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PREFACE

Solving problems is an integral and inseparable part of any
Mathematical learning process. The present book ‘Mathematical
Elegance ‘ is aimed to be a step in this direction. The book contains
over250 carefully crafted fully solved problems from Algebra, Analysis
and Geometry. However, the Problems are neither calibrated nor
arranged in any order of difficulty. The problems range from simple to
very difficult.Some of these problems have already appeared in the
online Romanian Mathematical Magazine (RMM). The RMM team
consists of more than 7000 mathematics experts, lovers and
enthusiasts. Whenever a problem is proposed in RMM, several group
members put up their untiring efforts to provide different solutions to
the problem. More than one solution to a problem shows the intrinsic
beauty of mathematics - that we can reach the same result by
following different approaches.The book ‘Mathematical Elegance’
provides a good opportunity for Mathematical lovers to learn some of
the new techniques to solve problems. How a simple substitution, use
of an algebraic identity or geometric visualisation reduces a daunting
problem to a simple problem are very well illustrated through
solutions to the problems in the book.It is hoped that the readers will
enrich their mathematical knowledge by using the book. Regarding
the misprints and errors in the book, we hope there is none but the
experience of last several years suggests otherwise. Whenever you
come across an error or misprint in the book, you are requested to
bring it to our notice.
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PROBLEMS AND SOLUTIONS
ALGEBRA

1.1. Solve for real numbers:

1 1 1
x+2 x+3 x+4
1 1 1
y+2 y+3 y+a |7°
1 1 1
sinx+2 sinx+3 sinx+4

Solution:
We notice that it is determinant of Cauchy type:
1 1 1
ai+bq ai+by a,+bsz al =X bl — 2
1 1 1 . — _
D3 = Cl2+b1 Cl2+bz az+b3 Wlth{ az__y and {bz - 3
1 1 1 as; =sinx by =4
Cl3+b1 Cl3+bz a3+b3
2
D. = D, . (a3 — ay)(bs — by)
3T as + by 11 (az + a,)(bs + by)
D. — D, (sinx —x)(4 —2) (sinx —y)(4—3))
> sinx+4 (sinx+x)(4+2) (sinx+y)(4+3)
1 1
=
D, = x+2 x+4+3 _ y—Xx
2 1 1 x+2)(x+3)y+2)(y+3)
y+2 y+3 J
_ (y—x)(sinx—x)-2-(sin x—y) _ _
= D3 T 6(sin x+4) (sin x+x)(sin x+y)-7(x+2) (x+3) (y+2) (y+3) 0= y=xor

sinx =xorsinx =y

1.2.Ifa,b,c,d > 1,abcd = 8 then:
log,(ab) -log.(bc) - log,(cd) - log,(da) = 3(log, 2 +log, 2 + log. 2 + log, 2)

Solution:
a,b,c,d>1;abcd =8



log,(ab) - log.(bc) - log,(cd) - log,(da) = 3(log, 2 + log, 2 + log,. 2 + log,; 2)

B

A
B =log, 8 + log, 8 + log. 8 + log,; 8
= log, abcd + log, abcd + log. abcd + log, abcd
1+ log, b +log, c +log, d
+
log, b
1+log, b +log,c +log,d N 1+ log, b +log,c +log,d
log, ¢ log, d
We denote log, b = m;log, c = n;log,d =p
p p 1 m n
— -+ —+—
m n p p p

=1+ log,b +log,c+log,d +

1 n 1 m
B=1+m+n+p+—+1+—+—+—+—+1+

m m n n
+1

1+log,b log,b+1lo 1 +log, d
— ga . ga gac. Ogac Oga . (logad-|-1) =

log, b log, c log, d
1 m n
:A==C—+1>C—+1)Cukg(p+l)
m n p

1 p 1 n n p 1 m mp m n
=1l+-—4+=+—+—+—+—+—+m+—+—+—+n+—-+p+1
p non m mp m m p n n p
Being long expressions, in order to be able to compare A and B we will
write them one under the other:

1 p 1 n n p 1 m mp m n
A=1+—+—+—+—+—+—+—4+m+—+—+—+n+—+p+1
p n n m mp m m p n n b
1 p 1 n p 1 m m n
B=1+—+—+—+—+—+—+m+— —+n+—+p+1+1+1

p non m m m P n D

So, we have to prove that: mlp + % >2=n?%+ (mp)? > 2mnp
n? —2mnp + (mp)? = 0,(n—mp)?2 =0 (4)

13.A=a+b+c,B= i/(a+b)(b+c)(c+a),

C = 3\/abc,a,b,c >0.1f0 < x <y < zthen:
6Ax+9By+18Cz

i ?
2A73B16C < x + y + z.When does the equality holds?

Solution:
2A=>3B 2(a+b+c) = Si/(a + b)(b + ¢)(c + a), true because

@+ Db+ e +a) < 29




3B>6C ©B=2Cs i(a+b)b+c)c+a)=2Vabc
S (a+b)(b+ c)(c+ a) = 8abc, true because:
a+b =2Vab,b+c = 2Vbc,c +a = 2vac =
0<x<y<zand2A = 3B = 6C from Cebyshev =
(x+y+2z)(2A+3B+6C)=>3R2Ax+3By+6Cz) &
(x+y+2)(2A+ 3B + 6C) > 6Ax + 9By + 18Cz
Equality fora=b=c=>A=3a,B=2a,C=a
(x+y+2z)-18a=18alx+y+z)eox+y+z=x+y+z>
>0<x<y<z

1.4. Find x,y, z,w € R such that:
(sinx cos y)" _ (sin“ x cos"y

= ,VvneN —-1{0
tanz cotw tan"z cot" W) (0}

Solution:

For simplicity, we will note in x = a,cosy = b,tanz = c,cotw = d.
n n

n
Thus, the condition can be written as: (CCL Z) = (Ccln Z")'

_ (a b\(a b\ _ (a* b?
vn € N\ {0}. For n = 2 we have: (c d) (c d) = (cz dz) &
a’?+bc bla+ d)) a? b?
(c(a +d) d*+be (&2 g2)=be=0= ore
L b = 0. That means the only equality is (ca + d) = c?

If ¢ = 0 then the matrix (8 2) satisfies the identity in the hypothesis.

; (0" 0\ _ [a O\"
(for any diagonal matrix ( 0 d") = (0 d) )
Ifc # 0= c=a+d. Forn=3we have:

3 3 3
(Ccl Z) :(?z Zz)‘:’(aid 2) :<(a-cll—d)3 c??’)
3
=(* %)

larnrann DlaZo )
ala+d)?+d?*(a+d) d3 (a+d)® d3
Thus, we have: a(a + d)? + d?(a+d) = (a+d)3|:(a+d) =
>a’+ad+d?*=a*+2ad+d*=>ad=0=>a=00rd=0
Ifa=b=00rd=b=0thenthematrices((c) O)and(a 0)

d c 0
satisfy the identity in the hypothesis.



Thus, in this case the matrices (g 2), (2 2) and (Ccl 8) satisfy the

identity. By applying the same algorithm we obtain the solutions:
a 0 . by (0 b
(O d) (duplicate), (8 0) , (0 d)

. a 0y (0 0y /a 0y /a b 0 b
Thus, the matrices (O d) , (c d) , (c 0) , (0 0) and (0 d) are
the only ones which satisfy the identity above, a, b, c,d € R. Thus, the
solutions for x,y, z,w are:

I.X,WE]R,y=kT[+§/\Z= tm, k,z € Z,w # qm,V q € Z
II.Z,WE]R,x=k7T/\y=tn+§,k,tEZ,W¢qnand
z¢pn+§,Vq,pEZ
III.x,zE]R,y=t7r+§,w=k7r+§,k,t€Z,zipn+§,VpEZ
IV.x,yE]R,Z=t7r,w=k7r+§,t,kEZ
V.vyweR,x =km,z=tnt k €Zw+* qn,Vq EZ

1.5.If x,y,z > 0 then:

3

Vxz2 3fyx? 3zy? «x z

Vv Vo _x oy oz

y z b y z Xx

Solution:

ZAM;GMJC+Z+Z_X 2z
e , 3 33 )
AM-GM y X AM—-GM z y
3 2 < 7 __3 2 < ° “r
yx =< 3+ 3 zy < 3+ 3
1/x 2z 1y 2x 1/z 2y

—>LHSS—(—+—>+—(—+—>+_(_+_):

y\3 x z\3 3 x\x 3

_x+y+z+2y+22+2x
"3y 3z 3x 3x 3y 3z
Suppose: 0 < x <y < z. We must show that:
y z 2y 22+2x<x y z

3y "3z 3 3 3y T3y 2y
2y 2z 2x 2x 2y 2z
Ot oot oSttt ©
3x 3y 3z 3y 3z 3x
o zy?2 4+ xz% + yx? < yz% + zx? + xy?
o (z-—y)y—x)(z—x)=0.1Itistrue because: 0 < x <y <z

10



Proved. Equality & x =y = z.

1.6. If x € R then:

\/4x2+3+\/x2+x+1+\/x2—x+1<3\/(4x2+3)(x4+x2+1)

Solution:

44 .2 r
Forx € R x* +x +121:m31 (1)

2
Also, (4x% +3) (2 — x + 1) = (4x% + 3) [(x - i] > 2
2 4 4
1
= J(@x2+3)(x2—x+1)

Nwaﬂx”+$Q¢+x+1)=ou2+$[@+éf+ﬁ]>3@)=3

4 4 4
1 2
= J(@x2+3)(x2+x+1) < E,VX €R (2)

From (1), (2) and (3) we get:

<iVxeR (2)

1
Vx*+x241 + J(@x243)(x2—x+1) + V(4x243) (x2+x+1)
= Jax2+3+/x2+x+1+Jx2—x+1<
<3/4x2+3xt +x2 +1
[“x*+x2+1=(?—-x+1D%*+x+1)]

<1+§<3

1.7.1fa,b € [0,1];a < b then:

b = a<(g)” . (3)‘”") ' ((g)” . (g)““’> <2 p

Solution:
Letbe f:[0,1] » R; f(x) = a(Z)x +b (%)
rr-alt) m§+b<§>"m— m%la(%) o]
F@=0=a(2) =p(@) =a(2) -

2x 1

b b 1
(—) :(—) >2x=1=>x==
a a 2

11



X 1
- 1
0 2

) |[-—————————— O++++++++

f&) la+b — 2Jab— " a+b
=>2\/6E3a(§)x+b(§)x3a+b (1)
For x =+/ab € [a,b] € [0,1]in (1):
wab<a(t) +b(D) " catb @
Forx = “T”’ € [a,b] € [0,1] in (1):

ath atb
2Vab<a(2)? +b(3)* <a+b (3
By adding (2); (3):

Vab aib a+b

b b\ 2 a vab a\—2
avab < a (E) + (E) +b <(E) + (E) ) < 2(a+b)
by VeP b>a+b aVab a atb

wabsal(5) + ) |+e(G) + |G

a

<2(a+b)

18.Ifx,y,z€e C,x+y+ z =3 + 4ithen:
|x—z|+|y—x|+|z—y|+5233\/|xyz|

Solution:
Note: |x|: module of x € C
x+y+z=3+4i->|x+y+zl=1[3+4i|=+32+42=5
lx =zl +]y—x|+]z—-y| =0 -
- LHS = |x—z|+|y—x|+|z—y|[+5

D
=lx—zl+ly—xl+lz=yl+|x+y+zl = [x]+ |yl + |zI
We prove that (1) is true with for all x,y,z € C
In fact, by Hlawka’s Inequality for complex a, b, c:
la+bl+|b+cl+|c+al <lal+|bl+c|+la+b+cl|(¥)
In (*) we choose: x =a+b;y=b+c,z=c+a

x+y+z

—>x+y+z=2(a+b+c)—>a+b+c=T—>

12



X+tz—y X+ty—z _y+z—x

- q= p=""2" 7.
(9 Ixl + Iyl + 2l < [T + 57+ P x|+|"+y+z
P2l P B B
LB o ot o

x| + lyl + |zl |x—z|+|y— XI+|Z—y| lx +y + z|
© < +

2 2 2
olx—zl+|ly—xl+lz-yl+Ix+y+z| = x|+ |yl + |zl - (1)is
true. Because: |x|; |y|; |z| = 0. Using AM-GM we have:

lx| + |y| + |z| =33 1x| - |yl - |z| = 33/|xyz| = RHS. Proved.

1.9.1fa, b, c > 0 then:
(a® + b? + ¢2)? al® p10 c10
2(ab+ bc+ca)(a+b+c)” — b+c+c+a+a+b

Solution:
Using Holder’s inequality:
@+ v3+ w33 +y3+23)(m3 +n3 +p3) > (uxm +vyn +
wzp)? (*)
(with: w,v,w,x,y,z,m,n,p > 0)
Now, choose: u® = x3 = q;v3 = y3 = b,w3 =23 = ¢;m3 = a*;
nd = b4;p3 =c?
Then: (*)o (a+ b+ c)?(a* + b* + ¢*) = (a? + b? + ¢?)® (1)

10 3 b10 c10

Lastly, choose: u® = —;v3 = 2—; w3 ="—:x3 = a(b + ¢);
b+c a+c a+b
y3=(b+c);z2=cla+b)ym®=a;n3=b;p3=c
10
Then: () (£2=) (Zalb + ) (T a) 2
1) (a? + b? + ¢?)°
(a+b+c)°
o (32) @I a) = (@2 + b2 +c2)°,
Proved. Equality & a = b = c.

>(a*+ b3 +c*)? >

13



cos? b - sin? ¢ sin? b cos? b - cos?c

sin? a cos?a-sin’?b cos?a-cos’hb
1.10. 4 =
cos’c-sinfa cos®c-cos?a sin? ¢

X1 X2 X3
A?019 — <x4 Xs xe). If a, b, c € R then find: Q =)_, x;
X7 Xg X9

Solution:

1 sin? a + cos? a sin? b + cos? a cos? b
Letx =|1),AX = cos? bsin®c + sin?b + cos?bcos?c | =

1 cos? ¢ sin? a + cos? ¢ sin? a + sin? ¢
=|1]=x
1

Thus A?(x) = A(AX) = AX = x. Continuing in this way, we get

X1 X2 X3\ /1 1 X1 +x; + X3 1
AV =X=|xy x5 Xe||1]=|1]=2(xa+x5+x5|=1]1
X7 Xg Xog 1 1 X7 + xXg + Xg 1
9
S z xk = 3

k=1

1.11.ifa, b, c > O,§+%+% = 6 then:
3a 3b 3c

< b
a2 +2a+1 ab?2+2b+1 a2 +2c+1 9T E€
Solution:
3x 1
Letf(X)—m,0<x<g
3 — 12x2 12(8x3 —6x—1)

<-1<0,

FO=trmre . = @zrar e
0<x< %. Using Jensen’s Inequality with 0 < a, b, c < %:
a+b+c ot
< . =
Fl@) +FO) + £ <3+ f () e e

With:t =22%¢ ¢=14141>
3 a3b c 1a+b+c
Then:a+b+cZE.So,t25

We must show that: — t < 3t,3<4t?4+2t+1
4t<+2t+1

14



2t24+t—120,(2t —1)(t+1) = 0 (true with t > -) Proved.

1.12.ifa,b,c > 1,a,b, c € N then:
X( ) R () R (PR ) Ry

Solution:

a (be) A (Zaa) AM;M 2\[61” (be) ) (Zaa) _

=2 |ab - (a)z.zb:(Z)z T, b,(2%=o(i))2,( k=0(k)) _

a b

)>2,4m 2)

Za) ( Vz2-4% (3

By addmg (1); (2); (3):
o((3)+() ) +o(C)+ ) +<(C+ () 2
> 2 (4V9P 4 4VP¢ 4 4/°0)

Equality holds fora =b =c = 1.
1.13. Solve for real numbers:

a(zbb) ( )>2-4V_ (1)
)+e (%,
(a

sinx = cosy
sin(x+y) sin(y+./xy) sin(/xy+x)
cos(x+y) cos(y+.xy) cos(/xy+x) -

(
|
Ucos(x—y) cos(y —/xy) cos(\/xy —x)

15



Solution:
sin(x +y) sin(y +/xy) sin(\/xy +x)
A - |cos(x +y) cos(y +/xy) cos(Jxy+x)[=0
cos(x —y) cos(y —/xy) cos(\/xy —x)

T
SiInX = COSY = SInXx = sin (E— )

sin(x +y) =sinx cosy +sinycosx = cos?y +sin?y =1 (1)
s sin? x = cos?y
1—cos?x =cos?y = cos?x=1—cos?y = cosx =siny
cos(x +y) = cosxcosy —sinxsiny = sinycosy — cosysiny = 0
(2)
cos(x —y) = cosxcosy + sinxsiny = sinycosy + cosysiny =
2sinycosy =sin2y (3)

1 sin(y + \/x_y) sin(\/x_y + x)
A=] 0 cos(y+\/x_y) cos(\/x_y+x) =0
sin2y cos(y — \/x_y) cos(\/x_y —x)

We develop after the first column:
cos(y + \/x_y) . cos(\/x_y - x) - cos(\/x_y + x) : cos(y - \/x_y) +
+sin 2y (sin(y + \/x_y) . cos(\/x_y + x) - sin(\/x_y + x) : cos(y + \/x_y)) =0=
= cos(y+\/x_y)-cos(\/x_y—%+y)—cos(\/x_y+g—y)-cos(y—\/x_y)
+ sin2y (sin(y + \/x_y) - cos (\/x_y + g - y)
—sin(\/x_y+g—y)-cos(y+\/x_y)) =0
cos(y +/xy) - sin(y +/xy) = sin(y = /xy) - cos(y — \/xy) +
+ sin 2y (sin(y + \/x_y) : sin(y - \/x_y) — cos(y — \/x_y) : cos(y + \/x_y)) =0>
:>sin2(y+\/x_y) _sin2(y—\/x_y)
2 2

2sin 2 .,/xycos2y
= 5 —sin2ycos2y =0
cos 2y (sin 2 .,/xy —sin Zy) =0

y=i%+kn:>

—sin2y(cos2y) =0=

keZ

s T—T )
X=-—y=—-+—-—kn
2 2 4

Casell: sin2,/xy —sin2y = 0 = sin 2,/xy = sin 2y =
= sin2,/xy =sin2,/y -y =

Casel:cos2y =0 = 2y = ig+2kn=>

16



y =0 sinx > 0
=}‘{ng_kmm,kEN,becausexqty, y>0

1.14.1fa,b,c > 0,a + b + ¢ = 3 then:

1 1 1
a(a+ c)ea+ b(b+ a)eb + c(c + b)ec = 6e

Solution:
1 X - 0
Let f(x) = xex,x > 0 - f'(x) = =D f() = 0°S x = 1
x 0 1 +0C
0 = 0 &

So, fx)=f(1)=e,Vx>0->(a+c)f(a)+ (b+a)f(b)+

+c+b)fc)=z(a+)f()+B+a)f(1)+ (c+b)f(1)
=(a+c+b+a+c+b)f(1)=2(a+b+c)f(1)=2-3-e=6e

1.15.1f 0 < y < x < 2y then:

2 2
x+y<3y m

x(x+y)>3(x—y)ay? — x?

Solution:
Because: 0 < x < 2y » x +y < 3y;4y? — x? > 0. We need to prove:

’ 2 ’ 2
3y<3y2 mﬁl<3y mﬁ(4y2—x2)<2-9y2

o 14y2 4+ x2 > 0 (True).Hence: x + y < 3y? |[—— (%)

4y2_x2
3(x —y)Jay? —x2 <x(x+y)

0<y<x

o 9(x —y)2(4y? —x?) < (x(x +))

17



o 5x* + 36xy3 > 8yx3 + 13x%y? + 18y*
X
<—>5u4+36u>8u3+13u2+18,(u=;;1<u<2)
o 5u*—8u® —13u?+36u—18>0

Let f(u) =5u*—8u —13u?+36u—18,(1<u < 2)
> f'(uw) = 20u — 24u? — 26u+36 - f"(u) =

u=T€£(1;2)
=60u®—-—48u—-26=0-
2+ |2
u=TE(1;2)

89
(2+[7)_ 2
- flw) = f’ : = 5-=(2592 -89v534) > 0

S>f1(5;2)- fw)>f1)=2>05u*—8u®—13u?+36u—18 >0

1.16. x*y =x/1+y2+yV1+ x%,x0y = xy — 5x — 5y + 30,
G = (5,). Prove that (R,*) = (G,o) as abelian groups.

Solution:

We first show that (R,x), where x * y = xy/1 + y2 + yV1 + x2
is an abelian group. Clearly, x * y € R,Vx,y € R
* [s associative suppose x,y,z € R Let x = tana,y =tanf,z = tany
s

<apfy<=
— — a’ B —
2 r=3 . .
(tan @)y/1 + tanZ B + tan S/1 + tanZa sina + sin
X * = (tana an an an =
4 cosacosf
. . . . 2
sina + sin sina + sin
(x*y)*zz—ﬂ 1+ tan?y + tana 1+(—B)
cosacosf3 cosacosf
But1 4+ (sin a+sin ,8)2 _ (1-sin? a)(1-sin? B)+sin? a+sin? f+2sinasinf
cosacosB/) cos2 a cos2 B -
57]
_ (1+sinasin B)? _ sina sin B siny(1+sinasin )
- cos?2acos?p ’ Thus, (x * y) YZ= cosacosf cosy cosacosfcosy -

sina + sinf +siny + sina sin fsiny

cosa cos S cosy

18



sin a+sin f+siny+sin a sin 8 siny

Similarly, x x (y xz) =

cosacosfcosy
Thus, (x*y)*z=x+*(y*2);Vx,y,z€ R
* [s commutative is obvious.

Identity Element = 0,x * 0 = xV1+ 02 + 0V1 + x2 = x;Vx € R
Inverse Element,For each x € R, —x € R is inverse of x.
Indeed x * (—x) = 0
=~ (IR,*) is an abelian group. Next, we show that if G = (5, ), and
aob =ab—5a—5b+30;Va,b € G, then (G, 0) is an abelian group.
Noteaob=(a—5)(b—-5)+5
0 is commutative and its identity element is 6.

0 is associative.Let a, b, c € G,
(@aob)oc=((a=5)(b—5)+5)oc=
=((@a-50B-5+5-5)(c-5+5=(@-5)b-5C—-5+5
Similarly, ao(boc) = (a—5)(b—5)(c—5)+5
~(aob)oc=ao(boc);Vab,c € G
Finally, ifa € 5, thena > 5,and b = 5 + ﬁ is inverse of a. Indeed,

aob=(a-5)0b-5+5= (-5 (=) +5=1+5=6=identity
element.
We now show that ®: R — G defined by ®(x) =5 + gsinh™x
is the required isomorphism of R onto G
As55I"h X S 0 vy € R, ®(x) € G;Vx € R
Forx,y €ER,(x xy) = SSinh_l(x‘/Tyz“’W) +5 (1)
and ®(x) o d(y) = 5sinh ™ x . gsinh™'y 4 5 )
— gsinh™tx+sinh™'y 4 g
Butsinh™!x + sinh™ty = sinh_l(x\/l +yZ+yV1+ xz) (3)
~ from (1), (2), (3): @(x xy) = @(x) o ®(y)
Thus, ® is a homomorphism from (R,*) to (G, a)
® s one - to - one.Let x,y € R and ®(x) = ®(y)
= 5sinh™'x L 5 —gsinh™y 4 5 5 ginh 1y =sinh ly=sx=y
~ @ isone - to - one,® is onto
Lety€EG=>y>5=>y—5>0Lett =logs(y—5)=>5'=y—5
Ast € R,3x € R such that sinh™ x = t or take x = sinh t.
Then ®(x) = 55"h™"* 1 5 =5t 4 5=y 54 5=y. ®sonto.
Hence, (R,*) = (G, 0) as abelian groups.

cost -—sint

1.17.Find 4 = (Sin i

), t € R, such that:
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A*—4A% + 64> -4A4+1, = 0,

Solution:
An = (cos nt —sin nt) N
4 - si:r))l nt g:osgnt ) o
cos4t sin4t cos3t —sin 3t cos2t —sin2t
= —4 6 -
(sin 4t cos 4t) (sin 3t cols 3t0 ) O(Sig 2t  cos2t )
cost —sint
_4 =
(sin 5 cost ) T (0 1) (0 0) =z
I cos4t —4cos3t+6¢cos2t—4cost+ 1= 0}

Il sin4t —4sin3t+ 6sin2t —4sint+0=0
[ +ill: cos4t + isin 4t — 4(cos 3t + i sin 3t) + 6(cos 2t + i sin 2t) —
—4(cost+isint)+1=0=
= (cost +isint)* —4(cost + isint)® + 6(cost + i sin t)?

—4(cost +isint)+1=0

cost+isint=z=2z*—4z34+6z2—4z+1=0
z-1D*=0=>z=1

cost=1

cost+isint=1= ", }=>t=2k7r;kEZ
sint =0

__ (cos2km —sin2knm
A= (sin 2km  cos2km )

1.18.I1fa,b,c,d > 0,a+ b + c + d = 1 then:

4|71 1 1 1 255

w2V = —p2) 2 —g2) >

j(az @) (%) (@~ ¢) (z- )= 1
Solution:

1_[ (% - a2> — 1_[ <1 ;Za‘*) _ 1—[ <(1 -a)(1 Zza)(l + a2)>

:n((b+c+d)(2a+b+c+d)(1+a2)

a?

>('.'1=a+b+c+d)

@ +{[I(b +c+d)2a+ b+ c+ DHHI + a?)}
B (abcd)?
Now, [[b+c+d)=bh+c+d)(c+d+a)d+a+b)(a+b+c)

S’ (3¥bed) (3Yeda) (3¥dab) (3%abe) = 3*(abed)

= LHS
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®
= [1(b + ¢ + d) = 3*(abcd). Again, [12a+b +c+d) =

=QRa+b+c+d)2b+c+d+a)2c+d+a+b)2d+a+b+c)
A-G

> (si’/ azbcd) (si/bzcda) (si/czczab) (si/dZabc) = Sabed

i)
= (2a+b+c+d) = 5*abcd)

(iii)

()-()= TH( + ¢+ d)2a+ b+ c+ )} > 15" (abedy’
15*(abcd)?{[1(1+a?)} _ 255
(iii), (1)=>LHS> \[ (abed)? = 153TI(1 + a?) =

1 ? 17 ? 7
_ 20> In— 2y > -
=>41n{1_[(1+a )}_ln16=)Zln(1+a )@4ln16
Obviously, - a,b,c,d >0|Y>a=1-~0<a,b,c,d <1
a2
Let f(x) = In(1 + x2) Vx € (0,1). Then, " (x) = 2(1-x%) >0

(1+x2)2

Jensen Sa
= f(x)isconvex - ¥ In(1 +a?) > 4ln(1+( ) ) =

=4 ln( E) =4 lng = (2) is true = given inequality is true

1.19.1f A,B,C € M,,(C);n € N;n > 2;4A + B = 2AB;
9B + C = 3B(C;16C + A = 4CA, then ABC = CBA.

Solution:
4A+B = 2AB = 2A+-B = AB (1)

1 1
(In—ZA)(In—§B>:In—ZA—§B+AB:

1 (1)
=In—(2A+§B>+AB =I,—AB+AB =1,

(I = 24) (I, = 3B) = I :>(1 —24)" =1,-3B (2)
I = (I, — 24)~1 - (I, — 24) = (1 —13)(1 _24) =

1 1
:In—ZA—§B+BA:In—<2A+§B>+BA = I, — AB + BA
I,=1,—AB+BA=0,=—AB+BA= AB = BA (3)

9B +C=3BC=3B+:C=BC (4
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1 1
(In—BB)(In—§C>=In—3B—§C+BC=

1 (4)
=In—(3B+§C>+BC 2, —BC+BC=1I,

(1 =3B) (=€) =1, = U, —3B) " =1, —C (5)

b= U= 38)" (G~ 38) 2 (1, —3€) 1, — 38) =
1 1 4
=In—3B—§C+CB=In—<3B+§C>+CB =1,—BC+CB
I,=1,—BC+CB=0,=-BC+CB= BC=CB (6)
16C +A=4CA= 4C+5A=CA (7)

1 1
(In—4C)(In—ZA> = Iy —3A—4C+CA =
1 (7)
=In—(4C+ZA>+CA =, —CA+CA=1I,
i 1
(In—4C)(In—ZA> = Iy —4C — ;A +CA =
1 (7)
=In—(4C+ZA>+CA =1 —CA+CA=1,
U =40) (la—24) =1, = 1, —40) " =1, =24 (8)
(8) 1
I, = (I, — 4C)~1(I, — 4C) = (1,, - ZA) (I, — 4C) =
1 1
=lp—4C A+ AC =1, - (4C+ZA>+AC =1, —CA+AC
I,=I1,—CA+AC=0,=—CA+AC = AC =CA (9)
ABC = AGBC) 2 ACB) = (A0)B 2 (cA)B = c(4B) 2 c(BA) = cBA
1.20.1f x,y,z t € (0,1);3V3(xyz + yzt + ztx + txy) = 4 then:

yzt N zZtx N txy N xXyz -
x(1—x2) y(1-y2) z(1—-22) t(1—-1t2) "

Solution:

aM-eM [2x% +1—x2+1—x2\°
2x2-(1—-x>)(1—-x?) < ( 3 >

8 4
2x2(1 —x2)2 < —=x2(1—-x¥)2 < —
( ) ( ) 33

27
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2 1 3v3
= )_3\/_:>x(1—x2)_ 2
yzt \/—
x(1- x2) = _th (1),Analogous:

33 3v3

t 3v3
S 2y () s 2Tty (3 =y (4)

By addmg (L (2] (3); (4):

txy xyz

x(1—x2) y(l — yz) z(l —z2) t(l —t2) —

3v3 3V3 4
z—- (yzt + ztx + txy + xyz) = :

2 3V3

Equality holds forx =y =z =t = —

3

yzt

1.21.If a, b, ¢, x4, X5, x3 > 0 then:

(a+ b+ c)(ax] + bx] + cx}) = (axy + bx, + cx3)%(ax? + bx} + cx3)
and prove that:

(a+b+ o (S +£+C) (C+245) (L4240 5)

+ J—
b ¢ a/ \b?2 c? a2
Solution:
a(x?)® b(x3)°® c(x2)°
ax] + bx] + cx 4 i é =
x1 X3 X3

_ (@D (bx%)e (ex3)” RAZON (axfrbafrexd)” )
T (axp)5 0 (bxp)5  (cx3)® (axi+bxy+cx3)®
(ax1)?  (bxy)?  (cx3)* RADON (ax; + bx, + cx3)?
ax? + bx2 + cx2 = — 42 43 > L z 3
a b c a+ b + c
a+b+c> (axi+bxy+cx3)? (a+b+ C)5 (axq1+bxy+cx3)10 2)
—  ax?+bxZ+cx? (ax?+bx3+cx 3)

By multiplying (1); (2):
(a+b+c)(ax] + bx] +cx3) =

- (ax? + bx3 + cx3)6 (ax, + bx, + cx3)'°

~ (axy + bx, +cx3)’ (ax1 + bx3 + cx3)°

(a+b+c)(ax] + bx] +cx3)

> (ax; + bx2 + cx3)° (ax1 + bxZ + cx3)
For x, = !

b c a b c\’/a b c
(a+b+c)5( ot )2(5+Z+_ ( )




1.22.Find x,y,z > O such that: (1 + x)*(1 + y)3(1 + z)? = 256xyz
Solution:

X y z 1

112 A+ 00+n 0 00 +00+2 A+00+0+2)
I4x-1 1+y-1 1+z-1

Trx 0100+ +0d+n0+2)
1

Taroa+nd+o

=(1_1ix)+<1j—x_(1+1x)1(1+y))+

1
+ ((1 o +y) GO0+ z)) +

DD
X y

1

Z
T 1rx 0100+ A+ +nd+o
1

tasoa+na+o s

AM-GM 4| x y z 1
= 4 1+x A+00+y) A+00+y)A+2) A+00+y)(A+2)

_ 4 xXyz
B (1+0*A +y)3(1 + 2)?

1 xXyz
T (1 +0* (1 +y)*(1+2)* = 256
A 0r Ay Rar e AT+ xyz
Equality holds in AM-GM if:
X y _ z _ 1
1+x (A+x00+y) A+x00+y)A+2 A+x)A+y)A+2)
1
y z 1 7 1
= Y = s z=1 =—;x=5==
EI Y T T Ty TN T3
2

. 1 1
Solution: x =3y =5:zZ= 1

1.23.If a, b, c = 0 then:

(ab N bc +a >6<ab6+ bc® + a®
1+a (1+a)(1+b)) " 1+a (A+a)(+b)
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Solution:
a b 1

1ta Ot +b) Ar00+D)
_1+a—1 1+b-—-1 1

1te 100+ Gro0+d

1 1 1 1
= (1) * (o (1+a)(1+b))+(1+a)(1+b)_1
Letbe f:[0,0) = R; f(x) = x°
f'(x) =6x%f"(x) =30x*>0
By Jensen’s inequality for A,A,,A3 > 0; then: A + A, + 13 =1
fQaxs + Axx5 + A3x3) < A1 f (x1) + 2,1 (x3) ‘|1'A3f(x3)

a b
For A, = ra’ Ay = (1+a)(1+b)’ Ay = (1+a)(1+b)

a b <
f<1+ax1+(1+a)(1+b)x2+(1+a)(1+b)x3) =

a
T AC Ve curn yeurwn VACC Rl e T +b)6f("3)

a b 1
<
(1+ax1+(1+a)(1+b)x2+(1+a)(1+b)x3) =
< a 6_|_ b 6_|_ 1 6
1+t T U+ 2 T 0+ +n)™
Forx, =b;x, =c;x3=a
ab bc a 6 ab® ba® + c®
( + + ) < +
1+4a (1+a)@+b) (A+a)A+b) 1+a (A+a)+Db)
( ab N bc+a )6< ab® N ba® + c®
1+4a (1+4+a)@+b)) " 14a (@A+a)d+b)

1.24. Find x, y > O such that: (1 + x)3(1 + y)? = 27xy
Solution:
X y 1
+ + =
1+x (1+x)0+y) QA+x)A+y)
C1+x-1 4 1+y-1 + 1 _
T 14x 1+x0+y) A+x0A+y)

(1 1 1 1 _,
‘( _1+x>+<1+x_(1+x)(1+y))+(1+x)(1+y)_
X y 1
=T T anaspn taroa+y >

AM;GM 3 X y 1 _
= 3 1+4x A+00+y) A+0A+y)
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_ 33 Xy 1> 33 Xy
B (1+x)301 +y)?’ - (1+x)3(1 + y)?
(1 +x)3(1 + y)? = 27xy. Equality holds in AM-GM if
X y 1
= = = = 1
T+x (A+00+y) A+oa+y Y
1 1

X
= = - —
T+x (+x0-2 " 72

1.25. Find x, y,z, t > 0 such that:
1+x)°A+y)*(1+2)3(1 +t)? = 3125xyzt

Solution:
x y z t

T+x A+n0d+y T a +x)(1+y)1(1+z)+(1 T0d+0+200+0 T

+(1 +x)1+y)A+2)(A+1) -
_1+x-1 1+y-1 1+z-1
S Ti+x A+00+y 0rnd+y0+2
1+t-—-1
t a0+ +0d 0
1

ta FOA+NATHAFD =

=(1_1j-x)+<1+x_(1+x)(1+y)>

1 1
1 +<(1 Tod+y) d 00 +y)(1+z)> +

+ ((1 T 0d+0(0+2 A+ +nd+od+ t)) +
1
1

T a0+ na+00+0
X Z

1=1+x+(1+x)(1+y)+(1-tl-x)(1+y)(1+z)

ta o0+ narnaro
1

Taro0+nd+00+0 >

AM;GM x y V4 t 1 _
= 2 1T4x Q+00+y) A+00+00+2 0+00+0A+20+0) A+0A+0A+20+0

_c 5 xyzt
7 A+ 05A +)* (A + 2)3(1 + )2
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xyzt
T+ 231+ y)*(1 + 2)3(1 + t)?
1 +x)°A+)*(1+ 231 + t)? > 3125xyzt
Equality in AM-GM holds if:
VA

1>55

X _ y _ _ t _
1+4x A+x00+y) A+x0)0+y)A+2) A+x00+y)A+200+t)
1

TA+00+nA+20+0
VA

1
L=l T+t G nd+nd+n 2 2-2
1 1
y 2 L2l
DA+ 14 0a+y)(1+47) >3
1 1 1 1
X 3 3 3 3
= > X = = = == —
1+ x 1 1 341 4 4
(1+x)(1+§) 1+§ —3 3

Solution:x=1;y=l;z=l;t= 1
4 3 2

1.26. Letbe G = {a + bi5 + c3\/25|a, b,c € Q}. Prove thatif x € G
then, x%91% € G.

Solution:
Letbex=a+b§/§+c§/ﬁ;a,bEQ,y=d+e§/§+f?i/ﬁ;d,e,fEQ
xy = (a + b5+ c¥25)(d + eV5 + fV25) =
= ad + aeV/5 + af V25 + bd /5 + +beV25 + 5bf + dcV25 + Sce
+5fc¥5 =
= ad + 5bf + 5ce + (ae + bd + 5fc) V5 + +(af + be + dc)V25 € G
because: ad + 5bf + 5ce; ae + bd + 5fc;af + be +dc € Q

X, yEG=>xy€elG (1)
(€Y) )
XEG>2Xx-XEG2>x? xEG=>x"€EG;n €N

Inductively. Forn = 2019 = x2°1° € G.

1.27.ifa,b,c € N; ab + bc + ca = 27 then:

135 + “a2e - b2 + "[b2b . c2c 4 2 a2e < 2(a + b + ¢)?
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Solution:
a*+a*+-+a’+b*+b*+ - +b?

a+b 2a . p2b — a+b 2\a . 2 bAM_GM for "a" times for "b" times —
\/a 2 ’ 2\/(a )3 (b 3? y 2 ¢ +2b
_a-a*+b-b* a’+b _(a+b)(a —ab+b)_ 5 5
= = = =a“—ab+b
a+b a+b a+b

Z “Vaza - b2 < z:(a2 —ab + b?) =

cyc cyc
=zza2—zab=2(a+b+c)2—4zab—zab=

cyc cyc cyc cyc
=2(a+b+c)2—szab=2(a+b+c)2—135

cyc

135+ Z “Yaza - p2b < 2(a+ b+ c)?

cyc

Equality holds fora = b = c = 3.
1.28. If x > 0 then:
1 1
{x} + {x + E} + {Zx + i} > 2,/{4x};

{x} = x — [x]; [*] - great integer function

Solution:
(22}~ )~ fx + 3} =
= 20— (2]~ (e~ L)~ (x 45— x4 5]) =
=2x—[2x]—x+[x]—x—%+[x+%] =
=[x+ | +%] ~[2x] 5 " (2] — [2x] 7 =~

- -{x+3l=-3 @
Replacing x with 2x in (1): {4x} — {2x} — {Zx + %} = —% (2)
By adding (1); (2): {4x} — {x} — {x + %} — {Zx + %} =-1

{x}+{x+%}+{2x+%}= 1+ (xS 2T ) = 2T

28



1.29.1f a,b,c > 1,abc = e then:

logVbc

(log\/ﬁ)logm(log\/b_) - (log \/_) >10ga logh - logc
Solution:
(ln\/a_)lnr (ln\/_)ln‘/_ (n\/_) Vac >Inalnblnc

B

YInVab Inab Invbc MGz=MH
"J(nva)™ " .(wm“ © . (i)™ "%
lnm+ln\/_+ln\/_c InVa2b?c? Inabc _Ine® 3lne _

2 = = =
ln\/ab+1n\/ _l_ln\/ 3 3 3 3
Invab Invac In+bc

MA<MG /Ina +Inb + Inc\> Inabcy? 3\3
Inalnblne < ( ) =( ) =(—)
07 e
>
So,B<1}:>A>B

1.30.Ifa,b,c,d > 0,ac = bd then:

(a+b)(b+c)(c+d)(d+ a)

>
ab(c+d) + cd(a + b) > 4Vac

Solution:
ab(c + d) + cd(a + b) = abc + abd + cda + cdb “Z* abe + aac +
+cda+cac =ac(b+a+d+c) —ac(a+b+c+d)

(a+b)(b+c)(c+d)(d+a)=(ab+b?+bc+ac)(ca+cd + d? + da)
(ab+b2+bc+bd)(bd+cd+d2+da)—b(a+b+c+d) dlb+c+d+a)=

ac= bd

=bd(a+b+c+d)?*= ac(a+b+c+d)2
(a+b)(b+c)(c+d)(d+a)_ac(a+b+c+d)2
ab(c+d)+cd(a+b) _ac(a+b+c+d)

M-GM
=a+b+c+d > 4%Yabcd 44 (ac)? = 4/ac
Proved. Equality if and only lfa =b=c=d
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1 2 3 n

1 23 33 . nd
131.4, =1 25 3> . nS |,n=2

1 ZZn—l 3211—1 nZn—l

Find:
. An+1
= lim (n2"+1 : An)

Solution:

First, we will prove A, = 1!-3!- ...- (2n — 1)! (1) by mathematical

induction. For P(2): A, = |1 2 | = 6 true.

1 23
Let P(n) true and we will prove P(n + 1)
1 2 n X
3 3. 3 3
leefe=| 2 o
121.l+1 221:l+1 n21:l+1 x27'1+1

f € R[x]and grad f = 2n+ 1 and have 0, +1,+2, ..., +n roots =
f(X) = apnyr (x — x1) (X — x3) oo (X — X2p41) =
fO)=113--C2n—Dx(x?-1)(x%? =22 (x>—n?) >
Appr = 1131 2n-=1D!2n+ 1)! = P(n+ 1) true.

From (1)= Q = lim,_,, nzAnT:lAn = lim, o, (72:21:3' (2)

_ (@n+1)! . Xn41 _ 1s (2n+3)! n2ntl
Letx, = n2n+i’ limy, Xn limy e, (n+1)2"+3  (2n+1)!

. @2n+3)2n+2) nto

Tabe  (m+ D2 (n+ D)2

2n+1
. 2n+1 . ny, 4
et () =it [ =2 <1
From (2)+(3)= Q = 0.
132.X,¥ € My(R), X + X7 = y21 4y = (1 71

Find:

Q=i n|Tr (X"+1)
T e | Tr (ve)

2=(5 vzt

Solution:
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2= (G )=02a Z05d)
ZX=(—11 _11)? Z)z(—aa_:c —bb_+dd)
a—-b=4+a—-c>b=c
=>—a+b:b—d=>a:d
c—d=—-a+c=>a=d
_%+d:_rlr?1+%:w:b
x=( )r=0 m
(a+b)*+(a-b)* (a+b)*—(a-b)"

) _ 2 2
We know that: X™ = (@D —(a—b)"  (a+b)"s(a—b)™
2 2
19 17 _ 1 -1
X7+ X = (_1 1 ) =
(a+b)°+(@-b)?"* (a+b)'7 +(a—-Db)
> > + > =1
(a+b)?—=(@-b)° (a+b) —(a—-b)
2 * 2 =1
{(a +b)®+(a+b)7 =0 {(a +b)7((a+b)*+1)=0 S b= —g
a-— + (a — = a— a— +1) =
(a=b)?+(@-b)"" =2 a-b)""((a=b)*+1) =2

)Y ((2a)?+1)2 t¥+t'7"-2=0
tP -1+t -1=0
E—DEB+tV7 + o+t + D+ DA+t + - +t+1)=0
1

1
t—1=0t=1 2a=1;a==;b=—=
= za a 2 2

e+t e+ 1L+ +E+1=0

>0 >0 imR
1 1
So, x = 51 2
1
Analog Y = 51 _15 = X+l = 51 _15 Tr X"l =1
i 1 1 ’
o= 2 2] pymer g
2 2

N n? |Tr (xn+1) n2 |1 1 tant
= — = 1 constant sequence
Tr (Y7+2) 1 q
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1.33.ifa,b,c,x,y,z > 0;a + b + ¢ = 3 then:
a® b - c¢(x +y+2z)3 > 27x%Pz¢

When does the equality holds?

Solution:
By weighted GM-HM:
a+b+c a b [
\/(g) (é) (E) > a+b+c :a+b+c
ve y z x+y+z
a b c
X ; Z
an® (b\" se\¢  ja+ b4 c\*HPTe
—) (=) (=) >
(x) (y) (z) (x+y+z) (x+y+z)
a® b CC
x¢ yb z¢ (x+y+z)3
a®-b? - cc(x +y+2)> > 27x%yPz¢
Equality holds fora=b=c=1landx =y = z.

1.34.ifa,b,c,x,y,z> 0;a+b+c > x+y+ zthen:

aabbcc > xaybzc

Solution:
By weighted GM-HM:
atb+c (a)a (b)b (c)c> a+b+c _a+b+c>
X y z/ Cx+y+zo
a b c
x y z
a+b+c c
SrXrytz x+y+ zZ \/ f) >1
x+y+z Z
a a
—) . [=) . (= a b c€ b..,c
(x) (y) (Z) =>1,a%-b >x%-y°.z

Equality holds for x = a;y = b; z = c.

1.35.1fa,b,c,d, x,y,z,t > 0 then:
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(QX)a'(by)b'(CZ)c'(dt)d ( xyzt )a+b+c+d
(a+ b+ c+ d)atbrerd = \xyz + xyt + xzt + yzt

Solution:
Ifa,b,c,d,u,w,s > 0 by weighted GM-HM:

j @G @)

¢ a+b+c+d _a+b+c+d

“a , b ¢, d u+v+w+s
atptctyq
u p w g

S

(a)a (b)b (c)c (d)d>(a+b+c+d)“+b+c+d
u v w s/ T \u+v+w+s
1 1 1 1
Letbeu=;;v=;;w=;;s=;

(ax)® - (by)? - (cz)¢ - (dt)* = (a+ b +c+d)etbtctd

a+b+c+d
it

Y b+c+d
a+b+c+
(@)? - (by)” - (c2)® - (dD)? 1 B
(a+ b +c+d)etb+era =\ xyz+ xyt + xzt + yzt B
xyzt

a+b+c+d

_ ( xyzt )
~ \xyz + xyt + xzt + yzt

1.36.Ifa,b,c > 0;a + b + c = 3 then:
1 1 1
(a+ c)ea + b(b+ a)eb + c(c + b)ec = 9e

Solution:
Letbe f:(0,0) » R; f(x) =e*; f'(x) =e%;f"(x) =e*>0; f
convexe. By Jensen’s inequality:
ehX¥ithaxatlsxs < ) %1 4 2 e%2 4+ A3e%3 (1)
M+ +A3=1;1,4,13>0
We take:
a’ + 2ac b? + 2ba c?+2ch

Carbror T G@rbr o M T @rbro?
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a’ +2ac +b*+2ba+c*+2ch  (a+b+c)*

CRECREC (a+Db+c)? “(a+b+o)?
1 1 1
x1=a;xz=5}x3=z

Replace in (1):
a’+2ac 1 b%*+2ba 1  c*+2ch 1
ela+b+c)2 a’ (a+b+c)2 b (a+b+c)2 ¢ <

a’?+2ac 1 b?> +2ba 1 c?+2ch 1

< ea + eb + ec
(a+b+c)? (a+b+c)? (a+b+c)?
a+2c+b+2a+c+2b a? + 2ac l b2 +2ba 1 c2+2ch 1

e (a+b+c)2 b ec
_(a+b+c)2 (a+b+c)2 (a+b+c)2
ea+b+c : (a +b+c)? < (a®+ 2ac)ea + (b? + 2ba)eb + (c? + 2cb)ec
e§ 32 <ala+ c)eE + b(b + a)eF +c(c+ b)eE

1 1 1
al(a+ c)ea+ b(b+ a)eb + c(c + b)ec < 9e
Equality holds fora=b =c = 1.

1.37.1f 0 < y < x < 2y then:
x(x + y)/4y? — x2 < 3y3V3
Solution:

Let’s consider AABC; BC = a = xy;AC =b =y%AB =c = x? — y?

a<b+coexy<x?’-y’+y’oey<x (true)

b<at+cey*<xy+x?—y?ox(x+y)>2y?
But: x(x +y) > y(y +y) = 2y?

c<a+bex*—-yi<xy+y? e x?<ylx+2y)

S 2y2+xy—x2>002t2—-t—-1>0;t =

A=9;t; =2;t, = —1;min(2t? -t —-1) = —

t>1=22t2—-t—-1>2-12—-1—-1=0 (true)
Denote s — semiperimeter; R — circumradii

Q| O I
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__a+b+c _ xy+y%+x?i-y?  xZ+xy 0

2 2 2
@+ b _xty?+ oy oyt
2ac - 2xy(x% — y2)
_ xtoxlylaytoyt  x2(x2-y?) _ x
= 2xy(x2-y2) - 2xy (x2-y2) - 2y <1 (true)

xz /4 2—X2
sinB=+y1—-—cos?2B = |1-— > = 4
/ 4y 2y
3

po_ b _ y? _ Y
~ 2sinB 2 _ 52 2 _ o2
). JAyr—x2  J4y? —x
2y
By Mitrinovic’s inequality: s <
33, __ ¥

(x+y)
By (1); (2): =5 <= N
x(x 4+ y)/4y? — x2 < 3y3V/3

(Equality doesn’t hold because AABC can’t be an equilateral one:
x<y=>xy<y?’=>a<bh)

cosB =

33

2

R

1.38.1f 0 < y < x < 2y then:
x(x+y) > 3(x—y)/3(4y> —x?)
Solution:

Let’s consider AABC; BC = a = xy; AC =b =y%,AB = ¢ = x? — y2.
a<b+cexy<x?’-y?+y?ey<x(true)
b<a+coey’<xy+x?—y?ex(x+y)>2y?

But: x(x +y) > y(y + y) = 2y?
c<at+tboex?-y’<xy+y?ex?<ylx+2y)
<:>2y2+xy—x2>0<:>2t2—t—1>0;t=%
A== g =1 "0
=%t =—— =2, = 29 =
min(2t? —t—1) = ~3

t>1=22t2—-t—-1>2-12—1-1=0 (true)
Denote s — semiperimeter; F — area; r - inradii
_atbtc _ xy+yi+x?-y?  xZ+xy (

1)

2 2 2
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az_l_cz_bz _x2y2+(x2_y2)2_y4_
2ac B 2xy(x% — y?)

_ xtox?ylytoyt | xP(x?-y?) _ ox
2xy (x2-y?2) ny(x2 2y 7 2y <1 (true)

sinB =+v1 —cos?B = /1— o7 —_— (2)
1 ) 1 ) /y —x2

F=—acsinB==-xy-(x?—-y2)-
2 2 2y
F = NI )

By Mitrinovic’s inequality:
s > 3+/3r (Equality doesn’t hold because AABC can’t be an
equilateralonex <y = xy <y?=>a <b)

F
S>3\/_~—:>52>3\/_F
By (1); (2): % Wy) > 343 . X y)(x+y)m

x(x 4+ v) > 3vV3(x — y)\/4y —x2 x(x+y) > /3(4y2 — x2)
x(x+y)> 3(x—y)\/3(4y —x?

1.39.1f x,y,z > 1; xyz = 8 then:

X z

G +G) + () =3

- (1 + (f— 1)>x PRSI +x(§— 1) x—1

cosB =

Solution:

G

X

2
X2
<:>1+7—x2x—1
xZ
7—2x+220<:)x2—4x+420<:>(x—2)220

(;)xZx—l,(%)yZy—l,(g)ZZZ—l
By adding: (%)x + (X)y + (E)Z >x+y+z—32

2
AM-GM

> 33 xyz—-3=3Y8-3=3.-2-3=3
Equality holds fora = b = c = 2.

36



1.40.1f a, b, c € N\ {0, 1,2, 3} then:

b%-Ya+c2-Vb+a? c=>48V2
Solution:
By induction we prove 4™ > n*;n > 4
Forn = 4= 4* > 4* (true)
P(n):4™ = n* (true)
P(n+1):4"! > (n+ 1)* (toprove)
4+l = 4" . 4 > 4n* > (n+ 1)* (to prove)
W = m >m/2>n+1
nvV2-1)=4(2-1)>1e4V/2>5<32>25
P(n) » P(n+1)
Ifa,b,c=4=%a>Va=vZ; Vb =>V2; {c=V2 =
1 1 1 1 1 1

Q
Q
S
(I

(a+b+c)> W @+4+4)? 9
> > =
T 1 1 3
Va ¥b Ve V2

b2 -%a+c? Vb +a?-§c>48V2

141.1f m,n,p,q € N;m,n,p,q = 4 then:
4"(4"+1)+4™(4™+ 1)+ 4747 + 1) + 4941 + 1) = 4mnpq(mnpq + 1)
Solution:

We prove by induction: 4™ > n*;n > 4

Forn =4 = 4* > 4* (True)
P(n):4™ = n* (True)
P(n+1):4™"1 > (n+ 1)* (to prove)
4+l = 4" . 4 > 4n* > (n+ 1)* (to prove)

4\/n4-424w/(n+1)4<:>n\/§2n+1@n(\/§—1)21
Butnz4=n(V2-1)24(2-1) =21
42 >532>25P0n) ->Pn+1)
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mn,p,q=4=4" = n* 4™ > m* 4P > p*; 49 > q*. By adding:
AM-GM
4"+ 4m 4P 49 >t mt +pt + gt =

> 4y/n*-m* - p*-q* = dmnpq (1)
jmn + 167 + 167 + 169 QU-AM 47 1 47 4+ 4 + 40 (1)

>
4 = 4 = mnpq

By squaring: 16™ + 16™ + 16 + 169 > 4m?n?p?q? (2)
By adding (1); (2):
16" + 4™ + 16™ + 4™ + 16P + 4P + 169 + 49 = 4m?n?p2q? + 4mnpq
AN(4" 4 1) + 4M(4™ + 1) + 4P(4P + 1) + 49(47 + 1) > 4mnpq(mnpq + 1)

sin? a cos?asin’b cos?acos?b
1.42.1fa,b € R; A = | cos? bsin? ¢ sin? b cos? bcos?c
cos?csin’a cos®ccos?a sin? ¢

X1 X2 X3
A"=<x4 X5 Xg ;nEN;nZZ;xiER;iEﬁ
X7 Xg X9
then find Q = Y7, x;
Solution:
1 sin® a cos?asin?b cos?acos?b\ /1
A- (1) = (cos2 b sin? ¢ sin? b cos? b cos? c> (1) =
1 cos?csin?a cos?ccos?a sin? ¢ 1
sin? a + cos? asin? b + cos? a cos? b sin” a + cos?® a (sin® b + cos® b)
= (cos2 b sin? ¢ + sin? b + cos? b cos? c) = | sin® b + cos? b (sin? ¢ + cos? c)> =
cos? csin?a + cos? c cos? a + sin? ¢ sin? ¢ + cos? ¢ (sin? a + cos? a)

sin® a + cos® a 1
= (sin2 b + cos? b) = <1)
sin? ¢ + cos? ¢ 1
1 1 1 1
(1) =aa(1) (1) (1)
1 1 1 1

1 1
P(n): A™ (1) = <1) (suppose true)
1 1

1 1
P(n+ 1):A™*1 (1) = <1) (to prove)
1 1
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1 1 1 1
(1) =ae(3)=a(2)- ()
1 1 1 1
P(n) » P(n+1)
1 1 X1 X2 X3 1 1
w(1)=(2)= (2 2 2)()-0)
1 1 X7 Xg X9 1 1

X1+ x5 + x5 1 9
=><x4+x5+x6)=<1):»in=9:~9=9

X7 + Xg + Xg 1 i=1

1.43.1fa,b,c >0;neEN;n>2;x; ER;i€1,9

a? 2ab b?
/(a +b)2 (a+b)?2 (a+ b)z\

4 | c? b? 2bc I an il iz
;AT = | Xg
| (b+c): (b+c¢)2 (b+c)? | X; Xg
\ 2ca a? c? /
(c+a)? (c+a)? (c+a)?
then find: @ = Y}, x;
Solution:

c? b? 2bc
(b+c)2 (b+c)?2 (b+c)?

I/(a+b)2 (a+b)2 (a+b)2
= |
|

)
(2)-
|

\(CZ:C;)Z (C-T-a)2 (c+a)2/

a? + 2ab + b? (a + b)?
(a+ b)? \ /(a+b)2

Ic +b2+2bcI (c+b)2I
| (b +c)? | | (c+b)? |
\20a+a +c/ (c+a)2/

(c+a)? (c +a)?

o ()
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By induction:

1 1
P(n): A" (1) = (1) (suppose true)
1 1

1 1
P(n+1):A"1( 1 =<1 (to prove)

(s wfleo)-0

P(n) » P(n+1)

1 1 X1 X2 X3\ /1 1
“()-()-C = 2)()-0)
1 1 X7 Xg X9/ \1 1
x1+x2+x3 1 X1+x2+x3=1
:><x4+x5+x6)=<1>=>x4+x5+x6=1
X7 + Xg + Xq 1 X7 +xg+x9=1

:>Q=le-=1+1+1=3
i=1

1.44.1f a,b,c,d > 0; a’cd + b*>da + c?>ab + d*bc = 4abcd then:
a? 2

2 2
) B E G ) o

Solution:
Ifu>0=>@w—-1)%u+1)=0
W -2u+1Du+1)=0
w+ur-2ut-2u+u+1=0
wW—-—uw—-u+120=>uwd>u?+u-1

a . b c a
Foru = " and successively u = u=ju=o then:

() =) +()-1 @

B =+ ()1 e
=001 0
@ =+ (-1 0

By adding (1); (2); (3); (4):
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NGENOEDN IS

cyc cyc cyc

2 b d
=Z(§) +%+Z+§+5_4=

cyc

2 a%cd + b*da + c?ab + d*bc — 4abcd 3

- Z (%) + abcd
i a\? 4abcd — 4abcd a2
- Z (E) + abcd - Z (E)

cyc cyc

1.45. If a, b € C then for any z,, z,, z3 € C the following relationship
holds:
|zy + a+b|+ |z, —a|l + |z3 — b| <
<|zy+2z,+2b—2z5|+ |z +2z3+a—z,+ a| +
+|—zy + 2z, + z3 — 2a — 2D|
Solution:
|zy + 2, — 23+ 2b| + |2y — 2, + 23 + 2a| = |2z, + 2a + 2b| (1)
|z, + 2, — 23+ 2b| + | =2y + 2z, + z3 — 2a — 2b| = |22, — 2a| (2)
|zy + 23 — 2, + 2al + | =2, + 2, + 23 — 2a — 2b| = |22; — 2b| (3)
By adding (1); (2); (3): 2RHS > 2LHS = LHS < RHS

1.46.1f a, b, c = 1 then:

1 1 1 1 1 1 1 1 1
(aa+bb—CC><bb+CC—aa>(cc+aa—bb)
1 1 1 =8
aa - bb - cc

Solution:
la] < a < [a] + 1;[*] — great integer function

BERNOULLI
20 >2[d =1+ > 14[a]l>a

1 1 1
2>a=>02Ya>qa>1=>2>aa>1

1 1
Analogous: 2 > bb > 1;2 > cc > 1

1 1 1

ac+bb>14+1=2>cc

1 1 1 1 1 1 1

1 1
aa + bb > cc. Analogous: bb + cc > aa; cc + aa > bb
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1 1 1
aa; bv; cc can be sides in a triangle.
In a triangle with sides x,y, z by Padoa’s inequality:
x+y—2)y+z—x)(z+x—7vy) <8xyz
Gty-2y+z-0GE+x-y)

xXyz

<8

1 1 1
Forx = aa;y = bb; z = cc

1 1 1 1 1 1\/ 1 1 1
(aa+bb—CC) (bb+cc—aa> (cc+aa—bb)
1 1 1 S8
aa - bb - cc

Equality holds fora =b =c = 1.

1.47.1fa,b,c > 0,a 4+ b + c = 1 then:

2ab 2bc 2
(a + b) _ (b + c> . (C + a) ca S ga-a® . ph-b? . o-c?
2 2 2 -
Solution:
a+ b aM-Gm a + b\2% 2ab
=™ ab = ( - ) > (Vab)™

2ab

l_[ (a er b) 2 n(@)zab = ﬂ(ab)ab -

cyc cyc cyc
— (ab)ab . (bc)bc . (Ca)ca — aab . bab . bbc . Cbc . cCe . gl =
— aab+ca . bab+bc . Cbc+ca — a(b+c)a . b(a+c)b . C(b+a)c —

= q(t-®a . pA-b)b . (1-c)c — aa—a2 . bb—b2 . cc—¢

2

1.48.1f x,y,z € R then:

V3(x? +y? + 2%) = |x? + y* — 22| + 2]z|(|x| + |y])
Solution:
(x2+y2+2%)? = (x> + y2 —2z9)? + 2yz)* + (2x2)* =
x2 4+ v2 — z2|)2 2|vz)?2 2|xz?
_( y1 I)+(I3;I)+(|1|)2
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cBS (Ix + y2% — 22| + 2|z|(|x] + |y|)) AM>GM

1+1+1
>Gx41/—2ﬂ+4mwbz

- 3
3(x2 4+ y2 +2z2)? = (|x% + y? — 22| + 4|xyz|)?
V3(x% + y2 +22) > |x2 4 y2 — 22| + 4|xyz|

1.49. Solve for real numbers:

( 1<x,yz<3
{( vt )<1+1+1)_35
XY TNy T 2) T3

k 3Y+log,z=3

Solution:
c+y+2)(3+3+5) =2 ()
3Y+log,z=3 (2)
We’'ll show that (x + +Z)(l+l+l)<§'1<x z<3
y x y z)— 3’7 T Wz =

x y z y z x?? 26
Or=+=+4+-+=+-+-<=
y z x x y z 3

WLOGx >2y=>z=>0<(x—y)(y—2) e zx+y?> <xy+yz

z y z
SHISTHT L., y_
Yy x  STHTHI4z + 242
—+=<=+1 Y %Y x =
y z~ z
X Z zZ X X Z
—+X+—+X+—+—SZG+—)+2
y z x x y z zZ X

It remains to show that 2 G + i) +2< 23—6 (3)
Lat=f1<t<3cﬂ@¢+l<5%:@t—nu—3)<o
Which is true - (1) is the hold point of inequality att === 3
{x =3,z=1=>y=1
x=3,z=1=>y=3
s~ (x,y,2z) =((3,1,1)

and permutations — (2]
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1.50.If a,b > 0 then:
a+b+ 4ab <4\/ab_|_(a+b)2
Vvab (a+b)* " a+bh 4ab

Solution:
a+b
Inequality can be written: % + f < a+b + = ( )
(r) \/ﬁ
Denote x = %. By AM-GM, >+Vab :» > 2=>x=>2
N 4 _4 4 + x?
e 4

4x3 +16 < 16x+x
x*—4x3+16x—16 >0
x4 —2x3 —2x3 4+ 4x?> —4x2+8x+8x—-16=>0
x3(x—2)—2x2(x—-2)—4x(x—2)+8(x—-2)=0
(x—2)(x®—2x>—4x+8)=>0
(x—2)(x*(x—2)—4(x—-2))=0

(x—2)?’(x*-4)>0
(x—2)3(x+2)=0

Which is true because: x > 2=>x—2=>0;x+2>0

1.51.Ifa,b,c,x,y,z > 0;a* - bY - ¢ = 1 then:
b e (@+ D)2 - (b+ )P - (c+ a)2 > 4y

Solution:
“”’>\/ =a+b=>2Vab (AM-GM)

(a+b)? > (2Vab)™ =4 . (ab)™ (1)
(b+ )2 > 47 - (be)¥% (2)
(c + a)??* = 4%* . (ca)®™ (3)

By multiplying (1); (2); (3):
(a + b)ny . (b + C)Zyz . (C + a)sz > 4xy+yz+zx . (ab)xy . (bC)yZ . (Ca)zx

*pYc? (a+ b)Y - (b +c)P% - (c+ a)* >
> 4Xy+yz+2% . (b)Y . (bc)Y? - (ca)? - ax2 . byz . sz
= 4XVHYZHIX | (gX)XHYHZ . (pY)XHVHZ L ((Z)XHYHZ =
— AXYHAYZHZX | (X . RBY . fZ\XAVHZ — AXY+YZ+ZX | 1 X+Y+Z — gXY+YZ+ZX
=4 (a* - bY - c?) =4 1 =4

Equality holdsfora=b=c=x=y=z=1
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1.52. Solve for real numbers:

3
3(log (xzy-cl_ 1) + x) =

x
— _ _ 3 3 3 3
= (log (xz n 1) x) + (x —log(x® + x))° + (x + log(x® + x))

Solution:

X

Denote a = log (x2+1) ;b =log(x3 + x)

(a+x)2P=((@—-x2+x-b)>3+(x+>b)3
a® + 3a’x +3ax? + x3 = a® — 3a’x + 3ax? — x3 +
+x3 — 3x2b + 3xb? — b® + x3 + 3x?b + 3xb? + b3
6a’x — 6xb? = 0,6x(a? —b?) =0

2 2 X 2 3 2
a’?—b*=0> (logx2+1) — (log(x®*+x))*=0
X
—log(x3 + x)) (logx2 =1

=log(x3 + x) >

+ log(x3 + x)) =0

= 3 —3
x2+1 x2+1 Xt
>1=x?+1)?=x*+2x%2 = 0. No solution.

_ _ 3
72 +11 log(x3 + x)

log
x —
x24+1 x(x2+1)

1.53.Ifa,b,c > 0,a+ b + c = 1 then:
2ab 2bc

b b+c c+ a\?%“
a—a? . b—b? . c—c? < ((l + ) . ( ) . ( )
@ b ¢ - 2 2 2

Solution:

2 2ab
We have AM = GM: ab < (a+b) = (ab)® < (a;r_b) (1)

2
%)Zbc (2) and (ca) < ( )an (3)

Then (1)X(2)X(3):

2ab 2bc 2ca
a+b b+c c+a
aab+ca . bab+bc . Cbc+ca < (T) . (T) . (T)

2ab 2 2ca
= aa(b+c) . bb(a+c) . Cc(a+b) < (a + b) . (b + C) . (C + a)
- 2 2 2

ct+a
2

Similarly, (bc)?¢ < (

bc
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2ab 2bc 2
= q2(1-a) pb(1-b) ~c(1-¢) < a+b . (b +c . (c + a) ca
T\ 2 , 2 ) 2
a+ b\** b+ c\?P¢ /¢ + a\?e
= a—a2 . bb—b2 . C—C2 < ( . ( . ( )
a c < > > -
1 1 1 1 1 1
Q, = + +
2 (190 (1)

1.54. Q, = ,
L ey Ty ey
1 1
abcxyze(—1,1)

Q; = + + ,
3T 1-ax)” " 1-by)”  (1-c2)
Prove that: Q,Q, > Q3

1 1

—x)% > >
e (@a—x)>=20->true= 7 2 1w
®

>

1

Solution:
1-a)A-xH<Q-ax)?!e=1-a?—x?>+a’*x* <1+ a?*x* —2ax
(€]

milarl 1 (;) 1 d
Similarly, (1-b2)(1-y?) — I1-by| an (1-c?)(1-2z%) — [1-cz|
1 1 1

=B, 1‘52 =

Let 7= = A 7=

1
NN e e
20,0, = (z A”) (z x“) Cgs {Z(AX)7}2 = <Z |1 —1ax >

(using (1), (2), (3)) = (Z (1_1ax)7|>
)7>2 =03 ( |u| =u) (Proved)

> (2(2=

1.55. Ql = |Zl +ZZ +Z3|'ZI'ZZ'Z3 eC
'QZ = |21+ZZ —Z3 +4i| + |Zl—Z2 +Z3 +2l| +|—Zl+Zz +23—6i|

Prove that: Q; < Q,

Solution:
Q= |z + 2z, + 25|
Oy =z, + 25 —z5 +4i| + |z, — 25, + 25 + 20| + | -2, + 2z, + 25 — 6i]
>z, +z,—z3+4i+2z,—2, +23+20— 2, + 2z, + 23 — 60| =
=lz1+z,+ 23| =Q; ~ Q, =2 Q
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1.56.If a, b, c > 0 then:

2a+b+c)(a+2b+c)(a+ b+ 2c)
(a+b)(b+c)(c+ a) -

Solution:
Letbe f:(0,1) » R; f(x) = log (1+x)
f(x) =log(1+ x) —log(1—x)
1 1
f(x)_1+x+1—x
. -1 1 —1+2x —x%+ 1+ 2x+x?
f"x) = >t 2 = 2)2
(1+ x)2 (1-—x) (1-x2)
f"(x) = 2)2 > 0; (V)x € (0,1) = f convexe. By Jensen’s inequality:
a b c
f a+b+c+a+b+c+a+b+c <lzf( a )
3 -3 a+b+c
cyc
LT o () < ] (429
()—32“’% N log b+c
cyc a+b+c cyc
1
31 I+3 <1 n(Za+b+c>
3 cyc
log8 <1 H(2a+b+c> H(2a+b+0)>8
08¢ =108 b+c ’ b+c -
cyc cyc

1.57.1f a, b, c > 0 then:

abc(a+ b)(b+c)(c+ a) - (a +b+ c>6

8 3

Solution:
AM—-GM 3
abe < () @)

AM—GM /a+b+b+c+c+a\
@+D)b+o)c+a) < ( - )

47



_(2(a+b+oc) 3 _8(a+b+c)3_8(a+b+(:)3
B 3 B 33 B 3
3
(a+b)(b+c)(c+a) <8(*2) (2
By multiplying (2); (3):

+b+c\°

abc(a+b)(b+ c)(c+a) < S(a C)

abc(a+ b)(b+ c)(c+ a) - (a +b+ c>6

8 o 3
1.58.I1fa,b,c = 1;a,b, c € N then:

a b c 3

1 3 1 3 1 9
TZ(D +WZ(Z) * 2c22(f¢) 22 b1 2¢

CrEY T EEY A

Solution:

(&) +(5) + -+ (Y (o) () o

0 1

sencsraon () + (1) +-+ (G (20
G EAESTA
2esta () 22 0
BT (l) 23 @
() 220

By adding b[l); (2); (3):

NG HRCOXRE

1 1 1 BerGsTRoM (1+ 1+ 1)? 9

= =
2a ° 2b " 2c - 20 4+ 2b 4 2¢ 244 2b 4 2¢
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Equality holds fora = b =c = 1.
1.59.1f 2 < a,b,c < 3 then:

2(Va®+/bb + V) +a+b+c>a + b +c?+6

Solution:
2
Letbef:[2,3]—>R,f(x)=,/_xx+g_x?_1

= (5 E i E 1) 2L S gt E b he

fflx)=1x 2 5 —2x ogxzx x2_
2(1 )

1 = 1 x2(Jogx+1)—2x+1

=Ex2(logx+1)—x+§= & >

Letbe g:[2,3] » R; g(x) = xg(logx +1)—2x+1
xy\! 1 x

! = 2 —x2 —

g'(x) (x) (1+logx)+xx 2
1 1 1

g'(x) = (E\/xx logx + vax> (1+1logx) + ;\/x" -2
1
g'(x) = vVx*(logx + 1)% + ;\/x" -2,

g'(x) =/x* (% (logx + 1)% + %) -2

N R
NN

1
25;1+logx21+log2

IA
K|

XxX=22=>x2=222=2,x<3>
x /1 1
g'(x) =x2 (E (logx +1)% + ;) -2
1 1 2
22(5(1+10g2)2+§>—2=(1+log2)2+§—2=

4 1
=1+210g2+10g22—§=10g22+210g2—§>0
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g'(x)>0= f'(x) >0 = f increasing
2

2 2
ﬁf&)zfey:ﬁﬁ+§_7_1=0

fx)=0=
Vai+4-%C 120 (1)
VB +2-2 120 (2)
VE+-S-120 (3)
By adding (1); (2); (3):
2(W+Jﬁ+\/c7)+a+b+c—(a2+b2+c2)—620

2(Va® + o> +Vef) +a+b+cza’ + b +c*+6
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ANALYSIS

2.1. Find:
Q(a,b) = J(tan(ax) tan(bx) tan((a + b)x)) dx,a,b>0,0<x< Z(aT:- b)

Solution:
tan(ax) + tan(bx)
1 — tan(ax) - tan(bx)
= tan(a + b)x — tan(ax) - tan(bx) - tan(a + b)x = tan(ax) + tan(bx)
= tan(ax) - tan(bx) - tan(a + b)x = tan(a + b)x — tan(ax) — tan(bx)

Q(a, b) = f(tan(ax) + tan(bx) + tan(a + b) x) dx

< tan(ax + bx) =

= ftan(a +b)xdx — J tan(ax) dx — j tan(bx) dx

( i B log|(sec(a + b) x)| + — - log|(cos(ax))| + — - log|cos(bx)| + ¢
[ ftan(mx) dx = —loglsec(mx)l +c= ——logl(cos mx)l]
m m

[c = integration constant]

22.1f0<x,y,z < %then:
n(sinx + sin y + sinz) > 63/8x2y222

Let be f(x) = sinx

Solution:

-+

~
x

A

Y
1
V2
2

p =2

[ [-mmmmm e
8y

51



Sa, > Soap = [ sinx dx > f()z%x dx (1)

0(0,0) Xy vz, 72
= The equation of the line OB: _ (= 2 :?=ﬁ:y=%=7-
B(15)) 702 4
—x=>y w2,
\/—x
From (1) > sinx > (V)x E[O ]:nsmx>2\/_x
So,n(smx+smy+smz)22\/_(x+y+z)=>
= n(sinx + siny + sinz) >
MA>MG
> V2x +V2x +V2y + V2y +V2z + V2z
>6 /\/E x2y2z2 = 63/8x2y2z2
2.3. If0<aSb<£then°
b
tanx 1+tanb
e 2 1og (11 EN0)
xcosx 14+ tana
a
Solution:
sin x
~ f(x) =sinx +sinxtanx — x; f'(x) = cosx + sinx + — =
_ cos? x
T sin x is
ZCOS(Z—x)+Coszx—1>0,f(0):0,f(x)/“v’x€]0,§[:>
sinx 1
= >
) ) X 1+tanx
.[’ tan x j‘ sin x j‘d(tanx) o <1+tanb)
xcosx X COs? x 1+ tanx o8 1+ tana
a a a

24. p(x) = |[x + ] — x| , [] - great integer function. Prove that:
1 1 1
f (Yp@) f (Yp@) f (7\/p(x)) dx | <1
0 0 0
Solution:
Using the following facts:
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1.0 < x < 1then [, Vx < 1

20<px)<1
We have:

fn\/p(x) dx <1
0

flmdx fmdx fmdx <1
0 0 0

Qi i(l <2n+2k+1)) log 2 log 2
=\ (2 e (T ) ez =

Solution:

. n 2n+2k+1 (n+k+§) _
First: Zk=11n( ) =In([[{.,—* )=

n+k n+k

= n+k+%
=n-In2+1In 1_[—
n+k
k=1

' 1\ _ T(2n+)
But: H;{lzl (Tl + k+ E) = F(n—-l-gz)'

r(2 3 r
Then: Y.7_; In (w) =n-In2+1In <M>

n+k F(n+§)xr‘(2n+1)

r(azn+1)
r(n+1)

rein+k) =

Therefore: Q = lim ( (ln(en) tnln2-nin2 - lnTZ))

Q =lim (n (ln(@n) — 1r172>)

3
But, by Laurent series: In(6,,) = mz_3 19 <(1)2>

2 16n

o0l [(mz 3 ln2>] [
) AT Him,
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2.6.

n k+1 +1 k-1 k-1
Z(( <k+1)'> (J%ﬂ!) >,neN,nzs

Find:
= lim /0,
Solution:
k=n <k+m)k+1 <km>k—1
Q, +H, = —_— =

k=3 Vk! Vi!
e+ D k=Dt _ < kD (k-1

e (k_|)1+% (k') — k! k!

oy, <’<-1>' -y

| 2

&
1l

M" =~

1
=(n-2)+H,~1-5

= so lim,,_, \/_ =1

2.7. m(x) — number of prime numbers less than x, x > 2. Find:

Qn +

=
Nl
w

a~|>—\

3
Qpy=n—-2--
n 2

Q = lim (n(l +log(1 + 3x)))
x> \1t(1 + log(1 + 2x))
Solution:
. m(x)
Jim —— =1
Inx
1+ In(1+ 3x)
Q= lim (n(l +In(1 + 3x))> . In(1+1In(14+3x))
x-o \m(1+1In(1 + 2x))) x>0 1+In(1+2x)

In(1 4+ In(1 + 2x))
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In(1 + 3x)

In(1 + In(1 + 3x)) 1+ 3x
o W(+3D) In(1 + 3x) _ o O30 _
X—> 00 ln(l + ZX) . X—00 1 + 2x

( 1 +(—)) 2x In(1 + 2%

In(1+ In(1 + 2x
(1 1 22 -In(1 + 2x)
In(1 + 2x
_ i 1+ 3x ( Ix ) ©2x _
= 5% In(1 + 3%) 3y 1+4+2x
3x
1+ 3x 2x . bx + 2

. . _ lim
io 3% 14 2x rowbr+3
28.f0<a<b <§then:

j?j? M.Sin(x;y) dxd <(b+a)(b—a)2
JI\ () | T T 2

Solution:
We know that: tan x = x = sinx forall x = 0. Let f(x) = ,Lfor all
, __sinx—xcosx __ cosx _
x = 0. Now, f'(x) = S T s (tanx —x) =0 forallx =0

Hence f is an increasing function. For mcreasmgfunctlons we have:
f(m) = f(n)forallm,n € Rwherem =>n

iy x+y
2
50, fOY‘\/_ sin(vxy) = sm(x;y)

b b b b
[ >dd<1fdfd+1fdfd
xdy<-|xdx|dy+=|ydy|[ dx
2 2
Sln( ) a a a a
(a—b)(a —b%?) (a—b)(a*—-b?) (a+b)(a—D>b)?
< + =

4 4 2

29.1f0 < a,b,c < 2m then:

siny smy+smzsm(x+y+z) 1
(a+b+c)3fff< szx )2. (y+Z)2 >dxdydz<m

N| o

N
N|a
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Solution:

X )’_l_ . Z (X+y+Z)_
sin— sin + sin > sin > =
_1( X~ x+y+ x+y x+y+22)
> cos— cos cos— z
xX—y X+Y+ZZ x+y+22 x—y
_1, z 2\ _
= 2sin > —
(x z (Y
= sin sin

+ +z

2 2

o n (5 5)sin (57)
¢ sin

2 o (L) dxdydz =

2 2

abc

a b
&~ LHS =

(a+b+c)3ff

a b

25

3

abc

= — (Proved
8(a+b+c)3 8-27abc 216[ )

2.10.

1 1 1
Q= l1lim (an+1 + an+2 + --- + azn — n)
n—-o0o
Prove that:

1 ab
log2 (aQ(b) + bQ(a)) > log (m),a, be(0,1)

Solution:

1 1 1

u, = an+l + qn+2 + -4 azn—n

tn
1 1
n-azn <t, <n-antl

1
n-azn—n<t,—nms<n-antl—n

1 1
n(aﬁ—1> Sunsn(am_1>
1

1

1
azn — 1 an+i — 1
<u, <
i -"= 1
n n

eann(a) 1 B _ en+1ln(a) 1
-1 u
1 - n =
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1

sqIn —1In(a) —ln(a)
6271 (@ -1 . . 7
Suppose: f(x) = “———,limy_ 400 f (x) = limy o0 |[-2E———| =
n xz
ZIn(a)
2
~1n(a) In(a)
vz in@ en+i
en+1 -1 .. i 7
Suppose: g(x) = — T Jimy, 400 g(%) = limy, 40 l(ﬁl)_—1‘ —
n nz
In(a)

So: —ln(a) < lim,_ ;e U, < In(a)

Eln(a) < Q(a) < In(a)

? -b
5 (a -Q(b) + bﬂ(a)) > log (—(aa+ b)z)

Q) = %ln(b) ,Q(a) = %ln(b)

a-Q(b) + bQ(a) = laln(b) + 1b In(a)

Let us prove: - (a Q(b) + bQ(a)) > log(

(2) (+b)2)
(a -Q(b) + bQ(a)) > L(la -In(b) + 1b In a)
“log2\2 2
Ly
L >1
1= 2 log2
0<bhb<1
0<ax<l1

(2)

[a-Inb+bina] >1 (a'b)
a-ln nal >log(r =75z

1 1
= b -loga >loga :>§b -loga > Eloga
Similarly:%a -logb > %logb
1 1
z(a -logh + b -loga) > Elog(a - b)
[

Let us prove: -

So:

1
2log?2

log(a b) > log (( +b)2)

- . . . — 2
2o 2 log(a b) > log(a - b) —log(a + b)

1
log(a + b)? > log(a - b) — ? log(a - b)
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log(a + b)? 5 log(a b) [1 - ]

log(a+b)? _ 1
log(a-b) 1 2log2 ()
Because: a - b < (a + b)? = log(a - b) < log(a + b)?

a,b €]0,1]
log(a + b)? 1 + b)?
glat+b)® logla+b)® . . __
log(a - b) log(a - b) 2log2

Relation (*) is true.
So: —(a Q) + bQ(a)) > log(

(+b)2)
211.ifa,b,c > 0,a+ b + ¢ = 3 then:
aex e* b ex e* < ex e*
f(?) d“f(?) "“f(?) dx>3e-6
0 0 0

Solution:
a

x a

e”* e* ; e”* € Bernoulli eX
j(—) dx=f(1+——1> dx = f1+ex(——1)dx=
2 2 2
0

a
er a a era
— _ pX R — — pX S =
—f(l e+2>dx x|0 e0+4|0
0

o

a4 1 e )
e et
_ a—e*+1+ 4 4 4+ 2 $:>
S Y Y [ oy
= =>||—— — — = —
4 e 2 2 1)
1

e\ 1
=>f7 dx>a—Z+Z=

x €% e*
Similar: fob (e?) dx>b andf ( ) dx > c
. eX e* eX e* ¢ eX e*
[ ) d"*f(?) axt|(3) o
0 0 0

>a+b+c=3>3e—6c 9> 3e(true)
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ex

Note:{z 1> —1 because x € (0;a) anda >0

e* > 1 becausex >0

2.12.If0<a§b<§,a+b=§then:
b

sin x b—a
f( )dxz
X 2

a

Solution:
Use Hermite - Hadamard inequality:

b
d
f (azﬂ) < Lo };(_x: ® < f(a):f(b),for any convex function because

flx) = MY is concave, x € (0, g), result - f (x), convex. We obtain:

x
._f(a+b
sin{—

bsin x sina  sinb
) i} a +
2 > a x > _a b
atb - b—a 2
2

sinx

and use the well-known Jordan inequality: > 12—r, it follows:

sina sinb 2

>

b “ m

X
22 1, it follows:
T T
b sina , sinb b
sin x —a
f dx > (b—a)| & b_|>
a

X 2 2
2.13.If f:[a,b] » (0,1),a,b € R,a < b, f — continuous then:
bbb b 3
ff f n(sinf(x) -sin~! f(x)) |dxdydz > J.fz(x) dx
aaa cyc a
Solution:

Because: f (x): continuous on [a; b],t = f(x) € (0,1), we let:
g(t) =(sint-sin"1t) —t3,0<t <1

, sint _ —
—>g(t)=—2—2t+smt-sm t =

vi—t
sint — 2tvV1 —tZ +sint -sin"*t - V1 — t2
Vi—t2
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g@® 0 . I

g(t) ///—/_'_*—f—oo
0

Hence: g (t

b b b

-I]]

a a a

b b

szaf

b

J

b b b
(fz(y)dy [re =] rea

Proved. Equality if and only if a = b.

>0eosint-sin“tt>t?,0<t<1

)
( sm f(x)-sin™! f(x) |dxdydz

cyc

(f2(x) - f2() - £2(2))dx dy dz

f F2(x) dax

2.14. Find:

1
a+3+3—-a)
Q(a)=0f<(3+ax_a)(a+(3_a)x)>dx,1<a<2

Solution:

Leta = 2x;b = 3y;c = 6z (x,y,z > 0)
7 7 7
We have: Inequalzty<—>( 1 Gt (627 1

3y+6z 3 6Z+2x 6 2x+3y
(x+y+2z)7 )
_m.Suppose. a<b<c-2x<3y<6z
By Chebyshev’s inequality:
(2x)7 1 (3y)’ 1 (6z2)7 1
AN . + . + . >
2 3y +6z 3 6z + 2x 6 2x+ 3y
1/(2x)7 3y)? 6z)7 1 1 1 Chebysev
2_<(ac) +(y) +(Z)>( N N ) 2
3\ 2 3 6 3y+6z 6z+2x 2x+3y
11 1 1 9
>_._. = 7 7 7
225 (5+5+3) (@07 + G +(627):

>
4x + 6y + 12z —
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>1 (2x + 3y + 62)7 9
-9 36 4x + 6y + 122

1 1 Schwarz 9

* = Garerri)
3y+6z 6z+2x 2x+3y (4x+6y+12
(2x+3y+62)7 3 > (x+y+2z)7

37 4x+6y+12z — x+2y+5z

(2x+3y+62)7 3(x+2y+52) 7
PN . > *
37 4x+6y+12z (x ty+ Z) ()

6z=22xo3z=2xeo2x+3y+6z=23x+3y+3ze
(2x + 3y + 62)7
U d
37
>1e3x+6y+15z2=>24x+6y+ 12z 32> x &

(Because:

Now, we must show that:

>(x+y+2z)

3(x + 2y +5z2)

4x + 6y + 12z
& 6z = 2x. True. Hence, (*) true. We proved. Equality & a = b = c.

2.15. Find:
e”n+1 5
x
T -1 (*
a=lim | (an () dx
efln
Solution:
X 5 . .
Let f(x) = (tan‘1 (Z)) ,f is continuous on I = [efn; elfint1] = 3¢ €]
such that
eHn+1 5

= (efin+1 — glin) . (tan‘1 (%)) =

[ (an(3))

efn
eHn+1
X\ > ¢ >
= lim (tan‘1 (—)) dx = lim (efint1 — gfin) (tan‘1 (—)) =
n—oo n n—-oo n
eHn

5

= lim efn(efn+1=Hn — 1) (tan‘1 (%)) =

n—-oo
1 1 ¢ 5
en+l —
= lim efin~Inn —T (tan‘1 (—)) =
n—-oo n
n+1 :
=eY - lim, e (tan‘1 (%) ) (1)
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+1
efin < ¢ < efn+1 = &2 <(<e"
n

)

limy, o — = limy,_,, €"'n” ln" =e’ (3)

H
. e’n+l . -
limy, o —— = limy,c, €41 In(+1) = o (4)

, _ 2:(3)4) &) . ;
f is continuous =  lim,_ - = e¥ = e¥ - (tan"1(e?))

~

2.16.I1f n € N,n > 2 then:

2
n 1 n

3n-2. l:l Of(xk x2+1)dx <4"‘2-Q<4k2L_1)
Solution:

b b b
:)ff(x)-g(x)dx HOlSder jfz(x)dx-jgz(x)dx
@.Of xZ+1 )Hogerbfxz"dx-f(xz+1)dx=\/ﬁ
:1_[ f kx? 4+ 1dx nm

2 2
f Vs S(ﬂ—,%> -
Hm nm
l_[3(2k+1) l:lG) Ofokdx :G) B Ofokdx
= 3n-1 l:l Jx" x2+1dx 34”_111(1 !x”‘dx
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2

(Hk Z(f x \/T))

l‘[k z(f x2 dx)
"

1
n-2 n-2
< RHS = 4 (4k2_1> 4 1_”4(2k+1 2k—1)]

=2

(1) [+ n>2=3"<4"]

S

1

4n-2 & 1

B 2k 2k-2

—4n11_[(2k_1 7er1) - ﬂf o [sas
1

1 1

@j 2k dx — fxz"dx+fx2k‘2dx =—jx2k‘2dx<0
0 0

0

1

1
:fxz"dx<jx2kdx+jx2k‘2dx

0 0 0
n 1 n 1 1

1 1
=2 fx”‘dx <Zl_[ sz"dx+jx2k_2dx

k=2 \0 k=2 \o 0
ey Tk
- 2k n-—2
=31 f" ax | <42 (3 =)
k=2 \ 0 k=2

< From (1) ... ©
2

n 1

E!
1

1_[ ka [x2 +1 <= J.xz"dx <

k=2 \o

k=2

n
_ 3n-1 f kJx2 + 1dx <4n_11_[ fokdx <

<4n21_[< k )[n>2<:>3"<4”]
4k2 —1 - -

2
n

o 3n-1 f x2 +1dx < 402 1_[ (é)
4k? — 1
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=14

3n-1 ( k=2 (fol xkVx? + 1) alx)2 < gnz ﬁ( k )

3
k=2
2
n

n 1
k
o 3n2 1_[ jxk\/xz +1 |dx | <4n2 1_[( )
k=2 \o

k=2

2.17. Find:

_ 1 1
.= lim (H, + logy 3+ loga g+~ + 1oga 77—

Solution:
AM—-GM
2k—1=k+1+1+--+1 > k-Vk

for "k—1" times

log,(2k — 1) > logy(k - ’VE) =1 +log, Vk

1

n n
1
ZIng(Zk—1)>n—1+ZE=
k=2 k=2
C 1
=n—2+Hn—ZIng(2k_1)>n—2+Hn

k=2
n
1
Hn+;logk(2k_1> <2—-n

Q<Ilim(2-n)=-0=>0=-w

n—-oo

218.x; =3, n(x; +x, + -+ x,) =x,nENN=>1
Find:

0= ()M,
n=1

Solution:
We have: n(x, + x, + -+ x,) = x,,n = 1 then
X1+ X+t Xy, =’;—"
xn—1 -1

Xi+ x4+ x = forn > 2then’;"_ +xn=3;—".So,

n-1 1

64



+1 ;
%, = (nnl)2 X, 1f0rn > 2. So, Xyl = _nn—zxnforn > 1. We will

_,3n(-)"n
prove that x,, = +—(n_1)! Forn>1

By using mathematical induction: For n = 1,2 we have x; = +3 and
X, = —6. So, it’s true. Suppose that’s true forn = k = 1. So,

_1)k-1.
X = 3((2—1)'" We will prove that is true forn = k + 1

_ k+1 _ _ k+1 3(-pk? _3(-D*(k+1)
Xiws = = X = = Sk S0, Xy = S (true)

n-1
Then, x,, = %forn > 1 Let

" B 3k( 1)k+1 ( 1)k 1
Z( Df "_Z (k — 1)!

k=n =n1k k=n-1 k=n-1
DR REDIE WSSO -
00k= [ee]
lim S, =3 k 1—3 3 3
Jdim $,=3) Za— 5D K
0 k=0 k=1

xk
Since Y- OF

= 1
=3+32m+3e=3+3ZE+3e=3+68
k=1 k=1

= e* foralln.

2.19. Prove that:

a
T+ 4 (tan~1x)? 1+sina-tanla
+ < o~z ax = ,a>1
T™T—4 (x —tan~1x) tanla—a
1
Solution:

—-1.\2
First, we compute: 1(a) = fla(x(iatn:m—‘?x)zdx

We h ) _ (tan™? x)z _ (tan? x)2 .
e nhave: f(x) T (x-tan—1x)2 ~ x2-2xtan—lx+(tan~1x)2
x(x —2tan"'x)
(x —tan=1x)2
x%+1
tan~1x—x

More, g(x) =
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2
2x(tantx —x) + (x2+ 1) - xz +1_ x(x-2 tan™! x)
(x —tan—1 x)2 ~ (x —tan"1x)>2
2
R f( W)dx = g(x)+C =t"—+1+ C (C: const).

- g'(x) =

(x—tan—1x)2 an~lx-x
Hence:
a
(tan~1 x)?
I(a )_f(x tan—lx)zdx=Jf(x)dx=
1

f( x(x —2tan™! x)>
= 1- — dx
(x —tan™1x)2

1
“ N a’?+1 (1 N 2 )
—\@ tan"la—a tan~11 -1

( x24+1 )

=\*t o=«

tan~tx —x /|
atan"la+1 tan‘11+1_atan‘1a+1 T+ 4

" tanla—a tanl1—-1 tanla—a m—4
LHS 7T+4+I() 7T+4+atan‘1a+1 T+ 4
- [ J— a) = — =

T—4 T—4 tan"la—a w-4
__atan"'a+1l _ 1+atan"la a>sina,a>1 4 ingtan~1q

=— =— ———— Proved.
tan a—a tan a—a tan a—a
n 1 n 1 1 n
X T x TUTTx

2.20.1fx,y,z > 0, Q(x,y) = lim,,_,., 1xyTy ZE nFLy

1X+y 42Xty ...y nxty

then: Q(x,y) - Q(y,2) - Q(z,x) > 16V2

Solution:
n+1 n+1 n + 1 n+1 n n n
R S ST T S
Stolz Cesaro . 1x+y  23+y nx+3’ (n + 1)xty  1xty x4+ nx+ty
000 y) Nim, > v v 7
1x+y 4 2X+Y 4 .o + (n + 1)x+y — 1xX+Y — oo — Xty
1 1 1 n+1
T x—+t-+ ¥+ X
. 1xty 2x+y nxty  (n 4 1)*+Y stolz cesaro
= lim 5 =
n—-oo A
(n+ 1)xty
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1 n+ 2 n+1
X + x

X
(n+ 1)x+y (n+ 2)x+y (n+ 1)x+y

= lim

n-oo

(n+ 2)x+3’ —(n + 1)x+3’

;x (0 + 27 — (n+ D

(n + 1)x+y

n—)OO

(n+ 2)x+3’ —(n+ 1)x+3’

S
x+y
(n+1) 7 =1+ lim

=1+ lim
Y+ 2\iy oo
(G

n—-oo

=1+ lim 5
n—oo Py
NS (G227

n(- )(n +1l|e -1

x+y 1\ x+y x
=1+ lim In <1+ ) =1+—=24+->
y noo n+1 y y
X y z
=>Q(x,y)=2+;;ﬂ(y,z)=2+;;Q(z,x)=2+;
_ x y z
:Q(x,y)-ﬂ(y,z)-ﬂ(z,x)—(2+y)(2+z)(2+x) (1)

oo [ oo 2eo 2 304252 =
2+;227[2],2+222\/:[3),2+x22\/: (4)
(2);(3);(4)

= (2+f)(2+¥)(2+3)28-2\/§=16«/§ (5)

(1):(5)
= Qx,y) - Qy,2) 9z x) =162 (QED.)

2.21. Find:

_°° 1! 31 50 (2n+ DI\ 2n+2
_Z< B T T >(Zn+3)!!
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Solution:

= no3n 50 Qn+ DN\ 2n+2
Z( ottt T >(2n+3)!!

[oe]

(Zk + 1)” 2n+ 2
Z Z (2n + 3)N

~ o (2k + DN 2n+2)
B k! (2n + 3)”

(2k + 1)H 1
Z “2k+ D k'

222.x,=6-3"-nly,=12-4"-n,n>1

Find:
2
R e
Q =1lim|( lim i —
t—0 | nooo ysTin y%lnh t
n
Solution:
2 2 2 2 inh2
hm n xrcl(-)l-slh t_ n xrclosh t _ hm n xrc105h t[| n+1 xcosh t n y_’simh t
n—oo yrsli-ll-llhz t yrslinhz t n—-oo yﬁinhz t yﬁ'flhz t x_’closhz t
@
n In=2t
.\ *n . 0T Stolz cesaro Xn+1 n"
lim——=1lime n = lim —————>-—=
noow N n—oo n—oo (n + 1)n+
n
h2t 2
— i 1 —3. e e
= 1mn_)003(n+1)-;(n+1)—;:> lmn_)oom A (1)
1
mr xflg_slhzt 3\ cosh?t
Slimew e =) @

nly cosh?t n+1 cosh?t
5 im (2 - ( ) -1
(1);(2) noo <n+\1/ xn+1>

= lim

n—-oo

) -
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In
n In22
vV In n™ Stolz Cesaro _, Yn+1 n"

Jim S hme = i ey, T M4
1 1 4 nsinhz t exsinh?t
(n+1) -~ im (4) >

n+1 e =% mn sinh? t
Yn
2 ™ cosh2t 2 2
2 .
n+1 X,i(islh t . X,%OSh t . Xn ncosh®t 4, sinh®t

= lim — =1

lm . . .
sinh? t sinh? t cosh?t sinh? t
(a) n—eo Vn+1 In neen nl osinhze Tt
Yn
/nﬂ\[xcosh2 t n\[ sinh? t \
n+1 n
. . -1
n n+1 .
/ cosh?t sinh? t
\ Xn :Vn+1

3 cosh?t e sinh?t
e

@)
——— cosh?t — | cosh?t — sinh?t — . cosh?t
n n+1'xn+1 n+1 ’yn+1 n+1 'xn+1

inh? ¢t h?t
) 1 3cosh2 ‘ ) sin 1{/)6_" cos
=—r—0> - 11mmn i — —-1+4+1-— i —
Yn+1 v Xn+1

2 sinh? ¢ cosh? t
O i li Vyn —1) =1 Vxn -1
= e Moo | (7= Moes 1\ Ty

Y
3
sinh? t
lim n
n—-o0o

Il
/N
N——

- limn

n—-oo

5F

<

(3)
(L) 1=

n+1\/)’n+1
< \/% >sinh t i

S

n+1

, Yn+1 VIn
=limn- — |\ —-1]=
n—ee \ Yn 1 vV Vn+1
n+1 -
Yn+1
=sinh?t - lim n - (% — 1> = sinh?t - lim ln( In_ n+1/3’n+1) =
n—eo " Yn+1 n-o Yn+1
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= sinh?t- lim In

n—oo

<_w (1) >=
n+1 Yn+1

) =—sinh?t (4)

_ 2
= sinh? t - lim,,_, o ln( (n+1)- = +1)4

"

cosh?t

n
_yon ~1
lim n- <n+\1/ xn+1) . ( n\/ Xn _ 1> _
T L W
VX1
“x
= cosh?t - lim n(ﬂ—n— 1> =
noe \™MY Xn1
X
= cosh? ¢t - lim ln( : "+,1/xn+1) =
n-oo Xn+1
n+i/'x_
= cosh?t - lim In[ "2 . (n+ 1) - 00—
€0s P n( n+1 (n+1) 3(n+1)

= cosh? tIn (E : é) = —cosh?t (5)

3@i6) "+1\/xrcl(-)|-slh2 t n\/xcoshz t 1 gcosh?t (cosh? ¢ b2 )
=—- COS — Sin =

= =
111—{{310 yrstTlhz t y7slmh2 t e 4sinh?t
) 2t p-2t_o
1 3cosh t 1 3cosh t /3 sinh? ¢ 3 3 % 3
== 50= llm—-—-<—) =—~lim(—) =2
e 4‘smh2 t t>0e 3sinh?t \4 e t-o0\4 e
3
=0 =-
e

2.23. GENERALIZATION OF MARIAN URSARESCU’S LIMIT

Find:

Q= lim o Z Z ’11 ir-
nre\nP - = ir= ip=1
p,q = Z,p, qeEN

Solution:
1 n n n
Q = lim —qz z -~-Zqi1-i2-...-ip

noe\nP - vnP i1=1 \ip=1 in=1



Note that sums are independent to each other thus
1

1 n o1 1 n o1 1 n o1
i1\d i2\4 ip\a
S ONCENCEN
n-o \ 1, n/ n, n n . n
11=1 12=1 11=1
Applying the product rule of limit, we observe The Riemann sums
giving us
1 1 1
o= [ ([] ) - [ [ [
0 0 o k=1
P tlmes
- -9 .49 .. .a__4d
and gives us Q) = ol arl Tl aeDP
p times
2.24. Find:
1 i-j-k
=lim | — Z
n-o \ N3 s (1 +i2)(1+j2)(1 + k?)
i<j<
Solution:

Fori,j, k = 1 we have:
AM~-GM
A+iHA+j5HA+k? = 2i-2j-2k=8ijk
ijk 1

(1 +i2)(1+25)A+ k2)
1 l]k
S0<0, =05 ) A+ D0 +0 k)~

si<j<ksn

1
1 1 1 1 1 _
Z —=—n==—-0n->0)=>0=1mQ, =0
n 8 n—oo

8

1<i<j<ksn

- 8n?

2.25. Find:

o n

Q= Z (Z (ta“ ' (T) tan”? (8(n —k+ 1)22— an+ 4k - 5)))

k=1

Solution:

[ee)

P e e )

n=1 \k=1
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We can observe that for k = n — k + 1 the sum becomes

0= (> (o () o ()

k=1
which further can be decomposed into two infinite arctangent sum le.

o= (3 o () (S ()

k=1

Now, note that:
M M

_ . 3 . L k+ D+ (2 —k)
pm ) tan (kZ—k—1)‘zéz‘5r§oZtan <1+(2—k)(k+1)>

k=1 k=1

= 1\141_r)r30 Z(tan‘l(k +1) +tan" (2 — k))

Since sum is telescoping sum and gives us the partial sum as
Q, = A}Iim (tan™'(M + 4) + tan™*(M + 5) + tan™*(M + 6)) —

—tan‘l(O)— ask+1+2—-k=3

Since 8k? — 4k — 1 cannot befactored into two linear factors so that
sum becomes telescoping to make it multiple and divide by any

number now
o) N

= ) tan () = im0 )
8k —dk—1) e /2. \20kz —20k—5

k=1 k=1
As 40k? — 20k — 5 = 4(k + 1) + (6k + 1)(6k — 5)
_ k41 6k=5 o

T 2k+1) 2k
6k+1 6k —5

N _
~ NS
I = Z tan 6k + D6k —5)

k=1 I+ —Zrtc+ D

N
Z (tan (26(;2 JJ: 1)) tan”* (6k2k 5))

=

k
Observe that (1, is telescoping sum giving us the partial sum as

oo (o G ) o ()
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=tan"!(3) —tan™?! (1)

2
Therefore,
T iy _1(1))_2 ey 23
Q—Z(tan (3) —tan 5 —Ztan (1) = 3

Note: The principle branch
—g <tan"lx < %thus
—t<tanlx+tan"ly <m.As
QO = 3?” > 1. Therefore,
_3m 2

s . T
Q, = =——m == So, the answer is —
17 5 2 8

2.26. Find:

T b | " (2 + 2)(n? +j2)(n2 + k%)

1<i<j<ksn
Solution:

Il
—
5
S
l
8
/;IH\
—
M
I
=
/-~
: ~.
||:
=
/-~
=3

1}

fuy
S|k
=
Py
o -
N—

N

| =
=
+
—
I S [~
N——

N
S|r
U
+
gT;_BIw
N—

N
N~
N~

|
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ﬁf,(X)Z 1-x2 (Z)
(x2+1)2
1—x? (2)
O<xS1=>x2S1$1—x220:m20$

=>f'(x)=0vx € (0;1] =
= f is an increasing function = a; < a, < - < ay,
i<j=2a<aq=>a+aq <2q =
3

i I
L+ —N—
i Ji 3
n n L ]
= 3 = —3 =
n n
1=i<j<ksn 1gi<j<ksn
ad+ad+--+aj+ad+ai+-+aj+-+ai a+2a3+-+(n-1aj
<8- 3 =8- 3 (3)
n n

f is increasing and a,, = % <l=sf)<1=>f3x)<1>

> <1l=al<1

nn—1)
= a}+2a+ -+ (n-Dag <l+2+-+-D=—p—=
~g. ad+2ad++(n-1)ad <3g. n(n-1) but lim n(n-1) _ 0 (:3>)
7’).3 2n3 ’ n—>003 2n3
13 I
Z1si<an ni >+ n] >
- 1+(5) 1+ () )
= lim - =0 >
n—-o0o n
1 n n n 13 E
>0 = lim Z Z Z n__ e
n-oo | L L ~ i j k
LA\ LA (n) I+ n) 1+ (n)

—
6 6
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2.27.f:[0,1] - R, continuous, fol f(x)dx =1
Find:

o (m(m 3 )

1<i1<i2<"'<ip5n

Solution:
As f is continuous on [0,1], there exist m > 0 such that:
lf(x)] <mvx € [0,1]
If two of iy, 13, ..., i), are equal, then there are at most Ne,_, expressions

of the type, [ (i—l)f (%2) o f (%’) Thus,

w2 () () ()] = hm 5 (r) =0
i) )

If at least two of iy, i, ..., i, are equal. Now,
n

(235(2) -

k=1

SEPICICRTC) e

" . n n n
1<i41<iy ...<lpSn

lim
n—-oo

term in which at least iy, i, ..., [, are equal)

n 14
I 12 (") =pla, +0=p!
lim - f - =pla, =pla,

k=1
h =i Ly a)r (i b
wnere a, = 1mn—>oonp 1si1<i2<---sipsnf n f n f n
1 p

1
ff(x)dx =p!ap:>ap:a

Thus,
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p=1 p=1

2.28. Find:

“nea\n L, (2 + B0 +j2)(n? + k)

1<i<j<k=sn
Solution:
Fori,j, k = 1 we have:
AM—-GM
1+i5)A+j)A+k*» = 2i-2j-2k =8ijk
ijk 1

S A+ A+ )0+k) "8

o< =L Y (R
s n+i’)(n+j)(n+ k%)~

1<i<j<ksn
1 Z ijk
<— <
né L 1+ +2)A+k?)
1<i<jsksn
1 1 1 .
2.29. Find:
n k 1
Q=i 1—[ ( k ) (n+k>n+k
et 2k—1 n
k=1
Solution:
We define: f:[1,+oo[ - R; x = f(x) = zxx—l
Therefore: f'(x) = 22"2 = _—1_ <, then:

(2x-1)2 ~ (2x-1)2
wergts e ) <0)
_ﬁ —_

—7'2k—1"3 2k—1/ — \3 .

e () 5 () = 0 <, ) (27

k

n
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k=1 k=1
n(n+1
= <limn—>oo - ()
k
n n+k In (1 + E)
L =lim (1 + —) = In(L) = llmz
n+k
k=1 I =
1
1 . ln(1+ﬁ) In(1+1¢t) In?(1+t);1 In%2
n-oon 1 1+t 2 0 2

= L=+e2

from(*):0<Q<0XL=0-~0=0

2.30.1f 0 < a < b, [*] - great integer function, then:
b b
1 2x — [x] 1 x + [x] b
Zf <[x]2 T 2(x— [x])2> dx + Zf <z e + (x— [x])2> ax <1og ;)

Solution:

(@1 2x—[x] x+[x]
LHS = _f ([x]z+2(x—[x])2 + 2[x]2+(x—[x])2) dx

“0<a<x<b-.x>0=>[x]=0
Let[x] =Tandx — [x] = f. Then,] = 0and 0 < f < 1.

€Y)
1 2x—[x] x+[x] 1
Now, 4 ([x]2+z(x—[x])2 2[x]2+(x—[x])2) s g
20+ ) -1 I+f+l< 4 I +2f 21+ f 4

12/ TP S Ivf Pr2 v 2 TAS
e 417+ 2f)(2I% + f?) —
—U+NAIA+2)QIP+ )+ QI+ U +2f*)] =0
S 41+ AF +101%f2 - 9fI(I2+ fA) > 0
S 412+ f2)2=9fI(I* + f2) + 2I*°f2 =0
S4m?-9mn+2n?>20(m=1*+f*&n=1If) &
s(m-2n)(4dm—-—n) =0
e (I-f)? {4(I—f)2+71f}>0—>true [>0andf >0

~ (1) istrue - (a), (1) = LHS <f —dx = ln( ) (Proved)
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2.31.

2 X
erf(x) = \/_Ef et dt
0

Prove without softs:
1 1

j (x3 erf(x%) + x5 erf(x%) + x7erf(x7)) dx > ;f xerf(x) dx

0 0

Solution:
X
2 2 2 2
erf(x =—fe‘t dt > erf'(x) =—-e7*
(x) ‘/7?0 (x) =
Now, I, = f01x3 cerf(x3) dx =
1
=letx? =u = 3x%dx =du=> x3dx = l ~usdu
1 4
1 1 u us3
= 3fu3 erf(u) du = 3 erf(u) - | — —j -Tdu
0 3 0 3
1 1 2 4
=—.erf(1) ——= | u3- e *du
2 (1) N

0
& LHS = Lerf(1) + Lerf(1) + Lerf(1) — = [ s - u"du -
4 ) 6 8 ) 27 70

1 é 2 1 § 2
—— | us-e7 % du——_fu7-e‘u du

_3\/_
RHS = f x erf(x) dx = [— erf(x)] \/2_ e‘xz-xz—zdx
1 1
= —-erf(1 ——-fxz-e‘x dx
2 D=7
RHS = = fxerf(x)dx—gerf(l)—— lez-e‘x2 dx
Need to prove :> I =LHS — RHS <0
4 6 8
I= f(1) + f 23x SRR P
- 24er 3 4 |Y
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4 6 386\ 3 244
x3 x5 x7AM—GM3 x105 3x2 1 /1\315
TR >_— . .[Z

etz Ty 2 24 | =72 l(x)

33
3x2 3x?
:)p>—:»7—p<0

I=——erf(1)——f <——p> dx <0

1

3
=N j(x3 erf(x3) + x° erf(x®) + x7 erf(x”) dx) < EJ x erf(x) dx
0

0
2.32.Findintermsofa,b,0 < a < b < 2m:

Q(a,b)=fff(sin(x+y+z)—4sin(x-|2-y)sin(y+z)sin(z+x

> > )) dxdydz
Solution:

| o— &
Se— o
Se— o
-~

) L (xty\ . (x+tz\  (z+Yy
sm(x+y+z)—4sm< > )sm( > )sm( > ))dxdydz=

(2sin(x+y+2z) —sinx —siny —sinz) dx dy dz

m%@ﬂ%@

b

f(cos(a +y+2z)—cos(b+y+z))dydz—

a

(cosa—cosb+ (b—a)siny+ (b—a)sinz)dydz

b
a
b

=2 f(sin(a +b+2z)—sin(2a+z) +sin(a+ b + z) —sin(2b + z)) dz —
b

| o— &

f((b —a)cosa— (b—a)cosh + (b —a)(cosa — cosb) + (b — a)? smz) dz
=a2 (cos(Za + b) + cos(a + 2b) + cos(2a + b) — cos(3a) + cos(2a + b)

—cos(a + 2b) + cos(3b) — cos(a + 2b) ) B
—((b — a)*(cosb — cosa) + (b — a)?*(cosb — cosa) + (b — a)?(cos b — cos a))
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1 b—a a+b
_ - — )2 _
16sm ( 5 )sm (3 > ) + 3(b—a)*(cosbh — cosa)

233.1f 0 < a < b < 2m then:

bbb sin x+y s]n(y-zi-Z)sin(z-iz-x) rty+z
fff XTy+tz +cot(f) dxdydz <
aaa 2 )

6(b a)?

Slll Slll Slll2 sin (

<log
2 sin%

Solution:
With0 < x,y,z < 2m

+y y+z\ . (x+z
st T s

sm; sm; Sll’lE Sin 2
sin (x ; y) + sin (YTH) + sin (x ; Z) cosx-i_zﬁ

+ =
X .Y . Z . XtYy+z .x+y+z
S‘“zsmzsmzsm—z sin——5——

2
(5o (25 n (5 + s (E51) s
+

B X y z x+y z
smzsmzsm25m 5
2

(sin x-l—zﬁ) (sin %’ sin % cos 7 + sin % sins z cos32/ + sin % sin % cos %)

sinx sinysm sm
2 2 2

x+ty+tz
2
b
J.Q(x y,z)dxdydz
a

Q\w

b

_ 2, f
X P ; E 6b—a2
Sll’12 Sll’l2 sm2 ( )a

bbb y z
1 COS» COS5H  COSy
= fof * T y+ 7 |dxdydz = w
6(b —a) sing sing sinz
a a a 2 2 2
bbb X b b b z
cosy cos>
fff —x |dxdydz = ffdxdy f — dz | =
sin sin =
a a a 2 a a a 2
nb
sin~

b a
=2(b —a)? (lnsin——lnsin—)zZ(b—a)2 In—%
2 2 sinf
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bbb b b b
cos cos

fff y dxdydz = ffdxdy f ydy
sin sins

a a a 2 a a 2

. b
b a sin
= 2(b — a)? (lnsin——lnsin—) =2(b—a)?| In g
2 2 sin 7
bbb X b b b X
cosz cosz
jjj + |dxdydz = ffdydz j —x dx
sin sin&
aaa 2 a a a 2
b a sin
=2(b — a)? (ln sm— —1In sm—) 2(b — a)? In—2
2 sin 7
sin Q singsg;b>0 Q b
- w=In < In—2 7 = In q
sin 5 sin 5 2 sin 5
2.34. Find:
. o (0"
Q= !cl—l;l(} X (1 — m
x>0 n=0
Solution:
Denote the sum
1 n
. Z (—D™x
(2n+1)!
2 3
Expanding the sum, we observe: S = 1 — = + —| — 7 +-
5 7
Since: (*) sinx = x——+x—|—3;—|+
Putting x in (*) by\/_ X we observe that:
2 3
(%) sinVx = Vi - 22 4 TE_THE
sm\/_ x3

and dividing by \/x in (**) we have: N
hence the limit
sinvx
lim x (1 - \/_> =0
x-0 \/E

x>0
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2.35. Find:

Q= LL“.?O (nf(n!)2 sin? (n:l_ 1) <(n+;1)2 M/(n + 1)!sin (Z i ;) - :—2"/11! sin (n:l_ 1)))

Solution:
n+1 . n+1
1n n / n? J(n+1)151n(n+2) \
Q= lim = "[(n)? - sin? : —h)=
e 722 \/(n) sin (n+1 \(n+1)2 "alsi n
Tl.Sll’l(n+1)

JoranGs) n((L)Z.n (“”'““(5)—1) (M

= lim,,_ 3 n+1 " ntsin(1)
' n+1
n n A i
n!)3 sin3 ( ) nIn!si -
_ \[( ) n+1 . M1 ¢.D.
lim = lim [————] =
n—oo Tl3 n-eo n"

3

. +1
(n+ 1)!sin n n
=| lim (n1+ 2) ' . -
n—oo (n + 1)n+ n!sin (n n 1)

B _ n \" sin(:l#) * __ (1 sin

= (llmn—wo (m) ) sin(nlz) - (e " sin 1) = (2
_n =
n+1 n!sin(%)

Inx, _ 1
hm n(x, —1) = 11m n(elnxn -1)= %lm & In x )
—00 n

= lim nlnx, = lim Inx}; = ln(llm x,’}) =
n—->0o

w+

Let x,, = (

/ T zn n( \/(n"‘ D! Sln ) \
= In| lim(nil) ' : =
\n—»oo n! sm( T 1) /

2 (n+1)!sin(2i%)

I
_lnil_r)glo\<<n+ 1)) n!Sin(nnﬁ)Mi/(n-l_l)!Sin(%)/
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S
+
Uy
\/

1 sin

=ln/lim—-
\

(n+1) \
n—oo @2

\[(n+1)'51n( i;)/=
ol

lim — (2)
\‘n—»oo eZ /
" ! sm + 1

= 11’1; = -1 [3)
From (1)+(2)+(3)= Q = —e%

A/—\
S
+|3|+
N

sin

2.36. Find:
. c i j k
Q; = lim —Z Z Z cos ( ) cos ( ) cos (—)
. 1 i j k
Q; =lim| — Z cos (—) cos (—) cos (—)
n-o\n n n n

1<i<j<ksn

Solution:
n n
) 1 iy 1 j\ 1 k
Oy = lim Z z Z —cos (—) - —cos (—) - —cos (—) =
n-o | 4 - n n/ n n/ n n

1
n \3 1
[
= lim (Z—cos E) = fcosxdx =sin3(1) = Q, =sin3(1)

TENE J
QZZlim”_"”(%( i ( j= 1( k=1 COS( ) %COS(i)'%COS(S)))—
21<l<]<n (cos( ) + cos (’))3 +(n—2)- C°S3(%)+1'1"3+C053(%)>> (1)

Let f: [O'E] - ]R'f(x) = cos(x) = f is decreasing on (0,1) c [0%]
for <1 = - Le (0,1), socos( )>cos(]):>

i i
= COS (—) + cos (J—> < 2 cos (—) =
n n n
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n
1
E z (COS
1<i<jsn
n—1) cos3 (%) +(n—-2) cos? (%) 4ot (TL —(n- 1)) cos3 (Tl%l)

n3

_3 n(cos3(%)+-~-+cosz(nT_l))—(cos3(%)+-~-+(n—1) cos3(nT_1))

- (1)
(e (2) o (7)) o () 4 = Do (1))

n-—oo n3 =

= lim %(COS3 (%) o cos’ (nr_l 1)) —

n—oo n

cosz%+---+(n—1)cos3(nr_ll) : 1
— lim 3 = lim Jcm%@dx-——
n-0oo n n—oo n

0

ST L e S SR Ll P

1 n—1
cosx < 1= cos3(x) < 1= cos? (E) + 4+ (Mn—1)cos? (_n ) <

<8

n(n—1) -
—2
o)+ (Zs_ Deos? () _n(-1)
e @ s ()bt o Dest () o
m—- ~

=0 = lim
n-ow 213 n-co n3

<1+2+—+Mnm-1=

=

3

1 i j
= lim — E (cos (—) + cos (—)) =0
n-on n n

1<i<jsn

3 1 3
= z—g-nm ; 1COSE —g cosx dx = 6 =, = 3

0

: )
[oe] n
Q le‘ cos7x+ 7cos5x+21cos3x+ 35cosx dx |
= X
1\ J (4 + sin? x)(cos 6x + 6 cos 4x + 15 cos 2x + 10) /
n=
n+1
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Solution:
.. 1 .
Letz =cosx +isinx =>; =CcoSx —1lSInx thenz+; =2cosx

" = cosnx + isinnx (By De Moivre theorem)

1
—, = cosnx —isinnx

. 1 .
Adding = z™ + o= 2 cos nx. Puttingn = 1,2, ...,7, we get:

1 1
z+—=2cosx,z*+— = 2c052x,z3+—3= 2 cos 3x
z z
wz’+ 2—17 = 2 cos 7x, respectively.
7
Now, (Z+1) =Z7+7ZS+21Z3+35Z+351+21—3+ 7=+
zZ z z

1 1 1 1

:(2cosx)7=(z7+?>+7<25+z—5)+21(z + )+35(z+ )

= 27 cos’x =2cos7x + 7(2 cos5x) + 21(2 cos 3x) + 35(2cosx)
= 26cos” x = cos7x + 7 cos 5x + 21 cos 3x + 35cosx (1)

6
and(z+1) =Z6+6z4+1522+20+152i2+6z—4+z—6

1 1 1
=>(2cosx)6—(z + >+6( 4>+15(22+Z—2)+20
= 2%cos®x = 2 cos 6x + 6(2 cos4x) + 15(2cos 2x) + 20

= 2% cos®x = cos6x + 6 cos4x + 15cos2x + 10 (2)
cos7x+7 cos 5x+21 cos3x+35cosx
= 2cosx

[1]+(2)$ Ccos 6x+6cos 4x+15 cos 2x+10
2cosx dx

Then, (1 = Z =1 f" 4+sm2

o
|

1

n

f COS X dx
4 +sinZ x

1

H /

Let] = fiiosxdx puttmg sinx = z;cosxdx = dz
dz z sin x
— " . Ztan-1 (2)]| = tan-1
=%) @ + 77 [2 e (5)] = e ()
[0¢] oy [0} . 1 .
sin— sin——
Z [tan (sm x)] = Z tan™? —tan~! nT-I-l
n=1 L n=1
n+1
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=t —1(1 i 1)
= tan™" { = sin
2.38.If0<x<72—tthen:
< sinx\?> /tanx\3\ //sinx\® tanx\*\//sinx\* /tanx\®
) +G5) NG G () +(55) ) =8
x x x x x x

Solution:

tan x

For x > 0 we have: tanx > x = >1
sinx\? /tanx\3 sinx\? /tanx\?2 1smx tan x1% (O
() +(55) 2 () () el e
X X X x2 21 x X
sin x tanx
(1) ( x) >4

& (sinx +tanx) > 4x% © sinx + tanx > 2x
& sinx+tanx —2x >0 (2)

Let f(x) = sinx + tanx — 2x (0 <x< g) =

= f'(t) =cosx + ———
, 1;05 X
cosx —1)(cos“x — cosx —

=( X >0 (v0<cosx<1)

cos? x

fx) 7 (O,g) = f(x) > f(0) = (2) true = (1) true.

sin x\ > tan x\* sin x\3 tan x\°3 1 rsinx tanx]® ®

() ~5) > (5) () =l 5] >
x x x3 x 221 «x X
(3) (Smx +m¥) > 23 & (sinx + tanx)3 > (2x)3

S sinx +tanx > 2x ©sinx+tanx —2x >0
(Itis true by (2))= (3) true.

sin x\* tan x\° sin x\* tan x\* 1 sinx tanx]*®

) +(50) =) + () szl =] =2
X x4 X X 2 X X

sinx tanx

[ ] > 2% & (sinx + tanx)* > (2x)* © sinx + tanx > 2x

(D.(3).(9)
o sinx +tanx —2x > 0 (Itistrueby (2)) = LHS>2-2-2=8

X X

2.39. Find:

<1og¢+z((2" 11))") fJ——:chx
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Solution:

Given integral:
1

=4f\/1—x2dx

represent the total area of circle of radius r = 1. So, I = m. Evaluating
the sum as:

Z (((247;—_11))" Z f £2n-1(1 — )21 gt =

—t 1f( 1 4 1 )dt—
(ﬂ—t—lXﬁ—t+1) 2 \t2—t—1 t2—-t+1 -
0

1

_ 1f 1 + 1 dt
T2 1\2 5 1\2 .3
o \(t-2) -7 (e-32) +3

Using the standard integration formula, we have:

2., _1<2x—1>+ L |2x—1—\/§|l
= —tan n
NG 32 -1
Now, setting limits, we deduce: = — + —l [3+\/_]
ThusQ—3\/_(log¢+—+—l [3+\/’D_n:
\/_ l3 V5
= 3v3log¢ +
sl * w5 545

2AQHO<d<c<b<a<§mm:

(nb) (nc) (nd) < sina
csc >a csc b csc T -

sind
Solution:
Csc (E): ! < 1 =2
W7 in(z5) 2 (35)
csc(n—b>= 1b SZ ! =S
oan(x) (@) °



csc (TL’C) 1 1 g
2d 2 (mc c
sin (Zd) T (m)
(nb) (nc) ( d) < b cd d
- cscl—):-cscl—)-cscl— 1< —¢— . — = —
“\2a) \2p) N\2c) =4 b c a
Now, we must show that. £ e

sind
o dsind <asina (*)
Let f(x) = xsinx (0 <x <§) -

Vs

- f'(x) =sinx+xcosx >0 (0 <x <E)
s
Hence, f(x) 7 (0,5)

Because 0 < d < a < g - f(d) < f(a) » dsind < asina - (¥
true. Proved.

241.1f0 < a,b < gthen:

4a+ b a+4b
(4a+ b)(a+ 4b) -sina -sinb < 25ab-sin( )sin( )

5 5
Solution:
sing sinb Sin(4a+b) sin(a+4b)
Inequality & — - —— < aTb " atab
5
) ) . 4a+Db . a+4b
1 sina 1 sinb <1 SIn—¢ l SiIn—=
(:)n(a>+n(b>_n 4a+ b +in a+4b
5 5
) . 4a+b . a+4b _
1 sina 1 SIn—¢ <1 SIn—g l sinb
‘:’“(a>_“W —“W—“(b)
5 5

Letf(x) _ sin x

,X € (O;E) :>f’(x) = cotx—1:>

T
Suppose0<aSbSE:>0<aS4a+bSa+:b
b)suchthat'

() - @ = e 250

<b < =
Now, using Lagrange’s theorem: 3¢, € (a a
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dc; € (% b) such that: f(b) — f (a+4b) =f'(c,) - ”‘T“
We must show that: —f'(c;) < —f'(c,) © f'(c1) = f'(c,)
Itis true because: ¢c; < c; = f'(c;) = f'(c;) ( JARY (0,2))

242.f0<a<b< %then:

sin(5vab) - sin (12+ab)>sm(6\/_) sm(loab)

+b
Solution:

Sm(S\/_) sm(lz_:lz)

= %[cos (5\/@ - 6112:119)) — cos (5\/_ + 12ab)] sm(6\/_) sin (10ab)

b
= %[cos (6\/_ - 10_?2) — COoS (6\/_+ 10ab)] ’

+b

10ab

cos (5\/_——b>+cos (6\/_+ ab)
10ab 12ab
> cos (6\/_— ab>+cos (5\/_+ _:lb)

@2{cos [aa-:)b 11«/_] [Q+11ab]}>2{cos [115_+a+b] 0s [@ 11ab]} *

a+b 2 a+b
Illab Vab] @ 11Vab ab l 11Vab ab
cos = COS

vao >
bt 2|7 2 Ta+b|T 72z Ta+b-
11ab+£<:>5\/_>10 _@a+b22\/ab (true)

ab 11vab (;) \/ab 11ab vab 11lab -
J— J— @ J—
cos a+b 2 cos 2 a+b 2 a+b—
ab 11vVab 12ab
2= <:>6Vab2m<:>a+b22\/ab (true)

From (1) and (2) we have: (*) true. Proved.

2.43. Find:

! (2n + 3)!

o (/10 31 5 Qn+ 1N\ 2n+2
Z(( LTI TR RS > )
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Solution:

[ ([ Qk+ D 2n+2 - (2k+1)” 2n +2
Qz;((; k! )'(2n+3)n> Z( <n:k(2”+3)”>>=

n=0

[0e]

Qk+11 1 1
=Z< k! '(2k+1)!!>=ZE=e
k=0 k=0

2.44.1f f,g,h:[a, b] — (0,©); a < b; continuous then:

b 3
(f@ +gx)
j Z (f(x)g(x)h(x) TR | | =12 -a)

Solution:
First, we prove that if x € (0,3) then: >—-12x+ 16 (1)

B-—x)3=>(—12x+ 16)(1 + x3)
27 —27x +9x? —x3 > —12x — 12x* + 16 + 16x3
12x* —17x3+9x2 —15x +11 >0
12x* —12x3 —5x3 +5x? +4x? —4x—11x+ 11> 0
12x3(x —1) = 5x2(x — 1) +4x(x—1) —11(x—-1) =0
(x—1)(12x3 =5x3+4x—-11) >0
(x—1)?(12x%2+7x+11) = 0 (true)
(a+b)3
Gnz12 )
Due the homogeneity we can suppose thata + b + ¢ = 3.
(a + b)? am—cm (a+b)?

abc +c¢3 (a+b+c)3+ 3

cyc cyc
(a +b)3 B3-0)}W®

= 77 = s
27+ 3 14+c¢3 —
cye 37 cyc

22(—126+16)=—12(a+b+c)+3-16=—12-3+4-8=12

cyc

(3 x)

Now, we prove: ¥,

In (2) we take a = f(x); b = g(x);c = h(x)

(F)+9(x)°
Lcye IR = 12 (3

Integrating (3):
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b

b 3
f ( (f(X) * g(x)) ) dx Zf 12dx = 12(b — a)

f(x)g(x)h(x)4-h3(x)
a
2.45. Let be:
a T
Q(a) = Z log (cos (2_"))' ac (0, E)
n=1
Prove that:
0 a? + b?* + ¢ - aQ(b) + bQ(c) + cQ(a)
a+b+c a+b+c
Solution:
a ) a a a
Q(a) =log (M cos ﬁ) = log (%1_{210 (coszcos? : cosz—n)) =
- n o a a a a
_ 2 SN 57 COS 57 COS 57 * ... COS
= log| lim N =
n-oo 2" sin 7m
. . a .
sina __sina 7m sina
= log| lim ——— | =log| lim . a | = log( )
n=® 21 gin 55 > n-e A ogin >
cosa 1 1
Q(a) = log(sina) —log(a),Q'(a) = ————=cota — —
sina a a

2 (@) 1 1 sin?a—a?
Q)=-—s—F =
sinfa a? a?sin?a

because a € (0 g) ;sina < a, () - concave. By Jensen’s inequality:

<0

0@ +——— b aw )+;CQ(C)S

a+b+c +b+c +b+
a b a? + b% + c?
SQ( a+ b+ c>= _
a+b+c a+b+c a+b+c a+b+c
2.46. Prove without softs:
25

10 20 30 15

2 1 2 1 2 1 2 1 2
2% dx+Z 2% dx+§ 2% dx>§ 2% dx+§ 2% dx
0 0 0

0 0
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Solution:
f:[0,00) > R; f(x) = 2%° > 0
10 10 20
2 1 2 1 2
LHS=j 2% dx+Zf 2% dx+Zf 2% dx +

0 0 10
10 20 30

+1j 2x2dx+lf 2x2dx+lf 2% dx
2 2 2

0 10 20
10 20 30

LHS—(1+1+1>fzx2dx+(1+1)j 2x2dx+lj 2% dx
- 4 2 4 2 2

0 10 20
10 20 30

LHS—Zf szdx+§j2x2dx+lj2x dx
4 4 2
10

0 20
10 15 10 20 25
1 2 2 1 2 2 2
RHS=§<f 2% dx+12" dx)+§<j 2% dx+J2" dx+J2x dx)
0

0 10 10 20
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1 2 1 2
+§ f 2% dx + g f 2% dx
15 25
10 13 20 30
LHS — RHS = zxzdx+@ zxzdx+1—0 2% dx +

0 10 20

20 30

+512xdx+§f2xdx>0
15 25

LHS —RHS > 0= LHS > RHS

2.47.1f x,y,z > 0 then:

ex3+y3 ey3+23 e 23123

y y X
e2(x+y) + e2(y+2) + e2(z+x) = ez — (*y? + y7z* + z%x%)

Solution:

It’'s known thatlogx < x — 1; (V)x > 0. Let be f: (0,0) - R;

f)=x3—2x—xlogx+1=>x3-2x—x(x—1)+1=
=x3—-2x—x*+x+1=x3—-x?—-x+1=
=x’(x-1D)-(x-1D=x-1Dx*-1) =

=(x—-1)?*x+1)=0MWx=>1
x3—2x—xlogx+1=>0
x3—2x>xlogx —1
ex3—2xZexlogx—1

2 X
eX elogx xX

e2x = e = ? (1)
y2
Analogous: —= 2=, (2)

x2ry?  xyy

. L) e
By multiplying (1); (2): 02%.p2Y =
ex2+y2 xx . yy

e2

>
ez(x+y) - e2

eX 24y2
z eZ(x+y) = Z(x yy)

cyc cyc
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2.48.1f x,y,z = 0 then:
e (+1) 4 o¥?(¥?+1) 4 @7%(2+1) > eXY(xy+1) | oyz(yz+1) | ozx(zx+1)

Solution:
ex?(x?+1) + e¥?(¥?+1) AM;GM 2\/ex2(x2+1)+y2(y2+1) >

AM;;M 2\[e2«/x2(x2+1)y2(y2+1) =

= 2eV*¥2 2DV = 9oy (Z+D(¥2+1) >
CBS
> Zexy(xy+1~1) — Zexy(xy+1) (1)
Analogous: e¥*(V*+1) 4 ¢2*(241) > 2eyz(yz+1) (2)
eZZ(ZZ+1) + exz(x2+1) > Zezx(zx+1) [3)
By adding (1); (2); (3): Z(exz(x2+1) 4 ev?(r*+1) 4 eZZ(ZZ+1)) >
>2 (exy(xy+1) + Y27+ D) 4 o2X (g7 4 1))

ex?(x2+1) 4 o¥?2(¥?+1) 4 02%(2%41) > pxy(xy+1) 4 oyz(yz+1) 4 ozx(zx+1)

2.49. Find:
. 1 i-j-k-1
L=1lim|— - -
owl\n L @+ &)@+ D)0+ k)0 + 12)
1<i<j<k<lsn
Solution:

By AM-GM: (n? + i>)(n? +j2)(n? + k»)(n? + 1?) =
> 2ni - 2nj - 2nk - 2nl = 16n*ijkl
1 1
<
(n? +i2)(n? +j2)(n? + k2)(n? + 12) ~ 16n*ijkl
ijkl _ 1
(M2 +i2)(n?+j2)(n? + k2)(n?2 +1%2) ~ 16n*
ijkl 3
L @B @)
1<i<j<k<lszn
1 1 1

< < nt=—
. 16n* = 16n* 16
1<i<j<k<lsn
1 ijkl - 1
n 4 M2 +i2)(n®+j2)(n?>+ k?)(n?2+12) ~ 16n
1<i<j<k<lsn

0<
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1
<L<Ilim—=0: L=
0 n1—>no}o16n 0; 0

2.50. Provethatif0 <a < b < Ethen:

5a+ 5b
sin(5Vab) sin(2a + 2b) > sin(4Va )sm( > )
Solution:
Let be f: ( )—> R; f(x) = Zzii
5 cos 5xsin4x — 4 cos 4x sin 5x

1) = sin?(4x)
Letbe g: ( ) - R; g(x) = 5cos 5xsin4x — 4 cos 4x sin 5x
g'(x) =5-(=5)sin5xsin4x + 5cos5x - 4 cos 4x —

+(4 - 4 sin4x sin 5x — 4 cos 4x - 5 cos 5x)
g'(x) = —25sin 5x sin 4x + 16 sin 4x sin 5x

vis
g'(x) = —9sin5xsin4x < 0; (V)x € (0, E)
. s
g decreasing on (0, E) i
sup gx) =0=g(x)<0,(V)x € ( 3)

x<(03)

=>f’(x)<0,(\7’)x€( )=> sup f(x) =0

x€(05)

= f(x) decreasing on (0, %)

"5

0<a<vVab< asz <bh< g
f - decreasing = f(Vab) = f (a+b)
sm(5\/_) sm( -Zl_b)

sm(4\/_) sin ( a -2I- b)

sin(5vab) sin(2a + 2b) = sin(4vab)sin (

5a + Sb)
2

2.51. Find:

logx —1)(x%* —log? x
Q= 2( g 2)( 5 g 3 dx;: x>0
(x%2 + 4log? x)(4x% + log? x)
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Solution:
1 (logx—1)(3x? —3log?x)
3 (x2 + 4log?x)(4x? + log? x) =
1 [ (logx — 1)(4x? + log? x — x%? — 4log? x)
~3 (x2 + 4log? x)(4x? + log? x) d
1 (logx — 1)(4x? + log? x)
-3 (x2 + 4log? x)(4x? + log? x) -
1 (logx — 1)(x? + 4log? x)
3) (2 + 4log? x)(4x? + log? x) X =

_1[ logx —1 P 1[ logx -1
~3) x2+4log2x " 3) ax2 +log2x

. lolgxz— 1 1—logx
—Z
=§fL2de+§‘[lx—2dx =
X 0g x
() ++ 7 (%) +
(i) ()
1 1 1
) e ()
logx X
1 X 1 logx
— Ztan-1 Ztan-1
6tan (logx>+6tarl ( X )+C

2.52.1fa, b, c € (0, m) then:

l_[((Za + b)sinc) < 27 1_[ (a sin (2b3+ c))

cyc cyc
Solution:
Letbe f:(0,m) - R; f(x) = logx —log(sin x)
1 1
f'x) = ;—ZC(.)tZX,f (x) = _x_2+ SinZ %
" __ x*—sin®x .
f'(x) = . 0 because x > sin x
f convexe. By Jensen’s inequality:
2a+b 2 1
F(F57) <5 F@+57®)
2a+b . (2a+Db 2 _
log( 3 > —log (sm( 3 )) < §(loga —log(sina)) +

96



+ % (logb — log(sin b))
2a+b 2 1
log( 3 ) — <§loga + §logb) <
< log (sin (Za;- b)) — % (2log(sina) + log(sin b))

2a+b 2a+Db
log( 3 ) —log3/a?b < log (sin( )) — log \/sin? a sin b

. (2a+Db

2a+b Sm( 3 )

log( 5 )Slog —

3Va?b Vsin? asin b
2a+b)

> tog (522 < 2!
0 og| ——=—=
£ & 3Va2b VsinZ asinb

| (2a+b)(2b+c)(2c+a) -
0g< 27abc > -

sin (Za;— b) sin (2b3+ C) sin (Zc;— a)

sinasinb sinc

(2a+b)2b+ )2 +a) _sin (2452 sin (2251 sin (2559)

< log

27abc sina sin b sin ¢
2b+c
n((Za +b)sinc) < 271_[ (a sin ( 3 ))
cyc cyc

Equality holds fora = b = c.

253.1f0 < a,b,c < 16 then:

2a+3b 2a+ 3b)(2b + 3¢c)(2c + 3a
125 exp Z ’T_ﬁ S( )( ! )( )
T abc

Solution:

Let be f: (0, 16] - R; f(x) =+vx —logx
FlG) = 2x =i 10 = — g2 4
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fll(x) — —iﬁ'% = @ >0; (V)x € (0,16]

4xvz 4x?
)< 2f(@)+2F ()

f convexe. By Jensen’s inequality: f (2a+3b

5

2a+ 3b 2a+ 3b
—log(

= = )Sz(ﬁ—loga)+§(\/3—logb)

2a+3b 2vVa+3Vb 2a +3b
¢ - \/55 Slog( a5 )—log(i/azb3)

2a+3b 2Ja+3Vb <Zl (2a+3b)
5 5 - 08 53 a2h3
yc cyc

C
2a+3b 1 2a + 3b
< a4 -z (2\/C_L + 3\/13) <log 1_[ 4

T

53a?b3

cyc cyc

5 125abc

cyc cyc

2a + 3b (2a +3b)(2b + 3¢)(2¢ + 3a)
Z / 5 Ve Slog( 125abc )

cyc

2a+ 3b 2a+ 3b)(2b+ 3¢c)(2c + 3a
125 exp Z / : _va S( )( ’ )( )
£ abc

254.1f0 < a,b,c < 16 then:

a+2b a+ 2b)(b+ 2c)(c+ 2a
27expz / ' _Ja S( )(abc)( )

cyc

z 2a + 3b B %z 5va < log<(2a +3b)(2b + 3¢c)(2c + 3a)>

Solution:
Letbe f:(0,16] - R; f(x) = Vx — logx
() = x - () = —
fx—zx x'f X)=—7x 22
1 1 —4
f”(x)=——+—=\/_ > 0; (V)x € (0,16]

4x\[x  x? 4x2
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f convexe. By Jensen’s inequality:

— log(a i 2b> < %(\/_— loga) +§(\/E— logh)

3

a+2b
3
2b 1 2
F(A57) < 3@+ 5 )

/a+2b a+2vVb a+2b
3 —\/_3 Slog( 3 )—logi/ab2

a+2b \/_+2\/_ <10 (a+2b)
J 3Vab?

+2b +2b
. ——Z(\/_+2\/_)<log Ha3
3Vab?
cyc cyc

cyc

a+ 2b <l (a+2b)(b+2c)(c+ 2a)
08 27abc
cyc cyc
/a+2b (a+2b)(b+2c)(c+2a)
27 exp z
abc
cyc

Equality holds ifa = b = c.

2.55.If n € N; n # 0 then:
1

n—-1
T k
nf(tan‘1 x)dx <—+ Z tan~! (—)
4 n
0 k=0

-f(tan‘1 x)dx — Z (%)

k=0

Solution:

K
LN k k-1 < k
Y (T O
n n n
k=1k-1 k=0

n
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k
=ij(tan‘1x)dx—z

k
tan~?! (—) dx =
n
n

- 5t (ot - () ax) 0

— _ 1
tan ! x = arctanx; (tan ' x)' = —

[y

] ——

k 1 1 k
x<—>=>tan " x < tan~ (—)
n n

tan~! (E) >tan"'x = tan™?! <E> —tan™?! (u) >tan™!x —tan™! (k _ 1)
o\ n n n
[ f& (tan‘1 (%) —tan~! (kn )) dx > X0, fk L (tan x —tan~! ( )) dx (2)

By (1); (2):

f (tan~? %) dx — %nzl tan"! (%) . zn: / f ((tan—lx) ~ tan™! (:))) dx

=

202 ]
N / : k k-1

I tan~! (=) — tan=! (——) ) dx | =
nk:l\%ﬂ (e ()]
=2 (G- o () - (52) -

<

o=

13 o (o () = o ) o ) -

=l(tan‘11 —tan"10) =1(E—0) -

n n\4 4n
1 1n—1 K 1 n—-1 . -
f(tan'1 x) dx ——Z tan~?! ( ) < — nf(tan x)dx — Ztan 1 (_> <=
n 4n n 4
0 k=0 0 k=0

ne1
T k
n f(tan‘1 x)dx <—+ Z tan~?! (—)
4 n
0 k=0
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2.56.I1f n € N;n > 2 then:

2
n n

w2\ [ [ (e t)ax )| <o | (=)

4k? — 1
k=2 \0 k=2

Solution:
1 1

j Jxz+1 f x4+ 1)dx | <

0

0

1 1

CBS 1

< szdx f(xz"‘z(xz + 1))dx = §j(x2k + x2=2)dx =

0 0 0
1

1 1
el Y 2k—2 __
=3 dx+j dx 3(k+1 2k—1)
4
=3

2k+1+2k—1
4k2 — 1 N

1
3 4k2—1
2

S
S

1
(xk\/x2+1)dx S;Ln—z ( i )

4k? -1
k=2 \o k=
n 1 2 n k
n—2 k_[y2 n-2, R
3 < f(x Jai+1)dx || <4 ﬂ(4k2_1)
k=2 \o k=2
2.57. Find:
1 1 1
14+5+7++
0=1lim|—2"3 ___ 2" -1
n—-oo e
Solution:
We prove by induction:
1 1 1
At =—aF = <nn>
P(n)1+2+3+ +2n_1 nn>1
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P(k+1)1+ + = + v+ ——<k+1 (toprove)

2k+11
1+1+1+ PR
2 3 2k+1 1 —
<kt Ly <
- 2k S 2k 41 2k 42 2k+1 1 —
11 1 1
k+_+ﬁ+ +ﬁ_k+2 2_k=k+1

for "2k" times

P(k) > P(k+1)
11 1
0<1l+s+=++

<
f f zif_l-_Tl
0< <—
en el
1 TlT£51_ n+1—n 1 1_0
nbomen | nbmentl—en nooet(e—1) oo
0 < lim <lim—=0
n—oo en n-oo en
1+%+%+ +5 1 i
lim =0
n—oo en

258.f0<a<b< gthen:

b b

cotx + coty + tan(x + b—a
ff( y ( w>mﬂysn<2 )
a a

cotx cotytan(x +y)

Solution:
1 n 1 tanx + tany
cotx + coty + tan(x +y) tanx ' tany ' 1—tanxtany
cotxcotytan(x+y) ~ _1 1 tanx+tany ~

tanx tany 1—tanxtany
(1 —tanxtany)(tanx + tany) + (tanx + tany) tanx tan y

tanx + tany
(tanx + tany)(1 — tan x tan y + tan x tan y)

=1
tanx + tany
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b b

cotx + coty + tan(x + y)

f f dxdy =
cotx cotytan(x + y)

a a

b b
=j]dxdy:(b—a)z=(b—a)(b—a)s(b—a)-§=@

259.1f0<a<b <§then:
j—’j—’(l+tanx)(1+tany)(1+tan(%—x—y))
a a

T dxdy < (b —a)
1+ tanx tan y tan (Z—x—y)

Solution:

4
1+ tanx tan y tan (%—x - y)

1 — tan(x + y))
1+ tan(x + y)

(1+tanx)(1+tany) (1 + tan (E— X —3’)) B

(1 +tanx)(1+tany) (1 +

1 —tan(x + y)
1+ tan(x + y)
B (1+tanx)(1+tany)(1 + tan(x + y) + 1 — tan(x + y)) B

1+ tan(x + y) + tanxtany (1 — tan(x + y))
2(1 +tanx)(1 + tany)

~1+tan(x + y) + tan x tan y — tan x tan y tan(x + y) -
2(1 +tanx)(1 + tany)

"1+ —tanxtany)tan(x + y) + tanx tany -
2(1+tanx)(1+ tany)

— tan x + tan
1+(1 - tanxtan)’) 1= tanxtanyy

2(1+tanx)(1 + tany)

~1+tanx +tany +tanxtany -
2(1+tanx +tany + tanx tan y)

1+tanxtany -

+ tanx tany

2

1+tanx +tany +tanxtany -
b b s
ff(1+tanx)(1+tany)(1+tan(z—x—y)
a a

) ey -
1+tanxtanytan(%—x—y) drdy =
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b b
=ff2dxdy=2(b—a)2=2(b—a)(b—a)§2(b—a)-g=(b—a)n

2.60. Find:

mw—9x w— 3x w+ 3x m+ 9x
Q =f<tan( )tan( )tanxtan( )tan( ))dx
3 3 3 3
Solution:

- j (tan %)2 — (tan 39()22 | (tan%)2 — (tan x)z2 e | da
1- (tan%tan 3x) 1- (tan%tanx

f < 3 —tan?3x (3 —tan®x)tan x>
0= X

- 1—3tan23x 1-3tan?x
Q_f(3—tan23x)tan3xd _jt o d
- 1 —3tan? 3x X = ranorax
sin 9x 1 [ (cos9x)’
Q=f dx =

cos 9x 9 cos9x —§ln|cos x|+ C

2.61.If a,b € R then:

b b
8ff(cosxcosycos(x+y))dxdy+(b—a)z20
a a

Solution:

1
cosxcosycos(x +vy) = > [cos(x + y) + cos(x — y)] cos(x + y)

1
E(cosu + cosv)cosv = E(cosucosv + cos?v) =

u=x+y;v=x-—y)

1 5 cos’u cos?u B
—§<cos v+ cosucosv + 2 >—
zll(cosv_l_cosu)z_coszul>_coszu>_1
2 2 4 - 8 — 8
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8cosxcosycos(x+y) =1

b b b b
8]j(cosxcosycos(x+y))dxdy+ffdxdy20
a a a a
b b
8]j(cosxcosycos(x+y))dxdy+(b—a)z20
a a

2.62. Prove without softs:

2 1
j(\/i sin7x)dx| < f(NE —Vx + 1| sinmx) dx
0 0
Solution:
2 1 2
f(x/)? sin 7rx )dx| = j(x/)? sinx )dx + j(\/f sin mrx) dx | =
0 0 1

1 1
f(\/} sinmx )dx + f(,/y + 1sin(n(y + 1)) d(y + 1| =
0 0

f(\/}sinnx) dx — f(\/y+ Lsinmy) dy

j-(\/} sin x )dx — f(\/x + 1sinmx)dx

f ((\/E —Vx +1)sin nx) dx

< f(|\/§—\/x+ 1| sinmx) dx

2.63. Find:
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Solution:

T (10k =7\ T1/10k—10+3y
n(10k—2)_n(10k—5+3)_

773+ 10k-10) 173+ (2k—-2)-5
k=13+(10k—3) k=13+(2k—1)-5
We prove by induction:

1(3+@2k-2)-5 3
P(n):l_[<3+(2k—1) 5> /3+10n
P(1):18:; f —<f —<—<:>39<64

Suppose that P(n) is true. We prove P(n + 1).

3+(2k-2)5
P(n+1): Hn+1 (3+E2k—1;«5)

3+(2k—2)-5_ﬁ<3+(2k—2)-5>.3+10n

3+10(n+1) (to prove)

A3+ @k-1-5 11\3+Q2k-1)-5/ 8+10n
P() (3 3+ion
< 3+10n . 8+10n < 13+10n [tO prove)
3 (3+10m)? 3

3+10n (8+ 10n)2 < 13+ 10n
(3+10n)(13+ 10n) < (8 + 10n)?
39+ 30n + 130n + 100n? < 64 + 160n + 100n?
0< 25
P(n) » P(n+1)

3 ﬁ <10k - 7) 3 3
10k — 2 3+ 10n
k=1
n
0< i <10k - 7) lim 3
S noml [\Tok=2/ = s 34100~

T (10k—7>_
now] 1\Toxk=2) =

k=1

106



264.f0<a<b< ’2—’then:

coshb
2 j(x2 tan x) dx + 6 log |—| +3*-a®) <0
cosa

Solution:
T

Let be f: [O,;) - R; f(x) =3sinx —3xcosx —x?sinx
f'(x) =3cosx —3cosx + 3xsinx — 2xsinx — x? cos x
f'(x) = xsinx —x%cosx = x(sinx — x cos x)

T sin x
tanx >x; (V)x € [O’E) =

> x=sinx = xcosx
CcOS X

T
= sinx —xcosx =20= f'(x) 20;(V)x € [05)
f increasing, min f (x) = f(0) = 0= f(x) =0

3sinx —3xcosx —x?sinx > 0,x?sinx < 3sinx — 3x cosx
x?%sinx sin x
<3

—3x,x%tanx < 3tanx — 3x

cOSXx =~ Ccosx
b b
f(xztanx)dx < 3ftanxdx—3fxdx =
a a a
b
j’smx b2 —a?
dx —3 =
CcoS X 2
a
3(b% — a?
= —3(log|cos b| — log|cosal) — %
’ b
0s
f(x tanx) dx < 6log| |—3(b2—a2)

Ccos
2 f(x2 tanx) dx + 610g|—| +3(0b*-a?®)<0
cosa
Equality holds for a = b.
2.65.If f:[1,00) — [1, ) continuous; a > 1 then:
2

a a a dxdy a a dx
Z(a—1)!f(x)dx+!!f—(x)f(y)S(If(x)dx) +2(a—1)!m
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Solution:

1
fO)=21fN=21= fOf(y) =1 ﬁmg 1

1
Gy " LS00 -120f0) - 120,y € [1,00)

1
(F&) - DG — 1) (Wf@l -1) <0
(FOOFO) - £() = F3) +1) (m -1)<0

fx)+fQ) 1
1—f(x)f(y)—W+f( )+f(y)+f( e )—130
f(x)+f(y)+f( )f( )_f(x)f(y)+f( ) f( )

fafa(f(x)+f(}’))dxdy+jjf( );lg/y)sjjf(x)f(y)dxdy+
+.1]-.1I- m+m dx dy

dx dy
Z(a—1)1ff(x)dx+1flff(x)ﬂy) <
2

S(ff(x)dx) +2(a—1)f}%

2.66.Letbe A,B € M,(R) suchthat Tr A - Tr B = Tr (AB). Find:

Q

n
1
Q=1lim|ndetd+InndetB —Z det(A +—B)
n—oo 4 N

Solution:

_(a b\.,_ (€ f),
LetbeA—(C d)'B_(g 3 ;a,b,c,d,e, f,g,h €R
detA = ad — bc;detB = eh — gf

TrA=a+d;TrB=e+h
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ABz(?:igg Cgigﬁ);Tr(AB)=ae+bg+cf+dh
TrA-TrB=Tr(AB) = (a+d)(e+ h) =ae+bg +cf + dh
ae + ah +de +dh =ae +bg +cf +dh
ah+de—bg—cf =0 (1)

(s o) -aa(( )55 1)

/a+i b+L
= det| vk vk =
c+% d+ﬁ
o+ D) e+ ) (pr D) e+ L) -
ah de eh b bg fc bg

1
=ad — bc+—=(ah+ de —bg — c)+—(eh—b ) =
NG g—fo+y g

(1) 1
= detd + EdetB

n n
1 1
det(A +—B> = Z (detA + —detB) =
=1
=ndetAd + detB ZE
k=1

n
Q = lim (ndetA+lnn-det Z (A+—B)>=

n—oo
k=1

n-oo
k=1

= lim (ndetA +Inn-detB —ndetA — detBZE> =

n

1
= lim detB(lnn—ZE) =detB - (—y) = —ydetB

n—oo
k=1

= li <1+1+1+ +1 1 )
y_nl—r;{)lo 2 3 n nn
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2.67.1f a,b > 0 then:

+ b 2ab +b 2ab
(\/ 2 )arctan ( 2 ) + (a -2 )arctan(\/ ab) +
a+b 2 a+b

2ab b
+(a —Va )arctan( )>0
Solution:

If a = b then, the equality holds WLOG a < b Let be f:[a,b] » R
f(x) =arctanx; f'(x) = ' (x) = (1+ 2)2 < 0; f concave

1+x2’
function

B

A ‘A' B ' P
0 a 2ab Vab a+tb -
a+b 2 b
2ab 2ab +b a+b
(a_l_b,arctan( )) B(Vab,arctan(Vab)); C( ,arctan( > ))

+
2a +b
A(_I_b)B(\/_O)C(a 0)
S[ABB'A'] + S[BCC'B'] > S[ACC'A']

B‘B"

(arctan ( 2+bb> + arctan(Vab )) ( Z_T_bb)
+ (arctan(@) + arctan (a ; b)) (a *th - \/_)

ab>+ " (a+b>><a+b Zab)
p) AT Lo+

2
> (arctan(
2ab or +b
a a
arctan (a g > (\/_ - ) + arctan(\/a_ )

a+b 2ab
+arctan< > )( \/_>2

)+
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2.68.I1f a,b > 1 then:
2ab Vb~ ﬂb atb_2ab o\ p 2ab_ op

(avs) T (5T e

Solution:
If a = b the equality holds. WLOG a < b. Let be f:[a,b] - R.

flx)=logx; f'(x) = %;f”(x) = ;—; < 0; f concave function

A'
2ab vVab atb b T

"
1

®--

<Y .

a+b 2

A (az_cll_bb,log< 2ab )) B(\/_ log(\/_)) C (a * b, og(
A (2ab ,0>;B(\/ﬁ, 0);C(Tb,0>

a+b
S[ABB'A’'] + S[BCC'B’'] > S[ACC'A’]

(o8 (7575) + 0s(vaB)) (v - Z55)
+ (g + (20 (12 )

(22 (57 (232 2

(\/a_—a+b>log(2ab> a+ 2ab>log(m)+

2 2
+< Zab )l (a )
a+b 8

a+b
2

+b
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a+b 2ab
Vab—T a+b 2ab ——vab

2ab atb_2ab g 4 patb
(+/ 2 a+tb
log (a+b> (Vab) ( 2 ) > logd
2ab Vab——a+b at+b 2ab +b 2ab —vab

(a + b) C (Vab) 2 @*P. (a ! )a+b .

2.69.1f a,b > 1 then:

a+ -
2ab (a + b)? 7z Vab -
a? + b? 4ab -
Solution:
If a = b the following inequality holds. WLOG a < b. Let be
f:la,b] » R

flx)=logx; f'(x) = %;f”(x) = ;—; < 0. f concave function.

1
:
1
H
1
i
1
i
1
:
'
A B i\t D

P
@

0 a 2ab

2ab (2ab b &
A (22 1o (22)); B(Vab,log(vaB))s ¢ (412, 1og (“12));

a+b a+b 2

a2+bz1 a2 + b? _A,(Zab 0)_

2 %8 2 A \axp )
a+b a? + b?
B’(\/ab,O);C’( > ,0);0' f >—0

S[ABB'A’'] + S[BCC'B’] + S[CDD'C’'] > S[ADD'A']
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(108 (5 + saB)) (Vs — 2575) +
+(10g (“27) +10g(VaB) ) (27 - vab) +

+l a? + b2 41 <a+b) a?+b%2 a+b >0
°8 2 8\ 2 2 2

a+b 2ab a? + b?

( 2 a+b ) log(Vab) ~log ’ 2

a? + b2 a+b 2ab

’ > —Vab <log( 5 )—log( “ ))>log1

a+b
b 2ab
/ S P 5 r\
vab \
log| . | > log1
aZ + b2 Zab
\ 2 a—+ b

a;—b ZaZ; PR
a+ = v _

2ab (a + b)? z —Vab o1
a? + b2 4ab

2.70.If a,b = 1 then:

atb_2ab a+b> R (Zab>

(VaB) 77+ (= atb

a+b
vab-—5=
>1

Solution:
If a = b the equality holds. WLOG a < b. Let be f:[a, b] » R

f(x) =logx; f'(x) = %;f”(x) = ;—; < 0. f concave function.
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Y A

(=]

[<Y) F——
[

e

o

3

[~ -
]

_l_

(=

8]

a—+b 2
a+b a+b a? + b? a? + b2
A(Vab,log(Vab)); B (_ 1og( )) log
2 2 2 2
a+b a? + b?
A'(x/a_b,o);B'( z ,0);C’ >0
S[ABB'A’'] + S[BCC'B’] > S[ACC'A’]
a+b a+b
(log(\/%) + log( > )) . ( 5 \/E) +
e <a+b>_|_l a? + b? a2+ b%? a+b
B\ 2 o8 2 2 2
a? + b? a? + b2
+| log(Vab) + log > 5~ Vab | >0
a+b 2ab 2ab a+b
( 2 _a+b>log(m)2(a+b2_b ab>1°g< 2 )+
a+ a
+(\/a_— > Zlog( +b>>0 b
2a a+
a+b 2ab == —\/ab vab—-—5—
=222 ra + b\atb 2ab 2
oo 2 (32 (2
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Zab_m

a+b
atb_2ab + b\a+b 2ab M_T
(@) 2 a+b ( ) . ( ) >1
2 a+b
2.71.I1f a,b > 0 then:
a+b 2ab 2ab a+b
( — ) arctan(Vab) + ( —Va ) arctan ( ) +
2 a+b 2
a+b /az + b?
+ (\/a — )arctan > >0
Solution:
If a = b then the equality holds. WLOG a < b. Let be f:[a,b] —» R;
1 —2x
f(x) =arctanx; f'(x) = 1 +x2'f (x) = m< 0

o a Vab ajrb a? + b? b x
2 2
a+b a+b a?+ b2 a? + b2
A(Vab,arctan(Vab });B( > ,arctan( > )),C( > ,arctan >

2 2
A(\/_O)B(—O ; C’ a+b ,0

S[ABB'A’']l + S[BCC'B'] > S[ACC'A’]
(arctan(@) + arctan (a - b)) (a - b )
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a+b
2

a? + b2
2

a? + b2> a? + b?

+ arctan( ) + arctan

> arctan(\/cE) + arctan

2

a+b 2ab 2ab
( 2 _a+b>arCtan(@)+(a+b_

a+b a? + b2
+(\/a_— > )arctan(— >0

2.72.I1f a,b > 0 then:
a+b 2ab V2ab — Va? + b?
( )arctan +

2 a+b V2 + /ab(a2+b2)

f2+b2 — b)?
? 2 —+ab |arctan <u>>0

2+ 2ab
Solution:
If a = b then the equality holds. WLOG a < b. Let be f:[a,b] - R
' _ 1 Ly . —2x .
f(x) =arctanx; f'(x) = 1+x2'f (x) = a7 < 0; f concave

D

C

Y : i
B ' H -
i AT ' 12 o
0 (Il 2ab o a—T—b / 2152 I
atb vab 5 5 b
2ab 2ab
( ,arctan ( )) ; B(\/ ab, arctan(\/ ab));
a+b a+b
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C(a+b a+b>>.D a? + b2 . a? + b2
5 5 ; 5 ,arctan 5

2ab + b 2 + b2
A( : ) B(Vab o)c(a 0);0 T
a+b’ 2

S[ABB'A’] + S[BCC'B’] + S[CDD’'C'] > S[ADD’'A’]
2ab 2ab
(arctan ( ) + arctan(\/_ )) (\/a_ )

,arctan (

+b
a+b a+b
+ (arctan ( ) + arctan \/_ ( >
a? + b2 a+b> a2+b2 a+b
4+ | arctan + arctan
2 2
S . (2ab>+ . a? + b? a?+ b? 2ab
arctan 7+ b arctan > > >
a+ b 2ab 2ab
( > o b) (arctan(\/_) - arctan( n b) +

/az + b2 a+b 2ab
> —+ab (arctan( > ) — arctan( )) >0

( Zab aI‘Ctan / \/_ . + . \

2+b2 a+b_ 2ab
a
Vab |arctan 2 atb >0
1_I_a+b 2ab
2 a+b
a+b 2ab v2ab —Va? + b2
( )arctan +
2 V2 + . Jab(a? + b?)

a? + b2
2

(a —b)?
—+ab arctan(z_l_zab >0
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2.73.If a,b > 0 then:

2 2
( a2+b2_ﬁ><ea;rb_eﬂ)2(a+b Zab)<ea;rb —em>

2 2 a+b
Solution:
If a = b then the equality holds. WLOG: a < b. Let be f: [a, b] —
R; f(x) =e*
f'(x)=¢e*;f"(x) =e* > 0;f convexe.
YA
B
P i i T
Y ' e o
S Y-Sy :
a a a b T
a-+b b 2

2
S[ABB'A’'] + S[BCC'B’] + S[CDD'C'] > S[ADD'A']

2ab 2ab atby ra+ b
(ﬁﬁ+dﬁﬂﬁ7—a >+&ﬁﬂw7ﬂ(2 —WE)%
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N a®+b® [ ]a®+b*> a+b a2+b2+2ab N
¢ 2 2 2 a+b
a+b a+b a’2+b%2 a+b
+e 2 —\/_ - >0

2 2
2ab 2 2 2
ey /a -;b +em(a+b_ ab)_l_

2 a+b
a*+b® (2ab a+b atb [ |a? + b?
( )+eZ

2
a? + b2
2
a +b2
e\/‘E > >0
a? + b2 a+b 2ab
/ Vb (eT—em) >

2 2
>(a+b_ 2ab> . a;b _ oVab
2 a+b

2.74.1f f:R — (0, ), f continuous; a, b € R; a < b then:

—vab |>0

a+b Zab +b 2ab
Vab ( —eath +(a2 _a-cll-b)

b b b
(1@ + ) (FO) + F@)
[ A+fm)a+rem) Y= f fG) dx
Solution:

First, we prove: (u? + v)(v? + u) = uv(1 + u)(1 + v)
22+ w3+ v +vusuww(@l+u+v+uv)
u?v? +ud + 3 + vu = uv + uv + uv? + v?u?
w+vd—uwtv—ur?=>0
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wWu—-v)—v?(u—-v)=0
u-v)W?>=v?)=20=>wuw—-v)?w+v)=>0

(u?+v)(v2+u)
(1+uw)(1+v) = uv (1)

We takeu = f(x);v = f(y) in (1):
(F20) + FM)(F20) + £(0))
A+ fo) it fo)) 2 f»)

j’ f ((fz(x) O (20 + F(O)

G+/0)1+f0)) >d" @y 2

b b b b b 2
> [ [ (o) dray = ( [ dx> ( [r» dy) - ( [ re dx>

2.75.If a,b = 1 then:

a+b a+b 1

2 1 2 1
2a+b -3 2 +2Vab .3Vab + 272 . 3a+b + 2vab - 3Vab > 24

Solution:
1 1
Letbe f:[1,0) - R; f(x) = 2% - 3x + 2x - 3¥

Lo
CRE (BN
Letbe g:[1,0) - R; g(x)1: -

i1, - a0 = () + (3)
fG) =90 - h(x)
g'(x) = (x +%> 2% . In2 =
:(1—%>.2x+%-1n2=x2 - .2"% 220

X
because x = 1. Hence g(x) = g(1) = 4
1 1
B (x) = 11 3 (3>§+<3>x1 3_l 3 1 (3>E+<3)x (xil)
V=T \2 2) M2 72T \2 2) | =

120

X




33 1 3| 3]av 3| )
=3(3) —=(3) |2m3|G) ~G)| = o
= h(x) > h(1) =3
fx) =g)h(x)=2g(1)-h(1)=3-4=12,(V)x =1
2% 3% 42837 > 12, (W)x > 1
Ifab>1:1<a<\/_<a+b

Vab =1 = 2Veb . 3¢—+2v— 3Veb > 12 (2)
a+b atb a+b

T>1=>22 3a+b+2a+b 32 >12 (3)
By adding (2); (3):

2 a+b 1 a+h

2 1
2a+b -3 2 +2Veb . 3Vab 4+ 272 . 3a+b + 2Vab - 3Vab > 24
Equality holds fora = b

2.76. Find:

1

(2x° + 4x3) log(e* + 1)

8= + dx
(e* + 1)(x2 +1) 2+ 1)2
1

Solution:

Q=

1( ex+1)(x2+1)+< 2_|_1> 10g(ex+1)>dx=

1

f(ex+1)(x2+1) f( 2+1> log(e* + 1) dx =

-1

x4 1

x*
(ex+1)(x2+1) 2 +1
[
T x4l e 1T
-1
4

1 1 1
- o8+ D - roe(+ 1) +

1

+f x* 1-e” dx =
x2+1 14ex )T

-1

log(e* + 1)

-1
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1 e+1 1 e+1 1

Letbef[ 11]_>]Rf(x)_ x* 1-e¥

f(_x)=(—X)2+1'1+e-x_
1
x%2+1 i x24+1 e*+1 f(x): Jf(x)dx 0
1+ex
Q=stl=ct0=3
=5 = =3
2.77. Find:
1 2
Q=f & +xeleog(ex+1) dx
2(e* +1)
21
Solution:
Q_lf exz ) le (x+1)d _
2 ) \ex g1 T 0B X =
1 _12 1 :
e* o
_ = 1 . . _
2.[- X 1dx+2f((e )10g(e +1))dx—
1 ) 1
_1-]- ex d +1 le (x+1) 1f xz e.x d B
T2) e T2t Lo2)¢ 1™ T
e* (1 —e*) 1 1
_Efvdx+zelog(e+1)——elog< 1)_
-1
1 fex1) 1 e L
=2¢l08| Txe |t/ =208t
e
exz(l—ex)
Letbe f:[-11] > R; f(x) = —/—=—
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1
P e W Ul IO Gt VRO
1+ex 14 1 e*+1

ex

f(=x) =—f(x) = ff(x)dx=0:ol=0

0=Clogetir=C. 141 0=¢
—pleeTH =y 2 VT2

2.78.Ifa,b,c > 0;a + b + ¢ = 3 then:

1 a%+2ac 1 b%+2ba 1 c%+2ch
(1+—) -(1+—) -(1+—) > 512
a b c

Solution:
Let be f:(0,0) - R; f(x) = log(x + 1)

f'(x) = x—il;f”(x) = (xz)z < 0 = f concave
By Jensen’s inequality:
fAixq + 2325 + A3x3) = A (1) + £ (x2) + A3 (x3)
/11 + /12 + /13 = 1
log(A1x; + A5 + Ayx3+ 1) =
> A, log(xy + 1) + A, log(x, + 1) + A3log(xs + 1)
log(Ayxq + A5 + A3x3+ 1) =
> log((xy + 1))M - (x + 1)%2 - (x5 + 1))

Alxl + Azxz + Agxg + 1 2 (x1 + 1)/11 : (xZ + 1))'2 ‘ (X3 + 1))'3
Let be L. = a’+2ac 1, = b%+2ba __ c%+2cb
etbes, = (a+b+c)2’ 72 7 (a+b+c)2’ "3 T (a+b+c)?

a’ +2ac+b*+2ba+c*+2ch (a+b+c)
(a+ b +c)? " (a+b+0)?

1 1

1
Let be x, =Xy =Xy = o

C
a’*+2ac 1 b?> +2ba 1 ¢ +2ch 1

Al‘l'lz‘l'lg:

_— = Lz 1>
(a+ b+ c)? a-l_(a+b+c)2 b-l_(a+b+c)2 c+ -
a’+2bc b%+2ba c?+2ch
1 (a+b+c)? 1 (a+b+c)? 1 (a+b+c)?
T U T
a b c
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a’+2ac

(a+2c)+ (b+2a)+ (c+2b) 1> 1—[ (1 N l)(a+b+c)2

(a+ b+ c)? a
cyc
3 (a+b+c)? 1 a’+2ac
(o) =L 0+3)
a+b+c a
cyc
3 32 1 a’+2ac
(1+3) =[[(1+3)
cyc a
1 a’+2ac
1_[<1+—) <2°=512
cyc a

279.f0<a<b< gthen:

b b
1
Ef f(l + tanx) (1 + tany)(1 + tan x tan y)dxdy > (tan b — tan a)?
a a
Solution:
2 1 1
cos2xcos?y  cos?x cos?y
2 2 ) 2
sin“ x + cos“x sin + cos
=2- > . 4 > y=2(tan2x+1)(tan2y+1)=
cos? x cos?y

= (tan®?x + 1)(tan?y + 1) + (tan®? x + 1) (tan?y + 1) >
QM—-AM ) (tanx +1 tany + 1)2 _
- . 2 2 B

=3 [(tanx + 1)?(tan? y + 1) + (tan? x + 1)(tany + 1)?] =

2
) (tan2y+1)+(tan2x+1)-2<

N| =

[(tan?x + 2tanx + 1)(tan® y + 1) + (tan?x + 1)(tan?y + 2tany + 1)] =

_1< tan? x tan?y + tan?x + 2 tanx tan?y + 2 tanx + )_

" 2\+tan?y+ 1+ tan?xtan?y + 2tan?x tany + tan?x + tan®y + 2 tany + 1

=tan’xtan’y + tanxtan®’y + tan? xtany + tanx + tany + 1 +
AM—GM
+tan?x +tan?y > tan’xtan®’y +tanxtan?y +

+tan’xtany +tanx +tany + 1+ 2tanxtany =
=tan?xtan’y + tanxtan®y + tan’ xtany + tanx tany +
+tanxtany + tanx +
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+tany+ 1 =tanxtany (tanxtany + tanx +tany + 1) +
+(tanxtany +tanx +tany + 1) =
= (tanxtany +tanx + tany + 1)(tanxtany + 1) =
= [tanx (tany + 1) + (tany + 1)](tanxtany + 1) =
= (tanx + 1)(tany + 1)(tanx tany + 1)

b
j(l +tanx) (1 + tany)(1 + tanx tan y)dxdy >
a

b b

1 1
dy =2 d d
cos? x cos?y dxdy fcoszx x jcoszy Y

a a

b

!

b b

> | | o
a a

) b b

Ef f(l +tanx) (1 + tany)(1 + tan x tan y)dxdy =
a a

> (tanx |Z) : (tany |2) = (tanb — tan a)?
Equality holds fora = b

2.80. Find:

n-oo (n+1)n

1 2 n
0 - lim (fox (x+n) dx)

Solution:
Letbe: I,, = fol x?(n+ x)"dx

1 1
'[-x (n+x)”+1 i _xz(n+x)n+1 _J.Zx.(n-i_x)nﬂ
n+1 N n+1 n+1
0

1
dx

0

1

B (n+1)n+1 J‘ (n+x)n+2 Dy =

T on+1 n+1 X n+2 =
0

— (D 2 [x(n+x)"?| (n + x)"t? gy | =
-\ n+1 n+?2 n+2 )=
0
2(n + 1)n+2 2(n + x)"*3 !

=Mn+1" -

M+ D +2)  (+ D+ 2D +3)],
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2(n+ 1)ntt 2(n+ 1)nt3

n+2 +(n+1)(n+2)(n+3)_
2nn+3

T (m+ D+ 2)(n+3)

P n+1\" 2(n+1)m+1\" 2n+1)? m+1\"
n=n [( n ) Ty ( n ) (n+2)(n+3)( ) T+ Dm+2Dm+3)
n

I, (1+1)” 2(n+1)<1+ )" 2(n+1)? (1+1) B

=(n+1"-

2n3 ]

n

nn n+2 n+2)(n+3)

2n3
T (m+ D+ 2)(n+3) .

. I . n\* . 2n+1) 1
llm—=11m(1+—) — lim ———— lim (1+ ) +
n + 2 n—-oo

n 2n3

im 20D (g I
+n—>oo(n+2)(n+3) nl—r&( +E) nl—{?o(n+1)(n+2)(n+3)

I,
lim—==e—2e+2e—2=e¢—2

n—>ooIl

Q=1 foxz(x+n)”dx — i ( I )_

~ e (n+ D" e \m+ D) T
I, n" I, 1 1 2
=lim— -——=lim — 11mﬁ=(e—2)-—=1——
e e

n-oo nn (n + 1)” n-ooon"t n-ooo (1 1

281.1f0 < a,b,c < gthen:

tana 12
-2 )\ 2 (550) )=
cyc cyc
Solution:

Because 0 <a,b,c<£—>tana tanb,tanc > 0

AM—-GM
Wehave:Ztaza > 3 /Ht’“““ Then: LHS>3JH(n 2a) =

We must show that: (r — 2a) 222 > 2 — (etc) &

o tana—2atana—7>0

tana
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Let: f(a) =7r-tana—2atana—4;a;0< a<§

4
f'(a) = —2tana + (7w — Zx)secza—;

f"(a) = 2sec? a[(m — 2x) tan x — 2]
f""(a) = —12tanasec? a — (2x + m)(2sec* a + 4tan® asec’ a) < 0

- f"(a) L on ( ) f"(a) < f""(0) = -4 < 0 - f(a) is concave
on(O;E). Hence, we just check: lim,_, 4+ f(a) = 0; and

lim_f(a) = lim_a- [(n—Za)tana—é] = z(i—i) =0

VAN T
a>(3) a-(3) a 7 mom
Because:
. tana . (mr—2a) 4x
lim /m-(r—2a)— =1lim /- ~geose- = lim, o+ ————— =
a—>(5) a a—»(;) asfzsaa a-0 2(m—x) sm%
COSE
4 4
=—.1=—
T T

3 tana
So, LHSZ3\[H(T[—ZCL) ” >3 <=

2.82.Ifa,b,c > 0,ab + bc + ca = 3 then:
4 -tan"12-tan~!(Vabc) < - tan~1(1 + Vabc)

Solution:
4tan~'(2) tan"1(Vabc) < wtan~1(1 + \/ab )

tan™ ( ab) < 2 tan‘l(l)
an‘1(3\/abc+1) = tan~1(2)  tan~1(2)

ab + bc + ca = 33a?b%c? = abc < 1, let f:(0; 1] - R such that
f(x) _ tan—1(x)

tan~1(x+1)
tan"1(x+1) tan~1(x)

f100 =—E (1)

(tan™1(x+1))2

The inequality can be written as: -

~I(x + 1) > tan~'(x) (as increasing function) =

1(3c+1) tan~1(x) 1 1
= o, (tan~ (x +1) > 0 and tan™ (x) > 0 because

x > 0 and —g <tan!(x) <tan"'(x +1) < %] =

x2
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tan"1(x+1) tan"1(x)
an'(x+1)  tan"'(x) (1

x2 x2+1 /
x? x%+1 >0= (tan~1(x+1)?) >0=f x)>0= f

is increasing, Vabc < 1 = f(3abc) < f(1) &

=

tan~*(Yabc) < tan™'(1) %

Tt (Vabe +1) - @n1(2)  tani2)

& 4tan~1(2) tan"*(Vabc) < wtan~1(1 + Yabc) (Q.ED.)

2.83.Ifa,b € R,a < b then:

b b
f f VeGx? dxdy > (b — a)? - V e(@+b)?
a a

Solution:

(3x+y)? 9 Gx+y»* 9 (3x+y)2
gy(x)=e T py(x) =ge 1 +——8x+yY =0

¢, — convexe —

a+b a(*52) )’
- f oy (x)dx = (b — a)<py( > ) =(b—-a)e 16

2
Let ¥ (y) = exp (—3(a;b) + i—/)

. 1 3(a+b) y° 1/3(@+b) y\° 3(a+b) y\°
o) =gew(Sg—+3) +3 (55 r3) @ (C5 3

a+b
¥'(y) > 0,¥ — convexe — f Y(y)dy = (b — a)'i’( > )

b b 5
3(a+b) a+b

j-f e(3x+3’)2dxdy>(b—a)2exp< ( 8 )+ 5 > =

a a

(a + b)?

= (b —a)exp (T) = (b—a)? - e@tn)?
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284.y,=H, —logn,n>1,x € R. Find:

n
1
Q(x) = lim (1—12 (i vt xl))
i=1
Solution:

Let (ay)y: (by,),, be two sequence so that

lim,,,a, =a andlimn_,+OO b, =b
We will prove that llmn_,Oo Zk T ay bpiq1_x = ab. We have

—Z(akbn+1_k —ab) =

Z(ak a)bpyik +— Z(b —b) + bn+s - a

aMm > O so that |b,| < M,vn E N* By Cesaro theorem:

< - a, —a)b,.,_ S—Za—a
nZ(k Yonare| <=l —al
k=1 k=1

. M —
We have lim,,_, ;Zﬁ;’flak —al=0

. 1 —
So, lim,,_, o, ZZﬁ;’f(ak — )by =0
We have also that: lim,,_,, 22%2’1‘(@1 — b) = 0 then:
limy 00— Zk 1k bpy1 =ab (™)
Leta, = )/,f”‘ * and b, Coszx
We have lim,,_, ;o a, = )/S“‘ * and llmn+C>o b, =y
2

So, by (**): Q(x) = limy o0~ L= g, by = pSinixteos’x = o

cos?x

2.85. If— <a<b<1then:
b b
x+ b2 —a*>)(b—a
ff( o1 xy+y dxdyz( )Ez+b)
P Ztan‘l( > )
Solution:
Let p(t) = arctan(t) wheret > 0
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") = 2(t — arctant) S0
¢ ~ (arctant)3(1 + t2)2

Since t > arctant forall t € [0, +co[ we have ¢ is convexe on ]0,+ o[
thenf p(®)dt > (v — u)<p( )for all0 <u <v

Letl = [" [ "*(yx+y)dxdy=2fa I} o (%) dx dy

a4 arctan
f (x+ )d > b )(b+a+y)
P\ )= @iy 73
a
then
‘ b+a
IZZf(b—a)qo(—+X)dy2
4 2
a
b+ b+
> 2(b - )b - @)~ + )
4 4
b+ b+a
a
ZZ(b—a)(b—a)-q)(—)22(b—a)(b—a)>< 2
2 tan‘l(b+a)
2

(b—a)(b2 —a?) _ (b—a)(b* - a?)
a+b = a+b
tan‘l( > ) 2tan‘1( > )

2.86. m,n > 0,Q(0,) = —log 2. Find:
Q B (m — n)e™ sin(nx) — (m + n)e™ cos(nx) + n
(m,n) = ,f ( (em* — sin(nx))(e™* — cos(nx)) >

Solution:
(m—n)e™sinnx — (m+n)e™ -cosnx +n
Q(m,n) = - dx
(em* — sinnx)(e™* — cosnx)
e™* — sin nx . 1 e™ —cosnx
- .t —-=—
emX — cosnx t e™ —sinnx

it (me™* —ncosnx)(e™ — cosnx) — (e™* — sinnx)(me™ + nsinnx) i
= x
(e™* — cosnx)?

— me™* . cosnx — ne™* - cos nx + n cos? nx + me?™* — ne™* - sin nx + me™* sin x + n sin® nxd

meme

dt =

(em* — cosnx)?
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(m —n)e™ - sinnx — (m + n)e™ - cosnx + n(cos? nx + sin? nx) p
= X

dx

dt
(e™ — cosnx)?
e™ —cosnx (m—n)e™ -sinnx — (m+n)e™ -cosnx +n
Q(m.n)=f - :
e™* —sinnx (e™* — cosnx)?
% dt
a ) fdt nt =1 |emx—sinnx’
mn)=| —=Int=ln|l———
t e™m* — cosnx
1 —sinnx
Q(0,7) =In —| =—In2
1 —cosmx
1 1-— SinTL’X| | 1
nl———|=In-=
1 —cosmx 2
1—cosmx # 0; mx # 2km; x + 2k
2(1 —sinmx) =1 — cosmx
2sinmx —cosmx =1
(2sinmx — cosmx)? + (—sinmx — 2cosmx)?> =5
(—sinmx — 2cosmx)? = 4
4 sin
= Kj =
COsSTTXL
—sinmtx — 2cosmtx = 2
{ 2sinmtx —cosmx =1 N sinmtx =0
—sinmtx —2cosmx =2 cosmx = —1
sin mx
tantx = =0=>mx=QRk+1)n=>x=2k+1,;k€eZ
COSTTX
amn) =1 e@k+m _sin(2k + 1n
m,n) = In
e@k+m _ cos(2k + 1)n

2.87.1f a,b, c > 0 then:
a b c 33\/abc

- + - + — <3 3
a+sina b+sinb c+sinc™ /abc + Vsinasinbsinc
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Solution:
Letbe f: (—,0) » R; f(x) = () = (1+e")2

fr(x )—e(l(f—x)3< 0; (V)x < 0 = f concave

By Jensen’s inequality: f (m) > i(f(}ﬁ) + () + f(y3))

yl'yZ' Y3 < 0 = (3)x1;x2;x3 € (011)
yi =Inxy;y, =Ilnx,;y; =lnx,

Inx; +Inx, +Inx 1

( 1 32 3)zg(f(lnx1)+f(lnx2)+f(1nx3))
1 1 1 1

f(nYxixexs) 2 §<1 Temm Ttemr 1+ el“"3)

1

1 1 1 1
> = + + )
1 + eln 3\/:’51752753 3 (1 + X1 1 + X2 1 + X3

1+x’

1 1 1 3
+ + <
1+x; 1+x; 1+x3 143 xx,x5
_sina<1 _sinb<1 _sinc<1
X1 = a ;X = b y X3 = c
1 1 1 3
1_I_sina-l_1_|_sinb+1_|_SinCS 3lsina sinb sinc
a b c 1+\/ a b ¢
a b c 33Vabc

+ + <
a+sina b+sinb c+sinc i/abc-|— 3\/Sinasinbsinc
Equality holds fora = b = c.

2.88.1f 1 < a < b then:

b/b/b
fff( 1 )d dy |dz < (b —a)?1 <1+b)
—|dx z a)“lo
1+ 3/xyz Y E\1+a
a a a
Solution:

1 , . —e*
Letbe f:(0,0) - R; f(x) = 1+ex,f (x) = Grery
—e*(1+e*)? +e*-2-e*(1+e¥) —e*(1+e*)+ 2e*

fr) = 1+ en) ST dten)?
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. B —eXx + er B ex(ex — 1) .
[ = T re ~ Arer)y > 0; (V)x >0

By Jensen’s inequality:

1 2 1
£ <2 (5 + £ + FO): 07292 > 0

3’1»3’2»%’3 >0 l=> (3)x1l; X2, X3 >11} y1=Inx;;y, =Inx,;y; =1Inx;
nx,; +lnx, +Inx
( ! 2 3) < §(f(lnx1) + f(Inx,) + f(Inx3))

3
1 1 1 1
3/
f(ln X1X2X3) < §<1 + elnxg + 1+ elnx: + 1+ elnx3)
1 1 1 1 1

<= + + )
1 + eln 3\/-751952953 3 (1 +X1 1 + X2 1 + X3
4 1 4 1 S 3
1+x1 1+x2 1+X3_1+3x1x2x3
< 1 + 1 4 1
143 xxx3 1+x; 1+x; 1+x3

X1 =X,Xp =Y, X3 =2
3 1 1 1

< + +
xyz 1+x 1+y 14z
b

1+
b /b
([ )=
———)dx z <
1+ 3/xyz Y
a a a

1
(m) dx dy dz +

<1J1rx>dx>dy dz+f ff
S e -

= (1(91 - Z)Z(Cllog(l +b) —log(1+a) +
+(b —a)?(log(1 + b) —log(1+a) +
+(b — a)?(log(1+ b) —log(1+ a) =
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= 3(b — a)?(log(1 + b) — log(1+a)—3(b—a)2108(iib)
b /b /b

1 5 1+b

([t

b b

f j J(l-ﬁ;xyz)dx dy dz<(b—a)210g( +Z)

a

289.f0<a<b< gthen:

Vab / b \ Vab / b \
f e * sinx dx e cosxdx | < f e~ cos x dx e * sinxdx
\a+b / 0 \a+b /
2

a

Solution:
By Cauchy’s theorem (3)c € [a,\ab];d € [ﬂ b] such that:
b .
f;/a_ e*sinxdx sinc
e = = tanc
J, " e ™" cosx dx cosc¢
b —x2 .
fazi e sinxdx
5 - = =tand
Jarpe ** cosxdx €0sd
T2
AM-GM a + b s
0<a<c<vab < SdSb<E

. . s
tan x - increasing on (0, 5) = tanc < tand

% b 2 .
f abe,—x2 sin x dx fa+be *"sinx dx
a 2
= e = "D 2
a -
) e~** cos x dx fa+be *“cosx dx
a
2
vab \
— 2
f ** sin x dx e cosxdx | <

[romsa)( frome)
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Jab /b
.2 2 .
< jexcosxdx fexsmxdx

a

/_
&
SN~ —

290.f0<a<b< ’2—’then:

- o / o t \ - /
([ R\ [ <] 520
Letbe f:[a,b] -» R;
Iy (1514:1 2 ) dt
=
By Cauchy'’s theorem exizts)c(x) € [a, b] such that:
sin c(x

f(x) =1CO-I;—§E:))= tan ¢ (x)

14 ec™

Solution:

fl(x) =— ® 0> f increasing

cos? c(x)

Vab < “27 = f(Vab) < £ (“3°)

1+e
Vvab [ CcOSt - ﬂ cost
fo (1 + et) dt o’ \ T3 et) dt
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291.f0 <a < h;n € N;n > 1then:

Vab 2 Vab 2
(f x"exzdx>| f aleX dx | < (f x"‘lexzdx>| f x"e* dx |
\ ) /

0 0

Solution:
_ _ _ Fmet’ar
Let be g: (O, OO) - R, g(x) - f:tn_letzdt
0 x"eX? fox t"let? dt — xn—1ex? fox t"et’dt

(Jy tn-tet?dt)’
X" (x [Tt et de — [ the dt)
(Jy tvtet? dt)’
Let be h: (0, OO)x—> R h(x) =x [; t" et dt — [ t"e dt

g'(x) =

2

h'(x) = ft"‘l et’dt + x - x"le¥ — xne*’ =
0
= fox t""et’dt > 0 = h increasing= h(Vab) < h (a;—b) because
AM—GM

vab < %b
2.92.1f 0 < a < b then:
b 2
e, VaWB-Va) (Vb-+a)’ (-
e dx = eab + 4 b2 + Zeb2
Solution:
_-i
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b
f e dx > A[AMM'A’] + A[BA" A'B'] + A[CB"'B'C’]
a

M'(a,0); A'(vab,0); B’ (a%b 0) ;C'(b,0)
M(a, f(@); 4" (Vab, £ (Vab) ); B (“ (e ))
[errae= (18 - e+ (S22 @) S 1 (5 L)

' VA=) (=)

eab

24 o (a+b)? Zeb2

2.93.If a, b, c > 0 then:

1 b b ¢ c , a a b
Z (1 + —> > eZa+1'2b+1 + e2b+1 2c+1 + e2c+1 ' 2a+1
a

cyc
Solution:
1 2
Let be f:(0,0) > R; f(x) = In (1 +3) - =
1
(x) = ) 4 _ —4(x+1) _ —4 <0
f )= TV G D~ A T D+ 12~ xZx T 1)
x

f decreasing = inf f (x) = lim,_,,, f(x) =0
= f(x) >0 :>ln(1+%>—

2x+1>

n(1+3) - 2 s 0mm(1+1)> 2
Z =

n o)  2a+1 n 2a + 1

1 1 2b
bln(1+ >> :>ln(1+ ) >
2a+1

2a+1
( ) >e2a+1
b c
(e2a+1 e2b+1> Z<32a+1+2b+1)

cyc

b

NEE ISR

cyc cyc
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2.94. If a,b>1then
a a
ff tan"lx —tan"ly drdv < 1
(a— 1)(b 1) logx —logy raey
11

Solution:

Forx #y,1<x<a,1<y<bh.

[

-1, _ -1 2
By Cauchy’s mean value theorem: ~=—="20_Y _ (14c)
logx—logy
For the same c lying between x and y.

tan~lx —tan"ly c

QR

1
— I 1
logx—logy _1+cz<2 e>1]=

tan~lx —tan"ly
:fj dxdy
logx —logy

<

ffdxdy=%(a—l)(b—l):>
11

s 2 j‘j’tan‘lx—tan‘lyd dv <1
(a—1DB-1) logx —logy xay
11

2.95.1f f € C2((0,)), f(e) = e, f(xy) = xf(¥) + yf(x),¥x,y > 0
then:

f(x :3y> +f(3x: 3’> > f(x) + f(y),Vx,y > 0

Solution:
f € (2((0,0)) = f is a continuous function
Foy) _Fe) L f(y) Vay >0
= we have

xy  x
Let g:(0,+) -» R; g(x) = f(x)

9Gey) = g(x) + g(¥), g continuous
Because x > 0,y > 0 = 3t,,t, € Rsuch thatx = e'1,y = e*
= we have: g(et1*t2) = g(et1) + g(et2)
Let h(x) = g(e*) = h(t, + t5) = h(f1) + h(f2)
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g continuous and from Cauchy equation we have:
h(x) = kx = g(e*) = kx = g(t) = kint
f &)

=>T =klnx = f(x) =kxlnx

Butf(e)=e=>ke=e=>k=1
f'(x)=Inx+1,f"(x) =§> 0 = f convexe =

£(Z2) 4 £ (32) 2 £(0) + f(3), Y2,y > 0 (M.0. DRIMBE)

= f(x) =xInx

2.96. Find:
1 "
Q=lim|— Z (=D - i)
n-o\nNn
1<i<jsn
Solution:
1 i i <i<j< _111—11
lim = Z (—1)li(—1)]j — lim 21_l<1_n( 3) ( )] C=S
n-on n—-oo n
1<i<jsn . '
lim Yicicjen(DU (1)) = Ticicjen(D5i(=1)j _
n—-oo ' (n+1)3—n3
- lim L CDH D (n+ 1) lim (D™ (n+ 1) X, (-1)Y
oo 3n2 +3n+1 b 3n2+3n+1
y -1 (—D**1C2n+ DX (- 1)‘
nl—r>£lo Xon = n1—>r£10 12n2+6n+1

1 1 1
—(2n+1)<—1+2—3+4+---+5?1>

= am 12n% + 6n + 1
—2n+1)n 1

1 =
now 122+ 6n+1l 6 .
1 1 (_1)2n+2(2n+ 2) 22n+1(_1)1-
X = 3 n+ D2 +3@2n+ 1) + 1
(2n+2)( 1+42-3+4+-+2n—-02n+1))
ot 32n+ 12 +3C@n+ 1) +1 -
2n+2)(—n—-1) 1

_1 -
n—>003(2n+ 1)2+3@2n+1) + 1 6
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2.97. Find:
n
sinn
o=lim| == ) Vk
n—oo n
k=1
Solution

i=1 ]:1 k=1
2
V-3
2 Z ( - _T/D 2n? +
1<i<j<n Y =1
37 37\
1 Vi-3Jj
nZ \/— Zk 13\/— 21<L<]<n( %)
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2.98. Find:

Solution: . .
1
=Z(%x//€>+% \/§+"'+\/T_L)+i(\/§+"'+\/T_L)+"'+
k=1
+\/r% \/_+\/_(?+ +\/ir_l)+\/_—+ +—)+ +

+vn—1 —n+ Z \/i+ f
1<i<sn 1<l<]<n
i i i+j—2
H Cnr Y (AL
1si<]<n 1<i<jsn \/—

(\/_ ) n(n—l)
Z J—f 2 -

N
=n?+ Z —( \/U\/D :}‘Zﬁzik:
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2.99.1f 0 < a < b then:

b
V&P + )@ + 5% 1, B
f<f <f< DT TNkl kol Ea (log )

Solution:
VIIGE +y3) Holder xyz + xyz x2+3’222x3’ 2xyz 1
[Mx2+y?) = [I&x2+y?) = 8(xyz)? 4xyz
b YMG3+ bdxdyd
s0, f [ dxdy dz < [ [, [
dx dy 1
= ff by (Inz)} = Z(lnx)g -(Iny)2 - (Inz2)k =
a a 5
b
! (n(2))
— _ 3 — a
—4(lnb Ina) 4
2.100. Find:
1 1 1
amim(1-D(i-1) (1=
n—-oo e 2e ne
Solution:

Letbe f:[0,1] > R f(x)=e™*—1+x,f'(x)=1—e*=0
1
minf(x) = f(0)=0=>f(x)=0=>1—-x<e™™, EE [0,1]
1 _1
1——<ee
e
1 _1
1——<e 2e
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1 1 1 11
lim 0 < lim (1 — Z) (1 ——) . (1 — —) < lim e_(1+5+§+"'+ﬁ)

n—-oo n—oo

lim (1+1+1+...+_)
0<O<e noco\ 23 =g ® =

1 1 1
Q= lim (1—-)(1——) ...-(1__)=0
n—oo e 2@ ne

2.101. Find:
_1\k
= lim (2:1)
k=0 ( k )
Solution:
1 1 _kK@n-Kk)! Tk+1) TRn—-—k+1)
(Zn) - C2n)r  @2n)t r2n+1) B
k k'(2n—k)!
rk+1)-T2n—-k+1)
= TmiD Tanrn D=
:1“(/!c+1)-1“(2n—k+1)_(2n+1)=

r2n+2)

=@2n+1)-Blk+12n—k+1)=(2n+ 1)fx’<(1 —x)2kdx

( 1*

k=0 ( k ) )
=(2n+1) f (Z (=Dkx*(1 - x)zn"‘) dx =

2n
Z( 1)k (2n+1)f k(1 —x)?kdx =

k=1
(& (—0)k (1 - )
_(2n+1)!<k0 1—x)k )dx:
x2n+1 _1
=(2n+1)f (x—1)2"-(x_)1c)" dx =
x—l_1
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2n+1

1/ x
—— (x— 1)
=(2n+1)f x—1 I dx =
0

x—1

=@ 1) [ 2 = G- P =
0

— 2n+1) ( 4 1 )_2n+1
- en n+2 2n+2) n+1
2n
_ (—1)k C 2n+1
Q= lim —— | = lim =
n—oo (Zn) n—oco Tl+1
k=0 k

2.102.If a,b,c > 0 then:

a b b c

a | . a
aa+b  a+tc - bb+a” b+c - cc+ta a+c > abc

Solution:
Letbe fi, f5:(0,0) - R; f;(x) = %xz —alogx
a x*’—a

f)=x-2=

X X
: 1 2
min f; (x) = f1(\/a) = 5(\/5) —alogva =
= %a - %loga = %(1 —loga). Analogous: min f,(x) = 2(1 —logh)

min(f; + f2) (x) = (fi + f2) (a ; b) == ; ’ (1 — log (a ; b))

min f; (x) + min £, (x) < min(f; + f;) (x)
a b a+b a+b
E(l—loga)+§(1—logb)ST(l—log( 5 ))

a1 b1 b < a+bl (a+b)
2 084 T Rl0ED =TT 0BT

a+b
aloga+blogh > (a+b)log(T>

=0=3x’=a=>x=+a

a+b

a+b
log(a® - b?) = log (T)

a+b

a+b
aa-bDZ( )
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aa+b ba+b > ﬂ (1)

b a
Analogous: b - cive > T (2); ceva - azva > HTa (3)
By multiplying (1); (2); (3):

a, a b _, b c (a+b)(b+c)(c+a)AM GM
aa+b a+c - pb+a b+c - ccta a+c > 8 >

= M = abc. Equality holds fora = b = c.

2103.f0<a<b< gthen:

b/b /b
j j j (cos (g - x) cos (g - y) cos (g - z)) dx |dy |dz >
S > sin3(b + a) - sin®(b — a)

Solution:

1
sin x 4+ cos x W—AZ—GM sin"?x + cos™? x\ 2
2 - 2
1
V2 V2 V22 ( 1 1 )_E

—C0SX +—sinx = —- -
2 2 2 2_% sin2x  cos?x

1
V2 1 <sin2 x + cos? x>_7

2 sin? x cos? x

I

COS X COSZ + sinxsin— =

N

S|

s - 1 ) o
cos(z—x) > 2 1 2sinx cosx = sin 2x

sin x cos x
Analogous: cos (g - y) > sin 2y ; cos (g - Z) > sin 2z
By multiplying:
cos (% - x) cos (% - y) cos (g - Z) = sin 2x sin 2y sin 2z

b /b /b
f f f cos ——x cos(%—y)cos(%—z))dx dy |dz >
a a a
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b b

b
2fsiandx-fsinZydy-fsinszz=
a

a a

1 >N 3
<_§ (cos2b — cos Za)) = (E (cos2a — cos 2b)> =

1 2a+2b _ 2b-2a\’
=(E.zsin > sin 5 ):sin3(b+a)-sin3(b—a)

2.104. If f: (0,0) - R, f —twice derivable,

f(e) = e, f(xy) = yf(x) + xf(y),vx,y > 0 then:

() + 7 () <500+ F ) vy > 0
Solution:

x,y >0

Fo) =310 +r) = LD LD D)

Letbe g: (0,0) - R, g(x) = % > gxy)=gx)+g),vx,y >0
x,y > 0then 3a,b > 0,x = e%y =e? = g(e??) = g(e®) + g(e?)
Let be h: (0,0) -» R, h(x) = g(e*) = h(x +y) = h(x) + h(y)

h —continuous. By Cauchy: 3c € R, h(x) = cx.

ge*) =cx = gkx) =clnx > @ = clnx = f(x) = cxlnx

fle)=ce=e>c=1> f(x) = xlnx

ff)=nx+1,f"(x) = % > 0, f —convexe. By Jensen’s inequality:
3x + 2y 3 2
F(EEE) 2r@+2r0vay >0
2x + 3y 2 3
F(EEE) <@+ 20D vxy >0

By adding: f (3x;2y) +f (@) <f)+fy),vx,y>0

2.105. Find:

n
1 2
Q(a,b) = 1111_)n010 (n (Z (an+k . bn+k) —n—log2- log(ab2)>>, ab>1
k=1
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Solution:

« 1 2
Q(a,b) = lim n( E (an+k . bn+k> —n—log2- log(ab2)> =
n—-oo

k=1

n—oo

n
1
= lim n(Z(sz)’HR —n—log2- log(abz)) (Not ¢ = ab?) =
k=1

n
1
= lim | n (Z(c)nﬂc —n—log2- log(c)) =
n—->oo
k=1

1
Yi=1(c)n+k —n —log2-log(c)

=1i
o 1
n
1 1 1 1 1 1
TiS c2n+1 4 ¢c2n+2 — 1 — cn+1 cZn+1 4+ c2n+2 — 1 — ¢cn+1
= lim = lim 5 =
n—oo -1 n—-»oo -1 . n_
n*+n n?+n n?
1 1 1 x x x
—c2n+1 — c2n+2 + 1 + ¢cn+1 cx+1 4+ 1 — cx+2 — ¢c2x+2
= lim = lim =
n—-oo 1 x—0 xz
F x>0
LiH ﬁe%cﬁ_ﬂogc +1- (xf—z)zex%cx%logc - (ZXZT)Zerxﬁchxﬁlogc
2 lim
x—0 2x
. 4 4 4 .8
L’::f logc (logc —2—logc — Elogc tg— logc - 227+ §) _
2
1 1\?  logc(logc —1) log(ab?)(log(ab?) — 1)
:logc(ilogc_§> - 4 - 4

2106.f0<a<b< gthen:

81V3(b — a)?
e

b b
ff sinx sin y sin(x + y)

8w
a a

dxdy <
xy(m—x—y) ) Y
Solution:

Let be f: (0, g) - R; f(x) = log(sinx) — log x
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1
f'(x) = cotx —

" 1 sin? x—x2
f xX) = + == < = f nca
() = sm2x x?  x?sin?x 0 concave

f <x +y+ n3— (x + y)> (f(x) +fO+f(r—(x+ y)))

)2 () s (2 (=2

T
31 sinz - sin x siny sin(x + y)
°8 % =\ T @ —x—y
| sinx siny sin(x + y) “lo v
B\ o —x—y 8 %
sin x siny sin(x + y) - 813
xy(m—x—y) = 8md
b b b b
f f sinx siny sin(x + y) dx dv < f f 81\/§d 4 81\/_ )2
xy(m—x—1y) xay = grs T .
a a a a
2.107. Find:
L (6 13 n — 1)
= lim
now\7 14 n
Solution:

Letbe f:[01] > R; f(x) =e™* —1+x
f’(x)z—e‘x+1=1—el—x=e _1S0;(V)xe[0,1]
M= max f(x)=f(0)=0= f(x) =20,(V)x € [0,1]

x€[0,1]
e*>1-—x;x€[0,1]

1 1
7>1——
e72>1 -
_1 1
14 1——
¢ Ei T
L 1
7 1——
¢ = n
By multiplying:
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e — 7
0<7 13 Tn €
0<O<lime7m=¢>=0

n—oo
Q=0

2.108.If a,b,c > 0 then:
b(a+ b+ b(a+ b+
(a+¥>(2a+b+c}<a+¥>2(a+3b)3

Solution:
1n<a+w> +1n<a+M> +ln<a+w> é 3In(a + 3b)

b
b(a+b+c))
x

Suppose: f(x) = In (a + ,x €]0,400[

b(a+b +c)
S E— —b(a+b+¢)

a+b(a+b+c)=ax2+b(a+b+c)x=
%

f'x) =

1
__b(a+b+c)[ax2+b(a+b+c)x]

”()_—b(a+b+c) —2(ax+b(a+b+c))
frx) = 1 (ax2+b(a+ b + c)x)?
" __ b(a+b+c)(2ax+b(a+b+c))
f (x) - (ax2+b(a+b+c)x)?
g [(xtytz F)+f ) +f(2)
So: f ( 3 ) = 3

> 0, so, f is a convexe function.

b
3f () < @+ £ ) + £

n (a N b(a +ab + c)) i (a N b(a +ab + c)) T (a N b(a +Cb + c))

b(a+b+c)
(a+b+c)

3
b(a+b+c) b(a+b+c) b(a+b+c)
In a+f +1In a+f +1In a+f

> 31In(a + 3b)
So, the inequality is true.

>3In|a+
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2.109. Find:

%iezz:l(ﬁ)

. sin? x + sinx
Q = lim f — |dx +
sinx+cosx+1
0 n+1

— N3

cosx +sinx+1

1
1 ezk:1(42k—1)
n+1

n—-oo

( cos?x + cosx ) \
— dx)

Solution:
cos? x+cosx

. 2 .
sin“ x+sin x
Let’s compute] = [————dxand] = [ :
sinx+cosx+1 cosx+sin x+1

sinx+cosx+1
dx=[|dx=x

=>I+]=f -
cosx +sinx +1
(cosx —sinx)(cosx + sinx) + cosx — sinxd

-] =
J cosx +sinx+1
3 f (cosx —sinx)(cosx + sinx + 1)

cosx +sinx+1

X =

X =

dx =

= | (cosx —sinx) dx = sinx + cosx

So, Il +]=x
J—1=sinx + cosx
__________ II+II
) sinx +cosx +x
2] =sinx+cosx+x=>] = >
sinx +cosx+x Xx—sinx—cosx
=>]=x- > = > =

=

= 20 = lim — - e~k=12k-1 — sin | — e~k=12k-1 | —
n—->oo n ,\/H
1
1 n+1e—2k_1 _

—cos (i ezg;lTl—l) +1+ z +1- eZk=1
Vn 2 Vn+1
Zn+1;
e k=12k—1) (1)

1 Z‘;{l+1 1 1
—sin|—=e =12k—1) — COS(
(\/n+1 Jn+l
Let’s compute
A
1 ¢n 1 e2k=12k—1 n 1
lim —ezk=12k—1 = lim —————— = lim ezk=1m ln(\/ﬁ) —
n-ow+/n n-oo eln(\/ﬁ) n—oo
Hn—q
= lim ez (VM) =

n—->oo

Hyn—1-In(2n-1)+In(2n-1) H"_l_lzn(n_l) ln(r;—l) In(v/n) _

= lim e

n—-oo
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.<

1 (n@——))
ol e
2n-1 1
ez - lim eln(vnz—n) = e%- lime \VW'n/ = e% ) (:13

n—oo n—-oo

(=1>) Q=1+ Z — sin (Ze%) — coS (Zeg)

2.110.1fa, b, c € (0, ’25) then:
sina sinb sinc

" + — + — <

sina+acosa sinb+bcosb sinc+ ccosc
3 = = =
3Vsinasin b sin ¢

— 3 = = . 3
Vsina sin b sin ¢ + Yabc cos a cos b cos ¢

Solution:
Considering f: (—;0) - R, f(x) = v
—eX —e*(1+e*)2+e*-2(1+e%)- e
f' () ——xz,f”( x) = 7
(1+e%) (1+eX)
_—e*(1+er)+ 2e% _—e¥ - e?* 4+ 2e%* 3 e — e*
(1+ex)3 B (1+ex)3  (1+e%)3
__e*(e*-1)
= ey < 0, forx < 0 = fconcave
xX+y+z x) + + f(z
f( g >2f() f(3y) f();Vx,y,ZE(—OO,O)
Fora,b,c € (0,%);a <tana;b <tanb;c < tanc
c
<1; <1l=
tana tanb tan c
a
x =In <a;y=ln <0;z=
tana tanc

a

nb
Replacing = f <lntan a+lntalr’1b In ta; c> 2 f(lnta(rll a) f(lntan b)+f( ln c)

3 3

3F(n abe >(1a)+(1b)+(1c)
fln tanatanbtanc = f ntana f rltanb f rltanc

3 = a + + 3

= b
3 abc In—— —— In——
1+eln\1tanatanbtanc 1-|-entana 1+elntanb 1—|—entanc
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3 1 1 1
+ + -

3 abc 1+ 14+— 1+—
1+ \[ tanatan b tanc tana tan b tanc

3 A A A
33/sinasinbsinc

>

3 - - 3 =

Vsinasinbsinc + Vabc - cosa - cosb - cos ¢
sina sinb sinc¢

= — + — + —
sina+acosa sinb+bcosb sinc+ ccosc

2.111. Find:
n n J k
1
i (3535 S
i=1 j=1 k=1 1=1
Solution:
Letbex, =k;k>1
n n
nn+ 1)
Sa-3are
2
k=1 k=1
n 4
y 1 z i n*tn+1* 1
noend\ LY ] TaS T 1en® 16
n k=1 n
zxz _ zkz =n(n+ D2n+1)
k 6
k=1 k=1
n 2 n
1 2
(5 (5:4)
=1 k=1
_ 1 [n(n+1) n(n+1)(2n+1)_ 1
~ alend 2 6 T 12
= - nn+ 1D\ n?n+1)2
2 4
k=1 k=t
1 5 1 nd(n+1)3
im s 2w )\ 2% = dm s 5
. k=1 k=1
. , nn+1DC2n+1)(Bn*+3n-1)
e = Z k= 30
k=1 k=1
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li n 4\ = 1im nn+1)2n+ 1)(3n? +3n—1)
o zxk "o 30n8

L1 1 0+ 1+
21213 T
- + ! 1(1+ 1)
T24-16 ' 4-12 ' 8-16 16 .
gL 1+8+3 11 1
16 24 16 2

2.112. Find:

n i k

j
a=tim| 3> > (gwreen)

i=1 ]=1 k=1 1=1
Solution:

Letbexk zzik’kz 1
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/-~
_n
- |
[\
|
i —
Il
— |
e Il
— |
N —
| —
— | —
8 1% _
£7 Slialha
hn N—

/N
;n
- |t
o~
— |on I
Il =
)n — |~
1;2 Il
N VN
| —
i _ —{
e |
— | 1;3
8 | |00
mﬁ N—
- p—
—g |00
Il Il
— o~
[ A~J0 o
2o Il
£8 =
=1 Il
Q o
=

VR
_n
- | T
N
I
- |~ —
I —
= o
1;3 Il
N
—~
| —
i | —
N——
— IS 1_M
(9\]
g8 2|
e No)
— S
Il
o I
2

1
15

1
)

1(1_

= lim —
ot 15

4
k

Y

lim
n—->o0o

BN N—— = 2
5 =y ’ nz,ﬂ =
= ~ —
= 2 e Il
@ v.a] T e Y — Zk
® = Tt £
R 2 I £1
A TR e
3 oY ARt
~ JZk + nz__a.

=~ I~ — 2
W 2 /-~ =

—

k=1
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1 n n 1 n 2 1 n
+ = lim (Z xk> (Z x,%) + = lim <z x,%) + — lim (Z X
3 n-oo 8 n-oo 4 n-oo
k=1 k=1 k=1 k=1
gl o, tp 1,1 111 11
24 4 3 7 8 32 4 15
Q- 1 4 1 4 1 1 4 1
"ttt e
_ 105+ 420+ 120+ 35 + 42 _ 717 _ 239
a 2520 ~ 2520 840
2.113. Find:
m
Q=1i li 1
= tim | (3) lim > m+n)
k=0 k+3
Solution:
Letw = %) om (m) (k+3)!(m+n—k—3)! _
SO T T A ) T e T
= Tk + HT(m+n—k —2)
m m n—xK—
_ 1 z
(n+m+ )k—o(k) FIm+n+2)
m 1
=m+m+1) Z (rl?) f xk*3 (1 — x)mtn-k=3qx =
k=0 0
1 m
=(m+n+1) f x3(1 — x)n 3 Z (?)xk(l —x)™kdx =
0 k=0
=(n+m+ 1)fx3(1 —x)" 3 dx
(n +m+ DIr4)r(n— 2) 6(m+n+1)
'n+2) T (n=-Dnn+1D(n- 2)
6(m+n+1)

w
lim — = li
T e m . meemn— Dnn+ Dn—-2)
6

" h—-Dnn+Dn-2)
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Now:
Q =lim,_, ((g) lim,;,_, o %) = lim,_,

n! . 6 _
6(n-3)! (m-Dnm+1)(n-2)

2114.f0<a<b< ’2—’then:
1 1 1 1

+ > +
cosa cosb ~ cos(a—+ab+b) cos(Vab)

Solution:
The result is obvious if a = 0 or if a = b, so, we’'ll assume that
0<a<b<§
. 1, T\ o _ (2—cos?x)
The function f (x) = —o; [sconvexon [0, 2) f"(x) = e 0

Let xq,%5,X3,X4 € [0, g) be such that x; < x, < x3 < x4. By the

definition of ‘convex function’ (one whose derivative is increasing), we
have: f(xg)—f(x3) > f(x2)—f(x1)
' X4—X3 - X2—X1
If we choose our points so that x, — x3 = x, — x; > 0, we can just

write f(xy) — f(x3) = f(x2) = f() (D)

Choosing x; = a,x, =Vab,x; =a+ (b va ), and x4, = b, we have
Xy — X3 =Vab—a = x, —x; > 0,and (1) becomes
1 1 - 1 1
cosb  cos(a—+ab+b) cos(Vab) cosa
1

1 1
+ = +
cosa cosb  cos(a—vab+b) = cosvab

Note:a <+ab <b=b—+ab >0

or

2.115. Find:
n i J k
1
=lm|> > > ). JKIG+ DG+ DR+ DA+ 1)
" i=1j=1k=11=1 U
Solution:
LetM = Z 12 21 Xke1 2121 ——

ijkl(i+1)(G+1)(k+1)(1+1)

oo

1
N= ZZij(i+ DG + Dk + D22

i=1 ]:1 k=
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P=) )T 1)2(k TS T L T 1)<k + D3

i=1 k=1 i=1 k=1

[ee]

‘Zm

=
) M+6N+3P+85+12P
We will prove that: Q) = ”

In first note that there are 4! of permutations of

1 1
l(1+L) e Rl 1D let’s discuss the 04 cases:

Case 01: if |l < k < j < i all 4! combinations are then contained with in
M
Case 02:if | = k and i, j are distinct we need 6 of N because some
possibilities are contained in M
Case 03:if i = j # | = k we need 3 of P because some possibilities are
contained in M and N
Case 03: ifii # j = k = l we need 8 of S because some possibilities are
contained in M, N and P
Case 03:i = j = k = [ this appears exactly once in every sum, which

thusus 12 copies of T
Since: A = lem—1:M=1
ZZ(1+1)2 le Z(l+1)2 24=2(2)-3=

—2((2)—3

) T P=() -3y
o™ ) 3 () oA
L1+ L\t (1407 : (1+z)2 B

= 1= =1

=10-n3=25=10-n2T=}2, ——=

14(1+1)4

S i) G

+1OZ( (1+)2> 204 =

97(4) + 28¢(2) — 55

=270(A)+20{(2) =35~ Q= 7
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GEOMETRY

3.1. In AABC the following relationship holds:
(a> —bccosA)* (b2 —accosB)? (c¢*—abcosC)* 388818
_ PRE + 5 3 + 16023 —
(sint(5)  (simt(33))  (sint(33))

Solution:
Let sin™! (E) =0,sin™! ( ) ¢, sin™1 (g) = w, of course
0<6,¢,0<s

2
o == 6-1=2_1=" 5 cotd=>=tan 2 o
=-> —1l=—-1=—> =-> ==
sin z csc? T T 1c6(; 4144 an 3
Agamsmqb-—:csc (])—1_;—1 -
‘ 12 " 2 5
= =—> = —
cotp 5 an ¢ 12 2
2_1g2
Also, sinw =2 = csc? @ — 1= 228 =(§) -
65 16 16
" 63 ) 3 16
= =—> = —
cotw = - >tanw = —

(1),(2),(3)=>1—tanftan¢p —tangptanw — tanw - tan

:1_@)(%)_(%)(%)_(2)(%):1_2_64223_636;‘:3

—105-20— ( )
— 1897105-20-64 16035><:0 64=Oand'-'0<0+<i)+a)<3— 0+dp+w="
__|c?-ab cosA|4 |b2—cacosB|4 |c2—ab cosC|
Now, LHS = E pE —
Ragon (la? — bc cos A| + |b? — cacos B| + |c? — abc cos C|)*
6+ ¢+ w)?

b2 + c? —a?[\"
>(12a2—2bccosA)4_(|Zaz_2 2

™3 m\3

) 2)
B (2 a2)4 8 Ionescu—w>eitzenbock (4\/§7‘s)4
- 16w = C2md

)
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i s , 4
MLtTgLOUlC (4v3r3v3r)" _ (36)*r® _ 83980818

38881"8) > 388878
- 2m3 2m3 3

3

=216(

3

321f0<x,y < ;—tthen:

)tan x+tany

t t
(cos2 x-cos?y- (tanx + tany) < (cos2x) "7 - (cos2y) "

Solution:

(tany+tanxi/(cosz x)tany . (C052 y)tanx

weighted GM
>

weighted HM tany +tanx _ (tanx + tan y)(cos? x + cos? y)

> =
- tany tanx tany cos? y + tan x cos? x

cos?x = cos?’y

2 cos? x cos? y(tanx + tany) - 2 cos? x cos? y (tanx + tany)

sin2x + sin 2y - 2
(+0<sin2x,sin2y <1as0 < 2x,2y <)
= (cos? x cos? y (tan x + tan y))tanx+tany < (cos? x)tnY(cos? y)tanx

(Proved)

3.3.In AABC; AA’,BB’,CC' - internal bisectors, A’ € (BC);
B' € (CA); C' € (AB). Prove that:
! ! ! ! A ! sec%
AB +B'C'+(CA = ZFchcm;F—area.
Solution:
B'C'> = AC'? + AB'* — 2AC' - AB' - cos A =
= AC"* + AB'? —2AC'AB' + 2AC’AB’ — 2AC'AB' cos A =
= (AC' — AB')? + 2AC'AB’(1 — cos A) >

A A
> 2AC'AB’ <1 — 1+ 2sin? E) = 4AC'AB’ sinZE

A A bc bc
B'C' = 2sin=VvVAC'AB’ = 2sin— .
2 2Ja+b a+c

A 1
B'C' = 2bcsin—- =
2 Ja+b)a+c)

A A
2bc sincos 7 B bcsin A

cosg (a+b)(a+c)_cosé (a+b)(a+c)
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2F 2F sec%

cos%-w/(a +b)(a+c) B JV(a+b)(a+c)

4
sec 2

A'B"+B'C'+C'A" > ZFZ

e J@a+b)(a+c)

3.4. In AABC the following relationship holds:
a®-bb.c¢  4s\*
e
re-rb.r¢ — \9R
Solution:
a 2s
I1 (i) > (4—5) .Weighted GM > weighted HM =

Ta ~ \9R

a+b+c a\4 25 25 Euler 25 4s
a 4R + =

@

= In a+b+6’1_[ (;)a >1In (:—;) = 2sln a+b+6“_[(§)a > 2sln (:—;)
-u((E) ) n@ 0= @)

A
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I — incenter of ABC,0 - circumcenter,R, r circumradius and inradius

4r
Prove: cos? a + cos? 8 + cos? ¢p > —+1

Abdilkadir Altintas
Solution:
Z , _Z A + 042 — 01\*
costa = 2-Al - 0A -
cyc cyc
2 2

/ TA+R2—R2+2R1“\
T2 22
1 [ sin?3 |
_4R2 | r | -
S
SU12
2

1 Z } r + 2R 1 r + 2Rsi 4
=—2 Sin— A =_Zz _A sty -
4R e 2 SinZ7 4R cyc Sil’l? 2
1 1 A
_ 2 2 P2 —
=\ a1 AR ) s | =
cyc sin® 5 cyc
1 2 s?+1r%—8Rr 2 r
= |1+ 2R+ 4R (1- ) | =
1
- W(sz J;rz — 8Rr + 12Rr 4+ 4R? — 2Rr) =
:W(52+2Rr+r2+4R2)2
GERRETSEN
2 g2 (16Rr — S5R? + 2Rr + 12 + 4R?) =
B +18Rr—4r2_1+9Rr—2r2>
- 4R> B 2Rz
EUéER1+9Rr—2r'7_1+9Rr—R7‘_ +47"
= 2R 2R* " R

3.6. In AABC,n,, ny, n, are Nagel’s cevians. Prove that:
n,npyn, = 1,171,
Solution:

Lemma 1
InAABC:ng =2 m, (1)
Proof:
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B

Let AD be the Nagel’s cevian of A; AD = n,
By Stewart’s theorem in AABC:
a-n?2=c*(s—b)+b*(s—c)—al(s—b)(s—c)
c?(s —b) + b%(s —¢)

n; - —(s—b)(s—0)
Ng =My © n2 >m?2
2(s = b) + b2(s — 2(b? + ¢?) — a?
c*(s )a (s C)—(s—b)(s—c)z( :) a

cz(a+c—b)+b2(a+b—c)>

2a
>(a+b—c)(a+c—b)+2(b2+cz)—a2

4
cz(a+c—b)+b2(a+b—c)>b2+c2+2bc

2a 4
2(c?a+c3 —bc? + b?a + b3 — b?c) = a(b? + c? + 2bc)
2c%a + 2c3 — 2bc? + 2b%a + 2b3 — 2b%c — ab? —ac? — 2abc = 0
ab? + ac? + 2¢3 + 2b3 — 2bc? — 2b%c — 2abc = 0
2¢?(c—b) —2b*(c—b) +ac(c—b) —ab(c—b) =0
(c = b)[2c¢? —2b%? +a(c—Db)] =0
(c —b)?(2c + 2b + a) = 0 which is true.

InAABC:mg = +/s(s —a)
Mg =+/s(s—a) ©m2 >s(s—a)

2(b2+c2)—a2>(a+b+c)(b+c—a)

Lemma 2.

Proof:

—_— )

4 4
2b2+2c?—a?>b+c)?—a?b?+c*—-2bc>20(b—-c)2=>0
Back to the problem:

Lemma 1 Lemma 2
ngnpn, = mMmgmpym, =

> \/s(s— a)-\/s(s—b)-\/s(s—c) =
= s\/s(s —b)(s—c)(s—a)=sS§ =
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sS3 s

=—= . g3
s2  s(s—a)(s=b)(s—c)
S

53 S S
" G-0G-biE-0 T s_ad s—b s—c¢_ Talk
3.7. In AABC the following relationship holds:
ax bR o x
b(z) +C(Z> +a(E) <a+b+c

Solution:
Let f(x) =x%(x>00<a<1)—
S @) =ala—1)x*2<0,(x>00<a<1)
We have: 0 < %T < 1. Using Jensen’s inequality:
2T
b (a)%r_l_ c (b)7+ a (c)%r<
2s \b 2s \c 2s \a -
2r 2r
<<b a+ c b+ a C)R _(a+b+C)R =1
“\2s b 2s5s ¢ 2s a B 2s B
2r 2r 2T
a c

- b(;)E + c(—)F + a(;)F <2s=a+ b+ c (proved)

AA1 =m, BBl =m,, CCl =m;, =
AA, - BB, - CC, - (AA, + BB, + CC,) > 3abcVabc
Solution:

AA, - A1A = A B - A,C (the power of the point A towards the circle)
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a a az\
AlAZ.AlA:E.EﬁAAl.AlAZ =Z aZ AA%
9 y (D S—>44,=2a
MG<MA (A A+ AA, AA5 4 4

Similarly: BB, = b; CC, = ¢
MA=MG

SOAAzBBZCCz(AA2+BBz+CC2)2abC(a+b+C) =
> abc - 3¥abc = 3abcVabc

3.9.1fin AABC,AA'B'C’, s < s’ then:

4

@3 () =1

Solution:
S
AABC—)S,AA’B’C’—>S’,5<S’=>;<1
a\® /b b’ c\¢
(Z) (b—) () =1
. , b / a'+b'+c’
a\® /b\? c\¢ MG<mA a'%+b'F+C'§ B
a’ b’ c’ a +b +c’

! ! ! ! !

a+b+c a' +b +c 2s 2s s 2s s

= ( — ,) = (—,) = (—,) < 1 because— < 1
a"+b'+c 2s s s

3.10. If a, b, ¢, d - sides in a bicentric quadrilateral, s — semiperimeter,
e, f —diagonals, R — circumradii then:
2(ab + ac + ad + bc + bd + cd) - efR?
s3(s2 + ef) ~ abcd(abc + abd + bed + cda)

Solution:
2[(ab + ad) + (bc + c¢d) + (ac + bd)] Ptolemy 2fab+d)+cb+d) +ef}
s3(s? + ef) B s3(s? + ef)
B 2{(b+ d)(a+c) +ef} B 2(s-s+ef) @ 2
B s3(s? +ef) "~ s3(s24ef)  s3
Also, RHS = afR? =
50, " abcd{ac(b+d)+bd(a+c)}
afRZ Ptolemy efR2 2 R?

- abcd(ac-s+bds) ~  sabcdef  sabcd

LHS =
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(1), (2) = given inequality si < —— & s’R? > 2abcd &
& 2SR = 2V2abcd

A—G ?

Now, 2s =Y a > 4Yabcd = 2sR > 4R abcd = 2\2abcd

? ?
& 4R?*Vabcd > 2abcd & 2R? (% abcd

Now, Parameshvara = 2R? = 2{abtcd)(actbad)(ad+bc)

16abcd
A-G : :
> 2/abed Zg/a‘zccbdd 2Vadbe _ Vabcd = (3) is true (Proved)

3.11.
If AA; N BB; N CC; = {0} - circumcentre then:

asin 24 )

=8"|[ [
Ad; + BB, +((; 28 sin2B + sin 2C

cyc
Solution:
Because: AA; NBB; N CC; = {0} >
- AA, = BB, = (CC, = 20A = 20B = 20C = 2R
asin 24 )
sin2B+sin 2C

We must show that: 2R + 2R + 2R > 83\/Hcyc(

6R>831_[( asin 24 )
H ——————————————————————————————
- sin2B + sin2C

cyc

Q= ( asin 24 )_
B sin2B + sin2C/
cyc

asin2A4 -bsin2B - csin2C

= S Gsin 2B + sin2C)(sin 2C + sin 24)(sin 24 + sin2B)
b ( sin24 - sin2B - sin 2C )<
C =

(sin2B + sin 2C)(sin 2C + sin 24)(sin 24 + sin 2B)
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(sin2B + sin2C)(sin2C + sin24)(sin 24 + sin 2B)

8
1

' (sin2B + sin2C)(sin 2C + sin 24)(sin 24 + 2B) -
8abc __4Rrs _ Rrs

abc

8 8 2
(Because: (x + y(y + z)(z + x) = 8xyz; withx = sinA;y =sin2B;z =
sin 2C,
x,y,x > 0,4, B, C - acute). Now, we need to prove: g’ /Rzﬁ < 6R. Itis true
because:

R =2r r< s [ere 3 |p.R3V3R
/_ 2 2 _np.
{SS3\/§R—> s<3\/§R_)8 5 <8 5 =R -3 < 6R (true)
- 2

3.12. In AABC the following relationship holds:
Z (e (@~ O + 4r?)((a - o + 4r2)) = 24V3r?

cyc

Solution:
We have: (b — ¢)? + 4r?)((a — ¢)? + 412) >
> (04 412)(0 + 4r2) = 4%r*
— ¢/ (b — )2 +4r2)((a — ¢)? + 4r2) = 4r?c; etc
— LHS = 4r?(a+b +c¢) = 8rs
But: s = 3v/3r —» LHS = 8r?s > 8r? - 3/3r = 24+/313
Proved. Equality < a = b = c.

3.13.
3+/3F*

AA1 =m, BBl =m,, CC1 =m;, = [A232C2] = 2.2
mgm,mg

F = [ABC]
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Solution:

Sa,B,¢, _ AyB; - ByC, - CRA, . 4R N
SaBc 4R AB -BC - AC
= SA2B3Cy — AzBy-By(2Cr A, (1)
SaBC AB-BC-AC

AGAB ~ AGB,A —GA AB

~ = = —1
227 GB,  A,B,

= A,B, =c- % =c -—iiiiz = —Zzg;) and similarly (2)

SAzBaCy (p(G))3
From (1)+(2)= e = (GAGEGO)? (3)

But p(G) = R?* — 0G? = 3 (a® + b? + c2) =  (GA? + GB? + GC?) (4)

3
S4,B,C GA%?+GB?+GC? 27GA%GB?GC?
From (3)+(4)= —222 _ 2) > -
SABC 27(GAGBGC) 27GA2GB2GC

SA,B5C 3vV3F3
= 227222 > 1 = we must show:1 > ——— © m2mim? > 3V3F3 (5)
SaBC mgmyme

But in any AABC we have: m, = /s(s —a),s =
= mZmim? > s2F? (6). From (5)+(6) we must show:
s2F3 > 3V/3F3 & s2 > 3V3F © s2 > 3V3sr © s > 3V3r true

a+b+c

=

3.14.
|fAA1 =Wu BBl =Wy, CC1 =W, then:
8a’b?c?

. . >
Ady BB L 2 b+ Olc+ @)

Solution:
p(A)) = AA; - AjA; = BA, - A.C (1)
AA, = AA, + A4, = 2,/AA; - A4, (2)
From (1)+(2)=> AA, = 2,/BA; - A;C (3)

BA, ¢ B4 _ ¢ -2 — b
— = = BA; = P and CA, = P %)

But =
A, C b a b+c

From (3)+(4)=> A4, = Z(Z—:Z_)C and similarly =
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8a2b2 2
CcC
2 _( +b)(b+c)(c+a)
3.15. In AABC the following relationship holds:

hb+hc m,
X )<2).(757)
hb+4-ma+hc hb+hC

AA,BB,

cyc cyc
Solution:
2 Z mg >3 hb + hC
h’b+hc hb+hc+4‘ma
Wt ho4a Ten;shinca+ab_|_b2+c2 >a(b+c)_|_(b+c)2
pFle T HMa = 2R R = 2R 2R
ca+ ab
_b40@tb+d) _B+Is_ hyth o (“577)
B 2R R hy+h.+4m, = (b+c)s
R
B a(b +c) R _a
2R s(b+c¢) 2s
@) 3
Similarly, —<tfte _ < 2 gpg fathy 2 €
he+hg+4my 2s hg+hp+4m, 2s
®
hp+h a _ 3(@2s)
(D+2)+(B3)=> 38 e <35 - =272 =35 RHS < 3
Tereshin (bzi) (b+c) b+c
Agaln 22 he = 22(ca+ab) 22a(b+c) ZZT
1 b by ®
:EZ(Z+b) —2(2) ——= > RHS (Proved)

3.16. In AABC the following relationship holds:

Z( 1 5h)? Z -6 a+5h,
aT ol (a +5ha)2 = Lib+ct5h, +ho)

cyc

Solution:
Letx=5+hg;y=>b+ 5hb,z =c+5h, (x,y,z>0)

Inequality & (x? + y? +ZZ)( + -+ ) 6(L+L+L)

y+z  x+z  x+y

@ O O 2o o) O
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1 N 1 4 1 Schzarl 1+1+1+1+1+1 _
Y 2 x ZzTXx Yy S g|\¥TzTxTZzTETY
X x y 'y z z X x y y z z

1l;x x v y z z

=—<—+—+—+—+—+—)

4\y z x z x y
6 s 4+ 1) il (LA A
% —_— — — — — — —
Y z Xx_, .z Xx_Y _2( zZ x zZ x )
x+x y+y 2tz y Y

(Meo2(5+3) 23t
—9t+ 18>0 (t —6)(t —3) = 0 (true because t = 6) - (*) true.
Proved. Equality ifand only if x =y = z.

3.17.In AABC, AA’'B'C' the following relationship holds:
Vaa® + Vbb3 + Vee? < 2ss®

Solution:

Let f(x) = Vx3;x > 0

—>f(X)—E x 4—>f”(x)——%x 2<0(x>0)

Let f(y) = \/};y>0—>f (y)=z-x 4—>f”(y)=—E-x 4<0(x>0)
Using Jensen’s inequality: Yaf(a’) + Ybf(b") + Ycf(c") <
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S(%+%+‘%/E)~f<%'a’+ﬁ'b'+%'0’)

(Va+ Vb + )
W~a’+%~b’+%~c’)3
(Va+ Vb + )

= J@a s B R (- a B 1 i)’

Jensen  4lg+b+c 4|25
Va+Vb+¥c < 3’T=3j;

Jensen +laa’ + bb' + cc’
Va-a+3¥b-b' +¥c-¢' < Zs’\/ 5

3

! ! !
We must show that: 3%(25'?%) < 16ss’’

371 I} "3
o (aad' +bb' +cc')3<33-53.5"7 =(a+b+c) ;Z b +c)
o(a+b+c)3@+b +c)2=27(aa’ + bb' +cc')?
It is true because: Suppose:a < b <c,a’ =2 b' > ¢’
Chebyshev
(@a+b+c)@ +b +c) S 27(aa’ + bb' + cc’)
o(a+b+c)3@+b +c)3=27(aa’ + bb' +cc’)?

Proved. Equality if and only if{a(,l _= :, =_ i,

=(%+%+%)“j<

3.18.
81/3a2b%c%r?

AA{ = s, BBy =5,,CCy =5, > [4;B,C;,| =
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Solution:

SAszCZ _ P(k)3
Sapc  (KAKB-KC)? (1)
2 2 3a2b202
But p(k) = R* — OK* = @anrrc?)? 2)

" (a2+b2+c

ka2 = (L )2 o (L) e .ma)z

a?+b2+c2° ¢ a2+b2+c2 bZ+c?

_ 4b?c?
(a%2+b2+c2)2

212 .2
27 ab025(4)

my (3)
From (1)+(2)+(3)= Sa,B,c, =

64 mZmzm3
27 a?p?c? 81+/3a?b?c?r?
From (4) we must show: —+ ——— S 2 —————
64 mg-mp-mg 64mgmymeg
S > 3V3r?2 @ sr = 3V3r?2 & s > 3+/3r, true because it is Mitrinovic’s
inequality.

3.19.
AA; = w,, BBy = wy, CCy = w, = [A4,B,C;] > 3V3r?

Solution:
A
Cy m B,
I
B C
Az

From inscribed angle theorem: £CC,A, = £0AA, = %and

A+B_180—c_90 C
2 2 2

similarly, we can get other formulas

B
LB2C2C = LBZBC = E o LBzczAz =

B,A, lawof sines c . .
S —— = 2R - B, A, = 2R cos 5, similarly, we can get the other
sin(90—5) 2
A
Ip'e! 8R3[]cos=
ab'c s
ormulas . A = = 2 =2R?.-—
f 428202 4R 4R 4R
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_Rs > (2r)~(23\/§r)

> = 3+/3r? [where are used Euler and Mitrinovic’s

inequalities]
Equality & AA,B,C, is equilateral & AABC is equilateral. (Proved).

3.20. If a, b, c, d are sides of a convexe quadrilater then:
(a+b+c—d)(b+c+d—-—a)(c+d+a—-—b)(d+a+b—rc) <

@+ b)btolcrdd+a) 1

Solution:

a,b,c,d>0
o (a+b+c—-d)b+c+d—a)c+d+a—-b)(d+a+b—-c)<

<(a+b)b+c)c+d)(d+a) ()
Let:x=a+b+c—d;y=b+c+d—a;z=c+d+a—-0>
t=d+a+b—c (x,y,z,t>0)
»x+y+z+t=2(a+b+c+d)>a+b+c+d
_x+y+z+t. +b—x+t-b+ _x+y_
= 2 ATh =TT =T
y+z zZ+t
c+d=T;d+a=

2
(9 xyzt < () (5) (59 (5)
ox+y)y+2)z+t)(x+t) = 16xyzt
x+y=2/xy,y+2z22/yz,z+t =2zt x + t = 2V/xt

Sx+y)y+2)Z+t)(x+t) = 2\/x_y- ZM- 24zt - 24/xt = 16xyzt
Proved. Equality < a = b = c = d.

3.21. In AABC the following relationship holds:

o1+ OF ool @5 ) e 4 (o

Solution:
h¢ h¢

by\m b — a\mc¢ Bernoulli
B (259
a a

<1+h‘(b_a>[--b_a—b 1> 1&h”<1]
- m " a  a m.

172



h

b\me W) h
:>a<a> Sa+m—c(b—a)
C
.. Crirll_b(z) hp C:rll_a() h
imilarly, a (- < a+—=2(c—a)bl= < —(c —
Similarl (a)b< o )b(b)“<b+m‘:( b)

h¢ hp hqg
a\m. @ h axm, h b\mq (6)
b(—)mc <b+—(a— b),c(—)mb <c+—2(a- c),c(—)m <
b m, c my, c

h
<c+—(b-c)

a

(D+(2)+(3)+#)+(5)+(6)=> LHS < 4s + T (b —c+c—b) = 4s

3.22. In AABC the following relationship holds:
a?|cos A| + b%|cos B| + c%|cos C| = 45,/6|cos A cos B cos C|

Solution:
By Weizenbock’s inequality: xa? + yb* + zc* > 4, /xy + yz+ zx - S

(For x,y,z > 0,a, b, c: lengths side AABC)

Let x = |cosAl;y = |cosB|;z = |cosC| (x,y,z > 0)

We must show that: xy + yz + zx = 6xyz
v“(xy+yz+zx)(x+y+2z) =9xyz
@xy+yz+zx>ﬂ(;) 6xyz

x+y+z
(1) & ; >x+y+z
If0< A,B,C S§:>x+y+2=cosA+cosB+cosC=

r Euler 5
=1 to S E(true)

Let A = max{A,B,C}andw > A>>>B,C >0
=>x+y+z=cosB+cosC—cosA

B+C B-C A B-C
= 2 cos cos — cosA = 2sin—cos —cosd
2 2 2
(sin%>0;cos¥sl) A A A
< in— — = in— — — in2
< ZSm2 cosA ZSm2 (1 2 sin 2)
—2'2A+2'A 1(23<:>2t2+2t 5<0
= 2sin > sm2 =3 5 S
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A
('-'t=sin5;0<t< 1)

©0<t S%[\/E— 1] < 1 (true) Proved.

3.23. Solve for real numbers:
(cos 2x)15 - (cos 4x)°® - cos 6x = cos1%% x

Solution:
Ifcos2x =0,then LHS =0=>RHS =0=cosx =0=
®
= cos2x = 2cos’x — 1 = —1, a contradiction = cos2x #* 0
Ifcos4x = 0,then LHS = RHS =0 =>cosx =0=cos2x = -1 =
@
= cos4x = 2cos?2x — 1 = 1, a contradiction = cos4x # 0
Ifcos6x =0, then LHS = RHS =0 => cosx =0 = cos2x = -1 =
= cos 6x = 4 cos®2x — 3 cos2x = —4 + 3 = —1, a contradiction
3
= cosbx 0
Ifcosx = 0,then RHS = 0= LHS = 0. But (1), (2), (3) = LHS +# 0 =
4
cosx # 0
(4)= RHS > 0 = LHS > 0 = (cos 2x)**(cos 4x)°(cos 2x cos 6x) > 0
©)
= cos 2x cos 6x > 0. Now, given equation <

®
2‘i/(cos 2x)15(cos 4x)® cos 6x = cos® x (+ LHS > 0)
by (1) by (2) by (5)
Now, = (cos2x)*™ > 0,(cos4x)® > 0,cos2xcos6x > 0
2‘i/(cos 2x)15(cos 4x)® cos 6x =

= *\/(cos 2x)*(cos 4x)6(cos 2x cos 6x) - 1-1-1

weighted GMzweighted AM 14 cos 2x + 6 cos4x + cos 2x cos 6x + 3
- 24
_14t+6(2t2-1)+(4t3-3t)t+3 (t = cos 2x) =

24
14t+6(2t2-1)+t(4t3-3t)+3

=LHS of (i) < ”
o 14t + 6(2t2 — 1) + t(4t3> - 3t) + 3
= cosx < )
. (1+0)* - 14t + 6(2t2 — 1) + t(4t3 —3t) + 3
16 24
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31+ 6)*—28t—12(2t2—1) — 2t(4t>*—-3t) -6
= <0
48 @
123
=5 —(t—1)?Gt>?=-2t-9)<0=>(t—1)2(55t*-2t—9) > 0
w—1<t<1,-5t>?—-2t—9<5+2-9<0
S (i) (t—1)2<0.But(t—1)2=0
s(t—-1)2=0=>t=1=>cos2x=1=>2x=2nr(n€Z) >
= x = nn (n € Z) (Answer)

3.24. In acute or right AABC the following relationship holds:

inA sinB sinC_ 9 4
2 R® a0 W+ EB) +(0)

Solution:
Using inequality: sin x > %x (0 <x< g)
sinA 4 sinA 2 2
> ——+—-u?(4) = + —-p?A) + = p?4) =
o) —5 1 (4) o) 5 @+ ut(4)

2 2 2 1 1 2 2
>4 12(A) + = p2(A) = =+ —+ — (2(A) + — (4
2t WA+ (A =t e ) (A) + (A

AM~-GM 3(4ut(A 43/4
S L O LR ey

8 3xs
S RIAL 24 2 205 @ (9
Let f(x) = Yx* (x>0)=>f’(x)=§'x§:>f"(x):§x_§>0
(x>0)
Jensen 43[4 3 u(A4) + u(B) + u(C) 4_ 1234 = T[4_
=>RHS(*) = W4\/I 3 I _?\’/F. 34

3634 1 M9
= = > =
37'[%_7'[

34 1 34 3 4
[1)@4\£.%>1®4\/;> \/E<:>64-§>Tr (true)
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3.25. In AABC the following relationship holds:

3|(rery  S? ryre  §* \[(rora S? 10
5 T >+ -+ >
s TaTp s TpTe s 0 3
Solution:
_Ta"p .. _Th'c, _ TcT
Letx = =55y =55z2="3" (x,y,z>0) =
T 1y +1pTe + 1.7, S2
= x +_y +z= a’b b'c ca_ > _ 1

s2 s2

Now, inequality < i[(x + %) (y + i) (z + i) > 13_0

Using AM-GM, we have: i[(x + i) (y + l) (z + l)

1+x2+1+y2+1+ 2
_t 17 Zt(t "
Letf(t) T 1+t2 (t2+1)3 f (t) < 0
vt € (0,1)
Jensen x+y+z 1 9 3 310 10
>Ioenm = 3/ (BF)=3()=5=5525 =7
(proved) Equality & x =y =z = é
3.26. In AABC the following relationship holds:
r r
(R+r)cos(R+r) >r+Rcos(?)
Solution:
r r
(R+r)cos(R+r) >r+Rcos(H)
(1+ cos[ ]> +cos( ) ()
(1+1¢t) (nt> t (t)>0(0<t r<1)
@ —_— —_— . — —
cos (7 Tt cos(m ; R<3
Let: f(t) = (1 + t) cos (z ) —t—cos(mt); with0 < t %
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—t + m(1 + t) sin(mwt) — wsin (1 T t) 1

=)= 1+x

“ f'(t) = 0 & (1 + t) sin(mt) + (1 + t) cos (1? t) B

+(1+t)cos(1+t)

t
=1+t+7rsin( )
1+t

et=0e(0]=rO>0vee(0]=r0>f0 =020

true. Proved.

3.27.In AABC, 9,4, 9p, g are lengths of Gergonne’s cevians. Prove
that:

3R
\/ 9a9p9c = 7
Solution:
First we prove that g, < m, (1)
Let AD be the Gergonne'’s cevian of A.
AD = g,. By Stewart’s theorem in AABC:
a-g2=c*(s—c)+b*(s—b)—a(s—b)(s—c)
s(c?2+b?)—b3—-c3
95 = " —(s=b)(s—o0)
Ja<me>gi<mio
s(c? +b?) — b3 - ¢3 2(b? + c?) — a?
( ) —(s=b)(s—c) < ( 4)

a
4s(c? + b?) —4(b® + c®) —4a(s —b)(s — c) < a(2(b? + c?) —a?)
4s(c?+b?) — 43 +c3)—ala+c—b)la+b—c) <
< 2a(b? +c¢?) —ad
4s(c? + b?) — 43 +c3) —a(a? — (b —¢)?) < 2a(b? + c?) —ad
4s(b?+c?) -4+ c®)—al+alb—c)?—-2ab?*+c?)+a®> <0
(b?> + c?)(4s —2a) — 43 +c®) +alb—c)? <0
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(b2 +c?)(2b+2c)—4b3+c>)+alb—c)*<0
2(b+c)(b?>+c®))—4b+c)(b?>—-bc+c?®)+alb—c)?><0
(b +¢c)(2b%? + 2¢? —4b%> + 4bc —4c?) +a(b—¢)?* <0
2(b+c)(=b%>+2bc—c?))+alb—¢c)?*<0
2b+c)(b—c)>—alb—c)*=0
(b—c)?’(2b+2c—a) =0

which is true becauseb +c >a=2b+2c>a=2b+2c—a >0
AM—-GM

By (1): i/gagbgc < i/mambmc < W =
1 CAUCHY-SCHWARZ

1
Sg-\[(12+12+12)(m,21+m§ +m2) =

_ﬁz BB
TBNLATE T 3l T

LEIBNIZ 1 9R
a?+b2+c¢2 < E\/9R = —

2
Equality holds ifa = b = c.

3.28.1f in AABC, s = /3 then:

L) re rq
Tq | —+Try |[—+71. [—=3
re rq ry

1
Letbe f:(0,0) > R; f(x) =x 2
3 5
f'(x) = —%x“i;f”(x) = %x“i > 0, f convexe

s=V3=2s?=3=2nrn+nrn+nry=3 (1)

Solution:

by % + 2 — 1, Denote:
TaTp TpTe TeTa
Pr="37P2= "3 Ps :T:‘pl +p+p3=1
The inequality that we have to prove can be written:
T 1 ., 1 7.1, 1

+ +£8. >1
3 Jrnr. 3 Jro, 3 Jrm

p1f (1) + 0o f (o) + p3f () = 1
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By Jensen’s inequality: p, f (ry1.) + 0o f (re1g) + psf (ra1) =

1
2 f(plrbrc + pzrcra + p3rarb) - \/plrbrc+p21"c1"a+p31"a1"b 2 1 (to prove]

\/plrbrc + D277y + D3TaTp < 1) D1TpTe + D271y + P3Ta’p <1
Talb 1 + %rcra + %rarb <1,rnr0,+mrn+r)<3 (to
prove). Denote 1,1y, = X; 1T, = V;Tely = Z
We must prove that: xy + yz + zx < 3
By(1):x+y+z=3
9=(x+y+2)?%=>3(xy+yz+zx)
xy+yz+zx <3

3.29.If x,y,z > 0 then in AABC the following relationship holds:

Z y+z<b B C)B o6 abc(a+ b + c) 8
. cesco ese > 735

cyc
Solution:
By Cesaro’s inequality: (x + y)(y + z)(z + x) = 8xyz (1)

y+z B C\®\ am-6m
z (bc CcSC—cScC —) >
X 2 2

cyc
8
3
> 3 y+z_z+x_x+y.1—[ bc >
x vz BT
cyc \Sin>sinz
8
(1) 3(8xyz a?b?c?
>3 . =

xXyz ; zé ; 25 ; zg
sin 7 sin® > sin”

16

16 — 16
—6 (‘”i”) =6 (*=)° =6 (16R%)5  (2)

— r
4R

6 (abc(a+b+c))8 —6 (4RS~25)8 —6 (%)8 (3)

V3s V3s V3
2 N2 8Rs\®
By (2); (3) we must prove that: 6 - (16R*s)3 > 6 (f)
2 8Rs 8Rs\°
(6Ryi 2=,  (16R) 2 (=)
V3 V3
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9 3.3
8_42>2-R-s 2 2s <3\/§R .. o .,
2% -R%s 2 — = Rs* 2 \/—,R A SST which is Mitrinovic’s
inequality.

3.30.In AABC, 9,4, 9, 9. — Gergonne’s cevians, n,, n,, n, — Nagel’s

cevians. Prove that:

1 1 1 9 1 1 1 1
—+—+—= —+—+—<=
Ya ) Ic 4-R+T n, n, ne r

Solution:
It’s known that: ng = hg;ny = hy;ne = he =

1 1 1 1 1

—<——<—;—<—

a ha np hb ne hc
1+1+1 1+1+1 a+b c a+b+c
Ng Ny nc_h h,  h, 2S 25T 25T 25

=— ;Itsknown that: g, < mgy; gp < Myp; ge <M =

:>ga+gb1+chma;|-mb+mCS4R+r

gatgp+tgec = mgitmp+me = 4R+T ( )

1 1 1leess(1+1+1)2® 9
_— > >

9a 9» 9e¢ YGatIgpt+tgc A4AR+T

3.31.In AABC, n,, ny, n, are Nagel’s cevians. Prove that:

a> b5 b - 2592375

m, m, m, n,+n,+n

Solution:
Ng =My, Ny =My, N, =M, >Ny +Np +N,>mMy +my +mg
1

)

mg+mp+me ~ nginp+ng

3 (4Rrs)> AM eM 33/ (4Rrs)5

/mambmc _ ma + mb + mc _
EULER 9\/(4 2r-r-s)° (1) 9\/(87‘ 5)5

m, +m, + mg = na+nb+nc

180



2_9(2-\@)5-7‘5_

MITRINOVIC 9(8r2 . 3\/§r3)
>
o ng +ny, +ng Nng +ny +ng
9:32-9V3r®  2592V3r°

ng +n, +ng ng +ny, +ng

3.32. If in acute AABC, I — incentre, G — centroid, H — orthocentre, N —
Nagel’s point then:
NI -HI +3HI - GI + 3NI-GI < s?> + 4R? — 28Rr + 13r?

Solution:
s2 —16Rr + 512 Vs2 — 16Rr + 512
1G? = = IG =
9 3
VsZ — 16Rr + 572
NI =3IG=3- e = /s2 — 16Rr + 572

1
HI =\/4R2 + 272 —E(a2 + b2+ c2) =+/4R2 + 372 — s2 + 4Rr

NI -HI +3HI -GI +3NI-GI < NI? + HI? +9GI? =
=52 —16Rr +5r%> + 4R?> 4+ 3r?2 — s2 + 4Rr + s> — 16Rr + 5% =
= 5%+ 4R? — 28Rr + 1312

3.33. In AABC the following relationship holds:

>7

B C B C A
Z bcsc7+ccsc7 +1—[ bcsc7+ccsc7—acsc7

A A
cyc a CSCE cyc a CSCE

Solution:
Leta' = a csc%; b'=b»b cscg; c'=c csc%be sides of anticevian Hexyl
triangle of AABC.
a'+b'+c’

Lets' = P R',r" - circumradii and inradii of this triangle.

b + ¢’ (b’+c’—a’> 2s' —a' 2s' —2a’
SIS ()
a a a a
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=Zsza——3 b,,l_[(s—a)_

5 ab’+bc +ca 34 852
= 28 — =
a'b'c’ s'a’b'c’
5 s'? + 4R’r’ +r'? N 8S'r's’ 3
= /S - - =
4R'r's’ s'a’b'c’
2s'(s"”> +4R'r" +1'?) + 8r'%s’
- 4R'r's’
S2 +AR'T + 1'% 4 4r'?
- ~-3>
2R'r’
GERRiTSEN 16R'r" — 51'2 + 4R'r' + 5r'2

- 2R'r’
—ZORIT, 3=10—-3=7
~ 2R'r B B
3.34.In AABC, Ry, R, R are radii of Lucas circles. Prove that:
2
yza
( ac + 2bR)(ab + 2cR)’

S
aRA+bRB+CRc< 3R\£

It’s known that if u,v,w € R then:
u+v+w)=3uwv+vw+wu) (1)
Foru = xRy;v = yRg;w = zR- in (1):
(xR4 + YR + zR;)? = 3(xyR4Rp + yzZRgR. + zxRcR,)
yza’bc
(ac + 2bR)(ab + 2cR)

3 b Z ayZ
=29 £ lac +2bR)(ab+2cR)

1 1
aR, + bRy + cR; = abcR (bc T 2aR + 2c + 2bR +ab n ZCR) =

(xR, + YRg + zR;)? = abc X, y,2>0

Solution:

1
— 2
4R (bc + 2aR * ac + 2bR * ab + ZCR)
Inequality that we have to prove can be written:

4RZS( 1 + 1 + 1 ><3RS
bc+ 2aR ac+ 2bR  ab + 2cR 2
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1 1 1
4R? ( )
S bc+2aR+ac+2bR+ab+2cR <
AM—-GM
< 4R

ZS . Z J—
o 2V2abcR

_ 4R’S-3 3RS _ . S2R? a5
" 22 4RSR 2SRz 2SR? 2

3.35.Ifin AABC;r, = 2; 1, = 3,7, = 4 then the following
relationship holds:

2 <4a+8b+2c< R
r2s 3 9 3 rs

Solution:
3 r,(rp + 1) 3 2(3+4) _ 14
_rarb+rbrc+rcra_2-3+2-4+3-4_ﬁ
1, (1. + 14) 3(2+4) 18 9
- Ty + 1Ty + 1.7y ~ T 28 28 14
5
7

1.(ry + 1) 4(2 + 3) 20
Ty A+, 28 28

1 1
s=E(a+b+c)=—

2 2 14  2-14 14

_A4ARA+r -7 1mptmtrn-—r
_124 1; ! i
_2+3+4-93 9-33 117-12 105 105

4 ~ T4 T 4.13 4-13 52
e, 12213 21212 12212 71 72
r’s 132 14 13-14 13-14 7-13 o1

12 13 105 12-105 3-105 315

TSR=13'14 52 T 1452~ 7.26 182
40 8b 2c_41 8 9 25_
3 t9t3 =329 12%3'7
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_4 8 10_2 4 10 14+ 12+ 10 26+10_36_12
6+14+21 3 7 21 21 21 21 7
2 <4a+8b+ZC<R
T<a e tack
§<_<E (to prove)
72<12 72 < 156
—< =
91

12 315

3.36.Ifin AABC;1r, = 2;1r, = 3; 1. = 4 then find:
Q =R; + R, + R;R, where R;, R, are radii of Soddy’s circles

Solution:
3 r,(rp + 1) 3 2(3+4) 14 1
oty A t+ra, 2-3+2-4+43-4 28 2
o nle+r)  32+4) 18 9
T, tnr.t+ra, 28 28 14
B 1.(ry + 1) 4(2+3) 20 5
Tt tray, 28 28 7
_1( +b+)—1<1+9+5> 1 7+9+10 1 26 13
ST 720G T1aT7)T2 T 12 T2 1a 14
Tu+1mp+7.=24+3+4=09
S S

. ‘R, =
' ra+rb+rc+25 ¢ gt 1, +1.—2s|
1 1 1 1 1 1 1 13

P A T
12
"7 13
12 13 6
Ro—_ 'S _13'1&a__7 _6_3
i 137 ,,13763+13 76 38
9+2-17 9+ T=—
12 13 12 6
R = rs :1314_14 _7_3
¢ g+t —2s| |9_ |9__ 57_0 25

184



Q—R+R+RR—3+3+ 0 _
TNt T Te T ife T 98 T 25 1 38.25
—3(1+1+ 3 )_ 38+25+3
~ “\38 25 38-25/ 38-25

38 + 28 66 33 99

'38.25 ~>'38.25 > 19.25 475

3.37.In AABC; n,, ny, n. — Nagel’s cevians; g,, gp, g — Gergonne’s
cevians. Find min Q:

_ ni+ng+nl
ag,+bg,+cg.

Solution:
It’s known that:
ng = my = g, and analogs.
nZ +nZ +n? = mZ + m2 + m? =%(a2+b2+cz) (1)
CBS
ags, +bgy +cg. <amg+ bmy +cm, <

< \[(az + b2 + c2)(mZ + mi + m2) =

3 V3
=\/(a2 + b? +cZ)-Z(a2+b2+c2) =7(a2+b2+cz)

1 1
aga+tbgp+cge g(a2+b2+02)

)

30,2412 -2
By multiplying (1); (2): Q = nZ+ng+n2 > 4((1 +b2%+c?) _ E

aga+bgp+cgc ?(a2+b2+52) 2

V3

inQ = —
min >

Equality holds fora = b = c.

3.38. Ifin AABC,r4,1,, 13 are radii of Malfatii’s circles then:

B2 (1 an ) (14 tan D) (1+ tan?)
r3 ri rj 2 My g My

Solution:

ooy E RADON (1y + 1, +13)*

B} (7”1+7”2+7”3)3_

3 3 3
, 3 n
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—r1+r2+r3—22 1+tan )(1+tan%)

cyc 1+ tan'i .
AM;GM r 33 1—[ (1 + tan%) (1 + tan%) _
-2 cye (1 + tan%) -

3T3(1+t A)(1+t B)(1+t C)
= 2 an4 an4 an4

3.39. In any triangle ABC the following relationship holds

. A
Z smi E Z (sin A — sin B)?
B —
& cos 2 2 Vsin C
Solution:
A 2 cinA cosd |
z siny sinjycosy sin A _
B—-C A B—C
e COS

— . (m A B—-—C~
2 cyc 2 cos 7 COoS T cyc 2 sin (7 — 7) COoS 5
_z sin A Z sin A
B L B+C B—C
cyc 2sin 5 CO &2 sinB +sinC _
2R51nA B
2RsinB + 2RsinC
cyc
_Z a _Z< a 1>+3 3 2a—b—c
“Llbre L\bre 2272V A 20v0
cyc cyc cyc

a—c
2 ;2(b+c) 2(b+c)

N c—a a—c N b—a N c—>b
2(b+0¢) 2(c+a) 2(a+b) 2(b+c) 2(c+a) 2(a+b)
+a—b( 1 1 )+b—c< 1 1 ) c—a( 1 1 )
2 b+c c+a c+a a+b 2 a+b b+c

B (a—b)la—b) (b-c)b—c) (c—a)lc—a)
=2t 2+t 2craatd) 2B+l ro)

a—b>b
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_3.1 (a—b)* am—em3 1 (a—b) _
_2+2c C+b)cta) - 222\@.2\/@_

3 (a—b)?* 3 1 (a—b)*
2+8 “Nab ‘_+8W; e

3 > 1 (2R sinA — 2R sin B)? 3
=27 5VaRF Lo m -
_ 3 N o 4R? . (sin4 — sinB)? _ E z (sin A — sin B)?
2 16VRF 2R & VsinC 2" VsinC

3.40.1f a, b, c € (0, ) then:

cos? acos?bcos?c+ (sina+ sinb +sinc)? > 1
Solution:
Denote x = sina;y =sinb;z =sinc;t = sind
cos?a=1-—x?%cos?h=1—y?cos?c=1—1z?%cos®’d=1-—1t?
Inequality to prove becomes:
1-x)A-y)A-2z)+(x+y+2)?2>1
1—(x2+y%2+ ZZ) + (x2y% + y2z2 + z2x?) — x%y?z% +
+(x2+y?2+2z2)+2(xy+xz+yz) > 1

x2y? + y222 + 2%x% + 2(xy + xz + yz) > x?y?z?
AM- GM
x%y2 +y2z2 + 22x% + 2xy + 2yz + 2zx >

> 65/x2y2 - y2z2 - z2x2 - 2xy - 2y7 - 27X =

= 65/23 - x6y626 = 6/2xyz > xyz > (xyz)? because
x, v,z € (0,1) = (xyz) > (xyz)?

3.41. In any triangle ABC the following relationship holds:

b c a
—_— —_— —_—<<
(3a+ b) /a+b+(3b+c) /b+c+(3c+a) /C+a_6\/6R

Solution:

(33ﬂ\/—<\/_(a+b) (Ma,b>0 (1)

By squaring: ﬂ < 2(a+b)?
b(9a? + 6ab + b2) < 2(a+ b)3

We first prove that:
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9a’b + 6ab? + b3 < 2a® + 6a?b + 6ab? + 2b3
2a3® —3a’b + b3 >0, 2a% —2a*b—a*b+b3>0
2a%(a—b) — b(a? — b?) = 0,2a%(a—b) —b(a—b)(a+b) =0
(a—b)(2a? —ab—b?*)>0,(a—b)(2a®? —2ab+ab—b?*) >0
(a—b)[2a(a—b) + b(a—b)] =0,(a—b)?(2a+b) =0
Equality holds for a = b.

By(1):(3a+b)\/%+(3b+c)\/g+(3c+a)\[%s

<V2(a+b)+V2(b+c)+V2(c+a) =
MITRINOVIC 3RV3
=2V2(a+b+c)=2V2-2s = 42s < 4\/§~T\/_:6R\/€
Equality holds for an equilateral triangle: a = b = c.

3.42.1fin AABC,> > u(A), p(B), p(C) = 7 then:

tan’ A + tan’? B + tan® C + tan? 4 - tan? B - tan? C > 36

Solution:
(@1 2 mtan A)?
LHS > §(ZtanA) +mtan? 4 = %+ (rtan A)?
4x2 ? ? ?
=T(x=7ttanA)236@x2227®x23\/§
is
( tanAtanBtanC > 0as A4,B,C < E)
?
= ZtanA (2) 33
1

Let f(x) =tanx Vx € E,g)

f"(x) = 2tanxsec? x > 0 = f(x) is convex

Jensen A+B+C
ZtanA > 3tan (T) =33

= (1) is true = %2 > 36 = LHS = 36 (by (a)) (Proved)

3.43. In AABC the following relationship holds:

(Ba+b)(3b+c)(3c+a) - 1
J@+b3b+c03(c+a)3 s
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Solution:

We prove that P<v2-
By squaring: @ :bb))z < Z(a;b)
b(3a + b)? < 2(a + b)3
b(9a? + 6ab + b?) < 2(a® + 3a?b + 3ab? + b3)
9a’b + 6ab? + b3 < 2a® + 6a?b + 6ab? + 2b3
2a® —3a’b+ b3 >0
2a® —2a’bh—a’b+b*=>0
2a%(a—b) —b(a? —b?) =0
2a%(a—b) —b(a—b)(a+b)=0
(a—b)(2a? —ba—b?*) >0
(a—b)(2a?—2ab+ab—-b%*) >0
(a — b)(Za(a —b)+ b(a— b)) >0
(a — b)?(2a + b) = 0. Which is true.
3a+b \/— [1)

a+b

3b+c b+c 3c+a c+a
Analogous: e = V2. — (2), g V2 - (3)

(a+b)(b+c)(c+a)

(Ba+b)(3b+c)(Bc+a) f_\F_
J@@a+b)3(b+c)3(c+a) abc
2 EULER
\/; ,‘21" r-s

Equality holds for an equilateral trlangle a=b=c

By multiplying (1); (2); (3): (3a+b)(3b+c)(3cta) < 2V2- J(a+b)(z:§)(6+a)

3.44. In AABC the following relationship holds:

1 N 1 N 1 5s2+r’+4rR
a+b b+c c+a 2s(s2+2rR+1?)
1 1 1 >2\/§r2

a+b+b+c+c+a_ R3
Solution:
Letbe P(x) = (x —a)(x — b)(x —¢); a, b, c sides in AABC.
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Px)=(x—-b)x—-c)+(x—a)(x—c)+ (x—a)(x—>b)
P'(x) 1 1 1
Py x—a T xp T e (1)
P(x)=x3—=(a+b+c)x*+ (ab + bc + ca)x — abc
P(x) = x3—2sx?+ (s +7r% + 4rR)x — 4srR
P'(x) = 3x%? —4sx + s®> +r? + 4sR
Replacing in (1):
1 1 1 3x2%—4sx+s%+r%+4rR
x-a ' x-b ' x—c x3-25x2+4(s2+1r2+4rR)x—4sTR ( )

Replacingx =a+ b +c = 2sin (2):

1 N 1 N 1 125> —4s-2s +s?> +r?> + 4rR
b+c c+a a+b 8s3—8s3+(s2+1r2+4rR)-2s—4srR
552 + 12 4+ 4rR MITRINOVIC 5-27r?>+71r?+ 4rR EULER
= > >
25(s2 + 2rR + 12 - 2 -
( ) 2- #(274}2 +2rR+r2)

135r2 + r2 + 4r - 2r
- 2 2
3\/§R(ﬁ+2-R R+R)

A 2 A
1442 144r*  6v3r? 24372

" 3vV3R-8R?2 24y3R3® 3R®  R3

3.45. In AABC the following relationship holds (I — incenter):

Al-BI BI-CI CI-Al 3 2r
+ + =3[ [(1-3)

ab bc ca 1- h_a

cyc

2
r’ r? be-(5)  _
sin? 4 (s—b)(s—C) T G-bhG-o)

_bc- s(s — a)(s —b)(s— c)

s?2(s—b)(s—c)
_ bc(s —a) _ abc 4Rrs

——— = pCc —

Solution:

Al? =

= bc — 4Rr =

S S S
25 ARy — ah, ARy — 2RsinA - h, ARy —
" sinA T_sinA "= sin A r=
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2r 28 2r
= 2R(h, — 2r) = 2Rh, (1 ——) = 2R-;(1 ——) =

hg hq
_ 4RS(1 21‘) _ abc (1 2r> _ b (1 Zr)
~a hy) ~ a hg) =\ T,
Al?

2r
e = 1= ()

Al-BI BI-CI CI-Al _ _:|AI? BI? CI?
+ + >3 — =

ab bc ca bc ca ab
B ha hb hc B ha
cyc

3.46.If a, b, c, d sides in a cyclic quadrilateral with A — area, s —
semiperimeter then:

(s— a+tan210)(s— b +tanz—:) (s—c+tan%) (s— d+tan127—:) > (VA + 1)4
Solution:
A= \/(s —a)(s — b)(s — c)(s — d) » Archimedes’ formula

(s—a+tanl)(s—b +tan9—n) (s—c+tan13—n) (s—d+tan17—n) > (VE+1)"
20 20 20 20

T 9 13w 17m\ J-Holder
(s —a+tanﬁ)(s —-b +tan—)(s— c +tan—)(s— d +tanﬁ) >

20 20

/ o 13m 177r\
> | 4= = — (s — ian—= - tan -~ - tan—Z . tan —~ | =
> |\\/(S aA)(s—=b)(s—c)(s—d)+ tan20 tan 20 tan 20 tan 20 /l

N

= (V2 +45) = (VE+45)"

\
|

tan%=1+\/§— 5425 - 9 2
9 &:tan%-tan%=(1+\/§) —(5+2V5) =
tan£=1+\/§+ 5+2\/§)I

=1+2V54+5-5-2V5=1 (1)
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13 21
tan—nz—tan =—1++5+ 5—2\/_I
20 20 \ $=>

17m 3 |
tan—- = —tan > = —1+ V5 — |5 - 2V5)
13 17
= tan— > tan— - = (—1+45)" = (5 - 2v5) =

_1—2\F+5—5+2\/§=1 (2)
From (1)and (2) = s =1
So, [(s—a) +tan%] [(s—b)+tanz—7;] [(B—C)+tan13"] [(s —d) +tan17—n] >

>(Va+1)"

3.47. In ABCD convexe quadrilateral the following relationship holds:
16 - [ABC] - [BCD] - [CDA] - [DAB] = [ABCD]*

Solution:

LetAB =a,BC=b,CD=c,DA=d

1 1 1 1
LHS =16 (5 ab sin B) (E bc sin C) (ECd sin D) (E da sin A)
= [(absin B)(cd sin D)][(bcsin C)(dasin A)]

G;A (absinB + cd sinD)? (bcsinC + dasin A)?
- 4 4
1 1 1 1
= (Eab sin B + ECd sinD) (Ebc sin C + Eda sinA)
= ([ABC] + [CDAD?([BCD] + [ABD])?
= [ABCD]?|ABCD]? = [ABCD]* (Proved)

2
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3.48. Q, = (tan(ax) + tan(by) + tan(cz))? a,b,c,x,y,z € (0,1)
Q, = (tan vax3 + tan/by3 + tan cz3) (tan\/ xa? + tan/yb3 + tan zc3)

Prove that: Q; < Q,

Solution:
We consider f(x) = Intane”; f:(—,0) - R
X
"(x) = 1 +tan?e¥)e* = + e*tan e*
f@) tan ex( ) tan e”*
. e*tane* —e* - e*(1 + tan? e¥)
f'(x) = + e*tane*

tan? e*
+ e*(1 + tan? e¥)e*
e*(tane® — e* — e* tan? e¥) X X X
= +e*tane* + e“* + e“*tan® e”*
tan? e*
e*(tane* — e* — e*tan? e* + tan® e* + e* tan? e* + e* tan* %)

B tan? e*
e*(e*tan* e* + tan® e* + tane* — e%)
tan? e* N
e*(e*(tan*e* — 1) + tane* (tan%e* + 1))
B tan? e* B
e*(e*(tan? e* — 1)(tan? e* + 1) + tan e* (tan® e* + 1))

B tan? e*

e*(tan?e* + 1)(e*(tan? e* — 1) + tan e¥)

tan? eX

. e*(tan? e*+1)
Obviously, —————— > 0. We prove that

e*(tan’e* — 1) + tane* > 0
We denote c* = tandasx < 0=t € (0,1)
So, we prove that t(tan’t—1) +tant > 0 =

tant > t(1 — tan? t). Inequality is obvious for t € E; 1)
tant tant

>t0r—t_t>0

1-tan?t 1—tan?
Letbe g(t) = 1_t?:nt2 L~ G (0;%) >R
, (1 +tan?t)(1 —tan?t) + 2tant (1 + tan®t) tant
g9'(t) = (1 —tan? t)? —1=
1—tan*t+ 2tan?t + 2tan*t — (1 — tan? t)?
- (1 —tan?t)? -

Fort € (O; %) the inequality becomes
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1—tan*t+2tan®t +2tan*t — 1 4+ 2tan?t — tan*t 4tan?t

= g Ton (OE) = g(t) >lim_,9(@) =0

So, f""(x) > 0= f convexe= f (%) < wor
x+y Intane* +Intane”Y
Intane 2 <

2
x+y
Intane 2 < In+vtane*taneY
x+y

tane z < +/tane*taneY (1)
Letbem,n € (0,1) = Inm,Inn € (—o,0)

In inequality (1) we consider x =Ilnm,y = Inn
Inm+lnn

tane 2z  <+/tane™tanelnn
tan eV < \Jtanmtann

tanvVmn < +tanmtann;m,n € (0,1)
Form = vax3 and n = Vxa3 we obtain

tan ax < \/tan Vax3 tan \/xa3\|
tan by < \/tan‘/by3 tan./yb3 } (2)

tancz < \/tan Vcz3 - tan \/Zc3)
According to CBS

(1 —tan?t)? - (1 —tan?t)2 >

0

<\/tan\/ ax3 -\/tan xad + \/tan v by? \/tan yb3 + \/tan Vcz3 tan ZC3>
< (tan\/ ax3 + tan+/by3 + tan cz3) (tan\/xa3 + tan+/yb3 + tan ZC3)

Using inequality (2) = (tan ax + tan by + tan cz)? <

< (tan\/ ax3 + tan+/by3 + tan cz3) (tan\/xa2 + tan+/yb3 + tan ZC3)

3.49. In any triangle ABC the following relationship holds:
a b c

(st b _, ¢ )2( + +
2> b+c c+a a+b/ \(b+c)?2 (c+a)? (a+b)?

)

= a b c
4<(b T T cra)t T (ax b)4)
Solution:

First, we prove that if a, b, ¢, x1, x5, x3 > 0 then:

2

(a+ b+ c)*(axt + bxy + cx3) = (ax; + bx, + cx3)?(ax? + bx3 + cx2) (1)
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a(x1)3 b(x%)g C(x3)3

axi + bx; + cx3 =

2
x? x5 x2
(ax1) (0x3)° | (ex2)’ RAD>ON (ax}+bxG+cx3)’ (2)
T (ax))?  (bxp)? | (cx3)? T (axp+bxp+cxz)?
(ax;)®  (bx;)* (cx3)? RADON (ax, + bx, + cx3)?
ax? +bx2 +cx2 =1L 4 F L2 s ! 2 3
b c a+b+c

(ax1 + bx, + cx3)?
x% + bxZ + cx3
b 2> (ax1+bx2+cx3)
(@+b+c) = = (ax?+bx2+cx?)’ (3)
By multiplying (2); (3) we obtain (1):
(ax? + bxZ + cx3)® (ax, + bx, + cx3)*
2 4 . =
(@+b+c)*(axi +bxj + cxg) 2 (ax; + bx, + cx3)? (ax1 + bx? + cx2)2
= (ax; + bx, + cx3)?(ax? + bx2 + cx3 )

a+b+c>

1
We take in (1): x1 = ——; X, =E;x3=m
atb+c=2s

1 1
2 2( [ - _—)>
R O RS TR eI TR e S T
>( a_, b L€ )2( 1 ) 1 N 1 )
“\b+c¢c c+a a+b @ (b +c)? (c +a)? ¢ (a+ b)?
a b c \’ a b c
SZ>(b+c+c+a+a+b) ((b+c)2+(c+a)2+(a+b)2)

- a b c
4((b Tt v T v b)4)
Equality holds for an equilateral triangle: a = b = c.

3.50. In any triangle ABC the following relationship holds:

tan? 1° - tan? 2° - tan? 3° N tan? 2° N tan® 1° S (2v2 + 1) tan? 3°

h, h;, h, 7s
Solution:
Lemma 1
tan3° —tan2°—tan1° =tan3°-tan2°-tan 1°
Proof:

Denote tan 1° = x. We must prove that:
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3x —x3 2x B 3x —x3  2x
1-3x2 1—x2 “ " 1-3x2 1-x2 %
Bx —x3)(1—-x%)—2x(1—-3x?) —x(1 —x?)(1 —-3x?) =

= 2x%(3x — x3)
B-x)1-x>)-21-3x)-1—-x>1—-3x?) =
= 2x(3x — x?)
3—-3x%—x?4+x*—-2+4+6x>—-14+3x*+x*-3x*=
= 6x? — 2x*
3—3-2x*+6x%=6x%—2x"
0=0
Lemma 2
In any triangle ABC the following relationship holds:
s
hg+hy +h, < ———
a b c 2\/§+ 1
Proof:
A
b
c
C
a
B D
B BD BD BD B
= =
cos 1B- o c cos
C be _Dbe DC =bcosC
= — =
cos -7 cos
a=BD+DC=ccosB+bcosC (1)
B AD  h, " B
= — =
sin 1B-c q = CSsin
_ AD  h, _
sin C =R=7:>ha =bsinC

By adding: 2h, = h, + hy =csinB + bsinC (2)
By (1); (2): a + 2h, = c(sin B + cosB) + b(sinC + cosC) (3)
T

sinB+cosB =sinB+1:cosB =sinB+tanZ-cosB =
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sin n
4

1 ] T (4
-cosB = —ﬂ(schos—+ sm—cosB) =
cosgz cosy 4 4

=%sin(3+%)=x/§sin(3+%)3\/§

2
Analogous: sin C + cos C <2
By (3):a+ 2h, = c(sinB + cos B) + b(sinC + cosC) <
<c-V24+b-V2=(0B+c)V2
a+2h, < (b+c)V2a+2h, < (c+ a)V2;
c+2h, < (a+b)V2
Equality case can’t be true in all three inequalities. By adding:
a+b+c+2(h,+h,+h)<2(a+b+c)V2
25+ 2(hg + hy + h,) < 4sV2
2(hg + hy + he) < 25(2V2 - 1)

s(8—-1) 7s
h,+h,+h.<s(2vV2—-1) = =
athy+he <s( )2\/Z+1 242 +1

tan? 1°tan? 2°tan?3°  tan®2° , tan?1°

=sinB +

Back to the problem: . t——t——>
a b c
BERGSTROM (tan 1° - tan 2° - tan 3° + tan 2° + tan 1°)?
>
h, + hy + h,

LEMMA1 tan?3° LEMMA2 7s
> >
h, + h + hg 242+ 1

3.51. In AABC the following relationship holds:

he he hy
a (Z)WC +b (%)WC +b (g)w” +c (g)wa +c (%)W" ta (g)w” < 4s

Solution:

hq

Letbe f:[0,1] » R; fG) = a (%) +b (%)
7o =a() oe() o) e () =tee ()] (2) -0 5 -

1 (b) b* ba")_l (b) a-bz"—b-azx_0
- 08 a (a'ax " bx - 08 ' a*b* B
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2x

a a 1
. h2x __ . 2X — _ (= _ —
a-b b-a*=0= _() :>2x—1=>x—2

=
x 0 - 1
JC3 ) e —— O+ ++++++++
fO) a+b —~—~— 2Vab —u+b

min f(x) = f(%) = 2Vab

max f(x) = f(0) = f(1) =a+b

—<1=20<h,<w,20<—<1
w, w

FG) <a+b(WMxel01]
b X

a (E) +b (E)x <a+b,(V)x € [0,1]

h¢
(b)W_c +h (a
@ a b

b

‘:L,—CC cx—‘; b\wa a‘il,—l; C\wy,
) +b(5) +C(E> -I-C(E) +a(5) <4s

3.52. In AABC the following relationship holds:

(o) o) (0 ) O +a() 2

Solution:

Letbe f:[0,1] > R; f(x) =a (S)x +b (%)x

=) ms(2) e ) ) - [o ) 03

el

b* a® b\ a-b** —b-a**
a-——b-—)zlog(—)- =0

a* b* a*b*
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a a~ 2x
a.bzx—b.a2x=0=>5=(51) >2x=1=>x=3
fflx) | - ———————— O+++++++++
f(x) a+b \ZM /a+b

min f(x) = f(%) = 2Vab

hq hq
2 <120<h,<w,20<-2<1

Wq w,
bh\* ar*
f) =a (E) +b (E) > 2vab; (V)x € [0,1]
For x = %
b he hcc
Wc a W_c
a <—> +b (B) > 2\/@

3.53. In AABC the following relationship holds:

(s2 + 1 rp)(s? +1ryr)(s? +1r.1y) .8
(SZ - rarb)(sz - rbrc) (52 - rcra) -

Solution:
S S S S S S
Talp "7c "Wa _s—aqa s—b,s—b s—c,Ss—c s—a _
s2 + s2 + sz s2 + s2 + s2 N

52 1 1 1 ~
_S_Z((s—a)(s—b)+(s—b)(s—c)+(s—c)(s—a))_
S2 s—c4+s—a+s—b»b

52 (s—a)(s=b)(s—0c) -
_s? s _s(s—a)(s—b)(s—c)-s_1
"2 s—a)s—bG—0c) sts-a)(s-b)(—0c)

Letbe f:(0,1) - R; f(x) = log (i—i)
f(x) =log(1+x) —log(1 —x), f'(x) =

N 1
1+x 1—x
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. 1 1 _ 4x
4 (x)_(1+x)2+(1—x)2_(1—x2)2>0

f convexe. By Jensen’s inequality:
rC

Ta’p
S 2

T
+
S

7.1,
)< 5 () ()4 (22)

1 1 1+% 1+% 1 1+r§§b
1) =5oe\ | | =2 ) oo ) =30l | |{i=im
cyc s2 1-3

3 cyc s2

| (3+1><11 1—[ sZ+ 11 3 log2 <1 1—[ s?+rm,

%6\3_1)=3% s2 =11, ) |’ 084 =08 S2 — 1,1
cyc cyc

1—[ <52 + rarb> S8 (s +1arp)(s2 + 1) (s2 + 1.1,)

s% — TaTp (s2 - rarb)(sz + rbrc)(sz - rcra) N
cyc
3.54. If x,y € Rthen:

|cos x cos y sin(x + y)| <

3V3
8
Solution:

First, we prove that for x,y € R
coszx+coszy+sin2(x+y)sz (1)
1+cos2x 1+ cos2y 9

3 + 5 +1—cosz(x+y)SZ
24+2cos2x+2+2cos2y+4—4cos?(x+y) <9
2(cos2x + cos2y) —4cos?(x+y) <1

2x+ 2 2x —2
2-2cos > ycos 5 y—4cosz(x+y)S1
4 cos(x +y)cos(x —y) —4cos?(x+y) <1
4 cos(x +y)[cos(x—y) —cos(x+y)] <1
Denotex +y =u;x—y=v
4 cosu (cosv—cosu) <1
4cosucosv—4costu<i
4 cos?u—4cosucosv + cos?v+sin?v >0
(2 cosu — cosv)? +sin?v >0
By AM-GM:
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2 2 ta2
cos®x + cos?y + sin®(x +y)
/cos? x cos? y sin(x +y) < 4 4

3

27
cos? x cos? ysin?(x +y) < ol

_ 3V3
|cosx cosysin(x + y)| <

Equality holds for x =y =

|00

o)}

3.55.Ifx,y,z> 0;x + y + z = 2m then:

cos*x costy

+cos4(x+y) 9
y+z z+x

x+y 64w

Solution:

First, we prove that for x,y € R

cos?x + cos?y + cos?(x +y) = % (1)
1+ cos2x 1+ cos2 3

3 + 5 y+1—sin2(x+y)ZZ
2(2+ cos2x +cos2y) + 4 — 4sin®*(x +y) =3

4+ 2(cos2x + cos2y) +1—4sin?(x+y) =0
2x + 2y 2x — 2y
2-2cos

5 Cos— —4sin’(x+y)+5=0
4 cos(x +y)cos(x —y) —4(1 —cos?(x +y))+5=0
Denotex +y =y;x —y =v
4cosucosv—4+4cos?u+5=0
4cos’?u+4cosucosv+1=0
4 cos?u+4cosucosv + cos?v+sin?v =0

(2cosu + cosv)? +sin?v >0
cos*x cos*y

cos*(x + y) BERGSTROM
>
y+z z+x x+y o

2

3
> (cos? x + cos® y + cos?(x + ¥))* (;) (Z) _ 9
2x+y+2) ~2-2m 64n
Equality holds forx = y = z = 2=

3
3.56. In any triangle ABC the following relationship holds:

Yrary +3rpre +31era < Y3(4R +1)?
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Solution:
Denote x =~y = b, = 3T
4R+r 4R+T 4R+T
It’s known that: 7, + 1, + 1. = 4R + 1
x+y+z_ra+rb+rc_4R+r_
33 3  4R+r  AR+71
x+y+z=3
AM-GM x +y +1

xy =3 xy-1 < 3
AM-GM y 4+ 7 + 1
Nyz=3yz-1 < yrerwo 3

5 AM-GM z +x + 1
zx zx-1 < —3

w

By adding:
2(x+y+z)+1 2-3+3_

\/_+ yz + Vzx < 3
Yxy +3 yz+\/z_x<3

31 31y 31y +3 31y 31, +3 37, 31, <

4R+7r 4R +7r 4R+71r 4R+ 4R+7r 4R+71r
3 9 3 3 3
m(\/rarb + \/7"b7"c + \/TCTa) <3

Or,7
Z (4R(_1|_b)253 %-Z3rarbs33 (4R +1)?

cyc cyc

Z rry, < V3(4R +1)2

cyc

3.57. In AABC the following relationship holds:
2r, 21y 2r,
(1+ )(1+ )(1+ )=8
Ty, +71, r.+1, T, +71)

Solution:
Letbe f:(0,1) » R; f(x) = log (1+x)
f(x) =log(1+ x) —log(1—x)

FG) =t

+
+x 1—x
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-1 1 4x
f"x) = arota e - a—ag” 0; (W)x € (0,1)

f convexe. By Jensen’s inequality:

f(EEEE) <L (F () + f) + F(x) (1)

Itis known that: 17, +1, + 1. = 4R + 1
Ta Tp =1

7l‘C
+ +
4R +r 4Ri—r 4R +rr .
. __a . — _'b . c
In (1) we take: x; = "= X = ;X3 = ——
Ta T rc

b
; AR+7r TR +r AR ¥ 1

3

1 a Cc
<3(r )+ ) + 1 ()
T,

<

cyc 4R + 71
| 1+§ <1 (4R+r+ra)
B\ _1/=3°8 ” AR+r1—r,

3 cyc

3 +1, 7+
§ [ (Ta Ty Tc Ta
3log| 5 | <log r( )
% L1 Ta+1, +7.—1,

[ (2T + T + T,
log(23) < log r (a—bc>

1 Ty + e
cyc

[ 27,
8Sr (1+ )
1 T'b+T'C

cyc
Equality holds for an equilateral triangle (a = b = c).

3.58. In acute AABC the following relationship holds:

A B C\*
sinAsinBsinC > ABC (cosicos —CoS —)

2 2
Solution:

First, we prove Cusa-Huygens reversed inequality:
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sin x 14+cosx T
sinx sxe(03) (1)

x 2
Let be f: (O,%)—HR;f(x)=25inx—x—xcosx
f'(x)=2cosx—1—cosx+xsinx =cosx —1+xsinx
f"(x) = (cosx —1+ xsinx)’ = —sinx + sinx + x cosx
/i3
f"(x)=xcosx >0;(V)x € (O’E)
inff'(x) = }Ci_r)%f’(x) =cos0—14+0-sin0=0
x>0 T
= f'(x) >0;(V)x € (O'E)
inff(x)=}Ci_r)%f(x)=25in0—0—0-cosO=0
x>0 T
= f(x) > 0,(V)x € (O'E)
x(1+ cosx)
2
1+2 cos?Z-1
H(1r2c0%3-1) CZOS 2 )=xc052§ (2)
We apply (2) for x = A,x = B,x = C and multiplying:

A A
sinA4 > Acoszz = nsinA >1_I(A cos? E)

cyc cyc
o A B CV
sinAsinBsinC > ABC (cosicos Ecos E)
3.59. In AABC the following relationship holds:
6(sinA + sin B + sin C) + 3(sin 24 + sin 2B + sin 2C) +
+2(sin34 + sin3B +sin3C) > 0

2sinx —x—xcosx >0 =sinx >

sinx >

Solution:
6sinA + 3sin24 4+ 2sin34 =
=6sinA + 6sinAcosA+ 2sinA(3 —4sin? A) =
=sinA(6+ 6cosA+ 6—8sin?A) =
=sinA (12 + 6 cos A — 8(1 — cos? 4)) =
=sinA(12—8+ 6cosA + 8cos?A4) =
=sinA(8cos?A+6cosA+4)=2sinA(4cos*?A+3cosA+2)=
_ 3\ 9-32 , 3\¢ 23
=251nA[4(cosA+§) ~ 16 ]=251nA<4(cosA+§) +R>>0
6sinA+ 3sin24+4+2sin34A>0
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6ZSinA+BZsin2A+ZZsin3A> 0

cyc cyc cyc

3.60. GENERALIZATION OF TAREK'S INEQUALITY

In AABC, x, y, z are distances from M € Int(AABC) to sides of
triangle. Prove that:

\/E+\/§+\/Ess\[§

Solution:

2

_E ﬁ_l_f £+X+£BERG,§>;I"ROM(\/;+\/§+\/E)
22 2 222 ~© 2(1+1+1)

a b c . ba b Cb

1 ab + bc + ca abc
<2 S=2- . =

(\/_+‘/_+\/_) ( ) abc 4R

_, ab+bc+ca<az+b2+c2LEI,).3\”Z9R2_9 R

B 4R = 2R - 2R 7 2

(\/}+\/§+\/E)Zs9-§, \/}+\/§+\/Es3£

3.61.If a, b, c, d are sides in a cyclic quadrilateral, r,, 1, 7., T4 —
exradii, s — semiperimeter then:
a b c d - 32

Solution:
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tan(m) = % = ;—‘Z_ (1)

— —A A
tan(I,AE) = tan (”T) = cot> (2)
By (1); (2): 2 = cot> = AE = rytan % (3)

tan(I[,BE) =22 =12 (4)

tan(I,BE) = tan (?) = cotg (5)
By (4); (5): % = cot” = BE =, tan= (6)
(3):(6) A B
a=AB=AE+EB = ratanz+ratan5=
=T, (tané+tan5) >, =+
’ 2 2 ’ tan%+tan%
= tan§+tan§ (7)

= tang + tang (8)

= tan§+ tang (9)

N |n‘ﬁ|qoo|w§|g

—tan2+tané (10)

addmg [7] (8); (9] (10):
aLh —+——2(tan—+tan—+tan—+tan2) (11)
Ta Tp Tc 2

T

Let be f: (0 —) - R; f(x) —tan—
PG = o 1) = ~(zc05 )_“mzcosz_m

= > 0; f convexe
cos“;c cos45 cos4)26 f

B
By]ensen s inequality: tan2 S ttan-+ tan < St tan 2 S >
A B C D

PAPRPAD)

> 4 tan T) = 4tan(%) = 4tan(%ﬂ) = 4tan%—4 (12)

By (11); (12):%+:#b+§c+%2 8 (13)

2 b 2 2 d 2
RO OGN

2 12 r2 r:  a b c d ~
a b d\?
BERGSTROM (a + T =+ d) (13) 82 64 32
2 2 —_— — = —
a+b+c+d 2s 2s s
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Equality holds fora = b = c = d.
3.62.If a, b, c, d are sides in a bicentric quadrilateral; r,, 1}, 1., 74 -
exradii; s — semiperimeter then

2 r2 r2 i 1
St tEtE2s
Solution:
Letbe AC = e;BD = f;AB = a;BC = b;CD =c;DA =d.
By the law of cosines in AABD; ABCD:

BD? = a? + d? — 2ad cos A = b? + c¢? — 2bccosC
A

C

a? +d? — 2adcos A = b? + ¢? — 2bccosC
a? +d? —2ad cos A = b? + ¢? — 2bc cos(m — A)
a? +d? —2adcosA = b? + ¢? + 2bccos A
(2ad + 2bc) cos A = a? + d? — b? — c?

a?-b%?—-c?+d?

cosA = 2(ad+bc) [1)
1_az—bz—c2+d2
tanzé: 1—cosA(é) 2(ad + bc) _
2 1+ cos4 1_I_az—bz—c2+dz
2(ad + bc)

_2ad+2bc—a’+b*+c?—d* (b+c)*—(a—d)?
“2ad+2bc+a?—b2—c2+d? (a+d)2-(b-c)?

_ (b+c—a+d)(b+c+a-d) _ (2s-2a)(2s-2d) __ (s—a)(s—d) (2)
" (at+d+b—c)(at+d—b+c)  (25s-2¢)(2s-2b)  (s—b)(s—c)
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tan([,AE) =" =2 (3)

_ E .
1) =tan () ot
By (3); (4): 2% = cot5 = AE = rytan% (5)
DT I4E a
tan([,BE) == == (5)

— £ B
() = an () “ et )
B)’(6], (7);—; = Cotg = BE = ratang (8)

(5);(8) A B
a=AB=AE+EB = ratan§+ratan5=
(t A+t B) —a

=71 (tans+tan= ) => 71, =
2 2 tané+tanE
2 2
a alA

Denote A = Area [ABCD]: 1, = = =

A B A B
tan5+tan5 A tan5+A tanE

al
Je—a)s-bD-os—d) - /%+J($—axs—b)(s—c)(s—d)- %
_ al B al B al
T G—a)(is—-dD+(-b(G-a) (s—-a)2s—-b—-d) (s—a)a+c)
Ta _ A
a (s—a)(a+c) (9)
Analogous: L — (10)

c (s=c)(a+c)

T, Tg A 1 1
a ¢ a+c\s—a s-—c

A s—c+s—a A b+d

= (11)

E ' (s—a)(s-c) - E' (s—a)(s—c)
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Th Ta_ A __atc
Analogous: > + — = — P (12)

By adding (11); (12):

Ty Tp, To T4 A b+d A a+t+c AM-GM
E+E+?+E=a+c~(s—a)(s—c)+b+d'(s—b)(s—c)
>A_2j (b+d)(a+c) _
- (a+c)b+d)(s—a)(s—b)(s—c)(s—d)
=A-2=2 (13)
2 2 2 2
won oo @ @ @
a?  b? c¢? d? a b , ¢ d —
BERGS>TROM (%+%+%+Cl—d) 2_2_3
- a+b+c+d 25 s

3.63. In AABC the following relationship holds:

A B A B A B A B 1064
1_[ (cotz coti + tanitani) + 1_[ (cot—cot— —tan- tan —) =

cyc cyc

Solution:
Letx = tan2tanZ;y = tanZtan<; z = tan Stan2
2 2 2 2 2 2

x+y+2)P* 1
:>x+3’+Z=1:(0<x,y,z<1):>xyzgu:

7
Inequality < ]"[(% + x) +11 (i_ x) > %
o 1+x)A+y)A+2)+ 1 —x)(1—y)(1—22) > 1064

27
1064
T XYz

27

Xyz

S 2+ 2(x%y? + y2z2 + z%x%) >

We have: © 2[1 + x?y? + y?z%2 + z?x%] =2 2[1 + xyz(x + y + 2)]
= 2[1 + xyz]. We must show that:
1064 505 27
2[1+ xyz] =

> < —
57 xyze 12> >7 xyz(z)xyz_so5

, 1 27
It is true because: xyz < 77 = Tos Proved.
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3.64.1f in AABC;s = %then:

mg me
a-ea +b- eb +c-ec > eMatmptme
Solution:
Letbe fi, f2, f5:(0,00) > R
filx) =axlnx — (a + my)x; f(x) = bxInx — (b + my)x
fs(x) =cxlnx — (c + my)x
filx)=alnx+1)—(a+m,) =alnx —m,
fix)=0=alnx=my; =Inx = %
mg mg

lnx—lnea >x=ea
Ma mqg mg mg
minfl(x)=f1(e a)—a ea -lnea —(a+my)-ea =
Ma Ma Ma Ma
=m,-ea —agea —mg-ea =—qea
™ me
Analogous: min f, (x) = —bed ;min f3(x) = —cec
fitfa+f3:(0,0) >R
(it o+ )0 = f1() + f(x) + f3(x)
ma+mb+mc
min(f; + f, + f3) (x) = —(a+ b + c)e” a+tb+c
min f; (x) + min f2 (x) + min fs(x) <min(f; + f; + f3) (x)
mq Mma+mp+me
—ae a —be 03 —ce T < —(a+ b +c)e a+b+c
mq Mma+mp+me
aed +bhed +cec >(a+b+c)e atbtc =
ma+mp+me
Mag+mp+m 1 - 1
= (Zs) e 2s = (2 . E) .e Z'E — ema+mb+mc

Equality holds fora =b = c = %.

365.f0 < x,y,z< gthen:

(sin? x)sm(y+ )cos(y Z) + (sin? y)sm( +x)cos(¥) n
x+y x-y
+(sin? z)sm( )eos(5%) > 1

(Y *tz y—zy 1 .
sm( > )cos( > )—E[smy+smz]

Solution:
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2 2
x + X —
sin( 5 y) cos( > y) = E[sinx + sin y]
= LHS > (sin x)(siny+sin z) + (sin y)[sinz+sin x] + (Sil’l Z) [sin x+sin y]
= (sinx)$™Y (sinx)™Z + (siny)i"Z - (sin y)S"* + (sin z)$"* - (sin z)S"Y
LetX =sinx;Y =siny;Z =sinz

<X, Y,Z € (0,%))

We prove that: XY - X% + Y% . YX + 72X . 7Y > 1

X+ z Z—X 1
sin( )cos( ) =§[sinz+sinx]
1

Using AM-GM:
XY-XZ+YZ-YX+ZX-ZY>3i/(XY Yz. ZX)(YX XZ - 7ZX)
Y.yZ.gzX s X.yZ.7Xx < _ 1
But X" -Y*-Z 3\/_,Y X227 > \/_

XY .YZ.7X > X.yZ.7Xx 5 1L
Now, we want to prove: X* - Y* - Z 3\/5 (Similarly: Y* - X* - Z >3\/§)

S YInX+ZInY +XInZ > —In(3V3)

Using Jensen’s inequality with f(t) = In(sint),t € (0,%)
XY +YZ+ ZX)
X+Y+Z

YlnX+ZlnY+XanZ(X+Y+Z)ln(
11 11 11

1.1 0, (2272°2%2°2)_3

>( )“ 1.1 1 ="

1 3

E = —Ean > —ln(3\/—)
2721732

(Because g(n) = nln \ ( )

Hence, XY - X% + Y% - YX + ZX +ZX Z¥ > 1 (Proved)

3.66. In AABC the following relationship holds:

1 1
Z a B~ 4 5|=V3

cyc tan 7 + tan 7 coti + COtf

Solution:
Denotetan% = x;tang = y;tan% =z>xy+yz+zx=1

1 1 B
Z A B A B |~

cyc tan 7 + tan 7 COt? + COt?
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3(ehet) St -
B x+y 1. 1| L\x+y x+y/

cyc §+§ cyc
_zxy+yz+zx—xy_ z(x+y)
a x+y B x+y
cyc cyc
—Z X dy+z=tano o tant +tanc >
= z=x+Yy z—an2 an2 anz_
cyc
A B
JENSEN 7+7+% A+B+C
= 3tan = 3tan (—) =
3 6
m V3
=3tan(g)=3-?=\/§ )
x
f:(0,m) > R; f(x) =tan—; f'(x) = %
2 2c052§
iy 1 —(coszg),_l 2«%sin§cos§_1 sin x _
fre =3 (coszf)z =3 e _Z.COS4§>0,fconvexe

Equality holds for an equilateral triangle.

3.67. Let w,, w,,w_ be the circumpedal extensions of incentre i

AABC. Prove that:

) 8a%b?c?
wa

WiWe = T b+ Ol - @)

Solution:

AA]_ = Wa; BB]_ = Wb;CC1 = WC;AAl n BBl n CCl = {I}
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AB ¢ A{B c

= =
A,C b AB+A,C b+c

A.B c A B ac AC ab
—_—— = — =
a b+c 1 b+c¢’ "t b+c
p(Ay) = BA; - AL C = AA; - A4,
ac ab B A
b+tc btc e iz
A = a’bc
152 = wg(b + ¢)?
a’bc AM—-GM

WC,l = AA2 = AA1 +A1A2 = Wa +

wg(b + ¢)?
2h 2
22jwa- il ? Vbe

Wa(b+c)2=b+c

sy, — 2b oy — €
Analogous: wy, = C+a\/ca, w, ; " vab
. . 2a 2 2c
. rwlw! > 24 L4 L _cc _
By multiplying: wowyw; > b+c\/bc C+a\/ca . vab =
8abc - abc 8a2b?c?

S @ttt - @t+h)b+C+a)

3.68. Let w,, w,,w, be the circumpedal extensions of incentre in
AABC. Prove that:

a?b?c?
(a+b)(b+c)(c+a)

3
w;+w;,+w;26\/

Solution:
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AAl = Wa'BBl = Wp, CC1 = WCJAAI N BB1 N CCl = {I}

AB ¢ A,B ¢
B — =
AlC b AB+AC b+c
AB c A= .4c ab
—_—— =T =
a b4+c ' b+c""V b+
p(4;) = BA, - A,C = AA; - A4
ac ab A A
b+c b+c e iz
s = a’bc
27 we (b + )2
2
. ~ 3 a“bc
wo = AA; = Ay + A Ay = wo + wo (b + ¢)?
, ab?c abc?
Analogous: w;, = w;, + wptare? We = We T 7
By summing:
We +wy +w. =
=w, + a’be +wp, + ab’c +we + b
" we(b+c¢)? b wy(a + ¢)? We we(b+a)? —
aM_GH o a’bc - ab®c - abc? _
= Wb wwe (b + 2(a + )2(b + @)

6 a*b4ct 3 a2h2c?
= 6\/(a 020+ Ot @)l 6\/@ S I CET))
3.69. Let m,, my, m, be the circumpedal extensions cevian
centroid in AABC. Prove that:
m,, + mj, + m. > 33abc

Solution:

AA]_ = ma; BB]_ = mb; CCl = mc; AAl n BBl n CCl = {G}
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AB=AC=2
1 - 1 _2

p(A;) = BA; - A,C = AA, - A;A, (the power A, in circumcircle)
a a a?
§'§=ma'A1A2$A1A2=4‘m

m& == AAZ - AA1 +A1A2 - ma +

a
aZ

4m
! bz !
Analogous: my, = m;, + o Me =me +
b

a
c

i4m

2

c

a? b? c?
mg +my, + me=mg +m, + mg + + + =
@ T a b " 4m, 4m, 4m,

AM-GM 6 a? b2 c?
> 6 |mymym,- - - = 33/abc
4m, 4m, 4m,

3.70. Let m,, my, m_; be the circumpedal extensions cevians of
centroid in AABC. Prove that:

m,m,m; > abc

Solution:

AAl = ma; BBl = mb; CCI = mc; AAl n BBl n CCl = {G}
a

AIB = A1C = E
p(A;) = BA; - A,C = AA, - A1A, (the power of A, in circumcircle)
a a a’
E'Ezma 'A1A2 :>A1A2 = 4ma
, a’? AM-GM
ma = AAZ = AAl + A1A2 = ma + 4ma 2
a? 1
= 2 ma-4ma=2-z-a=a

215



Analogous: my, = b; m = c. By multiplying: m;m,m; > abc
3.71. Let k,, k;, k. be the circumpedal extensions of three concurrent
cevians in AABC . Denote AA, =c¢,BB;=c,;CCy=c, and
A,, B,, C, intersection points of cevians with circumcircle. If BA; = x;
CB, =y;AC, = z; k, = AA,; k, = BB,; k. = CC, then:

k,+ ky+ k.= 6i/xyz(a —x)(b—1y)(c—2)
k, ky k.= 8\/xyz(a —x)(b—1y)(c—2)

Solution:

p(A;) = A,B - A,C = x(a — x) (power of the point A, to circumcircle)
p(Ay) = AA; - AjA; = cq - A4,
x(a—x)
Ca .AlAZ = x(a _X) = A1A2 =
a

x(a — x) AM-GM

kazAA1+A1A2=Ca+C— 2

a

> 2 /Ca_x(ac——x): 2+/x(a — x)

kg = 2x(a—x) (1)
ky = 2yla—y) (2)
k.= 2\z(a—2z) (3)

x(a—x b— z(c—z
a Cp Cc
AM—GM 6\/ x(a—x) y(b—y) z(c—2z)
> 6 [cgcpcCee . . =
Ca Cp Cc

= 6i/xyz(a —x)(b—y)(c—2)
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(1;(2):(3)
ky - kp- -k, = &/xyz(a—x)(b—y)(c—z)

3.72. If ABCD bicentric quadrilateral; I — incircle then:

(1A% + IC*)(IB?> + ID?) > AB - BC - CD - DA

Solution:
a+b+c+d

Leta, b, c,d be sides in quadrilateral; s = - semiperimeter;

ABCD - tangential quadrilateral = s —a =c¢;s — b = d;

s —c=a;s —d = b. By Brahmagupta’s formula (ABCD - cyclic):
[ABCD] = \/(s —a)(s—b)(s—c)(s—d) =+Vabcd (1)
1)
VAB -BC - CD - DA =+abcd = [ABCD] =
= [AIB] + [BIC] + [CID] + [DIA] =
Al - BI - sin(AIB) BI - CI - sin(BIC) CI - DI -sin(CID)
= > + + > +

DI-Al-sin(DIA) IA-IB IB-IC IC-ID ID-IA
+ < + + + =

=2 2 2 2
_IAUB +1D) +IC(IB +1D) _

2
(IB + ID)(IA + IC) IA+IC IB+ID
= = 2 . . S
2 2 2
AM-QM [A2 +1C? |IB? + ID?
= 2 2 2

JUA? +1C?)(IB% + ID?) > VAB - BC - CD - DA
(IA% + 1C*)(IB* + ID?) = AB - BC - CD - DA

= /A% + IC%)(IB* + ID?)

3.73. In AABC the following relationship holds:
. . . W (T 4 (T A (T 27
sin* A + sin* B + sin* C + sin* (§ +A) + sin* (§+ B) + sin* (§+ C) < 7
Solution:
4
(sinA —+V3cosd) =0
sin* A+ 9cos* A+ 18sin2 A cos?2 A — 12V/3sin Acos3 A

— 4+/3sin3AcosA >0
16sin* A + 9 cos* A + sin* A + 6 sin® Acos? A + 6sin? Acos? A +

217



+12v/3sinAcos3 A + 43 sin3 AcosA <
< 18sin* A + 18 cos* A + 36sin? Acos* A

16sin® A + (3 cos? A + sin? A + V3 sin 24)° <
< 18(sin* A + 2 sin? A cos? A + cos* A)

2 2
16sin* A + ((\/gcosA +sin 4) ) < 18(sin? A + cos? A)?
7T 4
. 4 (T 12
16 sin A+(251n(3 +;1)) <18-1
16sin* A + 16 sin* (§+A) <18
sin*A+sin*(5+4) <2 =2 (1)
Analogous: sin* B + sin* (Z + B) <2
sin* C + sin* (§+ C) Sg (3)
By adding (1); (2); (3):
.4 .4 s 4 .4 E .4 E _7
sin* A + sin® B + sin” C + sin (3+A)+sm (3+B)+sm( ,)TS8
3

()

[ee]

Equality holds for an equilateral triangle: A =B = C =

3.74. In AABC the following relationship holds:

1 1 1
(aa . bb)a+b + (bb . cc)b+c + (c¢ - a%)cta > 6\/§T

Solution:
Letbe fi, f5: (0,0) > R; f(x) = %xz —alogx
a x%*-—a

f{(x)zx—;z " =0=3x’=a=>x=+a

min £x) = f;(Va) = 3 (V&) ~ aloga =
1

- L loga =2 (1 —loga)
=za-zloga=3 oga

Analogous: min f, (x) = 2(1 —logh)
b b b
min(f; + ) (x) = (f; + f2) (a; ) = a;— (1 - 10g<a—; ))
min f; (x) + min £, (x) < min(f; + f;) (x)
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ot(1 1 )+b(1 l b)<a+b(1 | (a+b))
2 BV T3 080 =" °\2
a

l bl b < a+bl (a+b)
208475080 =708 (T

a+b
aloga+blogb2(a+b)log( )

2
a+ b a+b

log(a® - b?) > log (T)

a+b

aa-bb>(a+b)
N 2

a b
— — a+b
+b - pat+b > —
aa+tb - bat+b > > (1)
L _c b+c
Analogous: bb+c - cb+c > > (2)
<< a c+a
ta - qcta > —
Cc+a - qc+a > 5 b[3)
[

a  a b | L, a
By addmg (1], (2), (3] aa+b atc + bv+a b+c+ Ccra arc > a+ b+ ¢c =
MITRINOVIC

= 25 > 2 - 3v/3r = 6+/3. Equality holds for a = b = c.

3.75.If x, y € Rthen:

1
sin* x + cos* xsin* y + cos* x cos*y > -

-3
When does the equality holds?
Solution:

1
<sin4 x + cos* x sin*y + cos* x cos* y>4 WAM-WGM

>
3

1
- <sin2 x + cos? x sin? y + cos? x cos? y>2

3

1

1 1
3 sin? x + cos? x\2 B (1)5_ 1
B 3 3/ 3

sin* x + cos* x sin*y + cos* x cos* y -
3 >

sin* x + cos* x sin*y + cos* x cos* y >
Equality holds for:

sin*x = cos* x sin*y = cos* x cos*y = 3
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1 1
X = arcsin <4—) ;¥ = arcsin | ———
V3 < V3 — 1)

3.76.1f0<a<b< ’2—’then:
1 1 1 1

+ > +
cosa cosb ~ cos(a—+ab+b) cos(Vab)

Solution:
1 1

cosa + cosb 2 cos(a—i/ﬁ+b) + cos(i/ﬁ) (1)

The function ﬁ on [O, g) is increasing as f'(t) > 0. Also f'"'(t) is increasing
as f" (t) > 0. This means that for u,v,u’,v' such thatu > u' and
u—v=u —v =0wehave f(u) — f(v) = f(u') — f(v') dueto f'(t) is
increasing. Consider that (1)—

1 1 1 1
— > - = —+/
cosb  cos(Vab) ~ cos(a—vab+b) cosa andletx =a+b an =

—a=x—[b—+ab| Withu = b,v =Vab,u' =x,
v' = x — (b —ab) we haveu > v’
(asb > a+b—+ab = ab > atrueforb > a) and
u—v=b—+ab>0(b=a),u —v' =b—ab therefore
(T)- (1). Because of the symmetry of (1) it is valid for a = b. To show this we
can replace b with a in the above proof. So (1) is true for any a,b € [0, E).

2
Equality for a = b.
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