DANIEL SITARU MARIAN URSARESCU

o 2(Babc+2(ab+bc+ca)+a+b+c)<3(abc+ab+bc+cat+a+b+c+1)
© 3abc+ab+bc+ca<a+b+c+3 (2)

Other:8 = (a+b)(b+c)(c+a) = g(a +b+c)(ab + bc + ca)
o (a+b+c)(ab+bc+ca) <9
= 9 > 33abc - 33/(abc)? = 9abc & abc <1 (3)
{92(a+b+c)(ab+bc+ca)2\/3(ab+bc+ca)-(ab+bc+ca)

=>ab+bc+ac <3 (4)
(3), (4) > 3abc +ab + bc +ca < 6 (5)

8=(a+b)b+c)c+a)< ((a+D)+(b+0)+(c+a)’ _ Bla+b+c)®
B 27 27
>(a+b+c)®=>27=>a+b+c+3=6 (6)

(5), (6) = 3abc+ab+bc+ca<a+b+c+3
= (2) true = - + /ﬂ+2-4f2—csz
a+1 b+1 c+1 2

PROBLEM 1.098-Solution by Soumava Chakraborty-Kolkata-India

IA = —etc

sm—

1A2
3Y a?p? Goldstone 12R2 2

AISO,3Z%= < 2 _ 2 (2)

a2b?c? - 16R?1252 4r2
(1), (2) = it suffices to prove: Y, sinzg >y (2 sin? ) >- Y1 —cosA) = %

©3-1 —% = % o ZRR_r = % < R = 2r - true (Euler) (proved)

fYoo= T—22s1n2§ (1)

PROBLEM 1.099-Solution by proposer

x 1(2 1
We have for x,t,z > 0; ———— < —(_+_) PR
3x2+2t2+4z2 7 18\t  z

© 3x%t + 6x%2z 4 2t3 + 223 + 4t%z + tx? > 18xtz &
3x%t + 6x%z + 2t3 + 223 + 4t%z + tz?

= > "/ (x26)3(x2t)6(t3)2(23)2(t22)4t = xtz =
b b b
f xdt 1 f j xdt 1 b b—a
— <-ln- ot =
3x2 + 2t? + z2 18 3x2 + 2t? + z2 9 18z
a
Zf Z(llb+b_a>—1lb+b_a(1+1+1)
x2+2y2+z2— 9 a8/ 73" 18 \x "y 7
cyclic g cyclic
PROBLEM 1.100-Solution by Soumava Chakraborty-Kolkata-India
. 1 1 AM2GM 3
ve Tt 2 Toawew - Y
2vbc 2yca
Now, w,w,w, = (b+cc s(s — a)) ( <2 Js(s — b)) ( s(s — c))
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32Rr?s3

= T — e ~ @
Again, [[(a + b) = 2abc + Y, ab (2s — ¢) = 2s(s?> + 4Rr + 1r2) — 4Rrs
=2s(s?+2Rr+12%) > (3)
2.2
(2), (3) = WawpWe = o= = (4)
3 |s24+2Rr+r? 3
= Rtr

__8abcsrs

101 1
(4), [1]=>W—a+W—b+W—CZ 3 T o
e (R+71)3(s?+ 2Rr +1?%) > 16Rr%s? > (a)
Gerretsen
(R +7)3(18Rr — 41r?) and

Now, LHS of (a) =
Gerretsen
16R1%(4R? + 4Rt + 31?)

RHS <
-~ in order to prove (a), it suffices to prove:

(R +1)3(18Rr — 41r?) > 16Rr%(4R? + 4Rr + 31?)
© ot —7t3 - 11t2 - 21t -2 =0 (Wheret=§]

e (t—-2)(9t3 +11t2 + 11t + 1) > 0 > true = t = 2 (Euler)
::»(a]istrue=>i+i+iZiisproved.Now,i+i+iSl<:>mﬁl
Wq Wp W¢e R+1 Wq Wp we¢ r WaWpWe r
2vbc 2vca
Z WoWwp = Z <b n \s(s — a)) < \/_\/s(s — b)>
c ct+a
4svabc
= mz [((a + b)\/E) (\/(S —a)(s — b))]
Cc-B-S 4s+vabc
< mJZ c(a + b)? JZ(S —a)(s - b)
4svabc
= mJZ c(a? + 2ab + bZ)JZ(sz —s(a+b) + ab)
4svab
= %\/Z ab (2s —c¢) + 6abc\/3$2 — 452 + 52+ 4Rr +r?
4svabc
= m\/ZS(sz +4Rr +1r?) + 12Rr5\/4Rr + 72
4svVabc
= m\/Zs(sz + 10Rr + rz)\/4Rr + 1?2
= 25(:25+:§:-Sl-r2) \25(s2 + 10Rr + r2)V4Rr + 12 (by (3))
2 Y wawy < 25(:25+:§:ir2)\/25(52 + 10Rr + r2)V4Rr + 12 > (5)
s2+ 2Rr + 12

4sv4Rrs
2s(s?2 + 10R 2)\ 4R 2 —
2s(s2 + 2Rr +1r?) \/ s(s® + Tt )\/ rEr 16R12s?

Z WoWp, by (i)r(‘l')

WaWpWe B
V4Rrs
= m\/ZS(SZ + 10Rr + rz)\/4Rr + 1?2
71 ?
R?s? > R(4R + r)(s? + 10Rr + 1?)

2 2
:\/R(4R+r)(s + 10RT + 1 )s—@s
2\2Rrs r
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& (4R —1)s? é (4R + r)(10RT + 12) - (b)
& 8R?s? é R(4R +1)(s> + 10Rr + 1r?%)
& (4R —1)s? é (4R + r)(10RT + 1r2) - (b)
Now, LHS of (b) = (4R — r)(176Rr — 512) é (4R + r)(lO}}r +1?)

& 12R2—25Rr +2r2 >0 (R—2r)(12R—71) = 0
— true * R = 2r (Euler) = (b) is true = Wi + Wi + Wi < %is proved.
a b c

PROBLEM 1.101-Solution by proposer

Wehave (x —1)* >0 x* —4x3+6x’ —4x+1>0 &
4

S 2x*t —4x3+6x2 —4x+22x*+1eoxt —2x3+3x2-2x+1>

=

4 A/ A/
@(xz—x+1)22x7+1(:> $1Sx2—x+1.5imilarly $1Sy2—y+1,and

Vz4+1
V2
VXF+ 1+ Jy*+1+Vz2 4+ 1< V202 +y2 +2) +V2(3 - (x +y + 2)) (1)
By AM-GM inequlity we have x + y + z = 3,/xyz = 3,503 — (x + y + z) < 0. Now (1) gives
Vxr+ 1+ Jy* +1+VzP + 1 < V2(x% + y? + z2), namely
Vat+1+/y4+14+Vz%4+1
x2+y2422

< z? — z + 1. Adding up these inequalities, we get:

< V2. Equality holds whenx =y = z = 1.

PROBLEM 1.102-Solution by Soumitra Mandal-Chandar Nagore-India

We know, (chc xy)2 >3xyz(x+y+2z)

4./3xyz(x+y+2z) 4(xy+yz+zx)
<
G GDE) = GGGy e need to prove,

1 4(xy +yz + zx
Z > (xy + ) (:)Z(x+y)(x+z)24(xy+yz+zx)
cyc

x+y (x+y)y+2)(=z+x)

cyc
& x% + y? + z2 = xy + yz + zx, which is true.

. 1 - 4/3xyz(x + y + z)
"Zx+y_ x+y)(y+2)(z+x)

cyc

PROBLEM 1.103-Solution by Soumitra Mandal-Chandar Nagore-India

coth =P@=D (B 2@ g o & o PR
2 A
X A coti A
y+Z 2 y-|—Z 2
cye cyc cyc
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2

Bergstrom 1 A A
= E ZCOtE —ZCOtZE

cyc cyc
2
1 plp—a) p*(p—a)? p? P {(chc(p - a))z —2%cyc(p —a)(p - b)}
) Z A _Z A2 212 A2
cyc cyc
_ p? _p2—2r(r+4R) =2(1”+4R)_ p? >2(r+8r)_ p? _ 18—ﬁ
2r? r? r 2r2 — r 2r? 2r?

PROBLEM 1.104-Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

ra? T2 2 5412

+ >
hym, h.m, hym, — p?—1r%2—4Rr

Dry+rm+1.=4R+r1

hgsmg

hpsmy
hesme 3
2) hyme + hemg + hym, < mymg+memg + mgm, < m2 +m2 +m? = : (a® + b% +
2
c)
2 Bergstrém 2 (2);(1)
T, T,
LHS: z 2 > (27a) >
= hym, hym,+ h.m, + hy,m,
(4R +1r)?  Euler 81r2 54r?
> >

= =52 _ _ 2
%‘2(p2—4Rr—r2) p* —4Rr—r

%(UL2 + b2 + c?)

PROBLEM 1.105-Solution by Soumava Chakraborty-Kolkata-India

x
LHS=Z(a2-y+Z>(x=am,y=bm,z=cm)

cyc

X y y z z X
> 4F . + . + .
y+z z4+x z4+x x+y x+y y+z

v a?m' +b*n' + c¢?p' = 4R\m'n’ + n'p’ +p'm’
X z ?
vm/,n',p’ € R and as, , 4 , >0 |>2V3F
y+z z+x x+y

v x,y,z>0
e yr w23 SlyGy) 13
+2)z+x) Z+x)(x+y) G+y)y+2) 4 2xyz+Yx?y+Yxy? 4

?
@4Zx2y+42xy2 26xyz+32x2y+32xy2
?

& Y x2y + Y xy? = 6xyz - true by AM-GM
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PROBLEM 1.106-Solution by Rade Krenkov-Strumica-Macedonia

Inequality is equivalent with:
8(a+b+c)*(a+b+c)ab+ bc + ca)

2>
(a+b)(b+c)(c+a) + 5(ab + bc + ca)* = 12(ab + bc + ca) +

+10(a + b + ¢)(ab + bc + ca). Using equality (a + b + c)(ab + bc + ca) =

=(a+b)(b +c)(c+ a) + abc have
8(a + b + c)?abc

5(ab+ b 2>12(ab+b
(a+b)(b+c)(c+a)+ (ab + bc + ca)* = 12(ab + bc + ca) +
+10(a + b + ¢)(ab + bc + ca). From AM-GM we get:
5(a+b+c)?+5(ab + bc + ca)? = 10(a + b + c)(ab + bc + ca). Now, enough to prove

. 2 8(a+b+c)?abc
that: 3(a + b+ ¢c)* + D BICD > 12(ab + bc + ca)

a+h+o)? + 8(a+ b+ c)abc > 12(ab + be + ca)
a O T @ b +oc+a) (atbto - capthetea
From AM-GM we get:

8a+b+c)’=[@+b)+ b+ +C+a)l 2 [33@+bb++ a)]3 _
= 27(a + b)(b + ¢)(c + a). We, must prove that:

27abc
3(@a+b+c))+———=>12(ab + bc + ca) ©
a+b+c

o (a+b+c)+9abc =>4(a+ b+ c)(ab + bc + ca)
From Schur’s inequality we have:
(a+b+c) =a2+b3+c3+32a2b+32ab2 + 6abc >
> 4Y a’b +4Y, ab? + 3abc. Now, (a + b + ¢)® + 9abc >

> 4Za2b +4Z ab? + 12abc = 4(a + b + ¢)(ab + bc + ca)

8a+b+c)+

PROBLEM 1.107-Solution by Marian Ursdrescu-Romania

B v C
FrombisectortheoremziTAzg %:ﬁ:BA’:ﬁ
Al ¢ ¢ _b+c:>AI_ b+c :>A1_b+c
IA’_BA’_bUf a AA" a+b+c w, 2p
c
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Inequalities become: — Z a’(b+c) < 3\/—R VvR(R—1) (1)
But Y a*(b + c) =2p(p*+1r?-— 2Rr) (2)
o2 42 R? —
From (1)+(2) we show: p? +r? — 2Rr < 32 —VR(R —71) (3)

R? 2
ButR > 2r = BﬁT\/R(R —1) > 6R? (4)
From (3)+(4) we must show: p? + r2 — 2Rr < 6R? (5)
But (5) its true from Blundon - Gerretsen inequality: p> < 4R? + 4Rr + 372

PROBLEM 1.108-Solution by Ravi Prakash-New Delhi-India
For0 < x < g,a,b >0
) 2 . 2
4msmx+b(tanx) +a> 4‘\/Esmx_l_ 2 b(tanx) a
X X . X X
- [ ] g

Let g(x) = 2sinx +tanx — 3x,0 < x <§

1A 1 1A

g' (x) =2cosx+sec2x—3,0<x<§:> 3[coszxsec2x]3—3,0<x<z
=>g’(x)>0for0<x<£=>g(x)>g(0)for0<x<§

=>2512x+tanx>3 f0r0<x<— (2)

From (1), (2), we get: 4\/_51” +b (tanx) +a>6Vab for0<x <§

PROBLEM 1.109-Solution by Soumava Chakraborty-Kolkata-India

sinx 2ab tanx O 6ab
. >
at+b x ((}+ b
2
(1) © (a + b)?sinx + 2ab tanx > 6abx

 (a + b)? = 4ab - LHS of (2) = 4ab sinx + 2ab tan x > 6abx & 2sinx + tanx — 3x (>) 0

(a+b) -

Let f(x) = 2sinx +tanx — 3x Vx € [0,5)

f'(x) =sec?x+2cosx —3and f"(x) = 2(sec? xtanx — sinx) =
= 2(tanx (1 + tan® x) — sinx) = 2(tanx — sinx + tan® x) > 2(sinx — sinx + tan3 x)

( Vx € [0,%),tanx >x > sinx) =2tan®x >0~ f"(x) >0Vx € [0 %)
= f'(x) Ton [0,2) = f'(x)=f'(0)=0,Vx € [ ):>f(x) Ton [0 )
=>fx)=f0)=0>VxE [0,5),25inx +tanx — 3x > 0, equality atx = 0
~Vab>0xE€ (O,g), 2sinx + tanx — 3x > 0 = (3) is true (Proved)
PROBLEM 1.110-Solution by Ravi Prakash-New Delhi-India

1

Let f(x) =x(1—x3),0<x<1;f'(x) =1—4x3,f'(x) =0>x = G)g
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1

f'(x) =—-12x* = f" ((if) < 0 = f(x) has a maximum for x = (1)3

4

4

1 1 3 1 43

S m = — —_—) == >
aXo<x<1 f (%) 4% (1 4) 4; x(1-x%) = 3 for0<x<1

sin? (é) sin? (2) sin® (g) 43 /A (B . (C
= 933) Y= ;3) 2= 53) = ?15”‘2 (E) + sin® (E) + sin® (E)]
) 43 - ] 2 (31) (2R —71)

A _? ;_ﬁ :C 35 B C
1—sinzi—sinzi—siﬁi:coszz—sinzi—sinzz
_ (A+B) (A—B) L0 C[ (A—B) A+B]
= cos (——— ) cos (— sin’ > = sin 7| cos (— cos —

A B C (s—a)(s=b)(s—c) 2 A?
= 2sin—sin—sin— = 2 - .

2 2 2 abc 3 abc
_1(A)<4A)_1 r
~2\s/\abc) 2 R

PROBLEM 1.111-Solution by Soumitra Mandal-Chandar Nagore-India

(Zerge)ee (3)(2)

2 ROOT MEAN )
SQUARE
o o ) R 2o
cyc cyc 4 4

=(a+b+c+d+x+y+z+t)? (proved)

o227 )

cyc

AMEGM 183 (Z a3> (Z m3> (Z x3> > 183\/(61 + l;+ c)?® (m +r;+p)3 (x+y+2)3

9
cyc cyc cyc

=2@a+b+c)m+n+p)x+y+2)
PROBLEM 1.112-Solution by Henry Ricardo-New York-USA

Recalling that a + i > 2 for a > 0 by the AM-GM inequality, we see that
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:(a.g)z+2ab;_;‘+(b.g)2+(a.§)2+2abg+(b.gf

-t (5 + Q)| 2 (B4 ) 402 [ + ()]

> 2a? + 2b? + 4ab = 2(a + b)?

PROBLEM 1.113-Solution by proposer

We will prove that P > 15. Since y? + 4yz + 5z° = (y + 2z)* + z2. And
(x2 + 4xy + 5y2) (2% + 4zx + 5x2) = [(x + 2y)? + y?][x? + (z + 2x)?] =
= [x(x +2y) + y(z + 20)]? + [(x + 2y) (z + 2x) — xy]? =
= (x? + 4xy + yz)* + (2x* + 3xy + 2y + zx)*
By the Cauchy-Schwarz inequality, we have:
P=>[(y+22)(x? + 4xy + yz) + z(2x? + 3xy + 2yz + zx)]* =
= [x%y + y2z + z%x + 4(xy? + yz? + zx?) + 11xyz]? = (5 — 2xyz)?
Thus, it suffies to show that: (5 — 2xyz)? + 6x%y?z? > 15.
This inequality is equivalent to (xyz — 1)?> = 0
x%y +y?z + z%x = %
The equality holds for § yy2 4 72 + 7x2 = _TM

xyz=1

PROBLEM 1.114-Solution by Ravi Prakash-New Delhi-India

Putx =Ina,y =Inb,z = Inc. With this (a) can be written as
x+y—2P3+@@+z—x3+x+z—y)>3+24xyz = (x +y + 2z)3 and (b) becomes
G+ +DE+0) =3[ +y+27 —x =y = 2]

(a) Consider
(x+y+z)3+(x+y—z)3+(z—(x—y))3+(z+x(x—y))3
=2(x+y) +6(x+y)z?+2z3+6(x—y)z
=2(x+y+z)P3 —-6(x+y)z(x+y+z)+6(x+y)z?+6(x—1y)z
=2(x+y+2z)P3—-6(x+y)?z—6(x+y)z?+6(x+y)z?+6(x —y)’z
=2(x+y+z)B3—-6z[(x +y) —(x—y)?] =2(x+y+2)°—6z(>4xy)
S5h+y—2°3+GC+x—y)>3+@E+y—x)3+24xyz=(x+y+2)3
as desired.

(b) Consider
(x+y+2z)P3—x3-(@3+23)=
=(x+y+z—-0)[(x+y+2)?¢+x(x+y+2)+x*]—(y+2)(y?—yz+2z?)
=(y+2)[x+y+2)?2+x(x+y+2)+x%—y>+yz—2z?%
=(y+2)[x+y+z—-y)x+y+z+y)+ @& +xy+yz+zx)+ (x —2)(x + 2)]
=@ +A[x+2D{x+y)+ @ +2}+ @& +y)x+2)+ (x —2)(x +2)]
=(y+2)x+2)x+y+y+z+x+y+x—z]=3+y)y+2)(z+x)
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PROBLEM 1.115-Solution by Soumava Chakraborty-Kolkata-India
(1) 2y 2

Given inequality & W > 2+ %ﬁaz (Y a?=3)
Leta+b=x,b+c=y,c+a=zThenx+y>z,y+z>x,z+x >y = X,y,zare three
sides of a triangle with semiperiemeter, circumradius & inradius = s, R, r respectively (say):

“Ya=s>c=s—-xa=s—yb=s—z Usingabovesubtitution,(1)@%—22

6 4RTS 6
;J3Z(s —y)? o —22 ;\/32(52 —2sy+y?) e
2R—r 3

> E\/SBSZ — 452+ 2(s2—4Rr —r3)} e

=

QRIS 27 (2 _ gRr — 2r2) & (2R — 1) S 27r2(s? — 8Rr — 2r) = 5% 2 2777 .
r—z_s—z(s— r—2r%) © (2R —1)?%s* = 27r%*(s* — 8Rr — 2r%) ~ s* = 27r% ~ it

suffices to prove: (2R —1)? > s? — 8Rr — 2r? & s? < 4R? + 4Rr + 3r?, which is true by
Gerretsen = (2) is true (hence proved)

PROBLEM 1.116-Solution by Marian Ursdrescu-Romania

Becauseabc =1 = a = f, b= X,c = iwith x,y,z > 0. Inequality becomes:

y z
X X
v 3 3
Z 2 Y =3 Z 3)/ TS5 9
X ,y.z 2 x> +y 2
y2 Tz X xy?
x°y 3
Zx3+y3_5 [1)

Butx3 +y3 > xy(x +v) (because x> + y® —x?’y —xy? > 0 &
o=+ (x- 200 x-NE-y) 20 (x-y)*(x+y) 2 0true)

1 1 x? x
< > <X (2
x3+y3 T xy(x+y)  x34y3 T x+y

From (1) + (2) we must show this: — + 2 + — < lo
x+y y+z = zZ+x 2

S2x(y+2)z+x)+2y(x+y)(z+x)+2z(x+y)y+2) <
<3 x+y)v+2)(z+x) &
© 6xyz + 4x%y + 4xz° + 4y?z + 2x2% + 2y%z + 2yz? <
< 6xyz + 3x%y + 3xz? + 3y%z + 3x%z + 3xy? + 3yz? &
e zly+x’z+xy? —x’y—y’z—z* x>0
Sxy(y—x)+xz(x—z)+zy(z—1y) (:)} -
Butz—y=z—x+x-y
Sxyy—x)+xz(x—2z)+zyz—-x+x—-y)=20&
Skhky—-zy)y—x)+xz—zy)x—2) 20 (y—x)yx—2)+(x—2z)z(x—y) =20
S (y —x)(x — 2)(y — z) = 0 which is true.
PROBLEM 1.117-Solution by proposer

bc ca a b c

First, we prove: + + —
4 p c?+ca  a?+ab  b%+bc — b+c c+a a+b

Proof.
ab bc ca a b c

+ + > + +
c?24+ca a’4+ab b2+bc b+c c+a a+b
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b(c+a)—bc cla+b)—ca a(b+c)—ab> a N b N c
c(c+a) a(a+b) b(b+c) ~“b+c c+a a+b
S - + +i> b+b+c C+aLetx— ,y—2 =—:>xyz—1So
a a+c b+a c a
a+b_1+yz_ +1 y_b+c_1+ _ 1—Z
a+c_1+z_y 1+2z’ b+a_1+ B 1+x

c+a 1+x x— 1 7—1
- 2 = + —= We need to prove that Lyl
c+b  1+y +1  z+41  x+1

(:)(xz—l)(z+1)+(y —1)(x+1)+(z —-Dy+1)=0
e x?z+z22y+y*x+x*+y?+z2>2x+y+z+3 (1)
On the other hand, we have: x?z + z?y + y?x > 3xyz = 3. And
x2+y2+222§(x+y+z)2>x+y+z So (1) right! Or

ab bc ca a

bC2+Ca t a?+ab ;_ b2+bc = b+c t E + a+b NeXt we prove:
a c
2, 2 . M2 (b D2 ()2
b+c+c+a+a+b_2-}_2(a+b+c)2 max{(a b)%, (b = c)*, (c — @)’}
Proof. Assume
a>b=>c= (a—c)?=max{(a—b)? (b —c)? (c—a)?}
Wehave:i—l+L—E+L——
b+c 2 ct+a 2
1[(a—=b) + (a—c) (b—c)+(b—a) (c—a)+(c—b)
b+c c+a a+b
_1[ (a—b)? N (b —¢)? N (c —a)?
" 2l@a+o)b+e) (b+a)c+a) (c+b)a+b)
>1 (a—b+b—c+a-c)?
2 (a+o)b+c)+b+a)c+a)+ (c+b)la+Db)
1 4(a —c)? 1 4(a —c)?
2 a2+b2+C2+3(ab+bC+Ca)_2 (a+b+c)2+%(a+b+c)2
3(a—c)? 3 5 5 5
“2(a+b+0)? 20@+b+o)? -max{(a = )% (b =c)% (e —a)
So, 2+ 24 @ >34 3 _ max{(a—b)%(b-0)?(c—a)?}

c2+ca  a?+ab  b2+bc — 2  2(a+b+c)?

Equality occurs ifand only ifa = b = c.

PROBLEM 1.118-Solution by Soumava Chakraborty-Kolkata-India
3 3 .3() 3
a> b ¢ S 3Ya

b ¢ a” Ya

ab*+bc*+ca* _ 3Y a3

(1] < abc = Ya

=3 (Z a) (ab* + bc* + ca*) (;) 3abc (Z a3)

Lets—a=x,s—b=y,s—c=z(x,y,z>0)
“s=x+y+z=>a=y+zb=z+x,c=x+Yy
By this substitution, (2) transforms into:
2((x + ) +2) '+ +2)EZ+x0)*+ (z+x)(x +y)4)(x +y+2z)=
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>3x+ )y +2)EZ+x)((x+y)2+(y+2)°3+(z+x)3)
S2¥x+6X x5y + 7Y x*y? + 2% x3y3 > 3 x2y* + 2xyz(3 x%y) + 6xy2z(3 xy? +
18x2y2%z2%) (a)
A-G
Now, y® + x*y? > 2x2%y* > (1a)

A-G

z® +y*z? > 2y?z* > (1b)
A—G

x +z%? = 2z%x* > (1¢)

(1a)+(1b)+(1c)=> ¥ x® + Y x*y? = 2 Y x%y* (1)
A=G
Again, y® + y® + x® > 3x?y* > (2a)
A-G
z®+ 2% +y® > 3y%z* - (2b)
A=G
x® +x%42° = 3z%x* > (2¢)
(2a)+(2b)+(2c)= 3¥ x® =3 ¥ x*y? = ¥ x° = Y x*y* (2)
A=G
Also, x*y? + y*z? > 2x?y3z > (3a)
A-G
y*z? + z*%x?* = 2y%*z3x —» (3b)
A-G
z*x?% + x*y? > 2z°x3y - (3¢)
a)+ +(3c)= x*ye = 2xyz(Q, xy“) = x*yc = oxyz(Q,xy*) -
3 3b)+(3 2Y xty? = 2xyz(X xy?) = 6 X xty? > 6xyz(¥ xy?) 3
A-G
Moreover, x3y3 + x3y3 + z3x3 > 3x3y?z - (4a)
A-G
y3z3 + 9323 + x3y3® > 3y3z%x > (4b)
A-G
z3x3 + z23x3 + y323 = 3z3x%y > (4¢)
a)+ +(4c)=> x’y® = 3xyz(Q,x°y) = x>y® = 2xyz(}, x°y) -
4 4b)+(4 3Y x3y3 = 3xyz(X x%y) = 2Y x3y3 > 2xyz(¥ x%y) 4
A-G
Lastly, 6 Y, x°y > 18x%y?z% > (5)
(1)+(2)+(3)+(4)+(5)=(a) is true (Proved)

PROBLEM 1.119-Solution by proposer

The inequality need to prove to be equivalent to:
c3+a+b—c3+a3+b+c—a3+b3+c+a—b3>2 Va2 + b? + ¢?
c?(c3+a+b) a*(a®*+b+c) b*(b3+c+a) 3 VYabc

@i+l+l>i_\/a2+b2+cz+ a N b N c
a? b? c?2 43 Vabe al+b+c b3+c+a c3+a+b
Applying the Hélder and AM-GM inequality, we have:
Z a _ a(l+b+c)? - a(1+b +c)?
ad+b+c (@+b+c)(A+b+c)2 ™ (a+b+c)d

_ Xa(l+b*+c*+2bc+2b + 2c)

27
_4(ab + bc + ca) + a(b? + c?) + b(c? + a?) + c(a® + b?) + 6abc

27
_4(ab+bc+ca)+(a+b+c)(ab+bc+ca)+3abc+3
B 27
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a+b+c)? a+b+c)d
7(ab + bc + ca) + 3abc + 3 7.£ 3 g 57 L +3
— < :1
27 - 27
2 Va?+b?+c?
Therefore, weneedtoprovethat—+ +— E'Terl

Applying the Cauchy-Schwarz mequalzty, we have:

1 1 1 1(1+1+1)2> 3 (1+1+1>_1+1+1
b2 2_3abc_a+b B b

b c a c
Wehave.—+-+-—1_1-(a+b+c)(1+1 %)—1— B+2+2424245)
c \/3(a2+b2+62)
Weneedtoprovethat + + - + +b+ Vo

1/3(a2+b2+c ) Ly , .
T Which is equivalent to:

(a b c>2>3(a2+b2+cz)®a2+b2+cz+2<b+c+
= iYaZpicz b2 ' 2 a b c Va2b2c?

Applying the AM-GM inequality, we have:
a* _ 3(a%+b%+c?)
LHS = Z + + >3Z PR T = RHS
V3(a2+b2+c?)
Yabc
The proof of the inequality is complete. The equality holds fora = b = ¢ = 1.

We will prove that: 2 +2 4+ <>
b c a

b ¢ a

2 2 2
a)>3(a + b* + c%)

Similarly, we have: 2+ 542>
a b c

PROBLEM 1.120-Solution by proposer

Put— = ,% = y,% = z. The inequality need to prove to be equivalent to:
1 4 1 4 1 < 9
a’?+ab+ca+ kbc  b?+ bc+ab+ kca cz+ca+bc+kab_(k+3)(ab+bc+ca)
1 1 1
4 + +
1 1 1 k 1 1 k 1 1 1 k = 1 1
Tttt aEty ytutot: wtmtuty (k+3)(xy+ﬁ+ =)
X y Z 9
& + + <
kx?+xy+yz+zx ky?+xy+yz+zx kz?+xy+yz+zx~ (k+3)(x+y+2)
x(xy + yz + zx) y(xy + yz + zx) z(xy + yz + zx) - 9(xy +yz + zx)
kx?+xy+yz+zx ky?+xy+yz+zx kz?+xy+yz+zx” (k+3)(x+y+2)
kx3 ky?3 kz3
+y-— +z-—
kx? + xy + yz + zx ky? + xy + yz + zx kz? + xy + yz + zx
9(xy + yz + zx)

T (k+3)x+y+2)
3

1
xy

X —

x y3 z3
Sk + +
kx?+xy+yz+zx ky>+xy+yz+zx kz?+xy+yz+zx
9(xy +yz + zx)
k+3)x+y+2z)~
Applying the Cauchy-Schwarz inequality, we have:

<x+y+z
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x3 - X x?)?
kx? +xy+yz+zx — Y x(kx?+xy+yz+ zx)
(X x?)?

" Bkxyz + ROk %) — (k — 1) % xy]

2
Note that we have: (xy + yz + zx)? = 3xyz(x + y + z) © 3xyz < %
) x3 (zx2)’(xx)
Therefore, we have: %, kx2+xy+yz+zx = kG xy)2+Ex)2[kY x2—(k-1) Y xy]
k(2 x2)* (2 %) 9T xy)
: >
Therefore, we need to prove thatzngxy)2+(Zx)2[kZxz—(k—l)ny] o = )
k(Qx 9% x
- ke p 00
kExy)?+ Ex)?kXx>—(k—-DXxy] (k+3)Xx)
Putt = XAyiaz? (t = 1). The inequality is equivalent to: ke? > >
utt = xy+yz+zx =7 quality is equiv T k+(E+2) (kt—k+1)  (k+3)(¢+2)
kt?(k + 3) . 9 3206 (1) k3t +2—k) 3 -0
= — —_—— = —
kt>? +kt+t—k+2 t+2 kt2+kt+t—k+2 t+2|
S kBt+2—-k)(t+2)=>3[kt>?+kt+t—k+ 2]
o k(Bt? —tk—2k+8t+4)>3kt>?+3kt+3t—3k+6
5t+7
@kz(t+2)—k(5t+7)+3(t+2)SO@kz—k- —y +3<0
We seeSt—Jr 5——>5-"_=4 Therefore, we have:
t+2 t+2 = 142
k? —k - 5t+7+ 3<k?-—4k+3=(k—-1)(k—3)<0.Theequality fora =b = c.

PROBLEM 1.121-Solution by Soumava Chakraborty-Kolkata-India

sin> A +sin®B
sin A +sin°B
3 (sinA + sin B)(sin? A — sin A sin B + sin® B)
~ (sinA + sin B)(sin* A — sin3 A sin B + sin? A sin? B — sin A sin3 B + sin* B)
B (sinA + sin B)(sin? A — sin A sin B + sin® B)
~ sin3 A (sinA — sin B) — sin3 B (sin 4 — sin B) + sin2 A sin? B
3 sin? A — sin Asin B + sin? B
"~ (sinA — sin B)(sin 4 — sin B)(sin? A + sin 4 sin B + sin2 B) + sin2 A sin? B
A6 sin? A — sin A sinB + sin? B B
~ 3sinAsinB (sin4 — sin B)? + sin? Asin2 B
B sin? A — sin Asin B + sin? B
~ sinAsinB (3sin? A + 3sin2 B — 5sin A sin B)
_ (3sin* A +3sin® B —5sinAsinB) + 2sinAsinB _
~ 3sinAsinB (3sin? A + 3sin2 B —5sinAsinB)

1 2 1
= + —
3sinAsinB 3<3sin2A+3sinzB—SSinAsinB>
A-G 1 2 ( 1 ) 1 sin® A + sin® B 1
3sinAsinB 3 sinAsinB  sin®A +sin®B ~ sinAsinB

sinAsin B
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Goldstone 2 2

1 4R R
= 4R?Y — < — = — (Done
Z a? - 412 T2 [ )

sin® A+sin3 B 1 1

2 sin5 A+sin> B s 2 sin AsinB = Z sinZ A
PROBLEM 1.122-Solution by Myagmarsuren-Yadamsuren-Darkhan-Mongolia

a=b=>c
1 1 1S a > b > c
= = s—a s—b s-—c
s—a s—b s—c

1]LHS:2(§—1)zé;azbZc=>a+b220:>a+b—62c:>2(s—c) >c=>

Euler R
<2=2-1=22-1) < 2(;—1) LHS

c
=22 ;
S—C S—¢C

xX=s—a
}aZb20:22y2xz>222y+x:>(x+y—22)xy§0:>

2)y=s-—b>b
Z=s5—¢
zx(z+x)<yz(z+y)
=>4+ y)xy+zx(z+x) —zx(z +x) < 2xyz >
=>2xyz=2(x+y)xy+zx(z+x)—zx(z+x) = (x+y)xy+zx(z+x) — zy(z+ y)
xy (x+y) —2xyz < 2zy(z+y) =

2xyz =2 (x+y)xy+zx(z+x) —zy(z+y) &
[Mx+y)—4xyz y+z
< o

= -4 <2 =
H(x +y) —4xyz < 2zy(z +y) dnyz <=
X+ +
oo | I&+Y | _y+z
4xyz X
: a
Ss—a

2

R a
2(——1)S RHS
T s—a

PROBLEM 1.123-Solution by Amit Dutta-Jamshedpur-India
Let f(x) = log,(b* + a — b) and g(x) = log,(a* + b — a). Let
y=fx)=log,(b*+a—-b)=>a”=b*+a-b=>b*=@+b—a)=>
= xlogb = log(a” + b — a) {Taking log} = x = log,(a” + b — a)
f1o) =logy(a” +b—a) = f~H(x) =log,(a* + b —a) = g(x)
Therefore, f(x) and g(x) are inverse of each other. Also, both f(x) and g(x) are increasing
and continuous functions {since they are log functions}
Considering the last two arguments/statements we can say, the only possible solution
lieson theliney = x; i.e, f(x) = g(x) = x = log,(b* + a—b) =log,(a*+b —a) =x
Taking, log,(b* +a—b) =x=>b*+a—-b=a*=>b*—a*+a—-b=0
Leth(x) =b*—a*+a—b;h' (x) =b*Inb—a*lna;h'(x) =b*Inb—a*lna > 0;
h'(x) > 0 = h(x) is an increasing function, so it can have atmost one real root
“b>a>1
b* > a* (i)
Inb >Ina (ii)
multiplying (i); (ii)
b*Inb > a*Ina
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Clearly h(x) = 0 when x = 1, which is the only solution.
~ x = 1 is the unique solution.

PROBLEM 1.124-Solution by Soumava Chakraborty-Kolkata-India

Weighted GM = weighted HM = a+b+c\/ (b tan g)b (c tan g)c (a tan g)a >

- a+b+c _ 2s _ 2s
= bA+ CB+ aC_ sG—a) s(s —a)
btani ctan atans (s—=b)(s—c) Js(s—a)(s —b)(s —c)
2s
- s(3s — 2s) =2

%

rs
b c a b [ a a+b+c

(b tané) (c tanE) (a tan £) > (2r)atb+c o (tan é) (tan ) (tan E) > (2r) ——. Now,
2 2 2 2 apbcc

4 _ [=0)G=0) _ (s=b)(s=c) 64 (2= 2 ftan b
tan= = = < z =—= |2 ( ) Similarly,
2 s(s—a) TS rs 4rs a? 4rs
tan (2) 1 tan (3) 1\%
4rs 4rs

(1)‘(2).(3):> (tz:;lé) <tan—> (tan—) S 4” a+b+c é (g)a+b+c (riz)a+b+c o

ISESI N

IA

?
4i<‘?g r2@4r5>12\/—r @s>3\/—r—>true
b c a
tané tanE tang V3 arbre 1
a2 b2 c2 —\36 rz(a+b+c)

b c a atb+c  ap p2c..2a
< (tan%) (tang) (tang) < (ﬁ) S (Done)

36 -rZ(a+b+C)

PROBLEM 1.125-Solution by Soumava Chakraborty-Kolkata-India

nga (i) \/—S+Z:(a—b)2

(Do %2 +2Yab—Ya? z 43S + ¥ a?

Leibnitz

@
Now, Hadwiger - Finsler = 2Y.ab — ¥ a® > 4V35 & Y. a? (g) 9R?
22
(i), (ii), (2) = it suffices to prove:
3)
4{(4R +1)? — 25?} > 27R? & 8s? < 37R? 4+ 32Rr + 4r?
Gerretsen

? ?
LHSof(3) < 32R?*+32Rr +24r? <37R*+32Rr + 4r> © 5R?> > 20r? &
?
< R = 2r - true (Euler) (proved)
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PROBLEM 1.126-Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia
X a?)? = (X ab)? = 3abc(a+ b +c) (True)
2
(Z az) > 3abc(a + b + ¢) = 24s%Rr

1 (Z 2) >3R 1 2 3R
8s2r @ 8-s2.1r- 2r
1
>— — 2>
165212 (Za 2r° 4A Z 2
- 2 28 rx
abc Z >\/; ()

_ R o2 2 2y s
cotA—abC(b +c*—a*) (*)

— R (2 24 .2 3R
(), (") » XcotA =——(a* + b +c)2\/;

PROBLEM 1.127-Solution by Marian Ursdrescu - Romania

, A a , A a , A

m, < 2R cos E::»maSSmAcos E::’m“SZ.A—A'COS 5
sin= cos»

_a A __4a A__a OIH\ OH

:>ma_Ecotzﬁma_Zt—A:tanE_zmaﬁtan 2 _21(‘)

an7

_\/9R2—(a2+b2+c2) OIH <\/9R2—(a2+b2+c2)

= R — 2R an = R—2r

2.
a’? + b%+c? > 36r% = —(a® + b? + c?) < —36r?

<OTH> 3VR? — 412 <OTH> R+ 2r
tan < = tan <3

2 R —2r 2 R —2r
PROBLEM 1.128-Solution by Seyran Ibrahimov-Maasilli-Azerbaijan
1

1
LHS=Z—S—
mg+my,  2r
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4 1 1

4 —

meg+my, m, my

LHS<12(1+1+1)<1(1+1+1)—1
4 m, my, m. " 2\h, h, h. 2r

PROBLEM 1.129-Solution by Marian Ursdrescu-Romania

1 1 a
< = E—
N AR N \/—Z we must show:

\/—Z\/— ’6R—3r@

a \? < 6R=3r
) <= o
But from Cauchy’s inequality = (Z F) <3 Za— (2)

3
From (1)+(2) we must show: Z— < ZRr r EZC < 2RT 3)
Buty a® = 2s(s* — 3r% — 6Rr) and abc = 4sRr [4)
2_3r2_6Rr _ 2R-T

From (3)+(4) we must show: > ST s2—=3r2 —6Rr <4R*—-2Rr &

o s?< 4R2 + 4Rr + 3r? with its Gerretsen s inequality.
a) Again, b* + ¢ = 2bc > ——

b) b? + ¢* = 2bc =

a3 a3
<—> = => we must show this:
b%2+c2 ~— 2bc Z bZ+c2 S Z

zﬁs?n/—R(RT” (5)

Now, using sinelaw = a = 2R sinA = (5) & E% = 3\/§@ <
a3
mrae < (1) ©
But (6) its true, proved in IneMath (2/2016) or (5) o < 3\/—R(R 2 (6)
Y a* = 2[s* — 25s%(4Rr + 3r?) + r2(4R + r) 1 ()
abc = 4sRr (8)
s*—252(4Rr+312)+7r2(4R+7)? < 3V3R(R — 1) and using again Gerretsen’s

SR
s2 <4R? 4+ 4Rr + 3r%and s <£R

From (6)+(7)+(8)=

PROBLEM 1.130-Solution by Omran Kouba-Damascus Syria

Step 1. Consider f(x) = 2(2 — 3x + 2x%) — 1 — x8 then f(x) = 0 with equality if and only if
x = 1. Indeed, with some algebra we see that f (1 + t) = t*h(t) with

h(t) = 31 (t2 + %) + @( + %) + 95—2 > 0. This proves the inequality:

"/”" <2x2—3x+2 (1)

With equality if and only if x = 1.
Step 2. By the AM-GM inequality, we have for all real x the following:
3Vx2 —x+1<x?—x+1+1+1=x2—-x4+3 (2)
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Step 3. For all real x we have:
3x2—4x+5<2(x*-3x+4) (3)
with equality if and only if x = 1. Indeed:
2x* =3x+4)—(Bx? —4x+5)=2x*—-3x*-2x+3=(x—-1?Qx+1?*+1) =0
Step 4. Combining (1), (2) and (3) we conclude that:

4

3Vx2—x+1+

X8
< 2(x*—3x+4)

with equality if and only if x = 1.
PROBLEM 1.131-Solution by Soumava Chakraborty-Kolkata-India

6
LetVx=a,3fy=bVz=cThen, ¥ a® =3&3%¥a’?+21 = 10} ab®
2
-.-Za3=3.-.(za3 =9:>Za6+zz 3b3=9:>52a6+102a3b3=45
=>52a +3Za +21—45=>52a +3Za—24— Z Za3=3)
a

Now, a® + a? + a? + a? > 43/a1? = 4a3 = ab + 3a? > 4a3.

(b)
Similarly, b + 3b? > 4b3
(o) Chebyshev 4 4
&c®+3c? = 4¢3 Again, 4Y.a® > (Za3)2 =§-3-Za3 (~Ya®=3)

(d)
= 42 6 >4
(a)+(b)+(c)+(d):> 5 a®+3Y a? > 8 a3, with equality occuring whena = b = ¢

~(2),(3)>a=b=c&+Ya*=3:23a>=3>a=1>a=b=c=1>
=>x =y =2z=1-onlysolutionis: x =y =z = 1 (answer)

PROBLEM 1.132-Solution by proposer

___ First, Milne Inequality is used: L
Letw;(j = 1,n) > 0, withsum 1; P; € [0,1] (j = 1,n), then

2-minw;j
n n 1<jsn

Z Z -
_ _ a2
= 1 pf Ji = 1 pj

w, = sin® x,where x,y € (0, g)

Let’s take w, = cos® x
p1 = COSY
p, = siny
2—minw]-
sin? x cos? x sin? x cos? x sin?x cos?x\ 1sjsn
= + - + , S \ooot T3
1—cosy 1-siny/\1+cosy 1+siny sin“y  cos‘y
Jordan
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T

Butvte (0,;) =>%s sint <t

sin? x cos? x sin? x cos? x 7?2 cos?x\"
= + - + - S|+
1—cosy 1-—siny/\l1+cosy 1+siny 4  cos?y

where k = 2 — min{sin? x, cos? x}

PROBLEM 1.133-Solution by proposer

- We have: a® + b® = (a* + b*)* — (azbzx/f)z = (a* — a®b?V2 + b*)(a* + a?b?V2 + b*)

@a8+b8=<a2— /Z—ﬁab+b2><a2+ /Z—ﬁab+b2><a2— /2+\/§ab
+b2><a2+ /2+\/§ab+b2>

- Therefore, by inequality AM - GM for 8 positive real numbers.
a? +vV2++2ab +b* a? —\/2+\/§ab+b2+a2—\/2—\/§ab+b2

b(2+V2+2) * b(2-V2+2) b(2-v2-2)
+a2+mab+b2
b(2+V2-V2)

S g B\/a2+ 2++V2ab+b? a2 —+2++2ab+b? a2 —+2—+2ab+b? a?++2—+2ab+ b2

+b+b+b+b=>

‘b-b-b-be

b(2+2+2) ' b(2-V2+2) b(2-v2-2) b(2+v2-2)

2 8 8 2 8 8 2
@%—12a+12b288/“ “2"’.Similar.-%—12b+12cz8-8/” = ;‘%—12c+12a2
8_8’c8+a8
2
2 2 2 8 8 8 8 8 8
:>a_+b_+c_28\/a+b +8\/b+c +8\/c+a (1)
b c a 2 2 2

- By inequality AM - GM. We have:

9

9 10
oL 1 1 1 10 4.3 1| _ (atb+o)

(a +b+ C) (9a + 9b + 90) = 99 (a +b+ C) <3 abc) ~ 39.(abc)3 (2]

-Other: (a + b + ¢)® = [(a? + b? + ¢?) + (ab + bc + ca) + (ab + bc + ca)]® =
> 27(a? + b? + ¢?)(ab + bc + ca)? = 27(a? + b? + ¢?) - 3abc(a + b + ¢)

(a+b+c)10 > (a2+bz+c2)2

6 24 p2 4 2
= (a+b+c)° =8labc(a+b+c)(a*+b*+c*) & 3%(abc)® —  3abc &
. (L1, 1) o (@+b?red)’
- Let (2)1 (3) = (a +b+ C) (9a + 9b + 90) = 3abc (4]

- Let (1), (4). We need to prove:
(a? + b? + ¢?)? - a? b*> ¢ (a®+b*+c?? ab®+bc®+cad

—_— = >
3abc b c a 3abc - abc
o (a2 + b? +c?)? = 3(ab® + bc® +ca®) ;Z(az —ac +2ab — b? —bc)?2 =0 (True)
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84 p8 84,8 8448 9
- Therefore: i/a LA i/b <4 i/c 2 <(a+b+0)0 (i +=+ i) and we get the result.
2 2 2 9a ' 9b ' oc

PROBLEM 1.134-Solution by proposer

*We have2a® —a®> —3a®+a?+1=2a°(a—1) +a*(a—1) +a3(a-1) —
—2a*’(a—1)—-ala—1)—-(a—-1)=(@-1)QRa°’+a*+a®—-2a%?—-a—-1)
=(@@-1(a*"a-1+3a%@-1) +4a*(a—1)+2a(a—1) + (a— 1))
=(a—1)?Qa*+3a®+4a*+2a+1) >0 (becausea > 0and (a —1)? > 0)
=2a°—-a°*-3a®+ad*+1>20o2a°-ad°+a’+1=>3a° &

& 2a%—a®+b*+a%?+1=>3a®+ bt
1 1 o ab ab
2ab-a5+b*+a2+1 — 3a3+b? 2ab-a5+b*+a2+1 — 3a3+b*
- By AM-GM inequality we have:
33 +b*=ad+ad+ad +b*>4Vad a3 a3 bt =4Va® bt = 4a*bVa &
ab ab 1
=3 < =
3a3 +b* ” 4a2ba 4aia
- Hence (1) and AM-GM inequality:

&)

SNl S S Y WA O O I W
2a —a® +b*+a?>+ 17 4q¥a” 4a 4\a " 16a \a
.. bc 1 1 ca 1 1
+Slmllar'msﬁ(3+3)’mgﬁ(z+3)

ab bc ca <
2a%-a5+b*+a?+1 = 2b5-bS+c*+b2+1  2c0-cS+at+cZ+1 T
< (1+3)+ ! (1+3)+ ! (1+3)
~ 16a\a 16b \b 16¢ \c
101 1 1 3 (1,1, 1
oPsi(Etita)tuitity) @
— Other a? + b? + ¢? = 3abc and inequality: (x + y + z) = /3(xy + yz + zx) that:

— Hence: = P =

~a b ¢
TV T T wb
We have:

a b c a b b c c a 1 1 1 1 1 1
3—;+a+52\/3(E'a+a'z+z'ﬁ)—\/3(c—z+;+ﬁ)‘:’§+b—z+§53(3)
- Let (3) and AM-GM inequality:

1,1, 1 1 1 1 2,2, 2 1,1, 1
3Ezﬂ,—zﬂ—z—(;“)+(b—z+11)+(c—23+1)‘1?;2§+z+23‘3=’Z+33+2S3 (4
_Let(zj’(‘gj’MJ:PSE3+E3=E=Z=>PSZ=>P“’3X=Z

a,b,c > 0;a? + b> + c? = 3abc
a—-1=b—-1=c—-1=0

+ Equality occurs if: B=btpd=ct3=q* ©a=b=c=1
1 1 1 a b c
- - —=1'—=—=—
a+b+c "bc  ca ab

Maximum value of P is%when a=b=c=1
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PROBLEM 1.135-Solution by Marian Ursdrescu - Romania

First, we show this: x* —x +2 >x3+ 1,Vvx €R (1)
(HDex*—-x*—-x+120ex3x-1D)-Cxx-1D=20ex-DE*-1)=0s

1\2(+2 1
o x—-1)*(x*+x+1) >0 (true). From (1) = prave ey

x3y3 x +y4+z4+3xyz
Z x3+y3+1 — = (2]
From AM-GM = x3 + y3 + 1>3xy (3)

4 4
From (2)+(3) we must show this: ), 3y <z " +6Z roxyz

o xt+y*+z* + 3xyz — 2(x%y? + x%z% + y?22) = 0 (4). Now, let x =
3p

3c .
= ,Z = witha,b,c > 0.
a+b+c a+b+c

81(a*+b*+c* 81labc 2-81(a?b?+b%c?+c?a?
(4] At Ea+b+c)4 ) + (a+b+c)3 - ( (a+b+c)* ) =0
a* + b* + ¢* abc 2(a?b? + a®c? + b?c?)
®(a+b+c)4+(a+b+c)3 (a+b+c)*
ea*+b*+c*+abc(a+b +c) —2(a?b? + b%c? + c?a?) > 0 (5)

Now, use Cdrtoaje theorem: let f,(a, b, c) be a symmetric polynomial of degree four. Then:
fa(a,b,c) =0,Ya,b,c >0 < f,(a,1,1) = 0,Va = 0. Let f,(a,b,c) = a* + b* + c* +
+abc(a + b + ¢) — 2(a?b? + b?c? + c?a?)
faila,1,1)=a*+2+ala+2)—2Qa%*+c)=a*+2+a*+2a—4a*>-2 =
=a*—-3a’+2a=a(a®-3a+2)=a(a-1)?*@+2)=>0,VYa=0= f,(a,b,c) =0
= (5) its true.

= inequality becomes:

x*+yt+z4+3xyz

2
3a

a+b+c’

e Yx?y? <

>0

PROBLEM 1.136-Solution by Michael Stergiou-Greece

1
Q - chc m (1]

The function f(x) = {x is concave so [1] becomes:
3
EERED 2Ly @

3
As x° 4 x° + x? > 3x* (2)—>Q—S2cyc (3)

a’® + b? > 2ab
a’+1>=2a

- < 1 (after calculus the sum reduces to 1 using abc = 1)
Therefore Q < 3\/%
PROBLEM 1.137-Solution by Ravi Prakash-New Delhi-India

4(x-y)?
Rewrite the inequality: f J_ > DD &

(Vx=v3)"  4(xZ—)’ (Vx+7)*
< Vxy = Qx+xy+1)2y+xy+1) [1)
If x = y, there is nothing to show. Suppose x # y, then (1) can be written as

2x5+y*4 —x2+4 2x5+y*4 —x2+4

3x4 +y4 2x2+4

Letx2=ay2=bz =c,abc =1 [3]—>—_Z (4). But

(4') _) o < chc :

at+ab+1 —

az+b2 2a+4

141 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

N CLA) )
\/E_(Zx+xy+1)(2y+xy+1)

> 4,/xy(x +y+ 2,/xy) e x2y?+1+2(x+y)(xy+1) + 6xy > 4. /xy(x +y) + 8xy
oxty? —2xy+1+2(x+y)(xy-2/xy+1) 20

e (xy — 12+ 2(x + y)({xy — 1)2 > 0 which is true Vx,y > 0.

S @y+1D2+2(x+y)(xy+1) +4xy >

PROBLEM 1.138-Solution by proposer

1,1, 1_ — 3 2 .
From e s 1 we get abc = ab + bc + ca = 33/ (abc)? Now, we have:
(abc)?® = 27(abc)?|: (abc)? getting abc = 27 and from that abc > 3. Note that a > 1
because% + % + % = 1and we have3a — 3 > 0,3b — 3 > 0 and 3c — 3 > 0. Using Holder’s

inequality we get:
(4a—3)(4b—3)(4c—3)=la+ Ba-3)][b+Bb—=3)][c+ (Bc—3)] =

> (Vabe +33/@- DB - D - D)

(4a —3)(4b —3)(4c —3) = (W+ 33\/abc —(ab+bc+ca)+(a+b+c)— 1)3
3

(4a —3)(4b — 3)(4c — 3) = <W+ Si/abc — abc + 3Vabc — 1)

3
(4a — 3)(4b — 3)(4c —3) = <W+ 33/3 227 — 1)

(4a — 3)(4b — 3)(4c — 3) > (Vabe + 3 + 3)°
Using AM-GM we have: (4a — 3)(4b — 3)(4c — 3) > (33 abe - 3 - 3)

(4a —3)(4b — 3)(4c — 3) = 33 - Vabc - 9
(4a — 3)(4b — 3)(4c — 3) = 243Vabc

3

PROBLEM 1.139-Solution by proposer

- Using Cauchy and Bunhiacopxki inequality. We have:
2
(JZ(y8 +28) + 2yzzz) <20(%+2%) +4ytzY) = 4(y* + 24?2 &
& \2(y8 + 28) + 2y%z* < 2(y* + z%)
o205 +2°) <20t -y 22+ 2 & | # <Jy*—y2z22+2z¢ (1)
- Other:
VYt yizt ezt = \/(yz +22)% = (yz23) = \/(yz — yzV3 + 22)(y? + yzv3 + 22)

= \/(2 +V3)(y2 —yzV3 +22) - (2 = V3)(y% + yzV3 + 22) <
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- (2++3)(y? —yzV3 +22) + (2 —V3)(y? + yzV3 + 22)

2
_ 2(2y? —3yz + 22?%)

2
=yt —y2z2 + z* < 2y? — 3yz + 22° (2)

= 2y? — 3yz + 222

-Let (1), (2): = ! # <2y’ -3yz+2z* & * #4_ 3yz < 2(y? + 72)
1 1 x X \

> N > _ 2 02 4,2 =
4,y8+28+3yz T 2(y2+z2) ‘}\/W+3yz = 2(y2+z2)  2(3-x2) (Letx® +y" +2°=3) (3)
2 2

2 3 2
- We have: —— — = x( L x) _ x(x®-3x+42) _ x(x-1)*(x+2)

>0 (because x >

2 2 3—x2 2 2(3—-x2) 2(3—x2)
0;(x—12>0)
x x2 x x2 x x?
-—=20e =>—=let(3) > —=>2— (4)

3—x2 2 3—x2 2 4[y81,8 4

T+3yz

2 2
+ Similar: —2%—>%;
4)2z8+x8 4
, S +3zx

z Sz 5
Q= B
- Let (4), (5) and x? + y? + z? = 3:

x*+y*+z° 3

X y A
=P= 8 8 + 8 8 + 8 8 = 4 4
4 4 4
/y -Z}_Z + 3yz /Z ;x + 3zx ’x ;y + 3xy
3

= Qmin = 4
+ Equality occurs if:
x,v,z>0;x2+y2+22=3
V2(x8 +y8) = 2x2y?%; \J2(y8 + 2z8) = 2y22%;\J2(z8 +x8) =2z x’ ©ox=y=z=1
x—1=y—-1=z—-1=0
PROBLEM 1.140-Solution by Soumava Chakraborty-Kolkata-India

LHS = beVa+b+cavb+c+abyeta _ y/be(a+b)vVbc+y/ca(b+c)vea+y/ ab(c+a)vab CES
- abc - abc -
b+/3abc + } a’b ? b b ?
S\/Za \/ac Ya SZa Z Ya ZazbS

he “he a——— & 3abc +

Ya
< Z ab <Zazg#> S
= (Z a’ + Z ab) (Z ab) ; (Z a) (3abc + Z azb) & ab? + bc? + ca® (%

Bergstrom

2 2 2 2
> abc(X a). But ab® + bc3 + ca® = abc (bT + % + %) > abe &EY° —

Ya
= abc(} a) = (1) is true (proved)
PROBLEM 1.141-Solution by proposer

Letbe g: (0,0) - R; g(x) = \/ab + bc + ca _aTbC
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1 1
abx\2 abc abc\ "2
g(x)z(ab+bc+ca——) g(x)——<ab+bc+ca——)
x 12 X
”()—abc( b+ bc + abc)z abc<b+b + bc)
9" () =— 5 (a ct+eca—— 7t \& c+ca——

g'"'(x) < 0; g - concave. Denote q = ab + bc + ca;r = abc

3 () -3 (@) -3 2

cyc cyc cyc

]EN<SENq <3r)_q qr_q 2q_ab+bc+ca 2(ab + bc + ca)
= rf q) T 13,7 B abc 3

b+c Z(chc ab)
Z 3a2b?c?

cyc

PROBLEM 1.142-Solution by proposer

Let be f:(0,0) = R; f(x) :\/@

1

£G0) = (abe — 255 60 = - 58 (abe - 25)
i B

f"(x) <O0; f concave. Denotep = a+ b + c;r = abc

f(ab) a—11ENSENp 3r _P pr_p/ p
—_— r—— = r— =
bc r 3r r 3

cyc
ey, | Z o3,
aoc e a aonc 3 a

cyc

cyc cyc cyc

a—1 ab a+b+c
bc ¢ 3
cyc cyc

PROBLEM 1.143-Solution by Soumava Chakraborty-Kolkata-India

s(s a)bc

“ w2 <s(s—a)etc. LHS <Y,
2
4 7 > (52 —8Rr+r2)

? RZ Gerretsen
< <:)52<4R2+8Rr—5r Now,s? <

= 45?(52 ab — 12Rrs)
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? ? ?
4R? + 4Rr + 3r? < 4R? + 8Rr — 5172 © 4Rr > 8r? & R > 2r — true (Euler)

PROBLEM 1.144-Solution by Soumava Chakraborty-Kolkata-India

a? Bergstrom

LHS=y & 5 2
awg ) Yawg

WLOG, we may assumea = b = ¢ ~ w, < wp < W,

Chebyshev 452 2.3

1)=>LHS > =
1) @) %(ZS)ZWQ Ywa
wgs+/s(s—a),etc
Now, Y w, (33) V3sV3s — 2s =/3s
253 23 2:3Y3 _ 2:3Y3R MUTINOVIC 555 4
(2)B)=LHS 2 Zo=F === "5 2 Sp =3 (Done)

PROBLEM 1.145-Solution by Soumava Chakraborty-Kolkata-India

b+
LHS — Z mg N\ MaS(s —a) ma<<TC'etC Z (b + C) (s—a)
- é+ A rs(b + ¢) 2 r(b+c)

_ Z(s—sc‘l)_:a&s—ZS s

S S
— = LHS < == LHS < P (proved)

PROBLEM 1.146-Solution by proposer

*Wehave: x° —x3 —2x +2 =x*(x - D+ x3(x -1 —-2(x—-1) = (- Dx*+x3-2)
=(x—-DE3x -1 +2x%(x — 1) + 2x(x — 1) + 2(x — 1))
=(x -1 +2x24+2x+2)=0

1
5x°—x3-2x+2209x°—x3+4>2(x+1) &

<
V25 —x3+4) Y2-2(x+1)
- Therefore, by AM-GM inequality for three positive real numbers:
1 1 1 1 1 1 1 2 1
=3 <3 <= + +=-]=z + =
V205 —x3+4)  Yax+1) 3\J2(x+1) J2(x+1) 2/ 3\{x+1 2

+Simi1ar:3;§1( i+1);3;gl 2 41
V205—y3+4) — 3\\y+1 2]’ 2(z5-23+4) ~ 3\\z+1 2

- Therefore

1 1 [2 f
=P= 2G5 —x3+4) + 32(5—y3+4) t3 Jz(z5 Z3+44) ~ < x+1 \’y+ z+1 ) t; @)

- Other, because xyz = 1 then exist positive real numbers a, b, ¢ such that:
X z
a=—,b= X, c=-
z X
+ Therefore, by inequality Cauchy Schwarz:
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2

’x+ ’ +1 "z+ \/ +jb2 +\/CZ
y —+1 E_|.]_ a‘l‘l
2
b C a
=2 ,‘a+b+\/b+c+\/c+a
(’(a+b)(b+ o Vbtet /(b+c)(c+ o Vetrat /( +a)( Ty Vet ) =

<2(b+c)+(c+a)+(a+h))- (

(a+ b)(b + c) (b + c)(c + a) (c+ a)(a + b))

b(ct+a)+c(a+b)+a(b+c) _ 8(a+b+c)(ab+bc+ca)
<4atb+o) (a+b)(b+o)(c+a)  (a+b)(b+o)(c+a) @)
-We have: 9(a + b)(b + c)(c +a) —8(a+ b + c)(ab + bc + ca) = a(b — ¢)? +
b(c—a)>+c(a—b)>=>0
8(a+b+c)(ab + bc + ca)
(a+b)(b+c)(c+a)

e ([ o ) == oo [ (s

-Let (1), (3): =>P<— 3+_= :>Pmax =_'
xyz=1
x=y=z>0

=>9(@a+b)(b+c)(c+a)=8(a+b+c)(ab+bc+ca) &

Equality occurs If{ ox=y=z=1

PROBLEM 1.147-Solution by proposer

- By AM- GM inequality for 4 positive real numbers we have:

ab + ab + ab + a® — ab + b?\*
a3b3(a3+b3)=(a+b)-ab-ab-ab(a2—ab+b2)S(a+b)< 2 )

(a+b)*\* (a+b)° (a + b)°
=>a3b3(a3+b3)s(a+b)< 2 = 7 @(a3+b3)SW

(a+b)3 1 4ab c? 4abc?
3 3 3 < > >
(= 4(a + b ) 4ab < 3{/4(a3+b3) _— (a+b)3 And 3'\/4(a3+b3) - (a+b)3 (1]

b2 4cab? a? 4bca?

+ Similar: W = (c+a)3’ W = (b+c)3 (2)
-Let (1), (2):
a2 bz C b
2P = ey T ey | Yawer  Habe ((b+ 7 ¥ erar (a+b)3) )

- Other, by inequality Cauchy Schwarz we have:

a \2 b \? c \? a b ¢\
a n b n ¢ =(b+c) (c+a) (a+b) >(b+c+c+a+a+b)
(b+c)® (c+a)® (a+b)® ab+c) blc+a) cla+b) 2(ab + bc + ca)
+ Because:
a b c a? b? c? (a+b +c)? 3(ab + bc+ca) 3

b+c+c+a+a+b_ab+ac+bc+ba+ca+cb_Z(ab+bc+ca)_Z(ab+bc+ca)_2
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a b c 9

(b+c)3  (c+a)3  (a+b)3 — 8(ab+bc+ca) (4]
- Let (3), (4) and such that: a®> + b? + ¢? = 3abc,ab + bc + ca < a? + b? + ¢%:
P> dabe. 9 _ 9abc >3(a2+b2+c2) 3 P>3=>P _3
- 8(ab + bc +ca) 2(ab + bc + %a) ; %)(a2 +b2+c2) 2 2 min = 5
ab,c

a®? + b%? + c? = 3abc
ab =a? —ab + b% bc =b?> —bc+c% ca=c?—-ca+a?
a=b=c

+ Equality occurs if: Sa=b=c=1

PROBLEM 1.148-Solution by Marian Ursdrescu - Romania

Because ab + bc + ca = 12 = 3x,y,z > 0 such that:

2v/3x ) 2V/3y 2V3z
) = ’C =
Xy + vz + zx JXy +yz +2x JXy +yz + zx

Inequality becomes:

a =

24/3(x3 + y°)

3
Xy +yz + zx x3 +
Z (Zy > )2 24@2@2 v
24y* — 12yz + 24z Jxy +yz + zx(2y? — yz + z?)

Xy +yz+zx
x3+y3
@Zm \/_ xy+yz+zx (1)

But(x+y+2)?=3(xy+xz+yz) > Jxy+xz+yz< x+\/y§+z (2)
y3
From (1) + (2) we must show: Zm > —(x +yv+2z) (3)
But2y? —yz + 2z* < 3(y?* — yz +z2) (4) (because & y* —2yz + z? > 0)

Z& >2(x+y+2z) (5

y2-yz+z? —
But this inequality its proposed and solved by Vasile Cirtoaje in 2009, solved by S.0.S method.
(Or its solved used 4(x3 + y3) = (x + y)3 and Hélder’s inequality)

Completion: We must (5): Y, il >2(x+y+2)

y2-yz+z? —
y3
m_x+y+zand2m_
From (6)+(7]:>(5)
(x2+y2+22)2

For (6): Zy yZ+Z2 - ZX(y yZ+22) Lx(yi-yz+z?)
(from Cauchy’s or Bergstrom s inequality) =
(x%+y +22)
Lx(y?-yz+z?) —
e (x?+y*+2z%)>2 > (x+y+z)-2x(y2 —yz+z}) o

e+ yP+z2) 2 —(x+y+2)Xx(y?—yz+2z2) =0 (8)

Now we use Cirtoaje’s theorem: If f, (x,y, z) is a symmetric and homogeneous polynom of
degree 4 then f,(x,y,z) 2 0Vx,y,z€ R & f,(x,1,1) = 0 Vx € Rin our case: f,(x,y,z) =
2 +y2 4222 —(x+y+2)Xx(y? —yz +2?%)
filx, 1,1) = x* — 2x3 + x%2 = x2(x — 1)? = 0 true = (6) its true.

>4

We show: (6) Y. x+y+z (7)

We must show: >x+tytze
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3 ZS 3

3
For (7): ¥ —= >x+y+ze = + + == >x+y+ze

y2-yz+z? y2-yz+z? = zZ-zx4+x? = x?2-xy+y? T

Zx3(y2—yz+zz)(zz—xz+x2)2(x+y+z)1_[(x2—xy+y2)<:>

=N Zx3 (V%2 —yz+2z%)(2% —xz + x?) —
—(x+y+2)(x® —xy +y) 2 —yz+2z*)(2* —xz+x*) =0 (9)
Now again use Cirtoaje’s theorem: If fs(x,y, z) it’s a symmetric polynomial function of degree
5 then: f5(x,y,z) =2 0Vx,y,z=> 0 © f;(0,4,4) = 0. In our case:

fs(x,y,2) = Z x3(y? —yz+2z2) (2% — xz + x?) —
—(x+y+2)(x* —xy +y)(¥? —yz + 2°)(2° — xz + x?)
f5(0,4,4) = 2y7 — 2y7 > 0 true = (9) its true = (7) its true.
Vasile Cartoaje proof:
Let a, b, c be non-negative real numbers. Prove that:

a’ b3 c3
+ + >a+b+
b2 —bc+c? cZ—ca+a? a2—ab+b2= ¢
Solution. Applying Cauchy - Schwarz inequality, we have:

Z al B Z a - (a? + b? + ¢?)?
b2 —bc+c? a(b? —bc +c?) ~ Y¢yca(b? — bc +c?)

cyc cyc

It remains to prove that: (Tcye az)2 > (Xeycab? —be + ) (Teyca) or
Yeyeat +2%yca’b* = (a+b+c)Yyca®(b+c) —3abc Xy aor

Za4+abc2azza3(b+c)

cyc cyc cyc
This is exactly the fourth degree-Schur’s inequality, so we are done.
Equality holds fora = b = c or a = b, c = 0 up to permutation.

PROBLEM 1.149-Solution by Ravi Prakash-New Delhi-India
In(xy) < xf(x) +yf () < xyf (xy),Vx,y > 0
Putx=y=1weget: 0 < f()+f1) < f(1) > f(1)=0.
Puty = ito obtain

0 < xf(x) +%f(%) <0=>f G) = —x%f(x). Taking y = 1, we get:
In(x) < xf(x),vx >0 (1)

= In (;) < %f(%) =—xf(x),Vx>0=—In(x) < —xf(x),Vx >0
=>xf(x) <lnx,vx>0 (2)

From (1), (2): xf(x) = In(x),Vx > 0= f(x) = iln(x),Vx >0

PROBLEM 1.150-Solution by Ravi Prakash-New Delhi-India
Letz =2z, + 2z, + z3

(z1+ 25)(2 + 23) (25 + 21) + 212,25 = 0= (2 — 23) (2 — 2)(z2 — 2,) + 212,23 = 0 =
223 — (21 + 2, +23)2% + (223 + 232) + 212,)Z — 212273 + 212,23 = 0 =
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=273 —2(2%) + z(2y23 + 232, + 2,2,) = 0> z (i + 4 i) 212525 = 0.
Z1  Zp  Z3
As|zi| = |z,| = |Z3| =k > 0,2,2,23 # 0. Thus

(z1+ + )_ 0 (1)
Also, k? = z,7] = 2,2, = 7375 (2)
From (1), (2): k?z(z{ +Z; +23) =0=> k%22 =0.Ask? #0,|z]? =0=>z=0>
Sz, +2,+23 =0.Now, |z, — 23|12 + |21|? = |z, — 2302 + |—2, — z3]% =
= |z, — z3|% + |25 + 2312 = 2|2,|% + 2|z5|? = 4k? = |z, — z3|* + k? = 4k? =
= |z, — z3| = V3k. Similarly, |z — z,| = |21 — z,| = V3k. Thus,
|z, — 25| = |z, — z3| = |23 — 24| = triangle with vertices z,, z,, z3 is an equilateral triangle.

PROBLEM 1.151-Solution by Michael Sterghiou-Greece

a,b > 0. Find the max of k so that the below inequality is true:
1 i k 8k+32 (1)

= T or T danr = any
(1) homogeneous to a,b — assume a + b = 1.

BCS
LHS (1) = - 4+Z which need to be > 9(k4+4), so it suffices that
(k+4)- [m—8] 0 (2)wherea=x,b=1—x

. , _ 4[x3-(1-x)3]
flx) = —x4+(1 7 8 which f (x) = oot =

forx = %only and min f(x) » —7 when x - 0 or x > 1 and max f(x) = 0 where

x = % Therefore f(x) < 0.But (k+4)f(x) =20 > k < —ysothat k + 4 < 0. Therefore

max k = —4 for which (1) becomes true by BCS. Equality for a = b.
PROBLEM 1.152-Solution by Soumava Chakraborty-Kolkata-India

hara

In any AABC, Z
, 4bcs(s —a) Z ara 2rs rs rs (b+c)*

Ya =T 1oz (b +c)? ‘s—a s—a 4bcs(s—a)
_2r?s? (b+c)* (s +s— a)2 T s?+(s—a)’+2s(s—a)
" 4-4Rrs?2Lu(s—a)? 8R (s —a)? 8R (s —a)?

Now, ¥ (s = b)(s —c) = Y{s? —s(b +c) + bc} =
(2
3 — 45?2+ 52+ 4Rr + 1% = 4Rr + r?

(1):2"“2“— IS S(s = b)2(s — )P + 4 25 (s~ b)(s — ) =

8Rr*s2 8R~r25

[{Z(s—b)(s—c) —2r s{z(s—co}}] 2 = (4Rr + 1) (by (2))

_ r2@Rr4n?_5 2.2 4R+T (4R+r) 2_25243r2+8Rr+2r?

8R7T3 + + (by (2)): 8RT

>3

>0

Gerretsen

& 16R? —8Rr + 612 > 25? s2 < 8R? — 4Rr + 3r% Now, s* <
? ? ?
< 4R? + 4Rr + 3r?> < 8R? — 4Rr + 3r? & 4R? > 8Rr © R = 2r - true (Euler)
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PROBLEM 1.153- Solution and generalizations by Marin Chirciu - Romania

We prove the following lemma: Lemma:
2)In AABC:
Ipl, Ll Lalp 32s%Rr

"~ s2 47124 2Rr

sins sins sins
2 2 2

. 2bc A . A A . a .
Proof: Using l, = >-2COS, 2 sm—cos; = smA,m = 2R, we obtain:

2ac 2ab C 8a’bc A B C
£ €OS > COS > COS >

E:lb E:a+c OS_'at+ cos2 E (a+b)a+c) _
A A B
sinz sm

2sins > COS >

a
= 8ab 1_[ = = 32R - 2R Z
abe COSZ (a+b)(a+c)sinA s (a+b)(a+c)
2 3 3252Rr
s24 124+ 2Rr s24+1r2+42Rr
Let’s get back to the main problem:
Using the Lemma, the inequality that we have to prove can be written:

= 16Rrs? -

ﬂ<EJ3abc(a+b+c)®<%S—%>z<g 3abc(a+b+c) &
S22+ 712+ 2Rr s24+ 7124+ 2Rr 4
®<ﬂ)2<2.12ms.zm<ﬂ>z<54Rr52@
s2+71r2+2Rr] T 4 s2+1r2+2Rr] —

& 5125%Rr < 27(s? + 1% + 2Rr)? © s2(27s% + 54r% — 404Rr) + 27r*(2R+1)? > 0
We distinguish the following cases:
Case 1). If (27s% + 5412 — 404Rr) = 0, the inequality is obvious.
Case 2). If (27s? + 5412 — 404Rr) < 0, we write the inequality:
27r%(2R + 1)? = s%2(404Rr — 54r? — 27s2), which follows from Gerretsen’s inequality:
16Rr — 572 < s2 < 4R? + 4Rr + 3r2. It remains to prove that:
27r2(2R +1)? = (4R? + 4Rr + 3r2)(404Rr — 5412 — 27(16Rr — 51%)) &
& 28R3 — 26R%r — 33Rr2 — 5413 > 0 © (R — 27)(28R? + 30Rr + 27r2) > 0, obviously
from Euler’s inequality. Equality holds if and only if the triangle is equilateral.
Remark: We can prove that:

3) In AABC:

L. 1, 1, 27R?
<
C— 2

sin7 sin7 sin= >
Proposed by Marin Chirciu — Romania

Solution: Using the Lemma, the inequality can be written:
2 2
2R < 2R S2(27R — 647) + 27Rr(2R +1) > 0.
s2+724+2Rr 2
We distinguish the cases:
Case 1). If 27R — 64r) = 0, inequality is obvious.
Case 2). If (27R — 64r) < 0, inequality can be rewritten:

27Rr(2R + 1) = s2(64r — 27R), which follows from Gerretsen’s inequality:
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s2 < 4R? + 4Rr + 372. It remains to prove that:
27Rr(2R + 1) = 9(4R? + 4Rr + 3r?)(64r — 27R) © 54R3 — 47R*r —74Rr?> — 9613 > 0 &
< (R — 2r)(54R? + 61Rr + 48r%) > 0, obviously Euler’s inequality.
Equality holds if and only if the triangle is equilateral.Remark: Let’s highlight an inequality
having an opposite sense.
4)In AABC:

le 1, lale > 27Rr

sins sinws sSins
2 2 2

Proposed by Marin Chirciu — Romania
. . . . . 32s2R
Solution: Using the Lemma, the inequality can be written: —= = _>27Rr o
S2+41242Rr

& 552 > 27r(2R + 1), which follows from Gerretsen’s inequality: s > 16Rr — 5r2. It remains
to prove that:
5(16Rr — 5r%) > 27r(2R + r) © 26Rr > 52r? & R > 2r (Euler’s inequality)
Remark: We write the double inequality:

Ipl 1.l Iyl 27R?
5)In AABC: 27Rr < 25 + <% + 2L <
sin>  sin;  sing 2

Proposed by Marin Chirciu — Romania
Solution: See inequalities 3) and 4).Equality holds if and only if the triangle is equilateral.

PROBLEM 1.154-Solution by Soumava Chakraborty-Kolkata-India

,. A _B.C C C
1 _ S“ tan 7tan751n7 o COS7 o C057 _
Z a B_Z A _B.C ¢ Z( A)_S Z(i)_

sinjsinj sinjsinjsinj I1 cos 2R
. A+B A—B
2 sin )
ZZRSZ T—F 22RsZ(sinA+sinB)
Cos —5—
(“0< A—B<1 T[<A—B n)
8 cos <las—3 ) ( )2
1

= 4Rs(Y sinA) = 4Rs (%) = 452 SLHS > 452

hah 4722 b(s— 4r2g2 by (1)
Te=2 '(S_a‘;(s(f,,)czs_c) == %(s—c) = 4s* < LHS (Proved)
2

PROBLEM 1.155-Solution by Soumava Chakraborty-Kolkata-India
2 b2 C2 (1) 3

a
+ + > =
b4ci/4(be +1) c*alf4(b6+1) a*bif4(a®+1) 2
Firstly, 4(a® +1) < (3a®? —4a+3)3  © (a — 1)*(23a%? —16a+23) >0 &
& (a—1)*23(a—1)? +30a} = 0 - true

() (b)
= 3/4(a® +1) < 3a® — 4a + 3. Similarly, 3/4(b® +1) < 3b2 —4b +3 &
©
J4(c® +1) < 3¢2—4c +3;(a), (b), (c) = LHS of (1)
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a? b? c?
> =
~ b*c(3b%? —4b + 3) + c*a(3c? —4c +3) + a*b(3a? — 4a + 3)
ad b? c?
- ab*c(3b% —4b + 3) + bc*a(3c¢? — 4c + 3) + a*bc(3a? — 4a + 3) -
a\3 b\? c\3
O

1
_abc{3b2—4b+3+3c2—4c+3 3a2—4a+3}_

B O 6 e mmaaes)

~ 3b2 — 4b+3+3c2 4c + 3 3a2 4a + 3

Holder (Z %)3 (E b) ( Z a= 3)

@ 3BYa’—4%a+9) “3BYa—4- 3+9) :
N NS A

9<zaz—(M)2> 3) oz -goy 2 -Qo7
q2 Bergstrom a\3 (3) (X a)b

< a)?
Now, Z _E = S ab = (Zb) = (zab)3

T a)° 3
(2), (3) = LHS of (1) = (Z ab)3}{9Y a?-(Ta)?} — 2
2

| @zga)ﬁ;g(zab 53 - (3 a) ]
) S G )
(:)Z(Za +zzab >27Z {9Za2— Za }
X:ZQ )

© 2(x + 2y)* > 27y3(9x — x — 2y)
y = Zab

@(x+2y)4>27y (4x — y)@t4+8t3+24t2—76t+43>0<

IV -

& (t —1)2(t? + 10t + 43) 20—>true( t—%> 1)
PROBLEM 1.156-Solution by proposer

A

&
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Let be r, the inradii in AABA', ACA’
S =0yt 0ycs = SABA" "Tat Syca T/{ = rA(SABA' + SACA') =
=r(s+AA)=>nr(s+AA) =S (1)

Let be 11,1, the incenters in AABA', ACA  and I the incenter in AABC
1111 r— T'A 1112 T ﬂ (2)

AIIllz"’AIBCi = . =>1 :=E=>TA=1_G'
Let D A E be the /ntersect/on points with side BC of the projections of incenters.
L LED is a rectangle =

Ll =DE =DA'+AE =s,p,, —Cc+Sycp—b=s—b—c+AA (3)
From (2)+(3)=>r—A—1 = b_C+AAl=S_;4A =>rA=—(s—AA) (4)
From (1)+(4) = - (s—AA)(s+AA)—S:>s —AAZ—as::»
= AA” =52 —sa = AA = s(s—a)qna/oqous?B = Js(s—b),cC" = [s(s—c)
= AA -BB - CC

PROBLEM 1.157-Solution by Soumava Chakraborty-Kolkata-India

A
A COS7  p2c? 1 22 s(s —a)
LHS = Z 4Rsm—cos§ YRETTT =4R3Zb c be 4R3Z:bc(s—a)

sini
52 Gerretsen s2(8Rr — 41?2
——(s?—8Rr+1r?) = ( )

——{s(s? + 4Rr + r?) — 12Rrs} =

4R3 4R3 4R3
S>3\/_T 27r%(8Rr — 41?) ; 81r*
4R3 “2RE(R-1)
& (4R — 2r)(R — 1) = 3Rr & 4R% — 9Rr + 212 > 0 (R-2r)(4R —1) > 0
Eul
true -+ R uzer 2r (Proved)
PROBLEM 1.158-Solution by Soumava Chakraborty-Kolkata-India
1 2 Bergstrom b 2
LHS=2—+Za— > La + (2,a) >
a ab? + ac? abc Y. a?b + Y ab? b +c
< X ab)(Q a?b + Y. ab?) + abc( a)? 2 3(C a)? + X ab)
abc( a?b + Y ab?) “(a+b)b+c)(c+a)

@Za5b3+Za3b5+abc(2a4b+2ab4)+22a4b4
! 372 27,3 23,2 .2 2
(%Zabc(Zab +Zab)+2ab c (Za)

(Simplifying & re- arranging)

Z 2>Z:xy ZZ a*b* > < 2a’b?c Z(Z )

(x = ab?y = b?c?,z = c%a?)
Again, abc(¥ a*b + Y, ab*) = abc - ¥, ab (a® + b3)

(b)
> abcz ab-ab(a+b) = abcz a’b? (a + b) = abc (Z a3bh? + Z a2b3)
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Also, Y. a°b3 + Y a®b® =Y. c® (a® + b3) = Y. c®>ab(a + b) = abc{}. c*(a + b)}

= abc (Z a*h + Z ab“) bj(%b) abc (Z ah? + Z a2b3)

(a)+(b)+(c)= (1) is true

PROBLEM 1.159-Solution by Soumava Chakraborty-Kolkata-India
Z a’hyh, = Z @ :;;2. ab = [Z}ZZS (Z a3) = %S 2s(s? — 6Rr —3r?) < 4(R+1r)*
© rs* —rs?(6Rr + 3r?) (;) 2R(R +r)*
Now, LHS of (1) Rousm rs?{2R? + 10Rr — r? + 2(R — 2r)VR? — 2Rr — (6Rr + 3r%)}
gt r{2R2 +10Rr — 12 + 2(R — 2r)M}
(2R2 +4Rr — 4r? + 2(R — Zr)M) =
=r [(ZR2 + 10Rr — r2)(2R? + 4Rr — 41%)
+4R(R — 2r)32(R — 2r)JR? — 2Rr(4R? + 14Rr — 5r2)]
é 2R(R+1)* © (R —2r)(R* + 2R3r + 8R?*r? — 19Rr3 +r*) (é;)

> r(R — 2r)yR? — 2Rr(4R? + 14Rr — 51?)

Euler Euler

“R—2r > 0&R*+2R3r +8R?*r? —19Rr3 +r* >
>R*+R3 +Rr-4r2+8Rr?-2r—19Rr3 +r*>0
=~ in order to prove (2), it suffices to prove:
(R*+ 2R3r + 8R?>r?> — 19Rr3 +r*)2 —R(R — 2r)r?(4R? + 14Rr — 5r%)2 > 0

R
& t8 +4t7 + 4t —86t> +58t> + 152t3 + 72t2 + 12t +1>0 (t =7)

e (t—2){(t—2)(t° +8t> + 32t%(t? — 4) + 98t% + 10t(t?> — 4) + 32t + 160) + 684}
+729 >0
Euler

—>truevwt = 2= (2)istrue= (1)is true (Proved)

PROBLEM 1.160-Solution by Soumava Chakraborty-Kolkata-India

. . , 1 1 1 1 1 1
Given inequality < x ((1+y)2 T (1+42)2 - 1+yz) ty ((1+z)2 + (1+x)2 - 1+zx) +
(a) 2 2
1 1 1 1 1 1 (1+2)%+(1+y) 1
+z ((1+x)2 + (1+y)2 1+xy) = 0. Now, (1+y)? + (1+2)2  14yz — (1+y)?(1+2)? = 1+yz

©1+y2){1+2)2?2+0+y)}=>20+y)?A+2)?(1+yz=1>0)
©y3z+yz3 —y2z22 - 2yz+ 1206 (y3z+yz3 —2y22%) + (y222 - 2yz+1) = 0
oyz(y—2)??+(@yz—1)2>20->true~ yz(y—2)>>0 (~yz=0asy,z>0)
1 1
&(yz—1)220=2yz(y—2?%?+(yz—1)2>0 Ty T G T 2

1 1 1 (D 0 0
= — > X >
x((1+y)2+(1+z)2 1+yz)_ (- x20)
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@ ©®
o 1 1 1 1 L !
Similarly, y ((1+z)2 + (1+x)2 - 1+zx) 20&z ((1+x)2 + (1+y)? B 1+xy) =0
(1)+(2)+(3)= (a) is true (Proved)

PROBLEM 1.161-Solution by Soumava Chakraborty-Kolkata-India

Firstly, Vx,y,z,w > 0,x3 +y3 + 23 + w3 > i(x2 +y2+z2+wHx+y+z+w)
S{3+y3) -3y +xy)+{(x3+23) — (x2z+xz?)} +
H3 +w?) — (Pw +aw?)}+H {2+ 23) — (YPz +yz2)} +
+H{(y® +w?) — (?*w + yw?)} + {(z3 +w3) — (2w + zw?)} = 0 - true
“Vx,y =0,x3+y3 = xy(x + y) etc

)1
>x3+y3+23+wd > (x +y2+z22+wHx+y+z+w)

)
(@=>a+b3+c3+1>=(@+b2+c2+D@+b+c+1),
4

(i) 1
PP+c+d*+1 zz(b2+c2+d2+1)(b+c+d+1),

(i) 1
A+di+ad+1 = Z(C2+d2+a2+1)(c+d+a+1),

()1
d2+a®+bp3+1 > Z(d2+a2+b2+1)(d+a+b+1)
4 4 4 4 ?

(i), (ii), (iii), (iv) = LHS of (1) < + + + < 4

a+b+c+1 b+c+d+1 c+d+a+1 d+a+b+1
sb+c+d+1)(c+d+a+1)(d+a+b+1)+

+(c+d+a+1)d+a+b+1)(a+b+c+1)
+d+a+b+D@+b+c+1)b+c+d+1)+
+a@a+b+c+1D)b+c+d+1)(c+d+a+1)<
<@+b+c+1)b+c+d+1)(c+d+a+1)(d+a+b+1)
csadb+c+d)+b3(a+c+d)+c3(a+b+d)+d3(a+b+c)+
+2(a?b? + a?c? + a?d? + b%c? + b?d? + c?d?) +
+4(a’bc + a’bd + a’cd + b%ac + b?ad + b%cd + c?ab + c?ad + c¢?bd + d%ab + d?ac + d*bc) +

()
+9abcd > 3(a? + b?> +c?+d?) + 7(ab + ac + ad + bc + bd + cd) +
+6(a+b+c+d)+3
Now,a3(b+c+d)+b3(a+c+d)+c3(a+b+d)+d3(a+b+c)2

( 3(W)+b3(\/_)+c3(\/f)+d3(\/_)

abcd=1
> 3 a\/:+b3\/:+c\/:+d3f

( a’3+b2 b3+c c3+d2

Chebyshev 3 2 2 2
=z X a?) (Z a5) (~WLOG, if we assume a = b = ¢ = d then, aE > b3 >c3 > d3)
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A; Z(Z az) <44.’ (abcd)§> =3 (Z az) (abcd)% >3 Z a? (- abcd = 1)

@)
>a3b+c+d)+b3(a+c+d)+c2(a+b+d)+d3(a+b+c) >3
Also, a’b? + a?c? + a?>d? + b%c? + b%d? + c*d? +
+2(a?bc + a?bd + a’cd + b%ac + b?ad + b%cd + c?ab + c?ad + ¢?bd + d?ab + d?ac + d?bc) +
+6abcd = (ab + ac + ad + bc + bd + cd)?

A-G
> 63a3b3c3d? (ab + ac + ad + bc + bd + cd)
1 abcd=1
= 6(abcd)z(ab + ac+ad + bc+bd+cd) = 6(ab+ ac+ ad+ bc+ bd + cd)
= a’b® + a*c® + a®d® + b*c* + b*d* + c*d® +
+2(a%bc + a?bd + a?cd + b?ac + b?ad + b?cd + c?ab + c?ad + c¢?bd + d?ab + d?ac + d?bc) + 6abcd

i)
> 6(ab +ac+ad + bc + bd + cd)

Now, by A-G, a’b? + a?c? > 2a’bc,a’b? + a?d? > 2a%bd,

a’c? + a®d? > 2a%cd, b*a® + b%*c? > 2b%ac, b*a® + b*d? > 2b?%ad,
b%c? + b?d? > 2b?cd, c?a? + ¢?b? = 2c?ab, c?a® + c*d? > 2c?ad,
c?b? + c?d? = 2c¢?bd, d?a? + d?b? > 2d?ab,d?a? + d*c? > 2d%ac &
d?b? + d?c? > 2d?bc
Adding the last 12 inequalities, we have

(b)
4P > 2Q, where P = a?b? + a?c? + a?d? + b%c? + b?d? + c?*d? &
Q = a’bc + a’bd + a?cd + b?ac + b?ad + b*cd + c?ab + c?ad + c*bd +
+d?ab + d?ac + d*bc

A—G (b)
Again, P > 63/a®bh®c®d® = 6abcd = P > 6abcd
(a)+(b)= 6P > 2Q + 6abcd + P = (ab + ac + ad + bc + bd + cd)?
A—G
> 61/a3h3c3d3(ab + ac + ad + bc + bd + cd)
bed>1
= 6Vabcd (ab+ac+ad+bc+bd+cd) > 6(ab+ac+ ad+ bc+ bd + cd)
(vii)
= a’b? + a®c? + a?d® + b%c? + b?d? + c?d? = ab+ac+ad + bc+ bd + cd
Moreover, 2Q = [a?(bc + bd + cd) + b?(ac + ad + c¢d) + c?(ab + ad + bd) +
d*(ab + ac + bc)] - 2

A£G6(a2 (i/b2c2d2 +b2 \/az 2d2 (\/a2b2d2)+d2 \/a2b2 2))

abcd=1 311 3
> 6| a? —+b2 d2

Chebyshev
—6(a a3+b b3+c c3+d d3) > —(Za) Zas

(= if WLOG, we assumea = b = c > d, thena3 >b3 >c3 >d3)

Ag; Z(Z a) {4,’ (abcd)§l =6 (Z a) (abcd)% abcdel 6
(viii)

= 2(a’bc + a®bd + a?cd + b%ac + b%ad + b%cd + c?ab + c?ad + c?bd + d?ab + d*ac + d*bc) = 6 ) a
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(ix)
& lastly, 3abcd = 3
(v)+(vi)+(vii) +(viii) +(ix)=(2) is true =(1) is true (proved)

PROBLEM 1.162-Solution by Soumava Chakraborty-Kolkata-India

1 > 1 1
Jityz = i+zx T J1+xy

1
Chebyshev 1 Bergstrom (§) -9
> (D« Z >
1/1+yz YJ1+yz
3

WLOG, we may assume x =y = z. Then,

D

CBS 3 (Zx)2>3zxy 3
> = > _
3\/3 2 10
Y33+ 2y V3 3+—(Ex) VIfs+s Y
1
Zm \/_ equalltyatx—y_z_g

1\ (a1)
)20@2x<—v1+”1) >0

. x 1
Aga/n,2ﬁ31®2\/77§2x@2x(1—m Jitys

v1+yz21(yz20)~/14+yz—120
x(/1+yz-1) @) o y(Vitza-1) z(JTxy-1) @@0),(iii)
Also,x =2 0 = ~ e = 0. Similarly, N == > 0
(i)+(ii)+(iii) =(a1) is true

) v <1, equalitywhenx =0 (y,z# 0)ory=0(z,x # 0) orz=0 (x,y # 0)
orx=y=0 (z=1Dory=z=0 (x=1orz=x=0 (y=1).
. . 1 1
Again, = x 2y =2, Jity+z = Vitz+x = Jitx+y

1
x Chebyshev 1 Bergstrom (g) -9
Yol yyy L e 50
J1ty+z ,/1+y+z XJl+y+z
CBS 3
V3J/3+2%x \/—\/—

i —y =, =21

"ZW> —equalllt“yatx—y—z—3

Moreover, Z\/__ Zm Yx o

1+y+z—1\ ®)
<¢§: 1———————>0¢$§: >0
1+y+z 1+y+z

vy+z20s814+y+z21=J1+y+2z—-120

_ 1\ (i)
&'.'xZO.'.x(%> > 0
- Vitzrz-1) ¥ Trrry-1) )
Slm/lar/y,y(ﬁ) >0, (W) =0

(iv)+(v)+(vi)= (b,) is true
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X . _ _ _ _ _ _
# L ====x1 equalitywhenx =y =0,z=1ory=z=0x=1or

z=x =0,y =1 (Hence proved)

PROBLEM 1.163-Solution by Soumava Chakraborty-Kolkata-India

“m, < R(1+ cos A) etc, for acute-angled triangle,
2R cos?2 2Rs(s—a) _ 2Rs

ZLHS S R—2=7

S 2s a+b+c
abc - 4Rr52(s - a) - ; - E T ar (proved)

PROBLEM 1.164-Solution by Soumava Chakraborty-Kolkata-India

€Y
Vva,b > 0,(a+b)>>4ab (~ (a—b)?=>0)=|a+b| =>2Vab=>a+b > 2Vab

(*a+b=0asab =>0)

@
Also, Va,b > 0,a? + b?> > 2ab = Va? + b2 > /2ab
2 ?
(1) +(2) = LHS = ((2+V2)Vab) = (6 + 4V2)ab > 6v3ab

& (6+4V2—6V3)ab = 0 > true~ ab = 0 & 6 + 4vV2 — 63 > 0 (Proved)
PROBLEM 1.165-Solution by Soumava Chakraborty-Kolkata-India

v a,b>0;2(a?+b?) = (a+b)? (~(a—b)*=0)

O la+b| a+b
=+a?+b?% > = “a+b=>0asab=>0
vV 7 NG ( )

() 3)
Similarly, ¥b,c = 0,Vb? + ¢? > % &VeZ+ a2 > &8

vz
22 (25 a) = (36 - 2VZ)(Za) 2 43a
& (3\/5—2\/5—4)(261) é 0-truevYa=0 (asab,c=>0)&
3v6 — 24/2 — 4 > 0 (Hence proved)

(1)+(2)+(3) = RHS = (
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PROBLEMS FROM SENIORS-SOLUTIONS

PROBLEM 2.001-Solution by Soumava Chakraborty-Kolkata-India
2a+3 273 b+ 87 2
Va,b,cE(O.OO),Z T < 2 zza
a+2b+5c 64(2\/@)
2 2
Z\/_ CBS Z ),' 273Zab+872a 2872(1 +273Zatb2
? 2a + 3¢
> Z—@ (872(12 + 273Zab (a+2b+5¢)(b + 2¢ + 5a)(c + 2a + 5b) —

a+2b+ 5¢c
(2a +3c)(b + 2¢ + 5a)(c + 2a + 5b) +) ,
>0¢&e

—192 (Z ab) ] (2b +3a)(c +2a + 5b)(a + 2b + 5¢) +
(2c +3b)(a+2b +5¢)(b + 2¢c + 5a)

PN 8702 as + 18272 a*b + 2871 z ab* + 35942 a2b3 + 4272abc (Z a2) ('%

c3 c*  a*
> 366, a®b® + 13068abc (3, ab). Now, Y. ab* = abc( +—+ ) = abc( + _+E) >

Berggmm abc - ((Zzazb))z > abc (22:: alz)z = abc (Z ab) ~ 2871 Z ab* (g) 2871abc (Z ab)

b3 b4 Bergstrom

2
Also, Y. a*bh = abc + + ) = abe (Z + + > abcm > abc(}, ab)
>ab

) (0
~ 1827 Y a*bh = 1827abc(} ab). Again, 4272abc (¥, a®) = 4272abc(}, ab)
(a)+(b)+(c) = LHS of (1)

> 870 Z as + 35942 a2b3 + 8970abc (Z ab) > 3662 a3b? + 13068abc (Z ab) PN
?
& 870 Z a5 + 35942 ab® > 3662 @3b? + 4098abc (Z ab)

Now:
Chebyshev

Y(a® +b%) > %Z(az +b%) (a3 +b3) = %Z(Zab) ab(a +b) = Y a?b*(a+b) =

(@)
= z:a3b2 +§:a2b3 = 2§:a5 > z:a3b2 +§:a2b3 = 7322 a® > 3662 a’b? +
+366z ah3
?
(d)= LHS of (2) = 1383 a5 + 366 3. a®h? + 366 3, a?h? + 3594 ¥ a?h® >

> 3662 a3b? + 4098abc (Z ab) o 138 Z a + 3960 Z a?b3 > 4098abc (Z ab)
Vi

? 2 2 2
e 23Ya® +660)Y a?b? (% 683abc(} ab). Now, Y. a’?b® = abc (% + b% + %) =

a’b? b%c? c2a?\ Bergstrom (X ab)?
=abc< s + b + bc> > abc - S ab =abc(2ab)=>

(e)
= 660 Y a?b® == 660abc(3, ab). Now, Y.(a® + b®) = Y. a3b? + 3, a?b? (proved earlier)
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A—G

= Z a3(b? + c?) > 2abc (Z az) > 2abc (Z ab) = Z a® > abc (Z ab) =

N
= 232 ® > 23abc Zab)
(e)+(f)= (3) is true (proved)
PROBLEM 2.002-Solution by proposer
f:(0,0) > R, f(x) =cosx —x —In(x + 1)
() = sinx =1+ —— = si x<0ve0n)
f'(x) = sinx m—smx 110 X ['E

f —decreasing - f(A) < f(0)=1,f(B)<1f(C)<1
By adding: f(A) + f(B) + f(C) <3
cosA—A+m(A+1)+cosB—B+In(B+1)+cosC—C+In(C+1)<3
cosA+cosB+cosC+ln((A+1)(B+1)(C+1)) <34+A+B+C)=3+m

PROBLEM 2.003-Solution by Tin Lu-Binh Son-Quang Ngai-VietNam

V x, € [0,1] and f (x) is a differentiable; convex, we have:
f@x) = f0)(x = x) + f(xo)
fx) = f'(a)(x—a)+ f(a)
f@x) = f'(b)(x —b) + f(b)
f) = f'(e)x—c)+f(c)

3 2 fo (@ - af@+ ) f(@ =x-q +D @

=>3ff(x)dx>f[(x—z)+Zf(a)]dx=>3ff(x)dx>——+Zf(a)

%+ff(x) dxz3) f@

PROBLEM 2.004-Solution by Bao Ngo Minh Ngoc - Gia Lai Province- VietNam

_ 1 X . X X

x3 3 3
+++1+1+1 4Z:‘txxxl 12
= J— —_ >4 ) === - =
xTyTz y3 3 3 3 x8 /33

PROBLEM 2.005-Solution by proposer

S
aQ
N
S
Q
<
<
o
ol
Q
<
()
=
+

|
Il
w
+
|
+
|
+
le"‘
1\
-P-b
w R
ol
wik
A
Il

w

a|““

First we show that 2(x3 + 1)* > (x* + 1)(x? + 1)* for all x = 0. But
(x2 + 1)* < (x + 1)2(x3 + 1)% and we are left with the inequality
23+ 122 (x+1D)?2(x*+ 1) e 22 —x+ 1) = x*+1 © (x — 1)* = 0 which follows.

I\ 4
> (x +1) Ifx = Wth <1+(k2—1)§> < 2

3 3 2
x=+1 1+(k2-1)% k
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2

N
1+(k2-1)2
therefore Z?=1< + )3> <2 Zlocozlkiz ==

1+(k2-1)2 3

PROBLEM 2.006-Solution by proposer

eXf(e¥)+nx™"1f(x™) > (ezx+nx2"‘1)

eX+nxn-1 eX+nxn-1
e

By Jensen’s inequality:
1

f e f(e*) dx = 1[ £(0) dt

0
1

jnxn‘lf(xn) dx = Ojf(t) dt

0

1 e e e 1
2x +nx2n—1
fodi+ [ fode= [ fFode= | fFodx = [(e* +nxv ) F <e—_> dx

e* + nxn-1

e 1
ff(x) dx > j(ex +nxn—1)f<e2 + nx? _— 1) dx
0 0

e* +nxn1

PROBLEM 2.007-Solution by proposer

nlogxk — nlogxk” vxl Xk—1 " Xk+1 " " Xn

1 (logxk Xy + -+ 1ogy, X1 + 108y, Xppq + -+ 108y, xn) >

> 1_[ i logxk X1 ® et lngk Xr-1 logxk Xi+1 " oo " logxk Xn =

= 1—[ logy, x;logy, x; =1

cyclic

PROBLEM 2.008-Solution by Henry Ricardo - New York - USA

First we note that the AM - GM inequality gives us
a?+b%>+9=(a’+ b?*)+9 = 6Va? + b% and a® + b? > 2ab. Thus

c c cva? + b2 <C\/012+b2_c2 a? + b2
Zrb2+9- Va1 bz 6(a2+b2) - 12ab __ 12abc '

Which implies the desired inequality.

PROBLEM 2.009-Solution by proposer
(e N E[0,c]l=(ge ) <c;(Mx€e[0,a]
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1 a 1 a a
;j(g o £)2(0) dx < ;f ¢ (go H()dx = f(g o ) (V) dx
(e ™0 € [0,a] = (0 g™)0) < @ (W € [0,c]

1 1
o g @ar s [agr e g @dr= [ e g dx
0 0 0
RGO f (92 ) )dx
0

(Fog™)(0) dx < f (F o g™ (0)dx

er—x

f(g £? () dx +~ f(f tog 1)<x>dx<f<g f)(x)dx+f<f 1o g1) (0)dx = ac

PROBLEM 2.010-Solution by proposer

IfxE(0,%):>cos%Scoshgztanhgsmng::»cosh%S =

1—tan2§
2 2
cos= cosh> 1 coshé 1 s2 4+ 12 — 4R?
_ %2 2] < R Z 2\ - Z _
vcos x cos cos x cos% cosA s2— (2R +71)?
PROBLEM 2.011-Solution by proposer
i L _ 1 i ( 1 1) 1
k2 k(n—1) k-1 k) n-1
o Ig:n k=n o k=n o
Zl>z 1 _Z<1 1)_1 1<Zl< 1
K2 ke+D Lk k+1) " n%n k2 Sn—-1
k=n n=n k=n k=n
n-1 s n n—-1 n-1
1+ 1<Zl<zl+1 1+ 1<T[2<Zl+1
n K2 K2 k2 n-1""n 2 6 k2 -1
k=1 k=11 k=1 ) - . k1=1 . k=1 )
_ = n-12 T _ ~_21 n 1 T _ 2
or< —1<Ek=1k2< 6 L n<zk=1k2< 6 n+l

PROBLEM 2.012-Solution by proposer
Let be f(t) = det(A + tB) = t*det B + at + detA =
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Z(det(A + kB) + det(A — kB)) = z:(k2 detB + ak + det A + k? det B — ak + detA)

k=1
nn+1 2n+1
= 2ndetAd + ( )3( ) detB

PROBLEM 2.013-Solution by Francis Fregeaux-Quebec-Canada
b

lim | sin(x) arctan(nx) dx = «a
n—oo

a
lim,,_, ., arctan(n) = g For any x # 0:

lim,,_,,, nx = lim,_,,, £n = + 00, depending on the sign of “x”.

arctan(—x) = — arctan(x)
And since both sin(x) and arctan(x) share the same limit when x — 0
b b
T
a= jsin(x) - lim arctan(nx) dx - Ef sin(x)dx; 0<a<b
n—oo
a a
b b

-
a= f sin(x) - lim arctan(nx) dx - 7f sin(nx)dx;a<b <0
n—-00

’ [cos(a) — cos(b)]for:aO <a<b

[cos(b) — cos(a)] forra<b <0

Andifa < 0,b > 0,a < b:

[cos(0) — cos(a)] + ;[[COS(O) —cos(b)] =m — g [cos(a) + cos(b)]

a =

13
2
i3

a ==

2

a =

N|=|

PROBLEM 2.014-Solution by Ng6 Minh Ngoc Bdo -Gia Lai Province-VietNam

Let x = e,y = e%, (x,y > 0). We need to prove that:

2V2(x —y) < (nx —Iny)/x2 +y2 & /(3)24_1.111%22\/5(3_1) )

Indeed, let t = 5 > 1, we have: (*) ©Vt2+1-Int —2v2(t — 1) > 0.
Considering function: f(t) = VtZ + 1-Int — 2V2t + 2v2,vt > 1.

tlnt Vtz2+1 Int t? -1
'@t = + —2V2,f"(t) = =+ >0
ViZ+1 t (Vez¥1) e+l
Therefore, the equation f'(t) = 0 has a unique solution.
t 0,331751431 1 +00

f‘(t)/// 7727222/ +

o
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SfO=fQ)=Vvi+1-In1-2V2+2V2=0,()
PROBLEM 2.015-Solution by proposer

By Young’s inequality:
px? + gxP = pgxy;p > 1;5+5= 1,x,y=0
1 1 1 -1
l_4,_1_1_P Sq= p
q P q p ) p—1
_p_
pxP~1 + P_yp P xy

P
xP-1 P 2 X2
> L
P -1V Epo1Y 2
p—
2p-1
x b1 p
P 2
-1 p-17 Z2-D*"”
p—
Forp=6,x=a,y=5»b
11
x5 1 6 5 11 1
L b > _,2 = Zah6 > 22
E+5xy 210X Y 2 11 +5ab Zsab
5

252a2%+ 11Zab6 > 33Za2b

PROBLEM 2.016-Solution by Kevin Soto Palacios - Huarmey - Peru

Por desigualdad de Cauchy:

sa?+tb%+uc? L th+uc

1. (sa? + th? + uc®)(s + t + u) = (sa + th + uc)? - > (4)
sa+tb+uc s+t+u
sb?+tc?+ua® _ sb+tctua (B)
sb+tc+ua —  s+t+u
sc2+ta?4+ub? _ sc+ta+ub ()
sc+ta+121b 2_ .§+t+u ) ) ) ) )
sa“+tb“+uc sb*+tc“+ua sce+ta“+ub
Sumando: (A) + (B) + (C):
( ) ( ) ( ) sa+tb+uc sb+tc+ua sc+ta+ub

>s(a+b+c)+t(a+b+c)+u(a+b+c)_1
- s+t4+u a

PROBLEM 2.017-Solution by Ng6 Minh Ngoc Bdo-Gia Lang Province-VietNam

We known: 2+ 4+ 6 + ---+ 2n = n(n + 1), withn € N. We have:
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Zn:(kz—l)ak+k2+2k_ 3 L 3a2+8 +(n2—1)an+n2+2n
a+a,+1 T +a;+1 aita,+1 az+a, +1
2 2
We prove that: (W —Dantn’+2n —ay + 2n, (*). Indeed,

aZ+ap+1
(Y)e n?—-1Da, +n*+2n=>2n—ay)(a2 +a, +1)

o (n? —1a, +n? +2n> —a3+(2n—-1ad2+ (2n—-1)a, +2n

e al—(2n-— 1)an + (n? — 2n)a, + n? 20 © (a, —n)?*(a, +1) > 0 (True)

k? — Day + k% + 2k
=>Z( ) _(2+4+---+2n)—2ak=
ai +a+1 =

=Q2+4++2n) - n(n2+ D_ "(”2+ D

Equality occurs whena, = 1,a, = 2,a3 = 3, ...,a, = n.

k=1

PROBLEM 2.018-Solution by proposer

.a_3 5a2-b? N2
We have: Sz (a — b)*(3a + b) = 0 therefore

a®Inx > (sa?-b?)Inx

atb 8

b31 5b2-c?)] i i

b+ny > ( ; ) =Y | After addition we obtain:
Cc

c3lnz (SC —az)lnz

ct+a
3

P zlnxa+b>z<5a—b2>lnx Za2<slng—lnz>:
SRCINIES (]

PROBLEM 2.019-Solution by proposer

DU (K +2)% = (= DD = Y (e + DUk +2) = (k = D) =
k=1 k=1

= Z((k +2)%(k + D)%* — (k + 1)%*(k — 1)) =(n+2)*(n+ 1)*n”

T lfa =45 (k+2)* — (k—1)* = 3(2k + 1)(2k? + 2k + 5)
2DIfa=6>(k+2)°—(k—1=9Qk+1D)k*+k+1D)(k?*+k+7)

PROBLEM 2.020-Solution by Soumitra Moukherjee-Chandar Nagore-India

Let f(x) =tanx — x forall x € (0 E) Now f'(x) = tan® x for all x € (O,g)
Now, f(x) is continuous on ( ) f'(x) >0 forall x € ( )
Hence, f (x) is increasing on ( ) f(x)>f(0)=0forall x € (0 )
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So, tanx > x forall x € (0, E),
2 2
tan? x >Z( x )2>1 Z x >1(3)2_3
(y + 2)? y+z) “3\&Ly+z) T3\2) 4
cyc cyc

cyc
] Z X 3
since, " 2

cyc

tan? x 3

.H —_— >
ence, G +2)? %
yC

PROBLEM 2.021-Solution by Soumitra Moukherjee- India

(2 ){Z (x+y)5z} {Z z (e ”3)}{2(“31)52}

1
> {ch? (x+y)3 }{chc (x+y)5z} = (L + 2+ x+y) [Applying Cauchy - Schwarz]

y+x = zZ+x
1 /3)2 9

=7 (E) = E [Applying Nesbitt Inequality] = (chcx y3) {chc (x+y)52} =y

PROBLEM 2.022-Solution by Kunihiko Chikaya - Tokyo - Japan

bn+1_an+1 ab(bn—l_an—l) _ \/ﬁ ”
——* — <(b-a)y2@™+>b*") (¥
0<a<sbn=2m=23,.)0<a<b
LHS of (*)
b

= f(x" + abx™ ?)dx

a
f(x) = x™ +abx™? =x"2(x% + ab), f (x) = x"3{nx? + ab(n — 2)} > 0
M.V.T of Integral fora < x < b

<t-ar () 0<e< 3l <n)=0-0 (45 {432 +ar)

+ b\ 2 N 4 p\nensen n g pn
S(b—a)(a ) -z(“ >=2(b—a)(aT) 2 20—

(@2)" + (b2)n
2

<2b-a)

PROBLEM 2.023-Solution by proposer

A+ XB™Y)B = AB + XI
;(B . XA‘)l) p e xlz} = (A+XB DB = AB +XA™)) =
= det(4 + XB™ 1) detB = detAdet(B + XA™!) = det(4 + XB™!) = det(B + XA™1)
{det(A +XB™1Y) =det(B+ XA™1)
det(B + yA™1) = det(4 + yB™1)
det(AB + yl, + xI,, + xy(AB)™1) = det(BA + yI,, + xI, + xy(BA)™1), finally

. After multiplication:
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det(AB + xy(AB) ' + (x + ¥)I,) = det(BA + xy(BA)™ 1 + (x + y)I,,)

PROBLEM 2.024-Solution by proposer

First, we will recall without proof two known results below
Lemma 1: For any triangle ABC and all positive real numbers x,y, z then

xa? + yb% + zc? = 4S pc/xy + yz + zx
Remark 1. We have known that there exists a triangle whose side-lenghts are m,, my,, m. and
itsareais S' = %SABC. Applying lemma 1 for this triangle yields
x-mi+y-mi+z-m?>3Spc/xy+yz+zx (1)

Lemma 2. If ABC is a triangle and P is any point in its plane, then
PB-PC+PC-PA+PA-PB -1

bc ca ab

(Hayashi’s inequality)
Back to the main problem

Solution. Applying inequality (1) for (x,y,z) = (PA PB PC

s ) and using lemma 2, we obtain:
PA
- (21+Tmb+7mc ZBSABC

Note that: m, = %GA, my, = %GB, m, = %GC. The inequality above may be rewritten as
PA-GA*> | PB-GB* | PC-GC?
+ +
BC cA AB

= %SABC. The proof'is complete.

PROBLEM 2.025-Solution by proposer

n

n 1
U@y e O . . i iy —
Z L k= Z i, .. iga;, | 2Ttk gL =
et ikt
0
n

ll 1,.. 11—1 =1
n k

1 1
f Z l1a11. ipag thT T de —j< ia;tt” 1) dt >
0 wlf= 0 i=1
1 n k n k
= f(z ial-ti_l) dt = (Z al-)
0

i=1 i=1

PROBLEM 2.026-Solution by Hamza Mahmood - Lahore - Pakistan

Letu=x—n
n+1 1

vn+1—x vi—u
=f dx = du (4)
Vn+1—x ++x —ne?r-2n-1 . V1—u+Vuezv1
n
Using fbf(x) dx=f;f(a+b—x) dx, we have:
1 1
f J1—(1-u) Vu p )
= u
J1= 1 —u) + VI —ue2t-w- 1 , Vu + V1 —uel-2u

0
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) ) 1 1-u Vu
Adding (4) & (B): 21 = [} (= + )
si vi-u _ evi-u And Vu _ e?\u S
e et . evicuswziyw - avi—uel-28 . e?iuteviow o0
1
)l f( evl—u N e?“\u )d
= u =
s \eVI-—u+e?Vu e*Vu+eVl-u
1 eVi—u+e?*u Vn+i-x

- fO evi—u+e?%u

du = fol(l) du=1,1= f:ﬂ dx = %, where n € N*

Vn+1-x+v/x—ne?x-2n-1

PROBLEM 2.027-Solution by Ravi Prakash-New Delhi-India

2x+1

1 xX+1 + 3 1
Forx # 0, let f(x) = 8% + 27x + 2¥*13% 4 2%3 = = 23 4 3% + (15) (2x3§)
Forx <0,f(x) <1+1+15(1) <125.For0<x<1
3 3 1 1 1
F1(0) = (2%)(3In2) + 3% (—x—zln 3) +15 [2x3%1n 2 4 2%3% (—x—zln 3)]
5/ 1 1 3%
- (3)2* [zzx In2— x_z<3") In 3] + (3x) 3)[5@9m2-n3

For0<x<1,0<2*<4,In2<07=>0<2%*In2<2-8
1
For0<x<1,—>1, 3x>3In3>1
1
22%1n 2 —%(32) In3 < 0. Also, for 0 < x < 1,5(2%) In2 < (10)(0.7) = 7
2 2
omoi?'xl;13 >9= 5(2")1n2—3—zln3 <0
X X
Thus, f'(x) < 0for0 < x <1, f(x) is strictly decreasing (0,1]

Also, note that f'(x) is continuous for x > 1.
f'(1) =24In2-81In3+90In2—-90In3 <0

9
f'(2) = 1921n2—15\/§1n3+60\/§1n2—1\/§ln3 >0

1 1
Thus, 3 some x, € (1,2) such that f'(xy) = 0. For x = 2,23* > 64,27x > 1,2%3x > 4
f(x) >64+1+60=125Vx > 2. Graphofy = f(x),x > 0 is as follow.
yl

125

(0] 1 o

|V
X

Thus, f (x) = 125 has two solutions, « = 1 and f where1 < < 2.
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PROBLEM 2.028-Solution by Ravi Prakash-New Delhi-India

n n
_Jx4+4x3+12x2+9x _j x(x3 +4x% +12x +9)
) Tx+3)5 —x5 —243 7 ) 15x% + 90x° + 270x2 + 405x

1
n n
1 P+ 12x+9Dx 1 fx(x3+4x2+12x+9)
T xtrexd +18x2+27x 7 T15) x(x +3)(x2 +3x2 + 9)
1

B 1fnx(x+1)(x F3249) 1fnx+3_1
15 x(x+3)(x2+3x+9) 5 x+3
1
—1fn ]d—l[ Inx + 3|7 = — [ — In(n + 3) — 1 + In4]
= 5 x+3 X SX n|x 1571 nwm n
1
1 In4 1
Y L s B

PROBLEM 2.029-Solution by Hamza Mahmood-Lahore-Pakistan

We shall use the following theorem: If (c,)n»1 IS a convergent sequence with
lim,,_, ¢, = L then lim,,_,, %Z’,Ll ¢, =1L
fl x sin(mx)

Consider a sequence (a,)nz1 defined as: ap, = | Py CEmmmrwT:

we now find lim,,_,, a,

N[

1

j x sin(mx) j x sin(mx)

an = — dx — X
x+ (1 —x)nt—2x 1x+(1—x)n1 2x
0 e
2
For0<x<-=0>-2x>-121>1-2x>0=asn-o,nl >0 5

1

x sin(mx) f x sin(mrx)

0; L
x+(1—x)nl=2* =Y R (1 —x)nt—2*x
0

dx =0

For%<x<1=>—1>—2x>—2=>0>1—2x>—1=>asn_>oo,n1—2x<0_,

x sin(mx) x sin(mx)

~0= x+ (1 —x)nl-2x - = sin(mx)
1 1
. X Sin(nx) . 1 T 1
2 7

. 1 . s 1
lim, . a, = -= (ay)ns1 is a convergent sequence with lim,,_,, a,, = -

. 1 1
so from the above theorem: = lim,,_, 4, ;Zﬁﬂ ax ==
71'
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i ZJ x sin(mx) o 1
s 10 x+ (1 —x)kt=2* XTI

PROBLEM 2.030-Solution by Naren Bhandari-Bajura-Nepal

dx > 0.0001

T

2
B f cos? 2015 x — cos? 2016 x
B sin x
Vs
3

f[ cos [A9312] - cos (3)] [z sin (2315 i (3

sin x

dx
sin x

f[ sin (40312) o5 (403L)] [ 1 (2 cos (2)]

ANl

—cos(4031x)

2031 7> 0,001

s
2

= j sin(4031x) dx; [ = —
3 3

I'=+ 5=z |cos (4031%) — cos (4031%)] > 0,0001
= 40131 [cos (g) — COS (2)] > 0.0001
I'= 40;12 > 10(1)00 = 10000 > 4031 -2 ~ I = 40;1-2 10000 (proved)

PROBLEM 2.031-Solution by Soumitra Mandal - Kolkata - India

Theorem: Let (t,a) € R, X R}. If(a,)ns1 € S(R}) isa B — (t + 1, a) sequence, then
(n‘/an)n>1 isal — (t, a(t+ 1), e_(”l)) sequence.

lim Tt _ a € (0,0)
n-on -
_ gl_r){)lo(mn /—an+1 \/a—n) \/— _ {rllggo(mﬂ /—an+1 \/a—n)} (711_)1,?0 \/ﬁ)

= {limpo o0 (" cns1 — Ven) Hlimyoo Vi) where ¢, = \[a,, foralin =1

. Cn+1 _ . 1 . An+1 _ . 1
Jim 2% = (1im —=) | lim / = Va(lim —)

Hence, (¢y)ns1 is B — (1, Va (limn_,oo %)) sequence, so by the above theorem
(’i/c_n)n21 isal — (O, Va (limn_m %) o1 e_l) sequence.
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e
PROBLEM 2.032-Solution by Soumitra Mandal - Kolkata - India

Theorem: Let (t,a) € R, X Ri. If (ay)ns1 € S(RY) isa B — (t + 1,a) sequence, then
(”,/an)n>1 isal— (ta(t+1),e D) sequence.
lim,, o, ff; = a and lim,,_,, f:;: — by 0 = limy oo (" fareabuns — anby)
= lim, o0 ("3 cny1 — 3fcn), where ¢, = \Jayb, foralin > 1

. Cn+1 . vV an+1bn+1 . an+1 . bn+1
lim = lim ————— = lim lim =+vVab

n-ocon - Cn n-o pn . /anbn n-oco [N - an n-oo [N - bn

Hence (¢y)ps1isa B — (1, \/ab) sequence, so by the above theorem

(’i/c_n)r121 isalL—(0,Vab-1-e™t)sequenceie. L — (0, @) sequence. S0 ,{) = @

PROBLEM 2.033-Solution by Soumitra Mandal - Kolkata - India

Theorem: Let (t,a) € R} X R} .If< a, >,-1€ S(RY) isa B — (t + 1, a) sequence then
<a, >ps1isal — (¢ a(t +1),e~ D) sequence.

n+1

. a . b
lim,,_, o e = € (0, ) and lim,,_, ., nsf:;)n =b € (0,)

2 = lim (("J'i/awrlbwr1 — ’Vanbn)e—(r+s)xn)

n—-oo

= {rlli_{?o(mi/anﬂbnﬂ - Y\L/anbn)} (rlll_r)r(}o e_(”S)xn)
Let ¢, = a,b, foralln > 1

. Cn+1 . . an+1 . bn+1 .
lim = (llm n”s) lim lim ————) =ab (hm nr+5)
n-on - C, n—oo n-ooon’ . a, n-oonsStl. bn n-oo

Hence < ¢, >ps1isaB — (1, ab(lim,,_,o n”s)) is a sequence. Hence the above theorem yields
<% ecy >ps1 0L —(0,ab(liynen™S) - 1-e71) sequence.

0= % ( lim nr+s) (lim e—(r+s)xn) — % ( lim n"** e—(r+s)(yn+lnn))

e n—oo n—-oo e \n-o

Wherey,, =1 + % + § + -+ % — Inn is Euler’s Constant = —22

e(r+s)yn+1

(Ans :)

PROBLEM 2.034-Solution by Marian Ursdrescu - Romania

n
Let a, = f(n) = lim,,_, % =aA3lim,_ —“na" We must calculate:
n

. +1
0= hmn—>oo (2n+";m - Znnan) \/H (1]
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11‘2 +n+1 lI'2n 2nn lI‘2n+2+1 nn
Q = lim Vani1 _ \/_\/ﬁ—hme*/_n va @—1 Jn =

n—oo n—oo

In( ™2 nz Yan
= ]imnﬁm% ‘n- (8 n( n 2n+2 ,—an+1> _ 1) 2

2
i \n i nn Y nn" cp. I (n+ 1)1 q,
im m — m |— = m--—-:— -—=
n—oo 2n /an n—oco 21/ 4 n-o [a, n—oo Ayt nn

s n+1\"* ap(n+1) . 1\"* apn n+1 _ e
o \/hmn—mo ( n ) an+1 o \/hmn—mo (1 + ) An+1 n - a (3]
man
Ingrgg ——-1
- Zn\/_ e vV an+1 ]
ln( ) ",/a
limnf{e \ " I an) _ 1]= lim -In = =

2n [ 2n+2 [
n—-oo n—-oo
Qn an+1

In
Ya, n Ya,
= limnln |——— = lim —1n<—>
N ET el PR Vv
. 1 a 1 na
=—11m In =—1n(lim( L ) ))=—ln(lim L ) )=
2 n—eo < ,/an+1> 2 n=0 \lp+1 i 2 n-olpyy N i

_ nan n+1 n+m _1 1 a _—1
-ty 220220 ) 219 -2

an+1 n n+1 2

1

For (1)+(2)+(3)+(#)=> 0. = —3 \f

PROBLEM 2.035-Solution by Henry Ricardo - New York - USA

To simplify things typographically, we introduce the notation
(mm ...mm),, to denote the k - digit number each of whose digits is m.
First we see that for any positive integer k: (44 ...44),;, = (44 ...44), - 10* + (44 ...44),
= (44 ..44), - (10" + 1) = 4(11 .11, - (9(11 ... 11), + 2)
=36-(11..11)2 + 8(11..11); = (66 ...66)2 + 8(11...11),

4 212
< (66...66) +8(11 .. 1)y + 5 = ((66 . 66), + 5)

2
Thus (66 ... 66)2 < (44 ...44),, < ((66 . 66, +§) , implying that

(66 ...66)) < /(44 ... 44),; < (66 ...66); +§andso[ (44 ... 44) 31| = (66 ...66),. Now we
ke
22=1l\mj — 6-2‘;{7':1(11_"11),( _ 6,27,::1(109 1)

have
10m 10m 10m
10M+1_4
2 (YR_, 10%-n 2( 9 ‘") 2 (10™*1-1-9n 2 1 9n 20
=) = () = S0 ) - Been
3 10m 3 10m 27 10m 27 om  10™ 27
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PROBLEM 2.036-Solution by Soumitra Mandal - Kolkata - India

3(a+b)(b+c)(c+a)=

SW
=>Za3+31_[(a+b)2—+(a3+b3+c3)
Va3 + b3 +¢c3

cyc cyc

8
9
>(8+1) {—} (a®+b34+c3)=9
J e
= (a+b+c)¥>29=>a+b+c=139 (proved). Equalityata = b = ¢ =%
PROBLEM 2.037-Solution by Mirza Uzair Baig-Lahore-Pakistan

It is easy to prove the following asymptotic expansions
b

a a\b fa?b(3b +5) ab _2
nln(1+5) —(E) T—7+n+0(n )
a’*’b(3b +5) a'*Pb _ o
= e 5 + aln'? + 0(n=%7P)

asb ab
(1 + —) =1+—+0n™2).
n n
Now now that

sin 6 sec2 6\ °° tan(x) + sec(x)\<>®
n1n<1+T) :n< () ()> +0(n7%)

n
cos 6\ °t? cos 8 cot @
(1+ - ) 1487907

+0(n™?)

sin 0 sec? 6 cot O

cot O sin @ sec? 6
(1+=0)

n

+0(n2)
Forx € G,E) we have, n1=°5®) oo 1 — oo, Thus limit is +co.

PROBLEM 2.038-Solution by proposer

First we show thatif a,b,c,x,y,z € R then:
ax + by + cz ++/(a? + b% + c2)(x2 + y2 + z2) 2§(a+b+c)(x+y+z) (1)
x2+y2+22
Letust = /a2+b2+cz,x =pt,y =qt,z=rt = a® + b* + ¢?> = p?> + q* + r? and (1) becomes

ap+bq+cr+a2+b2+cz2§(c+b+c)(p+q+r)or

4(a+b+c)(p+qg+r) < ((a +b+c)+(p+q+ r))z it suffices to prove that:

(a+b)?>+Bb+q)?*+(c+71)? > g((a +p)+b+q + (c+ r))z. This is clearly true.
In (1) wetakea = x*,b = y*,c = z¥ =
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n
Z (xk+1 Fykl gkt g [(RZ 1 y2 1 22)(x2K + y2K 1 sz)) >
k=0
> zZ"(x +y+2)(x*+y* + zk) or

Z(x—Zy ZZ)< >+\/x2+y +zzz\/x2k+y2k+zz">0

cycllc

PROBLEM 2.039-Solution by Nguyen Phuc Tang - Hanoi - Vietham

We have |lna7b| + |lnE |lnb |1n—+l —+ 1n—| = In(abc)
1
Z+‘+ 23\/_3 (AM-GM)
LHS = el el l+|m |(l+l+1) > elnabe) . — 27 s abe - 2L =97
a b c abc abc

Equality holds ifa = b = c.

PROBLEM 2.040-Solution by Nguyen Phuc Tang - Hanoi - Vietnam

We havelna = 1,Inb = 1,Inc = 1. The given inequality is equivalent to
Inb+Inc Ina+lnc 1nb+1na>z Inc

1+21na+1+21nb+1+21nc_ 1+ 2Vlnalnb
0 (*)- (*)is true, by the well — known inequality:

1 2
< E(ln C) (1+21na 1+21nb N 1+2vVIlnalnb )
! forallx y > 0&xy > 1. Equality holds ifa = b = c.

1+x2 1+y2 =

PROBLEM 2.041-Solution by Ravi Prakash - New Delhi - India

Z(n—k+1)2jz:f(%> _
- @or @ )+ G+
) ]

=Tha f(G) 1+ 2+t =k + D] (1)
Weknow§k3 <12+ 2244 k2< g(k +1)3

1 n—k+1 1
S(—k+ 1) < Z 2 <5k +2)’
=1
1 (n=k+1) (%) 1 (n=k+2) (%)

Using (1), we get Xjc- 3n2(nt+1)(2n+1) <J < Zk=1 3n2(n+1)(2n+1) 2)

(e S ) o 3 ()
n2(n+1)(2n+1) ’ k=13 2t (2n+1)

When | =

174 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

zgkz;n(lJr%)(lJri)(lJrﬁ_E) f(E)

2n
- e {00 O +20-9 O+ 20970+ 20 ()

1 1 ; g
_)%If(l_x)3f(x)dx+(0)f(1—x)zf(X)dx+(0)_[(1—X)f(x)dx'*'(o)ff(x)dx] =
0 0 0 ’

1
- [a- rwax
0

Similarly, expression on RHS of (2) approaches:
%fol(l —x) f(x)dx; | - %fol(l —x)3 f(x)dx asn — o

PROBLEM 2.042-Solution by proposer

With elementary calculus holds:
det(xI, + yAB + zBA) = x?> + x(y + 2)Tr(AB) + (y? + z?) det(4B) +

+yz ((Tr(AB))2 — Tr(AZBZ)) and using the inequality x* + y? + z?> > xy + yz + zx

holds det(xI, + yAB + zBA) + det(yI, + zAB + xBA) + det(zl, + xAB + yBA) =
=2 +y2+2z2)+2(xy +yz + zx)Tr(AB) + 2(x? + y? + z?) det(4B) +

+(xy + yz + zx) ((Tr(AB))2 — Tr(Asz)) > (xy +yz + zx)(1 + 2Tr(AB) + Tr(AB))2 +

+2 det(AB) — Tr(A?B?) = (xy + yz + zx) ((1 + Tr(AB))2 + 2 det(4B) — Tr(AZBZ))

PROBLEM 2.043-Solution by proposer
We have: ax3®y + by3z + cz3x = (a + b + C)((x3y)a(y3z)(z3x)c)ﬁ =

1
= (a+ b + c)(x3atcy3braz3c+byaxpic = (a + b + ¢) Z x3y =

1
= Z(ax3y +by3z+cz3x) > (a+ b +c) Z(x3a+cy3b+az3c+b)a+b+c

PROBLEM 2.044-Solution by proposer
a a 24 (24
ad +x32 > (x1+x32+x3) forall x;,x5,x3 >0

Ifxy=—a+b+c+dx,=a—-b+c+d,x3=a+b—c+d,x,=a+b+c—dand
x§+x§+x§ >2(x1+x2+x3)“
3 = 3

+ d)a etc.

a a a a __
X1, Xz, X3, X4 > 0 then x{' + x3 + x3 + x§ = Yeyeiic

orZ(—a+b+c+d)“ZZ(

a+b+c
3
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PROBLEM 2.045-Solution by proposer

@a\/——x

zrx@
0 535
e x—-1D?@3+2x2+3x+4)>0=> (1—a4)2 il

s
Ek;af%5752§:<4:) 3@5?)

PROBLEM 2.046-Solution by Shahlar Maharrahmov-Jebrail-Azerbaidian

S
N e - -—— -

0] Y g

: 1 " 1 .
Let us use figure. Take f(x) = —and partition a = -, then we obtain

n+1 n
1 1 1
j ;de1+§+-~-+ES1+Jf(x)dx:>ln(n+1)s

1

<144+ +-<1+Inn (¥
2 3 n

since lnn—+1 < In(n + 1) and log, n—+1 >1+4+Inn

n+1 +1

thenfrom(*):>ln—<1+ + Lpgd <log2n

PROBLEM 2.047-Solution by Ravi Prakash-New Delhi-India

17

2o (35)

k=1
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) e R ) O I o P e

8
2
k=1

_13( kn+ kn) +( zkn kn)
—2_ cos? 36 sin 36 cos 36 sin 30

18 8 1+cosk) 1
_EZ[HCOS (18)] P zz R

) SENCO PRI

\ where S; = ¥8_ 1:05 (k:)
Sl el 5] - Bl 5) -eol5) -
S cost (5 ) = %

1
k=1

w| &

PROBLEM 2.048-Solution by Kevin Soto Palacios - Huarmey - Peru

Probar para todos los reales no negativos: a, b, ¢ la siguiente desigualdad:
(a* + b* + cH)(ab3® + bc3 + c2a) = (a®b + b3c + a3c)(a?b? + b2c? + c?a?)
Siendo: a, b,c = 0. Por la desigualdad de Cauchy:

(a* + b* + c*)(a®?b? + b?c? + c?a?) = (a®b + b3c + a3c)? ... (A)

(ab3® + bc3 + c2a)(a®b + b3c + a®) = (a?b? + b?c? + c?a?)? ... (B)
Multiplicando, se obtiene: (A) X (B):
(a* + b* + cH)(ab3 + bc3 + c2a) = (a®b + b3c + a3c)(a?b? + b?c? + c?a?)

PROBLEM 2.049-Solution by Soumitra Mandal-Chandar Nagore-India

x+y\ XY
Knonw, results—z - yandx yY > ( . )

WEIGHTED AM = GM
x+y x+y x+y
x+y x+y 2
L xY*y*7Y < 1 (proved) equality at x =y

PROBLEM 2.050-Solution by SK Rejuan -West Bengal-India

Givena = b = ¢ > 0. We have to prove
aa—bbb—ccc—a >1o aabbCC > abbcca (1)
Let us take a, b, c € R" with the associated weight a, b, ¢ respectively, by applying AM = HM
at+b+c
a+b+c [ a, b,C + 0] N aabbCC > (a+b+c) (2)

1
we get, (a*bPc€)arbre > ——
atvte
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Now let us take a, b, c > 0 with the associated weight b, c, a respectively by applying AM > GM
we get,

a-b+b-c+c-a -t ab+bc+ca
(—) > (al - b¢ - cYarbic = (— > abbc® (3)
b+c+a a+b+c

Now, (a+ b+ c)>—3(ab + bc+ca) =Y a%?—-Yab
1
=§{Z(a—b)2}20=>(a+b+c)223(ab+bc+ca)

N (a+b+c) > (ab+bc+ca) N (&)a“’“ > (@)a”’” (4)

3 a+b+c 3 Ya
Combining (3) & (4) we get,

(&)‘”b“ > (@)Mb% > albhct = (Z3—a)a+b+c > abbc (5)

3 X
¢ T a a+b+c
Combining (2) & (5) we get a®b?c¢ > (?) > albc® = a®bPc¢ > albcc

= g% Ppb=ccc=2 > 1 [Proved]

)a+b+c

PROBLEM 2.051-Solution by Marian Ursdrescu-Romania

We must show:

xm+2 ym+2 m+2 3m+1

Z

+ =
(axy+bxz)m+1 (ayz+bxy)m+1 (axz+byz)m+1 (a+b)M+1(x+y+z)Mm
m+2 ym+2
+ =
(axy+bxz)™*t1 ~ (ayz+bxy)mtl = (axz+byz)mt1
(x+y+z)™m*2 _ (x+y+z)m+2 2
— (axy+bxz+ayz+bxy+axz+byz)m+1 - (a+b)M+1(xy+xz+yz)Mm+1

. (x+y+z)m+2 3m+1
From (1)+(2) we must show: T i Gy 1Aty 2 @D ey

e ((x+y+2))mMt >3mtl(xy+xz+y2) "o (x+y+2)?2 =23y +xz+yz) ©
& x?2+y%2+ 22 > xy+xz+ yz (true)

(1

Z+2

From Hélder’s inequality we have:

PROBLEM 2.052-Solution by George Apostolopoulos-Messolonghi-Greece

1 1 1
(cosA+cosB)2  (cosB+cosC)2  (cosC+cosA)2 —

Using the AM-GM inequality, we have

=
i/((cosA + cos B)(cos B + cos C)(cos C + cos A))2

It is well — known that in any triangle ABC holds:
2R%r? + 13 + rs?
(cos A + cos B)(cos B + cosC)(cosC + cos A) = PVE

a+b+c _ 33

Also, we know that R = 2r (Euler) and s = < TR' So
1
+ + >
(cosA+ cosB)?  (cosB +cosC)?2  (cosC + cos A)?

3 3Y4R3

ooy
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3R2%3y/16 - 3R2%3y/16 B
i/(ZRTZ + 13 + rs?)? /s R\?2 R\3> R 27R2 2
2R(3) +(3) +7-°7-
3R2%3/16 3R?%3/16 B 3R?%3/16 _,

s[irs rs 27gmy: V@RDZ VI6-R?
(TJ“?JFT)

Equality holds when the triangle ABC is equilateral.

PROBLEM 2.053-Solution by George Apostolopoulos-Messolonghi-Greece

Let x +y + z = k > 0. Consider the function f(t) = ﬁ, t > 0. Then

f"(t) > 0. So the function f is convex on (0, +0). By Jensen’s Inequality, we have

fG)+f)+f(2) =3f (%) namely
K
X y .. 3 2T 27
(y+z)3+(z+x)3+(x+y)323f(§)‘3 (k—k)3 T8 Bxty+2)
3

Equality holds when x =y = z.

PROBLEM 2.054-Solution by Yen Thung Chung-Taichung-Taiwan

— cos x)™h(x) + k(x) sin®™ x x

_f £ + g() M+f ) + g(x) .
B ) (b — cos x)™h(x) + k(x) sin?™ x . (b — cosx)™h(x) + k(x) sin?™ x

f £+ g(x)

let x=—t=>dx=—dt

_f £GO) + g0 dx+f =0 +g(=1)
B ) (b — cosx)™h(x) + k(x) sin®™ x (b — cos(—t))™h(—t) + k(—t) sin?™(—t)

- (—=dt)
_f fO) +g(x) dx+f —f (&) — g(©)
- ) (b — cosx)™h(x) + k(x) sin®™ x ) (b — cost)™h(t) + k(t) sin?" ¢t

‘f £ + g(x) dx—f £OO) + gx) o
B ) (b — cosx)™h(x) + k(x) sin?™ x ) (b — cos x)™h(x) + k(x) sin?"x

PROBLEM 2.055-Solution by Soumava Chakraborty-Kolkata-India

. . . b%+c? c?+a? a?+b?
Using Tereshin’s Inequality, m, = L =

)

4R €= 4R
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. 2Y a?
Lymg, = " RZ
xa ZZa 4R?
o - = >
ZstA 4R Zaz 2R = 4r (EU/EI’) (Proved)

PROBLEM 2.056-Solution by Ravi Prakash-New Delhi-India

1
(- smA+smB+smC)( _ )=2 (1)
inB sinC
(sinB+sinC)?  sinA(sin B+sinC) sin? B+sin? C
—— - —— =2=>sinA=——— (1)
sinBsinC sinBsinC sin B+sinC

Also, from (2): sin A (sin B + sin C) = sin? B + sin? C — sin? A + sin® A
= sin? B + sin(C — A) sin(C + A) + sin? A = sin® B + sin(C — A) sin B + sin? A
= sin B [sin(C + A) + sin(C — A)] + sin* A
= sinA(—sinA +sinB +sinC) = 2sin B cos Asin C

= sin4 (%) = 2sinBsinCcosA [using (1)]
2 sin (é) cos (%) sin (%)

=C0SA = c0SA = —5——
2 sin (B + C) cs (B ~ C) cos (B ~ C)
2 2 2

A A 1—cosA

= cos A = sin (E) > 0 = cos? A > sin? (E) = —
=2c0s?A+cosA—1=>0=((2cosA—1)(cosd+1)=>0

1 T
=>2cosA21=>cosAZE=>AS§

PROBLEM 2.057-Solution by Shivam Sharma-New Delhi-India

As we know the following lemma,
If f (x) is a continuous function defined on [a, b], then,
b b

ff(x)dx=ff(a+b—x)dx

Using the above lemma, we get,
b

_j f(a+b—x—a)(c+df(b—a—b+x)) 4
_a c(f(a+b—x—a)+f(b—a—b+x))+2df(a+b—x—a)f(b—a—b+x) *
=>f f(b—x)(c+df(x—a))
c(f(b—x>+f<x—a))+2df<b—x)f<x—a)

f [e(f(b =)+ f(x— @) + 2df (b — )f (x — a) "
c(f(b —x)+ f(x — a)) + 2df(b —x)f(x —a)
2] = fa (1) dx = [x]%; 21 = b — a. Hence, I = T 2(Q.ED)
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PROBLEM 2.058-Solution by Rovsen Pirguliyev-Sumgait-Azerbaijan

) ITheaproxzmatzonsforn—>+oo tan? m,cosmzl
Z(t t ! )( ! + ! + et ! )
an an_———— || cos—— + cos—— cos——— )~
n fe=1 n
e Z Z o
CLi\ntk ntk+l n+k ntk —n+k 2n+1 "

Using the fact that the sequence Zk=1 P Innis convergent Wlth the limit y (the Euler-
Mascheroni constant), results

n 1 2n 1 n 1
lim = lim< ——Z—)= lim[(y +In2n) — (y +Inn)] =In2
n—-0oo

n-oo n+k noow k k
= k=1 k=1

lim S, ~ lim E, = i Zn: L) o im e — 2o
n1—>r£10 ~ n- lmoo B nl—{go k_ln + k noo2n + 1 2
II. The evaluation of the errors. For 0 < x < Z,x <tanx < x + x3.
1 1 1 1 1 1 1 1

—_— — < tan— — tan
n+k n+k+1 (n+k+1)3 n+k n+k+1 n+k n+k+1 (n+k)3

1 1 1
k—(cosn+1+Cosn+2+---+cosn+k)=Z(1—cos ) ZZsm 2(n+l)

=1
K
0<Zzsm 2(n+1) ZZ(n+1)2 TGRSR

1
+ cos + ---+ cos
n+1 n+2 n+k

1 1 1
S">Z(n+k n+k+1 (n+k+1)3)<k_%)>

i=1
>E n +r L ms, > limE
n (n+2)3 m Mt D) T2 @it )? e = I En

<k

>k ! <
mn COS

S

S<Zn:(1 L >k<E+ n lim S, < lim E
— . _ =

n L n+k n+k+1 (n+k)3 " (n+1)3 noe o1 = glIg Sn

Results: lim,,_,, S, = lim,,_,, E, =1In 2 —%

PROBLEM 2.059-Solution by proposer

(1” + 2” + -+ nP)
1

Let be x, = —=

1 < 1% P 1
1 ey 1 p: i — = p = =
Al_rgoxn Al—rgonpﬂzk Al—%n ff(x)dx fx dx = p+110 p+1

1P 427 4 .. +kpl .
Uk =10 1 20 + ot 1P e K T
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By Toeplitz’s theorem:
n
: : 1
A0, 2 G = I X0 = 2y
k=1
' i A2t kP
"gg’k Tl = DS TP ¥ 2P + -+ P nP*l
=1
" (1P 4 2P + -+ + kP)? 1
m =
n-oonPt1(1P 4 2P 4 ... 4+ nP) p+1

(1P 4 2P 4 - + kP) =

PROBLEM 2.060-Solution by Soumava Chakraborty-Kolkata-India

(ac + bd)? + (ad — be)? = (a2 + b2)(c? + d?)
= 3(a? + b?)(c? + d?) — 4(ad — bc)?
= 3{(ac + bd)? + (ad — bc)?} — 4(ad — bc)?
@ 3(ac + bd)? — (ad — bc)? = 3|ac + bd|? — |ad — bc|?
Case1:ac+ bd #+ 0,a— bc # 0

V(@ +7)( + @)

|ad — be|

_I

|ac + bd|
~lac+ bd| =pcosh (2)
lad — bc| = psin@ (3), where, p = \/(a? + b2)(c? + d?)
_ 2 20_n2cin2 (4) _ 2 0_cin2
_ (ad be)(3p cs: 6—p? sin? 6) (using (1), (2), (3))= (ad bc)(BCZs 6—sin? 6)
Now, according as ad — bc = 0orad —bc <0

ad — bc = +|ad — bc| (6) Again lad —bel

~ LHS = +5sin 6 (3 cos? 0 — sin? ) (using (4), (5), (6))
= +sinf (3(1 —sin? @) —sin? O) = +(3sinf — 4sin® ) = +sin 36
When LHS = sin 360, then LHS < 1, ~sin36 <1
LHS = —sin 306, then, also, LHS < 1, "~ sin38 = —1
~ LHS = +sin 360 < 1 (proved under case (1))
Case2:ad —bc =0 (a)=> ac+ bd # 0Then, LHS =0<1
Case 3:ac + bd =0 (a) = ad — bc # 0 (> (a® + b?)(c? + d?) # 0)

+ LHS = ~%%0 = $1 < 1. Hence, in all 3 cases, LHS < 1. (Done)

~ LHS

=sin@

PROBLEM 2.061-Solution by proposer

From the given condition and by the AM-GM inequality, we obtain
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1 2x4 3x3 nx,
= + + .-+
1+x; 1+x, 1+4+x; 1+ x,

243441 X; \? X3 \3 X, \"
> 243+ + () () (52)
( n) \/1+x2 1+ x;3 1+x,

1 X1 Xy 3x3 nx,
= + + + -+
1+x, 1+x; 1+2x, 1+x3 1+ x,

243440 Xq Xy X3 3 Xn \"
> (243 4+ () () () -(2)
( n) \/1+x1 1+x,/\1+ x3 1+x,

1 X, 2x, 2x5 nx,
= + + 4t
+x3 14+x; 14+x, 1+x3 1+x,

243+-m X1 Xy 2 X3 2 Xn n
>(@2+34+ ( )( ) ( ) ( )
( n) \/1+x1 1+ x, 1+ x3 1+x,

1 X1 2x, (n—Dx,y Mm—1Dx,
1+x, 1+x; 1+x 1+x,4 1+x,

2434+-n xl xz 2 xn—l n-1 xn n-1
>(2+3++ () (5 ) ()
( n) \/1+x1 1+ x, 1+x,1 1+x,

From these relations above, we infer that
1 1 1 1

T+x, 1+%)% (1+x)3 (1 +x)"

(2+3 4+ n)1+2+...+n( X1 )( Xy )2 ( X3 )3 ( Xn )n
1+x/\1+x, 1+ x3 1+x,
1

Which implies that x,x3 .

>

n
WXy <
n (243+--+n)1+2+-+n
1

T 243+-4m

The equality holds if and only if: x; = x, = -+ = x,,
1
(2+3+...+n)1+2+-~~+n

Thus max P =
PROBLEM 2.062-Solution by proposer

la® + b3+ c3 —3abc| =|(a+ b +c)(a+ be+ce?)(a+ be + ce)| <
< l|a+ b +c|(la| + |be| + |ce?])(|a| + |be| + |ce]) =
=la+b+c|(al + bl + [c]Dal + |b] + |c]) = |a + b + c|(la] + |b| + |c])? when:
_ 27r+_ A
£ =cos—+isin—
PROBLEM 2.063-Solution by Kevin Soto Palacios - Huarmey - Peru
A B 4 B C 4 Cc A -
cosA2 cosB2 cCos 21cos 5 Acos 5 co;2 > .
> a2l a 24 22 2_)
_\/§coszcoszc052+2(cos 2+cos > + cos 5

A B c
Enun A ABC - oS, €0S—,COS >0
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Dividiendo (=) cos %cos g cos% a la desigualdad propuesta

A B C

C A B 1 cos cos— Cos
@sec§+sec§+seCEZ\/§+5 E £+ g é+ é §
C0S75C0S% C0S7COS7  COS7COSH

c A n(ﬂ) sin(ﬁ) sin(ﬁ)
& sec +sec +secs >\/—+ 2+ —t5+—2%
2 2 COS5COS>  COS-COS7  COS_COS>
& secE +secd + secZ > \/§+—((tan5+ tan<) + (tan< + tan2) + (tanZ + tanf))
2 2 2 2 2 2 2 2 2 2
A ) A 4 B ) B N Cc X C > V3
& sec— —tan— + sec— —tan— + sec— — tan—- >
2 2 2 2 2 2
Calculamos la primera y segunda derivada
Sea f(x) =secx —tanx,x €< 0,% >, f'(x) = secx tan x — sec? x,
f"(x) =secx (secx —tanx)? > 0
Como "' (x) > 0 entonces f (x) es estrictamente convexo en < 0, E >
Dado que €< 0, > > de tal manera que A+ B + C = .

Ap//camos la desigualdad de Jensen

A A B B C C A B C
secz—tan—+ sec— —tan-+sec-—tan- = f(z) +f(§) +f<5) =

2 TR TN T
> 3f 7+§+7 =37 (%)
21 Q)7 Q)+ () 2337 (§) =3 (ect-tang) =3(5-5) =3
A B c
:>S€C§_tan2+se(:§_tan2+Secz_tan2>

PROBLEM 2.064-Solution by Soumitra Mandal-Chandar Nagore-India

Let f(x) =x—x3 forallx € (0,1),f'(x) =1—3x2,f"(x) = —
v f'(x0) = 0 where x, € (0,1) = x, = +\/_choosmg Xo = \/1§
f’; (T) < 0 hence f attains maximum at x = T =>fx)<f (—)
chc (1 xz) = (xyZ)Zn chc = x3)2n = (xyZ)Zn (xyZ)Zn (proved)

3 33n+1
57 =
(\/—_3\1/_) i

PROBLEM 2.065-Solution by Sanong Huayrerai-Nakon Pathom-Thailand

Provethatx™ + y* +z" > x" 1z + z" 1y + y"1x;x,y,z>0,n €N
Since x™ + x™ + x™ + - + x"(n — Dterm + 2" > nx"" 1z
z"+ 2z +z" + -+ z"(n — Dterm + y"* > nz""ly
yr4+yt+yt 4+ y*(n— Dterm + x™ = ny™ 1x
Hencen(x™ +y™ + z™) > n(x"" 1z + z" 1y + y" 1x)
x4+ oyt 4z > x4 2y 4y Iy
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Solution
Fora,b,c > 0 andn € N, we have
a”+b”>(a+b)" bn+c”><b+0) c™ + at <c+a)

2 2 2 2
a+b b+c c+a
Hence a™ + b™ + ”>( > ) +(T) +( . )
=252"@"+b"+c)=(a+b)"+(b+c) "+ (c+a)" =
>(a+b)"Hc+a)+b+)"tb+a)+ (c+a)"I(c+b)
Therefore it is to be true.

PROBLEM 2.066-Solution by Soumitra Mandal-Chandar Nagore-India

: f(n+1)
lim M V@ /f (n) CESAROISTOLZ li (n + 1)(n+D)e
nnt —

= lim im
s @
it

‘nt X—00

f(n+1). 1 (n )f _ 1 fln+1) 1 i f(x+1)

. =—-lim——==—" lim———
n+1 el xow ntf(n) et x-w xtf(x)

PROBLEM 2.067-Solution by proposer

x 102 1
Forall x,y,z > 0 we have: Wr2yiis? > E(} +;) o
3x2%y + 6x%z + 2y3 + 22° + 4y*z + yz*
o y y 18 4 y > 1i/(x2y)3(xzz)(y3)2(z3)2(yzz)4yzz —
= xyz and 2+yz < %(%4_9 Syx—2)>2+z(x—-y)2=0>
x? - 1 (2 1) (1 1) (y+2)(y+ 22)
a2\ (24 2) = N
(2 +yz)(3x%2 +2y2 +2z%2) — y z/\y z 72y?%z?

Z 1 Z (3’+Z)(y+22)_3ZX2+3ny_Zx2+2xy

(%2 +yz)(3x%2 + 2y2 +2z2) — 72x2y2z2  72x2y2z2  24x2y2z2
cyclic cyclic

PROBLEM 2.068-Solution by Soumitra Mandal-Chandar Nagore-India

Q = lim (’"‘"“3/(2 F O —"/(2n - 1)”)n ™
n—oo
mn+1)
. (2n nHt m Um—1 n Vv@n+1)!
llmn_,oo< Cyreey ’( ) no -In un> where u,, = D —m———foralln € N

D' ALEMBERT
N li M |(2n-! ~ li m|(2n+1)!! (n—-1)n
ow, 1My 00 (n-1)m - M 00 an+l  (2n-1)!
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2n + 1)!
™ % "1 . m2n@2n-1) 1\* m|2
= lim |2 (1-0) = im IS (1) =TS
n-oo (2n—-1)! n/ n noo | 2n(n-—1) n e
2m=1(n — 1)!
m(n+1)\/m
lim,, 00 Uy, = liMy,, 00 ————o— m”m / = 1. Hence lim,,_, :1” =1
Now. li — i m [@n+)l 1
ow, lImy,, 0 un = 1My (2n—1)1  m+1) Gn+ Dl
(Zn + DN
= lim I —— "
noeo | (2n — DI B n  mm (2 + 1)||
m—1n 1
W)= J;-l-ln \/E=; \/;(proved)
PROBLEM 2.069-Solution by proposer
11 1 2 2
Forally,zt>0wehave = <—(y+;)<:)y(t—z) +zy—t)*=>0
tdt 1 1, b%+yz _1(1 1
thereforef iy S (— + ) =-In Trys S Z(; —) (b—a)=>
b? + Z 1 1 1
Yo )(b—a)_(b—a)( +=+ )
 a’+yz 2 y z
cyclic yclic

PROBLEM 2.070-Solution by Nguyen Phuc Tang-Hanoi-Vietnam

(@®>+2)(b>+2)=(a+b+1)?+(@-1)?*+B-1)?%+(ab-1)?> >
> (1—a?) + (1 —b)?+ (ab — 1)2. By Cauchy — Schwarz
(@ +2)(b?>+2)(c?+2)>2[1-a)?+(1=-b)?+(ab—-1D?*]1+1+c?) >
>((2—a—b—c+abc)?
a+b+1=0

Equa/ityholdsif{l_a —1-p=%g=p=c= _%

PROBLEM 2.071-Solution by Ravi Prakash-New Delhi-India

a b c
b c

cab
Xy Yy

=y x Yy
y ¥y Xx
y=bc+ca+ab=x3—y2Q2x —2y) — xy?
= (a® + b? + c?)3 — (ab + bc + ca)?(a? + b? + ¢c?) —
—(ab + bc + ca)*{(a—b)? + (b —c)?> + (c — a)?} < (a? + b? + ¢?)3

3abc —a® —b3 -3 = al = Babc —a® — b3 —c3)? =

a b cl|la b c
b ¢ allb ¢ a
c a bllc a b

x3 + 2y3 — 3xy? where x = a? + b% + ¢?
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PROBLEM 2.072-Solution by Soumitra Mandal-Chandar Nagore-India

2

Z ( 2na )§ _ Z 2na AM;GM 6na

T b+ (2n-1)c s Y2na(b + 2n—1Do)? s 2na + 2b + 2(2n —1)c
2

a a
-3 -3 z
n na+b+ (2n—-1)c n na? +ab + (2n — 1)ca

cyc cyc
(a+b+c)?
= 3n >
N Ycyc a2 +Ycycab+(2n—1) Y cycab

= 3 (proved)

PROBLEM 2.073-Solution by Tran Hong-Vietnam

Let f(t) = log(l +%)f0rt >0

4

1
(1"'?) _ 1 S ) = 1 2t +1
(1+%)1n10 t(t+1)In10 In10 [e(t+ 1)]
= using Jensen’s inequality we have
LHS = (O + f0) + £(2) 2 3 (2 0) = 3108 (14 )
=T+ fO)Hf2) 237 (g ) = 3leg {147

Proved. Equalityy © x =y = z.

= f'(t) = >>0vt>0

PROBLEM 2.074-Solution by proposer

* By AM-GM inequality we have:
4

4 x

x
yt - Y4z(x5 + 1) - yr - Ydzx+ Dxt—x3 +x2—x+ 1) -
4

X
>

_y4-3{/2(zx+z)(2x4—2x3 +2x2—2x+2)
> xt
_y4(2+zx+z+2x4—2x3+2x2—2x+2)
3
3 3x* s
oyt (2xt = 2x3 4+ 2x2 +zx — 2x + z + 4)

x* x4

= >
yt ez + 1) y(@xP-2x3 +2x* +zx —2x+z+4)
4

4

4 3y
>
724 3[ax(y5+1) — z4(Q2y*-2y3+2y2+xy—2y+x+4)
z* 3z*
>

xt-3ay(z5+ 1) x*(Q2z* 2234222 +yz—-2z+y+4)

P_ 1 x* y* z*
—Hence::>—=—( + =
3 3\yt3faz(x5+1)  z+ax(yS+1)  x*Vay(z5+1)
4 4

Y + = (1)

= +
T yr(2x*-2x3+42x2+zx—-2x+z+4) z*QRy*-2y3+2y2+xy-2y+x+4)  x*(2z%-2z3+2z2+yz-2z+y+4)

+ Similar:

x4

187 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

- Other, by Cauchy Schwarz inequality we have:
x4 y*
+ +
yr2x* = 2x3 +2x2 +zx —2x+z+4) z4*Qy*—2y3+xy—2y+x+4)
4
z
+x4(224 —273+2z22+yz—2z2+y+4)

G (%)

2x* = 2x3+2x2 +zx —2x+z+4 29+ —2y3+ 2y +xy—2y+x+4

+ 2
2z% =223+ 222 +yz—-2z+y+4
x2 y2 72 2
T (2x*—-2x342x2+zx—2x+z+4)+(2y*-2y3+2y2+xy—-2y+x+4)+(22%-22z3+2z2+yz-2z+y+4)
-Let (1), (2):
2 2 2\2
ey ) ;
3 7 (2x*-2x342x24+zx—2x4+2z+4)+(2y*-2y3+2y24+xy—-2y+x+4)+(2z4-2234+2224+yz-2z+y+4) (3)
- By AM-GM inequality and x + y + z = 3. We have:
2 2 2 2 2 2
RN S N N A A S 44
x2+y2+zz _y2+y2+zz Z_2+Z_2+x—2 x2+x2+y2 -
vz z?  x? 3 3 3 -
3y2 42 a2 3,2 52 42
3 x_zx_zz_z 3 sfy2 y2 22 3- 9Zc_zazc_2x_2
. y y + Z_2 . Z_2 . x—z + y 3 x4- + 3 y4- 3 Z4’
- 3 3 3 | y?z2 z2x? x2y?
x? +y? + 72
3 x2y222
22 y? 22 xP+y?+z? | xP+y?+z2  xP4y?4z° — 24 yz 4 52 o)

=>?+Z_2+X_22 W = (x+y+z)2 - (3)2

3 3
- Let (3) (4_) = P > (x2+y2+22)2 (5)
’ ’ 3 T 2(xt+yt+zt)—2(x3+y3+2z3)+2(x2+y2+22) +(xy+yz+zx)—(x+y+2z)+12
We will prove:
(2 4y2+22)" ! (6)
2(x4+yt+z4)-2(x3+y3+23)+2(x2+y2+2z2)+ (xy+yz+zx)—(x+y+2)+12 — 2
S 2(x2+y2+z2)2 > 2(x* +y*+zY) - 2(x3 +y3 + 23 +
+2(x?2+y?+z8)+2(x2+y?*+z)+ (xy+yz+zx) —(x +y+2) + 12
23 +y3+23)+4(%y? +y?z2 + 22x?) = 2(x* + y* + z8) +xy +yz+zx — 3+ 12
x+y+z=3)
S2(x3+y3+23) + 4%y  +y?z2 + z22x?) = 2(x* + y* + z) +xy +yz+zx + 9
© 18(x3 +y3 + 23) + 36(x%y? + y2z% + z%x2) =
18(x% + y2 + z2) + 9(xy + yz + zx) + 81
S 6(x+y+2)(x3+y3+23) +36(x%y? + y2z% +z%2x?) =
>2(c+y+2)2?x2+y?+z2)+(x+y+2)>2(xy+yz+zx)+ (x +y + 2)*
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(becausex +y +z=3then: 18 =6(x +y+2);18=2(x+y+2)%81 = (x+y + 2)*)
e 6(xt+y* +2%) + 6(xy(x? + y2) + yz(y? + 22) + zx(2% + x?))
+36(x%y? + y?z%2 + z%x?) 2 3(x + y + 2)*(x* + y* + 2% + xy + yz + zx)
& 2(x* +y* + z%) + 2(xy(x? + y2) + yz(y? + z2) + zx(22 + x?))
+ 12(x2%y? + y2z% + z2x?) >
> (x2 +y%2 4+ 22+ 2xy +2yz + 2zx)(x* + y* + z% + xy + yz + zx)
& 2(x* +y* + z%) + 2(xy(x? + y2) + yz(y? + z2) + zx(22 + x?))
+ 12(x2y? + y%z% + z%x?) >
> xt+ yt+ 24 + 3(xy(x? + y2) + yz(y? + z%) + zx(2% + x?)) + 4(x%y? + y?2% + z x?)
+ 7xyz(x +y + z)
o xt+y*+ 24 +8(x%y? + y2z2 + 2%2x2) 2 xy(x? + y?) + yz(y? + z%) + zx(z% + x%) +
Ixyz(x +y+2z) (7)
- We have:
(2+y2+z2—xy—yz—zx)2 >0 (x2 +y2 + z%) + (xy + yz + zx)?
>2(x%2+y? + z2)(xy + yz + zx)
e xt+yt+ 2t +3(x%y? +y222 + 22x2) = 2(y(x? + ¥?) + yz(y? + 22) + zx(2% + x?))
(8)
- By AM-GM inequality:
xy(x? +y2) + yz(y? + z2) + zx (2% + x?) = xy - 2xy + yz - 2yz + zx - 2zx = 2(x%y? +
y2z% +z%x%)  (9)
-Let (8), (9): = x* + y* + z* + 3(x%y? + y2z% 4+ z2x?) = xy(x? + y?) + yz(y? + z%) +
zx(z% + x?) + 2(x%y? + y?z% + z%x?)
e x*+yr+ 2zt + (x2y? + y222 + z2x?) = xy(x? + y?) + yz(y? + z2) + zx (2% + x?)
(10)
v (z%+x2) | z?(x%+y?) > x%-2yz

2(020 .2 2 2
+ Other: x*y? + y?z? + z%x? = ud (y2+z )+ - + . >Th y 2sz z 22xy

= x2y? +y2z22 +z22x2 > xyz(x +y+z) @ xyz(x + y + z) © 7(x%y? + y?z? + z2x?) >
Txyz(x +y+z) (11)
— Hence (10), (11):
= x* 4+ y* + z* + 8(x2y? + y?z?% + z2x?)
> xy(x? +v2) +yz(y? + z2) + zx(z®2 + x?) + Txyz(x + y + 2)
= Inequality (7) true = (6) true.
— Let (5), (6): = 2 > % =P > % = Pyin = ; Equality occurs if:
y,Zz>0x+y+z=3
{ X=y=1z

eox=y=z=1

PROBLEM 2.075-Solution by Kevin Soto Palacios - Huarmey - Peru

Aplicando la desigualdad de Cauchy

X2 ¥ 42
x(y3 +z3)+x+y(z3 +x3)+y+z(x3 +y3)+z2
(X x)? (X x)? (X x)?

> = =
Xxy(x*+y?)+Xx Xxy(x*+y?)+ Ex)xyz X x?)Xxy)
Como x,y,z > 0. Aplicando MA > MG
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CO*Ex) 30?2 _81Ex? _ 81
CDAEExy) ~ (Tx2+Txy+XxyS  E0) (x+y+2)*
Yy Yy
3
P=2x+y+2)+ + + =
x+y+2) y3+z3+1 zZ34+x34+1 x3+y3+1
81
>2x+y+z2)+—m—
x+y+2) x+y+2)*
Nuevamente por MA = MG
81 _ (x+y+z | x+y+z | x+y+z | x+y+z 81
2(x-l-y-l-z)+(x+y+z)4_( 3 3 t 3 3 (x+y+z)4)
2x+y+2)
+———F——2>5+4+2=7

y zZ
342341 z34x24+1  x3+y341
La igualdad se alcanza cuandox =y =z =1

Por transitividad - P = 2(x + y + z) + ”

PROBLEM 2.076-Solution by Kevin Soto Palacios - Huarmey - Peru

Como es un tridngulo acutdngulo — cos A, cos B, cos C > 0. Recordar las siguientes
identidades en un triadngulo ABC
b? 4+ c? —a? = 2bccosA,c?+ a®* — b? = 2cacosB, a* + b*> — c? = 2abcosC
sin24 + sin2B + sin2C = 4sinAsin Bsin C,abc = 4RS,
1652 =(a+b+c)b+c—a)(c+a—-b)(b+a—c)
tanA +tan B 4+ tan C = tan Atan B tan C. Lo cual es equivalente
sinA sinB sinC sinAsinBsinC

+ + =
cosA cosB cosC cosAcosBcosC
< sinAcosBcosC +sinBcosCcosA +sinC cosAcosB =sinAsinBsinC

Probaremos lo siguiente (b+c—a)(a+c—b)(b+a—c) =
> (% +c?2—a®>)% a%- (c? + a? — b®)Pb?(a? + b? — c?)°cC
e b+c—a)la+c—b)(b+a—c) = (2abc cos A)*(2abc cos B)? (2abc cos C)°¢
Recordar = 2p = a + b + ¢ = 1. Aplicando la desigualdad ponderada MA > MG
(2abc cos A)a + (2abc cos B)b + (2abc) cos C -

a+b+c -

> a+b+i/ (2abc cos A)2(2abc cos B)? (2abc cos C)¢
& 2abc(acos A+ bcosB + ccos C) = (2abc cos A)*(2abc cos B)? (2abc cos )¢
& 2abcR(sin 24 + sin 2B + 2sin 2C) > (2abc cos A)*(2abc cos B)? (2abc cos C)°¢

& 2abc R(4sin Asin B sin C) > (2abc cos A)¢(2abc cos B)? (2abc cos €)¢

abc
3

& 2abcR (ﬁ) > (2abc cos A)*(2abc cos B)? (2abc cos C)°¢

a’b?c?
R? > (2abc cos A)*(2abc cos B)? (2abc cos €)°¢
(2abc cos A)*(2abc cos B)?(2abc cos €)¢ < 1652 =
=(@a+b+c)lb+c—a)lat+c—-b)(b+a—-c)=b+c—a)la+c—b)(b+a—c)
(LQQD). Por tltimo, probaremos
a*b?c(b+c—a)(a+c—b)(b+a—c) >

=4
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> (bZ + C2 _ a2)b+c(C2 + a2 _ b2)c+a(a2 + b2 _ C2)a+b
s a*b’cb+c—a)la+c—-b)(b+a—c) >
> (2bc cos A)P*¢(2ca cos B)***(2ab cos C)¢*P
ob+c—a)la+c—-b)(b+a—-c) =
(2ab cos €)(2ca cos B)r I(Zbc cos A)(2ab cos C)r (2ca cos B)(2bc cos A)]°

b
ob+c—a)a+c—-b)(b+a—-c) =
> (4abc cos B cos C)*(4abc cos C cos A)? (4abc cos A cos B)
Utilizando la desigualdad ponderada MA > MG
(4abc cos B cos C)a + (4abc cos C cos A)b + (4abc cos A cos B)c -

a+b+c B
> a+b+c\/(4abc cos B cos C)%(4abc cos C cos A)? (4abc cos A cos B)¢
& 4abc(acosBcosC + bcosCcosA+ ccosAcosB) =
> (4abc cos B cos C)*(4abc cos C cos A)? (4abc cos A cos B)®
< 8Rabc (sin A cos B cos C + sin B cos C cos A + sin C cos A cos B) >
> (4abc cos B cos C)*(4abc cos C cos A)? (4abc cos A cos B)¢
S Rabc (8sinAsinBsinC) >

> (4abc cos B cos C)*(4abc cos C cos A)? (4abc cos A cos B)¢
212 .2

a“b“c
72 > (4abc cos B cos C)*(4abc cos C cos A)? (4abc cos A cos B)¢

& (4abc cos B cos €)*(4abc cos C cos A)? (4abc cos A cos B)¢ < 1652 =
=(a+b+c)lb+c—a)la+c—-b)(b+a—-c)=b+c—a)la+c—b)(b+a—c)

a C

=

PROBLEM 2.077-Solution by Kevin Soto Palacios-Huarmey-Peru

Como es un tridngulo acutdngulo cos A, cos B, cos C > 0. Recordar la siguientes identidades y

bc ca ab b2+c? c%+a? a?+b?
desigualdades enun A ABC h, = —,h, =—,h, =—'m —,m m —_—
g a ™ yp’"'h T op’ e T R az_ AR b = 4R 2’ €= 4R
. . m m m b“+c c“+a
Locual1mpl1ca=>—“cosA+—bcosB+—CcosCZa( )cosA+b( )cosB+
hqg hp h¢ 2abc 2abc

a?+b? 3 .
+c ~ape ) €OS C= > Lo cual es cierto ya que

= a(b?®+ c?)cosA+ b (c? + a?) cos B + c(a? + b?) = 3abc
& a?(b? + c?)(2bc cos A) + b?(c? + a?)(2ca cos B) + c%(a? + b?)(2ab cos C) = 6a?b?c?
S a?(b? + c?)(b? + c? —a?) + b?(c? + a®)(c? + a® — b?) +
+c?(a® + b*)(a* + b?> — c?) = a?(b* + c?)? —a*(b* + c*) +
+b2(c? + a?)? — b*(c? + a®) + c?(a® + b)? — c*(a? + b?) =
=a?(b* + c*) — a*(b? + ¢?) + b?(c* + a*) — b*(c? + a?)
+c?(a* + b*) — c*(a? + b?) + 6a?b?c? = 6a?b?c?

PROBLEM 2.078-Solution by proposer

Applying the Weighted AM-GM inequality we obtain
b c

b 1% /1 1 1 1 1
a *b™"c C=(—) (—) (—) <a-—+b-—+c--,
a b c a b c
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= () () () =pgeegre
¢ €= a/ \b/ \c a ¢ b
IS S S 1 1
a~‘b~% =(—) (—) (—) <c-—+a-—+b-
a/ \b/ \c a b
Adding up these relations yields

1 11
a b e +a b c™ +ab P < (a+b+0) ( ot ) at+b M+t

n_lr—xnlr—k

as desired.

PROBLEM 2.079-Solution by Soumitra Mandal-Chandar Nagore-India

a + b" + ¢ 1 _1Z(an+b”) Zl
9 ar| 9 2 an

cyc cyc cyc
n n
e (TS (k)
2 an 6 a"
cyc cyc cyc cyc
a + b
= —n 1+1+1)-A+1+1D...((n— 2)times)
cyc
n n
HOLDER a+mh" 1 a+b
(e 2 (3
6 ch 6¢c
cyc cyc

PROBLEM 2.080-Solution by proposer

To solve this problem we must need the following results
v3 (u+v+w)3

Lemma 1. For any positive real numbers u, v,w, x,y, Z then ey i
y z 3(x+y+z)

Proof. By Holder’s inequality we have
( + + ) (x+y+2)(A+1+1) = (u+v+w)3and the conclusion follows.

Lemma 2. For all non-negative real numbers a, b, ¢ then
4
a’b + b%c + c?a + abc < ﬁ(a + b+ ¢)3.

Proof. Because the variables a, b, c are cyclic, without loss of generality we can suppose that b
is between a and c. Then
a’b + b%c + c?a + abc — (a?b + c?b + 2abc) =c(b—a)(b—c) <0
Consequently a’b + b?c + c?a + abc < (a?b + c?b + 2abc) = b(a + c)?
On the other hand, applying the AM-GM inequality we get

2b+ (a+c)+@+0)\° 4
(a c;) (a C)> =ﬁ(a+c+c)3

Hence a?b + b%c + c?a + abc < %(a + b + ¢)3. Come back to the main problem

b(a +c)? = %(Zb)(a +c)(a+c) < %(
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(b+c)® | (c+a)® . (a+b)3

We use lemma 1 and lemma 2, respectively, to obtain LHS =
» Tesp }1 ) b3+c3 +-C3+a3 a3+b3 —
(2a+2b+2c)3 4(a+b+c)3 9(a?b+b?c+c?a+abc
= > and we are done.
T 3(2a3+2b3+2c¢?)  3(ad+4+b3+c3) T al3+b3+c3

PROBLEM 2.081-Solution by proposer
Using the AM-GM inequality we obtain:

Z bc B Z bc - Z 2bc
(b + ka)(c + ka) T J(bc + kca)(be + kb) T 2bc + k(ca + ab)

cyc
After setting bc = x,ca = y,ab = z, the required inequality reduces to:
2x 2y 2z
+ + >
2x +k(y+2z) 2y+k(z+x) 2z+k(x+y) k+1
Applying the Cauchy-Schwarz inequality yields

Z 2x 3 Z 2x? - 2(x +y + 2)? 3
2x +k(y +2) 2x2 + kx(y +2z) = 2(x2 + y2 + z2) + 2k(xy + yz + zx)
cyc cyc

(x+y+2)>? (x+y+2)?

= > =
(x+y+Z)2+(k—2)(xy+yZ+ZX) (x+y+Z)2+k;2(x+y+Z)2

= % = %.This completes the proof. The equality holds when a = b = c.
+_

PROBLEM 2.082-Solution by proposer

We first see easily that: xMA + ymf +2zMC =0 (1)

Next, we have:
x-PA-MA+y-PB-MB+z-PC-MC=>x-PA-MA+y-PB-MB+z-PC-MC =
= x(PM + MA)MA + y(PM + MB)MB + z(PM + MC)MC =
= PM(xMA + yMB + zMC) + xMA? + yMB? + zMC? = xMA? + yMB? + zMC2,
Now we square both sides of (1) to obtain:
x2MA? + y2MB2? + z2MC? + 2xyMA - MB + 2yzMB - MC + 2zxMC - MA = 0
or x?MA? + y?MB? + z2MC? + xy(MA? + MB? — AB?) + yz(MB? + MC? — BC?) +
+zx(MC? + MA? — CA%?) = 0or
(x+y+2)(xMA? + yMB? + zMC?) = yza? + zxb? + xyc? or

_ (xy+yz+zx)a?

XMA? + yMB? + zM(C? = —=—""""_ (sinceca=b =c
y

x+y+z
Furthermore, it’s not difficult to observe that: x + y +z = h = aTﬁ Hence
xMA? + yMB? + zM(C? = % (xy + yz + zx). Thus we have proved
x-PA-MA+y-PB-MB+z-PC-MC == (xy+yz+2x) (2)

Also, using the AM-GM inequality we get:
xPA% + xMA? > 2xPA - MA,
yPB? + yMB? > 2yPB - MB,
zPC? + zMC? > 2zPC - MC,
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It follows that:

(xPA? + yPB? + zPC?) + (xMA%? + yMB? + zMC?) > 2x - PA- MA+ 2y - PB - MB +
+2z - PC - MC. On the other hand, according to the above proof, we have
x-PA-MA+y-PB-MB+ zc-PC-MC = xMA? + yMB? + zM(C?

Adding up two last results we obtain
xPA%* + yPB? + zPC* > x-PA-MA+y-PB-MB +z-PC-MC (3)
Combining (2) and (3) gives us
xPA? + yPB? + zP(C*? 2x-PA-MA+y-PB-MB+Z-PC-MC2%(xy+yz+zx)

The equalities occur if and only if P = M. From here we take again P = O which is the center
of the equilateral triangle ABC then to get

2a
(x+y+2)R=xMA+ yMB + zMC > ——=(xy + yz + zx)
RV3
3

Also, x +y+z= aTe, andR = % Therefore we find the desired result.

PROBLEM 2.083-Solution by proposer

Applying the Cauchy - Schwarz Inequality, we have:

1 1 1 (1+1+1)? 9
+ + = = ,x20
Mmeg+x my+x me+x myg+mp,+m.+3x my+my+m,+3x
It is well - known that m, + my, + m, < 2 So, L+ > 9R9 = 3R3 . Now,
2 ma+x mp+x me+x T+3x T+x

1 1 1 1 1 3
Jo ( + + )dx > [, %dx. So,

Mg+x  mp+x  me+x

1
[In(m, + x) + In(m;, + x) + In(m, + x)]§ = 3 [ln (% + x)] N
0

& In(mg + 1) +In(m, + 1) + In(m.+ 1) —Inm, —Inm;, —Inm, >

3R 3R m, +1 my, +1 m.+1 2
23(1n<—+1>—ln—)@ln +In +1n 231n(1+—)<:)
2 2 mg my me 3R

& In (ma“ LMyl m”l) > In (1 + %)3. Namely

mg my, me

(1 + mia) (1 + i) (1 + mic) > (1 + %)3. Equality holds when triangle ABC is equilateral.

mp

PROBLEM 2.084-Solution by proposer

(x™ ! — arctan(x™))?dx > 0

1

x" tarctan(x™) dx + f arctan?(x™) dx > 0

O%HO%H

1
fon—Z dx — 2
0

0
x €[0,1] = x™ ! € [0,1]

tanx > x;arctanx < x = arctan(x™® 1) < x™71
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1 1 1
o farctanz(x”) dx =2 f x™ 1arctan(x™) dx > 2 f arctan(x™ 1) arctan(x™) dx
0

0 0

PROBLEM 2.085-Solution by proposer

From means inequality:

i+£>2 ab

apn (1)
Y
bn a b"a

a b"a
wtiz2m O
By multiplying the relationships (1); (2); (3):
a b a™ b\ /b" 8
Grta) G+ ) (an +;) 2 oo (Y
We prove that: — + >a" 1l +pl (5)
a*(a—b)—b"(a—b) =0

a™t 4+ ptl > gp + ab”
(a=b)(@*—b") >0, (a—b)*( @t +a"2b+--+b"1) >0 (true)
We multiply the relationships (4); (5):

at b bysa® byn" ay_ 8@ t+bvY) n L ” !
() ) D ) = S -
b b™ a™/\b"™ a/\a™ b Var-1.pn—1

PROBLEM 2.086-Solution by proposer

sin®a + sin®b 4+ sinc =1 —cos?a —cos?bh —cos?’c+2 >
>1—cos?a—cos’b —cos’c+2cosacosbcosc =

1+ cos2a
1- ZT+ [cos(a + b) + cos(a — b)] cosc =

—1—Ycos2a cos(a+b+c)+Ycos(a+b—c)
= + =
2 2
_cos(a+b+c) 1

> +§Z(cos(b +c¢—a)—cos2a) =
. ,a+b+c ~a+b+c  b+c—3a
= —sin ——Zsm =

> > sin 5
. a+b+c[(. a+b+c+ . b+c—3a>+(_ a+b—3c+a—3b+0)]_
= —sin > sin > sin 5 sin > 5 =
— 4si a+b+c b+c—a a+c—-b a+b—c
= 4sin > sin > sin > sin >
25  2s—2a 2s—2b  2s—2c ) _ _ )
=4sm?sm 5 sin——sin— = 4 sinssin(s — a) sin(s — b) sin(s — ¢)
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PROBLEM 2.087-Solution by Ravi Prakash-New Delhi-India
A(z1)

1
1
1
1
1
1
1
1
1
1
1
1
1
A

B(z2)

Let’s take O the circumcentre of A ABC.
Let’s take z; = R(cosa + isina); z, = R(cos B + isinfB); z3 = R(cosy + isiny)
zy-z3 _ 1y _ 1-cosy-p)-isin(y~p) 2 _ (-cosy=p)?+sin(y=p)
Zy+23 1+§—; 1+cos(y—pB)+isin(y—p) (1+cos(y—B))?+sin?(y—p)

Z2—23

Now,

Zy+2Z3

= 2zcosy=pl _ 1-cos24 _ a2 g . |2275| — a4 Similalry for other expressions
2[1+cos(y—B)] 14+cos24 Zy+23
'LHS—H(t At B)_l—[ sin(A + B) B sinC
" - an ane)= cosA+cosB cosAcos B

__ sinAsinBsinC _ 16R*sinAsinBsinC (1)
T cos2Acos2Bcos?2C  (4R? cos A cos B cos C)2
We now show that 4R? cos Acos BcosC = s? — (2R +1r)? = s — (4R? + 4Rr +1?)
2
Now, 4Rr + 1% = aTbc-§+ j—z [A4 = area of AABC] = abe +§(s —a)(s—=b)(s—10)

S

- %[abc +(s—a)(s —b)(s — )]

1
=;[abc+s3—(a+b+c)sz+(ab+bc+ca)s—abc]=—52+ab+bc+ca
52— (4R* +4Rr +1%) =s? —4R?* + s2 — (ab + bc + ca)

1 1
=§(Ut+b+c)2 — (ab + bc + ca) — (2R)? :E[a2 + b% + ¢* — 2(2R)?]

= E(ZR)Z[sin2 A + sin? B +sin? C — 2] = 2R?[— cos? A — (cos? B — sin? C)]
= 2R?*[—cos? A — cos(B + C) cos(B — C)] = 2R?*[— cos? A + cos A cos(B — C)]
= 2R?(cos A)[cos(B — C) + cos(B + C)] = 4R? cosAcosBcosC (2)
Also, 16R*sin Asin B sinC = 4R?(2R sin A)(2R sin B) sin C
= 4R?ab sin C = 4R?(24) = 8R?A = 8R?(sr) = 8(2r)?(sr)
~ 16R*sinAsinBsinC > 32sr3 (3)

— — 3
From (1), (2), (3), we get ] (222! 4 i) » 32

|zz+2z3]  |z1+z3l) — [s2-(2R+7)?]?
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PROBLEM 2.088-Solution by Kevin Soto Palacios-Huarmey-Peru

Siendo a, b, c > 0 de tal manera que ab + bc + ca + abc = 4. Probar que
(@a+DJb+DCc+D+B+1DJc+D@+D+(c+DJ@+1Db+1)=
>a+b+c+9
De la condicion, realizamos las siguientes sustituciones

2 2 2
a=—x>0,b=—y> 0,c=—Z>0,dondex,y,z>0
y+z Z+x x+y

Aplicando la desigualdad de Cauchy y MA > MG
(a+ 1)\/(b +D(c+1)= ((x+y)+(x+z)) \/(Y+z)+(y+x)  +2)+(z+x) >

y+z zZ+x x+y

(x+y)+(x+2) y+z (x+y)+(x+2) y+z 2x 2x
> = . _— >
- ( y+z ) <\/(z+x)(x+y) 1) y+z J@+x) (x+y) + y+z t1= y+z +3 (A)

Analogamente para los siguientes términos
2y
b+ DJc+D@+1D) = Z?Jr 3 (B)
(c+DJ@+Dh+1) = ﬁ+ 3 (C)
Sumando (A)+(B)+(C)

(@+DJ/b+DCc+D+B+1DJc+D@+D+(c+1DJ@+1Db+1)=
2x 2y 2z

+9=a+b+c+9

= + +
y+z z+x x+y

PROBLEM 2.089-Solution by Soumava Chakraborty-Kolkata-India

WLOG, we may assume a = b > c. Then, 2 = 1 > 12 andhi = hi = hi
a b c
Chebyshev ? 2
- 1 1 1 - 28*(R—1)
~LHS = —ZZ (Z—)z— 4R 228} >———=
3( ) h) = 3 (4R + 17 =257 3Rr

? ?
& R(4R +71)% — 2Rs2 S 2Rs? — 2rs? < (4R — 21)s2 S R(4R +1)2
Now, Rouche = (4R — 2r)s? < (2R? + 10Rr — r?)(4R — 2r) +

?

+2(R — 2r)(4R — 21r)/RZ — 2Rr 2 R(4R + 1)?
?

& (R —2r)(8R? — 12Rr +12) 2 2(R —2r)(4R — 2r)\R? — 2Rr
* R — 2r > 0 by Euler -. it suffices to prove: 8R*> — 12Rr + r? > 4(2R — r)VR? — 2Rr
[BR? —12Rr +1%2 = (R — 2r)(8r + 4r) + 9% > 0]
& (8R% — 12Rr +12)? — 16(2R — r)2(R% — 2Rr) > 0
& 16R?*r? + 8Rr3 +1r* > 0 > true (Proved)

PROBLEM 2.090-Solution by Soumitra Mandal-Chandar Nagore-India

AM=GM

Z sina S 5 sina
usinf + v /sinasin - CyCZusin,B+v(sina+sin,8)

cyc
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Bergstrom

- Z sin? a & 2(sina + sin B + siny)?
- vsinfa + Qu +v)sinasinf v Yyca+ Qu+v)Yycsinasing
cyc
] 2
Z(chc sin a)
U(chc sin a)z + 2u —v) ¥¢ycsinasinf
. N2
sin
> 2 (Zm ) ['2u—v>0]=u+v
V(X eye sin a) v (chc sin a)
PROBLEM 2.091-Solution by proposer
We have: _ 5a—b—c = (b+c—2a)? ' b2 _ 5b—c—d (c+d—2b)2’
a+b+c 9 9(a+b+c) " b+c+d 9 9(b+c+d)
c? _50—d—a_|_(d+at—20)2 d? _5d—0¢—b_|_(a+b—2d)2
c+d+a 9 9(c+d+a)’'d+a+b 9 9(d +a+b)
, , . a’? _ a+b+c+d (b+c—2a)?
Adding up these relations we obtain: Y., T + Xeye s S(arbre)”

Now we use Cauchy - Schwarz inequalty to get
(b+c—2a) (b+c—2a)2+(c+d—2b)2+(—d—a+2c‘)2
9(a+b+c) 9a+b+c) 9b+c+d) 9(c+d+a)

cyc
(—a—b + 2d)? >4(20L+b—2c'—d)2

9d+a+b) ~— 27(a+b+c+d)
2 2 2 2 —9c—d)2
a n b n c 4 d > a+b+c+d | 4(2a+b-2c-ad)
a+b+c = b+c+d c+d+a  d+a+b 3 27(a+b+c+d)

Therefore as desired.

PROBLEM 2.092-Solution by Soumava Chakraborty-Kolkata-India

a? b? c? a+b+c (b — ¢)?
+ + >
a+b b+c cH+a 2 2@+ b +c)
2 2 2 _ 2
Given inequality PN Ya (Z ab+a ) > (a+b+c)*+(a+b—-2c)

(a+b)(b+c)(c+a) — 2(a+b+c)

o2 (Z a) {Z a* + (Z ab) (Z az)} >
>(@a+b)(b+c)(c+a){(a+b+c)?+(a+b—2c)%}
& 2(a® + b + ¢®) + 2a*b + 2a*c + 2a3c? + 2ab* + 2b*c + 2b3c? >
> 4a3b? + 4a®b3 + 4a?b?c + a®bc? + ac® + ab?c? + ac* + b%c3 + bc*(1)
A-G
Now, 2(a® + ab*) = 4a3b? (a)
AZG
2(b5 + a*b) = 4a?h? (b)
A—G
2(a*c + b*c) = 4a*b%*c (c)
c?(a® + b3) = c?ab(a+ b) = azbc + ab?c? (d)
c?(a®+ c?) = c?ac(a + ¢) = a?c® + ac* (e
c2(b3 + ¢3) = c?bc(b + ¢) = b?c® + bc* (f)
(a)+(b)+(c)+(d)+(e)+()= (1)
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a? b? c? a+b+c (a+b-2c)?
+ + >
b+c c+a a+b 2 2(a+b+c¢)
. . . Y a?(Xab+a?) (a+b+c)?+(a+b-2c)?
Given inequality & =o=e-res 2 2(a+b+0)

2 (Z a) {Z a* + (Z ab) (Z az)} >
>(@a+b)b+c)(c+a){(a+b+c)?+(a+b—2c)?%}

& 2(a® + b® + ¢®) + 2a*b + 2a*c + 2a3c? + 2ab* + 2b*c + 2b3c? >
> 4a3b? + 4a%b® + 4a?b?c + a’bc? + a?c® + ab?c? + ac* + b?c® + bc*
A-G

Now, 2(a® + ab*) = 4a3b? (a)
A=G
2(b5 +a*h) = 4a%b® (b)
A-G
2(a*c + b*c) = 4a*b%*c (c)
c?(a® + b3) = c?ab(a+b) = azbc + ab?c? (d)

c?(a®+ c®) = c?ac(a + ¢) = a?c3 + ac* (e

c2(b3 + ¢3) = c?bc(b + ¢) = b?c® + bc* (f)
(a)+(b)+(c)+(d)+(e)+(f)=(1) is true (Proved)

PROBLEM 2.093-Solution by Soumava Chakraborty-Kolkata-India

Lets—a=x,s—b=y,s—c=2zThenx,y,z>0ands=x+y+z
~a=y+2zb=z+x,c=x+y. Now, given inequality <
(b +c)a (c+a)b N (a+b)c (;)
2b%2 + 2c2 —a?  2c?+2a%—b?%  2a%+2b%2—c?2
Now, 2b% + 2c? —a? =2(z+ x)? + 2(x + y)? — (y + 2)*

=27% 4+ 2x% + 4zx + 2x* + 2y* + 4xy —y* —z* — 2yz
(@)
=z +y? +4x% + 2yz+4xy + 4zx — 4yz = (y+z + 22)* — 4yz
(b+c)a _ (y+z)(y+z+2x)
(a) = 2b2+2c2—a?  (y+z+2x)2—4yz [)
. (cta)b (D) (z+x)(z+x+2y) (a+b)c D (x+y)(x+y+22)
Similalry, 21202-b2  (z+x+2y)2—4zx  2a%+2b2—c?

(x+y+22)2-4xy
(i)+(ii)+(iii)= given inequality &

e +2)y+z+2x){(z+x+2y)2 —dzxH{(x +y + 22)? — 4xy} +
+(z+x)(z+x+2V){(x+y+22)?2 —4xyH{(y + z + 2x)? — 4yz} +
+x+ ) +y+22){(y+z+2x)2 —4yz}H{(z + x + 2y)? — 4zx} >
>2{(x+y+22)?—4xyH{(z+ x + 2y)? — 4zxH{(y + z + 2x)? — 4yz}

& 102x5y + 102xy5 + 77Zx4y2 + 77Zx2y4 +
+1SOZ 3 > 118xyz (Z x3) + 90xyz (Z xzy + Z xyz) + +78x2y%z?
Now, 59 Y x*y? + 59 Y x%y
=59{x*(y? + z%) + y*(z% + x?) + z*(x? + yz)} 118xyz (Z 3)

Shu A—G
Now,Vu,v,w € R*, Y u3 + 3uvw > Y u? v+2uv and2u3 > 3uvw
Adding the last 2, 2y, SERS Yu?v+ Yuv? (b)
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(b) = 150 x3y3 > 75xyz(}, x2 y + Y xy?) (v)
Again, 15 Y x*y? + 15 Y x%y* ; 30y x3y
(vi) = 15xyz(¥ x*y + Z_xyz) (b)’ (b))

Also, 3Y x*y? + BZX2 4 > 18x2y?z? (vii)
10 x5y + 10 Y xy°® > 60x2y?z2 (viii)
(iv)+(v)+(vi)+(vii)+(viii)= (2) is true (proved}
PROBLEM 2.094-Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

Z cos A cos B - V3
sinC -2
Since A ABC is acute then sin A, sin B, sin C > 0. So, the inequality is equivalent to:

ZcosAcosBsmAsmB S7smAsmBsmC S

= Z sin 24 sin 2B < 2V/3sin Asin Bsin C

(Xsin24)?2 _ [4sinAsinBsinC]?
3 B 3

We have: Y, sin 2A sin 2B < < 2v/3sinAsinBsinC

3
33
(sin A+sin B+sin €)3 < (T)

27 - 27

sinAsin B sin C < =25 5 QED.

PROBLEM 2.095-Solution by Soumava Chakraborty-Kolkata-India

LHS = W{(b2 +¢?)? — 2b%c?}a® +

—{(c? + a?®)? — 2c?a?}b? + 4R2 —{(a? + b?)? — 2a®b?*}c?* < %(BR4 —161%)
S (% + ¢®)?a? + (c? + a?)?b? + (a® + b?)?c? <
< 81R?(3R* — 167%) + 6a%b?c? (1)
WLOG, we may assume a = b > c. Then, a?(b? + c?) = b?(c? + a?) = c?(a® + b?)
b? +c? <c?+a?<a?+b?
Chebyshev

“LHSof (1) < :{Za?(b?+ cHHI(b? +c?))

=3 (Yan) (Y at) “E Sarn (3 a)

Leibnitz 4
< 5 (4R*s?)(9R?) = 48R*s < 81R?(3R* — 161*) + 96R?12

1
4-R2

& 16R?s? s 27(3R* — 161%) + 32r2s?
?
© s2(16R? — 32r%) < 81R* — 432r* (2)
Gerretsen

?
Now, LHSof (2) <  (4R% + 4Rr + 3r?)(16R? — 32r?) < 81R* — 432r*
R
o 17t* — 64t3 +80t%> + 128t — 336> 0 (t = ;)
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& (t-2){t—-2)(17t2+4t+28)+224} >0 > true~t =

Rl =]

> 2 (Euler)

PROBLEM 2.096-Solution by Myagmarsuren Yadamsuren-Darkhan-Mongolia

xX=p-—a
Za;Z_R Yy=p—b=>x+y+z=p
@ Z=p-—c
1
)Y =
a Wa (y+2)- (m 1/x(x+z)(y+x)~2x)2
_y Qx+y+z)? BETISTOM (voxy+y+2)? | 16(x+y+2)? ‘_1Hs
T A axlx+y) T x - 4le_[(x+‘3{) T a(x+y+2)? H(x+y) [T(x+y)
2yl “’;CA = abe TGy -~ RHS
4 1
1,2)%— =—

aw? H(x+y) R-A

PROBLEM 2.097-Solution by Soumava Chakraborty-Kolkata-India
1 C-B-5
< z
2h2 Goldst 2R 1 ? J2(R +
- /ZAI 2 a*b* Goldstone 2Rs /ZAlz_ /ZAIS_M
a’b?c? 4Rrs 2r 2r

oAl < 2R +7) 0
Now, Y Al =1,

(s— b)(s )

NG C-B-S \/—[ — ’
\/s(s—a):s—b)(s—c)z\/_cm = : 3928 = Z

Gerretsen
=/S%2+ 4Rr + 1? \/4R2+8Rr+4r2 \/4(R+r)2=2(R+r)
= (1) is true (Proved)

PROBLEM 2.098-Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

AH-BH+BH-CH+CH-AH=Z4R2-COSA-COSB=

4R?
= 4R + 4r% < 4Rr + 2Rr = 6Rr = QE.D.

pr+r
= 4R? —1|=p%+71r?—4R? <4R?> + 4Rr + 3r%? + 12 — 4R?

PROBLEM 2.099-Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

We will prove that: (a — b)?(b — ¢)?(c — a)? < %. WLOG, assume that
¢ = max{a; b; ¢}
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c=>b=>a>0:(a-bh)?*<bhb*}(c—a)’<c?>
1

= (a—b)?(b—0c)*(c —a)> <b?*c?-(b—1c)? = Z(Zbc)2 - (b% = 2bc + ¢?)

- (2bc + 2bc + b* — 2bc +c?)° (b +¢)® - (@a+b+c)° 27

B 427 108 108 4
c?>a=2b=>0:(a—b)?*<a’;(b—-0c)<c? =>(@—-b)*b-0c)*(c—-a) <
(2ac+2ac+a2—2ac+cz)3

427

< a’c*(c—a)?* = %(ZaC)2 -(a? = 2ac+c?) <
_(a+c)6<(a+b+c)6_z
108 108 4

Hence: (a — b)?(b — ¢)?*(c — a)? <—=> l(a=b)(b—-c)c—a) <2

The equality happens iff (a; b; c) ~ ( 3-V3 3+\/_)

2 7 2

\/_

PROBLEM 2.100-Solution by Soumava Chakraborty-Kolkata-India

(a+b)* 2

In any A ABC with perimeter = 3,288r? < ¥ ——- < =

2 2 (a+b)2 . (a+b) 2 “
a‘+b 24—2 etc, = Y, e S 2Y(a+b) <-

, _lés* 81 5 8s*
@Z(a+b) S81r2 (.s =Ea525=3>@2a +Z:abS81r2

& 8s* > 81r%(3s2 — 4Rr —1?)
& 8s* + 324Rr3 + 81r* > 2435%r? - (1)

Gerretsen

LHSof (1) =  8s?(16Rr — 5r%) + 324Rr3 + 81r* 2 243s%r?
?
© s2(128R — 2567) + 324Rr? + 81r3 > 27s%r - (2)

Gerretsen

LHS of (2) > (16Rr — 5r2)(128R — 2567) + 324Rr? + 81r3
Gerretsen

and, RHSof (2) <  27r(4R? + 4Rr + 3r?)
-~ in order to prove (2), it suffices to prove:
?
(16Rr — 572)(128R — 2567) + 324Rr? + 81r3 > 27r(4R? + 4Rr + 3r?)
? ?
& 97R%? — 226Rr + 6412 > 0 & (R — 2r)(97R — 32r) = 0 - true
. . . (a+b)*
R = 2r (Euler) = (2) is true . 2ipT = r_2
(a+b)4 PETOSITOM (5(a+b)?)” LN 4(5 a?+3 ab)’
+b2 = 23 a2 = 18R?2

> 288r?

Agam

(:)Za + Y ab > 36Rr<:) 35?2 >40Rr+r —>[3]
Gerretsen

LHSof (3) = 48Rr — 1512 > 40Rr + 12 © 8Rr > 16r* © R > 2r

- true (Euler) = (3) is true . 288r% < Y, (‘:bb)z

PROBLEM 2.101-Solution by Soumava Chakraborty-Kolkata-India

A—G
a* +2b%c? = a* + b2c? + b%c? > 3Va*bict >

1 1
< 1
a*+2b%c?2 — 33a%pict ()
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. 1 @) 1 1 ®3) 1
Similarly, b*+2c2a? = 33\/W&c4+2a2b2 - 3\/b—
(a)
1 1
(1)+(2)+(3)= LHS < *|5 == 3J_ @ Yabe > BB _ o3

Now, Vabc = V4Rrs 2 J4(2)rs
52331
> 3\/4(27‘)7‘(3@7‘) =8-3V3r3 =2V3r > (a) is true (proved)

PROBLEM 2.102-Solution by Soumitra Mandal-Chandar Nagore-India

ab + bc + ca = p* + r? + 4Rr,abc = 4Rrp and [1.y(p — @) = pr?
again, 9r(r + 4R) < 3p? < (r + 4R)?

Zbc(p—b)(p—c) = p? Zab —pZab(a+b)+Za2b2

cyc cyc cyc cyc
2

=p22ab—p Za Zab + 3abcp + Zab —Zacha

cyc cyc cyc cyc cyc

=12(r + 4R)? + p?r? then
, A bc r2(r + 4R)? + p?r? r + 4R\*
IR (s
2 Cycp(p—a) plp—a)p—b)(p—-c)

p
cyc

. (T+4R)? 2R (r+4R)? .
23+1=4agam,(rp ) +1S7(:>r;TSp2wewdlprove,
r(r + 4R)?
3r(r+4R)2%@3(2R—r)2r+4R=>2(R—2r)20

which is true. Hence proved.

PROBLEM 2.103-Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

The inequality is equivalent to: 4 — 20l7m _207m | mmra0® > 11 T
m+2017 n+2017 2 =+
. . . 2017m  2017n  m+n+2009
Applying AM-GM inequality: 4 — — 017 a0 T > =
m+ 2017 n+2017+m+n+2009_m+n
- 4 4 2 4
So we need to prove that: — > +— & (m 4+ n)? = 4mn  (m — n)? = 0 (true)

mn

PROBLEM 2.104-Solution by Soumitra Mandal-Chandar Nagore-India

Z(p —a)(p = b) =r(r + 4R),abc = 4Rrp, Sing - \/(P - bzip -

cyc
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’(p a)(p c) andsm ’(p a)(p—b)
ab
Cauchy—-Schwarz

Z abc Z
cyc Sln cyc V abp(p - C

< T\/(chc Clb) (Ecyc (= a)(p b)) > \/(chc ) (Ecyc v a))
< r\/()RZ Zeye(p—a) N abc\/ 20 Ty —a)(p—b)

Hcyc(p —a) 2 |4Rrp p Hcyc(p —a)

_ , P 1 r(r+4R) B
=7 [R5 2Rp o —o o < 3R+ 3R = 6R

PROBLEM 2.105-Solution by Hoang Le Nhat Tung-Hanoi-Vietnam

SaBc
3

BC = a, CA = b,AB = C, SABG = SACG = SBCG =

cot GBA + cot GCB + cot GAC =
_ AB? + BG?> — AG? C(CG? 4+ BC?—-BG? AG?*+ AC? —GA?

+ +
4'SABG 4‘SBGC 4'SACG
3 (a2+b2+c2) _a?+b%+c? | a?+b?+c? (1)
4 SABC 4SaBc 2S4BC

ab+bc+ca _ a?+b?+c?

- Other:S=\/p(p—a)(p—b)(p—c)S NG < e
a+b+c >2\/—>3 (2)
2SAB
(1), (2) = cot GBA + cot GCB + cot GAC > cot A + cotB + cot C + 3

2 bZ 2
(Because cot A + cot B + cotC = @ Hote

45aBC

PROBLEM 2.106-Solution by proposer

cos 20° cos 40° cos 80° cos 80°

cot 20°40° cot 80° = — — — — = =
sin20°sin40°sin80° 4 5 200 % (cos 20° — cos 60°)
_ cos 80° _ cos 80° _ 1 _ V3
~ 25in20°c0s20° —sin20°  2sin 10° cos 30° ) V3 3
2
cot20° cot 40° cot 80° = 2 (1)

rEL =3Oty -a) (@2

We prove that: Y. a® (s — a) < abcs < Za (b+c—a)<abc(a+b+c)
© Y a? (a — b)(a — ¢) = (by Schur’s inequality)

By(2:r$& <abe (3)
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A M €Y
(a cot 20° + b cot 40° + c cot 80°)3 >  27abc cot20° cot 40° cot 80° =

3)
=27- —abc > 9\/_7‘2—

PROBLEM 2.107-Solution by Soumitra Mandal-Chandar Nagore-India

3
We know x > tan" ! x and tan™! x > x + x?for allx =0

1 1 d
X
j (tan ! x)?%dx j 1 7
SRS S
0 o(tan xz—x+1)
1 ) 1
X3
> J<x+?> dx j(xz—x+1)2dx
0 0
101 2\/1 . 1 1 2\ 152
_(§+a+g)(§+§+1—5—1+§)—m E> (PT'OVBd)

PROBLEM 2.108-Solution by Do Huu Duc Thinh-Ho Chi Minh-Vietnam

4(a+b)(a+c) E 4(a+b)(a+c) Z a(a+b+c)+bc
(b+c)?2 - 4bc - bc

=Y(@*+1)=3+a%+b*+c?>Q.ED.

By Cauchy’s inequality we get: .
a’bc+bc
- Z bc

PROBLEM 2.109-Solution by proposer

. . . 2x . X 2x 1
From Jordan’s inequality: sinx > —;x > 0 = sm( > ) ===
s x“+1 xX“+1 m

a

a
X 1 2x 1
i > — = 2
fsm(xz n 1)dx _nfxz +1dx 7Tln(a +1)
0 0
mQ(a) = In(a? + 1) = wbQ(a) = bIn(a? + 1)
> mha@ 2 ) bin(@*+1) = ) (@ +1)°

nz bQ(a) = In n(az +1)b;emIb0@ > l_I(a2 +1)P

en:(bﬂ(a)+cﬂ(b)+aﬂ(c)) > (az + 1)b(b2 + 1)C(C2 + 1)a
Equality holds fora = b =c = 0.

PROBLEM 2.110-Solution by Soumitra Mandal-Chandar Nagore-India

2m+2xm+1
We know r(r + 4R) = +/3F then chc_( T+ )M
m+1 m+1
o e e
> — = — X Z -
3m y+z 3m y y+z
cyc cyc cyc
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m+1
Berg;tmm 1 J(a+b+0)? Z " _ 1 (2(ab + bc +ca) —a* — b* —c? m
= 3m 2 ¢ " 3m 2

cyc
2(p? + r% + 4Rr) — 2(p% — 2 — 4Rr) ’"“_2"‘+1

~3m 2 B
1

(r? + 4Rr)m*1

2m+1

(\/_)m 1Ferl (Proved)

PROBLEM 2.111-Solution by Soumitra Mandal-Chandar Nagore-India

We know r(r + 4R) > +/3F and p? = 3+/3F then
2

2
v+ 2)?%a* 1 (v + z)a? 1 a?
~ = > 2 ) =2 - _ 2
Z x2 — 3 Z x 3 (x+y+z)zx Za

cyc cyc cyc cyc
Bergstrom

> H@+b+)?~Toea?) =2(p2 +r( +4R)" 22 (3V3F +V3F)" = 64F7

PROBLEM 2.112-Solution by Marian Ursdrescu-Romania

. x . A x+ty+z-y—-z . A
First step: Y, — - sin>= =Y, (L) sin?= =
y+z 2 2

y+z
_(x+y+z)2y+z sin® > — Y sin® > (1)
Y sin
But from Cauchy inequality,-zL sin?4 > ( sin ) 2

2 2(x+y+z)

From (1)+(2)= Z—sm = (Zsm ) —Zsm - (3)
zx/ljR2

From (3) inequality becomes: > (Z sin ) — Y sin?=
ButF =pr (4)
Ysin?Z=1--— (5)
And sin™ (g) + sin™ (g) + sin™ (2) > —n,n € N*
In our case: . sinA >3 (6)
From (4)+(5)+(6) inequality becomes -—1 + — 2\/_R2 (7)

Bu tp<iR:>

2\/_R2 - 4R (8)

From (7)+(8) we mustshow. — <= + 5 o E <1 e 2r < R (true)

PROBLEM 2.113-Solution by proposer

We have: xy(x? + y?) < x*+y* © (x —y)?(x? +xy + y?) = 0or x3y + xy3 < x* + y*

and 2xz +2yz —2z> < x*+y’ o (x—2)>?+(y—-2)?=20>
xy(x? +y*)(2xz + 2yz — 22%) < (x* + y) (x* + yH) or
2x*yz 4+ 2x2y3z 4+ 2x3y%z + 2xy*z — 2x3yz? — 2xy3z2 < (X2 + yA)(x* +y*) =
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Axyz(x3 +y3 +23) = Z x*yz + 2x%y3z + 2x3y?z + 2xy*z — 2x3yz? — 2xy3z%) <

cyclic

< ) @A+

cyclic

PROBLEM 2.114-Solution by proposer

3

We have: 2x + 2y — 2 —2z)*+ (y—2)? = 0 and x* +y2<—+ =S
e (x —y)2(x? + xy + yz) 2 0 therefore ¥.cyciic(2x + 2y — 2z) + chmc(x + yz) <
24 3 3 1
< chcllcx Zy + chclic (% + y?) or2(} x? + xx) < EZ(’C‘L + )74) z+

x? + 1\ 3 1 x? + y?
+Z Y =>22(x+—> S—+—Z(x4+y4)z+z 4
z 2 2 xyz z

PROBLEM 2.115-Solution by Marian Ursdrescu - Romania

6 (abc) (abc)®
2 = we must show: 3° > 26.3%5 & —= > 21836,15 (7)
Ta Tp Tc TaThTc TaThTc TaThTc

But abc = 4sRr and 1,17, = s*r (2). From (1)+(2) we must show:
212§Zf6r6 > 218.36. 715 & s*R6 > 66710 & s2R3 > 6315 (3)
ButR > 2r = R® > 8r3 and s? > 27r? = s?R3 > 23 - 33 . 5 = (3) its true. Now we use
Schur inequality: a®(a — b)(a —c) + b°(b—c)(b—a) + c°(c—a)(c—b) >0 &

& a®(2—ab —ac + bc) + b>(b? —ab —bc+ ac) + c5(c? —4c—ac+a’) 20 &
s a®(a—b—c)+b°(b—-c—a)+c®(c—a—b)+a’bc+ab’c+abc® >0
sa®b+c—a)+b®(a+c—b)+c®la+b—c) <abc(a*+b*+cH) &
© 2a%(s —a) + 2b6(s —b) + 2c(s — ¢) < abc(a* + b* + ¢*). Butr, = é =

+Z + ) > abc(a* + b* +¢*) (4). But S =25 (5) = From (4)+(5)

:>s—a——:>25(

Ta 7'a

=> s +—< 2R(a* + b* + ¢*) (6). From (6) we must show:
Tp Tp

2R(a* Epy ¢*) < 108R*(R — 1) & a* + b* + c* < 54R3(R — 1) (7)
Buta* + b* + ¢* = 2(s* — 2s?(4Rr + 3r2) + r2(4R + 1)?) (8)
From (7)+(8) we must show:
s* —2s2(4Rr +3r) +r2(4R + )2 = 27R3(R—1) < 0 (9)
Now, let f (s?) a polygon of second degree = f(p?) = (p? — x1)(p? — x3), (9) its equivalent

with [pz —7(4R +3r) —\/8r3Q2R + 1) + 27R3(R — r)] :

: [sz —7(4R +37) +/8r3(2R + 1) + 27R3(R — r)] <0 (10)
(10) its true if x; < p? < x,, x4, X, its square, then we must show:
(4R +3r) —/8r3(2R + 1) + 27R3(R — 1) < s? (1)
and s> <r(4R +3r) —/8r3Q2R +1) + 27R3(R— 1) (2)
For (1) using Gerretsen’s inequality: s* > 16Rr — 512 (11) &
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& 4Rr +3r2 — \[8r3(2R + 1) + 27R3(R — 1) < 16Rr — 51% &

& 8r2 = 12Rr </8r3(2R +1) + 27R3(R — 1) &
& (8r2 —12Rr)? < 8r3(2R + 1) + 27R3*(R —r) © R = 2r (Euler). For (12) using again
Gerretsen’s inequality s> < 4R? + 3r% + 4Rr
(12) & 4R? + 3r2 + 4Rr < (4R + 3r) — /8r3(2R +1) + 27R3(R—1) &
& 8r* + 16Rr3 — 27R3r + 11R* > 0. Let x = zir > 1 (Euler) = we must show:

22x* — 27x3 + 4x + 1 = 0 and with Horner and Rolle sequence =

(x—1D(11x3 + (x — 1)(11x2 + 6x + 1)) = 0 true.

PROBLEM 2.116-Solution by Soumava Chakraborty-Kolkata-India

Z =~ given inequality & (X a)(X a®) + 3Y a* = 6 a?b?
®Za +Z 3b+Zab3 +32a > 6Za b?
e 4Yat +Za3b + Y. ab® > 6Y a’b? [1]
Now, Y. a3b + Y, ab? > 2Y a?b?. Also, 43 a* > 4% a’b?
( a]+(b):>( 1) is true (Proved)

PROBLEM 2.117-Solution by Soumava Chakraborty-Kolkata-India

1

AN 8cos3B;C 8
Z(cos3—) :Z 3SZ . .
2 B +2 B—C) (sinB + sinC)3

(2 sin 5 C0S—
(“0< B—C<1 T[<B—C<T[)
: cos——<1las—z 3 >
O 64RP 64R> ® 64R>
B (b+c)3 b3+ c3+3bc(b+c) ~ bc(b + ¢) + 3bc(b + ¢)
16R3 16R*Y a(c+a)(a+b)  16R*Y¥a(Yab +a?)

bc(b + ¢) - abc(a+b)(b+c)(c+a) 4Rrs(a+b)(b+c)(c+a) -
= 4—RZ(M). Now, Y. a® = 3abc + 2s(X a? — Y. ab) =

rs n(a+b)

(ay)
= 12Rr + 2s(s? — 12Rr — 37?) z 2s(s? —6Rr —3r2) &
(az)

H(a + b) = 2abc + Z ab (2s —c¢) = 2s(s? + 4Rr + %) —4Rrs =

= 25(s? + 2Rr +1?)

-1 2 2 2y (D ,p2

3 A 4R* 2s(2s-4Rr-2r?) < 2R

(1), (az), (as) = X (cos®3) <2 Bt < 20
?

™
& 4V3r(s?2 — Rr —r2) < s(s2 4 2Rr + 12) © s2(s% + 2Rr + r2)? >

)
>48r%(s? — Rr —r%)? © s?(s* + r2(2R + 1) + 2s2(2Rr + 12)) =
>48r%(s* + r2(R + 1) — 2s2(Rr + 12)) © s + 2s*(2Rr + %) + s?r2(2R + 1) +

=4
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?
+96s%r%(Rr + r?) (2 48r?s* + 48r*(R +1)?
a
Gerretsen ’

)]
Now, LHS of (az) =  s*(20Rr —37r2) + s?r2{(2R +1r)?> + 96(Rr + r?)} = 481‘254 +
+487r*(R +1)? © s*(20Rr — 40r?) + s?r2{(2R + )% + 96(Rr + rz)}
a

4

*(R +1)?

Gerretsen

Now, LHS of (a4) (2) s2r2(16R — 57)(20R — 40r) + s?r?{(2R + 1r)? + 96(Rr + r?)}
L

Gerretsen

and also, RHS of (a4)) (;) 11s2r2(4R?% + 4Rr + 3r%) + 48r*(R + 1)*
121

(i) & (ii) = in order to prove (a4), it suffices to prove:
s2{(16R — 57)(20R — 40r) + (2R +r)? + 96(Rr + r?) — 11(4R? + 4Rr + 3r?)} >
(as)
> 48r2(R +1)? © s?(70R? — 171Rr + 6612) >
> 12r%(R +1)? « 70R?> — 171Rr + 6612 = (R — 2r)(70R — 31r) +4r?2 >0
Gerretsen

~LHSof(as) = (16Rr —5r2)(70R% — 171Rr + 6612) > 12r2(R+1) o

?
o 1120t3 — 3098¢2 + 1887t — 342 > 0 (t - 5)

r

? Euler 243 (R 2
o (t — 2)(1120¢2 — 858¢ + 171) 20-truevt 2 2= 3 (cos? —) <22(%)
Radon 34 Jensen 34
Also, Y, ——

> — > —
A = 3 = 3
cos3= . (Z cosg) (37 V3)
X, 3*-8 8 _ 8V3 1 8v3
(X3 — —_ =" — = >
(v f(x) = cosZisconcaveon (0,m)) = o==7==—" 1% cosd = 3

(b1)
= both bounds of (a) are proved. Now, Y, cos? g = %2(1 + cos A) = %(3 +1+ %) =

1 (4R + r)
2_ 2\ R
(b1) = zcos > ‘Zz > o RMUR+71) 2 18r2 © 4R2 + Rr — 1812 2 0
? Euler A \2
< (R - 2r)(4R +9r)>0->truew R > 2r - Y cos? 3= 9 (E) . Also, (b1)=>
:Zcoszé<%@4§;rS2@9R >8R + 2r © R = 2r - true (Euler)

o Y cos? = < = . both bounds of (b) are proved (Done)

PROBLEM 2.118-Solution by proposer

* By Cauchy-Schwarz’s inequality we have:
2
(V27 + c®) + 2b%c?)” < 2(2(b° + c®) + 4b*c*) = 4(b® + 2b*c* + ®) = 4(b* + c*)?

= /2(b® + c®) + 2b%c? < 2(b* + ¢*) © J2(b8 + 8) < 2(b* — b2c? + ) &

+h8 + 8
(:)/ > <b* —b2c? +ct >
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+|p8 + (8

< @+ VB2~ bevE + c?) - (2 VB)(b2 + bev3 + ) <

- (2+V3)(b* = bcvV3 + %) + (2 = V3)(b? + bcv3 + ¢*)
< > =

+|p8 + (8 , , a’ a’
< >
& > + 5bc < 2(b +bc+c)<:>4bg+c8 =202 + b + ¢2)
>— + 5bc

b3 b3 c3 c3

+ Similar: > ; >
4|c8+a8 2(c2+ca+a?)’ 4[q8+18 2(a2+b2+ab)
— t5ca T+5ab

N (a+b)(b+c)(c+a)

a® b3 c3
=P= 8 8 + 8 8 + 8 8 16
3 4 4
/b TS ishe SE L y5en EEE L sap
2 2 2
a3 c3

=

2b% — 3bc + 2c?

- N b3 N +(a+b)(b+c)(c+a)
“ 2%+ bc+c?)  2(c?+ca+a?) 2(a?+ b?+ ab) 16
+ Using inequality: 9(x + y)(y + z2)(z + x) =2 8(x + y + z)(xy + yz + zx)
8
1 al [Ib+c) 1 a* 9 X a)(X ab)
P> —Z + > _Z +
2L.b% + bg +c? 16 2 Luab? + abc + ac? 16
1 (Za?) Ca)Tab) _ 9 (Za)(Z ab)
>Px- = TRRRETTT) +— (Cauchy-Schwarz)
9 QX a)(X ab) 1
P=2- : =2 [==12Py, =1
o jZ(Z a)(X ab) 18 g7 7 fmin

(Because by AM-GM inequality and a® + b? + ¢? = 3)
a=b=c
= Pmin =1=>{a2+b2+c2=3=>a=b=c=1.
EaXab) =9

PROBLEM 2.119-Solution by proposer

* We have: b® + c® = (b? + c2)(b* — b%c? + ¢*) = (b + ¢?)(b? — beV3 + c2)(b? +
bcv3 + c?)
- Therefore, by AM-GM inequality:

b?% + ¢2

V4o +c6) =2- 3\/ > (2 =V3)(b2 + beV3 + ¢2)(2 +V3) (b2 — beV3 + ¢2) <

2 > -2|- < (2= V3)(b? + bev3 + ¢2) + (2 +V3)(b® — bev3 + ¢?)

3 = 3b% — 4bc + 3c?

a a a
= = =
34(b6 + c6) + 7bc  3b* —4bc +3c?+7bc  3(b* + bc + c?)
b

+ Similar: > b . < > ¢
’ 3\/4(06+a6)+7ca — 3(c2+ca+a?)’ 3/4(a6+b6)+7ab = 3(a2+b2+ab)
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b

a
> P =
J4(b8 + c®) + 7bc V4(c + ab) + 7ca \/4(a6 + b®) + 7ab

N (a+b)(b+c)(c+a) >

24
- a N N (a+b)b+c)(c+a)
T 32+ bc+c?) 3(c24+ca+a?) 3(a?+ b?%+ab) 24
+ Using inequality: 9(x + y)(y + z2)(z +x) =2 8(x + y + z)(xy + yz + zx)
8
1 Mb+o) 1 a? 5 (Ca)(T ab)
>P= —Z + > = +
34.b%+ bc +202 24 34uab? + abc + ac? 24
Xa) (Xab) _ 3 (X ab) )
>P> =3 2(ab2+abc+ac2)+ 5 = (2a)(2ab)+ 5 (Cauchy-Schwarz)
Y.ab Zab _2 : _
=P >Z_+TZ 2- Zab 5 =3 (Because by AM-GM anda + b + ¢ = 3)
_2 a=b=c .
=>Pmin—3 {a+b+c=3<:)a—b—c—1.

PROBLEM 2.120-Solution by Marian Ursdrescu-Romania

3|q2 3|p2 3| c2 5
B ﬁ"'c ﬁ-'_A st/ﬂ(a+b+c)2<=

B3|la?2 C3|p2  A3|c? 3 [(a+b+c)?
;\/;+;\/:—2+;\/;s —— (1)
3 2y g 1 2 _4
Let f:(0,0) - R; f(x) = Vx2; f'(x) = (xs) =3X 5 f"(x) = —5x < 0=
from Jensen’s inequality =
p1f (1) + pof (x2) + p3f(x3) < f(P1x1 +CP2x2 +j93x3) withp; +p, +p3 =1

- 'pZ_ ,p3

_a B _c B3 b A3 a+b+c
xl_B’xz_ T c A+B+C
/ J ) (a+b+c) then (1) is true

PROBLEM 2.121-Solution by proposer

=IIU:J

x,y,zZ>0 a3 .c_n3 .c_ 23
_Because{x+y+zz3=>0<x,y,z<3=>5 3¥x > 0;5 2\/;>0,5 3¥z>0

- Be Cauchy - Schwarz inequality we have:

4 4 2
x y 2t \/_+\/‘+\/_ (x2+y2+22) VXY +VzZ (1)

5-33y t 5-33z + 5-3¥/x 2 15 3(3x+3y+3z) 2

4
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Vx +vx +x2 > 3VVx - Vx - x2 = 3x
+ Other, by AM-GM inequality: { \[y + [y + y? > 33/\/§.\/§.y2 =3y &
VZ+Vz+22>3YVz-Vz 22 =3z

2vx = 3x — x?
©1{2/y=3y—y*=>
2Vz = 3z — 7°

=52(Wx+\y+vVz) 23x+y+2) - (2 +y? +z) = (x+y+2)? — (x> +y* + z?)
@2(\/§+\/;+\/E) > 2(xy + yz + zx) @\/E+\/§+\/52xy+yz+zx (because
x+y+z+3) (2)

U+ ¥+ Vx+x2+x2>53/x5 =5x  (34% > 5x — 22
Uy + 3y + 3y +y* +y? 2 5y5 = 5y & {33y = 5y — 2y?
Vz+Vz+ Vz+22+22 >525 =52 3Vz > 5z — 277
=3 Vx+3y+Vz) 25(x+y+2) —2(x® +y* +z2) =15 - 2(x? + y* + 2z?)
o 15-3(Yx+ 1y + ¥2) < 22 +y? + 29 & 15_(;‘(233;;;12%) >T (3)
x 4 z4_Let\/(§13:/£i{;E(3]:x2+ 2+z2  xy+yz+
= 5—33\/7+5—y33\/2+5—33§/§+ zy 2 yz += 3;2 = (4
x24y2+z? | xy+yzizx _ (xty+2)?-(eytyztzx) > (x+J/+Z)Z—M _ (ety+2)? 32

+ = —=3
2 2 2 3 3

(5)

] x* y* z4 Vx+y+Vz

+ Equality occursifx =y =z = 1.

4

+ We have:

> 3 and we get the result.

PROBLEM 2.122-Solution by Omran Kouba-Damascus-Syria

We will prove the stronger inequality: |z, — z3| + |z, — 23| < 3 + % |zy + 2| (1)
Consider x and y from [0, %] such that? = etiX Umdj—2 = e*Y, With this notation (1) is
3 3
equivalent to 2 sin(2x) + 2 sin(2y) < 3 + |cos(2x + 2y)| (2)
Now, with z = x + y € [0, ], clearly we have:
2sin(2x) + 2sin(2y) = 4sin(z) cos(x —y) < 4sinz (3)
and (3 + |cos 2z|)? — (4sinz)? = 9 + cos? 2z + 6|cos 2z| — 8(1 — cos 2z) =
= (1 + cos 2z)? + 6(|cos 2z| + cos 2z) = 0. But, sin z > 0, so the previous inequality implies:
4sinz < 3 + |cos 2z|, thus (3) implies (2), and this is equivalent to (1). The proof of the
stronger inequality (1) is completed.

PROBLEM 2.123-Solution by proposer

A symmetric and invertible = eigen values A4, A,, ... A, € R". Let be the polynomial
p(x) =x*+1=detp(d) =pAIp() —p(A) =1+ D( $+D...(dh+1D (1)
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A~! has the eigen values
ALAGL O ATER o detp(A™ D) =AU+ D2+ 1D ... (1 + 1)
A2+1)(23+1)...(A2+1
= detp(47) = (% + DO + 1) 01 + 1) = EEELE )
ButA? + A™2 + 21, = (A> + 1,))(A7? + I,,) = det(4% + A‘2 +2I,) =
det(A?2 + A2 + 2I,) = det(4% + I,,)) -det(A™2 + 1,,) (3)
2 2 2 2
From (1)+(2)+(3) = det(A% + A=2 + 2I,)) = [(Al“)g;ﬁf““)] 4
But 2 +1> 24, (5)

n 2
But (4) + (5) = det(A? + A2 + 21,)) > (%) _4n
142 An

PROBLEM 2.124- Solution by Soumava Chakraborty-Kolkata-India

Z a? A;G Z a®> ¥a® 3abc+2s5(Xa’-% ab)
b% +c%2 — 2bc _ 2abc 2 -4Rrs

_ 2s(s® —12Rr —3r?) + 12Rrs _ 2s(s®* —6Rr —3r%) s?—6Rr—3r*> 2R-r

— = < (==
8Rrs 8Rrs 4Rr - 2r
& s2—6Rr—3r? < 2R(2R - r) = 4R? — 2Rr © s?> < 4R? + 4Rr + 3r? > true
2R —r a2 Nesbitt 4
(Gerretsen) = ¥ — e S . Also Z—Z = 3 (Done).

PROBLEM 2.125-Solution by Soumava Chakraborty-Kolkata-India

2 N2 2
(@) = (Exu) = 4(5 a) etc - given inequality becomes:

Ta a A

(€]

Y. a*b* (a* + b*) > 8a?b?c?{b%c?(s — a)? + c?a?(s — b)? + a?b?(s — ¢)?}.
Lets—a=x,s—b=y,
s—c=z=>s=yx~a=y+z,b=z+x,c=x+y (x,y,z>0).
Then (1) becomes:

Z[{(y +2)(z+ 0@ +2)"+ 2+ 0" 28 +y)*(y +2)*(z +x)* -

cyc

: Z{xz(z +x) (x + )3} e 2 Z x12 412 (Z x"y + Z xy”) +

cyc

+26 Zx1°y2+z 2 10 +48xyz(z 9)+28 Zx9y3+2x3 K
+64xyz Zx y+zxy )+25( Zx8y4+z ®) + 40xyz Zx y2+z 247
+72xyz Zx6y3+z +32 Zx7y5+z +402x
+144x%y?z? (Z +160xyz Zx y +Zx
+36x2%y? Zx y2+z 2 4 > 4x2y? Z(Z +80x2 Zx y+ny
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+224x3y373 (Z x3) + 312x3y323 (Z x%y + Z xyz) + 636x*y*z*
Chebyshev 1 A-G
Zz:x9 =Z(x9+y9) > Zi(xz +y) (B +vy7) = ny(x7+y7) =

Chebyshev 1 A-G
= Z:y(x8 +z8) > Z Ey(x2 +2z)(x® +2%) > Z xyz(x +2°) =

= 2xyz(¥ x®) = 4xyz(2}4x2) > 4x2y2z2(X x%) (a)
Again, 2Y x®y% = ¥ (xy® + y©z°) (2) 2 x3z3y® =23 x3y323(X x3) =
l
= 40Y x6y® > 40x3y323(X x3) (b)
A—G by (i)
Also, 32(X x7y5 + Y x%y7) > 643 x°y° (% 64x3y323 (Y x3)
A—G by (i)
Also, 25(X x8y* + ¥ x*y®) = 50 x6y® (%) 50x3y3z3(2 x3)
A—G by (i)
Also, 28(X x°y3 + ¥ x3y%) = 56 x6y° (% 56x3y323(Y x3)
A-G by (i)
Lastly, 7(¥ x1%y? + ¥ x2y10) > 14 x6y° (% 14x3y323 (3 x3)
)]
Now, 144x%y?z% (Y x3y3) = 72x%y2z2(2 Y x3y3) = 72x%y?z% - xyz(¥ x*y + Y xy?)
( 2 Z ud > Z u?v + Z uvz) = 72x3y323 (Z x%y + Z xyz)

A—G
Also, 160xyz(T x°y* + Y x*y®) = 160xyz Y {x>(y* + z*)} > 320xyz(3 x°y?2z?) =

= 320x3y322 (Z x3) = 160x3y32z3 (2 Z x3) (g 160x3y323 (Z x%y + Z xyz)

Lastly,
®
44xyz (Z xby3 + Z x3y6) = 44xyz {Z y3 (x® + 26)} > 44xyz Z{y3xzzz(x2 + z2)}

= 44x3y373 (Z x%y + Z xyz)

PROBLEM 2.126-Solution by Bogdan Fustei-Romania

the medians my,, my,, m. of A ABC can be also the sides of a triangle of medians denoted

3
mal - Za
Mg1, Mpq, Mep. But my; = %b we will write the inequality from enunciation for
3
mcl —_ ZC
401 1 1
1 1 1 3 4s\gtyts
Mg1, Mp1, Meri 5 ts—+5— 9 = 33(a 2 C)
Eab Ebc Te0cC E(ab+bc+ac) Z(a+b+c)
16/1 1 1
16 /1 1 1 16 1 =3 (— + b + —)
_<_b+b_+_>+_' b+b >~
9 \a c ac 3 ab+bc+ac Z(a+b+c)
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1 1 1
16 1 +16 1 16 4 a"‘g“‘; 16
9 ab 3 ab+bc+ac 3 3 a+b+c| 3
1 1 1
LY *a'pte
3 ab ab+bc+ac 3 a+b+c
1 1 1 1 4 ab+bc+ac
Buty —=—;>—+ > - . —abc
ab 2Rr 6RT ab+bc+ac 3 2s
1 N 1 >4 ab+bc+ac[b _ 4RS]
6Rr ab+bc+ac-3 4RS-2s ¢
1 1 ab + bc + ac

>
6Rr+ab+bc+ac - 6RSs
6Rr +ab + bc +ac ab + bc + ac 6Rr +ab + bc+ac ab+ bc+ ac

> N >
6Rr(ab + bc + ac) 6Rrs? ab + bc + ac s?

s2(6Rr + ab + bc + ac) = (ab + bc + ac)? Butab + bc + ac = 2R(h, + hy, + h,)

2Rs%(hg + hy + h, + 31) = 4R%*(h, + hy + hc)2
52 (hg+hp+ho)? _
_RZWfBUtha+hb+hc_r(6+ + by )

Th
he hy h;
(hq + hy + he)? = <6+—+—b+—)

2
Ta Tp e

hy hy he
37+ hg +hy +he =7 (942424 )
Ta Ty e
2 2

2T (6+ha+hb+hc) 2 (6+ha+hb+hc)

= * S Ta
2R r(9+h+@+&) 2Rr g ha Py e

Ta Tp e ) Te
Z Z bc(s—a) s(s®*+4Rr +r?)—12Rrs s> —8Rr +71? (1)
T, 2Rrs 2Rrs - 2Rr B
h hb h,
(6 + Z to, T Tc) _ (s +4Rr +1?)? 2Rr (s +4Rr +1?)?
g4 lay @Jr he 4R212 (s2 4+ 10Rr +12)  2Rr(s? +16Rr +r2)

Ta 7 e
s
ﬁ & s* +52(10Rr +12) > s* +r2(4R +1)%2 + s?(8Rr +1?) &

& s2(2R —1) =2 r(4R +1)? @ s? > 16Rr — 512 - Gerretsen’s inequality =
= s2(2R —r) = (16Rr — 572)(2R — r) - true. We will prove that:
(16Rr —5r%)(2R — 1) = r(4R + 1)?
r(16R —5r)(2R — 1) > r(4R + r)? & 32R? — 10Rr — 16Rr + 572 > 16R? + r? + 8Rr
16R? + 412 > 34Rr = 8R?* + 2r2 > 17Rr 2 8R* — 17Rr + 2r* 2 0 &
S (R—-2r)(BR—1r) = 0R —2r = 0> R = 2r - Euler’s inequality
NG

i S Ta Tp Tc) . . . .
8R > r - true. So, (2) true; = Py ~orha hb e true = inequality from enunciation is true,

9+
Ta Tp Tc
1 1 1
1 1 3 mg mp mec
namely: + >4 .—2—b <
aMp  Mpme  Mgme  Mgmp+mpme+memg Mmg+mp+me
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PROBLEM 2.127-Solution by proposer

Let be the equation x* — 2 sin%x + 1 = 0 which has the roots z, = sin% — icos%

- n - 7-[
Z, =Sin—+1cos—
X X

(B - ZlA)(B - ZzA) - BZ + ZIZZAZ - ZIAB - ZzBA ==
o
= B2+ 42— (2 sm;—zZ)AB — 7,BA =
T
B + A? — 2sin—AB + 2,AB — 2,BA = 2,(AB — BA)
det (B — z,A) (B — z,A) = det(zz (AB — BA)) =

>0
70 det(AB — BA) = 0;det(AB — BA) # 0 =
zy det(AB—BA) >0=>z} eR=>

(sin§+ icosg)n ER=> (cos (g—g) + isin (%—g)) ER

:cosn(g—g)+isinn(g—§)e]R::»sinn(g—z)=0:>n(g—§)=kn:>

PROBLEM 2.128-Solution by proposer
- By Cauchy - Schwarz inequality we have:
2
(\/Z(y“ +z4) + 2yz) <2QW*+ z%) + 4y?z2) = 4(y* + 2y%z% + z*) = 4(y? + z%)*

x3 x3
=20y +zY) +yz<2y* —yz+ 2z° &
y( /2(y4+Z4)+yZ) y(zyz _yZ+222)2

73

y3

= >
2 =
Z( /2(z4+x4)+zx) Z(ZzZ—zx+2x2)2 ( f—z(z4+x4)+zx) x(2x2—xy+2y2)2
3 3

3
- Therefore: ad s + Y >+ £ 5 =
y(\/z(y4+z4)+yz) z(\/2(24+x4)+zx) x(xlz(x4+y4)+xy)
3 y3 3
— y(2y?-yz+2z2)? + z(2z%2-zx+2x2)? + x(2x2—xy+2y?)? 1)
- By Cauchy - Schwarz inequality:

xz 2 xz
2 x3 — 2 (Zyz—yz+222) > (Zzyz—yz+222)
y(2y2—y2+222)2 xy - Xxy ,
x4 ¥ x2
+ Other, Z 2y2 yz+222 - Z 2x2y2—x2yz+2x2272 = Z(szyz(—xzy)z+2xzzz) =1
e Xx*)2=4¥x%y? —xyzY¥x © Yxt +xyzYx 22X x%y? (3)
+ By Schur and AM-GM inequality: ¥ x*(x —y)(x —2) 2 0= Y x* + xyzY x >
Y xy (x* +y?)
Yxy(x?+y?) =Y xy- ny = Zszy2 >Yxt+xyzYx > Zszy2 > (3) True.

+ Let (2),(3): = Y Let(1): =Y » 2(y4’iz4)+yz) _ny (4)

+ Similar:

X zZ

2

)

y(2y?- yZ+222)2 - Z
- By AM-GM inequality:
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W+ Vx+Vx+Vx +x3 +x2 2 63x - x3 - x2 = 6x 4-4x > 6x — x2 — %3
W+ + iyt =6y Y3y =6y e 4y 26y-y -y
Ve+Vz+Vz+Vz+23+22 263z 23 22 = 62 4-Vz26z-2"-7°
S43Vx)263x-Yx2-3x*=6-3-Cx)?+2T¥xy—-Xx*=2¥xy+9 - X x°

(5)
+ Other, becausex + y+z=3;x,y,z>0>Y(x-3)(x—-1)? <0 X(x—-3)(x*—2x +
1)<0

®2x3—52x2+72x—9S0®2x3S52x2—72x+9
=5-32—1ozxy—7-3+9

©Yx3<33-10%xy. Let(5):=>4(TVx) =2Xxy+9-(33-10%xy) &
YVx=3YXxy—6 (6
-Let (4), (6):=> P > —— + 3226 _

=272 ! 2 rxy 2_2_2_4
25ot T Tam TIW 522 Ly S -0=0-5=7
4 _ 4 . L(x=y=2>0 o
=>P2;=>Pmin —9.Equa11tyoccur51f.{x+y+2=3@x—y—z— .
PROBLEM 2.129-Solution by proposer

— By Cauchy-Schwarz inequality we have:
2
(V2(° + c®) + 2b%c?) < 2(2(b° + c®) + 4b*c*) = 4(b® + 2b*c* + ®) = 4(b* + ¢*)?

+|p8 4 (8
= J2(b% + ¢®) + 2b%c? < 2(b* + ) © / - <b* —b2c2 + ¢4

_ 2 + 2 = (b3
o 55 = e+ B0 - B+ ) - VA2 + beE 4 ) <

- (2 +3)(b% — beV3 + c2) + (2 = V3)(b? + bcV3 + ¢?) 3 4b% — 6bc + 4c?

2 2
= 2b? — 3bc + 2c¢?
+|b8 4 8 a3 a’
T-I‘SbC < Z(bz +bC+C2) S

>
B <\/bs__|_cs . 5bc> = 2b2(b? + be + c2)
2

- By Cauchy-Schwarz inequality and a + b + ¢ = 3, we have:
a’ b3 c3

b2(b?% + bc + c2) + c2(c? + ca + a?) + a?(a? + ab + b?)

PROBLEM 2.130-Solution by proposer
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a?\’ b2\ c2\’
(%) (%) )
“a(b?2+bc+c?) b(c24+ca+a?) cla?+ab +b?)

a? b2 %\’
(T+T+E)

>
“a(b?+ bc+c?)+ b(c?+ca+a?)+c(a? + ab + b?)
2 p2 2\2 2 p2 22
. 43 s b3 s o3 (%+7+%) ~ (%+7+%)
b2(b2+bc+c?) ' c2(c2+ca+a?) = a?(a?+ab+b?) — (a+b+c)(ab+bctca)  3(ab+bc+ca)

. . . a*  b*  c* _ a* b* c* (a?+b2+c?)”

- Using Cauchy-Schwarz inequality: St ot = ottt 2n 2 ooz

- By Bunhiacopxki we have:
(a-ab+b-bc+c-ca)® < (a?+ b? +c?)(a?b? + b?c? + c?a?) < (a® + b?2 + ¢?) -
(a2+b2+cz)2
3
(a® + b? + ¢?)3
3

)
3

(a2 + b2 + ¢?)3

= (a®b + b?*c + c%a)? < 3

@a2b+b2c+czas\/
+ Let (3):

_ 2 2 2 a® | b®  ®\? 2 2 2

—\/3(a +b +c)<:>(7+7+7) >3(a*+b*+c*) (4)

a?  p%z 2 (a2+b2+cz)2

>—+—+—2=

b c a ,
(az+b2+c2)2
3

) ad b3 c3 3(a?+b%+c?)
“Let (2), (4):= b2(b2+bc+c?) + c2(c2+ca+a?) + a?(a?+ab+b2) — 3(ab+bc+ca)
a b3 e ab + bc + ca

= + + + >
b2(b%2 + bc+c?) c?*(c?+ca+a?) a?(a®?+ab+b?)  a?+ b?+ c?
a’?+b%>+c?> ab+bc+ca \/a2+b2+c2 ab + bc + ca

> + > : =
ab+ bc+ca a?+ b? + c? ab + bc + ca a? + b2 + c?
= (1) True and we get the result.

+ Equality occursif:{ a=b=c

a+b+c=3®a:b:czl'

PROBLEM 2.131-Solution by proposer

In Milne’s Inequality we take the pairs:
a—ab

(a,1-0b),(b,1—-c),(c,1—a) >33 v < 2.
But:
2 a—-ab __ Y(a-ab)(1+b—c)(1+c—-a) _ (X ab)?>-2Y a?b-Y ab?
1+a-b [1(2a+c) ~ 9abc+4aY ab?+2Y a?b’

So, after calculations :

2
3 (Z ab) < 18abc + 102 ab(a + b) + Z ab?

Using that ). ab(a + b) = Y, ab — 3abc, it results q.e.d.
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PROBLEM 2.132- Solution by proposer

(1+ab)(ab—a-b-1) _ a+1 b+1

First, observe that 1 —

(a2+1)(b2+1)  a?+1  b2+1
Now
atl | b+1 1,1 > 4 . 4(a?+b%+a+b)
’ - 2a 2b a2 2 = Y]
a?+1 = b*+1  a+l-— b+l——  a+b+2- 2( +b§+b) (2+a+b)(a?+b2+a+b)-2(a+b)?
by C-B-S

PROBLEM 2.133-Solution by Michael Sterghiou-Greece

2Vabc chc 1+chca (1)

1+a2 = 3+Ycyca?
1
Let (chca,zcyc ab,abc) = (p,q,7):p=1,q < = Yeye a®=1-2q

f(a) = has f" (a) = 2((1(2a+1)3) < 0for0 < a <1 hence
Jensen 3

chci < 3.

1+a? 1+(g)2
3

1+a?

1
3

= E’ Alsor < (%)E so it is enough to show the stronger than (1)

3

inequali Zr%Z =<2 (E)Z 2,
q y YCq241 — 3 10 — 2—q

57 53
f(q)=—34q4+2-34q4+5q—5<0
934

f'(q) = ——34q4 +—+ 5 > 0 because —— 34 . (—) < 5 hence f(q) T and
2q4

f(q) Sf(;)forS;orf(q) <§(\/§—2) <0

PROBLEM 2.134-Solution by proposer

The function f:(0,1) — (0,00), f(x) = \/ (1_a)(1_;)_(’i_c) g IS concave.

We know that tang = ’% =f(1—-[(1-a)[1 - d)]?). Applying Jensen —

S < as <4 —3I(1 — a)(1 - d)]2> _ ZJ 20 - (1 - P2

4 1-a)(1-b)A1-0)1—-4d)

But $[(1 - a)(1 - d)]* < [E(1 - &)1 — d)]? = [(a + ) (b + )]
A 2(a+c)(b+d)
So, E tan; < W.

Now,

4 la-o0-a [a-pa-o [a-o0-d [d-aa-b)
Ztani‘ A-oa-b  [|[G-oa-o . |Ja-oa-pnt |/a-oa-a

Which is bigger or equal than 4. Using this — q.e.d.
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PROBLEM 2.135-Solution by Amit Dutta-Jamshedpur-India

Using Cauchy - Schwarz’s Inequality:
(a% + a5 + -+ a2)?(b? + bz + -+ + b2) = (a1, + ayb, + -+ + apb,)?
Putting a; = % and b; = \/E, we have:

2 2 2
X X X
<i+—3%~+i>@fu@+m+%Jz0a+n+~wmaz
yi Y2 In
2 2 2 2
N (x_1 I S x_n) > atdet A% i L emma
yi o Y2 Yn y1+y2+-+¥n)

Using this inequality, putting x, = \/loga b,y; = (a+ b +¢)
X, =+/logpc,y, = +c+d)
x3 =4/log.d,y3=c+d+a

X4 =+Jlogga,y,=d+a+b

We have,
{ log, b log, c log. d log, a }>(\/logab+\/logbc+\/logcd+\/logda)2
a+b+c b+c+d c+d+a d+a+b) 3(a+b+c+d)
AM-GM
Jlogy b+ y/logy, ¢ + /log. d + \/logga = 4
log, b log, ¢ log. d log, a - 16

“4+b+c btc+d ctdta dta+tb-3@+tbtctd

PROBLEM 2.136-Solution by proposer

*Let x,y,z > 0, we will prove that inequality:
x*+yt+zt+xyz(x +y +2) = xy(x? + y?) + yz(y? + z2) + zx (2% + x?) (1)
(e xt*+y*+zt +xyz(x+y+2z) —xy(x? +y?) —yz(y? + z2) —zx(z> + x?) = 0
ex*(xt—-xy—xz+yz)+y*(y —yz—yx+zx) +z*(z* —zx —zy + xy) = 0
ex*x-Nk-2+y -2 -0+22C-0z-y) 20 (2

- Supposedx =2y >z >0
< —x <
s el 3202 G- 0E-N2022G-DE-»20 3
+ Other: x*(x —y)(x — z) + y*(y — 2)(y — x)
= (x - —2) -y’ (r - 2] = x =PI —y*) —z(x* - y?)]
= (=[x - +xy+y?) —z(x =) (x +y)] = (x = y)* (¥ + xy + y* — 2x —
zy) =0 (4)
(becausex =y =>z>0,x*+xy+y*—zx —zy=x(x—z)+y(x —2z)+y?* = y?> > 0and
(x—y)*20)
-Let(3),(4): = x*(x—y)(x—2)+y* (y—2)(y—x) +z2(z—x)(z—y) =0
= Inequality (2) true = (1) true.
*We have: x® + y* = (x% + y2) (x* — x2y? + y*) = (x® + y?)(x? —xyV3 + y?) (22 +
xyV3 + y?)
3 [x6+y6 i/(x2+y2)(x2—xy\/§+y2)(x2+xy\/§+y2)

+ We have: {

- Therefore, by AM-GM inequality: . >
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- J% (2+3)( ~ 13 +52)(2 = VA (et 423 +37)
21 4 (o4 Bt - E 4 y2) + (2 VB)( 4B 4 32— ey 4 3y
< 3 ) .

3 [x64+y6 _ 3x%—4xy+3y% . . 3|y642z6 _ 3y2—4yz+3z% 3 [z64x6 _ 3z2—4zx+3x?
= / Y < YV Similar: % <X ; <
2 2 2 2 2 2
3|x6 +yb® 3|y®+2z6 3(z6 4 x©
=P = + +
2 2 2

3x? —4xy + 3y* 3y? —4yz+3z> 3z%—4zx + 3x°
= Zy > + > ;] + 2
© P <3(x?+vy%2+22%) - 2(xy +yz+ zx) (5)
*We will prove: 3(x* + y* +z%) —2(xy +yz+zx) <3 (6)

& 3x2+y?+2%) - 2(xy +yz+ zx) < 3tyiezt) (x* +y*+z* = xy + yz + zx then
- xy+yz+zx
x*+yt+zt -1
xy+yz+zx

& (3(x%+y%+2%) — 2(xy + yz + zx))(xy + yz + zx) < 3(x* + y* + z%)
©3(x2+y2+z)(xy+yz+zx) <3(x* +y* +2z*) + 2(xy + yz + zx)?
© 3xy(x? + y?) + 3yz(y? + z%) + 3zx(z? + x?) + 3xyz(x + y + z) <

<3(x*+yt+zY) +2(x%y? + y2z2 + 2%22%) + dxyz(x + y + 2)

S3x*+yt+zY) txyz(x + y + 2) + 2(x%y? + y?z% + z%2%) = 3xy(x® + y?) +
3yz(y? + z2) + 3zx(z*> + x?) (7)
- By AM-GM inequality for 2 real numbers:
x*(y? +2z°) yA(2*+x?) 22 +y?)
2.9 : ’ 2 2 ' 2
2x . yz+y -22x+z - 2xy
2 2 2
= x2y? +y2z2 + 2222 > xyz(x +y +z) (8)
=30t +yt+ 2N +ayz(e +y +2) + 2(x2y? + y222 + 2222) 2 3(xt + ¥t + 2t +
xyz(x +y+ z)) (9)
- Let (1), (9):
S>3 +yr*+zY) rxyz(x + y + z) + 2(x%y? + y2z2 + z222%)
> 3xy(x? + y?) + 3yz(y? + z?) + 3zx(z% + x?)

= (7) True = Inequality (6) true- Let (5), (6): = P <3 = Puax =3

x,y,Z>0
x*+yt+zt=xy+yz+zx

X=y=2z

x% =y? + 22

x2y? + y222 + 7272 =

+ Equality occurs if: © ox=y=z=1

PROBLEM 2.137-Solution by proposer

*We have:
b® + c® = (b% + c?)(b* — b%c? + ¢*) = (b?> + ¢?) [(b2 +c?)? — (bcﬁ)z]
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= (b2 + c®)(b? — bcV3 + c2)(b% + beV3 + ¢?)
- By inequality AM-GM for three positive real numbers:
V45 + ¢6) = 3\/(192 +¢2)-2(2+V3) (b2 — beV3 + ¢2) - 2(2 = V3) (b2 + beV3 + ¢2) <

- (b% + ¢ +2(2 +V3)(b? — bev3 + ¢2) + 2(2 — V3)(b? + bcV3 + ¢2)
. 3

9b% — 12bc + 9c¢?

3
& 3/4(b6 + ) < 3b% — 4bc + 3¢ & 3/4(b6 + ¢b) + 7hc < 3b? + 3bc + 3¢?
1 1 a a
> >
< 3/[4(b6+c®)+7bc — 3(b2+bc+c?) < 3/4(b6+c®)+7bc — 3(b2+bc+c?) (2)
. b b
: >
+ Similar: 5 et r7ea 2 et tearad) (3)
C > C (4)
3/4(a®+b5)+7ab — 3(a?+ab+b?)
a b c
- . >
Then (2)' (3)’ (4) = 31/4(b5+c6)+7bc + 31/4(c"’+a6)+7ca + 31/4(a6+b6)+7ab -

a b [

> (5)
3(b%2+bc+c?) = 3(c2+ca+a?)  3(a2+ab+b2)
— Other, by Cauchy-Schwarz we have:

a N b N c
b2+ bc+c? c2+ca+a® a?+ab+ b?
2 bZ 2
a c
= > + + >
ab? + abc + ac?  bc? + bca + ba?  ca? + cab + cb?
(a+b+c+)?
> (6)
(ab2+abc+ac?)+(bc2+bca+ba?)+(ca?+cab+cb?)
(a+b+c)?
- That (abZ+abc+ac?)+(bc?2+bca+ba?)+(ca?+cab+ch?)
(a+b+c)? _ (a+b+c)? __ a+tb+c )
- ab(a+b)+bc(b+c)+ca(c+a)+3abc - (a+b+c)(ab+bc+ca) " ab+bc+ca
- Then (6), (7): = —= i < atbic (g

b2+bc+c? = c2+ca+a?  a?+ab+b? — ab+bc+ca

+Anda+ b + c = 3. Then (8):

a b [

~—— (9)

b2+bc+c? = c%+ca+a? a?+ab+b%? — ab+bc+ca
a b [ 1

>
3\/4(b6+06)+7bc + 3\/4(66+a6)+7ca + 3\/4(a6+b6)+7ab ~ ab+bc+ca [10)
- By AM-GM for five positive real numbers:

3&/5+3§/E+3&/5+a2+a2255\/%-%-%-a2-a2=5%=5a
©3-Ya+2a?>5a e 3¥a>5a—-2a> (11)
+ Similar: ¥b = 5b — 2b%;33¢c = 5¢ — 2¢2  (12)

— Then (11), (12):= 3(3a+ Vb + Vc) = 5(a+ b + ¢) — 2(a? + b? + c?)
©3(Va+3Vb+VYc)=15-2(a®+b?>+c?) (a+b+c=23)
o3(a+Vb+3c+1)=218-2(a? + b*+c?) =2(a+b + c)? — 2(a® + b + ¢?)
(Becausea+b+c=3=2(a+b+c)*>=18)

o 3(a+ Vb +¥Yc+1) =2(a? + b? + % + 2ab + 2bc + 2ca) — 2(a? + b? + ¢?)

- Then (5), (9):=
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= 3(3{/5+ Vb + ¥c + 1) > 4(ab + bc + ca) © 3(3{/5+ Vb + 3{/?) >4(ab + bc +ca)—3
3\/E+:§/F+3\/E 4(ab+bc+ca)-3 3\/H+3\/E+3\/E ab+bc+ca 1
> =3 . > —= (13)

12 - 36 1 - 9 2
- Then (10), (13):
a b c 4 Va+ Vb + 3¢ -

= + +
V48 +¢c8) +7bc  J4(c® 4 ab) +7ca 3i/4(ab + b®) + 7ab 12
1

ab+bc+ca 1
-5 (14)

~ ab+bc+ca 9
- By AM-GM we have:
1 +ab+bc+ca>2 1 ab+bc+ca_ 1_2
ab + bc + ca 9 - ab + bc + ca 9 B 9 3
N 1 ab+bc+ca _ i > Z _ i _ l 1 ab+bc+ca _ i > l (15)
ab+bc+ca 9 12 3 12 12 ab+bc+ca 9 12 12
- Then (14), (15)'
b i/E + Vb + e 27

a
=
3/4(b6 + cb) + 7bc 3/4(c® + ab) + 7ca 1/ 4(ab + b) + 7ab 12 12
= Inequality (1) True and we get the result
( abc>0a+b+c=3
a=b=c
1 _ 1 _ 1
b2+bc+c2  c2+ca+a? al+ab+b2 &S qa=hb=c = 1.
Va =a? b = b% e = ¢?

1 __ab+bc+ca

+ Equality occurs if: <

\ ab+bctca 9

PROBLEM 2.138-Solution by Heikichi Ezakiya-Jakarta-Indonesia

a? b2 c? 1 ( a? b? c?
Let:¢ = Tt +a) + \/5(a4+4) + J5(a*+4) ~ 5 (\/b4+4 t Vet +4 + \/a4+4)
(a+b+c)? (p(l)

Using CBS: ¢ = 7= \/_ (Va*+4+Vb*+4+Vc*+4)
Using QM-AM for (Va* + 4 + Vb* + 4 + Vc* + 4):

a*+b*+c*+12 _ Va*+4+Vb*+a+Vct+4 1 1 1
> = = — =50,
3 3 (Va*+4+Vbr+a+Vct+a) T V3 Vat+bttct+12

> 1 — 0@
002 = e = 0P ()
Using QM-AM for a? + b? + c?

a?+b2+c2 a+b+c (a+b+c)?
> oa+b*>+c?>—m——
3 3 3
2

because a + b + c, then: a*> + b> + c?* >3 (1)
Using QM-AM for a* + b* + c*

44bt4ct 2+b%+c? a?+b?+c?
(L 5 CRE o g 4 bt 4ot 2 D) ()
(3)?
3

From (1) & (2):a* + b*+ c*>==—=3
From (#), if we choose a* + b* + ¢* = 3, # becomes equal, then
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1 (@a+b+c)? (a+b+c)?

Vvis 3+12 15

Because a + b + ¢ = 3, then: ¢ = ™ > 9@ =

(3)% _ 3
15 5

PROBLEM 2.139-Solution by Soumava Chakraborty-Kolkata-India
Inany AABC, Y. % > %. Firstly,
€Y
n(a + b) = 2abc + Z ab (2s —c¢) = 2s(s? + 4Rr + r?) — 4Rrs = 2s(s? + 2Rr + 1?)

Also, ¥ (s —=b) (s —c) =Y(s?—s(b+c)+bc) =3s>—4s*>+ Y ab @ 4Rr + r?

Also, TIw, =] (Zbc A) _ 8(16R?r2s2) ( s ) by (1) 128R%r2s? (s) (3 16Rr2s?
’ a~— b+c 2) 7 TIb+c) \ar/ ~  2s(s2+2Rr+12) \4R/) = sZ+2Rr+r2

hphe  « (hph)® ( 8R3 ) (ﬂ.i)z _ ( 8R3 )(a2b2c2) , @ya?

Now, 3. hg X hghphe  \aZb2c2 X 2R 2R) ~ \a2p2¢2/ \ 16R* Ya® = 2R
wpwe _ 1 ) 2.2 by_(3) (sz+2Rr+r2) [4c2a2 ) s(s—b) ) 4a?b? _s(s—c)

Now, Z - ( Zwb Wa = 16R12s2 (c+a)? ca (a+b)?2 ab
(s +2Rr+7 > 16 - 4Rrs

tor ) Tt by D als=h)s -+ )]
s“+2Rr+r 64Rrs - 1%s a(b + c)? ) a(b + ¢)?
- ( 16Rr2s2 > 452(s%2 + 2Rr + 1r?)? [Z s—a ] ( 24+ 2Rr+ 12 [Z s—a

Now, E a(b+c)? _ Z a(s+s—a)? _ E as?+a(s—a)?+2as(s—a) — 2 Z as_s;-s n Z a (S _ a) n 25(25)

S—a S—a s S—a
=s? (—3 +4+ mZ(s —b)(s — c)) +s(2s) — 2(s? — 4Rr — 1r?)
by (2) AR + 1 ) S2(4R + 2r) + 2r*(4R + 1
- 52<1+ )+2(4Rr+r2)— ( )r ( )
(D) s2(4R+27r)+212(4R+7)
WpWe V7
(4) (5] E - S2+2Rr+712
2 2 2 2_ 2
(a], [b)=>g1'ven mequalzty@ (4R+27)+2r=(4R+T) > Ya _ S“—4Rr-r

S2+2Rr+712 2R R
& s%(4R%* + 2Rr) + 2Rr*(4R + 1) = (52 — 4Rr —12)(s%? + 2Rr +1?)
& s%(4R%? + 2Rr) + 2Rr?(4R +71) = s* —2Rrs®> —r?(4R +r)(2R + 1)
(o)
< s%(4R* + 4Rr) + r2(4R +7)? > st

Gerretsen

Now, RHSof (4) <  s%(4R? + 4Rr + 3r?) S s2(4R> + 4Rr) +r*(4R + 1)’ &
& (4R +1)?% = 3s? > true (Trucht) (Proved)

PROBLEM 2.140-Solution by Rade Krenkov-Sturmica-Macedonia

From Cauchy - Schwarz inequality we have:

(§+§+§+%+%+2)(b3a+c3a+c3b+a3b+a3c+b3c)24(a2+b2+cz)2 (1)
b ¢ ¢ a a b
(E+E+E+E+c+ )(abc + acb? + bca® + bac? + cab? + cba?) = 4(ab + bc + ca)?
b
(Z+Z+;+;+;+;)(abc + bca® + cab?) = 2(ab + bc + ca)? (2)
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From (1) and (2) we get:
+b
+a . )(0Lb+bc+cot)(ot2 + b? + ¢?)

> 4(a? + b? + ¢?)? + 2(ab + bc + ca)?
Now, we have that:
b+c+c+a+a+b>4(a2+b2+cz) 2(ab + bc + ca)
a b ¢ ~ ab+bc+ca a? + b? + c?

b+c c+a
( +
a b

PROBLEM 2.141-Solution by Michael Sterghiou-Greece

a*

Z > chcaz 1
€YCp4(2ab—vc+2) — 3 (1)
Let (chc a, chc ab, Cle) = (p; q, r). p=3. chc a® =9 — 2q
LHS of (1) > _(Bor) [BCS] = L”%)‘L[a ain] BCS (2)
- chc(zab_\/z"'z) - 9[2q+6_2cyc\/a] 9

It suffices that (2) > %. But it holds that
Yeyes = & (AM-GM) and YeycVa = q (asp = 3)

73
The last one: as Y.cyca* + 2 Y cycab = (chc a)z = 9 it suffices that
Yeyea? + 2 ¥y Va = 9. But

Z(a2+\/a+\/E)AM£GM3-Za=9

cyc cyc
81 9-2
Therefore we have to show that — >—Lor
2 3
9r3(q+6)

2
flq@) = (%) (q + 6)(9 — 2q) — 27 < 0 because this stronger inequality arises from the fact
3

thatr < (2)7. But f(q) =2 (3 — q)(2¢® + 9¢* — 27 —81) and q < 3,
9(q) = q(2q* +9q — 27) <8lasq <3 and 2q®> + 9q — 27 < 27

PROBLEM 2.142-Solution by Marian Ursdrescu-Romania

a*—2a+b?*+2=a*-2a>+1+2a*+b*>+22*=@*-1)*+a*—-2a+1+a*+
+b? = (a? — 1)? + (a — 1)? + a® + b? = a® + b? = 2ab, with equality fora = b = 1.
2pZ | b2%c? | a?c? < a’+b%+c?+3

. a
Inequality becomes: o T oee T 2ae =

4
a’?+b?+c?+3>2(ab + bc+ac),Va,b,c > 0withabc =1 (1)
a?+b?22ab (2);c2+122c (3);2+2c22ac+2bc (HS1+—2+-o
oab+1=>a+bes(@a-1)bB-1)=0,
true because we can choose two numbers so that a,b = 1 ora,b < 1. From (2)+(3)+(4)=>
a*+b*+c*+1+2+2c>
> 2ab + 2c + 2ac + 2bc = a® + b? + ¢ + 3 = 2(ab + bc + ac) = then (1) its true.
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PROBLEM 2.143-Solution by Rade Krenkov-Strumica-Macedonia

Using Cauchy - Schwarz inequality we have: (3x? + yz)(3x? + x?) = (3x2 + x,/yz)z. Now,

2x+/3x% +yz = 3x% + Jyz (1)

we get: 2y.\/2y? + zx = 3y? +/zx (2)
224322 + xy = 32z% + Jxy (3)

From (1), (2) and (3) we get: Z(x\/?wc2 +yz 4+ yy/3y?% + zx + z,/322 + xy) >
>2(x2+y?2 +22) + (22 + y2 + 22 + Jxy + \[yz + Vzx).
It is enough to prove that:
x%2 +y?+ 22+ x\/yz + yVzx + z,/[xy = 2(xy + yz + zx). Introducing substitution
x=a%y=0b%z=c?
we get: a* + b* + c¢* + abc(a + b + ¢) = 2(a?b? + b?c? + c?a?).
Using Schur’s inequality we have:

Za4+acha= Za3+3abc -Za— Za3b+2ab3

cyc cyc cyc cyc cyc cyc
Za4+ab62a > Za2b+2ab2 Za—Zacha— Za3b +Z:atb3
cyc cyc cyc cyc cyc cyc cyc cyc
Za“ + acha > ZZaZbZ
cyc cyc cyc
PROBLEM 2.144-Solution by Marian Ursdrescu-Romania
a+b+c
§=————
, 2
A (s=b)(s—c)
siny\ T s(s-b)? _ v S(s—b)? 9 as(s—b)? 9
(tan§> - % " be(s—a) 1 we must show: Z bc(s—a) = 4 Z abc(s—a) = 4 <

a(s—b)2 _ 9 abc a?(s—b)% _ 9abc
At s—a = 4 s < Z a(s—a) = 4s (1]
a(s=b)*> _ (Xa(s—b))?
a(s—a) = Ya(s—a) (Z)
2
. (252—(ab+bc+ac)) 9abc
From (1)+(2) we must show this: @b 2
But we have abc = 4sRr (4)
ab + bc + ac = s? +r? + 4Rr (5)
a’ + b? + c* =2(s* —r? —4Rr) (6)

(252-s2—r2-aRr)? _ 9asRr __ (s?-r2-4Rr)’
. >
From (3)+(4)+(5)+(6) we must show: 7352137718 = a5 & @R

(s2—=7r%2—4Rr)> 2 18Rr*(4R + 1) (7)
From Gerretsen inequality we have: s> > 16Rr — 512 (8)
From (7)+(8) we must show: (12Rr — 6r2)? > 18Rr?(4R + 1) &

From Bergstrom inequality we have: },

(3

4s

>9Rr
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& 36r%(2R —1)?2 > 18R7r?(4Rr +1) @ 2(2R—1)>>R(4R + 1) &
& 8R?>—8Rr +2r2 > 4R?+Rr ©®4R*—9Rr+2r* >0 (R—-2r)(4R—1) =0
true, because from Euler R > 2r.

PROBLEM 2.145-Solution by Soumitra Mandal-Chandar Nagore-India

Letx =e™,y =e" and eP = z wherem,n,p > 0

e™m eM(e™-1)

1 ’ ”
Let f(m) = — forallm >0, f (m) (1+em)2’f (m) Gremys >0
hence f is convexe function, -. chc 1m = ,,i,nﬂ,
1+e LpeE
b b b b b b
1 3 1 1 dx dy dz
= Z > = —Z dx = S E—
1+x 1+3/xyz 3 1+x 1+ 3/xyz
cyc YCa a a b b b aaa
a—b)? dx dy dz
QZ[log(x + 1)]¥2h > f f f 3y
3 1+ 3 xyz
cyc aaa
(ab) bbb
b+1 dx dy dz
~log(G5y) = vz
a v 1+ xyz

PROBLEM 2.146-Solution by Ravi Prakash-New Delhi-India

2 1 1
AB = (0 -1 1 >
0 0 -1
det(AB) = 2 = det(A) det(B) = 2 # 0 = det(4) # 0,det(B) # 0
~ A1, B71 both exist. Now, (BA)? — 3I; = A"1A((BA)? — 3I3)BB™! =
= A"1[A(BA)?’B —3AB]B™' = A7[(4B)® = 3(4B)]B~! (1)
Characteristic equation of AB

2—t 1 1
0 -1-t 1

0 0 -1-—-t
=2+ 4t+2t> —t —2t2 —t3 = 00r2 + 3t — t3 = 0. As AB satisfies this equation

21, = (AB)® — (3AB) (2)

From (1), (2): (BA)? — 31, = A"1(2I;)B™! = 247'B"!
8 8

det((BAY* = 31) = 8det(A™) det(B™) = oo o = oo b =3

=0=>0+t)*QR-t)=0=>0+2t+t)2-t)=0=>

=4

PROBLEM 2.147-Solution by Tran Hong-Vietnam
Let g(x) = f(x) — [x? + x + 1]; Vx € R since f continuous = g continuos on R =
X x x
=>gkx)+ 2g)§2x) + g(axi: 0,Vx EX]R =9 (2n+2) + 2g (2n+1) +g (2_”) =0,Vx €R
= lim |9 (575) + 29 (557) + 9 (55)| = 0 (Wx € R = g(0) +29(0) + 9@ =0 =
=39(0) =0=g(0) = 0;[g(x) + g(2x)] + [9(2x) + g(x)] = 0;
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Leth(x) = g(x) = gx);h(0) =0=h(x) + h(2x) =0 =
h(2x) = (=1)"h (Zx—n) VneN

2
= h(x) = lim (~1)6n h(%) — 0> g(2x) = lim (=) g (Zx—n) —0
f)=x*+x+1
PROBLEM 2.148-Solution by Remus Florin Stanca-Romania

We prove by using Mathematical induction that x,, > 0,Vn € N.
1) We prove that P(0): x, > 0 is true (true)
2) We suppose that P(n): x,, > 0 is true.
3) We prove by using P(n) that P(n + 1): x,,.1 > 0 is true.
T
xn>0=>xn+1€(0;§] S xXp1 > 0=2x, >0, VneEN

Xp4+1 = arctan x:” and because x, > 0;Vn € N = x,, € (0;%]
Xo

We study the sign of x; — xo = arctan T~ Xo

X0

T X
Letf: (0, E] — R such that f(x) = arctan — — x

—1=>f"(x) <0

=3 ! = . —_ 1 =
f') 1+ x? (x +1)? 2x2+2x+1
(x+1)2
= f(x) is a decreasing function f(0) = 0 = f(x) < 0 forx € (0, g] = x; < Xg
We prove by using the Mathematical induction that x,, > xp,41
1) We proved that P(0): x, > x; is true
2) We suppose that P(n): x, > x4 IS true

3) We prove that P(n + 1): X411 > X4, IS true by using P(n)
x Xn+1

n
Xnp41 — Xpyp = arctan —arctan ———
n+1 ~ Xn+2 X+ 1 T+ 1
We prove that the function f: (0; g] - R, f(x) = arctan ﬁ is an increasing function.
1 1
fx) = — 7 e 0 = true so xp41 — Xpyp >0

(x+1)2
> Xp41 > Xpao > Xp > Xpaq forn €N,

X, € (0; g] and x,, is a decreasing sequence = —l = lim,,_,,, x,, such thatl € R
l . l . . )
== arctanm,l € (0,%] the funciton f(l) = arctn — — l is a decreasing functionsol = 0
is the unique solution.

. . . N Stolz—Cesaro . 1
= lim x,, = 0 = lim nx, = lim — = im ————=
n—-oo n—-oo n—-oo n—»oo 1 1
Xn Xn+1  Xn
arctan —2— x
. Xn+1Xn . X, +1°7
= lim ———— = lim

_ X
no© Xy — Xn41  MP®x — arctan = _’;_ I
n
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" X L 1 ) 1
arctans g T X 1+ x2 (x+1)?2
. arctan ———= + T "X oy —(x ¥ 1)2
lin r— 7 Im ; -
n-— _ 0 —
X —arctan_—— g 1— pe T
B CEIV R CE IV
(arctan ) (2x*+2x+1)—x arctan - f_ I
= lim 5 = lim —; 2x2+2x+1) =
x=0 2x° + 2x x_)om : (X + 1)(2X + 2)
S 2x+2 2 2

PROBLEM 2.149-Solution by Remus Florin Stanca-Romania

We prove that x, > 1,Vn € N by using the Mathematical induction:
1) we prove P(0): x, > 1 (true)
2) we suppose that P(n): x, > 1 is true
3) we prove P(n + 1): x,,1 > 1 by using P(n)

2x
>1= >1:>1( ") 1>1=> >1=x,>1VneN
Xn x n P + Xn41 Xn n
, _ 2X0 \ _
We study the sign of x; —xy =1 +1n (1+x0) Xo
2x
Letf:(1; +) > R; f(x) = 1+ln(m)—x
f'x )—12+—xx ﬁ—l =x(x1+1)—1 < 0 = f is a decreasing function

f)=0>f(x)<O0forx>1>x; <Xxg
gx) = % is an increasing function so x, 1 < Xp,
xn+1 <xpandx, >1>1=1lim, ,,x, ER
l=1+ ln( ) =>f)=1+ ln( ) f is a decreasing function =
l = 1is an unique solution = lim,_,, x, = 1

lim nlnx, = lim —— = i ! _
i iy = Jim —— = i, ———— =
In x, Inx,,; Inx,
2x
1 . lnxnln(1+ln +1)
= lim 1 1 = lim 2
n—-oco n—oo
2x, \ Inx lnxn—ln(1+1n +1)
ln(1+ln L ) n
X, +1
In x -(x—l)-l (1+1nx+1) 2
2x x—1 2x x+1
1nx1n(1+ln +1) lnx_}_1
lirr} 2x =lin}
x— x>
Inx —In(1+In
(1+m5) In[ —F>—-1+1
1+1n X
x+1
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2x 2x 2x 1
x—l—lnx_'_1 1+lnm L (x—l)lnx+1__ (x 1)1n( 1 1)
. . = lim = lim
1+1n2—x x—1—1n2—x X1 —1—ln2—x =l oy 1—In—=2 2x
x+1 x+% x+1 x+1
x_
n (L4 1)
. x+1
(-1 x—1 1
x_
=lin} (xx+11 )=1in} Z =0= limnlnx, =0
X— - X— n—o0o
In(=——=+1
_ x+1
x+1 r—1
x+1

PROBLEM 2.150-Solution by proposer
Suppose 3g,h € Z such that f = g - h,grade f,h = 1. f(0) = g(0) = h(0) =
= ay = g(0) - h(0). But a, being prime = g(0) = 1 or h(0) = 1.

Suppose g(0) =1 = g(x) = bpx* + -+ bix + 1
., Xy the roots off From the last Viete relationship =

Let be x4, x5, ..
= XXy x| = |( | = Ib = < 1, because b, € Z
|12 .. Xk | < 1= 3p € (1,2, ...,k such that |x,| < 1.

But x,, is root and for f = a,x; + an_lxg_l +tax,ta=0=
— n
= |ay| = |anxg +an_1xp "t + -~-+a1xp| < Ian||xp| + -+ |a1||xp| <
< layl +lazl + -+ lanl = lagl < lay| + lag| + -+ + |an| < n* = ag < n? false=
= f is irreducible over Z

PROBLEM 2.151-Solution by Soumava Chakraborty-Kolkata-India
a* +b* <2(a?—ab +b?)? © a* + b* + 6a?b? —4ab(a®> + b*) =0
& (a? + b?)? + 4a?b? — 4ab(a® + b?) = 0  (a? + b? — 2ab)? = 0 - true
s yJa* + b* <V2|a? —ab + b?%| =V2(a% — ab + b?)
1 3
( a’? — ab + b? =Z(a+b)2 +Z(a—b)2 > 0)

= ./2(a* + b*) < 2a? — 2ab + 2b? = /2(a* + b*) + 7ab < 2a? + 5ab + 2b?

2a+b+a+2b)?* 9
$Qatbtat ) 3t by

= (2a + b)(a + 2b) < 2
N 1 - 4 1 c (1) 4 c
J2@(@* + b5 +7ab 9 (a+b)2 J2(a* + b*) + 7ab 9 (a + b)?
(2) ®3),
a 4 a b

. S 4, S 4
Similarly, J24*+cH)+7bc — 9 (b+c)? &1/2(c4+a4)+7ca — 9 (c+a)2

(1)+(2)+(3) = LHS 2 —2 (M)Z
WLOG, we may assumea = b > ¢

Sal+ac=b*+bce(a—-b)la+b+c)=0->trueva>b=>c

Now, —>
b+c ct+a
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a b c a b c 1 1 1
— > —. Similarly, — > —=—>—>—&also,~a=>b>c,— > > —
+c ct+a + a+b b+c c+a a+b b+ c+a a+b
4 1 a 1 Nesbitt 4 1 3 1 Bergstrom
> - = —_ ) = === —_ >
= by Chebyshev & using (4), LHS > 53 > — (Z b+c) 5’33 (Z - ) >
2 9 1 1
Z 5 2ya a3 (Proved)

PROBLEM 2.152-Solution by Soumava Chakraborty-Kolkata-India
Firstly, a* + b* < 2(a®? — ab + b?)? & a* + b* + 6a?b? —4ab(a®> + b?) >0 &
& (a? + b?)? + 4a%b? — 4ab(a? + b?) > 0 © (a? + b? — 2ab)? = 0 > true
wya* + b* <2|a? — ab + b?%| =V2(a% — ab + b?)
1 3
( a? —ab + b? =Z(a+b)2 +Z(a—b)2 > 0)
1 1 1
sy/2(a* + b*) < 2a® — 2ab + 2b% = 2—( 0 )
[2(a* + b%)  2\a*+Db*—ab
1 a? 1 1 a’? a
+— == (—) +—+

[2(a*+bp*) b 2\a?+b%—ab/ 2b 2b

2

A-G 3 a* 33 ab

= 3\/8b2(a2 T b7 —ab) ZE\/(aZ T b% —ab)ab - ab
3a? . 1 A6 3a? . 3

2 3{/(az T b2 — ab)ab ab 2 a?+b?—ab+2ab

9q? a? (1) 9 a?
2(a2+b2+ab) /2(a4+b4 = a?+b% +ab

o L p2 @ g b2 1 2 3 g c?
Similarly, Tone T =2 (b2+cz+bc) & NcroRirks 5(62+a2+0a)
a2 b2 c2 ‘o9
(1)+(2)+3)=p = 2 (a2+b2+ab + b2+c2+bc + cz+a2+ca) = 2 <

S a?(b? + c? + bc)(c? + a? + ca) + b%(c? + a? + ca)(a® + b? + ab) +
+c?(a® + b? + ab) (b? + ¢ + bc) — (a® + b* + ab)(b? + ¢ + bc)(c? + a® + ca) é 0
& a*b? + b*c? + c*a? é a’b3c + b?c3a + c?a’b - true
v x?4+y%+ 2% > xy+yz+ zx where x = a’bh,y = b*c,z=c*a>P = %equa/ity at

a=b=c=1= Py, zg(wherea =b =c =1)(Answer)
PROBLEM 2.153-Solution by Soumava Chakraborty-Kolkata-India

2("—3+x) /80 + y) + 2/xy & 1625 — 203 +5J_(2)

yZ
Of course, x,y # 0 & xy >0=>x,y<0orx,y > 0.Ifx,y <0, then LHS of (1) < 0, but RHS of
(1) > 0 = x,y < 0 is impossible «. x,y > 0. Now, x* + y* < 2(x? — xy + y?)?
ext+yt+oex?y? —6xy(x? +y?) =0 (x2 +y2)2 +4x%y? —4xy(x*+y?) =20
e (x2 +y2 —2xy)? =0 > true
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wJxt 4yt < V2|x? —1xy+y2| =?\)/§(x2 —xy +v?)
( x% —xy + y? =Z(x+y)2 +Z(x—y)2 > 0)

4x4+y 2 2 2 4 2 2
<\/x —xy+y =>\/8(x +y4) <2Jx%2—xy+y?=

= V8(x* + y*) + 2 xy<2(w/x2—xy+y2+,/xy) S Zﬁ\/xz—xy+y2+xy=

? 2(x +y?)? (x? +y*)*
= 2v2./x2 2 o 2 N e
V2yx Ty (a) xy(x +y) x%2y2(x + )2_ (* +5%)

e (x2 +y?)3 (%) 2x%y%(x + y)*

Chebyshev 1 A-
Now, (x* +y%)° = (x* + y)(x* +¥2)? = S(x+y*(x*+y?) =
> %(x + y)? - 4x%y? = 2x2%y%(x + y)? = (b) is true = (a) is true =

@ 2(x2+ 2)

:>RHSOf(1) S W

Bergstrom ( 24 )

equality at x = y.

. y .
= _t — > =
Again, LHS of (1)= 2 (xyz + x2y) & xy(x+y) , equality at x = y.
o e 2(x2+y?2)’ . .
(i), (ii) = LHS of (1) = RHS of (1) = Gy & - respective equalities occur at x =y
SX = y

Putting y = x in (2), we get: 16x> — 20x3 + 5x = 1

x+1
—1=>(x-1)Ux*+2x—-1)?=

= 16x° —20x3+5x—1 =

x+1
-1 -1 T . .
2 == One possibility is x =1 = x =y = 1 is a solution when

)
x # 1,2(4x? + 2x — 1)? (1 + /%) = 1. Let /xTH = t. Then, we have:

Q2+20)(42t2-1)?+22t2-1)-1)?%?-1=0>
= (2t +1)(8t3 — 6t + 1)(32t° + 16t* —32t3 — 12t +6t+1) =0

x+1 2T 4T
:> — = COS— = X = COS—
2 9 9

The equations yield two acceptable solutions: t = cos?

&t~ .84125 = x = 415415 .. all p0551ble solutions are:

x=y=1), (x =y= cos4—) (x =y = .415415)

PROBLEM 2.154-Solution by Tran Hong-Vietnam

S VR4 = Y (E+ VR ) Y aEe Y Yr s S
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JVx 8 1 8 (x+y+2)? 1 25
E__}_ x22_+_.u:_+8:_
YVx 3 3 3 3 3 3
= Phin =§=}a=b=c=1.

PROBLEM 2.155-Solution by proposer

P>1
— 3

*lemma: Let a, b, ¢ be positive real numbers we have inequality:
a*+b*+c*+abc(a+ b +c) = ab(a? + b?) + bc(b? + c?) + ca(c? + a?) (2)
(2): a* + b* + c* + abc(a + b + ¢) = ab(a? + b?) + bc(b? + c?) + ca(c? + a?)
sa*+b*+c*+abcla+b+c)—ab(a? + b?) — bc(b? + c?) —ca(c® +a?) >0
& a?(a? —ab —ac + bc) + b2(b? —bc — ba + ca) + c*(c? —ca—cb +ab) =0
sa’la—-b)a—-c)+b2b—a)(b—c)+c*(c—a)(c=b)=0 (3)
-Supposeda =b = c > 0.

+Wehave:{csa@{E:ZE8:>(c—a)(c—b)20@cz(c—a)(c—b)20 (4)

c<h
+ Let:a’?(a—b)(a—c) +b?2(b—a)(b—c) = (a—b)[a?(a—c) — b%(b — )]
s a’la—b)(a—c)+b?’(b—a)(b—c) =(a—Db)[(a®—-b3)—c(a? —b?)]
=(a—b)[(a—=b)(@a?®+ab + b?) —c(a—b)(a+ b)]
= (a—b)(a—b)(a® +ab + b*> —ac — bc) = (a — b)?(a®? + ab + b> —ac — bc) (5)
- Becausea=b =>c>0thena—c=0;b—c=0
+ Hence: a®> + ab + b> —ac—bc =a(a—c) + b(b—c) +ab =>ab > 0;(a — b)? >
O;Va,b eR
= (a —b)?(a? + ab + b?> —ac — bc) = 0. Let (5):= a*(a—b)(a—c) + b*>(b—a)(b—c) =
0 (6)
-Let(4), (6):= a*(a—b)(a—c)+b?>(b—a)(b—c)+c*(c—a)(c—b) =0
= Inequality (3) true = (2) true and lemma get the result.
*Let (a,b,c) = (x,y,2):
Sxt+yr+zt+xyzx +y +2) = xy(x? +y2) +yz(y? + z%) + zx (2% + x%) (7)
- By AM-GM inequality we have:
xy(x? +y2) +yz(y? + z2) + zx(z® + x?) = xy - 2xy + yz - 2yz + zx - 2zx
= 2(x%y? + y%z% + z%x?)
o xy(x? +y2) +yz(y? + z2) + zx(z? + x?) = 2(x?y? + y?z% + z°x%) (8)
-let(7),(8): = x* +y* + z* + xyz(x + vy + 2z) = 2(x%y? + y?z? + z%x?)
e x* +y* + 2zt + 2(x%y? + y22% + z2x?) = 4(x?y? + y2z?2 + z%x%) —xyz(x + y + 2)
e (x*+y2+22)2 = 4(x%y? + y?z% + z2%x?) —xyz(x + y + 2)
x%+y2+z2 z
4(x2y2+y2(22+22x2)—)xyz(x+y+z) 2109
* By Cauchy Schwarz inequality we have:
x y3 z
(2y? — yz + 222)? + (2z%2 — zx + 2x2)2 + (2x%2 — xy + 2y?)?
=) mam) =)
2y’ —yz+27%)  \2zZ—zx+2x?) | \2x7 —xy +2y°
x y z

3 3
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2
2 . y2

x , z2
2 (Zyz—yz+222 " 222 —zx+2x2 I2xz—xy+2yz) (10)
x+y+z
2
X Yy
- Other: +
2y2—yz+2z%2 = 2z2%2-zx+2x?% = 2x%2-xy+2y?

x4 y4- Z4-

2 2

zZ

= + +
2x2y?% —x?2yz + 2x%2%  2y?z% —y?zx + 2y?x?  2z%2x?% — z%xy + 22%y?
(x? + y? + z2)?
= (2x2y? — x2yz + 2x%2%) + (2y?z? — y2zx + 2y? x2)+(222+x2—z xy + 2z2%y?)

2 2

x y z2 > (x%+y +zz) 11
2y2-yz+2z? = 2z%2-zx+2x?  2x2-xy+2y? T 4(x2y24y?z24z2x2)—xyz(x+y+z) (11)
' x2 y2 22
-Let(9), (11)= 2y2—yz+4+2z2 + 2z2—zx+2x2  2x%-xy+2y? — 21 (12)
- Let (10), (12):
x3 N y3 z3 1
=
(2y? —yz +22z2)? (222 — zx + 2x?)? (Zx2 —xy + 2312)2 x+y+z
3 3
X z3 Xy +yz+ zx
(2y? —yz + 22%2)?  (2z% — zx + 2x2%)? (Zx2 —xy + 2y?)? 3
1 xXy+yz+zx (13)
— x+y+z 3
- By inequality: (mn + np + pm)? > 3mnp(m + n + p) and AM-GM inequality and: xyz = 1.
We have:
1 xy+yz+zx_( 1 xy+yz+zx+xy+yz+zx)+xy+yz+zx
X+y+z 3 ST \x+y+z 9 9 9
> 3. 3 1 xy+yz+zx xy+yz+zx+3-3xy-yz-zx
- x+y+z
N 1 n xy+yz+zx 3 (xy+yz+zx)2 33 (xyz)2 3 3xyz(x+y+z) _1
x+y+z 81(x+y+2z) 81(x+y+z) 9
1 +xy+yz+zx>3 , §_1+_:i<:> +xy+yz+zx>_ (14)
x+y+z 3 81 9 3 x+y+z 3
-Let(13), (14):> P > 5 = Ppin = %’ Equality occurs if:
x=y=z>0
xyz =1
(=1 L = 1 = 1 S X = y=zZ= 1.
2y2—yz+2z2 2z2—zx+2x2 2x2—xy+2y2
1 _ xy+yz+zx
x+y+z - 9

PROBLEM 2.156-Solution by Ravi Prakash-New Delhi-India

Let P(x) be a polynomial of degree m where m € N.
Ifm=1,let P(x) =ax+b,a # 0, thenax+b:a(x+Vx2+1)+b Vx € R
Savx2+1=0VxeER=>a=0
A contradiction.
Assumem = 2.
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Choose a sequence m; > m, > -+ > m,, of positive integers such that

My >my +ymi +1forl<k<m-1.
Forl1<r<m
P(m,) = P(mr +m?z + 1) (given)
By the Rolle’s theorem Ja,. € (mr, m, +./m2+ 1) such that
P'(a,) =0 (1 <r <m)= P'(x) has at least m zeros. But P'(x) is a polynomial of degree
(m — 1). A contradiction.
-~ there is no polynomial of degree = 1, satisfying the given condition.
Thus, P(x) satisfies the given condition if and only if P(x) is a constant

PROBLEM 2.157-Solution by Tran Hong-Vietnam

) +x?2+2x+a)=1
= f'(x) >0Vx =0 (because f(x) = 0Vx =>0,a>1)= f(x) 7 on[0,+)
= limy 400 f(Xx) =1 € [0,4) orlim,_, ;o f(x) = +oo

Iflimye, 4o f(X) Foo = hmx_’+°°f () = hmx_H_oo f(x)+x2+2x+a -

=>3a>0:0<f’(x)s dt

+1
50< f(x)—f(a) < tan_l(x) —tan"l(a) = f(x) < tan_l(x) + f(a) —tan"(a)
= xl_i)rfoof(x) < % + f(a) — tan"(a)

which is contrary with lim,_, ;. f(x) = 4. So, we have lim,_,,,, f(x) =1 € [0, +).

(Vx>a)=>0<ff(t)dt<ft .

PROBLEM 2.158-Solution by Tran Hong-Vietnam

Withn = 1:a,(a; + ay)(af + a3) ... (a%k + a%k)

(az=ay)

=" 2a?-2a%...2a% > 0 (true)
Suppose it true with 1,2, ...,n; we prove withn + 1;

Let: apy; = max{aq;|li=12,..,n+ 1} =2 a,,1 = a4
n+1

k k
Unyr = Z a; (a; + ai+1)(ai2 + ai2+1) (aiz + aiz )

i=1
n

k k
= Z a; (a; + ai+1)(ai2 + ai2+1) (alz + ai2+1) + aps1(@niq + an+2)(arzl+1 + a%+2)
i=1
k k
(a721+2 + a121+2)

k
Unes = ) ;@ + an)@ +ady) - (a2 + a?') +
i=1
k
+an41(@pyq + a1)(a721+1 + a% (a121+1 + a%k)F
Ifan+1 2 al 2 0 then Un+1 2 O
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Ifa, <apy1 <0thenU,,1 =0
If a1 = 0 > a4 then we have:
n

K
Unyr = Z a; (a; + ai+1)(ai2 + ai2+1) (alz + aiZk) +
i=1

(n+1 2 2 2 2 2k 2k
: (an+1 - al)(an+1 +a;i) ... (an+1 + aj
apy1 — aAq
n a2k+1 a2k+1
_ 2 2 2k 2k n+1 — “1
= Z a; (a; + a;11)(af + ajyq) - (ai + a; ) tapy, —=0
Apy1 — Aq

i=1
= Proved. Equality © a; =0 (i =1,2,...,n)

PROBLEM 2.159-Solution by Soumava Chakraborty-Kolkata-India

€Y
ZaZaz >2 ) (b+c)h2

(1) © 2s(s> —4Rr —1r?) > Y (25 — a)

b?c?

4R2

2
& 4R? - 25(s? —4Rr —1?) = 2s {(Z ab) - 16Rr52} — 4Rrs (Z ab)
© 4R?*(s? —4Rr — 1r?) > (s> + 4Rr + 1r%)? — 16Rrs? — 2Rr(s? + 4Rr + 1?)

()
& s* — s2(4R? + 10RT — 2r2) + 16R3r + 12R%r2 + 6Rr3 + 1+ < 0
(2) (b)
Now,s?>m—-n=s>—-m+n=>0&s’<m+n=>s2—m-n < 0, where
m=2R?+ 10Rr —r?> &n = 2(R — 2r)VR? — 2Rr
(a).(b) = s* —2ms? +m? —n?< 0>

(3)
= s* —s%(4R? + 20Rr — 2r?) + 64R3r + 48R?*r> + 12Rr3 +r* < 0
(2), (3) = in order to prove (2), it suffices to show:
—52(4R%? + 10Rr — 2r%) + 16R3r + 12R?r? + 6Rr3 < —s?(4R? + 20Rr — 2r%) +

€))
+64R3r + 48R?*r? + 12Rr3® © 5Rs? < 24R3 + 18R?r + 3Rr?

Gerretsen ?
Now, LHSof (4) <  5R(4R? + 4Rr + 3r?) < 24R3® + 18R?r + 3Rr?
? ? Euler

& 2R2—Rr—6r2<0e (R—2r)(2R+3r) =0 >true~ R > 2r (proved)

PROBLEM 2.160-Solution by Soumava Chakraborty-Kolkata-India

1 abcFa)®
> —_——2> 1
Za_Za Yab —
5 + be + 30 = 3abe (C 42 4 &
Now,3(ab+bc+ca)—3abc(ac+ab+bc)2

older < )3 bc(X a) 2 by (1) 2
! = 3abc3(za;b) _2 EC:aba -(Za) = (Za)
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PROBLEM 2.161-Solution by Ravi Prakash-New Delhi-India

1-a+a®)1-b+b?>)—(1—-ab+a?b?>)=1—a+a?—b+ab—a?*b+b?—
—ab? + a’b? — [1 — ab + a®b?]
=(a+b)>—(a+b)—ab(a+b)=(a+b)la+b—ab—1] =
=—(a+bh)1-a)(1-b)<0
Equalitywhena=b=0o0ra=1o0rb =1
~(1—a+a®>)(1—-b+b? <1-ab+a?b?
Equalitywhena =b =0o0ora=1o0rb =1.
>(1-a+a®>)A-b+b>)A—-c+c® ) <A —ab+a’b>)(1—-c+c?) <
< 1 — abc + a?b?c?. Equality when a = b = ¢ = 0 or when at least two of a, b, ¢ are equal to
1.Next, (1 —a+a®)?(1 —b+b?)?(1 —c+c?)? =
=[1-a+a®> @A -b+b)][A-b+bH)A-c+A][A-c+c®)A—-a+a?)]
=[(1—ab+ a?b?) —(a+b)(1 —a)(1 —b)]
[(1 —bc+b?c?)—(b+c)(1—-b)(1 —0)]
[A—ca+c?+a?)—(c+a)(1-0)1 —a)]
<@ —ab+a%*b?>)(1 —bc + b?*c?)(1 — ca + c?a?)
with equality if (a + b)(1 —a)(1—b) =0
b+c)1-b)A-¢c)=0; (c+a)(1—-a)(1—-c)=0
©a=b=0,c=00ra=b=0,c=1ora=1,b=c=00ra=0b=1,c=0
ora=1,b=1ora=1c=1lorb=1c=1

PROBLEM 2.162-Solution by Soumava Chakraborty-Kolkata-India

(1) Radon 2 2 )M+l 243 2"
_ Ta’+yymd xya'tyla
Firstly, Ywg < ¥.s(s —a) = s Now, LHS = ()C(Z;wzit;nhz))m - (z2w24+t2h2))m

2\m+1 m+1
(Ta?)" " (4x+3y) (using (1))

- = az)erl(A}x+3y)""""1
T amEi(gerym(zw2)"

> 6 az)m+1 (4x+3y)m+1

(452)M-4(z+t)™
— BXa)ma(z+m (v4s? =T a)*<3%a?)
Ionescu

_ (Z az)(4x+3y)m+1 Weitz;nbock 4\/§S(4x+3y)m+1 _ (4x+3y)™*
T 3myg(z+n)m = 3M4(z+)™m | 3M(z4)M

(v hg Swgetc,>hYh2 <Y w2)=

- \3S (Proved)

PROBLEM 2.163-Solution by Soumava Chakraborty-Kolkata-India

) (€Y) Radon (¥ q24yy g2 m+1 (x+y)™ (T a2 m+1
Firstly, Ewa < Ls(s —a) = % Now, LHS = ((ZZw2+tZW)2)m - (z+t)f(;w2))m
a a a

O P VIO L € Dl 0 il ( 2 <32 az)

m(c2\m m =
Oy (z+0m(35a2) 4
_ 4m(x + y)MrL(Y g?2)mHl ~ 4m(x + Y)Y g2
@+ om3m-Za)m T (z+ ™3™
Ion.esecu— L
Wetizenbock 4™ (x+y) 1443 _ 4MHL (x4y)MH+1375 _ 4MHL (g qy)MmH1
= (z+t)m.3m - 3M(z+t)Mm - 3m_%(z+t)m S (Proved)
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PROBLEM 2.164-Solution by Soumava Chakraborty-Kolkata-India

1 3 Da+b
012+b2—01b=Z(Ut+b)2+—(a—b)2 (a+b)2:>\/a2+b2—ab > >

(2) (3)
Similarly, V' b? + c?—bc = ﬁ& c’+a*>—ca = HTa

(1), (2), (3) > LHS > Z<2° S 2% ab o2 a +25ab> 4% ab o Ya? > Y ab
— true (Proved)
PROBLEM 2.165-Solution by Michael Sterghiou-Greece

Ifa,b,c = 0 then:
Yeyela+b)Vaz +b2 > (2V3-1)3.,cab (1)

(a+b)Ja2+b2 > 2Vab-V2ab= Y 2vZab=2vVZ- Y ab> (2V3—-1) ) ab
2. ) 2 2. 2

cyc cyc cyc CyC cyc
251 IO B o W ()
o1 } V2+V3>2-1 N A I Ry wy. et e (V3-+2)>0

- 2v2 — (23 - 1) > 0. Done.
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UNDERGRADUATE PROBLEMS-SOLUTIONS

PROBLEM 3.001-Solution by Tran Quang Minh - Nguyen Thi Linh - Ho Chi Minh -

Vietnam
We denote f (a) = aT_Zf; arctan® x - dx — fza arctan® x - dx with a € [2,7], we have:

e _ Sarctan*a . ,
f'"(a) = — — < 0 for all a € [2,7], so for all « € [2,7] we have inequality:
f(@) = min{f(2),f(7)} = 0. Or

a=2 7 5 a 5
sz arctan® x - dx > [, arctan® x - dx forall a € [2,7].

PROBLEM 3.002-Solution by Tran Quang Minh - Nguyen Thi Linh - Ho Chi Minh -

Vietnam

We have one lemma.
Lemma 1.1If x,y,z € (0, +o0) then:
x>+ vy + 25+ x3yz+xydz+xyz > xt(y+2) +ytz+x)+ 2zt (x +y) (1)
Proof. We normalize x + y + z = 1 and denote xy + yz + zx = q,xyz = r then:
(1) o (-12¢g+7)r+8¢>°—-6g+1=0
4q-1

Use r > max {O’T} we will have (—12q + 7)r +8q* —6q +1 =0

Back to the problem:
From Lemma, denote x = t%,y = t?, z = t°, we have:

Z t5a + Z t3a+b+c > Z(t4a+b + t4a+0)

or Z tSa—l + 2 t3a+b+c—1 2 Z(t4a+b—1 + t4a+c—1)
Take integral from 0 to 1 we have:

1 1 1
fz t5a—1 dt + jz t3a+b+c—1 dt > fz(t‘l-a"'b—l + t4a+c—1) dt
0 0 0

1 1 1 1
0¥ e+ e 2 2 (e + o)

3a+b+c 4a+c

PROBLEM 3.003-Solution by proposer

IfX,YEMy,(C)and f:C - C, f(t) = det(X + tY) = t?>detY + at + detX;a € C
f)+ f(—1) =2(detX + detY) = det(X + Y) + det(X —Y) = 2(detX + detY)
Letbe X = A2+ B%Y = AB+BA= A+ B? + AB + BA = (A + B)?

A2 + B2+ AB + BA = (A + B)?

(det(A + B))? + (det(A — B))? = 2det(A4? + B?) + 2det(AB + BA) =

%((det(A + B))? + (det(A — B))?* — 2 det(AB + BA)) = det(4* + B?) =

= det(4 + iB) (A — iB) = det(A + iB) det(4 — iB) = det(4 + iB) det(4 + 1B) =
=(a+if)(a—if)=a?+p?*=0 (a,fB ER)
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PROBLEM 3.004-Solution by Tran Quang Minh - Nguyen Thi Linh - Ho Chi Minh -

Vietnam
Ifb € [a, c] we will have:
flx) = glx )—M( —a) + f(a),x € [a,b]
Fo < hx )-M( B+ fB)x € bc]
then
c b c
fo(x) dx <2 [fg(x) dx + f h(x) dXI = (b —-a)[fb) + f(a)] + (c —D)f(c) + f(b)]
a b
PROBLEM 3.005-Solution by proposer
Lethe g() = 2=,y € [23],9'0) = 15
b% 2 e 3
g&x) | ———=————~— 0O————=————-
90 | 2 . ¥ 3
In 2 In 3

But9>8=>32>23=>21n3>31n2=>—>m

2 y
=le — <—sSe< - <—
= Imlg) = [e ]:>e ‘g(y)_IZ e_lny_1n2:>

1 X
=>e1nySysmlny.lnthesewetakey=(1+;) ,x=21=
1 1 2x 1
exln(l+—)£<1+—) S—ln(1+—)
x x In 2 X

PROBLEM 3.006-Solution by proposer
+ (b — ¢)? = 0 therefore

We have: 2a + 2b
2a+2b—2c)Inx <=

lnx

ln y . After addition we obtain:

(2b +2c—2a)Iny <?2
(2c+2a—2b)Inz < Cz;:az Inz

X 2a
Z(2a+2b—2c)1nx=22a(lnx—1ny+lnz)=Zln(7y)
Cl2+b2 aZ+p2
SZ p lnxzzmx c

IA
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