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PREFACE 
 

Solving problems is an integral and inseparable part of any 
Mathematical learning process. The present book ‘Mathematical 

Elegance ‘ is aimed to be a step in this direction. The book contains 
over250 carefully crafted fully solved problems from Algebra, Analysis 

and Geometry. However, the Problems are neither calibrated nor 
arranged in any order of difficulty. The problems range from simple to 

very difficult.Some of these problems have already appeared in the 
online Romanian Mathematical Magazine (RMM). The RMM team 

consists of more than 7000 mathematics experts, lovers and 
enthusiasts. Whenever a problem is proposed in RMM, several group 
members put up their untiring efforts to provide different solutions to 
the problem. More than one solution to a problem shows the intrinsic 

beauty of mathematics - that we can reach the same result by 
following different approaches.The book ‘Mathematical Elegance‘ 

provides a good opportunity for Mathematical lovers to learn some of 
the new techniques to solve problems. How a simple substitution, use 
of an algebraic identity or geometric visualisation reduces a daunting 

problem to a simple problem are very well illustrated through 
solutions to the problems in the book.It is hoped that the readers will 

enrich their mathematical knowledge by using the book. Regarding 
the misprints and errors in the book, we hope there is none but the 
experience of last several years suggests otherwise. Whenever you 
come across an error or misprint in the book, you are requested to 

bring it to our notice. 
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PROBLEMS AND SOLUTIONS 

ALGEBRA 

1.1. Solve for real numbers: 

|
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|
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Solution: 

We notice that it is determinant of Cauchy type: 
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(   )(      )   (      )

 (      )(      )(      )  (   )(   )(   )(   )
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1.2. If                  then: 
    (  )      (  )      (  )      (  )   (                       ) 

 
Solution: 
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Being long expressions, in order to be able to compare   and   we will 
write them one under the other: 

    
 

 
 

 

 
 

 

 
 

 

 
 

 

  
 

 

 
 

 

 
   

 

 
 

  

 
 

 

 
   

 

 
     

    
 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
   

 

 
    

 

 
   

 

 
         

So, we have to prove that: 
 

  
 

  

 
      (  )       

        (  )    (    )       (A) 
 

1.3.           √(   )(   )(   )
 

  

  √   
 

        . If         then:  
            

        
      .When does the equality holds? 

 
Solution: 

       (     )   √(   )(   )(   )
 

, true because 

√(   )(   )(   )
 

 
 (     )
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           √(   )(   )(   )
 

  √   
 

 
 (   )(   )(   )      , true because: 

     √        √        √    
        and          from Cebyshev   

(     )(        )   (           )   
(     )(        )               
Equality for                     

(     )         (     )               
         

 
1.4. Find           such that: 

.
        
        

/
 

 .
          

          
/       * + 

 
Solution: 

For simplicity, we will note in                         . 

Thus, the condition can be written as: .
  
  

/
 

 .
    

    /   

     * +. For     we have: .
  
  

/ .
  
  

/  . 
   

    /  

(
      (   )

 (   )      
*  . 

   

    /           or    . 

I.    . That means the only equality is (    )     

If     then the matrix .
  
  

/ satisfies the identity in the hypothesis. 

(for any diagonal matrix .
   
   /  .

  
  

/
 

) 

If          . For     we have: 

.
  
  

/
 

 . 
   

    /  .
  

    
/
 

 (
   

(   )   *

 . 
  
   / 

 (
   

 (   )    (   )   *  (
   

(   )   * 

Thus, we have:  (   )    (   )  (   )   (   )   
                             or      

If       or       then the matrices .
  
  

/ and .
  
  

/ 

satisfy the identity in the hypothesis. 
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Thus, in this case the matrices .
  
  

/  .
  
  

/ and .
  
  

/ satisfy the 

identity. By applying the same algorithm we obtain the solutions: 

.
  
  

/ (duplicate), .
  
  

/  .
  
  

/ 

Thus, the matrices .
  
  

/  .
  
  

/  .
  
  

/  .
  
  

/ and .
  
  

/ are 

the only ones which satisfy the identity above,          . Thus, the 
solutions for         are: 

I.            
 

 
                       

II.                 
 

 
            and 

      
 

 
        

III.            
 

 
      

 

 
            

 

 
      

IV.                 
 

 
       

V.                                 
 
1.5. If         then: 

√    

 
 

√    

 
 

√    

 
 

 

 
 

 

 
 

 

 
 

 
Solution: 

√    
 

          

 
 

 

 
 

  

 
 

√    
 

      

 
 

  

 
  √    
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*  
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* 
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*   

 
 

  
 

 

  
 

 

  
 

  

  
 

  

  
 

  

  
 

Suppose:        . We must show that:  
 

  
 

 

  
 

 

  
 

  

  
 

  

  
 

  

  
 

 

 
 

 

 
 

 

 
 

 
  

  
 

  

  
 

  

  
 

  

  
 

  

  
 

  

  
   

                         
 (   )(   )(   )   . It is true because:         
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Proved. Equality       . 
 
1.6. If     then: 
 

√      √       √        √(     )(       ) 

 
Solution: 

For               
 

√       
     (1) 

Also, (     )(      )  (     ) [.  
 

 
/
 

 
 

 
]  

 

 
 

 
 

√(     )(      )
 

 

 
        (2) 

Next, (     )(      )  (     ) [.  
 

 
/
 

 
 

 
]   .

 

 
/  

 

 
 

 
 

√(     )(      )
 

 

 
        (2) 

From (1), (2) and (3) we get: 

 
 

√       
 

 

√(     )(      )
 

 

√(     )(      )
   

 

 
   

 √      √       √        

  √     √        
,         (      )(      )- 

  
1.7. If     ,   -     then: 
 

 √    ((
 

 
*
√  

 √(
 

 
*
   

)  (.
 

 
/
√  

 √.
 

 
/
   

)   (   ) 

Solution: 

Let be   ,   -     ( )   .
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  .
 

 
/
 

 

  ( )   (
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6 (
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  ( )     (
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/
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*
  

   

(
 

 
*
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  ( )                     
 ( )                                    √                            

  √    .
 

 
/
 

  .
 

 
/
 

         (1) 

For   √   ,   -  ,   - in (1): 

 √    .
 

 
/
√  

  .
 

 
/
√  

        (2) 

For   
   

 
 ,   -  ,   - in (1): 

 √    .
 

 
/

   

 
  .

 

 
/

   

 
       (3) 

By adding (2); (3): 

 √    ((
 

 
*
√  

 (
 

 
*

   
 

)   (.
 

 
/
√  

 .
 

 
/

   
 

+   (   ) 

 √    ((
 

 
*
√  

 √(
 

 
*
   

)   (.
 

 
/
√  

 √.
 

 
/
   

)

  (   ) 
 

1.8. If                    then: 

                     √     
 

 

 
Solution: 

Note:    : module of     

                          √        
                     

                         

                           
( )

            
We prove that (1) is true with for all         

In fact, by Hlawka’s Inequality for complex      : 
                                      (*) 

In (*) we choose:                   

        (     )        
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(*)             |
     

 
|  |

     

 
|  |

     

 
|  |

     

 
| 

 |
   

 
|  |

 

 
|  |

   

 
|  |

 

 
|  |

   

 
|  |

 

 
|  |

     

 
|   

           

 
 |

   

 
|  |

   

 
|  |

   

 
|  |

     

 
| 

 
           

 
 

                 

 
 

       

 
 

                                        (1) is 
true. Because:              . Using AM-GM we have: 

             √              √          . Proved. 

 
1.9. If         then: 

(        ) 

 (        )(     ) 
 

   

   
 

   

   
 

   

   
 

 
Solution: 

Using Hölder’s inequality: 
(        )(        )(        )  (        

   )   (*) 
(with:                    ) 

Now, choose:                                
            

Then: (*) (     ) (        )  (        )    (1) 

Lastly, choose:    
   

   
    

   

   
    

   

   
     (   )  

   (   )     (   )                

Then: (*) .∑
   

   
/ (∑ (   ))(∑ )   

 (        )  
( ) (        ) 

(     ) 
 

 .∑
   

   
/ ( ∑ )(∑ )  (        ) .  

Proved. Equality       . 
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1.10.   (
                           

                           
                           

+ 

      (

      

      

      

+. If         then find:    ∑   
 
    

 
Solution: 

Let   (
 
 
 
+     (

                           
                           
                           

+   

 (
 
 
 
+    

Thus   ( )   (  )      . Continuing in this way, we get  

         (

      

      

      

+(
 
 
 
+  (

 
 
 
+  (

        

        

        

+  (
 
 
 
+ 

 ∑  

 

   

   

 

1.11. If         
 

 
 

 

 
 

 

 
   then: 

  

        
 

  

        
 

  

        
       

 
Solution: 

Let  ( )  
  

        
     

 

 
 

  ( )  
      

(        ) 
    ( )  

  (        )

(        ) 
       

     
 

 
. Using Jensen’s Inequality with         

 

 
: 

 ( )   ( )   ( )     (
     

 
*  

  

        
 

With:   
     

 
,    

 

 
 

 

 
 

 

 
 

 

     
 

Then:       
 

 
. So,   

 

 
 

We must show that: 
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          (    )(   )     (true with   
 

 
) Proved. 

 

1.12. If                 then: 
 

 4.
  
 

/  .
  
 
/5   4.

  
 
/  .

  
 

/5  4.
  
 

/ .
  
 

/5   . √    √    √  / 

 
Solution: 

 .
  
 
/   .

  
 

/  
     

 √  .
  
 
/  .

  
 

/   

  √   ∑.
 
 
/
 

 

   

 ∑ .
 
 
/
 

 

   

 
   

 
√
   

.∑ .
 
 
/ 

   /
 

 
 
.∑ .

 
 
/ 

   /
 

 
  

   ∑.
 
 
/

 

   

 ∑.
 
 
/

 

   

                 

 
     

    √      √   

 .
  
 
/   .

  
 

/     √     (1) 

 .
  
 
/   .

  
 
/     √     (2) 

 .
  
 

/   .
  
 
/     √     (3) 

By adding (1); (2); (3): 

 4.
  
 
/  .

  
 
/ 5   4.

  
 
/  .

  
 

/5   4.
  
 

/  .
  
 
/5   

  . √    √    √  / 

Equality holds for        . 
1.13. Solve for real numbers: 
 

{
 
 

 
 

         

|

   (   )    (  √  )    (√    )

   (   )    (  √  )    (√    )

   (   )    (  √  )    (√    )

|
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Solution: 

  |

   (   )    (  √  )    (√    )

   (   )    (  √  )    (√    )

   (   )    (  √  )    (√    )

|    

                  .
 

 
  / 

   (   )                                    (1) 
             

                                      
   (   )                                          

(2) 
   (   )                                      

                  (3) 

  |

    (  √  )    (√    )

    (  √  )    (√    )

        (  √  )    (√    )

|    

We develop after the first column: 
   (  √  )     (√    )     (√    )     (  √  )   

      (   (  √  )     (√    )     (√    )     (  √  ))     

    (  √  )     .√   
 

 
  /    .√   

 

 
  /     (  √  )

      .   (  √  )     .√   
 

 
  /

    .√   
 

 
  /     (  √  )/    

   (  √  )     (  √  )     (  √  )     (  √  )   

      (   (  √  )     (  √  )     (  √  )     (  √  ))     

 
    (  √  )

 
 

    (  √  )

 
      (     )     

 
     √       

 
              

     (    √        )    

Case I:             
 

 
     {

   
 

 
    

  
 

 
   

 

 
 

 

 
   

     

Case II:     √               √          

     √       √     
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 8
   

  
 

 
    

    , because     
      
   

 

 
1.14. If                 then: 
 

 (   ) 
 
   (   ) 

 
   (   ) 

 
     

 
Solution: 

Let  ( )    
 

        ( )  
√ 
 (   )

 
   ( )    

   
    

 
So,  ( )   ( )         (   ) ( )  (   ) ( )   
 (   ) ( )  (   ) ( )  (   ) ( )  (   ) ( ) 

 (           ) ( )   (     ) ( )           
 

1.15. If          then: 

       √
 

      
 

 (   )   (   )√       
 

Solution: 
Because:                       . We need to prove: 

      √
 

      
     √

 

      
 (      )        

            (True).Hence:        √
 

        (*) 

 (   )√        (   ) 

 
     

 (   ) (      )  ( (   ))
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                     (  
 

 
      * 

                       
Let  ( )                      (     ) 

   ( )                      ( )   

               

[
 
 
 
 
 

  
  √  

 

 
 (   )

  
  √  

 

 
 (   )

 

   ( )    

(

 
  √  

 

 

)

  
 

   
(       √   )    

   (   )   ( )   ( )     ,                       
 

1.16.      √      √                       
  (   ). Prove that (   )  (   ) as abelian groups. 
 
Solution: 

We first show that (   ), where      √      √     
is an abelian group. Clearly,              

  is associative suppose        . Let                      

 
 

 
       

 

 
 

    (    )√            √        
         

        
 

(   )    
         

        
√            √  (

         

        
*
 

 

But   .
         

        
/
 

 
(       )(       )                      

          
  

 
(          ) 

          
. Thus, (   )    

        
⨁  

            
 

    (          )

            
  

 
                           

            
 



19 
 

Similarly,   (   )  
                           

            
 

Thus, (   )      (   )          
  is commutative is obvious. 

Identity Element   ,      √      √            
Inverse Element,For each          is inverse of  . 

Indeed   (  )    
 (   ) is an abelian group. Next, we show that if   (   ), and  

                      , then (   ) is an abelian group. 
Note     (   )(   )    

  is commutative and its identity element is  . 
  is associative.Let        ,  

(   )    ((   )(   )   )     

 ((   )(   )     )(   )    (   )(   )(   )    

Similarly,   (   )  (   )(   )(   )    
 (   )      (   )          

Finally, if    , then    , and     
 

   
 is inverse of  . Indeed, 

    (   )(   )    (   ) .
 

   
/           identity 

element. 

We now show that       defined by  ( )             
is the required isomorphism of   onto   

As                  ( )         

For       (   )         . √      √    /      (1) 

and  ( )   ( )                        (2) 

                    

But                       . √      √    /   (3) 

  from (1), (2), (3):  (   )   ( )   ( ) 
Thus,   is a homomorphism from (   ) to (   ) 
  is one – to – one .Let       and  ( )   ( ) 

                                           
   is one – to – one ,  is onto  

Let              .Let       (   )         
As          such that           or take        . 

Then  ( )                         .   is onto. 
Hence, (   )  (   ) as abelian groups. 

 

1.17. Find   .
         
        

/     , such that: 
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Solution: 

   .
           
          

/   

 .
          
          

/   .
           
          

/   .
           
          

/   

  .
         
        

/  .
  
  

/  .
  
  

/   

 
                                
                                 

3 

                    (            )   (            )   
  (          )       

 (          )   (          )   (          ) 

  (          )      
                               

(   )        

             
      
      

3            

  .
             
            

/ 

 
1.18. If                     then: 
 

√(
 

  
   * (

 

  
   * (

 

  
   * (

 

  
   *

 

 
   

  
 

 
Solution: 

∏(
 

  
   *  ∏4

    

  
5  ∏4

(   )(   )(    )

  
5 

 ∏4
(     )(        )(    )

  
5 (          ) 

     
( )

√
*∏(     ) (        )+*∏(    )+

(    ) 
 

 

Now, ∏(     )  (     )(     )(     )(     ) 

 
   

( √   
 

)( √   
 

)( √   
 

)( √   
 

)    (    ) 
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 ∏(     )  
( )

  (    ). Again, ∏(        )   
 (        )(        )(        )(        ) 

 
   

. √     
 

/ . √     
 

/ . √     
 

/ . √     
 

/        

 ∏(        )  
(  )

  (    ) 

(i) (ii) ∏*(     )(        )+  
(   )

   (    )  

(iii), (1) LHS √
   (    ) *∏(    )+

(    ) 

 
   √∏(    ) 

 
    

  
 

 
 

 
  2∏(    )3  

 
  

  

  
 ∑  (    )  

( )

 
   

  

  
 

Obviously,            ∑                 

Let  ( )    (    )    (   ). Then,    ( )  
 (    )

(    ) 
   

  ( ) is convex  ∑   (    )  
      

   (  .
∑ 

 
/
 

*   

    .  
 

  
/     

  

  
  (2) is true   given inequality is true  

 
1.19. If         ( )                   
                  , then        . 
 
Solution: 

            
 

 
      (1) 

(     ) (   
 

 
 *        

 

 
      

    (   
 

 
 *     

( )
            

(     ) .   
 

 
 /     (     )      

 

 
    (2) 

   (     )   (     )  
( )

(   
 

 
 * (     )   

       
 

 
        (   

 

 
 *     

( )
         

                             (3) 

            
 

 
       (4) 
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(     ) (   
 

 
 *        

 

 
      

    (   
 

 
 *     

( )
            

(     ) .   
 

 
 /     (     )      

 

 
   (5) 

   (     )   (     )  
( )

(   
 

 
 * (     )   

       
 

 
        (   

 

 
 *     

( )
         

                             (6) 

             
 

 
       (7) 

(     ) (   
 

 
 *     

 

 
         

    (   
 

 
 *     

( )
            

(     ) (   
 

 
 *        

 

 
      

    (   
 

 
 *     

( )
            

(     ) .   
 

 
 /     (     )      

 

 
    (8) 

   (     )  (     )  
( )

(   
 

 
 * (     )   

       
 

 
        (   

 

 
 *              

                              (9) 

     (  )  
( )

 (  )  (  )  
( )

(  )   (  )  
( )

 (  )      
 

1.20. If         (   )  √ (               )    then: 
 

   

 (    )
 

   

 (    )
 

   

 (    )
 

   

 (    )
   

Solution:  

    (    )(    )  
     

 4
             

 
5

 

 

   (    )  
 

  
   (    )  

 

 √ 
 



23 
 

 (    )  
 

 √ 
 

 

 (    )
 

 √ 

 
 

   

 (    )
 

√ 

 
      (1),Analogous: 

   

 (    )
 

 √ 

 
      (2), 

   

 (    )
 

 √ 

 
      (3),

   

 (    )
 

 √ 

 
      (4) 

By adding (1); (2); (3); (4): 
   

 (    )
 

   

 (    )
 

   

 (    )
 

   

 (    )
  

 
 √ 

 
(               )  

 √ 

 
 

 

 √ 
   

Equality holds for         
 

√ 
. 

 
1.21. If                  then: 
(     ) (   

     
     

 )  (           )
 (   

     
     

 ) 

and prove that: 

(     ) (
 

  
 

 

  
 

 

  
*  (

 

 
 

 

 
 

 

 
*
 

(
 

  
 

 

  
 

 

  
* 

Solution: 

   
     

     
  

 (  
 ) 

  
  

 (  
 ) 

  
  

 (  
 ) 

  
   

 
(   

 )
 

(   )
  

(   
 )

 

(   )
  

(   
 )

 

(   )
  

     (   
     

     
 )

 

(           )
    (1) 

   
     

     
  

(   )
 

 
 

(   )
 

 
 

(   )
 

 
 

     (           )
 

     
 

      
(           )

 

   
     

     
  (     )  

(           )
  

(   
     

     
 )

    (2) 

By multiplying (1); (2): 
(     ) (   

     
     

 )   

 
(   

     
     

 ) 

(           ) 
 
(           )

  

(   
     

     
 ) 

 

(     ) (   
     

     
 )

 (           )
 (   

     
     

 ) 

For    
 

 
    

 

 
    

 

 
 

(     ) (
 

  
 

 

  
 

 

  
*  (

 

 
 

 

 
 

 

 
*
 

(
 

  
 

 

  
 

 

  
* 
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1.22. Find         such that:  (   ) (   ) (   )         
Solution: 

 

   
 

 

(   )(   )
 

 

(   )(   )(   )
 

 

(   )(   )(   )
  

 
     

   
 

     

(   )(   )
 

     

(   )(   )(   )

 
 

(   )(   )(   )
  

 (  
 

   
*  (

 

   
 

 

(   )(   )
*   

 (
 

(   )(   )
 

 

(   )(   )(   )
*   

 
 

(   )(   )(   )
   

  
 

   
 

 

(   )(   )
 

 

(   )(   )(   )

 
 

(   )(   )(   )
  

 
     

 √
 

   
 

 

(   )(   )
 

 

(   )(   )(   )
 

 

(   )(   )(   )

 

  √
   

(   ) (   ) (   ) 
 

 

 

  
 

   

(   ) (   ) (   ) 
 (   ) (   ) (   )         

Equality holds in AM-GM if: 
 

   
 

 

(   )(   )
 

 

(   )(   )(   )
 

 

(   )(   )(   )
 

  
 

   
   

 

   
       

 

 
   

 
 
 
 

 
 

 
 

Solution:   
 

 
   

 

 
     

 
1.23. If         then: 

(
  

   
 

    

(   )(   )
*
 

 
   

   
 

      

(   )(   )
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Solution: 
 

   
 

 

(   )(   )
 

 

(   )(   )
  

 
     

   
 

     

(   )(   )
 

 

(   )(   )
  

 (  
 

   
*  (

 

   
 

 

(   )(   )
*  

 

(   )(   )
   

Let be   ,   )     ( )     
  ( )         ( )         

By Jensen’s inequality for           ; then:            
 (              )     (  )     (  )     (  ) 

For    
 

   
     

 

(   )(   )
     

 

(   )(   )
 

 (
 

   
   

 

(   )(   )
   

 

(   )(   )
  *   

 
 

   
 (  )  

 

(   )(   )
 (  )  

 

(   )(   )
 (  ) 

(
 

   
   

 

(   )(   )
   

 

(   )(   )
  *

 

  

 
 

   
  
  

 

(   )(   )
  
  

 

(   )(   )
  
  

For                

(
  

   
 

  

(   )(   )
 

 

(   )(   )
*
 

 
   

   
 

      

(   )(   )
 

(
  

   
 

    

(   )(   )
*
 

 
   

   
 

      

(   )(   )
 

 

1.24. Find       such that:  (   ) (   )       
Solution: 

 

   
 

 

(   )(   )
 

 

(   )(   )
  

 
     

   
 

     

(   )(   )
 

 

(   )(   )
  

 (  
 

   
*  (

 

   
 

 

(   )(   )
*  

 

(   )(   )
   

  
 

   
 

 

(   )(   )
 

 

(   )(   )
  

 
     

  √
 

   
 

 

(   )(   )
 

 

(   )(   )
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  √
  

(   ) (   ) 
 

      
  

(   ) (   ) 
 

(   ) (   )      . Equality holds in AM-GM if 
 

   
 

 

(   )(   )
 

 

(   )(   )
     

 

   
 

 

(   )   
   

 

 
 

 

1.25. Find           such that: 
(   ) (   ) (   ) (   )           

Solution:  
 

   
 

 

(   )(   )
 

 

(   )(   )(   )
 

 

(   )(   )(   )(   )
  

 
 

(   )(   )(   )(   )
  

 
     

   
 

     

(   )(   )
 

     

(   )(   )(   )

 
     

(   )(   )(   )(   )
  

 
 

(   )(   )(   )(   )
  

 (  
 

   
*  (

 

   
 

 

(   )(   )
*

 (
 

(   )(   )
 

 

(   )(   )(   )
*   

 (
 

(   )(   )(   )
 

 

(   )(   )(   )(   )
*   

 
 

(   )(   )(   )(   )
   

  
 

   
 

 

(   )(   )
 

 

(   )(   )(   )

 
 

(   )(   )(   )(   )
  

 
 

(   )(   )(   )(   )
  

 
     

  √
 

   
 

 

(   )(   )
 

 

(   )(   )(   )
 

 

(   )(   )(   )(   )
 

 

(   )(   )(   )(   )

 

  

   √
    

(   ) (   ) (   ) (   ) 
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(   ) (   ) (   ) (   ) 
 

(   ) (   ) (   ) (   )           
Equality in AM-GM holds if: 

 

   
 

 

(   )(   )
 

 

(   )(   )(   )
 

 

(   )(   )(   )(   )
 

 
 

(   )(   )(   )(   )
 

    
 

(   )(   )(   )
 

 

(   )(   )(   )   
   

 

 
 

 

(   )(   )
 

 
 

(   )(   ).  
 
 
/

   

 
 
 
 

 
 

 
 

 

   
 

 
 

(   ).  
 
 /

   

 
 

  
 
 

 

 
 

   
 

 

 
 
 
 

 
 

 
 

Solution:   
 

 
   

 

 
   

 

 
     

 

1.26. Let be   {   √ 
 

  √  
 

        }. Prove that if     

then,        .  
 
Solution:  

Let be      √ 
 

  √  
 

      ,      √ 
 

  √  
 

         

   (   √ 
 

  √  
 

)(   √ 
 

  √  
 

)   

      √ 
 

   √  
 

   √ 
 

    √  
 

       √  
 

    

    √ 
 

  

            (         )√ 
 

  (        )√  
 

   

because:                                 
             (1) 

    
( )

      
( )

                 
Inductively. For               . 

 

1.27. If                     then: 
 

    √       
   

 √       
   

 √          
  (     )  
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Solution:  

√          
 √(  )  (  ) 

   
 

     
          ⏟          

              

           ⏟          
              

   
  

 
         

   
 

     

   
 

(   )(        )

   
          

∑ √          

   

 ∑(        )

   

  

  ∑  

   

 ∑  

   

  (     )   ∑  

   

 ∑  

   

  

  (     )   ∑  

   

  (     )      

    ∑ √          

   

  (     )  

Equality holds for        . 
 

1.28. If     then: 

* +  {  
 

 
}  {   

 

 
}   √*  +  

 
* +    , - , - - great integer function 

Solution:  

*  +  * +  {  
 

 
}   

    ,  -  (  , -)  (  
 

 
 [  

 

 
]*   

    ,  -    , -    
 

 
 [  

 

 
]   

 , -  [  
 

 
]  ,  -  

 

 
 

       
,  -  ,  -  

 

 
  

 

 
 

*  +  * +  2  
 

 
3   

 

 
   (1) 

Replacing   with    in (1): *  +  *  +  2   
 

 
3   

 

 
    (2) 

By adding (1); (2): *  +  * +  2  
 

 
3  2   

 

 
3     

* +  {  
 

 
}  {   

 

 
}    *  +  

     
 √  *  +   √*  + 
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1.29. If                then: 
 

(   √  )
   √  

 (   √  )
   √  

 (   √  )
   √  

                

 

Solution: 

(  √  )
  √  

 (  √  )
  √  

 (  √  )
  √  

⏟                            
 

          ⏟        
 

 

√(  √  )
  √  

 (  √  )
  √  

 (  √  )
  √  

∑  √  

 
     

 

 
  √     √     √  

  √  

  √  
 

  √  

  √  
 

  √  

  √  

 
  √      

 
 

     

 
 

    

 
 

    

 
   

          
     

(
           

 
*
 

 (
     

 
*
 

 (
 

 
*
 

 

So, 
   
   

3      

 

1.30. If                 then: 
 

(   )(   )(   )(   )

  (   )    (   )
  √   

 
Solution: 

  (   )    (   )                  
     

         

           (       )    (       ) 

(   )(   )(   )(   )  (           )(           )  
     

 
 (           )(           )   (       )   (       )   

   (       )  
     

  (       )  

 
(   )(   )(   )(   )

  (   )    (   )
 

  (       ) 

  (       )
 

         
     

 √    
 

 
     

 √(  ) 
 

  √   
Proved. Equality if and only if         
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1.31.    |
|

     
        

        

     
                 

|
|      

Find: 

     
   

(
    

        
* 

Solution: 
First, we will prove            (    ) ( ) by mathematical 

induction. For  ( )    |
  
   |    true. 

Let  ( ) true and we will prove  (   ) 

Let  ( )  |

     
         

     
                     

| 

   , - and grad        and have              roots   
 ( )       (    )(    ) (       )   

 ( )       (    )  (    )(     ) (     )   
          (    ) (    )   (   ) true. 

From (1)         
    

       
       

(    ) 

       (2) 

Let    
(    ) 

     ,        
    

  
       

(    ) 

(   )     
     

(    ) 
  

    
   

(    )(    )

(   ) 
 

     

(   )    
  

         .
 

   
/
    

        0.
 

   
/
 

1

    

 
 

 

       (3) 

From (2) (3)    . 
 

1.32.       ( )                 .
   
   

/ 

Find: 

     
   

√
   (    )

   (    )

 

 

Solution: 

  .
   
   

/ 
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   .
  
  

/ .
   
   

/  .
       
       

/

   .
   
   

/ .
  
  

/  .
      
        

/
|

 

            
            
            
             

 

  .
  
  

/    .
  
  

/ 

We know that:    (

(   )  (   ) 

 

(   )  (   ) 

 
(   )  (   ) 

 

(   )  (   ) 

 

) 

        .
   
   

/   

 
(   )   (   )  

 
 

(   )   (   )  

 
   

(   )   (   )  

 
 

(   )   (   )  

 
    

{
(   )   (   )    

(   )   (   )    
 {
(   )  ((   )   )   

(   )  ((   )   )   
      

(  )  ((  )   )                  
                

 (   )(             )  (   )(             )    

                    
 

 
    

 

 
 

             ⏟              
  

              ⏟              
       

   

So,   (

 

 
 

 

 

 
 

 

 

 

) 

Analog   (

 

 
 

 

 

 
 

 

 

 

)       (

 

 
 

 

 

 
 

 

 

 

)             

     (

 

 
 

 

 

 
 

 

 

 

,             

 √
   (    )

   (    )

  

 √
 

 

  

   constant sequence 
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1.33. If                       then: 

        (     )           
When does the equality holds? 
 
Solution:  

By weighted GM-HM: 

√.
 

 
/
 

 (
 

 
*
 

 .
 

 
/
      

 
     

(
 
 
 

+ (
 
 
 

, (
 
 
 

+

 
     

     
 

.
 

 
/
 

 (
 

 
*
 

 .
 

 
/
 

 (
     

     
*
     

 (
 

     
*
 

 

  

  
 
  

  
 
  

  
 

  

(     ) 
 

        (     )           
Equality holds for         and      . 

 

1.34. If                           then: 
 

              
Solution:  

By weighted GM-HM:  

√.
 

 
/
 

 (
 

 
*
 

 .
 

 
/
      

 
     

(
 
 
 

+  (
 
 
 

,  (
 
 
 

+

 
     

     
  

 
     

     
   √.

 

 
/
 

 (
 

 
*
 

 .
 

 
/
      

   

.
 

 
/
 

 (
 

 
*
 

 .
 

 
/
 

                     

Equality holds for            . 
 

1.35. If                   then: 
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(  )  (  )  (  )  (  ) 

(       )       
 (

    

               
*
       

 

 
Solution:  

If                 by weighted GM-HM: 

√.
 

 
/
 

 (
 

 
*
 

 .
 

 
/
 

 (
 

 
*
      

 
       

 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
       

       
 

.
 

 
/
 

 (
 

 
*
 

 .
 

 
/
 

 (
 

 
*
 

 (
       

       
*
       

 

Let be   
 

 
   

 

 
   

 

 
   

 

 
 

(  )  (  )  (  )  (  )  
(       )       

.
 
  

 
  

 
  

 
 /

        

(  )  (  )  (  )  (  ) 

(       )       
 (

 
               

    

,

       

  

 (
    

               
*
       

 

 
1.36. If                 then: 

(   ) 
 
   (   ) 

 
   (   ) 

 
     

 
Solution:  

Let be   (   )     ( )       ( )        ( )         
convexe. By Jensen’s inequality: 

                   
      

      
      (1) 

                      
We take: 

   
      

(     ) 
    

      

(     ) 
    

      

(     ) 
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(     ) 
 

(     ) 

(     ) 
   

   
 

 
    

 

 
    

 

 
 

Replace in (1): 

 
      

(     ) 
 
 
 
 

      
(     ) 

 
 
 
 

      
(     ) 

 
 
   

 
      

(     ) 
 
 
  

      

(     ) 
 
 
  

      

(     ) 
 
 
  

 
              

(     )  
      

(     ) 
 
 
  

      

(     ) 
 
 
  

      

(     ) 
 
 
  

 
 

      (     )  (      ) 
 
  (      ) 

 
  (      ) 

 
  

 
 
      (   ) 

 
   (   ) 

 
   (   ) 

 
  

 (   ) 
 
   (   ) 

 
   (   ) 

 
     

Equality holds for        . 
 

1.37. If          then: 

 (   )√          √  
Solution:  
Let’s consider                                 

 
                        (true) 

                   (   )      
But:  (   )   (   )      

                      (    ) 

                         
 

 
 

                  (       )   
 

 
 

                         (true) 
Denote   – semiperimeter;   – circumradii 
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   (1) 

     
        

   
 

     (     )    

   (     )
  

 
             

   (     )
 

  (     )

   (     )
 

 

  
     (true) 

     √        √  
  

   
 

√      

  
 

  
 

     
 

  

  
√      

  

 
  

√      
 

By Mitrinovic’s inequality:   
 √ 

 
  

By (1); (2): 
 (   )

 
 

 √ 

 
 

  

√      
 

 (   )√          √  
(Equality doesn’t hold because      can’t be an equilateral one: 

             ) 
 

1.38. If          then: 

 (   )   (   )√ (      ) 
Solution:  
Let’s consider                                . 

                      (true) 
                   (   )      

But:  (   )   (   )      
                      (    ) 

                         
 

 
 

       
   

 
      

   

 
    

   (       )   
 

 
 

                         (true) 
Denote   – semiperimeter;   – area;   – inradii 

  
     

 
 

           

 
 

     

 
   (1) 
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     (     )    

   (     )
  

 
             

   (     )
 

  (     )

   (     )
 

 

  
    (true) 

     √        √  
  

    
√      

  
   (2) 

  
 

 
       

 

 
    (     )  

√      

  
 

  
 (     )√      

 
    (2) 

By Mitrinovic’s inequality: 

   √    (Equality doesn’t hold because      can’t be an 
equilateral one              ) 

   √  
 

 
     √   

By (1); (2): 
  (   ) 

 
  √  

 (   )(   )√      

 
 

 (   )   √ (   )√       
 (   )

 (   )
 √ (      ) 

 (   )   (   )√ (      ) 
 

1.39. If               then: 

.
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

   

Solution:  

.
 

 
/
 

 4  .
 

 
  /5

 

 
         

   .
 

 
  /      

   
  

 
       

  

 
                  (   )    

.
 

 
/
 

     .
 

 
/
 

     .
 

 
/
 

     

By adding: .
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

          

 
     

 √        √ 
 

           

Equality holds for        . 
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1.40. If         *       + then: 
 

   √      √ 
 

    √     √  
Solution:  

By induction we prove           
For             (true) 

 ( )        (true) 
 (   )      (   )    (to prove) 

              (   )    (to prove) 

√    
 √(   ) 

 
  √      

 (√   )   (√   )     √          

 ( )   (   ) 

If         √   √ 
 

 √   √ 
 

 √   √   √   

 
 

√   
 

√ 
 
 

√ 
 

 
 

√ 
 
 

√   
 

√ 
 

 

√   
 

√ 
  

 

√   
 

√ 
   (1) 

   √      √ 
 

    √   
  

 

√  

 
  

 

√ 
 

 
  

 

√  

 
         

 

 
(     ) 

 

√   
 

√ 
  

 

√  

 
( ) (     ) 

 

√ 

 
     √ 

 
 

   √      √ 
 

    √     √  
 

1.41. If                     then: 
  (    )    (    )    (    )    (    )       (      ) 

Solution:  
We prove by induction:           

For            (True) 
 ( )         (True) 

 (   )      (   )   (to prove) 
              (   )    (to prove) 

√    
 

 √(   ) 
 

  √       (√   )    

But      (√   )   (√   )     

 √           ( )   (   ) 
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                                 . By adding: 

                        
     

 

  √                     (1) 

√
               

 
 

                

 
 
( )

     

By squaring:                             (2) 
By adding (1); (2):  

                                            
  (    )    (    )    (    )    (    )       (      ) 

 

1.42. If         (
                         

                         
                         

+ 

   (

      

      

      

+                    ̅̅ ̅̅ ̅ 

then find   ∑   
 
    

Solution:  

  (
 
 
 
+  (

                         
                         
                         

+(
 
 
 
+   

 (
                           
                           
                           

+  (
           (           )

           (           )

           (           )

)   

 (
           
           
           

+  (
 
 
 
+ 

   (
 
 
 
+     (

 
 
 
+   (

 
 
 
+  (

 
 
 
+ 

 ( )   (
 
 
 
+  (

 
 
 
+ (suppose true) 

 (   )     (
 
 
 
+  (

 
 
 
+  (to prove) 
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    (
 
 
 
+      (

 
 
 
+   (

 
 
 
+  (

 
 
 
+ 

 ( )   (   ) 

   (
 
 
 
+  (

 
 
 
+  (

      

      

      

+  (
 
 
 
+  (

 
 
 
+ 

 (
        

        

        

+  (
 
 
 
+  ∑  

 

   

       

 
1.43. If                           ̅̅ ̅̅ ̅ 

  

(

 
 
 
 

  

(   ) 
   

(   ) 
  

(   ) 

  

(   ) 
  

(   ) 
   

(   ) 

   

(   ) 
  

(   ) 
  

(   ) )

 
 
 
 

    (

      

      

      

+ 

then find:   ∑   
 
    

 
Solution:  

  (
 
 
 
+  

(

 
 
 
 

  

(   ) 
   

(   ) 
  

(   ) 

  

(   ) 
  

(   ) 
   

(   ) 

   

(   ) 
  

(   ) 
  

(   ) )

 
 
 
 

(
 
 
 
+   

 

(

 
 
 
 

         

(   ) 

         

(   ) 

         

(   ) )

 
 
 
 

 

(

 
 
 
 

(   ) 

(   ) 

(   ) 

(   ) 

(   ) 

(   ) )

 
 
 
 

 (
 
 
 
+ 

   (
 
 
 
+     (

 
 
 
+   (

 
 
 
+  (

 
 
 
+ 
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By induction: 

 ( )   (
 
 
 
+  (

 
 
 
+   (suppose true) 

 (   )     (
 
 
 
+  (

 
 
 
+    (to prove) 

    (
 
 
 
+      (

 
 
 
+   (

 
 
 
+  (

 
 
 
+ 

 ( )   (   ) 

  (
 
 
 
+  (

 
 
 
+  (

      

      

      

+(
 
 
 
+  (

 
 
 
+ 

 (
        

        

        

+  (
 
 
 
+  

          
          
          

 

   ∑  

 

   

         

 
1.44. If                                     then: 

  

  
.
 

 
  /  

  

  
(
 

 
  *  

  

  
.
 

 
  /  

  

  
(
 

 
  *    

 
Solution:  

If     (   ) (   )    
(       )(   )    

                   
                      

For   
 

 
 and successively   

 

 
   

 

 
   

 

 
 then: 

.
 

 
/
 

 .
 

 
/
 

 .
 

 
/      (1) 

.
 

 
/
 

 .
 

 
/
 

 .
 

 
/      (2) 

.
 

 
/
 

 .
 

 
/
 

 .
 

 
/      (3) 

.
 

 
/
 

 .
 

 
/
 

 .
 

 
/      (4) 

By adding (1); (2); (3); (4): 
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∑.
 

 
/
 

   

 ∑.
 

 
/
 

   

 ∑
 

 
   

    

 ∑.
 

 
/
 

   

 
 

 
 

 

 
 

 

 
 

 

 
    

 ∑.
 

 
/
 

   

 
                         

    
  

 ∑.
 

 
/
 

   

 
           

    
 ∑.

 

 
/
 

   

 

 
1.45. If       then for any            the following relationship 
holds: 

                        
                               

                   
Solution:  

                                            (1) 
                                          (2) 
                                          (3) 

By adding (1); (2); (3):                   
 

1.46. If         then: 
 

( 
 
   

 
   

 
 * ( 

 
   

 
   

 
 * ( 

 
   

 
   

 
 *

 
 
   

 
   

 
 

   

Solution:  
, -    , -    , -   great integer function 

    , -  (   ), -  
         

  , -    

     (  )
 
   

 
       

 
    

Analogous:    
 

       
 

    

 
 
   

 
         

 
  

 
 

   
 

   
 

 . Analogous:  
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  can be sides in a triangle. 
In a triangle with sides       by Padoa’s inequality: 

(     )(     )(     )       
(     )(     )(     )

   
   

For    
 

     
 

     
 

  
 

( 
 
   

 
   

 
 * ( 

 
   

 
   

 
 * ( 

 
   

 
   

 
 *

 
 
   

 
   

 
 

   

 
Equality holds for        . 

 
1.47. If                 then: 
 

(
   

 
*
   

 (
   

 
*
   

 (
   

 
*
   

      
      

       

Solution:  

   

 
 

     
√   (

   

 
*
   

 (√  )
   

 

∏(
   

 
*
   

   

 ∏(√  )
   

   

 ∏(  )  

   

  

 (  )   (  )   (  )                            

                       (   )   (   )   (   )   

  (   )   (   )   (   )       
      

      
 

 
1.48. If         then: 
 

√ (        )  |        |      (       ) 

Solution:  
(        )  (        )  (   )  (   )   

 
(          ) 

 
 

(     ) 

 
 

(     ) 
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   (               (       ))

 

     
 

     
 

 
(                 ) 

 
 

 (        )  (                 )  

√ (        )                    
 
1.49. Solve for real numbers: 
 

{
 

 
         

(     ) (
 

 
 

 

 
 

 

 
*  

  

 

          

 

 
Solution: 

(     ) .
 

 
 

 

 
 

 

 
/  

  

 
   (1) 

             (2) 

We’ll show that (     ) .
 

 
 

 

 
 

 

 
/  

  

 
           

Or 
 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 
    

 
 

WLOG         (   )(   )              
 

{

 

 
 

 

 
   

 

 
 

 
 

 

 
 

 

 
  

 
  

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
   

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
  .

 

 
 

 

 
/    

It remains to show that  .
 

 
 

 

 
/    

  

 
  (3) 

Let   
 

 
        (3);   

 

 
 

  

 
 (    )(   )    

Which is true   (1) is the hold point of inequality at   
 

 
   

{
           
           

  and permutations    (2) 

 (     )  (     ) 
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1.50. If       then: 

   

√  
 

   

(   ) 
 

 √  

   
 

(   ) 

   
 

Solution: 

Inequality can be written: 
   

√  
 

 

.
   

√  
/
  

 
   

√  

 
.
   

√  
/
 

 
 

Denote   
   

√  
. By AM-GM; 

   

 
 √   

   

√  
       

  
 

  
 

 

 
 

  

 
 

              
                

                              
  (   )     (   )    (   )   (   )    

(   )(           )    
(   )(  (   )   (   ))    

(   ) (    )    
(   ) (   )    

Which is true because:                 
 

1.51. If                          then: 

   
    

     (   )    (   )    (   )              
 
Solution: 

   

 
 √        √     (AM-GM) 

(   )    ( √  )
   

     (  )     (1) 
(   )        (  )     (2) 
(   )        (  )     (3) 

By multiplying (1); (2); (3): 
(   )    (   )    (   )              (  )   (  )   (  )   

   
    

    
 (   )    (   )    (   )     

           (  )   (  )   (  )      
    

    
  

           (  )      (  )      (  )       
           (        )                                 

Equality holds for               
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1.52. Solve for real numbers: 

.   .
 

    
/  /

 

  

 .   .
 

    
/  /

 

 (     (    ))  (     (    ))  

Solution: 

Denote      .
 

    
/       (    ) 

(   )  (   )  (   )  (   )  
                                 
                                 

              (     )    

        .   
 

    
/
 

 (   (    ))    

.   
 

    
    (    )/ .   

 

    
    (    )/    

   
 

    
    (    )  

 

    
       

   (    )          . No solution. 

   
 

    
     (    ) 

 

    
 

 

 (    )
          

 
1.53. If                 then: 

     
      

       (
   

 
*
   

 (
   

 
*
   

 (
   

 
*
   

 

 
Solution: 

We have      :    .
   

 
/
 

 (  )   .
   

 
/
   

   (1) 

Similarly, (  )   .
   

 
/
   

  (2) and (  )   .
   

 
/
   

   (3) 

Then (1) (2) (3): 

                      .
   

 
/
   

 .
   

 
/
   

 .
   

 
/
   

 

   (   )    (   )    (   )  (
   

 
*
   

 (
   

 
*
   

 (
   

 
*
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   (   )  (   )  (   )  (
   

 
*
   

 (
   

 
*
   

 (
   

 
*
   

 

      
      

      
 (

   

 
*
   

 (
   

 
*
   

 (
   

 
*
   

 

 

1.54.    
 

(    )
  

 

(    )
  

 

(    )
     

 

(    )
  

 

(    )
  

 

(    )
  

   
 

(    ) 
 

 

(    ) 
 

 

(    ) 
             (    ) 

Prove that:        
  

 
Solution: 
(    )(    )  (    )                          

 (   )     true  
 

√(    )(    )
 
( )

 

      
 

Similarly, 
 

√(    )(    )
 
( )

 

      
 and 

 

√(    )(    )
 
( )

 

      
 

Let 
 

√    
   

 

√    
   

 

√    
   

 

√    
   

 

√    
   

 

√    
   

      .∑   / .∑   /  
   

2∑(  ) 3
 

 4∑|
 

    
|
 

5

 

 

(using (1), (2), (3))  (∑ |.
 

    
/
 

|*
 

 

 (∑.
 

    
/
 

*
 

   
  (      )   (Proved) 

 
1.55.                          

                                              

Prove that:       
 

Solution: 
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1.56. If         then: 
 

(      )(      )(      )

(   )(   )(   )
   

Solution: 

Let be   (   )     ( )     .
   

   
/ 

 ( )     (   )     (   ) 

  ( )  
 

   
 

 

   
 

   ( )  
  

(   ) 
 

 

(   ) 
 

                

(    ) 
 

   ( )  
  

(    ) 
   ( )  (   )    convexe. By Jensen’s inequality:  

 (

 
      

 
      

 
     

 
)  

 

 
∑ .

 

     
/

   

 

 (
 

 
*  

 

 
∑   (

  
 

     

  
 

     

)

   

   (
 

 
*     (∏(

      

   
*

   

) 

    (
  

 
 

  
 
 

)     (∏(
      

   
*

   

) 

        (∏(
      

   
*

   

)  ∏(
      

   
*

   

   

 
1.57. If         then: 
 

   (   )(   )(   )

 
 (

     

 
*
 

 

Solution:  

    
     

.
     

 
/
 

  (1) 

(   )(   )(   )  
     

(
           

 
*
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 4
 (     )

 
5

 

 
 (     ) 

  
  (

     

 
*
 

 

(   )(   )(   )   .
     

 
/
 

   (2) 

By multiplying (2); (3): 

   (   )(   )(   )   (
     

 
*
 

 

   (   )(   )(   )

 
 (

     

 
*
 

 

1.58. If                 then: 
 

 

.
  
 

/
 ∑.

 
 
/
 

 

   

 
 

.
  
 

/
 ∑.

 
 
/
 

 

   

 
 

.
  
 
/
 ∑.

 
 
/

 

   

 

 
 

        
 

 
Solution:  

.
 
 
/
 

 .
 
 
/
 

   .
 
 
/
 

 
.
 
 
/
 

.
 
 
/

 
.
 
 
/
 

.
 
 
/

   
.
 
 
/
 

.
 
 
/

  

 
         (.

 
 
/
 

 .
 
 
/
 

   .
 
 
/
 

*
 

.
 
 
/  .

 
 
/    .

 
 
/

 
 

  
.
  
 

/
 

 

 

(   )
 ∑ .

 
 
/
 

 
    

 

     (1) 

 

.  
 

/
 ∑ .

 
 
/
 

 
    

 

     (2) 

 

(   )
 ∑ .

 
 
/
 

 
    

 

   (3) 

By adding (1); (2); (3): 

 

.
  
 

/
 ∑.

 
 
/
 

 

   

 
 

.  
 
/
 ∑.

 
 
/
 

 

   

 
 

.
  
 
/
 ∑.

 
 
/
 

 

   

  

 
 

  
 

 

  
 

 

  
 

         (     ) 
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Equality holds for        . 
 

1.59. If           then: 

 .√   √   √  /                   

Solution: 

Let be   ,   -     ( )  √   
 

 
 

  

 
   

  ( )  4 
 
  

  

 
 

 

 
  5

 

 
 

 
  

 
       

 

 
  

 
 
     

 

 
  

 
 

 
 

 
 (      )    

 

 
 

 
 
 (      )      

 
 

Let be   ,   -     ( )   
 

 (      )       

  ( )  . 
 
 /

 

(      )  
 

 
 

 
    

  ( )  (
 

 
√       

 

 
√  * (      )  

 

 
√     

  ( )  √  (      )  
 

 
√       

  ( )  √  (
 

 
(      )  

 

 
*    

     
 
   

 
        

 

 
 

 

 
               

  ( )   
 
 (

 

 
(      )  

 

 
*     

  (
 

 
(      )  

 

 
*    (      )  
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  ( )      ( )      increasing 

  ( )   ( )  √   
 

 
 

  

 
     

 ( )     

√   
 

 
 

  

 
       (1) 

√   
 

 
 

  

 
      (2) 

√   
 

 
 

  

 
       (3) 

By adding (1); (2); (3): 

 .√   √   √  /        (        )      

 .√   √   √  /                   
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ANALYSIS 

2.1. Find: 

 (   )  ∫(   (  )    (  )    ((   ) ))             
 

 (   )
 

Solution: 

    (     )  
   (  )     (  )

     (  )     (  )
 

    (   )     (  )     (  )     (   )     (  )     (  ) 
    (  )     (  )     (   )     (   )     (  )     (  ) 

 (   )  ∫(   (  )     (  )     (   )  )   

 ∫   (   )     ∫    (  )   ∫   (  )   

 
 

(   )
    (   (   )  )  

 

 
     (   (  ))  

 

 
        (  )    

[ ∫    (  )   
 

 
       (  )     

 

 
    (     ) ] 

[   integration constant] 
 

2.2. If         
 

 
 then: 

 (              )   √        
 

Solution: 
Let be  ( )       
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      ∫     

 

 
 

   ∫
 √ 

 

 

 
 

       (1) 

  The equation of the line   : 
 (   )

 .
 

 
 
√ 

 
/
}  

 
 

 

 
 

√ 

 

   
√ 

 
 

 

 

 
√ 

 
 

 

 
    

 √ 

 
  

From (1)       
 √  

 
 ( )  0  

 

 
1         √   

So,  (              )   √ (     )   
  (              )   

 √   √   √   √   √   √   
     

 

  √√ 
 
      

 

  √        
 

 

2.3. If       
 

 
 then: 

∫(
    

     
*

 

 

      (
      

      
* 

 
Solution: 

  ( )                    ( )            
    

     
    

 √    .
 

 
  /  

    

     
      ( )     ( )     1  

 

 
0   

 
    

 
 

 

      
 

 ∫
    

     

 

 

   ∫
    

      

 

 

   ∫
 (    )

      

 

 

    (
      

      
* 

 

2.4.  ( )  |0  
 

 
1   |  , - - great integer function. Prove that: 

(∫.√ ( )
 

/  

 

 

)(∫.√ ( )
 

/  

 

 

)(∫.√ ( )
 

/  

 

 

)    

Solution: 
Using the following facts: 
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1.       then ∫ √   

 
   

2.    ( )    
We have: 

∫ √ ( )
 

 

 

     

 (∫ √ ( )
 

 

 

  )(∫ √ ( )
 

 

 

  )(∫ √ ( )
 

 

 

  )    

 
2.5. Find: 

     
   

( (∑(   (
       

   
**

 

   

       
    

 
+) 

 
Solution: 

First: ∑   .
       

   
/ 

      4∏
 .    

 

 
/

   

 
   5   

         (∏
    

 
 

   

 

   

) 

But: ∏ .    
 

 
/ 

    
 .   

 

 
/

 .  
 

 
/
 ∏ (   ) 

    
 (    )

 (   )
 

Then: ∑   .
       

   
/ 

            4
 .   

 

 
/  (   )

 .  
 

 
/  (    )

5
⏟            

   

 

Therefore:      ( .  (  )            
   

 
/* 

     ( (  (  )  
   

 
*+ 

But, by Laurent series:   (  )  
   

 
 

 

   
  4.

 

 
/

 

 
5 

      [ (
   

 
 

 

   
 

   

 
*]     

   
[ 

 

  
]   
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2.6.  

      ∑((
√(   ) 

   

√  
 

+

   

 (
√(   ) 

   

√  
 

+

   

)

 

   

         

Find: 

     
   

√  
  

Solution: 

      ∑ ((
√(   )  

   

√  
 

+

   

(
√(   ) 

   

√  
 

+

   

)

   

   

 

 ∑
(   ) 

(  )  
 
 

   

   

 
(   ) 

(  )  
 
 

 ∑
(   )  (   ) 

     

   

   

  

 ∑
(   ) 

  

   

   

 
(   ) 

  
 ∑(   )

   

   

 
 

 
 

      ∑  

   

   

 ∑
 

 

   

   

 (   )       
 

 
 

       
 

 
   

 

 
, so,       √     

 
2.7.  ( ) – number of prime numbers less than      . Find: 

     
   

(
 (     (    ))

 (     (    ))
* 

Solution: 

   
   

 ( )
 

   

   

     
   

(
 (    (    ))

 (    (    ))
*     

   

    (    )
  (    (    ))

    (    )
  (    (    ))
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  (    )

     

  (    (    ))
  (    )

   (    )

  
  (    )

  
   

  (    (    ))
  (    )

   (    )

    
   

    
  (    )
    

  (    )

  

    
   

    

  (    )
     

 

  (    )
     

    
  

    
   

    

  
 

  

    
    

   

    

    
   

 

2.8. If       
 

 
 then: 

∫∫(
√      .

   
 /

   (√  )
)

 

 

  

 

 

   
(   )(   ) 

 
 

 
Solution: 

We know that:             for all    . Let  ( )  
 

    
 for all 

   . Now,   ( )  
          

     
 

    

     
(      )    for all     

Hence   is an increasing function. For increasing functions, we have: 
 ( )   ( ) for all       where     

so, for √   
   

 
, we have √  

   (√  )
 

   

 

   .
   

 
/

 

 ∫∫
√     .

   
 /

   (√  )

 

 

  

 

 

   
 

 
∫ 

 

 

  ∫  

 

 

 
 

 
∫ 

 

 

  ∫  

 

 

 

 
(   )(     )

 
 

(   )(     )

 
 

(   )(   ) 

 
 

2.9. If            then: 

 

(     ) 
∫∫∫(

   
 
    

 
     

 
    .

     
 

/

   .
   
 

/   .
   
 

/
)
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Solution: 

   
 

 
   

 

 
    

 

 
   (

     

 
*   

 
 

 
(   

   

 
    

   

 
    

   

 
    

      

 
* 

 
 

 
     (

   
  

      
 

 
)    (

      
  

   
 

 
)   

    (
   

 
*    (

   

 
* 

     
 

(     ) 
∫∫∫

   .
   
 /    .

   
 /

   .
   
 /    .

   
 /

 

 
 

 

 
 

 

 
 

        

 
   

 (     ) 
 

      

       
 

 

   
  (Proved) 

2.10.  

     
   

( 
 

     
 

       
 
    * 

Prove that: 
 

    
(  ( )    ( ))     (

  

(   ) 
*      (   ) 

 
Solution: 

    
 

     
 

       
 
  ⏟              

  

   

   
 
         

 
    

   
 
             

 
      

 ( 
 
    *      ( 

 
     * 

 
 
    

 
 

    
 

 
     

 
 

 

 
 
  

  ( )   

 
 

    
 

 
   

  ( )   
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Suppose:  ( )  
 

 
  

  ( )
  

 

 

         ( )         [
   ( )

   
 

 
  

  ( )

 
 

  

]  

 

 
  ( ) 

Suppose:  ( )  
 

 
   

  ( )
  

 

 

         ( )         *

   ( )

(   ) 
  

 
   

  ( )

 
 

  

+  

  ( ) 

So: 
 

 
  ( )              ( ) 

 

 
  ( )   ( )    ( ) 

 

    
(   ( )    ( ))  

 
   (

   

(   ) 
* 

 ( )  
 

 
  ( )   ( )  

 

 
  ( ) 

   ( )    ( )  
 

 
   ( )  

 

 
   ( ) 

Let us prove: 
 

   ( )
(   ( )    ( ))  

 
   .

   

(   ) 
/ 

 

   ( )
(   ( )    ( ))

⏟                
  

 
 

    
(
 

 
    ( )  

 

 
    * 

   
 

 
 

 

    
,          -  

 
   (

   

(   ) 
* 

     
     

             
 

 
       

 

 
     

Similarly: 
 

 
       

 

 
     

 

 
(             )  

 

 
   (   ) 

So: 
 

     
,             -  

 

     
    (   ) 

Let us prove: 
 

      
    (   )  

 
   .

   

(   ) 
/ 

 

     
    (   )  

 
   (   )     (   )  

   (   )  
 
   (   )  

 

     
    (   ) 
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   (   )  
 
   (   ) [  

 

     
] 

   (   ) 

   (   )
 
 
  

 

     
   (*) 

Because:     (   )     (   )     (   )  
    -   , 

  
   (   ) 

   (   )
 

   (   ) 

   (   )
      

 

     
 

Relation (*) is true. 

So: 
 

    
(   ( )    ( ))     .

   

(   ) 
/ 

 
2.11. If                 then: 

∫(
  

 
*
  

 

 

   ∫(
  

 
*
  

 

 

   ∫(
  

 
*
  

 

 

        

 
Solution: 

∫(
  

 
*
   

 

   ∫(  
  

 
  *

   

 

   
         

∫ 

 

 

   (
  

 
  *    

 ∫4     
   

 
5

 

 

    |
 
 
   |

 
 
 

   

 
|
 
 
  

 
       

   

 
 

 

 
   

 

 
 (

  

 
  *

 

         (
  

 
  *

 

 (
 

 
  *

 

 
 

 }
 
 

 
 

  

 ∫(
  

 
*
  

  

 

 

   
 

 
 

 

 
   

Similar: ∫ .
  

 
/
  

 

 
     and ∫ .

  

 
/
  

 

 
     

∫(
  

 
*
   

 

   ∫(
  

 
*
   

 

   ∫(
  

 
*
   

 

    

         
 
          (true) 
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Note: 8
  

 
                (   )        

                
 

 

2.12. If       
 

 
     

 

 
 then: 

∫(
    

 
*

 

 

   
   

 
 

 
Solution: 
Use Hermite – Hadamard inequality: 

 .
   

 
/  

∫  ( )
 
 

  

   
 

 ( )  ( )

 
, for any convex function because  

 ( )  
    

 
, is concave,   .  

 

 
/; result -  ( ), convex. We obtain: 

 
   .

   

 
/

   

 

 
∫

    

 

 
 

  

   
 

    

 
 

    

 

 
 

and use the well-known Jordan inequality: 
    

 
 

 

 
, it follows: 

    

 
 

    

 
 

 

 
 

 

 
 

 

 
  , it follows: 

∫
    

 

 

 

   (   )(

    
  

    
 

 
)  

   

 
 

 
2.13. If   ,   -  (   )             – continuous then: 

∫∫∫(∏(    ( )        ( ))

   

)  

 

 

  

 

 

  

 

 

 (∫  ( )

 

 

  )

 

 

 
Solution: 

Because:  ( )  continuous on ,   -    ( )  (   ), we let: 
 ( )  (           )           

   ( )  
    

√    
                 

 
       √                 √    

√    
       (   ) 
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Hence:  ( )                         

 ∫∫∫(∏    ( )        ( )

   

)  

 

 

  

 

 

  

 

 

 

 ∫∫∫(  ( )    ( )    ( ))  

 

 

  

 

 

  

 

 

 

 (∫  ( )

 

 

  )(∫  ( )

 

 

  )(∫  ( )

 

 

)  (∫   ( )

 

 

  )

 

 

Proved. Equality if and only if    . 
2.14. Find: 

 ( )  ∫4
     (   ) 

(      )(  (   ) )
5

 

 

         

 
Solution: 

Let                (       ) 

We have: Inequality  
(  ) 

 
 

 

     
 

(  ) 

 
 

 

     
 

(  ) 

 
 

 

     
  

 
(     ) 

       
. Suppose:               . 

By Chebyshev’s inequality:  

 
(  ) 

 
 

 

     
 

(  ) 

 
 

 

     
 

(  ) 

 
 

 

     
  

 
 

 
4
(  ) 

 
 

(  ) 

 
 

(  ) 

 
5(

 

     
 

 

     
 

 

     
*  

        

 

 
 

 
 
 

 
 (

 

 
 

 

 
 

 

 
* ((  )  (  )  (  ) )  
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(        ) 

  
 

 

         
 

(Because: 
 

     
 

 

     
 

 

     
 

        

(        )
) 

Now, we must show that: 
(        ) 

   
 

         
 

(     ) 

       
 

 
(        ) 

   
 (       )

         
 (     )    (*) 

                              

 
(        ) 

  
 (     )  

 (       )

         
                             

      . True. Hence, (*) true. We proved. Equality       . 
 
2.15. Find: 

     
   

∫ .     .
 

 
//

 
     

   

   

 
Solution: 

Let  ( )  .     .
 

 
//

 

   is continuous on   ,         -       

such that 

∫ .     .
 

 
//

 
     

   

 (         )  (     (
 

 
**

 

  

    
   

∫ .     .
 

 
//

 

  

     

   

    
   

(         ) (     (
 

 
**

 

  

    
   

   (          )(     (
 

 
**

 

  

    
   

        
 

 
     

 
   

 (     (
 

 
**

 

  

          (     .
 

 
/
 

*   (1) 
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   (2) 

      
   

 
                   (3) 

      
     

 
               (   )       (4) 

  is continuous  
( ) ( ) ( )

      
 

 
    

( )

   (     (  ))  

 
2.16. If         then: 

     (∏(∫.  √    /

 

 

  )

 

   

)

 

      ∏(
 

     
*

 

   

 

Solution: 

 ∫ ( )

 

 

  ( )   
      

√∫  ( )

 

 

   ∫  ( )

 

 

   

 ∫.  √      /

 

 

 
      

∫   

 

 

   ∫(    )

 

 

   
 

√ (    )
 

 ∏(∫  

 

 

√      )

 

   

 ∏
 

√ (    )

 

   

 

 (∏(∫  √    

 

 

  )

 

   

)

 

 (∏
 

√ (    )

 

   

+

 

  

 ∏
 

√ (    )

 

   

 ∏
 

√ (    )

 

   

 

 ∏
 

 (    )

 

   

 ∏(
 

 
*

 

   

 (∫   

 

 

  )  (
 

 
*
   

∏(∫   

 

 

  )

 

   

 

     (∏(∫  √    

 

 

  )

 

   

)

 

     ∏(∫   

 

 

  )
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.∏ .∫   √    

 
 

/ 
   /

 

 
 

∏ .∫     
 

  / 
   

 
      (1)   ,          - 

         ∏(
 

     
*

 

   

     ∏[
 

 
(

 

    
 

 

    
*]

 

   

 

 
    

    
∏(

 

    
 

 

    
*

 

   

 
 

 
∏(∫   

 

 

   ∫     

 

 

  )

 

   

 

 ∫   

 

 

   (∫   

 

 

   ∫     

 

 

  )   ∫     

 

 

     

 ∫   

 

 

   ∫   

 

 

   ∫     

 

 

   

 
 

 
∏(∫   

 

 

  )

 

   

 
 

 
*∏(∫   

 

 

   ∫     

 

 

  )

 

   

+ 

 
 

 
∏(∫   

 

 

  )

 

   

     ∏(
 

     
*

 

   

 

  From (1) …   

 
 

 
(∏(∫  √    

 

 

)

 

   

)

 

 
 

 
∏(∫   

 

 

  )

 

   

  

     ∏(
 

     
*

 

   

 

     (∏(∫  √    

 

 

  )

 

   

)

 

     ∏(∫   

 

 

  )

 

   

  

     ∏(
 

     
*

 

   

   ,         - 

     (∏(∫  √    

 

 

  )

 

   

)

 

     ∏(
 

     
*
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    .∏ .∫   √    

 

 
/    

   /
 

 
     ∏(

 

     
*

 

   

 

     (∏(∫  √    

 

 

)

 

   

  )

 

     ∏(
 

     
*

 

   

 

 
2.17. Find: 

     
   

(       

 

 
     

 

 
       

 

    
* 

Solution:  

              ⏟        
               

 
     

  √ 
 

 

    (    )      (  √ 
 

)        √ 
 

 

    (    )    
 

 
 

∑    (    )

 

   

     ∑
 

 

 

   

  

        ∑    (
 

    
*

 

   

        

   ∑    (
 

    
*

 

   

     

     
   

(   )          

 
2.18.       (          )             

Find: 

  ∑(  )   

 

   

   

Solution: 
We have:  (          )          then 

            
  

 
 

             
    

   
   for     then 

    

   
    

  

 
. So, 
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(   ) 
     for    . So,       

   

     for    . We will 

prove that     
  (  )     

(   ) 
 For     

By using mathematical induction: For       we have       and 
     . So, it’s true. Suppose that’s true for      . So,  

   
 (  )     

(   ) 
. We will prove that is true for       

      
   

       
   

   
 (  )   

(   ) 
 . So,      

 (  ) (   )

  
 (true) 

Then,    
  (  )   

(   ) 
 for    . Let  

   ∑(  )   

   

   

   ∑
  (  )    (  )   

(   ) 

   

   

 

 ∑
  

(   ) 

   

   

  ∑
   

  

     

   

  ∑
 

  

     

   

  ∑
 

  

     

   

 

   
    

    ∑
 

  

 

 

  ∑
 

  

 

   

    ∑
 

  

 

   

    

Since ∑
  

  

 
        for all  . 

    ∑
 

(   ) 

 

   

       ∑
 

  

 

   

         

 
2.19. Prove that: 

   

   
 ∫

(      ) 

(        ) 

 

 

   
             

        
     

Solution: 

First, we compute:  ( )  ∫
(      )

 

(        ) 

 

 
   

We have:  ( )  
(      )

 

(        ) 
 

(      )
 

            (      ) 
  

   
 (         )

(        ) 
 

More,  ( )  
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   ( )  
  (        )  (    )  

  

    
(        ) 

  
 (         )

(        ) 
 

 ∫. 
 (         )

(        ) 
/    ( )    

    

        
    (       ). 

Hence: 

 ( )  ∫
(      ) 

(        ) 

 

 

   ∫ ( )

 

 

    

 ∫4  
 (         )

(        ) 
5

 

 

   

 4  
    

        
5|

 

 

 4  
    

        
5  (  

 

        
* 

 
         

        
 

        

        
 

         

        
 

   

   
 

     
   

   
  ( )  

   

   
 

         

        
 

   

   
  

 
         

        
 

         

        
 

                      

        
. Proved. 

   

2.20. If        ,  (   )        (

 

 

 
   

 
 

 

 
   

   
 

 

 
   

 
 

     
 

       
 

   

) 

then:  (   )   (   )   (   )    √  
 
Solution: 

 (   )  
            

   
   

   

 
 

   

 
   

 
 

   

   
   

 
 

   

 
   

(   )
 

   

 
 

 
 

   

 
 

 
 

   

   
 

 
 

   

 
 

     
 

      (   )
 

     
 

       
 

   

 

    
   

 

 
 

   

 
 

 
 

   

   
 

 
 

   

 
   

(   )
 

   

(   )
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(   )
 

   

 
   

(   )
 

   

 
   

(   )
 

   

(   )
 

    (   )
 

   

  

    
   

 

(   )
 

   

 (   )
 

    (   )
 

   

(   )
 

    (   )
 

   

 

      
   

 

(   )
 

   

(   )
 

   (.
   
   

/

 
   

  +

      
   

 

(   ) (.
   
   

/

 
   

  +

  

      
   

  (.
   
   /

 
   

+

 
     .

   
   /

(   )( 
  (.

   
   

/

 
   

+

  )

  

   
   

 
   
   

  4(  
 

   
*
   

5    
   

 
   

 

 
  

  (   )    
 

 
  (   )    

 

 
  (   )    

 

 
 

  (   )   (   )   (   )  .  
 

 
/ .  

 

 
/ .  

 

 
/   (1) 

  
 

 
  √

  

 
   (2);   

 

 
  √

  

 
   (3);   

 

 
  √

  

 
    (4) 

 
( ) ( ) ( )

.  
 

 
/ .  

 

 
/ .  

 

 
/     √    √    (5) 

 
( ) ( )

 (   )   (   )   (   )    √  (Q.E.D.) 
 
2.21. Find: 

  ∑(4
  

  
 

  

  
 

  

  
   

(    ) 

  
5

    

(    ) 
+
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Solution: 

  ∑(4
  

  
 

  

  
 

  

  
   

(    ) 

  
5

    

(    ) 
+

 

   

 

 ∑((∑
(    ) 

  

 

   

+
    

(    ) 
)

 

   

 

 ∑
(    ) 

  

 

   

(∑
(    )

(    ) 

 

   

+ 

 ∑
(    )  

  

 

   

 
 

(    ) 
 ∑

 

  

 

   

   

 
2.22.                            

Find: 

     
   

(   
   

( √
    
      

    
      

   

 √
  
      

  
      

 

)) 

Solution: 

      √
    
      

    
      

 

 √
  
      

  
      

 

       √
  
      

  
      

 

( √
    
      

    
      

   

 √
  
      

  
      

 

  )   

(a) 

   
   

√  
 

 
    

   
 
  

  
  

  
            

   
   

    

(   )   
 
  

  
  

        (   )  
 

 
(   )  

 

 
       

√  
      

 

       
.
 

 
/
      

   (1) 

       

√    
      

   

(   )      
 .

 

 
/
      

   (2) 

                   “ ” 

 
( ) ( )

   
   
   

4
√  
 

√    
   

5

      

 (
   

 
*
      

  

    
   

4
√  
 

√    
   

5
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√  
 

 
    

   
 
  

  
  

  
            

   
   

    

(   )   
 
  

  
    

   
   

 (   )  
 

 
 

 

   
 

 

 
    

   

       

√  
      

 

 .
 

 
/
      

 
( )

 

 
( )

   
   

√
    

      

    
      

   

 √
  

      

  
      

 

    
   

√  
      

 

       
 

       

√  
      

 

 
       

       
  

 

(

 
√    

      
   

√  
      

 

 
√  

      
 

√    
      

   
  

)

  

 (
 

 
*
      

 .
 

 
/
      

  

    
   

 (4
√    

   

√  
 

5

      

 4
√  
 

√    
   

5

      

 4
√  
 

√    
   

5

      

 4
√  
 

√    
   

5

      

)   

 
 

 
 
       

       
    
   

 (4
√  
 

√    
   

5

      

     4
√  
 

√    
   

5

      

)   

 
 

 
 
       

       
 4       4(

√  
 

√    
   *

      

  5         4(
√  
 

√    
   *

      

  55     

(3) 

   
   

 (4
√  
 

√    
   

5

      

  )   

    
   

  

4
√  
 

√    
   5

      

  

√  
 

√    
   

  

 4
√  
 

√    
   

  5   

           
   

  4
√  
 

√    
   

  5            
   

  (
  

    
 √    

   *   
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  4
√    

   

   
 (   )  

  

    
5   

                .
 

 
 (   )  

 

(   )  
/            (4) 

   
   

  

4
√  
 

√    
   

5

      

  

√  
 

√    
   

  

 4
√  
 

√    
   

  5   

           
   

 4
√  
 

√    
   

  5   

           
   

  (
  

    
 √    

   *   

           
   

  4
√    

   

   
 (   )  

 

 (   )
5 

         .
 

 
 
 

 
/            (5) 

 
( ) ( ) ( )

   
   

√
    
      

    
      

   

 √
  
      

  
      

 

 
 

 
 
       

       
(             )   

 
 

 
 
       

       
      

   

 

 
 
       

       
 (

 

 
*
      

 
 

 
    
   

(
 

 
*

          
 

 
 

 
  

   
 

 
. 

 
2.23. GENERALIZATION OF MARIAN URSĂRESCU’S LIMIT 

Find: 

     
   

(
 

   √   ∑ (∑ ( ∑ √          
 

 

    

)

 

    

)

 

    

)  

            
 
Solution: 

     
   

(
 

   √   ∑ (∑ ( ∑ √          
 

 

    

)

 

    

)

 

    

) 
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Note that sums are independent to each other thus 

     
   

(
 

 
∑ (

  
 
*

 
 

 

    

 
 

 
∑ (

  
 
*

 
 

 

    

 
 

 
∑ (

  
 
*

 
 

 

    

) 

Applying the product rule of limit, we observe The Riemann sums 
giving us 

  ∫ 

 

 

∫ ∫ 

 

 

 

 ⏟      
       

(∏  

 

   

+

 
 

 ∫ √  
 

 

 

 ∫ √  
 

 

 

 ∫ √  
 

 

 

 

and gives us   
 

   
 

 

   
 

 

   ⏟        
       

 
  

(   ) 
 

2.24. Find: 

     
   

(
 

  
∑

     

(    )(    )(    )
         

) 

Solution: 
For         we have:  

(    )(    )(    )  
     

              

 
   

(    )(    )(    )
 

 

 
 

      
 

  
∑

   

(    )(    )(    )
         

  

 
 

  
∑

 

 
         

 
 

  
 
 

 
   

 

   
   (   )       

   
     

 
2.25. Find: 

  ∑(∑(     (
 

      
*      (

 

 (     )         
**

 

   

+

 

   

 

 
Solution: 

  ∑ (∑ (     (
 

      
*      (

 

 (     )         
**

 

   

+
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We can observe that for         the sum becomes 

  ∑( ∑ (     (
 

      
*      (

 

        
**

 

       

+

 

   

 

which further can be decomposed into two infinite arctangent sum le. 

  (∑     (
 

      
*

 

   

+(∑      (
 

        
*

 

   

+ 

Now, note that: 

   
   

∑     (
 

      
*

 

   

    
   

∑     4
(   )  (   )

  (   )(   )
5

 

   

 

    
   

∑(     (   )       (   ))

 

   

 

Since sum is telescoping sum and gives us the partial sum as 
      

   
(     (   )       (   )       (   ))   

      ( )  
  

 
 as           

Since          cannot be factored into two linear factors so that 
sum becomes telescoping to make it multiple and divide by any 

number now 

   ∑     (
 

        
*

 

   

    
   

∑     (
  

          
*

 

   

 

As             (   )  (    )(    ) 

   
    

 (   )
 

    

  
 thus  

   ∑     (

    
 (   )

 
    

  

  
(    )(    )

  (   )

,

 

   

 

 ∑(     (
    

 (   )
*       (

    

  
**

 

   

 

Observe that    is telescoping sum giving us the partial sum as 

      
   

4(     (
    

 (   )
**       (

 

 
*5 
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      ( )       (
 

 
* 

Therefore, 

  
 

 
(     ( )       (

 

 
**  

 

 
     ( )  

   

 
 

Note: The principle branch 

 
 

 
        

 

 
 thus 

                   . As 

   
  

 
  . Therefore, 

   
  

 
   

 

 
. So, the answer is 

  

 
 

2.26. Find: 

     
   

(  ∑
     

(     )(     )(     )
         

) 

Solution: 

     
   

(

 
 

∑
   

 
  

 
  

 
 

  (  .
 
 /

 

* 4  .
 
 /

 

54  .
 
 /

 

5         

)

 
 

  

    
   

( ∑
 

 
 

 
 

  .
 
 /

 

         

 
 

 
 

 
 

  .
 
 /

  
 

 
 

 
 

  .
 
 /

 ,   

       

(

  
  

 

(

  
 
∑ (∑ (∑

 

 
 

 

 

  .
 

 
/
 

 
    

 

 
 

 

 

  .
 

 
/
  

 

 
 

 

 

  .
 

 
/
 +

 
   + 

    

 

∑ (

 
 

  (
 
 
*
  

 
 

  (
 
 
*
 )

 

         

  

)

  
 

 (   )  

(

 
 

  .
 
 
/
 )

 

   (

 
 

  .
 
 
/
 )

 

  

)

  
 

  (1) 

Let    
 

 

  .
 

 
/
  and   (   -    such that  ( )  
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   ( )  
    

(    ) 
   (2) 

                  
    

(    ) 
   

( )

 

   ( )       (   -   
   is an increasing function             

                     

 ∑

(

 
 

  .
 
 /

  

 
 

  .
 
 /

 ,

 

  

         

 ∑
(     )

 

  

         

  

   
  
    

      
    

    
      

      
 

     
  
     

    (   )  
 

     (3) 

  is increasing and    
 

 
    ( )      ( )     

   ( )      
    

   
     

    (   )  
        (   )  

 (   )

 
  

   
  
     

    (   )  
 

     
 (   )

   , but       
 (   )

      
( )

 

    
   

∑ (

 
 

  .
 
 /

  

 
 

  .
 
 /

 ,

 

       

  
   

( )

 

   
 

 
   
   

(∑(∑(∑

 
 

  .
 
 /

 

 

   

 

 
 

  .
 
 /

  

 
 

  .
 
 /

 ,

 

   

,

 

   

,   

 
 

 
    
   

(
 

 
∑

 
 

  .
 
 /

 

 

   

,

 

 
 

 
 (∫

 

    

 

 

  )

 

  

 
 

 
 (

 

 
∫

  

    

 

 

  )

 

 
 

 
4
  ( )

 
5

 

 
   (√ )

 
   

   (√ )
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2.27.   ,   -   , continuous, ∫  ( )
 

 
     

Find: 

  ∑(   
   

(
 

  
∑  (

  
 
* (

  
 
*     (

  

 
*

              

))

 

   

 

 
Solution: 

As   is continuous on ,   -, there exist     such that: 
  ( )       ,   - 

If two of            are equal, then there are at most      
 expressions 

of the type,  .
  

 
/  .

  

 
/  .

  

 
/. Thus, 

   
   

|
 

  
∑ (

  
 
*  (

  
 
*  (

  
 
*|     

   

  

  
.     

/    

 

    
   

 

  
∑ (

  
 
*  (

  
 
*  (

  
 
*    

 
if at least two of            are equal. Now,  

(
 

 
∑ (

 

 
*

 

   

+

 

  

   ( ∑  (
  
 
*

             

 (
  
 
*  (

  
 
*,

 

  
 

 

  
(     ) 

term in which at least            are equal) 

   
   

(
 

 
∑ (

 

 
*

 

   

+

 

             

where          
 

  
∑  .

  

 
/               .

  

 
/  .

  

 
/ 

 (∫ ( )  

 

 

)

 

         
 

  
 

Thus, 
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  ∑  

 

   

 ∑
 

  

 

   

     

2.28. Find: 

     
   

(
 

  
∑

     

(     )(     )(     )
         

) 

 
Solution: 

For         we have:  

(    )(    )(    )  
     

              

 
   

(    )(    )(    )
 

 

 
 

      
 

  
∑

   

(    )(    )(    )
         

  

 
 

  
∑

   

(    )(    )(    )
         

  

 
 

  
 
 

 
   

 

   
   (   )       

   
     

 
2.29. Find: 

     
   

(∏((
 

    
*
 

 (
   

 
*

 
   

)

 

   

) 

 
Solution: 

We define:   ,    ,        ( )  
 

    
 

Therefore:   ( )  
       

(    ) 
 

  

(    ) 
  , then:  

     
 

    
 

 

 
 (

 

    
*
 

 (
 

 
*
 

 

Hence: ∏ .
 

    
/
 

 
    ∏ .

 

 
/
 

 
           6∏ .

 

 
/
 

 
    .

   

 
/

 

   
7 
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 (   ∏(
 

 
*
  

   

+(   ∏(  
 

 
*

 
   

 

   

) 

 4      .
 

 
/

 (   )

 
5      (*) 

     ∏(  
 

 
*

 
   

 

   

   ( )     ∑
  .  

 
 /

   

 

   

 

    
   

 

 
∑

  .  
 
 /

  
 
 

 

   

 ∫
  (   )

   

 

 

   
   (   )

 
|
 
 
 

    

 
  

   √      
from (*):                

 
2.30. If       , - - great integer function, then: 

 

 
∫4

   , -

, -   (  , -) 
5

 

 

   
 

 
∫4

  , -

 , -  (  , -) 
5

 

 

      (
 

 
* 

 
Solution: 

LHS  
( )  

 
∫ .

   , -

, -   (  , -) 
 

  , -

 , -  (  , -) 
/

 

 
   

              , -    
Let , -    and   , -   . Then,     and      . 

Now, 
 

 
.

   , -

, -   (  , -) 
 

  , -

 , -  (  , -) 
/  

( )
 

 
 

 
 (   )   

      
 

     

      
 

 

   
 

    

      
 

    

      
 

 

   
 

  (      )(      )   
 (   ),(    )(      )  (    )(      )-    

                   (     )     
  (     )     (     )          

               (             )   
 (    )(    )    

 (   ) * (   )     +     true      and     

  (1) is true   (a), (1)      ∫
 

 

 

 
     .

 

 
/  (Proved) 
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2.31.  

   ( )  
 

√ 
∫      

 

 

 

Prove without softs: 

∫.     (  )       (  )       (  )/

 

 

   
 

 
∫    ( )

 

 

   

Solution: 

   ( )  
 

√ 
∫    

 

 

       ( )  
 

√ 
     

 

Now,    ∫    

 
    (  )      

 let                    
 

 
  

 

    

 
 

 
∫ 

 
    ( )

 

 

   *
 

 
    ( )  

 
 
 

 
 

+

 

 

 
 

 
∫

 

√ 

 

 

     
 
 

 
 

 
 

   

 
 

 
    ( )  

 

 √ 
∫ 

 
 

 

 

     
   

  LHS  
 

 
   ( )  

 

 
   ( )  

 

 
   ( )  

 

 √ 
∫  

 

 
 

 
     

    

 
 

 √ 
∫ 

 
 

 

 

     
   

 

 √ 
∫ 

 
 

 

 

     
   

RHS  ∫     ( )
 

 
   0

  

 
    ( )1

 

 

 ∫
 

√ 

 

 
     

 
  

 
   

 
 

 
    ( )  

 

√  
 ∫   

 

 

    
   

RHS  
 

 
∫     ( )
 

 
   

 

 
   ( )  

 

 √ 
∫         

 
   

Need to prove              

   
 

  
   ( )  

 

√ 
∫    

 

 

*
   

 
 

 
 
 

 
 

 
 
 

 
 

 
 
 

 
+    
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  (

 
   
   

  
)

 
 

 
   

 
 
 

 
 
 

 (
 

 
*

   
   

 

   
   

 
 

   

 
     

   
 

  
   ( )  

 

√ 
∫    

 

 

4
   

 
  5       

 ∫(     (  )       (  )       (  )   )

 

 

 
 

 
∫    ( )

 

 

   

2.32. Find in terms of             : 

 (   )  ∫∫∫(   (     )      (
   

 
*   (

   

 
*   (

   

 
**  

 

 

  

 

 

  

 

 

 

Solution: 

∫∫∫(   (     )      (
   

 
*   (

   

 
*   (

   

 
**  

 

 

  

 

 

   

 

 

 

 ∫∫∫(    (     )                )

 

 

  

 

 

  

 

 

   

 ∫∫(   (     )     (     ))  

 

 

  

 

 

  

 ∫∫(          (   )      (   )     )

 

 

  

 

 

   

  ∫(   (     )     (    )     (     )     (    ))

 

 

    

 ∫((   )      (   )      (   )(         )  (   )     )

 

 

   

  (
   (    )     (    )     (    )     (  )     (    )  

    (    )     (  )     (    )
*   

 ((   ) (         )  (   ) (         )  (   ) (         )) 
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    (

   

 
*    ( 

   

 
*   (   ) (         ) 

 
2.33. If          then: 

 

 (   ) 
∫∫∫(

   .
   

 /   .
   
 /   .

   
 /

   
 
    

 
    

 
    .

     
 /

    (
     

 
*)  

 

 

  

 

 

  

 

 

  

    |
 

    
 
 

| 

Solution: 
With            

Let  (     )  
   .

   

 
/    .

   

 
/    .

   

 
/

   
 

 
   

 

 
   

 

 
   

     

 

    
     

 
  

 
   .

   
 /     .

   
 /     .

   
 /

   
 
    

 
    

 
    

     
 

 
   

     
 

   
     

 

  

 
   .

   
 

/    .
   
 

/    .
   
 

/     .
     

 
/     

 
 
   

 
 
   

 
 

   
 
    

 
    

 
    

     
 

 

 
.   

     
 /.   

 
    

 
    

 
     

 
    

 
    

 
     

 
    

 
    

 
 /

   
 
    

 
    

 
    

     
 

 

 
   

 
 

   
 
 

 
   

 
 

   
 
 

 
   

 
 

   
 
 

 
 

 (   ) 
∫∫∫ (     )

 

 

  

 

 

  

 

 

   

 
 

 (   ) 
∫∫∫(

   
 
 

   
 
 

 
   

 
 

   
 
 

 
   

 
 

   
 
 

)  

 

 

  

 

 

  

 

 

   

∫∫∫(
   

 
 

   
 
 

)

 

 

  

 

 

  

 

 

   (∫∫  

 

 

  

 

 

)(∫
   

 
 

   
 
 

 

 

  )   

  (   ) (     
 

 
      

 

 
*   (   ) (  

   
 
 

   
 
 

) 
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∫∫∫(
   

 
 

   
 
 

)

 

 

  

 

 

  

 

 

   (∫∫  

 

 

  

 

 

)(∫
   

 
 

   
 
 

 

 

  )   

  (   ) (     
 

 
      

 

 
*   (   ) (  

   
 
 

   
 
 

) 

∫∫∫(
   

 
 

   
 
 

)  

 

 

  

 

 

  

 

 

 (∫∫  

 

 

  

 

 

)(∫
   

 
 

   
 
 

 

 

  )   

  (   ) (     
 

 
      

 

 
*   (   ) (  

   
 
 

   
 
 

) 

     
   

 
 

   
 
 

 
   

 
 
 
 
 
    

  

 
 

   
 
 

   
 

    
 
 

 

2.34. Find: 

     
   
   

( (  ∑
(  ) 

(    ) 

 

   

+) 

Solution: 
Denote the sum 

  ∑
(  )   

(    ) 

 

   

 

Expanding the sum, we observe:     
 

  
 

  

  
 

  

  
   

Since: (*)        
  

  
 

  

  
 

  

  
   

Putting   in (*) by √  we observe that: 

(**)    √  √  
 √ 

  
 

  √ 

  
 

  √ 

  
   

and dividing by √  in (**) we have: 
   √ 

√ 
   

 

  
 

  

  
 

  

  
   and 

hence the limit 

   
   
   

 4  
   √ 

√ 
5    
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2.35. Find: 

     
   

(√(  )     .
 

   
/

 

(
 

(   ) 
√(   )    (

   

   
*

   

 
 

  
√     .

 

   
/

 

), 

Solution: 

     
   

 

  
√(  )      .

 

   
/

 

(

 
  

(   ) 
 

√(   )    .
   
   

/
   

√     .
 

   
/

 
  

)

   

       

√(  )      .
 

   
/

 

    (.
 

   
/
 

 
√(   )    .

   

   
/

   

√      .
 

   
/

 
  )   (1) 

   
   

√(  )     .
 

   /
 

  
 (    

   

√
     .

 
   /

  

 

,

 

 
    

 

 (    
   

(   )    .
   
   /

(   )   
 

  

     .
 

   /
)

 

  

 4      .
 

   
/
 

 
   .

   

   
/

   .
 

   
/
5

 

 .
 

 
 
    

    
/
 

 
 

     (2) 

Let    .
 

   
/
 √(   )    .

   

   
/

   

√     .
 

   
/

 
  

   
   

 (    )     
   

 (       )     
   

(       )

    
       

    
   

         
   

    
    .    

   
  

 /   

   

(

 
 

   
   

.
 

   
/
  

 

4 √(   )    .
   
   /

   

5

 

     .
 

   /

)

 
 

  

      
   

(

 (.
 

   
/
 

*
 

 
(   )    .

   
   /

     .
 

   
/ √(   )    .

   
   

/
   

)
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(

    
   

 

  
 
   .

   
   /

   .
 

   /
 

(   )

√(   )    .
   
   /

   

)

   

   

(

    
   

 

  
 

 

√     .
 

   /
 

)

  
( )

  (
 

  
  *   

   
 

 
      (3) 

From (1) (2) (3)    
 

   

2.36. Find: 

      
   

(
 

  
∑(∑(∑   (

 

 
*

 

   

   (
 

 
*    (

 

 
*+

 

   

)

 

   

) 

      
   

(
 

  
∑    (

 

 
*    (

 

 
*    (

 

 
*

         

) 

 
Solution: 

      
   

(∑(∑(∑
 

 

 

   

   (
 

 
*  

 

 
   (

 

 
*  

 

 
   (

 

 
*+

 

   

)

 

   

)   

    
   

(∑
 

 

 

   

   
 

 
+

 

 (∫      

 

 

)

 

     ( )         ( ) 

         (
 

 
4∑ .∑ .∑

 

 

 
      .

 

 
/  

 

 
   .

 

 
/  

 

 
   .

 

 
// 

   / 
    

 
 

  
∑ .   .

 

 
/     .

 

 
//       

 

 (   )  
    .

 

 
/       .

 

 
/

  5+ (1) 

Let   0  
 

 
1     ( )     ( )    is decreasing on (   )  0  

 

 
1; 

for 
 

 
   

 

 
 (   ), so    .

 

 
/     .

 

 
/   

    (
 

 
*     (

 

 
*      (

 

 
*   
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 (   (
 

 
*     (

 

 
**

 

      (
 

 
*   

 

  
∑ (   (

 

 
*     (

 

 
**

       

 

  

   
(   )     .

 
 
/  (   )     .

 
 
/    (  (   ))     .

   
 

/

  
  

   
 .    .

 

 
/       .

   

 
// .    .

 

 
/   (   )     .

   

 
//

     (1) 

   
   

 .    .
 
 
/        .

   
 

//  .    .
 
 
/    (   )     .

   
 

//

  
  

    
   

 
 
.    .

 
 
/       .

   
 

//

 
  

    
   

    
 
    (   )     .

   
 

/

  
    

   
(∫    ( )

 

 

  )  
 

 
  

       

    .
 

 
/   (   )     .

   

 
/ 

          

    .
 

 
/   (   )     .

   

 
/

     (2) 

           ( )        (
 

 
*    (   )     (

   

 
*   

       (   )  
 (   )

 
  

 
    .

 
 
/    (   )     .

   
 

/

  
 

 (   )

   
 

   
   

 (   )

   
   

( )

   
   

    .
 
 /    (   )     .

   
 /

  
   

( )

 

    
   

 

  
∑ (   (

 

 
*     (

 

 
**

       

 

    

    
 

 
    
   

(
 

 
∑   

 

 

 

   

+

 

 
 

 
(∫    

 

 

  )

 

 
    ( )

 
    

    ( )

 
 

2.37. Find: 

  ∑

(

 
 

∫
                           

(       )(                       )

 
 

 
   

  

)
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Solution: 

Let              
 

 
            then   

 

 
       

                  (By De Moivre theorem) 
 

  
              

Adding     
 

         . Putting          , we get: 

  
 

 
          

 

  
           

 

  
        

    
 

         , respectively. 

Now, .  
 

 
/
 

                   
 

 
   

 

    
 

   
 

   

 (     )  (   
 

  
*   (   

 

  
*    (   

 

  
*    (  

 

 
* 

                 (      )    (      )    (     ) 
                                      (1) 

and .  
 

 
/
 

                  
 

    
 

   
 

   

 (     )  (   
 

  
*   (   

 

  
*    (   

 

  
*     

                 (      )    (      )     
                                   (2) 

(1) (2) 
                           

                       
       

Then,   ∑ 4∫
        

       

 

 
 

   

5 
    

  ∑

(

 
 

∫
        

       

 
 

 
   )

 
 

 

   

 

Let   ∫
       

       
 putting                  

  ∫
  

( )    
 [  

 

 
     .

 

 
/]       (

    

 
* 

 ∑ [     (
    

 
*]

 

    
   

 
 

 ∑ (     (
   

 
 

 
)       (

   
 

   
 

))
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      (
 

 
    * 

2.38. If     
 

 
 then: 

4(
    

 
*
 

 (
    

 
*
 

54(
    

 
*
 

 (
    

 
*
 

54(
    

 
*
 

 (
    

 
*
 

5    

Solution: 

For     we have:        
    

 
   

 (
    

 
*
 

 (
    

 
*
 

 (
    

 
*
 

 (
    

 
*
 

 
 

 
[
    

 
 

    

 
]
 

 
( )

  

(1) .
    

 
 

    

 
/
 

   

 (         )                   
                  (2) 

Let  ( )                .    
 

 
/   

   ( )       
 

     
   

 
(      )(            )

     
    (         ) 

 ( )  .  
 

 
/   ( )   ( )   (2) true   (1) true. 

(
    

 
*
 

 (
    

 
*
 

 (
    

 
*
 

 (
    

 
*
 

 
 

  
[
    

 
 

    

 
]
 

 
( )

  

(3)  .
    

 
 

    

 
/
 

    (         )  (  )  

                             
 (It is true by (2))  (3) true. 

(
    

 
*
 

 (
    

 
*
 

 (
    

 
*
 

 (
    

 
*
 

 
 

  
[
    

 
 

    

 
]
 

 
( )

  

 [
    

 
 

    

 
]
 

    (         )  (  )               

                (It is true by (2))  
( ) ( ) ( )

            

 
2.39. Find: 

   √ (     ∑
((    ) )

 

(    ) 

 

   

+   ∫√    
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Solution: 
Given integral: 

   ∫√    

 

 

   

represent the total area of circle of radius    . So,    . Evaluating 
the sum as: 

∑
((    ) )

 

(    ) 

 

   

 ∑∫     (   )    

 

 

 

   

    

 ∫
    

(      )(      )

 

 

   
 

 
∫(

 

      
 

 

      
*

 

 

    

 
 

 
∫(

 

.  
 
 /

 

 
 
 

 
 

.  
 
 /

 

 
 
 

,  

 

 

 

Using the standard integration formula, we have: 

 
 

√ 
     (

    

√ 
*  

 

 √ 
  6

|     √ |

|     √ |
7 

Now, setting limits, we deduce:  
 

 √ 
 

 

 √ 
  0

  √ 

  √ 
1 

Thus,    √ .     
 

 √ 
 

 

 √ 
  0

  √ 

  √ 
1/     

  √      
 √ 

 √ 
  6

  √ 

  √ 
7 

 

2.40. If           
 

 
 then: 

   (
  

  
*     .

  

  
/     (

  

  
*  

    

    
 

Solution: 

   .
  

  
/  

 

   .
  
  /

 
 

 
 .

  
  /

 
 

 
 

   (
  

  
*  

 

   .
  
  

/
 

 

 
 
 .

 
  

/
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   .
  

  
/  

 

   .
  
  /

 
 

 
  .

  
  /

 
 

 
 

    (
  

  
*     .

  

  
/     (

  

  
*  

 

 
 
 

 
 
 

 
 

 

 
 

Now, we must show that: 
 

 
 

    

    
 

               (*) 

Let  ( )           .    
 

 
/   

   ( )                 .    
 

 
/ 

Hence,  ( )  .  
 

 
/ 

Because       
 

 
  ( )   ( )                (*) 

true. Proved. 

2.41. If       
 

 
 then: 

(    )(    )                    (
    

 
*   (

    

 
* 

 
Solution: 

Inequality  
    

 
 
    

 
 

   .
    

 
/

    

 

 
   .

    

 
/

    

 

 

   (
    

 
*    (

    

 
*    (

   
    

 
    

 

)    (
   

    
 

    
 

) 

   (
    

 
*    (

   
    

 
    

 

)    (
   

    
 

    
 

)    (
    

 
* 

Let  ( )  
    

 
   .  

 

 
/    ( )       

 

 
  

    ( )  
        

(     ) 
     .  

 

 
/    ( )  .  

 

 
/ 

Suppose       
 

 
     

    

 
 

    

 
   

 

 
 

Now, using Lagrange’s theorem:     .  
    

 
/ such that: 

 (
    

 
*   ( )    (  )  

   

 
 



89 
 

    .
    

 
  / such that:  ( )   .

    

 
/    (  )  

   

 
 

We must show that:    (  )     (  )    (  )    (  ) 

It is true because:         (  )    (  ) (    .  
 

 
/* 

 

2.42. If       
 

 
 then: 

 

   ( √  )     (
    

   
*     ( √  )     (

    

   
* 

Solution: 

   ( √  )     (
    

   
*   

 
 

 
[   ( √   

    

   
*     ( √   

    

   
*]    ( √  )     (

    

   
*   

 
 

 
[   ( √   

    

   
*     ( √   

    

   
*] 

   ( √   
    

   
*     ( √   

    

   
*   

    ( √   
    

   
*     ( √   

    

   
* 

  2   0
  

   
 

  √  

 
1     0

√  

 
 

    

   
13   2   0

  √  

 
 

  

   
1     0

√  

 
 

    

   
13   (*) 

   6
    

   
 

√  

 
7  

( )

   6
  √  

 
 

  

   
7  

  √  

 
 

  

   
  

 
    

   
 

√  

 
  √      

  

   
      √     (true) 

   4
  

   
 

  √  

 
5  

( )

   4
√  

 
 

    

   
5  

√  

 
 

    

   
  

 
  

   
 

  √  

 
  √   

    

   
      √     (true) 

From (1) and (2) we have: (*) true. Proved. 
 
2.43. Find: 

  ∑(4
  

  
 

  

  
 

  

  
   

(    ) 

  
5  

    

(    ) 
+
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Solution: 

  ∑((∑
(    ) 

  

 

   

+  
    

(    ) 
)

 

   

 ∑(
(    ) 

  
(∑

    

(    ) 

 

   

+)

 

   

  

 ∑4
(    ) 

  
 

 

(    ) 
5

 

   

 ∑
 

  

 

   

   

 
2.44. If       ,   -  (   )      continuous then: 

∫(∑(
( ( )   ( ))

 

 ( ) ( ) ( )    ( )
+

   

)

 

 

     (   ) 

Solution:  

First, we prove that if   (   ) then: 
(   ) 

               (1) 

(   )  (       )(    ) 
                                

                       
                                  
    (   )     (   )    (   )    (   )    

(   )(              )    
(   ) (          )      (true) 

Now, we prove: ∑
(   ) 

               (2) 

Due the homogeneity we can suppose that        . 

∑
(   ) 

      

   

 
     

 ∑
(   ) 

(     ) 

     
   

  

 ∑
(   ) 

  
     

   

 ∑
(   ) 

    

   

 
( )

 

 ∑(       )     (     )

   

                  

In (2) we take    ( )    ( )    ( ) 

∑
( ( )  ( ))

 

 ( ) ( ) ( )   ( )        (3) 

Integrating (3): 



91 
 

∫(∑(
( ( )   ( ))

 

 ( ) ( ) ( )    ( )
+

   

)   

 

 

∫    

 

 

   (   ) 

 
2.45. Let be: 

 ( )  ∑   .   .
 

  
//

 

   

   .  
 

 
/ 

Prove that: 

 4
        

     
5  

  ( )    ( )    ( )

     
 

Solution: 

 ( )     (∏   
 

  

 

   

+     .    
   

.   
 

 
   

 

  
      

 

  
//   

    (    
   

(
     

 
     

 
     

 
          

 
 

     
 
  

))   

    (    
   

    

     
 
  

)     (    
   

    

 
 

 
  

   
 
  

)     (
    

 
* 

 ( )     (    )     ( )    ( )  
    

    
 

 

 
      

 

 
 

   ( )   
 

     
 

 

  
 

        

       
   

because   .  
 

 
/           – concave. By Jensen’s inequality: 

 

     
 ( )  

 

     
 ( )  

 

     
 ( )   

  (
 

     
  

 

     
  

 

     
 *   4

        

     
5 

 
2.46. Prove without softs: 

∫    

  

 

   
 

 
∫    

  

  

 

 
 

 
∫    

  

  

 

 
 

 
∫    

  

 

   
 

 
∫    
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Solution: 

  ,   )     ( )     
   

    ∫    

  

 

   
 

 
∫    

  

 

   
 

 
∫    

  

  

  

  

 
 

 
∫    

  

 

   
 

 
∫    

  

  

   
 

 
∫    

  

  

   

    (  
 

 
 

 

 
*∫    

  

  

 

 (
 

 
 

 

 
* ∫    

  

  

   
 

 
∫    

  

  

   

    
 

 
∫    

  

 

   
 

 
∫    

  

  

   
 

 
∫    

  

  

   

    
 

 
(∫    

  

 

   ∫    

  

  

  )  
 

 
(∫    

  

 

   ∫    
  

  

  

 ∫    
  

  

  

) 

    (
 

 
 

 

 
*∫    

  

 

   
 

 
∫    

  

  

   
 

 
∫    

  

  

  

  

 
 

 
∫    

  

  

   
 

 
∫    

  

  

   
 

 
∫    

  

  

   

    
 

  
∫    

  

 

   
 

  
∫    

  

  

   
 

 
∫    

  

 

    

 
 

 
∫    

  

  

   
 

 
∫    

  

  

   

        (
 

 
 

 

  
*∫    

  

 

    

 (
 

 
 

 

  
* ∫    

  

  

   (
 

 
 

 

 
* ∫    
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∫    

  

  

   
 

 
∫    

  

  

   

        
  

  
∫    

  

 

   
  

  
∫    

  

  

   
 

  
∫    

  

  

    

 
 

 
∫    

  

  

  

 
 

 
∫    

  

  

     

                  
 

2.47. If         then: 
 

      

  (   )
 

      

  (   )
 

      

  (   )
 

 

  
(              ) 

Solution: 
It’s known that          ( )   . Let be   (   )   ; 
 ( )                       (   )     

                         
   (   )  (   )  (   )(    )   

 (   ) (   )    ( )    
                

              

                
   

    
      

 
 

  

 
    (1) 

Analogous: 
   

    
  

 
   (2) 

 

By multiplying (1); (2): 
      

        
     

   

      

  (   )
 

     

  
 

 

∑
      

  (   )

   

 
 

  
∑(     )
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2.48. If         then: 
 

   (    )     (    )     (    )     (    )     (    )     (    ) 
 

Solution: 

   (    )     (    )  
     

 √   (    )   (    )   

 
     

 √  √  (    )  (    )   

   √    (    )(    )      √(    )(    )   

 
   

    (      )      (    )   (1) 

Analogous:    (    )     (    )      (    )   (2) 

   (    )     (    )      (    )   (3) 

By adding (1); (2); (3):  (   (    )     (    )     (    ))   

  .   (    )     (    )     (    )/ 

   (    )     (    )     (    )     (    )     (    )     (    ) 
 
2.49. Find: 

     
   

(
 

 
∑

       

(     )(     )(     )(     )
           

) 

Solution: 
By AM-GM: (     )(     )(     )(     )   

                          
 

(     )(     )(     )(     )
 

 

        
 

    

(     )(     )(     )(     )
 

 

    
 

∑
    

(     )(     )(     )(     )
           

  

 ∑
 

    

           

 
 

    
    

 

  
 

  
 

 
∑

    

(     )(     )(     )(     )
           

 
 

   
 



95 
 

       
   

 

   
        

 

2.50. Prove that if       
 

 
 then: 

   ( √  )    (     )     ( √  )    (
     

 
* 

Solution:  

Let be   .  
 

 
/     ( )  

     

     
 

  ( )  
                       

    (  )
 

Let be   .  
 

 
/     ( )                          

  ( )    (  )                           
 (                           ) 

  ( )                             

  ( )                 ( )  .  
 

 
/ 

  decreasing on .  
 

 
/ 

   
  .  

 
 
/

 ( )     ( )    ( )  .  
 

 
/ 

   ( )    ( )  .  
 

 
/     

  .  
 
 
/

 ( )    

  ( ) decreasing on .  
 

 
/ 

    √   
   

 
   

 

 
 

  – decreasing   (√  )   .
   

 
/ 

   ( √  )

   ( √  )
 

   .  
   

 /

   .  
   

 /
 

   ( √  )    (     )     ( √  )    (
     

 
* 

 
2.51. Find: 

  ∫
(      )(        )

(         )(         )
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Solution:  

  
 

 
∫

(      )(          )

(         )(         )
    

 
 

 
∫

(      )(                   )

(         )(         )
    

 
 

 
∫

(      )(         )

(         )(         )
    

 
 

 
∫

(      )(         )

(         )(         )
    

 
 

 
∫

      

         
   

 

 
∫

      

         
  

 
 

 
∫

      
     

(
 

    *
 

  

   
 

 
∫

      
  

(
    
 *

 

  

    

 
 

 
∫

(
 

    *
 

(
 

    *
 

  

   
 

 
∫

(
    
 *

 

(
    
 *

 

  

    

 
 

 
     (

 

    
*  

 

 
     (

    

 
*    

 
2.52. If       (   ) then: 

∏((    )     )

   

   ∏(    (
    

 
**

   

 

Solution:  
Let be   (   )     ( )          (    ) 

  ( )  
 

 
         ( )   

 

  
 

 

     
 

   ( )  
        

       
   because        

  convexe. By Jensen’s inequality: 

 (
    

 
*  

 

 
 ( )  

 

 
 ( ) 

   (
    

 
*     (   (

    

 
**  

 

 
(        (    ))   
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(        (    )) 

   (
    

 
*  (

 

 
     

 

 
    *   

    (   (
    

 
**  

 

 
(    (    )     (    )) 

   (
    

 
*     √   

 
    (   (

    

 
**     √         

 
 

   (
    

 √   
 *     (

   .
    

 /

√         
 

) 

∑   (
    

 √   
 *

   

 ∑   (
   .

    
 

/

√         
 

)

   

 

   4
(    )(    )(    )

     
5   

    (
   .

    
 /    .

    
 /    .

    
 /

            
) 

(    )(    )(    )

     
 

   .
    

 /    .
    

 /    .
    

 /

            
 

∏((    )     )

   

   ∏(    (
    

 
**

   

 

Equality holds for      . 
 
 

2.53. If            then: 

      (∑(√
     

 
 √ )

   

)  
(     )(     )(     )

   
 

Solution: 

Let be   (    -     ( )  √       

  ( )  
 

 
  

 
  

 

 
    ( )   
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   ( )   
 

  √ 
 

 

  
 

√   

   
   ( )  (    - 

  convexe. By Jensen’s inequality:  .
     

 
/  

 

 
 ( )  

 

 
 ( ) 

√
     

 
    (

     

 
*  

 

 
(√      )  

 

 
(√      ) 

√
     

 
 

 √   √ 

 
    (

     

 
*     .√     

/ 

∑(√
     

 
 

 √   √ 

 
)

   

 ∑   (
     

 √     *

   

 

∑(√
     

 
)

   

 
 

 
∑( √   √ )

   

    (∏
     

 √     

   

) 

∑(√
     

 
)

   

 
 

 
∑ √ 

   

    4
(     )(     )(     )

      
5 

∑(√
     

 
 √ )

   

    4
(     )(     )(     )

      
5 

      (∑(√
     

 
 √ )

   

)  
(     )(     )(     )

   
 

 
2.54. If            then: 

     (∑(√
    

 
 √ )

   

)  
(    )(    )(    )

   
 

Solution:  

Let be   (    -     ( )  √       

  ( )  
 

 
  

 
  

 

 
    ( )   

 

 
  

 
  

 

  
 

   ( )   
 

  √ 
 

 

  
 

√   

   
   ( )  (    - 
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  convexe. By Jensen’s inequality: 

√
    

 
    (

    

 
*  

 

 
(√      )  

 

 
(√      ) 

 (
    

 
*  

 

 
 ( )  

 

 
 ( ) 

√
    

 
 

√   √ 

 
    (

    

 
*     √    

 

√
    

 
 

√   √ 

 
    (

    

 √    * 

∑√
    

 
   

 
 

 
∑(√   √ )

   

    (∏
    

 √    

   

) 

∑√
    

 
   

 ∑√ 

   

    4
(    )(    )(    )

     
5 

     (∑√
    

 
   

 √ )  
(    )(    )(    )

   
 

Equality holds if      . 
 

2.55. If         then: 

 ∫(      )

 

 

   
 

 
 ∑     (

 

 
*

   

   

 

Solution: 

∫(      )

 

 

   
 

 
∑     (

 

 
*

   

   

  

 ∑ ∫(      )

 
 

   
 

 

   

   (
 

 
 

   

 
*∑      (

 

 
*
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 ∑ ∫(      )

 
 

   
 

 

   

   ∑ ∫      (
 

 
*

 
 

   
 

 

   

    

 ∑ 4∫ ((      )       .
 

 
/*

 

 
   

 

  5 
      (1) 

               (      )  
 

    ; increasing 

  
 

 
             (

 

 
* 

     (
 

 
*              (

 

 
*       (

   

 
*              (

   

 
* 

∑ ∫ .     .
 

 
/       .

   

 
//

 

 
   

 

 
      ∑ ∫ .            .

   

 
//

 

 
   

 

 
       (2) 

By (1); (2): 

∫(      )

 

 

   
 

 
∑      (

 

 
*

   

   

 ∑

(

 
 

∫ ((      )       (
 

 
*+

 
 

   
 )

 
 

 

   

   

 ∑

(

 
 

∫ (     (
 

 
*       (

   

 
**

 
 

   
 

  

)

 
 

 

   

  

 ∑((
 

 
 

   

 
*(     (

 

 
*       (

   

 
**+

 

   

  

 
 

 
∑(     (

 

 
*       (

   

 
**

 

   

 
 

 
(     .

 

 
/       (

 

 
**   

 
 

 
(             )  

 

 
.
 

 
  /  

 

  
 

∫(      )

 

 

   
 

 
∑      (

 

 
*

   

   

 
 

  
  ∫(      )

 

 

   ∑      (
 

 
*

   

   

 
 

 
 

 ∫(      )

 

 

   
 

 
 ∑     (

 

 
*
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2.56. If         then: 
 

    (∏(∫.  √    /

 

 

  )

 

   

)

 

      ∏(
 

     
*

 

   

 

Solution: 

(∫.  √    /  

 

 

)

 

 (∫.      √    /  

 

 

)

 

  

 
   

(∫    

 

 

)(∫.     (    )/  

 

 

)  
 

 
∫(         )  

 

 

  

 
 

 
(∫     

 

 

 ∫     

 

 

  )  
 

 
(

 

    
 

 

    
*   

 
 

 
 
         

     
 

 

 
 

 

     
 

∏(∫.  √    /  

 

 

)

 
 

   

 
    

    
 ∏(

 

     
*

 

   

 

    (∏(∫.  √    /  

 

 

)

 

   

)

 

      ∏(
 

     
*

 

   

 

 
2.57. Find: 

     
   

(
  

 
  

 
    

 
    

  
) 

Solution:  
We prove by induction: 

 ( )   
 

 
 

 

 
   

 

    
       

 ( ) 
 

    
       (True) 

 ( )   
 

 
 

 

 
   

 

    
    (suppose true) 
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 (   )   
 

 
 

 

 
   

 

      
      (to prove) 

  
 

 
 

 

 
   

 

      
  

   
 

  
 

 

    
 

 

    
   

 

      
  

   
 

  
 

 

  
   

 

  ⏟            
              

      
 

  
     

 ( )   (   ) 

    
 

 
 

 

 
   

 

    
   

  
  

 
 
 

 
 
   

 
    

  
 

 

  
 

   
   

 

  
 
   

   
   

     

       
    

   

 

  (   )
 

 

 
   

     
   

(
  

 
  

 
    

 
    

  
)     

   

 

  
   

   
   

(
  

 
  

 
    

 
    

  
)    

 

2.58. If       
 

 
 then: 

∫∫4
             (   )

           (   )
5

 

 

  

 

 

   
∏(   )

 
 

Solution:  

             (   )

           (   )
 

 
     

 
     

         
          

 
     

 
     

         
          

  

 
(          )(         )  (         )         

         
  

 
(         )(                   )
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∫∫4
             (   )

           (   )
5

 

 

  

 

 

    

 ∫∫  

 

 

  

 

 

 (   )  (   )(   )  (   )  
 

 
 

 (   )

 
 

 

2.59. If       
 

 
 then: 

∫∫
(      )(      ) .     .

 
     //

             .
 
     /

 

 

  

 

 

    (   ) 

Solution: 

(      )(      ) .     .
 
     //

             .
 
     /

  

 

(      )(      ) (  
     (   )
     (   )

*

           
     (   )
     (   )

  

 
(      )(      )(     (   )       (   ))

     (   )          (     (   ))
  

 
 (      )(      )

     (   )                      (   )
  

 
 (      )(      )

  (          )    (   )          
  

 
 (      )(      )

  (          )  
         
          

         
  

 
 (      )(      )

                    
  

 
 (                    )

                    
   

∫∫
(      )(      ) .     .

 
     //

             .
 
     /
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 ∫∫ 

 

 

  

 

 

    (   )   (   )(   )   (   )  
 

 
 (   )  

 
2.60. Find: 
 

  ∫(   (
    

 
*   (

    

 
*        (

    

 
*    (

    

 
**   

 
Solution: 

  ∫(
.   

 
 /

 

 (     ) 

  .   
 
      /

  
.   

 
 /

 

 (    ) 

  .   
 
     /

      )   

  ∫4
        

         
 
(       )     

        
5   

  ∫
(        )      

         
   ∫        

  ∫
     

     
    

 

 
∫

(     ) 

     
  

 

 
            

 
2.61. If       then: 
 

 ∫∫(           (   ))

 

 

  

 

 

   (   )    

 
Solution:  

           (   )  
 

 
,   (   )     (   )-    (   )   

 
 

 
(         )      

 

 
(              )   

(           ) 

 
 

 
4               

     

 
 

     

 
5   

 
 

 
6.     

    

 
/
 

 
     

 
7   
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            (   )    

 ∫∫(           (   ))

 

 

  

 

 

   ∫∫  

 

 

  

 

 

   

 ∫∫(           (   ))

 

 

  

 

 

   (   )    

 
2.62. Prove without softs: 
 

|∫(√      )  

 

 

|  ∫(|√  √   |      )

 

 

   

 
Solution: 

|∫(√      )  

 

 

|  |∫(√      )   ∫(√      )

 

 

 

 

  |   

 |∫(√      )   ∫(√      ( (   )))

 

 

 (   )

 

 

|   

 |∫(√      )

 

 

   ∫(√        )

 

 

  |   

 |∫(√      )  

 

 

 ∫(√        )  

 

 

|   

 |∫.(√  √   )      /

 

 

  |  ∫(|√  √   |      )

 

 

   

 
2.63. Find: 

     
   

∏(
     

     
*
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Solution: 

∏(
     

     
*

 

   

 ∏(
        

       
*

 

   

  

 ∏
  (      )

  (     )

 

   

 ∏
  (    )   

  (    )   

 

   

 

We prove by induction: 

 ( ) ∏4
  (    )   

  (    )   
5

 

   

 √
 

     
     

 ( ) 
    

    
 √

 

  
 

 

 
 √

 

  
 

 

  
 

 

  
       

Suppose that  ( ) is true. We prove  (   ). 

 (   ) ∏ .
  (    )  

  (    )  
/   

    √
 

    (   )
  (to prove) 

∏
  (    )   

  (    )   

   

   

 ∏4
  (    )   

  (    )   
5

 

   

 
     

     
  

 
 ( )

√
 

     
 
     

     
 √

 

      
  (to prove) 

 

     
 
(     ) 

(     ) 
 

 

      
 

(     )(      )  (     )  
                                

     
 ( )   (   ) 

  ∏(
     

     
*

 

   

 √
 

     
 

     
   

∏(
     

     
*

 

   

    
   

√
 

     
   

   
   

∏(
     

     
*
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2.64. If       
 

 
 then: 

 ∫(      )

 

 

       |
    

    
|   (     )    

Solution: 

Let be   0  
 

 
/     ( )                      

  ( )                                   
  ( )                (          ) 

       ( )  0  
 

 
/  

    

    
              

                ( )    ( )  0  
 

 
/ 

  increasing,     ( )   ( )     ( )    
                                          

      

    
  

    

    
                    

∫(      )

 

 

    ∫     

 

 

    ∫ 

 

 

    

  ∫
    

    

 

 

     
     

 
  

   (                   )  
 (     )

 
 

 ∫(      )

 

 

        |
    

    
|   (     ) 

 ∫(      )

 

 

       |
    

    
|   (     )    

Equality holds for    . 
 
2.65. If   ,   )  ,   ) continuous;     then: 
 

 (   )∫ ( )

 

 

   ∫∫
     

 ( ) ( )

 

 

 

 

 (∫ ( )  

 

 

+

 

  (   )∫
  

 ( )
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Solution: 

 ( )     ( )     ( ) ( )    
 

 ( ) ( )
   

 

 ( ) ( )
      ( )       ( )      ( )    ,   ) 

( ( )   )( ( )   ) (
 

 ( ) ( )
  *    

( ( ) ( )   ( )   ( )   ) (
 

 ( ) ( )
  *    

   ( ) ( )  
 ( )   ( )

 ( ) ( )
  ( )   ( )  

 

 ( ) ( )
     

 ( )   ( )  
 

 ( ) ( )
  ( ) ( )  

 

 ( )
 

 

 ( )
 

∫∫( ( )   ( ))

 

 

 

 

     ∫∫
     

 ( ) ( )

 

 

 

 

 ∫∫ ( ) ( )

 

 

 

 

      

 ∫∫(
 

 ( )
 

 

 ( )
*  

 

 

  

 

 

 

 (   )∫ ( )

 

 

   ∫∫
     

 ( ) ( )

 

 

 

 

  

 (∫ ( )

 

 

  +

 

  (   )∫
  

 ( )

 

 

 

 
2.66. Let be       ( ) such that              (  ). Find: 

     
   

(              ∑   (  
 

√ 
 *

 

   

+ 

 
Solution: 

Let be   .
  
  

/    (
  
  

*                    
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   (
          
          

*     (  )              

             (  )  (   )(   )              
                        

                (1) 

   (  
 

√ 
 *     (.

  
  

/  
 

√ 
(
  
  

*+   

    

(

 
 
  

 

√ 
  

 

√ 

  
 

√ 
  

 

√ )

 
 

  

 (  
 

√ 
* (  

 

√ 
*  (  

 

√ 
* (  

 

√ 
*   

    
  

√ 
 

  

√ 
 

  

 
    

  

√ 
 

  

√ 
 

  

 
  

       
 

√ 
(           )  

 

 
(     )   

 
( )

     
 

 
     

∑   (  
 

√ 
 *

 

   

 ∑(     
 

 
    *

 

   

  

            ∑
 

 

 

   

 

     
   

(               ∑   (  
 

√ 
 *

 

   

+   

    
   

(                         ∑
 

 

 

   

+   

    
   

(    (    ∑
 

 

 

   

+)       (  )         

     
   

(  
 

 
 

 

 
   

 

 
    * 
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2.67. If       then: 
 

(√   
   

 
*      (

   

   
*  (

   

 
 

   

   
*      (√  )   

 (
   

   
 √  *       (

   

 
*    

Solution: 
If     then, the equality holds. WLOG    . Let be   ,   -    

 ( )            ( )  
 

      
  ( )  

   

(    ) 
     concave 

function 

 

 (
   

   
       (

   

   
**   (√         (√  ))  (

   

 
       (

   

 
** 

  (
   

   
  *    (√    )   (

   

 
  * 

 ,      -   ,      -   ,      - 

(      (
   

   
*        (√  )* (√   

   

   
*   

 (      (√  )        (
   

 
**(

   

 
 √  *   

 (      (
   

   
*        (

   

 
**(

   

 
 

   

   
* 

      (
   

   
*  (√   

   

 
*        (√  )  (

   

 
 

   

   
*   

       (
   

 
*  (

   

   
 √  *    
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2.68. If       then: 

(
   

   
*
√   

   
 

 (√  )
   
 

 
   
    (

   

 
*

   
   

 √  

   

 
Solution: 

If     the equality holds. WLOG    . Let be   ,   -   . 

 ( )         ( )  
 

 
    ( )  

  

       concave function 

 

 (
   

   
    (

   

   
**   (√      (√  ))  (

   

 
    (

   

 
** 

  (
   

   
  *   (√    )  (

   

 
  * 

 ,      -   ,      -   ,      - 

(   (
   

   
*     (√  )* (√   

   

   
*   

 (   √      (
   

 
**(

   

 
 √  *   

 (   (
   

   
*     (

   

 
**(

   

 
 

   

   
* 

(√   
   

 
*    (

   

   
*  (

   

 
 

   

   
*    (√  )   

 (
   

   
 √  *    (

   

 
*    
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   ((
   

   
*
√   

   
 

 (√  )
   
 

 
   
    (

   

 
*

   
   

 √  

)       

(
   

   
*
√   

   
 

 (√  )
   
 

 
   
    (

   

 
*

   
   

 √  

   

 
2.69. If       then: 

(√
   

     
)

   
 

 
   
   

 4
(   ) 

   
5

√     

 
 √  

   

Solution: 
If     the following inequality holds. WLOG    . Let be  

  ,   -   .  

 ( )         ( )  
 

 
    ( )  

  

       concave function. 

 

 (
   

   
    (

   

   
**   (√      (√  ))  (

   

 
    (

   

 
**   

 (√
     

 
    (√

     

 
))    (

   

   
  *   

  (√    )   (
   

 
  *    (√

     

 
  ) 

 ,      -   ,      -   ,      -   ,      - 
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(   (
   

   
*     (√  )* (√   

   

   
*   

 (   (
   

 
*     (√  )* (

   

 
 √  *   

 (   (√
     

 
)     (

   

 
*)(√

     

 
 

   

 
)    

(
   

 
 

   

   
*(   (√  )     (√

     

 
))   

 (√
     

 
 √  )(   (

   

 
*     (

   

   
**       

   

(

 
 

(

 √  

√     

 )

 

   
 

 
   
   

 (

   
 

   
   

)

√     

 
 √  

)

 
 

      

(√
   

     
)

   
 

 
   
   

 4
(   ) 

   
5

√     

 
 √  

   

 
2.70. If       then: 

(√  )
   
 

 
   
    (

   

 
*

√     

 
 √  

 (
   

   
*
√   

   
 

   

 
Solution: 

If     the equality holds. WLOG    . Let be   ,   -    

 ( )         ( )  
 

 
    ( )  

  

       concave function. 
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 (√      (√  ))  (
   

 
    (

   

 
**   (√

     

 
    (√

     

 
)) 

  (√    )   (
   

 
  *    (√

     

 
  ) 

 ,      -   ,      -   ,      - 

(   (√  )     (
   

 
**  (

   

 
 √  *   

 (   (
   

 
*     (√

     

 
))(√

     

 
 

   

 
)   

 (   (√  )     (√
     

 
))(√

     

 
 √  )    

(
   

 
 

   

   
*    (√  )  (

   

   
 √  *    (

   

 
*   

 (√   
   

 
*    (

   

   
*    

   ((√  )
   
 

 
   
    (

   

 
*

   
   

 √  

 (
   

   
*
√   

   
 

)       
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(√  )
   
 

 
   
    (

   

 
*

   
   

 √  

 (
   

   
*
√   

   
 

   

 
2.71. If       then: 
 

(
   

 
 

   

   
*      (√  )  (

   

   
 √  *      (

   

 
*   

 (√   
   

 
*      (√

     

 
)    

Solution: 
If     then the equality holds. WLOG    . Let be   ,   -   ; 

 ( )            ( )  
 

    
    ( )  

   

(    ) 
   

 

 (√         (√  ))  (
   

 
       (

   

 
**   (√

     

 
       √

     

 
) 

  (√    )   (
   

 
  *    (√

     

 
  ) 

 ,      -   ,      -   ,      - 

(      (√  )        (
   

 
** (

   

 
 √  *   
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 (      (
   

 
*        (√

     

 
))(√

     

 
 

   

 
)   

 (      (√  )        (√
     

 
))(√

     

 
 √  ) 

(
   

 
 

   

   
*       (√  )  (

   

   
 √  *       (

   

 
*   

 (√   
   

 
*       4

√     

 
5    

 
2.72. If       then: 

(
   

 
 

   

   
*      4

√    √     

√  √  (     )
5   

 (√
     

 
 √  )      4

(   ) 

     
5    

Solution: 
If     then the equality holds. WLOG    . Let be   ,   -    

 ( )            ( )  
 

      
  ( )  

   

(    ) 
     concave 

 

 (
   

   
       (

   

   
**   (√         (√  ))  
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 (
   

 
       (

   

 
**   (√

     

 
       (√

     

 
)) 

 (
   

   
  *   (√    )  (

   

 
  *   (√

     

 
  ) 

 ,      -   ,      -   ,      -   ,      - 

(      (
   

   
*        (√  )* (√   

   

   
*   

 (      (
   

 
*        √  * (

   

 
 √  *   

 (      (√
     

 
)        (

   

 
*)(√

     

 
 

   

 
)   

 (      (
   

   
*        (√

     

 
))(√

     

 
 

   

   
) 

(
   

 
 

   

   
* (      (√  )        (

   

   
**   

 (√
     

 
 √  )(      (

   

 
*        (

   

   
**    

(
   

 
 

   

   
*       

(

 
√   √     

 

  √  (     )
 )

   

 (√
     

 
 √  )      (

   
  

   
   

  
   

  
   
   

)    

(
   

 
 

   

   
*       4

√    √     

√  √  (     )
5   

 (√
     

 
 √  )       4

(   ) 

     
5    
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2.73. If       then: 
 

(√
     

 
 √  )( 

   
   

   
   *  (

   

 
 

   

   
*( 

√     

   √  + 

Solution:  
If     then the equality holds. WLOG:    . Let be   ,   -  

   ( )     
  ( )        ( )         convexe. 

 
 ,      -   ,      -   ,      -   ,      - 

( 
   
     √  * (√   

   

   
*  ( √    

   
 *(

   

 
 √  *   

 4 
√     

   
   
 5(√

     

 
 

   

 
)   

 4 
   
     

√     

 5(√
     

 
 

   

   
) 

 
   
    (√   

   

   
 √

     

 
 

   

   
)   

  √  (√   
   

   
 

   

 
 √  *   
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√     

 (√
     

 
 

   

 
 √

     

 
 

   

   
)   

  
   
 (

   

 
 √   √

     

 
 

   

 
)    

 
   
   (√   √

     

 
)   √  (

   

 
 

   

   
*   

  
√     

 (
   

   
 

   

 
*   

   
 (√

     

 
 √  )    

(√
     

 
 √  )( 

   
   

   
   *  (

   

 
 

   

   
*

 4 √    
√     

 5    

(√
     

 
 √  )( 

   
   

   
   *   

 (
   

 
 

   

   
*4 

√     

   √  5 

 
2.74. If     (   )   continuous;           then: 
 

∫∫(
.  ( )   ( )/ .  ( )   ( )/

(   ( ))(   ( ))
)  

 

 

  

 

 

 (∫ ( )

 

 

  )

 

 

 
Solution: 

First, we prove: (    )(    )    (   )(   ) 
                (        ) 
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  (   )    (   )    
(   )(     )    (   ) (   )    

(    )(    )

(   )(   )
       (1) 

We take    ( )    ( ) in (1): 
(  ( )   ( ))(  ( )   ( ))

(   ( ))(   ( ))
  ( ) ( ) 

∫∫4
(  ( )   ( ))(  ( )   ( ))

(   ( ))(   ( ))
5  

 

 

  

 

 

  

 ∫∫( ( ) ( ))

 

 

  

 

 

   (∫ ( )

 

 

  )(∫ ( )

 

 

  )  (∫ ( )

 

 

  )

 

 

 
2.75. If       then: 
 

 
 

     
   
   √    

 

√    
   
   

 
     

 

√    √      
 
Solution: 

Let be   ,   )     ( )      
 

   
 

     

 ( )     
 
 ((

 

 
*

 
 
 (

 

 
*
 

) 

Let be   ,   )     ( )     
 

  

  ,   )     ( )  (
 

 
*

 
 
 (

 

 
*
 

 

 ( )   ( )   ( ) 

  ( )  (  
 

 
*
 

    
 
       

 (  
 

  
*     

 
      

    

  
    

 
        

because    . Hence  ( )   ( )    

  ( )   
 

  
  

 

 
 (

 

 
*

 
 
 (

 

 
*
 

  
 

 
   

 

 
* 

 

  
 (

 

 
*

 
 
 (

 

 
*
 

+  
(   )

 



121 
 

   
 

 
*(

 

 
*
 

 
 

  
(
 

 
*

 
 
+    

 

 
*(

 

 
*
 

 (
 

 
*

 
 
+  

.  
 
 
/

  

  ( )   ( )    
 ( )   ( ) ( )   ( )   ( )         ( )    

    
 
   

 
        ( )    

If           √   
   

 
 

√      √    
 

√    
 

√    √       (2) 
   

 
    

   

   
 

     
 

     
   

        (3) 

By adding (2); (3): 

 
 

     
   
   √    

 

√    
   
   

 
     

 

√    √      
Equality holds for    . 

2.76. Find: 

  ∫4
  

(    )(    )
 

(       )    (    )

(    ) 
5

 

  

   

Solution: 

  ∫4
  

(    )(    )
 4

  

    
5

 

   (    )5

 

  

    

 ∫
  

(    )(    )

 

  

   ∫4
  

    
5

  

  

   (    )    

 ∫
  

(    )(    )

 

  

   
  

    
   (    )|

  

 

  

 ∫
  

    

 

  

 
  

    
    

 
  

    
   (   )  

 

(  )   
   (

 

 
  *   

 ∫4
  

    
 
    

    
5
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(   (   )     (

   

 
**    

 

 
   (

   

   
 

)    
 

 
   

  ∫4
  

    
 
    

    
5

 

  

   

Let be   ,    -     ( )  
  

    
 
    

     

 (  )  
(  ) 

(  )   
 
     

     
  

 
  

    
 
  

 
  

  
 
  

 
  

    
 
    

    
   ( )    ∫ ( )

 

  

     

  
 

 
   

 

 
   

 

 
 

2.77. Find: 

  ∫(
   

 (    )
     

   (    )+

 

  

   

Solution: 

  
 

 
∫4

   

    
      

   (    )5

 

  

    

 
 

 
∫

   

    

 

  

   
 

 
∫.(   

)
 
   (    )/

 

  

    

 
 

 
∫

   

    

 

  

   
 

 
   

   (    )|
  

 

 
 

 
∫   

 

  

 
  

    
    

 
 

 
∫

   
(    )

    

 

  

   
 

 
    (   )  

 

 
    (

 

 
  *   

 
 

 
    (

   

   
 

)  
 

 
  

 

 
     

 

 
  

Let be   ,    -     ( )  
   (    )
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 (  )  
 (  ) (     )

     
 

   
.  

 
  /

  
 
  

 
   

(    )

    
   ( ) 

 (  )    ( )  ∫ ( )

 

  

         

  
 

 
     

 

 
  

 

 
   

 

 
   

 

 
 

 
2.78. If                 then: 
 

(  
 

 
*
      

 (  
 

 
*
      

 (  
 

 
*
      

     

 
Solution: 

Let be   (   )     ( )     (   ) 

  ( )  
 

   
    ( )  

  

(   ) 
     concave 

By Jensen’s inequality: 
 (              )     (  )     (  )     (  ) 

           
   (                )   

      (    )       (    )       (    ) 
   (                )   

    ((    ) )   (    )   (    )  ) 

                 (    )   (    )   (    )   

Let be    
      

(     ) 
     

      

(     ) 
    

      

(     ) 
 

         
                    

(     ) 
 

(     ) 

(     ) 
   

Let be    
 

 
    

 

 
    

 

 
 

      

(     ) 
 
 

 
 

      

(     ) 
 
 

 
 

      

(     ) 
 
 

 
    

 (
 

 
  *

      
(     ) 

 (
 

 
  *

      
(     ) 

 (
 

 
  *

      
(     ) 
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(    )  (    )  (    )

(     ) 
   ∏(  

 

 
*

      
(     ) 

   

 

(  
 

     
*
(     ) 

 ∏(  
 

 
*
      

   

 

(  
 

 
*
  

 ∏(  
 

 
*
      

   

 

∏(  
 

 
*
      

   

        

 

2.79. If       
 

 
 then: 

 

 

 
∫∫(      )

 

 

 

 

(      )(          )     (         )  

 
Solution:  

 

          
   

 

     
 

 

     
  

   
           

     
 
           

     
  (       )(       )   

 (       )(       )  (       )(       )   

 
     

 (
      

 
*
 

(       )  (       )   (
      

 
*
 

  

 
 

 
,(      ) (       )  (       )(      ) -   

 
 

 
,(             )(       )  (       )(             )-   

 
 

 
(

                                  

                                                  
*   
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                (                    )   
 (                    )   

 (                    )(          )   
 ,    (      )  (      )-(          )   

 (      )(      )(          ) 

∫∫(      )

 

 

 

 

(      )(          )      

 ∫∫
 

          

 

 

 

 

      (∫
 

     
  

 

 

)(∫
 

     

 

 

  ) 

 

 
∫∫(      )

 

 

 

 

(      )(          )      

 .    | 
 
/  .    | 

 
/  (         )  

Equality holds for    . 
 
2.80. Find: 

     
   

(
∫   (   )   
 

 

(   ) 
+ 

Solution: 

Let be:    ∫   (   ) 
 

 
   

   ∫  

 

 

4
(   )   

   
5

 

   
  (   )   

   
|
 

 

 ∫  

 

 

 
(   )   

   
   

 
(   )   

   
 

 

   
∫ 

 

 

 4
(   )   

   
5

 

    

 (   )  
 

   
(
 (   )   

   
|
 

 

 ∫
(   )   

   

 

 

  )   

 (   )  
 (   )   

(   )(   )
 

 (   )   

(   )(   )(   )
|
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 (   )  
 (   )   

   
 

 (   )   

(   )(   )(   )
  

 
     

(   )(   )(   )
 

     6(
   

 
*
 

 
 (   )

   
(
   

 
*
 

 
 (   ) 

(   )(   )
(
   

 
*
 

 
   

(   )(   )(   )
7 

  
  

 (  
 

 
*
 

 
 (   )

   
(  

 

 
*
 

 
 (   ) 

(   )(   )
(  

 

 
*
 

  

 
   

(   )(   )(   )
 

   
   

  
  

    
   

(  
 

 
*
 

    
   

 (   )

   
    
   

(  
 

 
*
 

  

    
   

 (   ) 

(   )(   )
    
   

(  
 

 
*
 

    
   

   

(   )(   )(   )
 

   
   

  
  

               

     
   

(
∫   (   ) 
 

 
  

(   ) 
+     

   
(

  
(   ) 

*   

    
   

  
  

 
  

(   ) 
    

   

  
  

    
   

 

.  
 
 /

  (   )  
 

 
   

 

 
 

 

2.81. If         
 

 
 then: 

 

(√∏(    )

   

 )(∑(
    

 
*

   

)  
  

 
 

 
Solution: 

Because         
 

 
                  

We have: ∑
    

 
 

     
 √∏

    

 

 
. Then:     √∏(    )

    

 

 
 

We must show that: (    )
    

 
 

 

 
  (etc)   
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Let:  ( )                
  

 
     

 

 
 

  ( )         (    )       
 

 
 

   ( )        ,(    )       - 
    ( )               (    )(                  )    

    ( )   on .  
 

 
/     ( )     ( )        ( ) is concave 

on.  
 

 
/. Hence, we just check:         ( )   ; and  

   
  .

 
 
/
  ( )     

  .
 
 
/
   [(    )

    

 
 

 

 
]  

 

 
(
 

 
 

 

 
*    

Because: 

   
  .

 

 
/
 (    )

    

 
    

  .
 

 
/
 

(    )
     

    

        
  

 (   )
   

 
 

   
 
 

  

 
 

 
   

 

 
 

So,       √∏(    )
    

 

 
  √

  

  

 
 

  

 
 

 
2.82. If                    then: 
 

              (√   
 

)         (  √   
 

) 

 
Solution: 

      ( )      (√   
 

)        (  √   
 

) 

The inequality can be written as:
     . √   

 
/

     . √   
 

  /
 

 

 

     ( )
 

     ( )

     ( )
 

          √       
      , let   (   -    such that 

 ( )  
     ( )

     (   )
 

  ( )  
     (   )

  
 

     ( )

    

(     (   )) 
    (1) 

 

   
 

    
 and      (   )       ( ) (as increasing function)  

    
 

 
     (   )

   
     ( )

    
 (     (   )    and      ( )    because 

    and   
 

 
      ( )       (   )  

 

 
)   
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     (   )

   
     ( )

    
   

     (   )

  
 

     ( )

    

(     (   ) )
   

( )

  ( )      

is increasing, √   
 

    (√   
 

)   ( )   

 

 
     (√   

 
)

     (√   
 

  )
 

     ( )

     ( )
 

 
 

     ( )
  

 

       ( )      (√   
 

)        (  √   
 

)   (Q.E.D.) 

 
2.83. If           then: 
 

∫∫ √ (    ) 
  

 

 

 

 

     (   )  √ (   ) 
 

 

 
Solution: 
 

  ( )   
(    ) 

     
  ( )  

 

 
 
(    ) 

   
 

  
(    )  

(    ) 

     

            

 ∫  ( )   (   )  (
   

 
*  (   ) 

( .
   
 

/  ) 

  

 

 

 

Let  ( )     .
 (   )

 
 

 

 
/
 

 

   ( )  
 

 
   (

 (   )

 
 

 

 
*
 

 
 

 
(
 (   )

 
 

 

 
*
 

   (
 (   )

 
 

 

 
*
 

 

   ( )              ∫ ( )   (   ) (
   

 
*

 

 

 

∫∫ √ (    ) 
  

    

 

 

 

 

 (   )    4
 (   )

 
 

   

 
5

 

  

 (   )    4
(   ) 

 
5  (   )  √ (   ) 
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2.84.                   . Find: 

 ( )     
   

(
 

 
∑.  

            
     /

 

   

+ 

Solution: 
Let (  )  (  )  be two sequence so that 

           and             

We will prove that       
 

 
∑   

   
            . We have 

 

 
∑(           )

   

   

  

 
 

 
∑(    )

   

   

       
 

 
∑(    )

   

   

 
      

 
 

     so that             . By Cesaro theorem: 

  
 

 
|∑(    )      

   

   

|  
 

 
∑      

   

   

 

We have       
 

 
∑          

      

So,       
 

 
∑ (    )   

            

We have also that:       
 

 
∑ (    )   

      then: 

       
 

 
∑   

   
                (**) 

Let      
      and      

      

We have                  and                 

So, by (**):  ( )         
 

 
∑   

   
                         

 

2.85. If 
√ 

 
       then: 

∫∫(
   

     .
   

 /
)  

 

 

  

 

 

 
(     )(   )

      .
   

 /
 

 
Solution: 

Let  ( )  
 

      ( )
 where     
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   ( )  
 (         )

(       ) (    ) 
   

Since           for all   ,    , we have   is convexe on -    , 

then ∫  ( )  
 

 
 (   ) .

   

 
/ for all       

Let   ∫ ∫
   

      .
   

 
/

 

 
  

 

 
    ∫ ∫  .

   

 
/

 

 
  

 

 
   

∫ (
   

 
*

 

 

   (   ) (
   

 
 

 

 
* 

then 

   ∫(   ) (
   

 
 

 

 
*

 

 

    

  (   )(   ) (
   

 
 

   

 
* 

  (   )(   )   (
   

 
*   (   )(   )  

   
 

     .
   

 /
 

 
(   )(     )

     .
   

 /
 

(   )(     )

      .
   

 /
 

 
2.86.         (   )       . Find: 

 (   )  ∫4
(   )      (  )  (   )      (  )   

(       (  ))(       (  ))
5   

 
Solution: 

 (   )  ∫
(   )         (   )           

(         )(         )
   

         

         
   

 

 
 

         

         
 

 

   
(           )(         )  (         )(           )

(         ) 
   

   
                                                                     

(         ) 
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(   )          (   )           (             )

(         ) 
   

 (   )  ∫
         

         ⏟        
 
 

 
(   )          (   )           

(         ) ⏟                              
  

   

 (   )  ∫
  

 
       |

         

         
|    

 (   )    |
       

       
|       

  |
       

       
|    

 

 
 

                        
 (       )          

               
(            )  (             )    

 
(             )    

 
                

2
              

               
 

       
        

 

 

      
     

     
      (    )             

 (   )    |
 (    )     (    ) 

 (    )     (    ) 
| 

 
2.87. If         then: 

 

      
 

 

      
 

 

      
 

 √   
 

√   
 

 √            
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Solution:  

Let be   (    )     ( )  
 

      
 ( )  

   

(    ) 
 

   ( )  
  (    )

(    ) 
   ( )      concave 

By Jensen’s inequality:  .
        

 
/  

 

 
( (  )   (  )   (  )) 

           ( )         (   ) 
                        

 (
              

 
*  

 

 
( (    )   (    )   (    )) 

 (  √      
 )  

 

 
(

 

       
 

 

       
 

 

       
* 

 

     √      
  

 

 
(

 

    
 

 

    
 

 

    
* 

 

    
 

 

    
 

 

    
 

 

  √      
 

 

   
    

 
      

    

 
      

    

 
   

 

  
    
 

 
 

  
    
 

 
 

  
    
 

 
 

  √    
  

    
 

 
    
 

 
 

 

      
 

 

      
 

 

      
 

 √   
 

√   
 

 √            
  

Equality holds for      . 
 

2.88. If       then: 
 

∫(∫(∫4
 

  √    
5  

 

 

)  

 

 

)  

 

 

 (   )    (
   

   
* 

 
Solution:  

Let be   (   )     ( )  
 

      
 ( )  

   

(    ) 
 

   ( )  
   (    )         (    )

(    ) 
 

   (    )      

(    ) 
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   ( )  
       

(    ) 
 

  (    )

(    ) 
   ( )    

By Jensen’s inequality: 

 (
        

 
*  

 

 
( (  )   (  )   (  ))            

           ( )                                    

 (
              

 
*  

 

 
( (    )   (    )   (    )) 

 (  √      
 )  

 

 
(

 

       
 

 

       
 

 

       
* 

 

     √      
  

 

 
(

 

    
 

 

    
 

 

    
* 

 

    
 

 

    
 

 

    
 

 

  √      
 

 

 

  √      
 

 
 

    
 

 

    
 

 

    
 

               
 

  √    
 

 

   
 

 

   
 

 

   
 

 ∫(∫(∫4
 

  √    
5  

 

 

)  

 

 

)  

 

 

  

 ∫(∫(∫(
 

   
 

 

   
 

 

   
*  

 

 

)  

 

 

)  

 

 

  

 ∫(∫(∫(
 

   
*  

 

 

)  

 

 

)  

 

 

 ∫(∫(∫(
 

   
*  

 

 

)  

 

 

)  

 

 

  

 ∫(∫(∫(
 

   
*  

 

 

)  

 

 

)  

 

 

  

 (   ) (   (   )      (   )   
 (   ) (   (   )      (   )   
 (   ) (   (   )      (   )   
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  (   ) (   (   )      (   )   (   )    (
   

   
* 

 ∫(∫(∫4
 

  √    
5  

 

 

)  

 

 

)  

 

 

  (   )    (
   

   
* 

∫(∫(∫4
 

  √    
5  

 

 

)  

 

 

)  

 

 

 (   )    (
   

   
* 

 

2.89. If       
 

 
 then: 

 

(∫     

√  

 

      )

(

 ∫     
      

 

   
 )

  (∫     
      

√  

 

)

(

 ∫     
      

 

   
 )

  

Solution: 

By Cauchy’s theorem ( )  [  √  ]   0
   

 
  1 such that: 

∫     √  

 
      

∫     √  

 
      

 
    

    
      

∫      
   
 

      

∫      
   
 

      
 

    

    
      

      √   
        

 
     

 

 
 

     – increasing on .  
 

 
/            

 
∫     √  

 
      

∫     
      

√  

 

 

∫      
   
 

      

∫     
      

 
   
 

 

(∫     

√  

 

      )

(

 ∫     

 

   
 

      

)
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 (∫     

√  

 

      )

(

 ∫     
      

 

   
 )

  

 

2.90. If       
 

 
 then: 

 

(∫ (
    

    
*

√  

 

  )

(

 
 

∫ (
    

    
*

   
 

 

  

)

 
 

 (∫ (
    

    
*

√  

 

  )

(

 
 

∫ (
    

    
*

   
 

 

  

)

 
 

 

Solution: 
Let be   ,   -   ;  

 ( )  
∫ .

    
    /

 

 
  

∫ .
    
    /

 

 
  

 

By Cauchy’s theorem exists  ( )  ,   - such that: 

 ( )  

    ( )

    ( )

    ( )

    ( )

     ( ) 

 

  ( )  
  ( )

     ( )
     increasing 

 

√   
   

 
  (√  )   (

   

 
* 

 

∫ .
    
    /   

√  

 

∫ .
    
    /

√  

 
  

 
∫ .

    
    /

   
 

 
  

∫ .
    
    /   

   
 

 

 

 

(∫ (
    

    
*

√  

 

  )

(

 
 

∫ (
    

    
*  

   
 

 

)

 
 

 (∫ (
    

    
*

√  

 

  )

(

 
 

∫ (
    

    
*

   
 

 

  

)
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2.91. If               then: 
 

(∫      
  

√  

 

)

(

 
 

∫        

   
 

 

  

)

 
 

 (∫          

√  

 

)

(

 
 

∫      

   
 

 

  

)

 
 

 

Solution: 

Let be   (   )     ( )  
∫   
 
 

     

∫         
 

  
 

  ( )  
     

∫         

 
          

∫   
 

 
     

(∫          
 

 
)
  

  ( )  
       

( ∫      

 
      ∫       

 
  )

(∫         

 
  )

  

Let be   (   )     ( )   ∫      

 
      ∫        

 

 
 

  ( )  ∫    

 

 

               
      

  

 ∫      

 
          increasing  (√  )   .

   

 
/ because 

√   
        

 
 

2.92. If       then: 

∫    

 

 

   
√ (√  √ )

   
 

(√  √ )
 

 √ (   ) 
 

 
(   ) 

     

Solution: 
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∫    

 

 

    ,      -   ,        -   ,        - 

  (   )   (√    )   (
   

 
  *    (   ) 

 (   ( ))    .√    (√  )/     (
   

 
  (

   

 
*+   

∫    
  

 

 

 (√    )     (
   

 
 √  *  

(   ) 

  (  
   

 
*     

  

 
√ (√  √ )

   
 

(√  √ )
 

 √ (   ) 
 

 
   

     

 
2.93. If         then: 
 

∑(  
 

 
*

   

 

  
 

    
 

 
      

 
    

 
 

      
 

    
 

 
     

 
Solution: 

Let be   (   )     ( )    .  
 

 
/  

 

    
 

  ( )  
 

 
  

   
 

 
 

(    ) 
 

  (   )

 (   )(    ) 
 

  

 (    ) 
   

  decreasing      ( )         ( )    

  ( )      (  
 

 
*  

 

    
   

  (  
 

 
*  

 

    
     (  

 

 
*  

 

    
 

   (  
 

 
*  

  

    
   (  

 

 
*
 

 
  

    
 

(  
 

 
*
 

  
  

     

∑(  
 

 
*
 

   

 ∑ 
  

    

   

 ∑( 
 

      
 

    *

   

 ∑( 
 

    
 

 
    *
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2.94. If       then: 

 

(   )(   )
∫∫4

             

         
5  

 

 

  

 

 

   

 
Solution: 

For                .  

By Cauchy’s mean value theorem: 
             

         
 

 

(    )
 

 

 

For the same   lying between   and  . 

 
             

         
 

 

    
 

 

 
  ,    -   

 ∫∫
             

         

 

 

  

 

 

   

 
 

 
∫∫  

 

 

  

 

 

 
 

 
(   )(   )   

 
 

(   )(   )
∫∫

             

         

 

 

  

 

 

     

 

2.95. If     ((   ))  ( )     (  )    ( )    ( )        

then: 

 (
    

 
*   (

    

 
*   ( )   ( )        

 
Solution: 

    ((   ))    is a continuous function 
 (  )

  
 

 ( )

 
 

 ( )

 
       

      (    )     ( )  
 ( )

 

-   we have 

 (  )   ( )   ( )   continuous 
Because                  such that             

  we have:  (      )   (   )   (   ) 
Let  ( )   (  )   (     )   (  )   (  ) 
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  continuous and from Cauchy equation we have:  
 ( )      (  )      ( )       

 
 ( )

 
       ( )       

     ( )            

-   ( )       

  ( )           ( )  
 

 
     convexe   

 .
    

 
/   .

    

 
/   ( )   ( )        (M.O. DRÎMBE) 

 
2.96. Find: 

     
   

(
 

  
∑ ((  )       )

       

) 

 
Solution: 

   
   

 

  
∑ (  )  (  )  

       

    
   

∑ (  )  (  )         

  
 
  

 

   
   

∑ (  )         (  )   ∑ (  )  (  )         

(   )    
  

    
   

∑ (  )   
   (  )   (   )

        
    

   

(  )   (   )∑ (  )   
   

        ⏟                  
  

 

   
   

       
   

(  )    (    )∑ (  )    
   

         
  

    
   

 (    ) 4    ⏞  
 

    ⏞  
 

     ⏞
 

5

         
 

    
   

 (    ) 

         
  

 

 
 

   
   

         
   

(  )    (    )∑ (  )      
   

 (    )   (    )   
 

    
   

(    )(              (    ))

 (    )   (    )   
  

    
   

(    )(    )

 (    )   (    )   
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2.97. Find: 

     
   

(
    

  
(∑ √ 

 

 

   

 ∑
 

√ 
 

 

   

 ∑
(√ 

 
 √  )

 

√   

       

), 

Solution:  

∑∑
(√ 

 
 √  )

 

√   

 

   

 

   

  ∑∑(√ 
 

 √  )

 

   

 

   

4
 

√ 
  

 

√  
5   

  ∑∑(    √
 

 

 

 √
 

 

 

)

 

   

 

   

  

  ∑∑ 

 

   

 

   

 ∑∑ √
 

 

 
 

   

 

   

 ∑∑ √
 

 

 
 

   

 

   

  

       (∑ √ 
 

 

   

+(∑
 

√ 
 

 

   

+   

         (
 

  
∑ √ 

 

 

   

 ∑
 

√ 
 

 

   

+ 

∑∑
(√ 

 
 √  )

 

√   

 

   

 

   

         (
 

  
∑ √ 

 

 

   

 ∑
 

√ 
 

 

   

+ 

 ∑
(√ 

 
 √  )

 

√   

       

         (
 

  
∑ √ 

 

 

   

 ∑
 

√ 
 

 

   

+ 

 

  4∑ √ 
  

    ∑
 

√ 
 

 
    ∑

. √ 
 

 √  /
 

√          5      (1) 

     
   

(
    

 
 
 

  
(∑ √ 

 

 

   

 ∑
 

√ 
 

 

   

 ∑
(√ 

 
 √  )

 

√   

       

),   

 
( )

   
   

(
    

 
  *     
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2.98. Find: 

     
   

(
 

  
(∑√ 

 

   

 ∑
 

√ 

 

   

 ∑
(√  √ )

 

√   
       

), 

 
Solution:  

∑√ 

 

   

 ∑
 

√ 

 

   

  

 ∑(
 

√ 
 √ *

 

   

 
 

√ 
(√    √ )  

 

√ 
(√    √ )     

 
 

√   
 √  √ (

 

√ 
   

 

√ 
*  √ (

 

√ 
   

 

√ 
*     

 √    
 

√ 
   ∑ √

 

 
      

 ∑ √
 

 
       

  

   ∑ (√
 

 
 √

 

 
    )

       

   ∑ 4
     √  

√  
  5

       

 

   ∑
(√  √ )

 

√  
       

   
 (   )

 
  

        ∑
(√  √ )

 

√  
       

  

    ∑
(√  √ )

 

√  
       

 ∑√ 

 

   

 ∑
 

√ 

 

   

  

    ∑
(√  √ )

 

√  
       

 ∑ √ 

 

   

 ∑
 

√ 

 

   

 ∑
(√  √ )

 

√  
       

  

    ∑
(√  √ )

 

√  
       

 ∑
(√  √ )

 

√  
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(∑√ 

 

   

 ∑
 

√ 

 

   

 ∑
(√  √ )

 

√  
       

)  
  

  
       

 
2.99. If       then: 
 

∫(∫(∫(
√(     )(     )(     ) 

(     )(     )(     )
+  

 

 

)

 

 

  )

 

 

   
 

 
(   

 

 
*
 

 

 
Solution: 

√∏(     ) 

∏(     )
 

             

∏(     )
 

             

 (   ) 
 

 

    
 

so, ∫ ∫ ∫
√∏(     )
 

∏(     )

 

 
  

 

 
  

 

 
   ∫ ∫ ∫

        

    

 

 

 

 

 

 
 

 ∫∫
     

   

 

 

 

 

 (   ) 
  

 

 
(   ) 

  (   ) 
  (   ) 

   

 
 

 
(       )  

.  .
 
 //

 

 
 

2.100. Find: 

     
   

(  
 

 
* (  

 

  
*    (  

 

  
* 

Solution: 
Let be   ,   -     ( )             ( )          

    ( )   ( )     ( )             
 

 
 ,   - 

  
 

 
   

 
  

  
 

  
   

 
   

  
 

  
   

 
   

……………………………….. 
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  (  
 

 
*(  

 

  
*    (  

 

  
*    

 
    

 
       

 
    

   
 
 
 

 
  

   
 
     .  

 
 
 
 
 
   

 
 
/ 

   
   

     
   

(  
 

 
*(  

 

  
*    (  

 

  
*     

   
  .  

 
 
 
 
 
   

 
 
/ 

     
    

   
.  

 
 
 
 
 
   

 
 
/
       

     
   

(  
 

 
* (  

 

  
*    (  

 

  
*    

2.101. Find: 

     
   

(∑
(  ) 

.
  
 

/

  

   

) 

Solution:  
 

.
  
 

/
 

 

(  ) 
  (    ) 

 
  (    ) 

(  ) 
 

 (   )   (      )

 (    )
  

 
 (   )   (      )

(    )   (    )
 (    )   

 
 (   )   (      )

 (    )
 (    )   

 (    )   (          )  (    )∫  (   )      

 

 

 

∑
(  ) 

.
  
 

/

  

   

 ∑(  ) 
  

   

(    )∫  (   )      

 

 

  

 (    )∫(∑(  )   (   )    

  

   

+   

 

 

 

 (    )∫(∑
(  ) (   )  

(   ) 

  

   

+   

 

 

 

 (    )∫((   )   

     

(   )      

 
     

,   
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 (    )∫(

     

    (   )  

 
   

,  

 

 

  

 (    )∫(      (   )    )  

 

 

  

 (    )  (
 

    
 

 

    
*  

    

   
 

     
   

(∑
(  ) 

.
  
 

/

  

   

)     
   

    

   
   

2.102. If         then: 
 

 
 

   
 

 
     

 
   

 
 

     
 

   
 

 
        

Solution: 

Let be       (   )      ( )  
 

 
         

  
 ( )    

 

 
 

    

 
          √  

     ( )    (√ )  
 

 
(√ )

 
     √   

 
 

 
  

 

 
     

 

 
(      ). Analogous:      ( )  

 

 
(      ) 

   (     ) ( )  (     ) (
   

 
*  

   

 
(     (

   

 
** 

     ( )       ( )     (     ) ( ) 
 

 
(      )  

 

 
(      )  

   

 
(     (

   

 
** 

 
 

 
     

 

 
      

   

 
   (

   

 
* 

            (   )    (
   

 
* 

   (     )     (
   

 
*
   

 

      (
   

 
*
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   (1) 

Analogous:  
 

     
 

    
   

 
   (2);  

 

     
 

    
   

 
   (3) 

By multiplying (1); (2); (3): 

 
 

   
 

 
     

 
   

 
 

     
 

   
 

 
    

(   )(   )(   )

 
 

     
 

 
 √    √    √  

 
    . Equality holds for      . 

 

2.103. If       
 

 
 then: 

∫(∫(∫.   .
 

 
  /    .

 

 
  /   .

 

 
  //  

 

 

)  

 

 

)  

 

 

  

     (   )      (   ) 
Solution: 

         

 
 

       
4
             

 
5

 
 
 

 

√ 

 
     

√ 

 
     

√ 

 
 

 

  
 
 

(
 

     
 

 

     
*
 
 
 
 

       
 

 
        

 

 
 

√ 

 
 

 

 

√ 

 4
           

          
5

 
 
 

 

   .
 

 
  /    

 

 
        

                 

Analogous:    .
 

 
  /           .

 

 
  /        

By multiplying: 

   .
 

 
  /    .

 

 
  /    .

 

 
  /                  

∫(∫(∫.   .
 

 
  /    .

 

 
  /    .

 

 
  //

 

 

  )

 

 

  )
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 ∫     

 

 

   ∫      

 

 

   ∫      

 

 

    

 4 
 

 
(           )5

 

 4
 

 
(           )5

 

  

 (
 

 
     

     

 
   

     

 
*
 

     (   )      (   ) 

 
2.104. If   (   )      twice derivable, 

 ( )     (  )    ( )    ( )        then: 

 (
     

 
*   (

     

 
*   ( )   ( )        

Solution:  

 (  )    ( )    ( )  
 (  )

  
 

 ( )

 
 

 ( )

 
        

Let be   (   )     ( )  
 ( )

 
  (  )   ( )   ( )        

      then                     (    )   (  )   (  ) 
Let be   (   )     ( )   (  )    (   )   ( )   ( ) 

  continuous. By Cauchy:       ( )    . 

 (  )      ( )       
 ( )

 
       ( )        

 ( )            ( )       

  ( )           ( )  
 

 
     convexe. By Jensen’s inequality: 

 (
     

 
*  

 

 
 ( )  

 

 
 ( )        

 (
     

 
*  

 

 
 ( )  

 

 
 ( )        

By adding:  .
     

 
/   .

     

 
/   ( )   ( )        

 
2.105. Find: 

 (   )     
   

( (∑( 
 

     
 

   *            (   )

 

   

+)        
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Solution: 

 (   )     
   

( (∑( 
 

     
 

   *            (   )

 

   

+)   

    
   

( (∑(   )
 

              (   )

 

   

+) (         )   

    
   

( (∑( )
 

              ( )

 

   

+)   

    
   

∑ ( )
 

              ( ) 
   

 
 

  

 ⏞
   

   
   

 
 

      
 

        
 

   

  
    

    
   

 
 

      
 

        
 

   

  
    

 
  

  

  

    
   

  
 

      
 

        
 

   

 
  

    
   
   

 
 

       
 

     
 

    

  
  

 ⏞
   

   
   
   

 
(   ) 

 
 

    
 

          
 

(   ) 
 

 
    

 
        

 
(    ) 

 
 

     
 

        

  
 

 ⏞
       .            

 
       

 
       

 
   

 
 /

 
  

     (
 

 
     

 

 
*
 

 
    (      )

 
 

   (   )(   (   )   )

 
 

 

2.106. If       
 

 
 then: 

 

∫∫4
           (   )

  (     )
5

 

 

  

 

 

   
  √ (   ) 

   
 

Solution: 

Let be   .  
 

 
/     ( )     (    )       
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  ( )       
 

 
 

   ( )   
 

     
 

 

   
        

       
     concave 

 4
      (   )

 
5  

 

 
. ( )   ( )   (  (   ))/ 

 .
 

 
/  

 

 
4   (

    

 
*     (

    

 
*     4

   (  (   ))

  (   )
55 

    (
   

 
 

 
 

)     4
           (   )

  (     )
5 

   4
           (   )

  (     )
5     (

√ 
 
 
 

,

 

 

           (   )

  (     )
 

  √ 

   
 

∫∫4
           (   )

  (     )
5  

 

 

  

 

 

 ∫∫
  √ 

   
  

 

 

  

 

 

 
  √ 

   
(   )  

 
2.107. Find: 

     
   

(
 

 
 
  

  
   

    

  
* 

Solution: 
Let be   ,   -     ( )          

  ( )           
 

  
 

    

  
   ( )  ,   - 

     
  ,   -

 ( )   ( )     ( )    ( )  ,   - 

          ,   - 

  
 
    

 

 
 

  
 
     

 

  
 

         

  
 
     

 

  
 

By multiplying: 
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  (  
 

 
* (  

 

  
*    (  

 

  
*    

 
 
.  

 
 
   

 
 
/ 

  
 

 
 
  

  
   

    

  
   

 
 
   

       
   

  
 
 
         

    
2.108. If         then: 
 

4  
 (     )

 
5 (      ) 4  

 (     )

 
5  (    )  

 
Solution: 

  4  
 (     )

 
5    4  

 (     )

 
5    4  

 (     )

 
5  

 
   (    ) 

Suppose:  ( )    .  
 (     )

 
/    -    , 

  ( )  
 

 (     )
  

  
 (     )

 

 
  (     )

     (     ) 
  

   (     ) [
 

     (     ) 
 ] 

   ( )  
  (     )

 
 
  (    (     ))

(     (     ) ) 
 

   ( )  
 (     )(     (     ))

(     (     ) ) 
  , so,   is a convexe function. 

So:  .
     

 
/  

 ( )  ( )  ( )

 
 

  (
     

 
*   ( )   ( )   ( ) 

  4  
 (     )

 
5    4  

 (     )

 
5    4  

 (     )

 
5

    (  
 (     )

(     )
 

) 

  4  
 (     )

 
5    4  

 (     )

 
5    4  

 (     )

 
5

    (    ) 

So, the inequality is true. 
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2.109. Find: 
 

     
   

(

 
 

∫ 4
          

           
5

 

√ 
 
∑ .

 
    

/ 
   

 

   ∫ 4
          

           
5  

 
 

 

√   
 
∑ .

 
    

/   
   

)

 
 

 

 
Solution: 

Let’s compute   ∫
          

           
   and   ∫

          

           
    

     ∫
           

           
   ∫     

    ∫
(         )(         )           

           
    

 ∫
(         )(           )

           
    

 ∫(         )              

So,       
              

           “ ” 

                 
           

 
  

     
           

 
 

           

 
  

       
   

 

√ 
  ∑

 
    

 
       (

 

√ 
 ∑

 
    

 
   *   

    (
 

√ 
 ∑

 
    

 
   *    

 

 
   

 

√   
 ∑  

 
       

     

    .
 

√   
 ∑

 

    
   
   /     .

 

√   
 ∑

 

    
   
   /   (1) 

Let’s compute  

   
   

 

√ 
 ∑

 
    

 
       

   

 ∑
 

    
 
   

   (√ )
    

   
 ∑

 
    

 
      (√ )   

    
   

       
    

 
   (√ )   

    
   

         (    )   (    ) 
       (   )

 
 
  (   )

 
   (√ )   
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  (

    

√    
*
  

 
     

   
 

  

(

 
 .  

 
 
/

 √  
 
 )

 

  
 
    

( )

 

 
( )

    
 

 
    .  

 
 /     .  

 
 / 

 

2.110. If       .  
 

 
/ then: 

    

          
 

    

          
 

    

          
  

 
 √            

 

√            
 

 √               
  

 
Solution: 

Considering   (    )     ( )  
 

     

  ( )  
   

(    ) 
    ( )  

   (    )      (    )    

(    ) 
 

 
   (    )      

(    ) 
 

            

(    ) 
 

      

(    ) 
 

 
  (    )

(    ) 
  , for      f concave 

  (
     

 
*  

 ( )   ( )   ( )

 
        (    ) 

For       .  
 

 
/                       

 
 

    
   

 

    
   

 

    
    

    
 

    
       

 

    
     

 

    
   

Replacing   4
  

 

    
   

 

    
   

 

    

 
5  

 .  
 

    
/  .  

 

    
/  .  

 

   
/

 
 

  (  √
   

            

 

)   .  
 

    
/   (  

 

    
*   .  

 

    
/ 

 
 

   
  √    
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  √    
            

 
 

 

  
 

    

 
 

  
 

    

 
 

  
 

    

 

 √            
 

√            
 

 √                  
   

 
    

          
 

    

          
 

    

          
 

 
2.111. Find: 

     
   

(
 

  
∑∑∑∑(    )

 

   

 

   

 

   

 

   

) 

Solution:  
Let be          

∑  

 

   

 ∑ 

 

   

 
 (   )

 
 

   
   

 

  
(∑  

 

   

+

 

    
   

  (   ) 

    
 

 

  
 

∑  
 

 

   

 ∑  

 

   

 
 (   )(    )

 
 

   
   

 

  
(∑  

 

   

+

 

 (∑  
 

 

   

+   

    
   

 

  
 4

 (   )

 
5

 

 
 (   )(    )

 
 

 

  
 

∑  
 

 

   

 ∑  

 

   

 4
 (   )

 
5

 

 
  (   ) 

 
 

   
   

 

  
(∑  

 

   

+(∑  
 

 

   

+     
   

 

  
 
  (   ) 

 
   

∑  
 

 

   

 ∑  

 

   

 
 (   )(    )(        )

  
 



153 
 

   
   

 

  
(∑  

 

 

   

+

 

    
   

 

  
 
  (   ) 

  
 

 

  
 

   
   

 

  
(∑  

 

 

   

+     
   

 (   )(    )(        )

    
   

We will use the identity: 

∑∑∑∑        

 

   

 

   

 

   

 

   

  

 
 

  
((∑  

 

   

+

 

  (∑  

 

   

+

 

  (∑  

 

   

+(∑  
 

 

   

+   (∑  
 

 

   

+

 

  ∑  
 

 

   

) 

  
 

  
   
   

 

  
(∑   

 

   

+

 

 
 

 
   
   

 

  
(∑  

 

   

+

 

 (∑  
 

 

   

+   

 
 

 
   
   

 

  
(∑  

 

   

+(∑  
 

 

   

+  
 

 
   
   

 

  
(∑  

 

 

   

+

 

  

 
 

 
   
   

 

  
(∑  

 

 

   

+ 

  
 

  
 
 

  
 

 

 
 
 

  
 

 

 
   

 

 
 
 

  
 

 

 
   

  
 

     
 

 

    
 

 

    
 

 

  
(
 

  
 

 

 
 

 

 
* 

  
 

  
 
     

  
 

 

  
 
 

 
 

 

  
 

 
2.112. Find: 

     
   

(∑∑∑∑(
 

        
*

 

   

 

   

 

   

 

   

) 

Solution:  

Let be    
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∑  

 

   

 ∑
 

  

 

   

 

 
 .

 
    /

 
   

   
 

  
 

   
   

∑  

 

   

    
   

(  
 

  
*    

∑  
 

 

   

 ∑
 

   

 

   

 

 
 .

 
     /

 
   

 
 

 
(  

 

   
* 

   
   

∑  
 

 

   

    
   

 

 
(  

 

   
*  

 

 
 

∑  
 

 

   

 ∑
 

   

 

   

 

 
 .

 
     /

 
   

 
 

 
(  

 

   
* 

   
   

∑  
 

 

   

    
   

 

 
(  

 

   
*  

 

 
 

∑  
 

 

   

 ∑
 

   

 

   

 

 
  .

 
     /

 
    

 
 

  
(  

 

   
* 

   
   

∑  
 

 

   

    
   

 

  
(  

 

   
*  

 

  
 

We will use the identity: 

∑∑∑∑        

 

   

 

   

 

   

 

   

  

 
 

  

(

 
 
 (∑  

 

   

+

 

  (∑  

 

   

+

 

 (∑  
 

 

   

+  

  (∑  

 

   

+(∑  
 

 

   

+   (∑  
 

 

   

+

 

  ∑  
 

 

   )

 
 
 

 

  
 

  
   
   

(∑   

 

   

+

 

 
 

 
   
   

(∑  

 

   

+

 

 (∑  
 

 

   

+   
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(∑  

 

   

+(∑  
 

 

   

+  
 

 
   
   

(∑  
 

 

   

+

 

 
 

 
   
   

(∑  
 

 

   

+ 

  
 

  
    

 

 
    

 

 
 

 

 
   

 

 
 

 

 
 
 

  
 

 

 
 
 

  
 

  
 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

  
                 

    
 

   

    
 

   

   
 

 
2.113. Find: 

     
   

(.
 
 
/     

   
(
 

 
∑(

.
 
 
/

.
   
   

/
)

 

   

), 

Solution: 

Let   ∑
.
 
 /

.   
   

/

 
    ∑ .

 
 
/ 

   
(   ) (       ) 

(   ) 
  

 (     )∑.
 
 
/

 

   

 (   ) (       )

 (     )
 

 (     )∑.
 
 
/

 

   

∫    

 

 

(   )           

 (     )∫  (   )   

 

 

∑.
 
 
/

 

   

  (   )       

 (     )∫  (   )   

 

 

   

 
(     ) ( ) (   )

 (   )
 

 (     )

(   ) (   )(   )
  

    
   

 

 
    

   

 (     )

 (   ) (   )(   )
  

 
 

(   ) (   )(   )
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Now: 

        (.
 
 
/       

 

 
*        

  

 (   ) 
 

 

(   ) (   )(   )
   

 

2.114. If       
 

 
 then: 

 

    
 

 

    
 

 

   (  √    )
 

 

   (√  )
 

 
Solution: 

The result is obvious if     or if    , so, we’ll assume that  

      
 

 
. 

The function  ( )  
 

    
 is convex on 0  

 

 
/     ( )  

(       )

     
   

Let             0  
 

 
/ be such that            . By the 

definition of ‘convex function’ (one whose derivative is increasing), we 

have: 
 (  )  (  )

     
 

 (  )  (  )

     
 

If we choose our points so that              , we can just 
write  (  )   (  )   (  )   (  )    (1) 

Choosing         √        (  √  ), and     , we have  

      √            , and (1) becomes 
 

    
 

 

   (  √    )
 

 

   (√  )
 

 

    
 

or 
 

    
 

 

    
 

 

   (  √    )
 

 

   √  
 

Note:   √       √     
2.115. Find: 

     
   

(∑∑∑∑
 

    (   )(   )(   )(   )

 

   

 

   

 

   

 

   

) 

 
Solution: 

Let   ∑ ∑ ∑ ∑
 

    (   )(   )(   )(   )
 
   

 
   

 
   

 
    

  ∑∑∑
 

  (   )(   )(   )   
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  ∑∑
 

  (   ) (   )   

 

   

 

   

   ∑∑
 

 (   )(   )   

 

   

 

   

  

  ∑
 

  (   ) 

 

   

 

We will prove that:   
              

  
 

In first note that there are    of permutations of  
 

 (   )
 

 

 (   )
 

 

 (   )
 

 

 (   )
 let’s discuss the 04 cases: 

Case 01: if         all 4! combinations are then contained with in 
  

Case 02: if     and     are distinct we need 6 of   because some 
possibilities are contained in   

Case 03: if         we need 3 of   because some possibilities are 
contained in   and   

Case 03: if          we need 8 of   because some possibilities are 
contained in     and   

Case 03:         this appears exactly once in every sum, which 
thus us 12 copies of    

Since:   ∑
 

 (   )
 
          

 ∑
 

  (   ) 

 

   

 ∑
 

  
 ∑

 

(   ) 

 

   

 

   

      ( )     

 
    ( )   

  (  ( )   ) 
 

 ∑
 

  (   ) 

 

   

 ∑(
 

  
 

 

(   ) 
*

 

   

  ∑(
 

  
 

 

(   ) 
*

 

   

     

                  ∑
 

  (   ) 
 
     

 ∑(
 

  
 

 

(   ) 
*

 

   

  ∑(
 

  
 

 

(   ) 
*

 

   

  

   ∑(
 

  
 

 

(   ) 
*

 

   

      

   ( )     ( )       
  ( )     ( )    
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GEOMETRY 

3.1. In      the following relationship holds: 
 
(         ) 

.     .
 
 
//

  
(         ) 

.     .
 
  

//
  

(         ) 

.     .
  
  

//
  

      

  
 

 
Solution: 

Let      .
 

 
/         .

 

  
/         .

  

  
/   , of course  

        
 

 
 

     
 

 
         

  

  
   

 

  
      

 

 
      

( )  

 
 

Again,      
 

  
         

   

  
   

   

  
  

      
  

 
      

( )  

  
 

Also,      
  

  
         

       

    .
  

  
/
 

  

      
  

  
      

( )   

  
 

(1), (2), (3)                                

   (
 

 
*(

 

  
*  (

 

  
*(

  

  
*  (

  

  
*(

 

 
*    

 

 
 

  

    
 

  

    
 

 
             

     
   and          

  

 
       

( )  

 
 

Now, LHS  
|         |

 

   
|         |

 

   
|         |

 

   

 
     (                                    ) 

(     ) 
 

 
( ∑   ∑      ) 

.
 
 /

  
(|∑   ∑

        

 |*
 

.
 
 /

  

 
(∑  ) 

  
 
 

  
 

                   ( √   )
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          ( √    √  )

 

    
(  )   

    
        

      .
      

  /  
      

    

 

3.2. If       
 

 
 then: 

.            (         )/
         

 (     )
    

 (     )
    

 

 
Solution: 

√(     )     (     )    
(         )

 

 

           
 

                    
    
     

 
    
     

 
(         )(           )

                   
 

 
           (         )

           
 

           (         )

 
 

(                             ) 

 (          (         ))
         

 (     )    (     )       

(Proved) 

 
3.3. In                  - internal bisectors,    (  )  
   (  )    (  ). Prove that: 

                 ∑
   

 

 

√(   )(   )      – area. 

Solution:  

                               

                                        
 (       )         (      )   

        (         
 

 
*             

 

 
 

         
 

 
√           

 

 
√

  

   
 

  

   
 

           
 

 
 

 

√(   )(   )
  

 
      

 
    

 
 

   
 
 
√(   )(   )

 
      

   
 
 
√(   )(   )
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 √(   )(   )

 
     

 
 

√(   )(   )
 

                 ∑
   

 
 

√(   )(   )   

 

 
3.4. In      the following relationship holds: 

        

  
    

    
 
 (

  

  
*
  

 

 
Solution: 

∏.
 

  
/
 

 .
  

  
/
  

.Weighted GM   weighted      

 √∏(
 

  
*
      

 
  

∑(
 

.
 
  
/
)

 
  

    
 

       

   
 
 

 
  

  
 

   ( √∏(
 

  
*
      

)    (
  

  
*      ( √∏(

 

  
*
      

)      (
  

  
* 

   (4 √∏.
 

  
/
      
5

     

+    .
  

  
/
  

 ∏.
 

  
/
 

 .
  

  
/
  

    

 

3.5.  
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  – incenter of    ,  – circumcenter,    circumradius and inradius 

Prove:                   
  

 
   

Abdilkadir Altintas 
Solution: 

∑      ∑4
           

       
5

 

      

  

 
 

   
∑

(

  
 

  

     
 

          

 

   
 
 )

  
 

 

 

   

 

 
 

   
∑(   

 

 
(

 

     
 

   ),

 

   

 
 

   
∑(

 

   
 
 

      
 

 
)

 

   

  

 
 

   
(  ∑

 

     
    

         ∑    
 

 
   

)   

 
 

   
(   

         

  
         .  

 

  
/+   

 
 

   
(                      )   

 
 

   
(             )   

 ⏞
          

   
(                   )   

   
        

   
   

       

   
  

 ⏞
     

  
       

 
 

   
   

      

   
   

  

 
 

 
3.6. In               are Nagel’s cevians. Prove that: 

              
Solution:  
Lemma 1 

In              (1) 
Proof: 
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Let    be the Nagel’s cevian of         

By Stewart’s theorem in     : 
    

    (   )    (   )   (   )(   ) 

  
  

  (   )    (   )

 
 (   )(   ) 

        
    

  
  (   )    (   )

 
 (   )(   )  

 (     )    

 
 

  (     )    (     )

  
  

 
(     )(     )   (     )    

 
 

  (     )    (     )

  
 

         

 
 

 (                     )   (         ) 
                                           

                                 
   (   )     (   )    (   )    (   )    

(   ),         (   )-    
(   ) (       )    which is true. 

Lemma 2. 

In         √ (   ) 
Proof: 

   √ (   )    
   (   ) 

 (     )    

 
 

(     )(     )

 
  

           (   )                 (   )    
Back to the problem: 

       
       

       
       

 

 √ (   )  √ (   )  √ (   )   

  √ (   )(   )(   )      
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 (   )(   )(   )
     

 
  

(   )(   )(   )
 

 

   
 

 

   
 

 

   
        

 
3.7. In      the following relationship holds: 
 

 .
 

 
/

  
 

  (
 

 
*

  
 

  .
 

 
/

  
 

       

 
Solution: 

Let  ( )     (         )   
    ( )   (   )       (         ) 

We have:   
  

 
  . Using Jensen’s inequality: 

 

  
.
 

 
/

  
 

 
 

  
(
 

 
*

  
 

 
 

  
.
 

 
/

  
 

  

 (
 

  
 
 

 
 

 

  
 
 

 
 

 

  
 
 

 
*

  
 

 (
     

  
*

  
 

   

  .
 

 
/

  

 
  .

 

 
/

  

 
  .

 

 
/

  

 
           (proved) 

 

3.8.  
                      

            (           )      √   
 

 
Solution: 
 

                 (the power of the point   towards the circle) 
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 (
        

 
*
 

 
   

 

 }
 

 

 
  

 
 

   
 

 
       

Similarly:             

So:            (           )     (     )  
     

 

      √   
 

     √   
 

 
 

3.9. If in                   then: 

.
 

  
/
  

 (
 

  
*
  

 .
 

  
/
  

   

 
Solution: 

                       
 

  
   

.
 

  
/
  

 (
 

  
*
  

 .
 

  
/
  

   

.
 

  
/
  

 (
 

  
*
  

 .
 

  
/
  

 
     

(
   

 
      

 
      

 
  

        
)

        

  

 .
     

        /
        

 .
  

   
/
   

 .
 

  
/
   

   because 
 

  
   

 
3.10. If         – sides in a bicentric quadrilateral,   – semiperimeter, 

    – diagonals,   – circumradii then: 
 (                 )

  (     )
 

    

    (               )
 

 
Solution: 

    
 ,(     )  (     )  (     )-

  (     )
 

        * (   )   (   )    +

  (     )
 

 
 *(   )(   )    +

  (     )
 

 (      )

  (     )
 
( )  

  
 

Also, RHS  
    

    *  (   )   (   )+
  

 
    

    (        )
 

       
 

    

       
 
( )   
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(1), (2)   given inequality  
 

  
 

  

     
             

      √      

Now,    ∑  
   

 √    
 

       √    
 

 
 
 √      

    √     
 
           

( )

 
√     

Now, Parameshvara      
 (     )(     )(     )

      
 

 
    √      √      √    

     
 √      (3) is true (Proved) 

 

3.11.  
If             * + – circumcentre then: 

             √∏(
      

           
*

   

 
 

Solution: 
Because:             * +   

                            

We must show that:           √∏ .
      

           
/   

 
 

     √∏(
      

           
*

   

 
 

  ∏(
      

           
*

   

  

  
                    

(           )(           )(           )
  

   (
                 

(           )(           )(           )
*   
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(           )(           )(           )

 
  

 
 

(           )(           )(        )
  

    

 
 

    

 
 

   

 
 

(Because: (   (   )(   )      ; with                  
        

              – acute). Now, we need to prove:  √
   

 

 
   . It is true 

because: 

8
    

  
 √  

 

 ,
  

 

 

  
 √  

 

  √
   

 

 
  √  

 

 
 
 √  

 

 

 

   √     (true) 

 
3.12. In      the following relationship holds: 

∑. √((   )     )((   )     )/

   

   √    

 
Solution: 

We have: ((   )     )((   )     )   
 (     )(     )       

  √((   )     )((   )     )      ; etc 
        (     )       

But:    √                 √     √    
Proved. Equality       . 

 

3.13.  

                     ,      -  
 √   

  
   

   
 
   

  ,   - 
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Solution: 
 

       

    
 

              

  
 

  

        
  

 
       

    
 

              

        
   (1) 

            
  

   
 

  

    
  

        
   

  
   

      

     
 

   ( )

    
 and similarly (2) 

From (1) (2) 
       

    
 

( ( ))
 

(      ) 
   (3) 

But  ( )         
 

 
(        )  

 

 
(           )  (4) 

From (3) (4) 
       

    
 

(           )
 

  (      ) 
 

           

             

 
       

    
    we must show:  

 √   

  
   

   
    

   
   

   √      (5) 

But in any      we have:    √ (   )   
     

 
  

   
   

   
       (6). From (5) (6) we must show: 

      √        √       √       √   true  

3.14.  
If                      then:  

            
       

(   )(   )(   )
 

Solution: 
 (  )                     (1) 

              √           (2) 

From (1) (2)      √          (3) 

But 
   

   
 

 

 
 

   

 
 

 

   
     

  

   
 and     

  

   
  (4) 

From (3) (4)     
  √  

(   )
 and similarly   
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(   )(   )(   )
 

3.15. In      the following relationship holds: 

 ∑(
     

         
*

   

  ∑(
  

     
*

   

 

Solution: 

 ∑
  

     
  ∑

     

         
 

          
             

  
 

     

 
 

 (   )

  
 

(   ) 

  
 

 
(   )(     )

  
 

(   ) 

 
 

     

         
 
( ) .

     
  /

(   ) 
 

 

 
 (   )

  
 

 

 (   )
 

 

  
 

Similarly, 
     

         
 
( )

 

  
 and 

     

         
 
( )

 

  
 

(1) (2) (3)  ∑
     

         
  ∑

 

  
 

 (  )

  
       

( )

  

Again,  ∑
  

     
 

        
 ∑

(
     

  
*

.
     

  
/
 ∑

(   ) 

  (   )
 

 

 
∑

   

 
 

 
 

 
∑.

 

 
 

 

 
/  

    

 
∑( )  

 

 
   

   ( )

     (Proved) 

 
3.16. In      the following relationship holds: 

(∑(     )
 

   

)(∑
 

(     ) 
   

)   ∑
     

     (     )
   

 

 
Solution: 

Let                          (       ) 

Inequality  (        ) .
 

   
 

   
 

  
/   .

 

   
 

 

   
 

 

   
/ 

 .
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

    4
 

 

 
 

 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 

5   (*) 
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(
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

 
 
 
 

)   

 
 

 
(
 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
* 

  (
 

 
 
 

 
 

 
 

 
 
 

 
 

 
 

 
 
 

 
 

)  
 

 
(
 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
* 

We must show that: 

(
 

 
*
 

 .
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

 (
 

 
*
 

  

 
 

 
(
 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
* 

  6(
 

 
*
 

 .
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

 (
 

 
*
 

  7   

  .
 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
/   (**) 

(
 

 
*
 

 .
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

 .
 

 
/
 

 (
 

 
*
 

  

 
.
 
  

 
  

 
  

 
  

 
  

 
 
/
 

 
 

  

 
 

(  
 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

 

 
 

     
 * 

(**)   .
  

 
  /     

            (   )(   )    (true because    )   (*) true. 
Proved. Equality if and only if      . 

 
3.17. In              the following relationship holds: 

√    
 

 √    
 

 √    
 

  √    
 

 
Solution: 

Let  ( )  √   
     

   ( )  
 

 
   

 
     ( )   

 

  
  

 
    (   ) 

Let  ( )  √         ( )  
 

 
   

 

     ( )   
 

  
   

 

    (   ) 

Using Jensen’s inequality: √   (  )  √ 
 

 (  )  √   (  )   
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 (√ 
 

 √ 
 

 √ 
 )   4

√      √ 
 

    √     

(√ 
 

 √ 
 

 √ 
 )

5 

 (√ 
 

 √ 
 

 √ 
 )√4

√ 
 

    √ 
 

    √ 
 

   

(√ 
 

 √ 
 

 √ 
 )

5

 
 

 

 √(√   √ 
 

 √  )
 

√(√      √ 
 

    √     )
  

 

√   √ 
 

 √   
      

  √
     

 

 

  √
  

 

 

 

√      √ 
 

    √      
      

    √
           

   

 

 

We must show that:  √
  

 

 
4   √

           

   

 
5

 

        

 (           )            
(     ) (        ) 

  
 

 (     ) (        )    (           )  
It is true because: Suppose:                

(     )(        )  ⏞
         

   (           ) 
 (     ) (        )    (           )  

Proved. Equality if and only if 2
     

         

 

3.18.  

                     ,      -  
  √         
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Solution: 
       

    
 

 ( ) 

(        ) 
   (1) 

But  ( )         
       

(        ) 
   (2) 

    .
     

          /
 

 .
(     )

         
   

        /
 

 
     

(        ) 
  

    (3) 

From (1) (2) (3)         
 

  

  
 

      

  
   

   
   (4) 

From (4) we must show: 
  

  
 

      

  
    

    
    

  √         

    
   

   
   

   √        √       √  , true because it is Mitrinovic’s 
inequality. 

 

3.19.  

                     ,      -   √    
Solution: 

 
From inscribed angle theorem:              

 

 
 and  

             
 

 
         

   

 
 

     

 
    

 

 
 

similarly, we can get other formulas 

 
    

   .   
 

 
/

 
            

             
 

 
, similarly, we can get the other 

formulas         
 

      

  
 

   ∏   
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(  ) ( √  )

 
  √    [where are used Euler and Mitrinovic’s 

inequalities] 
Equality          is equilateral       is equilateral. (Proved). 

 
3.20. If         are sides of a convexe quadrilater then: 
(       )(       )(       )(       )

(   )(   )(   )(   )
   

 
Solution: 

 
         

(       )(       )(       )(       )   
 (   )(   )(   )(   )   (*) 

Let:                               
             (         ) 

          (       )          

 
       

 
     

   

 
     

   

 
  

    
   

 
     

   

 
 

(*)      .
   

 
/ .

   

 
/ .

   

 
/ .

   

 
/ 

 (   )(   )(   )(   )         

     √        √        √        √   

 (   )(   )(   )(   )   √    √    √    √          

Proved. Equality         . 
 
3.21. In      the following relationship holds: 
 

 ((
 

 
*

  
  

 .
 

 
/

  
  

)  (.
 

 
/

  
  

 .
 

 
/

  
  +  (.

 

 
/

  
  

 (
 

 
*

  
  

)     

Solution: 

(
 

 
*

  
  

 (  
   

 
*

  
  

 
         

 

   
  

  
(
   

 
* [ 

   

 
 

 

 
       

  

  
  ] 
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  (
 

 
*

  
  

 
( )

   
  

  

(   ) 

Similarly,  .
 

 
/

  
   

( )

   
  

  
(   )  .

 

 
/

  
   

( )

  
  

  
(   ) 

 .
 

 
/

  
  

 
( )

  
  

  

(   )  .
 

 
/

  
   

( )

  
  

  

(   )  (
 

 
*

  
  

 
( )

 

   
  

  

(   ) 

(1) (2) (3) (4) (5) (6)        ∑
  

  
(       )      

 
3.22. In      the following relationship holds: 

                             √                

 
Solution: 

By Weizenbock’s inequality:              √           

(For              : lengths side     ) 
Let                             (       ) 

We must show that:               
 (        )(     )       

          
    

     
 
( )

     

(1)  
 

 
       

If         
 

 
                       

   
 

 
 

      

 
 (true) 

Let      *     + and     
 

 
       

                      

     
   

 
   

   

 
          

 

 
   

   

 
      

 
.   

 
 
      

   
 

  /

    
 

 
          

 

 
 (       

 

 
* 

      
 

 
     

 

 
   

( )  
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(      
 

 
      * 

     
 

 
[√   ]    (true) Proved. 

 
3.23. Solve for real numbers: 

(     )   (     )                
 
Solution: 

If        , then                     

                  , a contradiction        
( )

  
If        , then                            

                  , a contradiction        
( )

  
If        , then                            
                             , a contradiction 

       
( )

  
If       , then            . But (1), (2), (3)        

     
( )

  
(4)             (     )  (     ) (          )    

            
( )

 . Now, given equation   

√(     )  (     )      
  

 
( )

      (      ) 

Now,  (     )   
   ( )

  (     )  
   ( )

             
   ( )

  

 √(     )  (     )      
  

  

 √(     )  (     ) (          )       
  

 

 
                                                  

  
 

 
     (     ) (      )   

  
   (       )    

 LHS of (i)  
     (     )  (      )  

  
 

       
     (     )   (      )   

  
 

 
(   ) 

  
 

     (     )   (      )   
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 (   )        (     )    (      )   

  
   

  (   ) (        )    (   ) (        )  
(  )

  
                          

  (ii)  (   )   . But (   )    
 (   )                      (   )   

      (   ) (Answer) 
 

3.24. In acute or right      the following relationship holds: 
 

    

 ( )
 

    

 ( )
 

    

 ( )
 

 

 
 

 

  
.  ( )    ( )    ( )/ 

 
Solution: 

Using inequality:      
 

 
 .    

 

 
/ 

 
    

 ( )
 

 

  
   ( )  

    

 ( )
 

 

  
   ( )  

 

  
   ( )   

 
 

 
 

 

  
   ( )  

 

  
   ( )  

 

 
 

 

 
 

 

  
   ( )  

 

  
  ( ) 

 
     

  √
   ( )

  

 

 
 √ 

 

√   √  ( ) 
 

 ∑
    

 ( )
 

 

     ( )  
 √ 
 

√   ∑√  ( )   (*) 

Let  ( )  √   
   (   )    ( )  

 

 
  

 

     ( )  
 

 
  

 

     

 (   ) 

    ( )  
       √ 

 

√     √6
 ( )   ( )   ( )

 
7

 
 

 
  √ 

 

√    √
  

  

 

  

    √
 

 

 

 
 

 √   
( )  

 
 

(1)  √
 

 

 
 

 

√      √
 

 

 
 √      

 

 
     (true) 
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3.25. In      the following relationship holds: 
 

√4
    

  
 

  

    
54

    

  
 

  

    
54

    

  
 

  

    
5

 

 
  

 
 

 
Solution: 

Let   
    

  
   

    

  
   

    

  
 (       )   

       
              

  
 

  

  
   

Now, inequality  √.  
 

 
/ .  

 

 
/ .  

 

 
/

 
 

  

 
 

Using AM-GM, we have: √.  
 

 
/ .  

 

 
/ .  

 

 
/

 
 

 
 

    
 

 

     
 

    

 

Let  ( )  
 

    
(     )     ( )  

  (    )

(    ) 
    ( )      

   (   ) 

 ∑
 

        
      

   .
     

 
/    .

 

 
/  

 

  
 

 

∑
 

    

 
    

 
 

  

 
  

(proved) Equality        
 

 
. 

 
3.26. In      the following relationship holds: 
 

(   )    .
  

   
/        .

  

 
/ 

 
Solution: 

(   )    .
  

   
/        .

  

 
/ 

 

 .  
 

 
/    [

  
 

 

  
 

 

]  
 

 
    .

  

 
/   (*) 

 (   )    (
  

   
*       (  )    (    

 

 
 

 

 
* 

Let:  ( )  (   )    .
  

   
/       (  ); with     
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   ( )  
    (   )    (  )      .

  
   

/  (   )    .
  

   
/   

   
 

   ( )     (   )    (  )  (   )    (
  

   
*   

         (
  

   
* 

     .  
 

 
1    ( )       .  

 

 
1   ( )   ( )     (*) 

true. Proved. 
 

3.27. In               are lengths of Gergonne’s cevians. Prove 
that: 

√      
  

  

 
 

Solution:  
First we prove that         (1) 

 
Let    be the Gergonne’s cevian of  . 

     . By Stewart’s theorem in     : 
    

    (   )    (   )   (   )(   ) 

  
  

 (     )       

 
 (   )(   ) 

        
    

   
 (     )       

 
 (   )(   )  

 (     )    

 
 

  (     )   (     )    (   )(   )   ( (     )    ) 
  (     )   (     )   (     )(     )   

   (     )     
  (     )   (     )   (   (   ) )    (     )     

  (     )   (     )      (   )    (     )       
(     )(     )   (     )   (   )    
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(     )(     )   (     )   (   )    
 (   )(     )   (   )(        )   (   )    

(   )(                   )   (   )    
 (   )(          )   (   )    

 (   )(   )   (   )    
(   ) (       )    

which is true because                         

By (1): √      
  √      

  
             

 
  

 
 

 
(              )  

              
 

 
 

 
 √(        )(  

    
    

 )   

 
√ 

 
√∑  

  
√ 

 
√
 

 
∑    

 
 

 
√         

        

 
√    

  

 
 

Equality holds if      . 
 

3.28. If in        √  then: 
 

  √
  

  
   √

  

  
   √

  

  
   

Solution:  

Let be   (   )     ( )    
 

  

  ( )   
 

 
  

 

     ( )  
 

 
  

 

      convexe 

  √                          (1) 
    

 
 

    

 
 

    

 
  . Denote: 

   
    
 

    
    
 

    
    
 

            

The inequality that we have to prove can be written: 
    
 

 
 

√    
 

    
 

 
 

√    
 

    
 

 
 

√    
   

   (    )     (    )     (    )    
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By Jensen’s inequality:    (    )     (    )     (    )   

  (                    )  
 

√                    
   (to prove) 

√                                              
    

 
      

    

 
     

    

 
             (        )      (to 

prove). Denote                       
We must prove that:            

By (1):         
  (     )   (        ) 

           
 

3.29. If         then in      the following relationship holds: 
 

∑4
   

 
(     

 

 
   

 

 
*
 

5

   

  4
   (     )

√  
5

 

 

Solution:  
By Cesaro’s inequality: (   )(   )(   )          (1) 

∑4
   

 
(     

 

 
   

 

 
*
 

5

   

 
     

 

  √
   

 
 
   

 
 
   

 
 ∏(

  

   
 
    

 
 

)

 

   

 

  

 
( )

 √
    

   
 (

      

     
 
     

 
     

 

)

 
 

  

  √(
    

 

  

*
   

   .
       

 
/

  

 
   (     )

  

      (2) 

 .
   (     )

√  
/
 

  .
      

√  
/
 

  .
   

√ 
/
 

   (3) 

By (2); (3) we must prove that:   (     )
  

   .
   

√ 
/
 

 

(     )
 
  

   

√ 
 (     )  (

   

√ 
*
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 √ 
     

   

 √ 
   

  

 √ 
   

 √  

 
 which is Mitrinovic’s 

inequality. 
 

 3.30. In               – Gergonne’s cevians,          – Nagel’s 
cevians. Prove that: 

 

  
 

 

  
 

 

  
 

 

    
 

 

  
 

 

  
 

 

  
 

 

 
 

Solution: 
It’s known that:                    

 

  
 

 

  
 
 

  
 

 

  
 
 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

 

  
 

     

  
  

 
  

   
 

 

 
 It’s known that:                    

                        

 
 

        
 

 

        
 

 

    
   (1) 

 

  
 

 

  
 

 

  
 
   (     ) 

        
 
( )  

    
 

 
3.31. In               are Nagel’s cevians. Prove that: 
 

  

  
 

  

  
 

  

  
 

    √   

        
 

Solution:  
                                    

 
 

        
 

 

        
    (1) 

  

  
 

  

  
 

  

  
 

     
 √

(   ) 

      

 

  

 
 √(    ) 

 

√      
 

 
      √(    ) 

 

        

 

  

 
      √(        ) 

 

        
 
( )  √(    ) 
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           (     √   )

 
 

        
 

 (  √ )
 
   

        
  

 
      √   

        
 

    √   

        
 

 
3.32. If in acute        – incentre,   – centroid,   – orthocentre,   – 
Nagel’s point then: 

                                      
 
Solution:  

    
           

 
    

√           

 
 

         
√           

 
 √            

   √        
 

 
(        )  √               

                                  
                                         

                  
 
3.33. In      the following relationship holds: 
 

∑(
    

 
      

 
 

    
 
 

)

   

 ∏(
    

 
      

 
      

 
 

    
 
 

)

   

   

 
Solution:  

Let        
 

 
        

 

 
        

 

 
 be sides of anticevian Hexyl 

triangle of     . 

Let    
        

 
       - circumradii and inradii of this triangle. 

∑
     

  
 ∏4

        

  
5  ∑

      

  
 ∏4

       

  
5   
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   ∑
 

  
   

 

      
∏(     )   

     
              

      
   

     

        
  

     
              

       
 

       

        
    

 
   (             )        

       
    

 
                  

     
    

 
                               

     
    

 
      

     
          

3.34. In               are radii of Lucas circles. Prove that: 

(           )
     ∑

    

(      )(      )
   

         

              √
 

 
 

Solution:  
It’s known that if         then: 

(     )   (        )   (1) 
For                   in (1): 

(           )
   (                    )

  ∑
      

(      )(      )
  

     ∑
   

(      )(      )
 

                (
 

      
 

 

      
 

 

      
*   

     (
 

      
 

 

      
 

 

      
* 

Inequality that we have to prove can be written: 

    (
 

      
 

 

      
 

 

      
*    √

 

 
 



183 
 

    (
 

      
 

 

      
 

 

      
*   

 
     

     ∑
 

 √     
   

  

 
      

 √      
 

    

√    
   √

    

    
   √

 

 
 

 
3.35. If in                     then the following 
relationship holds: 

     
  

 
 

  

 
 

  

 
     

Solution:  

  
  (     )

              
 

 (   )

           
 

  

  
 

 

 
 

  
  (     )

              
 

 (   )

  
 

  

  
 

 

  
 

  
  (     )

              
 

 (   )

  
 

  

  
 

 

 
 

  
 

 
(     )  

 

 
(
 

 
 

 

  
 

 

 
*  
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   (to prove) 

{

  

  
 

  

 
       

  

 
 

   

   
        

 

 
3.36. If in                     then find: 

             where       are radii of Soddy’s circles 
 
Solution:  

  
  (     )

              
 

 (   )

           
 

  

  
 

 

 
 

  
  (     )

              
 

 (   )

  
 

  

  
 

 

  
 

  
  (     )

              
 

 (   )

  
 

  

  
 

 

 
 

  
 

 
(     )  

 

 
(
 

 
 

 

  
 

 

 
*  

 

 
 
      

  
 

 

 
 
  

  
 

  

  
 

                 

   
 

           
    

 

             
 

 

 
 

 

  
 

 

  
 

 

  
 

 

 
 

 

 
 

 

 
 

  

  
 

  
  

  
 

   
  

    
  
  

 

  
   

  
  

  
  
 

 

 
 

     
 

 
 

  
 

 

  
 

   
  

             
 

  
   

  
  

|    
  
  

|
 

  
  

|  
  
 

|
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  (
 

  
 

 

  
 

 

     
*    

       

     
  

   
     

     
   

  

     
   

  

     
 

  

   
 

 
3.37. In               – Nagel’s cevians;          – Gergonne’s 
cevians. Find     : 

  
  

    
    

 

           
 

Solution:  
It’s known that: 

         and analogs. 

  
    

    
    

    
    

  
 

 
(        )   (1) 

                        
   

 

 √(        )(  
    

    
 )   

 √(        )  
 

 
(        )  

√ 

 
(        ) 

 

           
 

 

√ 

 
(        )

   (2) 

By multiplying (1); (2):   
  
    

    
 

           
 

 

 
(        )

√ 

 
(        )

 
√ 

 
 

     
√ 

 
 

Equality holds for      . 
 

3.38. If in               are radii of Malfatii’s circles then: 

  
 

  
  

  
 

  
  

  
 

  
  

  

 
√(     

 

 
* (     

 

 
* (     

 

 
*

 

 

Solution:  
  
 

  
  

  
 

  
  

  
 

  
  

     (        )
 

(        ) 
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          ∑
 

 
   

 
.     

 
 /.     

 
 /

     
 
 

  

 
      

 
  √∏

.     
 
 / .     

 
 /

.     
 
 /   

 

  

 
  

 
√(     

 

 
* (     

 

 
* (     

 

 
*

 

 

3.39. In any triangle     the following relationship holds: 
 

∑
   

 
 

   
   

    

 
 

 
 

 

 √  
∑

(         ) 

√    
   

 

Solution:  

∑
   

 
 

   
   

    

 ∑
    

 
    

 
 

    
 
    

   
    

 ∑
    

    .
 
  

 
 /    

   
    

  

 ∑
    

    
   

    
   

    

 ∑
    

         
   

  

 ∑
      

             
   

  

 ∑
 

   
   

 ∑(
 

   
 

 

 
*

   

 
 

 
 

 

 
 ∑

      

 (   )
   

  

 
 

 
 ∑

   

 (   )
   

 ∑
   

 (   )
   

 

 
 

 
 

   

 (   )
 

   

 (   )
 

   

 (   )
 

   

 (   )
 

   

 (   )
 

   

 (   )
  

 
 

 
 

   

 
(

 

   
 

 

   
*  

   

 
(

 

   
 

 

   
*  

   

 
(

 

   
 

 

   
* 

 
 

 
 

(   )(   )

 (   )(   )
 

(   )(   )

 (   )(   )
 

(   )(   )

 (   )(   )
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∑

(   ) 

(   )(   )
   

 
      

 
 

 

 
∑

(   ) 

 √    √  
  

 
 

 
 

 

 
∑

(   ) 

 √  
   

 
 

 
 

 

 √   
∑

(   ) 

√ 
   

  

 
 

 
 

 

 √   
∑

(             ) 

√      
   

  

 
 

 
 

 

  √  
 
   

√  
 ∑

(         ) 

√    
   

 
 

 
 

 

 √  
∑

(         ) 

√    
   

 

 
3.40. If       (   ) then: 
 

                (              )    
Solution: 

Denote                             
                                            

Inequality to prove becomes: 
(    )(    )(    )  (     )    

  (        )  (              )          
 (        )   (        )    

                (        )         

                           
     

 

  √                          
 

  

  √            √         (   )  because 

      (   )  (   )  (   )  
 

3.41. In any triangle     the following relationship holds: 

(    )√
 

   
 (    )√

 

   
 (    )√

 

   
  √   

Solution:  

We first prove that: 
(    )√ 

√   
 √ (   ) ( )        (1) 

By squaring: 
(    )   

   
  (   )  

 (          )   (   )  
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   (   )   (     )       (   )   (   )(   )    
(   )(         )    (   )(             )    

(   ),  (   )   (   )-    (   ) (    )    
Equality holds for    . 

By (1): (    )√
 

   
 (    )√

 

   
 (    )√

 

   
  

 √ (   )  √ (   )  √ (   )   

  √ (     )   √      √   
          

  √  
  √ 

 
   √  

Equality holds for an equilateral triangle:      . 
 

3.42. If in      
 

 
  ( )  ( )  ( )  

 

 
 then: 

 
                                       

 
Solution: 

    
( )  

 
.∑    /

 

        
(     ) 

 
 (     )  

 
   

 
(       )  

 
      

 
     

 
 √  

.                         
 

 
/ 

 ∑     
( )

 
 √  

Let  ( )          0
 

 
 
 

 
/ 

   ( )                ( ) is convex 

 ∑     
      

     (
     

 
*   √  

  (1) is true  
   

 
     LHS     (by (a)) (Proved) 

 
3.43. In      the following relationship holds: 
 

(    )(    )(    )

√(   ) (   ) (   ) 
 

 

 √ 
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Solution:  

We prove that: 
    

   
 √  √

   

 
 

By squaring: 
(    ) 

(   ) 
 

 (   )

 
 

 (    )   (   )  
 (          )   (               ) 
                               

              
                  
   (   )   (     )    

   (   )   (   )(   )    
(   )(         )    

(   )(             )    
(   )(  (   )   (   ))    
(   ) (    )   . Which is true. 

    

   
 √  √

   

 
   (1)  

Analogous: 
    

   
 √  √

   

 
   (2); 

    

   
 √  √

   

 
   (3) 

By multiplying (1); (2); (3): 
(    )(    )(    )

(   )(   )(   )
  √  √

(   )(   )(   )

   
 

(    )(    )(    )

√(   ) (   ) (   ) 
 √

 

   
 √

 

   
  

 √
 

   
 

     
 √

 

      
 

 

 √ 
 

Equality holds for an equilateral triangle:      . 
 

3.44. In      the following relationship holds: 
 

   
 

 

   
 

 

   
 

          

  (         )
 

 

   
 

 

   
 

 

   
 

 √   

  
 

Solution:  
Let be  ( )  (   )(   )(   )       sides in     . 
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  ( )  (   )(   )  (   )(   )  (   )(   ) 
  ( )

 ( )
 

 

   
 

 

   
 

 

   
    (1) 

 ( )     (     )   (        )      
 ( )          (         )       

  ( )                    
Replacing in (1): 

 

   
 

 

   
 

 

   
 

                 

        (         )      
    (2) 

Replacing            in (2): 
 

   
 

 

   
 

 

   
 

                    

        (         )         
  

 
          

  (         )
 

                       

  
 √  

 (
    

        *

 
     

 

 
              

 √  (
    

    
 
    

  

 *
  

 
     

 √      
 

     

  √   
 

 √   

   
 

 √   

  
 

 
3.45. In      the following relationship holds (  – incenter): 
 

     

  
 

     

  
 

     

  
  √∏(  

  

  
*

   

 
 

Solution: 

    
  

     
 

 
  

(   )(   )
  

 
   .

 
 /

 

(   )(   )
  

 
    (   )(   )(   )

  (   )(   )
  

 
  (   )
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   (     )      (  
  

  
*     

  

 
(  

  

  
*   

 
   

 
(  

  

  
*  

   

 
(  

  

  
*    (  

  

  
* 

   

  
   

  

  
   (1) 

     

  
 

     

  
 

     

  
  √

   

  
 
   

  
 
   

  

 

  

  √(  
  

  
* (  

  

  
* (  

  

  
*

 

  √∏(  
  

  
*

   

 
 

 
3.46. If         sides in a cyclic quadrilateral with   – area,   – 
semiperimeter then: 

.       
 

  
/(       

  

  
*(       

   

  
*(       

   

  
*  (√   )

 
 

 
Solution: 

  √(   )(   )(   )(   )   Archimedes’ formula 

.       
 

  
/(       

  

  
*(       

   

  
*(       

   

  
*  (√   )

 
 

.       
 

  
/(       

  

  
*(       

   

  
*(       

   

  
*  

        

 

 

(

 
 

√(   )(   )(   )(   )
 

 √   
 

  
    

  

  
    

   

  
    

   

  ⏟                      
 

 

)

 
 

 

  

 .√   
 √  /

 

 (√  √  )
 

 

   
 

  
   √  √   √ 

   
  

  
   √  √   √ 

}
 
 

 
 

    
 

  
    

  

  
 (  √ )

 
 (   √ )   

    √       √      (1) 
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    √  √   √ 

   
   

  
     

  

  
    √  √   √ 

}
 
 

 
 

  

    
   

  
    

   

  
 (   √ )

 
 (   √ )   

    √       √        (2) 
From (1) and (2)      

So, 0(   )     
 

  
1 0(   )     

  

  
1 0(   )     

   

  
1 0(   )     

   

  
1   

 (√   )
 

 

 
3.47. In      convexe quadrilateral the following relationship holds: 

   ,   -  ,   -  ,   -  ,   -  ,    -  
 
Solution: 

 
Let                     

      (
 

 
      * (

 

 
      * (

 

 
      * (

 

 
      * 

 ,(      )(      )-,(      )(      )- 

 
   (             ) 

 
 
(             ) 

 
 

 (
 

 
       

 

 
      * (

 

 
       

 

 
      *

 

 

 (,   -  ,   -) (,   -  ,   -)  
 ,    - ,    -  ,    -    (Proved) 
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3.48.    (   (  )     (  )     (  ))              (   ) 

   .   √       √       √   / .   √       √       √   / 

Prove that:       
 
Solution: 

We consider  ( )            (    )    

  ( )  
 

     
(        )   

  

     
         

   ( )  
             (        )

      
        

   (        )   

 
  (                 )

      
                       

 
  (                                          )

      
 

 
  (                        )

      
  

 
  (  (        )       (        ))

      
  

 
  (  (        )(        )       (        ))

      
 

 
  (        )(  (        )       )

      
 

Obviously, 
  (        )

        . We prove that  

  (        )          
We denote      and as       (   ) 

So, we prove that  (       )          

      (       ). Inequality is obvious for   0
 

 
  / 

For   .  
 

 
/ the inequality becomes 

    

       
   or 

    

       
     

Let be  ( )  
    

       
     .  

 

 
/    

  ( )  
(       )(       )       (       )     

(       ) 
    

 
                      (       ) 

(       ) 
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(       ) 
 

      

(       ) 
   

    on .  
 

 
/   ( )         ( )    

So,    ( )      convexe   .
   

 
/  

 ( )  ( )

 
 or 

      
   
  

               

 
 

      
   
    √           

    
   

  √             (1) 
Let be     (   )          (    ) 

In inequality (1) we consider             

    
       

  √              

      √   √         

   √   √             (   ) 

For   √    and   √    we obtain 

      √   √      √   

      √   √      √   

      √   √       √   }
 
 

 
 

   (2) 

According to CBS 

4√   √    √   √    √   √   √   √    √   √      √   5

 

 

 .   √       √       √   / .   √       √       √   / 

Using inequality (2)  (                 )   

 .   √       √       √   / .   √       √       √   / 

 
3.49. In any triangle     the following relationship holds: 

   
.

 
    

 
    

 
   /

 

(
 

(   ) 
 

 
(   ) 

 
 

(   ) 
*

 (
 

(   ) 
 

 
(   ) 

 
 

(   ) 
*

 

Solution:  
First, we prove that if                  then: 

(     ) (   
     

     
 )  (           )

 (   
     

     
 )   (1) 
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 (  
 ) 

  
  

 (  
 ) 

  
  

 (  
 ) 

  
   

 
(   

 )
 

(   )
  

(   
 )

 

(   )
  

(   
 )

 

(   )
  

     (   
     

     
 )

 

(           )
     (2) 

   
     

     
  

(   )
 

 
 

(   )
 

 
 

(   )
 

 
 

     (           )
 

     
 

      
(           )

 

   
     

     
  

(     )  
(           )

 

(   
     

     
 )

    (3) 

By multiplying (2); (3) we obtain (1): 

(     ) (   
     

     
 )  

(   
     

     
 ) 

(           ) 
 
(           )

 

(   
     

     
 ) 

  

 (           )
 (   

     
     

 ) 

We take in (1):    
 

   
    

 

   
    

 

   
 

         

(  ) (  
 

(   ) 
   

 

(   ) 
   

 

(   ) 
*   

 (
 

   
 

 

   
 

 

   
*
 

(  
 

(   ) 
   

 

(   ) 
   

 

(   ) 
* 

   
.

 
    

 
    

 
   /

 

(
 

(   ) 
 

 
(   ) 

 
 

(   ) 
*

 (
 

(   ) 
 

 
(   ) 

 
 

(   ) 
*

 

Equality holds for an equilateral triangle:      . 
 
3.50. In any triangle     the following relationship holds: 
 

                    

  
 

      

  
 

      

  
 

( √   )       

  
 

Solution:  
Lemma 1 

                                    
Proof: 

Denote        . We must prove that:  



196 
 

     

     
 

  

    
   

     

     
 

  

    
   

(     )(    )    (     )   (    )(     )   
    (     ) 

(    )(    )   (     )  (    )(     )   
   (     ) 

                                
         

                    
    

Lemma 2 
In any triangle     the following relationship holds: 

         
  

 √   
 

Proof: 

 

     
  

  
 

  

 
          

     
  

  
 

  

 
          

                      (1) 

     
  

  
 

  

 
          

     
  

  
 

  

 
          

By adding:                         (2) 
By (1); (2):        (         )   (         )   (3) 
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.       
 

 
    

 

 
    /   

 
 

√ 
 

   .  
 

 
/  √    .  

 

 
/  √  

Analogous:           √  
By (3):        (         )   (         )   

   √    √  (   )√  

      (   )√        (   )√   

      (   )√  
Equality case can’t be true in all three inequalities. By adding: 

       (        )   (     )√  

    (        )    √  

 (        )    ( √   ) 

          ( √   )  
 (   )

 √   
 

  

 √   
 

Back to the problem: 
                    

  
 

      

  
 

      

  
  

 
         (                             ) 

        
  

 
             

        
 

         

 √   
 

 
3.51. In      the following relationship holds: 
 

 (
 

 
*

  
  

  .
 

 
/

  
  

  .
 

 
/

  
  

  (
 

 
*

  
  

  .
 

 
/

  
  

  .
 

 
/

  
  

    

 
Solution:  

Let be   ,   -     ( )   .
 

 
/
 

  .
 

 
/
 

 

  ( )   (
 

 
*
 

   (
 

 
*   .

 

 
/
 

   .
 

 
/     (

 

 
* 6 (

 

 
*
 

  .
 

 
/
 

7   

    (
 

 
* (  

  

  
   

  

  
*     (

 

 
*  
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 .

 

 
/
  

        
 

 
 

  
                                    

 

 
                                        

  ( )                     
 ( )                             √                               

    ( )   (
 

 
*   √   

    ( )   ( )   ( )      
  

  
             

  

  
   

 ( )      ( )  ,   - 

 (
 

 
*
 

  .
 

 
/
 

     ( )  ,   - 

For   
  

  
 

 (
 

 
*

  
  

  .
 

 
/

  
  

     

∑( (
 

 
*

  
  

  .
 

 
/

  
  )

   

 ∑(   )    

   

 

 (
 

 
*

  
  

  .
 

 
/

  
  

  .
 

 
/

  
  

  (
 

 
*

  
  

  .
 

 
/

  
  

  .
 

 
/

  
  

    

 
3.52. In      the following relationship holds: 
 

( (
 

 
*

  
  

  .
 

 
/

  
  

)( .
 

 
/

  
  

  (
 

 
*

  
  

)(  .
 

 
/

  
  

  .
 

 
/

  
  

+       

Solution: 

Let be   ,   -     ( )   .
 

 
/
 

  .
 

 
/
 

 

  ( )   (
 

 
*
 

   (
 

 
*   .

 

 
/
 

   .
 

 
/     (

 

 
* 6 (

 

 
*
 

  .
 

 
/
 

7   

    (
 

 
* (  

  

  
   

  

  
*     (

 

 
*  
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 .

 

 
/
  

        
 

 
 

  
                                    

 

 
                                        

  ( )                     
 ( )                             √                               

    ( )   (
 

 
*   √   

  

  
             

  

  
   

 ( )   (
 

 
*
 

  .
 

 
/
 

  √   ( )  ,   - 

For   
  

  
 

 (
 

 
*

  
  

  .
 

 
/

  
  

  √   

∏( (
 

 
*

  
  

  .
 

 
/

  
  

)

   

      

3.53. In      the following relationship holds: 
 

(       )( 
      )( 

      )

(       )(       )(       )
   

Solution: 

    
  

 
    
  

 
    
  

 

 
    

 
   

  
 

 
    

 
   

  
 

 
    

 
   

  
  

 
  

  
(

 

(   )(   )
 

 

(   )(   )
 

 

(   )(   )
*   

 
  

  
 
           

(   )(   )(   )
  

 
  

  
 

 

(   )(   )(   )
 

 (   )(   )(   )   

  (   )(   )(   )
   

Let be   (   )     ( )     .
   

   
/ 

 ( )     (   )     (   )    ( )  
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   ( )  
  

(   ) 
 

 

(   ) 
 

  

(    ) 
   

  convexe. By Jensen’s inequality: 

 (

    
   

    
   

    
  

 
)  

 

 
4 .

    
  

/   .
    
  

/   .
    
  

/5 

 (
 

 
*  

 

 
   (∏(

  
    
  

  
    
  

)

   

)     (
  

 
 

  
 
 

)  
 

 
   (∏(

  
    
  

  
    
  

)

   

) 

   (
   

   
*  

 

 
   (∏4

       
       

5

   

)           (∏4
       
       

5

   

) 

∏4
       
       

5

   

   
(       )( 

      )( 
      )

(       )(       )(       )
   

 
3.54. If       then: 

            (   )  
 √ 

 
 

Solution: 
First, we prove that for       

                (   )  
 

 
    (1) 

       

 
 

       

 
       (   )  

 

 
 

                         (   )    
 (           )       (   )    

      
     

 
   

     

 
      (   )    

    (   )    (   )       (   )    
    (   ) ,   (   )     (   )-    

Denote             
     (         )    
                   

                               
(          )          

By AM-GM: 
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√              (   )
 

 
                (   )

 
 
( )

 
 
 

 
 

 
 

              (   )  
  

  
 

            (   )  
 √ 

 
 

Equality holds for     
 

 
. 

 
3.55. If                  then: 
 

     

   
 

     

   
 

    (   )

   
 

 

   
 

Solution: 
First, we prove that for       

                (   )  
 

 
   (1) 

       

 
 

       

 
       (   )  

 

 
 

 (             )         (   )    
   (           )         (   )    

      
     

 
   

     

 
      (   )      

    (   )    (   )   (      (   ))      
Denote             

                       
                     

                               
(          )          

     

   
 

     

   
 

    (   )

   
 

         
 

 
(                (   )) 

 (     )
 
( ) .

 
 /

 

    
 

 

   
 

Equality holds for       
  

 
 

3.56. In any triangle     the following relationship holds: 

√    
  √    

  √    
  √ (    ) 
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Solution: 

Denote   
   

    
   

   

    
   

   

    
 

It’s known that:               
 

 
 

 

 
 

 

 
 

        
    

 
    

    
   

        

√    √      
          

 
 

√    √      
          

 
 

√    √    
 

  
          

 
 

By adding:  

√    √    √    
 (     )   

 
 

     

 
   

√    √    √      

√
   

    
 

   
    

 

 √
   

    
 

   
    

 

 √
   

    
 

   
    

 

   

√
 

(    ) 
 

(√    
  √    

  √    
 )    

∑ √
     

(    ) 
 

   

   √ 
 

 ∑ √    
 

   

  √(    ) 
 

 

∑ √    
 

   

 √ (    ) 
 

 

3.57. In      the following relationship holds: 

(  
   

     
* (  

   

     
* (  

   

     
*    

Solution: 

Let be   (   )     ( )     .
   

   
/ 

 ( )     (   )     (   ) 

  ( )  
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   ( )  
  

(   ) 
 

 

(    )
 

  

(    ) 
   ( )  (   ) 

  convexe. By Jensen’s inequality: 

 .
        

 
/  

 

 
( (  )   (  )   (  ))   (1) 

It is known that:               
  

    
 

  
    

 
  

    
   

In (1) we take:    
  

    
    

  

    
    

  

    
 

 (

  
     

  
     

  
    

 
)   

 
 

 
4 .

  
    

/   .
  

    
/   .

  
    

/5 

 (
 

 
*  

 

 
∑   (

  
  

    

  
  

    

)

   

 

   (
  

 
 

  
 
 

)  
 

 
   (∏(

       
       

*

   

) 

    (

 
 
 
 

)     (∏(
           
           

*

   

) 

   (  )     (∏(
         

     
*

   

) 

  ∏(  
   

     
*

   

 

Equality holds for an equilateral triangle (     ). 
 

3.58. In acute      the following relationship holds: 

                (   
 

 
   

 

 
   

 

 
*
 

 

Solution: 
First, we prove Cusa-Huygens reversed inequality: 
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   .  

 

 
/   (1) 

Let be   .  
 

 
/     ( )                

  ( )                                  
   ( )  (            )                   

   ( )          ( )  .  
 

 
/ 

     ( )     
   
   

  ( )                  

   ( )    ( )  .  
 

 
/ 

    ( )     
   
   

 ( )                   

  ( )    ( )  .  
 

 
/ 

                     
 (      )

 
 

     
 .       

 

 
  /

 
      

 

 
   (2) 

We apply (2) for             and multiplying: 

          
 

 
 ∏     

   

∏(     
 

 
*

   

 

                (   
 

 
   

 

 
   

 

 
*
 

 

3.59. In      the following relationship holds: 
 (              )   (                 )   

  (                 )    
Solution: 

                     
                      (        )   

     (                )   
     (          (       ))   

     (                 )   
     (              )       (              )   

      6 (     
 

 
*
 

 
    

  
7       4 (     

 

 
*
 

 
  

  
5    
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 ∑    

   

  ∑     

   

  ∑     

   

   

3.60. GENERALIZATION OF TAREK’S INEQUALITY 
In            are distances from      (    ) to sides of 
triangle. Prove that: 

√  √  √   √
 

 
 

Solution: 

  
  

 
 

  

 
 

  

 
 

 

 
 

 
 

 
 

 
 

 
 

 ⏞
         (√  √  √ )

 

 .
 
 
 

 
 
 

 
 
/

 

(√  √  √ )
 
  (

 

 
 

 

 
 

 

 
*     

        

   
 
   

  
  

 

   
        

  
 

        

  
 ⏞

          

  
   

 

 
 

(√  √  √ )
 
   

 

 
 √  √  √   √

 

 
 

3.61. If         are sides in a cyclic quadrilateral,             – 
exradii,   – semiperimeter then: 

 

  
 
 

 

  
  

 

  
 
 

 

  
  

  

 
 

Solution: 
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   (    ̂)  
   

  
 

  

  
    (1) 

   (    ̂)     .
   

 
/     

 

 
    (2) 

By (1); (2): 
  

  
    

 

 
         

 

 
    (3) 

   (    ̂)  
   

  
 

  

  
     (4) 

   (    ̂)     .
   

 
/     

 

 
    (5) 

By (4); (5): 
  

  
    

 

 
         

 

 
   (6) 

           
( ) ( )

     
 

 
      

 

 
  

   (   
 

 
    

 

 
*     

 

   
 
     

 
 

 

 

  
    

 

 
    

 

 
   (7) 

 

 
    

 

 
    

 

 
    (8) 

 

  
    

 

 
    

 

 
   (9) 

 

  
    

 

 
    

 

 
    (10) 

By adding (7); (8); (9); (10): 
 

  
 

 

  
 

 

  
 

 

  
  .   

 

 
    

 

 
    

 

 
    

 

 
/   (11) 

Let be   .  
 

 
/     ( )     

 

 
 

  ( )  
 

     
 

 

    ( )  
 .     

 

 
/
 

    
 

 

 
    

 

 
   

 

 

    
 

 

 
     

    
 

 

     convexe 

By Jensen’s inequality:    
 

 
    

 

 
    

 

 
    

 

 
  

     4
 

 
 

 

 
 

 

 
 

 

 

 
5      .

       

 
/      .

  

 
/      

 

 
     (12) 

By (11); (12): 
 

  
 

 

  
 

 

  
 

 

  
     (13) 

 

   
 

 

  
  

 

   
 

 

  
  

.
 
  
/
 

 
 

.
 
  

/
 

 
 

.
 
  
/
 

 
 

.
 
  

/
 

 
  

 
         .

 
  

 
 
  

 
 
  

 
 
  

/
 

       
 

(  )   
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Equality holds for        . 
3.62. If         are sides in a bicentric quadrilateral;             – 
exradii;   – semiperimeter then: 

  
 

  
 

  
 

  
 

  
 

  
 

  
 

  
 

 

 
 

Solution: 
Let be                              . 

By the law of cosines in          : 
                                

 
                            

                          (   ) 
                            
(       )                  

     
           

 (     )
   (1) 

    
 

 
 

      

      
 
( )

  
           

 (     )

  
           

 (     )

  

 

 
                   

                   
 

(   )  (   ) 

(   )  (   ) 
  

 

 
(       )(       )

(       )(       )
 

(     )(     )

(     )(     )
 

(   )(   )

(   )(   )
   (2) 
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   (    ̂)  

   

  
 

  

  
   (3) 

   (    ̂)     .
   

 
/     

 

 
   (4) 

By (3); (4): 
  

  
    

 

 
         

 

 
   (5) 

   (    ̂)  
   

  
 

  

  
   (6) 

   (    ̂)     .
   

 
/     

 

 
   (7) 

By (6); (7): 
  

  
    

 

 
         

 

 
   (8) 

           
( ) ( )

     
 

 
      

 

 
  

   (   
 

 
    

 

 
*     

 

   
 
     

 
 

 

Denote    Area ,    -:    
 

   
 

 
    

 

 

 
  

    
 

 
     

 

 

  

 
  

√(   )(   )(   )(   )  √
(   )(   )
(   )(   )

 √(   )(   )(   )(   )  √
(   )(   )
(   )(   )

 

 
  

(   )(   )  (   )(   )
 

  

(   )(      )
 

  

(   )(   )
 

  

 
 

 

(   )(   )
   (9) 

Analogous: 
  

 
 

 

(   )(   )
   (10) 

  
 

 
  
 

 
 

   
(

 

   
 

 

   
*   

 
 

   
 

       

(   )(   )
 

 

   
 

   

(   )(   )
   (11) 
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Analogous: 
  

 
 

  

 
 

 

   
 

   

(   )(   )
    (12) 

By adding (11); (12):  
  
 

 
  
 

 
  
 
 

  
 

 
 

   
 

   

(   )(   )
 

 

   
 

   

(   )(   )
 

     
 

    √
(   )(   )

(   )(   )(   )(   )(   )(   )
  

   
 

 
     (13) 

  
  

 
  
  

 
  
  

 
  
  

 
.
  
 /

 

 
 

.
  
 /

 

 
 

.
  
 /

 

 
 

.
  
 /

 

 
  

 
         .

  
  

  
  

  
  

  
 /

 

       
 

  

  
 

 

 
 

 
3.63. In      the following relationship holds: 
 

∏(   
 

 
   

 

 
    

 

 
   

 

 
*

   

 ∏(   
 

 
   

 

 
    

 

 
   

 

 
*

   

 
    

  
 

 

Solution: 

Let      
 

 
   

 

 
      

 

 
   

 

 
      

 

 
   

 

 
 

         (         )      
(     ) 

  
 

 

  
 

Inequality  ∏.
 

 
  /  ∏.

 

 
  /  

    

  
 

 (    )(    )(    )  (    )(    )(    )  
    

  
    

    (              )  
    

  
    

We have:   ,                -   ,     (     )- 
  ,     -. We must show that: 

 ,     -  
    

  
      

   

  
        

  

   
 

 

It is true because:     
 

  
 

  

   
. Proved. 
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3.64. If in        
 

 
 then: 

 

   
  
     

  
     

  
            

Solution:  
Let be          (   )    

  ( )        (    )    ( )        (    )  
  ( )        (    )  

  
 ( )   (     )  (    )          

  
 ( )                

  

 
 

       
  
     

  
  

     ( )    . 
  
 /     

  
     

  
  (    )   

  
   

     
  
    

  
      

  
     

  
  

Analogous:      ( )     
  
       ( )     

  
  

         (   )    
(        )( )    ( )    ( )    ( ) 

   (        ) ( )   (     ) 
        

      
     ( )       ( )       ( )     (        ) ( ) 

   
  
    

  
    

  
   (     ) 

        
      

  
  
    

  
    

  
  (     ) 

        
       

 (  )   
        

   (  
 

 
*   

        

  
 
            

Equality holds for       
 

 
. 

 

3.65. If         
 

 
 then: 

 

(     )   .
   
 

/    .
   
 

/  (     )   .
   
 

/    .
   
 

/   

 (     )   .
   
 

/    .
   
 

/    
Solution: 

   (
   

 
*    .

   

 
/  

 

 
,         - 
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   (
   

 
*    .

   

 
/  

 

 
,         - 

   (
   

 
*   .

   

 
/  

 

 
,         - 

     (    )(         )  (    ),         -  (    ),         - 
 (    )    (    )     (    )     (    )     (    )     (    )     

Let                      

4      (  
 

 
*5 

We prove that:                     
Using AM-GM: 

                   √(        )(        ) 
 

But          
 

 √ 
          

 

 √ 
 

Now, we want to prove:          
 

 √ 
   (Similarly:          

 

 √ 
) 

                   ( √ ) 

Using Jensen’s inequality with  ( )    (    )    .  
 

 
/ 

               (     )   (
        

     
* 

 (
 

 
 

 

 
 

 

 
*   (

 
  

 
  

 
  

 
  

 
  

 
 

 
  

 
  

 
 

)  
 

 
  

 

 
  

 

 
       ( √ ) 

(Because  ( )     
 

 
 .  

 

 
/) 

Hence,                          (Proved) 
 

3.66. In      the following relationship holds: 
 

∑(
 

   
 
     

 
 

 
 

   
 
     

 
 

)

   

 √  

Solution: 

Denote    
 

 
      

 

 
      

 

 
              

∑(
 

   
 
     

 
 

 
 

   
 
     

 
 

)

   

  



212 
 

 ∑(
 

   
 

 

 
  

 
 

,

   

 ∑(
 

   
 

  

   
*

   

  

 ∑
           

   
   

 ∑
 (   )

   
   

  

 ∑ 

   

          
 

 
    

 

 
    

 

 
  

 
      

     (

 
  

 
  

 
 

 
)      (

     

 
*   

     .
 

 
/    

√ 

 
 √  

  (   )     ( )     
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      convexe 

Equality holds for an equilateral triangle.  
3.67. Let   

    
    

  be the circumpedal extensions of incentre in 
    . Prove that: 
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Solution:  
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Analogous:   
  

  

   
√     

  
  

   
√   

By multiplying:   
   

   
  

  

   
√   
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√    
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3.68. Let   

    
    

  be the circumpedal extensions of incentre in 
    . Prove that: 
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Solution: 
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Analogous:   
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By summing:  
  

    
    

   

    
    

  (   ) 
    

    

  (   ) 
    

    

  (   ) 
  

 
     

 √       
              

      (   ) (   ) (   ) 
 

  

  √
      

(   ) (   ) (   ) 
 

  √
      

(   )(   )(   )

 

 

3.69. Let   
    

    
  be the circumpedal extensions cevians of 

centroid in     . Prove that: 
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Solution: 
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 (  )                    (the power    in circumcircle) 
 

 
 
 

 
              

  

   
 

  
                  

  

   
 

Analogous:   
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3.70. Let   
    

    
  be the circumpedal extensions cevians of 

centroid in     . Prove that: 
  

   
   

      
Solution:  
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 (  )                    (the power of    in circumcircle) 
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Analogous:   
      

   . By multiplying:   
   

   
      

3.71. Let          be the circumpedal extensions of three concurrent 
cevians in     . Denote                      and 
         intersection points of cevians with circumcircle. If        
                                 then: 

          √   (   )(   )(   )
 

 

          √   (   )(   )(   ) 
Solution:  

 
 (  )           (   ) (power of the point    to circumcircle) 

 (  )                   

         (   )       
 (   )

  
 

               
 (   )
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( ) ( ) ( )

 √   (   )(   )(   ) 
 

3.72. If      bicentric quadrilateral;   – incircle then: 
 

(       )(       )              
Solution: 

Let         be sides in quadrilateral;   
       

 
 – semiperimeter; 

     – tangential quadrilateral               
           . By Brahmagupta’s formula (     – cyclic): 

,    -  √(   )(   )(   )(   )  √       (1) 

√            √     
( )

,    -   
 ,   -  ,   -  ,   -  ,   -   

 
         (   ̂)

 
 

         (   ̂)

 
 

         (   ̂)
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  (     )    (     )

 
  

 
(     )(     )

 
   

     

 
 
     

 
  

 
     

  √
       

 
 √

       

 
 √(       )(       ) 

√(       )(       )  √            
(       )(       )              

 
3.73. In      the following relationship holds: 
 

                      .
 

 
  /      .

 

 
  /      .

 

 
  /  

  

 
 

Solution:  

(     √     )
 
   

                            √          

  √             
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   √            √            
                              

        (             √      )
 
  

   (                       ) 

        .(√          )
 
/
 

   (           )  

        .    .
 

 
  //

 

       

              .
 

 
  /     

          .
 

 
  /  

  

  
 

 

 
   (1) 

Analogous:           .
 

 
  /  

 

 
   (2); 

          .
 

 
  /  

 

 
   (3) 

By adding (1); (2); (3):  

                      .
 

 
  /      .

 

 
  /      .
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Equality holds for an equilateral triangle:       
 

 
 

 
3.74. In      the following relationship holds: 
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Solution:  

Let be       (   )      ( )  
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Analogous:      ( )  
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Analogous:  
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By adding (1); (2); (3):  
 

   
 

 

     
 

   
 

 

     
 

   
 

 

           

    
          

   √    √ . Equality holds for      . 
 
3.75. If       then: 

                            
 

 
 

When does the equality holds? 
Solution:  

4
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Equality holds for: 
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        (
 

√ 
 *          4

 

√√   
5 

 

3.76. If       
 

 
 then: 

 

    
 

 

    
 

 

   (  √    )
 

 

   (√  )
 

 
Solution: 

 

    
 

 

    
 

 

   (  √    )
 

 

   (√  )
   (1) 

The function 
 

    
 on 0  

 

 
/ is increasing as   ( )   . Also    ( ) is increasing 

as    ( )   . This means that for           such that      and 
            we have  ( )   ( )   (  )   (  ) due to   ( ) is 

increasing. Consider that (1)  
 

    
 

 

   (√  )
 

 

   (  √    )
 

 

    
 and let       √    

     [  √  ]. With       √         

     (  √  ) we have      

 (as       √   √     true for    ) and  

      √     (   )         √   therefore  
(T)  (1). Because of the symmetry of (1) it is valid for    . To show this we 

can replace   with   in the above proof. So (1) is true for any     0  
 

 
/.  

Equality for    . 
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