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2101. In AABC the following relationship holds:

z T, +1r 8r,ryr, 234 Z h, z s? + 11, Z b+ c
Ty —T WWpWw, ry Lar,(rp+r.) a
cyc cyc cyc cyc

Proposed by Dang Ngoc Minh-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

Ta+T
1)2
T,—T

cyc

Zra+r zstan%+(s—a)tan% Z:(Zs—a)l“tm%4 zb+c()
= = = 1

— A A A
cyc ra r cyc Stan? - (S - a)tani cyc a. tani cyc a
8r,rpr,
WWpWe
8r, rpr, 2 8sF 9
W WyW, ~ 2bc  2ac 2ba -

4 B .C
btc atc bta 057 €0s7.cos3
B 8sF(a+ b)(b+c)(a+c)

2 S
8(abc) AR

_sc;—l;f.(a+b)(b+6)(a+6)_2_(a+b)(b+c)(a+c)_2

(abc)z.ﬁ abc
_ (a’b + b*c + c?’a+a’*c + c*b + b*a) + 2ab

abc
_a+b+c+a+c+b_zb+c 2
b c b a a (2)
cyc
h
3)3+Z—“
ra
cyc
3+z&:3+&+ﬂ+ﬁz3+harbrc+hbrarc+hcrarb:
Ty Ty Tp T TolcTp
cyc
2F 2F 2F
7 S—a)+5-s(s—b)+—s(s—o¢) 2s—2a 2s—2b 2s-—2c
=3+ =3+ + + =
sF a b c

2s — 2a 2s —2b 2s — 2c
:( +1)+( +1)+( +1):
a b c

b+c a+c a+b b+c
- Y= ®

+ +
a b c a
cyc

0 Z s? + 11,
Trq (rb + rc)
cyc
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Z st + 11, _Z st + 11, _z s’+s(s—a)
ro(ry +1.) Lurgry +r,r. Lus(s—c)+s(s—b)
cyc cyc cyc

2s—a b+c
2s—(b+c)=z a )

cyc cyc

2102. In AABC the following relationship holds:

. . B " 2r
an2 anz— I,

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

A B j(s—b)(s—c) j(s—a)(s—c)
tan—tan— = . =

2 2 s(s — a) s(s—b)
F

_s—c_1 c_1 5_2_1 2r

s s 2F © h,
c

2103. In any A ABC, the following relationship holds :

z SnBsinC > Z <<_ " _> Vars+ (b~ C)2>

cyc cyc

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Stewart’s theorem = b%(s — ¢) + ¢2(s — b) =an? + a(s — b)(s —¢)
= s(b? + ¢%) — bc(2s — a) = an? + a(s? — s(2s — a) + bc) = s(b? + ¢%) — 2sbc

= an? + a(as — s?) = s(b? + ¢ — a? — 2bc) = an? — as? = an? = as? +
4sbc(s—b)(s—c)(s— a)

bc(s — a)
:>an2—as —sa(a? — (b —c)?) = a’n? = a?s? —sa?® + sa(b — ¢)?
Z 4r 252 4+ s2(b — ¢)? © a?s? —sa® + sa(b — ¢)?
z s(s—a)(a®> — (b—c)?) +s%(b—c)?
= a?s? —sa® —s(s—a)(b—c)? + s%(b — c)?
= a?s? —sa® —s%(b —c)? + sa(b — ¢)? + s?(b — c)?

s(2bccos A — 2bc) = as? — 4sbc sin? 5= as? —
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?
& a’s? —sa? +sa(b — ¢)? = a?s? —sa® + sa(b — ¢)? - true
n2 s? n, 1 s 4R?
S = — = . = —, —
(b—c)?+4r> a?  [4r2 1 (b—c)? sinBsinC a’ bc
4R?%s R m, m,

= = > I
4Rrs r  h, hy

R m, m
/ YT > h—b + h—c ..reference : article titled "New Triangle Inequalities With Brocard’s\
c b
\ Angle” by Bogdan Fustei, Mohamed Amine Ben Ajiba; Lemma 12,6 — 7, /
published at : www. ssmrmh.ro
n, my, mc)
— > |— 4+ —)./4r2 — )2
SinBsinC > <hc + by, J4r2 4+ (b — ¢)? and analogs

na mb mC
- > _ o ) 2 — 2
ZSinBsinC_§:<<hc+_hb) V4ar2 + (b c))VAABC,

cyc cyc

" =" iff A ABC is equilateral (QED)

2104. In any A ABC, the following relationship holds :
R+r—+yR2—4r2<h,<w,<R+r+RR-2r)
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2bc A 4R?%*(cos(B —C) + cos A). cos%
.COS— =
b+c z 4Rcos%cos¥

W, =

R (2 cos? —1+1-—2sin? %) 2R(c? — s2) B_C
= BT = (c = cos
COS 2 ¢

ds=sin3)
and s = sin

A/, B-C _A
<R+r+ R(R—Zr)=R+2RsmE(cos > —smE)+R.\/1—45c+452
2 2

s
<:>2c—TS1+2sc—2s2+\/1—4$c+452

2s2 ®
<:>1+2sc—2c+T—2s2+J1—4sc+4s220

252 25% (1 - cos2°) d<es:
Now,T—Zszz >0and1—4sc+4s? > 1—4s+ 4s?

cos
2

=(1-2s)?> \/1 — 4sc + 4s2 > |1 — 2s| and so,in order to prove (1),
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@
it suffices to prove : |1+ 2sc—2c+[1—-2s| >0

[Case 1]1 — 2s > 0 and then : LHS of (2) =1+ 2sc—2c+1—2s
=1-c—-c(1—-2s)+1-2s=(1-2s)1-c)+(1-¢c)=21-¢c)(1—-s)=0

. A .
v ¢ = cos Slands=smf<1:@1strue
[Case 2]1 — 2s < 0 and then : LHS of 2) = 1+ 2sc —2c + 2s — 1

cs<1
=1-c+c(2s—-1)+2s—-1) > 2s—1)A+c)>0+1-2s<0
= (2) is true (strict inequality)
- combining both cases, 2) is true v AABC -~ w, <R +r + /R(R — 2r)

Now,+R% — 4r2 = \/(R — 2r)(R + 2r) = \[R(l —4sc + 4s2)(R+4Rs(c —s))

= R.\[(l—4sc+4sz)(1+4s(c— s)) > R.\/1 — 4sc + 4s2

B—-C b+c A A
(':c=cos > =4 .sini>sin§=s).'-ha+\/R2—4r22

2R(c? —s2) +R.{/1—4sc+ 4s2>R+r =R + 2Rs(c — s)

= \/1 — 4sc + 4s? % 1 + 2sc — 2¢?|and its’s trivially true when
®

1 + 2sc — 2¢? < 0 and so we now focus on the scenario when :
1+2sc—2c2>0andthen: (3 & 1 —4sc+ 4s? > (1 + 2sc — 2¢?)?
& —ct+2c3s5—-c?s?2+c2-2cs+s?2>20e —c?2(c—s)?+(c—s)?>0
B—-C

& (c—5s)?(1—c?) >0 - true ~ 1 > cos? = (3)is true

2
~h,2R+r—+R?-4r2andso,R+r—+R? —4r2 <h,<w, <
R+r+R(R—2r) VAABC" =" iff b = ¢ (QED)

2105. In AABC the following relationship holds:

288 36 243 83
< + +
wW,wWpyw,. 1,11, hghpyh. abc

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

2vbc 2+vac 2vab
Wa = e VToTeWs = meVTalo We =7 VTals
W WpW, 8abc 8.4Rrs
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16RTr Gerretsen 16Rr 16Rr

= > = =
s2 + 2Rr + 12 ~  4R?2+4Rr + 312+ 2Rr +1%2 4R2 + 6RT + 412
R R
_ 16(7) e tex o
- 2 T 4x2+6x+ 4
4 (5) +6 (5) +4

== X
—=2_—=— = — (2
s?r =@

8V3r,rpr. - 8V/3s%r Mitri>novic 813 3V3r _18r §=:22 18 3)
abc ~ 4Rrs - 4 R R  «x

We need to show:

288 36 243 83
< + +
W WpW, 1,77, hshyh, abc

r.r,r r.r,r 8V3r, r,r
288 22 ¢ <364+ 22 Coyz " abc
W WpW, h,h,h, abc

] 4x% + 6x + 4 x 18
Using (1),(2)&(3),——— 288 < 36 + 243 -2 + <

16x
2 27x 2
—(4x®+6x+4)<4+—+—
X 2 x

16x% +24x+ 16 < 8x +27x%* + 40r,11x* —16x—12>0
(x—2)(11x+ 6) > 0true as x > 2 Euler

Equality for a=b = c.
2106. In any AABC the following relationship holds :

2R—r—2R(R—2r) <m,<2R—-r+ 2\ R(R - 2r)
Proposed by Dang Ngoc Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have:

4 < (mb+mc)(mib+mic> = [(mg + my, + m;) —m,] [(mi+i+i)—i]

7 | RMM-GEOMETRY MARATHON 2101-2200
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Leuenberger
azhg d 1
m (anganaogs)(4R+ ) (1+1+1) 1
= r—m —_— Tt T |-
. ha hb hc m,
1 1
= (4R+r—ma)(———)
r mg,

c4rm, <(AR+r-my))(m,—r) om?>—2QR—r)m, +r(4R+71) <0
& (mg—2R+7+2/RR—21)) (m,— 2R+7-2/R(R—27)) < 0
= 2R-r—-2J/R(R—2r) <m, < 2R -7+ 2/R(R — 21).

Equality holds iff AABC is equilateral.

2107. In the non — obtuse AABC, prove that

rq + 1 <+/7b% + 7¢% — 2bc — 4a?
Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

We have:
s r
ra+r=r(s_a+ 1)= (b+c).s_a
<
a2
= (b+c)tan§ 2 b+c<y7b% + 7¢2 — 2bc — 4a?

?
024(b% + ¢ —a?) + 2(b—¢)?,
which is true for non — obtuse AABC.
Equality holds iff ABC is isosceles right triangle at A.

2108. In any A ABC, the following relationship holds :
(Wg + Wi, + W)? 1 35R

< +—
h,hy, + hyh,+h.h, = 12  24r
Proposed by Dang Ngoc Minh-Vietnam

8 RMM-GEOMETRY MARATHON 2101-2200
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Solution by Soumava Chakraborty-Kolkata-India

Js(s—a)) cBs ’ s(s—a)
ZWa=Z<2\/ﬁ.b—+c < 2 ;bc. mﬁ

cyc cyc cyc

A—G b s(s—a) b ,A b 4R +r
= Z C. Z be = Z C. Z Cos 2= z C. 2R
cyc cyc cyc cyc cyc

(W, + wp, +w,)?2 - (s> +4Rr +r?)(4R+r1) (s* +4Rr +r?)(4R+71)

= =
h,hy, + hyh. + hh, 2R Ty b:kcza IR tl;rzs 2

¢Bs 35R + 2r ?
< ————— & (11R — 4r)s?| >|r(96R? + 48Rr + 6r?)
24r 55

Gerretsen

Now, (11R —4r)s? > (11R — 4r)(16Rr — 5r2) > r(96R? + 48Rr + 6r2)

Euler

& 80R%2 —167Rr+14r2 >0 < (R—2r)(80R—7r) >0 > true ~ R > 2r

(Wg + Wy, + W)? 1 35R
= ist <—+——VAABC,
istrue = = b <12t 2ar

" =""iff A ABC is equilateral (QED)
2109. In any A ABC, the following relationship holds :
10vV3 -9 .
3
Proposed by Dang Ngoc Minh-Vietnam

(R=s)(R—-1r+(G-rNs—R)+(T—R)(r—s) =

Solution by Soumava Chakraborty-Kolkata-India

(R—s)(R—r)+(s—r)(s—R)+(r—R)(r—s)Z%F

10
©s?+R2+r2—Rr— (R+r)s+3rs>—.rs

=75
<:>52+R2+r2—Rr>(R—Zr)s+£.rs
B V3
100r?s? 20
& (s2+R%2+r?2—-Rr)?2>(R-2r)%s?+ — N r(R — 2r)s? and

9 RMM-GEOMETRY MARATHON 2101-2200
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20 35 ]
w — < — « it suffices to prove :

33 22
100 35
(s2+R%?+r?—-Rr)2 > (R—-2r)%s? + 3r > + ?r(R — 2r)s?

®
& 3s* + (3R? — 29Rr — 361r%)s? + 3R* — 6R3r + 9R?r? — 6Rr3 + 3r* [>|0

Now, £ = 3(s? — 16Rr + 5r?)% + (3R? + 67Rr — 66r%)(s? — 16Rr + 5r%) >
Gerretsen
> 0 - in order to prove (1), it suffices to prove : LHS of (1) > &

R
o 3t* 4+ 42t3 +298t2 — 917t + 258> 0 (t = ;)
Euler

& (t—2)(3t3 +48t%2 + 394t — 129) >0 > true ~t > 2 = (1istrue

S(R=sS)(R-1r)+(s—1r)(s—R)+ (@ —-R)(r—s) Zlo\/;ﬁ.FVAABC,

" =" iff A ABC is equilateral (QED)
2110. In any acute A ABC, the following relationship holds :

(s—R(R-1)(s—r)>(29-9V3)-

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Walker
s—RMR-1r)(s—-1r) =

> (v/2R? + 8Rr + 3r2 — R) (R-1) (JZRZ + 8Rr + 3r2 — r) - (1) and

3
3 2

rs Mitrinovic Rr F Rr
G S 27 (29 - 9V3). (ﬁ> < (29 - 9V3). (7) - (2)

~ (1) and (2) = it suffices to prove :

N W

(V2R? + 8Rr + 3r2 —R) (R — 1) (v2R? + BRr + 3r2 1) > (29 — 9V3). (g)
3

o (8033 - 1) -1 (J2e T are3 - 1) ) (29 - 9v8). (1) (=
Let (9 = (V2 B3~ 1) (= 1) (V2P 5 843 -1) - (29 - 9v3). (5]

)

wet | ™

10 | RMM-GEOMETRY MARATHON 2101-2200
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Vte€E[2 x)and then:

7
6t3 + 20t + 4t — 4 (32 ‘87)-\&
+6t+

f'(t) =6t2+8t—6—
V2t2 + 8t + 3 2

7
Euler 6t3 +20t2 +4t—4 32 —
6V2 +

> 6t2+8t—6— +
V2t2 + 8t + 3 42

S V2t2 + 8t + 3.(6t%2 + 8t — 6) — (6t3 + 20t% + 4t — 4)
V2t2 + 8t + 3

2(9t® + 60t° + 103t* — 20t> — 144¢t> + 8t + 23)

V2tZ + 8t + 3. (\/th 8t + 3.(6t2 + 8t — 6) + (6t3 + 20t2 + 4t — 4))
—4)+8t+ 23) Euler
> 0

N| vl

At

_2(9t® + 60t5 + 57t* + 10t3(t — 2) + 36t%(t?
V2t2 + 8t + 3. (\/th + 8t + 3.(6t% + 8t — 6) + (6t3 + 20t2 + 4t — 4))
,0) = f() =>f(2)=0=> @ is true

= f(t)is Ton[2
(s—R)(R—r)(s—r)>(29 9\/_) / VacuteAABC

" iff AABCis equllateral (QED)

2111. In any A ABC, the following relationship holds :
3v/3r3 <h,/r, < 2s”
3V6R
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
2g2 rs 4s*

2s? 2rs s\’ - 252 \*  4r2s -
= . s .
v6R a Vs—a) ~ \3./6R a’? 's—a” 54R
(*)

h,.\/r, < 3
s(s—a A
& azbc.% > 54Rr? © 4Rrs.a. coszi > 54Rr3 © 2s2a cosz— ! 27r%s
A Gerretsen + Euler A R 7 A
Now, 2s2. a cos? 2 = 27Rr.a cos 52271' s@; a > ssec? 2
A B
R A A 2 4Rcosfcosicos§
S 4R sin—-cos - >
B C 2 2 2 A
cos” >

. A . .
4R sin 2 sin 2 sin 2
B C)

,A 2 B C)(Z' .
=3 - - —sin—
cos 2_( coszcos2 smzsm2

11 RMM-GEOMETRY MARATHON 2101-2200
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- 2A ; ( A+ B—C)( B—-C . A)
cos” 7 (E) sin + cos —; cos— sin
N . B—C<1'<_ A+ B—C)( B—-C . A)<
oW, cos—— <1 (sin + cos—; cos— sin | <
1 in > 1 'A—1 in22 = cos2 2 (xx) > (x)ist
( +sm2>< —sm2>— — sin 2—cos 2:» **x) = (x) 1S true
2s?
h, . /r, <
“NTET 3 V6R
2
] 2rs [ rs 4s3
Again, h,. /r, = 3. <:)<a. S—(l) >3.43r o m227
AGata+b+c—a 2s
& 8s3>27a%(b+c—a) > true - ya?(b+c—a) < 3 =3
s3 2
2 —a) < ~hy.Jr, > 3.4/3r3 A ABC, h,. <
s a*(b+c a)_z,7 h,../r, = 3.4/3r3 and so,V Ch, ra_3.\/6_R'
=" iff A ABCis equilateral and h,.,/r, = 3./3r3,"” =" iff b+ ¢ = 2a (QED)

2112. In AABC the following relationship holds:

(343 C8) (Mseers) <3(5)

Proposed by Kostantinos Geronikolas-Greece

Solution by Tapas Das-India

24 ,A 4R +1\?
(Foecd) -2+ Tt -a0 (A7) o
2 2 ,
9R
4R+ 1 2 Fuler & Mitrinovic R 2 (T) Euler 1 /R 2 3 /R 2 R 2
S () TTET R R0 56 -6
S R 2712 4 \r 4 \r r
a’ + b? a? + b2
3+Z | = Zl+ — | =
c c
1 1 1\ Leibniz & Steining 1 9 /R\2
= 2 bZ 2 s < 9R2_:_<_)
(@ +C)( e ) B 412 4\r

(e B2 e )3T (-3

Equality holds for A= B = C.

12 | RMM-GEOMETRY MARATHON 2101-2200
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2113. In AABC the following relationship holds:

A 1
ZcotA+/11_[cotEEE(3/1+ 1)zcscA,/12 0

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Itis known:In AABC :

Zt Atan B s2 —4Rr — r? Ht 1 2sr
amstans = e _er+2’ ]l 1™ T2 2R+ )2

1—[ Lo ST Z s B_s2+4Rr+r2
sind =7, ) sindsinB = iR?

Using above result we get:

s2 —4Rr — r? s2 + 4Rr + r?
ZcotAz Z CSCA = )
2sr 2sr

[eo -3
co > =7
We need to show:

A 1
2cotA+Al_[cot222(31+ 1)chcA

s2 — 4Rr — r?

2sr

s2 + 4Rr + r?
2sr

+AS>1(31+1)
r- 2

252 —8Rr — 2r? + 4As* > (32 + 1)(s* + r? + 4Rr)
252 —8Rr — 2r? + 41s?> > 345> + 3Ar(4R+ 1) + s> + r* + 4Rr
s2 —12Rr — 31r% + 4As* > 32s%2 + 3Ar(4R + 1)

s223r(4R+1)
s2 —12Rr — 312 + 42s? > 3As2 + As?

s2—12Rr—3r2>0
16Rr — 51* — 12Rr — 312 > 0 (Gerretsen)
or 4Rr — 8r% > 0 or R > 2r true Euler

13 RMM-GEOMETRY MARATHON 2101-2200
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Equality holds forA=B =C

2114. In AABC the following relationship holds:

(8+ 1 )<1
I\r2  r,r,/ ~ ré

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
r r r
Let—=x,—=y,— =z then:
Tq Trp re
AM-GM (x +y+z

1 31
= — = < = —
x+y+z=r E ™ 1 (1) and xyz < 3 ) 27 (2)

3

AaM-6M (8x+y+8y+z+8z+x
Bx+y)(8y+2z)(8z+x) < ( 4 y3 )

=27x+y+2)= 27(using (1)) 3)

172 -T1(5+2)- [Twee-
2 r,ry) 2 ez T [Ty S
3&2) 1 1 1

xXyz
== < —.--27=—
s Bx+y)(8y+2z)(8z+x) < 27 27 o

Equality holds for an equilateral triangle.

2115. In AABC the following relationship holds:

[z * i) =
hz " h,h,) =716

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

r r r 1
Leth—a:x,h—b:y,h—c:Z thenx+y+z=rzh—a=1(1)
- 3 27

M-GM (8x+y+8y+z+8z+x)

3
(8x+y)(8y+z)(8z+x)A < 3 _

14 RMM-GEOMETRY MARATHON 2101-2200
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=27(x+y+z) = 27(using (1)) (3)

8 1 8x% xy xXyz (2)&(3)
2 _ xy\ _ .
1_[ (hﬁ ¥ hahb> 1_[ ( 7zt rz) & Bx+y)By+2)(Bz+x) <

1271 1

6 27 16

Equality holds fora = b = c.
2116. In AABC the following relationship holds:

Zbccos SZbcsm —

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Zbccoszgz Zch(Sb; ©- s) (s—a)=s* ()
3Zbcsm — = 321, (S_b)(S—C)

=3 Z(s —b)(s—c¢) e SSZ Ean (Z(s — a))2 = 5% (2)

From (1)&(2) we get Z bc cos? — 32 bc sin? —

Equality holds for A= B = C.
2117. In AABC the following relationship holds:

h, h, hc>3\/§r
C

a ' b = R

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

Zha_zz _ZFZ —ZFz 3RADON (1+1+1)3
a (a+b+c)2

cyc cyc cyc cyc
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27 27rs 27rM'TRg0WC 27r B 9r _3\/§r

4s2 252 2s  © 23\/—R “/3'R__R

= 2F -

Equality holds fora = b = c.
2118. In AABC the following relationship holds:

A
cosz cos % cos >

>3
1+cosA+1+cosB+1+cosC_\/—

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

cos cos Z
cyc 1+ cos A e 1+ 2cos2 "2 cye cos
1 12 BERGSTROM 4 (1+1+1)2 JENSEN
chc cosg 2 cos%+cosg+cos%
9 1 3 3
> _ p— = = '\/§
2 A+B+C 3
3cos (T) 2cos¢ \/2_§

Equality holds fora = b = c.
2119. In AABC the following relationship holds:

sinA_I_sinB smC 9
cotA cotB cotC 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

Z sinA Z sin?A — cos’A Z Z e

= = COSA =
cotA cosA "~ cosA cosA
cyc cyc cyc cyc cyc
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_z A (1+r)]EAL>fEN3 (A+B+C) 1-1
= Sec R = Sec 3
cyc
EULER

— 3secs—1 S
= sec3

3:-2—-1 1_9
= 2 2

Equality holds for A = B = C.
2120. In AABC the following relationship holds:

r (a—b)?*+b-0)?*+(c-a)? 1
R 16R? 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

r+(a—b)2+(b—c)2+(c—a)2_r+2(a2+b2+c2—ab—bc—ca)_
R 16R? "R 16R?2 B

r (a?+ b%?+c?)— (ab + bc + ca)

8R?

_r+(232—2r2—8Rr)—(sz+r2+4-Rr)_
== =

8R?

_r, s"—12Rr—3r’ PRSP T 4R+ 4Rr + 317 — 12Rr — 317 _
= =

8R?2 = g7 8R2
T 4R2—8Rr_r+1 r 1
N 8R2. R 2 R 2

Equality holds fora = b = c.

2121. In AABC the following relationship holds:

m2 + mi + m?
3R?

9
S_
4

Proposed by Nguyen Hung Cuong-Vietnam
17
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Solution by Daniel Sitaru-Romania

mZ+mi+m2 3 a?+b*+c?
3R? 4 3R? B

a? + b? + c2EIBNIZgp2 g
R < _— =
4R? 4R2 4

Equality holds fora = b = c.
2122. In AABC the following relationship holds:
2 p2 2

c

- 2
2ﬂ+ 2§+ zg_lzR
cos’5  cos’3  cos?

a

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

a? b? c?
+ + z
cos? g cos? g cos? g cye cos2 A cyc S(S a)

abcz a abc 2(2R—r)_4Rrs 2(2R—r)_
s s—a s r s r B
cyc
EULER

- R
=8R(2R—-1r) = B8R (ZR — E) = 12R?

Equality holds fora = b = c.

2123. In AABC the following relationship holds:

3v3abc
(a+b+c)Va+b+c

Ja@a+b—-c)b+c—a)c+a—b) <

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Daniel Sitaru-Romania

3v3abc

\/(a+b—c)(b+c—a)(c+a—b)s @ibiovaibie
3vV3 - 4RF
\/(ZS—ZC)(ZS—Za)(ZS—Zb) SW

2V2 - 2s- \/s(s —a)(s—b)(s —c) < 12V/3RF
2V2-2s+F < 12V/3RF

12V/3R

422 s <12V3R, s<

3vV3R
> (MITRINOVICI)

Equality holds fora = b = c.
2124. In AABC the following relationship holds:

s<

(b+c—a)(c+a—b)(a+b—c) <2R,/2Rh hh,

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

(b+c—a)(c+a—-—b)(a+b—c)<2R,/2Rh,h,h,

2F 2F 2F
(2s—2a)(2s —2b)(2s — 2¢) < ZR\/ZR = e

4F2 - ARF
— — — < -
8(s—a)(s—b)(s—c) <2R be

4F? - 4RF
— — — < . -
8s(s—a)(s—b)(s—c) <2Rs ARF

8F% < 2Rs - 2F, 2F <Rs, 2rs < Rs
R > 2r(EULER)

Equality holds fora = b = c.

19 RMM-GEOMETRY MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2125. If I —incenter in AABC then:

8
IA% - IB% - IC? < ER3hahbhc

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania
2 2 2 8 3
IA?-IB? - 1C? < o R*hohyh,

2 rZ TZ 8
sinzf sinzf sinzi a ¢
ré 8 4RF

<—-——2(RF)?
A . . C\%> " 27 abc (RF)
(smismfsmi)
r° 16 4RF
(L)Z 27 4RF
4R 16
16R?r* < —_-R*-F?
=27

r

. (RF)Z

27r* < F2, F >3V3r% rs> 3312

s > 3V3r (MITRINOVICI)

Equality holds fora = b = c.
2126. In AABC the following relationship holds:
9R 1 1 1 1
> > 7 = + + < —
a“+b*+c*" h,+./hyh, h,+./h.h, h, + . h,h, 21

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

1 AM—HM1<1 1 >

— < S|—t+t—]=
h, + /hyh, 4\h, [h,h,

1 1+ 1 1 )am_cm1 1+1(1+1) )
4 \h, _|hy'h.,] — 4 \h, 2\h, h,
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€Y

1 1 1 1
+ + -> <
hy + hyhe hy++Jhehy he +Jhahy h, + /hyh,
1 1 1,1 1 21 1
T (Ee1Gea) -3
4 (ha 2\h, " h,)|  alih, 2r

ho+h, +h —opiltbetea 2F < o (@® + b? + c2) (2)
a ™My T fe = abc _ 4RF a_ZRa ¢

AM-GM

h, +,/h,, hb+,/hh h +,/h < zh +,/h,,

Z 1 cBs (1+1+1)2% @

> > >
h +hb+hc ~ 2(hg+ hy+h,) — a2+b2+c2
a 2

Equality holds fora=b =c
2127. In AABC the following relationship holds:

A B C
COtE COtE coti

3
+ + > —
a b c R

Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania

cot—- COt COt— —=

S
,’F 4RF \]4Rr rs / (2r)2—

Equallty holds fora = b = c.
2128. If in AABC : x = 2R chc cos —C andy =- then prove that:

cot% cotg cotgAMmGM 3\/ A B c 1

1 /h,\Y’ 1 /hy\Y’ 1 /h,\> 1
) G ) <
h, \h, h, \h, h.\h, r

Proposed by Tapas Das-India
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Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
We have:

2Rzl B-C ZRZ b+c b+c
X = —cos = . =
cye Wa 2 cyec 2bc cos% 4R cos%4

I (b +o)? (a+2(s—a))
T 4/lis(s—a) 4sz

cyc cyc

AM-GM

& 1 4.2(s—a)a 4 <1

_— —_—— = .
- 4sz s—a Y=
cyc

By Bernoulli's inequality, we have :

() =Y (a () <Y (1)) = Y

cyc cyc cyc

Equality holds iff AABC is equilateral.

2129.
= = = = 2 C 2 A 3b
If in A ABC the following relationship holds : a cos“ = + ccos 7=
then prove that : 2 (%) < (tan > + tan &) (cot s+ cots) < (2)
enprove that: 2| —) < {tan + tanz || cot5 + coto | < | -

Proposed by Tapas Das-India
Solution 1 by Soumava Chakraborty-Kolkata-India

C A 3b s(s—c¢) s(s—a) 3b
2™ 220 _ - —
acos 2+ccos 5=3 = a. p + c. be >
(a+b)2—-c?2+(Mb+c)2—a® 3b
=

4b -2
= a? + b% + 2ab — c% + b% + ¢ + 2bc — a? = 6b?

B B B C-A
:>4b2=2b(c+a):>2b=c+a:>8RsmEcos—=4Rcos—cos

2 2 2
C—A(*)2 . B 2 si B<1( C—A<1
= — | = — hA
Slll2 smz_ COoSs 2 < )

= |CcOoS
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B 1 B =« B(:)T[
= >5-—<-—-> —
Snz=2725% =3
A C A ¢, 1 I, +re
Now, (tanE + tan E) (coti + cot E) =3 (rg +1.).s. T =

B B B
4R cos? 5-4R cos? 7 _4Rs(s—b) B 16R? cos? 5 - (R)

2 —
s(s—b) ~ cas(s —b) 4R cos® 7

cC. C A . A
2 L e a a
16R COs 5 sin5 Cos 5 siny

> B
cos” o 1
C—C. C_A A<16 A ,B__,C
coszsm2c05251 2 sin 2 Sin® 5 sin® 5
B C A
& 16 cos? —sm E ( sm—sm )<2cosicosi

C- )< B C-A
sin Sll’l2 COS 2

< (4sin? B) (cos

vm(*)(4 B)(Z B B>< . B+2 . B . 2B<3
S —— — - —
sin sin 2 sin 2 sin 2 sin 2 sin =32
via (++) 1r \/§ 3

—>true+ B < §=>smB<7=>sm B<-

- (tan® + tanS) (cot + tC)<(R)2
oo anz anz CcCO 2 CcCO 2 <S r

Again, (tan + tan ) (coty + cot2) 2 2 5)
gain, { tan + tan || cot5 + cot5 ] = 2| —

B

cos? = . 1 asinBeos?B > 2 cos C cos A
= E E é é_z - é B_ g Sln2COS E_ COSZCOSE
COSZSIDZCOSZSIHZ SanSIHZSlnz

B C — A via (») B B
2

.[;

<

= sin— + cos = 3sin— & ||cos? — true -

B via (+%) 1-[
2 2 2 2

NS

= 2B> 2“—3-(t A+t C)( tA+ t) (R) d
CcOoS 2_COS 6—4-- anz anz CO2 co r anda so,

2(§) 5 (10 +tang) (cog - corg) = )
)= anz anz co 2 CO2 r

A

C 3
whenever a cos? St cos? 5= 7,” =" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

3b ,C ,A s(s—o¢) s(s—a)
We have — = acos“= + ccos“ = = a. + c. =s,then2b=a+c
2 2 2 ab bc

(t A+t C>( tA+ tC>—( T N T )(s—a_l_s—c)_ b? B
Ay RN oty Tty ) = a5\ r r / (s—a)(s—c)
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3 abc b(c+a—b) 4Rsr b*> R (a+c)2>2R
T (s—a)(s—-b)(s—c¢)° 2ca " sr2 '2ca “r 4ca “°7r
A C A C\ b? 3
(tani+ tan2> (COtE-F COtE) = (S — a)(s — C) =
B abc 2 (s—a)(s—=b).(s—b)(s—c) -
_<(s—a)(s—b)(s—c)> ' a?c? =

2

< <4R>2 | [(s—a)+(s—B)%[(s—b) + (s—)]* (R) |

16a?c? r

r

which completes the proof. Equality holds iff AABC is equilateral.

2130. In acute AABC the following relationship holds:

C 2 2 2
tani(a tanA + b“tanB) > a“ + b

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

WLOG:a < b —» tanA < tanB
CEBYSHEV

C -
tanz (a’tanA + b*tanB) >

1 Cc
> Etanz (a? + b?)(tanA + tanB) > a® + b* &
1 Cc
= Etanz (tanA + tanB) > 1 &
, C
C sin(A+ B) siny
sStanm-———— =22 < - sin(m — C) = 2cosAcosB <
2 cosAcosB [4
cos»
, C
siny C
= -2sin—cos—= = 2cosAcosB &
2 2
cosy

C
& 2sin? 2 > 2c0sAcosB & 1 — cosC > 2cosAcosB <

< 1+ cos(A+B) > 2cosAcosB <

2c0sAcosB — cosAcosB + sindsinB <1< cos(A-B)<1
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Equality holds for A = B.

2131. In AABC the following relationship holds:

9R
1T4C0SA + rpcosB + r.cosC < a7

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

WLOG:a<b<c=-a=2-b>-c=s—-a=>2s—-b>=2s—c=

1 < 1 < 1 F < F < F < <
< < = < < =r, <r,<r
s—a_ s—-b " s—-c s—-a s—-b s-—c a b ¢

a<b<c= cosA > cosB > cosC

CEBYSHEV 4 KLAMKIN 4 gp
ZracosA < §-Zra-2cosA < §-T-ZCOSA=
cyc cyc cyc cyc

_ 3R (1+ r) Y2 3R (1 . 1) _9R

-2 R/ — 2 2) 4

Equality holds fora = b = c.

2132. In AABC the following relationship holds:

2 2 2 9R?
a“cosA + b“cosB + c“cosC < -

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

WLOG:a < b <c= a? < b* <c? cosA > cosB > cosC

1 2 r
E 2 ) E 2, E _ %2 2 .
a“cosA < 3 a COSA = 3 (s“ —1r“—4RT) (1+ )S

cyc cyc cyc
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GERRETSEN
)

r
2 5-(4-R2+4Rr+3r2—r2—4Rr)-(1+E)S

EULER
~

1
< g-(4R2+2r2)-(1+E)=4R2+2r2S

EULER 2 9R2

feu R
< 4R*+2-—="—+
4 2

Equality holds fora = b = c.
2133. In AABC the following relationship holds:

3abc
F <
4V a? + b? + ¢

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

3abc
F <
4va? + b? + c?

< 4F\a?+b%2+c2<3-4RF

& a2+ b%+c2 < 3R < a? + b?+ ¢ <9R? (LEIBNIZ)
Equality holds fora = b = c.

2134. In AABC the following relationship holds:
((a® + b*)cosC + (b% + c®)cosA + (c? + a®*)cosB < 9R?

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

WLOG:a<bhb<c-a*<h’<c?-{a’?+c2<b®+c2-

- a? + b% < a?+ c% < b? + ¢
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a<b<c- cosA > cosB > cosC

1
z:(a2 + b?) cosC < EZ(aZ + b?) - Z cosC =
cyc cyc cyc

EULER
2

-~ 1
=3 E 1+ 3 (s* —r*—4Rr) 1+2

cyc

GERRETSEN
< 2(4R%? + 4Rr + 312 — 12 —4Rr) = 2(4R* + 21r?) <

EULER R?
< 2 <4R2 +7> = 9R?
Equality holds for:a = b = c.
2135. In AABC the following relationship holds:

A B

asecE+ bsecE+ cseci > 12r

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

B C 1 1 1
aSbSc—u:osESCOSEScos—ﬁ > > -

A B ¢
cos 2 cos 2 cos 2

A< B< C
_) —_— — —_—
sec < seco < secy

CEBYSHEV ]ENSEN
Sasech = 1YaYsech 2
cyc cyc cyc
2 A+B+C o MITRINOVIC
"
S—-Ssec( )—Zs sec— =
3 6 6
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—=2-3V3r-

—=12r
cos 6 £
2

>2-3V3r-
Equality holds for:a = b = c.

2136. In AABC the following relationship holds:

i B C i B c i B C > 12v3
a(sec2+sec2>+ a(sec2+secz)+ a(sec2+sec2)_ r

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

A B C 1 1 1

(oct soc < socB 4 soc€

sec2 sec2 < sec2 sec2
A B C A C B

- seci < Seci < secz - < seci+sec§ < secE+secE -

A B A C

sec—+ sec— < sec—+ sec—
\""" 2 2 2

B+ C> A+ C> A+ B
sec + seco = seco +sec; = seco +sec

CEBYSHEV 4
C

> ke (sec§+sec> S SZh Z(sec—+sec2)

cyc cyc cyc

]ENSEN

2F 4F ab + bc + ca A+B+C
Z ZSec— D — 3sec<—)=
3 abc 6

cyc cyc

GERRETSEN

_AF STAT ARr = = (16Rr — 572 + % + 4Rr) =
= 3 4RF S€C6 = R COS6 r r? +1r? r

2
= ——(20Rr — 41%) > 12+/3r © 40Rr — 8r% > 36Rr =
V3R
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& 4Rr > 8r? © R > 2r (EULER)
Equality holds fora = b = c.

2137. In AABC the following relationship holds:

1 1 1 23
—t— 4+ —>
Wqg Wp W¢ \/SZ +1r%2 — 8Rr

Proposed by Nguyen Minh Tho-Vietnam
Solution by Tapas Das-India

w, < s(s—a)cés \/33(3—a+s—b+s—c)=5\/§(1)
D Was )

1 1 1c§s(1+1+1)2(1>9 33

> > =
W, W, W, Yw, svV3 s

3V3 - 2v3
S ~ s2+1r2—8Rr
3/s2 +12 — 8Rr > 2s

9s% + 9r2 — 72Rr > 4s?
552 —72Rr +9r: >0

Gerretsen

5(16Rr — 5r2) — 72Rr + 9r¢ > 0
8Rr > 161% ,R > 2r true Euler

We need to show:

Equality holds for an equilateral triangle.

2138. In AABC the following relationship holds:

m, my, m, 3
2 +73 - =
a*+bc b +ca c*+ab 4R

Proposed by Nguyen Minh Tho-Vietnam
Solution by Tapas Das-India

c-S Tereshin h% + ¢2
J@? +b?)(a?+c2) > (a®+bc),m, > iR

29 | RMM-GEOMETRY MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
b? + c? y
m, 4R _ 1 b- +c

. > =— (1)
a’+bc~ [(a?2 +b?)(a® +c2) 4R [(a? + b?)(a? + c?)

ma+mb+mc_ m, @
a?+bc b>+ca c2+ab L.a’?+bc”

>1Z b? + c¢? AM- GM3 1—[ b2 + 2 3
TARL @ )@+ D) J@+ )@+ 4R

Equality holds for an equilateral triangle.

2139. In any A ABC, the following relationship holds :

Wy + Wy, + W - s2Rr2(32R2?s2r2 + 16R?r* + 40Rs?r3 + 8Rr> + s + 3s%r2 + 3s2r* + r¢)
6 - 6(s2 + 2Rr +r2)3
Proposed by Nguyen Minh Tho-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
Z a (a—Zs)+Zs_2 Yeyelc + a)?(a + b)? Z 1
b+o? L (b+or > Tleye(b + 02 b+c
y

cyc

(chc(c +a)(a+ b)) — 2.2s(s? + 2Rr + r?)(4s) chc(c + a)(a +b)
2s(s? + 2Rr + r2)2 2s(s? + 2Rr +r2)
2
((chc a?+2Ycab) + Yoy ab) — 16s2%(s? + 2Rr +r?)
—(s? + 2Rr + r?)(5s% + 4Rr +r?)

= =
2s(s? + 2Rr + r2)2

Z a () (5s®+4Rr +r?)? — 16s?*(s? + 2Rr +r?) — (s® + 2Rr + r?)(5s% + 4Rr +r?)
(b+0)? 2s(s? + 2Rr + r?2)?

4bcs(s — a) be((b + ¢)? — a?) a’bc
Now, ) w; = LT or —Zyc ®+ 02 ;(bc (b+c)2>

cyc

via (¢)

= " s2+4Rr +r?
(s? + 2Rr + r?)(5s? + 4Rr + r?) + 16s%(s? + 2Rr + r?) — (5s? + 4Rr + r?)?
(s2 + 2Rr + r2)2
s® + 3r2s* + r2s2(32R? + 40Rr + 3r?) + r*(16R? + 8Rr + r?)
- (s2 + 2Rr + r2)2

+2Rr.
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32R?%s%r2 + 16R?r* + 40Rs?r3 + 8Rr® + s® + 3s*r? + 3s%r* + r ([0 z
" (s%2 + 2Rr + r2)2 w

2
a

cyc
A S
2bc cos 3 _ 8. 16R2rzsz.ﬁ _ 16Rr2s?
b+c 2s(s2+ 2Rr+r2) s2+ 2Rr +r?

Again,w,wyw, =
cyc
s?Rr? (o0 || W Wi, W, (o) and (=)
S = —_— . (00 000 )
sZ + 2Rr + r? 16 an

i/SZRI‘Z(:‘SZRZSZI'Z + 16R%r* + 40Rs?r3 + 8Rr> + s® + 3s%r2 + 3s2r4 + ro)

6(s% + 2Rr +r2)3

5\/wawbwc Z 2 - Wat W+ We o 1 1 )
=°%———. ) w2 < — x| =>—.xyz ) x
96 @ 6 65 z 96 Z

cyc cyc cyc
5
© ,
(x=wg,y=w,Z=wW,) & Zx > 81xysz
cyc cyc

Assigningy+z=M,z+x=N,x+y=P=>M+N-P=2z2>0N+P—-M
=2x>0andP+M-N=2y>0=>M+N>PN+P>M,P+M>N =
M, N, P form sides of a triangle with semiperimeter, circumradius and inradius

s',R’, r' (say) yielding ZZx = Z M=2s'"=> Z x=s-(1)
cyc cyc cyc
>x=s-My=s"-Nz=s"—-P=xyz=r'%s" > (2) and

via such substitutions, = xyz = r'?s’ - (2) and via such substitutions,
2

2
szz Zx —Znyz Zx —ZZ(S—M)(S—N)

cyc cyc cyc cyc cyc

ia (1)
TSV s Z 2(4RT +172) - Z x? =s2—-8R'r' —2r'? - (3)
cyc
=~ (1),(2),(3) = (») © s'5 > 81r'%s'(s'> — 8R'r’ — 2r'?)

(x%)
o s'4| > |81r'%(s'? — 8R'r’ —2r'?)

Gerretsen
Since (s? — 16Rr + 5r?)2 > 0 .. in order to prove :

s* — 81r?(s? — 8Rr — 2r?) > 0, it suffices to prove : LHS > (s? — 16Rr + 5r?)?

(%)
& (32R—91r)s?| > |r(256R? — 808Rr — 137r?)

Gerrets

en
Case 1/32R — 91r > 0 and then : LHS of (**x) > (32R—91r)(16Rr — 5r?)
? ?
> r(256R? — 808Rr — 137r%) © 32R? — 101Rr + 74r2 > 0
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? 91r
< (R-2r)(32R—37r) >0 - true R > 37 > 2r

= (xx*x) is true (strict inequality)
Gerretsen

32R — 91r < 0 and then : LHS of (+++x) >
(32R — 91r) (4R? + 4Rr + 3r?) > r(256R% — 808Rr — 137r2)
? R
o 323 —123t2+135t—34>0 (t = ;)

Euler

?
e (t-2)3ot(t—2)+2t2+t+17)=>0->true=t > 2r
= (x*x) is true and combining both cases, (+*x) is true V A ABC

W, + wp, +w,
~ s* > 81r%(s? — 8Rr — 2r2) = (x*) = (*) is true . — 6b £

- 5/sZ2Rr2(32R2s2r2 + 16R2r* + 40Rs2r3 + 8Rr> + s® + 3s%r? + 3s2r* + rb)
- 6(s%Z + 2Rr +r2)3
v A ABC,” =" iff A ABC is equilateral (QED)

2140. In any A ABC, the following relationship holds :

<a+b_|_b+(:_|_(:+a<3_|_7+\/§
“"b+c c+a a+b 10

Proposed by Nguyen Minh Tho-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

V5_ 29 12 7 7++5_12

7+\/§>51;a+b+b+c+c+a
10 13 b+c c¢c+a a+b

>3 ! Y| @rm| > ab+a?

S — .

13 ~ 2s(s? + 2Rr + r2) a ab-Ta
cyc

cyc

1
_ 3 2
~ 2s(s2 + 2Rr + r2)’ Z“b Z(a+b) +Za +Zab

cyc cyc cyc cye
(s? + 4Rr +1?)(4s) + 2s(s? — 6Rr — 3r?) + Y. a’b
- 2s(s% + 2Rr + r?)
51 3s?2+2Rr—r?> Yeyc @’
137 sT+2Rr+1? ~ 25(s? + 2Rr + 12)

=3+
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12s% + 76Rr + 64r?[ 7 Yeyca?b
= >
13(s? + 2Rr + r?) Zs(s2 + 2Rr + r?)
Yeyc@?b CBS \[(chc azbz)(zcyc a?) ? 12s% + 76Rr + 64r?

) < <
2s(s%? + 2Rr +r?2) 2s(s% + 2Rr +r?) 13(s% + 2Rr + r?)

& 252(12s2 + 76Rr + 64r2)% > 169(s2 — 4Rr — r2)((s2 + 4Rr + r2)2 — 16Rrs?)
& 119s° + (5676Rr + 2903r?)s* + r?(3440R? + 18104Rr + 8361r?)s?

+r3(10816R3 + 8112R2r + 2028Rr? + 169r3) > 0 - true = () is true

Now

a+b b+c c+a 7 +5
+ + <3+ and via AM — GM, Z—>3and SO,
b+c c+a a+b 10
cyc
a+b b+c c+a 7 ++5

< <3 Vv A ABC,
_b+c+c+a+a+b + 10

" =" iff A ABC is equilateral (QED)
2141. In any AABC prove that :

1 1 \/—wa+wb+wc
TR R R

Proposed by Nguyen Minh Tho-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

_ 2\/bes(s — a) _ |8abc. s(s—a) AMéaM 27.8abc.s(s — a) B
We=""htc T | 2ab+o)? 2a+(b+0)+ B+

9 Rr(s—a) 9rvVR 1 \/— w, 1

V6 V6 Jra | 9 R Jra

Adding this inequality with similar ones yields the desired resulit.

(and analogs)

Equality holds iff AABC is equilateral.

2142. In AABC the following relationship holds:
(a+bymw,+ (b + c)m,w, + (c + a)ymywy, > 2s(s*> — r?> — 4Rr)

Proposed by Nguyen Minh Tho-Vietnam
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Solution by Tapas Das-India

a+b C
We know that m, > 5 oS3
a+b C 2ab Cc ,C
(a+b)ym.w, > (a+ b) oS - C0S = (a + b)ab cos? =
2 a+b 2
s(s—c
= (a+ b)ab (ab ) =s(s—c)(a+b) =s(s—c)(2s —c) = s(2s* — 3cs + ¢?)

(a+bymw,+ (b+ cm,w, + (c + aymyw, = Z(a +b)mw, >
> sz:(Zs2 —3cs+c?) = s(6s2 —3s(a+b+c)+ (a? + b? + cz)) =

=5 (632 — 65 +2(s? —1? - 4Rr)) = 2s(s? —r% —4Rr)
Equality holds fora=b =c

2143. In AABC the following relationship holds:

2r
ha+hb+h(:2 F(wa+wb+wc)

Proposed by Nguyen Minh Tho-Vietnam
Solution by Tapas Das-India

w, 24 bc s(s—a)2R 4Rw/s(s— 4R./s(s — a) AM;GM

h, b+c bc \/_(Zs—a) \/_(Z(s—a)+a)
4R{s(s—a) _ 2RVs _2RVs _ |R )
Vbc22(s—a).a +2abc +8Rrs 2T

1)
’ (w, +wb+wc)—/ w+/ wb+/ w, <

< +—wb+—w hy + hy, + h,

a Wp W,

§|=

Equality holds fora=b =c
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2144. In any A ABC, the following relationship holds :

h,\/h, hb\/ b, \/_c 2(R+r)
Wa Wb Wc RV3r
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Firstly,z ((s —b)(s—c)(b+ c)Z) = Z ((—s2 + sa + bc)(b? + ¢% + Zbc)) =

cyc cyc

= —2s? Z a? — 2s? Z ab+s (Z a) (Z ab) — 3abc | + 6sabc +

cyc cyc cyc cyc

» b<z> 2y e

cyc cyc cyc

= —4s2%(s? — 4Rr — r?) + 12Rrs? + 2(s? — 4Rr — r?)(s? + 4Rr + r?) — 8Rrs?
O]
+2(s? + 4Rr + r?)%? — 32Rrs? = 4r(R + 2r)s? Z ((s —b)(s—c)(b+ c)z)

cyc

Z(bc(s—b)(s—c)(b+c)2)=z bc(s—b)(s—c)(Zaz—a2+2bc> =

cyc cyc cyc
bc
= <Z a2> r2s? Z G_a) 4Rrs.z (a(—s2 +sa+ bc)) +2 Z (bzcz(—s2 +sa + bc)) =
cyc cyc cyc cyc
s2+ (4R +r1)?

= 2r%s?(s? — 4Rr — r?). Sz
—4Rrs. (—s?(2s) + 2s(s? — 4Rr — r?) + 12Rrs) — 2s%((s? + 4Rr + r?)? — 16Rrs?)
+8Rrs?(s? + 4Rr + r?) + 2(s? + 4Rr + r?)3 — 48Rrs?(s? + 2Rr + r?)

o Z(bc(s ~b)(s — (b + ©)?)

= 4r?s2(4R? + 2Rr + r? + s2)

cyc

h\/_a hb\/_b h\/_ be (b+c)2 (s—b)(s—0)
Now, w2 Z bc r2s?

cyc

— _ _ 2
_ZR.\/ﬁArZSZ.;(\/ﬁ-(S PEmIe e
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1
" 2R V2R 4% Z (VGBI - 0®+ 02 beGs— D)5 - OB+ 0?) <

ZR\/Z_Il{4r252'\jz((s_b)(s_c)(b+C)Z) \[Z(bc(s_b)(s_c)(bJ,c)Z)

cyc

via (i) and (ii) 1
= ./4r(R + 2r)s2.,/4r?s2(4R? + 2Rr + r? + s2) =
2R.V2R.4r2s2 \/ \/

1 |(R+2r)(4R% + 2Rr + r? + s2) Gerrétsen 1 [(R+ 2r)(8RZ + 6Rr + 4r?) ; 2(R+r)
2R’ 2Rr o 2R’ 2Rr ~ R.V3r

) ? R 2 Euler
o413 —t —8t—1220<t )@(t—z)(tlt +7t+6)>0—>true t > 2

h\/_a hb\/_b h\/_c 2(R+7r)

Wa wi wZ T RA3r
"=""iff A ABC is equilateral (QED)

vV A ABC,

2145. In any A ABC, the following relationship holds :

(Wq + W + )(1+1+1>>3 r(,/l et >
W, +wr+w)(=+=4+2)>3s. [—
a W T W T T e ZR\/hgr, /hyr, (/R

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

4rs? tan% rs2 1 1 [2R
2h,r, = = =—. —cosE and analogs

4Rtan%cos22 Rcos2 \/ s r

r 1 1
38\/7<\/h | o \/hbrb \/h rc>_32cos__)(l)

cyc

2bc A\ Chebyshev 2 bc A
Now,wa+wb+wc=2(b+c.cosi> = 3 2.bxc ZCOSE
cyc cyc cyc
. bc ca ab
~ WLOG assuminga>b >c= < < and
b+c c+a a+b

A - B - C
€OS 5 =< €OS < COS3

_2 1 z b 2+z b Z A
"~ 372s(s2+2Rr +r?)’ e a 2,053

cyc cyc cyc
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(s? + 4Rr + r?)? + 8Rrs? A (W, 4wy 4 W) <1 N 1 N 1) -
= . 4 —_ — —_

3s(s? + 2Rr + r2) Z €053 Wa TWo T W)\ Tp 7)<
cyc

((s® + 4Rr + r?)? + 8Rrs?)(s%? + 4Rr + r?) A ?
z CosS— =
3s(s? + 2Rr +r?).4Rrs

cyc

3 T ( 1 N 1 N 1 > via (i) 3 z A
S. /— = cos —
2R\ \/h,r, +/hpry, /hr 2

cyc

?
< ((s? + 4Rr +r?)? + 8Rrs?)(s? + 4Rr + r?) > 36Rrs2(s? + 2Rr + r?)
?
& s® — (16Rr — 3r?)s* + r?(8R? — 4Rr + 3r?)s? + r3(4R + r)30 and

@®
Gerretsen
(s2 —16Rr +5r2)> > 0 . inorder to prove (1), it suffices to prove :

LHS of (1) > (s? — 16Rr + 5r?)3 < (8R — 3r)s* — r(190R? — 119Rr + 18r?)s?

@
+1r2(1040R3 — 948R?r + 303Rr? — 31r3) 0
Gerretsen

and ~ (8R —3r)(s? —16Rr+5r2)2 > 0 - in order to prove (2),
it suffices to prove : LHS of (2) > (8R — 3r)(s? — 16Rr + 5r?)2

®
& (66R%? — 57Rr + 12r?)s? r(1008R3 — 1100R?r + 377Rr? — 44r3) and
Gerretsen

finally,(66R? — 57Rr + 12r?)s?> >  (66R? — 57Rr + 12r?)(16Rr — 5r?)
? ? R
> r(1008R3 — 1100R?r + 377Rr? — 4-4-1'3) & 2413 —71t2+50t—8>0 (t = ;)

Euler

?
o (t-2)(12t2 + 12t(t-2) +t+4) =0 > true~t > 2=>3) > =>0
1 1 1
i —F—4— >
is true (Wa+wb+w°)(a+b+c)_

r 1 1 1
3s. f—( + + ) v A ABC,” =" iff A ABC is equilateral (QED)
2R\ /h,r, hpr, /h.r

2146. In any A ABC, the following relationship holds :

h, N hy N h, r(5R—2r)(4R +r) . 2(5R —2r)

>
A B C— 4R? 2R—r
COs7 COS5  COS3

Proposed by Nguyen Minh Tho-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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h, hy, h, 2rs Bergstrom 18rs
+ + = Z > —F

A B cC A = A
C0S5 COS5 COS5  ‘cyc ACOSH chcac057
_ 18rs _ 36rs.vVRr
sa(s —a) Yeye (\/(_l. Jaz(s — a))
Zeye | @ | —3Rrs
CBS 36rs.vVRr 18r.+vRr _ 9r.v2R

> = =
\/Zs.\/Zs(s2 — 4Rr — r2) — 2s(s2 — 6Rr — 3r2) V2Rr+2r2 +R+r

; r(5R—2r)(4R+r) [2(5R-—2r)
- 4R? ' 2R—-r

& 1296R5(2R — 1) > (R+r)(4R + r)2(5R — 2r)3
? R
& 592t% — 1896t° + 1515t* — 87t3 — 198t + 12t +8 >0 (t = —)

r
236t° + 356t%(t — 2) + 91t3 + +90t2 + 4t(t —2)\ ?
S (t—-2 ( ) >0
( ) +(t—-2)(t+2)

Euler h h h r(5R—2r)(4R+r 2(5R — 2r
—truevt = 2. aA + bB + CC > ( 4R)2( ). / (ZR )
Cos3 OS5 COSy -r

v A ABC,” =" iff A ABC is equilateral (QED)

2147. In any acute A ABC with p,, py, pc — Spieker cevians,

23R 22r

the following relationship holds : p, + py + p. = ETY + =

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

B

Let AS produced meet BC at X and m(4BAX) = a and m(4CAX) = 8 (say)
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and inradius of A DEF = r’(say)

Now, 16[DEF]? _ZZ< ><b2> 216 M Z a?b? — z 161"252

a C
z2tatz|_rs
2

=3

[DEF] = — = 1’ 'L

= = =>r =2 =>r - (1)

. .. C 2B+C B+m—-A

- Spieker center is incenter of A DEF, . m(5AFS) = B + 2= 5 = >
T AZB mdm@saEs) =c+o="_2"C

= —_— = —_—————_——
2 2 and m(4 2 2 > (2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

E)sinA;B

N 2r (c) . A—B+ 2r (b) . A-C
ow, —)sin —]sin
2sin 2 Zsing 2 2

N

_r(4R c.A-B . B A—C)
—2 coszsm 2 coszsm 2
_r (2_ A+B_A-B _ _ A+C_ A—C)
= Rr sin 2 sin 2 sin 2 sin 2

. ,B . ,C ., A
= Rr 1—Zsm2—+1—Zsm2——2<1—251n2—)

2 2 2
<2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s — b)>
= 2Rr

abc

=$%—@a+mb+@a—aam2+&)—m+¢xb—o%

2

A A A
— sa2 8 _ =2
4(b + c)bcsin? 5 — 2a.2bccosA bc <(ZS a)sin 2@ (1 2sin 2))
8s 2s
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bc <(Zs + a)sin? % - a>

3 (2s+a)(s—b)(s—c¢) B

- 2Rr
2r (C) . A—B 2r (b) A-C
= 5)sm - = |sin
Zsin% 2 2 ZSing 2 2
) —(2s+a)(s—b)(s—c
O-@s+a)s-b)s-0
2s
Asain " " 1‘2( ca . ab )
ain, -
® 4sin2g 4sin2% 4\(s—c)(s—a) (s—a)(s—b)
rZ ab + ca (*%) r2 rz
= 25 (ca(s —b) + ab(s — ©)) = —,— — 2Rr = ;

B C
i 2D Pn2 U
4sin 2 4sin >

(0,00, (1) > 2052 - D F 2 Habtea (2sta)s—b)(s—o)

4 2s
(a+b+c)b?*+c2+ab+ca)— 2a+b+c)(c+a—-b)la+b—rc)
8s
b3 + ¢2 — abc + a(2b? + 2¢? — a?) , (i) b3 + ¢3 — abc + a(4m?)
= = 2AS8° =
4s 4s
L. r AS cAS
Via sine law on A AFS, = =

-B . C
> (a+b)sm7

. . A
2sin 7 sina cos
(= r(a+b)

= esi d via sine 1 A AES. hel (++) (@ + C)
csina = —=— andviasine alw on ,1 sinf = 2AS
Now, [BAX] + [BAX] = [ABC] = Epacsina + —p,bsinp =rs
via (+++) and (+++) p,(@a+b + a + c) 4s AS

= = = =
4AS ST PeT 55 a
,viea) 16s? b3 +c® —abc+a(4m?)
= = :
Pa (2s + a)? 8s
(*) 2s
~pal=

m (b3 + C3 —abc + a(4m,21))
Now, b3 + ¢3 — abc + a(4m?) = b3 + ¢ — abc + a(2b? + 2¢? — a?)
= (b + ¢)(b? —bc + c2) + a(b? — bc + c?) + a(b? + c¢? — a?)
= 2s5(b? —bc + c?) + a(b? —bc + c? + bc — a?)

2 _ (h_ )2
:(2s+a)(b2—bc+c2)+a<(b+c) b-c¢) —a2>

4
a(b+c+2a)(b+c—2a) a(b-c)?
_ 2 _ 2 _
(2s+ a)(b* —bc+c?) + 1 I 2
a2s—a+2a)(b+c—2a) a(b-c)
_ 2 _ 2 _
(2s+a)(b*—bc+c*) + i 2
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4b?% + 4c? —4bc+a(b+c—2a) a(b-c)?
= (2s + a). ( )— ( )

=(2‘sl+a). 4
4z+x)?+4(x+y)? - 4@Z+0)x+y) + (y+2)(z+x) + (x+y) — 2(y + 2))
4
_a(b;c)z acyinbogiremrty
=(Zs+a).4x(x+y-|_z)+2’i(y‘|'z)+3(}’—2)2_a(b;c)z
= (2s+a) (s(s—a)+%(b_c)2+a(sz— a) _a(b;c)z
=(2s+a) (s(s— a) +%(b O+ a(sz— a)> ~ (a+25—:s)(b_c)2

(b —¢)? +a(s—a) +s(b—c)2

=(Zs+a)<s(s—a)+ > > >

_ — o) )2
~ b3+ ¢3 — abc + a(4m?) w 2s+a) <(S a)éZs ta) + (b Zc) > + s(b 5 ©

2s (s—a)2s+a)? (2s+a)(b-c)? s(b-c)?
(2s + a)? < 2 + 2 + 2 >

s 2 S 1 1
— — - 2 14 2
=s(s—a)+(b-c) <(ZS + a) + 2s+a + 4 4>

(b;c)2+(b—c)2.( s +1)2

2 (8),(0) = pi =

=s(s—a)—

) 252+ a 2
(b—c)¥/((4s+ a)
=ss—a)+ 4 (2s+a)?
D) s(3s+ a)(b—c)?
2 [V _
= p2 s(s—a) + 25t @)
? 2 (b —c)? via(s+s) s(3s+ a)(b —c)?
> — —
Now,p, = h, + 3 S s(s—a)+ 25t @)
? ss—a)(b—c)? 4 (b—c)* 4h, (b-c)?
> — — —
>s(s—a) =z +92. o + 3 a
s(3s+a) s(s—a) 4(b-c)*[? |4h,
- > v (b—-c)?>
(2s + a)? a? 9a? (f) 3a ¢ (b-0"=0)
s(3s+a) s(s—a) 4(b-c)?-a*>0b-09*s(3s+a) s(s—a) 4
We have : - > -—
(2s + a)? a? 9a? (2s + a)? az 9

_9s(3s+a)a® +9s(s — a)(2s + a)? — 4a*(2s + a)®

9a%(2s + a)?

4(s—a)(9s3+9sza+55c12+a3)s;a0 LHS of (m) > 0 - (m)
e = o =1
9a%(2s + a)? orim "
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T? 16(b—c)* 8T(b—c)? ? 16
+ — > As(s—a)—
a*(2s + a)* 81a* 9a*(2s + a)? — 9a?
(T=sBs+a)a?+s(s—a)(2s +a)?)
16(b—-c)* 8(b — c)? T T? 16s(s — a)
— —2s(s—a) |+ -
81a* 9a* (2s + a)? a*(2s + a)* 9a?
4(b — ¢)? 2 N 4(b — ¢)? 4s(2s3 —3sa? —a3)
9 9 ' (2s + a)?
9T? — 16s(s — a)a’(2s + a)*[
T > |0
9(2s + a) =
= - = - 17 4(b - c)z 17 - - -
Now, LHS of (mm) is a quadratic polynomial in — g whose |discriminant]
B 16s2%(2s3 — 3sa? — a3)? 9T2 — 16s(s — a)a’?(2s + a)*
B (2s + a)* ' 9(2s + a)*
16sa’ S
_ 9t 5_ ot _ 3 2 _2
5(zs 1oy (441 — 28t — 49t + 10t% + 19t + 4) (t a)

16sa’
= —m.(t— 1)2(4-4-t3 + 60t? + 27t+4) < 0=LHSof (mm) >0
2 (b-1c)?

= (mm) = (m) is true .. p, = h, +§.

(b — ¢)? b2 + c? + a? 2
Now,z =Z —Za— .szcz
a a 4Rrs

cyc cyc cyc yc
2

1 ZZ Zb 8Rrs? 2 Zb 16Rrs?
" 4Rrs a a 4Rrs 4Rrs a rs

cyc cyc cyc

= 1 Zab ZaZ—ZZab + 24Rrs?
4Rrs

cyc cyc cyc

s(s—a)(b - c)2>

a?

- (m)

2(s? + 4Rr +r?) (s2 —4Rr —r? — (s? + 4Rr + rz)) + 24Rrs?

4Rrs
_ (2R-1)s?—r(4R+1)? [ z (b—c)?
B Rs a

cyc

via (m) 2
We have : p, + pp, +p. = Zh“+§'z

cyc cyc
sZ + 4Rr + r? N 2 2R-r)s? —r(4R +r)?
2R 3 Rs

(b — C)z via_(n)
p =
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Wa;ker R? + 6Rr + 2r? N 2 (2R—-r)(2R? + 8Rr + 3r2) —r(4R + r)? Gerretsen
- R 3 Rs =
R? + 6Rr + 2r¢? 4 2R3 —R?r —5Rr? — 2r3
+ —.
R 3  R.V4R? + 4Rr + 3r2
Euler ? 23R 22r
( 2R® —R?r—5Rr? - 2r3 = (R-2r)(2R> + 3Rr +r?) > 0) > 1—0 -
23R+ 44r 4 2R3 — R%r — 5Rr? — 2r3 13R? — 16Rr — 20r?
= [ — =
10 3  R.V4R2? + 4Rr + 3r2 10R
16 (2R3 — R?r — 5Rr? 2r3)2 ? (13R%? — 16Rr — 20r?)?
9’ 4R2 + 4Rr + 3r2 - 100

Euler
( 13R2 — 16Rr — 20r2 = (13R + 10r)(R— 2r) > 0)

? R
o 316t° + 2492t5 — 10483t* + 896t3 + 16088t2 + 320t — 4400 > 0 (t r)

o (t—2)2 (316t4 + 375613 + 24922 + 510t(t — 2) + 275(t2 — 4)) >0
Euler 23R

22r
struevt = 2.p,+pPpt+Pc=—+ 10 +TVacuteAABC

with equality iff A ABC is equilateral (QED)

2148. In AABC the following relationship holds:

siné sinE sin£
1 . N 1 _ N 1 - A 2, 2, >
Wesing  wpsiny  wesinzy Wa Wb We

Proposed by Dang Ngoc Minh-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

1 B 1 _ b+c 2R(sinB + sinC) B
. (A\~ 2bc A\ . (A\ bcsin(A) 4R2.sin(A).sin(B).sin(C)
vosin(3) 22 cos (3).sim (3
_ sin(B) +sin(C) _ R. sin(B) + R.sin(C) _b+c
- F - F - 2F
2R.—2R2
Z 1 _ b+c_4s_Zs_2(LHS)
T wasinf T 2F 2F sr r
_ 2bc A h_ZF_Z 1b _A_bc A
wa—b_l_c.cosz, e = =75 csin —a.sm
2bc A
E_b—_l_c.COSE_ a W = a-ha
= = g = —————————
h, %.sinA (b + ). siné (b + c).sin%4
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A LA
Sln§_4(b+c).sm 5

. ZA B_C ZA
b+c sin“ cos
4. —

sin‘“ =
— 4. - . - 4. 2 2
w, a.h, a h, siné h,
2
cosB—_C siné
= 4. 22
hq
B—-C
cos( > ) b+c _
Here Y = (Mollweides formula)
Sll’l(i) a
(155 an(2) - om+ 25 (35 -
cos 12 sin ) =5 {sin (5 > sin |5 > =

> (sin (g — C) + sin (g — B)) = % (cos(B) + cos(0))
(@) coslzGom@) »
4.w—a = h, = h_a (cos(B) + cos(C))

42 S:Ilf :a (cos(B) + cos(0)) + hib (cos(4) + cos(0)) + hic (cos(B) + cos(4)) =

= %(cos(B) + cos(C)) +§(cos(A) + cos(C)) + %(cos(B) + cos(4)) =

%((a. cos(A) + b.cos(A4)) + (c.cos(4) + a.cos(C)) + (b.cos(C) + c. cos(B))) =

1 28 25 2
=F(a+b+c)= =—=

o5 ;(RHS) Proved
a = b.cos(C) + c.cos(B)
b = c.cos(4) + a.cos(C)
¢ =a.cos(B) + b.cos(A)

Here

2149. In any A ABC the following relationship holds :
w.hyh, + h,wyh, + h,hyw, < w,wyw, + 2h,hyh, < h,w,w, + w,hyw, + w,w; h

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

w,hyh, + h,wyh, + h,hyw, < w,wyw, + 2h,hyh,

zwa - 16Rr?s? R o
e ) — :
h, =~ s? + 2Rr + r? " 2r2?s?

cyc
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2bc cosg 2R 8R?2
=)

‘Be | S +2
_ < >
cyc 4-RCOS cos ZC bc s+ 2Rr+r

A-B 8R2 ,
< B CZ<COS 0s 2 )_SZ+2RI‘+I‘2+

[leyccos—— ‘oo

B—C+ B+C_2 B C Zs A
COS—— = 2€0S;C0S;, = 0§ 2=>

Now, cos

2

ZB—C_(s A A) N
cos® —— = |5gSec; —sing

,B—C s2 2A+ ,A st A d '
5 = 2Rz 5¢¢ 3 sm2 Ran2 and analogs

Z ZB—C s2 Z + ¢ A
X cos > T aRre sec? sin? S an2

cyc cyc cyc cyc

B s? sz+(4R+r)2+2R—r 4R +r
~ 4R?’ s2 2R R

_ s+ (4R+1)? +2R(2R—T1) — 4R(4R + 1)

B 4R?

Z ,B—C s? + 4R? 4+ 2Rr + r?

= =

cos® — iR?

- (m) and
cyc
1—[ B— C b+c A_Zs(s +2Rr+r?) r
cos sm ARrs IR

cyc cyc cyc

B—C s?+2Rr+r? o
= = e
| |cos 5 SR? n

cyc

1 B — C via (m) and (n)
Now, LHS of @ < = C'Z cos? . via (m) and (n
Hcyc COST cyc
8R? s+ 4R? + 2Rr +r? 2(s? + 2Rr +r?) + 8R?

s2 +2Rr +r?’ 42R2 - s2 + 2Rr +r?
8R

~ sZ + 2Rr + 12

+2 = (Distrue

~wzhyh, + h,wyh, + h,hyw, < w,wyw, + 2h,hyh,
Again, w,wyw, + 2h,hyh, < h,wy,w, + w,hyw, + w,wyh,
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Z rzszs + 2Rr + r? 1
PR .
16Rr2s?

cyc

A
Z bc 4R cos 5 cOS—5— >sz+2Rr+r2+4R2
cyc

= 2
2bc cosg 4R

C—A A-B\ (s?+4R?+2Rr +r?)?
+Zz<cos cos )2

o Z cos2

2 2 16R*
cyc cyc
via (m) and (n) s2 + 4R2 + 2Rr + r2 s% + 2Rr + r? 1
< 4R? + 4R? Z B-C
cyc COST
] (s + 4R? + 2Rr + r?)?
— 16R*

s2 +4R%? + 2Rr +r? 3s?+ 6Rr + 3r?

—C 1.1ms £fQ2) > +

= Lo otis) = 4R? 4R?
_sZ+R2+2Rr+r2;(sz+4R2+2Rr+r2)2
B R2 - 16R*

Now, 0 < cos

s? + 2Rr +r? ? (s2+ 2Rr +r?)? 8R?(s?+ 2Rr +r?)
S +1=> +
R2 16R* 16R*

1 ? s2 4+ 2Rr + r?
S =
2R? 16R%

?
& 8R?% — 2Rr — r? > s? - true

Gerretsen
and
Euler

~ 8R%2—2Rr—r? =4R?> +4Rr+3r>+2(R-2r)2R+r) > s?
= (2)is true . w,wpw, + 2h,h h, < h,w,w, + w,hyw, + w,wph, and so,

w.hyhe + h,wyh, + h,hyw, < w,wyw,. + 2h,hyh, <
h,wyw, + w,hyw, + w,wyh. V A ABC,” =" iff A ABC is equilateral (QED)

2150.
[0ABC] = %[(a + b)* cot (g) ~(a-b)Ytan (Z)]

\/az + b?% + 2ab cos (g)

2 sin (g)

R =
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Proposed by Thanasis Gakopoulos-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

AC

]
In AOC rule sine => AC = 2R sin (—) (1D

R
sin (% - g) ~ sin(0) 2

] ]
In ABC rule cosine AC?> = a? + b?> — 2ab cos (n - E) = a? + b% + 2abcos (E) (2)

Using (1) and (2):
\/az + b2 + 2ab cos (g)
2 sin (g)

1, . 1 . ]
[0ABC] = ER sin(0) +§AB X BC sin (n’ — E) =

0 o
4R? sin? (E) = a? + b* + 2ab cos (—) =>R= (3)

2

» laz + b% + 2ab cos (2)

2
2 4 sin? (g)

1a2+b2+2abcos(g) e 1 (6
=12 o (Q) * COS (E) + Eab sin (E) =
2

-1 t9< 2+ b?+2ab 0)+1 b si o_
—4c02a ClCOS2 Za smz—

-1 te( 2+b2)+1 b si 9+1 b 0 te—

o, —4c021a . %a smze 5 @b cos> - coto =
2cosZ(a?+ b2)+ = in2% 2 20

=4cosz(a +b )+2absm 5 T3 abcos 2=1ab

. 0 2
sinz

(

in(8) + = abssi (9)
* oy — | =
Sin Za Sin 2

1 0
: Q+ZCOtE(a2 +b?) =
sinz
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((@+b)* ~ (@ b)* + ((a+b)? + (a— b)*) cos )

1 4ab+2 cosg(a2 +b%*) 1 1
-8 . 0 8 8 . 0
Sin sin

<(a + b)? (1 + cos g) — (a — b)? (1 — cos g))

_1
8 )
s1n7 o

*2)

(] . 20
((a+b)2-2coszz—(a—b)2 -Zsmzz) 1.((a+b)2—(a—b)Z tan® 3

_1
~8 20 0 8 4
2cos 1 tan4 tan4

1 (] 0
_1. 2 ot _ (g — B2 tan >
3 ((a +b) cot4 (a — b)? tan 4)

[0ABC] = % . ((a + b)? cotg — (a— b)? tan Z) (proved)

2151. In any acute A ABC, the following relationship holds :
R S r a b C
s+r+r+R+R+s>b+c+c+a+a+b
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

R 4 S 4 r S a 4 b 4 C
s+r r+R R+s b+4+c c¢c+a a+b
(R++)(1+1+1)>2(1+1+1)

=
res s+r r+R R+s Sb+c c+a a+b

5s2 + 4Rr + r?

(R+r+s)(s?2+3s(R+r)+R?+ 3Rr +r?)
>
s2 + 2Rr + r2

(R+r)(s2+s(R+r)+Rr)

& s% — (R+r1)s* — (R — Rr)s? + (R® + 3R?r + 6Rr? + 4r3)s?
+r(R3 + 13R?r + 11Rr? + 3r3)s + r(2R* + 5R3r + 7R?r2 + 5Rré3 + r*) > 0
Now, - A ABCis acute . s > 2R + r and so:
P=(s—2R-1)>+ (9R +4r)(s — 2R —1r)* + (31R? + 29Rr + 61r?)(s —2R —r)3 +
+(51R3 + 78R?r + 39Rr? + 8r3)(s — 2R —r)?
+2(20R* + 49R3r + 50R?*r? + 27Rr3 + 6r*)(s—2R—r) > 0

- in order to prove (1), it suffices to prove : LHS of (1) > P
RMM-GEOMETRY MARATHON 2101-2200
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& 6R% + 27R*r + 51R3r? + 49R?r3 + 23Rr?* + 4r° > 0 - true
R S r a b c
+ " v A ABC (QED)

+ + > +
s+r r+R R+s b+c c+a a+b

2152. In any A ABC, the following relationship holds :
—1, — e < 4/R(R —2r)
Proposed by Dang Ngoc Minh-Vietnam

h, +w,+m, —r,

Solution by Soumava Chakraborty-Kolkata-India

A 4R%*(cos(B—C) + cos A). cos%

2bc
w, = .COS— = —
b+c 2 4RcosécosB ¢
2 2
R(ZcosZB_ —1+1—Zsin2%) 2R(c? — s2) B—C A
= B=C = (czcos ands=sm—)
C 2
cos—;
<R+r+/RR-2r)
A/ B-C A
=R+2Rsm§<cos > —smi)+R.\/1—45c+452

2s% 2
<:>2c—TS1+Zsc—252+\/1—45c+452

2s? ?
<:>1+Zsc—2c+T—Zsz+\/1—45c+452 >0
@®

2s? 252(1_COSB£C) 0<cs1
Now,— — 2s% = B=C >0and1—4sc+4s? > 1-—4s+4s?
¢ cos—;

=(1-2s)?> \/1 — 4sc + 4s? > |1 — 2s| and so,in order to prove @

@
it suffices to prove : 1 + 2sc —2c + |1 —2s[ [>|0

[Case 1]1 —2s > 0 and then : LHSof 2) = 1 + 2sc— 2c+ 1 — 2s
=1-c—-c(1-2s)+1-2s=(1-25)(1-c)+(1-¢c)=21-c)(1—-5s)=0

B-C
P C=cos— Slands=sin5<1:>@istrue

[Case 2]1 — 25 < 0 and then : LHS of (2) = 1+ 2sc — 2c+2s — 1

cs1
=1-c+c(2s—-1)+2s—-1) > 2s—1)1+c)>0+1-2s<0
= (2) is true (strict inequality) - combining both cases,

(2)istruevAABC . |w, <R+r+/R(R—2r)|V AABC - (m)
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We shall now prove that : m, < 2R—-r+ 2.,/R(R - 2r) V A ABC

_ A ?
Ais acute and then : m, < ZRCOSZE <2R-r+2../R(R-2r)

? ?
& 2Rs? — 2Rs(c—s) + 2R./1 — 4sc + 452 > 0 (:>\/1—4sc+4szsc—25Z
®

which is trivially true if sc — 2s? < 0 and so, we now focus on the scenario

?
when : sc — 252 > 0 and then : 3) © 1 — 4sc + 4s? >s%c? +4s* — 4cs® and
®

¢ <1 « in order to prove (4), it suffices to prove :
. ?
1—4sc+4s2>s2+4s*—4cs3 =1 —s2+4s2(1—s%) —4sc(1—-s2)>0
? AR-2r>?
©(1-s>)(1—-4sc+4s?) (>0 coszi. R > 0 - true
=> @) = @ istrue ~m, < 2R-r + 2.,/R(R — 2r)

T
> and then : 4m2 = 2b?% + 2¢% — 2a? + a? = 4bccos A + a? < a?

(%)
Q
7
o
!
=)
v

a ? ?
= m, SE=RsinASRS 2R-r+2./RR-2r) ©R-r+2./R(R-2r)>0
— true (strict inequality) . combining both cases,

m, <2R-r+2.,/R(R—2r)|VAABC - (n)

via (m) and (n)
Sooh,+w,+m,—r,—1,—r.<2w,+m, —4R—-r <

2R+2r+2yR(R-2r)+2R-r+2./R(R—2r) —4R-r =4.,/R(R—2r)
~hg+w,+m, —r,— 1, — 1. <4./R(R—2r) Vv A ABC,
" =""iff A ABC is equilateral (QED)

2153. In AABC the following relationship holds:

1 1 1 1 2(R +2r)
+ + + >
wwyw, wowph, wihyw, h,wyw, s2Rr

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

Wqs<\/s(s—a)
waw,w, < |s(s—a)s(s—b)s(s —c) < VJs*r? =s*r (1)

We need to show:
1 1 1 1 - 2(R + 2r)

+ + + >
wwyw, wowph, wyhyw, h,w,w, s2Rr
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s%r s%r s*r s*r >2(R+2r)

or + =
‘wowpw, wewpyh, wyhyw, ho,wyw, R

WaWpWe  WaWpWe  WaWpWe  WaWpWe 2(R +2r) (using (1))

wwWpyw, wowph, wihyw, h,wyw, R
wa=hg or, - Wa
Lo We Wb Wa N *L2(R + 27)
h, h, h, - R

2(R + 27)

1+1+1+12
H1+l+1z—

4R > 2R + 4r or R = 2r Euler
Equality holds fora=b = c.

2154. In AABC the following relationship holds:

) 1 1 1
Wo+wp+w, < s°r + +

W Tohy wprphy werch,

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India

Z 2bc A AM;GM Z 2bc A _
W, = cos2 < 2\/_cos =

-3 eens] & j(Zbc><Zcos2§>= [Cr) )

2./bcs(s — rs .2rs 2\2rsVvbcs 2+\2rsVabcs
Wa/Tohe = = = =
b+c s—a a (b + c)Va (b+¢)a

B 2/2rsV4Rrs? B Zﬁszr\/éer 2s2rvV8Rr

(ab+agc) @ ab+ac  ab+ac

(2)

5 < 1 N 1 N 1 > ) Z 1 (;)
sr =s5r ) ——— 2=
WoThg wprphy, wer.h Wy Toh,

5 ab+ac 2 > ab
> s°r z (3)
2s%r 8Rr 2vV8Rr

From (1)&(3) we need to show:
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22 () () or [Tz Jonr(25)

2

( Z ab)2 > \/8Rr (42; r) orz ab > 4r(4R + 1)

or,s* + % + 4Rr > 16Rr + 412

16Rr — 512 + 12 + 4Rr > 16Rr + 4r*(Gerretsen)
4Rr > 81r% or,R > 2r (Euler) true
Equality holds fora=b =c

2155. In any A ABC, the following relationship holds :

1 1 1 N 1 rr >ha+hb+hc>1+9r r?
R\ L, it At i tR T Ey et T R R
T, I, I T. TIo T

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-lndia

bc 4R cos g cos -C
Z Z Z Z cos - (m)
W, W, 2

cyc cyc 2bc COS cyc cyc

N 1 1 N 1 N 1 R r| 1 Zs(s—a)+2R—r
R\ T 17T 171 1 2| VzRe Iy + I 2
C

A
1 Zbcc0827+2R—r 1 sz+4Rr+r2+2R—r
4R 2

R r 1 s?2+ 4R? + 2Rr + r? )
— — . H

1" 2] 2Rr 4R n
r

2 B C 2s A ,B—C
= — _ = 4
COoSs 2 COoSs 2 4R sec 2 COS 2

2

(s A A) ,B-C_s* LA LA s A
— | — - = - - — —

2RS(EC2 SlIl2 Cos 2 4R2 sec 2 sin? 2 R anz ana anatogs
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) 2B—C s2 2A -zA 1 A
--Zcos > =W.Zsec E+ sin“ — — s tan—

2 R 2
cyc cyc cyc cyc
s2 s2+(4R+r)2+2R—r 4R +r
"~ 4R?%’ s2 2R R
s+ (4R+1r)2+2R(2R—r1r) —4R(4R+ 1)
- 4R?2
Z ,B—C s?2 + 4R%? + 2Rr + r? ® dH B-C
= = - =
COS 2 4-R2 r)an COS 2
cyc cyc
nb+cl—[ . A 2s(s?+2Rr+r?) r B — C (s) s + 2Rr + r?
. — = _— =
a Sy 4Rrs 4R s 8R2
cyc cyc

cyc

Wq Wp W N B

cyc cyc

h, h, heviem B — C cBs B— Cvie
Wehave:_a+_b+_cvm=m ZCOS 2 = \[SZCOSZ 2 vielr

3(s2+4R%2+2Rr+r2)?» 1 1 1 r
< + + +R-=
4R? VRr| 1,1 °1,1°1, 1 2

Iq Iy Iy Ic I¢ Ig
via(m) 1 s?2 + 4R? 4+ 2Rr + r? 2 2 2 ?
= . iR & s“+4R“+ 2Rr+r 524Rr
Vv2Rr ©)

? ?
Via Gerretsen, LHS of (1) > 4R? + 18Rr — 4r? > 24Rr & 2R? — 3Rr—2r2 > 0
?

Euler

© 2R-N(R-2r)>0-true*R > 2r= (Distrue

1 1t 1 1 o >ha+hb+hc
”‘VZRI' l+l l+l l+l 2 _wa W Wc
Iy Iy Iy Ic Ic Iq

~ th, hy h\? viam) ,B-C C-A A-B
Again, (— +—+ —) = Z coSs +2 Z (cos cos )
W, W, W, 2

2 2
cyc cyc
via (1) s% + 4R? + 2Rr + r? ) B—C 1 via>(r)
= ARZ + 1_[ cos > Z B=c 2
cyc cyc COS 2
s2+4R2+2Rr+r2_|_s2+2Rr+r2 1+1+1)
4R? 4R2 '
- s2 + R2 + 2Rr + r? Gerretsen
( 0 < cos <1land analogs) = Rz >

R*+18Rr—4r? 2 ( 9r r?)\" (2R?+9Rr—2r?)?
R? - B 4R*

2R R?
? R ?
& 36t3—89t2 +36t—4>0 (t=;>@(t—Z)(Z7t2+9t(t—2)+t+2)20
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Ewer  h, h, h, 9r r?
Struevt > 20—+ —+-—S> 1+———2andso
W, W, W, 2R R

r\ h, h, h.
+R-—z |22 +2+—2>
l 2 Wa Wp W
I,

1 4 1
1
+ r_c+

V2Rr 1+l 1
Iy

L

Or r
1+ R R v A ABC,” =" iff A ABC is equilateral (QED)

2156. In any A ABC, the following relationship holds :
r h, ,/ h, hb Jh b h,. \/_ 2s?
\/i W we " 3V3rR

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

A B—-C
h, bc 4RcosicosT h, B-C
— =, A s — = COS and analogs — (m)
W, 2R 2bc cos> Wa
N B—-C N B+C ” B C 2s A
OW, COS > cos > = cos > cos > = IR sec >
R ) B-C ( S A A)
cos > ZRsec > sin >
s 2B—C_s2 2A+ ,A st A q ]
cos > = 4st > sin? an2 and analogs
) z ) B—-C s? Z + ¢ A
-~ cos > iRz sec? sin? stan >
cyc cyc cyc cyc
_ s? sz+(4R+r)2+2R—r 4R +r
~ 4R?’ s2 2R R
_ s+ (4R+1)? + 2R(2R—T1) — 4R(4R + 1)
B 4R2
Z ,B—C s? 4+ 4R? 4+ 2Rr + r? o
= = -
cos 2 ARZ n
cyc
h,../h, hy./hy h./h,via@m) B-C CBS
We have : —2¥—2 4 bV b | ZerV e MO z (cos .w/ha) <
w, Wy W, 2

cyc

B-C |1 via(m) [s2+ 4R2 + 2Rr + r? sz+4Rr+r2 7 2s?
Z cos? ) —Z ab =
2 2R 4R2 2R 3\/ R

cyc cyc
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& 32Rs* > 27r(s? + 4R? + 2Rr + r2)(s? + 4Rr + r?)
& (32R—27r)s* — r(108R2 + 162Rr + 54r?)s?

—27r%(16R3 + 12R?r + 6Rr? + r3)0 and - (32R — 27r)(s? — 16Rr + 5r?)?
0

Gerretsen . . .
> 0 - in order to prove (1), it suffices to prove :

LHS of (1) > (32R — 27r)(s? — 16Rr + 5r?)2

©)
& (458R? — 673Rr + 108r?)s? r(4312R3 — 5854R?r + 2641Rr? — 324r3)
Gerretsen

Now, LHS of (2) (458R? — 673Rr + 108r2)(16Rr — 5r2) >
r(4312R3 — 5854R?r + 2641Rr? — 324r3) & 75413 — 1801t% + 613t— 54 > 0

Euler

o (t—2)(754t% — 293t+27)>0—>true t > 2=2) =@ istrue
h1/ahb,/bh\/_ 2s2
wc 3\/_R

g, BB , B & b F Lyt (acke)
W cyc \/_ Wa vV chc ’chc wa

(Zeyeha)-/Zeycha 2 3Vé6r o (s2+ 4Rr +r?)3 2 s2.54r?
> 5 >
chc S(S - a) \/ﬁ SR R

& (s?+4Rr +r?)3|> 432R2
®

) ?
Now, (s? + 4Rr + r?)? > 24Rrs? © s* — (16Rr — 2r?)s? + r?(4R + r)? >0

O]
Gerretsen '
Wehave : LHSof i) > —3r?s2+r2(4R+r)? =r?((4R +r)%? — 3s?)
Doucet or Trucht
> 0 = (i) is true = (s? + 4Rr + r?)? > 24Rrs? - (a)
Also,s? + 4Rr + r? = 18Rr + s? — 14Rr + r?

Gerretsen
and

Euler
= 18Rr +s2 —16Rr+5r2+ 2r(R—2r) > 18Rr=s?+4Rr+r? > 18Rr
h,./h, hy./h, h./h, 3Vér
> (b) ~ (a)+(b) = (3 is true - “w a, bVTb  TevVey
a

Wi, w,  +R
3veér h,../h 2s2
< X2 < vV A ABC,” =" iff A ABC is equilateral (QED)
VR NG 3V/3r.R

and so,
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2157. In any A ABC, the following relationship holds :
4p?rd (2R —r—2/RR - 2r))
RZ
Proposed by Dang Ngoc Minh-Vietnam

p?r (2R — 1+ 2J/R(R = 21) ) 2 mwyh,r, >

Solution by Soumava Chakraborty-Kolkata-India
We shall first prove that : m, < 2R—r + 2.,/R(R— 2r) V A ABC

- A ?
[Case 1]A is acute and then : m, < ZRCOSZES 2R-r+2.,/R(R-2r) &

B-C
2

? A
2Rs? — 2Rs(c —s) + 2R. \/1 —4sc+4s2>0 (c = cos and s = sinE)

& /1 — 4sc + 4s? sc — 2s? which is trivially true if sc — 2s%? < 0 and
®

so, we now focus on the scenario when : sc — 2s? > 0 and then :

?
(1) © 1 — 4sc + 4s? > s?c? + 4s* —4cs® and < ¢ < 1 - in order to prove (2),
@

?
it suffices to prove : 1 — 4sc + 4s? > s? + 4s* — 4¢s3

) 7
& 1—s?+4s2(1 - s2) —4sc(1 — s2) 20®(1—Sz)(1—450+452)0

A R—-2r?
@coszi. >0-true=> (2)=> Distrue » my, <2R—r+2../R(R—2r)
P |
Case 2|A > — and then : 4m? = 2b? + 2c? — 2a? + a®? = 4bccos A + a? < a?

2
a ? ?
=>m, SistinASRS 2R-r+2.,/RR-2r) ©R-r+2../R(R-2r) >0
— true (strict inequality) . combining both cases,

m, <2R-r+2.,/R(R—2r) VAABC - (m)

We shall now prove that: h, > R+r—+R? —4r2 v A ABC

Now,R2? —4r2 = \/(R—2r)(R+ 2r) = JR(l — 4sc + 4s2)(R+ 4Rs(c — s))

= R.\/(1—4sc+4sz)(1+4s(c— s)) = R.y/1 — 4sc + 4s?
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B—-C _ b+c A A

('.'c=cos 7 =g .sinE>sinE=s).'.ha+\/R2—4r22

?
2R(c2 —s?) +R.{J/1—4sc+4s2>R+r =R+ 2Rs(c—s)

?
& /1 — 4sc + 4s2|>|1 + 2sc — 2¢? and its’s trivially true when 1 + 2sc — 2¢?2
®

< 0 and so we now focus on the scenario when : 1 + 2sc — 2c? > 0 and then :
B e 1—4sc+4s?>(1+2sc—2c?)? & —c* +2¢3s — c?s? + ¢ — 2¢s + 52
>0 —c*(c—95)+(c—s)>0< (c—5s)?2(1—-c?) >0 - true

B—-C
1 > cos?

= (3)istrue ~h, >R+r—+R% —4r2v AABC - (n)

We shall denote the semi — perimeter by "'p" and via Lascu + A — G, m,w,h,r,

via (n)

2 4p’r}(2R-r-2./R(R-2r)
= rbrcraha = I'PZ (R +r—+ RZ — 4-1‘2) = P ( RZ )

& R3 + R%r — 8Rr? + 4r3 > R2.{/R2 — 4r2 — 8r2../R(R — 2r)
? R
ot3+t2-8t+4—t2.Jt2-4+8. tZ—ZtZO(tz;)
27
<:>(t3+t2—8t+4+8. t2—2t) > t4(t2 — 4)
Euler
('.'t3+t2—8t+4=(t—Z)(t2+3t—2) > 0)

?
e (t—2)2t* —7t3 - 22t2 +92t—-8) + 16(t—2)(t2 + 3t — 2).4/t2 -2t >0
t—2
N (128) ((16t2 + 48t —33)(4t— 13)% + 232t + 4553) +

? Euler
16(t—2)(t2+3t—2).Jt2—-2t>0>true~t > 2

4pr® (2R-r - 2./RR - 2r))
RZ

- mawahara

_ via (m) 2bc A rp? ,A
Again,m,w,h,r, < (ZR —r+2.,/R(R— Zr)) b rc 057 2R %€ 3
? 4R?.sinBsin C 2 A
<p’r(2R-r+2./RR-20) B—c < c0s’5

4R?, cos
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? 2A B-C
< cos(B—C) + cosA < 2 cos“—=cos

o 1_2; 2 _ 2
> > c( s“)>c*—s

? ? B-C
ocl-c0)+s’2(1-c)=20 (1—-c)(c+s?)>0-true~ 1> cos

s~ mgwgh,r, p’r (ZR -r+2.,/R(R- Zr)) and so,

4p2r3 (ZR —r—2.JRR— 2r))
RZ
v A ABC,” =" iff A ABC is equilateral (QED)
2158. In any A ABC, the following relationship holds :

p?r (2R —r+2./RR = 21) ) 2 mwoh,r, >

R S r 12r
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

We shall first prove that : w, <R +r + /R(R—2r) Vv AABC
2bc A 4R?(cos(B — C) + cos A). cosé

2
w, = .COS— = —
b+c z 4Rcosécosu
2 2
R (2 cos? = —1+1—2sin2%) 2R(c? — s2) B_C A
= B_C = (c=cos > ands=smE)
cos—; ¢
?
<R+r+R(R-2r)
A/ B-C A
=R+2Rsmi(cos > —smi>+R.\/1—4$c+4$2

s? 2
<:>2c—TS1+Zsc—232+\/1—45c+452

2s? ?
<:>1+Zsc—2c+T—2s2+\/1—4sc+4sz0
©)

252 25% (1 - cos 2 ) d<es:
Now,T—Zszz >0and1—4sc+4s? > 1—4s+ 4s?

cos
2

=(1-2s)?> \/1 — 4sc + 4s2 > |1 — 2s| and so,in order to prove (1),

@
it suffices to prove : 1 + 2sc —2c + |1 —2s[ [>|0
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[Case 1]1 — 2s > 0 and then : LHS of (2) =1+ 2sc—2c+1—2s
=1-c—-c(1-2s)+1-2s=(1-2s)(1-c)+(1-c)=21-c)(1—-s)=0

. A .
Slands=sm5<1:@1strue

[Case 2]1 — 2s < 0 and then : LHS of 2) = 1+ 2sc —2c +2s — 1
c=1
=1-c+c(2s—-1)+2s—-1) > 2s—1)A+c)>0+1-2s<0
= (2) is true (strict inequality) .. combining both cases,
(@) istruevVAABC ~w, <R+r+,/R(R—2r) VAABC - (m)
We shall now prove that : m, < 2R—-r+ 2.,/R(R—2r) VA ABC

_ A ?
[Case 1]A is acute and then : m, < ZRCOSZE <2R-r+2./R(R—2r)

“w €= COos

? ?

& 2Rs? — 2Rs(c—s) + 2R.\/1 — 4sc + 452 > 0 <:>\/1—45c+4525c—252
®

which is trivially true if sc — 2s? < 0 and so, we now focus on the scenario

when : sc — 252 > 0 and then : 3) © 1 — 4sc + 4s? szc2 + 4s* — 4c¢s3 and
@
+ ¢ <1 . in order to prove (4), it suffices to prove :
1—4sc+4s2>s2+4s*—4cs3 o1 —s2+4s2(1—s2)—4sc(1—-s2)=>0
? A R—-2r?
<:>(1—s2)(1—4sc+4sz)0<:>coszi. > 0 - true
=> @) = @ istrue ~ m, < 2R-r + 2.,/R(R — 2r)

W
[Case 2]A > > and then : 4m?2 = 2b% + 2¢? — 2a? + a? = 4bccos A + a? < a?

) ?
>m,<-=RsinA<R<2R-r+2../RR-2r) o R-r+2.,/R(R-2r) =0

a
2
— true (strict inequality) . combining both cases,
m, <2R-r+2../R(R—2r) VAABC - (n)
m W, h m Wi w.. via (m) and (n)
Wehave: —*+ 24 <24 24 ¢ <
R S r R S r

Euler

d
2R-r+2JRR—20) R+r+ RR-2r) R+r+ /RER-2D) Mit%ovic
R S r -
2R-r+2.,/R(R—2r) + 2R+ 2r + 2. R(R—Zr)+\/§(R+l‘+\/R(R—21‘))

2r 9r
(36 +2v3) (R+RR=20)) + (9 +2V3)r » (27 +2v3) (R+/RR—2D))
= <
18r o 12r

& (81+6V3 — 72— 4V3) (R +/R(R - Zr)) > 2r(9 + 2v3)
@(9+2\/§)(R+ R(R—Zr))éZr(9+z\/§)<=R—2r+ RR—21) = 0
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Euler m, w, hc < (27 + 2\/§) (R + R(R - 21‘))

t +R > 2re.—+—+4+—
- true = r R+s+r_ 12r

v A ABC,” =" iff A ABC is equilateral (QED)

2159. In AABC the following relationship holds:

X
wir, + wir, + wir, < 35 (E)

Proposed by Kostantinos Geronikolas-Greece
Solution by Tapas Das-India

Wa</s(s—a) F
wir, < s(s — s(s—a _a=Fs\/§ Vs—a

CBS

Wir, + wiry + wir, = Z wir, < Fs\/s Z Vs—a <

Euler & Mitrinovic

< rs*J/s\3(s—a+s—b+s—c)=rs*V3 <
R 27 33 R\*
R
<5 TR RV3=3 >

Equality holds for an equilateral triangle.

2160. In AABC the following relationship holds:

6SZ /E+ /r_a Sg
T, h, T

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Mo jz IER)'T (EmEs)

AR 1 Euler 9R 9R2 Euler 9R2 3R
( +r)— 2r - |2Rr = @2 " 2r
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Ta CBS 1 AR 1 Eu<ler 9R 9R?2 Eu<ler 9R?2 3R
2. i Zh—)— @R+DT = |27 2R = |2 " 2r

B 2t
()

Equality holds fora=b = c.

2161. In AABC the following relationship holds:

z r _ 3
ro(s? +12) " 2s

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

SEtri=rarptrpretr g tri=(rg+ry)r, +r,) (1)

1 @ 1 B X(rq +75) _
Z s2 + rczl - z (ra + rb)(ra + rc) B (ra + rb)(ra + rc)(rb + rc) B

B 2)r, 2(4R +71) 2(4R+r)
C Cr)Cr,ry) — 1, “(4R+1)s®2 —s’r _ 4Rs?

2 r~\ Euler 2 1
4s2(4+§) = 42<4+_) 42()

Z a(sz+r2) \/_Z\/i/sz+r2

N [N

Equality holds fora=b =c
2162. In AABC the following relationship holds:
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4r
Z /—+1 <+v21
ra

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

= SN
< YT )

Equality holds for an equilateral triangle
2163. In AABC the following relationship holds:

4r
z —+1<+v21
hq

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Y frer=X oo Y [ B(EE)-
= js<w+s>=js<%+s>=m

Equality holds for an equilateral triangle

2164. In AABC the following relationship holds:

sm
2w, ®

w, sm

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
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2 2
. A 2
sm sin 7 1 c-s /1 1 1
) F i) » il = Gotated) 2
W, sm Wa W, siny Wa Wp W

2
wasmg ;1 1 1\2¢Bs [ (14+1+1)% \ Gotman1r [ 9 4
= (— +—+ —) > > | =—
m, m, m m, + my, + m, 9R R?

Equality holds for an equilateral triangle.

2165. In AABC the following relationship holds:
3Rs\?

2431r* < Wir, + wirp, + wir, < (T)

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Wa</s(s—a) F
wir, < s(s — s(s—a _a=Fs\/§ Vs—a

cas
Wir, + wir, + wir, = Z wir, < Fs\/s Z Vs—a

Euler & Mitrinovic R 3\/_ 3Rs 2
< rs?Vs/3(s—a+s—b+s—c)=rs*/3 < ES— \/§:<T)
2
GM-HM 3
W Wpw, = hahbhc = 1 1 1 = (3T)3 =27r3
h, "h, TR,

3 3 5. AM-GM s
Wolg +wyry + Wiry = 3wwpW, i/ 1arpre =

Mitrinovic
>3.27r3%Ys2r > 811332713 = 243r*

Equality holds for an equilateral triangle.

2166. In AABC the following relationship holds:
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A A
t2—> 32 t—
zCO 2 \/— CcO 2

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

2 1 4R+r)_

,A s? ) 1 1 )
Voot 35 - ((T) -2 X k) o (a2 2%
2 rs rq raTp r ser

s2 — 8Rr — 212 Gerr;tsen 16Rr — 51r%2 — 8Rr — 212

r2 r?2

_ 8R _ 9R 4 7R 7>

T or T 2r  2r -
Euler 9R 9R Mitrinovic 9 2§ S A
> —47-7T=—— > ———=+3-= 32 t=
2r + 2r 2r3+/3 \/_r V3 ) co 2

Equality holds for an equilateral triangle.
2167. In AABC the following relationship holds:
r:2+712+1r2>m2 +ms +m?+2(R? - 41?)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

2 3
r2+ri+r2= (Zra) - ZZrarb = 2(4R +1)? — 25? zmﬁ = E(SZ — 12 —4Rr)
We need to show: 1% + 1% + 12 > m2 + mi + m? + 2(R? — 4r?)
3
(4R +1)> — 252 > E(s2 — 12 — 4Rr) + 2(R? — 41%)

2(4R +1)? — 4s? > 3(s2 —r?2 — 4Rr) + 4(R? — 41?%)
2(16R? + 8Rr + 1?) — 4s5* > 3(s? — r? — 4Rr) + 4(R? — 41?)

28R% + 28Rr + 2112 > 7s?
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7(4R? + 4Rr + 31r2) > 7s? true (Gerretsen)
Equality holds for an equilateral triangle.
2168. In AABC the following relationship holds:

1
rﬁ+r,2,+r§2m§+m§+m§+1((a—b)2+(b—c)2+(c—a)2)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das

2 3
r2+ri+ri= (Zra) —ZZrarb =2(4R +1)? —ZSZ,Zmﬁ ZE(SZ — 12— 4Rr)

We will show:
2 +71% +12 > m? +mi + m? + 2(R? — 41%) (A)

3
(4R +1)?* — 25% > E(SZ — 12 —4Rr) + 2(R? — 41?)

2(4R +1)% —4s?> > 3(s> —r?2 — 4Rr) + 4(R? — 41?)
2(16R? + 8Rr + 1?) — 4s5%* > 3(s? — r? — 4Rr) + 4(R? — 41?)

28R? + 28Rr + 21r? > 7s? or, 7(4R? + 4Rr + 3r?) > 7s? true (Gerretsen)

1((a—b)z+(b—c)2+(c—a)2)=%(a2+b2+cz—ab—bc—ca)

4
(Gerretsen)

1 1
=_—(2s2—2r2—8Rr —s* —r%2 —4Rr) = E(s2 — 12Rr — 31?) <

2
1 Euler
< E(4R2 + 4Rr + 312 — 12Rr — 31%) = 2(R?> —2Rr) < 2(R?—-41%) (B)

From (A)&(B) we get:
1
r2+r2+1r2>m2 +mi+m? +Z((a—b)2+(b—c)2+(c—a)2)

Equality holds for an equilateral triangle.
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2169.

In any A ABC, the following relationship holds :

. C
N LS, 2R —r
m, my, m,  |R(9R? — 8Rr + 4r?)

. A B
Sln2 Sln2

Proposed by Nguyen Minh Tho-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

B+ C B-C
A 2 sin 5 C0S—
Z(asm ) 4Rz<sm —COS ) RZ 2 sin? — B—C >

cye cyc cye cos—

0< cosE <1 and analogs

2 _B+C B-C
> RZ (1—cosA)(251n > cos > ) =

cyc

= RZ((l — cosA)(sinB + sin()) =

cyc

= RZ(sinB +sinC) — RZ cosA(Z sinA — sinA)

cyc .cyc cyc

:ZR%_R.<zcosA><zsinA>+§.zsim:

cyc cyc cyc

_ 5 R(R+r>(s)+2R4Rrs_2 rs_l_rs:> ( _A)> d
= 2s R R FTE s—s RTR asm2 > s and so,
cyc
. A . B . C ) . A
sin; sinsy  sing Panaitopol asiny s 1:? 2R—r
+ + > 2o—=o2
m, m;, m, Rs Rs R R(9R? — 8Rr + 4r?)
cyc
? ?
©R*-4Rr+4r’>0 (R-2r)?>0-
. . . C
siny siny s1n7>2 2R—r v A ABC
t
rue m, * m, + m,  _|R(9R? — 8Rr + 4r2)

" =" iff A ABC is equilateral (QED)
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2170. In any A ABC, the following relationship holds :

a’+b% +c? s, Sh S, 9R

S—.mp+—.m+—.m; < ——
2R . P hy h, *~ 2

Proposed by Tapas Das-India
Solution by Soumava Chakraborty-Kolkata-India

Sa Sp Sc Z 2bc m,m, Z m,m,,
—.m,+—m.+—.m, = . =4R
h, ° h, ¢ h., ¢ b2 + c2 (bc) b2 + c2
cyc CYC
Sa Sp Se¢ z m mb
o—.my+—.m.+— S (:) <
h, ™ T h, MeTh, M= 21z 8 -~

cyc

< 2 and indeed, Z

We shall now prove that : Z

cyc

mi +mZ ~ m + m2
cyc

b A-G b
4.2—“ < 4.2 ‘ Zb—Z _Zoed
Ycyc % + 3a?
cyc cyc 2a. |3 chc a 3 chc a cyc 3 ZCYC a
ab

2m, 2m, 2m,
< 2 on a triangle with sides

< 2 and implementing Z

m; + mZ 373’3
cyc
: . : abc
whose medians as a consequence of trivial calculations = 227 we get :
m,m
g MMy Z m,m, 9 Sa Sp Sc 9R
<23 ) —— = t — —. <=
Z(b2+c2)_ bz sz Sg = Distrue = ““”thm”Lhc Ma =3
cyc 4 cyc
d Sq + Sb 4 Se Sc Z Tere>shm b2 + c? a2 +b? + ¢2
an ha'mb hb.mc b, .m, = m, 2> AR - >R
cyc cyc
a’ + b? + c? Sa Sh Sc 9R
andso,T < h .my, +hb m°+hc m, S7 vV A ABC,

" =" iff A ABC is equilateral (QED)

2171. In AABC the following relationship holds:

1
cot™ 5 cot™ g cot™ % 3%
+ + > ,NMEN
a b c R

Proposed by Zaza Mzhavanadze-Georgia
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Solution by Tapas Das-India

Euler & Mitrinovic R 3\/

abc = 4Rrs < 4R ET = 3vV3R3 and

A s Mitrinovic 3
ncot— — > 3V3=32

3 -1 1
cot";l cotng cotn & 2 Am=GH / H COt 33 zn 337 372
Tt R R

Equality holds fora=b = c.

NIW

2172. In AABC the following relationship holds:

3 3
(r3+7r3) (ri+713) @3+13)3 > 32(31)°
sinZ A4 sin? B sin2C

Proposed by Zaza Mzhavanadze-Georgia
Solution by Tapas Das-India

AM-GM Mitrinovic
Z 3 > 3r ryr.=3s*r >  3.27r3=81r3 (1)

. Jemsen A4+ B+ (C . m 3V3
ZSIHA < 381nT=351n—=—(2)

3

3 3 3

(ri+r3) (r3+rd) @E+1d)3 (r3 +713)" Radon

— t— t+—= = E — >
sin“ A4 sin“ B sin< C

sinZ A
2yr3)s (1)i(2) (81133 32r92312
= : 2 = 2= 3
(X sinA) <3\/§ > 3
2

= 32(3r)°

Equality holds fora=b =c
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2173. In any A ABC, the following relationship holds :

1 1 1 1
—+—]h, | <£3V3 < z (— —)
Z((b+c) a> V3 <b+cr“>
cyc cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

¥ (G2)e) -2 (223 =(;§)(;ra)—;%

cyc cyc cyc

_ (s +4Rr +r?)(4R + 1) z stan

4Rrs cyc 4R tan> cos2 5

B (s +4Rr+r?)(4R+r) s s?+ (4R+ r)2 3 4Rs?
B 4Rrs 4R’ s2 " 4Rrs

-3 (3 2)n) =30

vow (5 )m) =32 (Coe) 6R) = 2= 2 (v =

Mitrinovic Mitrinovic § @®s 1 1
< 33 < rv"l: - andso, Z((—+E)ha> <33

b
cyc
1 1
< Z ((B + c) ) v AABC,” =" iff A ABC is equilateral (QED)
cyc
4
2174. In the acute AABC,k = ﬁ(67:£+441) .Prove that :

1 1 1 k

+ + <
s—R R—-r s—r  .\F
Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

s—1r=+s2—r? ”;éwm /3\/§sr— /%z(&@—l) ’%
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Mitrir_‘wvic 2s S Mttrmovu‘
R—r > ——1r=2 r2
3V3 27 3\/_ 3\/_

R Walker \/
s—R=\/§<\/§——> S \/_( 2R% + 8Rr + 312 — )
Vs V2R? + 8Rr + 312
R
=+VF.f|—
VES(7)
X
where f(x) = \/2x2 + 8x + 3 — < ,x = 0. Itis easy to find that
V2x2+8x+3
) (x+2)V2x2+8x+3— (x2+6x+3)
f(x) = )
V2x2+8x+3

x¥+4x3 +x2+8x+3
_ >0,

V2x2 +8x+3 ((x+ 2)V2x2 +8x + 3 + a2 + 6x + 3

Euler
=>s—R>f(>\/_>f(2)\/_ (3vV3 - z)f

Therefore

1 1 1 Y33 BB V33 k
s—R R-r s-r~ (3Yy3-2)VF F " (3y3-1)VF +F

Equality holds iff AABC is equilateral.

2175. In any A ABC, the following relationship holds :

4\/2Rsr1_[w/ma —h,>|(a-—b)(b—-c)(c—a)| = 4R\/?1—[w/wa —h,

cyc cyc
Proposed by Dang Ngoc Minh-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

1
mZmim? = a(sz + 2c? — a?)(2c? + 2a? — b?)(2a? + 2b? — c?)

1
=21 (—42 a®+6 (Z a*b? + z a2b4> + 3a2b2c2> - (1)

cyc cyc cyc
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3
z at = (Z a2> — 3(a2+b2)(b? + c2)(c? + a?)

cyc

3
= Zaz + 3a?b?c? -3 Zaz b? Zaz
cyc cyc cyc

"y b= (Z a2>3 +3a%b?c? 3 (Z a? bZ) (Z a2> - (2)

cyc cyc cyc cyc

and,z a*b? + Z a’b* = (Z a? b2> (Z a2> — 3a’b%c? - (3)

cyc cyc cyc cyc

~(1),(2),(3) > m2mim? =

3
/ 4 Z a? | —12a*b*c? +12 Z a’ b? \
I cyc cyc cyc I
64| |
\ +6( » a?b? Z — 18a?b?c? + 3a*b?c? /
cyc cyc
3
1

=zl 4 (Z a2> +18 (Z a? b2> (Z — 27a*b?c?

cyc cyc cyc
—32(s? —4Rr —r?)3 + 36(s%? — 4Rr — r?)(s? + 4Rr +12)2 — 576Rrs?(s?> — 4Rr — r?)
—432R?r?
64
= mZmZm? =
s® — s*(12Rr — 33r?) — s2(60R?*r? + 120Rr3 + 33r*) - r}(4R +r)3 L (m)
16

Now,( 4.VZRsr. | [ /m, =B, | =32r Hm‘z‘_h‘z‘>
ow,| 4. ST. m,—h,| = ST. ———

cyc cyc

4Rsr <(b — ¢)? N s(s—a)(b— c)2>

mambm ' 4 a?
cyc
4Rsr
v [o-or [ Jo-or
 m,mym, 64. 16R21'Zs2 1_[( o) (b—c) (b—c)
cyc cyc cyc
via (m)

& s(s? + 2Rr +r?)? é 64Rr| [m, & s2(s?+2Rr+r?)*>
cyc

256R%r%(s® — s*(12Rr — 33r?) — s2(60R?*r? + 120Rr? + 33r*) — r3(4R +r)3)
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& s?(s? + 2Rr + r?)*
—256R?*r?(s® — s*(12Rr — 33r?) — s2(60R?r? + 120Rr3 + 33r*) —r3(4R +r)3)

O and = P = (s — 16Rr + 5r2)° + (88Rr — 21r?)(s? — 16Rr + 5r2)*
()

+8r2(355R? — 185Rr + 22r?)(s? — 16Rr + 5r%)3
+8r3(5652R3 — 5463R?*r + 1164Rr? — 92r3)(s? — 16Rr + 5r%)?
+16r*(24705R* — 37890R3r + 14868R?*r? — 1624Rr3 + 96r*)(s2 — 16Rr + 5r?)

Gerretsen . . .
> 0 . inorder to prove (%), it suffices to prove : LHS of (x) > P

R
& 104976t° — 203877t* + 129384t3 — 28152t% + 1696t — 80 > 0 (t = ;) &
(t—2)(104976t* + 6075t3 + 141534t + 254916t + 511528) + 1022976 > 0

Euler
— true (strict inequality) ~t > 2 = (x)istrue

4.\/2Rsr.1_[,/ma —h, = [(@a=b)(b—-c)(c—a)l

cy
2

wZ _ hZ
Again, | 4R.VT. ﬂ*”Wa —h, | =16R>r. nu <
w, +h,

cyc cyc
2R%r s(s—a)(b—c)?> s(s—a)(b-c)?
h,hyh,’ a? (b + c)?
cyc

2R3r Hcyc(4’sz(s - a)Z)
- _ . | |(b —¢)?
2r2s2 16R2r2?s?. [ y(b + ¢)2

cyc

R3 64s°. rts? ?
.H(b —-0)? < H(b —¢)?

" rs?’ 16R?r2s2,4s2(s2 + 2Rr + r2)2

cyc cyc
?
& (s? + 2Rr +r?)? |>|Rrs? - true (strict inequality) - s> + 2Rr + r? > s? Rr

4R.\/F.l_[,/wa —h, < |(a=b)(b-c)(c— a)| and so,

cyc

4.\/2Rsr.l_[1/ma —h,>|(a-b)(b-c)(c—a)| > 4R.\/F.l_[,/wa —h,

cyc cyc

v A ABC,” =" iff A ABC is isosceles (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
We will prove that

aZ (Wa - ha)

Js(s—a)

2a(m, —h,) > (b—c)? > (1)
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We have

2a(m, — h)S (b—¢)? © 2am, > 4F + (b — c)?
o a’?(2b?> +2c¢> —a?*) > 16F? +8F(b—c¢)? + (b—¢)*
& a?(2b? + 2¢% — a?) — 2(a?b? + b*c? + c*a?) + (a* + b* + ¢*) >
>8F(b—c)*+ (b—c)*

& b?>=c?)?2>8Fb-c)?’+b-0c)*<=4b—-0c)*(bc—-2F)>0
& 4(b —c)*bc(1 —sinA) > 0,

which is true. So the proof of the left side of inequality (1) is complete.

a*(w, —h,) 2vbc 2/(s—b)(s—c¢)
(b—C)ZZW@(b—C)ZZ(lZ(b_I_C— a )

4a’bc — (b + ¢)?[a? — (b — ¢)?]

o ((b-c0)?>a
2(b + ) (avbc + (b + )5 = b)(s - ©))

. a.4s(s — a)
=

“2(b+0)(avbc+ (b+ )5 -b)s—0))

which is true because b+ c=s+ (s —a) > 2,/s(s — a),
bc=s(s—a)+(s—b)(s—c) =s(s—a).
So the proof of the right side of inequality (1) is complete.

Using the inequality (1), we have

V2a.fm, —h, = l(a-b)(b-)(c—a)| = | | JWo — Iy
1;[ 1;[#5(5—(1)
= 4\/2Rsr.l_[\/ma —h,=>|(a-b)(b—c)(c—a)| = 4R\/F.l_[1/wa —h,,

cyc cyc

as desired. Equality holds iff AABC is isosceles.
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2176. In any AABC the following relationship holds :

R m m m 3(R—2r
3 VI e My e g 3 )
VZr - wg,  wp w, 2(13R — 2r)

Proposed by Dang Ngoc Minh-Vietnam

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

ﬂ_z (b+c)ym, Cgsl\[z(b+c)zz m,?
-2 bc Lus(s—a)

o Wq e 2./ bc.s(s—a) Y By
with
Z (b+0)? Yycalb+c)?  2s(s?+71?+ 10Rr) Gmg”" 4R? + 14Rr + 412
bc abc B 4Rrs - 2Rr
cyc
m,> 262 +c®)—-a* 1 2(a? + b? + ¢?) — 3s?
Z a zz ( ) =_Z ( ) +3G+a) =
s(s—a) 4s(s — a) 4s s—a
cyc cyc cyc
1 [([2(a? + b* +c*) —3s*](4R + 1
=_<[( ) - 357]( )+155>
4s sr
1 /(s> —41r> - 16Rr)(4R + 1
= <( X ) + 155) =
4s ST
_Rt4ar (4R+7)? OB R ar 2QR-1)  R* 4217
r s2 = r R "~ Rr
then
m R? + 2r2)(2R? + 7Rr + 212) . R
1< \/( ) ) <3-V2+—
W, 2Rr V2r
cyc
ST (R — 21)(3(4V2 — 5)R? + 8Rr + 21?%)
= =0
4R%r
which is true and the proof of the left side of the desired inequality is complete.
Z my N MaWa Z ss—a) o b+o)? Xyeab+ c)?
w, w2 = w2 4bc 4abc
cyc cyc cyc cyc
_ 2s(s®> + 12 + 10Rr)
B 16Rrs
Gerretsen 26 Ry — 412 R — 2r Fuler 3(R — 2r)
S =34+ S P
8Rr 4R 2(13R —21)

So the proof is complete. Equality holds iff AABC is equilateral.
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2177. In any A ABC, the following relationship holds :

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

A

Let AS produced meet BC at X and m(£BAX) = a and m(5CAX) = B (say)
and inradius of A DEF =r'(say)

Now, 16[DEF]? = zZ( ><b2> z == 16 z a2b? — Z 16r2s2

a b c
rs (ztz2T32 rs , T
= [DEF] = =1 | &—5—=|=F=r =5

4

. . . C 2B+C B+m-—A
- Spieker center is incenter of A DEF, .. m(4AFS) = B + 2 = > = >

m A-—B B m A-C

:E— 2 andm(AAES):C+E=E—T—>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :

2 2
r c 2r C A—-B
2 _ _ -
AS —412(: ( _ >( )sm

nS
2
2
= sm
451n2 2sin ]23
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2 A—-B r? b?

®] r? c 2r c
_ 2as2 (2] et T c|G)sin——+—F+7
4sin? 5 Zsini 4sin2 5

A-C
2

2r b\ .
(E) sin

Zsini
N 2r (c) . A—B+ 2r (b) . A-C
ow, —)sin — | sin
Zsin% 2 2 ZSing 2 2
_r(4R C . A_B+4R B . A—C)
=3 coszsm coszsm >
A+B . A-B .A+C  A-C
+ 2sin sin )

=Rr<251n > sin > > >

B C A
_  9ein? o D Y  9ein2t
Rr<1 2sin 2+1 2sin > 2(1 2sin 2))

<2a(s —b)(s—c)—-b(s—c)(s—a)—c(s—a)(s — b))
= 2Rr
abc

Rr (2a® + (b + ©)a? — 2a(b? + ¢%) — (b + ¢)(b — ¢©)?)

- 8Rrs
— a)sin2A _ _9sin2A
4(b+c)bcsin2%—2a.2bccosA bc<(Zs a)sin 2 a(l 2sin 2)

8s 2s
be( (2s + a)sin? A_ a
2 2s+a)(s—b)(s—c)
- = — 2Rr
ZS ZS
N 2r (C) . A-B 2r (b) A-C
- —)sin - —)sin
Zsing 2 2 Zsin% 2 2
®|—-2s+a)(is—b)(s—c
( X X )+ 2Rr
2s
A . 1'2 n 1‘2 rz( ca N ab )
ain, -
s 4sinzg 4sin2% 4\(s—c)(s—a) (s—a)(s—Db)
2 ) )
r ab + ca G| T r
= a7 (ca(s—b) + ab(s —¢)) = 4~ 2Rrl= 5+ .
e 4sin27 4sin27

b?+c2+ab+ca (2s+a)(s—b)(s—c)

(D), (%), (x+) = 2AS? = 1 P
_(a+b+c)(b2+c2+ab+ca)—(2a+b+c)(c+a—b)(a+b—c)

8s
3463 2 2 _ g2 —~Th3 4+ 3 — 2
:b +¢3 —abc+a(2b?+2c?2—a )=>2ASZb + ¢ — abc + a(4m2)

4s 4s
r AS cAS

2sin C si A-—B
singsina  cos—;

Via sine law on A AFS,

(a+ b)sin%
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(***) r(a + b) (****) r(a + C)

= csina = 2AS and via sine lalw onA AES,:)sinB = 2AS
Now, [BAX] + [BAX] = [ABC] = Epucsina + EpabsinB =rs
via (xxx) and (xxxx) pa(a +b+a+ c) 4s A
= = = =
4AS ST PaT 55t a
,via 16s? b3 +c® —abc+ a(4m?)
= = .
Pa (2s + a)? 8s
Q) 2s
R 3 3 2
“ Pa ! m(b + c® —abc+ a(4ma))

Now, b3 + ¢3 — abc + a(4m2) = b? + 3 — abc + a(2b? + 2¢% — a?)
= (b + ¢)(b? — bc + ¢2) + a(b? — bc + ¢2) + a(b? + ¢ — a?)
= 2s(b% —bc + c%) + a(b? — bc + % + bc — a?)
(b+¢c)2—(b-rc)?
Z _
alb+c+2a)lb+c—2a) a(b-c)?

aZ

= (Zs+a)(b2—bc+c2)+a<

=(2s+a)(b?—bc+c?) +

4 4
a2s—a+2a)(b+c—2a) a(b-c)?

= (2s+a)(b?—bc+c?) +
4 4
4b% + 4c?> —4bc+a(b+c—2a) a(b - c)?

= (2s+ a). 2 2
= (2s+ a).
4z+x)?+4(x+y)? -4+ 0)x+y)++2)(Z+x) + (x+y) —2(y+12))
4
_a(b—c)Z

(a=y+zb=z+x,c=x+Yy)

_ )2 _ o2
:(Zs+a).4x(x+}’+z)+2x(y+z)+3(y z2? a(b-oc)

4
a(s—a)\ a(b—-c)?
2 4

- - — )2
:(Zs+a)<s(s—a)+%(b_c)2+a(52 a) _(a+ZS is)(b c)

2 B 2
= (Zs+a)<s(s_a)+(b ZC) +a(52 a)>+s(b2 )

D) s—a)2s+a) (b—0)?\ s(b-o0)?
~ b3+ c® —abc+ a(4m?) | = (Zs+a)<( ); )+( 2) + ( 5 )

_ 2 _ M2 2
2s ((s a)(2s+ a) +(Zs+a)(b c) +s(b c)

= (Zs+a)<s(s—a)+%(b—c)2+

(.09 = P = Goay 2 2 2

s 2 S 1 1
— — - 2 1 4
=s(s—a)+ (-0 <(25+a) Tosta 2 4)

b — ¢)? 1\2
—s(s—a)— 4c) + -0 (5o +5)
(b—0o)?

(4s + a)?
=s(s—a)+ 2 <(Zs+a)2_ )
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L 2| ( )+s(35+a)(b—c)2
Pal = IS5~ 4 (2s + a)?

? (b — c)z via (eee)
Now,mgn, > p2 + 18 o

(b —c)? s(b —¢)?)\ ? s(3s+ a)(b —¢)?
<s(s—a)+ 4 ><S(S_ @) + T) ((S_ @)+ (2s + a)? )

(b—0c)* (b-c)? s(3s+ a)(b —c)?
TT322 T o '<S(S_a)+ 2s + a)? )
s s(b—-c)* ? s2(3s+ a)?(b—c)*
= sis—a)b-c)? <E+Z)+ 4a = (2s+a)*
sBs+a)b-—c)? (b—oc)* (b-c)? sBs+a)b-c)*
@staZ 328 TV Tt T oGs a2
s 1 2sBBs+a)b-c)? 1
‘:’S(S_“)<E+Z_ (2s + a)? _§>+
s s?(3s+a)? 1 s(3s+a) r
(R_ 2s+a)* _324_9(Zs+a)2>(b_c)2 20(v (b-0?*20)
s(s — a)(144s® — 52s%a — 16sa? + 5a3)
PN
36a(Zs+ a)?

2

1

2s(s — a).

12965 —772s*a — 608s3a? + 48s%a3 + 37sa* — a® ?
.(b=0c)?=>0
324a(2s + a)*
s(s—a) ((s — a)(144s% + 92sa + 76a?) + 81a3)
S +

36a(2s + a)?
(s — @) ((s — a)(1296s + 1820s%a + 1736sa? + 1700a°) + 1701a* )

b — 2
324a(2s + a)* (b —c)
? . . . 2 (b - C)Z 2 Pa
> 0 - true (strictinequality) - m,n, > p; + ———— = pg :> 2>
18 Pa N4

Finally, an?.ag? > a%*s*(s — a)? ©
— 2(q —
(bz(s —c)+c%(s—=b)—a(s—b)(s— c))( Hs—b) +c*(s c)) > a’s%(s — a)?
—a(s—b)(s—c¢)
Lets—a=x,s—b=yands—c=z-.s=x+y+z>a=y+z,
b=z+xandc=x+y
Via such substitutions, (a)
(z(z +x)?+y(x+y)? —yz(y + z)) (y(z +x)?+z(x+y)? —yz(y + z))
>x%(y +z)%(x +y + z)?
exy?+xz?+yl+zd > 2xyz+yzy+z) ox(y-z)> +(y+z)(y—-2)?%*=>0

n

—>true=>(a)istrue=>nagaZs(s—a)ZWC%:—aZ—aﬁ@
a

Alsomaga2h2=>ga>——>@ @+@+@=>—+— Pa _

h, 9a Ng

&+—+—VAABC”—’ iff A ABC is equilateral (QED)

ha Pa Wgq
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2178. In any A ABC, the following relationship holds :

2r _ m,h, . myh,, . m_.h, _ 2v2R? + 2(3 — 4/2)r?
R~ wgr, wpny Wwere Rr
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

myh, N myhy, N mch, Z m,bc(b + c)
Walq W1 Wl B

— ma(b + C)\/ﬁ\/s_—a _ 1
LR [(s - b)(s —OG-a) 4Rrs.\/§'z(ma' Vbe. (b +©).Vs - a)

1 T f \[Z(bc m2). \[Z((s—a)(b+c)2)

A A
cye 2R.2bc cos 7-Stany

cyc

B 4ers.\/§' %Z be (22‘12 —3a2> -\/Z((S—a)(4sz—4sa+a2))

cyc cyc cyc

~ 4Rrs. Vs.|4 —24Rrs? — 4Rr — r?) — 2s(s? — 6Rr — 3r2)

1 ? 2\/_R2+2(3 44/2)r?
2Rrs Rr

1 (4(s2 4Rr —r2)(s% + 4Rr + rz)) 4s(s2 — 2(4Rr +12)) +
2s(s?

.\/s* — 6Rrs2 — r2(4R + r)2./s2 — 7Rr —
& (s* — 6Rrs? —r?(4R + r)z)(s — 7Rr —r?)

?
4s2 (8(R2 — 4r?)% + 361* + 24V2r3(R? — 4r2))
®

Euler
Now,R%? —4r2 > 0and24v2 > 33 .. RHS of (1) >
52 (8(R2 — 4r?)2 4+ 36r* + 33r2(R? — 4r2))

?
> (s* — 6Rrs? —r2(4R+r)?)(s? — 7Rr — r?)
& 5% — (13Rr + r?)s* — (32R* — 150R?r? + 2Rr3 + 129r%)s?

?
+r3(112R3 + 72R?r + 15Rr? + r3)0
©)

Now, Rouche = s2 — (m —n) > 0 and s? — (m + n) < 0,wherem =
2R%? + 10Rr —r?and n = 2(R — 2r).\/R% — 2Rr
(s2 —(m+ n)) (s2 — (m— n)) <0
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O]
>s*—s22m)+m? —-n?<0=>s*-s?2(4R>+20Rr—-2r>) +r4R+r)3 <0
= P = s?(s* — s?2(4R? + 20Rr — 2r?) + r(4R+1)?) +

via (*)

(4R? + 7Rr — 3r?)(s* —s?(4R?> + 20Rr — 2r?) + r(4R+1r)3) < 0
- in order to prove (2), it suffices to prove : LHS of 2) < P
& (8R* — 22R3r — 111R?r? + 44Rr3 + 62r*)s?

+r(128R5 + 320R*r + 40R%r? — 64R?r® — 22Rr* — 2r5) >0
8R* — 22R3r — 111R?*r? + 44Rr? + 62r* > 0 and then : LHS of 3) >
r(128R5 + 320R*r + 40R%r? — 64R?r® — 22Rr* — 2r%) > 0 (~ R > 2r)
8R* — 22R3r — 111R?r? + 44Rr? + 62r* < 0 and then : LHS of (3)

Gerretsen

(8R* — 22R3r — 111R?r? + 44Rr3 + 62r*)(4R? + 4Rr + 3r?)
?
+r(128R5 + 320R*r + 40R%r? — 64R?r% — 22Rr* — 2r5) > 0

? R
& 32t° + 72t5 — 188t* — 2943 + 27t% + 358t + 184 >0 (t = ;)

o (t— t— t* + 200t3 + 484t% + 842t + + > 0 - true
(t—2)((t—2)(32t* + 200t3 + 48412 + 842t + 1459) + 2826) > 0
Euler

't > 220322 = Q)istrue

~mgh, N myh,, N mch, _ 2v2R? + 2(3 — 4v2)r?

W, I, wb I wc r. Rr
. mgh, myh, mc bc(s —a)
Again, + Z Z A~ 2R Z
Wala wbrb Welc e 4Rs cos? = tan2 5 cye
B s(s? — 8Rr + rz) Gerr;tsen 8R—4r 4 2r d
- ZRrs = TR TR MO
2r _mgh, mpyh, mh, 2V2R?+2(3 — 4V2)r?
4 = S a*tfa + b*'b + c*iC S ( ) A ABC,
R ™ w,r, wpy, W, Rr

" =" iff A ABC is equilateral (QED)

2179. In any A ABC, the following relationship holds :

m?2 m m? R2 +Rr + (3V6 — 6)r?

h\/_a hb\/—b h\/— rvar

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

m? m} m? R2+Rr+(3\/3—6)r2
h, J_a hbﬂ h, J—‘ r.\V2r
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za. a.m? <R2+Rr+(3\/3—6)r2

= <
— 2rs.V2rs r.var
2
a.\/a.mg
e Y —2<R24+Rr+(3V6-6)r2 > (m
Z 2s.4/s ( ) (m)

cyc

NZ”MBH 2, omi |, am
ow a?m? . am
2s.4/s 2s./s “ “

cyc

=4S.1\/§.\[Za2(2b2+2c2—aZ).\[sZa(s—a)+%Za(b2+c2—2bc)

cyc cyc cyc

s(2s2 — 2(s2 — 4Rr — r2))

1
= : 42 a’b? + 16r?sz —2 Z a?b?. | 2s(s? + 4Rr + r2) — 36Rrs
4s./s +
cyc cyc 4

1
= E"/(SZ + 4Rr + r2)% — 16Rrs? + 8r252.\/s2 + 2Rr + 5r2

<R?+Rr+ (3V6 — 6)r?
((s?2 + 4Rr +r?)? — 16Rrs? + 8r%s?)(s? + 2Rr + 5r?)
16s2

(R2 + Rr — 6r2)2 + 54r2 + 6V/6r%(R? + Rr — 612)

®
Euler
Now,R%2 + Rr — 6r2 = (R—2r)(R+3r) > 0and 6V6 > 14 ~ RHSof (1) >
(R? + Rr — 6r?)? + 54r% + 14r?(R? + Rr — 6r?%)
2 ((s? + 4Rr + r?)? — 16Rrs? + 8r?s?)(s? + 2Rr + 5r?)

16s?
& s® — (6Rr — 15r%)s* — r(32R3 + 48R?r + 44Rr? + 45r3)s?

?
+r3(32R3 + 96R?r + 42Rr? + 5r3)0
@

Now, Rouche = s2 — (m —n) > 0 and s? — (m + n) < 0,wherem =
2R%? + 10Rr —r? and n = 2(R — 2r)./R2 — 2Rr
(sz—(m+n))(sz—(m—n))SOz:»s‘*—sz(Zm)+m2—n2 <0

O]
= s*—s2(4R? + 20Rr — 2r?) +r(4R+r)2 < 0
= P = s?(s* — s2(4R? + 20Rr — 2r?) + r4R +r)?) +
(4R? + 14Rr + 13r?)(s* — s2(4R? + 20Rr — 2r?) + r(4R +1)3) +

via (x) and Gerretsen
4r(10R3 + 57R?r + 44Rr? — 18r3)(s? — 4R? — 4Rr — 3r?) <
- in order to prove (2), it suffices to prove : LHS of 2) < P

0
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? R
<=)12t5+2t4—27t3—50t2—14-t+28>0( =;)

? Euler
e (t—-2)(12t* +26t3 +25t2 —14) >0 > true~t > 2= 2)=> ()
- mg_ o mp m? <R2+Rr+(3\/_ 6)r? v A ABC
1S true .. = )
h,.v/h, hy./h, h./h, r.V2r

" =" iff A ABC is equilateral (QED)

2180. In AABC the following relationship holds:

2r 1 1
—< —+ = <
3V3 o< E <b+c)ha_3\/3

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Z(l"‘l)h _Z(l_l_l)bc Z(b 2(a+b+c)
b ¢/ * b 2R 2R
28 Mitrinovic 3\/_R
= — < =
R - 2R 3\/5
Z(l"‘l)h _Z(l_l_l)bc Z(b 2(a+b+c)
b ¢ * b 2R 2R 2R
ZEMitriZnomc 3\/_1' \/__
R R

Equality holds for an equilateral triangle

2181. In any A ABC, the following relationship holds :

3\/§SZ<<%+%)ra>S3\/§-%

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

¥ (G- 2233

Je)-(=

cyc cyc cyc

(ge)- g

82|

RMM-GEOMETRY MARATHON 2101-2200



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

_ (s’ +4Rr +r*)(4R +1) Z stan

4Rrs oc 4Rtan= coszg

_(s2+4Rr+r2)(4R+r) s s2+(4R+r)2_4Rs2 z<(1 1) >

—_— = = —_ —
4Rrs 4R s2 4Rrs b ¢
cyc

S Mitrinovic R 1 1 S Mitrinovic
=- < 3v/3.— and also,z (— + —) r,|=- > 3V3
r 2r b ¢ r
cyc

1 1 R
and so,3\/§SZ (—+—) r, | < 3v3.— Vv A ABC,
b ¢ 2r
cyc

" =" iff A ABC is equilateral (QED)
2182. In AABC the following relationship holds:

1 1 1)15
2

cosA+cosB+cosC+\/§<. + — + —
sin4A sinB sinC

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1 1 1 1
\/g(sinA-l_sinB smC) \/_ZR( b ):

s2 + r2 + 4Rr Gerretsen & Mitrinovic 16RTr — 512 + 1% + 4R7r

=+/3 2R > V3 -
4Rrs 2r3+V/3R
2
_ (20Rr—4r%) 20 4r
N 3Rr 3 R
A+ cosB + C+\/§( I )>1+r+20 r_
cosA T cosb T cos sind 'sinB 'sinC/)= "R'3 R

23 r Euler 23 1 45 15

3 3R - 3 6 6 2

Equality holds for an equilateral triangle.
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2183. In AABC the following relationship holds:

59\/§

¢~ 18
€OS 75 COS 5 COS %

sin4 + sinB + sin C +

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

R Mitrinovic 2s 1 2
Let; =X = —_— =

~ 3V3's 33

We need to show:

At SinB 4 sinC 2 >59\/§
sin4+sinB +sinC + é B C= 18
COSZCOSZCOS2
s+8R 593
°"RT s =18

or,18(8R? + s2) > 59v/3Rs or,
R__
S
144R? — 59v/3Rs + 18s% > 0 or,144x%2 — 59V/3x+ 18 > 0
We take f(x) = 144x% — 59V/3x + 18, f'(x) = 288x — 59v3 > 0
2 2
( as x> —— and 288 - —— — 59v3 = 643 — 59V3 > 0)

3V3 3v3
so f(x) is an increasing function
df( 2 ) 144( 2 )2 59v3. +18 = 64 _118 +18=0
an —) = —) - — =——-— =
3V3 33 \/§ 3 3

We cansay f(x) = f (32—@)

144x* —59V3x + 18 > 0
Equality holds for A = B = C.

or,f(x) = 0or,

2184. In AABC the following relationship holds:

A N B
raSec +rpsecs

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan

In AABC wl >b=>c=> >=2 < <
% —_— —_— —_— % —_— —_— —_—
n wlog a=b=c= 22323 cosz_cosz_cos2

C
+ rcseci > 6V3r
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secé > secE secE (1D
2" 2 2
and azb=c [ro21,271.|(2)
Then,according to Chebyshev's theorem:
A B c 1 A Cc
TaSecy + rysec— > +r, sec2 z3 —(rg+ry+r.) (sec2 + sec + secz)
1 A B C A B S
= §S (tani + tanE + tan2> (1secE + secE + secf) =

et -

([

cyc cyc COS cyc COS cyc
r 1 1 4Rr 1 4-RT 33 1 1EuleT&MﬂlﬂtTanUlCl
= 3s- (;g)3 = 3S(S—2)3 = 3( 2 )3 = 3(4-R1"S)3 >

Wl R

>3(4-2r-r.3V3- r)% -2r-(3V3)3 = 6V3r

A B C
TaSecy + Tpsecs + resecy > 6V3r (Proved)

2185. In AABC the following relationship holds:

B 2(:> 19

A
cosA+cosB+cosC+2<secz—+sec2—+sec —|>—
2 2 2 2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

Letx =cosA,y=cosB,z=cosC
T Euler 3

cosA+cosB+cosC=x+y+z=1+E < 2

A B C A
cosA + cosB +cosC+2(sec25+ sec2§+sec22> = Z(cosA+Zseczi)

D[ cosas g )= 3 (eost raea) =D (1)
= cos —|= cos — | = x
Zcoszg 1+ cosA 1+x

4 (32 - 7x) 3
Lemma: x + = 9 VxE€E (O, E)

1+x
Proof:

9x +9x% +36 >32+32x — 7x — 7x?

16x%> —16x +4 > 0 or, (4x — 2)2 > 0 true
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A
= Z (cosA + 2 sec? E) =

A B C
cosA+ cosB+cosC +2 (sec2 — + sec? — + sec? —)
Do\ eosas—— )= (cosa+esz) =2 (HTrE) 2 0 g
= cos — | = cos — )= x > ) = 7
Zcoszg 1+ cosA

2 2 2
1+x 9

7.3
_96—7(x+y+z)>96—7_192—21_171 19

9 =" 9 18 18 2

1 T
Equality holds for x=y=z=35 orA=B=C=

w|

2186. In any A ABC, the following relationship holds :

W W Wb Wc Wc Wq

R
> 4+/2 4R)2,
N \/— /o Var(r +4R) \/128R4+ 32R%r — 117R%12

Proposed by Nguyen Minh Tho-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

— 52Rr3 — 4r*

Wq Wy Wb W Wc Wq

Z vs—a.(b+c¢)
= W, WpW,. =
Jre \/_ N o \Jrs.2vbe./s(s — a)
8Rr2s Z (b+c)Va.avb+c 4r.VR Z (a(b + c))2
s? 4+ 2Rr + r? \/4Rr2s Jazb+0o) T s? +2Rr+r2 Ja2(® +©)
= . =
s? + 2Rr + r? J2s(s2 + 4Rr + r2) — 12Rrs
4+/2r(r + 4R)? R
"|128R* + 32R3r — 117R2r% — 52Rr3 — 4r*
8Rs(s? + 4Rr +r?)3 2 2R(r + 4R)*
=
(s2 + 2Rr +r2)2,2s(s%2 — 2Rr + r?) = 128R* + 32R3r — 117R?r2 —

52Rr3 — 4r*
© —(192R? + 330R?r + 120Rr? + 9r3)s® +
(2560R° + 256R*r — 3576R%r? — 2270R?r® — 458Rr* — 27r%)s

(13312R6 + 9216R°r — 10336R*r? — 11504R3r3 — 3930R?*r*

)sz +

—556Rr® — 27r°

(18432R7 + 19456R®r — 7552R%r%? — 17120R*r3 — 8624R3r 4) >lo
—1990R?r5 — 218Rr® — 9r’ 5

Now, Rouche = s2 — (m —n) > 0 and s? — (m + n) < 0,wherem =
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2R? + 10Rr —r? and n = 2(R — 2r).4/R% — 2Rr
(sz—(m+n))(sz—(m—n)) <0=>s*-s?2m)+m?-n?<0

= s* — s2(4R? + 20Rr — 2r?) + r(4R +r)3 (s) 0
s* — s2(4R? + 20Rr — 2r2)) -0
+r(4R +r)3 -
and so, in order to prove (1), it suffices to prove : LHS of (1) >
—(192R3 + 330R?r + 120Rr? + 9r3)s?(s* — s2(4R? + 20Rr — 2r?) + r(4R + 1)?)
& (1792R° — 4904R*r — 10272R%r? — 4046R?*r3 — 398Rr* — 9r%)s* +
r(25600R6 + 39552R°%r + 15488R*r? — 1016R3r3 — 1728R2r4) % 4

—328Rr® — 18r°
<(R —21) (18432R6 +56320R°r + 105088R*r? + 193056R3r3)>
r* >0

= —(192R3 + 330R?r + 120Rr? + 9r3)s? (

+377488R?r* + 752986Rr> + 1505754r°

+3011499r’
and it's trivially true if :

Euler
1792R5% — 4904R*r — 10272R3r? — 4046R?r3 — 398Rr* — 9r®> > 0 ( R > 2r)

and so, we now focus on the case when :
1792R> — 4904R*r — 10272R3r? — 4046R?*r3 — 398Rr* — 9r> < 0 and then :
(1792R5 — 4904R*r - 10272R3r2> (s‘* — s*(4R? + 20Rr — ZrZ)) e
—4046R*r3 — 398Rr* — 9r° +r(4R +r)3 -
- in order to prove (2), it suffices to prove : LHS of 2) > 0 &
(896R® + 5228R°r — 12900R*r? — 24541R%*r3 — 7873R?r* — 204Rr® + 36r°)s?

r (14336R7 —30784R°r — 111344R°r%2 — 100188R*r3 — 41341R3r4)
— —8735R?r> — 908Rr® — 36r’
896R° + 5228R>r — 12900R*r2 — 24541R3r3 — 7873R%r* — 204Rr>

Gerretsen

+36r° > 0 and then : LHSof 3) >
(896R6 + 5228R5r — 12900R*r? — 24541R3r3 — 7873R?*r*
—204Rr> + 36r°

?
> RHS of (3) & 54976t° — 60598t — 113984t* + 19039t> + 22418t>
? R
+1252t—-72 >0 (t = F)

o (t—2) ((t —2)(54976t* + 159306t3 + 303336t% + 595159t + 1189710))
+2379456

? Euler
>0-true~t > 2= (3 istrue

896R® + 5228R°r — 12900R*r? — 24541R%r® — 7873R?*r*
Gerretsen

—204Rr5 + 36r® < 0and then: LHSof 3) >
6 54 4.2 3,3 _ 2.4
(896R + 5228R°r 12900R5 246541R 7873R%r )(4R2 +4Rr + 3r2)
—204Rr”® + 36r

?
> RHS of 3) & 1792t® + 5080t7 + 1392t® — 11368t> — 34084t* — 32295t3

) (16Rr — 5r?)
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? R
—7778t% +220t+72>0 ( = ;)

1792t7 + 8664t° + 18720t° + 26072t* + 18060t> + 3825t%) .
e (t-2) >0
- —128t— 36
uler

—true vt > 2= (3)istrue .. combining both cases,3) = 2) = (1) is true
v A ABC - Wawb wac cha

Ve e

R
"3 AR)Z. v A ABC,
V2r(r + 4R) 128R* + 32R3r — 117R?r2 — 52Rr3 — 4r*

" =" iff A ABC is equilateral (QED)

2187. In any A ABC, the following relationship holds :

h, h, h, 2R —r
+ + >4 |—————
Wo Ty WpTp Wey /T R(5R — 2r)

Proposed by Nguyen Minh Tho-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

A B —
h, :bc.4RcosfcosT \/s—a:b+c ) é Vs —a
wa\/r_a 2R.2bccos% Vrs a 2 Vrs
b+ c bc s—a)(s—b)(s—c b+c
_btc be |G-a)s-b)s-0 bte o o
abc +/bc rs 4Rrs
2
h, Vr h,

.Vbe(b + ¢) and analogs = z
cyc Wa\/l'—a

Z (bc(b2 +c? +a? + 2bc — az)) + Z.Z (\/ﬁ Vea. (b + c)(c+ a))

cyc cyc

2(s? —4Rr —r?)(s? + 4Rr + r?) + Z(S2 + 4Rr + r?)? — 32Rrs?

GM—HM 1
= 16R2rs2’ —8Rrs? + 82 ( .(b+c)(c+ a))

cyc

1 (2(52 — 4Rr —r?)(s? + 4Rr +r?) + 2(s? + 4Rr + r?)% — 32Rrsz)

W, /T, ~ 4Rrs

1
16R2rs?’

b+cc+a

~ 16R%rs? —8Rrs? + 8(4Rrs)(2s)
s2 + 10Rr + r? Gerr;tsen 13R —2r ; 16 2R—r R? — 4Rr + 412 ; 0
= S— ————o R%2 -
4R%r = 2R? = ”R(5R-2r) rrar =
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i hb 2R—r
< (R-2r)? > 0 - true - ————— VA ABC,

wa\/_a wb\/_ WC\/_ R(5R — 2r)

" =" iff A ABC is equilateral (QED)

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Z Z (b + c)\/_ Z b + ¢ folder | 4 (chc(b + c))3 3
w \/_ \Jab = 4Rs" Y.ycalb+c)

cyc
4 A 2R — 2r(2R —1)(4R +
_ s 24 r o5 r( T)( r)’
J2R(s2 +r2 +4Rr) R(GR—-2r) R

which is Gerretsen — Blundon inequality.

So the proof is complete. Equality holds iff AABC is equilateral.

2188. In AABC the following relationship holds:

R>2 (a+b+c)((a=b)?+(b-0c)?*+(c—a)?
r= 4abc

Proposed by Nguyen Minh Tho-Vietnam
Solution by Tapas Das-India

(a+b+c)((a—b)?+(b—c)*+ (c—a)?) _, 2(a® +b*+c?—ab—bc—ca) _
4abc - a8 4.4Rrs B

12— 3r2—12Re) “TE L (4R2 4+ 4Rr + 377 — 312 — 12RP)
—ms—r— Tr S m + r+ 3rc— 3rc — Tr) =

1 R
=— 2 _ = — —
4Rr(4R 8Rr) - 2

(a+b+c)((a b)2+ (b —c)? + (c — a)?) 2+B_2_R

4abc r r
Equality holds for an equilateral triangle.
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2189. In AABC the following relationship holds:
R4—

, Va
(1)2@4_\/2 r* _16+zmb+mc

Va R® w
(ii)Z—+—5 > 32 +z—“
Vb++c T Wp + W
Proposed by Nguyen Van Canh-Vietnam
Solution by Tapas Das-India

AM— GM m, CBS 1 Lelbnlz
DY S Y e ) (Y ) S
my + m, 2 mym.

<1J<E ><>ﬁ

<

moymym,

3(4R+1) Doucet 3R 3(4R + 1) and Z Nes;bltt 3
os2r 3r(4R + 1)1 r)r 41' Vb + \/_ -2

We need to show: Z

\/_-|-\/— r4_16+2mb+mc
3 R* - 3R
E + 1‘_4 >16 + E
4R* —3Rr3 —58r* >0
(R — 2r)(4R® + 8R%*r + 16Rr? + 2913) > 0 true (Euler)

AM - HM 1 w w.\ CBS 1 1 \ haswasys(s—a)
(ii) Z < (—a+—a> < -.2 (Zwﬁ) (Z—) <
wp + w, 4 wp, W, 4 w2
1 1 1 Leibniz 3R
SE\/(ZS(S_a))(ZW) 4r\/a2+b2+c < —

2r

We need to show:

Ja
Z@Ta\/z 5 _32+2wb+w

3 + R° = > 32 +
2 4r
4R5 — 3Rr —122r5>0

(R — 2r)(4R* + 8R3r + 16R?*r? + 32Rr3 + 611r*) > 0 true

Equality holds for an equilateral triangle.
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2190. In any AABC the following relationship holds:

a? + b? + c? Sa L Sho S <9R
<—m m, m, < —
2R . P hy h, 2~ 2

Proposed by Tapas Das-India

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

Sa L5 Sp LS S¢ Sa 2bcm, 4Rz
—m m m, = —my, =
he " h, ke * h, ° b2 +c2 2F ™ b2+c2
cyc cyc cyc
Terghi" 4RZ (b* + c®)(c* +a®) a®+b*+c?
B 16R2(b2% + c2) 2R
cyc
Sa il Sp N Sc 4RZ m,m, 24 a2 + b2 + sza
—m m —m, = = m
ha " T hy T he e b’ +c?  +aZ+b%+c? T b% + 2 b

AM_GM Z a’+b®+c?+4m,>
VaZz + b% + ¢2 b2 + 2 =
cyc
Z cBs 3R\/3(ma2 +m,2 +m,?) 9R
“Vart b2+ & va? + b? + c? S 2

Equality holds iff AABC is equilateral.

2191, In any AABC the following relationship holds:
2s3
a(mywy + mw,) + b(mw, + myw,) + c(mw, + mywy) =

24+

2R
Proposed by Tapas Das-India

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco

b+c A

Using the known inequality m, > cos 2 we have:
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m,w, = s(s — a) (and analogs), then:

z a(myw, + m.w,) = Z a(s(s—b) +s(s—¢)) = SZ a’? =2s(s> —4Rr —r?) =

cyc cyc cyc

53 (1 ARt + r2> Ge",;i‘“" 5t ( 4Rr + 1?2 ) 2s3(12R—61) L  2s3

— = >
16Rr — 512 16R - 5r — r
2+

§2
2R

squaring
& 6(2R—1r)VAR+7r > (16R—-5r)V2R S (R - 2r)(64R% + 16Rr — 1812)
>0,

which is true and the proof is complete. Equality holds iff AABC is equilateral.
2192. In any A ABC the following relationship holds :

R
&‘F&‘F&SI‘F_
W, W, W r

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Let AS produced meet BC at X and m(4BAX) = a and m(4CAX) = 8 (say)
and inradius of A DEF = r'(say)

a?\ (b? at* 1 16r?s?
2 _ _ I - - 2W2 _ 4) —
Now, 16[DEF] 22(4)(4) 216 16(22‘”’ Z“) 16
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a b
_rs_ ztzts _rs_,_r_
=>[DEF]—4=>r > =2 >r=3 (1)
. .. C 2B+C B+m—A
- Spieker center is incenter of A DEF, . m(5AFS) = B + 3=—3 = >
m A-—B B nm A-C

E_ 2 andm(iAES)=C+E=E_T_>(2)

Via (1), (2) and using cosine law on A AFS and A AES, we arrive at :
A—B
2

r2 c? 2r C
2 _ €\ .
ASc = -2C+_ C (Z)Sln
4sin 3 2si n2

N (c . B+ 2r (b) . A-C
ow, — sm —]sin
2sin% 2 2 Zsing 2 2
_r<4R C . A—B_I_4R B . A—C)
=3 coszsm > coszsm >
A+B A—B . A+C A—C)

=Rr(2s1n 2 sin 2 + 2sin 2 sin 2

= Rr<1 - Zsinzg + 1 — 2sin? ; -2 (1 — 2sin? %))
_ 2Rr <2a(s —b)(s—c)—b(s—c)(s—a)—c(s—a)(s — b))

abc

__Rr (2a3 + (b + c)a? — 2a(b? + ¢?) — (b+ c)(b — ¢)?)

8Rrs

A A

— in2 22 _ . 20

4(b + c)bcsin? % _2a.2bccosA  P€ <(ZS a)sin®; —a (1 2sin z)>
B 8s - 2s
bc | (2s + a)sin? A_ a
2 (2s+a)(s—b)(s—¢)
- = — 2Rr

2s 2s
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2r (c) _A-B 2r (b) A-C
== 5)sm - = |sin
ZSin% 2 2 ZSing 2 2
9] —(2s+a)(s—b)(s—c
( X ) ) + 2Rr
2s
Asain " " 1‘2( ca . ab )
ain, -
° 4sinzg 4sin2% 4\(s-o(s—a) (s—a)s—b)
r’ ab + ca o] r? r2
=425 (ca(s —b) +ab(s - ©)) = —,— - 2Rr | = + -

4sin2g 4sinzi
2 2 _ _

(0),(), () = 2852 = 2 Habrea st @G D-d

_(a+b+c)(b*+c®+ab+ca)—(2a+b+c)(c+a-b)a+b—c)

8s

b3 + ¢3 — abc + a(2b? + 2¢? — a?) , [@]b? + ¢ — abc + a(4m?)

4s 4s
AS cAS

r
Via sine law on A AFS, = =

. . A—B . C
Zsmisma COs —5— (a+ b)smi

«) r(a+ b) () T(@ + €)

N Gk .. . xx
= csina = 2AS and via sine law on A AES, bsin = 7AS

1 . 1 .
Now, [BAX] + [BAX] = [ABC] = 7 Pacsina + EpabsmB =rs
via (+++) and (+++) p,(@a+b + a + c) 4s
= =

4AS SSPa=55 g™
,vie) 16s? b’ +c® —abc+a(4my)

ZPa = (2s+a)?’ 8s

) 2s
* Pa ! 2sta)? (b3 +¢3 —abc + a(4m,21))

Now, b3 + ¢3 —abc + a(4m?2) = b3 + ¢3 + a® — abc + a(2b? + 2¢? — a?) — a3
= Z a® — abc + 2a.2bc cos A = 2s(s? — 6Rr — 3r?) — 4Rrs + 16Rrscos A

cyc

(e
= b3 + ¢ —abc + a(4m?) | = | 2s(s? — 8Rr — 3r? + 8Rrcos A)

A
= Zs<s2 — 8Rr — 3r? + 8Rr (1 — 2 sin? E)) 5 (9),(e0) 2

D) 2s . A
Pal = 15— a.\/sz —3r2 — 16Rrsm2§

We have :&+&+&
Wq Wh Wc
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2s A a(b+c).Vbc
= . |s? — 3r2 — 16Rrsin2 =
;<Zs+a \/S r 6Rrsin 2 2abc.,/s(s—a)>
/(Zs +b)(2s + c)a(b + c). /bc(s — b)(s — ¢) \

~ 2s | Js(s—a)(s—b)(s—¢)
~ 2s(9s2 + 6Rr + r2). 8Rrs'z |

|
A
e \ \/sz —3r2 — 16Rr sinzi /

/ J(2s +b)(2s + c)a(b + c)bc(s — b)(s — c).

; 2, \
= . | A |
(9s* + 6Rr +r%). 8Rris* L. \ (2s+b)(2s + )a(b + ¢ (s2 — 3r2 — 16Rr sin? E)/

CBS 1
< VX
~ (9s2 + 6Rr + r?).8Rr?2s? Vx ﬁ

/where X = 4Rrs.Z((Zs +b)(2s+c)(b+c)(s—b)(s— c)) and\
| v |

\ y= Z ((ZS +b)(2s + c)a(b + ¢) (52 — 3r? — 16Rrsin? %)) /

cyc
Pa  Pb P 1

=424 2t < Ax.
wa+wb+wc — (9s2 + 6Rr + r2).8Rr?2s? \/E‘/;

Now,Z((Zs +b)(2s+c)(s—b)(s — c)) = Z ((852 —2sa+bc)(s —b)(s — c))

cyc cyc

5 <2s(s —a) + 6s? + bc) 5 < 6s%(4Rr + r?) s2+ (4R + r)2>
=rs.z =r°s| 6s+ + s.

s—a ris s2
cyc

= Z((Zs +b)(2s+c)(s—b)(s — ¢)) = 6s2(4Rr + 2r?) + r?s? + r?(4R +r)?

cyc

and also,
a(2s(s — a) + 6s% + bc
Z(a(28+b)(25+c)(s—b)(s_c)) :rzs_z (2s( )_ )
cyc T s—a
a—s+s 4Rrs(4Rr +r?
=r?s. <Zs(Zs) + 652_2 n ( a )>
s—a r4s
cyc

s(4Rr + r?
= r2s. (452 + 6s2. (—3 + %) + 4R(4R + r))

(mm) 2

> Z(a(Zs +b)(2s+c)(s—b)(s—¢))| = |r’s (—852 + 24Rs

cyc

+ 16R? + 4Rr>
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and moreover, 4-Rrs.2((25 +b)(2s+c)(b+c)(s—b)(s— c))

cyc

= 4Rrs.r?s

cyc

Z((zS +b)(2s+c)(s —b)(s— ) +

cyc

ia (m)
4Rrs. rzs.z:(Ss2 — 2sa + bc) e

cyc

+4Rr3s2(21s? + 4Rr +12) = 4Rrs.Z((2s +b)(2s+ ) (b +)(s—b)(s—©))

cyc

(2s+b)2s+c)(s+s—a)

s—a
4Rrsrs

4Rrs?(6s?(4Rr + 2r?) + r?s? + r?(4R +r)?)

(mmm)

=x| = ||8Rr?s? ((12R +17r)s? + r(8R? + 6Rr + r2))
Now,y = Z ((sZ —3r2)(2s +b)(2s + c)a(b + c))

cyc

- 1;1:22 a(2s +b)(2s+c)(s—b)(s —¢) (Z ab — bc)

cyc cyc

= (s? - 3r?) Z (Z ab — bc) (852 —2sa +bc) |-

cyc cyc

(s? + 4Rr +r?). a(2s+b)(2s+c)(s—b)(s—c¢)
. I/ Z( )\l
S \ —4Rrs.Z((Zs +b)(2s+c)(s—b)(s— c)) /

cyc
via (m) and (mm)

= (s? —3r?)(s® + 4Rr +r?)(21s%? + 4Rr +r?) —
(s? — 3r%)(8s?(s% + 4Rr + r?) — 24Rrs? + (s? + 4Rr + r?)? — 16Rrs?)

24Rs?
_f((s2 + 4Rr +r?).r%s <—8s2 + + 16R? + 4Rr>>

s
—4Rrs. (6s?(4Rr + 2r?) + r?s? + r2(4R +r)?)

(mmmm)

> y|L_=" | 4s?(3s* - (2Rr — 2r?)s? — r2(16R? + 10Rr + r?))

@), (mum),(mumm) = (—+&+ pc) <
Wq Wy 4 W, N2
3s* — (2Rr — 2r4)s
8Rr?s?((12R + 17r)s? + r(8R? + 6Rr + r? .452( )
(( ) ( )) —r’*(16R* + 10Rr +1?)/ 2 (R+ r)?
(9s% + 6Rr + r2)2, 64R%r*s* - r2
& —(36R + 51r)s® + (162R3 + 324R?r + 154Rr? — 37r3)s*
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+r(216R* + 676R3r + 676R?*r? + 208Rr3 + 15r*)s?

+r2(72R5 + 296R*r + 298R3r? + 112R?r® + 18Rr* + r5)0
@

Now, Rouche = s — (m—n) > 0and s? — (m+ n) < 0,wherem =
2RZ + 10Rr — r2and n = 2(R — 2r)./R%2 — 2Rr
(s2 —(m+ n)) (s2 —(m-— n)) <0

a
= s*—s?2(2m) + m? —n? < 0 = s* — s?(4R? + 20Rr — 2r?) + r(4R +r)3 (s) 0
= —(36R + 51r)(s* — s2(4R? + 20Rr — 2r?) + r(4R + r)?) > 0 and so, in order
to prove (2), it suffices to prove : LHS of (2) >
—(36R + 51r)(s* —s2(4R? + 20Rr — 2r?) + r(4R +r)3)
< (18R3 — 600R%r — 794Rr? + 65r3)s*
+r(2520R* + 5668R3r + 3556R?*r? + 856Rr3 + 66r%)s?

®
+r2(72R% + 296R*r + 298R%r? + 112R?r® + 18Rr* + %) [>| 0
We note that (3) is trivially true if : 18R3 — 600R?r — 794Rr? + 6513 > 0
and so we now focus on the case when : 18R3 — 600R?*r — 794Rr? + 65r3 < 0

4 _ 2(4AR2 o2
and then : (18R3 — 600R?*r — 794Rr? + 65r3) (S s“(4R* + ZOR;‘ 2r ))
+r(4R +r)
via (a)

> 0and so,in order to prove @ it suffices to prove :

4 _ 2 2 92
LHS of (3 > (18R® — 600R?r — 794Rr? + 65r3) (S s"(4R" + 20Rr — 2r ))
+r(4R+r)
O,

& (9R® + 60R*r — 1193R%r? — 1358R?r® + 468Rr* — 8r°)s? | >
r(144R° — 4701R°r — 9962R*r? — 5179R%r® — 890R?*r* — 4Rr" + 8r%)
9R5 + 60R*r — 1193R3r? — 1358R?r? + 468Rr* — 8r° > 0 and then :

Gerretsen [ 9RS + 60R*r — 1193R3r? )
LHS of > ( 16Rr — 5r?
® —1358R?r3 + 468Rr* — 8r° ( )

?
> r(144R° — 4701R%r — 9962R*r? — 5179R°r® — 890R?*r* — 4Rr" + 8r°)
’ R
© 2808t5 — 4713t* — 5292t% + 7584t% — 1232t + 16 > 0 (t = ;)

Euler

?
& (t—2)(2808t* + 903t3 — 3486t% + 612t —8) >0 > true =t > 2
= (4)is true
9R5 + 60R*r — 1193R3r? — 1358R?*r® + 468Rr* — 8r° < 0 and then :
Gerretsen 5 4. 3,2
LHSof @ = (R T 6OR'r— 1193R™ 5) (4R? + 4Rr + 3r%)
—1358R?r? + 468Rr* — 8r

?
> r(144R® — 4701R%r — 9962R*r? — 5179R%r3 — 890R’r* — 4Rr® + 8r°)
?
& 18t7 + 66t° + 98t5 — 31t* — 980t3 — 672t% + 688t — 16 > 0
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& (t—2)(18t° + 102t° + 302t* + 573t + 166t — 340t + 8) = 0 > true
Euler

vt > 2= (4)istrue - combining both cases, (%) = (3) = (2)is true vV A ABC

R
2Pa Po Pe i Z wAABC =" iff A ABC is equilateral (QED)
w, W, W, r

2193. If x,y,z > 0 then in AABC the following relationship holds:
(x% +y% + z%)?%(a® + 2)(b® + 2)(c® + 2) > 768(xy + yz + zx)?F*
Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania

Solution by Tapas Das-India

Holder g 3
(@® +2)(b% +2)(cB+2) > ((abc)s + z) -

3

_ (((abc)Zﬁ +1+1) cogi <(%)4 +14 1)3 S

3
> (3 (4F>4 =27 (4F)4 = 3256 F* = 768F*
- v3/ | T \3) -

(x% + y% + z2)%(a® + 2)(b® + 2)(c® + 2) = (xy + yz + zx)%. 768F* =
=768(xy + yz + zx)*F*

Equality holds for an equilateral triangle
2194.
Let x,y > 0 and M an interior point in AABC.
d, dy d.the distances of
point M to the sides BC,CA,AB respectively. Prove that:
a®b* b3c* cat 128
+ + > F

xr+yd, xr+yd, xr+yd. x+Yy

Proposed by D.M.Batinetu-Giurgiu, Claudia Nanuti-Romania
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Solution by Tapas Das-India

1
[ABC] = [MAB] + [MBC] + [MCA] or,F = 3 (ad, + bdy + cd,)
2F = (ad, + bdy, + cd,)

a3b* b3ct cat a3b* a*b*
xr +yd, +xr+ydb +xr+ydc =Zxr+yda =Zxar+yada -
(a?b?)? cgs X a?b?)? Goldner II
xar+yad, — xr(a+b+c)+y(ad, + bdy,+cd.)

(16F?)? 256F* 128

> = = 3
2Fx+2Fy 2F(x+y) x+y

Equality holds for an equilateral triangle.
2195. If x, ¥,z > 0 then in AABC the following relationship holds:

xZ yZ ZZ
(— a’b? + 2) (— b%c? + 2) (— cZa? + 2> > 144 F?
yZz zZx xy

Proposed by D.M.Batinetu-Giurgiu, Mihaly Bencze-Romania
Solution by Tapas Das-India

3

x? y? z? Holder 1 1
—a?b?> +2 || =—b*c*+2|[—c*a’+2)| = ((a4b4c4)3 + (8)3) =
yz zZx xy

3
2 3 carlitz (16F? 3 aM—-6M 3|16F2 16F?
= abpc = = == .
(((b)2)3+2> S +1+1) = (3 27
3 3 3
= 144F?

Equality holds for an equilateral triangle
2196.
Letm = 0,M an interior point in AABC with area F and
F, = [MBC],F, = [MCA], F, = [MAB]. Prove that:
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2m+2 b2m+2 2m+2

c
_I_ _I_ > 22m+2
F® ' Fm | Fn (v3)

d m+1

Proposed by D.M.Batinetu-Giurgiu, Mihaly Bencze-Romania
Solution by Tapas Das-India

[ABC] = [MBC] + [MCA] + [MAB] or F = F, + F, +F,

a2m+2 b2m+2 c2m+2 (aZ)m+1 (bZ)m+1 (CZ)m+1 Radon

o Fm  Fm . ED Fm Fm =
(az +b% + CZ)m+1 Ionescu—Weitzenbock (4-\/3_’F)m+1 2mi2 \/_ m+1
= (F,+F, +F)™ = g = 2(V3)TF

Equality holds for an equilateral triangle.

2197. In any A ABC, the following relationship holds :

! + ! - ! <x/ﬁ<1+1+1)
JWe Wy Jwe a b c
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

s(s—a CBS s(s—a AZG
;Wa_;(zrv 22 3o CYC(W 2

, s(s —a) , ’
— 2 =
Z bc. be Z bc. cos >
cyc Cyc cyc cyc
_ b 4R+r N < 4R +r S (@
- z e Z w, a
cyc cyc cyc

e T o™ oo

wbw <
Vs2 + 2Rr + r2 Z Z Vla(a)\/sz+2Rr+r2 Z b 4R +r
W w, < . ab.
V16Rr2s2 b vV16Rr2s2 2R

cyc cyc cyc
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o
(e o) | 2

cyc

? ?
& 4R(s? + 4Rr +r?) > (4R +1r)(s? + 2Rr + r?) & 8R% — 2Rr — r? > s? > true
Eul
and
Gerretsen

~ 8R? — 2Rr — r? —s —Z(R 2r)(2R+r)+4RZ+4Rr+3r2—s2 > 0

\/_ \/Vb \/Wc<\/_( ot 1)VAABC,

=" iff A ABC is equilateral (QED)

2198. In any A ABC, the following relationship holds :

Z 3
9r2 + 3h2 2

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-lndia

P 2 o ,—
T 9r2 + 3h2 9r2q? +3 ‘o¢ [(3a +3
1 a

N ! 25 (x2+3)(5 )2;64—( —3 <3<5)
S — vx=E—< =
ow, > 3_ 8 X X)" =2 X 2s 2

oxt—10x3+28x2-30x+11>0 &

” _ 2 ?
: (x 41) (2x-3)2x-13)+5) >0

3
- true '-'x<E:>(2x—3),(2x—13)<0:>(2x—3)(2x—13)>0
1 <5—x d ] Z 1 <1 15 ZSa 12 3
< and analogs = <= ) T ===Z
V213 8 & LVxZ+3 8 2s| 8 2

cyc

= VAABC" =" iff A ABCis equilateral (QED)

v1a® Z 3
&4\/9r? + 3h2 =2
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2199. In acute AABC the following relationship holds:
A

61 1 1 F dx
m flA fB fO 7 0

= f(a)

1+ cosacosx

Proposed by Tapas Das-India
Solution by Kartick Chandra Betal-India

s

fl@) = ff dx ZJ% dx

o 1+cosacosx 1—tan2x}
1+ tanx

01 +cosa{
L 2
sec” xdx

)
=2 =
,l;, 1+ cosa+ (1—cosa)tan? x

s

2 1 a 1 a
= (tan‘ (tan—tan x)) = —
1—cos?a 2 o Sina

1 1 1 _sinA sinB sinC
rtrmtro- a2 T "¢
2

T
—<sinx<1lfor0<x<-—
b1 f 2

E< ! + ! + ! <3
AN IOMIOMIG

2200. In AABC the following relationship holds:

w, w, w., 3 3R
—+t—+—=<-+—
h, h, h. 2 A4r

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

Wo 2./bc.s(s — a)E _4R\s(s—a)  4AR|s(s—a) AM;GM
h,  b+c  bc bc(2s—a) VbcR(Gs-a)+a)
4R\/s(s—a)  2RVs _2RVs _ |R

~ Vbc2J2(s—a).a +2abc +V8Rrs 2r
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ﬂ Wb wc(l) 5_3 1£AMGM 1+2r §+3_R
h, h, ’2 / 2 r

Equality holds fora=b = c.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru

104 RMM-GEOMETRY MARATHON 2101-2200



