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PROBLEMS FOR JUNIORS

PROBLEM 1.001.
Let a, b, ¢, d be non-negative real numbers such that: a + b + ¢ + d = 4. Prove that:
2+vVa+Vb++c+Vd=ab+ac+ad+bc+bd+cd
Proposed by Hung Nguyen Viet - Hanoi - Vietnam
PROBLEM 1.002.
Determine all functions f: R — R such that:
fx+a—-1)—x|f(x+a-1)|<x<f(x)—-(x—a+1|fx)|+a—-1
forall x € R, when a € R.
Proposed by Mihdly Bencze - Romania

PROBLEM 1.003.
If a,b > 0 then:
4./a* + a?b? + b* + (a® + b*)V3 = 2a/2a2 + ab + 2b+/2b% + ab +
+av/2a? + b? + by/a? + 2b?
Proposed by Mihdly Bencze - Romania

PROBLEM 1.004.
Letbene N*\ {1}sia, € R;k € 1, n. Prove that:

2 2 : _
Z Jak — QpQpiq + Ajyq 2 z Ay ;Any1 = A

k=1 k=1
Proposed by D. M. Bdtinetu - Giurgiu; Neculai Stanciu - Romania

PROBLEM 1.005.
Prove thatifa, b, x,y,z € (0, ) then:

z(a?y + b%z) zx(a?z + b*x) xy(a’x + b? 2
yz(a“y )+ ( )+ y( y)ziab(x+y+z)2

x z
Proposed z’y D. M. Batinetu - Giurgiu; Neculai Stanciu - Romania
PROBLEM 1.006.
Prove thatifa,b,c € R,a+ b + ¢ = 2 then:
2(a* +b* +c*) +10(a®? + b* +c?) >5@+ b3+ +1
Proposed by Daniel Sitaru-Romania
PROBLEM 1.007.
Prove thatif:a,b,c > 0;a + b + ¢ = 3 then:

Z <1+1)> 18
RAVERIP=) Ry X

Proposed by Daniel Sitaru - Romania
PROBLEM 1.008.

If a, b, c are the length’s sides in any triangle the following relationship doesn’t holds:
a b ¢ 2/ ¢ a
sl =S(2+i+o)
a b c

+—+
b ¢ a 3
Proposed by Redwane El Mellas - Morroco
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PROBLEM 1.009.
Prove thatifa,b,c € R;0 < ¢ < b < a then:

2 2
(a+2b)(a+20)(b+20) < 8n<w

P > <2a+b)(2a+c)(2b +c)

Proposed by Daniel Sitaru - Romania
PROBLEM 1.010.

Prove that:
4cos12°+4cos36°+1

V3

Proposed by Kevin Soto Palacios - Huarmey - Peru

tan 78° =

PROBLEM 1.011.

If a, b, c are the length sides in any triangle ABC then:
a b

+ + > 3v/s
vs—a +s—-b +Vs—c
Proposed by D. M. Batinetu - Giurgiu; Neculai Stanciu - Romania

PROBLEM 1.012.
Prove that if: a, b, c,d > 0 then: a? + b2 + ¢% + d? = 1; abc + bed + cda + dab = >

2
Z a? 4
- > _
1+ 2bcd — 5
Proposed by Daniel Sitaru - Romania
PROBLEM 1.013.
Prove that if a > 0,a # 1, then it does exists an infinity of pairs of numbers real strictly
positive (x, y) such that:
a.log,(x +y) =log, x +log, y.
b. loga(x + y) = (loga x) : (loga y)-
Proposed by Dana Heuberger - Romania
PROBLEM 1.014.

Let a, b, ¢ be a non-negative real numbers such that: a + b + ¢ = 3. Prove that:
11 +§(‘§/E+ Vb + ¥c) > 13abc
Proposed by Hung Nguyen Viet - Hanoi - Vietnam
PROBLEM 1.015.
Prove that if a, b, c € (0,);va + Vb + +/c = 3 then:
avb+bJva bJVc+cvb cVa+ac
a—x/%+b+b—\/ﬁ+c+c—\/a+ag6

Proposed by Daniel Sitaru - Romania

PROBLEM 1.016.
Find all triplets (m, n, p) where m, n are two natural numbers and p is a prime number,
satisfying the equation:
m* =4(p" - 1)
Proposed by Nguyen Viet Hung - Hanoi - Vietham
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PROBLEM 1.017.

Prove the following inequality holds for all positive real numbers a, b, ¢

2(a+ b+ c)(a®b3 + b3¢c3 + c3a?)
(a+b)(b+c)(c+a)

Proposed by Nguyen Viet Hung - Hanoi - Vietnam

1
a2+b2+622§(ab+bc+ca)+\/

PROBLEM 1.018.
Let ABC be a triangle with the known normal notations. Prove that for any point P moving
on the incircle,
5y < PA* PB* PC? - 5R
e T
Proposed by Nguyen Viet Hung - Hanoi - Vietham

PROBLEM 1.019.
Ifa,b,c >0and x,y,z > 1 then:

4a®  4b3 43 N\ y* b/ 4\¢
xa2+bcyb2+cazc2+ab > | — — —_
yz) \zx| \xy

Proposed by Mihdly Bencze - Romania

PROBLEM 1.020.
Given x4, X, ..., X, be positive real numbers such that: };;_, x;, = n.
fa B >0 4aln— 1)(2an\/ﬁ + B) > B2/n then:

n

1 B B
aza—k+—2na+ﬁ

- n 2
k=1 k=1 Q%

Proposed by Ngo Minh Ngoc Bao - Vietnam
PROBLEM 1.021.
Prove thatif x,y,z > 0,xyz = 8 then:

¥ty +22>2xy+z+2yVz+x+2z/x+y

Proposed by Iuliana Trasca - Romania
PROBLEM 1.022.
Let ABC be an acute triangle with the orthocenter H, inradius r, and circumradius R. Prove
that:

HA HB HC 2(1+£)

po— =<
vbc +ca +ab R

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 1.023.

Prove that for all positive real numbers a, b, c, d:

a+b+c+d> 8
bc c¢d da ab a2z + b2+ 2 + d?

Proposed by Nguyen Viet Hung - Hanoi - Vietham
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PROBLEM 1.024.
Given a triangle ABC and let P be any point in its plane. Prove that:
PB-PC+PC-PA+PA-PB<1(ﬂ+g+P_c)2
bc ca ab ~4\h, h, h,
Proposed by Nguyen Viet Hung - Hanoi - Vietnam

PROBLEM 1.025.

Let n > 2 be an integer and let a, b, ¢ be positive numbers such that ab + bc + ca < 1.
Prove that:
bc N ca N ab -1
(2a% + bc)™  (2b% + ca)™  (2c¢? + ab)™ —
Proposed by Nguyen Viet Hung - Hanoi - Vietham

PROBLEM 1.026.
Let a, b, c be non-negative real numbers and let x, y, z be real numbers different from 0,

suchthat by + cz =x, cz+ ax =y,ax + by = z. Prove that:

1 1 1
2+a+b 2+b+c 2+c+a

a.ach%b. <1ca+b+c=2(ab+ bc+ca)

Proposed by Nguyen Viet Hung - Hanoi - Vietnam

PROBLEM 1.027.
Find all real numbers x satisfying the following equation:
(x+{(xP?— (x+{x}) =6|x]{x} -1
where | x| and {x} denote the integer part and fractional part of x, respectively.
Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 1.028.
Prove that in any triangle ABC:

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 1.029.
In acute angled 4 ABC; L — Nagel’s point,M,M' € (AB); N’ € (AC);
(M,L,N); (M',L,N') - collinear points. Prove that:

MB M'B NC N'C
(a+c—b)<m+m>+(a+b—c)<m+m> >b+c—a
Proposed by Daniel Sitaru - Romania

PROBLEM 1.030.

Ix, €[0,1] (k=1,2,...,n) then:

n
3 Z X2 < 2N+ X1XpX3 + XpX3Xy + 0 + XX Xy

k=1
Proposed by Mihdly Bencze - Romania
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PROBLEM 1.031.
Let a, b, c be non-negative real numbers. Prove that:

4|a* + b* + ¢t ab + bc + ca
a+b+0)2 |——F——+26 |————

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 1.032.

Prove the following inequality holds for all non-negative real numbers a, b:
1 1 6 4 4

+ + > +
4a+1 4b+1 2a+2b+1~3a+b+1 3b+a+1

Proposed by Nguyen Viet Hung- Hanoi - Vietnam
PROBLEM 1.033.

Let a, b, c be positive real numbers such that: avbc + bvca + cvab + 2abc = 1.Prove that:
vbc +ca +ab
+—+
a b c

>2(a+b+c)

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 1.034.
Find all pairs (x, y) of integers satisfying the equation

-+ + -+ P P+ 2)x+y=2.

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 1.035.
Let a, b, c be non-negative real numbers such that a + b + ¢ = 3. Prove that:

5+3a+Vb+¥Yc+abe> 3(ab + bc + ca)

Proposed by Nguyen Viet Hung - Hanoi - Viethnam

PROBLEM 1.036.

Prove the following inequality:
3

[(x+y) (¥ +2)(z+x)]* = %(x +y+2)%x3y3 2

where x, y, z are positive real numbers.
Proposed by Andrei Bogdan Ungureanu - Romania
PROBLEM 1.037.
Let x, y, z be positive real numbers such that: 16(a? + b? + ¢?) + 27 = 128abc
Find the maximum value of the expression:

E =

1 1

+ +

27 27 27
3 34 47 3 3447 3 3447
a’+b +64 b? +c +64 cc+a +64

Proposed by Iuliana Trascd; Neculai Stanciu - Romania

PROBLEM 1.038.
Leta, b,c > 0, prove that:

6 (Z ab) (Z a?) + 7abc (Z a) > 23abc |3 (Z a2)

Proposed by Soumitra Mandal-India
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PROBLEM 1.039.
In ABC triangle the following relationship holds:

1
1 1
3(a®?c®)?s > 9\/4RSZ(a“bbcc)35
Proposed by Daniel Sitaru - Romania
PROBLEM 1.040.

Prove thatifa, b, c,d € (0,»);v/3(ad — bc) = ac + bd # 0 then:
d(a + bv3) — c(b — aV3) > 4Vabcd
Proposed by Daniel Sitaru - Romania
PROBLEM 1.041.
Prove that in an ABC acute-angled triangle the following relationship holds:
cos(E—A) +cos(£—B) +cos(E— C) >E
4 4 4 R?
Proposed by Daniel Sitaru - Romania
PROBLEM 1.042.
Prove that in A ABC:
2(p2 4 2 233
Z a’(b ;zccz ) > 645%(1 — cos? A — cos? B — cos? C)

Proposed by Daniel Sitaru - Romania

PROBLEM 1.043.
Let a, b, ¢, d be nonnegative real numbers suchas a + b + ¢ + d = 4. Prove that:
a. ab+ bc+cd +da <4
b. a’?bc + b*cd + c*da + d*ab < 4
c.abc + bcd + cda + dab < 4
d.abvc + beVd + cdvVa + daVb < 4
Proposed by Nguyen Tuan Anh - Vietnam
PROBLEM 1.044.
Let a, b, ¢, d be nonnegative real numberssuchas a+b+c+d = 4.
a.avbc + bVed + cvda + dVab <4  b.\abc +Vbcd +Vcda +Vdab < 4
c.Vabc + Vbed + Veda + Vdab < 4; (n € N)
d.ab%c + bcVd + cd¥a + daVb < 4;(n € N)
Proposed by Nguyen Tuan Anh - Vietnam

PROBLEM 1.045.
Ifa b, c > %then:

1_[ (az + Z a® + Z ab — 3abc) > (a + b)%(b + ¢)*(c + a)?
Proposed by Mihdly Bencze - Romania

PROBLEM 1.046.

Let a, b, ¢, d be positive real numbers such that a + b + ¢ + d = 4. Prove that:
a b c d 4

> —
b(b+c+d)2+c(c+d+a)2+d(d+a+b)2+a(a+b+c)2 -9
Proposed by Nguyen Viet Hung - Hanoi - Vietnam
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PROBLEM 1.047.
Let a, b, ¢ be positive real numbers such that ab + bc + ca + abc < 4. Prove that

a.3+a+b+022(\/ab+\/ﬁ+\/5)

b.3+2(@+b+e) 2 (Va+ VB)(VE + ¥0) (Ve + ¥a)

Proposed by Nguyen Hung Viet - Hanoi - Vietnam
PROBLEM 1.048.

Prove that for any positive real numbers a, b, ¢ holds:
a b ¢ 1 a+b)(b+c)(c+a
a b c_1 @tbhb+ok+a)
b ¢ a3 a?b + b%c + c%a

Proposed by Nguyen Viet Hung - Hanoi - Vietham

PROBLEM 1.049.

Let x4, X5, ..., X, be positive real numbers such that:

1 2 n nn+1)
—+—+ ot —=——"
X1 X3 Xn 2

Find the minimum possible value of x; + x% + - + x%.

Proposed by Nguyen Viet Hung - Hanoi - Vietham

PROBLEM 1.050.

Let a, b, ¢ be non — negative real numbers such that a + b + ¢ = 3. Prove that

a® + b3+ c3+8(ab + bc + ca) <27
Proposed by Nguyen Viet Hung - Hanoi - Vietham

PROBLEM 1.051.

Prove that in any triangle the following relationship holds:
a? + b? + c? -
ab+bc+ca” nR+ (1 —n)-2r

Proposed by Marin Chirciu - Romania

0< <1
) _n_z

PROBLEM 1.052.

Given a, b, ¢ > 0 and a? + b? + ¢% = 6, prove:
a b c

—+—-—+—-—+a+b+c=6
b ¢ a

Proposed by Nguyen Phuc Tang-Vietnam

PROBLEM 1.053.
Ifa,b,c > 0anda+ b+ c = 3 prove that:

Z (1+1)> 18
Mo " o) T an F b+ e

Proposed by Marin Chirciu - Romania

wheren > 0.

PROBLEM 1.054.

Let m,, m;, m, be the lengths of the medians of a triangle ABC. Prove that:

9 <1_}_1_|_1<1
4R+r m, m, m, 1

Proposed by Martin Lukarevski - Stip - Macedonia
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PROBLEM 1.055.

Let ABCD be an inscriptible and circumscriptible quadrilateral, p its semi perimeter. R and r
the radii of circumcenter, respectively incenter, a, b, ¢, d its sides (a and c are the opposite
sides). Prove that:

2R2> +C+b+d>2x/§
a 2 " ¢ d b~ r
b4R2 4>(a+c)<b+d)

r2 - a’\d b

Proposed by Vasile Jiglau - Romania
PROBLEM 1.056.
Let s, is symedian and r,, r are exradius and inradius triangle of ABC respectively. Prove
that:

2
Tq N T N T, z(ﬁ)
Sqt+Tr Sptr s.+r R
Proposed by Mehmet Sahin - Ankara - Turkey
PROBLEM 1.057.
Let ABC be an arbitrary triangle and I, I}, I. are excenters of ABC. I,BC,1,CA,I_AB are
the extriangles of ABC. Let h; (i = 1, 2 3, ..., 9) the altitudes of extriangles. Prove that

3
[1n=(])
i=1 a,b,c
where 1, 1}, T are exradii of ABC.

Proposed by Mehmet Sahin - Ankara - Turkey
PROBLEM 1.058.

Prove that for all x € R we have:
cos(sinx) > |sin(cos x)|
Proposed by Abdallah El Farissi - Bechar - Algerie
PROBLEM 1.059.

Let a, b, ¢ be the side lengths of a triangle ABC with inradius r. Prove that:

1 A 1 B 1 C R

—tanz +Ftan +—tani 48+

Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 1.060.
Let a, b and c be the lengths of the sides of a triangle with circumradius R. Prove that:
ab bc ca 3\/—

+ +
a+b b+c c+a 2
Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 1.061.

Let a, b, ¢ be positive real numbers such that a + b + ¢ = 3. Prove that:
1

+ >3
a3+ b3+c® ab+bc+ca
Proposed by Nguyen Viet Hung - Hanoi - Vietnam
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PROBLEM 1.062.
Prove thatif: a,b,c,d € [1, o) then:
3a+3b+2c+d<6+ab(1+c+cd)

Proposed by Daniel Sitaru-Romania
PROBLEM 1.063.
Let x, y, z be non-negative real numbers satisfying Vx + 3\/§ + %/z = 3. Find the minimum
possible value of

VYx+2y+5z+3y+2z+5x+3/z+2x+5y

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 1.064.
Let a, b, ¢ be non-negative real numbers. Prove that:
Vva+b++Vb+c++Jc+a
V2
Proposed by Nguyen Viet Hung - Hanoi - Vietnam

Vi+ad+Y1+b3+Y1+c32

PROBLEM 1.065.

Let ABC be an equilateral triangle inscribed in the circle (0) whose radius R. Prove that for
an arbitrary point P lies on (0):

PA3 + PB3 + PC3
6V2 < 3 < 33216
Proposed by Nguyen Viet Hung - Hanoi - Vietham

PROBLEM 1.066.
Prove that in any triangle

Proposed by Marin Chirciu - Romania
PROBLEM 1.067.
Prove that in any triangle:

AP KT niins i keN k2
TRy R= mrTLn=5 =2

Proposed by Marin Chirciu - Romania
PROBLEM 1.068.
Let a, b and c be the side lengths of a triangle ABC, with circumradius R and inradius 7.
Prove that:
tan% + tang tang + tan% tan% + tan%

1
+ + <—-
a+b b+c c+a r

x| =

Proposed by George Apostolopoulos - Messolonghi - Greece
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PROBLEM 1.069.

Let a, b be positive real numbers such that a? + ab + b? = 9. Find the maximal value of
expression:
(a + b)° + (ab)® + 2(ab)? + (ab)? — 17
Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 1.070.
Let a, b be positive real numbers with a? + ab + b? = k? k > 0.
Prove that:

Va+b+msxﬁ4+1-\/§
V3

Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 1.071.

Let ABC be a triangle with circumradius R and inradius r, and let w,, w;, w. be the lengths of
the internal bisectors of the angle opposite of the sides of lengths a, b, c, respectively.
Prove that:

(20 can+ ()" can 2+ (%)’ anC <33 R

Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 1.072.
Let a, b and c denote, as usual, the lengths of the sides BC, CA, and AB, respectively, in
A ABC. Let R be the circumradius, 7 the inradius of A ABC, and 1, 1}, and r the exradii to
A, B and C, respectively. Prove that:

Ta Tp rc<\/§ b3R>\/r_a Ty, T,

a—+2+—<— b—>= |[2+2+L+6
a3 b3 3~ 8r2 2r

Trp re Trq

Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 1.073.
Ifa b,c > 0;n = 1 then:
3n(a* +b*+c¢*) ab+ bc+ca
(a? + b2 + ¢?)? Tt zntl
Proposed by Marin Chirciu - Romania

PROBLEM 1.074.

ifa b,c,n> 0;n(ab + bc + ca) + 2abc = n3 then:
1 1 1 1

<
a+b+2n+b+c+2n+c+a+2n_n
Proposed by Marin Chirciu - Romania

PROBLEM 1.075.
Let R and 7 be the circumradius and the inradius of a triangle ABC respectively. Prove that:

R
cscA+ cscB +cscC > 3V3——
R+7r
Proposed by Martin Lukarevski - Stip - Macedonia
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PROBLEM 1.076.

Let ABC be an acute triangle. Prove that: (a cot A)%(b cot B)?(c cot C)¢ < (2r)®+b+¢
Proposed by Nguyen Viet Hung - Hanoi - Vietnam

PROBLEM 1.077.

Let a4, a,, ..., g be non-negative real numbers such that a; + a, + :-- + a9 = 1. Prove that
for all A > 4, the following inequality holds:

2 24+1
Zai+ﬂ Z a;a; < 3

1<i=9 1<i<)<9
Proposed by Hung Nguyen Viet-Hanoi-Vietnam
PROBLEM 1.078.
Let a, b, ¢ be positive real numbers such that a? = b? + c2. Prove that:
< 2a?

aoc
ab+bc+ca+(\/§—1)m_

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 1.079.

Prove the inequality holds for all positive real numbers a, b, ¢
1 1 1 4 4 4

>
a+b+b+c+c+a_ 2a+2b+30+2b+2c+3a+20+2a+3b
Proposed by Nguyen Viet Hung - Hanoi - Vietham

PROBLEM 1.080.
Prove that in any triangle ABC:

a’+b*+c* /1 1 1
—(—+—+—)22\/§
a+b+c \m, m, m,

Proposed by Hung Nguyen Viet-Hanoi-Vietnam

13x 13y 13z
+ + <3
6x + 7y 6y + 7z 6z +7x

Proposed by Marin Chirciu-Romania

PROBLEM 1.081.
If x,y,z > 0 then:

PROBLEM 1.082.

ifa,b,c>0;a+ b+ c = 3 then:
a b c 3

+ + =
1+3b* 1+4+3c* 1+3a* 4
Proposed by Marin Chirciu - Romania

PROBLEM 1.083.
In 4 ABC then following relationship holds:
(a2m+b2m+c2m)( L S )
(a+b)™™ (b+c)* (c+a)®™/ —
> 3m—n+2 ,4m—2n . rZ(m—n). mn>1
Proposed by D.M. Bdtinetu - Giurgiu; Neculai Stanciu - Romania
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PROBLEM 1.084.
In 4 ABC the following relationship holds:

c\" 1
Z((a+b)tanz> Z Y BZH23"+Z-4m‘"-r";m2n21
(tan7+tan7)

Proposed by D.M. Bdtinetu - Giurgiu; Neculai Stanciu - Romania

PROBLEM 1.085.
Let ABC denote a triangle, I its incenter, R its circumradius, r its inradius and x, y and z the
inradii of triangles IBC,ICA, and IAB respectively. Prove that:
sinA sinB sinC 4+3V3 2
+ + < +=
X y z 2r R
Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 1.086.
Let a, b, ¢ be the side lengths of a triangle ABC with incentre I, circumradius R and inradius

r. Prove that:
m+v31+m<ﬁ VR+¥r

b c 2 r
Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 1.087.
Let ABC be an acute triangle. Prove that:

. _ _ . . _ . 3 3
\/cosA‘smB-smC+\/smA-cosB-smC+\/smA‘smB-smCSE 3

Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 1.088.

Let a, b, ¢ be positive real numbers. Prove that:
al+b3 b+ AB+ad 9abc
c2+ab+a2+bc+b2+ca2ab+bc+ca

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietham
PROBLEM 1.089.

Let a, b, ¢ be positive real numbers, take: X = -+

QIS

a b c c a
; ,Y—;+;,Z—;+;.
Prove that:

X+Y+Z>2(X2+Y2+22-3)X+Y+Z+3)
Proposed by Nguyen Ngoc Tu - Ha Giang -Vietnam
PROBLEM 1.090.

In 4 ABC the following relationship holds:
1+ cosAcosBcosB - S

sindAsinBsinA ~ 3r

Proposed by Martin Lukarevski-Skopje-Macedonia
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PROBLEM 1.091.
Prove that the following inequalities hold for all positive real numbers:

a3 N b3 N c3 >3 a? + b? + ¢?

a. _—
ab+c¢2 bc+a? ca+b? "2 a+b+c
1 1 1 3 a+b+c

b. Ss- . -7 "
a(b+c)+b(c+a)+c(a+b) —2 ad+b3+c3
Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 1.092.
Prove that the following inequalities holds for all positive real numbers a, b, ¢
b ¢ a 3(a+b+c)
a’  b* c¢? a’+b?+c?
b® 3 N al - 3(a® + b? + ¢?)
‘a2 b2 ¢~ a+b+c
Proposed by Nguyen Viet Hung - Hanoi - Vietnam

PROBLEM 1.093.
Let a, b, ¢ be positive real numbers such that a + b + ¢ = 1. Prove that:

1 1 1 1 Va ) Ve 1

a. + + < b. + + <
a+bc b+ca c+ab 4abc a++vbc b++ca c++Vab 2vVabc
Proposed by Nguyen Viet Hung - Hanoi - Vietham

PROBLEM 1.094.
Let a, b, ¢ be positive real numbers such that ab + bc + ca = 1. Prove that:

bcy a? + 2b + ca+/ b? + 2ca + ab\/c% + 2ab > 1

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 1.095.
Prove that for all positive real numbers a, b, c :

a(b®?+c*) b(c®*+a?®) c(a?+ b?) S 6abc
2a’ +bc  2b?’+ca  2c®’+ab " ab+bc+ca

Proposed by Hung Nguyen Viet-Hanoi-Vietnam
PROBLEM 1.096.
Let a, b, ¢ positive numbers such that a* + b* + ¢* = 3. Prove that:

a> b3 A\ /b® A ad
<F+;+$><$+F+g>29

Proposed by Nguyen Ngoc Tu-Ha Giang-Vietham

PROBLEM 1.097.
Leta, b, c > 0 such that (a + b)(b + ¢)(c + a) = 8. Prove that:

a N 2b +24 2c <7
a+1 b+1 c+1 2

Proposed by Nguyen Ngoc Tu - Ha Giang - Vietnam
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PROBLEM 1.098.

Let a, b and c be the side lengths of a triangle ABC with incenter I. Prove that:
1

1 1
IAZ-}_IBZ-l_IC2 az-l_bz-l_c2
Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 1.099.
Ifx,y,z>0and b > a > 0 then:
b

xdy ydz zdx 1. b b—a/y1 1 1
j +f +f <=In—+ (—+—+—)
3x% + 2y% + 72 3y% + 222 + x? 3z2+2x2+y2~"3 a 18 \x y 1z

a a a

Proposed by Mihdly Bencze - Romania
PROBLEM 1.100.

Let in triangle w,, w;,, w, be the angle bisectors and R, r the circumradius and inradius

respectively. Prove the inequality:
3 1 1 1 1
<—+—+—=<=
R+r w, w, w. r
Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia
PROBLEM 1.101.

Let x, y, z be positive real numbers with xyz = 1. Prove that:

Vxt+1+y*+1+Vz4 + 1
vy <V2
x2 + y? + z*
Proposed by George Apostolopoulos-Messolonghi-Greece

PROBLEM 1.102.
Let x, y,z > 0 be positive real numbers. Then:

1 1 1 4,/3xyz(x +y + z)
+ + >
x+y y+z z+x (x+y)(y+2z2)(z+x)

Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia
PROBLEM 1.103.

Let x,y,z > 0 be positive real numbers. Then in triangle ABC with semiperimeter s and
inradius r.

x 5 y ,B z ,C s?
——cot®* =+ ——cot* =+ cot* = >18 — —
y+z 2 z+x 2 x+y 2 2r?

Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia

PROBLEM 1.104.
Let r,, 1y, 7. be the exradii, h,, hy, h. the altitudes and m,, m;,, m, the medians of a triangle
ABC with semiperimeter s, circumradius R and inradius r. Then

r2 s r2 5412

>
hym, h.m, h,m,  s*?—1r%—4Rr
Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia
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PROBLEM 1.105.

Let m > 0 and F be the area of the triangle ABC. Then:
am+2 bm+2 m+2

bm+cm+cm+am+am+bm22\/§F
Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia
PROBLEM 1.106.
Let a, b, c > 0. Prove that:
8(a+b+c)d
(a+b)(b+c)(c+a)

+5(ab+ bc+ca)>12+10(a+ b + )

Proposed by Nguyen Ngoc Tu - Ha Giang - Vietnam
PROBLEM 1.107.

Prove that in any triangle ABC with incentre I the foIIowing relationship holds:
2 2
ar-£ 4+ Br. b—+CI —< 3\/— \/R(R ),
W, wWp W,
where R is the circumradius, 7 is the inradius of triangle ABC and w,, wp,, w, are the lengths
of the internal bisectors of the angle opposite of the sides of lengths a, b, c, respectively.
Proposed by George Apostolopoulos-Messolonghi-Greece
PROBLEM 1.108.

Ifa,b > 0, then:

sinx tan x\? T
4V ab - o +b( x ) +a>6\/ab,VxE(0,E)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

PROBLEM 1.109.

Ifa, b > 0, then:
sinx 2ab tanx 6ab

/1
b) - . > ,Vx € (0,—=
(@+b) X +a+b X a+b x ( 2)
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

PROBLEM 1.110.
If x,y,z € (0,1) and ABC is a triangle, then prove that:
. A . » B 2 C 3
sin® = sin® > sin® > 2
+ + >
x1-x%) yA-y3) z(1-23)
Proposed by D.M. Bdtinetu - Glurglu, Neculai Stanciu - Romania

(2R T)

PROBLEM 1.111.

Prove that: (i)Ifa,b,c,d, x,y,z,t € R}, then:

4@+ b2+t +d?+x2+y? + 22 +t2) + 8y (a% + b2 + 2 + d2)(x% + y? + z2 + t2) >
>(@a+b+c+d+x+y+z+t)

(ii)iIfa,b,c,m,n,p,x,y,z € R} then:

5@ +b*+c+mdP+nd+p3+ad+y3+23)
+3Y @+ b3+ 33 +n3 +p3)(x3 +y3 + 23) >
>2@a@a+b+c(m+n+p)x+y+2z)
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
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PROBLEM 1.112.
Prove thatifa,b € R, x,y,u,v € R}, then:
2 2
(a-f+b-3> +(a.X+b.3) > 2(a+ b)?
y v X u

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania
PROBLEM 1.113.
Let x, y, z be real numbers such that:

X’y +y*z + z°x + 4(xy* + yz? + zx*) + 13xyz =5
Find the minium value of the expression:
P = (x* + 4xy + 5y*) (y* + 4yz + 52%) (2% + 4zx + 5x?) + 6x*y?z?
Proposed Do Quoc Chinh - Vinh Phuc - Viet Nam

PROBLEM 1.114.

Let a, b, ¢ be positive real numbers. Prove that:
ab bc ca
a.ln? (—) + In3 (—) + In3 (—) +24Ina-Inb-Inc = In3(abc)
c a b

In®(abc) —Inda—In®b — Ind
b.ln(ab) - In(bc) - In(ca) = n’(abe) n; n ne

Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 1.115.
If a, b, ¢ are positive real numbers such that a? + b? + ¢ = 3 then:

b 18
(1+%)(1+E>(1+§)22+a+b+c

Proposed by Pham Quoc Sang - Ho Chi Minh - Vietnam
PROBLEM 1.116.
If a, b, c are positive real numbers such that abc = 1 then:
a b c

+ + <
a?+bc b%2+ca c?+ab

3
2

Proposed by Pham Quoc Sang - Ho Chi Minh - Vietnam
PROBLEM 1.117.

If a, b, c are positive real numbers then:
ab bc ca 3

>4 -
c2+ca-|_a2+ab-|_b2+bc_2+2(a+b+c)2

-max{(a — b)?, (b - c)? (c — a)?}

Proposed by Pham Quoc Sang-Ho Chi Minh-Vietnam
PROBLEM 1.118.
Let a, b, c be the three sides of a triangle. Prove that:

b

a  a+b+c
Proposed by Nguyen Ngoc Tu - Ha Giang - Vietnam

a® b 3 - 3(a® + b3 + ¢3)
c
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PROBLEM 1.119.
Let a, b, c be positive real numbers such that a + b + ¢ = 3. Prove that:

a+b N b+c c+a 2 +Va?+ b? + c?
c2(c3+a+b) a%*(a®+b+c) bz(b3+c+a) \/— T

Proposed by Do Quoc Chinh - Vinh Phuc - Vietnam
PROBLEM 1.120.

Let a, b, c be positive real numbers and k € [1; 3]. Prove that:
1 1 1

az+ab+ca+kbc+b2+9bc+ab+kca+c2+ca+bc+kab

<
“(k+3)(ab + bc + ca)

Proposed by Do Quoc Chinh - Vinh Phuc - Vietnam
PROBLEM 1.121.
Let ABC be a triangle with inradius 7 and circumradius R. Prove that:

sin34 +sin3B /R\?
i i S (_)
Z sin® A + sin® B r

Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 1.122.
Prove that in A ABC the following relationship holds:

a b c R a b c
min( , , )SZ(——l)Smax( , , )
s—as—bs—c r s—as—b's—c

Proposed by Marian Ursdrescu - Romania

PROBLEM 1.123.
Solve for real numbers: log,(b* + a—b) =logy(a*+b—a),b>a>1

Proposed by Marian Ursdrescu - Romania
PROBLEM 1.124.
Let a, b, ¢ be the lengths of the sides of a triangle ABC with inradius r. Prove that:

(Zr)a+b+c A b B c C a \/§ atb+c aZb . bZC . CZa
— < (tanE) -(tan—) -(tan—) <|l== o

a? - bb . cc 2 2 36 r2(a+tb+c)

Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 1.125.
Prove that in A ABC the following relationship holds:

g(ra+rb+rc)>4\/—5+(a b)? + (b — ¢)? + (c — a)?

Proposed by Marian Ursdrescu - Romania
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PROBLEM 1.126.
Let ABC be a triangle with inradius 7 and circumradius R. Prove that:

’BR
cotA + cotB + cotC > 27

Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 1.127.
Prove that in any non-equilateral triangle the following inequality holds:

OIH R+ 2r
tan| — | < 3

2 R —2r

Proposed by Marian Ursdrescu - Romania

PROBLEM 1.128.

In AABC the following relationship holds:
1 1 1 1

+ <
m,+m, my+m, m.+m, 2r

Proposed by Marian Ursdrescu - Romania
PROBLEM 1.129.
Let a, b and c be the lengths of the sides of a triangle ABC with inradius 7 and circumradius

R. Prove that:
a? b? c? 3vV3 R(R—71)
a. + + < .
b2+c%2 c2+a? a?+ b? 2 r
a b c 6R — 3r
. + + <
Vb2 +c2 Ve +a? Va?+b? 2r

Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 1.130.
Solve the equation in real numbers:

+|x8+1
3i/x2—x+1+/ > =2(x*—3x+4)

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 1.131.
Solve the system of equation in positive real numbers:

{3(W+W+i/§)+21=10(xy+yz+zx)

x+y+z=3

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 1.132.

Letx,y € (O, %) Denote k = 2 — min{sin? x, cos? x}. Prove that:
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sin? x cos? x sin? x cos® x 2 cos?x\"
+ ; + - <|\—=+ >
1—cosy 1-siny/\1+cosy 1+siny 4 coscy

Proposed by Stefan Andrei Mihalcea-Romania

PROBLEM 1. 133.
Let a, b, ¢ be positive real numbers. Prove that:

8a3+b8+8 b8+c8+8 c3+a8<( b4 )10(1 N 1 +1)9
2 2 2 - \@ " \9a "9 " 9¢

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 1.134.

Let a, b, ¢ > 0 such that: a? + b% + ¢? = 3abc. Find the maximum value of:
ab bc ca

+ +
2a5—a5+b*+a?+1 2b°—bS+ct+b2+1 2c6—-c>+a*+c2+1

P =

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 1.135.
Let x, y, z be positive real numbers such that: x + y + z = 3. Prove that:
x3y3 y3z3 z3x3 x* +yt+z* + 3xyz
x“+y3—;\c+2+y4+z3+y+2-|_z4+x3—z+2S 6

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 1.136.

Let x, y, z be positive real numbers such that: xyz = 1. Find the maximum of the expression:
1 1

Q= + +
V2xS+yt—x2+4 Y2y5+z4—y2+4 Y25+ xt—22+4

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 1.137.
Let x,y = 1. Prove that:

x 4(x — y)?
—+\/§22+ (=)
y X Cx+xy+1)RRy+xy+1)

Proposed by Andrei Stefan Mihalcea - Romania

PROBLEM 1.138.
Let a, b, ¢ > 0, with % + % +% = 1. Prove that: (4a — 3)(4b — 3)(4c — 3) > 243%/abc

Proposed by Andrei Stefan Mihalcea - Romania
PROBLEM 1.139.
Let x, y, z be positive real numbers such that: x> + y? + z? = 3. Find the minimum of the
expression:
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x y z
P= [y8 + 28 * /8 8 * [3 8
4 4 4
Y -Zl-z + 3yz z -;x + 3zx X -;y + 3xy

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 1.140.
Let a, b, c > 0. Prove that:

Y= e Te

< - a———

a a Ya
Proposed by Andrei Stefan Mihalcea - Romania

PROBLEM 1.141.
Let a, b, c > 0. Prove that:

Z b+c 2(2 ab)3

3aZb?c?

Proposed by Andrei Stefan Mihalcea - Romania
PROBLEM 1.142.
Let a, b,c = 1. Prove that:

[t () e 2o

Proposed by Andrei Stefan Mihalcea - Romania

PROBLEM 1.143.

In any ABC triangle the following relationship holds:
w2 w2 w? R\?
2y < (—) -1
h,-h. h.-h, h,-h r

Proposed by Mehmet Sahin - Ankara - Turkey
PROBLEM 1.144.

In any ABC triangle the following relationship holds:

a+b+c>4s
W, wy 3R

Proposed by Mehmet Sahin - Ankara - Turkey
PROBLEM 1.145.
In any ABC triangle the following relationship holds:

m, my m, s

+ + <
r+r, r+r, r+r. 2r

all notations are usual sense.
Proposed by Mehmet Sahin - Ankara - Turkey
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PROBLEM 1.146.

Let x, y, z be positive real numbers such that: xyz = 1. Find the maximum of the expression:
1

= + +
V25 —x3+4) Y2005 -y3+4) 225 -2z3+4)
Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 1.147.

Let abc be positive real numbers such that: a? + b? + ¢* = 3abc. Find the minimum of the
expression:

a? b? c?
P= + +
Va3 +c3) Ya(cd+a3) Ya(a® +b3)
Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 1.148.

Let a, b, ¢ be positive real numbers such that: ab + bc + ca = 12. Prove that:
a® + b3 b3+ ¢c3 c +ad -

2b2—bc+2c2-l_Zcz—ca+2az+Za2—ab+2b2 =4

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 1.149.
Find all functions: f: (0, +c0) — R which verify the relationship:
In(xy) < xf(x) + yf(y) < xyf(xy),Vx,y > 0

Proposed by Marian Ursdrescu - Romania
PROBLEM 1.150.
Let be z4, 25, z3 € C" different in pairs such that: |z,| = |z;| = |z3]. If
(z4 + z3)(z5 + 2z3)(z3 + z1) + 212323 = 0, then z4, z;, Z3 are the affixes of an equilateral
triangle.

Proposed by Marian Ursdrescu - Romania
PROBLEM 1.151.

Let a, b be positive real numbers. Find the maximum of k such that inequality is true:
1 1 k 8k + 32

4+ >
a4+b4+a4+b4_(a+b)4

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 1.152.
Let ABC; h,, hy, h. denote the lengths of altitudes from A, B, C; l,, l;, L. are the lengths of the
symmetric divergence lines from A, B, C; r,, 1), 1 are radii of the circle next to the corners
A, B, C. Prove that:

hara hbrb hcrc >3
Z e
Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 1.153.
In AABC the lengths BC,CA,AB are a, b, c. Let l,, 1;, L. be the lengths of the bisectors from
the vertices A, B, C in triangle ABC. Prove that:
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lalb + lblc + lcla

€' A" B
smz smz smz

3
< E\/Sabc(a +b+c)

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 1.154.
In triangle ABC with sides BC = a,CA = b,AB = c.r,, 1}, 1. are exradii, h,, hy, h, are
distances from A4, B, C to BC,CA, AB. Prove that:

Ty rpT, Ty - h,h, hph, h:h,
mAsinB ' sinBsinC  sinCoin?  sim2C  sinzA  simzB
singsins  sinysin,y  sinysiny  sin®5  sin®5  sin®5

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 1.155.

Let a, b, ¢ be positive real numbers such that: a + b + ¢ = 3. Prove that:
2

a? b? c
+ + >
bici/a(b® +1) c*ai/a(b®+1) a*bi/4(a® +1)

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

N| W

PROBLEM 1.156.
Let ABC be a triangle having the area S. Let be A’ € (BC) such that the incircles of
AAA'B, AAA'C have the same radius. Analogous, we obtain the points
B' € (AC), C' € (AB). Prove that:
AA' - BB' - CC’
s

where s is the semiperimeter of AABC.

Proposed by Marian Ursdrescu - Romania
PROBLEM 1.157.
Prove that in AABC, the following inequality holds:

Z( tA .ZB -ZC>> 81r4
aco 2 sin sin _ZRZ(ZR—T)

Proposed by Marian Ursdrescu - Romania

Dt E )
a b2 + ¢z~ b+c
cyc cyc

Proposed by Andrei Stefan Mihalcea - Romania

cyc

PROBLEM 1.158.
Let a, b, c > 0. Prove that:

PROBLEM 1.159.
Prove that in any 4ABC the following inequality holds:
a’hyh, + b*h,h, + c*h,hy < 4(R +1)*

Proposed by Marian Ursdrescu - Romania
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PROBLEM 1.160.

Prove that for all non-negative real numbers x, y, z the following inequality holds:
y+z Z+Xx x+y X y z

>
(1+x)2+(1+y)2+(1+z)2_1+yz+1+zx+1+xy

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 1.161.
Let a, b, ¢, d be positive real numbers such that abcd > 1. Prove that:
a’+b*+c*+1 b*+c?2+d*+1 c*+d*+a*+1 d*+a*+b*+1
a3+b3+c3+1+b3+c3+d3+1+c3+d3+a3+1+d3+a3+b3+1S

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 1.162.
Let x, y, z be non-negative real numbers such that x + y + z = 1. Prove that:

a

3 x z 3 x z
V10 = J1+yz + \/li’-zx + J1+xy =1 b'\/; = J1+y+z + \/132+x + J1+x+y =1
When do the equalities occur?
Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 1.163.

Let ABC be an acute triangle with standard notations. Prove that:
m, my mc<a+b+c

a b c 4r

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 1.164.

2
Ifa,b > 0then: (a+b+Va%+b2) >6vV3ab

Proposed by Daniel Sitaru - Romania
PROBLEM 1.165.

Ifa,b,c > 0 then:
4(a+b+0)<(3V3-2) (Va2 + b2 + b2 + 2 +/c? + a?)
Proposed by Daniel Sitaru - Romania
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PROBLEMS FROM SENIORS

PROBLEM 2.001
Prove that if a, b, c € (0, ) then:
Z 2a + 3¢ 273Y. ab + 873 a?

<
a+2b + 5¢c 64(3 /_ab)z
Proposed by Mihdly Bencze - Romania

PROBLEM 2.002
Prove that in any acute-angled AABC the following relationship holds:

cosA + cosB + cosC + ln((A +1)(B+1)(C+ 1)) <347

Proposed by Daniel Sitaru-Romania
PROBLEM 2.003
Let be f: [0, 1] — (0, ) a differentiable function, convex and a, b, ¢ € [0, 1] such that:
f'(@+f'(b) + f'(c) = 1;af"(a) + bf'(b) + cf'(c) = 2

Prove that:

1

1 1

E+ff(x)dx2§(f(a)‘|'f(b)"'f("'))
0

Proposed by Daniel Sitaru - Romania
PROBLEM 2.004.

Ifx,y,z € (0, ) then:
1 1 12
yIAZ

1
X+y+z+g+

2]

Proposed by Daniel Sitaru - Romania

o 1\ 4

2 _ 2 2
Z 1+ (k 1)3 ST;
k=1 \1+ (k% —1)%

Proposed by Mihdly Bencze - Romania

PROBLEM 2.005.
Prove that:

PROBLEM 2.006.
If f:R — R continuous and convexe then:

er + ann—l
m) x

e 1
jf(x) dx > f(x3 + nx"‘l)f<
0 0

wheren > 1.
Proposed by Mihdly Bencze - Romania
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PROBLEM 2.007.
fx,>1(k=1,2,..,n)and S = Y }_; xi then:

s—k
[ [rogur=g>1
k=1

Proposed by Mihdly Bencze - Romania

foralln > 3.

PROBLEM 2.008.
Prove that if a, b, c € (0, ) then:

c 1
S
a?+b%2+9 "~ abc cvat+

Proposed by Daniel Sitaru - Romania

PROBLEM 2.009.
Letbea,b,c € (0,);a < b <c;f:[0,a] - [0,b]; g: [0, b] - [0, c] continuous, bijectifs and
strictly increasing functions. Prove that:

a

J@epr ax+g [ o g @ <ac
0 0

Proposed by Daniel Sitaru - Romania
PROBLEM 2.010.

In all acute — angle triangle ABC holds:
2

Z COShg <sz+r2—4R2
A | =s2_2R+1)?

COS &
2

Proposed by Mihdly Bencze - Romania
PROBLEM 2.011.
Prove that foralln > 1 positive integers

Zl (4
k2 n+1

Proposed by Mihdly Bencze - Romania
PROBLEM 2.012.
If A, B € M,(C) then:
n

nn+1)2n+1
Z(det(A+kB)+det(A—kB))=2ndetA+( 2n+ 1) 4B

3
k=1
Proposed by Mihdly Bencze - Romania

PROBLEM 2.013.

Letbea b € R,a < b. Find:
b

lim | sinx - arctan(nx) dx

n—oo
a
Proposed by Dan Nedeianu - Romania
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PROBLEM 2.014.
Prove thatif a,b,c € (0,») and b > a, then:
Zﬁ(ebc _ eac) <c(b-a) | e2ac 4 e@2bc
Proposed by Daniel Sitaru - Romania
PROBLEM 2.015.
Prove thatif a, b, c € [0, =) then:

252a2%+ 11Zab6 > BSZazb
Proposed by Daniel Sitaru - Romania
PROBLEM 2.016.
Leta, b, c, s, t, u be positive real numbers such that a + b + ¢ = 1. Prove that:
sa? + tb? + uc* sb? + tc?> + ua®* sc* + ta® + ub?
+ + >1
sa+th + uc sb+tc+ua sc+ta+ub

Proposed by Kunihiko Chikaya - Tokyo - Japan

PROBLEM 2.017.
Leta,(k = 1,2, ...,n) be a positive real numbers such that

Zn:akzn(n+1)

2
k=1
Prove that:

Zn:(kz—l)ak+k2+2k>n(n+1)
& ai +a;+1 -2
Proposed by Kunihiko Chikaya - Tokyo - Japan
PROBLEM 2.018.
Ifa,b,c >0and x,y,z > 1 then:

2 2 2

8a3 8b3 83 x> @ y5 b z° ¢
xa+byb+czc+a2 — — —
VA X y

Proposed by Mihdly Bencze - Romania
PROBLEM 2.019.
Prove that:

n
1
1.2(2k +1) 20 + 2k + 52 +10* = 3 (03 + 3n? + 2m)*
k=1

n
1
Z.Z(Zk + D +ke+ DR + ke +7) (k2 +10° = 5 (0 + 3n% + 2m)°
k=1

Proposed by Mihdly Bencze - Romania
PROBLEM 2.020.

Ifx,y,z¢€ (0, g), then prove that:
tan’x  tan’y  tan’x 3

+ + > —
+x)? (z+x)?2 (x+y)? 4
Proposed by D. M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania
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PROBLEM 2.021.
If x,y,z > 0, then prove that:

1 N 1 N 1 ) - 9
(x+y)Pz (y+2)5x (z+x)5y/ 32
Proposed by D. M. Bdatinetu - Giurgiu, Neculai Stanciu - Romania

(x3y3 + ySZS + 23x3) (

PROBLEM 2.022.
Provethatifn € N;n > 2;0 < a < b then:

bn+1__ n+1 b bn—l__ n—-1
ar b YD) (- a2 @@ T b

n+1 n-—1

Proposed by Daniel Sitaru - Romania
PROBLEM 2.023.
Let A, B € M,,(C) such that det A = det B # 0. Prove that:
det(AB + xy(AB)™! + (x + y)I,) = det(BA + xy(BA)™' + (x + y)I,,)

forall x,y € C.

Proposed by Mihdly Bencze - Romania
PROBLEM 2.024.
Let ABC be a triangle with the centroid G and denote by S5 its area. Prove that for any
point P in the plane:

PA-GA®> PB-GB? PC-GC2>4
3

BC | ca ' 4B = 3 Sasc

Proposed by Nguyen Viet Hung - Hanoi - Vietnam

PROBLEM 2.025.
Ifa; >0 (i=1,2,..,n) and k > 1 then:

n k n - -
T -k +1 i Tk

i=1 ip=1,.. 0=

Proposed by Mihdly Bencze - Romania
PROBLEM 2.026.

Let be n € N*. Compute:
n+1

[ vn+1-—x d
= x
Vn+1—x++/x — ne?x-2n-1

n
Proposed by Daniel Sitaru - Romania

PROBLEM 2.027.
Solve the following equation in set of real numbers:

2x+1

1 x+1
8 +27x+2*1.37%x 4+2¥.37x =125

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
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PROBLEM 2.028.
Compute:

PROBLEM 2. 029.
Compute:

PROBLEM 2.030.
Prove that:

PROBLEM 2.031.

s
2
B J c0s?(2015x) — cos?(2016x)
s
3

n
L= 1 1 (x*+4x% +12x%2 +9x
= 1m — X
nown ] (x+3)° — x5 — 243
1

Proposed by Daniel Sitaru - Romania

n 1
L=l 1zf x sinmtx d
= aoen x+ (1 —x)k1-2x .
k=1

Proposed by Daniel Sitaru - Romania

dx > 0.0001

sinx

Proposed by Daniel Sitaru - Romania

If (@) 21 C (0, ) is a sequence such that lim,,_,., =X = a € (0, ) then find:

PROBLEM 2.032.

na,
0 = lim (2n+2 /—an+1 _ z;va—n ) Vn

n—oo
Proposed by D.M. Bdtinetu - Giurgiu - Romania

If (an)nzl; (bn)nzl c (0; OO) such that

PROBLEM 2.033.

bn+1

lim =a € (0,); lim =b € (0,x)
n-co N n n—oo n
then find:
2 = lim (2n+2\/an+1 “bpy1 — 2K/an ) bn)

n—oo

Proposed by D.M. Bdtinetu - Giurgiu; Neculai Stanciu - Romania

Letbe: 1, s € [0, 0); (ay)ns1; (Bp)ns1 € (0, ) such that

. a
lim
n-oco Ay, -

nr n-o b, - ns

n
. bn+1 1
k=1

Find:

Q = lim (("+1 a,.1 bpi1 — :/anbn)e_(ﬂ_s)x")

n—oo

Proposed by D. M. Batinetu - Giurgiu - Romania
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PROBLEM 2.034.

Let f: (0, ) — (0, ) be a continuous function such that:lim,_,, fi;:xl)) =a € (0,x) and it
does exists: lim,,_, ., (r (x)) .Find:
x+1 X
0= llm — |- Vx
(Fx+D)F7  (F0)=
Proposed by D.M. Bdtinetu - Giurgiu - Romania
PROBLEM 2.035.
Evaluate:
2n digits 4
. | V44| + |[V4444| + - + |V44... 44|
im
n-o 10"

where | x| denotes the integer part of x.
Proposed by Nguyen Viet Hung - Hanoi - Vietham

PROBLEM 2.036.
Let a, b, ¢ be positive real numbers such that:

8
3(a+b)(b+c)(c+a)=
(@rbbralera e

Prove that :
a+b+c=30.
Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 2.037.

Compute the Iimit

§ -

. sm 0 sec? 9\’ cos 6,°°° cot @\ Sinfsec’o
lim f (1 + ) (1 + ) do
T
1

Proposed by Kunihiko Chikaya - Tokyo - Japan

PROBLEM 2.038.
Ifx,y,z€ R\ {1} and n € N then:

n+1

n
x"t =1
ﬁ>+\/xz+y2 + 22 Z\/x2k+y2"+zz" >0
k=0
Proposed by Mihdly Bencze - Romania

PROBLEM 2.039.
Prove that if a, b, c € (1, ) then:

3
2l ol il (2L 217 5y
a b c

Proposed by Daniel Sitaru - Romania
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PROBLEM 2.040.

Prove that if a, b, ¢ € (v/3,) then:
In(bc) In(ac) In(ab) Inc
In(ea?) * In(eb?) * In(ec?) =2 Z 1+ 2VInalnb

Proposed by Daniel Sitaru - Romania

PROBLEM 2.041.
Letbe f:[0,1] — R, f continuous on [0, 1]. Compute:

RENCRENS WD)

n-oo nZn+1)2n+1)
Proposed by Daniel Sitaru - Romania

PROBLEM 2.042.
If A,B € M,(R) then:
det(xI, + yAB + zBA) + det(yl, + zAB + xBA) + det(zI, + xAB + yBA) >

> (xy + yz + zx) ((1 + Tr(AB))2 + 2 det(AB) — Tr(AZBZ))
forany x,y,z € R
Proposed by Mihdly Bencze - Romania

PROBLEM 2.043.
Ifx,y,z,a,b,c > 0 then:

1 1
x3y + y3z 4+ z3x > (x3a+cy3b+a23c+b)a+b+c + (y3a+cz3b+ax3c+b)a+b+c +
1
+(23a+cx3b+ay3c+b)a+b+c

Proposed by Mihdly Bencze - Romania
PROBLEM 2.044.
In all convex quadrilateral ABCD we have:
(—ra+b+c+d)*+(@a-b+c+d)*+(@a+b—-—c+d)*+(a+b+c—d)* >
a+b+c * /b+c+d * rc+d+a * rd+a+b “
ZG————+@ +G————+Q +G————+® +G————+0
3 3 3 3
foralla > 1.
Proposed by Mihdly Bencze - Romania
PROBLEM 2.045.
Ifa,b,c € (0,1) then:
1 1 1 (3125)"

+ + =23 |\ ==
(a—an)™ (b -bH)"  (c1-cH)™" 256
Proposed by Mihdly Bencze - Romania

PROBLEM 2.046.

Prove that for every positive integer n:
n+1<1+1+ +1<l n+1
2 273 n_ 0BT

Proposed by Nguyen Viet Hung - Hanoi - Vietnam

In
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PROBLEM 2.047.

Evaluate without calculator:
17

Z cos* km
k=1 36
Proposed by Nguyen Viet Hung - Hanoi - Vietham

PROBLEM 2.048.
Prove that the following inequality holds for all non-negative real numbers a, b, ¢
(a* + b* + cY)(ab3 + b + ca®) = (a®b + b3c + c2a)(a®?b? + b*c? + c*a?)
Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 2.049.
Prove that the following inequality holds for all positive real numbers x, y:
xVXyrY < 1.
Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 2.050.
Leta > b > ¢ > 0. Prove that:
aa—bbb—ccc—a >1.
Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 2.051.
Ifa,b,x,y € (0,0) and m € [0, ) then:
al + Y + >
(ay + bz)™*1 * (az + bx)™*1 * (ax + by)™1 ~ (a+ b)™*1(x +y + 2)™
Proposed by D.M. Bdtinetu-Giurgiu; Neculai Stanciu - Romania

3m+1

PROBLEM 2.052.
In any triangle ABC the following relationship holds:

1
>3
(cos A + cos B)? + (cos B + cos ()2 + (cosC + cosA)z —
Proposed by D. M. Batinetu - Giurgiu; Neculai Stanciu - Romania

PROBLEM 2.053.

If x,y,z € (0, ) then:
X y z 27

G+2° GZ+2? 1y’ -8Gx+y+2)?

Proposed by D. M. Batinetu - Giurgiu - Romania
PROBLEM 2.054.
Leta € (0, %),b € [1,0),m,n € R} and f, g, h, k: [—a, a] > R be continuous functions
such that: f(—x) = —f(x), g(—x) = —g(x),
h(—x) = h(x), k(—x) = k(x). Evaluate:
[ F@) +g()
_.[ (b — cos x)™h(x) + k(x) sin®™ x

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
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PROBLEM 2.055.
Let m,, m;, m, be the lengths of medians of a triangle ABC with inradius r. Prove that
m, +my, +m,

> 4r
sinZ A + sin? B + sin? C

Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 2.056.
Let ABC be a triangle such that:

1 1 . . i
(sinB + sinC) (—sinA +sinB +sinC) = 2

Prove that <4 <

e

Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 2.057.

Ifa b,c,d e Ri,a<band f:R — R} is a continuous function such that
f(a+b—x)=f(x),V x €R, then evaluate
b
f fx—a)(c+df(b—x))
c(fx—a)+f(b—x))+2df(x—a)f(b - x)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

PROBLEM 2.058.
Find:

1 1 1
lim (tan - — tan—_) (cos + -4+ cos )
n—0o0 £ n+i n+i+1 n+1 n+2 n+i

i=1
Proposed by Daniel Sitaru - Romania

PROBLEM 2.059.
Compute:

. (1P + 2P + - + kP)? eN
now £y P (1P + 20 + -+ ) P

Proposed by Daniel Sitaru - Romania
PROBLEM 2.060.
Prove thatif a, b, c,d € R; a? + b? # 0; ¢ + d? # 0 then:
(ad — bc)(3(a? + b?)(c? + d?) — 4(ad bc)z)

((a2 + b2)(c? + dz))2
Proposed by Daniel Sitaru - Romania
PROBLEM 2.061.

Let x4, X5, ..., X, be non-negative real numbers satisfying
X1 2x, nx,
+ 4t
1+x; 1+x; 1+x,
Find the maximum possible value of P = x,x3 ... x".

Proposed by Nguyen Viet Hung - Hanoi - Vietham

=1
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PROBLEM 2.062.
Ifa,b,c € Cthen:
|a® + b® + ¢ —3abc| < |a+ b+ c|(lal + |b| + |c|)?
Proposed by Mihdly Bencze - Romania
PROBLEM 2.063.
Prove that for any triangle ABC holds:

A B+ B C+ Cc A>
coi42 co;}2 cC(')s 21cos2 ACOSZC();Z_ .
> s e i 242 22 2_)_
_\/§coszcoszc052+2<cos 2+cos 2+cos >

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 2.064.
Ifx,y,z € (0,1) then:
3n+1

(22" + (5 f"yz)“ T e

Proposed by Mihdly Bencze - Romania

foralln € N.

PROBLEM 2.065.
Ifa,b,c > 0and n € N* then:
2"@ +b*+c) = (a+b)"Ya+c)+b+c)"1(b+a)+ (c+a)(c+b)
Proposed by Mihdly Bencze - Romania
PROBLEM 2.066.
f(x+1)

Let t € R* and f: R} — R such that limx—wom € R, and

1
limx_,oo(f(x))x % € R’ .Prove that:

. 11 1 ( +'1)
lim(f(0))* === x%%

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
PROBLEM 2.067.

If x,y,z > 0 then:
1 1

+ +
(x2 +yz)(3x%2 + 2y2 + z%2)  (y?+ zx)(3y?% + 222 + x?)
N 1 <x2+y2+zz+xy+yz+zx
(z2 + xy)(32z% + 2x%2 + y2) — 24x2y2 72

Proposed by Mihdly Bencze - Romania

PROBLEM 2.068.
Find:

2= lim (’""*"§/(2n F N —""(2n— 1)!!) .

Proposed by D. M. Batinetu - Giurgiu; Neculai Stanciu - Romania
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PROBLEM 2.069.
Ifx,y,z>0and b > a > 0 then:
b% + xy b% + yz b? + zx

1 1 1
In +1n +1n <-o(S+o+)
a? + xy a’? +yz a? + zx Xy z

Proposed by Mihdly Bencze - Romania
PROBLEM 2.070.
Prove that if a, b, c € R then:
(2—a—-b—c+abc)® < (a?+2)(b?+2)(c? +2)

Proposed by Daniel Sitaru - Romania
PROBLEM 2.071.
Prove that if a, b, c € R then:

(3abc — a® — b? — ¢3)? < (a? + b? + ¢?)3

Proposed by Daniel Sitaru - Romania
PROBLEM 2.072.
Ifa,b,c > 0;n € N* then:

wliN

2
3

WIN

+ (c n (Z:b— 1)a> + (a n (ZZC— 1)b) =3

Proposed by Marin Chirciu - Romania

(b + (zza— 1)c)

PROBLEM 2.073.
If x,y,z > 0 then:

1 1 1
— — —_ > I—
log<1+x)+log(1+y)+log<1+z)_SIog<1+x+y+Z)

Proposed by Marin Chirciu - Romania
PROBLEM 2.074.

Let x, y, z be positive real numbers such that: x + y + z = 3. Find the minimum value of:
4 4

x* y z
P= + +
y4.-34z(x5+1) z+-Yax(S+1) xt-Yay(zS+1)

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 2.075.
Let x, y, z be positive real numbers such that: xyz = 1. Find the minimum of expression:

X y z
P=2(x+y+2)+ + +
(x+y+2) y3+z34+1 z22+x3+1 x3+y3+1

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 2.076.
Let a, b, ¢ be the side — lengths of an acute triangle with perimeter 1. Prove that

E, > a®b’c® > E,
where
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B (b+c—a)(c+a—-b)(a+b—-c)
- (bz +c2 — aZ)a(CZ +a? — bZ)b(aZ + b2 — CZ)C’

E4
and
(bz + CZ _ az)b+c(cz + az _ bZ)c+a(a2 + bZ _ CZ)a+b
E; = (b+c—a)(c+a—b)(a+b—c)

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 2.077.

Prove that in any acute triangle ABC the following inequality holds:
m, m, m, 3
h_aCOSA + h—bcosB + h—ccos C> 2
Proposed by Hung Nguyen Viet-Hanoi-Vietnam
PROBLEM 2.078.
Let a, b, ¢ be positive real numbers such that a + b + ¢ = 1. Prove that:
a b bc+albhc?+achb % P<al+bl+c?
Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 2.079.
Prove that for all positive real numbers a, b, c and integer n > 3, the following inequality
holds:

a"+b"+c"(1 N 1 N 1>> <b+c+c+a+a+b)"
9 a® b ¢/~ \ 6a 6b 6c
Proposed by Hung Nguyen Viet-Hanoi-Vietnam
PROBLEM 2.080.
Prove that for all positive real numbers a, b, ¢ the following inequality holds:
(a + b)? (b + c)? (c + a)? - 9(a?b + b?*c + c*a + abc)
a’ —ab+b%? b* —bc+c? c?-ca+a®” a® + b3 +c3
Proposed by Nguyen Viet Hung - Hanoi - Vietnam

PROBLEM 2.081.
Let a, b, ¢ be positive real numbers and k > 2. Prove that:

bc ca ab - 3
b+ka)ctka)  |[ctkb)at+kb) & |latkob+ko > k+1

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 2.082.

Let ABC be an equilateral triangle with side-length a and let M be any point inside the
triangle. Prove that:

2
a
> > xMA + yMB + zMC > 2(xy + yz + zx)

where x, y, z denote the distances from M to the sides BC, CA, AB, respectively.

Proposed by Nguyen Viet Hung - Hanoi - Vietham
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PROBLEM 2.083.
Let m,, m;, m, be the lengths of the medians of a triangle with circumradius R. Prove that:

(Hmia)(umib)(umic)z(ﬂgf

Proposed by George Apostolopoulos-Messolonghi-Greece
PROBLEM 2.084.

Prove that if n € N* then:
1

1
2 f arctan(x™ 1) arctan(x™) dx < j arctan?(x™) dx +
0 0

2n—1

Proposed by Daniel Sitaru - Romania
PROBLEM 2.085.
Prove thatif a, b € (0,); n € N* then:

(e 2) () ()= B

Proposed by Daniel Sitaru - Romania

PROBLEM 2.086.
Prove that if a, b, c are the length’s sides in 4 ABC then:
sin? a + sin? b + sin? ¢ > 4 sin s - sin(s — a) - sin(s — b) - sin(s — ¢)

Proposed by Daniel Sitaru - Romania
PROBLEM 2.087.
Let z4, z,, 23 be the affixes of A, B respectively C in acute-angled 4 ABC.

Prove that:

Zy — 73 Z3— 174

- 32sr3
) ~ (52— (2R +1)2)2

V4 +23 Z3 +Zl

Proposed by Daniel Sitaru - Romania
PROBLEM 2.088.
Let a, b,c > 0 such that ab + bc + ca + abc = 4.Prove that:

(@a+1DJb+Dc+D+B+1J(c+D@a+1)+(c+1DJ(a+1Db+1)=
>a+b+c+9
Proposed by Nguyen Ngoc Tu-Ha Giang-Vietham
PROBLEM 2.089.
Let r,, 1, 7. be the exradii of a triangle ABC, h,, h;, h. the altitudes and let R, 7, s denote
the circumradius, inradius and semiperimeter respectively. Prove that
r_ﬁ+r_ﬁ+r_%2£(1_1)
h, h, h, 3 \r R
Proposed by Martin Lukarevski-Skopje-Macedonia
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PROBLEM 2.090.
If u,v > 0, with 2u — v > 0 and a, B, y are the measures of the angles of triangle ABC, then

sina 3
2. e
SZusin B +v/sinasin g u+v

Proposed by D.M. Bdtinetu - Giurgiu; Neculai Stanciu - Romania

PROBLEM 2.091.
Prove that for all positive real numbers a, b, c, d:
a? b? c? d? >a+b+c+d 4(2a+ b —2c —d)?
a+b+c+b+c+d+c+d+a+d+a+b_ 3 + 27(a+b+c+d)

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 2.092.
Prove that for all positive real numbers a, b, c:

a? N b? N c? >a+b+c+ (b —c)?
“a+b btc cta- 2 2(a+b+c)
a? b? c? a+b+c (a+b-2c)?

. >
bb+c+c+a+a+b_ 2 +2(a+b+c)
Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 2.093.

Prove that in any triangle ABC the following inequality holds:

(b+c)a+(c+a)b+(a+b)c>

8
m2 ms m2

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 2.094.
Prove that in any acute triangle ABC the following inequality holds

cosB cosC 4 cosCcos A N cosAcosB < V3
sinA sinB sinC -2
Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 2.095.
Let a, b, ¢ be the side lengths of a triangle ABC with inradius r and circumradius R. Prove
that:

81
(b* + ¢*) sin®? A + (¢* + a*) sin®? B + (a* + bY) sin®* C < T (3R* — 161%)
Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 2.096.

Let ABC be a triangle and w,, w;, w, are bisectors of ABC. Prove that:
1 1 1 1

t——t—z—
aw? ' bw?  cw?  RA
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where R is the circumradius of ABC, A is area of ABC.
Proposed by Mehmet Sahin - Ankara - Turkey

PROBLEM 2.097.
Let a, b, c be the side lengths of a triangle ABC with incentre I, circumradius R and inradius
r. Prove that:

VvAI BI CI 2 VR+r

+ + <—-
b c 2 r
Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 2.098.
Let ABC be an acute triangle with orthocenter H. Prove that:
AH -BH + BH - CH + CH - AH < 6Rr
Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 2.099.
Let a, b, ¢ be non-negative such that a + b + ¢ = 3. Prove that:

|[(a—b)(b—c)(c—a)| < %5 Equality occurs when?

Proposed by Nguyen Ngoc Tu - Ha Giang - Vietnam
PROBLEM 2.100.
Let a, b, ¢ be the lengths of the sides of a triangle with perimeter 3 and inradius r. Prove that:

2 < <
288r_a2+b2 b2+c2 ¢ +a?2 " r

(a+b)* b+0)* (c+a)? 2
2

Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 2.101.
Let a, b and c be the side lengths of a triangle with inradius 7. Prove that:

4] 1 1 1 V3

+ + <—
a* +2b%¢2  b* + 2c%a? c¢* + 2a%b? ~ 6r

Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 2.102.

Let ABC be a triangle with circumradius R and inradius r. Prove that:

4<sec2A+seczB+seczc<2R
- 2 2 2 r

Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 2.103.
Let m, n be positive real numbers. Prove that:
(1 1)"1 < 4034 —2015m 4034 —2015n m+n+ 2009

m+ 2017 * n+ 2017 * 2

m n

Proposed by Iuliana Trasca - Romania
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PROBLEM 2.104.
Prove that in any triangle ABC the foIIowing relationship holds:

Z abcz
r
sm \/abs(s —c)

2

< 6R

Proposed by Daniel Sitaru - Romania
PROBLEM 2.105.
Let G be the centroid in 4 ABC. Prove that:
cot(GBA) + cot(GCB) + cot(GAC) > cot A+ cot B + cot C + 3
Proposed by Daniel Sitaru - Romania
PROBLEM 2.106.

In AABC the following relationship holds:

a>® b® 3
(acot20° + b cot 40° + c cot 80°)3 > 9v3r <— +—+ —)
Tq b re

Proposed by Daniel Sitaru - Romania
PROBLEM 2.107.

Prove that:
1 1

f 2 f dx 1
arctan” x dx > —

arctan? (;) 4
0 0 x2—x+1

Proposed by Daniel Sitaru - Romania

PROBLEM 2.108.
Ifa,b,c>0,a+ b+ c = abc then:
4(a+b)(a+c) 4b+c)(b+a) 4(c+a)(c+b)
Bb+0Z | (cta? | (a+by
Proposed by Daniel Sitaru - Romania

<3+a®+b*+c?

PROBLEM 2.109.
Ifabc>09.(a)—f sm( )dxthen

n(bQ(a)+cQ(b)+aQ(c)) > (az + 1)b(b2 + 1)C(CZ +1)@
Proposed by Daniel Sitaru - Romania
PROBLEM 2.110.

Let m, x,y,z > 0 be positive real numbers and F be the area of the triangle ABC. Prove that:
a2m+2xm+1 b2m+2ym+1 C2m+22m+1 2m+1

+ + >
(y + Z)m+1 (Z + x)m+1 (x + y)m+1 (\/E)m_l
Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia

m+1

PROBLEM 2.111.
Let x,y,z > 0 be positive real numbers and F the area of the triangle ABC. Prove that:
(y +2)%a* (z+x)*b* (z+x)*c*
2 + 2 + 2
X y
Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia

> 64F?>
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PROBLEM 2.112.
Let x,y,z > 0 be positive real numbers and F be the area of the triangle ABC with
circumradius R. Prove that:
ad sin2é+LsinZE+ 2 2 C s 2BF
y+z 2 z+x 2 x+y 2~ R?

Proposed by D.M. Bdtinetu-Giurgiu-Romania, Martin Lukarevski-Skopje-Macedonia
PROBLEM 2.113.
If x,y,z > 0 then:

4xyz(x3+y3 +23) < (2 + yH)(x* + yH) + (9?2 + 2D (y* + z*) + (2% + x*)(2* + xH)
Proposed by Mihdly Bencze - Romania

PROBLEM 2.114.
If x,y,z > 0 then:

1\° 1\° 1\ 3 1

Z - - T (oW S| 44 4 4, .4
2<(x+2) +(y+2> +(z+z) >S 2+xyz((x +y)z+ Y+ z)x + (2" +x )y)+

x2+y? yr4z2 2%+ x?
Y 2 +
z x y
Proposed by Mihdly Bencze - Romania

PROBLEM 2.115.

Let a, b, ¢ be the lengths of the sides of a triangle with inradius r and circumradius R. Let
T o Ty, T be the exradii of triangle. Prove that:
a® b® ®
5 4
1728 .’ < —+—+—<108R*(R—1)
rq rp re
Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 2.116.
A triangle with side lenghts a, b, ¢ has perimeter equal to 3.Prove that:
ad + b3 + 3 + a* + b* + ¢* = 2(a®?b? + b%*c? + c?a?)
Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 2.117.
Let ABC be a triangle with inradius 7 and circumradius R. Prove that:

83 1 1 1 2v3 /R\?
a. < + + (—)

<

3 34 3B 3C~ 3 \2
c¢2)s > czs > c;s > o
r

9(=) < 247 22 22 2

b9(R) < cos 2+cos 2+cos 557

Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 2.118.
Let a, b, ¢ > 0 such that: a? + b? + ¢ = 3. Find the minimum of the expression:
b3 c3 +(a+b)(b+c)(c+a)

a3
P = 8 8 + 8 8 + 8 8 16
4 4 4
\/b ;’C +5bc \/C ;“ +5ca % erb +5ab

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
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PROBLEM 2.119.

Let a, b, c > 0 such that: a + b + ¢ = 3. Find the minimum of the expression:
(a+b)(b+c)(c+a)

a b c
P= + +
3/4(b8 + c®) + 7bc  3/4(c® +a®) +7ca 3/4(ab + b®) + 7ab 24

Proposed by Hoang Le Nhat Tung - Hanoi - VietNam

PROBLEM 2.120.
In A ABC the following relationship holds:
VazB + Yb2C + i c2A < 4ns?
Proposed by Daniel Sitaru - Romania

PROBLEM 2.121.
Let x, y, z be positive real numbers such that: x + y + z = 3. Prove that:

x +—2 - + z + Vx+ y+iz >3
5-33y 5-3Vz 5-3Vx 2 =
Proposed by Hoang Le Nhat Tung - Hanoi - VietNam

PROBLEM 2.122.
If 4, Z5, 23 € C are different in pairs and |z{| = |z;| = |z3| = 1 then:
|z1 — 23| + |2z — 23| < 3 + |21 + 25|

Proposed by Marian Ursdrescu - Romania
PROBLEM 2.123.
Let A € M, (R) be a symmetric and invertible matrix. Prove that: det(A% + A~2 + 2I,,) > 4"
Proposed by Marian Ursdrescu - Romania
PROBLEM 2.124.
Let a, b, c be the side lenghts of a triangle ABC with inradius r and circumradius R. Prove:
§< a? N b? N c? <2R—r
27 b%2+c2 c*+a? a?+b?2" 2r
Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 2.125.

Let triangle ABC have exradii r,, rp, T, altitudes h,, hy, h, and a, b, ¢ be the lengths of the sides.
Prove that:
ho\*  (hp\* /ho\® 1f/a*+b* b *+ct *+at
(2 () = (e
T, T T, 2 c a b

Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 2.126.
Let m,, my, m. the lenghts of the medians of a triangle ABC with circumradius R. Prove that:

1,1, 1
1 1 1 3 m, Tmy, Tm,
+ + + >4 M T M
m,ym, mym, mm, m,m, + mym, + m.mg, m, + m, + m,

Proposed by George Apostolopoulos - Messolonghi - Greece
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PROBLEM 2.127.
Let be A, B € M,,(R) such that: A> + B> = 2 sin%AB. If AB — BA is invertible, then nx is an

even integer.

Proposed by Marian Ursdrescu - Romania
PROBLEM 2.128.
Let x, y, z be positive real numbers such that: x + y + z = 3. Find the minimum of the
expression:

x3

N y? N z L Vra iy + ¥z
y (,/Z(y‘* +z4) + yz)2 z( 2(z% + x*) + zx)2 x (,/Z(x‘* +yH) + xy)2 27

Proposed by Hoang Le Nhat Tung - Hanoi - VietNam

P =

PROBLEM 2.129.

Let a, b, ¢ be positive real numbers such that: a + b + ¢ = 3. Prove that:
a3 b3 c3 ab + bc + ca

+ + + >1
8 4 8 8 1 o8 8 1 p8 2(a% + b2 + ¢2) —
b2<4/b ;C +5bc> c2<4/c -lZ-a +5ca> a2<4/#+ 5ab>

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 2.130.
Let a, b, ¢ be positive real numers such that: a + b + ¢ = 3. Prove that:
a3 b3 c3 ab + bc + ca
b2(b% + bc + ¢?) * c2(c? + ca + a?) * a’(a? + ab + b?) T
Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 2.131.
Let a, b, c > 0, with sum 1. Prove that:

Z ab? > (Z ab)2 — 102 ab + 12abc

Proposed by Mihalcea Andrei Stefan-Romania
PROBLEM 2.132.
Let a, b be two positive numbers.Prove that:
(1+ab)(ab—-—a—-b—-1) 4(a®> + b*+a+b)
@+ D2+ T @ratb) (@ +tbita+bh) —2@tb)?

Proposed by Mihalcea Andrei Stefan - Romania
PROBLEM 2.133.
Let a, b, c > 0, with sum 1. Prove that:

a 1+ Y a?
ZVabcz < %
1+ a?

3+ a?

Proposed by Mihalcea Andrei Stefan - Romania
PROBLEM 2.134.
Let ABCD be a cyclic quadrilateral with perimeter 2.Denote AB = a, BC = b,CD = c,
DA = d.Prove that:
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432 2(@+c)(b+d)

tn—<

2 VvIIA —a)

Proposed by Mihalcea Andrei Stefan - Romania
PROBLEM 2.135.

Ifa,b,c > 1 then:
log,b log, c log.d log,a - 16

a+b+c b+c+d c+d+a d+a+b 3(@a+b+c+d)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
PROBLEM 2.136.
Let x, y, z be positive real numbers such that: x* + y* + z* = xy + yz + zx. Find the
maximum of the expression:

3|x6+y6 3|y6 426 3(z6 4 x6
P= Y+ )2 +
2 2 2

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 2.137.
Let a,b,c > 0 such thata + b + ¢ = 3. Prove that:

"’%/_+§/—+3\/" 7

a b
3/4(b® + ¢®) + 7bc 3/4(ct + a®) + 7ca 3/4(a® + b®) + 7ab 12 B 12

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 2.138.
Let a, b, ¢ be positive real numbers such that: a + b + ¢ = 3. Prove that:
a? b? c? 3

J5(b* +4) ¥ J5(c* +4) ¥ J5(at+4) 5

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 2.139.
In ABC triangle the lengths of sides BC,CA, AB are a, b, c. Let h,, h;, h. be the distances
from A,B,C to BC,CA,AB; 1., 1;, . are the lengths of the bisectors A, B, C. Prove that:
lalb + lblc + lcla > hahb + hbhc + hcha
l. l, L, h, h, h,
Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 2.140.

Let a, b, ¢ be positive real numbers. Prove that:

b+c+c+a+a+b>4(a2+b2+cz) 2(ab + bc + ca)
a b ¢c ~ ab+bc+ca a? + b? + 2

Proposed by Hoang Le Nhat Tung-Hanoi-Vietnam
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PROBLEM 2.141.
Leta, b,c > O such that: a + b + ¢ = 3. Prove that:
at b* ct a? + b? + ¢?
+ + >
b*(2ab—+c+2) c*(2bc—Va+2) a*(2ca—+b+2) 3

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 2.142.
Let a, b, ¢ be positive real numbers such that: abc = 1. Prove that:
a’b? b%c? c’a? a’?+b*+c*+3
a2—2a+b2+2+b4—2b+cz+2+c4—2c‘+a2+2S 4

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 2.143.
Let x, y, z be non-negative real numbers. Prove that:

x3x2 +yz+yJ3y2 +zx +z/322 + xy > x2 + Y2 + 22 + xy + yz + zx
Proposed by Do Quoc Chinh - Ho Chi Minh - Vietnam
PROBLEM 2.144.
Let A, B, C be the corners in a triangle ABC. Prove that:

A\ 2 B\* C\?
sin+ sin+ sin 9
2 n 2 n 2 >Z
tanE tans tanz 4
2 2 2

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

b (b_a)z
dxdydz 3lb+1

jg—Slog —

J 1+ xyz a+1

Proposed by Daniel Sitaru - Romania

2 1 1
AB=(0 -1 1
0o 0 -1

Find: det((BA)? — 3I3)
Proposed by Marian Ursdrescu - Romania

PROBLEM 2.145.
If1 <a < bthen:

b b
/]

PROBLEM 2.146.

Let be A, B € M3(R) such that:

PROBLEM 2.147.
Find all continuous functions f: R — R having the property:
f(x) +2f(2x) + f(4x) = 25x%> + 9x + 4,Vx ER

Proposed by Marian Ursdrescu - Romania

48 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

PROBLEM 2.148.

Let be x, > 0 and x,,,; = arctan li’; ,vn € N. Find:
Q=Ilim(n-x,)
n—->oo

Proposed by Marian Ursdrescu - Romania
PROBLEM 2.149.

Let be the sequence (X;)pen: Xo > 1land x,,,1 =1+ 1n (12::‘ ),Vn € N. Find:
lim(nlnx,)
n—>oo

Proposed by Marian Ursdrescu - Romania
PROBLEM 2.150.
Letbe fEZ f = a,x™ + a,_1x" 1 + .-+ a;x + ay, such that
a;,a,,..,a, € {+1,+2, ..., +n}. If a, is a prime number, a, > n? then f is irreducible over
Z.

Proposed by Marian Ursdrescu - Romania
PROBLEM 2.151.
Let a, b, c be positive real numbers such that: a + b + ¢ = 3.

Prove that:
b c

a
+ +
J2(b*+ ¢*) + 7bc 2(c*+a*) + 7ca 2(a* + b*) + 7ab

W =

=

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 2.152.
Let a, b, c be positive real numbers. Find the minimum value of:
a’? b* c?
= + + +—+—+—
J2(@ +bpY) 2 +cY) J2(ct+at) b ¢ a

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 2.153.
Solve the system of equations:

3 43
2 <? + 3:—2> = 1/8(x* +y*) + 2,/xy

+1
16x° — 20x3 + 5./xy = yT

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 2.154.
Let x, y, z be positive real numbers such that: x + y + z = 3. Find the minimum value of:

Vx+3fy+Vz+1 8
P= vy +=(x% +y* + z%)
4(Vx+ y+vz) 3
Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
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PROBLEM 2.155.
Let x, y, z be positive real numbers such that: xyz = 1. Find the minimum value of:
x3 y3 z3 Xy +yz+ zx
P = 2 nz T 2 nz T 2 nz T
(2y? —yz+27%)?  (22% —zx + 2x%)?  (2x% —xy + 2y?) 3

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 2.156.
Find all the polynomials P € R[x] having the property
P(x) = P(x+ x2 + 1),\7’x€ R
Proposed by Marian Ursdrescu - Romania
PROBLEM 2.157.

Let f:[0,+) — [0, +0) a derivable function and a > 1. If
() (f(x) + x% + 2x + a) = 1,Vx > 0 then: lim,._,, f(x) exists and it is finite.

Proposed by Marian Ursdrescu - Romania
PROBLEM 2.158.

Prove that for any real numbers a4, a,, ..., a,,, the inequality holds:
n

2 2 2k 2k
Z a;(a; + a;1) (af + afyq) . (ai + ai+1) =0
i=1
Where k is a positive integer and a,,,1 = a;. When does the equality occur?

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 2.159.
Prove that in any triangle ABC with standard notations, the inequality holds:

(a+ b+ c)(a® + b? + c?) = 2(b + c)h% + 2(c + a)hi + 2(a + b)h?

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 2.160.

Let a, b, c be positive real numbers suchthata + b+ c > % + % + % Prove that:

3(a®b + b3c+c2a) > (a+ b +c)?

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 2.161.

Prove that the following inequalities holds for all real numbers a, b, c € [0, 1]
a(l—-a+a*>)(1-b+b*>)(1—-c+c?) < - abc+ a*b?*c?)
b.1-a+a®>)?1-b+b>)?1—-c+c?)?<
< (1 —ab+ a?b?*)(1 - bc + b*c*)(1 — ca + c*a?)

When does the equality occur?
Proposed by Nguyen Viet Hung - Hanoi - Vietham
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PROBLEM 2.162.
Ifm e [0,0),x,y,2,t € (0,0), then in any triangle ABC, with usual notations holds:
(xa? + ymf,)m+1 (4x + 3y)m*?
Z (zw? + thz)m = 3m(z +t)™ v3s
cyclic b c
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

PROBLEM 2.163.
Ifm € [0,0),x,y,2,t € (0,), then in any triangle ABC, with usual notations holds:
(xaz + be)m+1 - 4_m+1(x + y)m+1

2 2\~ 1
cyclic (Zwb + th) 3" 2(z + t)m

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

S

PROBLEM 2.164.
Ifa,b,c > 0 then:
(a+ b)\Ja%2+b%2—ab+ (b+c)\JVb%2+c2—bc+ (c+a)/c?+a%?—ca=>
> 2(ab + bc + ca)
Proposed by Daniel Sitaru - Romania

PROBLEM 2.165.
Ifa,b,c > 0 then:

(a+b)Va?+b%2+ (b+c)Vb?2+c?+(c+a)/c?+a?>
> (2vV3 —1)(ab + bc + ca)
Proposed by Daniel Sitaru - Romania
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UNDERGRADUATE PROBLEMS

PROBLEM 3.001.
Prove that if @ € [2, 7] then:

a

f arctan® x - dx <
2

a—2
5

7
f arctan® x - dx
2

Proposed by Daniel Sitaru - Romania
PROBLEM 3.002.
Let a, b, ¢ be positive real numbers. Prove that:

1 1 1 1
Dsat 2sarrrez 2liarstiare
5a 3a+b+c 4a+b 4a+c

Proposed by Soumitra Mandal - Chandar Nagore - India

PROBLEM 3.003.
If A, B € M,(C) then:
(det(4 + B))? + (det(A — B))? > 2 det(AB + BA)

Proposed by Mihdly Bencze - Romania
PROBLEM 3.004.
Let f:[a,c] » R,0 < a < c be a continuous and convex function on [a, c]. Prove that if
b € [a, c] then:

ij(x) dx < (b —a)[f(b) + f(a)] + (c = b)[f(b) + f(c)]

Proposed by Daniel Sitaru - Romania

PROBLEM 3.005.
If x > 1 then:

Proposed by Mihdly Bencze - Romania
PROBLEM 3.006.
Ifa,b,c > 0andx,y, z> 1 then:

xz\2® ;yx\2b  zy\2c a?+b? b*+c? c*+a?
) @) <
y z X

Proposed by Mihdly Bencze - Romania
PROBLEM 3.007.
Letbe a,r € (0,); (@ )ns1;01 = @4 Apyq = A, + 1,1 € N7
n

n
bnznak,cn =1_[bﬁ.
k=1

k=1
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Find:
n

lim

2
n—oco n° |
Cn

Proposed by D. M. Batinetu - Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.008.
Find:

dx

J (2e*+1)sinx —cosx —1
e2* + (cosx —sinx + 2)e* + cosx —sinxcosx —sinx + 1

Proposed by Mihdly Bencze - Romania

PROBLEM 3.009.

Prove thatif n € N; n > 3 then:
2e

n! 2
- < e +n—-6
)

Proposed by Mihdly Bencze - Romania
PROBLEM 3.010.
Find:
e*In(1 + e¥) — e**

dx;x € R
1+e)2In?(1+e) 0"

Proposed by Daniel Sitaru-Romania

PROBLEM 3.011.
Ifa,b,c >0andx,y, z> 1 then:

1 1 1

18a 18b 18c z2\a (x*\b [y?\¢
x3a?+2b2+c? . y3b2+2c2+a? - z3c2+2a2+b2 < | — | [ — ) | —
y z X

Proposed by Mihdly Bencze - Romania

PROBLEM 3.012.
If x > 0 then compute:

dx

f 2e* +sinx + 1003
e* + 2sinhx + sinx — cosx + 2006

Proposed by Mihdly Bencze - Romania
PROBLEM 3.013.
Let (4, +,") be aringwith 1 # 0. If x,y € A such that x + y = 1 and x?°1® = x prove that the
elements 1 — xy and 1 — yx are invertible.

Proposed by Nicolae Papacu -Romania

PROBLEM 3.014.

Prove that:

p p 3

li Z 1 I

im —_— —

p- mn(m + n) 6
n=1 \m=1

Proposed by Daniel Sitaru - Romania
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PROBLEM 3.015.
Let be (4, +,). If it does exists k € N* such that for any a, b € A we have
(a + b)?**1 = q?* 4 p%k and (a + b)?¥*3 = a?**2 4+ h2Zk+2, then prove that the ring is
commutative.

Proposed by Dana Heuberger - Romania
PROBLEM 3.016.

Compute the limit:
s

3 cot@ sin@sec? 0

] sin @ sec? 0\’ cos @ cot@
i [ 1n (1 SOSEC OV cony ™oty
n— oo n n n

Lk

Proposed by Kunihiko Chikaya - Tokyo - Japan
PROBLEM 3.017.
Let {a,,} be a sequence defined inductively by
1 n*-2n-1
2% + n?(n + 1)2
Find the greatest value of n such that a; + a; + --- + a,, is minimized.

Proposed by Kunihiko Chikaya - Tokyo - Japan

a;,=1a,,1= n=1,23..).

PROBLEM 3.018.

dx < — ——
o 4 3

T

I

COS X ™o 12 vV2-1 152
f 4(e -1) +

T

6

Proposed by Soumitra Mandal - Chandar Nagore - India
PROBLEM 3.019.
Let E = (n, k, p) be the total number of (xl, X2, e, xp) for which x; + x, + -+ Xpisa perfect
k power when the integers x4, x5, ..., X, are selected independently at random from the set

{1,2,...,n}. Compute: lim, _,, E(n\;(_p) forp =2; *p = 3.
n

Proposed by Mihdly Bencze - Romania
PROBLEM 3.020.
Ifx, €R (k=1,2,..,n) then:

n

xi
Zk(k+1) n+1 k(k+1)

Proposed by Mihdly Bencze - Romania

PROBLEM 3.021.

Prove that:
1
dx V(4

1< T
J J1 — x2 + x2015 _ y2016 2
Proposed by Soumitra Mandal - Chandar Nagore - India
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PROBLEM 3.022.
Let ABC be a triangle with the area S and denote by r, 1, 1}, . inradius, exradii respectively.

Prove that:
3

(I +1r,rp) T + 11 )% +1o1y) = (13—0) (rs)?

Proposed by Nguyen Viet Hung - Hanoi - Vietam
PROBLEM 3.023.

Ifx,y,z,z,b,c > 0 then:
b+c a+b

(xz‘l;c}’) (yz-;z)”a (zz+zx) > (x + Y)P(y + 2)¢%(z + x)*

Proposed by Mihdly Bencze - Romania
PROBLEM 3.024.
Calculate:

(00}

1
arctanh (—),
). o

n=2
where F,, is the n th Fibonacci number.
Proposed by Cornel loan Valean - Romania
PROBLEM 3.025.

Compute:

lim ("G + DI - V) - Vn2

Proposed by D. M. Batinetu - Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.026.
Compute:

. n+1 n Vn
llm 2n+2 - 2n
oo\ 2n+ DI Y/ 2n— 1!

Proposed by D. M. Bdatinetu - Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.027.
IfT: (0,0) - (0, ) is Euler’s function, compute:
] x+1 X
lim — = I
X—00 —_— —_—
(I‘(x + 2))2"+2 (I‘(x + 1))2"
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

PROBLEM 3.028.
(m+1)(x+2) (m+1)(x+1)

Letbe f:(0,0) - (0,), f(x) =(x+1) =1 —x x ;mEe [0,00). Compute:

1im
im——-—

x—o00 XM

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

55 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

PROBLEM 3.029.

Let x,y € (0, ). Prove that Earctan(x + y) arctan (ﬁ) < XY

4xy+1
Proposed by Daniel Sitaru - Romania

PROBLEM 3.030.
Prove that:
Z": Kl (k+1D)™ 1+ (k+2)™1 1 1
(2k + 3)km*1 + 2(k + 1)™*2 + (2k + 1)(k + 2)m*1 = 8 4(n+1Dn+2)

foralln,m € N*.
Proposed by Mihdly Bencze - Romania
PROBLEM 3.031.
IfA,B,C € M,(C); n>2;detA + 0;AB = BA; AC = CA; A’B + C = ABC then BC = CB.
Proposed by D.M. Bdtinetu - Giurgiu - Romania
PROBLEM 3.032.
Ifx,y,z€ C;A,B,C€ M,(C);n=>2;x>A+ B = xAB;y*B + C = yBC;
z*C + A = zCA then:
xy(yz+z)+ 1A +yz(zx+ 2) + 1B +zx(xy+ 2)+1
yz zZx xy
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

C =3ABC

PROBLEM 3.033.
Ifa,b > 0 then:

2(\/—+x/—)+3\/_(i/—+3\/—)<3/ b (a+¥p) jz““’ 3]‘”32”

Proposed by Mihdly Bencze - Romania

PROBLEM 3.034.
Find the numbers a, b, c € N* knowing that: 21 € N leNand e n.

Proposed by Gheorghe Alexe; George - Florin Serban - Romania

PROBLEM 3.035.
Find:

Q= lin010(3"+i/(2n T - "/(2n- 1)!!) In2
Proposed by D. M. Batinetu - Giurgiu - Romania
PROBLEM 3.036.

Let (a,),>1 be a positive real sequence such that:
lim(a,;,1 —a,) =r€ER,uveERu+v=1
n—>oo

1
We denote a,,! = a,a; ...a,, G, = (a,!)",Vn € N*. Compute:

tim ((n + 1"V Gy — 0V (G,07)

Proposed by D. M. Batinetu - Giurgiu; Neculai Stanciu - Romania
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PROBLEM 3.037.

Let (a,)ns>1, (by)ns1 be positive real sequence such that

lim,_(a,;1 —a,) =a€ R} lim, (b1 —b,) =bER;,uveRwithu+v=1.
Calculate:

1im (b "\ (B1bs - bubni)” — @Y (b1b; - b,)")
Proposed by D.M. Bdtinetu - Giurgiu; Neculai Stanciu - Romania

PROBLEM 3.038.
Let (a,),>1 be a positive real sequence such that: lim,,_, . (a,.; — a,) =1 € R}

1
We denote a,,! = a,a, ...a,, G, = (a,!) V n € N*, Evaluate:

) (n+1)? n?
llm n+1 - n
noe vV Gn+1! V Gn!

Proposed by D. M. Batinetu - Giurgiu; Neculai Stanciu - Romania

PROBLEM 3.039.

Let (a,,),>1, (b,)n>1 be positive real sequences with:
lim(a,;; —a,) = a€ Ry, lim(b,.1 —b,) =bERY,
n—-oo n—-oo

24 aq2+...4q2
P, = /‘“’"‘Z—Z“‘",Pn! = P,P,..P,,¥n € N*,u,v € R,u+v = 1.Find
lim (b, "V (P aD” — BV (P,D?)

Proposed by D. M. Batinetu - Giurgiu; Neculai Stanciu - Romania

PROBLEM 3.040.
Let (a,),>1 be a positive real sequence such that lim,,_,(a,,; —a,) =1 € R};.
1

Forany x € R’ we denote M) = (M)x and M = MPMY MY vne N,
Find:

(n + 1)>? n?

lim —
n—->o \ n+1 [x] n
J M T gl

Proposed by D. M. Batinetu - Giurgiu; Neculai Stanciu - Romania

PROBLEM 3.041.
Prove that:

3 o
32 (n))?
—_ el [ 4
2 - 2n+1)!
Proposed by Francis Fregeau - Quebec - Canada
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PROBLEM 3.042.
Let ABCD be a trapeze where AB || CD; AB = a;CD = b; AD = ¢; BC = d; a > b. Prove
that :
(a+b)(a—b+c+d)?
16(a-b)
Proposed by Daniel Sitaru - Romania

Area [ABCD] <

PROBLEM 3.043.
Prove that in any A ABC we have:

2s + JZ(az + 2ab cos(A — B)) > Z Ja? +2ab cos(A — B) + b?

Proposed by Daniel Sitaru - Romania

PROBLEM 3.044.
For all n € N* holds:

[Va+Vn+ 1]+ [Vr+Vn+2|+[Vn+Vn+3] =
= [Van + 1] + [Va4n + 3] + [V4n + 5]

where [-] denote the integer part.

Proposed by Mihdly Bencze - Romania
PROBLEM 3.045.
Calculate:

T s
22 2
] i
x1dx; ...dx
a8 a1+ Vtan(xy) Ytan(x,) ... ""/tan(x,,) 1 "
Proposed by Cornel Ioan Valean - Romania
PROBLEM 3.046.
Let a, b, ¢ be positive real numbers such that a + b + ¢ = 1.Prove that:
aazbbzccz > (az + b2+ cZ)a2+b2+c2 .
Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 3.047.

Let a, b, c be distinct rational numbers such that

a b c

b—c+c—a a—b:

0.

Prove that:

b-0o* (c—a)* (a-b)!
\/ a + b2 + c2
is a rational number.
Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 3.048.
Let a, b, c be non-negative real numbers such that a + b + ¢ = 1.Prove that:

at +b*+c*+26abc<1

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
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PROBLEM 3.049.
Prove that the following inequality holds for any triangle ABC:
a’(5m, — my, —m,) + b>(5my, —m, — m,) + c2(5m, — m, — my) < 12m,m,m,
Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 3.050.

Let a, b, ¢ be positive real numbers such that a?b + b%c + c*a = 3.Prove that:
1 1 1 3

>
a(a+b)2+b(b+c)2+c(c+a)2 4

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 3.051.

1
Let be a € [0, ©); f: (0,00) — (0,0), f(x) = (F(x + 1))". Find:
2 =1lim((f(x+ 1) = (f(2)) - x17@
X—00
Proposed by D.M. Bdtinetu-Giurgiu; Neculai Stanciu - Romania
PROBLEM 3.052.
Let a, b, ¢ be positive real numbers such that a + b + ¢ = 3. Prove that
6 2 6
a N b N c - 3
a’?+b b’ +c c2+a 2
Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 3.053.
If x,y,z € C*;A,B,C € M,(C);n > 2 are such that x4 + B = xAB; y*B + C = yB(;

z?C + A = zCA then:
1 241 z2+1

<(y2+1)x+ >A+<(z2+1)y+yx )B+<(x2+1)z+ " )c:

=(x+y+2z)ABC

Proposed by D.M. Bdtinetu-Giurgiu; Neculai Stanciu - Romania

x2 +

PROBLEM 3.054.
If x > 0 then:
2 . 4
r(vx+1) . r(vx+1) covisial
r(vi+z)) \r(VF+y) )

where I' denote the Euler’s gamma function.

2Vx <

Proposed by Mihdly Bencze - Romania

PROBLEM 3.055.
Evaluate:

1
I_jln3xd
) 2—x &
0

Proposed by Shivam Sharma - New Delhi - India
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PROBLEM 3.056.
Let ABC and be a triangle and 2 is first Brocard point of ABC. Let D, E, F be on the sides
BC,CA, AB of ABC respectively. If m(B2D) = m(CQE) = m(AQF) = 90° then prove that
[BD| | |CE| | |AF|
Ll T el IO ol QP |
[BC| ~ |CA| ~ |AB|
Proposed by Mehmet Sahin - Ankara - Turkey
PROBLEM 3.057.

Leta, b € R suchthata + b > 0 then:

n n
<a + b) < 1 Z akpik < a" + b"
2 n+14s 2

Proposed by Abdallah El Farissi - Bechar - Algerie

PROBLEM 3.058.
Let ABC be an arbitrary triangle and XY Z is the Kiepert triangle of ABC. If K(0) is a Kiepert
perspector and w is first Brocard angle then prove that

Area(xyz)—l(St 20 +2tanf -cotw + 1)
a'Area(ABC)_4 an ané - cotw
If @ = w then XY Z is Gallatly — Kiepert triangle takes the name.Prove that
Area (XYZ) _ a’b® + b’c® + c*a?
Area (ABC) (a2 + b? + ¢2)?
Proposed by Mehmet Sahin — Ankara — Turkey

PROBLEM 3.059.
Let a, b, ¢ be positive real numbers. Prove that
(a> —ab + b*»)? (b?> —bc+c*»)? (c*—-ca+a?*)?* 3
@+ b)? @+ o) Ccta® —16
Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 3.060.

Let a, b, ¢ be positive real numbers with a + b + ¢ = 1. Prove that
c a b
1

1 1
. . >
(1+2a+b> (1+2b+c> (1+Zc+a> =2
Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 3.061.
Prove that in all triangle ABC with usual notations holds the following inequalities:

A B c 2
3 3 3
tan’ > tan® > tan” 5 - ((4R . 232)

a. + +
= 4
m-tang+n-tan% m-tan%+n-tan% m-tan%+n-tang (m+mn)s

C
tan5 (4R +1)?
~ s(m(4R + 1) + 3nr)

A B
tan 7 tan 7

b

. + +
B C C A A B
m+n-tan7-tan7 m+n-tan7-tan7 m+n-tan7-tan7
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tan3 5 tan3 2 tan3 < (4R + 1)r
2 2 2
“ . tE +n- t£+ . t£+ . té * tA + t > (m + n)s?
mcozncozmcozncozmcoznco2
tan% tang tang (4R + r)™*1
. — o+ > —
(x+y-tang-tan%) (x+y-tan%-tan%) (x+y-tan%-tan%) S(x(4R + 1) + 3ry)

for any positive real numbers m, n, x,y

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.062.
Given the equilateral triangle ABC and let P be any point in its plane. R, R, R}, R denote
respectively radii of the circumcircles of the triangles ABC, BPC, CPA, APB and x,y, Z are
respectively distances from P to the sides BC, CA, AB. Prove that:

xR, + YRy + zR. > 1R?.
Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 3.063.
Ifa,b,c,d > 0 such that:
a’b? + a*c* + a*d? + b*c? + b%*d? + ¢*d? = 6.
then:
bcd cda dab abc

+—+ +— 2
a b c d

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 3.064.
Let a, b, ¢, d be non-negative real numbers such that a + b + ¢ + d = 4. Prove that:
ab(a+b)+cd(c+d)+4(a+b)(c+d) <Va+Vb+3Vc+Vd+16

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 3.065.
Let SABC be a tetahedron and let M be any point inside the triangle ABC. The lines through
M parallel with the planes SBC,SCA, SAB intersect SA,SB, SC at X, Y, Z respectively. Prove
that:

2
Vol(MXYZ) < EVOI(SABC)
Determine position of the point M such that the equality holds.

Proposed by Nguyen Viet Hung - Hanoi - Vietnam
PROBLEM 3.066.

Evaluate:

> (=)

n=1k=1
Proposed by Shivam Sharma - New Delhi - India
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PROBLEM 3.067.
Evaluate:

18 28 38 8
Proposed by Shivam Sharma - New Delhi - India
PROBLEM 3.068.
Prove that if a, b, c € R* then:
(abc — ab — bc — ca)? <41 + a®)(1 + b*»)(1 + ¢?)

Proposed by Daniel Sitaru - Romania
PROBLEM 3.069.
Prove thatif n € N*; a > 1 then:

m+a—-1D(a-1)"1<a®

Proposed by Daniel Sitaru - Romania
PROBLEM 3.070.
Ifa,b € R;a < b;f,g:[a, b] - R are continuous functions such that:
fl@a+b—x)=f(x),gla+b—-x)g(x) =1,(V)x € [a, b] then:

b b
fo-gx) 1
mdx—iff(x”x

a a
Proposed by D. M. Batinetu - Giurgiu; Neculai Stanciu - Romania

PROBLEM 3.071.
Evaluate:

— x2
x2) |1—x

1
jl <x+v1 x2> x dx
n
) —
Proposed by Shivam Sharma-New Delhi-India
PROBLEM 3.072.
Ifx,y,z>0and b > a > 0 then:
x x*+bz y y*+bx z z+by 3 b b—a/1 1 1
—In +=In In <-—In + (—+—+—)
zx2+azxy2+axyzz+y4 4 \x y z
Proposed by Mihdly Bencze - Romania

PROBLEM 3.073.
Let be a, b, ¢ € C. Solve the following equation:
x3—(@a+b+c)x*+(ab+bc+ca—1)x+b—abc=0
Proposed by Daniel Sitaru - Romania
PROBLEM 3.074.

Let (a,,) =1 be positive real sequences with lim,,_,, ‘:::'1 =a € R} and

n

f € R[x], f(x) € R},Vx € R}; u,v € R such that u + v = 1. Find the following limit
lim <<n + 1)"n+1\/(an+1f(n +1))" —n* (anﬂn))")-
n—>oo

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
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PROBLEM 3.075.
Let (a,)n>1, (bp)ns1, be real positive sequences with lim,,_,, a,, = lim,,,, b, = a € R}. If
lim,_,,(n(a, — a)) = b € Rand lim,_,,(n(b, — a)) = c € R, evaluate:

rlll_)r?o (an+1"+1\/ n+1) - an).

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.076.
Evaluate:

> /Hyy +1
s=) (o)
n

n=1

Proposed by Shivam Sharma - New Delhi - India

S:ﬁ<e(ni1)n\/nT+1>

n=1

PROBLEM 3.077.
Evaluate:

Proposed by Shivam Sharma-New Delhi-India
PROBLEM 3.078.

Find:
Q = lim n(z’”i/(Zn FOU-"(2n— 1)!!) (“*f/(n T 1) - Z’W)

n—-oo

Proposed by D.M. Bdtinetu - Giurgiu; Neculai Stanciu - Romania
PROBLEM 3.079.
Ifx,y,z>0and b > a > 0 then:
(x+b)(y+b)(z+b) - 15 b 1 (1

1
P (2 S\ (a2 w2 2
n(x+a)(x+b)(x+c)_ 8 na+16 b2 az)(x Ty 2

Proposed by Mihdly Bencze - Romania
PROBLEM 3.080.
fx)

Let be: f: (0, ) — (0, ) a function such that: lim,_,, ——=ac (0, ) and
X
lim, ., ("222)" = b € (0, 0). Find:

f()
2= lim(f(x +1) —f(x))
X—>00
Proposed by D.M. Bdtinetu - Giurgiu; Neculai Stanciu - Romania

PROBLEM 3.081.

If B,(t) = n't <

(n+1)2t n2t

(n+1\/m)t - (W)

t>, with t > 0, then compute

lim B, (t).
n—-+oo

Proposed by D.M. Bdtinetu - Giurgiu; Neculai Stanciu - Romania

63 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

PROBLEM 3.082.
Letn € N. Calculate

7
2+t (T . 2n+1 (T
sin? x cosxcos n (Zsmx)+smxcos n (Zcosx))dx
0

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.083.
Prove that in any triangle ABC the following relationship holds:
RZ(b +c—2a)> <4(R - Zr)z a?
Proposed by Daniel Sitaru - Romania

PROBLEM 3.084.
Evaluate:

11
_ f f(ln(x) In(y)) dx dy
00

Proposed by Shivam Sharma-New Delhi-India
PROBLEM 3.085.
Let k be positive integer. Calculate:

k+1 k+1 _k
lim ((r(x +2))* 1 — (F(x+1)) * ) (r(x+1)) 7

where I'(x) is the Gamma function (or Euler’s second integral).
Proposed by D.M. Bdtinetu - Giurgiu; Neculai Stanciu - Romania

PROBLEM 3.086.
Leta>0,b,c>1 and f,g: R = R be continuos and odd functlons Prove that:

ff(x) In(b9® + c9®) dx = (In(bc)) j f(x) g(x)dx

Proposed by D.M. Bdtinetu - Glurglu Neculai Stanciu - Romania
PROBLEM 3.087.
Let a,b € R, a < b and continuos functions, g, h: R = R such that
fla+b—-—x)=—-f(x),gla+b—x)=g(x),h(a+b—x)=—h(x),Vx € R. Prove that:
b b

f f(x) (arctan(x)) ln(l + eh(")) dx = % f f(x) h(x) arctan(x) dx

a
Proposed by D.M. Bdtinetu - Giurgiu; Neculai Stanciu - Romania
PROBLEM 3.088.

Let f:R > Rbea continuous function such that f(x) = f(1 x),V x € R. Prove that:
j VI—x++x
1++v2

Proposed by D.M. Bdtinetu - Glurglu, Neculai Stanciu - Romania

FO)dx =z - j () dx
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PROBLEM 3.089.
Evalute:

1
. Li(x)  {(2)
f[ln(x) In(1—x) + Li,(x)] (x(l 0 1= x) dx
0
Proposed by Shivam Sharma-New Delhi-India
PROBLEM 3.090.

Evaluate:
1

j(ln(F(x))))(sin(anx)) dx, k>1

0
Proposed by Shivam Sharma - New Delhi - India

PROBLEM 3.091.
Let be a € R and the continuous functions f, g, h: R - R where f and g are odd and h is
even. Prove that:

ff(x) . ln(l + eg(x)) . arctan(h(x)) dx = ff(x) gx) arctan(h(x)) dx
a 0

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

PROBLEM 3.092.

Calculate:

tim o (" G D - )

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.093.

Let (a,)n>1, (by)ns1 be positive real sequences such that there exists lim,,_,, ‘:‘;1 and

n

lim,_ (b, —u- a,). Find:

. " _ (m+1)?  n?
e e T Lo

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

PROBLEM 3.094.

1
Let (S;)ns1) Sn = Dket - Calculate:

2
lim <sn Y+ D) - % : W)
n—>oo

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania
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PROBLEM 3.095.

1 1 1
—_— 4 =+ ==
. [a3 /b3 [c3
Solve the system of equation:
a? b2 c? (a +b3+c3)
—+——=—
b c a 3

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 3.096.
Let (S;)n>1) Sn = Dkt klz Calculate:

17,'2
lim (s,, @+ D! - < V(2n - 1)!!>
n—oo

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.097.

Ifx,y,z,a,b,c > 0then:
b
(x+y)(y+z)(z+x)><x+z+y+z>a+‘11;+c<y+x Z+x>a+b+c <z+y x+y>ﬁ>2

4xyz T \y+z x+z Z+x y+x x+y z+y
(A refinement of Cesaro’s inequality)

Proposed by Mihdly Bencze Romania
PROBLEM 3.098.
Leta,b € R,a < bandf,g: R — R continuos functions such that
fOfa+b—x)=1,g(x) = g(a +b—x),x€R. Showthat
g

iy [

a
Proposed by D.M. Batme,tu Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.099.
In an arbitrary triangle ABC denote by l,, m,, h, respectively the lengths of the internal
angle-bisector, the median and the altitude corresponding to the side a = BC of the triangle.
Prove that:
h2 hZ h? h, h, h,
mi mp m
b.h_(zl+h_lz,+h_%s 2 h—a'h—b'h—c-l- 1
c) explain why each of a) and b) are equivalent to the fundamental inequality of the triangle.
Proposed by Vasile Jiglau - Romania
PROBLEM 3.100.

In AABC; m,, my, m, — median’s length. Prove that:
3(a? + b? + ¢?) < 4(am, + bm, + cmy)

Proposed by Daniel Sitaru - Romania
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PROBLEM 3.101.
Prove thatifa, b, c € (1, ) then:

a b c

T 4 T
3V2 + fxsin—dx +jxsin—dx+jxsin—dx >3 + a2+ b2+ 2
3x 3x 3x
1 1 1
Proposed by Daniel Sitaru - Romania
PROBLEM 3. 102.

Solve for real numbers:
n

4 f_nn

Proposed by Daniel Sitaru - Romania

an(-x2) 4 n(3-x3) 4 .. 4 (i) 4 n(ix1) —

PROBLEM 3.103.
Prove that in any triangle ABC the following relationship holds:

B—-A

c
|cosA| + |[cos B| + |[cos C| < Z \|cos AcosB| + \/|cosisin 2

Proposed by Daniel Sitaru - Romania

PROBLEM 3.104.
Prove thatif x; € (0,);i € 1,m;n € N;n > 3; x40 = X1; X1 X2 * ...- X, = 1, then:

Z Xiv1 Xi > V3

i— 2 2

Proposed by Daniel Sitaru - Romania
PROBLEM 3.105.
In ABC; a, b, ¢ - length sides; s - semiperimeter; A, B, C - angled’s measures. Prove that:

A3 B3 3\ (A® B (3\(/4® B (° n°
ikl | Gttt o | Sl e ol =

b ¢ a/\c a b b ~ 216s3
Proposed by Daniel Sitaru - Romania
PROBLEM 3.106.
Prove that:

x/§—1t+11\/§+37t r
46 8v6 R

A+ B+ C<
cos4 cos4 cos4_

Proposed by Vadim Mitrofanov-Kiev-Ukraine
PROBLEM 3.107.
Let ABC be a triangle with inradius 7 and circumradius R. Prove that:
2  YeesintA V3 R\? T
) <« === <« (= - —
2V3 (R) T YeyesindAT 4 (r) (1 R)

Proposed by George Apostolopoulos - Messolonghi - Greece
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PROBLEM 3.108.

Let ABC be a triangle with circumradius R and inradius 7. Prove that:
3 4 4 4 r\¢ 123 r 51
ESCOS A+ cos™ B + cos CS6() —

R "8 R 8
Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 3.109.
Let a, b, c and d be positive real numbers. Prove or disprove that:
(a+b+c+d)3
> 16

abc + bed + cda + dab —
Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 3.110.

Let m,, m,, m. be the lengths of the medians of a triangle ABC. Prove that:
1 1 1 R

- 4 <
m, m, m, 2r?
Proposed by George Apostolopoulos - Messolonghi - Greece
PROBLEM 3.111.

For an acute triangle ABC and a positive integer n, prove that:
n 3n+1

1
(Z (sinAsin B sin C)ﬁ) < 3
where the sum is over all cyclic permutations of (4, B, C).
Proposed by George Apostolopoulos - Messolonghi - Greece

PROBLEM 3.112.

Solve for positive real numbers:
2 2

X y 8

T =Y128(x8 + B
y+x (x® +y®)
1+,/1—xy

2
Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

4x3 — 3y =

PROBLEM 3.113.
Let x, y, z be positive real numbers. Prove that:

3x2 +yz N 3y + zx N 3z2 + xy - 103 N 20x2y?z2
y2 + z2 z% + x2 x2+y2 — | 6 3(x2 + y2)(y? + z2) (2% + x?)

Proposed by Do Quoc Chinh - Vinh Phuc - Vietnam

PROBLEM 3.114.
Let a, b, ¢ be the sides and R and r the circumradius and the inradius of a triangle ABC

respectively. Prove that:
1 1 1 9

- >
a? + b2 + ¢z 4r(4R+1)
Proposed by Martin Lukarevski - Skopje - Macedonia
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PROBLEM 3.115.
Evaluate:

(00}

f In(x) sin(x)
— T dx
0 (x)z

Proposed by Arafat Rahman Akib - Dahka - Bangladesh
PROBLEM 3.116.

Prove that:
2
© H + 6HZHY +3(HY) + 8H,HY + 6HY 1
Z Gl Sl = 24Lis (—)
n 2
n=1

Proposed by Ali Shather - An Nasiriyah - Iraq, Shivam Sharma - New Delhi - India

PROBLEM 3.117.
Leta,b,c € E, 3) be positive real numbers such that: a + b + ¢ = 3. Prove that:

W+W+4\/E+11> 3(ab + bc + ca —2)
30 40  2(¥a+ Vb +3c+1)

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 3.118.

Prove that:
f p |LNLEX, —2P+%B(p+1 1)' 1<p<—o
Yy 14z T z TPTa) P=73
0
Proposed by Shivam Sharma - New Delhi - India
PROBLEM 3.119.
Prove that:
© @
> (k—’;> = 9¢(2)3(9) + 2{(3)¢(8) + 6{(4)4(7) + 44(5){(6) — 27¢(11)
k=1

Proposed by Ali Shather and Shivam Sharma
PROBLEM 3.120.
Prove that in any acute-angled triangle ABC the following relationship holds:

\/EZ(sinA + cos A) > Zsinc(l + cos2(A— B))

Proposed by Daniel Sitaru - Romania

69 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

PROBLEM 3.121.
Prove that:

2 n n
o2V e (") b2
1+vV1+4x n—p ( P.P)

Proposed by Shivam Sharma - New Delhi - India

T
. )

Proposed by Marian Ursdrescu-Romania

0\8

PROBLEM 3.122.

1
Let be a, = Y}_, arctan

K2+k+1"

Find:

S (]

limn (a

n—-oo

PROBLEM 3.123.
Find:
(VTR +k
o= tim| (LR k
now ) L\Vi iz —k
Proposed by Marian Ursdrescu - Romania

PROBLEM 3.124.
Find all continuous functions such that:

er eX

f f(®)dt = lf £(6) dt

Proposed by Marian Ursdrescu - Romania
PROBLEM 3.125.

Prove that:
n n
2212(1+1)< 2n <Zln(1+ 2 )
LT ST L K2 rk—1

Proposed by Mihdly Bencze - Romania
PROBLEM 3.126.
Prove that:

11
Jx+y+/xy ) i )
b[b[ (x\/;+y\/§) dxdy = ln(17 12\/5) +\/Eln(17+ 12ﬁ)

4
—5(1 —3vV2 +21n(2))
Proposed by K. Srinivasa Raghava - AIRMC - India

PROBLEM 3.127.
Ifx,y,zt € R then:
|sin x| + |siny| + |sinz| + |sint| + |cos x| + |cos y| + |cos z| +
+|cost| + 2|cos(x+y+z+t)| =2
Proposed by Mihdly Bencze - Romania
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PROBLEM 3.128.
If a, > 1and 2a — B > 1then: {(2a — B){(B) = {*(a) where { is the Riemann zeta
function.

Proposed by Mihdly Bencze - Romania

PROBLEM 3.129.

Let R’} be the set of real positive numbers, let (a,,) =1, (b;,)n>1 be two sequences of real
positive numbers with lim,,_,(a,,; — a,) = a € R}, lim,_,,(b,,,1 — b,,) = b € R},

, 24024 4q2
Let P, = w and we denote P,,! = P{P, ... P, for any positive integer n. If

u,v € R with u + v = 1. Evaluate:

tim (bt "V (PyiaD” — BV (P,D?)

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

PROBLEM 3.130.
Ifa b,c,d € [1,);x € R then:

2(log§ a+log§ b+log§ c+log§ d)

(ac)sinx . (bd)cosx < 2\/
Proposed by Daniel Sitaru - Romania
PROBLEM 3.131.

Prove that in any triangle ABC the following relationship holds:
ZsinA + ZsinB + zsinC + 2cosA + zcosB + 2cosC >

(v2)"”
Proposed by Daniel Sitaru - Romania
PROBLEM 3.132.
ifa,b > 0;m,n = 1 then:
b /b

b
J J(sin xsiny)?" (cos x cos y)?*™dx |dy < 4?n+n (%)
0 \0

m-n

Proposed by Daniel Sitaru - Romania
PROBLEM 3.133.
Prove thatif:0 < b <a < %then:
b /b
f f (sinz(x +y) +sin*(x—y)—1

1+ 2sinxsiny

)dx dy > (a — b)(sin*a—sin?b+b — a)
a a
Proposed by Daniel Sitaru - Romania
PROBLEM 3.134.
In A ABC the following relationship holds:
aZ (ma + mb) bz (mb + mc) Cz (mc + ma)
h, h, h,,
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

> 8V3S$
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PROBLEM 3.135.
Ifa,b,c > 0 then:

a+c® b+a? c+b? 3 a+b+c
+ + > +
xb+yc zc+ya xa+yb x+Yy xX+y
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.136.
Prove that:

Z To(x) = [2 + U4n+2(x)l

xV1 — x2

where, T,,(x) and U, (x) denotes the Chebyshev Polynomials of First and Second Kind.
Proposed by Shivam Sharma-New Delhi-India

PROBLEM 3.137.

Let f, g: R} = R} be functions such that:

. _ s e gx+1) \
21(1_)1210(f(x+ 1) —f(x)) =ac€ R“;L‘&W =b e R}

f(x) (g( ))

and exists lim,._, , — . For t € R calculate the limit:

and lim,_, .,

tim(£(0)"" t<(g<x>)sﬂl ~o() ")

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.138.

Let f, g: R} - R} such that: lim,_.,(f(x + 1) — f(x)) a € R}, lim,_,, g(x+1)

xg(x)

= b € R} and

1
f&) ( ) lim (g(x))i

there is lim,_,, — . Fort € R, calculate:

;Lrg(ﬂx))““z’ ((g(x))%t - (g<x>)%t)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.139.
Calculate:

X—00

sinh? ¢ _sin_hzt
lim [ xcosh’t ((I‘(x + 1))’Th - ((r(x + 2))) 1 )

where t € R and I is the Gamma function (Euler integral of the second kind).
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

PROBLEM 3.140.

(:os2 t

cos?t
Calculate: lim,._,, [ 5™t ((F(x +2))* —(T(x+1) * ) ,wheret € R and I is the

Gamma function (Euler integral of the second kind).
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
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PROBLEM 3.141.

2
For {an}nzo' a, =

X € (_Oo; OO), {bn(x)}nzlf bn(x) = nSinzx (a;(:'sl - acos x) find

lim,,_,, b,(x)
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

(n+2)nt1
(n+p)n ’

PROBLEM 3.142.
Let (x,,),,>1 be a sequence which satisfy:

1
—In(mn + x,,) +ZE=Y
k=1
where m is positive integer and y is Euler — Mascheroni’s constant. Compute:
limx,

n—oo

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.143.

Leta,b € R, y,(a,b) =—In(n+a) + Y} 1k P with
limy,(a,b) =y(a,b) ER
n—>oo

Calculate:
n

lim| in—S +i 1 (a,b)
nl—yl-o nn+a k_1k+b ria,

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.144.
If x,y,z > 0 then:

cosh? x cosh? y cosh? z > 2(1 + cosh(x — y) + cosh(y — z) + cosh(z — x)) -

x+y . +z . z+x

. y
sinh > sinh > sinh 5

Proposed by Mihdly Bencze - Romania

PROBLEM 3.145.

Let be (x;)ns1, X, € R}, VN € N7, such that exists lim,,_, . (x,+1 — x,) = x € R};.. Find:

. (n + 1)xn+1 nx,
llm n+1 - n
noo \"(2n+ 1! Y/ (2n - 1!
Proposed by Bdtinetu - Giurgiu, Neculai Stanciu - Romania
PROBLEM 3.146.
f(x)

Let f: (0,) — (0, ) be a function with: lim,_,,, — —=ac (0,0) and t € R. Find:

_ nsinZt . n\/(f(l)f(Z) mf(n))cosz t>

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

COS t

n—-oo

lim <<n L0 " (F0f@) - f e+ 1)
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PROBLEM 3.147.
In an ABC triangle let be a, b, c the lengths of BC,CA, AB, and r,, 1}, . exradii. Prove that:
2 2 2 2 2 2
9 b
s N Ty N s > (a® + b* + ¢%)
anBran’  anCran?  tandnk 3
an,tan; tanjtan, tanjtans

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 3.148.
Let a, b, ¢ be positive real numbers such that: a + b + ¢ = 3. Prove that:
2(a? + b?% + ¢%) + 3 > 3y/3abc(a3b + b3c + c3a)
Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 3.149.

Prove that:
l

l+m+n)2D!'(2m)! (2n)!
kZ_:l [(_1)k (l + k) (mZ:-nk) (nz-:lk)] - A+m)!({+n)(m+n)D)!'(m)! (n)!

Proposed by Shivam Sharma - New Delhi - India
PROBLEM 3.150.
Determine all continuos functions f: R — R such that:
fx+y)=f(x)+f(y)+xyand f(1) = 1forallx,y € R.

Proposed by Mihdly Bencze - Romania
PROBLEM 3.151.
Given real numbers aq, ay, ..., a, € [0, 1].Find the maximum and minimum possible value of
a;t+a+-+a,+(1—-a;)(1—ay)...(1—ay).
Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 3.152.

Let a,, a;, ..., a, (n = 3) be positive real numbers such that:

Z aa; = —n(nz— 2

1<i<jsn

n
1
2 Frais!
a+n—-1

l_

Prove that:

Proposed by Nguyen Viet Hung - Hanoi - Vietham
PROBLEM 3.153.
Find:

(100x> (yIny)'®dx dy

Proposed by Ekpo Samuel - Nigeria

1
o=
0

0\‘8
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PROBLEM 3.154.
An+1

If (a,),»1 € (0,0);n € N*;lim,,_,, — . — @ > 0thenfind:

n

£ 5
;[( Vil + 2+ 1)) ]

1
Q = lim
n—-oo n [ an
[+] - is great integer function.
Proposed by D.M. Bdtinetu - Giurgiu; Daniel Sitaru - Romania

PROBLEM 3.155.
Ifm € N;x,y,z > 0 then in AABC the following relationship holds:

b
3m + <ay§ ) + ( Y ) + <i> > 4(m + 1)V3S

zZx xy

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
PROBLEM 3.156.
Ifa,b,c>0;b<c;b(a+c)eN;bla+c)=>1,neN;n>2;x, €[b,c|; t;; >0;k €E1n

then:
b(a+c) n

N C ty a+b+c \1rabrbe 1+ab+bc
(Z thk) <Z x_k) < (m) . (Z tk)

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru - Romania
PROBLEM 3.157.
Ifm > 0;x,y > 0then in AABC the following relationship holds:
h, N hy N h, - 9
hph?(xhy + yho)™ * RhZ(xh; + yh)™  hh'(xhg + yhy)™ — (x + y)™ - s2m . ym-1

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru - Romania
PROBLEM 3.158.
Find:
1
_ | 2 s
Q= fx log(x)cot( > )dx
0

Proposed by Arafat Rahman Akib-Dhaka-Bangladesh
PROBLEM 3.159.
Find:
+1

3 1
0= f (x? +2x+1)2(1 — x)2dx
1

Proposed by Ekpo Samuel-Nigeria
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PROBLEM 3.160.
Letx,y,z € (0; +) and a > 1. Prove:
1 1 1 3at+l

>
A+ 01+ D7 O+ @+ D8 [+ @+ 12 xty+zt3)e
[x] is the integer part of the real number x;{x} is the fraction of real numbers x.

Proposed by Nguyen Van Nho - Nghe An - Vietnam

PROBLEM 3.161.
Find:

Cr dxdy
2= Of Of & 12221 DOZ 1 25)°
Proposed by Ekpo Samuel - Nigeria
PROBLEM 3.162.
If ABCD tetrahedron; AB = a,; AC = a,; AD = a3; BC = ay;
BD = as; CD = ag then:
(a; + a;)* = 4V3S[ABCD]
1<i<j<6

S[ABCD] - total area of tetrahedron ABCD

Proposed by Daniel Sitaru - Romania
PROBLEM 3.163.
Let a, b, ¢ be positive real numbers such that: (a? + b?)(b? + c?)(c? + a?) = 8.

Find the minimum value of:
a b c
P

S bbt2crD@+30)? clct2at Db t3a)2 alat2b+ D(c+3b)?

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 3.164.

Solve the equation: /2(x* + 1) + 2V3x — 2x* = 7 — 3x

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 3.165.

1 1 1
Solve the system of equation: Ve ' Ve ' Ve ’
y d e, 12, @ @etee)’
b c a 3

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
PROBLEM 3.166.
Solve the equation in R:

3 4 xt — 33
NEE —2x2+2x+3\/x2—x+1+2\/4-x—3x4=T+7

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam
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PROBLEM 3.167.

Let a, b, ¢ be positive real numbers such that: abc = 1. Find the maximum value of:
1 1 1

P= + +
V3a* —4a +2b2+11 V3b*—ab +2c¢2 +11 V3c*—4c+2aZ + 11

Proposed by Hoang Le Nhat Tung - Hanoi - Vietnam

PROBLEM 3. 168.
1

Letbea>0and f:(—o0,—a—1) U (—a,+») - R; f(x) = i ZarDridia Find:
le p
lim ||lim Z FOO (k)
n—0o p—)OO
p—)OO

Proposed by Marian Ursdrescu - Romania
PROBLEM 3.169.

1
Let be the sequence x; > O and x} + x5 + -+ x}, = 05

N xn+1,

vn € N,p € N, Find:
lim nP*1.

2

+p+1
xh TP
n—oo

Proposed by Marian Ursdrescu - Romania
PROBLEM 3.170.

Find:
1
. arctan(nx) In(1 + x)
lim f dx
n—>oo

1+ x2
0

Proposed by Marian Ursdrescu - Romania
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PROBLEMS FOR JUNIORS-SOLUTIONS

PROBLEM 1.001-Solution by Soumitra Mukherjee-Chandar Nagore-India

Let f(x) =x24+2Vx —3x,Vx=>0; f'(x) = 2x+\/%— 3>0,vx>0
f (x) is continuous on [0,) and f'(x) = 0,V x € [0, 2); f is increasing on [0, ).
fFO)=fO0)=>x%2+2Vx—3x>0=x?+2Vx > 3x,Vx >0

a?+2 )Y Va=3) a=(a+b+c+d)?-2) ab+2 ) Va=3 ) a
PEEINCEEDY Qab+2) a3 )

cyc cyc cyc cyc cyc cyc
:>16+ZZ\/52 12+22ab:>4+22\/5222ab
cyc cyc cyc cyc

s2+va+Vb++vc+Vd=ab+ac+ad+bc+bd +cd

PROBLEM 1.002-Solution by Mihély Bencze - Romania

, i . ] flx+a-1) f(x)
LT < I —
The inequalities are equivalent with: el = X = Throol +a-1
Denote g(x) = 1_:];)3” >gx+ta-1)<x<gx)+a-1
Inglx+a—-1)<xwetakex >x—a+1=>gx)<x—a+1 (1)

but fromx < glx)+a—-1=>gx)=x—-a+1 (2)

[1)/\(2]=>g(x)=x—a+1=>f(x)=1+xl+;j1|
(2)

PROBLEM 1.003-Solution by Mihély Bencze - Romania

V3
(a2 — b?)? = 4a* + 4a%b? + 4b% > 3a* + 6a%b? + 3b* = \Ja* + a?b? + b* > 7(a2 + b?)

Ifa,b,c > 0= (XVa*+a?b? + b4)2 > 3(X a?)?
2

2 2
(Z av/2a? + bc) < (Z az) (Z:(Za2 + bc)) <3 (Z az) =
va* + a?b? + b* +Vb* + b?2c? + c* + Vet + c2a? +a? = (1)
av2a? + bc + bV2b?% + ca + ¢V2c? + ab.

In (1) we take c = a and ¢ = b therefore
{ 2y a* + a?b? + b* + a*V3 = 2ay/2a? + ab + by/a? + b?
2y a* + a?b? + b* + b*V3 = 2b\/2b? + ab + ay/b? + 2a?

After addition the conclusion follows.

PROBLEM 1.004-Solution by Abhay Chandra - India

g + Ag41

3 1
\/alzc — Qg + ARy = \/Z (ar — ag41)® + P (ar + ax+1)* = 2
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And the result follows after summation. Equality at a; = a, = *+ = Ay 41.
PROBLEM 1.005-Solution by Soumitra Mukherjee-Chandar Nagore-India

z zX X
y; (a®y + b?%z) + 5 (a%z + b?x) + 73] (a’x + b?y) =

:yz ﬁ_}_bz_x + 72 bz_y_|_az_x + x2 &4_(12_}}
X z X y y x

> 2ab(x? + y? + z?) (Applying AM = GM)= *2 (x + y + 2)?

PROBLEM 1.006-Solution by proposer

2a*+10a®? —5a® —8a+5 =
=2a*—-3a3 +5a®> —2a® +3a®> —5a+2a* -3a+5 =
=a%?(2a® -3a+5)—a(a®* —3a+5)+ (2a*-3a+5) =
o , B 3\2 31 1\ 3
= (2a*—-3a+5)(a a+1)—[2<a 4) +4H<a 2) +4
2a* +10a®? —5a®-8a+5>0
2b* +10b?> —5b>—-8b+5>0
2¢*+10¢?2 —=5¢3—-8c+5>0
2(a* +b*+cH) +10(@®+b?2+c®)+1>5@+b3>+c®)+8(a+b+c)
2(a*+b* +c*) +10(a®? +b?> +c?)>5@@® + b3+ c3)+16 — 15
2(a* +b* +cH) +10(a? +b?> +c?) >5@@+b3+c3) +1

>0

PROBLEM 1.007-Solution by Hung Nguyen Viet - HaNoi - VietNam

Let a, b, ¢ be positive real numbers such that a + b + ¢ = 3. Prove that
1 1 b 1 1 1 1 - 18
a(b3+c3)+ (c3 +a3)+c(a3 +b3) “ad+b3+c3
By Cauchy - Schwarz inequality we obtain:
1 1 b+c c+a a+b
Za<b_3+c_3) P + b3 + c3

cyc

_b+o)?  (c+a)?  (a+b) - 4(a+ b+ c)? 3
T (b+0)ad (c+a)b? (a+b)cET (b+c)ad+(c+a)bd+(a+b)cd
36 36

T (a+b+o)@@+b3+cd)—(at+br+ct) 3(aP+b34c3)—(at +b*+ )
It suffices to show that: a* + b* + c* > a® + b3 + ¢3
Indeed, this is true by Cauchy - Schwarz inequality as follows:
a*+b*+c* _ aP+b3+c® _ a?+b%+c? > a+b+c

= = > = 1 and we are done.
ad+b3+c3 T a?+b?+c? a+b+c 3

PROBLEM 1.008-Solution by Soumava Chakraborty - Kolkata - India

3(a+b+C) 2(b+c+a> a+b+c Z(b a+c b+a C)
— — — | = — — - => - — - = - — - — - —
b ¢ a a b c b ¢ a a b b ¢ ¢ a
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P2 —a?® 2—bh2 g?—c?
:2<ab+bc+ca>
== (c(b? —a®) +a(c? = b?) + b(a? — ¢?)) = —(b—a)(b — ) (c — ) (1)
If any 2 sides are equal, RHS of (1) = 0
Also, if all sides are equal, RHS of (1) = 0
But LHS of (1) = £ + 2 +< > 3 (AM2GM)
all sides can’t be equal. Also 2 sides can’t be equal.

(1) b—a)(b—c)(c—a)>0=>a>b>corb>c>aorc>a>bhb
Casela>b>c
a—b<cb—c<aa—c<b
> (@a-b)b-c)a—c)<abc=>b—-a)(b—c)(c—a)<abc

2 a b c
:E(b—a)(b—c)(c—a)<2:>;+Z+;<2,false
a b ¢
—+—4+->3
b ¢ a
Case2b >c>a

b—c<ac—a<bb—a<c
=B -a)b-c)c—a) <abc=>i(b—a)(b—c)(c—a) <2,
=>5+2+£<2whichisfalse,g+2+£23
b c a b c a
Case3c>a>b
a—b<cc—b<ac—a<b
=>(a—-b)(c=b)(c—a)<abc=> (b —a)(b—c)(c—a)<abc
2 a b c a b c
ﬁa(b—a)(b—c)(c—a)<2=>;+;+;<2,false,;+;+;23

Hence, in any 4, 3 (% + % + 2) =2 (g + % + %) is impossible.

PROBLEM 1.009-Solution by Ravi Prakash- New Delhi-India

For0<y<x
2?2+ xy +y3) — (x + 2y)(x + y) = 2x% + 2xy + 2y? — (x% + 3xy + 2y?)
=x2—xy =x(x —y) = 0. Also,
Rx+y)2+y)—2(x*>+xy+y?) =2x2+3xy+y2—2x2 - 2xy —2y* = (x —y)y =0

2 2
for0<y32x,x+2yS%S2x+y.
As 0 < ¢ £ b < q, the desired inequality follows.

PROBLEM 1.010-Solution by Hamza Mahmood- Lahore - Pakistan

First we show that 4 cos 12° + 4 cos 36° = 22028,

sin12°
Using identities cos A + cos B = 2 cos (#) cos (?) &cosf = :isr;j: we have:
. . . . sin48°  sin 24° 2 sin 48°
4 cos 12° + 4 cos 36° = 8 cos(24°) cos(12°) = 8 - TS IA 2sm iz - Sinize
Now consider a right angled triangle ABC with
m<£BAC = 90°, mzABC = 78° & mAB =3
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as shown in the figure below (not drawn to scale):

</

By law of sines
25sin 48"
sin 12°

mAD 1nAD 1 mAD

In right angled_triangle BAD:tan30° = iy iy e mAD =1
andsin30° =22 =L 1= _L - BD = 2. Now in ABCD: By law of sines:
mBD mBD__ 2 mBD_
mBD ~ m(D = mCD = 2sin48°
sin12°  sin 48° meE = sin 12°
Since we have already shown that% =4 cos12° + 4 cos 36°,
—  2sin48°
> mCD = —— =4cos12° + 4 cos 36°
sin 12°

mAC _ mCD+mDA
mAB

Finally from the figure, tan 78° = —
4cos12°+4cos36°+1

V3
PROBLEM 1.011-Solution by Anas Adlany -El Jadida- Morroco

= tan78° =

a+b+c

Lets = = 3 (the inequality is homogenuous), so we need to prove that
17 x—12 . .
\/T > 3+/3. Consider f(x) = W e > 0 [since0 < x < 3],50 f is

convex on (0 3) hence by Jensen inequality we get

D r@=3f() 3)=3f@=623V3

PROBLEM 1.012-Solution by Omar Raza - Lahore - Pakistan

4

Z a - (a® + b? + c? + d?)? _
a? + 2abcd(a) ~ a? + b2 +c2+d2+2abcd(a+b+c+d)
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1
" 14 2abcd(a+b+c+d)
1

a+b+c+d .

From RMS > AM inequality G)E 22— —at b+ c +d < 2 and similarly
1

1\2 1 1
(Z) > (abcd)+ so abcd < =
1 1 1

= 2 T
1+2abcd(a+b+c+d) — (1+2abcd(2)) 1+2(1_6).2

thus

PROBLEM 1.013-Solution by Dana Heuberger - Romania

Conditions of existence: x,y € (0, ).
a. log,(x +y) =logyx+log,yex+y=x-yeox-1)((y—-1) =1and
x>1
_ _x_1Issolution.
Y=
b. We choose y = a®, withk € N, k > 2. We obtain
log,(x + a*) = log,(x*) © x + a* = x* and then
1+%‘ak=xk_1 (1)
Letbe f,g:(0,0) > R, f(x) =1+ % ak, g(x) = x* 1.
Because f is strictly decreasing and g is strictly increasing, the equation (1) has at
least a solution.
La>1f()>g()andf(2a) < g(2a) = the equation has a unique solution, x;, which
belongs to the interval (1,2a).

lLa<1.f(1)>g@)andf (%) <g (g) = the equation has a unique solution, x;,, which

any pair (x,y), with {

belongs to the interval (1,%).

PROBLEM 1.014-Solution by Soumitra Mukherjee-Chandar Nagore-India

Let f(x) = 11x + 2%/x — 13x3; vx € (0,1)
F/(x) =11 + —5 — 39x2; Vx € (0,1), f'(x) > 0; Vx € (0,1)

2x4
f(x) is continuous on (0,1) again f (x) > 0; Vx € (0,1)
f (x) is increasing on (0,1)
f(x) = f(0)=0=11x + 2Vx > 13x3; (V)x € (0,1)
fora,b,c € (0,1)anda+b +c =3,

2
11Za+22‘{/52 13Za3 =>33+22‘{/52 39abc = 11 +§Z‘{/E213abc

cyc cyc cyc cyc cyc

PROBLEM 1.015-Solution by Soumitra Mukherjee-Chandar Nagore-India
Va+Vb++c=3
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avb + bVa a\/—+b\/—
cyca“/%”’ Z ;(\/—+\/—)—2;\/5—6
Equalzty ata=b=c=1.

PROBLEM 1.016-Solution by Safal Das Biswas -Kolkata- India

m* = 4(p™ — 1). Since m* = 0(mod 4) then m* = 2*k* some integer k.
Then, this leads, 4k* + 1 = p™, so (2k? + 2k + 1)(2k? — 2k + 1) = p"
Since p is prime then we can set 2k? + 2k + 1 = p™ and 2k? — 2k + 1 = p™ for some
integer n; and n, whereny + n, = n.
Now, p™ — p™2 = 4k. Thus, k = i i cand 2k?* +1 = 1+pnz, so we have the final set up,
2 (#)2 +1= (pnlzinz) implies (pnl;pnz)z =p™ +p"2 —25s0
we have, or (p™ — p™2)? = 4(p™ + p™2) — 8, or,
p*™M 4 p?"2 — 4p™ — 4p™2 4+ 8 = 2p™p™, or,
(p™ —2)? + (p™ — 2)* + 2(p™ — 2)(p™ — 2) = 4(p™p™ —p™ — p™2 + 2).
So we have (p™ + p™ — 4)? = 4(p™p™ —p™ —p™2 +2) =

n n 2
= 4((pn1 - 1)(29"2 - 1) + 1). So we have: (%) = (pnl — 1)(pn2 + 1) + 1.

As, p is prime, then: (p™ — 1)(p™ — 1) = 0(mod 4)

Thus, (p™ — 1)(p™ — 1) + 1 = 4u + 1. So, w = 1(mod 2), which clearly suffices

2a +1)? = (p™ — 1)(p™ — 1) + 1, which gives, (p™ — 1)(p™ — 1) = 4a(a + 1).
Thus we get:
(&) (;92_—1) =a(a + 1), set, (%) = x and (p 22_1) = y then we have that,

2 2
(x+y—1)2=4xy+1,andxy = ala+ 1) asx > yset, x = m(mh + 1)

andy = hand a = mh. Thus,x +y — 1 = 2a + 1 so,
x+h=x+y=2(a+1)=2(mh+1),s0,x = 2(mh + 1) — hagain, x = m(mh + 1), so
by compairing, m(mh + 1) = 2(mh + 1) — h,so, h = (2 —m)(mh + 1).

Ash = 0 hence2 —m = 0so,m € {1,2}ifm = 1 then h = h + 1 which is contradiction,
hence m = 2 and h = 0, which givesn, =0,n, =1,p = 5,son =1 and m = 2 is the only
solution.

Note 1: Here all the variables that are used € 7Z and also observed that since p is
prime we have, (p™ — 1) = 0(mod 2)V j € {1,2}

n Ny 4\ 2
Note 2: (x + y — 1)? = 4xy + 1 s true as: (%) =(pm-1DpEP=2-1)+1

_1) = x and (pnzz_l) =y.

ni
and we have substituted (p >

PROBLEM 1.017-Solution by Kevin Soto Palacios - Huarmey - Peru

Para todos los reales no negativos: a, b, c, x,y, z se cumple la siguiente desigualdad:

(b+c)x+ (a+c)y+ (a+b)z=2y(ab+ bc + ac)(xy + yz + zx)
Aplicando: Cauchy - Schwarz:
P=0b+c)x+@+c)y+(@a+b)z=(@+b+c)(x+y+z)—(ax+ by + cz)
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P = J((az + b?%+c?)+ 2(ab + bc + ac))((x2 +y?2+2z2)+2(xy +yz + zx)) —
—(ax + by + cz)
>/(a? + b? + c2)(x% + y2 + 2z2) + 2y/(ab + bc + ac)(xy + yz + zx) —
—(ax + by + cz) = 24/(ab + bc + ac)(xy + yz + zx)

. b
La igualdad se alcanza cuando:% == 2 Por lo tanto:

1 1

Seara=a’,b=b3c=c3,x=—,y=—,z=—
’ ’ ’ b+c’y a+c’ a+b

:>(b3+c3)< i >+(a +c3)( _1'_C)+(a3+b3)( . )

+
2@+ b+c)
(a+b)(b+c)(a+ c))

> 2\/(a3b3 + b3c3 + a3c3)<

2(a+ b +0)
(a+b)(b+c)(a+ c))

ab + bc + ac 2(a+b+0)
2 2 2> - - 3p3 3¢3 3¢c3
a2 +bh2+c?> > +\/(ab + b3c +ac)<(a+b)(b+c)(a+6)>

= 2a% + 2b*> + 2c?> = ab + bc + ac + 2\/(a3b3 + b3c3 + a3c3)<

PROBLEM 1.018-Solution by Kevin Soto Palacios - Huarmey - Peru

. PA%2  PB? PC
Probar en un triangulo ABC: 5r < — ™ to =+ < R Dela siguiente identidad:
b c
aMA? + bMB? + ¢cMC? = (a+ b + c)MI? + abc.Sea: M = P
aPA? + bPB? 4+ cPC? = (2p)PI?> + abc (A)
Del grdfico: PI = r (Caso particular). Dividiendo: (= abc)

PAZ_}_PBZ_l_PC2 _2pr2+1 be = 4pR
bc ac  ab  abc » D€ =SpRT

PA* PB?* PC* r

bc + ac + ab :ﬁ-}_l_)
2K PA? +— 2K PB2 + 2K PC* =2R + PA” + PB” + i 2R+
- — —_— —_— = - =
be ab ", TThy TTh, r

5r <2R+r< ? = 2R +1r = 5r - R = 2r (Desigualdad de Euler)
=>2R+r< 5?12 =>r< g — R > 2r (Desigualdad de Euler)
PROBLEM 1.019-Solution by proposer

a3 4a-b-c
We have: s . O b(a — c¢)? + c(a — b)? = 0 therefore
a’lnx _ (4a—-b—c)lnx
aZ+bc — 4
b31 4b—c—-a)l .
ny > (4b—c-a) ny.After addition we have:
bZ+ca 4
c3Ilnz _ (4c-a-b)lnz
c2+ab — 4
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Z 20_3 Z a®lnx 2(461— —c)Inx Za(41nx—lny—lnz)
ln xa2+bc = —
a?+bc 4

=Y ln( ) therefore l_[xa2+bc = H( )a

PROBLEM 1.020-Solution by proposer

Let Y 1ak =n+n(n — 1)t?, with t be real number, 0 < t < 1. We have:

Zl a Zl+(n—1)t—ak+ na
a J—
i a 1+(n-— 1)tk=1 ay 1+ (n—1)t

Using Cauchy-Schwarz inequality:

i1 t-Dt-a ERll+@-Dei-al)?  n@m-1t
£ ax DR RS (Rl O 1 Y P W 1-t
Zn: 1 na(n — 1)t N na na(nt — 2t + 1)
= _ =
“ "T+-Dd 1+m-Dt [1+@m-DIdd-0
na(nt — 2t + 1) B
Sa Z +
V Z 1 ak [1+m-Dt]1-1) Jn+nln — D2
We need to prove that: na(nt—2t+1) £

B
> P *
[1+(n-Dt](1-t)  Jn+nn-1)t2 — na+ NS ()
- 2 _ 2
na(n-1)t _ B(n-1)t >0

()= [1+(-De]A-t)  Jn+nn-De2(1+/1+m-1)e2) —
o (n-— 1)(0(11\/5 + ﬁ)t2 —Bn—2)t+ na\/n +n(n—Dt2+anyn—=>0
Considering the function:
f@) = (n— D(anvn + B)t? — f(n — 2)t + nayyn + n(n — Dt + ann — B
We have: f(t) = g(t) = (n — 1)(anvn + B)t? — B(n — 2)t + 2anvn — B
Considering function: g(t) = (n — 1)(anvn + §)t? — f(n — 2)t + 2anyn — B,vt € [0,1]

B(n-2)
2(n-1)(nVna+p)

Three quadractic formula g(t) reaches the minimum value when t =

2 -2 2
= Ming(t) = 2anvn - — o —ﬁlgr(ln\/ﬁ)a o) =
4a(n — 1)(2anvn + ) — p%/n
4(n —1)(nvna + B)

= f(t) = g(t) = Ming(t) > 0. Equality occurs whena; = a, = - = a, = 1.

>0

PROBLEM 1.021-Solution by Ngé Minh Ngoc Bdo-Gia Lang Province-VietNam

Using AM — GM inequality, we have:
2x\ )y +z+20Wz+x+ 2z x+y<x*+y*+z°+2(x+y+2z)
We need to prove that: x3 +y3+2z3 > x> +y2+ 22+ 2(x + y + z) (%)
e 3—x2-20)+@3>—y2=2y)+(z2—22-22)=0
We have: x3 —x? —2x 2 6x — 12 © (x — 2)?(x + 3) = 0 (true)
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Similarly, y® —y? =2y > 6y — 12 & (y — 2)?(y + 3) = 0 (true)
andz3 —z?> —2z>6z—12 (z—2)*(z+3) =0 (true)
S —x2-20)+O3—y?-2y)+(z®—2z>-2z2)>6(x+y+2z)—36=>
>6-3}xyz—36=0

PROBLEM 1.022-Solution by Adil Abdullayev-Baku-Azerbaidian

(VAN AUBEL) Y.cyc 5= = 2. Lemma: Sy AH = 2(R +71)

2
) TS S aman - YA )
vbc - bc r bc
cyc cyc cyc cyc
AH 1 AH 1 AH VAN AUBEL 1
bc ~ 2R bc T 2R h, R
cyc ¢ 2R cyc

(A)(B) = LHS < RHS

PROBLEM 1.023-Solution by Kevin Soto Palacios - Huarmey - Peru
Siendo: a, b, ¢, d reales positivos. Probar que: — + LA + =4 4> 8
T p ’ que: bc c¢cd da ab — VaZ+bZ2+c?+d?
a?d+b2a+c?b+d3c

= —hed Va2 + b? + c2 + d? > 8 = Siendo: a,b,c,d > 0 = Por: MA > MG

2d + b2%a + c%b + d? «f 1
a?d + b%a + c?b + d?c > 4 (abcd)3<:>a . ~24 ’abcd (4)

abcd

Ademds: \Ja? + b2 + ¢ + d? > /4‘{/(abcd)2 = 2%3abcd (B)

Zd b2 Zb d2
Desde que; 24t OFETC 44/ L AVaZ+ b2+ 2 + d2 = 2V/abed
abcd abcd

a?d+b%a+c?b+d?c

Va2 +b?+c?+d?>=>8
abcd

Multiplicando las expresiones se tiene que:

PROBLEM 1.024-Solution by Kevin Soto Palacios-Huarmey-Peru

KLAMKIN’s INEQUALITY: - x,y,z€ Rn€Z

x? +y? + z2 = (1)1 (2yxz cos(nAd) + 2zx cos(nB) + 2xy cos(nC))

& (Demostrado anteriormente). Si: n = 2
x%+y?+ 2% > —2yzcos 2A — 2zx cos 2B — 2xy cos 2C

x2+y?2+2%2>-2yz(1 —2sen? A) — 2zx(1 — 2sen? B) — 2xy(1 — 2 sen?C)

x% 4+ y? + 2% 4+ 2xy + 2yz + 2zx = 4yzsen? A + 4zx sen® B + 4xy sen® C

(x +y +2)? > 4yzsen? A + 4zx sen? B + 4xy sen? C
Sea: x = Z—A >0,y = % >0,z= Z—C > 0. La desigualdad es equivalente:

1<PA PB PC)2 >PB'PC PA-PC PA - PB

+—+ sen? A + sen’ B +
ha hb hc

2
hohe hae hahy S C

4
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1/,PA PB PC\> PB-PC da? PA-PC b? PA-PB c?
—<—+—+—) > - + - + :
4\hg ~ h, hc/) T ac ab 4R? " bc ab 4R? " bc ac 4R?
2R 2R 2R 2R 2R 2R

1/,PA PB PC\> PB-PC PA-PC PA-PB

—<—+— —) > + +

4\h, h, h, bc ac ab

PROBLEM 1.025-Solution by Kevin Soto Palacios - Huarmey - Peru

Sea: n = 2 un entero y sean “a, b, ¢c”"R", tal que: ab + bc + ac < 1. Probar que:
bc ac ab

1 - - “” ”
> - .
Zatbon + @brcar T Gerran)t = 3 Realizando la desigualdad ponderada “Jensen” para:

fx) = xin,x > 0,n =2 & (Convexo)
bc ac

— 2 2 2
2% + bo)" + 2% 1 ca)” + 2zt ab) bcf(bc + 2a%) + acf(ac + 2b*) + abf (ab + 2c*)
bef (bc + 2a?) + acf (ac + 2b?) + abf (ab + 2¢?) =
bc(bc + 2a?) + ac(ac + 2b?) + ab(ab + 2c?)
> (bc + ac + ab)f

ab + bc + ac
(bc)? + (ac)? + (ab)? + 2abc(a+ b + ¢) (ab + bc + ac)?
(be+ac +ab)f ab + be + ac = (be+ac+ ab)f \ = e T ac
(ab + bc + ac)? 1
T ) = >
(bc+ac+ab)f< b+ be T ac (bc + ac + ab)f(ab + bc + ac) 1

(ab + bc + ac)rt —
PROBLEM 1.026-Solution by Kevin Soto Palacios - Huarmey - Peru

Sumando las ecuaciones se tiene:

x+y+z
2(ax+by+cz)=x+y+z—>(ax+by)+cz=L

-

2
xX+y—z X+y—z
SZ=—T">S¢=—7"T"—
2 +z—x 2z +x
) . VA z -
De forma andloga se tiene que: a = 4 o b= 2 Y Por la tanto:

a) abcS%@(x+y—z)(z+x—y)(y+z—x)Sxyz
x+y-2zZ+x=-N@+z-0)=&"-@-2)N@+z-x) =
=x?—-y2—-2z242y2)(y+z—x)
> —y? =224+ 2y0)(y+z—x) =x*y+x?z—x3 —y3 —y?z 4+ y?x —
—z%y — 23 + z2%x + 2y?z + 2yz? — 2xyz
>x+y—2)C+x—yy+z-x)=—x*—-y -2 +xyx+y) +
+yz(y +z) + zx(z + x) — 2xyz < xyz
S>x3+y3+234+3xyz>xy(x +y) +yz(y + 2) + zx(z + x)
>x(x = -2)+y -0 -2)+z2z-x)(z-y)20-

— (Vdlido por desigualdad de Schur)

b) —— + — <
2+a+b  2+b+c  2+a+c
> R2+a+c)2+b+c)+RQR+a+b)2+a+c)+2+a+b)2+b+c) <
<R2+a+b)2+b+c)2+a+c)
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—>4(3)+Z(a+c)(b+c)+22(2a+b+c)S8+4(2)(a+b+c)+

+zZ(a+c)(b+c)+l_[(a+b)
—>4+8(a+b+c)S8(a+b+c)+2(a+c)(b+c)+Zab(a+b)+2abc

:>4§Za2+3Zab+2ab(a+b)+2abc

V+z—x

. . Z+Xx— X+y—2z
Tener en cuenta lo siguiente: a = Ty >0; b= Ty =>0; c= my-z

2z

X
1 1 1
=>1+a+1+b+1+c=2_)2(1+b)(1+c)=21_[(1+a)_)

—>3+22a+2ab=2+22a+22ab+2abc

1
> 1=ab+ bc+ac+ 2abc » ab + bc +ac =1— 2abc /\ach§(:>

=0

3 9 3 3
@ab+bc+acZZ=>a+b+cz\/3(ab+bc+ac)2\/;=§—>a+b+c2—

2
3
Zaz+32ab+2ab(a+b)+2abc242ab+2ab<§—c)+2abc=
11 33 1

= b—abc=z—--=>4
ab—abc =z —o=

2
cJa+b+c=2(ab+ bc+ca)
Desdeque:a=y+z_x20;b=Z+x_y20;c=_x+2y_ZZO
zZ
eysntmz=nt+px=m+p;a= >0 b=—P >0
m+p n+m
m
c= > 0;
n+p
n m n . . _
= TR 22( P _ L_P )
m+p m+n n+p m+p m+n m+p n+p m+n n+p

nn+m)(n+p)+pp+m)(p+n)+m@nm+p)(m+n)
= >
- ) : )(m+(n)(nJ5p)(m+P)
np(n+p)+mnim+n)+mpim-+p
> CEFICEICET) =>Zn3—2mn(m+n)+3mnp20
>nn-mn-p)+mim-n)(m—-p)+pp-mp-n)=0s
& (Desigualdad de Schur)

PROBLEM 1.027-Solution by Soumava Chakraborty - Kolkata - India

Let|x]| =1and{x}=f €[0,1)
x=I1I+f
U+f+)*—-U+f+f)=6If—1=>U+2f)>—-U+2f)=6If -1
S2+4f2-2I1f-1-2f+1=0
SP2—IQf+1)+4f2-2f+1=0 (1)
A= Qf+1)2—4(4f2-2f+1)=-3@f2—4f+1) =-32f-1)2<0
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But,IeZeR,Azo.So,ASOandA>0:>A=o:>2f—1=o:>f:§

2f+1 2- + 3

A =0, from (1), weget, I = 2 —2—=1; x—1+f—1+-:5

PROBLEM 1.028-Solution by Kevin Soto Palacios - Huarmey - Peru

4R A B C _ abc B 8abc
A T p-a)p-bp-c) (Bb+c—-a)a+c—-b)(b+a—rc)
Th p-b p—-a _ b+c-a Tc __ a+c-b

razzzp_=a+c—b>0 (IV]'Z_

Probar en un triangulo ABC + = > /1 +— X Tener en cuenta lo siguiente:

>0 (V) 2=s0 (v))

b+a—-c b+c—a

Sean:b+c—a=2x>0,a+c—b=2z2>0,a+b—c=2y>0
Porlatanto:a=y+z,b=x+y,c=x+z

X £+§2\/1+(x+y)(y+z)(x+z)

==+
z y xyz

Desde que: x,y,z > 0 — (Elevando al cuadrado la expresion tenemos)
X z 2 xy(x +vy) +2xyz X\%2  Z\2 2 2x 2z 2
= (G5 =S () () 4 () =

e = - =) +—+—+—=2=
zZ y x xyz z X y x z
x+y z+x y+z
>3+ + +
z y X
XN\2  [(Z\? 2 x z X z
= (5) +(—) +(X) T A T AT
2 3% X y X z x z y
Xy 2 Z\2 2 X z X z
:((—) +1>+<(—) +1)+<(X) +1)+—+—+226+X+—+—
z X X y x z X z y
Por: MA = MG

X\ 2 z\? 2 2x 2z 2y «x
=>((—) +1)+ (—) +1 +((X) +1)+ +- P e N A
z y x y z_ z y Xx Yy x z

= Lo cual nosfalta probar que:

2x 2z 2 zZ X
N A +y>6+y+ 122y 20200 20 Y S 6o (MA = MO)
VA y X y X Zz y X zZz 'y y x z

Porlatant0—+r + e f1+—
b Tc

PROBLEM 1.029-Solution by Marian Ursdrescu - Romania
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From transversal theorem we have:

MB . NC .. _ LA oo MB o NC )_LA’ .
MA NA ~ 1A ma P NA PTYTIa0e

MB NC LA
m(a+c—b)+ﬁ(a+b—c)—32a (1)

. M'B N'C LA
Similarly: m(a +c—b) +m(a +b—c)= aZc’z (2)
MB  M'B NCc | M'c LA’
From (1)+(2)= (a + ¢ — b) (1\/1—“’1 + W) +(a+b —, c) (ﬂ + W),_ 4a—- (3)
From (3) we must show: 40 > ptc—agaL S 4 b (4)
LA ) LA 4a LA " 2a
From Van Aubel theorem we have: L—A, = ﬁ + i —pbypre_ @ M4 _pa (5)
LA C'B B'C p—a p—a p—a LA a
From (4)+(5) we must show: ? > % 1> %true.

PROBLEM 1.030-Solution by proposer

First we prove that x* + y? + z2 < xyz + 2 for all x,y,z € [0,1]. Let be
fx) =x?+y2+2z%2 —xyz—2 = f(x) < max{f(0), f(1)} but
f(0) =y% 422 —2 < Owithequality fory=z=1and f(1) = y?> + z? —yz— 1
Letbe g(y) =y? +z2 —yz—1= g(y) < max{g(0),g(1)} = max{z? — 1,22 —z} < 0
Equality holds ifand only ifx = y=z=o0orx =y =1;z =0, etc.
n

BZx,ﬁ = Z (x2+x2+x2) < Z (x1x,x3 +2) =
k=1

cyclic cyclic
= 2N+ X1XX3 + X3X3X4 + - + XpX1X;

PROBLEM 1.031-Solution by Kevin Soto Palacios - Huarmey - Peru

Desde que: a,b,c = 0, sea: a* + b* + ¢* = 3x*, (ab + bc + ac)? = 9y*
= 9(a+ b +c) = x + 26y. Por la desigualdad de Holder:
(x* + 26y (1 +26)(1 + 26)(1 + 26) = (x + 26y)* —» /273(x* + 26y*) = x + 26y
Esto es suficeiente probar: 9(a + b + ¢) = i/273(x4 + 26y%) -
- 3%+ b+c)* =3%°(x* + 26y%)
=>3(a+ b +c)*=3(a*+ b* + ¢*) + 26(ab + bc + ac)?
= 3(a* + b* + ¢*) + 18(a?b? + b%c? + c%a?) + 12ab(a? + b?) +
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+12bc(b? + ¢?) + 12ca(c? + a?) + 36abc(a + b +¢) >
> 3(a* + b* + ¢*) + 26(a?b? + b?c? + c?a?) + 52abc(a + b + ¢)
= 12ab(a? + b?) + 12bc(b? + ¢?) + 12ca(c? + a?) >
> 8(a®b? + b?c? + c?a?) + 16abc(a + b + ¢)
= 12ab(a? + b?) + 12bc(b? + c?) + 12ca(c? + a?) >
> 24(a?b? + b%c? + c?a?) > 8(a?b? + b?c? + c?a?) + 16abc(a + b + ¢)
= 16(a%b? + b%c? + c?a?) = 16abc(a + b + ¢) ... (LQQD)

PROBLEM 1.032-Solution by Henry Ricardo - New York - USA

. 1 1 . _ ,
Noting that yrele fo t*® dt, we see that the given inequality is equivalent to
1 1

fttla +t4b + 6t2a+2bdt Zf4t3a+b +4t3b+a dt,

0 0
ort*® + t40 4 6120+2b > 4¢3a+b 4 43b+a ifwe let t* = x and t° = y, the inequality is
equivalent to x* + y* + 6x2y? > 4x3y + 4xy3, or (x — y)* = 0, which is true.

PROBLEM 1.033-Solution by Kevin Soto Palacios - Huarmey - Peru

Siendo: A+ B + C = m. En un tridngulo ABC, se cumple:
cos? A+ cos?B +cos?C +2cosAcosBcosC =1

= Sea:avbc = cos? A, bvJac = cos? B, cvab = cos? C,

abc = cos A cos B cos C > 0 (A acutdngulo). Por lo tanto:

3 3 3
Ccos” A cos® B cos® C . .
a=——>0,b=—>0,c =—— > 0. La desigualdad es equivalente en ... (A):
cosBcosC cosAcosC cosAcosB
cos?Bcos?C = cos?Acos®C ., cos?Acos’B > cos3 A4 cos3B cos3¢C
cos* A cos*B cos*C ~— cosBcosC cosAcosC cosAcosB

De la siguiente desigualdad para todos x, y, z niimeros reales, se cumple en un tridngulo ABC:
x2+y?+ 2% > 2xycos A + 2yz cos B + 2zx cos C. Siendo:

X = cosAcosC >0 _ COSB cosA > 0.7 = cosBcosC >0 (A acutdn LlIO)
~ cos?B Y= cos2C "2 T cos2zA g
, cos?Bcos?C = cos?Acos’C . cos?Acos’B
Se obtiene: =

s cos* A s cos*B s cos*cC -
Ccos° A cos° B cos® C
>2 +2 +2 .. (LQQD)
cosBcosC cosAcosC COosAcosB

PROBLEM 1.034-Solution by Nguyen Viet Hung - Hanoi - Vietnam

The equation is equivalent to (x? — 2x — y)(x? —yx — 1) = 2.
There are four possible cases as follows
x2-2x—y=1, {x2—2x—1=y,
2 < _
xP—yx—1=2, x(x—y) =3.
It’s easy to find 3 pairs of (x,y) satisfying this system of equations as
(_1I2)I (1l _Z)I (312)
x2=-2x—y=2, {xZ—Zx—Zzy,
2 < _
xf—yx—1=1, x(x—y) =2.
There is only one pair (x,y) satisfying this system of equations as (—1,1).

Case 1: {

Case 2: {

91 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

x?—=2x—y=-1, {(x—l)zzy,
o
x2—yx—-1=-2, Wx-y)=-1
There is no pair of (x,y) satisfying this system of equations.
x2—2x—y=-2, {x2—2x+2=y,
s
x?—yx—1=-1, x(x —y) =0.
We find 3 pairs (x,y) satisfying this system of equations as (0,2), (1,1), (2,2).
So, there are 7 pairs (x, y) satisfying the requirement as
(_112)1 (1l _2)l (312)1 (_1I1)I (Olz)l (1I1)I (ZIZ)

Case 3: {

Case 4: {

PROBLEM 1.035-Solution by Kevin Soto Palacios - Huarmey - Peru

5+ Ya+ Vb+¥c+abc = (a+b+c)ab+ bec+ ac)
=>5+3a+ Vb +3c+abc=(a+b)b+c)(c+a)+ abe
=515+ 3Ya+ Vb +¥c=3(@+b)b+c)c+a)
>3+ +3+154+3Ya+3Vb+3¥c=a®+b3+c3+3(a+b)b+c)(c+a)
S>a3+b3+3+3Va+3Vb+3Ve=(a+b+c)3 =27
= a3 + b3+ 3+ 3Va+ 3Vb + 3¢ = 12. Desde que: a,b,c = 0. Por: MA = MG
sad+Va+Va+Va=4Va* =4a - a® +3Va=4a..(A)
Andlogamente: b3 + 33/b > 4b ... (B); ¢® + 3¢ = 4c ... (C)
Sumando: (A) + (B) + (C): (a® + b3 + c3) +3Va+3Vb+3Vc=>4(a+ b +c¢) =12

PROBLEM 1.036-Solution by Rustem Zeynalov - Baku - Azerbaidjian
x+y=a;y+z=b;z+x=c
a+b+c\> ja+b—c a+c—b b+c—al’
R
271 2 2 2 2
a*b*ct > ﬁ[(a +b+c)a+b—c)a+c—b)(b+c—a)]®

(@+b+c)a+b—c)a+c—b)b+c—a)<27a*b*ct
2a%b? + 2a?c? + 2b%c? — a* — b* — ¢* < Y 27a*b4ct
a* + b* + c* + Y27a*b%c* = 2a?b? + 2a%c? + 2b3c?
Schur inequality

163

PROBLEM 1.037-Solution by Kevin Soto Palacios - Huarmey - Peru

Desde que:
(4a—3)2+ (4b—3)* + (4c —3)* =16(a®* +b* +c*)+27-24(a+ b +¢) =

128 a+b+c 16 1 1 1
=128abc —24(a+b+c¢c)=>0=> >

> —>—+—F—

24 — abc 3 “ab bc ca
Por: MA = MG:a® +b% + 2 > 3" [ZE 1 L
64 64 a3+b3+a 9ab
Por la tanto tenemos en ... (A): A= ——+ —— >+ —— <2 4 2 4 % <

34p3427 3403427 343422 — 9ab  9bc  9ac
a’+b3+— bi+ci+o cS+at+o
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4
< 3 X3 = .. (LQQD)

64 . 3
Apax < p La igualdad se a/canza cuando:a=b =c = "

PROBLEM 1.038-Solution by Ngo Minh Ngoc Bao - Vietnam

We have two lemma: Lemma 1: If a,b,c > 0 then (Z %) X a) =233 a?)
Prove: Use Cauchy — Schwarz

X a)? a S a)?
Zb ZYab = (ZE) (2.9)= Sab
We need to prove: (g—az >33 a?) © Ca)b =27 ab)?(X a?) (**).
Use AM — GM inequality: (Xa)® = ((Xa?) + (T ab) + & atb))3 > 273 a?)(X ab)?
= LHS (**) = RHS (**).
Lemma 2: Consider polynomial

f(x,y,2) =Zx4 +A2x2y2 +Bxysz+CZx3y+Dny3

(with A, B, C, D is the constant)
1+4A+B+C+D=>=0
3(1+A4) <C?>+CD + D?
f("'y'z)zo‘:’{ 5+ A+2C+2D >0
gxX)=@+C+D)x*+1)+(A+2C-D—-1Dx 4+ (A—-C+2D—1x=0,Vx=0
My solution

(*) © 6Y.a’b + 6%, ab® + 13abc Y, a = 23abcy/3(3 a?), we need to prove:

23
62 3b+62ab3+13abc2a——abc(za)(z )>0
@62 3b+62ab3+13acha—— Z a’b® + Zab3+abcz ) 0

(:)6Za3b——2 ab® — —Z a’b? + acha>O(***)
Use lemma 2 with A = —?,B —?,C =6D = —z.
1+A+B+C+D=1—§+§+6—§=3>o

We have: 54+A+20+2D=5-=412-2=6>0
31+A)=-2<62—6-2+2=26+="=C?+(D +D?
Considering function: g(x) =23—5x3 + 5x2 — 18x+23—5=> g'(x) = 25x? + 10x — 18

—1++/19
X=——

"x) =0 & 25x2+10x —18 =0 & 5
g'(x) 1S
=75
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=1 % /19
z 0 o L £ oo
| 5
g'(z) | -

0

S

—-1++19
g(x) 29<T\/_> >0=g9(x)>0vVx=>0

PROBLEM 1.039-Solution by proposer

11
If/lE(Ol)xy,ZE]R{x+y+z—1then Y. a*bYc* >Za’1x 3 b’b’ 3 M
For: x = — = <

a+b+c y_a+b+c 2= e Wehave:x +y+z=1a+b+c=2p

b c Aa 1-2 b 1-2 Ac 1-1
Zazs-bZS-CZS>Za25I 3 bas’

3 ces 3 (1)
2
2 da 1-2 _2a 15 a 1 _ 3a+s
Wetake/l———+—=_+_3=_ 1_
3 6s 3 35 9  O9s
1-1 3b+s lc 1— l 3c+s
and analogous — + — = =

; — . The relationship (1) can be written:
9s " 2s 3 95

3a+s 3b+s 3c+s 1
Z(aa . bb . CC)ZS > Z a9 b 9 c 95 = Z(a3a+s . b3b+s . Csc+5)§ —
1 1 1 1
= Z(abcﬁ (a32h3Pc3¢)os = Vabc Z(aabbcc)ﬁ = 9\/ZLRS‘Z:(aab”cC)ﬁ

PROBLEM 1.040-Solution by Anas Adlany - El Jadida- Morroco

We have /3(ad — bc) = ac + bd # 0 = d(av3 — b) == c(a + bV3)
Also, we conclude that ad > bc = Yabcd < abcd and aV3 > b,3a > b/3.
Thus, d(a + bV3) — c(b — av3) = d(a + bV3) + < (a + bV3) = (S25) (a + bV3)
2 2
Hence, we have to prove that (C +d ) (a + bV3) > 4Vabcd. But,
a>— =>a+b\/—>b(\/—+ ) (C d

)(a+b\/—)> (c? + d?) \/—+
<C +d )(a+b\/—)>2bc(\/—+ >4bc\/: b3€3

And note that ’ > vVabcd © (ad)? > (bc)?

Which is true due to the first observation (see above).
Conclusion: From all those inequalities, we shall obtain the desired inequality.
Comment: this is a great problem for juniors, all thanks to sir DAN SITARU

PROBLEM 1.041-Solution by Nguyen Minh Triet - Quang Ngai - Vietnam

(V)x, we have: cos x + sinx = /2 cos (Z — x) Hence, LHS = [chc(cosA + sin A)]
94 |
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Letx = cosA +sinA;y =cosB +sinB,c=cosC +sinC. Thenx,y,z € (0,\/?] and
LHS=\/%(x+y+z).So(\/§—x)(x\/§+ 1)=0=x>x22 -2
Similarly y = y*N2 —\2;z = 222 —+/2
:>x+y+22\/§-(x2+y2+zz—3)=\/§Z[(sinA+cosA)2—1] =

cyc

=2 ZstA 4+/2 - sinAsinBsinC = \/— ----- sinC =

cyc

= % x+y+2z2) = 2—? or LHS = RHS. The equality doesn’t hold, so:

Z cos (%— A) }225

cyc

PROBLEM 1.042-Solution by Soumava Chakraborty - Kolkata - India

a?(b?> + c? —a?)® a?(2bccosA)3
b?c? - b?c?
S=A
= 8(4R?sin? A)(4R?sinBsin C) cos® A = 128R*(sin A sin B sin C) sin A cos® A
= 64R?(2R? sin Asin B sin C) sin A cos® A = (64R? - sin A - cos® A)A
bz(cz+az—b2)3

= 8a®bc cos3 A

Similarly, 0 = (64R?sin B cos® B)A
20,212 _~2)3
and% = (64R?sin C cos® C)A

given inequality < R? Y.(sin A cos® A) > A(1 — cos? A — cos? B — cos? C)
1 1
sindcos® A =— (2 sinA cos A)(2 cos? A) = — (sin 2A)(1 + cos 24)

1 1
=- (sm 2A + sin2A cos 2A) = - sm 2A + = sm 4A

RZZ(smA cos3 A) = —Z sin 24 + —Z sin 44

Z sin4A = sin4A4 + sin4B + sin4C

= 2sin(2(4 + b)) cos(2(A — B)) + 2sin 2C cos 2C
= 2sin(2m — 2C) cos(2(A — B)) + 2sin 2C cos 2C
= —25in2C cos(2(A — B)) + 2sin2C cos 2C = 2sin 2C {cos 2C — cos(2(4 — B))}
= 4sin2Csin(C + A — B)sin(A — B — C) = 4sin 2C sin(m — 2B) sin(2A — )

= —45sin 24 sin 2B sin 2C
2 2

R
5 (Z sin 4A) =5 (—=32sinAsin B sin C cos A cos B cos C)
= —2(2R?sin A sin B sin C)(cos A cos B cos C) = —24 cos A cos B cos C
2
Again, RT (X sin2A) = R%?sinAsinBsinC = 3 given inequality <

A
>~ 24 cos Acos BcosC > A(1 — cos? A — cos? B — cos? C)
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& 1—4cosAcosBcosC =>2—(2cos?A+ 2cos?B + 2cos? ()
& —1—4cosAcosBcosC = —(3+ cos 24 + cos 2B + cos 2C)

1
=—3+1+4cosAcosBcosC & 8cosAcosBcosC < 1(:>cosAcosBcosCS§

which is true (proved)

PROBLEM 1.043-Solution by Kevin Soto Palacios - Huarmey - Peru

Siendo: a, b, c, d niimeros reales no negativos de tal manera que: a + b + ¢ + d = 4. Probar
que:
a)ab+ bc+cd+da<4
b+d)+ (a+c)]?
=>b(a+c)+d(a+c)=(b+d)(a+c)S[( )4( )] =
>[b+d)—(a+c)]?=0
b) a’bc + b%cd + c?da + d?ab < 4

Desde que:
= a’bc + b%cd + c*da + d?ab — (ab + cd)(ac + bd) = bd(b — d)(c — a)... (A)
= a’bc + b%cd + c?da + d?ab — (ac + bd)(ad + bc) = ac(a — c)(b — d)... (B)
Multiplicando (A) X (B):

(Z a’bc — (ab + cd)(ac + bd)) (Z a’bc — (ac + bd)(ad + bc)) =

= —(abcd)(b —d)?’(a—c)? <0
Por la tanto se puede afirmar lo siguiente:
= a?bc + b%cd + c*da + d%ab < (ab + cd)(ac + bd) v
a’bc + b%cd + c*da + d?ab < (ac + bd)(ad + bc)
Si: a®bc + b?cd + c?da + d?ab < (ab + cd)(ac + bd) <
[(ab + cd) + (ac + bd)]? - [(B+c)(a+d)]? - 16

= 4 = 4 =7 =4
Si:a?bc + b%cd + c?da + d?ab < (ac + bd)(ad + bc) <
[(ac + bd) + (ad + bc)]? - [(c + d)(a + b)]? - 16 A
4 = 4 T4

<

c)abc + bcd + cda + dab < 4
Solo basta probar lo siguiente: abc + bcd + cda + dab = ac(b + d) + bd(a + ¢) <
<ab+bc+cd+da=(a+c)b+d)
> 4acb+d)+4bda+c)<(a+c)b+d)[(b+d)+ (a+)]
>b+d)?*@+c)+(@+c)*b+d) <4(a+c)bd + 4ac(b +d)
S@a+o)b-d)?+B+d)(a—c)*=0
Por la tanto: = abc + bcd + cda + dab < ab + bc + cd + da < 4

d) abv¢ + bed + cdVa + daVb < 4. Desde que: a,b,c,d = 0. Por: MA > MG
bc+bcd cd+cda da+dab

= abVc + bevd + cdva + davh < 2 + + + <2=14 (LaqD)

2 2 2

PROBLEM 1.044-Solution by Kevin Soto Palacios - Huarmey - Peru

a) avbc + bVed + cVda + dvab < 4. Desde que: a,b,c,d = 0. Por: MA = MG
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= avbc + bvcd + cVda + dvab < ‘”j”c 4 2tbed | creda |\ dtdab Coa)

2 2 2

Anteriormente ya se demostro lo siguiente: = abc + bcd + cda + dab < 4

a+abc b+bcd c+cda d+dab

= Por lo tanto tenemos en (A): t——+——+— <4

= Por transitividad: avVbc + b\/a + cVda + dvab < 4

b) Vabc ++bcd + Veda +Vdab < 4 = Por: MA > MG
ab+c bc+d cd+a da+b

= vabc + Vbcd +Veda + Vdab < + + + ... (B)

2 2 2
Asimismo también ya se ha demostrado lo SIgwente: = ab + bc+cd+da<4.

Por lo tanto, por transitividad en (B): Vabc + Vbcd + Vcda + Vdab < 4
c) Vabc + Vbcd + Veda + Vdab < 4,n €N

1
Sea: f(x) = xnV x €< 0,4+ > A considerando para: n > 1

1-n —-2n+1

Calculamos la primera y segunda derivada: f'(x) = % Af'(x) = ad

(-n+1)
n2
Desde que: "' (x) < 0 — entonces f es una funcién concava y se cumple:

Desigualdad Ponderada de Jensen:

abc + bcd + cda + dab
fF(abe) + f(bed) + f(cda) + f(dab) < 4f( - ) =
1
abc + bcd + cda + dab\n
= 4( ; )" <4 =4
d) ab¥/c + bcVd + cd¥a + daVb < 4,n €N
1
Siendo: f(x) = xn (Concava) V x €< 0,+00 > A considerando para: n > 1
Desigualdad Ponderada de Jensen: = abf (c) + bcf (d) + cdf (a) + daf (b) <

abc + becd + cda + dab n
S(ab+bc+cd+da)f( b+ be tcd + da )S4(1) =4

abc+bcd+cda+dab) _ (abc+bcd+cda+dab
ab+bc+cd+da - ab+bc+cd+da

<0

a que: f ( )% <=1

PROBLEM 1.045-Solution by proposer

In inequality x3 + y3 + z3 — 3xyz > Owetakex=a—§,y=b—§,z=c—§
and we obtain a® + b3 + ¢® — 3abc > a®> + b?> + c> —ab — bc — ca or
al+b3+c3+ab+bc+ca—3abc>=a®+b*>+c?or

az+Za3+2ab—3abc>2a2+b2+cz=(a2+b2)+(a2+cz)2

(a”’) 42 (a+c) > (a + b)(a + c) therefore

1_[ a +Za +Zab—3abc 1_[(a+b)(at+c)=1_[(a+b)2

PROBLEM 1.046-Solution by Soumava Chakraborty-Kolkata-India

— 4 1
LHS > 4
) \/(b+c+d)2(c+d+a)2(d+a+b)2(a+b+c)2
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4
_J(b+c+d)(c+d+a)(d+a+b)(a+b+c)

J(b+c+d)(c+d+a)(d+a+b)(a+b+c) < 3(a+b:C+d)

\/(b+c+d)(c+d+a)(d+a+b)(a+b+c)<9
5 (2

\/(b+c+d)(c+d+a)(d+a+b)(a+b+c)
(1), (2) = LHS > ; (Proved)

PROBLEM 1.047-Solution by Kevin Soto Palacios - Huarmey - Peru

Siendo a, b, ¢ niimeros R* de tal manera que ab + bc + ca + abc < 4
Probarquea+b+c+3 > Z(Vab ++/bc + \/ca)

De la condiciéon ab + bc + ca + abc < 4 es equivalente
1 1

a+2+b+2+c+2

( 1 1)+( 1 1)+< 1 1)>1 3 1
f—3 —_— _— —_— —_—_—= ——
a+2 2 b+2 2 c+2 2/ 2 2

a b c a b c

- — 1>
a+2 b+2 c+2_ -1 1 a+2+b+2+c+2

2
Por la desigualdad de Cauchy 1 > — + — £ > (a+vb+ve)”
b+2 = c+2 a+2+b+2+c+2

@a+b+c+62a+b+c+2(x/_+\/ﬁ+\/a)

& 3>+ab+Vbc ++Vea (A)Aa+b+c=>+ab+Vbc++Vca (B)
Sumando (A) + (B) se obtiene la desigualdad pedida

a+b+c+3=2(Vab+Vbc++ca) (LQaD)

Siendo a, b, ¢ nilmeros R* de tal manera que ab + bc + ca + abc < 4
Probar que 3 +§(a +b+c)=(Va+ Vb)(Vb+ Yc)(Vc + Va)
©9+5(@+b+c)=3R3a+ Vb)(Vb+ V) (Ve + Va)
©9+6(a+b+c)=(a+b+c)+3(¥a+Vb)(Vb+3Vc)(Vc + Va)
©9+6(a+b+c)=> (gi/— + Vb + 3{/—)3 Por la desigualdad de Holder
(a+1)+@b+1)+Qc+1) (2a+1 o zm) A+1+1)>
= (% + b+ i/E) . Es necesario demostrar lo siguiente
a b c 2a 2b 2c

= <1 <2
2a+t1l 241 2er1- v i 1t 2cr1s

>le

<2a+1>+(2b+1)+(2c+1>>
=3
2a+1 2a+1 2b+1 2b+1 2c+1 2c+1/
=2+ L+ 4+ locualnos resulta lo siguiente
2a+1 2b+1 2c+1

1
>
2a+1+2b+1+2c+1_1
©2b+1)R2c+1)+R2c+1)R2a+1)+Ra+1)2b+1) =

>QR2a+1)2h+1)R2c+1) e 4(ab+bc+ca)+4(a+b+c)+3=>
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>1+4+2(a+b+c)+4(ab + bc + ca) + 8abc
©2(a+b+c)+2=8abcea+b+c+1=>4abc (B)
Por la desigualdad de Cauchy
1 1 1 1 16 16 4
ab+bc+ca+abc ab+bc+ca+abc 4
Por transitividad se tiene lo siguiente
1 1

Lilt+lt+ >4 a+b+c+1>4abe (LQQAD)
ca abc

ab  bc
Varip+ie) _ (Varipe i)
Porultim0—>9+6(a+b+c)2( a+A+ ) 2( o 1+ %) =(%+%+%)3

PROBLEM 1.048-Solution by Soumava Chakraborty-Kolkata-India

Y ab? > 1 n 2abc+Y a’b+Y ab? o Y ab? > 4Y a’b+3Y ab?+6abc
abc 3 Y. a2b abc 3Ya2b
& 3 ab?) (X a?b) = 4abc(X a?b) + 3abc (Y ab?) + 6a?b?c? (i)
A—G A—G
Now, Y. ab? > 3abc, Also Y, a?bh > 3abc
~ X ab?)(C a?b) = 3abc (3 ab?) (1)
= it remains to prove: 2(Y, ab?)(¥ a?b) = 4abc(F a?b) + 6a?b?c? (from (i), (1))
e X ab?) (T a?b) = 2abc(Y, a®b) + 3a?b?c? (ii)
Now, (Zab?)(T a?p) > 3abc-3abc _ 3a2h2c2
3 ) 3
= it remains to prove: g X ab?®)(X a?b) = 2abc(Q a?b) (from (ii), (2))
& X ab?)(C a?b) = 3abc(Q a?b) © Y, ab? = 3abc — which is true (Proved)

Given inequality &

PROBLEM 1.049-Solution by Henry Ricardo-New York-USA

We use the weighted harmonic geometric arithmetic means inequality:

(z ) ﬂxa«zm

where Y,; a; = 1. In this problem, we Iet a; =

f/rst and then a; = % foralli.

n(n
n(n+1) 2
Now we have 1 = ——2—— < (x; - x2 - ...- x})n(+D)
Xt
2 2z
5 T _ Xy + X2+ o0+ xR
= [(x1 X5 )n] <
n
which implies that x; + x% + -+ x > n.
Equality holds ifand only if x; = x, = - =x, = 1.

PROBLEM 1.050-Solution by Ngo Minh Ngoc Bao-Vietnam

a® + b3+ c2+8(ab + bc + ca) < 27 (%)
The inequality (&) © a® + b3 + ¢3 +§(a +b+c)ab+bc+ca)<(a+b+c)
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@g(a+b+c)(ab+bc+ca) <3(a+b)(b+c)(c+a)

= g(azb + abc + ca? + ab? + b?c + abc + abc + bc? + c?a)
< 9(ab + ac + b*> + bc)(c + a)
s 8 (Z a’b + Z:Utb2 + 3abc) <9 (Z a’b + Z ab? + 2abc) =
© Y a?b + Y ab? —6abc =0 (*¥)
Consider the third — order symmetry polynomial

P(a,b,c) = Z a’b + Z ab? — 6abc

P(1,1,1)=3+3—-6>0.P(a,bh,0) =a?b+ab?>*—-0=>0= P(a,b,c) =0 (I).
Equalitywhena=b=c=1ora=3,b=c=00ra=b=0,c=30ra=c=0,b=3

PROBLEM 1.051-Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

2R R R
= < <—
R+2r n-R+(1—n)-2r~ 2r

0< <1
sn<g

@ ADTHCT 2R e r) (@4 bP 4B < 2R - (ab + be + ca)
ab+bc+ca” R+2r’ r)-ia €)= @ crca
2-(p?>*—4Rr —1r2) - (R+ 2r) < 2R - (p? + 4Rr + 1r?);
2r -p2 <8R?-r +10R - r? + 213

Euler
p? <4R?>+5Rr+ 12 =4R*+4Rr +R-v+1? > 4R? + 4Rr + 312
GERRETSEN

p2 2 AR%+ 4Rr + 3r2 < 4R? + 5Rr + 12

PROBLEM 1.052-Solution by Dang Thanh Tung-- Vietnam

2(c—a)>+2(c —b)(a—b)
b = min{a,b,c} = (a—b)(c—b) =0
b —b b— — — a)? —b)(c—b
a,bye g a-b bmc cma_(cmay (a-b)c-b)
b ¢ a b c a ca bc

a+b+c—3=a+b+c—+/3@+b%+c?)=-2-

a’?+b*>+c?>—ab—bc—ca

a+b+c++/3(a?+ b% + c?)
(c—a)>+(a—b)(c—Db)

a+b+c+3
Wehave:%+§+§+a+b+c—6
1 2 1 2
= — 2——— —_— J— —_—
(c-a) (ca a+b+c+3)+(a b)(c b)(bc a+b+c+3)
N 2 _(@=c)+b*+a+b+c
'ca a+b+c+3 cala+b+c+3)
N 1 2 _(b—c)2+a2+a+b+c>0:>a+b+c+ i bhtc>6
'bc a+b+c+3 bc(a+b+c+3) b ctat? €=

Equality whena =b =c = 1.
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PROBLEM 1.053-Solution by Soumitra Mandal-Chandar Nagore-India

( 1 4 1) - 18
a — — = ———
Z pn  cn a™+ bm 4+ cn
cyc
leta = b = c then ! > !
b"+c™ T c™+a™ T a™+b"

CHEBYSHEV'S INEQUALITY

D (gi+im) 24 S DX (D=
¢ bn+cn - 3 a am + bn

cyc CyC cyc cyc

18 .
> —_— e —_—
4chc T > T (proved) equalitya = b = c = 1.

PROBLEM 1.054-Solution by Soumava Chakraborty-Kolkata-India

Inany A ABC,

2
E i > (1+1+1)
mgq Xmg

< —<—
"4R+r 2 mgq r

< 4R +7)

b2+c2 470 2pc  be
Tereshin = m, = = R 2R

2R
Z <2RZ (a+b+c) _2R-2s 1
mg bc abc "~ 4Rrs r

PROBLEM 1.055-Solution by Vasile Jigldu - Romania

a) We will use the following formulas (see [1]):
at+c=b+d=p; ef =ac+ bd (first theorem of Ptolemy)
abcd = p?r?; ef=2r( 4R2+r2+r);

's simpli on®+S4248 aycqpbyd_(@ror  GraR
Let’s simplify the expression . + " + 7 + = We have: . + - + - + = + 4

ac bd
bd(a + ¢)? + ac(b + d)? p’ef
= —4 = —_
abcd p?r?
f .- 2r(VARZ + 12 + 1) 4z 2V4R? + 12
r? B r22 B r
R a c b d
SOZr—ZZ;+E+E+Z

R? 2V4R? + 12
=N Zr—z_f—Z S R?>>1rJ4R%2+12 —1r? © R* +1r* + 2R*r? > 4R%*r? + r*
& R? > 2r?
We now prove the second inequality

a ¢ b d 2V4R? + r? R

—+= +d+b22f @f—zzzﬁ;@
2

\/—RS\/4R2+r2—r(:>(R\/§+r) <4R?’+71’

2R2+ 712+ 2V2Rr < 4R?>+ 1?2 © 2V2Rr < 2R’ & rJV2 <R
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namely Euler’s inquality, true in every bicentric quadrilateral. Equality holds when ABCD is a

square.
b) We have:

(a N c) (b N d) _[la+¢)? = 2ac][(b + d)* — 2bd]
c a’\d b} abcd -
_ p* —2p*Qac + bd) + 4abcd _ p®> — 4ARVAR? + 12
- abcd a T2

So the inequality form enunciation becomes equivalent with:

R2 p?— aIREF T

e © 4R? — 412 > p? — 47 J4R? + 12 &

7'2
& 4R? + 4r\4R? + 12 — 412 > p?
2
Taking into account that p? < (v 4R? + 1?2 + r) , its enough to prove that:
2
4R? + 4rJ4RZ + 12 — 4r? 2 (VARZ 472 + 1) = 4R? + 217 + 27 [4R2 + 12

& 2rV4R2 + 12> 612 © 4R2 > 8r2 @ R > 12
So the inequality from enunciation is true, the equality is being obtained also, when ABCD is a
square.Reference:
[1] OT Pop, N Minculete , M Bencze — An introduction to quadrilateral geometry , EDP , 2013

PROBLEM 1.056-Solution by Soumava Chakraborty-Kolkata-India

A )
WLOG, we may assumea = b = c¢; 1, = 1y @;zgﬁ—bz—aﬁazb—wrue

1, =1, Similarly, 1, = 1. ~1, =21, =>71.; >
aZT VWt = T¢ a_b_c’sa+r_sb+r

CZaZ 2.2
(2¢? + 2a? (2b% + 2¢%? — a?)

o . —
(c?2 + a?)2 )= (b2 + ¢2)2
S abb? + 4a*b?c? + 2a*c* + 2a%c® = a?b® + 4a’b*c? + 2b*c* + 2b%c® (a)
(D
wa*>b* - a*-a’b? > b* - a’b? = a®b? > a?*h®

& s =5, sp =82

(2
v a? > b?, - 4a%b*c? - a? = 4a®’b?c? - b? = 4a*b?c? > 4a’b*c?

(3 4)
v a* > b* - 2a%c* > 2b*c* v a? > b?, . 2a%c® > 2b%c®

. 1 1
>
(1) + (2) + (3) + (4) = (a) is true = parvl—Su
Similarly, L > LI > 1 >
Sp+r T Sctr  Sgtr T sp+r T sqtr
Bergstrom
. . 1 1 1 9 3(4R+7)
i applying Chebyshev, LHS = 2 (87,) (2 Sw) > JUR+T o=

(+ D sa< ) ma< ) < 4R+7)

3(4R+T1) - 9_r2
4(R+1r) — R2
S 4R3+R?>r—12Rr* - 123 >0 4t3+t>—-12t—-12>0

=)

-~ it suffices to prove:
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& (t—2)(4t>+9t+6) >0 > true~ t = = = 2 (Euler) (Proved)

Rl -]

PROBLEM 1.057-Solution by Saptak Bhattacharya-Kolkata-India

A

Observe that for any triangle, given hq, h, as altitudes, their ratio is the ratio of corresponding
bases. Using this;

9
| | h; = r3rir3 @’brc”
=1 ' a’bie H(AIB ’ CIB)
. - a?b?c? ,
Remains to show that: —————— = 1. Thus; ratio becomes
[1(Alp-Clp)

212 .2 2p2 2
a“b“c 164“R 2R“r
. Now, 7 [[ 5 = 42, so, we have;

8Tlrs11Rs _ 8117511Rz TR
Now, in A AlgC; be sine rule, and using sin 2B = 2 sin > sin ~ we have
. B 2R%*r T a’p3c¢®
Ry = 2R sin - Thus, R, = R(41‘[sin§) T ci =
NOW, H(AIB 'CIB 'b) =H(4"%'TB 'b'RB)
[~ abc = 4AR is a triangle R, = circumradius of A AlzC]
=8]]rg - [IRg - abc. Now, we know, Y, cosA =1+ 4]_[sir1§ =1 +£;
b?c?
[1(Alg-Cip)

Thus, 4 1] sing = %and hence; = 1 (Proved)

PROBLEM 1.058-Solution by Ravi Prakash-New Delhi-India

|sin(cos x)| < cos(sinx). For x = 0,sin(cos0) =sin1 < 1 = cos(sin 0)
For0 < x < g sinx < x = cosx < cos(sinx). Also, sin(cos x) < cosx

|sin(cos x)| = sin(cosx) < cos(sinx) for0 < x < Z. For-<x<mn=0<m—x <
2 2

NI
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|sin(cos(m — x))| < cos(sin(mr — x))
= |sin(— cos x)| < cos(sinx) = |sin(cos x)| < cos(sinx)

Thus, |sin(cos x)| < cos(sinx). ForO0 < x <m. Form <x <2m0<x—-nm<m
= |sin(cos(x — m))| < cos(sin(x — m)) = [sin(cos x)| < cos(—sinx) = cos(sin x)
Hence, |sin(cos x)| < cos(sinx),0 < x < 2m. Now, let x € R, then
x = 2km + 6 for some integerk and 0 < 0 < 2m = 6 = 2km — x
We have |sin(cos 8)| < cos(sin ) = |sin{cos(2km — x)}| < cos(sin(2km — x))
= |sin(cos x)| < cos(sin x)

PROBLEM 1.059-Solution by Soumava Chakraborty-Kolkata-India

A A
1 A 1 1 sin= 1 sin— 1 A
—tan-=— - —— —4 =—. = sec?= (1)
a 2 a 2Rsin A C()SE a? 4R SinE COSZE 4Ra? 2

WLOG, we may assumea = b > ¢

1 1
< =

A B c A B C 1
5 cos=< cos—< cos— = sec’=>sec’—>sec’—and =< —= <
2 2 2 2 2 2 2 = p2 =2

~ LHS = Zitané = iZ (i- c? g) (from (1))

Chebyshev Z Z 3 1 G azbz) ZA
S LRAZE 5% _12R a?b2c? ¢T3

1 (ar?s?)
12R 16R2r252
= sec? = .. it suffices to prove:
T 48Rr2? D) ff p 48Rr2
bc ca ab R?

+ + <—
s(s—a) s(s—b) s(s—c)  r2

1 A A A R?

=) (bc- + ca - +ab - )S—

S-Ts s—a s—b s—c r?
@Siz(bc-ra+ca-rb+ab-rc)SR7 (2)

vazb>=c,~bc<ca<ab andry =1, 271,
Chebyshev

“LHSof(2) < —(Cab)(Tr) <o Xa* (4R+7)

Leibnitz 2 2
1 3R2(4R+ . . 3R2(4R+
< 53 9R?(4R + 1) = % = it suffices to prove: % <=

& s? > 12Rr + 3r% Now, Gerretsen = s? > 16Rr — 51?2

= it suffices to prove: 16Rr — 5r% > 12Rr + 3r?
& 4Rr > 8r? © R > 2r - true (Euler) (Proved)

Y. sec? (by Goldstone’s mequallty)

Ysec?2 < £ o Ysec? <F
2 48r4 27 r2

=4

PROBLEM 1.060-Solution by Evgenidis Nikolaos-Larisa-Greece

By AM-HM inequality we deduce that:
2ab <a+b 2bc <b+c 2ca <c+a

a+b~ 2 'b+c” 2 ‘c+a” 2
Therefore, it suffices to prove that a + b + ¢ < 3V3R or, if we denote the semiperimeter of the
triangle by s, it suffices to show that 2s < 3+/3R. Blundon’s inequality states that s <
(3\/§ — 4)r + 2R. Then, it suffices to prove that
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(3V3—4)2r + 4R < 3v3R & (3V3 - 4)2r < (3vV3 - 4)R,
which obviously holds by Euler’s inequality R = 2r. Equality holds if and only if the given
triangle is equilateral, i.e. a = b = c.

PROBLEM 1.061-Solution by Kevin Soto Palacios - Huarmey - Peru

Realizamos los siguientes cambios de variables
x=a>+b3+c3>0,y=ab + bc+ca> 0. La desigualdad propuesta es equivalente

i + S = 3. Aplicando la desigualdad de Cacuchy

<1+1+1+1+1+1+1+1+1)(+ +y+y+y+y+y+y+y)=92=81
— — — — — — — — — x = frd
X y Yy Ty Ty Ty YTy yryryryrtyryrtyry
Es suficiente probar
x+8y<27ea*+b3+c3+8@+bc+ca)<(a+b+c)d e

o 8(ab + bc + ca) < 3(a+ b)(b+ c)(c + a). Lo cual es cierto ya que

8
3la+b)(b+c)(c+a) 23-§(a+b+c)(ab+bc+ca) = 8(ab + bc + ca)

81 1 8
>3 =
x+8y a3+b3+c3  ab+bct+ca

1 8
Por lo tanto » =+ - >
Xy

PROBLEM 1.062-Solution by proposer

We prove by induction by n that x,, x,, ..., x, € [1,°); n € N* implies:
Xy +x3+ -+ x, <n—1+x.x; ... x,. Checking:
n=1 x<1-1+4+x;x <x
n=2; x;+x,<1+xx,< (x;—1)(x, —1) = 0which it’s true.
P(k)ixy+x, + -+ x, <k —14 x;x5 ... x3. Suppose that it’s true.
Plk+1):xy +xy+ -+ x5 + X331 < k+ x1x5 ... + X X5 41. To proved.
Xy +xo+ A xp F X1 S k=14 x1%5 o Xp + Xy
Remains to prove that: k — 1 + x1X3 ... X + Xp41 < k + X1X5 oo X Xpe41
0 <2x%p e X (Xpy1 = 1) — (g1 — 1)
(1% cx), — D(xpye1 —1) =0
P(k) » P(k+1)
Forx; =a;x, =b;x3=c;x4 =d
a+b<1+ab
a+b+c<2+abc
a+b+c+d<3+abcd
By adding: 3a+3b+2c+d <6+ ab(1+c+cd)

PROBLEM 1.063-Solution by Kevin Soto Palacios - Huarmey - Peru

Como x,y,z = 0. Aplicando la desigualdad de Holder

64
3 3 3
:>3,/x+2y+522w (A)

3 3
3 3 3
3\/(x+y+y+z+z+z+z+z)(1+1+1+1+1+1+1+1)(1+1+1+1+1+1+1+1) > (Vx+23y+5Vz)
4
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Andlogamente para los siguientes términos se cumplird

3 3 3
v+ 2z + 5x > SR

3,/z+2x+5yz%Hi%ﬁ/7

Sumando (A) + (B) + (C)
3 3
E—\/x+2y+52+3{/y+22+5x+‘i/z+2x+5y>M_8

-6
4
La igualdad se alcanza cuandox =y =z =1

(C)

PROBLEM 1.064-Solution by Kevin Soto Palacios - Huarmey - Peru

Como a, b,c = 0. Aplicando la desigualdad de MA > MG y Holder

3 3 3
3{/a3 +1+ 3{/1 + b3 > 26\/(‘1 +1)(1‘2|'b )(1+1) — 26’(a+zb) _ 2\/6\(/1;-b (A)
Andlogamente para los siguientes términos se cumplird

VB F1+¥1+c3 >2“”+ (B),

(C)

Veeri+¥i+a® >2V”a
Sumando (A) + (B) + (C)

2Va+b+2Vb+c+2JVc+a
2V1+ a3 +2Y1+ b3 +2Y1+c3 > v

V2
va+b++vVb+c+c+a
>VYl+ad+Y1+p3+Y1+c32 v

V2
PROBLEM 1.065-Solution by Ravi Prakash-New Delhi-India

Let’s take circle to be x* + y*> = R* (1)

If A(R cos 6, R sin6) and B(R cos ¢, R sin ¢) are two points on (1), then
AB? = R (cos @ — cos ¢)? + R? (sm 0 — sm ¢)?

= R?[cos? 0 + cos® ¢ — 2 cos O cos ¢ + sin? O + sin? ¢ — 251n95in¢]

= R2[2 — 2 cos(8 — ¢)] = 4R? sin? ( ;‘p) = AB = 2R|51n< _¢)|
Let’s take A ABC with vertices as A(R,0), B( R 3 ) C( R _J3

-2,2R

-5 =3 R)
In view of the symmetry we take point P as (R cos 9 , R sinf) where0 <6 <m
B( R V3 R)

P(Rcos 6, Rsin0)

A(R,0)
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Now, PA = 2R |sin§| [For A, = 0]=2Rsin> [+ 0< ¢ <]
2T
T

in (29 = 21- 20} -2

PB = 2R

/A

Similarly, PC = 2R |sin (g + §)| = 2R sin (g + g)
0 0
E(0) = 6v3cos (E) + 8sin3 (E)
0<6< 2n
— 3

Forz?n<9<n

ssin(g) -sin() -3sin (5 -3) +sin(r - 7)) +
sin > sin > sin 3 > sSIn|mw >

+3si (n+9) ] ( +39>
sin{5+5) —sin{m+ =
= 2[3sin 5) + 3 s (5)sin ) + 25 (3
= sin| 5 cos 7 )sin (7 sin{
= 25si (39)+12 i (9)—18 i (9) 8 sin3
= 2sin( sin|> ) = 18sin | sin® 2
Not that E(6) is continuous at 6 = 2?” and hence on [0, ]

E6) =2

Using 4 sin® A = 3 sin A — sin(34), we get
For0 <60 < %ﬂ

~ /0 _ /360 o ym 0 _ 30
351n<§)—sm(7>+351n<§—§)—sm(ﬂ—7)+
/m 0 ) 30
+3sm(§+z)—sm(n—7)

fo<o <=

=6 [sin (g) + 2sin (%) cos (g)] —asn (%)

0 0 0 0
— . _ _ _ . _ . 3 _
—6sm(2)+6\/ZCos(2) 6s;n(2)-|1-98sm (2) ,
—3v3sin <§> + 12 sin? (—) cos (—); 0<8< ld

E@®) =2

' _ 2 2 3
T seo(@)- szt Genn(§) o<
cos > sin 5 cos 5)3 T
AN V3 21
6sm(§)lsm9—7l,0<9<?
- 0\ (V3 . V3 21
12cos(z)<7—sm9><7+sm9>,?<9<7T

Note that E'(8) = 0 forZ. Also, at =%, E'(9) = 0. Now, E(0) = 8 [2 sin? (g)] = 6v3

E(3) = 8[sin® () + sin® (%) +sin? (5)] = 8 (g + % +1)=10
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E(Z) =8[22 +0+25]| = 6v3. also, E(n) = 10. A 10 < 63,

min E(#) = 10v/100 > V72 = 6V2 and max E(8) = 6v3 = 3(2V3) = 3(2* - 32)3
= 3(144)7 < 3 (%)Z

PROBLEM 1.066-Solution by Kevin Soto Palacios - Huarmey - Peru

Tener en cuenta lo siguiente
25 R
abc=4RS,a+b+c=25=T<=>(a+b+c)abc=852-?

Ahora bien
R 2s 7(3vV3R-25s) .
LA = >0
T 37 T 2 0 © Lo cual es cierto ya que en un

A ABC - 3v/3R > 2s. Comon S%

R s R 2s 3s 3 (R 2s s 3R
sne it s =n (o) vim s as) tEH =

. . 4m2 3R
Es suficiente probar . g =
(2b? + 2c? —a®)bc  (2¢?+ 2a? —b?)ca (2a® + 2b% — c?*)ab - 3R

1652 * 1652 * 1652 =2r
& 2bc Z:(b2 +c?)—abc(a+ b +c) = 16S5? % = 3abc(a+ b +¢)
Aplicando MA > MG
2ch(b2 +c?)—abc(a+b+c) > 42 b%c? —abc(a+b +c¢c) =
> 4abc(a+ b+ c)—abc(a+b+c)=3abc(a+b+c)

PROBLEM 1.067-Solution by Kevin Soto Palacios Peru - Huarmey - Peru

Tener en cuenta lo siguiente
1) Siendo a, b, c los lados de un tridngulo se cumple la siguiente desigualdad
(s®+ 7%+ 4Rr) -
2Rr o

1 1 1
(ab+bc+ca)(—+—+—)29(:> 9o

ba bc ca
& s?2+r2—14Rr >0

2r 2r

k-1 k
2) Para todo k > 2 it checks (%r) <le (?) s—e %r < i/%

La desigualdad propuesta s equivalente

s 412 14 +k2r>1 s?2 + 12 —14Rr +k2r>1
. p— — @ —
"\ Trr R="°T" Rr R =

s2+r2—14Rr k|2r _ 1 (s?+r?-14Rr 2r

sz e ()
Rr Rr R
Es suficiente probar

Ahora bien n (
R 2
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—2>1e —>8 > —
> R R_l SRr +2R 8 s? > 16Rr — 5r?

(Vdlido por desigualdad de Gerretsen)

1 <sz +7r? — 14Rr) N 2r sZ+1r?  4r?

PROBLEM 1.068-Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

1) Zi <2 —z(ASSURE)

2 (p —r? —Rr) r
55

b+c p?+1r?+ 2Rr R
2-(p?-r2-Rr)

! 1 Tcoe 2R-(p%?-r2—Rr)+r(p?+r?+2Rr)
p2+1r2+2Rr R R-(p%2+1r2+2Rr)
Gerretsen
©p?<6R?>+2Rr—1? >  4R?+4Rr +3r?> < 6R? + 2Rr —1r?
©2R?—2Rr—4r’>0< (R—2r)-(R+71) = 0 Euler

<2

True
a? b2 c2 \ Schwarz (a+b+c)? a+b+c_
2) _(b+c+c+a+m) s 2(a+b+c) -
tané+tan F(J:F)
3) Z a+b
p—c.< p—b+p—a > p—c.< c >
J(p—a) (v —b) ZJ P \Ve-o@-b)/ _
a+b
—c)- c (p—c)-c 1 c 2\ W@
S S
s atb S a+b a+b
+b1 1 1 1
T T
<5 (2-3)-r)=7(-5-1)=7-%

PROBLEM 1.069-Solution by SK Rejuan-West Bengal-India

a,b € Rtanda®? +ab+b?>=9 (i)
By AM > GM we get, a? + ab + b?> > 3ab = 9 > 3ab [from (i)]= ab < 3 (ii)
Again, a® +ab+b*>*=9=(a+b)>—ab=9
=>(a+b)?>=9+ab<9+3 [from(ii)]= (a+b)? <12
= LHS = (a + b)® + (ab)® + 2(ab)® + (ab)? — 17
<1232+ B)°+2-(3)3+(3)2—-17 [from (iii) & (ii)]
— 1728+ 243 + 54 +9 — 17 = 2017 = (a + b)® + (ab)® + 2(ab)? + (ab)? — 17 < 2017
~ Maximum value is 2017

(iii)

PROBLEM 1.070-Solution by SK Rejuan-West Bengal-India
a,b € Rt and a? + ab + b?> = k? (i)
By AM > GM we get, a® + ab + b? > 3ab = k? > 3ab [as k? = a? + ab + b?]

=>ab£k?2 ()= Yab < & (i)
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Again, a’> + ab + b? = k? = (a + b)? — 2ab + ab = k?
2
= (a+b)? =k?+ab < k? +% [from (ii)] = (a + b)? < 2
V2 .
Srﬁ\/z (iv)

Adding(iv)&(iii)weget\/a+b+Ws%\/}+4—g=>\/a+ b+ Vab < %;1

PROBLEM 1.071-Solution by Soumava Chakraborty-Kolkata-India
— A A s—
LHS < Z lS(Sa—za)tanil ( w, < +/s(s — a)) Z (s tan— - > a)

-2 (i) = ()

1 Y a%h? Goldstone A - 4R2S?
_4<Za2>—4._ stone 4 - 4R>S?

16R2r2s2 - 16R2r2s2
rs - 4R%52 S Mitrinovic 3\/—R 3\/— R
= = — <
16R2%r2s2  4r - 2-4r 8 r

PROBLEM 1.072-Solution by Kevin Soto Palacios - Huarmey - Peru

Teniendo en cuenta las siguientes identidades y desigualdades en tridngulo ABC

- o N - 1_V3
—panz,rb—pan2 pan2 pr 5 2r
. A (s=b)(s—o0) _(a+c—b)(a+b—c)_a —(b—c)2 L
2T TS - 4S -7 45 TS
tan tan < 4— Utilizando las desigualdades previas en (A)
A B C
T, T T _ptan7 ptan7+ptan7 14 p + p _
b3 3 a3 b3 \/_63 ~4Sa  4Sb  4Sc
101 ,1 1 1 3
HGri+) S;';—sr—z(LQQD)
. 3R\?2
Probar en un tridngulo ABC: (—) + + + 6
2r Tc
1) Teniendo en cuenta las siguientes identldades enun tr/angulo ABC
B S B S B S R B abc
= g T e T s—c’'2r 8(s—a)(s—b)(s—rc)

Realizando los siguientes cambios de variables
x=s—ay=s—bz=s—-cx+y=by+z=az+x=c
2) Siendo x,y,z > 0, se cumple la siguiente desigualdad
Ix+y)y+2)(z+x)=8x+y+2z)(xy+ yzx + zx)
Solo es necesario demostrar lo siguiente
%Zr_a r_b+r_c+6®9(x+y)(y+2)(2+x)
2r T, 1. T, 8xyz
Es suficiente probar

—+++6
y
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x+y+2)(xy+yz+ zx)
Xyz
x

©3+-+
y

Y
X

1 1 1
=(x+y+z)(—+—+—)2

Xy z
zZ y z x_y z X
+o4+S+ =+ =2+ =+ 246 (MA = MG)
X x y z x Yy z

z x
+t-+-+6o
y z
Y
z
3R\? 9R Ta , Th Tc

Se concluye que — (;) > P = - + e + E + 6. (LQQD)

PROBLEM 1.073-Solution by Nguyen Minh Tri-Vietnam

3n(a* +b*+c*) ab+bc+ca
+ >n+1
(a? + b>+c?)?2  a?+ b?+ c?
o 3n(a* + b* +c*) + (@® + b2 + c¢?)(ab + bc + ac) = (n + 1)(a? + b? + ¢?)?
o n[3(a* + b* + c*) — (a® + b2 + ¢2)2] + Z ab (a? + b?) +
+abc(a+ b +c) = (a? + b? + c?)? (*%)
We haven > 1;3(a* + b* + c*) > (a? + b? + ¢?)?
>m-D[3@* +b*+cH) —(a?>+b*>+c?)]=0
o n[3(a* + b* + ¢*) — (@? + b? + c?)?] = 3(a* + b* + ¢*) — (a? + b? + ¢?)?
So we have to prove that: 3(a* + b* + ¢*) — (a® + b? + c¢?)? + Y ab (a® + b?) +
+abc(a +b +c) = (a? + b?> +¢?) (¥

& 3(a* + b* + ¢%) +Zab (a®? + b?) + abc(a + b + ¢) = 2(a? + b? + c?)?

sat+b*+ct+abcla+b+c)+ Z ab (a? + b?) = 4(a®b? + b%c? + a?c?)

Use Schur inequality exponent two and we have:
a*+b*+c*+abc(a+ b +c) =Y ab (a? + b?). So we need to prove:
Yab (a? + b?) = 23X a?b?) (1)

Have: a? + b? > 2ab < ab(a? + b?) > 2a?b?. Similarly: bc(b? + ¢?) > 2b?c?

ac(a? + c?) > 2a%c? > Z ab (a® + b%) > 2 (Z azbz)

= (1) true = (*) true = (**) true = Q.E.D.

PROBLEM 1.074-Solution by Ravi Prakash-New Delhi-India

n(ab + bc + ca) + 2abc = n?

a b b c c a a b c
=HE+GE+OE 220G =1 w
Let5+1=x,2+1=y,5+1=z
n n n
(1) now becomes
x-D@-D+-DE-D+E-DE-D+
R2x-Dy-Diz-1)=1
Sxy—x—-y+l+yz—y—z+1l+zx—x—z+1+
+2(xyz —xy—yz—zx+x+y+z—-1)=1
®2xyz=xy+yz+zx<:)i+§+§=2.Let§=a,%= ,l=y
—
a+b+2n b+c+2n ct+a+2n

Sothat a + f +y = 2. Now, to prove

<1
n
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1 1 1
<1

TG G GG GGy
et i+ltlcie B frire g
x+y  y+z  z+x a+f  B+y  a+y

LHS of (2)
1(2a 2 2va 1(a+ + +a a+p+ 2
_{ ,8+ ﬁy+ 14 }s—{ ﬁ+ﬁ v, }= B r_2_,
2la+p pf+y y+a) 20 2 2 2 2 2

~ (2) is true

PROBLEM 1.075-Solution by Kevin Soto Palacios - Huarmey - Peru

Tener en cuenta las siguientes identidades y desigualdades en un 4 ABC

L 1+L=LR227‘ (Euler)

ab ' bc ' ca  2Rr’
La desigualdad propuesta es equivalente 2R (l o+ l) = EAEL o441l = 35
a b ¢ R+1 a b ¢ 2(R+1)

1,1 ,1 1 1 1\ _ |3 3V3
Luegoz+;+;2\/3(—+—+—)— >

2Rr — 2(R+T)
Es necesario demostrar lo siguiente

f?, 3V3
> < V2(R > 3VRr © 2(R 2>9Rr &
2Rr 2 2R+ D) V2(R + 1) = 3VRr (R+71)* =9Rr

S 2(R+71)2—9Rr=(R-2r)2R—-1)=0 (R=2r)

ab bc ca

PROBLEM 1.076-Solution by Ravi Prakash-New Delhi-India

a+b+c

a(acotA) + b(bcotB) + c(cotC)

a+b+c
But a(a cotA) + b(b cotB) + c(cot ()
= 2R?(2sinAcos A + 2 sin B cos B + 2 sin C cos C)
= 2R?(sin 2A + sin 2B + sin 2C) = 2R?*(4 sin Asin B sin ()
—gp2 (&) (L) (L) = abec _ _
= 8R (ZR) (ZR) (ZR) R 45 [S= f:fa of 4ABC]
a Cc

S
s (acotA)4(bcotB)P(ccotC)E < (Z) = (2r)atb+e

(a cot A)*(b cot B)?(c cot C)¢ < l

PROBLEM 1.077-Solution by Ravi Prakash-New Delhi-India

a a
Zaizl,ai20:2a§+22a1aj=1
i=1

i=1 i<
Put
a
Zal-z = sinZQ,ZZaiaj = cos? 0
i=1 i<
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/ ¢ af+ 0 Yicjaia = sm9+—cos€ f(6) (say)

ForA=u, f(B) <Vv1+8=3= 2“1 . So assume A > 4

') = cos@—%sin@

A A? A2
f'(6) =0 cosb Zﬁsineﬁl—sinzez?sinzeﬁlz —+1]sin?8

& sin? 0 < /12 5 < %. Not possible as sin? 8 > % ~f'(0) <0

= f(0) decreases in [sin"1 (l) E] = max f(0) = f (sin‘l G))
1 2 2\/“ 21+1
§ + ﬁ - f( ) =

PROBLEM 1.078-Solution by Ravi Prakash-New Delhi-India

Letb =acosf,c =asinf

(0<9<§)

Now,ab+bc+ca+(\/§—1) _‘:Zi < 2a?

] . (\/E 1)cos€sin9
& cosO +sinf + cos@sinf + -
1+ cosf +sinf

LHS

_ _ (V2 = 1)(cos 0sinB)
E =cosf +sinf + cosOsinf +

1+ cos@ +sind
cos@ +sin6)2—1 (V2—-1){(cos@ +sin6)? -1
=(cos€+sin9)+( > ) ( 5 ){( ) )
— T2 _ 1 _
=t+- (> -+ (V2

cosf +sinf + 1
1)(t—1) where t = cos @ +sinf < /2

.-.ES\/E+%(2—1)+%(\/§—1)(\/§—1)=2

PROBLEM 1.079-Solution by Ravi Prakash-New Delhi-India

1 2 1 16
+ + >

a+b b+c cH+a a+b+2b+20+cl+a .
A - Similarly, 75+ o cra = Sarapize

2 1
S T R B > S — — - 4\ >
and + b+c + c+ 3a+2b+3c’ Adding, we get 4( + b+c + c+a) -
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1 1
_16(2a+3b+3c+3a+3b+ZC+3a+2b+30)
1 1 1 4 4

>
a+b+b+c+c+a_2a+3b+36+3a+3b+26+3a+2b+3c
PROBLEM 1.080-Solution by Kevin Soto Palacios-Huarmey-Peru

Tener presente en un tridngulo ABC, lo siguiente:
mi = —2b2+2:2_a e mi+—= —2b2+222+2a2. Por MA> MG
2b% + 2¢? + 2a? 3a2 2V3myua
2 =m?2 + 7 = Za & a? + b% + c% = 2V3mga
Invirtiendo tenemos: 22& < = . (A)
+b2+c2 T mg
2+/3b _2/3c

2+b2+c2 - - (B)y

1
por lo tanto: Vi S (C)
Sumando (A)+(B)+(C)
2\/§(a+b+c) a?+b2+c?
m_a t m_b t m_c a?+b2+c? < ( a+b+c ) (ma o + ) = 2\/§ (tQab)

PROBLEM 1.081-Solution by Anas Adlany-El Zemamra-Morocco

X

More generaly, we prove that Y. - < — \/_ where (m,n) € (N*)2.
Z Z \/x(my + nz)(mz + nx) - X x(my + nz))(YX mz + nx)
mx +ny JII(mx + ny) B [1(mx + ny)

B /(ny)(Zx) 3 xyz +[1(x + y)
=(m+n)- H(mx+ny)_(m+n).\/ [[(mx + ny)
_;_ Xyz 1 . l _ 3
Jm+n \/8<1+H(x+y))gx/m+n 8<1+8> vm+n

where the last step come from Chebyshev’s inequality, and we are done!

PROBLEM 1.082-Solution by Nguyen Minh Tri-Ho Chi Minh-Vietnam

Ifa,b,c >0,a+ b+ c = 3then
a + b + ¢ >3 b + bc + <3
N
1+3b%  1+3c* 1+3ad -4  0TPeTCa=
a(1l+3b*) —3ab* b(1+3c*)—3bc* c(1+3a*)—3ca*

3
+ —_
1+ 3b* 1+3c2 1+ 3a* 4
3ab* b 3bct N 3ca* - 3
1+ 3b% 1+3c% " 1+3ab*— 4
o @ibio 3ab* 3bct 3ca* - 3
@ T 30t 1+3c* 1+3a*— 4
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4 4
c>3_30Lb _3bc 3c _(1)

143b%  1+3c% 1+3a4_

Use Cauchy for 4 numbers, we have' 3b* 4+ 1=>b*+b*+b*+1>4Vb12 = 4b3

3ab* 3ab* - 3bc* 3bc -3ca* 3ac

- > — = — > - >

143b% = 4b3 K S/m//arly +3¢c* T 4 '143a* T 4

_ Jabt _ 3be  3ca _——(ab+bc+ca)butab+bc+ca<3
1+3b% 1+3c% 1+3a4

3ab* 3bc4 3ca* 3 3 9
1+ 3b* 1;}-304 41+3a4_ 4 7 4
=3 - 3ab” _ 3bc a3 = (1) true = Q.E.D.

143b%  1+43c% 1+3a4_

PROBLEM 1.083-Solution by SK Rejuan-West Bengal-India

For A ABC: With the help & m-th power theorem we get,

Y a?m Y a? m 2m 1-m 2ym

=—=2(5) =2Xa™m=3""Ea)™ (1)
By Cauchy inequality we get, (a + b)? < 2(a + bz) = (a + b)?" < 2™(a? + bH)™
1

= (a+b)2n = _Z (a2+b2)n (2)
Srm) L (2(a))”
Again by mth power theorem we get, (“2;”2) = { (“23+b2)}

1 n 1-n 1 n i 1 31—n 1 n
= Z (a2+b2) =3 (Z a2+b2) = 2"2 (a2+b2)n = 2n (Z a2+b2) (3)
Again by AM>HM we get,

1 9 9 3l-n 1 \* _ 31t 9 \"
Za2+b2 = Y(a2+b2)  2¥a? = 2n x (Z a2+b2) = 2n (ZZaz) (4)
Combining (2), (3), (4) we get
ST () )
(a+b)2n — 2n ZE]a2
2m. .y 15 3l-m(y Z)m.:"’1 ( 9 )n
Multiplying (1) & (5) we get, Y. a z +b)2n > a 7 oy a
— 32—m—n+2n 2—2n(2 aZ)m—n = 3n- -m+2 4~n. (E aZ)(m n) (6)
Also we know that ¥ a? = 3612 = (3 a?)™ ™" > (36)™ " . p2(m-1)
= 3n-m+2  yg-n (Z az)m—n > 3n-m+2 , 4-n, 36(m—n) . rz(m—n)

— 3(n—m+2+2m—2n) . 4(—n+m—n) . rz(m—n)

— 3(m—n+2) . 4(m—2n) . rz(m—n) (7)

Combining (6) & (7) we get, Y, a®>™ - Z( +2)2n > 3(m-n+2) . g(m-2n)  p.2(m-n)

PROBLEM 1.084-Solution by Kevin Soto Palacios - Huarmey - Peru

Siendom = n = 1. Probar en un tridngulo la siguiente desigualdad

C A c\"
<(a+b)tan§+ (b + c)tan5+ (c+a) tan§> .
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1 4 1 + 1
(tan 7 + tan 7) (tan 7 + tan 7) (tan 7 + tan 7)
Recordar las siguientes identidades y desigualdades en un 4 ABC
tangtangtang = %' R = 2r,abc = 4Rpr. Ahora bien, utilizando MA > MG

C A C T r
(a+b) tan§+ (b+c) tan5+ (c+a) tani > 33\/(a +b)(b+c)(c+a) 5 > 33’8abc ;

= 31/32Rr2 > 36413 = 12r
IRAN INEQUALITY
Siendo x,y,z = 0 se cumple la siguiente desigualdad

1 1 1 9
(xy tyz+ Zx) ((x+y)2 + (y+2)2 t (z+x)2) = 4 (A)

Realizamos los siguientes cambios de variables

> 3n+2 . 4Mm-n  em

A B C
x=tan5>0,y=tan5>0,z:tan5>0<:>xy+yz+zx=1

Por lo tanto tenemes en (A)

1 1 1 9 )
iy T ot G = " De la desigualdad ponderada de Cauchy
B T O e I NI S A
(an+bn+cn) 3 2(a-i-b-i-c)'dondea,b,c>O’nZ1
Siendoa=(x+y),b=(Qy+2)>%c=0Z+x) > <xy,z>0
1 1 1 >i( 1 1 1 )" 3 on _ 3mt
(x+Y)2"  (y+2)2" | (z+x)2" T 370 \(x+y)2 | (y+2)2  (z+x)2) T 3n an T 4n

Utilizando - m —n = 0 Am = 1. Se concluye que
n+1 3n+1
—— =4m.3m. M. o

4

= 4m-n, 3n+m+1 M > 4m-n, 3n+2 .ym

LHS > (12r)™ -

PROBLEM 1.085-Solution by Kevin Soto Palacios - Huarmey - Peru

Lemma
Siendo I - Incentro. En un tridngulo ABC, se cumple los siguiente
IA+IB+IC <2(R+T)
Tener en cuenta las siguientes identidades y desigualdades en un AABC

bc A bc |[p(p—a) bc(p — a)
IA=—cos—=— = ,
p 2 p bc P

—b b(p —
g |42 ZD) . jabl =)
p p

a+b+c=2p,ab+bc+ca=p?+7r%+4Rr,
p? < 4R? + 4Rr + 3r? (Gerretsen Inequality)
Aplicando la desigualdad de Cauchy
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IA+IB+IC=\/bc(p_a)+\/ca(p_b)+\/ab(p_c)S
p p p

a —-b —C
S\/(pp +pp +pp )(bc+ca+ab)=\/ab+bc+ca=

= P2+ 712+ 4Rr <J4R2 + 4Rr +3r2 + 12 + 4Rr =
= \/4(R2 + 2Rr +1r?) = \/4(R +7r)2=2(R+r)
(Laab)

Siendo ABC un tridngulo, con I - Incentro, R — circumradio, r - inradio,
ademds x,y, z son los inradios de tridngulos IBC,ICA, IAB. Probar que
sinA sinB sinC 4+3V3 2

+ + < +-
X y z 2r T
Recordar las siguientes desigualdades conocidas en un tridngulo ABC

i ,IA+IB + IC < 2(R + r). De las condiciones, se verifica lo siguiente

>UI'B

pa+abcos%+cacosg

a pa+plC+pIlB pla+IC+IB) a+IC+IB
x S S pr T
C B
a_ pa+ab cos;+cacos; _ Pa+pIC+pIB _ p(a+IC+IB) _ a+IC+IB
x S S pr T
A Cc
b_ pb+bc coso+ab cos _ Pb+plA+pIC _ p(b+IA+IC) _ b+IA+IC
y S S pr r
B A
c_ pc+cacos_+bc cos _ PCHpIB+pIA _ p(c+IB+IA) _ CHIB+IA
z S S

r

N a b, c_ 2p , 20A+IB+IC

LOCUG/Imp/ICG=>—+—+—=—p+¥<=>
x ¥y z r r

sinA sinB sinC p IA+IB+IC 3V3 1 1y 4+3V/3 2
SWE C I _ Py +2(gH) =

= < — — + —
x y z Rr Rr 2r R r 2r R

PROBLEM 1.086-Solution by Soumava Chakraborty-Kolkata-India

s / A 1 1 A \/ 22
< . — .
LH - Z ! a? 4Rrs Z ! Za

? \/ \/R +r
E Al+/4R?s2 = / E Al
4Rrs 4Rrs

Goldstone

1 2(R+r
@ZAISZ(R+1‘)(:> 7+ C— (r )
sinz  sin smi
N Vea vab 2(R+r)

+
ST G0 VG 0G-d oG- T
\/bc(s —a) +\/ca(s —b) +\/ab(s —c) 2(R +7)
\/(s—a)(s—b)(s—c) r
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& g{\/bc(s —a) ++/ca(s — b) ++/ab(s — c)} - w

& Jbc(s —a) ++Jca(s —b) +Jab(s —c) < 2v/s(R+71) (1)
LHS of (1) < JXab\3s—2s = /Y abs < 2V5(R +7)
(:)Zab <4(R+71)> o s>+ 4Rr +r?> <4R? + 8Rr + 412

& 52 < 4R? + 4Rr + 372 > true, by Gerretsen (proved)

PROBLEM 1.087-Solution by Soumitra Mandal-Chandar Nagore-India

Z\/'A — C_Z a b (b?2+c%?—-a?
sind -sinB -cosC = >R 7R >ah
cyc cyc
1 1
Z\/b2+cz—azs— 32(b2+cz—a2)
2V2R
cyc cyc

~ 2V2R

[+ \/x is concave hence by Jensen’s Inequality]

__1 2 1 /2. 9pz =33
—Z\ER,/Z%chca SzﬁR 3-9R —ZJ;(Proved)

PROBLEM 1.088-Solution by Dinh Tien Dung-Hanoi-Vietnam

3 3 3 3
a3+bh3  b3+c3  c3+ad (\/a3+b3+ Vb3+c3+ \/c3+a3)

By Holder inequality we have:
y q y c2+ab  a%?+bc  b2+ca 3(a2+b%2+c2+ab+bc+ca)
. a3+b3  b3+c®  c3+ad 2(a+b+c)3
Since 4(a® + b3®) = (a + b)?3, we have: >
( ) ( ) ’ c2+ab = a?+bc  b2%+ca — 3(a?+b2+c2+ab+bc+ca)
2(a+b+c)3 9abc . L ,
We need to show that: ¢ ) > . The inequality is equivalent to

3(a2+b%2+c2+ab+bc+ca) — ab+bc+ca

2(a+ b+ c)3(ab + bc + ca) = 27abc(a® + b? + c? + ab + bc + ca)
We assume that a = min{a,b,c} andleta = b —q,a =c—q (p,q = 0)
The inequality is equivalente to
27a3(p? — pq + q*) + 3a*(5p® + 6p2q + 6pq? + 5¢3) +
+a(4p* + 7p3q + 33p%q® + 7pq® + 4q*) + 2pq(p® + 3p%q + 3pq* + q®) = 0
Equality if and only if a = b = c. Q.E.D.

PROBLEM 1.089-Solution by Richdad Phuc-Hanoi-Vietnam

We have X =5 +2 > 2 (AM-GM). Similar Y 2 2,Z > 2
X-2)(Y-2)=0=XY=>2X+Y —-2)
similarYZ > 2(Y+Z —-2)and ZX = 2(Z + X — 2)
lett=X+Y+Z(t=6). Weget
X?+Y2+22=X+Y+2)??-2(XY+YZ+ZX)<t>—8t+24
we need to prove that
t*>16(t> -8t +21)(t+3) © (t —6)(t3 — 10t? + 20t + 168) > 0

118 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

(t—6)[t(t—6)2+2(t —4)> +136] = 0 (truewitht = 6)
equality holdsift =6 ©a=b =

PROBLEM 1.090-Solution by Kevin Soto Palacios-Huarmey-Peru

Recordar las siguientes identidades en un tridngulo ABC
sin? A + sin? B + sin? C = 2(1 + cos Acos B cos C), S = 2R? sin Asin B sin C
sin? A +sin? B +sin?C 1+ cosAcosBcosC

2sinAsinBsinC - sinAsinBsinC
. La desigualdad propuesta es equivalente

= cotA + cotB + cotC =
_a?+b%+c?  a?+b%+c?
- T 4sr

45
a’?+b*+c? s
—2§®3(a2+b2+62)2452=(a+b+c)2

(Vdlido por desigualdad de Cauchy)

4sr

PROBLEM 1.091-Solution by Vadim Mitrofanov-Kiev-Ukraine

2
We have C — S ¥ cyc L _(adbro)” 3 (adbio) 2(@*+b*+c*) = Yo a*b +c)

a(b+c) chca3(b+c) — 2 a3+b3+c3

(aZ+b%+c?)? S 3 (a?+b%+c?)
ab+c2 Yeyca(b?+c?) T 2 a+b+c
2@+ +cd) > Z:a(b2 +c?)

cyc

We have C — S Y.y

PROBLEM 1.092-Solution by Nguyen Ngoc Tu-Ha Giang-Vietnam

3(a+b+c) a’+b%+c® (b c a
a. We have_ + z T c_2 ~ aZ2+b2+c? a+b+c (_ b2 _) =3
Use Cauchy Schwarz and AM-GM inequality we have
2 2 2
a? + b? + ¢? >l(a+b +c0)2 =2 ot S a+§+c > abc and

a+b+c

3 a?+b%+c? (b c a
atita —ﬁHencem(a—ﬁb—zﬂ—z) =3
b. Use Lemma (a + b + c)(a? + b? + ¢?) = 3(a?b + b?c + c%a) and Cauchy - Schwarz

inequality we have (a + b + ¢)(a? + b? + cz)( +—+§) >
3 3 a3
> 3(a?b + b?c + c? a)<—+—+—> > 3(a? + b? + c?)?

b2
b3 3 a® 3(a%?+b?*+c?)

S>—+—=+—=2>
a?  b? 2 a+b+c

PROBLEM 1.093-Solution by Vadim Mitrofanov-Kiev-Ukraine
1

1 2
;a+bczcyc(a+b)(a+c)=(a+b)(b+c)(a+c)s4abc
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Z Va <Z a _%+%+%< 1
Sla+ Vbe ~ &2 2y avbe 2Vabc  ~ 2Vabc

2
Wehave(%+ Vb + %)4 < (3(\/E+\/E+\/E)) <27=27abc<(a+b+c)=1
PROBLEM 1.094-Solution by proposer

(:)(‘{/E+W+‘§/E)4ach1

By Hélder’s inequality we obtain:
2

bc ca ab
2 > 3 —
Zbc\/a + 2bc <a2+2bc+b2+2ca+c2+2ab>_ (bc + ca + ab) 1

ca ab
a2+2bc t b2+2ca t c2+2ab —
Cauchy - Schwarz inequality by the following way
Z bc O (a®+2bc)—a®
a? + 2bc 2(a? + 2bc)
cyc

cyc

< 1. Indeed, we will use

The proof will be completed if we show that

cyc
a? (a+b+c)?

= 1 and we are done.
2(a2+2bc+b2%+2ca+c?+2ab)

Ecyc

3
<Z_—
2(a?2+2bc) 2

PROBLEM 1.095-Solution by Soumava Chakraborty-Kolkata-India

a(b® +c?) O abe(b®+c?) b? + c? -
2a%2 + bc bc(2a? + bc) abe bc(2a% + bc) —
BERG§>IR0M ; 2(Y a)? 2(Y a)? 2-3%ab _ 6abc
abc =

. = . >
- Y b%c? + 2abc ) a abe (Zab)z_a ¢ (X ab)? ~ab + bc + ca

PROBLEM 1.096-Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

a3 b3 B3\ /b3 3 aBA\MIM 5| 1 1
b5+ +$ _+b5+ = 3 azbzcz.3 a’b2c?

9 AM—-GM 9
L > _— =
Vatpict a4+ lg‘ +c* 9

PROBLEM 1.097-Solution by Hoang Le Nhat Tung-Hanoi-Vietnam

By AM-GM:
2b 2c
a 2b 4| 2¢ a m‘Fl 2(C+1+1+1+1)
+ ‘142 [—-1-1-1< + +
a+1 b+1 c+1 a+1 2 4

a
=htimtmte (0

We prove that: —+—+—<E
b+1  c+1 = 2

alb+ 1)(c+1)+b(c+ 1)(a +1D)+cla+1)b+ 1) 3
¢ @+ DB+ D+ 1)

l\) I
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