdy+\/ffff(y)dxdy=

=\/§ajf(x)dx+\/faff(y)dy=Zx/faff(x)dx

SOLUTION AN.022.
x4+’ +1<axt+2x2+1=(x%*+1)%x€(0,1)

1 S 1 x2+1 S 1
=
x¥r+x24+17 (x2+1)2 x*+x2+1° x2+1

n?

1

n?

f x2+1 d >j 1 dx = t _1(1)
————dx ———dx=tan"!(—
xt+x2+1 x2+1 n’

0

0

x2+1 1
Q=1lim nl"f ————dx > limn'®tan! (—) =
xt+x2+1 n—oo n’

SOLUTION AN.023.
Ifxe[0,1] > x<1=x" <x1% —x% > —x10 = —x1° < —x% and analogous for
y,z€[0,1]
2(x11 4+ y11 4 Z11)  (x10y9 4 1059 | 510,9) <
< 2(x10 4 Y10 4 710) _ (10510 4 510,10 | ;10,10 _
=@’ -DA-y)+’-DA -2+ (" -1DA-x")+3<3

Ifx,y,z < 1existsa,b,c < 0 suchthatx =t*y = th:z =1t

Zz(ta)ll _ Z(ta)lo . (tb)9 <3

2 z tlla _ Z t10a+9b S 3
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1 1 1
22[&1“ dt—thlO‘”"b dtSdet
0 0 0

1 1
1Y i Lo
11a+ 1 10a +9b + 1

1

1
— <
2Z11a+1—3+Z10a+9b+1

SOLUTION AN.024.
xel0,1l]>x<1=>x+nm<1+m=>Cx+m*<(1+mnm)°
1

1
1 - 1 xm d >J d
= = R
Grme” A+me ) Gt me =l a+me
0

> = _
dx llmnj(1+n)a X

Q(a) = llm nj
(x + nooo
n xntl 1 n 1 1
= lim lo = lim =
T o (14+m)? n+1l n—»oo'n-|-1 ‘A+m* (1+me
AM-GM 3 (1+ n)b ,
1+nbﬂa=21+nb-— > 3 — 3
Ya+mPo@=Y a+m e e = 3Vi=
SOLUTION AN.025.
n n
. 6 1
Q=1lim|1+ — — = 1] =
n—co T n
k=1
6 1
— Yh= 6 .n 1
n n T w2 Z""‘lln2 1 i ZZk=12"1
. Zk 171 n—-o0 1
= lim Z n =e n
n—-oo
k=1
1
il L 6 (n+1)2
nh—glo<n2 ki 1 kz 2 1}_)1101011"" 1 6 lim =" 6
=e n+l n =e n(n+l) = en? AT — e m?

SOLUTION AN.026.

7 1 1
Q = lim }/(logn)® \/1 Fo - [logn
n—>oo
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1+;+ +l—logn \
Q = lim } (logn)6
n—>oo
\J]ﬁ--+ -+ )-+W+ZKMgnﬁ/
1
Q =ylim
n—oo 6 5
2 n + 2 n +...+1
logn logn
14 _Y
7

141441

for "7" times

We've used:

1+%+--+% 1+%+---+%—logn+logn

lim = lim =
n-o logn n—oo logn
1 1
1+5+--+=—logn
=1+ lim—2 1 =1+ =1
n-oo logn o8
SOLUTION AN.027.

_ X

V3 tan" x5
=1 R; = =
f I 3 - R f(x) = tan‘1 x’ ) = (tan—1 x)2

Letbe g: [\/3—5 1] > R;g(x) =tan"1x — 1:x2

) 1 14+x2—-2x2 14+x*2—-1+x2 2x? >0
= — = = =
I =12 A+ A+x2)?  (1+2)2

n 3

= g'(x) > 0; g strictly increasing = g(x) > g (‘/3—5) =s T
3

_m V3_4n-6V3 2(2n—3\/§)>0

6 4 24 24

f'(x) = % > 0 = f strictly increasing
tan—

3 ab+bc+ca
. . . 3 ab+bc+ca Vabc \/ 3
By Mac-Laurin’s inequality: \Vabc < = 3 <
3 tan~1(¥abc) tan—1( /m)
3
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tan~1(YVabc)

ab + bc + ca ab + bc + ca
Vabc - tan1 \/ 3 < \/ 3

SOLUTION AN.028.

sin x

/4
f:(O,E)—HR{;f(x)=sinxtanx—x2; f’(x)=sin;vc+C —2x

os?x

cos*x —2cos®x —cos?x+2

fll (x) —

cos3 x
(cosx —1)(cos3x—1+cos?x—1— cosx) -
cos3 x -

fll (x) —

+B+C

) <3 (f) + £(B) + (C))
f (g) < %(Z sinAtanA — ZAZ)

T
sm3tan—— — ZAZ ZSinAtanA
2

V3 V3 1 1 yi4
V3 V3. 1 42, g 2<—Z'A At —
2 3 3( + +C)_3 sin A tan +9

f convexe. By Jensen’s inequality: f (

1 1 ?
- 2 2 4 2 <_§ . r
2+3(A +B C)_3 smAtanA+9
9 .
3(A2+BZ+CZ)+ES3 E sinAtan A + m?

SOLUTION AN.029.

Lemma: If x4, x5, ..., x, = 1;,n € N;n > 1 then:

St S X1Xp e Xy 2 Xy + X o Xy L @)
X1 X2 X1X2" .. Xn
Proof:
Forn=1>+ X1 =x1+ 1 (true)
X1 X1
By induction:
1
P(n): Zz=1g + [Tt Xk = D1 X + =— H” (true)

P(n+1): X34 -+ Tt o 2 S o + - (to prove)

Denote: u = x1x5 ... X,

169 MATH PHENOMENON RELOADED




DANIEL SITARU

n+1 n+1 n n
1 1 1 1 1 P(n)
Zx—+| |xk=zx—+x +uxn+1=zx—+u+x +ux,, 1 —u =
=1 k k=1 =1 k n+1 =1 k n+1
n n+1
1 1 1
szk-l_ﬂ-l_x +uxn+1—u22xk+ux
k=1 n+1 =1 n+1
Remains to prove:
! + ! + > + 1
. UXpe1 — U = Xpyq
U Xps1 UX,41

Xpp1 Fu+ulx2 | —ulxn > uxi, +1
Xpp1 +u+ulx? | —ulxp —uxi,,;—1>0
U1 (Kpp1 — 1D+ (y1 — 1) —u(xpyg — DX +1) =0
(Xnt1 — DWPxppq + 1 —Uxpyy —u) 20
(Xn+1 — D[uxpq(u—-1) - (@ -1]=0
X1 — DU —1)(uxp; —1) 20
Which is true because:
Xpr1=lLiu=zlux,,;,—1=>0
P(n)-»P(n+1)
Back to the problem:
We takein (1): n = 3;x; = f(x); x5, = f(y); x5 = f(2)

LHS= o+ -+ oo+ FRf S ()

By integrating:

f I ! s ! ! ! (f(x) i 7 OO (Z>>dxdy dz =
T T e
+ f f f FOF ) f(2) dx dy d =
111

([ o ([L S N T
= If )(a 1) (ff( dy) (a—1) <f()dz> (a—1)%+
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H FC ax) (7 £ dy) ([} F(2) dz) = 3(a— 1)2 ( f 2 ()’ (@)

RHS = f(x) + f(y) + f(2) +

fOf (y)f (2
By integrating:

fffRHdedydz=fff(f(x)+f(y)+f(z)+m)dxdydz=

=ffff(x)dxdydz+ffff(y)dxdydz+ffff(z)dxdydz+

a a a dxdydz B B Z.a B z.a
+1jljlff(x)f(y)f(z) (a—1) !f(x)dx+(a 1) 1Jf(y)dy+

o fdx \([ dy\[[ dz)
Ha- b j f@) d”(! f(x)) ( f(y)) ( f(Z)>_

=3(a— D [} () dx + 1“;;—7’;)3 (3)

a aa

a a a
LHSZRHS:fffLHdeddeZJ-J-J-RHdedydz
111 111

By (2); (3):
3 a 3

; dx ; ; dx
3(a—1)2<1m)+<1f(x)dx) 23(a—1)2ff(x)dx+<fm>
(1 ¢ dx
3(a—1)2.1[-<m—f(x))dx2<!f( )) <ff(x)dx>

SOLUTION AN.030.
1 o0
Let be: a, = —n >0; YroQr=¢
Sn = a1+a2 +“'+an
Letbex, =vn+1,n=>0
1 1 1 1 _\/n+2—\/n+1

Xn xn+1:\/n+1_\/n+2_J(n+1)(n+2) -
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_ n+2-n-1 _ 1
Jo+1Dm+2)(Vn+2+vn+1) m+2)Vn+1+m+1)Vn+2
Letbe g, = agxg + a1x1 + -+ X, Q = X0 O
1 1

1 1
On, =apXo | ——— )+ (apxe + arx (———)+---
%o (5~ ) + (@oxa +arx) (-~

1 1
vt (@gxg + agxq + -+ a,x,) (— - )
Xn  Xn+1

1 1 1 1 1 1
an=a0x0<———>+(———)+---+(—— )+
Xo X1 X1 X2 Xn  Xn+1

1 1 1 1 1 1 1 1
O T T L P .
X1 X2 X2 X3 Xn  Xn+1 Xn  Xn+1

(1 1 >+ (1 1 )+ 4 (1 1 )
0, = AyXog | — — axq|—-— et Ay x, | — —
" 070 X0 Xn+1 i\ Xn+1 TP\ X

ApXg + ai;xq + -+ a,x,

Op =9p

Xn+1
o =S — Soxo + (51— So)xy + (S2 —S1)x2 4+ + (S — Spu_1)x,
moon Xn+1
o =S + So(x1 —x¢) +S1(x3 —x1) + -+ Sp_1(Xn — Xp_1) + Sp(Xpi1 — Xp) — SnXni1

moon Xn+1

~ So(lxg —x¢) +851(x2 —x1) + -+ + Sp(Xpyq — Xp)

" Xn+1
_ Xm41—Xm _ VM+2—vm+1 . e e
Letbet,,, = . NrEY - 0;m € 0,n; m — fixed
Tp=tyo+tyy+ -+ tym=— +1-1
n no nil nm nt2
By Toeplitz’s theorem:

n
lim ) (t3oSo + tp1S1 + - + tnSy) = llmZok— llm ak: e>Q0=e
n—-oo
k=0
SOLUTION AN.031.

tan"'(k+1) —tan"' (k- 2) = tan_1< G > =

1+ (k+1)(k-2)

1 1
_ -1 _ -1
= tan (1+k2—2k+k—2>_tan (kz—k—l)
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lim x,, = 3— — lim <z (tan~1(k + 1) —tan~1(k — 2)))

n—»oo n—->oo

3
= lim(tan"!(n—1) +tan"?n +tan"'(n + 1) —tan"'(-1) —tan"1 0 —tan"11) =
n—oo
3n (n 1'l'+1't+1't 0 n) 0
2 2 2 2 4 4)
nx.
Q=1lim(1+x,)" = llm(l + x,)*n 7l W
n—-oo
_ 3
tan Tl ———
hmx_n lim Xn+1—Xn lim (n+1)2—(n+1)—1
lim nx n-oo 1 nooo 1 1 noe n-n-1
=eno "T=¢ n =e ntlin =e n(n+1) =
1 1
-1 ko100 -1 tan—1(a 2 Y
lim £21 (n+2)_ tan"'(n-1) i 20 (r+2)—tan" 1 (x-1) — lim 1+(x+2_) 1+(x-1)
n—oo 1 X—00 1 X—00 2x-1
=e n(n+1) e xZ+x =e x%(x+1)2 =
lim 1+(x-1)2-1-(x+2)2  x%(x+1)?
e ~P(1+(x+2)2)(A+(x+1?2) 2x+1 - _
x2(x+1)2 x2-2x+1-x%2-4x—4 —6x-3 6 1
x—>°°(x2+4x+5)(x2+2x+2) 2x+1 el lim—>-3 —eZ=¢e3 = -
e

SOLUTION AN.032.

n _ 1
k=1 p2k+1)

lim x,, = li n<1 2 )—l' 1rie iy +1 2(1+1+ — )—
am X, = m kT 2K+ 1 et 273 35 on+1))”

Let be x,, =

1 1
=lim(A+z+-+- +——logn+logn—
n—oo 2 3
2(1+1+1+ -+ ! log(2n+1) -1 1 1 1+l (2 +1))—
273 n+1 OB 2 1 2n ' OBV -
_ 1 1
=y + lim logn—2y+2<1+z+-~+E—log2n+log2n—log(2n+1))
n—-oo
= 2y + li 1 2(1 1 1 1+l (2 +1))—
Sy-ayrmoen 2 4 2n " OBV B
1 1
=—y+llm(logn+2+1+2+-~-+;—Zlog(2n+1))=
n—-oo

1 1
=—y+lim<2+1+E+---+;—logn+210gn—210g(2n+1))=

n—->oo
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) n 1
——y+2+y+21111_)n01010g2n+1—2+210g5—2—210g2

Q=1lim(1+2log2—-2+x,)" =
mn—>oo

1
= lim (1 + 2log 2 — 2 + x,,)210E2-27x, "2 108272430
n—-oo

1
(n+1)(2n+3)
-1

L i S e m 1
=e n = e ntlin =e nn+l) = e nowln+3 — e 2
SOLUTION AN.033.
1 1 1
Letbe: an = Z=1m;b k 1k2’ Zk 1k2 = ;(lzlm-l_ 1’:=1 (Zk—l)z
1 1
b2y, =an ta,=a,= bZn_an
. n? 1 w* 3 w* n?
lim @, = lim b, — LL'?obfz‘zz:z?:?
Y (e+ k)
Q=1 =1 z =
et n (2k 1)2
MGt Z )
- nl—>r£<l) ‘n n—>oo (Zk 1)2 -
? 1
cavcuy-p' aemBErT [15=1(e + k) n" . lim R (2k—-1)%
N (n+ 1)1 [ (e+k) n-e 1 B
n
1
CEsARo-sToLz ,, e+n+1 1 (2n+1)2
= lim T m =
n-o m+1 n+lnseo 1 1
( n ) n+1 n
i e+n+1 " . o nn+1) 11 1
T aoe n+l nil?o( I\ s 2Zn+1DZ e 4 e
1+3)

SOLUTION AN.034.

w(x) =% i (—tanh ) =

1, N x 1 xy) 11

S
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We used the identity:
1 1
2 tanh (g) = cothx — Ecoth (5) (1)

sinh (%) cosh x cosh (7)
2 cosh (2) sinhx 2 sinh )

(2
sinh? (er) = cosh(x) — cosh? (x
(

2)
X
2

)

We multiply (1) with 2 succesively and add the relationships: (replacing simultaneous

cosh(x) = cosh? (—) — sinh?

cosh(x) = cosh(x)

x with > 5 22 .

%tanh (;) = cothx — %coth (;—C)
%tanh(x) = %coth( ) —Zizcoth(x)
%tanh( ) = 2—12coth (22) %coth (i)

o X
_ 1 x _ coth (2")
Z (— tanh ) = cothx — lim (—n coth (2")> =cothx — lim —==

n-oo \2 b on =
n=1
X X
_ Vi cosh (2_") 1
= coth x — lim x5 = = cothx—;
n—oo = e
sinh (2")
1 1
w(x) = —+ cothx —— = cothx
X X
Q= lim ’:/lim(x”w(x)w(Zx) — w(nx)) = lim ”\/lim(x” coth x coth2x - ...- coth nx)
n—oo x-0 n—oo x—0
x>0 x>0
n X 2x nx coshx- ...- coshnx
= lim lim(_ - — S . )
n-oo x;»g sinh x sinhx sinh nx n!
X.
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_ L nl_l_ ( 1 n!)_l_ 1 —o
Tnbe nl mee\m+ D! 1) noen+l

SOLUTION AN.035.

1

. -e*(1-¢e%)
1+ex’

(1+eX)3

Letbe f: (0,) - R; f(x) = >0

) == i /1) = -

(1+e

f convexe; suppose that a, b, c are different in pairs.

o) =f(Fmaa+ (S=g) o) < o f@+ (1-S22) 1@

c—a c—a

fb) <Z2f(a) +22f(c) (1)

We used the identity: b = g- a+ (1 — ﬂ) C

(c—a)b=(c—b)a+ (c—a—c+ b)c

bc —ab = ac — ab — ac + bc

0=0
b- -b b- -b
fla=b+o)=f(Zra+ i) < Tof@+ () (2)
We used the identity:
c—b b—a b—a c—b
a—b+c=a—( a-+ c)+c= a—+ c
c—a c—a c—a c—a

By adding (1); (2):

fla=b+0)+fb) < f@) (~at <= 2) 4 o)

fla—b+c)+f(b) < fla)+ f(c)
1 1 1 1
1+ea‘b+c+1+e”sl+ea+1+ec
Equality holds ifa = b = c.

c—b b-
+
c—a c¢-—

c—b a
a a

)r©

SOLUTION AN.036.
f:[1,e] x [1,e] x [1,e] >R
f(x,y,z) = xlogx + ylogy + zlog z + e****
fr=logx + 1+ e*tr+z

1
=+ eI >0

1
[J— xX+y+z
yy=_+1e >0
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1
fy =+ e >0

f - convexe in each variable on compact domain [1,e] X [1,e] X [1,e]
By Gireaux’s theorem
min f = min{f(1,1,1); f(e,1,1); f(e,e,1); f(e,e,e)} = &3
max f = max{f(1,1,1); f(e,1,1); f(e,e,1); f(e,e,e)} = 3e + e3¢
Maximum and minimum is attained in one of the points:
(1,1,1);(e,1,1);(1,e,1);(1,1,e);(e,e, 1); (e, 1,e); (1,e,e); (e, e, e)
SOLUTION AN.037.

(a+b+c)®—a®—-b°-c° _5(a+b)(b+c)(c+a)(a®+b? +c? +ab+bc+ca)
(a+b+c)3—ad—b3—-c3 3(a+b)(b+c)(c+a)

—g(a2+b2+cz+ab+c+ca) (1)

_ (242(x+2)° - (x+1)° — (x +3)°
_,f 26(x+2)3—(x+1)3—-(x+3)3
(x+1+x+2+x+3)5—(x+1)5—(x+2)5—(x+3)5
(x+1+x+2+x+3)3—(x+1)3—(x+2)3—(x+3)3

(I)SJ((x+1)2+(x+2)2+(x+3)2+(x+1)(x+2)+(x+2)(x+3)+(x+1)(x+3))dx—

—ij(xz+2x+1+x2+4x+4+x2+6x+9+x2+3x+2+x2+5x+6+x2+4x+3)dx=

(6x% +24x +25)d _> 6 x3+5 24 x2+5 25x+C =
. . *=3'973 73 2 T3 X TLE

10 125
=?x3+20x2 +Tx+C

SOLUTION AN.038.
cos(11cos~tx) + cos(9 cos™! x) = 2 cos(10 cos ™! x) cos(cos ™! x) = 2x cos(10 cos ! x)

a
4 2xcos(1071x) dx

Q(a) = (xZ + a?) - 2xcos(10~ 1x)

a
4 1 4 1 X\ |a 4 4 © 1
= — —d =—.—t -1(Z = —t _11 —_ - =
nfx2+a2 . T a an (a)|0 Ta an™ (1) ma 4 a
0

1 1 1)_

(2(a) + () + 2(c)) (6 B R ORGHE)
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1 1 AM-6M 3| 1
( +-—-+ )(6+a +b3+c3) = 3/a-92/1-1-1-1-1-1-a3b3c3=

b
=27~ Yabe =27
Vabc
SOLUTION AN.039.
HM GM
Jxy (@)

2(x+y)-1 "M M v 1
(x+y)+1 (x + y) (2)
2xy 2(x+ y) S ETY)

x+y x+y+1_

4x
4 < Jx2y + xy?

x+y+1—
1 <x+y+1_1(1 1 1)

Jy+xyz T Axy 4

ab a b ,a b 1

[y _ 1 f axay o [ ([ar)ax s [Jax] ([0
i x |dy —dy |dx+-| | —dx —dy | =
/ 4 4 4
11 xy+xy 1 1 1y lx ly

=—logh - ( 1)+1l (b 1)+1l b-1 =
—4og a 2losa glogb loga =

Xy xy

=logy/ab(a—1)(b— 1) +log+a - logVh
SOLUTION AN.040.

GM_HM 2 2Inx

Inx
J1o = > = 1
8yz lny+lnz = Inytlhnz ™ Ipx+iny+inz 1)

Inx

21 21
Analogous: \/log,, y > 1nz:1zx (2); /108y, z = lnx-ll-llfly (3)
By adding (1); (2); (3):

2(nx+Iny+1Inz)
J/ > =
\/logyzx+ logzxy+\/logxyz_ Inx+Iny+Inz

bbb bbb
fff( log,, x + /log,, y + ’logxyz>2fff2dxdydz=2(b—a)3
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SOLUTION AN.041.

SR N o L i o1
MR T e, I ) S o ()

n+2 7 n+3
sTOLS—CESARO . Dnip — Qpyq ( 7 )+"'+(7) o ( 7 )_
= llmﬁ—llm n+1 n = = lim n+2 =
n—-oo — n—-oo n—-oo
w1 = "7 +@ (5 (T
_ (n+ 3)! 7'(n+ 2 — 7)' . m+2)!-n+3)-(n—- 5)'
e 7ln+3-7) (m+2)  neem—5)-n—4)-(n+2)
n+3
=lim——=
n-oon —

SOLUTION AN.042.
Letbe f:R - R; f(x) = e* f (x) = 2xe* ' (x) = 2e* ? +4x2e* >0
f convexe. Suppose that a, b, c are different in pairs.

bc —ab = ac — ab — ac + bc

(c—a)b=(c—b)a+(c—a—-c+b)c

c—b c—b
b= a+(1— )c
c—a c—a

f convexe

f=f(a+(1-S)e) = Zf@+=f© (1)

a

c—b b—a b—a c—b
a—b+c=a—(c_aa+c_a >+c—c_aa+c_bc
fla— b+c)—f(;a+i Zc)fwgexeb:—af(a)+c:—bf(c) 2)
By adding (1); (2): f(a— b+ ) + f(B) < (Z2+2) f(@) + (22 +29) £(0)

fla=b+c)+f(b) < f(a)+ f(c)
ela-b+o)? | ob? < ga® | oc?
Equality holds fora = b = c.
SOLUTION AN.043.

y Bernoulli

xy=(1+(x—1)) > 1+y(x—1) (1)

x Bernoulli

y¥=1+@-1)) = 1+x(y-1) (2)
By adding (1); (2): x¥ + y* > 14+y(x—-1)+1+x(y—1) =
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=1+xy—-y+1+xy—x=1+xy+(x-1D(@y—-1)=1+xy

b b b b
ff(xy+yx)dxdy2ff(1+xy)dxdy=

=jbjbdxdy+fbfbxydxdy=(b—a)2+(b‘“)2_(b—a)2=

2 2
(b - a)2>

=(b—a)2<1+ 2

b ~b
4] j (o +y9) dxdy = (b— a)?(4 + (b — a)?)

SOLUTION AN.044.

a( )_iZnZ+(2x+2y+5)n+2xy+6x—y_
Y= 3"(n+y)(n+y+1Dmn+y+2)

n=1

_i( n+x n+x+1 )_ x+1
_n_l 3vin+y)n+y+1) 3"(n+y+Dn+y+2)) +Dy+2)
x+1 y+1 _ 1 _
Y+Dy+2) x+Dx+2) (x+2)(y+2)

1 AM—-GM 1 1 1
= = 3 ) = a3
x+1+D@+1+1) 3Vx-1-1 3iy-1-1 93xy
SOLUTION AN.045.

an? +bn+c an? + bn + ¢
Sl(a,b,C):: ZE: =a+b+c+ _——

n! n!
n=1 n=2

Qx,y) - Qy,x) =

an(n — 1)+(b+a)n+c
—a+b+c+z

—a+b+ +Z( a  bta +C)—
-a ¢ N\@-2)! m-D! " nl) "
n=

=a+b+c+ae+(b+a)e—1)+cle—2) =

=a(l+e+e—1)+b(1+e—1)+cle—1) =2ae+be+cle—1)
Q(a,b,c) + Q(b,c,a) + Q(c,a,b) =
=2e(a+b+c)+e(a+b+c)+(a+b+c)le—1) =
=(a+b+c)2et+e+e—1) =
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M-G

A M
=(4e—1)(a+b+c) > 3(4e—1)Vabc
SOLUTION AN.046.

y=0 y

x+a 1 1+a
_ x+1 _ (1+§) —e A+y) " —e
lim x ( ) —e ) =1lim 1
X— 00 4
x
. 1 1'|'(l 1 1+a—1
= lim |- — (1 + y)? -ln(1+y)+(—+a)(1+y)y _
y-0 y y

1

wa|-In(1+y) yTa
+

y> 1+y

1
= lim(1 + y)¥
y-0

)’+ay2—(1+y)1n(1+y)_elim1+2ay—1—ln(1+y)_

= elj
3% y2+y? y=0 3y* +2y
2 1
ol 2ay—In(1+y) = “*" Tty  2a-1_ ( 1)
TR T 3y2tr2y M ey+z ¢ 2 “¢\%732
3 3e
Q(a) + Q(b) + Q(c) = e(a+b+c—§) = e(a+b+c)—7=
_2e(a+b+c)—3e_3e+2—3e_
= > = > =
1= 0(a) + Q(b) + 2(c) = 33/2(@)Q(b)Q(c)
1=>270(a)Q(b)Q(c)
1

Qa)Q(b)Q(c) < —=

(@2B)2(C) < 5

SOLUTION AN.047.
N . Ina, . Ina,;1 —Ina,
= lim = Ing = Jim = = iy TR -
~ Ilna,.; —Ina, . Ina,;; —Ina, n3
= lim m = lim 3 - lim —— 5 =
nowo 1+1) _q n-co n n-o 3n° +3n° +1
nt( (145
Qi1 Ani2 1 Bntl In Aniz " An
In a, 1 1 In Ani1 ! a, 1 a121+1

:l- '—:—l- :—l. —_— T
et 13 4 Znoo (n+1)3—n3 4nl—>n0103n2+3n+1
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Ani2 * Ay
_1 li " Gy n® -
T Anoo n? 3n2+3n+1
Aniz " Ay An+3Qni1 Aniz " Ay
11, In az., 1 In= g2 2 In= g2
=— - —lim————=—1im nt ntl _
4 3n-w n? 12 n>oo (n+1)2 —n?
In <an+32' an+1> —1In (an+% : an> In <an+32' Ani1 . a121+1 >
_ l lim a2 an+1 — _— lim A2 Ani2 " Ay . n
12 n-o 2n+1 12 n-o n 2n+1
In <an+3 : a131+1> In <an+4 : a$1+2> —In <an+3 : ai+1>
_ i lim a - a131+2 _ i lim Any - a‘:l;l+3 a - ai+2 _
24 n—>o n 24 n—>o n+1—n
—illm In an+4'a131+2. a, - a,,; =ilim In Ay iy g =i.10=i
24-71—)00 an+1 * a131+3 an+3 * a131+1 24‘ n—oo a;l.l+1 * a;’ 24‘ 12
1 > 1 2
= — = 12
n 12 = Q ne
a="es
SOLUTION AN.048.
Letbef:(0,1) » R; f(x) =log(1—x) +x; f'(x) = —+ 1;f"(x) = - 1)2 <0;
E)—r(o
f concave = f' decreasing = f(g‘_)f(j;() ) >1 (xi ﬁ © because < xforn = 2.
f( ) f(x) x 1 % 1,.(1 1 1,.(1
2> E0onf(3)>r@=r()> @@= (5> 00 () =7 () -2 () >0
(1)
a a a
)2 ()= 2 ) a2 () -
nf k)] ! n n / k)
k=2 k=2 k=2
a a a a
Z(l (120 )~ (1o (1) +) = X vom () + 3>
8\* ") T nk n k)~ Tk ) T nlik
k=2 =2 k=2 k=2
1\, (k 1) 11 T (nk-1) 1 . (k—l) 1 ECkR — 1)
n B\ "k nl.k_ 08 nk n 08 k ) ne-1.ql
k=2 2 k=2 k=2
1 1 loga [If-(kn —1) an [[f-p(kn—1) M
—Elog<—>= n +log na1.q! = log ne1.q! >0
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1 a
Forn=a> log%fﬁ_l) > log 1

a®1lq  a%a
Mo, (ka —1) > “7% =2 (3)

aa a-aa

Analogous:

b-1.p, b.p
M2_,(kb—1) > 252 =22 (3)
bb b-bb

>
ab - “Yab - be

(2);:(3) Zja! .b!-a%- bbb

a b a b
AM-GM

| |(ka—1)+| |(kb—1) > 2 | |(ka—1)-| |(kb—1)

k=2 k=2 k=2 k=2

SOLUTION AN.049.
Letbe f:[0,0) - R; f(x) = e"z;f’(x) = erxz;f”(x) =2e* + 4x2e*’ =

= 2e*" (1 + 2x%) > 0 = f convexe.
. . L c(atb) _ 1 b 2 f(@)+f(b)
By Hermite - Hadamard inequality: f ( . ) < — Jp € dx <=
b
a+b)? 1 2 eb’ + e
e(T) S—fex dx < ——
b—a
a

+h\? +b)?
e(aT) >e”(1+ab - a?) & e(aT) ~* S 1+ ab - a?
2

a+by?_ a+b
e(Z) a2>1+< 5 )—a2>1+ab—a2(:>

o (a+b)?—4a%* >4ab—-4a*> < (a—-b)?2 >0

b2 a?
It remains to prove: ° ;e <(1—-ab+ bz)e”2

1+e¥ % <2(1—ab+b?)
e b <1+ 2(b? — ab)
1 < e?*~%*(1 4 2b(b — a)) which is true because:
e’”=% > 1and1+2b(b—a) > 1

SOLUTION AN.050.
Y FO (P2 —4f ) + 9 =0

D IO -2 =0
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), f(y), f(2) € {0,2}

_ O,XEDl _ .
f( )—{2;xeD2,D1nDz—Q,D1nD2—R

SOLUTION AN.051.

2

2
By adding (1); (2): — 7 < 4x* == <7~

2 2
4n2—”—s4x2—1tx+4nzs4n2+% (3)

q .

OSxSZ:OStanxS1:»1S1+tanx£2
0<In(1+tanx) <In2
Multiplying (3) with In(1 + tan x):

n.Z
<4n2 _ T) In(1+tanx) < (4x? —mx +4n?)In(1 + tanx) <

2
< <4n2 + T) In(1 + tan x)

2 2
By integration: (4112 - ”T) 2 g, < (4n2 + ”T) : "]:2

2

? .8

nanl_ 4n2—T<Q<nln21_ an® + 5

8 oo nn+1) — "~ 8 et nn+1)
2 2

nln2 <m < mwln2; Q = wln 2. We used the fact:

Y

4
mln2
I=fln(1+tanx)dx= 3
0

=2 ydx=-d
x =7 —ydx=—dy

tangz —tany
dy =

In (1 + tan (% — y)) (-dy)=|In|1+

o — Nl

1+ tan%tany

~
Il
B — o
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n ™
4 4
1+tanx+1—tanx 2
= [ Jax = [1n(a) ax
1+tanx 1+ tanx
0 0

n
4

s
4
T mln2
=jandx—fln(1+tanx)dx:I=ln2-Z—I:21= 3
0 0
_nan
8

SOLUTION AN.052.

Letbe f:[0,0) - R; f(x) = i

x?+a?
ae®™(x? + a?) — 2xe** B e (ax? —2x+ a?®)
(x% + a?)? (x% + a?)?
ff(x)=0=>ax®*—-2x+a®=0
A=4—-4a*=41-a)1+a)(1+a®) <0

because a > 1. Hence f'(x) = 0,(V¥) x = 0.

f(x) =

min f(x) = f(0) =

ax

e 1 w x% + a?
f(x)Zf(O):m2$=>e > a?

2
e >1+(2) ;Maz1 @)
b 2
Takein(1):x=b=e®>1+ () (2)
c 2
Analogous: e’ > 1 + (;) (3)
2
a
e>1+(2) @)

By adding (2); (3); (4): e + e** + e@ > 3 + (3)2 + (5)2 + (3)2 >

>3+b c+c a+a b_3+c+b+a
= ab bc ca a ¢ b
SOLUTION AN.053.
1
I'(a)T(b)
— a-1 _ 4)b-1 —
B(a,b) fx (1—x)""1dx Tatbt D

0
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1

Bla+1,b+1)= fx“(l — x)bdx =
0

Na+1)r(b+1)
Il'a+b+1)

a!' b!
(a+b+1)!

(V)x>0;x >sinx = sin"1x > x; (V)x € [0,1]

%Z jl sin"!(x*(1 — x)?) dx > %fo“ (1-x)dx=
0

a! b! AM—-GM

Zﬁ(a+1b+1) 32.arbr1) >

>1 3 a!'b! 3 (a)?
=33 (a+b+1) (b+a+1)!

Let be f: (0,) — (0,); f(x) =

lla+1)=a'>pla+1,b+1) =

SOLUTION AN.054.

stinx+cosx and F: (0, oo) 5 (0’00)
2sinx+3 cos x+6
F - primitive of f.

/ : \ F(2) - F(0) i

=
lim | x7f f(x)dx | = lim i
X— 00 X—00

SOLUTION AN.055.

Ifx € (0,1) thenlnx < x—1=In- <——1::»—lnx<7:>lnx>u

X

1-x)-1 X
— > - — > —
In(1-x) > 1= = In(1 x)_x_1

1 <x—1
In(1—-x)~ x fln(l x) ~

1 b dx < lnb Ina

b-a“a In(1-x) —

fdx f dx=b—a—(Inb—1Ina)

(1)

By the inequality logharitmic mean greater than geometric mean:
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/— lnb—lna
Inb-Ina > : b—a
Inb-Ina 1
b—a < F (Z)
Inb-Ilna b dx 1 Inb-Ina
By adding (1); (2): +n a - 1+ﬁ_ b—a

b
2(Inb—1Ina) 1 dx 1
+ f <1+-—
b—a b—a) In(1—x) Jab
a

SOLUTION AN.056.

2
Let be f: (0,0) - R; f(x) = —= 1 and F: (0,) — R his primitive.

xt+xZ+1
1 5t
x> 1 —5x* ., /1
x?2+1 F(=5) - F(0) =5 F ()
limx8 - | ————dx = lim —% = lim *——>%*~ =
x—00 xt+x2+1 x—00 1 xoo  —8x7
0 pv 16~
2
_5. 1 ( 1 ) 5. x_ls) +1
=—lim—- x = —lim x3 =
8 x> x6 f x5/ 8x-w 114 12
(@) () 41
1+x10 x20 5
= —lll’l‘lx_)oo x3 10 1+x1°+x2° = E c00:-1-1=00 (1)

Let be (x,,),,>9 a sequence such that lim,_, , x,, =

1
5 x%+1
By (1): lim, o, x5 [[* " ——dx = o

For x,, = n we obtain Q = oo,

SOLUTION AN.057.
1

<
n+8 n+5

5<8=>n+5<n+8=

1 1
. . . = X
F'[n—+8' +5]_>R,F(x) 7
By Lagrange’s theorem: (3)C,, € (n Y 1:-5)
(it Pt rehe it
n+5 n+8/ "“\n+5 n+8
n+8—-n->5
n+5)(n+8)

1 1
7n+5 — 7n+8 = 7(n - log 7 -
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. . 3n?
=BT = i gy 7 g7 = o7

because:

1 1
nrs " Smys RO

SOLUTION AN.058.

2
Ifp,q > 0 then: (F7%)" < - = pq(p + @)% < @* + ¢°)*

p?+q?
pqa(p* + 2pq + q*) < p* + 2p*q* + ¢*
p'-Pq-p*+q*20=>p’p-q)-¢*(p-q9 =20
P-q9*P*+pq+4>) 20

1

2 1
_ 2 .. _ . cos? x+tan x 1 _ cos?x
Forp = cos®x;q = tan x: (cos4 x+tan? x) — cos?xtanx  tanx
b b
f cos?x +tanx \ (tanx)’ tan b
dx < log | |
cos*x + tan? x tan tana
a
SOLUTION AN.059.
L tb F IR IR F( ) ex F,( ) e +Ze F”( ) 1 %'€3x+82x+2ex > 0
etber: N - N (X)) = ——, X ; X)) == 42— _
ver+1 2(ex+1)g 2 (e"+1)§
F convexe. By Jensen’s inequality:
! roy=r(™Y_F Inf+Ing +Ing <H e+ F(n2) + F(nl)) =
7z Fo= (5)-= 3 <3(F(ng)+F(mg)+F ()| =

N B I VR S

+
vab + b? \/bc+c2 Veca + a?

a b c 3v2
+ + >
Jba+b) cb+c) Jalc+a) 2
Letbea = f(x); b = g(x);c = h(c).
fx) J3V2

Jovwre)
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4

(1[5 ot ][ [Rarn-
00 00O

s\ [rorw+10)
3
GM;HM 32 ( 3 ) 3 812
= 2 \1.1. 1) " 1 1 13
atbtec/ 2(gtpto)
SOLUTION AN.060.
3<4 < 1
=
n+4 n+3
1

. _ - . - x
F: n+4,n+3]—>R,F(x) (log5)

1

F( ) F( 1 )—(1 5)Cn - log(l 5)( 1 1)
n+3 n+a) " V08 O8U0E>) \ T3 " nra

1 1
(log 5)n+3 — (log 5)n+% = (log 5)‘~ - log(log 5)

n+3)(n+4)

1
<C,<——>=1limC, =0
n+4 " "n+3 g M

2
= lim n? ("*}/log5 — ""{/log5) = lim oy 31)1( 3} - 1im (log 5)¢» - log(log5) =

n—->oo

=1-(log5)°-log(log5) = log(log5)
SOLUTION AN.O61.

50 +3YpaCrG = 41500 (Ypa@r®) = 4Y5PE@aGrG)
4

f (s(x) + Bi/p(x)q(x)r(x)) dx > 4J. f/s(x)p(x)r(x) dx
0

0

fs(x) dx > 4f f/p(x)q(x)r(x)s(x) dx — Sf i/p(x)q(x)r(x) dx
0 0 0
SOLUTION AN.062.

Y1 ¥ sin2x — V1 — sin 2x B i/(sinx + cosx)2 — V(sinx — cos x)?
VIi+sin2x+V1-sin2x 3/(sinx + cosx)? + +/(sin x — cos x)2

2
Vsinx + cosx — Vsinx —cosx (Vsinx + cosx — Vsinx — cos x)
Vsinx + cos x + Vsinx — cos x sinx + cos x — sinx + cosx
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sinx + cosx+sinx—cosx—Z\/sinzx—coszx

2cosx

2 |[cos2x
=tanx — — < tanx
2. cosx

b
dx < ftanxdx=

a

b

j‘{/1+sin2x—‘{/1—sin2x
Y1 + sin 2x + V1 — sin 2x

a

b

jsmxd log| | b log| bl +In| =1 |cosa|
= x = —log|cos x| |~ = —log|cos n|cosa o
CcOoS X 8 a 8 8
a
SOLUTION AN.063.
. . xz T
By Kober’s inequality: cos x < 1 — —iXE€ O’E]
sin? x

xe[ —]=>s1nxe 0,1] [0 ]=>cos(sinx)£1—

Replace x with f(x): cos(sin f(x))dx < 1 — % g = %

SOLUTION AN.064.

pr,q>0then(p3) — (1)
@+ @?pq < @*+4»% P°+2pq+ qz)pq < p*+2p*q¢* + q*
r’q +2p*q* + pq® <p*+2p*q* + q*, p* - pP’q-pq* +q* =20
PrPo-9-¢p-9=20
@P-O@*-q)=20=>@-*@P*+pq+q°) =0
Forp=x*+1;q=tan'xin (1):

x’2+1+tan"1x 2< 1
(x2+1)2+ (tan"1x)2) — (x2+1)tan"1x

a a
x2+1+tan"1x
Q(a) = f " 2 192 f 2 -—{_11
J x*+2x2+1+ (tan"1x) 7rtan X
4 4
1 1 mz 1
=3 (tan"1a)? — 2 (tan‘1 Z) = E((tan‘1 a)?-1)< E(a2 +1)

2Q(a) <a?>-1
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(1+20Q(a))b? < a?b?

(1+20(a)b? < z a’b? < a*+ b* + ¢*
cyc(a,b,c) cyc(a,b,c)

SOLUTION AN.065.
Letbe f:[a,b] - R; f(x) == f (x) =-— 2,f”(x) == > 0 = f convexe.

By Hermite-Hadamard mequallty:

[T f) da > HOD o L P2 gy >ab 22 @)

Let be g: (0, 1) S>Rgx)=x—-In(1-x);
1—x+1 2—x

! =1 = =
g =1ty = =7,

>0;(V)x e (0,1)

g increasing = g(x) > g(0) = 0> x> In(1 — x) =~ ! = (1 o

b
1 jld < 1 j 1 d
:b—a X . b—a) In(1-x) x
a a

b b

2(lnb—lna)+ 1 j‘ dx o 2 J‘ld N 1 J‘ld B
b—a b—a) In(1-x) b—a)x* " b—a) ™"
a

a a

=3 Lfb Ldx > 3. atb 2> —because (a + b)? > 4ab. Remains to prove:

L>i+l<:>—>—<:>a+b<8whichistruebecausea<b< 1.
a+b a+b 2 a+b 2

SOLUTION AN.066.
1 1
few dx = f kt“-1et’dt
0 0
Vx =t x = th; dx = kt-1dt

1 1 , \
2 3 4
f(l +2x + 322 + 4x3)e* dx = f <e"2 +e(V¥) 4 e(ﬁ) + e(ﬁ) >dx >

0
1
4fe
0

x+\/_+3%/_+‘§/_> 16 3 42
dx =4 f e(x+ﬁ+ V) dx
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SOLUTION AN.067.

Q.(a)= ) kK*-a*+1)(a+k)! =

([(k+a+1)(k+a+2)— 2a+3)(k+a+1)+2a+2](a+k)!) =

NgE

=
Il

0

=Z((2a+2)(a+k)!+(a+k+2)!—(2a+3)(a+k+ 1) =
k=0
=R2a+2) ) [(a+k)!—(a+k+1D)]+ ) [(a+k+2)—(a+k+1)]=

=QR2a+2)) [(a+k)!—(a+k+1D)]+ ) [(a+k+2)—(a+k+1)]=

=R2a+2)(a'-(a+n+1))+(a+n+2)—(a+1) =
=a!a+2-a+1)+@+n+D!(a+n+2-2a-2) =
=nmn-a)la+n+1)+ (a+1)!

Qn=111i_)r£10'(/(n—a)(a+n+1)!+(a+ D—(a+1) =

" n+1-a) (a+n+2)! 1-lim(a+nst2)
— . = . = OO
e (n—a) (a+n+1)! A

SOLUTION AN.068.

f:(0,0) > R; f(x) = exz;f’(x) = erxz;f"(x) = (4x% + Z)e"2 > 0 = f convexe

By Hermite-Hadamard’s inequality:

xz az
€ X < (a%-ax)e” +e* (toprove)

1 a ,2
— [Te¥dx <
a-x" X

e + e < (2a% — 2ax)e™ +2e* (1)
By Lagrange’s theorem: (3)c € (x,a)
—e* + e =2ce” (a—x)

f increasing = f'(c) < f'(a) > 2ce” < 2ae®

2 2
e’ —e* o2 o2
—— = 2cef < 2ae
a—x
2 2 2
e —e¥ < (a—x)2ae®
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2

e” +e* < (2a% — 2ax)e® + 2e* ((1) is proved)
By Hermite-Hadamard'’s inequality:

a+x

2
ﬁf: e dx > e(T) > (1+ ax — x2)e*" (to prove)

a+x

2
log (7)) > log ((1 + ax — xz)exz)

a+ x\?
( ) > log(1 + ax — x?) + x?

a? + 2ax + x?
4

a+x

5 okx-a)?>0

2
log(1+ax—x2)Sax—x2<< ) —-xXeoax<

SOLUTION AN.069.

L3 3 . 1. 3
sin®x = sinx — 7sin 3x

1 1 1
3 sin3(3x) = 2 sin 3x — ——sin(32x)

4.3
1
ﬁsin3 (3%2x) = fsin(Bzx) 13z sin(33x)
1
3 _ 1
3—nsm (3™x) gt sin(3™x) — 3 sin(3"t1x)
1 3 sin(3"1x)
T cin3 n — 1; e _2 o M
Z)Snsm (3™x) rlll_)rg<4smx 1.3
n=
3 1 ’ sin(3"*'x) 3
=z sinx - lim 3n =4 Sinx

4(bﬂ(a) + cQ(b) + aﬂ(c)) =

3 3 3
= 4(b . Zsin(sin a)+c- Zsin(sin b)+a- Zsin(sin C)) <

< 3(ab + bc + ca) < 3(a? + b% + ¢?)
SOLUTION AN.070.

First, we prove:

tan (2:_1) tan? (zin) = tan (2:_1) — 2tan (zin) (1)

2 tan (%) = tan (Zf‘l) (1 — tan? (zin))
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2 tanzin

x)-(l—tan (an))

x
2tan (2") - 1 — tan? (Zn
Ztan(;l) = 2tan(;l)

)tan (zn) =2""1tan (2" 1) 2" tan (zln)

Qx) = 11 z": 2k- 1tan 2" 1) 2k tan (Zx—k))
=

1

Multiplying (1) with 2"~ 1; 271 tan(

X
Q(x) = tanx — lim 2" t (i)—t — li —tan(z_n)- =tanx —
X)=1tanx nl_)no‘}) dan on = tanx nl_)lg Zi X |=t@anx —Xx
n

QA +92B)+Q(C)=tanA+tanB+tanC— (A+B+C) =
=tand-tanB -tanC—mT > ABC — &
SOLUTION AN.071.

otm’ i i K2 +kp-1)_ Z k+1
_pLTo n'i?ok_l P+rk+1D!) oo p+k)! (p+k+1)'
1 +1)! 1
Cim |t —im P L

poo [(p+ D! pow(p+2)! poop+2
SOLUTION AN.072.
Letbe f:[0,1] - R; f(x) = t*
f'(x) =xt*1; f"(x) = x(x — 1)t* % < 0; f concave

af (401 () +er Q) +or)+er(Qrar(z)

a+b+c+a+b+c -

b c a a b c
a'a+b'B+C'?+b'E+C'E+a'—

a
a+b+c+a+b+c

By Jensen’s inequality:

<f

o)+ +e (@ +o(@) (D) +a()'s
b+c+a+b+c+ax_ L
a+b+c+a+b+c> =@+3)-1"=6

S(a+b+c+a+b+c)-<
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SOLUTION AN.073.

E

-1 [e'e)

(o) = 2 )+ 2 () -

NgE

n=1 n=1 n=k+1
n+k
k-1 o)
1 1 1 1 _
Zkz<n k n+k> 2k Z (n—k_n+k)_
n=1 n=k+1
k— o)
1 1 1 _
- kZ(k n k+n> 2k z (n—k_n+k)_
n=1 n=k+1
1 1 1 1
(k 1 k+1 T2 ki1 ko 1)+

10 1 1 1 1 1 ~
ok ( _2k+1>+(2_2k+2)+(3_2k+3)+'"]_

= 1(1+1++1+1++1)+
T2k k-1 k+1 2k —1

1 .1 1 1,1, 1 3
Zk( Tt +2k) Zk(_k)+4k2_4k2
2

23>t |- 2 ) )5 55

=1 \ n=1 k=1
n+k

SOLUTION AN.074.

[ee)

o= [(> (amsimnt () )ax - f(z (375 (525) - 37 s () ) -

n=1

3cosh(x) 3x?
4 8

1 . 3 x2
- Z.f(?’ sinh(x) — 3x) dx = ZCOSh(x) — 1.74_ c=

SOLUTION AN.075.

Let be m,n,p > 0 such that: x = e™;y = e™;z = e?

_ " e*(e*-1)
f (x) - (1+e x)Z’f (x) (1+ex)3 >0

Let be f:(0,0) - (0,); f(x) =

1+x’

f convexe = f (@) < %(f(m) + f(n) + f(p))

3 1 1 1

+
m+n+p m n P
14e 3 1+e 1+e 1+e
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< 1 4 1 4 1
1+3xyz 1+x 14y 1+z

bbb 3 bbb X
— dxdydzsfff + dxdydz
3/—> 1+ AR T
a a a 1+ xyz a a a * y
bbb X X
b
jjj(— dxdydzs—(b—a)zlog(x+1)| =
=) :
oo 1+ {/xyz a

(b-a)?
—1(b )21 (b+1>_l 3lb+1
3 0B\ +1) T 8| a1

Letbe F:[a,b] - R;

SOLUTION AN.076.

b

e4b2 _ e4t2
F(t =je4t2dt——
® 8beh’
t
8tett’
F'(t) = —e* + ——
® 8beh’

2
PO =et (3 -1) = %(t— b)
t<b=>t—-b<0=>F(t)<0;F(b)=0
F decreasing = a < b = F(a) = F(b)
ButF(b)=0= F(a) >0

4b2_ _4a?

b 2 e
J, e dx—

>0 (1)

2

_ 4-a2
Letbe G:[a,b] » R; G(t) == . ZZ - fate‘”'2 dt
e

4¢2 4¢2

1
G (t) = —e
® 8ae®

t t—a
G'(t) = e*? (— _ 1) ettt %5
a a

Becauset > a

G'(a) = 0; G - increasing

2 2
_e4-a

4b
a<h=6@<6b);6a)=0=Gb) >0 ~[Pevdx>0 (2)

2
8ae?
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By (1); (2):
e4b2 _ e4a2 , e4b2 _ e4a2
- < f e dx < g
8beb 8ae?
a
Equality holds fora = b
SOLUTION AN.077.
Letbe F:[a,b] - R;
t
cos(cost) — cos(cosa
F(t) = ( )_ ( ) - J sin(cost) dt
sina
a
F'(t) = -sint - sin(cos t) — sin(cos t)

sina

F'(t) = sin(cost) (:::2 — 1)

F'(t) = sin(cost) w
sina
F(a) = O; F increasing because t > a
a<b=>F(a)<Fb)=Fb)=>0
b
— f sin(cost)dt >0

a

cos(cos b) — cos(cos a)
sina

b . B
[ sin(cos t) dt < SXcospIcos(cos )

(1)

sina
Letbe G:[a,b] - R;
b
G(t) = f sin(— cos x) dx —

t

—cos(cos b) + cos(cost)
sinb

G'(8) = — sin(—cos t) + "HCE0, 6/() = sin(—cos ) (—1+ 17

sinb sinb

G'(t) = sin(cost) (1 - Sint), G'(t) = sin(cost) (M) >0

sinb sinb
t<b>=sint <sinb=sinb—-sint>0
G'(t) = 0; G increasing; G(b) = 0
a<b=>6G@a<6GMb) =0
Ga)<0
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b
f sin(—cos x) dx —

a

— cos(cos b) + cos(cosa)
sinb

b . cos(cos b)—cos(cos a)
fa sin(cos x) dx > o (2)

By (1); (2):

cos(cos b) — cos(cos a) cos(cos b) — cos(cos a)

b
< fsin(cos x)dx <

a

sina sinb

Equality holds for a = b.
SOLUTION AN.078.

b30—t30
30b°

Letbe F:[a, b] » R; F(t) = ftb t24 dt —

, 30¢%9 t> t5-b°
F'(t) = —t** + SolF = t?4 (—1 +ﬁ) = 24 (b_5) < 0 becauset < b
F decreasing; F(b) = 0
a<b=>F(a)>Fb)=>F(a)=>0

b

.[- t24 dt b30 _ a30 o b25 _ a25 - b30 _ a30
- =
3005 25 —  30b°
a
b25_ 25 b30_ 30
S
30_,30
Let be G:[a,b] - R; G(t) = - [t dt

29 5 24(,5_ 5
G’(t)z%—tz“:tz“(%—l):t(;—gl)so becauset > a

G increasing = G(a) < G(b); (a < b)
Ga)=0=>6G(b)=0

b30_a30 b 24 b3°—a3° b25_a25 b25_a25 b30_a30
—|Tt*dt = 0 > > = < 2
30a’ fa - 0a> — 25 5 -  6ab (2)
By (1); (2):
b30_a30 b25_a25 b3°—a3°
— < < S (3)
6b 5 6a
Analogous by c < a:
b30—(‘30 b25—C25 b30—c30

6b> S 5 s 6c> 4

By multiplying (3); (4):

198 MATH PHENOMENON RELOADED




DANIEL SITARU

(b30 — a30)(b30 _ C3O) - (b25 _ aZS)(bZS _ CZS) - (b30 _ a30)(b30 _ C30)

36bH10 - 25 - 36(ac)®
Equality holds fora = b = c.
SOLUTION AN.079.

Let be: Q(n) =6 — 23", — (Zl) +3 XL (le)

=241

Qn) = 6+Z(3——) (*)

n
3l+1
ﬂ(n)—6+z m

n
4‘ 3l+1 Zl
9(n)—2+§-2+2 1 (l)
i=

Qn) =2+

3.1+1 3i+1 /9
o O+ > 5 3

n . . n . . T
Q(n) =2 +Z—?’il:11 (Zl‘) =2 +Z(2i‘).4‘+i2+ 1‘ 1_

i=1 i=1
_ C 20y (2Q2i+1) B O 20y (22i+1)(i+1)
_2+;(i)'< i+1 _1>_2+;(i)'< (i+1)2 _1>
C 20 +1)(2i + 2
om =2+ (¥ <( ltlj(l)l;r )_ 1>

i=1

( (2i + 2)! (2i)!>

(@+1)* @2
n<n>=z+i(<2::f> )
am -2+ (22 Y (%)

i=1 i=1

2n + 2) _9 = (21;1-:—12)
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. n . Qn+1) /2n+4 1
2 = lim /@) = lim = -L:fg\(n+z)'(2n+z)/—
n+1

e (20 (A D)T) L ((2nt2)!2n+3)2n+4))
B ((n+2)|) (2n + 2)! _nl—>nolo< (n+2)2-(2n+2)! >_

n—oo

5 ((Zn +3)2n+ 4)> _
n-o (n+2)2
SOLUTION AN.080.
Ifxy>1weprovethat—+:y 1+\/_ (1)
1 1

1+x+1+y_1+\/x_y20
A+ +/xy)+A+0(1+/xy)-20+x0)A+y) =0
1+ /xy+y+yfxy+1+ [xy+x/xy—2—-2x—-2y—2xy=>0
2. /xy +y/xy+x/xy—2xy—-x—-y=>0
—(x-2/xy+y)+ xy(x+y-2/xy) >0
(x-2/xy +)(Jmy-1) 20
(V=) (Jxy—1) = 0

Whichistrue; x,y>1=>1= /xy>1= /xy—1=>0

2

Analogous: _+E ™ 2)
1 1
e O

2 2 2 2
Byaddmg(l),(Z),(.?)m :y EZH m

SOLUTION AN.081.
Q) f(@Elo)=> f) =21 f(y) 21>
=>fOFM-D+fOMHFE)-1) =0
2ff) —f)-f(») =0 (1)
fO=21fy) 21> fOfy)-1=20 (2)
By (1); (2):
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D U@ - D RF@FG) - f) — F) 2 0
cyc
3 (f(x) + Q) + 2P 0) - 2f WFP) - FPOOF ) — F@S (y)) o
£ 2f(DF ) =

flo 1Y) @ _fo)
;<m+f(x)f(y) 1 ___T>

f)+ )
mm+2ﬂ f(y) = 3+Zf(x)

cyc

>t Z FOfM 23+ f@

cyc cyc

1
<Zf(x)f(3’)> 'W‘FZf(x)f(}’) >3 +Zf(x)

cyc cyc

1 - 3+f)+f(») + (2
TFOrOF@ ~ FOFO) + FONf@ + F@f ®

ff( 34 () + fO) + f(2)
;

bbb ’ 3
dxdydz+l-ll(1%):(b—a)3+<a %)

A= ((1) i);A" = ((1) 111) (by induction)

B = (i (1)) ; B = (111 (1)) (by induction)
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det(e®?) = e?; (eB)T =

e
0
1
(eB)* = (_ee (eB) 1_ < e1

0
1
e e
e U 0 1
2=et- )= (g ) "’1 =G D)
e e
SOLUTION AN.083.
With substitution y = —x
sina sina
Qab) = f dy _ dx
—y5 +sinb + .y +sin?b _J —x5 + sinb + Vx10 + sin2 b

—sina

sina
1 1
) dx

2Q(a,b) = f ( +
_J X +sinb +Vx'%+sin?b  —x° +sinb + Vx'% + sin? b
sina
2sinb + 2vVx10 4+ sin? b
2020 = | LN
_oa (sinb +Vx10 + sin2 b)) — x10

sina
2(sinb + Vx1° + sin2 b)dx

2Q(a,b) = - - . _

) sin?b + sin?b + 2sin bVvx10 + sin2 b

—sina
sina
2(sinb + Vx1° + sin2 b)dx
2Q(a,b) = f
) 2sinb (sinb + Vx10 + sinZ b)

—Ssina
sina
20(a,b) = 1 d _Zsina
@0 =Sinb ) Y= sinb
—Ssina
sina
Q(a,b) = —
(a,b) inb

sina sinb sinc AM-6M 3|sina sinb sinc
Q(a,b) + Q(b,c) + Q(c,a) = —+ ——+— > 3 |— — —=
sinb sinc sina sinb sinc sina

SOLUTION AN.084.
By Radon’s inequality:
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3
X
}:_'; Cia X s ay > 0sk e N
Ay

Liaz = O ar ™
For x;, = kia; a, = k_ﬂ we obtain:
w 1 w 13’
e (Zi1 )
1= 1?2
S (Seags)
1 (@)
=1 kesem2b (((ﬂ))z
(@)’
{Ba-2p) =
E®)’

(Ba-28)IP) = (@)’
SOLUTION AN.085.

1
Letbe: I}, = [*(2x® +3x° + 1) cos ™' (kx) dx
k

Withy = —x

1
“k
I = f (2(=9)® + 3(=)® + 1) cos~1 (—ky) (~dy)

k

&R

(2y® +3y°% + 1) (r — cos 1 (ky))dy

T S

2y2+3y°+ 1) -mdy — I,

= \Pr'lb-*

1

1 1

2y’ |k 3|k 2

2he=m\ g~ 1t 7| 1tk
k k
[ _21t+31t+21r
k=™ oKy " 7K7 T k
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o lim(a H)_Zn_ =1 3m C 1 2m © 3m -

=lim(Q—m-H,) = 1mZ—+—1mzﬁ—?( +7(
k=1

SOLUTION AN.086.

chl_)rg (xz (g —tan! x) ) = )lcl_)rg x (? —xtanlx — 1)

X 4 1 X

——xtan'x-1 > —tan" " x ———

= lim 2 L=H limz 14+ x —
X x2
1 1-x?
VH L T1+a2 (14 x2)2 ’ (14+x%+1—-x%)x3 ~ lim 2x3
= = 11m m - _—-——--=
x> 2 x—00 2(1 + x2)? x-02(1 + xz)z
x3

n—->oo n—>oo

lim H,, = oo = lim (H3 (g —tan"'H,) - H,) =0

SOLUTION AN.087.
1

Q) = f

0

xk — fxk=1 — xk=1 41
a2kt 4 2xktl 4 xk 4 x4+ 1

1
_f xk—(k+Dxk1+1

(ke +1) + x(xk + 1) + (xk + 1)

fl ((k + 1)xk + 1) (xk+1) — (k+ Dxk 1 (xk1 +x + 1) 4
= X =
0

(xk 4+ 1) (x*+1 + x + 1)

1
(k+Dx*+1 (k+1)xk1 il 1 +1 " 1
_f<x"+1+x+1_ 11 dx = log|x +x+1||0— . log|x +1||0_
0

k+1
=log3 — log2

Q= llm (logZ logn — nlog( ) z ﬂ(k)>
3\ X k+1
= lim (logz -logn — nlog (E) + z (logS i log 2)) =
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n
k+1
= lim (logZ-logn—nlogB +nlog2 +nlog3 —logZZT> =
" k=1
C 1
= lim log 2 -<10g2—2(1+—)+n> =
n—-oo k
n n
: 1 : 1
=log2-11m<logn—n—2—+n =—log2 - lim Z——logn =

=—log2- -y =—-ylog2
SOLUTION AN.088.

x4yt
(x2+y?)(x2-xy+y?) = ()

xt+ytz (6 +y) (" —xy +y7)

First, we prove that:

xt+yt > xt - 23y + x%y? + y2x?t —xy3 + yt
X}y + xy3 —2x%2y2 >0
xy(x* —2xy+y*) =0
xy(x — y)? > 0 which is true.
Letbe f:[0,0) - R; f(x) =tan"1x

f(x) =

1
1+x2

By ()= f (o) 2 fD =1

(x2+y2)(x2-xy+y?)

> 0; f increasing

y4- +Z4
(y2+22)(y2—yz+2%)

-1 x4+y4 n ) 1
tan ((x2+y2)(x2—xy+y2)> =, (2). Analogous: tan (

)25 ©)

-1 zt+xt n
tan ((zz+x2)(zz—zx+zz)> 2 4 (4)

By adding (2); (3); (4):

. xt+y* 3r
Ztan 2 1 v\ (2 NS
(x* +y»)(x? —xy + y*) 4

cyc

SOLUTION AN.089.

Letbe f:[0,00) » ’; f(x) = (x + 1 log(x + 1) — x =

f[(x)=log(x+1)—x; f"(x) = 1_+xx <0

f"(x) <0 = f"decreasing = f'(x) < f'(0) =0
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f'(x) < 0 = f decreasing = f(x) < f(0) =0
2
(x +1)log(x + 1)—x—%§0

2
X
(x+ 1) log(x + 1)Sx+7

xZ

log(x + 1)** < loge™"2
xZ
(x+ 1)1 <2
Let be x — tan? x

4
2 tanZ x+1 tan2 x4+ 80X
(tan“x + 1) <e Z

1
1 cos? x 2 tan*x
( ) < etan x+ 2
cos?x

e

b b
cos? x sin? x ) sin? x 5 1
e - tcos“x:--———-tan“x dx > 5 dx
COS* X 2cos“ x COS“ x
a a

SOLUTION AN.090.

AM—GM
Ifu,v>0then:(3+z)-L > sz-z-iz
v u u+v v u utv

Tutr ¥ = 2 T o\u v
2 1.1
u'y

We take in (1): u = f(x);v = f(y)

<f(x)+f(y)>_ 1 1(# 1 )
O @) T@+ 1 =2\ 1)
b b b b

f& o) dxdy 1 ~
af f (765 763) Fore 707 Eaf f o ) 45 -

-3 a)fﬂ)_(’" )fﬂ)
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SOLUTION AN.091.
(a—b)2>0=a%?—-2ab+b*=>0
2a’® — 4ab + 2b* = 0 = 2a* + 5ab + 2b* > 9ab
2a® + 4ab + ab + 2a* > 9ab
(2a+ b)(a+ 2b) =9ab

(2a+b)(a+2b)
9ab

Let be f: (0, 00) > R;f(x) =tan"1x

>1 (1)

f'(x) = > 0; f increasing
By (1):
—1 ((2a+b)(a+2b) 14 _T
tan (—9ab ) >tan'1=7 (2)

(2c+a)(c+2a)

(Zb+c)(b+2c))
9ca

e ) =5 (@itan ( )= @

By adding (2); (3); (4):
(2a+ b)(a + 2b) 3n
Z tan™ < 9ab > = 4

cyc

Analogous: tan™! (

SOLUTION AN.092.
-+ -y +xy(x—y)*=0
xt—4x3y + 6x%y? —4xy3 +yt +xt + yt + 3y + xy3 —4x?y?2 >0
2x* —3x3y + 2x%y? —3xy3 + 2y* >0
3x3y + 3xy3 < 2x* + 2x2%y% + 2y*
x? +y? 2
<
x* +x2y? +y* 7 3xy

3 x% + y? 1
— S_
2 xt+x2y?+y*t T xy

b b
2 [ (s < [ [ 520 [10n) = ros(2)]
2 X ay? 4yt ) ¥ =%\

SOLUTION AN.093.

(a® — b%®)? + 3ab(a — b)*(a® + ab + b?») >0
(a® — b®)? + 3a*b(b— a) + 3ab*(a—b) >0
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a® + b® + 3a*b? + 3a’b* — 2a3b3 — 3a°bh — 3ab®> > 0
2a% + 6a*b? + 6a’b* + 2b°® > a® + 3a°b + 3a*b? + a®b3 + a®b® + 3a’b* + 3ab® + b
2(a® + 3a*b? + 3a?b* + b®) > (a® + b3)(a® + 3a?b + 3ab? + b?)
2(a? + b?)3 > (a® + b®)(a + b)3

24 p2\° 1
(a > Zi(a3+b3)

a+b

2,273
Seye () = Beye (@3 +6%) = Beped® (1)

a+b

Fora=f(x);b=f(y);c =f(2)in (1):

20 + 2\’
Z(ﬂwamo>2;ﬁ“)

cyc

Qx,y,2) = 20 + f2(y) + f3(2)

b b b bbb
fffﬂ(x""z)dxdydzz jjj(fS(x)‘Ffz(y)+f3(z))dxdydz:

b

- 3(b—a)2ff3(x)dx

a

SOLUTION AN.094.
Ifu,v > 0 then:
u—-v)?2u+v)=0
wWu-v)—-v*(u-v)=>0
w?v? +ud +v3 + uv > uPv? + v+ uv? +ww
v+ + v +ruw s uwwwt+u+v+1)
W +v)@*+u)>uv(u+1)w+1)

(u?+v)(v¥+u)
(u+1)(v+1) = uv (1)

In (1) we take u = f(x); v = f(y):
(FP@+F») (£ + f0)
(1+f@)(1+f»))

dxdy = f(x)f(y)

208 MATH PHENOMENON RELOADED




DANIEL SITARU

2

(1+ @)1 +f»)

SOLUTION AN.095.

b b , b b b
ff(f (x)+f(y)) (f (}’)+f(x))dxdy2fff(x)f(y)dxdyz Jf(X) dx

= 1. By Young'’s inequality:

N | =

1
+§+

)
e

x2

6
~+ 3’? + % > xyz (Equality forx =y = z) (1)

By integrating in (1):
X

P xys ;46
f?dx+f?dx+jzdx>yzjxdx
0 0 0

0

y y y y
X2 3 26

f?dx+j?dy+jzdy>xzjydy

0 0 0 0

Xz yr, 2 i
2 T3 T~ %3 4

By adding (2); (3); (4):
x% x y3 y z8 zy xyz(x+y+2z)
?(§+y+z)+?(x+z+z)+z(x+y+7)> 2

SOLUTION AN.096.

2 3 6
1+1+1=1.ByYoung’sinequaIity:abcSa—+b—+c— (1)
2 3 6 2 3 6

1 1 1
In(1)wetakea=n—2;b=n—3;c=g
11 11 1 1 1 1 1
————— n=2

23w Te e T W

Pass to the sum:
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1 1 1
S8 +38(9) +24(30) > £(10)

SOLUTION AN.097.

lim,_,, log(i”) = 1. Let be (x,)p51; X > 0;1lim,,_,, x, = 0.

(V)e>0;(3)N(e) e N; (V)n = N(¢);

log(1+ x,,)

—1‘<£
xn

< log(1+ x,) B
xn

1<e¢

log(1 +x
< g( n)<

1-—¢ 1+¢

n

ForkeN*;k—ﬁxed;xnznz’:—kzﬁo

n n n
1-8) ——<log(1+————)<(1+&)———
1-2 n2+kz<0g( +n2+k2)<( +£)n2+kz

1 )Zn: n <Zn:1 n Ak 4 n <1+ )i N We>0
€ n? + k2 B\ Tz 1 2 O lLmrrre
k=1 k=1
n

k=1
1
I = —fld—t gt
nl—>r?ok1n2+k2_ 1+~ X~y
= 0

y | n?+k+n\ mw
ol 8\ Tnzrkz )T 4
=1
n
loe| 1i 1—[ n?+k+n\\ w
%8| 0% n2+kZ )] 4
k=1
T /m?+ Kk +n ™
B [\ e )T
k=1

SOLUTION AN.098.
By integral form of AM-GM:
1 1
eﬁfo log(f(x))dx < ﬁfol fodx (1)

1

1
eﬁfo log(g(x))dx < ﬁfol g dx (2)

el—fofollog(h(x))dx < ﬁ f01 h(x)dx (3)
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By multiplying (1); (2); (3):

efol log(f(x))dx+f01 log(g(x))dx+f01 log(h(x))dx <

1 1 1
GM-HM
< f(x)dx g(x)dx h(x)dx <
(Jroee)( o) froe)

) ) 1 3 1 3
< (fo fodx+J, ) dx + |, hx) dx) B %0 fOO) +g() + h(x) dx)
0

3

1

3
27elo 108 f g h@)dx < ( j (f@) + g(x) + h(x)) dx)

0

SOLUTION AN.099.
Letbe f:[a,b] - R; f(x) = leaf;(tan‘1 t)dt

(tan"1x)(x — a) — f;c(tan‘1 t)dt
(x — a)?

f(x) =

X
f(tan‘1 t) dt mr (tan"lo)(x—a);0<c<x
a

1

(tan"1x)(x —a) — (tan"1¢c)(x — a) B tan lx —tanlc

>0
(x — a)? x—a

f(x)=

Because g(x) = tan~1 x; g: (a,b) - R s increasing
c<x>tanlx—tanlc>0
x>a=>x—a>0

f'(x) > 0 = f increasing > f(x) < f(b)

= f(Vab) < f(b)
1 Vab 1 b
Tab f (tan~1t)dt < nf(tan‘l t)dt
av —a -

1
f:(tan‘lt)dt >m_ b-a _
f:ﬁ(tan‘l t)dt bfa vab —a
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_(b-—Va)b+vVa) Vbtva__  |b
~ vVa(¥b-va) = YJa T |a

SOLUTION AN.100.

Letbe f:[a,b] - R; f(x) = xflaf:(tan‘l t)dt

(tan"1x)(x — a) — f;(tan‘1 t)dt
(x — a)?

f(x)=
f(tan‘1 t)dt Mvr (tan"lc)(x—a);0<c<x

F(x) = (tan~1x)(x—a)-(tan"1 c)(x~a) _ tan~!x—tan~!

C -
(—a)? a > 0 beause the function

g:(a,b) > R;g(x) =tan"1x

1
1+x2

g'(x) = > 0 is increasing

x>c=>tanlx—tan1¢c>0
x>0=>x—a>0

f'(x) > 0 = f increasing = f(x) < f(b) = f(

a+b
2

) < Fb)

b b
1 1

Wf(tan‘lt)dt<mf(tan‘1t)dt
2 %a a

atb 1 1
J, 2 (tan~'t) dt b—a _b-a 1

[P(tan-1¢) dt < 1 2 2

a a+b—2a b-a

SOLUTION AN.101.

Letbe f:[a,b) > R; f(x) = ﬁf:(log t)dt

. —(logx)(b—=x) + fxb(log t)dt yyr
f(x)= b —x)2 =

B —(logx)(b—x) + (logc)(b — x) _logc—logx
B (b — x)2  b—x
Because the function g: [a, b] - R; g(x) = log x

>0;x<c<b

1 . .
g’ (x) = ~ > Oisincreasing.
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c>x=>logc—logx>0
b>x=>b—x>0

f'(x) > 0 = fincreasing = f(\ab) > f(a)

b b
1 1
— | (logt) dt < flotdt
b_af(g) P (logt)
x vab

1
f:(IOgt)dt <b_\/a— b—a \/_+\/_ \[E
b

fj’ﬁ(logt) dt ﬁ Vb(Vb — \/_) )

SOLUTION AN.102.

1

k
n n 2
Z j <log(1 + x%) —log <1 + F)) dx| =

where f(x) =log(1 +x2);f:[0,1] > R

F)=1-75<

<1=|f'(c)l =1
1
log(1 Hd 1 y 1 1 e
.[_Og +Xx x—HZ og +F
0 k=1

k=1k-1 k=1 k=1
n n
_i k(k k — 1) 1/k* (k-1)? _Z":<k 2k—1)_i 1 1
N n\n n 2\ n2 n2 N n2 2n?2 ) Li2n?2 2n
k=1 k=1 =1
SOLUTION AN.103.
n
> tan (2) - [ant (F5)a
an"1(—— ) — | tan1(—— ) dx| =
= V3 J V3
n k
= Z tan~?! <k+ 1) ftan 1<x+ 1) x
k=1 V3 k-1 V3 -
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=3 fan (%)f GEWE
S| G () (5
=kzl %k£<(0k+i)2+3 (- x)dx) <
S%%Zki("_”d":%g “Zht)- ng( &>

SOLUTION AN.104.
Let be @: (0,) - R; ¢(x) = logx;

@' (x) = % ;@ (x) = —12 < 0; ¢ - concave. By Jensen’s inequality:
b b
1 j‘x + 1 J‘
Plb—al ¥+ 1 x4 +1
a a

b

1 1 fx +1 f

lb—a x4+1 x4+1 dx
a a

x2+1

1 b
dx > erate o8 (1)

IV

1 bx%+1
b-a’a x*+1

b 1 b 641
—dx > eb- af lo (x6+1)dx (2)’ _fbx +1 dx > eb- afa log(x2+1)dx (3)

x2+1

By multiplying (1); (2); (3):

xt+1
x6+1

1
Analogous: —— f
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b b
x2+1 xt+1 x®+1
(b — a)3<fx4+1 )(fx6+1 )(fx2+1dx>2

statboe (5o ) (et (o5t Jor _ ot

>e

b

x> +1 xt+1 x®+1
(.[x4+1 ><1x6+1>< x2+1>—(b @)’

Let be ¢:(0,©) -» R; p(x) = logx;

SOLUTION AN.105.

o' (x) = i ;" (x) = —xlz < 0 = ¢ concave. By Jensen'’s inequality:
1 (£ [ (1)
X X
0 f1 dx 2 j < 1 >
b_aa f2(x) p f2(x)
1 ([0 1 f1®
X 1\X
1 ! j log (2=
®\p-a) L") b-a) '*® <fz(x)>dx
a a
1 b f1(x)
1 bfi(x) L 1og( (x))dx
bada i X 2 )
1 b f2(x)
1 b fa(x) afa log(z>c5 Jdx
Analogous: — Js i (x)d (fs( )) (2)
1 f3(x)
1 b L 1og( (x))dx
b-a afl(x)d e’ & (3)

By multiplying (1); (2); (3):

b b b
1 f1(x) f2(x) f3(x)
(- a7 ( £ d") ( f3&) d") ( f1G) dx) =

Ry (FLCY CCaN CIC PR

E\f2(0 f3(0 f1()

b b b
f1(x) f2(x) f3(x) N3
<a e "") ( e “") (f G "") =0-a

SOLUTION AN.106.

We prove by induction:
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1 37 4n-1 1

: <
V3 5 9 4n+1 an+3

1 3 1
P1):— -<—o3V6<5V354<175
DB 57

3 7 4n-1 4n+3
P(n+1): \/—'E'E"" <\/W (to prove)

4in+1 4n+5

1—[(4k 1) 1 4n+3 1
V3 4k +1) "3 Van+3 4n+5 \/m

van + 3 1 ,
J3@n+5) <m=) 4n+3)4n+6)<3(4n+5)

16n% +24n+ 12n+ 18 < 48n? + 120n + 75
© 0<32n%+84n+ 57 (True)

o< T <
4k+1/) Jan+3

(4k — 1) <0=0=0
_— =3 =
\/_n—wo 1 4k + 1/ —
SOLUTION AN.107.
We prove by induction:

1 17 13 6n—=6 1

T 'z'g'?---'sn_lﬁx—m“

P(1) = —<—<:>\/_<4(True)

P(n+ 1) .1.2.2.___.6"_5.6"+1< 1
2712’58 "'3n-13n+2 vent?
1 1713 6n-56n+1 1 1 6n+1 1
27125 8 “3n-13n+2 2 ventl 3n+2 vent7
6n + 1 1

Ca@Bn+22 6n+7
s (6n+1)6n+7) <4(9n? +12n +4)
36n*+42n+ 6n+7 < 36n* +48n + 16
7<16
P(n)-»P(n+1)
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1 3 1
- 2_
0<znk_1( 3k—1)<\/76n+1
1 n
< lim — - < -
O—Tlliri‘oznk_l(z 3—7) S0~ =0

SOLUTION AN.108.

€= Z(Z (25k2 + 5k — 16)(n k+1)2) (Z 25k2 +15k 6) <Z%>=

n=1 \k=1 n=1

8

2

920

1 n n
15 6
SOLUTION AN.109.

PO mi 2n2 +2nm+n-1 3
T N\ @nrzm+2n )T
n=

_ ] m 1 CBA l 1 (2m+ 2)!! _ ] 1 _
T [Zm+ 2 T mee(2m+ ) 1 Mo aT

SOLUTION AN.110.

2 2 2

ff%@dx+ff§7—z=ff%wdx+ L fﬂ@dx fdx—
1 1 1

2

f&mnﬂ)fm—g
1

_fU&O+D(F@D—ﬂ@+1—f&Dd__fquy+nﬁ%@—zﬂ@+1)
- 16 o 16

ff3(x) +1-f)(f(x) + 1)
f(x)

2
(@ + D) - D2
= 0 dx >0

Equality holds for f(x) = 1;x € [1,2]

SOLUTION AN.111.
2

f(f’(x))2 dx + fszl(z) -2= f ((f’(x))2 + f%@) dx—(2-1)—-1=
1 1 1
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(@) +1
B f(x)

O
2 3
(Ffx) +1 )
=||—FF——-F®+1) |dx =
!( f'(x)

f(f @+ ((F@) - F@+1-F@)
1

e dx =

(f’(x) + 1D (f' (x) — 1)?
f(x)

Equality holds for f(x) = x;x € [1,2].

dx =0

SOLUTION AN.112.
Ifa,b > 0 then: (a — b)?>(a? + ab + b*) > 0
(a—b)(a®-b3)>0=>a%(a—b)—b3(a—b) >0
a* + 2a’b? + b* = a3b + ab?® + 2a*b*
(a? + b?)? > (a + b)?ab
a? + b? > (a + b)Vab

Fora = f'(x);b = f'(y)

u ;’?&Wf(f > JFOF o) (1)

dx— (f)-f(1))-1= (f (x)) i 1 ff (x) dx — de—
1

anatogous: LU O) ey @ L) rer @

By multiplying (1); (2); (3):

1_[ (F@) +(F o)
F@O+fO)

) = fOf f'(2)

cyc

By integrating:

2 22 2 2
(') + (F )
HI(U( Fe+ry )=
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2

2 2 2 2
> F@FO)f (@dxdydz=| | fdx| = (F2) - f1))° =
1] I

=2-1)3=1
SOLUTION AN.113.
Xn+1 Xn+1
Inx, ln( Xn ) ln( Xn )

4
IimIn",/x, = lim = lim = lim =
n-co " nso Nt oM+ 1) —nt* nowd4nd+6nZ+4n+1

Xnt2 _ Xn+1
= lim In (xn+1) ln( Xn ) _
T new4(n+ 13 —4and3+6(n+1)2—-6n2+4(n+1)—4n
In (xn+2 ) Xn ) In <xn+3xn+1> —In <xn-|2-2xn>
lim Xn+1 Xn+1 = lim xn+2 xn+1 —
noo012n2 +24n+ 14 noo12(n+1)2 —12n2 + 24(n+ 1) — 24n

2 3
In <xn+3xn+1 _Xn+1 > In <xn+3xn+1>
2 3
Xn+2 Xn+2Xn . Xn+2¥n )

=1i =1
nat 24n + 12n + 24 nae 24n + 36

3 3 6

Xn+4Xni2  Xni2%n 1 . Xn+4Xn42%n

In : 3 =—limln(—F—T5—|=
Xn+3X¥n+1 Xn+3Xp41 24 noo0 Xn+3%n+1

= 2.0m

et 241
T4 M€ T o7
InQ=1=>Q=c¢e

SOLUTION AN.114.
1 1
(1 AR
!Cl_r)l(} <x log(x + 1)x >

<1 log(1 + x)) mx —log(1+ x) B

x-0 x2

X x2

1
1+x-1 1

-1 1
= lim 1tx — lim —— =1lim — == (1
x>0 5y 20 55 (1+%) 120 50641) ~ 2 (1)

n

2k 1 1 4
5 (on" 1) =5 2,2 n ) =5 = s)

n

NgE

Xnp =

w
Il

. @ (1 2\ 1
limx, =0 = lim ( ——log(x,, + 1)* | = =
n—oo n-oo \ X 2

n
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SOLUTION AN.115.
Let be u,v € (0, 1). By Bernoulli’s inequality:
ul7=A4+u-D""<1+@w-1)1-v)=1+u—-w-14+v=u+v—uwv

—<ut+v-wsu>2—— (1)
u? u+v—-uv

(2)

Analogous: v* >
u+v—-uv

By adding (1); (2): u* + v* >

u+v

We take in (3): u = f(x);v = f(y)
fx)+fy)
(f(x))f(}’) n (f(y))f(x)

b b - .
j.f(f( )])rl(”gigf)))ﬂx) dxdy+jjf(x)f(}’) dxdysjj(f(x)+f(y)) dxdy
’ g y aa a a

u+v-uv

<u+v-—uv (3)

+HfOfWM =f+ )

b 2 b
fx)+fQ)
~dxdy + fX)dx ]| <2(b—a) | f(x)dx

SOLUTION AN.116.

SN B SUPPNERE
x2 xy y? x
f 1 $+l>dx_\/—f d +\/7§f1dx—£log<b) \/2_§(b a)-—

il v3 : b )
f(j%j)dx)dy>ﬁlog(b> (b—a)+\/2—§(b—a).10g<g) _

ﬂ%w
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b-a

S1og ;)
0og a

Forx>0:(x—1)?&x*+x3+x*+x+1)>0
x-DE*-1)20=>2°x-1)-(x—-1)=0

SOLUTION AN.117.

x6—x°4+1-x2>0
(x*+2x2+1D)x<x®+2x3+1
2 +1D2x < (x®+1)?

Vx < 1

F+DVx < +1=3—<-— (1)

Replace x in (1) with f(x) and multiplying with f'(x).

fO\f (x f(x)

fPlx)+1 fz(x) +1

[ F OJF@ j’ £
x fz

f3(x)+ 1 (x)+1

dx =

= tan™!(f(b)) ~ tan"* (f(a)) = tan™! < T >

1+ f(a)f(b)
Equality holds for a = b.
SOLUTION AN.118.
Forx>0:(x—1)?(x*+x3+x2+x+1)=>0
x-1DE*-1)20=>2°(x-1)-(x-1)=0
X0 —x5+1-x>0=> @+ 2x2 +Dx<x0 +2x3 + 1
2+ 12 x < (2 +1)?

VE
2341 x2+1 (1)

Z+DVx<x}+1>

Replacing x in (1) with e*’ and multiplying with 2xe*.

2xe* \/_ 2xe*

e3*” +1 erZ +1

b
j‘ 2xex2\/ ex’? f er

T e3xtHl ez 11 dx = tan~*(e”") — tan~*(e*)

a
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b 2
f xe* 4/ ex’ 1
a

P dx < -

1 + ea*+b*
SOLUTION AN.119.

1 b2 _ a?
(tan~1(e?*) — tan~1(e?")) = 5 tan™ ( . )

o fxcosx—cosx—xsinx— sinx

dx =
x%2+sin2x+1
f (cosx —sinx)x — sinx — cos x
= - dx =
x2 + 1+ sin2x
(sinx + cosx)'x — x'(sin x + cos x) x?
- 2 "2 : 7 |dx =
x x% + (sinx + cos x)
sinx + cos x\’ . _
(—x ) _4(SINX + COSX _q(SINX + COSX
A ) | (ran (RO g e (ST C05)
sinx + cos x
14+ ()
SOLUTION AN.120.
s Tn _ 13 Hpi1—Hy —1: L _
lim,, ., = lim,,_, i = lim,, = 0 (1)
1
2

1
507 = g0y MO — gene) = g = L
x>0

1
eoo_;_o (2)

By (1); (2):
nZ
H,\Hx
n? tan ((W")
2
11m<—>"=0:>llm —— =1
n—oo n n-oo n~

n? n? n?
(ﬂ)H% (h)ﬂ% H, \&
. T n _ n _ n
€= 1111_)n°10 H n? H n? 1 1111—230 H nZ — 1111—>rgz tan (Hn)
H 2 2 —=
Hyp\Hn My \H3 ( (_n))Hn n
( n ) (tan n )) tan (=
n? n2
H, 7 Hy _ o (Ha)\ 2
=lim({1+—2——1| =lim|1+ 1 n
n—-oo tan (ﬂ) n—-oo tan (ﬁ)
n n
1
tanx x—tanx 1 lim cos2 x
X —tan x\x—tanx tanx 2 lim*=tan x x=0) 4 tan x+x2-
= lim (1 + —) = ex~>0xZtanx = @ cos2 x —
x-0 tanx
222
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2

—sin“x i SBX gy Si0X —1.lim-_S95% 1 1
= ex—>02x51nxcosx+x2 =e x50 x x508in2x+x = g " x-02cosx+1l = @ 3 = ?
e
SOLUTION AN.121.
Letbe F:(0,5) > R;
2
GO Jy Vesintdt
X) ="
Jy Yt costde
) Vxsinx ) Ytcostdt — Y3 cosx [ YEsintdt
X) =
2
(J; Ytcostdr)
1
F'(x) = " 5 j Yxt cos xsin t (tan x — tan t)dt
(J; Vtcostdt)
g: (O, g) - R; g(x) = tan x is increasing on ( ) because g'(x) = o 0

Ifo<t<x< g > g(t) < g(x) > tanx >tant = F'(x) = 0 = F increasing

a+b T a+b
0<aSVabSTSb<E=>F(Vab)SF( > )

a+b
f x/_smxdx f \/_smxdx

= <
fo i/Ecosxdx f \/_cosxdx

a+b

Vab

f Yx sin x dx |/
° \

vab /T
Yxcosxdx | < f ¥x cos x dx |f Yx sinxdx |
0 \0

o N‘i
=

Equality holds for a = b.
SOLUTION AN.122.

(\/1+sinx+'\l/1—sinx 2)(n+1) . Q(n)
Q=1lim-— = lim
noo ("YT+sinx+ VI —sinx—2)n  nooQ(n)

Q;(n) =m+1)(V1+sinx+V1—sinx—2) =
_ V1+sinx—-1  V1-sinx-

n+1 n+1
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In(1+sinx) In(1-sinx)
_e n1 —1 In(1+sinx) N e nti  —1 ln(1 — sin x)
"~ In(1 + sinx) n+1 n In(1 — sin x) n+1
n+1 n+1

lim 0 (n) = 1-In(1 + sinx) - i +1-In(1 ) - lim —
1m 1 n)= n S“lx ln11l+_1 n S“lx 1&2%1l+_1

lim Q;(n) = In(1 + sinx) + In(1 — sin x)
n-o

Analogous:

lim Q,(n) = In(1 + sinx) + In(1 — sin x)
n—>oo

— lim Ql(n) . ln(l + sinx) + In(1 — sin x)
T o Q,(n) noeh ln(l ¥sinx) +1In(1 —sinx)

SOLUTION AN.123.
First, we prove that if a, b, c > 0 then:

4a b+c
aZ+bc — 7 (1)

4abc < (b + ¢)(a? + bc) © a?b + a*c + b*>c + bc* — 4abc > 0
b(a? — 2ac + c?) + c(a? — 2ba + b?*) >0
b(a — ¢)? + c(a — b)? > 0 which is true.
In (1) we take: a = f(x); b = f(y); ¢ = f(z) and multiplying with f'(y)f'(z).

fOfWf' @ 1 ') f'(2)
P20+ ff @ = # <f“ fop HIO f()>
By integrating:

a a

X b b | bf,(z) i
+Z fdx ff(y)dy fmdx =

= 16— f(®) - f(@)(10g(F (b)) ~ log(f(@))) +

b b b b b b
FOFOF @) 1 , F )
af”mx) T f)f@) Xz < Z(f "") <ff @) dz>< ) dy) *

+% (b — a)(f(b) - f(@))(log(f (b)) — log(f (@))) =

b
:%(b—a)(f(b) (a))log(f( )> 1g< f(b)

(b-a)(f(B)~f (@)
f(a) f (a)>
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SOLUTION AN.124.

1 nt
1 Zie= 114790
n n . k
i ! 11-4 1 =t Zh= 114 go n
Q=1lim|1+ » ———] =lim - _® X _
n—-oo k 90 n—oo k4 9
k=1 k=
1
n 1 wt 1
im 21k 90 . (n+1)* (n+1D*
lim ——— lim ~——= lim ————
n-eo 1 CESARO-STOLZ nso_1 1 nocon—n—1
=e€ n = =—e ntin=e nn+l) =

lim ——
= en—x° (n+1)3 — eO =1
SOLUTION AN.125.

. . 1 1 1
llmHn=11m(1+ + =4+ )

n—oo n-oo 2 3

1 1 1
= lim <1+ +=+- +——logn+logn)
n—o 2 3

=y +logoo = (1)

Q = lim H?2 1+ H,\ " : 1+Hn"”n_l_ (L2 At _
_"l‘)lgn(Hn>_og<Hn) _xl—fgx(x)_()g(x) -

= lim 1 -

x?
A (e Yt (a e ) etn(14 )+ 5
X—00 2

%

X
[y = o)
= lim — -
x3
X
e () gt
X—00 1 X—00 i
x x2
1, 1 \2 1 x 1 \*
=%;ng(1+ >x ,l}jglog( 2_x+1 =%-e- lim xZ x+_1;_(x+1)2 _
x2 3
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N S | 2 ,
Oy 2OFD_GHDT) e, * ) _el_e
2\ x>0 _l 2 x—>002(x+1)2 2 4 8
x3

SOLUTION AN.126.
1A
tanx > x; (V)x € (O, E) = tan? x > x?

sin? x > x2 cos? x = sin? x > x%(1 — sin? x)
2

1+ x2
X

sin? x (1 + x?) > x? = sin?x >

- x -
sinx > ——— = sin(e*) >

e
V1 4+ x2 V1 + e2x

b

jsm(e") dx > jm

a

=108(€b+ 1+e2b)—log(ea+ 1+82a)=log<eb+ 1+62”>

e+ V1 +e?a
SOLUTION AN.127.

o= ) = () -

= k=1
Y- g NS
= — — - _
ak? La(k+1) Lik(k+1)
SEAPE A S S P
6 6 L \k; k+1 -3
11'2+ n 1
1 3 (k2+k)
1 1
7'[2 - 1 3 11:'; + 7cl=1 2 n
Q=i 1+3——+Z— (k?+k) =
nl—p;( 3 (kZ + k)Z
k=1
2 1
113 +2k=1 ! 2 2 2 1
. (k% +k) . ((n+1) +(n+1)) (n+1)2(n+2)2
lim im D
n-00 1 CESARO-STOLZ  n— 11 ot
=e n = =e n+il n =e "(""‘1)

- n
= erP—E& m+1D(n+2)? = @0 =1
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SOLUTION AN.128.

Denote:

L(a) = lim (xz (a% - 1) —xIn a)

X—00

1 1 -1 1
xai_x_lna ax+x'_2'lna'ax_1
L(a) = lim 1 = lim X i =
X—00 4 X—00 -
x x?2
1 1 1 1 1
ai—l-lna-af—l —lzaﬂna+l2ailna+l31na-ai
= lim = lim X X =
X—00 1 X—00 2
a2 x3
. axln’a In%a
_xl—>r2> 2 T2
1
x(ax — 1) —Ina
Q(a,b) = lim 1 =
* x(bE—l)—lnb

1
x2<ax—1>—xlna_L(a)_ln2a 2 In’a

= lim 1 = = ‘Tz h _ InZ
i (br— 1) —xtnd L(b) 2 In’b InZb

Ina-Q(a,b) +Inb-Q(b,c) +Inc-Q(c,a) =

In3a In®b In3c RraboNy (Ina+1nb +1Inc)d
= + + >
In2b In%2c In2a (Ina+1Inb +1Inc)?

SOLUTION AN.129.

=Ilna+1Inb +1Inc = In(abc)

[\/E+\/W;+\/m] > [ﬁﬂ/fﬂ/ﬁ] _ [\/E] (1)

0<1>k*>+2k<k?*+2k+1>
VK2 +2k<k+1= 2 k(k+2) < 2k +2
2k +2 + 2\/k(k +2) < 4k + 4
k+ (k+2)+2k(k+2) < 4(k+ 1)
(\/E+\/m)2 <4(k+1)
VE+Vk+2<2Vk+1
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I\/E+\/k+31+\/k+zl<[2\/k+13+\/k+1]=[ 71 -
ﬁ[\/F+\/W31+\/m]S[\/E] 2

By (1); (2) =

z":( \/_+\/k+1+\/k+Zl>i§n:1
k[Vk] 3 Lk

k=1
log2n+1) — )
EC G

k=
n
1 . 2n+1
—11m<10g(2n+1)—10gn+logn ZE)=y+llmlog( m )=

n—co

[ — [VR] (3)

x| =

k=1
=y +log2
SOLUTION AN.130.
. i2+i+1] _ [12+1+1] _
Ifl_li[iz—Hl] B [12—1+1] =3
. 2+i+1] _ [22+2+1] _ [7] _
Ifl_2=>[i2—i+1] B [22—2+1] B [3] =2
Ifi > 3 then:
+i+1 iZ—i+1<i?+i+1 2i>0
<—<2<:>{ -t L+t e, ,
iZ+i+1 iZ+i+1<2i®2-2i+2 {l2—3l+1>0
A=9—-4=5
, 3++5
li2 = 2

lE(3+\/— ) i = 3. True.

E Criti +2+E Frivl 3+2+"1 5+(n—-2) +3
= = = — =
21| Z-i+1 23. n n

1=

w(k)=k+3
. - 1 . - 1
Q2 = lim (log(Sn +1) - Z W) = lim <log(3n +1) - Z k_+3> =
k=1 k=1
. 1 1 1
= Tlll_)n(}o (log(Sn +1)— 25T m) =
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1 1 1 1 1 1
=1lli_)r£10<log(3n+1)— —5T3 1T ?+log(n+3)+1+2+§—log(n+3)>

1 1 3n+1 6+3+2 11
—1+2+§—y+llmlog<n+3>= 3 —y+log3=?+log3—y

SOLUTION AN.131.

First, we prove that if i > 3 then: 1 < Vi <2 (1)

i—i+vi
(. [~ . -~ ( ~_|.,.. F
—/+\f —i Vi /+\f
{ L L 1<l1 A - 1< l l
\i—ﬁ<2i—2/t+ﬁ Lz/i+ﬁ<i+ﬁ
i<i+i Vi>0
@{4i+4\/—i<i2+2i\/f+i=) {z\f+21+\f 1i-4>0
i>0
®{ﬁ(i—3)+2(i—2)>0

Which are true because i > 3.

Xn = l [ l Z [ l
\/1+ 1/2_|_ i— /l+\/—_
V2 2-V2)(2+V2+V2
_[@-vax [2 N ml 3
—V2+2 4-2—2
Xn=0+3+3;1 (by (1))
xn:3+(n_2):n+1’llmxnzoo
n—oo
Xn
1+ x2log (%) ) .
Q = lim n = lim (—+xlog(1+—)) =
n—-oo xn xoo \x p
1
. J}i_)l&log( +xl:g(1+ ))
= lim exl°g( +xlog(143)) _ o x =
X—00
1
Iim, 2+log(1+—)1+x(—x_2).% xgyol"g(l"'—l)—%
- ¢ B =e'-e ™ =
_l.L_F# _#-’-#
lim % XL G D)? lim XD G )?
=e-e x_3 —e-e x—3 _
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—x—1+4x x3

i —X=1EX X 1 1
— e e xDE 2 —e-e2=e2=+e
SOLUTION AN.132.
. . a1y X
Letbe f:R - R; f(x) = tan X+5 =1
) 1 N 1+ x2 — 2x?
X)=———+x——m738M3Mm =
/ 1+ x2 (1 + x2)2
+1+x2—1+x2 N 2x? (+ 2x )
=X =X+———= VPR IT)
(1 + x2)2 (1 + x2)2 (1 + x2)2
| 2|x| AM-6M 2|x|
(14222 " 14+2x2 —  2|x|
| 2X o915 % o 15142 S0
S — 5——>-1>
(1 +x2)2| — 1+ x2— 1+ x2~

sgn f'(x) = sgnx
minf(x) =f(0)=0> f(x) =0;(V)x€eR

2

. X X
anlx>—-——
1+x2 2

b 1 b x 1 5 3
.L(tan‘ x)dxzj; 1+x2dx_g(b —a’)

2

b 1+
6f (tan"1x)dx >3 log<

3_b3
a 1+a2>+a

SOLUTION AN.133.
Ifn > 1 then:
n<nd+2n+1<n®+3n2+3n+1
IV <iym+2n+1<Y(m+1)3
n<3\/n3+2n+1<n+1
[3\/n3 +2n+ 1] =n

o=

n=1[ n®+2n+ 1)2] n=1

) 1 L @ Y1 k2 CESARO-STOLZ
Q=limn|w- — | =lim —————— =
n—-oo k2 n—oo 1
k=1 n
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1 1
T (n+1)? " (n+1)? n+1
n—oo 1 _l n-o 1 n—oo n
n+1 n nn+1)
SOLUTION AN.134.
Letbel, = fol 2"dx;n>1
1 2 1 2
IZ = j 2 dx | = j (Voo J2m+iox) dx | <
0 0
1 1
< j 2-kxgx j 200X gy | =1, Ik
0 0
I2<I,, 1,.4;0<k<n
) MIRY SSTY L MIPRY MIPSINE) (- IR P
| LR P PR PR SR SUPIREEY P

PPl<ny-1,-1;- ... Iy,

1) 22x |1 23x |1 22nx |1
0/ <210g2 0> . <310g2 0> o <m 0>
2n+l (2 ~1)22-1)(23-1)-..- (2" - 1)

(2n)!- (log2)2n
1 (zn 1)2"“ 1-3-7-...-(22 -1)

an 1 2n+1 2x
<
(nlogZ O) (logZ

(nlog

<
log2\ n - (2n)!

SOLUTION AN.135.
Xn+3 — DXns2 + 7Xp41 — 3%, = 0=
—4Xpi2 + 3Xp11 = Xtz — 4Xpi1 + 3%y

—4x, +3x,_1

Xn+3
Xniz2 = Xppq + 33X, = Xy
Xne1 — 4x, +3x,1 = X, —4Xy_1 +3X,_2
Xn+3 — Xpi2 +3Xp41 = X3 — 4%, + 3% =

=10-4-4+3-2=0
Xn+3 — 4Xpi2 +3%541 =0

Xn3 — Xnt2 = 3(Xpi2 — Xpy1) = 32(xn+1 —Xp) =
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=33(xy — Xp_g) = - = 3"y —xy) =
=3nt1(4—-2) =12 3"
x3 — X2 = 3(x2 — x1)
X4 — X3 = 3%(x — x1)
X5 — X4 = 3(xz — x1)

By adding:
Xp—X3=(3+3%+ - +3"2)(x, — xq)
332 -1)

Xn = X2 +3T(xz — X1)

4-—-2
Xy = 4+3@"2-1) ———

x,=3"1+1,n>1

limx, =lim(3"1+1) =
n—>oo n—>oo

1
Q = lim <x,21 <3§ - 1) — x, log 3> =
n—-0o

1
1 x(BE—l)—logB
= lim (xz (35 — 1) — xlog 3) = lim =

X— 00 X—00 1
x
1 1 1 1
3x—1+x(~5) 3xlog3 3x—1-1.3%.10g3
= lim X = lim X =
X— 00 1 X—00 1
x? iz
1 1 1
—%-3§log3+12-3§log3+i3-3§log23
" x x
= lim 3 =
X—00
x3
2 1
i —33x-log”3 1 3xlog?3 log?3
et 2 —aeT 2z 2
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SOLUTION AN.136.

14
Z{ =2 Gl Z Z["“” :
p+1 ] p+1 Ip+1 p+1 p+1
p
_P .p(p+1)_z kp+1) p ___z[k p+t1-1
pt+1 p+1 p+1 o] p+1
p p
A e LA (R P )
== [k-1+——|=%- (k—1)+[— =
2 P p+1 2 ] p+1
_p_pp+1D) P -p'-p+2p_p
2 2 p 2 2

p

P
1 1
Q = lim zﬁ—ZIOg(2n+1) = lim 22;—210g(2n+1) =
r n—>oo

n—>oo
k=12 p=1
1 1 1
= 2 lim <1+ +-+- +——log(2n+1))
n—oo 2 3
1 1 1
—211m(1+2+3+ +——logn+logn—log(2n+1))
n—>oo

= 2(y+ lim log(2 7:_1)) = 2(y+log%) =2(y —log2)

n—->oo

SOLUTION AN.137.
L+ D@ —i+1)

ﬁ B\ _ ~
M \E—r)) TR\ M o o@ i) T
i=2 i=2

n n
g ni+1 Hiz—i+1 B
e\ s e viv1) T

i=2 i=2
cm-1nn+1) 3-7-13-...-(n2—n+1)>_

3.4
— 1 : .
‘m<" 1-2.3-...(n-1)  7-13-21-... (W2 +n+1)

lim w(n) = lim (

n—->oo n—oo

n—-o0o
] nn+1) 3 3. n*(n+1)
=lim(n- : lim——
n—w 12 n2+n+1) 2noon?+n+1
1 oD 1
) w(n)
Q= Tlll_)n; w?(n) (1 + —w(n)> — w?(n) cos <—w2(n)) =
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1
1\x 1 1+ y)Y — cos y?
= lim | x? (1+;>x—x2 cos = lim <( y) y ) =

X—00 y-0 yz

= lim
y—0

+ 1)r-1 1+y) In(1 +
= lim& + limg . limM + lim sin y? =
y—0 2 y—0 2 y—0 y y—0

(y(l +y)? 1+ (1 +y)In(1+y)+2y siny2> B
2y B

1 1
=—+—-—-14sin0=1

272
SOLUTION AN.138.
k+2 k+1 k+2 k+1
-1 _ -1 _ 1| k+1 k _
tan (k+1> tan (k )_tan 1+k+2 k+1>_
k+1 k
— K? + 2k — k? — 2k — 1 k(k +1) ~
an k(k + 1) K+k+k2+3k+2)

= tan~! (——1 ) = —tan™! (—1 )
N 2k2+4k+1) 2(k +1)2

L (k+2 L (kt1
tan (—> + tan (—) =

k+1 k
k+2 k+1
| Erit & L (K*+2k+K*+2k+1 k(k+1)
= tan~1 +1 = tan~1 :
1_k+2 k+1 k(k+1) k?+k—k*—-3k—-2
k+1 k

¢ 2k + 4k +1\ tan-1 2k* + 4k + 1
i Sy Bl 2(k+ 1)
= tm > (tant (522) - tant (£10))-(tamt (£52) + s (1)) ) -
= am an \kry)—n k VY k -
n
= tim (> ((tant (E22)) — (ot (S22 )) -
_n1—>r2> & an k+1 an k N

= lim <<tan‘1 (—2>> (tan 1 (£>>2> = (tan~'1)? — (tan~1 2)?

SOLUTION AN.139.
a*f(x) + b f(y) + *f(2) = FOfW)f (2)
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- a3 b3 c3 AM;GM
T @ @@ FOfe) -
- a3 b3 c3 RADON (a+b+c)?

+ + >
(f(y) ;r f(Z))Z (f(Z) er f(x))z (f(x) ; f<y>)2 (FO+fO) +f@)*
s (a+b+c)d i
(Fx) + fF) + f(2)

(FO+f) +f@)" = (@+b + )3
fO+f+f@=@+b+c)Va+b+c

B BB B BB
jjj(f(x)+f(}’)+f(z))dxdydzzjjj(a+b+c)\/mdxdydz

B
S(ﬁ—a)zjf(x)dxz(a+b+c)\/a+b+c-(ﬁ—a)3

B—-a)a+b+c)Va+b+c
3

B
ff(x) dx >

SOLUTION AN.140.

4

Let be f: (O’E) - R;

f(x) = e*(4 cot?® x + cot? x + cotx — 2) = —e*(—4 cot3 x — cot? x — cotx + 2) =
= —e*(—4cotx —4cot3x -3 —-3cot’x+2cot’?x+3cotx+5)=
= —e*[—4cotx(1+ cot’x) —3(1+ cot?x) + 2cot’x + 3 cotx + 5] =

4 -1
=—e"(— ——cotx +3—— +2cot2x+3cotx+5)=
sin? x sin? x

=(e*)'(2cot’x+3cotx+5)+e*(2cot’x+3cotx+5) =
= [e*(2 cot’x + 3 cotx + 5)]’

Q= f[e"(Z cot’x+3cotx+5)]dx=e*(2cot’x+3cotx+5)+C

SOLUTION AN.141.

Q = lim (n(x,’: — bxn)) = lim =

n—->oo n—->oo 1

n
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CESARO lim b*n+1 — p*n 4 xb — xb ' 1 _
n-—co Xn+1 — Xn L

n+1

_1
n

b+t + xb — p*n — xb |

= lim nn+ 1) (xp1—x) | =
n-o Xn+1 — Xn
b4 xh — b —x bt —p* o xh—xp
=a- lim =(lim—+ lim——— | =
n-oo Xn+1 — Xn n=0 Xpy1 — Xp PP Xpiq T Xp
b
b Xn
b*n (bxn+1_xn — 1) Xn+1 ((x ) - 1)
_ . . n+1 _
=a| lim + lim =
n-—oo Xn+1 — Xn n-o0 Xn+1 — Xn

b
Xn _

(xn+1) 1.(xn _1). 1
Xn_ _ 4

Xn+1

=a| b’logh + b” lim
n—>oo

Xn+1 Xn+1 — Xp

1 b
_ a(bblogb _pb b-B) —a-b(logh—1) = a-bblog(z)
SOLUTION AN.142.
X,y € [a, b]. By Schweitzer inequality:
Z+3)<
x+y) (x + y

(x + y)? - (a + b)?
xy ~ ab

ab(x +y)? < xy(a + b)?
Vab(x +y) < /xy(a+b) (1)
Analogous:
Vab(y + z) < \[yz(a+b) (2)
Vab(z + t) < zt(a + b) (3)
Vab(t + x) < Vtx(a+b) (4)
By adding (1); (2); (3); (4):
2Vab(x+y+z+1t) < (a+b)(Jxy +[yz + Vzt + Vix)

x+y+z+t <a+b_
Jxy +Jyz + vzt + Vix ~ 2Vab
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_a+b 1 GM;HMa+b 1 a+b 1  (a+b)?
2 Jab 2 2 2 2ab ~  4ab
1+1 a+b
a b
xt+ty+z+t (a + b)?

<
Jxy +yz+Vzt +Veix ~  4ab

b bbb
jfff(x+y+z+t)dxdydzdt<

Jxy+ . yz +zt +\Vtx
aaaa

b bbb
(a + b)? (b+ a)?*(b—a)*

< =

_ffff 2ab dxdydzdt 2ab

a a a a

SOLUTION AN.143.

1 .
1+x2’

2x <0
(1+x2)2 -

lim £(x) = 0; £(0) = 1

Letbe f:[0,0) > R; f(x) = fl(x)=-—

21+ x*)?+2x-2-2x(1 + x?)

f (x) = CEEDL
II( ) _ _2(1 + xZ) + 8x? _ 2(4x2 —x2 = 1)
f1x= (1 + x2)* T (1+x2)3
" _ 2(3x2 - 1)
"e) =y
y“
0 |a b C i ~—
© O O -
\/g T
3

d

(b— @)@+ (e~ DfB) + [@-f© 2 [ f() ax

a

b—a+c—b+d—c>f 1 dr — tan-1 d — tan-1
1+a2 1+ 1+ 14277590 an -d

a
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SOLUTION AN.144.

b i (101 1y
fim By = fim (145 #3447 ) = o0
] 1
Iim—=—=0
n—oo n
(m+az;) .
(n’ + i)n — ('”'H )
— 13 n
Q= rlg?o 1
Hn
(1 + y)™@+Y) — g+mT
Q =1lim
y-0 y

Denotex =y +m

x" —nY
Q = lim
x»>n X—T
. XX _ X . ex" logm en:x logm
Q = lim —lim
x> X —T X—T X—T
. ertx log en'x log . ex" log en:x log
Q = lim —lim
X—T X—T X-T X—T1
x x -
. e’ logrt(en' (log x—logm) __ 1) n'x(logx _ log Tl')
Q = lim . -
x-n  1* - (logx —logm) xX—T
i en’" logrt(ex” logmr—n*logm __ 1) lOng’ (xn: _ n.x)
— lm .
x-m log m(x™ — ) X—T
logx —logm x® —m*
(4 - X =
QO =e" l°g”.n”.llm—_e” IOg”.logn.llm
X—T X—T x-on X — T

nx™ 1 —n*logm

(4 X =
Q=e" 1987 . g7 . _ _ ™ I8 . 1og 77 - lim
T X 1

YA — T
Q=e" logrt_n.rt 1 —er logn_logn(nn_nnlogn)
T — T
Q=n" g™ 1—a" -a"logm+ ™" -n"log?m

Q=n""(n™1 - na" - logm + n" log? )

- 1
Q=n" -n" (E—logn+log2n)

— u+n” 1_ 2
Q=m - logm +log“m
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SOLUTION AN.145.
In Hlawka’s inequality:
lu+vl+lv+wl+|lwt+ul <|ul+ v+ |wl+|ut+v+w
we take: u = log f(x);v =log f(y);w = log f(z)
fFO.f.f(2) >1=>uv,w>0
e >x+1L,x>0=>x>logx+1)=>logx) <x—1 (1)
llog f(x) +log f(¥)| + log f(¥) + log f(2)| + [log f(2) + log f(x)| <

< [log f(x)| + [log f(¥)| + |log f(2)| + llog f(x) f(¥)f (2)| <

S FO)— 1+ fO) — 14 f@) — 1+ FOFOIf @) —1
log(F () - F3) - f®) - (@) f(2) - f()) <
< 44 F0) + fO) + f@) + FOFOIF @)
log(FRFOF @) +4 < F() + F3) + f(@) + FEOFD)F (@)
1+ 2108(fF (@) < f) + FO) + £(2) + FEOFOF ()

(f@) + fO) + f(@) + FOf D) f(2)) dxdydz

b b b 3
4(b — a)? +6(b—a)2flogf(x) dx < 3(b—a)2ff(x)dx+<f f(x) dx)

SOLUTION AN.146.
By induction we prove that:

1233 N
(k+1)! zk (1)

Suppose (1) true. We must prove that:
123 AR YD

(k+2)! 2k+1 (2)
1-v21- 331 VK- Y+ 1)1
(k +2)! -
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1321331 VR "*i/(k+1)!<
B (k+ 1)! T k+2 T

k+1
Si- 1/(k+1)!< 1

& ez = gzim1 (toprove)

“Uk+1)! “Y1-2-3-.. k(k+ 1) am—cm
= <
k+2 k+2
< 1 14243+ 4kt (k1) _ (k+1)(k+2)

1
k+2 k+1 T 2kt D) (kt2) 2 Hence (1)= (2)
P(k) » P(k+1)
1-v21-331- .- Yk 1

(k+1)! <2k
" W1 5((3) -1 n
= = 2
t e cHE SR Pl
osasiL%Hi<1—(%)n>=é(1—0)=0
Q=0

SOLUTION AN.147.

Letbe A = (11¢ uoY W) e Myu(®

AT = € M4, (R). By Binet - Cauchy’s theorem:

S I m
_s g e

det(4-47) >0

1
]

w

:(1+u2+v2+w2 u+uv+vw+w>
ut+tuw+vw+w wW+vi+wi+1

mEg e

det(i4-AT)>0=> 1 +u?> +v2+w?)?2 > (u+uv+vw+w)?

1+ 4+ v +w>ut+uww+vw4+w
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Replacing u = f(x),v = f(y),w = f(z). By integrating:
bbb

fff(1+f2(x)+f2(}’)+f2(z))dxdydz2

a

b b b
> j j j (FG0) + FQOFD) + FOIF ) + f(2) dx dy dz

bbb bbb
fffdxdydz+3jjjfz(x)dxdydzz
a a a a a a

bbb bbb
szfff(x)dxdydz+2jij(x)f(y)dxdy

S

b b 2
(b— a)? +3(b — a)? j F2(x)dx > 2(b — a)? j F(o)dx + 2(b — a) ( f(x)dx>

By dividing with b — a > 0:

b b b 2
(b—a)z+3(b—a)ff2(x)dxz2(b—a)ff(x)dx+z<ff(x)dx>

SOLUTION AN.148.
The characteristic equation is:
A3 —1422+654-100=0< (A—-4)(A—-5)2=0
Eigenvalues are A; = 4;A, = A3 =5
X =AA} +BA} +C,A3 =A-4"+ (B+C,) - 5"
Byx; =4A+ (B+C) -5 = 14;
x; =16A+ (B + 2C) - 25 = 81;
x3 =64A+ (B+3C) -125=564resultsA=B=C=1
x,=4"+(1+n)- 5"

xn+2
. n|Xpy1CDA . X . Xnt2 "X
Q = lim = lim x"“ = lim - =
n—oo Xp n-o *n+1 n—oo (xn+1)
xn

@+ (B+n)5?) - 4"+ (1 +n)-5")
nl_,lg (4_n+1 + (2 + n)5n+1)2 -
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sn+2 ((g)"” in+ 3> (& +n+1)

52n+2 ((%)n+1 +n+ 2>2

(@ (@A
= lim =1

B (O )

SOLUTION AN.149.

Let be f: (0, g) - ]R;f(x) = log (Si:x)

sin x\’ ] )
£ X X xcosx—sinx xcosx—sinx
xX) = - = — . = .
sin x sinx x2 xsin x
x

1 1  sin?x—x?

1
'"x)=cotx——; f'"(x) = —— +=——"——
f) X f') sin2x x? x2 sin? x
15
sinx<x;(v)xe(O,E):sin2x<x2=>sin2x—x2<0
f"(x) < 0= f concave on (0, ;—r)

By Jensen’s inequality:

(ax1+bx2+cx3> - 1
a+b+c “a+b+c

(af(xy) + bf(x3) + cf (x3))

T
(V)a,b,c > 0; (V)xq, x5, x5 € (O, E)

We take: x; = b; x5 = ¢; x3 = a:

(af(b) + bf(a) + cf(a))

(ab+bc+ca>> 1
at+b+c “a+b+c

. (ab+ bc + ca

1 (W) - al sin b b1 sin ¢ 1 sina
ab + bc + ca _aog(T>+ °g<T)+C°g< a )
a+b+c

(a+b+c)log

a+b+c

. (ab+ bc + ca
Sm(—a+b+c) sinb\* /sinc\’ /sina\°
log =108((5-) () (%)
ab + bc + ca b c a

a+b+c
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a+b+c

. rab+ bc+ ca . a ) b . c
SIH(W) - sinb sinc sina
ab + bc + ca _(b)'(c)'(a)

a+b+c

SOLUTION AN.150.

sinx sinx+siny sinx+sinx siny
siny sinz ~ siny sinz  sinz ~

AM;GM 33 sinx sinx siny 33 (sinx)2
siny sinz sinz sinz

It remains to prove that:

smx smx 27-8 (;\c)2
smz smz 3 Z
sin x
3 ( ) > 8 (—)
sinz z
sin x
T ——>2 \/_ -

m/ﬁs':x > 2&% (1)

. JORDAN 2x sinx
sinx > 7;'=>1T

mr > 2T (2)
<1222 <2V2 < 2Vm (3)

By (2):(3)= (1)

sinz<z>

SOLUTION AN.151.
The characteristic equation for this sequence is:
A*—1023 + 3642 —541+27=0
A*—23—-923 +92%2 + 2742 - 271+ 27=0
ABA-1)-922(1-1)+2741-1)-27(A-1)=0
A-—1)(A%3-922+2724-27)=0,1-1)(a-3)3=0
A =12,=22;3=24,=3
Xp = A- A} + BA} 4+ CnA% + Dn?A}
X,=A-1"+B-3"+Cn-3"+ Dn? 3"
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X,=A+B-3"+Cn-3"+Dn?- 3"
xy=A+3B+3C+3D=10
X, = A+ 9B + 18C + 36D = 64
X3 = A+ 27B + 81C + 243D = 352
x4 =A+81B +324C + 1296D = 1702
with solutionA=B=C=D=1
Hence:x, =1+3"+n-3"+n?-3"

. n| Xp*Xu43 CAUCHY-D'ALEMBERT
Q=lim |[—————— =
n=w (Xnit  Xnt2

2
. Xn+1 " Xn+a Xn+1* Xn+2 . Xnta - (Xpi1)
= lim . = lim | =
Xn+2 * Xn+3 Xn * Xn+3 Xp (xn+3)

(1+3™"* + (n+4)3™* + (n+4)23"*)(1 + 3™ + (n + 1)3™1 + (n + 1)23"*1)?2

n—->oo n—-oo

= li
nove (1+3"+7n-3" +n2-3%)(1+3%3 + (n+ 3)3%3 + (n + 3)237+2)2
(n + 4)23n+4((n + 1)2 . 3n+1)2 3n+4- . 32n+2
= lim =lim———F-—-=1
noo nN2-.-3n. ((n + 3)2 . 3n+3)2 nooo 3N .32n+6

SOLUTION AN.152.
By Bernoulli’s inequality:
1+x)<14+ax;x>-1,0<a<1
Forx=p—-1,a=1—¢q
1+p-D"1<1+A-@@p-1)=1+p-1-pq+q<p+q

1-q r q> P
pi<ptq=>_.<ptq=>p'>_" (1)

By (1):

(sin x)Z cos?x _ (sinz x)cosz xS sin” x

(1)

sinZ x+cos?2 x

(cos x)Z sin?x _ (COSZ x)sinzx > cos? x

(2)

sinZ x+cos?2 x

By adding (1); (2):

(sinx)2¢os’* + (cos x)25M*x > 1> L (3)

1+cos2 x

o costx>0

Because 1 > >
1+cos“x

Integrating (3):
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b b

) dx
: 2 cos?x 2sin?x dx > f —
f((sm x) + (cos x) )dx > T cos?x
a

- o (F)le = e (50) - ()

SOLUTION AN.153.
By Bernoulli’s inequality: (1 + x)* <1+ ax;x>-1,0<a<1
Forx=p—-1,a=1—¢q
A+p-D"I<1+A-@-1)
pii<1+p-1-pq+q

p
E<P+q—P‘I<P+‘I

p? 1 4
=>—>p1>— (1
p = ptq p p+q (1)

By (1):

cotx tan x
(tan x) > tan x+cotx (2)

tan x cotx
(COt x) > cot x+tan x (3)

By adding (2); (3):

tan x + cotx

(tan x)°t* + (cotx)®n* > ——— =

tan x + cotx
By integrating:

b b

f((tan x)°t* + (cotx)t@n*) dx > J. dx=b—a
a a
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FAMOUS THEOREMS

CAUCHY —SCHWARZ’S INEQUALITY
(ax + by)? < (a® + b?>)(x* + y?); a,b,x,y €R
(ax + by + cz)? < (a*? + b?> + c®)(x* + y* + z%); a,b,c,x,y,ZE R

n 2 n n
(Z aixi) < (Z a?) (Z x?);ai,xi eERi€Eln

i=1 i=1 i=1
2 2 2
a b_ - (a+b)
Yy

- ;a,b ER;x,y € (0,
iabeRixye(0.%)

X

a’> b?> ¢ (a+b+c)?
b

-4+ = > ;a,b,ceER;x,y,z € (0,0)
X y z x+y+z
a b ¢ (a+b+c)?
—4—4+->—————:a,b,c,x,y,z€ (0,0)
X y z ax+by+cz
2 2 2 2
a; a a a;+a; +--+a -
_1+_2+...+_n2( 1 2 n) ;G ER x; >0iel,n
X1 X Xn X1 +x 4+ +x,
a b c 3
+ + =;(Mab,c € (0,
b+c c+a a+b 2 v) ( )
a b c

+ + > ;a,b,c€(0,0); n e N*
b+nc c+na a+nb n+1 ( )

MINKOWSKTI’S INEQUALITY

JE+ a2+ +b)? </x2 +y%++a? + b2

Ja+y+2)?2+(@+b+c)? <Va?2+a?+y?+b?+z%+ 2

Ja+a)?2+ @ +b)?2+ (z+ )2 <x%+y2+ 22+ a? + b2 + c?

\/(x1+a1)2+(x2+a2)2+~--+(xn+an)2S\/x%+x§+-~-+x§+\/a§+a§+--~

xpa, ERiel,n;neN

1 1 1
n P n p n p
lei +yilP | < leilp + Z|)’i|p
i=1 i=1 i=1

p>1;x,y; ERiel,n;neN

+ aZ
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HOLDER’S INEQUALITY
a3+b3+03>(a+b+c)3 . 0w
a b & (a+b+c) )
Xy T2 3Gryrn) POTYEEND
at b* c* (at+b+o)*

~+ " +- _9(x+y+z),a,b,c,x,y,z (0, )

a"_l_b"_l_c"> (a+b+o)" b € (0,00)
- i I N (0]
X y z _3"‘2(x+y+z)'a' oYz ’

a"+b"> @+ B)" b € (0, ) =>2;neEN
bt e e 0)- :
x y —Zn_z(x+y)la) )x)y ) ’n— ’n
x3+y3+z3>(x+y+z)3_
a?  b? cZ_(a+b+c)2'x'y’
X +y4+z4>(x+y+z)4_
@ B A (a+b+o3 Y
xn+1 yn+1 Zn+1 (x+y+z)n+1

+ + > :x,V,Z,a,b,c € (0,0); n€eN
an b" c? (a+b+c)" y (0, 0)

(zn: a?) (Zn: b?) (i C?) = (Zn: aibici)s ;a;, by, c; €[0,00);n € N

z,a,b,c € (0,)

4
z,a,b,c € (0,0)

n n n n n 4
(Z a?) (Z b?) (Z C?‘) <Z d?) = (Z aibicidi> ; a,-,b,-, c; di € R, n € N*
i=1 i=1 i=1 i=1 i=1
1 1
n n » n q
leiyil = (lem’) '(Zlyil") ;P q € (1,0)
i=1 i=1 i=1
1 1 _
—+—-—=1x;,y;, €ERi€el,nneN"
P q

HUYGENS’ INEQUALITY
1+a;)(1+ay) = (1 +./a;a, )2; a;,a, € [0,0)
1+a)(1+ay)(1+az)=(1+ 3,/a1a2a3)3; a,,a,,az € [0,0)

4
1+a)(1+a)A+a3;)(1+ay) = (1 + 4,/a1a2a3a4) ;@q,05, 03,04 € [0,0)

n

l_[(l +x;) = (1 + %/ x1x, ~~-xn)n;a,- €[0,0); neN;n>2

i=1
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(a1 + bl)(az + bz) = (\/alaz + \/blbz)z

3
(ay + by)(a; + by)(az + b3) > (i/‘hazas + i/b1b2b3)

(a1 + bl)(az + bz) AT (an + bn) = (valaz ST / + :/blbz C et bn)n

(a; + by + ¢1)(az + by + ¢3) = (Jaja, + /b1b; + \/clcz)z
(a; + by +c)(az + by +¢3) - ...- (a, + by + ¢y)
> (2fajay - ...-ay +\/biby - .- by + 165 - .- €p)
HOLDER’S INEQUALITY GENERALIZED

i=1 \j=1 i=1 \ j=1

n

wytwy+-+w, =1
CEBYSHEV’S INEQUALITY
(X1 <x2) A (Y1 < y2) or (x1 2 x2) A (Y1 2 y2)
{ X1Y1 t X2z = %(M +x2)(¥1 + ¥2)
(X1 <2 <x3) A1 =y2<y3)or (x; 2%, 2 x3) A (1 =y, = ¥3)
{ X1y1 + X2y + X3y3 = %(?ﬁ +x2 + x3)(¥1 +¥2 + ¥3)
X <X < S ))A@1Sy S Sydor (g 2x, 2 2x)ANY1 2y, 2 2 Yn)
{ X1Y1+ X2y + o+ XpYn 2 %(?ﬁ +x2+ -+ X)L+ Y2+t Ya)
(X1 Sx) A (1 = y2) or (X1 2 %) A (¥2 < ¥2)
{ X1Y1 + X2y; < %(?ﬁ +x2)(y1 +¥2)
(X1 <% < x3) A(Y1=2y2 2y3) or (xg 2 x3 2x3) A (Y1 + Y2 +Y3)
{ X1Y1 t X2Y2 + X3y3 < %(M +x2 + x3)(¥1 + ¥2 + ¥3)
J(M S Sx)ANP12y22 2y )or (X 2x2 - 2x) AP Sy, S-S yy)

1
X1Y1 +x2Y2 + o+ XY < ;(x1 +x,+ -+ x) Y1 Y2+t YR)

L X, i ER;neN5ie€ln
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n

{ n n n

j fla)g(b)p; = (Z f(a,-)pi) (Z g(bop,-) > ) f(@)g(bn i) Py
i=1 i=1 i=1 i=1

|

\

fora;<a; <--<ay;by<b,<--<b,
pi=0ielnneN;p;+p,+-+p, =1
f, g nonincreasing
SCHUR’S INEQUALITIES
{ar(a —b)a-c)+b" (b—a)(b—c)+c"(c—a)(c—b) =0
a,b,c€[0,0);r>0

( a3 + b3 + ¢ + 3abc = ab(a + b) + bc(b + ¢) + ca(c + a)
abc>(—a+b+c)la—b+c)la+b—c)
(a+ b+ c)®+9abc>4(a+ b+ c)(ab + bc + ca)
(a—b)a+b—-c)+b-c)*b+c—a)+(c—a)*(c+a—-b)=0

9abc
a2+b2+c2+a > 2(ab + bc + ca)

+b+c
a N b N c N 4abc .
\ b+c c+a a+b (a+b)(b+c)c+a) ™
a,b,ce (0,)

a* + b* + c¢* + abc(a + b + ¢) > ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?)

a,b,c €[0,)
HADAMARD’S INEQUALITIES

( n n n
[ 5ae3(3m)  wemee

A11 = Azp = 2 Ayy
MILNES’ INEQUALITY

a,b, a;b,
aq + b1 a, + bz

(a1+b1+a2+b2)< ) < (a1+a2)(b2+b2)

a.b a,b asb
11_|_22 33)

b b b (
(a1+ 1+a2+ 2+a3+ 3) a,1+b1 a2+b2 a3+b3

S(a1+a2+a3)-(b1+b2+b3)
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(&) arn) = () 22

n
i= i=1 i=1

iel,mn=>2a;>0b;>0
REARRANGEMENTS INEQUALITY

n(.i)
i filb) 2 Z filbre) 2 Z filby-is1)
i=1 i=1 i=1

if (fis1(x) — fi(x)) f — nondecreasing;1 <i<n

STIRLING’S INEQUALITY
n\" n\" 1 n\" _1_ n\"
e (E) <+V2nn (Z) elzn+1 < n! <+V2nm (E) el2n < en (z)
MAHLER’S INEQUALITY

Vi +y) (s +y,) = JX1%X2 +y1Y2

VO +y)x +¥2)(x3 +y3) = Vx1x2x3 + Y y1Y23

V1 + ¥ +¥2)(x3 + ¥3) (x4 + y4) > Vx1X2X3%4 + 3/¥1Y2Y3Ya

n n 1 n 1
1 = =

[ [evom=] [x+] [

i=1 1 i=1

xX,y;>0;i€e2,mneN;n>2
WEIERSTRASS’ INEQUALITY

n n
n(l—xi)wi > 1—Zwix,-;x,- <Lw;,>21lorw;<0;i€ln
i=1 i=1

n n n
l_[(l—xi)wi < 1—Zwixiiwi € [0,1]; Zwi <1
i=1 i=1 i=1

x; € (—o0,1]; i € 1,m;n € N*
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YOUNG’S INEQUALITY

(1+1>‘1< <x”+y"
pxP  qx1 _xy_p q

1 1

JENSEN’S INEQUALITY

( f:1- R; f convexe on I;

ab,c,xixy,,x, €EI;n €N*

a+b\ f(a)+f(b)
(7)==

a+b+c <f(a)+f(b)+f(6‘)
(=)=——
X1+ X+t xn)  fxg) + )+ + f(xy,)
Lf( n )S n

( f:1-R; f concave on I;

a+b\ _ f(a)+f(b)
()=
3 f(a+§+6>2f(a)+fgb)+f(d
Xy + x4+ 2\ fOeg) + fx) + -+ fx)
Lf( n )2 n

Piz0ptpt+p,=1
f(@1x1 +P2xz + -+ Puxy) < P1f(x)) + P2f(x2) + -+ puf(xy)

{ f:1- R; f concave on I

{ f:1 - R; f convexe on I;

Piz0ptpt+p,=1
f(@1x1 +P2xz + -+ Ppxy) = pif(x1) + P2f(x2) + -+ puf(x)

WEIGHTED MEANS INEQUALITY

W:W1+W2
WiX1 + WX wq+wy w
> XXy 2
wyt+w 1 4 W2
1 2 +
X1 X2

w = wq + U} + w3
wWi1Xq + Wy X, + W3 X3 S W1+W2+W3\/
wq + %) + w3 -

w1 w2 w

1 2

.x32

w g

w3

w w
14,72,
X1 X9 X3
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21w

_Z?‘_ w;

llxl,

———

w; > 0;i € 1,n;n € N*.Convention: 0° = 1
MEANS INEQUALITY

(
| n
4{ %; x? < max{x;}

i €(0,0);i€1,n;i € 1,m;n € N*
POWER MEANS INEQUALITY

{Ja|x1|2 + blx; 2 < Yalx, | + blx, 3
a b,ef0,©0);a+b=1;x,x;, ER

{ 'i/a|x1|p + b|x,|P < t{/a|x1|9 + b|x, |4
p=>q>0;a,bel0,x);a+b=1;x;,x, ER

{\/alxﬂz + blx,|2 + clx3]2 < Yalxg|3 + blx, |3 + clxs3
a,b,ce[0,0);a+b+c=1;x1,x;,x3 ER

P q
{Ja|x1|2 + blxz 2 + clx3 )% < Yalx, P + blx,? + clas3
a,b,ce[0,0);a+b+c=1;x1,x;,x3 ER

n n
14 q
Zwilxilp < Zwilxilq
i-1 i=1

p.q € [0,0);p < q;w; € [0,)
icel,mneNsw +w, ++w,=1

n
lim M(p) = nlxilwi
p-0 =

lim M(p) = min{xy, x3, -+, x;,}
X—>—00

( limM(p) = max{xy, Xz, ..., X}
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LEHMER’S INEQUALITY

wqlx1[P + wyx,|P wqlxq]|T+ wyx;,|?
Wwqlxg [P~ + wylxa [P~ 7 wy|xq 971 + wy|xp 971

wqlx1|P + wa|x2|P + wz|xs|? wqlxq1|7 4+ wy|xz]|T + wix3|?

wqlx11P71 + wy xa [P~ + wax3P~1 7 wylxq |97 + wyx,]971 + wa g9t

Yieq Wilx;|P Xica wilx|?
Yt wilx P71 T X w97t

qu;w,-ZO;iEl,_n;nEN
CARLEMAN’S INEQUALITY

1
o (Mela)x < eX?_qlagl, n € N*; ay,ay, ..., a, €R

SUM & PRODUCT INEQUALITY

P w1

n
< D lai—bilslal < 1 1bl < 1
i=1

n
a,-—l_[b,-
i=1 i=1
iel,nneNa;b; €ER;
n n
(a+a;) = (1+a)";1_[a,- >1;a,>0a>0
i=1 i=1

SQUARE ROOT INEQUALITY

1
{2\/x+1—2\/E<T<\/x+1—\/x—1<2\/§—2\/x—1;x21
X

LOGARITHM MEAN INEQUALITY

x-y (Y _x+y

),
Jx_yg(T)‘/x_yslnx—lny_ 2 2’

x,y € (0,)
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HEINZ’ INEQUALITY

xl—a a4 xa 1-a x +
{nys 4 > 4 < Zy;x,y>0,a€[0,1]

MACLAURIN’S INEQUALITY

a+b+c ab + ac + ca
3 > 3 > Yabc

> YVabcd

a+b+c+d>\/ab+ac+ad+bc+bd+cd>i[abc+abd+bcd+acd
4 - 6 - 4

X X; DXXj 3| N XXXy
= = > -
" j (2) j (3)

ne1 |2 Xig Xiy * e X1 n
> \/ n > \/xilxiz St xin

(n=1)

S2 > S, 1Skt Sk =Y Ski1<k<n
1

Sk =Ty

(k) 1<ip<--<igsn

ailaiz C et aik;ai >0

BERNOULLI’S INEQUALITIES
1+x)">1+rx;x>—-1;7r € (—0,0] U [1,0)
1+x)"<1+rx;x>-1;r€[0,1]
1+x)"<1+QR"—1Dx;x€[0,1];7r € (—o,0] U [1,00)

1 n<
1+2) —1—-—nx

;x €[—1,0]; neEN

1
(1+X)rS1+ ;XE[—l,m];r>1

rx
1-(r—1Dx
1+n)""1>1A+m+Dx)";x€ER;neEN

(a+b)"<a™+nb(a+b)"L;ab>0,neN

» a (Dx>0p>q>0
(1+§) 2(1+§) for< (i) —-p<—q<x<0
(iii)—q>-p>x>0
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x\P x4 (iv)g<0<p,—q>x>0
2) < z
(1+p) _(1+q) for{(v)q<0<p,—p<x<0

TRIGONOMETRIC INEQUALITIES

x3 X COS X x3

X——<Xxcosx < <x\/cosx<x——<xcos—Ssmx
2 73
1- x3
HYBERBOLIC INEQUALITIES
x3 x 2

< < 2(=) < si < <
xcosx_sinhzx_xcos (2)_smx_(xcosx+2x)/3_sinhx

2x x x3

(4
—<sinx<xcos-<x<x+—<tanx;x € [0,—]
b4 2 3 2

cos hx + asin hx < ex(“%); x€ERae[-11]
ACZEL’S INEQUALITY

( n 2 n

| (albl — a,-b,-) = (a% )( b7 )

e -Syen) = §) -5

| 3 q2 2 2 2

k dacaa1>;a, saub1>;b,
ABEL’S INEQUALITY

k n k
b, mkinz a; < Z a;b; < by ml?xz a;
i=1 i=1 i=1

b12b22-"2bn20;nEN*

KY FAN’S INEQUALITY
{ ITq x?i < D=1 QX

1

< ;X € [0,—]

[T @ —xp)u ~ ¥ a,(1—x)" ™ 2
€l0,1a;+a; +--+a,=1

SHAPIRO’S INEQUALITY

n
255X > 0, Xp41 = X1, Xny2 = X2
Z Xi+1 + Xi+2 2

n<12,noddorn<23,neven;ne N ;n=>3
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CHONG’S INEQUALITY

{ n a n n

| z i Zn;l_[a:'lizl_[aln(al)’al>0

4 = O i=1 i=1

| 1 2 3 - i - n .
V"(... o (i) - _‘_)ESn,nEN

POLYA - SZEGO’S INEQUALITY

2
(a§+a§+---+a$l)(b§+b§+---+b,21)< 1( |AB  |ab
(a1b1 + azbz + -+ anbn)z 4 ab AB

0<a<A4,0<b<B;aya,,.. a,€|aA]

bl' bz, ...,bn € [b,B],n = 2;p1,p2, o, Pn >0

2
(P10t +p2af + - + pnal) (p1bh + pobl + - +publ) _1( |AB  |ab
(p1a1by + praz b, + -+ + ppa,b,)? 4\ ab AB

SCHWEITZER’S INEQUALITY
1 1 (a + b)?
(x1 +x2) (x_1+x_2> < ab

1 1 1 9(a + b)?
(x1+x2+x3)(x—+—+—)S¥

1 X2 X3 4ab
(xq + x5+ + )(1+1+ +1><nz(a[+b)2
x x cee — — cee — —————————————
1T *n X1 Xy x,) ~  4ab

X1,X2, ..., X, € a,bl;b>a>0;n =2

KANTOROVICYI’S INEQUALITY

(p1 + p2)?

P2 (a + b)?
<
(P1x1 + P2X32) ( ) = ~Z2ab

1x2

P2  Ps3 (a + b)?
— <
(p1x1 + P2Xx2 + P3X3) ( xz —+ x3> = ~Zab

(p1 + p2 + p3)?

(p1 +p2+ -+ pr)?

P2 pn (a I b)z

X1,X2, ., Xy € [a,b],pl,pz, e Pn>0b>a>0n=>2
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CALLEBAUT’S INEQUALITY

n 2 n n
(Z a,-b,-) < (Z a,-”xb,-l‘x> <z a,-l‘xb,-”x) <

i=1 i=1 i=1
n n n n
(Bt = (55
i=1 i=1 i=1 i=1

0<x<y<1;a4,ay,..,a,,by,b,,...,b, >0n=>2

DIAZ - METCALF’S INEQUALITY

n n n
a? +mMZ:b,2 < (m+M)Za,-b,-
i=1 i=1 i=1
a; ,
m < b_l <M;ielnmM,a,a,,..,a,by by, ...b, ER;N=>2

TURKEVICIU’S INEQUALITY
a* + b* + c* + d* + 2abcd > a?b? + a?*c? + a*d? + b%*c? + b%*c? + b%d? + c*d?;
ab,c,d>0

LYNESS — CARLITZ’S INEQUALITY
abceRal+b3+c2=0

(@>+b*>+c*)2<[(a-—b)*+ (b—0c)*+ (c—a)?](a* + b* + )

CAUCHY - BINET’S IDENTITY

n n n n n
1
(Z aixi> (Z biyi> - (Z aiyi) (Z bixi) =3 Z (a,-bj - ajbj) (xiyj - xjyi)
i=1 i=1 i=1 i=1 ij=1

ai,bi,xi,yi € ]R{,iE 1,n;n >2

LAGRANGE’S IDENTITY
n n n 2 n
1 2
i=1 i=1 i=1 ij=1
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a;,a,,..,a,, by, by, ... b, e Rin=>2

WEIGHTED CEBYSHEV’S INEQUALITY

(2 &)= (Gere) (2

(x1, %2, ..., xn); (Yp Y2, ) yn) — same orientation
P1,P2) - Pn > O;n >2
GRUSS’ INEQUALITY

n n n
Z pia;b; — (Z piai) (Z pibi)
i=1 i=1 i=1

P1+P2t+ -+ P =1LD1,DP2 - Pn>0;
a,, a,,..,a, € [h,H|;by, b,, ...,b, € [k,K];n > 2
CARTOAJE’S INEQUALITY

n 1 1 1 n

< + +ot <
1+a1+a2;|l-'“+an 1+a1 1+a2 1+an 1+",/a1a2...an

1
Sz(H—h)(K—k)

a;, a,,..,a, €0,1);n>2

DICU’S INEQUALITY
ms al(z_i) +a2(2_2 +---+an(g_111) Sa1+a2:...+an

x€l0,1];a4,a,,...,a, >0;n=>3

DRIMBE’S REFINEMENT FOR CBS INEQUALITY

(Z m)z < (i(ai‘ " bfﬁ) (i(a;x ¥ b;ﬂ'%) <
i=1 i=1

i=1
n 1

(Y ey ) (Y463 ) <

i=1

(S0 (Sino <

i=1 i=1
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aq,a,, ...,an,bl,bz, ...,bn > O;n >2

MITRINOVIC’S INEQUALITY

3min(a,b,c)<a+b +ci\/a2 + b%2 +c%2—ab — bc — ca <3max(a,b,c)
WEIGHTED JENSEN’S INEQUALITY

f(plxl t P2Xy + 0+ pnxn> < P1f(x1) + p2f (x2) + - + puf (x,)
P1+ P2+ +Pa B P1tP2+ -+ Pa

f convexeon I; py,P2, -, Pn > 0; X1, X2, ..., X, €E;m > 2
BORDEN’S INEQUALITY
Qi xpZEx (B y)Pe (B, (g + ) EEatet)
[T, x} Myt 7 TG+ y) @ty
KARAMATA’S INEQUALITY
FO)+fx) + -+ fOn) = f(y) + F2) + -+ f(yn)

f convexeon I; x4,X3, ..., Xn, Y1, Y2, -, Yn E;n = 2

X1 2X2 22X Y1 2Y22Y3 2 Yol
X1 2Y1X1+X22Y1+Y2 X1+ X+ + X 12y Y2+ Yoo
X1t X+ o+ Xy =Y1+ Y2+t Ya
DRIMBE’S INEQUALITY
F&) + O +f(2) = f(xy) + f(yz) + f(2x)
f increasing and convexe on [0, a?); x,y,z € [0,a?)

EXPONENTIAL INEQUALITIES
n n 2
ex2(1+%) 21+x;(1+%) 2e"<1—%>;n>1;|x|£n

e*>x%(V)xeR
xn X n+%
—+1Se"$(1+—) ;x,nE(0,00)
n! n
x2 x2

exz1+x+?;x20;ex£1+x+7;xs0

x
e *< 1—E;x € [0,1,59]

x
27 < 1—E;x€ [0,1]
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1

2T<x <x2—x+1,x€(0,1)

xF(x— 1) er(x%— 1); x, T € [1,00)
x\Y Xy
xY+y*>1;e* > (1+;) > exty;x,y € (0,)
2—y—e*V<1+x<y+e*V;x,yeR
e* Sx+ex2;x,ye R
LOGARITHMIC INEQUALITIES

x—1 x2 -1

<lnx<

1

IA
M=
o~ |

IA

—

+

=3

=

1
Inn+1) <— + Inn

x
In(1 + x) Zi;x € [0,2,51]

X
hﬂl+x)£§1xe(—L0]U(15Laﬂ

2 3

x
In(1 + x) Zx—?+z;xe [0;0,45]
2 43

x
In(1 + x) Sx—?+z;x € (—,0) U (0,45; =)
2,3

x
In(1-—x) > —x—7—?;xe [0,0,43]

X2 3
In(1-x) < —x———"—=
n(l—-x) <—x > "2

BINOMIAL INEQUALITIES
n* (n—k+ 1)k n nk  (en)k
max{—-—}g( )SES—

Kx’ k! k Ik

(D) < o < 2"
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:—;S(Z)for\/HZkZO

(150 = (N == (1-5)

(nl) (;:2) < (nl * nz) forni >k >0n, >k, >0

k, 2 ki+ k,
b1 2"H(a
(™) <66= @
2 an J2rna(1 — a)

H(x) = —log,(x*(1 — x)17)
d

d
Z(?)Snd+1; (’i')szn;nzdzo

i=1 i=0

\Y

0

d
d
2. (=@ (14 iqvi) 3=
an

() =0 (D) =7 g(an)i @< (03)

i=0

USEFUL INEQUALITIES

x3+y3+23>3xyz;x,y,z € [0,0)
1 4 1 - 1
1+x)?2 (1+y)?2 1+xy

;x,y €(0,0); xy=>1

x3+y3 x+y
= ;x,y € (0,
x2+xy+y2~ 3 %,y € (0,0)
x3 2x —
y;x,yE(O,OO)

>
x2+xy+y?— 3

V3
VX2 + xy + y? 27(x+y); x,y € [0,0)

X2+ xy+y2 < 3(x2—xy+y?);x,yER
BASIC INEQUALITIES

l. Inequalities can be proved by equivalence:

2
1) a? + b? > @ > 2ab (Basic BCS inequality for 2 numbers)
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2 2
N /a ;” >0 > Vab b=t 2ab — é (Basic RMS-AM-GM-HM inequality for a, b > 0)
a b

_)asz< ’a+b <a _I_b_nw,thab>05uchthata+b>0

>ab + bc+ca

2
2)a2+b2+622@

* 3(a?b? + b?c? + c?a?) = (ab + bc + ca)? = 3abc(a + b + ¢)
—-\{ bc ca ab

*;+?+TZ\/3(CL2+b2+cz)2a+b+cZ\/S(ab+bc+ca)fora,b,c>0

3) a® + b? + ¢? = 2ab + 2ac — 2bc

4) a® + b3 + ¢® > 3abc Va, b, c such that a + b + ¢ > 0 (special case: a, b, c > 0 — Cauchy’s
inequality for 3 non-negative numbers)

5) (a® + b?)(c? + d?) = (ac + bd)? (Basic Bunyakovsky’s inequality)

6)a® + b3 > ab(a+ b) Va,b suchthata+b >0

> 4(a®>+b3) > (a+b)®=4abla+b)fora+b=>0

7) 2(a? + b? — ab)? = a* + b* > 2ab(2a?® — 3ab + 2b*)Va,b

2 2
svVaZ—ab+ b2 > — g+ b -2 witha+b £ 0
a+b a+b

1 1
8);4—

- >
b2 = (a+b)?

9) m m + Lb 2 with a,b,c > 0 (Nesbitt’s inequality) — This is even true for real

numbers a; b; c such that ab + bc + ca > 0.

10) (a + b)(b+ c)(c + a) 2§(a+b + ¢)(ab + bc + ca) = 8abc for a,b,c = 0.

< xabc=(b+c—a)(c+a—b)a+b—c) fora,b,caresides of atriangle

*(a+b+c)=27abc for a,b,c = 0 (Cauchy's inequality for 3 non — negative variables)
2 b

11) a? + 7 > (C;er) with x,y > 0 (Basic Bunyakovsky Cauchy-Schwarz inequality)

2 2
* Also, from this inequality we have the chain: % + % >./2(a?+b?)=a+ b = 2Vab for

a, b > 0.

*2(ax + by) = (a+b)(x +y) = 2(ay + bx) witha = b,x =y

12) <* 3(ax+bY+CZ)2(a+b+c)(x+y+z)23(az+by+cx)witha2bZc,xzyzz(Bas’c

Chebyshev’s inequality)
13) a’?b + b%c + c?a = ab? + bc? + ca’ witha>b > ¢

262 MATH PHENOMENON RELOADED




DANIEL SITARU

* More general: a™b + b™c + c"a = ab™ + bc™" + ca™ fora=b=>c=>0,n€eZ*
14) 2(a™ + b™) = (a* + b*)(a¥ + bY) witha,b > 0;x,y,n € Z*:x+y=n
— gMmtm 4 pmIn > gMpn + q"b™ fora,b = 0,m,ne€ Z*

2_ 2
15) a? + ab + b? 22(a+b)2;a2—ab+b2 Zi(a+b)2‘v’a,b—>32ﬂ>lwithreal

a?+ab+b% — 3

numbers a, b: a* + b? > 0.

16) Va? + b2 +Vc2 +d? > \/(a +¢)2 + (b + d)? (Basic Minkovsky’s inequality)

. 1 1 1 ) . e
17%) @2 T oro? 2wt with a,b = 0 (The equality happensiffa = b = 1)

. _ 1 12 ) i
18) Consider f(a; b) = =t Tr o with a,b > 0. Ifab = 1 then f(a; b) = 0; if

ab < 1then f(a; b) < 0.

19) m—+ —— > ——witha,b > 1

a?-1  b?-1 ab-—

20) (a? + b%? + c?)(a + b + ¢) = 3.max{a?b + b?c + c?a; ab? + bc? + ca?} with
a,b,c=0

21) (a? + b2 +c?)? = (a+ b + ¢c)(a?b + b%*c + c?a) Va,b,c > 0

b 3 b .
2)—— - t—>>—"—t——t+—"witha=b=c>0
a+b b+c c+a 2 a+b b+c c+a

23*)(a? + b? + c?)? = 3(a®b + b3c + c3a) (Vasile’s inequality)

1z+ 1z+ 122§Va,b,620:a+b+c=3,
1+a 1+b 1+c 2

24) — >1—§with20—>

1+x2 —
25)(a+b+c)®>a®+ b3+ 2+ 24abcVa,b,c >0

Il. Some familiar Inequalities, lemmas and techniques: (ascending by higher level)
a) For junior — early — senior:

a?+al+-+a3 _ a;+az+-+a n . ,
1) |22 n> 12 ~>"g.a,..a, > +—1—witha; >0 Vi=1;2;..;nand
- - 102 - 2T 7 T i

ai az an

nezZt,n=>2

(RMS-AM-GM-HM inequality for n positive numbers)

= If xq; X5; ...; X, are positive real numbers that x; + x, ...+ x,, = 1 then with same condition
for a; we have:

a1 X, + ayx; + o+ apxy, = a;t - ay’ .. a,” (Weighted AM-GM inequality)

2) For real numbers a;; b; (i = 1; 2; ...; n) we have:

(a? + a3 + -+ a2)(b? + b% + -+ b2) = (ab; + azb, + -+ a,b,)?

263 MATH PHENOMENON RELOADED




DANIEL SITARU

(a1+a2+-~-+an)2
by+by+- by

(Cauchy-Schwarz inequality) —> + + + > Vb, >0

xz xZ EL 1 x% 2 2
S+t +—2= [n(xf+x3+ -+ x2) =x+x+ 0+ x;Vx; >0
X2 X3 Xn X1

3)Letay = a, = =a,

(* If by = b, =+ = b, then:n(a,b; + ayb, + -+ a,b,) = (a, +a, + - +a,)(by + by +--+b,)
xIf by < b, <--<b, then:n(a;b; + a,b, +---+a,b,) < (a; +a, +---+a,)(b; + b, + -+ b,)

(Chebyshev’s inequality)
4)Ifx;; 200 =1;2;..;n,j =1;2;..;m) then we have:

(11 F 290+ x1) (K1 + X0 + o+ X)) o (g + Xz + o+ X)) =

m m m m
2 ( \/x1.1x2.1 e Xmat \/x1.zxz.2 e Xma ot \/xl.nxz.n ---xm.n)
(Hélder’s inequality)
Ex:x (a + b)(c +d) = (Vac + \/bd)2 Ya,b,c,d >0

3
s(@+b+c)m+n+p)x+y+2z) = (Vamx + /bny + 3[/cpz) Va,b,c,mn,p,x,y,z=0

a* ay

ot — +—>—+ 2 4. +—fora >0(G(i=12;.;n);meZt,n=>2
a;*  ag' ai' " a, az
nlat +ay +-+ap _a ta,+--+a, . )
- * " = " with same condition (Power Mean Inequality)
LR n fora, >0 =12.:m) > =+t h—> n
=ttt —=2 or a; i=5L2.n)->—+—++—=2
ai a3 a2z~ (a; +a; +--a,)? ' at a} at — (a;+a; +--+a)"

— Leta; and b; > 0(i = 1;2;...;n) and real p,q > 0 such that p + q = pq. Then we have:

1 1
(@ +al +-+ab)p- (b + bi+..+b1)7 = a;b; + ayb, + -+ + ayb,, (General Hélder’s
inequality)
5)Leta;,b; >0 (i =1;2;...;n) and any k > 1. Then we have:

(a¥ + b¥)(ak + b¥) ... (ak + bX) = Y (ay + ay + -+ ap)k + (by + by + - + b,)K
(Minkovsky’s inequality) — similarly for 3 variables a;, b;, c; > 0.

*(1+x)"=214+xr forr=1landr <0

- _ .
6) Forany x = 1wehave.< *x(1+x)"<1+xrfor0<r<1

(Bernoulli’s

inequality)
7) For any positive integer m and a, b, c = 0 we have:

a™a—b)la—-c)+b™b—-c)(b—a)+c™(c—a)(c—b) =0
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(Schur’s inequality) — This is also true for real m = 1 and equality happens iffa = b = c or
(a; b; ¢)~(0; k; k) with k > 0.
A Case m = 1 —Schur deg 3: All forms: (p, q,r will be discussed in later part)

x*a® + b3+ c3+3abc = ab(a+ b) + bc(b+c) +calc+a) - (a+ b+ c)®+9abc >

>4(a+b+c)(ab+ bc +ca) » a? +b? +c? + > 2(ab + bc + ca) —

a+b+c

- (a+b+c)a*+b?+c?>+ab+bc+ca)=3[abla+b)+bc(b+c)+calc+ a)]
xabc>(b+c—a)(c+a—>b)la+b—c)(Well-known result)
x(b—c)’(b+c—a)+(c—a)>(c+a—-b)+(a—b)?*(a+b—-c¢c)=0
*3(@+b3+c®)=>(@+b+c)2(a?+b?+c?)—ab — bc — cal
x4(a®*+b*+c®)+15abc=(a+b+¢)?

x a b c 4abc

b+c ' ct+a ' a+b | (a+b)(b+c)(cta) =
*§+§+§+3 >a+b+c+o+3+-forabc>0:abc =1
* (a?b + b%c + c?a)(ab? + bc? + ca?) = (a?b? + b%c? + c?a?)(ab + bc + ca)
A Case m = 2 —Schur deg 4: All forms:
xa*+b*+c*+abc(a+ b +c) = ab(a? + b?) + bc(b? + c?) + ca(c? + a?) »
—a*+b*+c*+2abc(a+ b +c) = (a? + b%? + c?)(ab + bc + ca)

6abc(a+ b + ¢) - 9abc
a’?+b2+c2+ab+bc+ca” a+b+c

*I[(b—c)b+c—a)]?+[(c—a)(c+a—-b)]*+[(a=—b)(a+b—-0)]*?=0

* 2(ab + bc + ca) — (a? + b? + c?) <

- leta,b,c,x,y,z = 0. Then we have:
x(a—b)la—c)+y(b—-c)(b—a)+z(c—a)(c—b) =0iffa=b = cand:
xx >y z>y *ax + cz = by

*xxX+z2=2y *\/}+\/§2\/§

xax = byY cz=by

(General Vornicu - Schur inequality)

1 1 1
(a+b)2 = (b+c)2  (c+a)? ~— 4(ab+bc+ca)

8) fora,b,c = 0, no 2 of which are 0. (Iran 96 inequality)
9) (a? + b% + c?)? = 3(a®b + b3c + c3a) (Vasile’s inequality) — The equality happens iff

. o4 .52 . . )
a =b = candalso for (a; b; c) = (k - sin? 7”; k - sin? 7”; k - sin? g) or any cyclic permutation.
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10) Let a; and b; (i = 1;2;...;n) such that:
*a12a22"'2an20,b12b22"'2bn20
*aq Zbl;a1+a2 2b1+b2;...;a1+a2+“'+an_1 2b1+b2+"‘+bn_1

*ay ta;+-+aynqt+a,=by+b,+--+by_y+by

bn
th’

For x; = 0 we have: Teym X¢ X0 . X" = Ngym xfll xfzz ..x,", where (t;; ty; ...; t,,) are all the
permutations of (1;2; ...;n)

(Muirhead’s inequality)

Eg:a®+ b3 >ab(a+b) - a®b® + b3a® > a?b* + a'b?

a’ + b?+ c? = ab + bc + ca » a?b® + b?c® + c2a® = a'b? + bic! + clal
a*+b*+c*>abc(a+b+c) - a*b’c® + b*c%a® + c*a’b® >

> a?blct + b2ctal + c?ab?

b) For senior and higher classes:

a12a22'“2an;b12b2

and (k; k,; ...; k,,) is an arbitrary permutation
a1Sa2S...San;blsb2 (1 2 n) yp

1) xIf

> > by,
<. <b,

of (1;2;...;n) then: a;by + azb, + -+ apby, = aiby, + azby, + -+ a,by,.

xIfa, =2 a, = =>a,andb; < b, <+ < b, then:

a by + azby + -+ ayby, < a;by, + ayby, + -+ ayby,;

n(a;b; +azb, + -+ ayby) < (a; +a, + -+ ay)(by + by + -+ by)

(Rearrangement inequality)

2) * Convex function: If a,b = 0 such that a + b = 1 then f (x) is called a convex function on
I(a; b) € Riff Vxy; x, € I we have: f(ax, + bx,) < af(x;) + bf (x,)

* Concave function: If a,b = 0 such that a + b = 1 then f(x) is called a concave function on
I(a; b) € Riff Vxy;x, € I we have: f(ax;, + bx,) = af (x;) + bf (x;)

*If f (x) is a convex function on interval I R then forany x; € I (i = 1;2; ...; n) we have:

f (x1+x2+m+x”) < [oWf (xzn) £t (crassic Jensen’s inequality)

n

* If f (x) is a convex function on interval I R then forany x; € I (i = 1;2;...;n) and
p; > 0 we have:

p1f(x1) +pof () + -+ prf (x) > f (plxl + PoXxp + ot ann)
pr+p2 o+, B pL+p oty

And if f (x) is a concave function then the inequality is reversed. (General Jensen’s inequality)
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— « If f(x) is a convex and continuous function on interval I C R then for any

x; €1 (i=1;2;...;n)andp; € (0,1) such thatp, + p, + - + p, = 1 we have:

P1f (1) +02f (x2) + -+ + pnf (xn) = f(p1x1 + P2x2 + -+ + Puxy). And if f(x) is a concave
function then the inequality is reversed.

* The classic inequality is a special case from the general one with p; = p, = - =p,
*leta;and b; (i =1;2;..;n) €1 (I c R) such that:

a4 =ay,==2a;b; =2by, = 2by,

_a,=bj;ay+a,=2by+by; a0 +a,++a_ 1, =2by+by+ -+ by
_a+ay+-+a,1+a,=b;+b,+--+b,_; +b,

If f (x) is a convex function on I then we have:

flay) + f(ay) + -+ f(a,) = f(by) + f(by) + --- + f(b,) (Karamata’s inequality)

*If f (x) is a convex function on I € R then fora; € I (i = 1;2;...;n) we have:

a1+a2+"'+an)>
n =

Fla) + f(ap) + -+ fa,) + n(n — z)f(

> (n— DIf(by) + f(b) + -+ f(by)] where by + —L = W22 (= 1;2;.5m)

n-1
(Popoviciu’s inequality)
3) Definep =a+ b +c,q = ab + bc + ca,r = abc with a, b, c are any real numbers. If

p3-3pk?-2k3 —3pk?+2k3

3
<r<?
27

k = \/p? — 3q then we have:

— The minimum and maximum happens iff 2 of 3 variables a; b; c are equal.

4) * Let f(a; b; c) be a symmetric polynomial of degree 3 with a, b, ¢ = 0. Then:

fla;b;c) 20 < f(1;1;1); f(1;1;0); £(1;0;0) = 0 (SD3 theorem)

* Let f (a; b; c) be a cyclic homogeneous polynomial of degree 3 with a, b, ¢ = 0. Then:
f(a;b;c) =20 f(1;1;1) = 0; f(a; b; 0) = 0 (CD3 theorem)

— Let f, (a; b; ¢) be a cyclic homogeneous polynomial of degree n (n = 3;4;5) with a,b,c >
0. Then f,,(a; b;c) =2 0 & f,,(a;1;1) = 0 and f,,(0; b; ¢) = 0.

5) (5.0.S technique) Define S = S, (b — ¢)? + S, (c — a)? + S.(a — b)?, where S,; Sy,; S are
functions with variables a; b; c. Then S = 0 iff:

*Sa;Sp;Sc =0

*az2b=2c6S5,=20,8,+S,20;S,+S. =0
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*a>b>cS, =05, =05, +2S, = 0;S. + 25, =0
*a>b=>c;S,=0;S, = 0;a%S, + b%S, =0

*Sq +Sp +S5.=20;5,Sp +5,5.+S5.5,=0

— Consider f(a;b;c) =P(a—b)>+Q(a—c)(b—c) =0 (%)

*If f (a; b; ) is symmetric then to prove (*) is true, we assume thata = b = c or
¢ = min{a; b; c} or c = max{a; b; c} and prove that P,Q = 0.

*If f (a; b; c) is cyclic then to prove (*) is true, we assume that ¢ = min{a; b; c} or
¢ = max{a; b; c} and prove that P,Q = 0. (S.S technique)

c) Some identities:

(*) Some useful identities and inequalities which can be proved by S.0.S, S.S technique:

(a—b)?

2 2 _ — (g —p)2.230 5 _
1) a* + b? — 2ab = (a b),b+a 2="—

21si<j5n(ai - aj)z

Jn@+aZ+-+a2)+(a +ay+ - +ay)

2
Forn = 2: \/W—(a+b) —(a 2)

2(a2+b2)+a+b

n(af +as+--+ad)—(a;+a,+-+a,) =

(a=b)%+(b—c)?+(c—a)? (a—b)2+(a-c)(b—c)
— 2. 2 2 2) _ — —
Forn =3: \/S(a tbhtc ) (a tb+ C) J3(a2+b2+c2)+(a+b+c) 2‘/3(a2+b2+c2)+(a+b+c)

(a=b)? (B-0)? (c—a)? Z(a—b)2
ab + bc + ca ab +<a

1 1
—>(a+b+c)< tot ) 9=

2)(a+b+c)?=3(ab+bc+ca) =a®+b?>+c?>—(ab + bc +ca) =

)(a—c)(b —0)

=%[(a—b)2+(b—c)2+(c—a)2]=(a—b)2+(a—c)(b—c)

3)a® + b3 —ab(a+b) =(a+b)(a—b)?>
a b c 3 (b —c)? (c — a)? (a — b)?
_)b+c+c+a+a+b_§:2(a+b)(a+c)+2(b+c)(b+a)+2(c+a)(c+b):
(a — b)? (a+b+2c)(a—c)(b—rc)
Tt +h) T 2a+bhb+olta
s3@+bP+c3)—(a+b+o)(@+b*+c?)=(a+b)a—b)2+B+c)b—-c)+(c+a)c—a)
=2(a+b)a—b)>+(a+b+2c)(a—c)(b—rc)
4) (a+b+c)(lab+ bc+ ca) —9abc = (a+ b)(b+ c)(c+a) —8abc =
=a(b—c)?+b(c—a)’+cla—b)> =2c(a—Db)*+ (a+b)la—c)(b—c)

5)a3+b3+c3—3abc=%(a+b+c)[(a—b)2+(b—c)2+(c—a)2]=

268 MATH PHENOMENON RELOADED




DANIEL SITARU

=(a+b+c)[(a=b)2+ (a—c)b-r0)]
(@a—b)*Bc+a-b)+Bb—-0c)*Ba+b—-c)+(c—a)>Bb+c—a)] =

_(@a-b)? (a—c)b-oc)
~ T bc

(b-c)? | (c-a)* _ (1, 1 P2 g b, _
+— —(a+b)(a b)? +—(a—c)b—c)

8) a3+ b3+ c3+3abc —ab(a+b) —bc(b+c)—calc+a) =

b 1
6, o+ e 3= o

2 2 2 Ry
NE+Z+S—(a+b+o) ="

=%[(b+c—a)(b—c)2+(c+a—b)(c—a)2+(a+b—c)(a—b)2]

=(a+b—-c)la=—b)>+cla—c)(b—rc)

p3 3 b
9)E+;+E—(a+ +c¢)=

= ﬁ{(b —0)?[(b+c)?+a?] + (c —a)?[(c + a)? + b?] + (a — b)?[(a + b)? + c?]}

_(a+b)2+c2

N (a+c)(b+c)
abc

abc

(a—b)2+E l(a—c)(b—c)

10)“73+b73+§—(a2+b2+c2)=(%+§)(a—b)2+(§+%)(b—c)2+(§+§)(c—a)2

11) a* + b* + c* + a?b? + b?c? + c?a? —a(b® +c3) = b(c® +a®) —c(a® + b3) =

N| =

[(a? + b?)(a—Db)? + (b + c>)(b —c)? + (c? + a®)(c — a)?]

= (a®*+b*)(a—-b)*+ (a* +ab+b*+c*)(a—-c)(b—rc)
(**) More identities:

1)*a+bc b+ca b+ca c+ab c+ab a+bc
b—c c—a c—a a-b a—b b—c

=a+b+c—1witha#b #*c

xa—bc b-ca b—ca c—ab c—ab a-bc

=—a—b—c—1witha#+b#*c

b—c c—a c—a a-b a-b b—c
2) ¢ a-b  b—c  c—a _ (a-b)(b-c)(a—c)
a+b  b+c  c+a (a+b)(b+c)(a+c)

4 @tb | b+c  c+a _ a(b—c)%+b(c—a)?+c(a-b)? witha + b # ¢

a-b b-c c-a (a-=b)(b—c)(a—c)
a+b b+c b+c c+a c+a a+b .
3)*——+—-—+—-—=—1witha#b *c
a—-b b-c b—c c¢—a c—a a-b
«a-b b—c  b-c c—a , c—a a-b _ —[a(b—c)*+b(c—a)*+c(a—b)?|
a+b b+c b+c c+a c+a a+b (a+b)(b+c)(c+a)

2 2 2 2 2 2
a“+bc b°+ca b“+ca c“+ab c“+ab a“+bc
4) * : + : + :

— A2 2 2
=a b c
b+c c+a c+a a+b a+b b+c T T
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«a’—bc b*-ca | b*-ca c?*-ab | c*-ab a*-bc

=—(a+b+c)witha#b+c

b—c c—a c—a a—-b a—-b b—c
5) (a® —bc)(b+c¢)+ (b%?—ca)(c+a)+ (c?—ab)(a+b) =0
(a2 + bc)(b——c)+ (b?> +ca)(c—a) + (c>?+ab)(a—b) =-2(a—b)(b—c)(c—a)

(b+c)? (c+a)? (a+b)?

(a-b)(a—c) " (b-c)(b-a) | (c-a)(c=b) lwitha+#b+#c

6)

1-ab 1-bc 1-bc 1—ca+1—ca 1-ab
a—-b b-c b-c c—a c—a a-b

=—1witha+#b #*c

7)

% 0%+bc b?+ca | b*+ca c*+ab | c*+ab a’+bc

8) =a’+b?>+c?witha#b+c

b—c c—a c—a a-b a-b b—c

2—pc b%-ca |, b*-ca c?-ab | c?’-ab a’-bc _ 2 2 2
e oma T o T o e T (a+b+c)abla—b)? + bc(b — ¢)* + calc — a)?]
a’+bc b%+ca | b%+ca c?+ab | c*+ab a’+bc _

a’-bc b%-ca  b%-ca c2-ab c2-ab a?-bc

9)

10)(a+b+c)¥=a®>+b3+c3+3(@+b)(b+c)(c+a)

11) 2(a?b? + b?c?> + c?a®) — (a* +b*+cH) =(a+b+c)(b+c—a)(c+a—-b)(a+ b —c)

12) (ab™ + bc™ + ca™) — (a"b + b"c + c™a) = (a — b)(b — c)(c — a) Xsym aPbc” with

p,q, v €E Nandn = 2suchthatp+q+r=n—2 (?)

E.g: forn = 2: (ab? + bc? + ca?) — (a®b + b?c + c?a) = (a—b)(b — c)(c — a)
n=3:(ab® +bc+ca®)—(a®b+b3c+c3a)=(a—-b)(b—c)(c—a)(a+b+c)

n=4:(ab®+ bc®+ca®)— (a®b +b3c+c3a) =(a—b)(b—c)(c —a)(a® + b? + c? + ab + bc + ca)
13)a"(a—b)(a—c)+b*"(b—c)(b—a) +c*(c—a)(c—b) =

= %[(an +b"—c™)(a—-b)2+ B +c"—a")(b—c)*+ (c"+ a™ — b")(c — a)?]

1 1

14) If a, b, ¢ # 0 such that abc = 1 then: L + + =1
ab+b+1 bc+c+1 cat+a+1

15)a® + b? + c2 + abc = 4 © 2a + bc = /(4 — a?)(4 — b2), etc &

2a + bc 2b + ca 2c +ab
CCID2ro QtoC+a) CraE2+b)
2-b)2-¢c) 2-c)2-a) @2—-a)2-Db) a b c
- 2a + bc 2b+ ca 2c + ab :2a+bc+2b+ca+26+ab:
bc ca ab 1 1 1 1
:2a+bc+2b+ca+2c+ab:1®2a+bc+2b+ca+2c+ab:a+b+c—2:
a+b+c+?2

:2(ab+bc+ca)—abc®(a+b+c_2)2:(Z_Q)(Z—b)(Z—c)

— From the identity, there exists x,y,z > 0 such that:
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_ xy i _ yZ . _ XZ
a= 2\/(z+x)(z+y) i = 2\/(x+y)(x+z) ¢ =2 oo

And there exists triangle ABC such that:a = 2cosA;b = 2cosB;c = 2cosC

16) a® + b? + >+ 2abc =1 e a+ bc = /(1 —a?)(1 — b2), etc &

a+ bc b+ ca c+ab _
Carna+0 T 0+00+0 Gr0d+p -

_-hU-0 (-0U-a (1-a){d-b)_

a+ bc b+ ca + c+ab le
a b c bc ca ab
®a+bc+b+ca+c+ab=2@a+bc+b+ca+c+ab=1=)
1 1 1 2 a+b+c+1

@a+bc+b+ca+c+ab=a+b+c—1=ab+bc+ca—abc®
oa+b+c—-1)?=21-a)(1-b)(1-0¢)

. b . . .
- If we substitute a — %; b — 5ic= % we will get identity 15, so:

. . . L Xy T — yz .
From the identity, there exists x,y,z > 0 such that: a = ’—(ZH) o7 = ’ i)

c = |—2— And there exists triangle ABC such that: a = cosA;b = cosB;c = cosC.
+2)(y+x)

Also if we let a® = yz; b* = zx; c* = xy with x,y,z > 0 then abc = xyz, so we have 2

identities 17-18:

17)xy+yz+zx+xyz=4@L+L+L=L+L+L=1(:)
x+2 y+2 zZ+2 x+2 y+2 z+2
LNV Xz
24x 24y 2+z Jxy+. )yz+zx—2
18)xy+yz+zx+2xyz=1®L+L+L=2®L+L+L=1=}
x+1  y+1  z+1 x+1  y+1  z+1
R 2[5y
=) =
1+x 1+y 1+z [xy+ Jyz+zx—1
. . . 2m 2n 2p
— From identity 17, there also exists, m,n,p > Osuchthatx = —;y =——;z = a
n+p p+m m+n

similarly for identity 18.
19) x(x? +xy+y) +y(y2+yz+2z3) +z(z*2+zx +x*) =y(x* +xy + y*) +
+z(y? +yz+2z)+x(Z*+zx +x*) = (x +y + 2)(x* + y* + z?)
zx* +xy+y?) +x(y2 +yz+22) +y(z* +zx + x*) = (x + y + 2) (xy + yz + zx)
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20) (x2 +xy +y2)(y2 + yz + z2) (2 + zx + x?) = p? + pq + q%, where
p=x%y+vy2z+z%x;q = xy? + yz? + zx?
=3(x%y + y?z + z2x)(xy? + yz? + zx?) + [(x — y)(y — 2) (z — x)]?

3 1
=2 [xy(x +y) + yz(y + 2) + zx(z + x)]* + 7 [(x =)y — 2)(z — x)]?

[(x+ v+ 2)2(x2y? + y22% + z%2x2) + (xy + yz + zx)?(x? + y? + z?)]

N| =

* (xy +yz+ 2x)%(x% + y? + z2) = (x? + 2y2)(y? + 2zx) (2% + 2xy) + [(x — y)(y — 2)(z — x)]?
*(x+y+2)2(x2y? +y222 + 22x%) = 2x2 + y2)2y? + zx) (222 + xy) + [(x — ) (y — 2)(z — x)]?

21) 2(x%2 +y)(y?2 + z2) (22 + x?) = [xy(x + y) + yz(y + z) + zx(z + x) — 2xyz]* +
+Hx =@ —2)(z — 0)]?

22) 2[x*(y = 2)* +y*(z = 0)* + 22 (x = )] = [x(y — 2)* + y(z = x)* + z2(x — y)*]* +
+Hx =)@y —2)(z — 0)]?

a? b? c? 3 ab+bc+ca
23) 244 =l (i
a+b+c

3
pErT i yw ther vl ) = abc & a* = bcorb? = caorc®* = ab

d) Useful lemmas:
d.1) If a,b,c > 0 such that abc = 1 then:
a™+b™+cm=>a*"+b"+c*"(mneZt;m>n)

)24 24 a4 b4+ 248> 242415840453 p 1) -
b c a b c a a b c b c a 2

a b c 1 1 1
>—+—+—+3=a+b+tc+—+-+—
b ¢ a a b c

) —— : L >1withke Z*

azktak+1 © p2ktpki1  cZkyckiq
1 1

4 <1lwithkeZ?*
) ak+pk+1 * pktck+1 © cktak+1 T
) * 1 1 1 3
a(b+1) = b(c+1) cla+1) = 2
1 1 1 3 1 1 1 3
* >=> > withm,n > 0 (*
a(a+b) b(b+c) c(c+a) = 2 a(ma+nb) T b(mb+nc) T c(mc+na) = m+n ( )
) 1 1 1 l
a?+2b%2+3 = b%Z+2c¢%2+3  cZ+2a%+3 T 2
ab bc ca
7) <1

aS+b5+ab  b5+c5+bc  cS+ad+ca

8)Lletp=a+b+c;q=ab+ bc+ cathen:
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p+>>4
*p?+3>4q - *xpq =5p—6

3
2> 4.
p+q_

SEES

a b c a b c a b [
9) + + >1- + + >—+—+-—2=212
b+c+1 ct+a+1 a+b+1 b+c+1 ct+a+1 a+b+1 a+2 b+2 c+2

>1+1+1—>1+1+1>1>1+1+1
“a+2 b+2 c+2 2a+1 2b+1 2c+1 " " a+2 b+2 c+2
1 N 1 N 1 >§> 1 N 1 N 1 )
3a+1 3b+1 3c+1 4 a+3 b+3 c+3

10) (@>+1)B?*+1D)(c?+ 1) =(a@+b)(b+c)(c+a)=(a+1D(b+1)(c+1)=>8

(E xtra:

11) (2 = Da?2+1+/(2 - 1Db2 +1+/(2—1c2+1 <nla+b + c) with
a+b+c=ab+bc+ca

— Special case:a+ b+ c = i + % + % and without condition abc = 1.

1 1 1
(a+1)2 * (b+1)2  (c+1)2

12) >2

13) (a + b + ¢)® = 81(a? + b? + ¢?)
d.2)Ifa,b,c > 0 suchthata + b + ¢ = 3 then:
1)a?+b?>+c>>3=>ab+bc+ca

2)a™+bm™+cm™ >3 formeZt
3)z—n+lz—n+2—nz3form,nEZ+suchthatm2n

8) =+ + = a?+ b2+ c?

a™+b™  b"+c" | c"+a®
+ +

<a*+b"+c*withalln€e Z*
a+b b+c c+a

5)a®l+prl 4+l <

1 1 1 3 .
< —withalln =2
a?+b%2+n  b%2+c%2+n = c?+a?+n T n+2

6)

am bm Cm

7) >§Withm,nEZ+suchthatm>n

bM4c™  c™+a™ | a™+b™ T
8) abc(a? + b% + c?) <3 - (abc)™- (a® + b% +c?) < 3
Withn € Z* » —+ —+ =>4+ — 4+ = > a2 + b2 + 2
a2 b2 2T ab bc ca
9) — L 1
a?+ab+b%? = b%2+bc+c?  cZ+cata? T

10) a’?b + b%c + c?a + abc < 4

11) a? + b? + ¢? = a?b + b%c + c%a
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12*) a b c

b%2+pc  c%®+pa  a%+pb

d3)Ifa,b,c > 0:ab + bc + ca = 3 then:

>—w1thp>1

1)a+b+c=>3abc— (a+b+c)° = 243abc

2)2+2+5=a+b+c

3) ; 1 1 Zfi_a 1 1 1 Efi
a?+1  b%+1  c?+1 2 (a+1)2 ~ (b+1)2  (c+1)? — 4

4) a’b + b%c + c?a < a® + b? + ¢?

5) —— ! L <> withm>2

(a+b)2+m = (b+c)%2+m = (c+a)2+m ~ 4+m

1 1 1 3
(xa+yb)2+m = (xb+yc)2+m = (xctya)?2+m — (x+y)2+m

with x,y > 0and m > 2(x? — xy + y?)

6) ——— +——— —— <——ka>1

a?+b%2+k  bZ+c2+k = c%+a?+k

1 1 1
7 + + <1
) a?+2  b%2+2  c2+2
1 1 1
8%) <
a+b+1 b+c+1 c+a+1

d.4) If a, b, c > 0 such that a® + b? + c¢? = 3 then:

a+b+c=ab+bc+ca-Va+ b+ c=ab+bc+cawithneZt

2) +— 22 - (a+b+c)®=9(ab+ bc + ca)

a+b+c

3+ 4l s
b+2 c+2 a+2 b+1 c+1 a+1

le

4)a®b+b3c+c2a<3

5) a?b + b?c + c?a < 2+ abc > In case a, b, c > 0: the equality happens
. a=b=c=1

if a =+2;b = 1;c = 0 or any cyclic permutation

d.5)Ifa,b,c > 0 suchthata+ b + ¢ = ab + bc + ca then:

1 1 1
1+a+b 1+b+c 1+c+a —

1)

*xa+b+c+1=>4abc

ma+b+c+dw24‘%*m+1xb+ﬂﬁ+4)28

)+ ——+—

a+b b+c c+a

le

4) (a+b)(b+c)(c+a)=>8

274 MATH PHENOMENON RELOADED




DANIEL SITARU

2

2
+ =+ +
Cc a

a? 3n

p >3+nwithn<3

5%+ 24 S > a2+ b2 4% o -
b c a_a ¢ a2+b2+c? —
6)a+b+c=abc+?2

d.6)Ifa,b,c > 0 such that ab + bc + ca + abc = 4 then:

a b c a+b+c a b [
l)a+b+czab+bc+caz3->—+—+—=2—->-+-+-=a+b+c
b+c c+a a+b 2 b [ a
2) a+b+c > 1 L L 2§ a+b+c > 1 L L
2 a+1 b+1 c+1 2 2 a+b b+c c+a

1 1 1
<
3) aZ+2 + b2+2 + c2+2 — 1

4)ab +Vbc ++ca <3

5)=+-+->a+b+c

6) a’b + b%c + c?a < a? + b? + ¢?
d.7) If a, b, c > 0 such that a®> + b* + ¢ + abc = 4 then:
l)ab+bc+ca<a+b+c<3-ab+bct+ca<abc+2<a+b+c<3

3 1 1 1 9

)< —+

27 a+b b+c c+a ~ 2(ab+bc+ca)

3)a(a?+b?) +b(c?+a?)+c(a> +b?) <6
42 a 53 000 B> 02 4 b2 4 (2
a b c a b c

b+c

5)a+cha+(T)2S2;etc

6)a?+b2+c2+ab+bc+ca=2(a+b+c)—sa+b+c=Va+Vb++c=ab+bc+ca
d.8) If a, b, c > 0 such that a? + b% + c?> = 2(ab + bc + ca) then: %’HC > 32abc

— the equality happens if (a; b; c)~(k; k; 4k) with k > 0.

d.9) If a, b, c > 0 such that ab + bc + ca = abc + 2 then:

1) Assume that (b — 1)(c — 1) > O then:c+ab > 2 - a? + b* + c? + abc > 4

2) max{ab; bc; ca} = 1; max{a; b;c} > 1

e Inequalities with classic condition (like a, b, c > 0):

d.10) If a, b, c > O then: % +2 4 £ > &tbtc
b c a abc
d.11) If aq; ay; ...; ap > 0 then: t— b > -
: 1 H2s w0 ¥ “1+al!  1+a} 1+al! — 1+aqaz..an
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d.12)Ifa,b,c = O,noZofwhichareOthen:a *h +b LI . <3.2 th te

a+b b+c c+a a+b+c

with

vnez*

a’+b%+c? - @ b c a’+b%+c?

d.13)Ifa,b,c > 0 then: = +

> —t— >
2 ab+bc+ca b+c c+a a+b 2(ab+bc+ca)

d.14)Ifa,b,c,x,y,z > 0 then:

aly+z)+b(z+x)+c(x+y) = 2\/(ab + bc + ca)(xy + yz + zx)
d.15) Ifa,b,c,d = 0 then:
a* + b* + c* + d* + 2abcd > a?b? + a?c? + a*d? + b?c? + b?d? + c?d? (Turkevich’s
inequality)— The equality happensifa =b =c=danda=b =c=k > 0,d = 0orany

cyclic permutation.

d.16) If a, b, c > Othen:“—j"+%+”“z4(i+i+L)

b b+c c+a a+b

d.17) If a, b, c are sides of a triangle then:

J3a+b+o)=Va+Vvb+vVe=Vb+c—a+Vec+a—-b+Va+b—c
d.18,19) If a,b,c > O then:

% a3 b3 c3 a?+b?+c? - a+b+c

b%2+bc+c?2  c2+ca+a?  a?+ab+b? T  a+b+c T 3

3 3 3
a b c 3(ab+bc+ca

* >a+b+c> 3(abtbctca)

b%2-bc+c?2  c2-ca+a? = a?-ab+b? a+b+c
d.20) Ifa,b,c > O then:

a b c at+b+c a b c

+ + > > + +
b2+bc+c? c2+ca+a? a?+ab+b%? ab+bc+ca a?+2bc b2+ 2ca %+ 2ab

a b . c a?+b2+c?
d.21)Ifa,b,c > O then: -+ - +-> 3\/7m

x y z

d.22)Ifa,b,x,y,z > 0 then: - = ib

y+bz az+bx ax+by a

+
2 n
d.23*)lfx20then:ex21+x+x721+x—>ex2(1+§)

3

. C 1.9, . .y a; S Qatag+-tan _
d.24)Ifa; > 0Vi=1;2;..;nthen: X7, v . (a1 = ay)
a b c 2ab
f—_ —_— —_ >
d.25) If a,b,c > 0 then: e + prpsle th + = 2

d.26) If a,b,c > 0 then:

a?+b?>+c?+2abc+1=>2(ab+bc+ca)—>a?*+b?>+c?+abc+5=>3(a+b+c)
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d.27*) If a, b, c are sides of a triangle then: a’?b(a — b) + b?c(b — ¢) + c?a(c — a) = 0 (IMO
1983)

p™m cm a cm-1

T i iy

pm-1 cm-1 am-1— pm-2 cm—2 am-2 —

m-—1 bm—l

d.28)Ifa,b,c > 0andm € Z* then:

a® b® 3 a® b? c?
_ﬁ+—+—2_?+—+—>a+b+c
a b c
<
a+y/(a+b)(a+c) + b+ (b+c)(b+a) + c+f(c+a)(c+b) — 1

a b c 3
d.30) Ifa,b,c > 0 then: /m+ ’E-l- /ESE

d.31) If a, b, c are sides of a triangle then: a* + b* + c* < 2(a?b? + b?c? + c%a?) (the equality

d.29) If a,b,c > 0 then:

happens iff a, b, c are sides of a degenerate triangle.)

ka+b kb+c kc+a
ka+c kb+a kc+b

d.32*)Ifa,b,c > 0and k = 0 then: —+ +—

8abc

d.33)Ifa,b,c > 0 then: —+ +—+m_

a’+b%+c? 8abc

d.34) If a,b,c = 0, no 2 of which are 0 then: abtborca | @ib)brocra) =

> 2 (Jack Garfunkel’s

inequality)

* Inequalities with classic condition — part 2: (denotep =a+ b +c;q =ab + bc + ca;r =
abc)

Firstly, we have some identities about p,q,r:

1) a? + b? + ¢? = p? — 2q

2) a?b? + b%c? + c?a? = q* — 2pr
3)(a+b)(b+c)(c+a)=pg—71—>abla+b)+bc(b+c)+calc+a)=pg—3r
4)(a+b)la+c)+B+c)b+a)+ (c+a)(c+b)=p?q

5)a® + b3+ c3=p3—3pg+3r

6) a®b3® + b3c3 + c3a® = q® — 3pqr + 3r?

7) a* + b* + ¢* = p* — 4p?q + 2¢* + 4pr

8) ab(a? + b?) + bc(b? + ¢?) + ca(c? + a?) = p?q — 2q% — pr

9) Denote S = —4p3r + p2q? + 18pqr — 4q3 — 2772, then:
*[la=b)(b-c)c—a)]*=S

*a2b + b?c + c2a = P if (a — b)(b — ¢)(c — a) < 0; 2T
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(a=b)(b—c)(c—a)=0

2q-2q%-pr- 2, _5n2_
*a3b+b3C+C3a=p q Zqur p\/glf(a_b)(b_c)(c_a)<0;pq Zqur+p\/§if

(a=b)(b—c)(c—a)=0
10) a?b?(a? + b?) + b%2c?(b? + ¢?) + c?a?(c? + a®) = —2p3r + p?q? + 4pqr — 2q® — 3r?
11) ab(a* + b*) + bc(b* + ¢*) + ca(c* + a*) = p*q — p3r — 4p?q® + Tpqr + 2q3 — 3r?
12) a® + b® + c® = p® — 6p*q + 6p3r + Ip?q? — 12pqr — 2q3 + 3r?
e Some inequalities about the relation of p,q,r:
1) p? = 3q;q* = 3pr

2)pq29r—>p32%7(pq—r)23pq29%2227r

p(4q—p?) 0- p(4q-p?)
9

3)p2+9r = 4pg o1 = —>r2max{ ’T}

4) 2p3 + 9r = 7pq
5) p2q + 3pr = 4q>
6) p* + 4qg* + 6pr > 5p?q

(4a-p*)(p*-q)

Nr=> - r > max {0_—(4q—p2)(p2-q)}
- 6p - ’ 6p
5q-p? *-7p?q+13q*
g)rsp(qp);rsp p%q+13q
18 9p

Combining inequality 3, 6, 8 and we get:

. (p(5q —p*) p*—7p*q+ 134> p(4q —p?) (49 —p*(P*—q)
min ; =1 = max40; ;
18 9p 9 6p

—2p3—2kVk —2p3+2kVE . . .
9%) opa=2p°—2kVk <r< M, with k = p? — 3q. This result comes from solving the
27 27

inequality S = —4p3r + p?q? + 18pqr — 4q3 — 27r? = 0 with variable r.
From this result, by AM-GM we have:

2_ 2_ —
*27r 2 9pg — 2p° - 2kk = 9pq — 2p® — L2 R0

- p*(9q — 2p*)(p* — 2q) — (p* = 3)[(p* — 2¢)* + p*(p* — 3q)]
- p(p% — 2q)
_ ®* -2q)(=3p" + 14p°q — 69*) —p*(P* —3q)* _ (49— p*)(4p® — 10p®q +34¢*)
p(p? —2q) p(p? — 2q)
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2(p?-3a) (P> —3a VP2 @7 —30)

*27r < 9pq — 2p® + 2kvk = 9pq — 2p* + o(7—2a)
2

2

p(9pq — 2p*)(2p* - 3q) + 2(p* — 3q) [(pz - %q) +p?(p* - 3q)

<
p(2p* —3q)
_ (2p? =39)[29pq — 2p°) + (p* — 3q)(2p* — 3q@)] + 4p*(p® — 3¢)°
2p(2p% — 3q)
_ (2p* —3q)(=2p* +9p*q + 99%) + 4p*(p* — 6p*q +99%) _ 27¢*(p* — q)
2p(2p% —3q) 2p(2p% —3q)

2 2(n2_ 40—12)(4p%—10p? 2
So we have the chain: = > qu) >y > (ampl)lr 0P 473 )
3p — 2p(2p*-3q) 27p(p*-2q)

, more interesting, the third

inequality is stronger than Schur deg 3 and 4, since:

(4q-p*)(4p*-10p%q+3q?) _ p(4q-p®) _ (4q-p*)(»?*-3q)(p*-q)
27p(p*-24q) 9 27p(p*-2q)

(49 —p*)(4p* —10p°q +3¢°) (4q—p)@*—@) _(4q—p°)°@°—39) _

27p(p* — 2q) 6p S4p(p* —2q)

(4p-p?)(4p*-10p%q+3q?)
0; >
27p(p*-2q)

> 0in case 4q = p?

Hence we can also conclude that: r > max{

—3pk+2kvk

3
<r<?t
27

.. . 3_3pk-2kVk
Further more, we can write inequality 9 as: %

Lt \/F)ng — 2vk) << (p— \/E)ng + 2vk)
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