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PROBLEM 3.007-Solution by George - Florin Serban - Romania
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Inl = lim CniW™ i Cnap(+ DO CnsaM™
T noo 2n+1 " now 2n+3)-(02n+1) B

n" (n 4 2)2*c2

In
= lim (Tl + 1)2(n+1)zcncn+2
- n—-oo 2 ’
C1%+1 _ bg+1 _ b121+1 _ 1 _ 1
CnCnia  biiabiy,  bi, any, la+ @+ Dr]*’
n" (n 4 2)m+2*c2 n(n+2)" (n+ 2)*"(n + 2)*

(n+ 12 %, (n+ D72+ D+ 1)%[a+ (n+ Drl2

2
B n?+2n n<n+2)4”+2< n+2 )2
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PROBLEM 3.008-Solution by Yen Tung Chung - Tainan - Taiwan

f (2e*+1)sinx —cosx — 1
e2* + (cosx —sinx + 2)e* + cosx —sinxcosx — sinx + 1
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_f (2e* +1)sinx —cosx — 1 p
) e2* 4+ (cosx + 1)(1 —sinx)e* + (cosx + 1)(1 — sinx) x
B (2e* +1)sinx —cosx — 1 g _(f e* —sinx ex—cosx)
~ ) (e* 4+ cosx +1)(e* —sinx + 1) x= e¥X+cosx+1 e*—sinx+1

e*+cosx+1

+C
eX —sinx+1

=In|le* + cosx + 1| — In|e* —sinx + 1| + C =In

PROBLEM 3.009-Solution by Soumitra Mukherjee-Chandar Nagore-India

3n\2¢ . 1
For n = 3; (;) < e® & 3% < e © 3° < e3, which is true,

N 2€e
For n = 4; (4;) <elt © 12%¢ < '™ & 12° < €7, which is also true,

. K1\ 2€ _
Let us assume that the statement is true for n = k; (;) < ek*+k=6 holds true.

‘L2 2 2 2 —\2

2e
we need to prove, (%) L ekt Hk=6 < o (k+1)?+(k+1)-6
K\ %¢ (k+1)2—k+1 _ ,2 k\° k+1
@(2) <e —e(k+1)<=>(2) <e (1)
We need to prove statement (1);
e
Let f(x) = e**! — (g) Vx=>3

e—1

! _ x+1_£ f
f)=e ;(2) >0Vx>3.
fincreasing- on [3,0) and f (x) = 0Vx >3, f(x) = f(3) >0
1 et
x Z(Z
e >2(2) Vx =3

2e
hence, statement (1) is prove {(k%l)'} < e+ D*+(k+1)=6 royed).

When n = k is true then n = k + 1 is also true. So, by theory of Induction, we have,

n!

2e 2
(3) < e™*"=% (proved).

PROBLEM 3.010-Solution by Henry Ricardo-New York -USA

ex
Letu = m. Then
e*In(1 + e*) — e?* 4
= X,
(14 e¥)?1In2(1 + eX)
so that we have

du

e'in(1yer) e, —f1d —u+C= - +cC
A+ezinz(1+en) " ] T8 T T 0 e m +e0)
[Since the denominator of the original integrand is [(1 + e*) In(1 + e*)]?, this
suggested a possible antiderivative of the form f(x)/[(1 + e*) In(1 + e*)].
A little calculation indicated that f(x) = e*.]
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PROBLEM 3.011- Solution by proposer

Wehave:#<i(z+l) S

3a2+2b%2+c2 — 18\b ¢

3a?b + 6a?c + 2b3 + 2¢3 + 4b%c + bc? >
> 1813/(012b)3(6120)6(b3)2(c3)2(b2 c)*(bc?) = 18abc therefore

( alnx ( )1
3a2+2b2+c2—18 c)
blny ( 1)1
3b2+2c2+a2_18 a) Y
cnz ( 1)
\3c2 + 2a? + b2 = b

After addltlon we have:

Z In xSaL2+2ab2—c2 = Z alnx Z ( ) Inx =
 Lu3a?+2b% +c?2 11 B
3 12:21nz+1ny_z:1 c?\18a
~ 18 a - y
PROBLEM 3.012-Solution by proposer
f(x) =e* + 2sinhx + sinx — cos x + 2006

f'(x) + f(x) = 2e* + 2(sinh x + cosh x) + 2 sinx + 2006 = 4e* + 2sinx + 2006 =
= 2(26" + sinx 4+ 1003) so fM — ff CLI(CI N

eX+2sinhx+sinx f(x)

fd = f( )d 2+1n(e"+25inhx+sinx—cosx+2006)+C

PROBLEM 3.013-Solution by Nicolae Papacu - Slobozia - Romania

Wehavet=1—xy=1—x(1—x)=1—x+x%and
l—yx=1-(1-x)x=1—-x+x*>=t.

Because x?°1° = x, we have x?°7 = x? and then
t=1—-x+x>=1—x+x%"7 =1 —x(1 —x2016) =1 — (1 — x201%)x.
Because

372

x2016 = (1 — x©) Z 6k

and1—x=(1+x3)Q1-x3)=0—-x+ xz)(l + x)(1 — x3), we have

372 372
1—-x201=(1 —xG)Zka =(1-x+x)1+x(01 —x3)2x6" =(1-x+x%)z
k=0 k=0
and then

t=1—-x4+x>=1—-x+x""=1-(1-x?1)x=1—-(1—-x+x?*)zx,
sot =1 — tzx, wherefrom
t(1+ zx) = 1. Analog (1 + zx)t = 1,sot = 1 — xy = 1 — yx is invertible.
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PROBLEM 3.014-Solution by Ravi Prakash-New Delhi-India

n=1m=1
__ 1 + 1 + 1 + ot
1 % 2 1-%-3 1-2-4
to13tz 24 z3 57T
1 1 1
+ + +

3-1-4 3-2-5 3-3-6+
Let’s sum up this double series diagonally

w0 k-1
$= Z m(k — m)k m)k ZkZZ(m k — m)
1

k=2 m=1

D000 Bt

S T U
N 2 2) 3 2 3 2

PROBLEM 3.015-Solution by Dana Heuberger - Romania

We denote with (1) and (2) the equalities from the hypothesis.

Fora = b = 1, we obtain that 2 = 0, so the ring that the characteristic 2.

So Va€eA a=—a. (3)
Fora =1,b = x € A, from (2) we obtain:
1.(3)
A+ 1 +x)2=1+x%%*2 S 14220 - Q1 +x) =1+x¥"? o
3)
o x%k + x2 = 0SS x2k = x2, 50 Vx € A, x2kt1 = x3,

Replacing x with x + 1 in the preceding equality and using (1), we deduce:

3)

V€A Q+x)3=Q+x0)*1=14x*=1S1+x+x2+x3=
3
=1+x2Sx3 =x.
Replacing x with x + 1 in the preceding equality and using (3), it follows:
Vx €A (l+x)P=1+xeoVxedl+x+x’+x3=1+xe
o Vx €A x% =x.
So, the ring is boolean, hence is commutative.
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PROBLEM 3.016-Solution by Quang Minh Tran - Ho Chi Minh City - VietNam

Forall 6 € E,%],n € N we have:

sin 6 sec? 6\ °° sin 0 sec? 0
In 1+T <|cos@|-In 1+T <

< max In(1+sin6 sec20) = M,

C coté
S<1+ " ) < (1 + cos9)°°tf <

< max (1 + cos0)°t? = M,
v
xe|Z ]

3’4
cot @ sin0-sec? 6 cot @ sin0-sec? 6 _ ,
(1+ " ) S<1+ " ) < (1 + cot@)sindsec™d <
< max (1 + cotg)sinfsec’d — M,

ek

So forall 8 € E,g] ,n € N exists M > 0 such that:

sin 6 sec? 6\ °**° cos 6\ °t? cot G Sinesec” @
(1 S0y [y cos0y ) [ coroy o)
n n n

Forall 6 € E,%] we have:

_ sin 6 sec? 6\ °**° cos 6\ °°t0 cot gy Sindsec?
limIn({1+——— (1+ ) (1+ )

n— oo n

n
Use Lebesgue dominated convergence theorem we have:

s
. sin 6 sec? 8 °*° cos 6\ °t0 cot 9 Sinf sec? o 3
lim | In[{1+——— (1+ ) (1+ ) d9=f0-d9=0
n
Z

wla

n

ESE

PROBLEM 3.017-Solution by Ravi Prakash-New Delhi-India

1 n®-2n-1
Gt =30t e
2

n=
1 4 2 R _1 Z)V -1
2 (n+1)2 n? 1 (n+1)2_2an nz) V=
Letbnzan—%
n-1 n-1
b1=1—2=—1andbn+1=§bn\mz1:>bn:(l) bl:_(l)

2 2

1 n-—-1
an:m—<z) vn=>1
gl 1 21 o2 1
W= LL= 0= Ty T T3 M T 8 B T 3

As2" >n?vn>5wegeta, >0Vn >5. Lets, = a; + a, + -+ + a,, then
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35 35
30’54 = 3055 =S4t a5 > S Infact s, 1 > S, > S5 > S,

vn = 5. Thus, s,, is minimum when n = 3 or 4.

sT;=a,=15,=1,53 =

PROBLEM 3.018-Solution by proposer

a 1
2
a bc 1 T b c T 1+chca 2(a+bc)
Let A = VAT = , then A-A" =
€ (1 ch a) c b en < 2(a+bc) 1+%,.a°
1 a
Applying Cauchy — Binet det(4 - A") =2 0= 1 + Y. a* = 2(a + bc)
. 1 l l 2 Vcos x
putting b = v/cosx,c = ;anda = e1z, then (elz - 1) + cos x + =2 , then
/ntegrat/ng both sides
T T L
2 P P
n(% 1)2+f 4 +fdx>2f\/cosxd
1 e cos x dx 2 2 x
Vs s s
6 6 6
T
4
R T ( % 1)2+\/7—1 152 - f\/cosxd
24 \° T T A
6
PROBLEM 3.019-Solution by proposer
%] [van)
—ZE(nkZ)—ZZl—Zl—[\/—]-}-(Zn-}-l)([ ’{/‘]])
_ ’% , Kizn
and lim,,_, T = lim,, [’V_] \/f
1 25z E(nk2) _ 2k
lim,,_, 0 ’V_Z[ A - and finally limp,_,c, n,% =E(’§/§— 1)

PROBLEM 3.020-Solution by proposer
< : - 1 1 ’
(kZ_lm n 1)"") = (kzl\/k(k D \/k(k n 1)"") =
n 2 n 2
1
Z( /k(k+1 ) Z( k(k+1)x"> -
1 k=1
n

k
(1 ) xk n Xjc
k k+1 k(k+1) n+1k_1k(k+1)

IA

M:

&
Il

1
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PROBLEM 3.021-Solution by Ravi Prakash - New Delhi - India

For0<x<1,1—x?+x2015 — x2016 — (1 —x)[1 + x + x2°15] > 0
Also, x2 — x2015 } 2016 — 42 4 42016 _ 12015 > (,1009) _ 2015
— 1009 | 51009 _ 42015 5 () o 1 — 52 4 2015 _ 2016 _ 1
0<1—x%4x2015 _x2016 21 (7
Also, x?015 — x2016 = 520151 — ) > 0for0<x <1
= 1—x? +x2015 52016 5 1 —x2, (2) 0<x<1.From(1)and(2)for0<x<1
1 1

1—x2<1—x24x2015 52016 £ 1 1<

\/1 — x2 +x2015 — x2016 < \/1 — x2
1

1 dx
<.f\/1—x2 + %2015 _ 42016 <§
0

PROBLEM 3.022-Solution by Soumava Chakraborty - Kolkata - India
2+ + )2+ 1) =ro+rt (Z rarb) + 211, (Z ra) + (r,1p1.)?
s2 s2\?
=r6+r4sz+r2< )(4R +r)+< )

r r
52
(Z T Ty = S% Ty, = —; Zra = 4R + r) =7%+r*s?2 +r3s2(4R + 1) + r?s*
T

1000 ,

1000

T2+ + )@+ 1) =

4.2

S r®+1rts? +r*s? + 4Rr3s% + r2st > r
© 27r% — 9461r*s? 4+ 27r%s* + 108Rr3s2 > 0
& 27r* — 9461252 + 275* + 108Rrs? > 0 (1)

Now, 27r* — 9461r2s? + 27s* + 108rs? > 27r* — 94612s? + 27s* + 2161?%s?
(R = 2r)
= 27r* = 730r%s? + 27s* = (27r? — s?)(r? — 275%) = (s2 = 27r®>)(27s2 —=r?) > 0
Gerretsen Euler
<52 S 16Rr—5r% S 3212572 = 27r2>. (1) is proved (Done).

PROBLEM 3.023-Solution by proposer

S

We have; ZX2EH0 5 X2 () (), )2 >0

4yz T y+z
f<(y +2z)(z + x))a S (x + Z)a
4yz y+z
) ((z +x)(x + y))b g (y + x)b
4zx Z+x
<(x +y)(y+ Z)>C . (z + y)°
\ 4xy x+y
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e , x+y\P+e h—
After multiplication we obtain: [] (?) >[I(x+y)°—¢

PROBLEM 3.024-Solution by Hamza Mahmood-Lahore-Pakistan

Compute Y,_, arctanh ( ) where E, is the nth Fibonacci number with F; = 1
2n

The nth Fibonacci number can be expressed as:
1 (/145" (1-+B)" (1B 1B\
Y Y (5
3++5 3-5\"
(5 -(57)

2 3-5
3+v5 2

. (1)”} a’* —1 N Fon+1 a?*++5a"—1
a " —\|\— = =
\/—a" Fpn—1 g2n—4/5gn —1

N

3

I

@l -
— e

1
a

Now arctanh(x) = (1+x)

) (—) =i ()
-2 2B Faaf )=

( ) B azn—( +(- a))a +( )( a)

S a?"+y/5a"-1 a2"+(a+ —i))a +(a)(
o, azn—5qn—-1 a2n_(a+( ;))a"+(a)( ) - azn_(a"'(_E))an-"(a)(_E)

a®" ++/5a" — 1 _ (a —a)(a” + a)
—VBan —1 (a® —a) (an+%)
=@+ Px+pq=0C-p)x-q
@r+yEan—1 (a"- %) a@ ™ +1) (@ - 1) (@ + 1)
—VBa" =1 ggn1_ 1) (an+ 1) T @ T - D@+ 1)

n (an+1 1)(an 1 + 1)
{(an 1_ 1)(an+1 + 1)

T
=|H

271

Since F,,, > 1 forn > 2 =>—< 1 = arctanh (
3

'ﬂ

Nowa+(—§) =a-

mIH nIHN

} In(@"**—-1)-In(@*-1)+In@*+1) —In@** +1)

Now

[oe]

1\ 1%, (@ —1)(a"' +1)
Z arctanh (a) = EnZzln {(an—l — (a1t + 1)}

=2

Z arctanh( ) %[{ln(a3 — 1D +1In(a* -1 +1In(@® -1 +In(a®-1) + -}
i —{ln(a—1) +In(a®?-1) +In(a®—-1) +In(a* - 1) + ---}
+{ln(a+ 1) +In(a*>+1) +In(a®+1) +In(a* + 1) + In(a® + 1) + --- }
—{In(a®+1) +In(a*+ 1) +In(a® + 1) + --- }]
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Z arctanh (Fi) = %{— In(a—1) —In(a? - 1) +In(a+ 1) +In(a? + 1)} =

n=2
B 11 (a+ D@ +1)
"2 M@-D@-1
3+V5 5+v5 1+/5 5 7+3\/_

SinceazT:a+1= 5 ,a—lzT,a

5+ 3v5

2_}_1_9+3\/§
2 2

)

a?—1=

2
(a+D@+1) (5+V5)(9+3V5) 45+15V5+9V5+15 60 +24V5
(@-D@-1) (1+vV5)(5+3V5) 5+3V5+5/5+15 20+8V5

1 1
Z arctanh <E) = Eln 3=1nV3

n=2

PROBLEM 3.025-Solution by Soumitra Moukherjee - Chandar Nagore - India

x, = Vn!=Inx, = iln n!. Using Stirling’s formula,

1
Inn! = ln\/_+<n+ )lnn n+0(n)

1 1 1 1
= — | = — — ——
In x,, I Inn! lnv +31< o )lnn 3+3f(n2) 1
| B A N A o By i U
W1 = 30 VAT T3\ ey ) M D 330 G
In 27 1 1 1
Inx,41 —Inx, = — m ln(1+ ) 6+ )ln(n+1)—§lnn+0<;)
Using Lagrange’s Mean Value Theorem:
In Xn+1 — In Xn = (xn+1 - xn)é where Cp € (xn' xn+1)
Also, lim,_,o, ¢, = l' Yn2(nx,., — Inx,)
\/_ln27r ¥n2 1 \/_ 3
=~ ntrD) +—1 (1 +;)+6( ln(n+1)——1n+\/_0( ) Now,
lim i/_(ln Xp+1 —Inx,) =0

n—-00
1
rlll_)n;lo 3\/ n? (xn+1 - xn) = ;711_1;1;10 3V n? (ln Any1 — In xn) =0
lim yn2 (3n+3\/(n +1)! — 3%) =0
n—-oo

PROBLEM 3.026-Solution by George - Florin Serban - Romania

Proposition' Let be the sequence:
an a n
—1 llm——aE(O ), 11m< n+1) =b,
s a, o n n-oo \ a,

thenlim,,(a,4; —a,) =alnb

(an)n>1J an > 0 11

Solution:
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(an+1)n _
an

In (an+1)” =In

an
Apy1 — an)an+1—an

(1+(

n
]a(anﬂan)

n

)

Ly (an+1 — an)m

n
an ]E(an+1_an)

n a,

n —An
an An+1 An+1 — Qn\an+1-a
—ln( =(aps1 —ap) In|1 +(——=|™ ",
n n an

. Apy1 — Ap . Ap41 . an
lim ——— = lim —lim—=1-1=0,

an

Then lim,,_,,, In I(l + (a"";—_%)“"“"‘"] =Ine = 1, then

a

n
An+1 — An\an+1—an
(1+(— i
an

lim a—nln

an+1
n—oo n

e |
~

n
) = lim (a,+; — ay)In
n n—oo

. an An+1 n .
lim —In = lim (a,+; — a,) = a(Inb).
n—-oo

n—oo N an
| = lim < n+1 B n )\/ﬁ _
Cnoe\M2 DN 2fen-Dn)
i ((n +DVn+1 Jn  nvn )ﬁ _ (i)\m
e\ On DN Vel (2 — DI vn/
im Y g
N
 ((n+DVn+1 o \" 1T 1\'"
[ = lim <2n . - ) . (—) = lim (ap41 — an) - (_) ’
now \ 22 MO T 2 (o0 — 11 Vi no Vn

_ nvn li an li Vn — |5 n n" _
T Gn D e e gy — i e [@n— DI

\/. n+D"(n+1) 2n-— 1D
L -

)

2n+ 1N nn

lim @ = | (1+1)” n+1l e
e n = S\t ") any1 NZ

n—-oco N

. Onya . py; N N+ 1 e 2
lim = lim c— = [= [—-1=1,
n-o a, n-on+1 a, n 2 e
(an+1>" (Gt DV HeE NN
= lim . =
n—oo |\ 222 [0 1 1)1 nn

b = lim
aTL
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= lim

n—oo

nn— DN\ oA DVRET
ot i) e mn

b = lim @%z lim nw "+1=
LY im [

_ |, (2n + 1N (2n + 1"
= e n+3)"@2n+3) Cn-Dr

2n+3 —-2n

b= i <2n+1)” 2n+1 " <1+ -2 )—2'2n+3_ —_ -1
~ (noe\2n+3) 2n+3 nte\ " 2n+3 —ve =es

I 2n+1
nl—I>IC>lOZTl+3

. 1 =1 e
Jim (ansy —an) =a-Inb = Jo- i=— 3

L I\ -1
—nl_r)r.}o(an+1_an)'(ﬁ) =53 0=0

PROBLEM 3.027-Solution by Feti Sinani-Kosovo

=1,

x—1 x—1

(o)~ (xe%l) V2= 1) = () = ("71) 2n(— 1) +
Sy )
ln((%l)ﬁl\/muwu)))

1 _InT(x+2)
(x+DIr(x+2) 2x2=(x+1)e  2x+2 =(x+1)e 2x+2 =
e Inv2m 1 In(x + 1 1
=(@x+1) ve 1- +o|— 1—¥+0 =)=
Vx+1 x+1 3 4(x+1) =

>=\/E\/§+0(1) (x > )

= x/Ex/E<1+i+o<l3)><1 +o<i1>
2x 2 1
x2 x2

x[(x + 1)_% =x$<1 —lnm+o(i3> (1 —ln—;+o<i3>> =+evx + 0(1)

X X x2

= lim eV¥In(0(4) = == —
X—00

Vx
x+1 X )

X—>00 1

~ lim < I
I'(x+2)2x+2 T'(x+ 1)2x
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PROBLEM 3.028-Solution by Marian Ursdrescu - Romania

(m+1)(¢+1)
Letg:[x,x +1] > R g(t) =t ¢ .From Lagrange theorem we have: 3x € (x,x + 1).
(m+1)(x+2) (m+1)(x+1)

Such tha tM g@=C+1) = —x =« =

(m+1)(6+1) c+1 1
=c [m+1)(——)lnc+(m+1)— Z]

(m+1)(c+1)[ Inc c+1]
f(x) . (m+1)c c I 2 ' c2
= lim, 00— pe = limy_ —m (1)

Because ¢ € (x,x + 1) and x - o we calculate this.

1
(m+ 1)x(m+1)(1+§) [ l;lzx +2 +2 1] m+1 [ Inx x+ 1]
x — —

X =(m+1) lim X x

lim +—
X—00 xm x2 xZ
mti Inx  x+1

=(m+1)lim, e x * [——+ —] (2)
=e’=1 (3)
. Inx L'H 1
lim,, o — % lim,,,—==0 (4)

lim, o, = = 1 (5). From (1 )+(2)+(3]+(4)+(5) = limy 0 L2 =m + 1.

xm

m+1

. m+1 m+1 LH 1
hmx—>oox ~ — llmx_,oo -In (m+1)11mx_> p

PROBLEM 3.029-Solution by Anas Adlany - Khemis Des Zemamra - Morroco

S ]
1+s2 1+4p’

Putx+y=sandp = xy thens? > 4p
S
1+52

So it suffices to show that; arctan(x + y) arctan (ﬁ) <

or arctan(s) — % (arctan(s))? < =

arctan(s) < s
But we know that

arctan(s) > 1+52

2
_2 2 _ E( s ) s S .
= arctan(s) (arctan(s)) <s o) <n=< Trap O desired.

PROBLEM 3.030-Solution by proposer

First we show that for all x,y,z > 0 and m € N* we have
x™ 1y +2) +y™ 1z +x) + 2™ (x + y) = 2xyz(x™ 1 + y™m1 4 zm71)
Proof.

x™m y™ 1 1 y 1
St AT Ay (ty>0).[ft==>0=>t""+12t"+t e
e t-—D*(™ T+t P+ +t+ 1) =0
m

x™ ™ _ _ _
Z<7+7)22(xm Ly ym 1):>me+1()1+2) ZnyZme 1

Ifk=k;y=k+1,z=k+ 2then
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z”: k4 (k+ D™+ (k +2)m ~
(2k + k™1 + 2(k + 1)™*2 + 2k + 1) (k + 2)"*1
zn: k™t (k+ D™+ (k+2)mt -
L (k+1+k+2)k™ 4 (k+k+2)(k+ D™+ (k+ ke + Dk +2)m

1” 1 1 1 1
EZk(k+1)(k+2) ZZ(Zk k+1 2(k+2)) 8 4n+Dn+2)

PROBLEM 3.031-Solution by Soumitra Mandal - Kolkata - India

AB = BA; AC = CAand A?B + C = ABC
Now A?B + C = ABC = (A?B+C) - B = ABCB = A*’B? + CB = ABCB
= A(AB)B + CB = ABCB = (AB)? + CB = ABCB [+ AB = BA]
= CB = AB(CB — AB) ... (1)
Again, A2B + C = ABC = B - (A?B + C) = BABC = BA%B + BC = BABC
= (BA)AB + BC = BABC = (BA)? + BC = BABC [+ AB = BA]
= BC = BA(BC — BA) = BC = AB(BC — AB)[+ AB = BA] ... (2)
So, from (2) - (1): BC — CB = AB(BC — CB)
det(BC — CB) = det(4AB) det(BC — CB) = det(BC — CB)(1 — det(4B)) =0
Now, now det(AB) # 1 since if det(AB) = 1the AB =1, => B =A"1
so from relation A%B + C = ABC we would have got A = 0,, but det(A) # 0, hence a
contradiction. So, det(AB) = 1 is neglected.
~ det(BC — CB) = 0 = BC = CB (proved)

PROBLEM 3.032-Solution by Marian Ursdrescu - Romania

Theorem: If M, N € M, (C) such that MN = I,, = NM = I, then MN = NM
x?A+ B = xAB = xAB — x> — B = 0,, > xA(B — xl,,)) — B + xI,, = xI,
> xA-L)B—-xI)=xl,> (B —xL)xA-1,) =xI, >
= xBA— B — x?A+xI, =1, = xBA =x>A+ B = AB = BA and similarly BC = CB and
AC = CA. We must show this:
(x2y%z + 2x%y + x)A + (xy?z* + 2y?z + y)B + (x%yz? + 2z°x + z)C = 3xyzABC (1)
xAB = x?A + B > xyzABC = x%yzAC + yzBC = x*y(z°C + A) + z(y?’B + C) =
= x2yz%2C + x?yA + y?zB + zC (2)

yBC = y2B + C = xyzABC = xy?zAB + xzAC =
=vy2z(x?A+ B) + x(z°C + A) = x*y?zA + y*zB + xz*C + xA (3)
zCA = z°C + A = xyz = xyz?BC + xyAB = xz*(y?B + C) + y(x?A+ B) =
= xy2z°B + xz*C + x*yA + yB (4)

From (2)+(3)+(4)=> 3xyzABC = (x*y?z + 2x*y + x)A + (xy?z? + 2y%z + y)B +
+(x%yz? + 2z%x + z)C = (1) its true.

253 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

PROBLEM 3.033-Solution by proposer

1+m a+b+c
a+b+c
By the AM-GM inequality = « ’ 1+1+a+b+c
a+b+c

1 1+m+a+3l::+c
a+b a+b+c
After addition holds a + /ab = +3/abc < /a ath  arbrey,

a++ab + Vabc < a+ /ab atb + Yabc therefore for a, b, c > 0 holds:

a+vab b+3abc < 3 a- a+b a+b+c

; - &)

a+vab b+3azb a+b 2a+b

In (1) we take c = a and ¢ = b then n————=< aT-

and

a+\/ab+\/ab2<3 a- a+b a+2b

3 - 2

and after addition holds the desired inequality.

PROBLEM 3.034-Solution by SK Rejuan West Bengal - India

Case I: If three ata, b, careequa/iea =b=ceN"*
a+1 b+1 c+1 a+1

b c a
Now,aTEN/fa—1=>a—1—b—c
~ (1,1,1) = (a, b, ¢) is a solution
Case II: If two of them are equal. Let a = b(# c)

a+1 b+1 c+1 a+1 a+l . .
e EN[glven]Now—=a, fa=1=>a=1=b

FromTENweget,TEN[-'-b = 1] =>§EN=>C= lor2
butc# (@a=b)=>c#+1=>c=2ie(ab,c)=(1,1,2)isa solution,
similarly, by taking a = c(# b) we get (a, b, c) = (1,2,1) is a solution

and by taking a + (b = ¢) we get (a,b,c) = (2,1,1) is a solution
Case llI: If three of them inequal, so in this case we get six possibilities ie

a<b<cora<c<borb<c<aorb<a<corc<a<borc<b<a

Subcasel:Whena<b<c=>(a+1)<b+1<(c+1)(1)

From (1) we get, — atl <E— 1+ [+ b € N¥]

--“—“eN d“—“<1+;:>“—“_1:>a+1_b

1 1 a+1 1
[-.-be1V*.-.b21=>Es1=>1+—s2=>—<2and eN

+
b b ) b
Subcasell:lfa<c<b=>a+1<c+1<b+1.ltisgiven%EN:>b|(a+1)

Also by own assumption a < b and by given condition b|(a + 1)
= a and b must be consecutive number in N* and a < b
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* a, b are consecutive numbers in N* and a < b so there exists no number ¢ betwen a and b

which also belongs to N* je fora < ¢ < b and

a+1 b+1 c+1
—,—,— € N we get no solutions

)
b c
a+1l b+1 c+1

*. No solutions for the casea <c<ban dT T € N.

Subcase lll: If b < ¢ < a. In this case, by similar calculation at subcase | we get
(a,b,c) = (3,1,2); (a,b,c) = (5,3,4)
Subcase IV:Ifb<a<c
In this case, by similar calculation at subcase Il we get 3 no solution.
Subcase V: If c < a < b, in this case by similar calculation at subcase | we get,
(a,b,c) = (2,3,1); (a,b,c) = (4,5,3)

Subcase VI:
If c < b < a, in this case by similar calculation at subcase | we get, 3 no solutions.
Similarly from (1) we get, b« ﬂ =1 + -
vl eNand <1420 =12 btlccoa+iilococmat?
[by SImIIar asignment]

a+3

which is posszble ifa= 1 or3
ifa=1:>b=2=>c:3}(a,b,c) (1,2,3) .
ifa=3=>b=4=c=5)(ab,c)=(345)
Therefore the solutions are:
(a,b,c) €{(1,1,1),(1,1,2),(1,2,1),(2,1,1),(1,2,3),(3,4,5),(3,1,2), (5,3,4), (2,3,1), (4,5,3)}

is also solution

PROBLEM 3.035-Solution by Soumitra Mandal - Kolkata - India

Theorem: Let (t,a) € R}, X R}.If(a,),s1 € S(R})isa B — (t + 1, a) sequence, then
("chn)n>1 isal — (t, a(t+ 1), e_(”l)) sequence.

0= lim (3”+i/(2n T DI - (2n - 1)!!) Un? =
= {limy, oo (" an+1 — Van) J(limy oo n?) where a, = 3/(2n — D!

foralln > 1

" A1 | 3 2n+ DN
ot - an (nl_r)r.}o 3\/_) oo |7 @2n-1N

1 31 2n+1)! 21 (n—-1
(nE?oF) noe |n 2ronl @n-1D! |

3 1) s
~(im )| tim 25 ) = V2 (tim 52)

Hence, (a,)ns1isa B — <1, V2 (limn_,OO %)) sequence so by the above theorem
Vn?
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(’i/a_n)n21 isal — (0, V2 (limn_)oo 3—\/;_2) 1 e‘l) sequence
3 3
0= g (limn_)OO W) (limn_)oo 3—\/11_2) = ‘/TE (Ans:)

PROBLEM 3.036-Solution by Soumitra Mandal - Kolkata - India

Let (t,a) ER, X Ri.If<a, >,51€ S(RL) isa B — (t + 1,a) sequence then < \/a, >ns1 is
al—(ta(t+1),e ) sequence.
lim,,o(aps1 —ay) =r €ERLu,vERandu+v =1
a,! = aqa,..a, and G, = 7(/a_n! wheren € N*

2= lim ((+ D"V (Grr)” =V G,D?)
= lim ("“\/m + DD (Gpyy)? — m)

n—oo

Let H, = n™(G,")” wheren > 1landu+v =1

. Hn+1 . 1 . 1 e . Gn+1! Y
i 2 = (1 ) (1 (1+7) ) (1 %2t

n

: Gni1\Y .
=e" (hmn_)oo "T“) since, Gpyq! = GpyqGy!

1

1 . v . C apa\)’
= et {( lim —) (lim +1\/an+1!)} = et {(111_1)1010 5) (711_{1.}0 a:z!)}

n-ocon n— oo

[Cauchy D — Alembert’s Theorem]

= el (]im an+2)” = el (lim M)v = elUy?
n-ow 1 noo n+1-—n
Hence, < H, >,s1isa B — (1,e"r") sequence. By the above theorem it yields that <

“H, >, isal — (0,e%r? - 1-e 1) sequencei.e. L — (0,e* 1r?) sequence.
0N =e“ r? (Ans :)
PROBLEM 3.037-Solution by Soumitra Mandal - Kolkata - India

Theorem: Let (t,a) € R, X R}.If< a, >,-1€ S(R}) isa B — (t + 1, a) sequence then
<Ma, >ps1isal — (t, a(t + 1), e_(”l)) sequence.
lim,(ap41 — ay) = a € R} and limy, oo (bpy1 — bp) =b ERLandu+v =1

N =lim | a}¥,,

n—oo

v
o)

Let Hy, = al*([1p=1 b))V foralln = 1landu +v =1

. Hpyq et 1 . u . An+1\™ . v
lim ——— = (hm —) (rlll-r& an_,_l) (Tlll_r){)lo( a, ) )(711_1)1010 bn+1)

n-oo nu+1 . Hn n-oo n2u+v

= (7{1_1}010 #) (Tlli_l;rgo(an+1an)u) (il_{?o b;1)+1)

Applying Cauchy — D’Alembert’s theorem

v
. . An+1 . An+1 v . an U . bn+1
lim V/a, = lim = (hm ) (llm —) lim

n—oo n-o 4y
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= (1im 2me2 o)y, M)“( N bn+1) _ gy

lim i i
no nNn+1-—n nbon+1—n no n+1—n

Hence < H,, >,51 is B — (u + 2, a*“b?) sequence. Hence by the above theorem it yields
<VHp >ps1asal — (u+1,a2%b"(u + 2)e~“+2)) sequence or
L—(u+1,a?“b"(Bu + 2v) - e~ C¥2V)) sequence ~ u + v =1
L= a?tp?(3u+2v) (Ans )

e3u+2v

PROBLEM 3.038-Solution by Soumitra Mandal - Kolkata - India

Theorem: Let (t,a) E R, X RL.If< a, >,1€ S(R})isa B — (t + 1, a) sequence then
< ay >ps1 isal — (talt +1),e" D) sequence.
lim(a,+; —a,) =71 € R}
n—->oo

a,! = a,a, ...a, and G, = /a,! foralln € N*

(n+1)?% n? n+1|(n 4+ 1)2(+1D) 4 p2n
2= lim | — - = lim —_— |
e \™UG 0 NG, e Gryr! Gy !

Hna | L\ Gl
= (m ) (m () ) ()

n n+1

) ’ (1' ) : ’ (1. ) :
=e mn —_— | =€ mn _—
. |
noe lim ™"\ a4 n—00 lim Znt2:
nme n—co Apy1'

= (tim m)e? (Jim 7

Applying Cauchy D-Alembert’s Theorem

1 1 e?
_ 2 _ 2 _
=e’|l——|=c¢€ — = —
lim %nt2 lim %nt3 — Gn+2 r
n-ooo N nooo N+ 1—n

2
hence < H, >,>1isaB — (1, 37) sequence. According to the above theorem it yields
2
< VH, >,s1isal — (0,67- 1- e‘l) sequence i.e. L — (0, ;) sequence.
2= ;(Ans :)

PROBLEM 3.039-Solution by Soumitra Mandal - Kolkata - India

Theorem: Let (t,a) E R, X R}.If<a, >,-1€ S(RY) isa
B — (t + 1, a) sequence then < /a, >4s1isa
L—(t a(t + 1),e~**Y) sequence.

lim(a,y; —a,) =a €RY; lim(b,y; —b,) =b ERS

n—-oo n—oo

2 2 2 n
aij +a; + - +aj
pj =g T
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= limy o0 (bfy 1"V (Poy1 DY — bEY/ (B)Y) whereu +v =1
( "B Bty VB ) = b (s - )

n+1
b¥"*(BP,")¥ wheren € N*
i St L b (Pryy)”
n—>00nu"'1 Cn _n—>001’lu'"1 b} (B, Y B
(bn+1)nu (lim (P )”) lim & (lim bu)(lim (P )”) =
n-oo n+i n—ooo UtV n—ooo n—oo n+i -

n

= lim

n—-oo

where ¢, =

bu
lim —L ) ( lim
n—oo nZ u+v n—oo
Applying Cauchy — D Alembert’s Theorem
)v>

_ . bn+1 “ . bn “ . Pn+1
= lim lim {— lim
n n—oo n n—oo n

n—-o0o
v
_ . bn+2 - bn+1 “ . bn+1 B bn “ . 1 . ZZ:laI% 2 _
=| lim (—— lim | —— lim — || lim =
nso\ n+1—n nso\n+1-—n n-won?/\ now n
v
1 =\
_ 2 . .
() (] ] o
k=1
since
R R P L DA
lim " = lim Ya,a, ...an = (nl_r)r(}oﬁ) (nl_r)r.}o an+1)
Applying Cauchy — D’ Alembert’s Theorem

noo \ 1N n+l—-n
Hence, < ¢, >n»1 constitues a B — (u + 2, b?*a") sequence by the above
theorem < [, >p51 constitues L — (u + 1,b%*a” (u + 2)e~“+2)) sequence or
L—(u+1,b%a’Bu + 2v)e~C4*2)) sequence.
2U 4,V
b“%a¥(3u+2v) (Ans:)

2= e3u+2v

_ pau (lim (an+1)”) _ p2u (7111_{130 (an+2 — an+1)”) _ prugy

PROBLEM 3.040-Solution by Soumitra Mandal - Kolkata - India
Theorem: Let (t,a) E R, X RiL.If<a, >,-1€ S(R}) isa
B — (t + 1,a) sequence then < “[a, >ps1isa L — (t,a(t + 1), e+ sequence.
lim(a,+; —a,) =1 € R}

n—-00
x |af+af+--+aj
for any x € R, we denote M = /% and

M = MPIMP M foralin € N
2 n+1\/(n+ 1)2(m+1) n\/nzn

. (n+1)? n .
2 = lim — = lim 0 o
e n+1\/M[9531 n\/M[x] neee Mn+1' M,

n n
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2n
= limp, o0 ("*y/Cry1 — 2fcn) where ¢, = hfor alln > 1
o (o [ 120Dy
lim = (hm —) lim . =

n-wn - c, n-on n—-oo M[9f|-]1| nan
n

1 1\*" 1
= (lim —) lim (1 + —) (lim (n+ 1)2) lim ——
n-oon n—oo n n—oo n—oo M[x]

n+1

=e?| lim (1 + 1)2 (lim n) lim ; = e? (lim n) lim ;
n + 1

since

x|Y1aq¥ n n 1
lim [ZE=27 = |im | | a, = e? (lim n) lim ———
n—-oo n n—o0 n—oo n—o0 llm an+1
k=1 n—-oo
Applying Cauchy — D Alembet’s Theorem
5 1 e? e?
=¢ Ane1 |~ Qniz — Qn T
im =+l Zn+2 — Un
Jim S22 ) i St

2
hence, < ¢, >p>1isaB — (0, 97) sequence and by the above theorem

2
< V/cp >psq cOnstitutes a L — (1,% . e‘l) sequence or, L — (1, ;) sequence. () = ;(Ans :)

PROBLEM 3.041-Solution by proposer

let f(2n+1) = fooo untie=v® gy
We now consider another similar integral as a function of v such that:
[o0] o0 ©o

o]

[f2n+ 1D]? = f y2ntig—u? du‘j p2tle=v? gy = f j(uv)zn“e‘(”z“’z) dudv

0 0 0 0
We now apply the change of variables: u =1 - cos@ ;v =1 -sinf

And our domain ofintegration issu=20v>20=>0<6< g; r=0

o 7
= [f2n+ 1D]? j f [sin(@) - cos(§)]2™+1 r4n+3e="*godr
00

[sin(8) - cos(8)]?"*1do - F(2[2n + 1] + 1)

O\‘Nlﬁ

We now turn our attention back to f(2n + 1) and apply the substitution:

Uy

1
u2=x=>du=§-x_2dx
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f uPtle Uy = %f x"e ™ dx = F(n2+ L =%!
- 0 0
2
| e f@nEDE 1 @2
- J[Sln(e) cos(B)]* db = fQn+1+10) 2 @n+1)!

Next:

[ee]

et sin(0) - cos(0)
Z[sm(@) cos(B)]"" = 1 —[sin(8) - cos(6)]?

0
We consider: [

sin(0)-cos(0) _ sin(260)
1-[sin(8)-cos(0)]? - Zfsm2(ze) 4d9

sin(x) sin(x)
L[ [,
sin?(x) — 4 cos?(x) + 3
dy
sin(x)
f sin(x) . f 1 4 1 . ( y )
= | ——— — 2
cos?(x) + 3 3+ y? Y= \/garc an V3
Un-doing the substitutions yields:

arctan (COS;/%Q))

cos(x) =y=>dx=-—

sin(0) - cos(0) Qg —
f 1 —[sin(@) - cos(0)]2 NE

. z sin(0) - cos(0)
v f 1 — [sin(8) - cos(6)]?

QU

6 =

Vel 2

el

Vs
oo 2 o 2
1 (n)? e+t sin(0) - cos(0) s
ZE n+ 1! JZ [sin(8) - cos(6)] ,[1 [sin(0) - cos(0)]? d = 3
0 0 0 0 32
3
32 (nh?
T2 - 2n+1)!
PROBLEM 3.042-Solution by SK Rejuan - West Bengal - India
D - c
< " h d
A =Y B

Let ABCD be the trapeze and h be the hight of it. Area [ABCD] = %h(a + b)

Now, from picture, h < cand h < b
(a=b)(c+d) (a=b)(c+d) _ 4(a—-b)(c+d)
@b) [asa—b > 0]= 2h < - b

>2h<c+d-=
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4(a-b)(c+d) _ {(a=b)+(c+d)}? (a—b+c+d)?

> 2h <

[by GM<AM] = 2h <

(a-b) 4(a-b) 4(a-b)
1 1 (a—b+c+d)?
:>Z(a+b)-2h<z(a+b) 2@—b)
[“a+b>0]
1 (a+b)l@a—b+c+d)? (a+b)la—b+c+d)?
:Eh(a+b)< 16(a—b) = Area [ABCD] < 16(a—b)

PROBLEM 3.043-Solution by Nguyen Phuc Tang - Hanoi - Vietnam

We have: LHS — RHS = \/¥.(a? + 2abcos(A—B)) — (a+b+c) +2(a+b +c) —
—Z\/az + 2ab cos(A — B) + b2 =
Z 2ab[1 — cos(4 — B)] Y. 2a[-cos(A—B) + 1]
Jaz +

2abcos(A—B)+b*>+a+b \/Z(az + 2abcos(A—B))+ (a+ b +c¢)
We prove that:

\/Z(az+2abcos(A—B))+a+b+cZ\/(a2+2abcos(A—B)+b2+a+b

& /Y.(a% + 2ab cos(A — B)) = \/(a? + 2ab cos(A — B) + b* — ¢ (¥)
@ case ¢ = \/(az + 2ab cos(A — B)) + b2 then (*) is true
@ case c < \/(az + 2ab cos(A — B) + b?

(*) © 2bc cos(B — C) + 2accos(A—C) = —2c\/(a2 + 2ab cos(A — B) + b?)
—[bcos(B — C) + acos(4 — C)] <+/(a? + 2ab cos(A — B)) + bZ (**)
ifbcos(B—C)+acos(A—C)=0=(**is true
ifbcos(B—C)+acos(A—C)<0=>sinBcos(B—C)+sinAdcos(A—C) <0
= cosCsin(A+ B) + 2sinAsinBsinC<0=>cosC<0=>C>A&C>B
(**) © b?(1 — cos?(B — C)) + c?(1 — cos?(A — C)) + 2ab[2 cos(A — B) — 2 cos(A —
C)cos(B —C)] =0 (***)

(**) is true, because
2cos(A—B)—2cos(A—C)cos(B—C)=cos(A—B) —cos(A+ B —2C) =
= 2sin(C — A) sin(C — B) > 0. Equality holds ifa = b = c.

PROBLEM 3.044-Solution by proposer

We prove that: Van + 1 < Vn+Vn+1 <4n + 2
Vin+3<Vvn+Vn+2<Vin+4
Vin+5<Vn+vn+3<Vin+6

DIfVin+ 2,Vin + 4,VAn + 6 & N then: [VAn + 1] = [Van + 2|;
[Van + 3] = [Van + 4]; [Van + 5] = [Van + 6]
2 IfFVain+2,Vin+4Vin+ 6 eN = [Vin+ 2] = [VAin+ 1] + 1;
[\/4n+4] = [\/4n+ 3] +1; [\/4n+ 6] = [\/4n+ 5] + 1 therefore
[Vi+Vn+1] = [Van+1]; [Vn+Vn+2] = [Van+3]; [Vn+Vn + 3] = [V4n + 5]
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After addition holds.

PROBLEM 3.045-Solution by Hamza Mahmood - Lahore - Pakistan
Let

dx,dxy ...dx,_1dxy,

77 22 .
B ! ! mofl-l + 3/tan(xy) - Ytan(xy) - ...- Ytan(x,_) - ""y/tan(x,)

T T
22 22
T2 8/ cos(x—1)
I = dxidx, ...dx,_1dxy ... (A)
n+1 n+1
AE A [T:2 cos(xk 1)+ w/sm(xk 1)

— x;, we have:

Now by substitution x; — 3

I3 VsinCxc-) dx,dx, ... dx,_ydx, .. (B)
sin(xe_y) + [T742 4/sinCxy_p) e
Adding (A) and (B) gives:
41 8 cos () + [T7E2 §/sin(x,—q) dxdon . dr . =
n+ 18 cos(o_q) + [T {/sin(x_y) e

O\Nlﬁ
O\*Nlﬁ
O%NI:‘

—]

3

I+

[N

U
~
Il
O\Nln

O"‘NI‘:‘
Rn\»l:t
—— I3
’:I ’:I

U
N
~
Il
O"*NIFI

T

2

f(1) dx,dx, ...dx, = 21 = (2
0

Il
O — ulNo
© NI
o\“\)m

PROBLEM 3.046-Solution by SK Rejuan-West Bengal-India
Given a,b,c € RY such thatY a = 1.
Let us take a, b, ¢ with the associated weight a?, b?, c? respectively, hence by applying GM >
HM we get,
S — a2 + b+ c2
cz)az+b2+c2 > = [ a b, c+# 0]
+ - +
a’+ b% +
= a? _bb2 o) > _
(a ¢ ) “\ a+b+c
c€® > (a? + b? + c2)@*+b*+¢* [45Y q = 1] [Proved]

2 2
(a® - P - c
2>a2+b2+c

2

a? . pb*.

PROBLEM 3.047-Solution by Soumava Chakraborty-Kolkata-India
a, b, c are distinct rational numbers such that — + ; + = 0

(b-c)* | (c—a)* | (a—b)* a_ b
p tJ is a rational no.- e —+ P

a? b2 c?

e
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—c _ac—a*+b*—bc_ cla—b)—(a+b)(a—Dh)

"a-b Gb-olc-a) (b —0)(c - a)
c (a-b)a+tb-c) (a-b? (B-clc—-a)
:>a—b_ (b—c)c—a) > c  a+b-c

(fa+b—c=0,then c = 0. But for e to be definedc +#0 -.a+b —c # 0)
. (a=p)* _ (b-0)*(c-a)? 1
ooz T (a+(b—c))2( ( ))
.. a b—c)(b+c—a
Slm/lar/y, PP m
Ifb+c—a=0,thena = 0. But for e to be defined,a #0 ~b+c—a+#0
. (b=0)* _ (c-a)?*(a-b)?

az (b+c-a)? (2)
.. b (c-a)(cta-b)
Also, similarly, ey
Ifc+a—b=0,then b = 0. But for e to be defined, b + 0.
(c a)* _ (a-b)%(b—c)?
cta—b#0: b2 (c+a—b)? (3)
(c a)?(a-b)? | (a-b)2(b-c)? | (b-0)i(c-a)> _ 2 2
1)+ )+ ()= e? (b+c-a)? (c+a-b)? (a+b-c)? Xty t+z
where x = (c—a)(a—b)' _ (a—b)(b—c)' _ (b—c)(c-a)
b+c—a (c+a-b) a+b—c
b—c c—-a

Now, ny o {H(a N b)} [(b+c a)(c+a—b) + (c+a-b)(a+b—c) (a+b-c)(b+c— a)
(a—b)la+b—c)+b—-c)b+c—a)+(c—a)(c+a—Db)
ﬁny={l—[(a—b)[ (a+b—c)(b+c—a)(c+a—b) ]}
i a’?—b?>—ca+bc+b*>—c*—ab+ca+c?>—a?—bc+ab
n(a_ ) (a+b—c)b+c—a)(c+a—D>b) l_

e? = sz = sz +0= sz + Zny('-' ny = 0)
=(x+y+z2)P>e=|x+y+z|
_|e=a)la=b) (a—b)(b—c) (b—c)c—a)

| b+c-a) (c+a-»b) a+b—c
which is obviously a rational number as a, b, ¢ are rational numbers (Proved).

)

PROBLEM 3.048-Solution by Soumava Chakraborty-Kolkata-India

a* + b* + c* + 26abc <1 a* + b* + c* + 26abc < (a+ b + ¢)*
& 2a3b + 2ab® + 2b3c + 2bc® + 2c3a + 2ca® + 3a?b? + 3b%c? + 3c?a? +
+6a%bc + 6b%ca + 6¢?ab > 13abc
Now, 3 Y a®b? (%) 3abc(a+ b +c)(= X x? =Y xy)

(true forV a,b,c)= 3abc (=Y a=1)
Also 6a%bc + 6b%ca + 6¢?ab = 6abc(3 a) & 6abc

(a), (b) = it remains to prove:
ab + ab® + b3c + bc® + c3a + ca® = 2abc (1)
Now, a®b + ab® = ab(a? + b?) = ab - 2ab (> a* + b*> = 2aband a,b = 0)

= a3b + ab? (2) 2a%b?. Similarly, b3c + bc3 (%) 2b%c? and ca + ca® (2) 2c?a?
Cc e
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(c) + (d) + (e) = Y.(a®b + ab®) > 2Y a?b? > 2abc(a + b + ¢) = 2abc
= (1) is true (Proved)

PROBLEM 3.049-Solution by Kevin Soto Palacios - Huarmey - Peru

Siendo AB C un tridngulo Asix,y,z € R, se cumple la siguiente desigualdad

x%+ y?+ 2% = 2xy cos A + 2yz cos B + 2zx cos C. En otras palabras
2

b?+c?%—a? a?+c?-p? a’+b%—c
—+yz - + zx o (A)

X2 +y% + 2% > xy?2

Aplicando para un tridngulo de longitudes m,, my, m., tenemos
(m.)? + (my)? — (my)?
vz +

2 2 2
m + (m —(m
mpyme mcmg
(my)? + (m)? — (m)?
zZX
mgmy

4(x% + y2 + zH)mympym, =
> xy(5a% — b? — c?)m, + yz(5b% — c? — a®)my, + zx(5¢% — a? — b?)m,

Un caso particular, cuandox =y =z =1
c? —a®)my + (5¢% —a? — b*)m,

12m,mym, = (5a® c®)m, + (5b% —
12mymym, = 5a’m, — b?>m, — c*m, + 5b*my, — c*my, — a*my, — 5¢?m, — a®m, — b?m,
—m.) + b?(5my, — m, —mg) + c2(5m, — m, —my) < 12mym,m,

a’(5m, —my,

PROBLEM 3.050-Solution by Kevin Soto Palacios - Huarmey - Peru
C

(Desigualdad de

Si:a,b,c > 0, se cumple la siguiente de51gualdad — + E —5 = %
2

(a+b) (b+2c) (c+2a) > 3

Nesbitt). La desigualdad propuesta es equivalente:
Aplicando la desigualdad de Cauchy:

c \? a \? b \? a b c \? 9
—_— —_— —_— _— =
R R Y R

PROBLEM 3.051-Solution by Soumitra Mandal-Chandar Nagore-India

Yrn+1) Vn! n n'
= lim — = 11m — =

F(n+1) =n!, lim Y¥————-
CAUCHY
!
D ALEé/IBERT hm (n + 1)[ nn hm
n-o \ (n + 1)"+1 n! noo|n+1 1
(1+5
n
n+1/—(n+1
n+1 (

n+1l /=7 5\
( \/%)) wheren € N, lim,,_,, u,, = lim,,_,

Letu, =

-1
- lasn -
Un

u
u, - 1then =
n In
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<(n+1)! 1 n+1 )“ .
=e

nl n+1 "Gt
# lim ((FGc+ 1) = (F00)) 217 = Jim ((F( + )" = (F() ) n' =

n-N*

. Yn\" w, —1 L)@
= lim . ‘lnuy | =—
n—oo n Inu, et

PROBLEM 3.052-Solution by Soumava Chakraborty-Kolkata-India

lim uy = lim
n—->oo n—->oo

a® b® c® Bergstrom (g3 4 p3 4 ¢3)2
2 72 T3 = 2
a’?+b b*+c c?*+a Ya*+Ya
Chebyshev (lzazaz)z .2 .2 s
> N - = = 2 s j — >
= Sari3 ey where t = Y, a“ - it suffices to prove: 325

©2t2-3t-9>202 2t+3)t-3)=>0et>3 (1)

(+2t+3>3>0)
Chebyshev

Now, t =Y a? > %(Z a)? = 2 =3 =t > 3= (1)is true (Proved)

PROBLEM 3.053-Solution by Marian Ursdrescu - Romania

We use the following theorem: If M, N € M,,(C) such that MN = I,, = NM = I,,, then
MN = NM. x?A + B = xAB = xAB — x?A— B = 0, > xA(B — xI,) — B + xI, = xI, >
>@A-1,)B—xI,) =xI,> B —xI,)(xA—1,)=1,>xBA—B —x?A+xI, =1, >

= xBA = x2A + B = AB = BA and similarly, BC = CB and AC = CA.

x?A+ B = xAB = x?AC + BC = xABC

y?B + C = yBC = y?AB + AC = yABC} =

7z2C + A = zCA = z°BC + AB = zABC

(x2+1)AC+ (y?+ 1DAB + (z2+ 1)BC = (x + y + 2)ABC (1)
x?A+B =xAB = AB = xA + B
y2B+C=yBC=>BC=yB+.C (2)
22C+A=2CA= CA=2C+-A
From (1)+(2) we have:

2+ 1) (xA +%B)+ z*+1) (yB +%C)+ x*+1) <2C+§A) =(x+y+2)ABC &

z x y

PN (x(y2 +1)+ "ZH)A + ((22 +1)y+ ”Z“)B + <(x2 +1)z+ Zz“) C=(x+y+2)ABC

PROBLEM 3.054-Solution by proposer

Applying Hélder’s inequality:
1 1

oo o 5 oo
[ rog@ar<( [(r@yac) | [ (o) a
0 0 0

265 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

1,1 -1 _1 — ,—tyxta-1
Whenp+q landp > 1. Putp —.q 1_a,f(t) e”'t ,
_ ,—tpx—1 — [P —tpx—1 . Txt+a)

g(t) = e 't LT (x) = [ e™t*~" dt we obtain it 1

(F(x +1) = xF(x)) Ifin this case we take a - 1 — a, x = x + a we obtain
x \1a I'(x+a) 1-a F(x+a)
(_) S darGe )f lly( ) S sarem = b Iifa

thenwehave\/E<ll:E:3 ’x+ ifx - Jx =
4 F(\/_+1) r(Vx+1)
el [Feiavisis ((mz)) <vE+l

4. 8 F(WH) 4 r(4x+1) 4
v 4F s N < VR e vE s (Y )) <VE+iE+L )

After addition (1)+(2) holds.

PROBLEM 3.055-Solution by Shivam Sharma-New Delhi-India

1

=0
201 93 [t
D5 5 s 1]
- 1 i 1 [x™1In3(x) 3x™1In%2(x) 6x"'In(x) 6x"*1 1"
2 n+1 (n+1)? (n+1)3  (n+D*]

1

= =650 (m) = =6 Xn=o (ﬁ) (OR)
I=-6Li,(3) (QED.)
PROBLEM 3.056-Solution by Marian Ursdrescu - Romania

A

D

ABQD = cosw =22 = pp = 52
BD COoOS w

But from Sines Law we have:
AQ=22Rsinw,BQ=12RsinwACQ=22RsinQ (2)

)
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c BD c
From (1)+(2)= BD = EZR tanw = — = EZR tan w =>2)
(3]

(a +b%+c

:>@+@+£:2Rtanw(i+ﬁ+i) = 2Rtanw
BC CA AB ab ac bc

a?+b?+c?

But in any AABC we have: cotw = ,S = [ABC] = tanw =
2R4S _ (a*+b+c?)
T aZ+b2+c? abc

2+b2+c2 L)
=2 P = 2, because abc = 4RS

From (3]+(4)=> + + — =

PROBLEM 3.057-Solution by Soumitra Mandal-Chandar Nagore-India

WLOG let us assume b > a
Let us assume that the statement

(a+b)"< 1 Zn: kbn_k<a”+b”
2 ) Sn+1l”? ="

a+b

a?+b?

so, P(1) is true. P(2): (a+b) < E(a +ab + b?) <

2 2
a +a3b+b > (aT-I-b) PN (a-b)
. a’+bp? 2+ab+b? -b)? L
again, z er >Z +ag LRI @ Z ) = 0, which is true.

= P(2) is established. Let us assume the statement is true for n = m.

m+1_ ,m+1 m,pm
.~ P(m): (a+b) <? 2 <z :b . Similarly, P(m — 1) is also true.

now, > 0, which is true

- (m+1)(b—-a) —
a+bh m-1 pm — gm am-1 4 pm-1
( ) < <
2 m(b — a) 2
am+1+bm+1 bm+2_am+2
We need to prove, n = m + 1. - . ~ 00
_m(b—a)(@™* +bp™*) ab b™—a™ -
2(m+2)(b — a) m+2 b—a
abm
> m+1 bm+1 _ m-—1 bm—l
T ) R A At rompray A )
2 a+b"mt
=—b-a) ™ —-a™) >z — b - 2( ) >0
e R yemerr s LU RO
am+1 + bm+1 1 bm+2 _ am+2
. > .
2 _+1m +2 b—a
pmt2_gm+2 a+b\™ pm+2_gm+2 a+b\ (a+b\™
now, - (T) ~ (m+2)(b-a) (T) (T)

- bm+2 _ am+2 (a + b)(bm+1 _ am+1)

“m+2)b-a) 2m+1(b-a)
_2m+1DB™? —a™?) — (m+2)(a+b) (™ —a™ )
a 2(b—a)(m+1)(m+2)

_ m(p™tt4a™mtl) _ abm(b™ 1+qm"1)

T 2(m+1)(m+2) 2(m+1)(m+2) 2(m+1)(m+2)

(b—-—a)(d™ —a™)
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- m? b — a)? (a + b)m_l -0
=2m+Dm+2) Y 2 =
. pm+2z_gm+2 a+b m+1 a+b m+1 +1 k ek gm+ilppm+i
" m+2)(b-a) = (T) . Hence (T) 2 b = 2

. P(m + 1) is true. So, by theory of mathemat/ca/ induction P(n) is true.
n n
(a + b) < 1 Z dkpik < a™ +b"
2 n+1l 2

PROBLEM 3.058-Solution by Abdilkadir Altintas - Afyon - Turkey

Let K(0) be Kiepert perspector. BXC, AYC and AZB triangles drawn outwardly to the sides of
ABC. AX,BY and CZ are concurrent at point
K@) = ( 1 1 1 )
T \S, + S5 'Sp + Sy’ S. + Sg
where Sy, Sy and S are conway notations of ABC. If 6 = w where w is Brocard angle than
s = a’+b%+c?
w

; X has barycentric coordintes

(—a Sc +S,:S5 +S,).

(S¢ —b2 Sa+Su),

(SB + S SA +S,,:—c?).

Simplifying we get: X = ca® +c%a? +b?); Y = (a® + b%:—b?%:b% + c?)
Z = (a® + c?:b? + c?: —c?). Using determinant to evaluate the area

3(a?b? + a®c? + b?c?)
(a2 + b? + ¢?)?2

X
Y
A
(—a

XYZ =

PROBLEM 3.059-Solution by Ravi Prakash-New Delhi-India

Fora,b > 0
a3+b3>(a+b)3:> a®+ b3 >1:>a2—ab+b2>1:>(a2—ab+b2)2> 1
2 —\ 2 (a+b)3 4 (a+b)?2 ~4 (a + b)* — 16

Similarly for other two expressios. Thus,
(a® — ab + b?)? N (b? — bc + ¢?)? N (c? — ca + a?)? - 3
(a+b)* (b + c)* (c+a)* — 16

PROBLEM 3.060-Solution by Imad Zak-Saida-Lebanon

a,b,c>0/a+b+c=1.Provethat:(1+%)c-(1+;)a-(1+ L )b22

a+b 2b+c 2c+a
Let f(x) =In (1 +§)forx >0=
f'x) = (1)
f'x) = 2 >0 f is convex ... (2)

x2(x+1)2

Weighted Jensen’s on f(x) = Y, cln (1 +5. +b) =
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Z c-fQa+b) = (c+a+b)f <C(Za +b) + c;(erbb++cC) +b(2c + a))

_ 1. f<32ab> f(SZab) > f(1) =1In2

2
becauseZabS%=§=>32ab£ 1fis

1 1 ¢
-'-Zc-ln<1+ )21n2@21n<1+ ) >n2o
2a+b

. 2a+b
1n(]’[(1+;) )>1n2 Inis 7=

1
I1 (1 + 2a+b) > 2 Q.E.D equality holds fora = b =

PROBLEM 3.061-Solution by Soumitra Mandal-Chandar Nagore-India

A B C A
tan; = oD ,ta 2= 20D and tan; = p(p—cg
5 tan é HO%MDER (tan§+tan§+tan§)
a) cye mtan +n tang - 3(m+n)
B A? (Z(P —a)(p—b))*> r*( +4R)’ (r + 4R)?
- 2’ = 2. 32
(p(p—a)(p—b)(p—c)) 3(m +n) A% -3(m+n) 3p?(m+n)
b 5 tanA _y tanzg
) e mn- tanlj tan cye mtan§+n~]'[ tané
2
BERGITROM (tanftanzrtang) 22 _ -0 p-b))
- A AT _ _ _ )2 A A3
m Ztan22+3n n:anz (P(P a)(p b)(f C)) mm(zz(p—a)(p—b))+3nm
1, _7rC@+aR)” 4 (r+4R) __ @+
2 Brraniand P ey POROAR) D) (proved)
tan3é
c) Ecyc—c =

m cot-+n cot
BERGSTROM
tanz';1 ~ A tan§+tan§+tang
(Hcyc tan ) chc B = (Z cyc tan _)

m tan +n tan; -

m+n
A3 A Z
(p—a)(p—b)
Pl -@ pllp-a) m+n P P
_ A ) 1 ) r(r+4R) _ r(r+4R)
- p2 A m+n - (m+n)p? (proved)
d) » tang _y tanm“g
e (x+y.tan— tan—) e (x tan§+y ]'[tang)m
A m+1 ( A )m+1
ADO _ —_—
e (Ztan) _ 2o pp—a
—_— m -

(x Yeye tan% + 2y [[tan g)

A A3 m
(xzcycp(p R = a))
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o Coep —a)p = 0)"""
CHE=™ (xS - - ) +3y %)
_ 1 T'm+1(T' + 4R)m+1 3 1 ,r.m+1(,r. + 4R)m+1
T Amil 7y 3yA\™ A (xr(r +4R) + 3yr3)m
(Zr(r + 4R) + p—z)

B (r + 4R)™m*1
~ p(x(r + 4R) + 3yr)m

PROBLEM 3.062-Solution by Kevin Soto Palacios - Huarmey - Peru

_____

Dado un tridngulo equildtero ABC y sea P un punto en este plano. Siendo R, R, Ry, R,
respectivamete los radios de las circunferencias circunscritas ABC, BPC,CPA, APB, ademds
X, Y,z son las distancias de P a los lados BC,CA, AB.

Probar que xR, + YR}, + zR. = %RZ

En un A ABC general, se cumple lo siguiente:
BC-x BP-PC-BC
Sagpc = =

R
2 aR, e T Ty
270 |
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CA-y CP-PA-CA PC - PA
Sacpa = > 4R, SRy = 2y
AB-z AP -PB-AB PA - PB
Sacpa = > 4R, SR = o7
B
: AP.PC.AC
APC| = ———...(
[ ) 4R, ()
AC. .
[APC] = =2 ...(11)
Del vyl
. AP.PC
o=y

La desigualdad propuesta es equivalente: PB - PC + PC - PA + PA - PB > 3R?
Dado que es tridngulo equildtero: BC = CA = AB = | = 2R sin 60° = V/3R
Es suficiente probar: PB - PC + BPC - PA + PA - PB > [?
Para todo, a, 5,y que satisface a + § + y = 360° se cumple la siguiente desigualdad= cos a +
cosf +cosy = —%
En el tridngulo APB, por ley de cosenos tenemos
PA%? + PB% — |2

2PA - PB
En el triangulo BPC, por ley de cosenos tenemos

PB?+PC? —[2

[? = PA?> + PB> —2PA-PB -cosa < cosa =

[? =PB%+ PC? —2PB —2PB - PC -cosf © cosf =

2PB - PC
En el tridngulo CPA, por ley de cosenos tenemos
12 = PC% + PA> - 2PC - PA = _PCrpat -l
= COSYy & cosy = >PC - PA

Por lo tanto
PA? + PB*>—1?> PB?+PC?—1> PC?>?+PA*>-1? 3
+ + +=-=>0
2PA - PB 2PB - PC 2PC - PA 2
& (PA? + PB? — 12)PC + (PB? + PC?> — I1*)PA + (PC? + PA? — I>)PB +
+3(PA-PB-PC)=0
< PA-PB(PA+ PB)+ PB-PC(PB + PC) + PC - PA(PC + PA) +
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+3PA-PB-PC — 12(PA + PB + PC) = 0
& (PA+PB + PC)(PA-PB + PB - PC + PC - PA) — I2(PA + PB + PC) = 0
& (PA+PB+ PC)(PA-PB+PB-PC+PC-PA—12) >0
Donde se deduce —» PA - PB + PB - PC + PC - PA > I?

PROBLEM 3.063-Solution by Kevin Soto Palacios - Huarmey - Peru

Elevando al cuadrado la expresién se tiene lo siguiente:

(22 oty aab | atey? _ (bos | sy’ +@ﬂ+gﬁ)+2@£+egﬂg&+@g
(hed y cda | dob | abey®_ (VOE S peagr) 4 (LU 4 VL ga2p2) 4

+2(b%d? + dza2 + b2%c? + a%c?)
Ordenando la expresion convenienentemente:
(bcd N cda N dab N abc\? B b%c?d? c?d?*a® d?a’b? N a’b?c? N
a b c d T a? b2 c? d?
+2(a?b? + b?c? + c?2d? + d?a? + a®c? + b?*d?)
bcd = cda . dab . abc\2 b2c%2d? = c2d%a? = d%a?b? = a?b?c?
CE+ i+ ) =T B 2 t—a T12 (A
Desde que: a,b,c,d > 0. Por: MA = MG
11 2
etz ae O
11 2
Stz ()
11 2
c_4+F = 2g2 (1)
11 2
ataZaa WV
11 2
; + C_4' = a?c? (V)
2

E S d4 2= (V)
Sumando: (I) + (1) + () + (Iv) + (V) + (VI):
3 3 3 3 2 2 2 2 2 2

CE T Tt an T eatae T aa T ac e
Multiplicando x (abcd)?...

b2 2d2 2d2 2 dZ 2b2 2b2 2
=3 (P55 + S5+ S5+ 500 ) 2 2(c2d? + d2a? + a?b? + bAc? + bPd? + aPc?)
a b2 c2 dz

2,242 242,42 2,212 2 2,2
>t t8 4l ‘;b + 52 2 2(a?h? + b2c? + c?d? + d?a® + a?c? + b?d?) =
= (6) = 4. Finalmente tenemos en ... (A):
b%c?d? c?d?a® d%a’b® a’b?c?
T a? + b? + c? + d?

e e oo

Nw N

+12>4+12=16

bcd cda dab abc
( +—t+—+ )
a b c d

PROBLEM 3.064-Solution by Kevin Soto Palacios - Huarmey - Peru

Tener en cuenta la siguiente identidad
(x+y)32P=x3+y3+3xy(x+y),dondex=a+b,y=c+d
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(a+b+c+d3=@@+b)3+(Cc+d)3+3(@+b)c+da+b+c+d)
(a+b+c+d)3=a>+b3+3ab(a+b)+c3+d3+3cd(c+d)+12(a+b)(c +d)
La desigualdad propuesta es equivalente
@3ab(a+b)+3ab(a+b)+12(a+b)(c+d)S3(%+ Vb + ¥+ 3\/E)+48
s@a+b+tc+dP<ad+p+cc+d®+3(Va+Vb+VYc+Vd) +48
s64<ad+b+c+d>+3(a+Vb+Yc+Vd) +48
o16<a+b+3+d>+3(a+Vb+VYc+Vd)

Como a,b,c,d = 0. Aplicando MA > MG
a®> +Va+ Va+ 3a > 4aq,
34+3Vb+ Vb + Vb > 4b,
4+ Ve + Ve + Ve = 4c,
34+ Vd+Vd+Vd > 4d
sad+bP+ct+d3+3RJa+¥Vb+3Vc+Vd)=4(@+b+c+d) =16

PROBLEM 3.065-Solution by proposer

Let X',Y',Z'" be respectively images of X, Y, Z with the central symmetry M. Then
Vol(MXYZ) = Vol(MX'Y'Z").
Let A',B',C' be respectively intersections of the line AM with the sides BC,CA, AB. On the rays
SA',SB’',SC" we take points A,, By, Cy, respectively such that
SA, = XM,SB, = YM,SC; = ZM. Then the translation by vector MS transforms the
tetahedron MX'Y'Z' into the tetahedron SA,B;C,. Therefore
Vol(MX'Y'Z") = Vol (SA,B,C,)
Thus we have Vol(MXYZ) = Vol(SA,B,C,). Furthermore
Vol(SA,B,C,) SA, SB, SC, XM YM ZM AM BM CM

Vol(SA'B'C') _SA' SB’ SC' SA' SB' SC' AA’ BB’ CC’

From these above we deduce that: % = (1 Zj,) (1 - E) (1 - %)

Using the AM-GM inequality and note that: H + 1:_;’ + 1Cch” = 1, we obtain
MA" MB' McC\®

1_MA’ 1_MB’ 1_MC’ < 3_AAI_BB/_CC/ =£
AA’ BB’ cc')— 3 27

Vol(MXYZ vol(sa'B'c’ Area(A'B'c’ 1
(—), < — On the other hand: ( ) = ( ) <-
Vol (SA'B'C") Vol (SABC) Area(ABC) 4

Vol(MXYZ) < thch is the desired result. The
Vol(SABC)

equality holds when the point M is the centroid of the trlangle ABC. Now we will prove a
<2 Indeed, this is equivalent to

Thus
Multiplying up these two mequalztles we get:
Area(A'B'c")

Area(ABC) 4
Area(AB'C') = Area(BC'A") Area(CA’B’)>3 AB' Ac' | BC' BA" cA' cB' 3

result that has just been used above as

—_— — —_— >
Area(ABC) Area(ABC) Area(ABC) — 4~ AC AB  BA BC CB CA — 4
. A'B B'c c'a ) . ]
Setting =X =Y, = By the Ceva’s theorem, we have xyz = 1. Then our inequality
1 z 1 x 1 3 x(1+y)+y(1+z)+z(1+x
becomes:—-—+—-—+—-L>—,or A+y)+y( ( )_—,or

1+y 14z 14z 1+x 14+x 1+y ~ 4 (A+x)(1+y)(1+2) 4
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Ax+y+z+xy+yz+zx) 231 +x)A+y) A +2z),orx+y+z+xy+yz+zx =6
The last inequality is true by x + y + z = 33/xyz = 3, and
xy + yz + zx > 33/x2y?z2 = 3. The proof is complete and we are done.

PROBLEM 3.066-Solution by Khalef Ahmad EI Ruhemi-Jarash-Jordania

2k-1
Define 1(x) = Era A=t moors 1)51( = T ST = T - Tk a2k
_5:1 1— x2n _( 1 >§:1—x
B 1—-x2) \1—x2 n3
(== [ Zn] Ty [Lis () — Lis ()]

Since I(O) =0, then] =1(1) = fo I'(x) dx

1 (Lis(-Lig(x2))

= fo =) dx integrate by parts

1

= ——(Ll3(1) Ll3(x2))ln (1;x) 1 +%-f<ln (1;i))x—u2x(§2)x 2xdx
0

1
— IM Liz(xz)dx— IM-Liz(xz)dx
X X

0 0

1 1
= fw (Lip(x) + Liy(—x))dx — jw(uz(x) + Lip(—x))dx
0 0
1
= z-JLiz(—x)wclx— 2-jm(1+x)xli2(x)dx+
0 0
1 1
+2-f1n(1+x)Li2(x)dx— 2. f@-uz(—x)dx =1

0 0
I= —(Liz(—x))zl(l) + (Liz(x))2|(1)

In(1+x) . Liz (x)dx _9 fol In(1-x)

+2- ]

Li,(x)dx integrate by parts

1
In(1 + x)
Jrn

= (Li,(D)" = (Lip(-D)" +2 - Li, (x)dx

0

1
+2 <Li2(x)Li2(—x)|(1, - f Li,(x) dex>

—X
0
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= (Lip(1))? = (Liz(~1)" + 2Lip(DLip(=1) + 4 f) BEDED gy — - x)

In(1+x) (—1)kL.k—1
But ——= = Yk=1 k
11In(1+x)Liy(x) o (—1)k1
= h A=

p (fol xk=1. Liz(x)dx) integrate by parts

1 1 1

_ xk xk In(1 — x)
jxk‘l-le(x)dxerlz(x) —JTX—TCIX
0

1

L) 1 [, _Li,(1)  Hy

=7 +E-fx In(1 —x)dx = %2
0

1 [}
~ (In(1 +x) Lip(x) O (DR (L (1) H
; Of X ndx = Z K < K ﬁ)

! 1 k- k-
-~-f‘““*f}“z(’c)dx:uz(n o (- D o (- ettt

k-1
= 0(2)n(2) — Z(l)—H’f

_(™ (1 1) T (LD L ey @ (1)+71 2) 9(3)
~\6 2/\6 360 12 12 a\z) T M e
Tt 11t 1 7% -n%(2) 1\ 7
727360 12 17 2L (5)+Zln(2)‘p(3)
going to (*), and using Li,(—1) = —%(p(Z) =——
m s mt 7'[4 11n* 1 2.1n%(2)

36 144 36 3

—_ _1n% —_
=36 144 36 181 50 3@
+8Li, (5) +71n(2) 9(3)
537t 1 1 1
_ 2 ., 1n2 Z1n4 N
3T @) +31n*(2) + 7In(2) 9 (3) + 8L, (2)

&

=n

n=1k=1

- 53 1 1 1
y — 4 __ -2 . 1p2 Znt .=
- § § n3(2k — 1) 7207'[ 371' In“(2) + 3ln (2) + 7In(2) ¢(3) + 9Li, (2)

PROBLEM 3.067-Solution by Shivam Sharma - New Delhi - India

Applying Abel’s summation, with a,, = Hy, b, = (((8) - 1—18 - zis — 3% ———— n—lg)
= I R E o |Huaa 1
§= 11mn—mo Hy [{(8) 18 28 38 (n+1)8] Ln=1 [(n+1)7 (n+1)7]

=0+ Z [(n -Tli+11)7 (n+ 1)7] Z [(n -:+11)7 (n ':1)7] - RZ; [% _%]
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k=1 k=1
As we know,

m-—2
(m+2){(m+1) — Z (¢m - )+ D)}

ifm=7, weget

S Hk _ 7T8
= 2= I3)(5)

n=1

Now put this result in equation (1), we get, S = m —{(3)¢(5) —¢(7)

in_1
km 2

k=1

PROBLEM 3.068-Solution by Soumava Chakraborty-Kolkata-India

(€Y)]
Given inequality © 4y a? + 4 + 3Y a?b? + 3a%b?c? + 2abc(Y ab) = 2abc(3 a)
Now, Vm,n,p € R, ¥ m? — Smn = - ~[(m —n)2+Mm-p)l+pP-m?=0

(2)
ZZ a’b? > 2abc Za)

(1), (2) = it suffices to prove: 4y, a* + 4 + ¥, a*b? + 3a*b?*c? + 2abc(Y ab) = 0 &

@3x2+(22ab)x+(2a2b2+42a2 +4) >0 (x = abc)

Let f(x) = 3x2+ (2Y ab)x + (¥ a’b? + 4 a®? + 4), which is a quadratic in x as
x=abc+#0 (~ab,c€R")
Discriminant A of f (x) = 4(2 ab)? —4-3C a?b?+4Ya?+4) =

= 4{Za2b2 + 2abc ( Z —32 a?h? - 12 ( Zaz +1)}=
= 4[2{abcX a) — Y a?b?*} - 12X a? + 1)] < 0 (using (2) &= 12(Xa* +1) > 0)
o~ f(x) >0 ( f(x) never touches x - axis as roots of f(x) = 0 are imaginary) . f(x) =0

(Done)
PROBLEM 3.069-Solution by Ravi Prakash-New Delhi-India

()" _ ()

Asa>1,o<§<1=>o<1—§<1./vow, o =

2 1—(1%)
:1+(1__)+(1--) +---+(1--)
a a a
171—1 171—1 171—1
2(1__) +(1__) +---+(1--)
a a a
n" times
1N n 1\t 1" n 1\t
:1-(1-_) 2_(1__) 3(1-_) +-(1—-) <1
a a a a a a
1 n 1\"* ! ~
>(1-—+3)(1-2) s1=s@-1+m@-D <a”
a a a
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PROBLEM 3.070-Solution by Ravi Prakash-New Delhi-India

Let
_ (bfx)gx)
= fa T1e0n) dx (1)

:bfm+b—wgw+b—mdx:fﬂ”((@)

1+gla+b—x) 1+ 1
¢ > oo @ gx)
I = fa 900+ dx (2)
Adding (1) and (2) we get
b b b
(@@ +D 1
21 = 900 +1 dx—ff(x)dxz:»l—iff(x)dx

PROBLEM 3.071-Solution by Khalef Ruhemi-Jarash-Iordania
<x +V1 - x2>2] x dx

1
=11 .
jn —V1—x? 1—x?
0

Letx=sin9,dx-cos€d9

T
2 5
_J‘l sir19+cos€)2 sin9cost9 f tan9+1 - tan(6) do
B J n sin@ — cos @ cos? 6 tanf — 1 an
I 0
2
lettan @ = x; 6 = tan™*(x); df = ——;
1+x

0 X 1+x 2 o 2x 1+x 1 ay
..I—fo — -ln(E) -dx—f0 — ‘In|— — ~dx, letx = =3 dx = —3z
2 1 00

X T+ 2 1+x
“I= S T xare ™ 1—x|dx
o (1+32)x |1-% 0

—j21 14+x (1 X )d
B nl—x x 14 x2 x

0
1+x 0

_f21n| X | 4 f 2x l 1+x|d
B X x 1+x2n1—x x
0

ol 1+x - IMEEESP
o] = zfo nll—xl —] =] = fo nl xl * (*)
7
integrating by parts
1
j— 3 a
I—ale 1n| | lnxl f(lnx) T2 1_x)dx
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= lim [ In

But lim,_4+ —21In(a) ln —

[oe]

(1+%) ln(l)—ln<|1+a|ln(a) flnx(lj_x+ ! )dx.

a _% a ) 1—x
1+a r 1 1
6111,%1 —21In —a| -ln(@)—bflnx(1+x+1_x)dx
2 = _21im,_4+(n(a) In(1 + @) — In(a) In(1 — a))
=—x0—m_o
r 1
f 1 —x) dx
0

(o0}

1

—I:j(lnx)‘<1_l_—x+1_x>dx+jln(x)(ﬁ+1ix>dx

1
= _EI =InxIn(1+x)|} —

= —Li () + Lip(-1) = 9@ —1(D) = — = —5( =) =

1 7
dy
let ——d =——
etx y X= vz

1

[ 12

0

+

1 1 1

Inx dx Inx dx 1

+ + lnx )dx
1+x 1—x 1—x

0 0 0

1
Inx dx Inx dx Inx lnxdx
—I:f +f +j dx +
1+x
0

1 1)dx

d -1 ( —_
x+f n(x) 1+x 1—x/ x

f

1+x 1—x 1—x
0

n—1=2- 11r;idx 2 f 1xdx tegrating by parts

1
In(1 —
dx—lnxln(l—x)|(1,+judx

0 0
I'=—Li,(x)|g + Lio(=x)|g
% 1 <n2> 3 2 7'[2 312 A

j ln(1x+ x)

X

N =

6 12 12 4

2

1 ™ m? !
w2l _1—7:1—?, (Note: n(2) = - ¢(2) _E)
2
fl <x+\/1—x2>] x-dx m?
~ | In
0

1—x2 2

T

PROBLEM 3.072-Solution by proposer

For x,z,t > 0 we have: —~ <l(l+l) Stx—2>2+zx—-1t)?=>0

x2+tz ~ 4\t

x%+bz ] b b—a

therefore J, G- <1 [, (¢ +3)de =TIt < g+ 208

x2+tz
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Z x? +bz Z (11 b+b—a) 3 b+b—a(1 1 1)
i [— f— [— f— f— f— [—

Y tazs | 4 0a " T4y 4 4 \x y z
cyclic cyclic

PROBLEM 3.073-Solution by SK Rejuan-West Bengal-India

a,b,c € C. The given equation is,
x3—(a+b+c)x>+(@b+bc+ca—1)x+b—abc=0
>x3—-bx?—(a+c)*x*+bla+c)x+(ac—Dx+b—abc=0
>x?(x—-b)—(a+c)x(x—b)+(ac—1)(x—-b)=0
>khk-bx?—-(a+c)x+(ac—1}=0

Eitherx = b
or x = (a+0)ty(a+c)?-4(ac—1) _ (a+c)ty(a+c)?—4ac+4 _ (a+c)?+y(a—c)?+4
e 2 - 2 - 2

b (a+o)+/(a—c)2+4

= Solutions of the given equation x = 5

PROBLEM 3.074-Solution by Soumitra Mandal-Chandar Nagore-India

limy, o2 =g € Ry, u + v = 1 then
nan

lim ((n + 1)1””1 (ansf(n+ 1) =t (anf(n>)”>

= lim,,_, (n (w)v 2 n w,’f) where w,, = (1 + %)u

n+1

(an+ 1f(n+ 1))1;
"J@nr o)’

f(n+1)
: n|ra,f(n)\V D'ALEMBERT _. a = a\?
now, lim,, e (L()) = lim,,_ o (n_ﬂ ION _> _ (_)

nn
n+i (an+1f(n+1))v
n+1 (ntpntt
. - 1

nn Inw,

lim w, = lim so, lim Wn—1
n—-oo Yn — n—oo n [ anfm) v 7 /] n—oo ann
( nn )
v
ant1 f(n+1) 1 n

i n AL . : L
hmn_}oo Wn = hmn_)oo (1 + n) nap  f(n)  p4 ans1fm+D\Y ntl
( (n+1)n+1 )
. n+1 v n v
i lim ((n + v J (a1 f(+ 1) —n* (af(0)) )

= (S)v ‘1-lne = (g)v (Proved)
PROBLEM 3.075-Solution by Soumitra Mandal-Chandar Nagore-India

lim "_\/ﬁ = lim n—!D,ALEgBERT lim IR n_n = lim [ —— ! -1
n-c N n-oo  |Nnh n-w \ (n 4+ 1)+ nl n-o\ n+1 (1 +1)n e
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we know, lim,,_,, (n+1 (n+ 1)' W)
hm (an+1n+1 (n+1)! - n')
= lim ((an+1 - a)n+1,/(n F D! = (by — )Vl +a (Y + D! ))
= lim <n(an+1—an)m(1 +%)—n(b —a)nn' ( (n+1)! ))

n-oo n+1 n

a+b—c
e

PROBLEM 3.076-Solution by Ali Shather-Nasyria-Iraq

o]

N Hanes _ N Han
szz Z Z— S +S
] n? n2(2n+1) R
n=

n=1

N Hon N Hon N Ha (14 (DR
Sl—nzlﬁ—“;(zmz—“;ﬁ(T)
=2 ) oY T - 4(3) 26 (3) = )

n=1 n=1
S 1 o 1
SZ_Zn2(2n+1) an 4;2n+1_2;E

—anz 22n1<———> 5(2)—2H1 §2)—-2(2-2In2)=§2)—4+4In2

n+2

~S5=5+S5, =T§(3)+§(2)+4ln2—4

PROBLEM 3.077-Solution by Abdelhak Maoukouf-Casablanca-Morocco

p

|00| e n = lim e( n )n r
n+1 n+1/) p-oow 1 n+1 n+1
n=

n=1
n p n p
- e ] [ 7 0) = i | [ () | [ ()
n=1 n=1 n=1
11 epp! eP (g)p1/2ﬂp

= lim BPW\/P (p + D! = lim ——— = lim

p—00

— 00 l
T+ T (p+ 1Pz

4 1 V2m 1\P
= lim |2m d (L) = lim |(2m P 5 | = © lim (1 +—> =e
poo p+1\p+1 p—o p+1 (1+1) e p—o D

p
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PROBLEM 3.078-Solution by Abdelhak Maoukouf-Casablanca-Morocco
0 =limn (Y@ + D = Y @n = D) (Yo + D - V)

. m(2n+1)! 2»n| 2n—1)! o on
=hm"< \/ xnl \/2”1(n—1)!>( @+ Dl - *Val)

+ oo

1\ 2n

: 2n-1! \L 1 [/(2n+ 1) 2" (n = 1N\
:lign<2”‘1(n—1)!>2n("!)2" ( 27l >X< @2n- D! )

1 1
| (n+1)2n X ——1
( (nhzn >
(2n—1)'xn% 2nx(2n+1)% 1
e R (G I GREED

. (2n)! % 2n 2n
=hmn< on > (V2n+1—1)( Vn + —1)

+o0
1 In(2n+1) In(n+1)
i 2n\ 2" nfe—2n —1\[e 2n -1
A (7) A In(2n + 1) mntD |
2n 2n
In2n+ 1) In(n + 1)
X
4n? 7
n 2ny In(2n+1)In(n+1 2
~lim— x (—)x ( ) In( )=lim— XIn(2n+ 1) In(n+1) - +o
+00 \[2 e 4n? + 4e

PROBLEM 3.079-Solution by proposer

5t2—x? 2 1 5 x2
— >S0)r—> — — —
— e (x—t)*Bt+x) = 0; — 25"

b
f dt >f 5 x? it 1b+x>5l b+x2(1 1)
—_—— s —-In—"+—(———=]>

x+t 8t 8t3 rlat+x_8na 16 \b%2 a2
a a
Zlb+x>z 51b+x (1 1) _151b+1(1 1)(2+ 2 4 42
_na+x_ _ 8 a 16\p2 a2)) "8 "a 16\p2 a2)* TV TZ
cyclic cyclic

PROBLEM 3.080-Solution by Remus Florin Stanca-Romania

3
Ifx,t >0 thent—z
x+t

I fx+1) = flx+1) x x+1
e fx)  abe x+1  f()  x
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f(x) L (x+1)-f(x)
)f (x+1)—f(x) Ji€3)

(fe+D\ (fa+ D) - f()
-t (F) - (P

im =X _ Q Q
— e %f (D) (ree+D-r60) _ b=>ea=b=> - = In(b) = Q = aln(b).

PROBLEM 3.081-Solution by Soumitra Mandal-Chandar Nagore-India

2t 2t
- n+1) n

Bn(t) =n T i
("*i/ n+ 1)!) (¥/nl)

t w12 Y\
n CAUCHY—-D' ALEMBERT (Tl+ 1)n+1 n! n

lim — = lim | ———— =1im<1+—) =e

n-w %y n-o\ (n+1)! nn" n—-oo n
t
ntl  Wnl 1 u, — 1
-<1+—) =1, lim——=1

n n-oo Inu,

Al—r}gou _rlll—r}; n+1,( +1)| n
t

"+ 1) 1 1\

(o () (o)) =

lim up = lim
n—->oo n—-oo

n+1

t _
o limy e By (t) = lim,,e0 ((niﬁ) ?:uj -In uﬁ) =e'-Inet =tet (Ans:)

PROBLEM 3.082-Solution by Kays Tomy-Nador-Tunisia

i i
sin? x (cosz’“’1 (E sin x) + sin x cos?™t1 (E cos x)) dx

;
O\:Nm

T
Let |, = [Zsin® x cos x cos*™*1 ( sin x) dx.

T
And T, = [Zsin® x sin x cos*"** ( cos x) dx
= I, = J, + T,. As cos? x + sin? x = 1. Then we have
( n T
2 2
a1 (T 3 2n+1 (T
Jn = | cosxcos (E sin x) —dx — | cos® xcos (E sin x) dx
0

0
()4 n n
2 2
2n+1 2 : 2n+1 T
= | sinxcos cos x dx — | cos“ xsinx cos (E cos x) dx
\ 0 0
Let us denote K, = fOZ cos® x cos®™*1 ( sin x) dx
. . . ™ . .
By substitution variable x = i U = sinx = cosU and cosx = sinu and dx = —du
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i
=K, = sin® u cos? (2 cos u) du

NI:\O

> K, = f (1 — cos? u) sin(u) cos?™*1 ( cos(u)) du =T, (**)
Then combining (*) and (**) we get I, = foz cos x cos?nt! ( sin x) dx

V3
. . . 2 r—
substituting U = gsmx = du = gcos xdx=1, = ;foz cos?™1(u) du

Then I, = %Wmﬂ; with wy, .1 is the Wallis integral for der 2n + 1
22n(n!)2 22n+1(n!)2

We know that w1 = @il 7 (2Zn+1)!

. Finally we get I, =

PROBLEM 3.083-Solution by Soumava Chakraborty-Kolkata-India

Z:(b+c—20t)2 =b% +c? +4a* + 2bc — 4ca — 4ab + c? + a? + 4b* +
+2ca — 4ab — 4bc + a? + b? + 4c? + 2ab — 4bc — 4ca
(1
= 62 a? — 62 ab
(1)= given inequality is R(6 Y, a®> — 6 Y. ab) < 4(R — 2r) Y a?
& (R + 4r) Z a? < 3R (Z ab) & (2R +8r)(s? — 4Rr — r?) < 3R(s%? + 4Rr +1?)
& Rs?+ (5R +8r)(4R + 1r)r = 8rs? (2)
Gerretsen ?
Now, LHSof(2) =  Rr(16R —571) + (5R + 8r)(4R + r)r = 8rs?
? ?
< R(16R —57r) + (5R + 8r)(4R + 1) > 8s? & 852 < 36R? + 32Rr + 8r?
& 2s? < 9R? + 8Rr + 2r? (3)
Gerrestsen

Now, LHSof(3) <  8R%*+ 8Rr + 612 S 9R? + 8Rr + 2r?
?

? :
& R? > 4r? © R > 2r - true by Euler (Proved)

PROBLEM 3.084-Solution by Khalef Ruhemi-Jarash-Jordan

1 (In(x) In(y))*®

Evaluate —f Jo—1 &

~dx-dy (%)

dx-dy }

f(f (n(z ln_xy11 Of(l : _
JJ(lnG)) -x"-(ln(%))s.yn.dx-dy
( f (m(%))s.yn.dy. [(m(2)) -

0

N

1 [00]
ln(;)) -Zx"-y”-dx-dy

8
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s (e () 0 -1 0
Tof/ndf x™ (ln( ))S dx = A4, let In G) =vax=e "=>dx=—-e"dv
[ ri+s)  ~ I(1+s)

-(1+n)v - 7 .]= _ N
f vi-e dv (1 + n)1+s ] (1 + n)2(1+s)
n=

r2(1 +5) > 1 1
-'-I=ZW=F2(1+3)'Zn2+ZS =F2(1+S)g(2+25),5 > —E
n=0 n=0

.1 1 (n() In(y))’ 2 _l
~Jo Js o xdy =T*(1+5)G(2+2s),s> -3
PROBLEM 3.085-Solution by Soumitra Mandal-Chandar Nagore-India

k+1 k+1 _k

lim <(F(x +2))* 1 — (F'(x+ 1)) * ) (rx+1) *

n—->oo

k1 k1 K
. ((r(n F D) — (P + 1) ) (F+ 1)

nenN

n n— k+1 n -k
= lim (VG + D ) - (VD) ) ()
Rl u,-1 M 1)) fe+1
= llmn_)oo( llinun In uﬁ) where u,, = ( ’%/% ) vn €N
N+l k+1
Now, lim,,_, o, — \/H llmn_)Oo U, = lim,_ (ﬂ . HL . n—ﬂ) =1

n n+1 n! n
1 un—l_l I i n n+1 k+1_ il
"nl—{l;lo nu, B nl_r)r(}oun—nl_r)g n+1 n+1/( +1)| -¢

lnek+1_k+1
e e

k+1 k+1
& lim ((F(x +2)) T — (F(x+1)) * > (Frx+1) *=

PROBLEM 3.086-Solution by Soumitra Mandal-Chandar Nagore-India
f@)+f(=x) =0,9(x) + g(=x) =0
n= ff(x) In(p9™ + c9X)) dx = ff(a —a — x)In(p9(a=a=%)  c9(@-a=x)) gy
= ff(—x) In(p9*) 4+ c9CN) dx = — ff(x) In(b=9%) + =9 dx

— jf(x) ln(bg(") + cg(")) + In(bc) jf(x)g(x)dx

= 20 = In(bc) jf(x) g(x)dx = 21In(bc) f f(x) g(x)dx
-a 0
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= In(bc) foaf(x)g(x) dx (Proved)

PROBLEM 3.087-Solution by Anas Adlany-El Zemamra-Morocco

= ff(x) arctan(g(x)) ln(l + eh(x)) dx u=a+b—x=du=—dx)

- f f(a+b—u)arctan(g(a + b —x)) In(1 + e@-1) gy

h(x)
f —f(x) arctan(g(x)) In <1 +h(zx) ) =

b
— j f(x) arctan(g(x)) [ln(l + eh(")) — h(x)]dx =—-B+ jf(x) h(x) arctan(g(x)) dx =

b b
ff(x) arctan(g(x)) ln(l + eh(")) dx = %ff(x) h(x) arctan(g(x)) dx

PROBLEM 3.088-Solution by Thanasis Xenos-Greece

1=y B2 adx (1)

t=1—x
B ’ \/E+\/1—t
- 2(1—¢t)

I= follfj;(iﬂf( Yx (2)

(1)+(2)= 21 = [[(Vx+VI—x) - (

fA=t)(=db)

1+2x 1+J2(1—x)) fC)dx

2+V2x ++2(1 —x)
21 = [(Vx +V1—-x)-
f( * ) (1+2x) - ( 2(1—x))
1 (VE+HT=x) (V2T +VI=%)

\/—fo (1+m)(1+\/2(1—) f(x)dx (3)
(\/§+x/Tx) (V2 +Vx + V1 —x)
=m+x+\/x(1—x)+\/2(1—x)+\/x(1+x)+1—x
=1+x/ﬂ+\/2(1—x)+2\/x(1—x)=(1+@)(1+,/2(1—x))

(3)=21 =2 [} f)dx = 1= [} f(x) dx

fx)dx
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PROBLEM 3.089-Solution by Ali Shather-Nasyria-Iraq

I = j(ln(x) In(1 —x) + Li, (x)) (

1 .
j In(x) 1n(1 —x) Li,(x) x4 f In(x) In(1 — x) Li,(x) B

1—x

Li;(x)  {(2) p
—x) 1-—x x

0

|0

1 1
n(x)In(1 —x Li3(x Li2(x) — {(2)Li,(x
_Z(Z)f()( ) +f 2()dx+f z()(()z()dx
x 1—x
0 0
combining the second and the las term, we get
fl LiZ(x)—Liy(x)[{(2)=In(x) In(1— x)]d flle(x) Liy(x)[Liy (x)+Liy(1— x)]d
0 1-x - 1-x

lez(x)le(l — x) oy — — j Li,(1 — x)Li,(x) iy

1—x X
0 0

1 .
= _lezx(x) [((2) —In(x) In(1 — x) — Li,(x)]dx =
0

1 .
N f In(x) In(1 — x) Li,(x) d + le%;x) dx

X
0

0
1 ] 1 1
o= f In(x) In(1 — x) Li,(x) dx - 2(2) f In(x) 1n_(1 - x) J‘L i2(x) e

X
0

0
_((z)jLizx(X) dx + fln(x) In(1 —x) le(x) le (x)

dx —

X

0 0 0
=2 f In(x) In(1 — x) Liz(x) 2 )fln(x) In(1 — x) le%(x)
0

0 0

1

[ =[-Li3(x)In(x)]} +j

0

1
L@ f NIy [ LS 2 (x )d {23

1 © !
1
=3 [HED, +((2)Z; f " InGa) dx — {2)0(3) =
0 n=1

[y

1
.2 2
L[ LB N CHORE]| P 1~ 272¢3)
lz X _ n+ —_— =
| a2 f =) ) G -
5 n=1 k=1 0 n=1k=1
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21&2 2(n+k) Zk3[2%_ 1n(n1+k)
DI

k=1

=4(3)¢(2) - Zk4—6(3)f(2) (3¢(5) - ¢(3)() =

= 2((3)((2) —3¢(5)
=+ 1=3(2¢(2)¢(3) = 3¢(5)) = 2¢(2)¢(3) = 4(2)¢(3) = 9¢(5)

PROBLEM 3.090-Solution by Khalef Ruhemi-Jarash-Jordan
1

I = fln(['(x)) sin(2mkx) dx .... #
0

1—tX— 1
Notice that f :

=F() rra@

f (fm—tv 1)dv> dt—f(%—l“ (1))

’ ln(F(v)) —vIr(D|¥ =In(I'(x)) —xI''(1) +I'(1)
1

v 1 d 3 ! 1 tx—l . 1 d
Of T—¢ <" 1n(t)> t‘of (E)'("_ln(t)_ +1n(t)> ‘
(1=t — (1 =) In(®)
_f< (1—t)In(t)
AIn(F(x) = MW -1 + [ t"(ll‘tgllnjj)“‘(” dt (1)

ln(F(x)) sin(2rkx) = I'(1)(x — 1) sin(2mkx)
1sm(2nkx) In(t) sin(2mkx)+In(t)x sin(2mkx)—t*~1.sin(2mkx)
+; (1-0) In() ~dt (2)

> ~dt = ln(F(x)) +I'(1)(1—x)

1
fln(l"(x)) sin(2mkx) dx =T''(1) f(x — 1) sin(2mkx) dx
0

0
1 ar fol sin(2mkx) dx — In(t) fol sin(2mkx) dx
o aomm 3)

1 101, .
+1In(t) [, x sin(2mkx) dx — Zfo t* sin(2mkx) dx

1
J sin(2mkx) dx = cos

0

(2mkx) o 1-1
2k |

7 onk -

x sin(2mkx) dx = x cos

1
2mkx

j . ( )|(1,+
21tk 21tk

0

1
1
-jcos(anx) dx
0

cos(2mk)

1
- _ : 1 _ _
= ok + <4n2k2) sin(2mkx) |3

1
21k
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1 1
ftx sin(2mkx) dx = j eI . gin(2mkx) dx

0 0 )

In(t)x 2k

= - sin(2mkx) |§ — m] elnMx . cos(2mkx)
0

In(t)
1
2k [ e®x 2k
=— : - cos(2mkx) |§ + j en(Ox . sin(2mkx) dx)
In(t In(t In(t
n(t) \ In(t) n( )0

_ 2mk [(t-1)  2mk 7
= "o | o +ln(t)0

e"(O% gin(2mkx) dx)

1
f t* sin(2mkx) dx =
0

2mk(1—t)  4m?k?
InZ(t) In2(t)
0
. 2k (1 —t)
. TInZ(t) 2k(1 —t)
. x = =
- f t* sin(2mkx) dx = . 4m2k? ~ 4m2k? + In2(t)
0 In2(t)

'th'(Zk)d _ 2mk(1-1)
” SINEnkx) ax = 412k2 + In2(t)
0

L (Y _In(®  2nk(1-0) ) dt _ r'a)
~I= fO ( 21k t(4n:2k2+ln2(t)) (1-t) In(t) 2k (4)
1

r'c) f <1n(x) N B(1—x) ) . dx
(

I=- B B x(B% +In? x) 1—x)ln(x)'B:=

t* sin(2mkx) dx

1

2wk

' foo1 1 B 1y,
I=- B _f(B(l—x)+Bln(x)+x1nx(Bz+1n2x)_Bln(x)) x

0
1

) 1
:_y_%j(1ix+ﬁ)dx+flngx)(%_x(32flnzx))dx

0 0

1
@ r 1 /1 B
- B + B + 0fln(x) (E B x(B? + In? x)) dx

1 1 1 B
w1 = fO In(x) (E - x(B2+1In2 x)) dx (6)

Letln(i) =y=x=eY>dx=—-eY-dy

_J 1(1 B ) . g
A A EICEE S 0 A
0
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8

1

J y(BZ+ yz)) v Of (B_ly - i?_; - B(Bzy+ yz)) ay

—e X X
- EfO ( x Bz+x2) dx=1(7)
Let x = By = dx = Bdy

'I—<1>jo 1—e Bx x p
" \B X 1+ x2 x

0

'1_(1)f 1—e‘BX+ 1 x 1 p
T \B X 1+x 1+x%2 1+x x

0

o

(0]

3 f )d _I_(l)foo 1—eBx 1 p
B 1+x 1+x2 x B X 1+x x
0

0

1
. o /(1 x 1+x \ oo . P _
Since fo (E — 1+x2) dx =1In (W) 16 = limy_ e 1n< - ) =In(1) =0

—+1
1\ [ (1—eB~
- E)_[( 1+x>dx
0
1 [ (1 e e ¥ 7B
I=(§>!<;_1+x x+x_ x)dx

I - s () e ()T 1

-X

Let F(A) = [ &= Axdx A >0=>F1)=0=F'(4)=[ e—Ade ==
In(B)
“ F(4) = f & o n(4) = .
1
ol = f ln(F(x)) sin(2mkx) dx = %(:nk)

0
PROBLEM 3.091-Solution by Abdallah EI Farisi-Bechar-Algerie
ff(x) ln(l + eg(")) arctan(h(x)) dx = — ff(x) ln(l + e‘g(")) arctan(h(x)) dx
—-a —-a

— ff(x) (ln(l + eg(")) — g(x)) arctan(h(x)) dx
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a

— ff(x) (ln(l + eg(x))) arctan(h(x)) dx + jf(x) gx) arctan(h(x)) dx

=— ff(x) (ln(l + eg(x))) arctan(h(x)) dx + 2 f flx)gx) arctan(h(x)) dx
-a 0

jf(x) ln(l + eg(x)) arctan(h(x)) dx = jf(x)g(x) arctan(h(x))
Za 0

PROBLEM 3.092-Solution by Soumitra Mandal-Chandar Nagore-India

I nin! 1
nl—r>rc>lo n"t e
0, = 11m \/_(3(n+1) (n+ 1! - 3'V—)
Y 33 up—1 n 3D D)
= llmn_,oo< - T -Inuj; | where u,, = o for alln €N
3(n+1) 3(n+1) 3
Vy(n+1)! J(n+1)!  n 1 .
LUy = e T Ty 1+ - thenlim,,u, =1
now, u, — 1 then 11;:;1 - 1foralln - o

MmN [+ D 1 BE n+1
= /nl I N R RG]
. 1 1
s im0 ul = Ve and 02, =31 ‘ln3\/5=3—\/_
PROBLEM 3.093-Solution by Soumitra Mandal-Chandar Nagore-India

a. Letlim,,_,,, (b

. . a
n—U-a,) = vnowletlim,_, a, = x > 0 because lim,,_, n’.’; =a>0
n
then

x 1 . . .
ntl Sp=a>a= 0, which is false. Then hmn_,oo a, = ©

lim Int1
n—0oo n-a -

Un

. . bn
now, lim,, (b, —u - a,) = v = lim,_,« (a— — u) = vhmn_,oo o = = 0 then
n

nbn

. b . "1/
= lim,,_ a—" = u. Now, lim,,_,, = lim,,_, —
n

bn+1 an Qan4+1 1 n _ 1 1 _ a

__ﬁ_ =lu-—-qa--)=-
an+1 bn nean (1+_) n+1 u e e

n
n n+1
- n+1 n 1 bn Uup—1 _ bn+1
limpoo (" Brrs — Br) = limpoen ( o u;;) where w,, = —YPntt
_ (n+11/bn+1 n n+1
U, =|——

. . un—1
L L = ot b
wtt o n ) = lim, L, Uy, = 1 thenlim,,_ " 1

Cauchy D' Alembert
1My
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n n
Lyt = < +1\/ bn+1> — (bn+1 . a_n An+1 . n+1 . n >
" n‘/bn Ans1 bn m-ay n+1\/bn+1 n+1

. 1 e
s limy, L ull = (u oea E) = e, then

tm (s =) = (-1me)=7
n

(n+1)?

b. lim,,_ o 7= ,v_ then lim,,_, ("“«/m - J_Ij—n)

n
= lim
n-o n,/bn lnun

2
-In un) where u, = (1 + %) =y b" for alln €N

. _ 1\2 ™ bn n+1 n _ Up—1 _
lll’l’ln_,OO U, = lll’l’ln_>OO ((1 + —) . T . n_,_l\/ﬁ . E) = 1 then llmn_m m =1
. T 1 2n bn an+1 N-an 1 n+11/bn+1 _ 2 1 1 a _
limy o = hmnw((“z) (1) e )— (2 uiad)=e
then
n+1)? n? e
lim (1(1+1/_) >=(—'1-1ne)=—
noe n+1 \/ bn a
PROBLEM 3.094-Solution by Soumitra Mandal-Chandar Nagore-India
lim,, oo \T = Lthenlim, ., ("“\/( + 1! - 7{/—')
n+1/—
= lim,_ e (ﬂ . % -In un) where u, = (n+1 —&=—foralln € N
n+1
. . V(n+1)! +1
limy o Uy = limy, e, (n—rl : ’%/% : nT) = 1 then Illnun > lasn - o

lim w7 = Tim (D! ! = li z -
S Cr S A AUE S R or A
1 1
iy ("G - Vi) = (51 1ne) =5
n—-oo 32 e
i (m -2 )

= lim (sn —%2> "+ D! +? lim (nﬂ/( +1)! — \/_')

n—oo

Y m+ D! n+1 m?\ m?

= lim . nls,——|+—

n-o n+1 n 6 6e
1y LmY LT i swamsy w_w
== lim,,_, o (sn 6) to =0 lim, oo =5+ pytlos (Ans:)

(n+1) n

PROBLEM 3.095-Solution by proposer

* Hence (1), by AM-GM inequality for three positive real numbers we have:
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1 1 1 3 1 3 3
3= —+-—+-—=—2>3 >

3
V@ U Va T (V@ NS iabey  Jabe = abe

=

SvVabc=z1sabc>1

a’?  b?  ¢? a3c+b3a+c®b _ a3c+b3a+cdh
Hence (2)= & +—+—= < =a3c+b3a+c3b (3)

c abc 1

- By AM-GM inequality, we have:

a4+ (ac)?> b*+ (ba)? c*+ (cb)?
()+ ()+ (cb)

alc+b3a+c3b =adac + b%ba + c?ch < 3 3 3

a*+b*+c*+a?b?+b?c?+c?a?

4
. @
2 a*+b*+c*+a?b?+b%c%+c?a?

a? b ¢
- Hence (3), [4).=>?+?+;S 2 (5)

- Other, by AM-GM inequality:

o adc+b3a+c3h <

a6+a6+1+b6+b6+1+06+c6+1>33§/a6-a6-1+33§/b6-b6-1+33{/c6-c6‘1_3(a4+b4+c4)
2 2 2 = 2 2 2 B 2

3(a*+b*+c*

®a6+b6+66+§2 > )<:)2(a6+b6+C6)+323(a4+b4+c4) (6)

@b +a®b®+ 1)+ B33 +b3c3+ 1)+ (c2a®+c3a®+1) >

>3/ (a3b3)(a3b3) - 1+ 33/ (b3c3)(b3c3) - 1+ 31/ (c3a3)(c3ad) - 1 = 3(a®b? + b%c? + c2a?)
© 2(a®b® + b3c3 + c3a®) + 3 = 3(a®?b? + b?c? + c?a?)
& 4(a®b® + b3c3 + c3a®) + 6 = 6(a’b? + b?c? + c%a?) (7)
-Let (6), (7):= 2(a® + b® + c®) + 3 + 4(a®b3 + b3c® + c3a3) + 6 >
> 3(a* + b* + ¢*) + 6(a?b? + b?c? + c%a?)
& 2(a® +b® +c® + 2a3b3 + 2b3c3 + 2c3a®) +9 >
> 3(a* + b* + c*) + 6(a?b? + b%c? + c?a?)
© 2(a® + b3 +¢3)? = 3(a* + b* + ¢*) + 6(a’b? + b%c? + c?a?)—9 (8)

- By AM-GM inequality and (2). We have:

3(a2b? + b%c% + c2a?) = 3 - 3 - 3/(a?b?)(b2c?)(c2a?) = 93/ (abc)* = 9/14 =9
& 6(a?b? + b%c? + c?a?) — 9 = 3(a?b? + b?c? + c%a?) (9)
- Let (8),(9):= 2(a® + b3 + ¢3)? = 3(a* + b* + ¢*) + 3(a?b? + b%c? + c?a?)

e 2(a®+b3+c3?2>3(a* +b*+ c* + a?b? + b%c? + c%a?)
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a*+b*+c*+a?b?+b?c?+c?a? (a3+b3+c3)2
d — < e (10)
(), (1= S+ 2 E w (1)
(a® +b3+c3) { =b=c>0
(1)(11]$ + + = ——occurs if: 1 _=3<:)a=b=c=1
Va3 = Vb3 ' V3
Solution of equation is: (a, b, c) = (1,1,1).

PROBLEM 3.096-Solution by Shivam Sharma-New Delhi-India

Let,

L = lim (sn"+i/(2n + DI — ”—2"\/(271 - 1)!!)

As we know, 2n + 1! = (21::1') ,(2 -1 = (2n) Usmg this, weget
1
) Z”: 1\ /Qn+ DN\H g2 (Zn)! o 2n + 1)! T (2n)!
7w |\ Lk J\ T2 ~6 \ 2! 6 |now |\ 27! ~\2m

Now, applying Stirling’s formula, we get,

2n+1

)

2n (g)n 2mn

1.[2
= —
6

lim
n—-00

1
n+1
S2r2n+ 1)

GN

2n (g)n 2mn

4mtn

Now, appling Cauchy D’Alembert, we get,

w2 2
L=——- orL ==
3e e

PROBLEM 3.097-Solution by proposer

-6
3e

(y+z)(z+x) N2
We h i 4yz y+z <:> (y Z) 20
e nave: (y+2z)(z+x) y+z 2
T 2 O 020
After addition we obtain: %;ZZ)(ZH) > E + z:z > 2 and
( . a
x+y)y+2)(z+x) 2(x+z y+z> > ga
4xyz y+z x+z
b b
<<(x+y)(y+z)(z+x)> 2(y+3c_}_z+x) S b
4xyz z+x y+x
(x+ W+ 2)(z+x)\° - <z+y+x+y)c S g
\ 4xyz T \x+y z+y/

After multiplication we obtain the desired inequalities.
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PROBLEM 3.098-Solution by Soumitra Mandal-Chandar Nagore-India

Letx=a+b—z=>dx=—-dz;whenx =a,z=b;x =b,z=a
_ b gx) _ rbglatb-z)(-dz) _ (bg(z)dz _ b f(2)g(2)
Letl = fa 1+£(x) dx = fa 1+f(a+b-z) fa 1+ﬁ “Ja 1+f(2) dz
b b @ b . b
z
=fg(z)dz—j#f(z)dz:ﬂ=Jg(z)dz:>1=5fg(x)dx
a a a a

PROBLEM 3.099-Solution by Soumava Chakraborty-Kolkata-India

5 4b2c? _s(s=a) _ be(btcta)(bt+c—a) _ be{(b+c)?-a?} _ a*bc
Proofof (a) la = (b+0)2  bc (b+c)? G be (b+o)?

i 4R? atbc 1 A4Rrs al

~—=bc- — = 4R%? . —— . =
h2 € b2z anz (b + c)? bc 4r?5%2 (b +c)?
(1) 1 R a
= 4RZ (_) S
bc/ rs (b+c)?
@ R b3 2 ® 1 R 3
Szmzlarly, = 4R (Ca) - — 4 ( )

s (c+a)2 h2 ab s (a+b)?
(1)+(2]+(3] - Zh_zzz ~ rrs (2 ) t5 Z (252: ajz) =
_2R Rz(Zs—a)3_8s —3(25—a)2 25+ 3(25 — a)4s?
(2s —a)? =

2R R 12RS? 8Rs?
= Z(Zs—a)——(ZS)G) Zb+c : Z(b+c)2

@ 2R 4 4RS 18R 4 12RSZ 8RS? Z
T or rs r r b+c r (b + c)?
Now, (a+ b)(b + c)(c+a) = 2abc+ Y ab (2S5 —c¢) =

(5)
= 25(s? + 4Rr +1r%) — 4Rrs = 2s(s? + 2Rr +r?)
(5) > ZRSZ _ 12RS  ¥(c+a)(a+b) _ 12RS[(Za’+2¥ ab)+¥ab] W (l) 16R(55% +4Rr+12)
b+c 1 25(52+2Rr+r2) 25(s242Rr+12)r r(s2+2Rr+712)

Now, Z(c +a)?(a+b)? =Y(a%? +Yab)? =Y{a*+ X ab)?> + 2 ab)a?} =

=Y at+3 (zz ab) +2() ab) (Y a?) = (Zz @) - 22{(2 ab) - 2abe(29)] +
(Y a) +2(Yar) (Y a)= (Y ar) +(Yan) +2(Y ) (Ylar)+

2
+32Rrs? = (Z a? + Z ab) +32Rrs? = (3s2 — 4Rr — r2)? + 32Rrs? =

(6)
=9s* — 6s%2(4Rr +1%) + 32Rrs? + r2(4R + r)? = 9s* + r?(4R +1)? + s*(8Rr — 612)

(5), (6) > —8RS? » 1 _ [os*+r®(ar+m)?+s? (8Rr—6r2)] (i) —2R[95*+72(4R+7)%+52(8Rr—672)]
’ r (b+c)? r-452(s242Rr+12)2 r(s2+2Rr+71?)2
2R | 6R(5s*+4Rr+r?)  2R[9s*+7?(4R+7)*+s(8Rr—61?)]

(.0, (4= Lk ==

r(s2+2Rr+1r?) r(s2+2Rr+1?2)?
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_ —12R(s® + 2Rr +1?)* + 6R(55® + 4Rr + 1?)(s* + 2Rr +r?)
B r(s2 4+ 2Rr + 1r?)2
2R[9s* +?(4R +1)* + s*(8Rr — 61r°)] () RS?(20Rr + 241?) — Rr*(32R* + 28Rr + 817?)

r(s? 4+ 2Rr +1r?)? r(s? + 2Rr +r?)?
S
Now, 2lalble by=(5) 2-8R3 .8'16R2T252(ﬁ) __ 16R? (i) 16R2+52+2Rr+72
" hghphe 16R?1r252  25(s2+2Rr+12) S24+2Rr+712 S2+2Rr+712
Gerretsen

 RS?(20Rr + 24r?) — Rr?(32R* + 28Rr + 8r%) =
> Rr?[(20R + 24r)(16R — 5r) — (32R? + 28Rr + 8r2)| =
= Rr?(288R? + 256Rr — 128r2) = Rr?{288R? + 192Rr + 64r(R — 2r)} > 0,
~ (7), (8) = given inequality is equivalent to:
R(20R + 24r)s? — Rr(32R? + 28Rr + 81r2)

9
> (s%2 4+ 2Rr +1r2)(s% + 16R? + 2Rr +1?) © s2(4R? + 20Rr — 2r?%) >
> s* + 64R3r + 48R?*r? + 12Rr3 + r*
(a)
Now, the fundamental triangle inequality (Rouche) = s> >m —n=>s’ —-m+n > 0&
(b)
s’<m+n=s2—m—-n < 0, wherem =2R> +10Rr —r* &

n=2(R —2r)JR? — 2Rr
(a).(b)=> s* —s?>(2m) + m* —n?> < 0 = s* — 2s%(2R* + 10Rr —r?) +
+(2R? + 10Rr — r2)? — 4(R — 2r)2(R% — 2Rr) < 0 = s* + 64R3r + 48R%*r? + 12Rr3 +

(©)
+r* < s2(4R? + 20Rr — 2r?) = (9) is true (proved)

** (c) is analogous with the fundamental triangle inequality & - given inequality is equivalent

to (c), hence, given inequality is equivalent to the fundamental triangle inequality
2b%+2c?-a?)(2c?+2a%-b?)(2a%+2b2—c?) (1)
Proof of (b) m2mim? = (2b7+2ci-a?) (2 +6Z Jza?+2bi=c?)

= é{—42 a® + 6(3 s*b? + ¥ a?b?) + 3a2bh%c?}. Now,
S as = (Ya2) ~ 30 + 507 + (e +a?) =

. (ZaZf _3(Za2 _CZ)(?Z“Z —az)(Za2 —p?) =
) T (e () (L) -

= X a?®)? -3¢ a?®>)(X a%b?) + 3a?b?c? Also, Y, a*b? + Y a’b* = Y a?b? (Y a? — c?) =

@ (Z az) (Z azbz) — 3a%b?c?
—4 2\3 12 2 2b2 —12 2b2 2
(1.@), ) > mimgm = (T e e

3
=10 ) +18(Y @) (D ab2) - 2702b2c?] =
1 1-32(s*—4Rr —r?)*+18-2(s* —4Rr —1%) -] _

“ 64l {(s?+4Rr + 12} — 2abc(2s) — 432R?*r2%s? |~
) i{s6 — s*(12Rr — 337?) — s2(60R?r? + 120Rr3 + 331%) —}
16 —64R3r3 — 48R%*r* — 12Rr5 — r®
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Now, 4Y a?b? — Y a* = 6Y a?b? — (3 a®)? = 6{(X ab)? — 2abc(2s)} — (3 a?)?
= 4{(s> + 4Rr +1%)? — (s> —4Rr —r?)?} + 2(s? + 4Rr + r?)?> — 96Rrs? =
= 4(2s2)(8Rr + 2r%) + 2(s* + r2(4R + )2 + 2s2(4Rr + r2)) — 96Rrs?

(5)
= 2s* — s2(16Rr — 201%) + 2r?(4R +1)?
m_é_ o 2b%+2c%-a? _a_z_ . 4Za2b2—2a4_ _
Now, % h2 1=X 4 4A2 1= 16A2 1=
_ s*—s2(8Rr—10r2)+r2(4R+7)2—8r2s? s*+1r2(4R+1)?-s%(8Rr-212)

L (by (5))= o~

NASE Y
0%~

© 1 s& — s®(16Rr — 41?) + s*(96R?*r? + 16Rr3 + 61*) —
= > —52(256R3r3 + 64R%*r* — 16Rr° — 4r°) +

64A
+256R*r* + 256R3r> + 96R%r® + 16Rr” + 18
2

2mgmpme) 2 28R3
Also, (50) = (serress) - mamim?
(7) g2 {56 — s*(12Rr — 337r?) — s2(60R?r? + 120Rr3 + 33r*) —
lea —64R3r3 — 48R%*r* — 12Rr> —r®
(6), (7) = given inequality is equivalent to:
s® — s®(16Rr — 4r?) + s*(96R?*r? + 16Rr3 + 61*) —
—52(256R3r3 + 64R%*r* — 16Rr°® — 4r°) + 256R*r* + 256R3r> + 96R?*r® +
16Rr7 + 1 < 4R2 {56 —s*(12Rr — 337r2%) — s2(60R?r? + 120Rr3 + 33r%) —}
—64R3r3 — 48R%*r* — 12Rr> —r®
& 58 — s%(4R%? + 16Rr — 41?%) + s*(48R3r — 36R?*r? — 16R7r3 + 61%) +
+52(240R*r? + 224R3r® + 68R?*r* + 16Rr> + 47°) + 256R%r3 + 448R*r* +
+304R3r> + 100R?*r® + 16Rr” +r® < 0 &
& {s* — (4R? + 20Rr — 2r?)s? + 64R3r + 48R?*r? + 12Rr3 + r*}
{s* +s?(4Rr + 2r®) + 4R*’r* +4Rr3 +1r*} <0 &
& s* 4+ 64R3r + 48R?*r? + 12Rr3 + r* < s?(4R? + 20Rr — 2r?)
But, the above is inequality (c) proved in the proof of (a) earlier.
= given inequality is true (Proved)
"+ given inequlality reduces to inequality (c) & (c) is analogous to the fundamental inequality
of the triangle, hence, this given inequality is equivalent to the fundamental inequality of the
triangle (Done).

} ovewy

PROBLEM 3.100-Solution by proposer
Let G be the centroid of AABC.
A

2 2
AG = §ma;BG = §mb
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2\ 2.\
1 > cos(ZFA) GB? + AB? — GAZ (§mb) +c? - (§ma)
cos = = =
2GB - AB 2_%%_0
_ 9c? +4mp —4m;  9c? +2a* +2c* — b? — 2b* —2c* +a®
B 12cmy, - 12cmy, B
_9¢? +3a®-3b* 3c®+a®-b?
B 12cmy, B 4cmy,
3c2+a?—-b*<4cm, (1)
Analogous:

3a% + b? — ¢? < 4am,
3a? 4+ b* — c? < 4am, (2)
3b2 +c?—a? <4bm, (3)
By adding (1); (2); (3): 3(a* + b?* + ¢?) < 4(am, + bmg + cmy,)

PROBLEM 3.101-Solution by Rovsen Pirguliyev-Sumgait-Azerbaidian

. . 3
Lemma: if x > q, then prove: sin—> ——

X249
Proof: x > 2 :>E<£::>tan£>£,weh01vez>§:>tanz>3 ()
X 2 X X x x x x
1 < 1 (z) X . 7I> 3
cosx = = sin—
1+ tan? x 1+7T_2 VxZ+9 X Vx2+9
X2

iy L 2 . E o l 1
it is known that: if x > q, then Vx* + 9 sin— > 3 = x — 3x, we have: sin Py et

. T 1 X
xXsin—>x:-——== *
3x Vx2+1 x2+1 ()
b c

a

T T T (%)
3\/§+fxsin—dx+fxsin—dx+fxsin— >
3x 3x 3x

1 1 1
a b c
>3\/2+f ad d+f ad d+f X 4
x X X =
1\/x2+1 1\/x2+1 1\/x2+1

=3V2+Vx2+ 1|8+ Va2 + 17 +Yx2 + 1§ =
=3V2+Ja2+1-V2+/b2+1-V2+c2+1-V2=

=Ja? +14+Vb2+1++/c2 +1>+/3+a%+b2+c?

PROBLEM 3.102-Solution by Hoang Le Nhat Tung-Hanoi-Vietnam
By AM-GM

nn(x%—xz) + nn(x%—x3) 4+ e F nn(x‘rzl_xl) > ni/(nn)xf—xzﬂc%—x3+---+x,2,L—x1
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= ") o) n"\/(nn)(xl—%)z+(x1—%)2+---+(Xn—%)2—(%+---+%)

>n ’(nn) 4 =n /(nn) 7 = => nn(x1 x2) ot nn(xn—xl) > v_

:>X1:x2:"‘:xn:§

PROBLEM 3.103-Solution by proposer

[Vcos A| = |\/|(cosA —cosB) + cosB|| <

< \/IcosA — cosB| + |cosB| < \/lcosA — cos B| +\/|cosB|
because if x,y = Othenmﬁﬁ+\/§
\/lcosAl—\/lcosBI S\/IcosA—cosBl
|Vcos B| = |\/|(cosB —cosA) + cosAIl <
< \/IcosB — cosA| + |cosA| < \/IcosA — cos B +\/|cosA|
—(\/IcosAI—\/IcosBI) <./lcosA—cosB| (2)
By (1); (2): \/|Icos A — cos B| = |\/|cosA| —\/IcosBI|

By squaring: |cos A — cos B| = |cos A| + |cos B| — 2+/|cos A cos B|
B—-A |
5 Cos 7

A B-
Zw/lcosAcosB|+2|cosism >
¢ B-A
ZZ( |cosAcosB|+|cos§sm 5 |)ZZ(|cosA|+|cosB|)
C B—-A

ZZ(wllcosAcosB|+ Cosisin > |)ZZZ|COSA|
Cc B—-A
|cos A| + |cos B| + |cos C| < Z (\HCOSACOSBl + cosEsin |)

2
PROBLEM 3.104-Solution by Soumitra Mandal-Chandar Nagore-India

|Zsin > |cos A| + |cos B| — 2+/|cos A cos B

A
| > |cos A| + |cos B

2 2 3 2
We have, xi + xiXp41 + Xiyy 23 (e +xi41)

xl x1+1 2 2
+=Lt=+1 X T XX T X (3

n
Z Xit1 _ Z S V3N Xt X
XiXi41 2 Lt XiXit1

i=1 Jx + x4 +x7, =1

AM=GM \/_ AM2GM  n+/3
> E > —=
2z ==
=1 VXiXi+1 VIiz X
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PROBLEM 3.105-Solution by Soumava Chakraborty-Kolkata-India

Ly e BAY G4 EAF_ G4 n
3Ya 3Xa 3Xa 27(2s)° 216s°

PROBLEM 3.106-Solution by proposer

. A A 1
We make some transformations, let k, = tanz = coS— = J_ and we know
k2+1

A AI—(s—a)_‘/m @—(s—a)

an7z - " |Ravi|
x+y)y+2)(z+x) xXyz
2 . X —X\Jy+z
B \/ 4yxyz(x +y +2) xrytz NN+ —Jxx+y+2)
XyzZ
x+g/]+z"/m vz

vz

=\/(x+y)(x+z)+\/x(x+y+z)

=>Zcos%=z ! > =
cyc cyc < \/ﬁ ) +1
\/\/(x+y)(x+z)+\/x(x+y+z)
1
cyc\/(\/(x+y)(x+z)—\/x(x+y+z))2_}_1
yzZ

Z\/(x+y+z)x+(x+y)(x+z)+yz—2\/x(x+y+z)(x+y)(x+z)

cyc

:iz vz
V2 x+E+2)—Jxx+y+20&x+y)(x+2)

cyc

1 \/(x+y)(x+z)+\/x(x+y+z)_i x(x+y+2)
_‘/EZ\/ Vo +y)(x +2) - 2;\/1-}_\/(96"'3’)(96‘*'2)

3 x(x+y+2) 3 x(x+y+2)
S\/E<3+;\/(x+y)(x+z)>g\/5<3+\/36yc(x+y)(x+z)>
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-2 3+ 6(1+ Az ) = 9+3 3+3 r
2 x+Vy+20x+2))] |2 2 8 R

19 ,3 3 V3-1 11V/3+37
Hence, we need to prove: \/2+3 2+8-t < "3 t+ 3

@((\/5—1 +11\/§+37> _g) —Z(1+lt)20

t
46 8v6 2 2 4
_ 2(+2 _ — —
it (t?(28 —16V3) + ;(6280:4\5 316) + 713 — 1628v3) S0 o

(t2(28 — 16v3) + t(208V3 — 316) — 713 + 1628v3) = 0 (***)

D, = (208V3 — 316)" — 4(~713 + 1628v3)(28 — 16v3) = 13824(45 — 26v3) < 0 =
PROBLEM 3.107-Solution by Soumava Chakraborty-Kolkata-India

2 D Ysin* A @ /3 /R\? r
23(5) <Sawa=a () (-7
Firstly, ¥ a* = ($ a?)? — 2{(3 ab)? — 2abc(2s)}
= 4(s? —4Rr —r?)? — 2(s? + 4Rr + r?)? + 32Rrs?
=2(s* +r2(4R + 1)? — 2s%(4Rr + %)) + 2(2s2)(—8Rr — 2r?) + 32Rrs?
= 2s* 4+ 2r2(4R +1)? — 4s?(4Rr + r?) — 8s%r?

®
= 25% 4+ 2r2(4R + )% — 4s2(4Rr + 3r2)
(i)
Also, Y, a® = 3abc + 2s(s? — 12Rr — 312) = 25(s? — 6Rr — 3r?)

Using sind = o eto 552 = () (52) = i = () (1-5)

?
& r? Z a* (ZS) V3R - R(R —1r)s(s? — 6Rr — 3r2)
a

Mitrinovic ,¢2 (s2—6Rr—372)R(R-7) ;

RHS of (2a) = 3

r2Y aq*
?

& 6125t + 6r*(4R + 1)? — 125%r?(4Rr + 312) , S(_) 25%(s? —6Rr —3r®)R(R — 1)
v (i

?
& s*(R? —Rr —3r%) + 65s%r3(4R + 3r) = 3s?Rr(R —r)(2R + 1) + 3r*(4R + r)?
?
& s*(R? — Rr — 2r%) + 6s%r3(4R + 37r) (ZZb) r?2s* + 3s?Rr(R—1r)(2R + 1) + 3r*(4R + 1)?

Gerretsen
LHSof (2b) =  s?(16Rr — 5r?)(R?> — Rr — 2r%) + 6s%r3(4R + 37)
Gerretsen

Also,RHS < 712%s?(4R?> + 4Rr +37r?) + 35?Rr(R —7)(2R + 1) + 3r*(4R + 1)?
=~ in order to prove (2b), it suffices to prove:
s?2(16R — 51)(R? — Rr — 2r?) + 65%r?(4R + 3r) >
rs?2(4R%? + 4Rr + 37%) + 3s?R(R —1)(2R + 1) + 3r3(4R + r)?
& s?{(16R —5r)(R? = Rr — 2r?) —=3R(R—1r)(2R + 1) + 67%(4R + 31)
—1r(4R? + 4Rr + 3r?%)}
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(2¢0)
& s2(10R3 — 22R%r — 4Rr? + 25r3) > 3r3(4R +1)?
 10R3 — 22R?*r — 4Rr? + 2513 = (R — 2r){(R — 2r)(10R + 187) + 287%}+ 9r3 > 0 as
R > 2r (Euler),
Gerretsen

~LHSof (2c) =  (16Rr —5r?)(10R3 — 22R2r — 4Rr? + 2513) > 3r3(4R + r)?
& 80t* — 201t — t? + 198t — 64 > 0 (where t = —)

Euler

e (t—2){(t —2)(80t? + 119t + 155) + 342} 2 0->truewt > 2
= (2a) is true = (2) is true

Also Ysin* A _ (L) (s4+r2(4R+r)2_252(4RT+31,2)) S 2\/_( )2

’ ¥sin3 A 2R s(s2—6Rr—3r2)
(1a) 4s5(s? — 6Rr — 3r2)\/3r?

& s* 4+ 1r%2(4R +1)? — 25%(4Rr + 37r%) > B
Mitrinovic ?
Now, RHS of (1a) <  187r2%(s? — 6Rr —3r2) < s*+r2(4R +1r)? — 2s?(4Rr + 372)
?
& s*+1r2(4R +1)2 +54r3(2R + 1) (121)) 181252 + s2(8Rr + 67132)

Gerretsen

?
Now, LHS of (1b) =  s?(16Rr —57r2) +r?(4R + 1r)?> + 54r3(2R + r) = s?(8Rr +
241?)

?
& s2(BR—29r) + (4R +1)?> +54r2(2R+1) =0
?
& s%2(8R —16r) + 7(4R + 1)? + 54r2(2R + 1) (2) 13rs?
1c

Gerretsen
Now, LHS of (1c) =  (16Rr —5r?)(8R — 167) + r(4R + )% + 54r?(2R + 1)
Gerretsen

Also, RHS of (1c) <  137r(4R? + 4Rr + 3r?)
=~ in order to prove (1c), it suffices to prove:
(16R — 57)(8R — 167) + (4R + 1)? + 54r(2R + r) = 13(4R? + 4Rr + 31r?)
& 23R?—58Rr+24>0< (R—2r)(23R—12r) >0 > true~ R > 2r
= (1a) is true = (1) is true

PROBLEM 3.108-Solution by Soumava Chakraborty-Kolkata-India
3@ @  r\z2 123\ ,ry 51
—_—< 14 < —) — (_) — i
16 = ZCOS 1<6(3) -(5) @)+ 3

cos A cos B cos ¢ = (Lreizad)(*ra?-b)(atb?—c?) (i)
2bc-2ca-2ab

Numerator = (3 a? — 2a®) (X a? — 2b?)(X a? — 2¢?)

") -2(2 @) () e (3 (L eor) - eevee
=-(Q,at) +4(Q. azz) (o ab)z - 2abe(25)} - 128R%r25?
(Z { Z ) - (Z az) - 16sabc} — 128R2r2s?

(Z ) s2 4+ 4Rr +12)? — s(s? —4Rr —r?)? — 16Rrs?} — 128R?r?s?
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=4 (Z az) {25%(8Rr + 2r?) — 16Rrs?} — 128R?r2s?
= 32r25%(s? — 4Rr —r?) — 128R%*r?s? = 32r?5%(s? — 4R* — 4Rr — r?) > (ii)
( i) ¢2_4p2
(i), (i) = [[cos A = S4R—4Rr=r?

4R?
2_ 2
(2) & Y(1 —sin? 4)? < 51R2—123Rr+48r

8R?

_ _ 51R? — 123Rr + 4812
@2(1—251n2A+sm4A)£ SR2

_ 51R? — 123Rr + 48r?
=3 Z(cos 24) + Z:(sm4 A) < e

_ 51R? — 123Rr + 4812
[—1 — COS Sin =
1—4 (n A) Z( “4) < —

s? — (2R +1)? by (iit) 51R? — 123Rr + 4812
o —-1- Z(sm A)

<
- 8R2
- 27R? — 155Rr +40r?2 +8s% Ya* 27R?—155Rr + 40r? + 8s2
S Z(sm A) <

=3 <
(E;RZ 16R* — 8R?
a
=3 Z a* < 54R* — 310R3r + 80R?r? + 16R?s?
Now, Y a* = (¥ a®)? — 2{(C ab)? — 2abc(2s)}
= 4(s? —4Rr —r?)? — 2(s? + 4Rr + r?)? + 32Rrs?
=2(s* +72(4R +1)% — 252(4Rr + %)) + 2(2s2) (- 8Rr — 2r?) + 32Rrs?
= 2s*+2r?(4R + r)? — 452(4Rr +1r?) — 8s%r?
=2s*+ 2r2(4R +1)2 — 4s%(4Rr + 31r?) < 54R* — 310R3r + 80R?r? + 16R?s?
& st < 27R* — 155R3r + 40R?*r? — r2(4R + 1r)? + 232(4R2 + 4Rr + 312?)

Gerretsen

Now, LHSof () <  s?(4R* +4Rr + 3r?%) S
27R* — 155R3r + 40R?r? — r2(4R + 1r)? + 25%(4R? + 4Rr + 31?)

?
& s2(4R? + 4Rr + 372) + 27R* — 155R3r + 40R?r? — r2(4R + 1)? 20
Cc

Gerretsen

Now, LHSof (c) =  27R*—155R3r + 40R2r2 —r2(4R +1)%* +
+(16Rr — 5r%2)(4R? + 4Rr + 3r?) > 0
& 27t* — 91t3 + 68t + 20t — 16 > 0 (where t = —)

Euler
e (t—2){(t—-2)(27t%2 + 17t + 28) + 64} 2 0->true~wt > 2
= (a) is true = (2) is true
Chebyshev 1 ? 3 ? 3 ?
Also, Y. cos*A > (5) (X cos? 4)? > = Y cos?A > S Y sin? A <

» o

?
© Y a? < 9R? > true by Leibnitz = (1) is true

PROBLEM 3.109-Solution by Catinca Alexandru-Romania

(a+b+c+d)3

> abe >16 < (a+b+c+d)?>16-4[1,1,1,0];
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& Z a®+3 Z a’b + 62 abc > 16[1,1,1,0]4;

sym
& [3,0,0,0]-4+3-[2,1,0,0]- 12 + 6[1,1,1,0] - 4 > 16 - 4[1,1,1,0]
& 4[3,0,0,0] + 36[2,1,0,0] > 40[1,1,1,0] (1)
4[3,0,0,0] = 4[1,1,1,0] as (3,0,0,0) > (1,1,1,0) Muirhead
36[2,1,0,0] = 36[1,1,1,0] as (2,1,0,0) > (1,1,1,0) Muirhead
+

4[3,0,0,0] + 36[2,1,0,0] > 40[1,1,1,0] = (1) is True=
PROBLEM 3.110-Solution by Marian Ursdrescu-Romania

Ca)?
> abe > 16

2 2
Inany A ABC we have: m; > bre (1), because:
b>+c? a® 2(b*+c?)—(b®+c?—2bcsinA)

2 4 4
b? +c* +2bccosA  b* +c? —2bccos(B+C)

mé =

__(bcosB—ccosC)%+(bsinB+csin C)? > (b sin B+csin €)?
- 4
1 R
From(l):>—+—+— )
a

= 1istrue

me
- >b2+cz>2_bc=£ 1 Zi ( +i+1)
= 4R T 4R 2R ma_bc m bc
Nowweshowthisz:»ZR( + -+ ) 21'%(z)ib+bi+ai<—whzch1tstrue
PS—+ +—<i1tstruebecause—+—+— L <> o R>2r true

ac  2Rr — ar?

PROBLEM 3.111-Solution by Marian Ursdrescu - Romania

From Hélder’s inequality we have:

1\ 1\ 1\
((sinA + sin B cos C)ﬁ) + ((sinA cos B sin C)ﬁ> + ((COSA sin B sin C)ﬁ) >

1 1 1\
((sinA + sin B cos C)n + (sin A cos B sin C)n + (cos A sin B sin C)ﬁ)

> e
371—1

1 n
o (Z(sinA sin B sin C)ﬁ) < 3n-t. Z sinAsinB cos C =

We must show: Y, sin Asin B cos C < Z (1)

Now: cos 2A + cos 2B — cos 2C = 2 cos(A + B) cos(A — B) — 2cos?C + 1
A—B+C A—B—-C
=—2cosC(cos(A—B)+cosC)+1= 1—ZCosC-2cos(T)cos<T)
=1—4sinAsinBcosC = sinAsinBsinC =i(1—c052A—c052B+c052C) (2)

From (1)+(2) we must show: 3-(cos 2A+CZSZB+C°S 20) o g (3)

But cos 2A + cos 2B + cos 2C = —1 —4cosAcosBcosC (4)
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From (3)+(4) we must show: 1 + cos Acos B cos C < g & cosAcosBcosC < %, which its

true.

PROBLEM 3.112-Solution by Soumava Chakraborty-Kolkata-India

2,2 (1) 2) =
=42 = V12805 +)9), 4x® -3y = o
(1) & (x3 + y3)8 — 128x8y8(x8 + y®) = 0 © t2* + 8t2! + 28¢18 — 12816 4 56t15 +
X
+70t1% +56t° —128t8 +28t° +8t3+1 =0 (t = —) o

& (t—1)2(t%2 + 22 + 3t2° + 121 + 218 + 30tY7 + 67t16 + 104> + 13t —
—22t13 — 5712 — 92¢11 — 57¢10 — 22¢% + 13t8 + 104t7 + 67t° + 30t° + 21t* +
+12t3+3t24+2t+1) =0 (t—1)?2-p=0 (a) (say)

Now, 12t° — 22¢13 + 104t7 = 2t7(6t1? — 11t + 52) =
= 2t7(6a? — 11a; + 52)[(a; = t®)] > 0 (i)~ discriminant A = 121 —4-6-52 < 0
Also, 21t*8 — 57t12 + 67t® = t6(21t'? — 57t® + 67) = t®(21a? — 57a, + 67) > 0 (ii)
“A=57>—-84-67<0
Again, 67t16 — 57¢10 + 21¢* = t*(67t12 — 57t° + 21) =
= t*(67a? — 57a, +21) > 0 (i)~ A =572 —84-67 <0
Moreover, 104t5 — 22t° + 12t3 (iv) = 2t3(52t*2 — 11t6 + 6) =
=2t3(52a% —11a; +6) >0 (v)*A=112—24-52< 0

~6 A-G

Now, 30t'7 +30t> > 60t'?,13t* + 13t® > 26t

vi) (vid)

A-G (ix) x
300 +307 > 6" &of course, t* + 267 + 26 +1 > 0ast >0 (t= > 0)

vt
(D) +(ii)+(iii)+(iv)+(v)+(vi)+(vi)+(viii))+(ix) > P > 0 ~a=>t=1=>x=y

From (2),wehavel —xy=1—-x?>0=>x<1=>0<x<1

~0<x,y<1llLletx=7y=cosf (0<9<§)

=~ (2) becomes 4 cos® 0 — 3 cos @ = 1+Szin9 = cosf = 1+Szin9 (2a) =

T
:>2cosz(39)=1+sin9=>1+cos69:1+sin9:>cos69:cos(z—9):>
=>251r1(£+£)sir1(£—ﬁ)=O.NOW,E<E+§<3—7r
4 2 4 2 4 T4 2 2
A

y =sinx

3
2
¢

NS N

= e-
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T

: 56 56
sm(—+—) =0=2+2=r=0=2 Fom (2a), cos30 > 0 (%), but cos = < 0
4 2 4 2 3 10 10
LX =y = cosl—z is not an acceptable solution.

3 76 . 76
Also,—7n<§——<z-'- sm(z——) =

2 4 4 2 .
! b} y=sinx
/\\/ é : \=
—37 [y
2 4
:>7T 79_0 . o 5
4 2 TP TY T

15w 5m .
But cos— < 0,~x=y= cos —Is unacceptable
. . . A
~ only possible solution is: x =y = cos—,

PROBLEM 3.113-Solution by proposer

By the AM-GM inequality, we have:

y272 L 2y%z2
3x2 + yz _ 3x? + yz - 3x* + y2 + z2 _ \/Zyzzz + 3x2y? + 3z2%x?
y? + z? y:+z2 y? +z2 y?+z2

. 2x2y2+3y2z2+322%x2
Similarly, we have: LHS > Z‘/ z xZiyZ

Putx? = a,y? = b,z?> = ¢ (a,b,c > 0). Thus, we need to prove:

Z v2ab + 3bc + 3ca - 103 N 20abc
a+b ] 6 3a+b)(b+c)(c+a)

Z 2ab + 3bc + 3ca ZZ \/(Zbc + 3ca + 3ab)(2ca + 3ab + 3bc)
3

>
CED b+ 0(c+a) =
10 20abc

>
=% "3@+n0rokta
By the Cauchy - Schwarz inequality, we have:
Z \/(Zbc + 3ca + 3ab)(2ca + 3ab + 3bc) - Z 3ab + c\/(Za +3b)(3a + b)

(b+c)c+a) (b+c)(c+a)

20 + 3b)(3a + 2b
sabte: \/((;a++ 313)((3?a++ 22> sab+ ¢ 208 ;(cll?fgf -
:Z b +olcta) ZZ b +oc+a

7a% + 16ab + 7b?
- 3(a + b) _16(a+b+c)(ab+ bc+ca)

3ab +c-
_Z b+c)c+a) T 3(a+b)(b+o)(c+a)
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, ) 1 1 1 9
By the Iran 1996 inequality, we have: (ab + bc + ca) [(a+b)2 1o (c+a)2] =2
9 _a_ 32(a+b+c)(ab+bc+ca) 103 20abc
Thus, we need to prove: 2 +2 b+c + 3(a+b)(b+c)(c+a) = 6 3(a+b)(b+c)(c+a)
a b c 4abc

>
@b+c+c+a+a+b+(a+b)(b+c)(c+a) =2
e a’+ b3+ c3+3abc =>ab(a+b) + bc(b+c)+calc+a)
True by Schur inequality. The equality holds for x =y = z.

PROBLEM 3.114-Solution by proposer

We use the substitution: a = y + z,b = z + x,¢c = x + Y, for three positive real numbers
x,y,Zz>0.Thenx =s —a,y =s — b,z = s — c, with s the semiperimeter of the triangle.
Hence: xy + yz + zx = —s% + ab + ab + bc + ca = 7(4R + 1), be the well-known relations

[1], ab + bc + ca = s? + 4Rr + r2. The inequality is transformed to (xy + yz + zx) ((x+1y)2 +
1 1

+2)2  (z+x)?

Remark 1. By Euler’s inequality R > 2r, we have (9R + 2r)(R — 2r) = 0. Hence
2 > Thusthe inequality is a sharpening of the well-known inequality

1 1 1 1

) = %, and this is a famous inequality, [2].

4r(4R+1) — R?

References
[1] O. Bottema, R.Z. Djordjevic, R. R. Janic, D. S. Mitrinovic, P.M. Vasic, Geometric
inequalities., Groningen, Wolters-Noordhoff, 1969.
[2] CRUX Mathematicorum, 1994, No. 4, p. 108, Problem 1940

PROBLEM 3.115-Solution by Feti Sinani-Podujeve-Kosovo

400

f In(x) sin x
1

" o1 x " 1 1
dx = Imf e*x 2In(x) dx = [—_ = t] = Imf e *x 2In(xi) izdx =
0 x2 0 ' 0

+o00

dx+1mj e‘xx_%ln(ei%) (ei%) dx | =
0

+oo

=Im f e‘xx_% In(x) (ei%)
0
=Im <1" (%) (COS% + isin%) + F(%)%l (COS% + isin%)) =

20+ 50)-E Q) D= Flr e

PROBLEM 3.116-Solution by proposers

N

1
2

Apply the Stirling’s second sum, we get,

2
fol x" 1Inf(1 —x)dx = (—1)"% (1)
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where,

% :kZ( )(k j— 1)!H,§"‘j)jz.(n)

j=
Putting k = 4, we get,

2
2() = H + 6HAHY +3(H) + 8H,HY + 6HY  (2)
then using (1) & (2), and then summmg both sides, we get
In*(1 —x In*(1 —x
—5 = Z( 1)’1] nnt(1 — x) dx = jZ(— )"¥ > f¥dx
1+x
0 0

Replace x—=>1—x

1 o 1 o)
In*(x) 1 X", 1 114
zfz_xdszij—nln (x)dxzzz—nfx In*(x) dx
0

0 n=0 n=1 0
[e%) 1
:>z L ldx| =
27 ant|)
n=0 0
1 [x"In*(x)  4x™ x™ x™ x|
:>ZZ_[ <2 _In 3(x)+12—1n2(x)—24—1n(x)+24 ] R
=0 0
G

= 247 1< J ) = 24Li, ( ) (0R) =S = 24Lis (3) (OR) S = —24Lis () (Answer)

PROBLEM 3.117-Solution by proposer
* By AM-GM inequality we have:

a3+a3+a3+%+%+%+%+1+1+1210-10\/a3-a3-a3-(%)4-1-1-1=

=10-"Va® =10a = 3a®> +4-Ya+3>10a = 4-Ya > 10a — 3a®> — 3 (1)
- Other, because a,b,c > 0;a+b+c=3=2>a<3=>@-3)(a-1)?<0s (a—3)(a® -
2a+1)<0
©a®-5a*+7a-3<0oa®*<5a*-7a+3 (2)
-Let (1), (2): = 43¥a = 10a — 3(5a* —7a + 3) —3 =31la — 15a* - 12 >
%23101—12612—12

L4 31b—15bh%-12 4 31¢-15¢2-12
+Slm11ar.\/52—4 ; \/52—4

31(a+b+c)-15(a?+b%+c2)-36  31-3—-15(a?+b2+c?)-36
— Therefore: Ya + Vb + V¢ > (a+b+c)-15(a c?)=36 _ (a c?)

4 4
N Ya+4p+4/c > 57-15[(a+b+c)?—-2(ab+bc+ca)] _ 30(ab+bct+ca)-78 _ ab+bctca 13
30 = 120 - 120 - 4 20
Ya+4b+4c 11 _ ab+bctca 3
> —+—2= - = (3)
30 40 4 8

+0ther:%+%+%+a2+a225-1/(%)3-a2-a2=5-§/$=5a
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_9p,2
o3-Ya+2a?>5a 0 Va=2 Slmzlar\/—>5b 2b? §/—>5C 2¢
- Therefore: Va + Vb + 3 > S(a+b+c) Z(a +b2+cz) 5-3— 2[(a+b+c)2—2(ab+bc+ca)]
2
= %+ 3D + % > 15-2-3 +4(ab+bc+ca) 3\/—+ b + \/— > 4(ab+bc+ca) -3 @

secaseaneeft3)= () (5-2)+ (- (e~ + (D) (a-Y) 20

@ab+bc+ca2a+b+c—z—3—%=2:>ab+bc+ca—2>0 (5)

. 3(ab+bc+ca-2) 3(ab+bc+ca-2) _ 9(ab+bc+ca-2)
+ Let (4)1 (5):> 2(%+%+%+1) — 8(ab+§)c+ca) - 8(ab+bc+ca) (6]
) ” ,ab+bc+ca _ 3 9(ab+bc+ca-2)
Let (3), (6), (*). We need to prove: s = B(abrborca)
S ab“jfﬂa + 4(ab+zc+ca) > = (True because by AM-GM inequality) and we get the result.

+ Equallty occursifa=b=c=1

PROBLEM 3.118-Solution by Togrul Ehmedov-Baku-Azerbaidian

1+x?=y?>x=y2-1>dx= Y dy

Jyz—1
-0y + D2

_ J(y
1428 0 vy -1 0 (y—l)%

[ p-1 D
=j(y—1) 2 (y+ D2dy
0

1 t 1 1=d 1dt
—_—= = = - — = e —
y—1 Y71 >
) D o)
1-p /14 2t\2dt —2p—3
Izjtz ( )—:f (1+2t)2dt
t t2
0 0
2t = :>Z:>dt—
773 ~ 72
[ ¢ 1 1
2p+1 —2p—3 7 2 +
I'= jZ 2 (1+z)201x—2”+ f—de—2p+B<p2 —p—i)
0 (1+2)2
Note: B(x,y) = [ ———dt,Re(x) > 0; Re(y) > 0

0 (1+t)x+y

PROBLEM 3.119-Solution by Ali Shather-Iraq and Shivam Sharma-India
(3)

s=) Z%(Z(B) Z( +k)3) “3)((8”22 8(n+k)3

k=1 n=1 k=1n=1
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36 28 8,2
k1°n k1°(k Tn) kon? kKOG +n)?  kénS
§=03)XE®+ Z Z 15 10 6 3 1

k=1n=1 k5(k )’ Tkt + kon5 k5n6 k*n7  k3n8
36H, 287(2) 8 21¢(3) 35 ]
_ - B2 L@ -H?) + B2 - R (1@ - ) -
S =7(3)¢(8) + ; 15010505 66) (D) _$(®)
k7 J® ke okt kP

36(6¢(11) = ¢(2)¢(9) — (B3)(®) — ((H¢(7) - ¢(5)$(6)) —

§=74(3)¢(8) + —28{(2)((9)—8{(2)((9)+8Z k(:)

o 45— 150)07) + 100(5)(6) — 60(6)((5) +3((T)I() — (B (3))
—82 o = 2160(11) = 720(2){(9) = 16{(3){(8) — 48{ (4){(7) = 32{(5)¢(6)

Or

+21¢(3)¢(8) — ¢(3)¢(8) +

Ms

=9¢(2)¢(9) +2¢(3)¢(8) + 6¢(4)¢(7) + 4¢(5)¢(6) — 27¢(11)

k=1

PROBLEM 3.120-Solution by Soumava Chakraborty-Kolkata-India

T

A ABC is acute-angled, - 0 < A,B,C < g ~0<AKL >

T

Adding these last 2, —g <A—-B< 3
A

&—§<—B<0

S

s

2 {
Yy =cosT

From the graph, we see 0 < cos(A—B) <1 (1)
Similarly, 0 < cos(B—C) <1 (2)
0<cos(C—A)<1 (3)

Z sinC (1 + cos2(A — B)) = Z sinC - 2 cos?(4 — B)
by (1)1(2)1(3) ?
Z 2sinC = ZZsinA < \/—Z(sinA + cos A)

C}\/—ZCOSA>(2 \/_)ZsmAﬁx/—( ) (2 ‘/—)()
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& 2(R +1)? ; (6 —4V2)s? (a)
©128>12128V2> 112 4/2> 2 =6--2->6- 42 (4)
(4) = in order to prove (a), it suffices to show: 2(R + 1) > %sz S
& s?2<4(R+1)? (b)

Gerretse ?

n !
Now, LHSof (b)) <  4R?>+4Rr+3r? <4R?>+8Rr+4r? o

?
S 4Rr + 12 > 0 - true = (b) is true = (a) is true

PROBLEM 3.121-Solution by Khalef Ruhemi-Jarash-Jordan

_ (®.p-1 2 n 2 — _ 1 _1_1-y
I_fo x (1+\/1+4x) dx. Let\/1+4x+1—y=>x—y2 y  y?
2 1
dx=—F+?

1

al=- f (1 =Pty Py (y = 2)y - dy

0
1

1
wl=— f yrEPTL (1 —y)P i (y — 2)dy = an‘zp‘l 1-x)P 1+ (1 —x))dx =
0

0
1 1

1

= jx"‘zp‘l (1 —x)Ptdx + j x"2P71(1 — x)Pdx = jx”‘zp‘l (1 —x)Ptdx +
0 0 0

X2 (1 — x)P|*

n—2p

I'(n — 2p)T'(p)
I'(n—p)

p fxn—zp (1—x)P~1=
n—2p
0 0

p \T(n—-2p+DI(p)
+<n—2p) T(h-p+1)
p (n—2p)I(n—2p)l'(p)\ _

s+ (L) (" By ) -
P n

=B(n—2p,p) + (m) B(n—2p,p) = (m) B(n—2p,p) -

n
I = (n_p)B(n— 2p,p)

PROBLEM 3.122-Solution by proposer

. 11
_ v _kTRFT _
an —Zarctankz Tkt1 Zarctan1+ 1
k(k+1)

Z( ) 1 " 1 ) T " 1 T
= _—— = —_—— —_ -
arctan T arcnank 1 2 arc ann_l_ 177

i__—%-ér(ﬁ—an) (1)

lim
n—00 an
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= E o lim, s = () (n-1) @

x@ — g

lim
x~a aA—X
T T T

_ (s  Z %cs . Z 1Tzt
lim n (— — an) = lim = lim =
n n+1 n

. B alACtan(n+1)2iLn+1+1 . arctan(n+ 1)2+n+2
= limp, e __1 = limp,_, 1 (r24n+z 13

n(n+1) (n+1)2+(n+2) n(n+1)

From (1)+(2]+(37z
= tmnfof-5")= Q) (ng-1)

PROBLEM 3.123-Solution by Shivam Sharma-New Delhi-India

=a%(na—-1)

Sl

2
n 2 n n
_ Vit +k+k _ k2 k _ K2k 2
lim ————| = lim 1+—+—| = lim 1+—+—+"-
n—oo nZ n—oo n4‘ n2 n—oo 2714 le
k=1 k=1 k=1
n
_ k
In(Q) =2 lim In 1_[ (1 + —2)
n—-0oo n
k=1
n
k
In (1 + nz)
, k=1
As we know, x — x? < In(1 + x) < x. Using this, we get,

> ()= 2l <Y (%)

n2
=1 k=1

In(Q2) = 2 lim

n—oo

n n 2 n n
1 k ) 1 k ) k 1 k
lim — — | — lim — | < lim Inll1+—)< lim— —
n—oon n/ noow2n? n2 n—oo n2 n—-oon n
k=1 = k =1
n n n n
1 k ) 1 k? ] k 1 k
2 lim — —)— lim — — ]| <2 lim Inll+—)<2Ilim-— —
n-oon n n—-oo 2n2 nz n—oo nZ n-oon n
k=1 k=1 k=1 k=1
1 1

n 1
1 k
2[jxdx—lim(—2>jx2dx < 2 lim ln<1+—2)S2fxdx
n-oo \2n n—oo n
0 k= 0
1

211 n 2
X . X
0 k=1 0

=l

n

k
1<2lim ln<1+—2)S1,1Sln(Q)S1
n—-oo n

k=1
By squeeze theorem, we get Q) = e (Answer)
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PROBLEM 3.124-Solution by Ravi Prakash-New Delhi-India

ZX

jf(t)dt—ff(t)dt

Differentiating w.r.t. x Weget Zerf(er) e*f(e*) = e*f(e*) = 2e?* f(e?*) =
= 2e*f(e*) = e*f(e?*) = f(e*). Putx = Int,t > 0 to obtain:

tft)=f@®) ve>0 (1)
Taking limt — 0 +, we get: 0 = f(0). For 0 < t < 1, tf(t) = tf(t?) = t* f(¢t*°) =
= t2f(t¥) = - t2"f(t*") vn € N. Taking limit asn — o, we get
tf(t) = lim ¢ f(¢t*"), 0 <t <1
=0f(0)=0=f(t)=0for0 <T£ < 1. As f is continuous f(1) = lim,_;_ f(t) = 0.
sfor0<t<1,f(t) =0 Lett>1,t2f(t?) = tf(t) = t%f (t%) = t%f (ti) ==
= tzi”f (tzL”) vn € N. Taking limit asn — oo, we get, fort > 1
tf (t) = lim,_ tzi"f (tzi") = (1)f(Q1) [ f is continuous] = tf(t) = 0Vt > 1
= f(t) =0Vt > 1. Thus, f(x) = 0,Vx = 0. Let g be any continuous function on (—oo, 0] such
that g(0) = 0, then: f(x) = {g(x),v x<0

0,vx =0
PROBLEM 3.125-Solution by proposer

yx>omM-—<h{1+) = ()

_ _ 1 ) _ 2Vx2+1-(2x+1)
Let be f(x) = —m ln(l + x) then: f'(x) = VT < 0

therefore x < o = f(x) > f() = 0. Let be g(x) = In (1 + 1) — % then:
< 0 therefore x < o0 = g(x) > g(0) =0

g ( ) - x(x+1) 2x+1

. 1 k2+k-1
Using (1) we have: }.}_; In (1+ ) h= 1m—mand1fx =—

2 2 2n

then In (1 + k2+k—1) = KtD) (1 1 ks 1) 2 Yke=1 k(k+1) e

PROBLEM 3.126-Solution by Khalef Ruhemi-Jarash-Jordan

I= ] fl'x+ +\/_dxdy—>Letx—t2=>dx—2td1:y—v = dy = 2vdv

0 x\/_+y\/_
1
(Vez+v2 + tv)tv - dt dv VX2 +y2 +xy
=4ff =4f dx | dy
t?v + vt x+y
0 0

Letx =yt =>dx =ydt
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1
1 ¥ 11
y\/1+x2+yx y\/1+x2+yx
=4f f dx |dy = 4ff dy dx +
1+x
0o \o 0 0
1
o x 11 1 00V1+x2 1
V14 x2 + y%x 5Vl +x% +35x 2 7
+4ij 24 dydx=4.[2 3 dx+4j 2x 3% ax
1+x 1+ x 1+x
00 0 ) i 0
Let;=y=>—,dx=—;
1%\/1+x2+§x 1%\/1+x2+%x
=4f dx+4f dx
1+x 1+x
0 0
11ﬁ 1 1 1
FVI+xf+3x V1 + 2 8 1+x—1
=8 dx = dx + = dx
1+x 1+x 3 1+x
0

1 1 1
C (Y SN STy A
== — x x —
3/ T+x s V142 . s (1+x)V1+x?

let x=tan(8);dx= sec2 (G

T
4

By (TR 0+ o

o>—
_T<ln(tan(z— 9)+sec(%—9)) ‘%) =§—§1n(2) +4\/§—4—41n(1 +\/§) +

+ﬁln(1 +2) = —%—gln(z) +4v2 + 4V21In(1 +v2) — 4In(1 +V2) =

:<§)(1—1n(2))+4\/§—4—<

= —g(1—3ﬁ+21n(2)) +4In(V2 - 1) +4V2In(vV2 +1) =
_ —3(1—3\/2+21n(2))+1n((\/§— 1)4) +v2In((vVZ + 1)4) _

= —f(1 —3v2+21n(2)) +In(17 — 12v2) + V2In(17 + 12V2) = I

...jj\/ﬁh/—d dy _——(1—3x/—+21n(2))+1n(17_12\/‘)Jr
Xy + yvx

+V21n(17 + 12V2)
PROBLEM 3.127- Solution by proposer

Ifxy + x5 + X3 + X4 + x5 = 0 then = |cos(Tr— % )| < lcosx;| + [sin(Tr, x|
< |cosx;| + |cos x,| + |cos(x3 + x4 + x5)| < |cos x;| + |cos x,| +
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+|cos x3| + |cos x,| + |cos xs|
Ifxy =%,X, =Y,X3 =2Z,X4 =t, X5 = =X —y — z — t then:
|cos x| + |cos y| + |cosz| + |cos t| + |cos(x +y +z+ t)| >1 (1)
In(l)wetakex———y,y———yz,z———y3,t———y4

= |siny;| + [siny,| + |51ny3| + |51n3’4| + |C05(3’1 +y,+ys+y)l=1or
|sinx| + |siny| + [sinz| + [sint| + [sin(x +y+z+ )| =1 (2)
Adding (1) and (2) we obtain the result.

PROBLEM 3.128- Solution by proposer

and we obtain

In inequality Y,;’- 1 > % we take xy = =, ay = k“ﬁ
2
1 (Ek 1k1a) o) 2
= >

PROBLEM 3.129-Solution by Marian Ursdrescu - Romania

We use Cauchy - D’Alembert, Cesaré - Stolz and f° = e°™7 and - L L Ina, with x, — 0.

bu n+1/ P !U
L = lim b,y " (Ppy)! — by (Py)? = lim b/ (B! ntl — (Pns1) -1 =
n-—-oo n—-oo b% . /(Pn)_!v
nmn/ v u n+i v
bn n(Pn) ‘n <bn+1 VPrs)?” 1) (1)

= llmn—>oo b#W
n+1 n v
: b "V EDY b \* (VP!
hmn_,ooT lim,,_ o (7) ) @
li Pn = i Pnirzbn _ 3
My eo —* = limy 00— (3)
lim V(B! — lim (B! — lim (Pny1)! n" - lim Py ( n )n _1 lim B _
n-w 1 noo | nt now (n+ 1) (P)! noon+1 \n+1 en-on
a?+as + -+ a?
L 1 a2+ ta: 1| 4+ ad
= —lim =-lim [————= lim ————=
e n-o n e n—>o n3 e 4| n—w n3

1 Qi1
=— |lm-—-7——=-|1li =
e noo3n?2+3n+1 e noo(n+1)2 3n2+3n e/3noon

= e_\/glimn—mo(an+1 —a,) = % (4)
b% \/W _ b™-a? (5]

1\/_ az,;, (n+1)2 1 a,
. = lim — =

From (2) + (3) + (4) = lim,_,» — = i
lnb%+1~"+W

. b1V Prsa” T
Now let lim,,_,, n . 1] =lim, ,n — —1|In -
by ,Pn! In bnt1 VPn+1” bn'1 Pn!
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u n+1 u n+i v
= lim,,_,,, nln ”n“—\/_ Vusat | = Jim, ., In (”"“bT V}f;;“ )” (6)
brTlL. pri:! n’ n
b, . n+1p ! v
lim - lim lim (—n> =
n—-oo b n—o0 n—oo n P!
n
. (bn+1 n n+ 1)” . <n+1,/Pn+1! n n+ 1)
= |Im - —_ - lim . .
nbo\n+1 b, n noo\ n+1 ’1/?11 n
3) av3 3e
(4)1'¥ a1 0)

From (6)+(7) we have :

n — n
In lim <bg+1- R Pn+1!u> =1n<lim (bn+1>nu. im (et 1 v
TL—)CX)

n—-oo brrll nlp# n—-oo bn '
b nu
b b1
. by,i1 — by bn+1n—bn nrthn a\/— 36
=In| lim (1 + —)
n—oo bTL

= In(e* - e?) = In(e¥*?) = lne = 1 (8)
From[1)+(5)+(8):>L— U\/_
PROBLEM 3.130-Solution by Marian Ursdrescu - Romania

2 2 2 2
We have: aSin* . pcosx . csinx | jcosx < 2\/2(10{;2 a+logs b+logs c+logs d)

sinx . pcosx _ (~logya\SiIN¥ (1 log, h)COS¥ _
Buta heos* = (2log2a) (plog22) " =
— 210g2 a-sinx | 210g2 b-cosx _ 210g2 a-sinx+log, b cos x (2)

(1)

From Cauchy’s inequality =
(logy a - sinx + log, b cos x)? < (log3 a + log3 b)(sin? x + cos? x) (3)
(4)

logZ a+logZ b

From (Z) + (3] = gSinx , pcosx <2

2 2
Similarly = cSM*d°s* < 2 logi c+logz d

()
From (4) + (5) = a¥in¥ - beosx . gsin . geosx < s riogipe logf gt
From Cauchy’s inequality = 2(a? + p?) = (a + £)? =
= \/log2 a + log2 b + \/logZ c + log2 d < \/2(logZ a + log2 b + log2 c + log2 d) (7)

From (6) 4 (7] N (aC)Sinx ' (bd)cosx < 2\/2(log§ a+log2 b+logZ c+logs d)
PROBLEM 3.131-Solution by proposer
By AM-GM:

2SinA 4 7cosA > 9 [9sind . pcosA — 2./psinA+cosA — ) Z‘ECOS(%_A) =
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=2. 2\/2_605( )>2 2\/25_%= Zﬁ
22 (v2)

Analogous: 25MB 4 2c0sB > =
(V_) (\/_)

B_y adding: ZsinA + ZsinB + ZsinC 4 C0SA | 9COSB | 9cosC -, __ 2
"

PROBLEM 3.132-Solution by Rovsen Pirguliyev-Sumgait-Azerbaidian

Ifx,y > 0;x +y=1,nm € N then x"y™ _ﬁ, if x = sin? x,y = cos? x then:
(sin? x)™ - (cos? x)™ < % (1)
Using (1) we have: LHS < — z T;lmm ‘a- (nimrglmm = (T:jm";; 5 (2)
1
n+m22x/ﬁ=>n+ms2m,
() = 2T (AN om gy = ()"

PROBLEM 3.133-Solution by Soumitra Mandal-Chandar Nagore-India

b
in?(2x) — 1
>dxdy=2f(a+b—x) o (.x) dx =

1+ 2sinxcosx

b b
ff sin?(x +y) +sin?(x—y) —1
1+ 2sinxcosy
a a
b
—Zj(a+b—x)(sm2x—1)dx—2(a+b)f(sm2x—1)dx— fx(stx—l)dx

a
a

+a—b)—2fx(sin2x—1)dx
b

cos 2b — cos 2a
2

=2(a+b)(

= 2(a + b)(sin?a —sin?b + a — b) —Zf(a+b—z) (sin(2a + 2b — 2z) — 1)dz

b
[ letz=a+4+b—x,dx =—-dz;whenx =b,z = a]
whenx =a,z=0>b
a

> 2(a + b)(sin*a —sin? b + a — b) —2f(a+b—z) (sin(mr — 2z) — 1)dz

=>2f(a+b—x)(sin2x—1)dx22(a+b)(sin2a—sin2b+a—b)

:>f(a+b—x)(sin2x—1)dx2(a+b)(sin2a—sin2b+a—b)

a
We need need to prove, (a + b)(sin?a — sin?b +a — b) =
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> (a — b)(sin?a —sin’b +a — b)
© b(sin?a —sin? b + a — b) = 0, which is true (Hence Proved)

PROBLEM 3.134-Solution by Marian Ursdrescu-Romania

a2 (ma + mb) bz(mb + mc) Cz(mc + ma)
hc ha hb

> 8v3s
a’mg . b*my +czmc a’my . b*mg

c*mg ] .
> .
e + ™ ™ o + - + ™ > 8+ 3S. First we show this:

We must show this:

a’m b*m c’m
¢4 —"b 4> 4435 (1)
hc ha hb
b2%+c? bc a’m b’m c?m a’bc | ab%c |, c?ab
We know: m, > Smp>—>—2+—24+-—<> -
2R R ha Ry 2Rh. = 2Rhg = 2Rhy
abc (a
==\ —25( — )—ab bc +ac) (2
ZR(hC+ha+ ) chc+aha+ (ab + b +ac) (2)

From (1)+(2) we must show: ab + bc + ac = 4v/3S (3)
Now ab + bc + ac = s> + 1% + 4Rr = (3) & s2 + r? + 4Rr > 4/3sr (4)
Now use Doucet inequality: 9r(4R + 1) < 35? < (4R + 1)?
From left side of Doucet and (4) we must show this:
16Rr + 412 > 4/3sr @ 4r(4R + 1) > 4V/3sr @ 4R+ 1 >+/3s © (4R + 1)? > 352 true =
then (3) its true. Now, we show this:

a’my , b*m. , c*my
+ + > 44/35 (5 2 2p,  c2hy
he ha hp V35 (5) =(5) = we must show: 222 + bhh + Chh > 4+/3S (6)
but my, = hy,,m, = h,, m, = h, ¢ @ b
a?hp | b?h; | c?hg _ a%c | b%a | c?b _ aBc?+b3a?+c3p?
Btc+ha+hb_b+c+a_ abc (7]
2 2 2
Now, we show this:%+b7a+% >ab+ bc+ac &
a3c? + b3a? + c3b? = abc(ab + bc + ac) (8)
Now, use inequality of generalized enviroments =
4

Za al 2+§b3a2+;c3b2>a b?c
7b3a2 + §c3b2 + ;a?’c2 > a?bc? p = a3c? + b3a? + ¢?b? > abc(ab + ac + bc) =
4 32 32,12, 2.2
;cb +7ac +?ba > ab“c
= (8) its true. From (7) + (8) we must show: ab + bc + ac > 4+/3S, but this inequality its

true from (3). From (1) + (5) = inequality its true.

PROBLEM 3.135-Solution by Marian Ursdrescu-Romania

From Bergstrém inequality =
a? b2 (a+b+c)?> _ a+b+c 1
xb+yc = xc+ya  xa+yb — (a+b+c)(x+y) - x+y [ )
a b c a? b2 c? (a+b+c)?
xb+yc = xc+ya = xa+yb - xab+yac = xbc+yab = xac+ybc — (ab+ac+bc)(x+y) (2)
From (2)+(3)= But (a + b + ¢)*> = 3(ab + ac + bc) (3)

c2
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a b c > (4]
xb+yc  xc+ya xa+yb x+y
2 2
From [1)+(4):> a+c b+a? c+b > 3 a+b+c

xb+yc xc+ya xa+yb — x+y x+y

PROBLEM 3.136-Solution by proposer

S = Zn: Tape (x)

Let, x = cos(Q) Then by definition, we have

= Z cos(4k cos™1(x)) = Z cos(4k cos™1(cos 0)) = Z cos(4k0) =

_(,4i0 n+1
= Real Part Y}_,e* 0 = 1+ e*0 + ¢80 4+ ... 4 (n + 1) terms = ()

(1 _ ei(4n+4)0)(1 _ e—4i9) (1 _ ei(4n+4)0)(1 _ e—4i9)

1—e4i0

T T A=) (1 —e 40 2(e*P + ¢—410)
(1 —cos(4n +4)0) — Lsm((4n + 4)9) (1 — (cos(40)) + lsm(49))
2 — 2 cos(40)

1 - cos((4n + 4)9) — cos(40) + cos((4n + 4)9) cos(40) + sm((4n + 4)9) sin(46)
2(1 — cos(40))
(1 — cos(40)) — cos((4n + 4)9) (1 —cos(40)) + sm((4n + 4)9) sin(46)
2(1 — cos(40))

1 (4n + 4)60) sin(40)
= 3 Il — cos((4n + 4)9) + sm( 1n_ cos(é)L;;n
1 sin((4n + 4)6) 2 sin(26) cos(26)
:>§I1 —cos((4n + 4)0) + 25in2(20) ]
1 1+ 51n((4n + 4)9) cos(20) — cos((4n + 4)9) sin(26)
2 sin(20)
1| ~sin (((4n +4)6) — 29) 1[ sin((4n +2)8)
- 2 [1 + sin(20) 2 [1 + sin(20) l =

1 ll N sin((4n + 2)6)
2 2[cos(9) V1 — cos? 9]
As, x = cos 0 = Ugpyo(x) = sin((4n + 2) cos1(cos 9)) 50,

Ugnsz(x) = sin((4n + 2)9). Using above, we get, S = [Ml (Answer)

PROBLEM 3.137-Solution by Shafiqur Rahman-Bangladesh

1
. fx) . 0)* (x + Dx* b
ALIE‘Of_xx =Agr§0(f(x+1)—f(x))=a; gggo(g;c) =1ng(f)?c(x+f)x+1=;
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Now i (£ 0)™* ((90) ¥ = () ™ ) -
1

( ) sin?t
cos?t g (x)f sin? t
(@) . xcosz el N/ sm2 <( (X)) x(x+1) — 1>

= lim
X

n—oo

, b sin? ¢ e xs(l;_l_lt) ln(g(x)) sin?¢ . b sin? ¢
= qcost. - - lim p—n ‘In(g(x)) **1 | = q%s°t. - -1-1n0
n—-oo
Tx(x + 1)1 (g(x))

sin?t sin’t
» lim ()™ f((g(m)ﬁ - (g(x>)7> = —o

sin?t

Note: litmy e, -~ +Dl n(g()) = lnnnemfrltlﬂ(%?)::()andlhnnﬁw(g(x))_jiT-:

+1

xsin? t
lim,,, e (be—x) o=
1
Cf) o (g)x glx+Dx* b
rlll—{?oT - 1*111—I>Io}o(f(x +1 f(X)) =& 711—>nolo X 1’11—>oo g(x) (x + 1)x+1 e

sin? t sin? t
Now, lim.co (£ ()" * ((g(x))x_“ ~ (g (x>)T> = limy e (@)“’S “yeost

1y sin?t
(g0)* )
X
sin? t b sin? ¢ b ——Sil_l:lt
- X
L xSin*e ((g(x)) *oet) — 1) = geos’t (E) - x - lim (?x) -1]=
n—-oo

. bx
N xsin®t_ (bx In? (?)
= q®s°t. (—) lim | — In (—) +0( ———=
e n-oo x+1 e x+1

sin? t

,. (b ~ xsin®?t_ /bx
—qcost. (—) lim In (—)
e noo x + 1 e

< lim (F(0))™ t((g(x)) (g(x>)7> = —o0

it)) ()x _ (x+1) b
lim 12 = lim (f(x + D~ f(®) = a; lim (gx) rlllilgogixj)c(x+1)f‘“ e

n-oco X

Now, lim, ... (00" ( G+ DB~ (g00) * )
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00 cos? ¢t ( ) sin? t ) sin?¢t
) X 5 gx+1 x+1 o (g(x x
— . sin“t — 4SIn“t —
N Al—r}c}o( x ) (x+1) ((x + 1)x+1> x x*
g(x + 1) Sirl2 t
= aCOSZ t. Sinz t- hm M
nooo | g(x)

cos?t sin®t sin®t b sin® ¢
7111_1r)1010(f(x)) ((g(x)) x+1 —(g(x)) x >= acos’t . sin t(—)

e

PROBLEM 3.138-Solution by proposers

By Cesaro - Stolz theorem we have:

Mcs . fn+1) - f(n)

= Nim n+1)— (f(n+1) f(n) =a,

and by Cauchy-D’Alembert theorem we deduce that:

=
)
b
p—
A

R
)
8
8
R
L
8
3|

1 1
. (g(x))x ) (g(n))" . nlg(n) ¢c-p'a . gn+1) n"
lim = lim = lim 5 =  lim = =
x>0 X zz&‘; n X—00 n n-oo \ (n + 1) g(n)

n+1 in2 cos?t cos?t
= 1imyy (%(ﬁ) )=§ 50, limyeo (£ ()" t((g(x)) T (g(0) )z

1 cos?t

— asinzt b £ - lim (u(x) ln(u(x)) )

ecoszt x—o0o \ In ()

1

COS t
where u(x) = M with lim,_ . u(x) = 1, then lim,_,, YD1 _ 4 We have:
(g x) )E Inu(x)

x \ cos?t cos?t
(g +1))*+1 o [glx+D) 1 _
llm (u(x)) = i_}m <T = )11_{130 e . - =

(g(x + 1))x+1

cos“t
x+1 x+1 x e \cos’t
X—00 _

9 (g(x + 1))x+1

cos? cos? ) sz t.bcosz ¢

Therefore: limx_,oo(f(x))Sinz ‘ <(g () —(g) =

2
. cos?t _
eCoS2 t Ine -

02
gsin t_bcos t

= —————cos? t, and we are done.
eCOS t
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PROBLEM 3.139-Solution by proposers
1 1 - ey
We have: lim,._, » (r(xx;n)x = limn-w M = lim, e \1/1—? = lim,_ e \/n?—n 24
neN*
T (n+1)! n™ .. Ln—l
- hmn_’oo ((n+1)""’1 ' F) - hmn_’oo (n+1) T Let
) _sinh?¢ _sinh?¢ , _sinh?¢
f(x) = xcosh™t ((F(x + 1)) x - (F(x + 2)) x+1 ) = —xcosh t(l"(x + 1)) * (u(x) —
1,
1 —sinh?t
where u: R; - R, u(x) = <M) . We deduce that:
(T(x+1))x
1 —sinh?t -
_ [ (T +2))*Ht X x+1 1 - sinh®t
Jim uG) = Jim | = 3 =(ge1) =
(T(x + 1)*

We have, lim,,_, % = 1. Also, we have:

1 \ —xsin?t —sin?t
[(x +2))*+t I'(x +2 1
lim (u(x))x = lim u = lim ( ) . =
—00 xX—00 1 x—00 F(x + 1) 1
x +1
(T(x+ 1))* (T(x +2))*
—sin?t
= lim, 0 <x—+11> = =St Therefore:
(T(x+2))x+1
1 —sin?t
F'(x +1)* u(x) — 1
lim f(x) = — lim | x<"*t M -L-lnu(x) =
x—00 x—00 x Inu(x)
1, —sin?t
= — lim (F(x + 1))x . xcosh2 t—sinh?t | u(x) -1
X—00 X

() ‘lnux) | =
—sinh? ¢ _
_ (1) " ulx) —1

. ; X\ _ _ _sinh?t 1 . —sinh? t
5 Jlim e In (il_{gj(u(x)) ) = —e 1-Ine
= eSINh* . ginh? ¢
PROBLEM 3.140-Solution by proposers

;: 1
We have: lim,.,, T — Jim, o, L04D)

— nl _ i n[n! C-D'A
noo = My == = My oy 25 =
T (n+1)! n!) T ( n )n _1

= limy_q ((n+1)n+1 —)= limy e —) =7 We denote:
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f(x) = xsin*t ((F(x + z))%t —(T(x + 1))%3 = xS (T (x + 1))%@(@ — 1), where

L cos“t
w:RY - Ru(x) = M . We deduce that:
(T(x+1))x
1 cos?t
_ (P +2) x x+1 1 cos”t
mu@—m( X+l T =(Ger) =1
(T(x +1))*
We have, lim,,_, o, ubd-1 _ 1 and also we have:

Inu(x)

xcos?t

1 cos?t
lim (u(x)) (M) = lim (Eg i 3 _ 1 L) -

(Tx + 1))* (T(x +2))*+t

cos“t
. x+1 2
= lim, o (—1> = e°S°t, Therefore:

(C(x+2))x+1
1
_ [(x + 1))~ u(x) — 1
lim f(x) = lim [ xsin*¢ (¢ ) x| *) ‘Inu(x) | =
x—00 x—00 X Inu(x)
cos?t
F'(x+1))* . u(lx)—1
_ _il_rl}o ( ( )) . xsmz t+cos?t | lii(x) ‘Inu(x) | =
— ecos t lim ]flu( ) ln 11m (u(x)) ) _ c052t -1 lnecoszt = ec052t .cos?t
X—00

PROBLEM 3.141-Solution by Marian Ursdrescu - Romania

(n + 3)n+2 cos?x (n+ 2)n+1 cos?x
| (et cos? x
Letf:[nn+1] > R, f(t) = ( (t+1)t )
From Lagrange’s theorem we have: 3c € (n,n + 1) such that f(n +1) — f(n) = f'(c) =

L =lim,_, o %™ % (f(n + 1) = f(n)) = lim,_, n5™ ¥ f'(c) (1)

f@t) = ((t +2) (t I i)t> _ (¢ +2)c05% (1 n t%)

tcos? x

F©=cos?x e+ (14 —=)  +(+2)

L = lim nsi®*x
n—-00

tcos? x
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1

1 tcos? x 1 -
1+<—) (coszx-ln(1+—))+tan2x-L1 =
t+1 t+1 141
] t+1
’ _ 2 1 teostx —sin?x cos?x Lyt
f'(t) = cos*x (1 + t+1) [(t +2) +(t+2) (ln (1 + t+1) (t+1)(t+2))] 2

From (1)+(2) and because ¢ € (n,n + 1) we must calculate:

1

) cos? x )
L = lim,_ . n5"° ¥ - cos? x (1 + m) [(n +2)7sin®X 4 (4 )cos’x (ln (1 + ﬁ) —

n
(n+1)(n+2))] (3]
] 5 1 \ncos?x 5 cos? x
lim,,_,, cOS“ x (1 + m) =cos“x-e (4)
PN : i 1 n
li ( ) + + 2)cos x—-1, . nSIin“x (1 (1 + ) _ )
oo\ 7 (n+2) non " n+1/ Mm+1n+2)
1
n \sin®x In({1l+-—F= n
=1+ lim ( ) ) ( n+ 1) _ _
n-ow \n + 2 1 n+1Dn+2)

n
1+11-1) =1 (5
From (3)+(4)+(5) = L = cos? x 5" %

PROBLEM 3.142-Solution by Shafiqur Rahman-Bangladesh

mn
1 mnl_
—In(mn + x,,) + ZE =y = lim x, = lim (e( k=1k y) - mn) =
n—-oo
k=1

X—00
mnl ¢n 1 mn 1
= lim (e(z"“k Sheagtinn) _ mn) = limn (e(z"’:"“k) — m) =
n—-oo n—-0o

mdx 1
= lim (e 1x —m) = lim n(e “m—m) ~limx, =0

PROBLEM 3.143-Solution by Soumitra Mandal-Chandar Nagore-India
(e, b) —y(ab) . Ynsi(a+b)—yu(ab)

Tlll_l;lgo n(Yn(a, b) - Y(aJ b)) = rl),l—l;lgo l n1—>oo 1 B l
1 n 1 n+l n
_ Ziim—ln(n+1+a)—2}§=1m+1n(n+a)
= lim 1 1
n—-0oo - 4
1 1n+1 n 1 1
Y ln(1-'-n+a)_n+1+b_ . 1n(l-l_ﬁ)_n+1_
= lim 1 = lim 1 =
n—-oo n—-oo
n+1) nn+1)
1 1 1
(tapm(1+) -5
= lim 1 =
n—-00
n?
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1+x)In(1+x) —x wospira .. In(1+x)+1-1 1

= lim = lim =—limlnV1+x =
x-0 x2 x-0 2x 2 x>0
x>0 x>0 x>0
ln e 1
)
n n
b—a+l
lim Z —v(a,b =e 2
Jim | In—— 4 y(a,b)

PROBLEM 3.144-Solution by proposer

Ifa,b = 0 then: (a? + 1)(b? + 1) = (a?b? + 1) + a® + b? = a? + 2ab + b? = (a + b)?
[1(a? + 1)? =[](a® + 1) (b? + 1) = [1(a + b)? therefore [1(a* + 1) = [[(a + b)
We take a = sinh x,b = sinhy,c = sinh z = [] cosh? x =[[(1 + sinh? x) >

X+ x —
n(smh x + sinh y) 1_[ 2 smh y cosh Y _
=2 1_[ smh

4 1_[ sinh> =2 1_[ sinh > (1 +ZZ cosh(x — }’))

PROBLEM 3.145-Solution by Ruanghaw Chaokha-Chiangrai-Thailand
( (Tl + 1)xn+1 _ nXxn ) =77

lim (%41 —x,) =x =L = lim
n—-oo

noo \™2n+ DI Y/ (2n — D!
. . n ( +1) n
Stolz-Cesaro; lim,,_,o(a, — ap_1) = lim,_, o a?; a, = nﬁ@—\%
. (n+ Dxpyq . Xp4r nmen-1 o Xn
L= lim —— = lim — lim ———
ooy U OE T DN e ™ (g + DI n-0 M [(n — I
Again, Stolz - Cesaro; llmn_,ooi = hmn_,ooy"—’;"1 =Y@2n—-1D!
. Xn — Xp—1 hm (xn Xn- 1) x
L = lim — %

n-oo n/(Zn -1 - n_m llm (\/m _ n- i/m K
=@n - DI > K = lim V(Z"_l)” " (Zn—l)”

n—oo
And Stolz-Cesaro again; lim,,_,, \/a, = hmn_)oo ; (Zn 1)”
an-1

K=l (2n — D! (n—l)"l_ll 2n-1) (n—l) _
~ o n" 2n =31 et (n—1) n =

I 2n-1) (1 1)n - L xe

= N —=] = rxn [ = —

nl—I}(’)lO (n — 1) n e > 2

PROBLEM 3.146-Solution by Remus Florin Stanca-Romania

R T e (e M R
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cos?t tan2t n+1 cos?t
— limn- J(M) . ((n_“) TVt 1)) .
o " n VW - f)

We know that lim,, o, (""/f(1) - .- f(n + 1) = Vf(D) - .- f(0)) = %a"d“mx—u% =a

fF - f ) L [ g
nn e

= lime ,’f = lim en n+) =

n—oo n—oo

lim

n—oo

n—oo

. (Tl + 1 n+1/ n+1f(k)) an* ¢t
lim n - . —-1]=
no YT, fU
<n+ 1" fa+D 1) _
n VI @

tan®t - limn-

n—-oo

m+ D"V - fln+ D) =0 .. f(n) _

tan?t - lim
noe V- f()

e a a

t =tan’t-—- (—+—) = 2tan’t
a \e e

tan?t-1

lim n <"+i/f(1) [t 1)> -1 =
noee V@ - .. f()
(tan? £ — 1) limn_<” \{lf(l).....f(n+1) ) (tan?2 — 1) - €% i1
noe V) -2----f(n) 2“ € ]
> =tan’t+1=>1= (E)COS . cos’t- (tan’t+1) = (g)cos t =>1= (%)COS t

PROBLEM 3.147-Solution by Soumava Chakraborty-Kolkata-India
2

Z @ C:Z e A:S(g)razﬂ):%ra_ﬂa 42 (;)91‘2
S

tan > tan s]’[tani
Now, Zra3 = (Z ra)3 -3 H(ra + Tb) = (4R + T‘)3 - 3(2rarbrc + Zrarb (Z Ta — rc)) =
(2)
= (4R +1)3 — 3((4R +71)s2 —rs?) = (4R +1)° — 12Rs?

Leibniz ?
Now, RHS of (1) < 81R2r < 413 © 4(4R +1)° — 48Rs? > 81R?*r (by (2))
Gerretsen

& 4(4R +71)3 — 81R?r (% 48s% Now, RHS of (3) <  48R(4R? + 4Rr + 3r2)

? ? R
< 4(4R +71)® —81R?*r & 64t3 —81t2 - 96t +4 >0 (t = 7)
Euler

& (t—2)(64t2+47t —2) >0 >true~t > 2 (Proved)
PROBLEM 3.148-Solution by Marian Ursdrescu-Romania

We use Vasc’s inequality: Va, b, c € R = (a? + b? + c?)? > 3(a®b + b3c + c%a) =
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= /3(a3b + b3c + c3a) < a? + b? + ¢? = inequality becomes:
2(a® + b? + ¢?) + 3 = 3vVabc(a? + b* + ¢?) (1)

a+ bc a + bc
5= Vabc(a? + b? + c¢?) Sg(a2 + b? + c?)

b+ ac
5= Vabc(a? + b% + c?) <

Vabc <

Vabc <
c+ab

Vabc < >
3vabc(a® + b? + ¢c?) <

From (1)+(2) we must show: 2(a? + b? + ¢?) + 3 > (3+ab+ac+bc) &

4(a? +b*>+c?) +6 > 3(a® + b? + c?) + (a®> + b?> + c®)(ab + ac + bc) &
a?+b* +c?2+6=>(a%?+b?+c?)(ab+ac+bc) (3)
Because a,b,c > 0 suchthata+ b + c =3 = 3x,y,z > 0 such that: a =

=
b+ ac
—( )(az + b? + c?)

(c + ab)
2

= Vabc(a? + b?> + ¢?) <

(a?+b%+c

) (B3+ab+ac+bc) (2)

(a® + b? + ¢?)

a?+b?+c?

3x

x+y+t’
3y 3z . Lo [(Xi+yE+z? 9(x2+y?+z2) 9(xy+xz+yt)
b= x+y+t’ €= x+y+t Inequality (3) becomes: 9 ((x+y+t)2) t62 (x+y+2)2 (x+y+2)2
3(x? + y2 4 z?%) - 27(x* + y2 + z%)(xy + xz + yz)
(x +y+2)? - (x+y+2z2)*

S3x2+y2+z2)(x+y+2)?+2(x+y+2)* =2 27(x* +y2 + z:)(xy + xz + yz) (4)
Now, using Cartoaje’s theorem: If f,(x,y, z) is an symmetric polynomial function of degree
n = 4 then: f,(x,y,z) =2 0,Vx,y,z>0 x=0andy = z
(if and only if)

Inourcaselet f,(x,y,z) =3x?+y* +z2)(x+y+2)?+2(x +y+2)* =
=2t(x? +y? + z®)(xy + zx + yz)
f2(0,y,y) =3-2y? - 4y* + 2. 2*y* =27 . 2y . y* =
24y* + 32y* — 54y* = 2y* > 0 = inequality (4) its true.

PROBLEM 3.149-Solution by proposer

l

5= 3 [E04( 2 (2m) ()

k=—1
Assuming that, | = min(l, m,n). This reduces to the series,

(—D2m)! 2n)! I (—Zl, -m—1l,-n—-1 1)
m-D'm+D!'n=D'(n+1)! m—-Il+1,n—-1+171

—2l-2,—m—-Il—¢g-n—-1l—c¢
. . ’ f ) ) .
Now, Applying Dixon’s formula, we get = 3/2 ( m—l—c+ln—l—c+1 ° )
TA-l-a9rl+m-1l-el(l+m+n+l+¢)
T =-21-29TA+mI1+nIr1+m+n)
Now, apply Euler’s reflection formula, we get,
sint(2l+2e) TQ2L+2e) TA+m—-1l—-)FA+n—-1—-a9)TA+m+n+1l+¢)
sint (1 + €) I'(l+¢) FrA+mI'A+n)r(A+m+n)
)l 2t1-1)! . (m=-D!(n=-D!'(m+n+1)!
(1-1)! m!n!(m+n)!

As the limit € — 0, this expression gives = 2(—1
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(I+m+n)'(2D)!'2m)!(2n)!
(I+m)!'(1+n)(m+n)!l!m!n!

(or) S =

(Answer)

PROBLEM 3.150-Solution by proposer

l

S= Z (b (l _2,_lk) (mZTk) (nz-:lk)]

k=—1
Assuming that, | = min(l, m,n). This reduces to the series,

(=D'2m)! 2n)! 5, (—Zl, -m—1L-n—1 1)
m-D'm+D!'n=D'(n+1)! m—-Il+1,n-1+171

Now, Applying Dixon’s formula, we get = 3/2 (—21171—_215,_—871—1 ln—_e,l—_ns—+l 1_ E; 1)

_1"(1—l—e)l"(1+m—l—s)[‘(1+m+n+l+e)

r1-21-29)r0+mr@a+n)rd+m+n)
Now, apply Euler’s reflection formula, we get,
sint(2l+2e) T2+ 2e) TA+m—-1—-)FA+n—-1—-)TA+m+n+1l+¢)

sint(l+¢e) T(+e) T(1+m)IT(1+n)I(1+m+n)
.. . . . Ry (21-1)! . (m-D'(n-D!(m+n+1)!
As the limit € — 0, this expression gives = 2(—1) =D "
(or) S = (I+m+n)'2D)!'(2m)!(2n)! (Answer)

(+m)!'(1+n)(m+n)!l!m!n!

PROBLEM 3.151-Solution by Michael Sterghiou-Greece

A=a,+a,++a,+(1—-a;)(A—-ay)...-.(1—ay) (1)
From Weierstrass product inequality we have [[3-,(1 —ay) =1 —X3_; ax (*) which gives
immediately min A = 1 when ay = 0 Vk € {1,2, ..., n}. Now,

n _ n
[Tie1(1 —a) < [M] from AM-GM given 1 — a, = 0 Vkor

Sn\1 Sn\1

[ge1(1 —ap) < (1 — ;“) where S, = Yx_; ax (1) becomes A < S, + (1 — ;“)
N\ _, x\P~1 X
Let S, = x,x € [0, n]: f(x) =x+(1—;) (%) = 1—(1—5) >0as2<1,
n-1
0< (1 — i) < 1sof(x) T. This means f(x) < f(n) or
Sn n ; n\

Sn+(1—; Sn+(1—;) =n. Therefore A<nand A, .x =nwhenay =1

vk € {1,2, ...,n}
* proved easily by induction over n.

PROBLEM 3.152-Solution by Nassim Nicholas Taleb-USA

Solution with probabilistic commentary:
nn-1) ,, .. j—1 j—1 n(n—1)
distinct terms of 3%, Z{=1 a;a;, -1 2{=1 1= —
Note that we have the lower or upper half of a symmetric square matrix minus the diagonal al-z.
The average term a;a; = 1, allora the mean atl-2 = 1. In probabilistic terms:

There are
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E(a;a;4;) < E(a?)

. 2
j-1 2) _ (1yn 2
i=1aiaj) —( Z] 1a)( j= la])_( j= 1ai)

hence, since all a; are positive: ; ] 1 a =>1

Proof: (Cauchy — Schwarz): (n (nz_ 5

n 1 n n
i=1,2 = s 2
a?+n-1 = ¥ (a? +n—1)

) , . o1
by Harmonic/Arthmetic Mean inequality, - .
l 17

n? 1 2
allora =————< 1 when=Y"_.a? > 1.
YL, af4n?-n nzf—1 L=

PROBLEM 3.153-Solution by Yen Tung Chung-Taichung-Taiwan

00
100

1 o 1
X
— 100 — 100
Q—jf<100x>(ylny) dxdy = f(ylny) dy flOOxdx
00 0 0

__( 100!)( 100! )__ (10012
~\101101/\(In100)1°1/ ~ (101 1n 100)101
where
lett— —Iny=>y=et dy— —e~tdt

rqio1 100!
f(yln)')mo dy = f( te~H)100 (—e~tdt) = f £100 ,—101¢ g — 131103 - oo
0
< 100 b
fx dx:f 5100 5 =x1n100 7, r(o1) _ 100!
1007 ~ (In100)1 ~ (In 100)™°
0 0

PROBLEM 3.154-Solution by proposers
Let be:v, = “Vnl+ "/ (n+1);ne N*

Xp = \/_Z[ZIV_+ZR+2 (k+1)'] \/_ka];nEN*
2

n 1
— 1 E 2
Q= lim — " [vE

n—-oo
an

k=1
n?  nn®cepa . (m+1)M2 q, ~ nfa, m+ 1\ e?
lim —hm — = 1m—-T=11m ( ) =—
n-oo ,/ n-ooo [ Ay h—0eo Apt1 nt noo any g n a
n
and lim,,_, Tﬁ =e.
n
hm i [‘[72] C_S hm ‘;(l+%[vk] ‘;(lzl[v]%] s [v1’21+1]
n-oo n? 4 k noo  (n+4+ 1)% —n? noo2n + 1
=1
[vi] < v?2 < [v2]+1;n € N*
[v2] vy [v2]

:n € N*
mtl-n+1l n+i i myl "
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2
[v2] _ o y (ZW + ™ (n+ 1)!)
nee2n + 1 now2n4 1 now 2n+ 1 -
. Vn! Vnl M"Y+ yn(n+1) "Yn+1D! n+1
= lim +2 . . + .
noowo\ 2n+1 n n+1 2n+1 n+1 2n+1
=l(l+3+l) =2 then:
2 \e e e e
_ e? 2 2e
limx, =—-—=
n—oo a e a

PROBLEM 3.155-Solution by Serban George Florin-Romania

(1+x)*>1+ax, Bernoulli=x*>14+alx—1) =

a?x?\™! a’x?
N >1+m+1) ~1
yz
m+1
b2 2
> >1+(m+1)< 4 —1)
Xz
c?z?
) >1+(m+1)< _1>
Xy

m+1 azxz
=>3m+ < > >3+(m+1)<z —3>+3m=
yz yz
22
=3+(m+1)zy 3(m+1)+3m
=

> 44/3
Z
x2 (MazMg) a?x?
Zyz > 3/ =3 a?b2c? = 43S

3V a2b2c? > 435, 27(abc)2 > (4v35)’ =

= (abc)? = (4\/_5) ,(abc)? > ( ) true as in the inequality Carlitz.
PROBLEM 3.156-Solution by Marian Ursdrescu - Romania

From A.M-G.M. inequality =
1+ab+b
n n tk ab+bc Sh=q tpxg+(ab+bc) Y- t’,‘c rab¥be
Shoitin (Sia ) < (1)

1+ab+bc

From (1) we must show this:
tk 1+ab+bc
Yk=1tXx + (ab + bc) Y=,

1+ab+bc
X 3 ( a+b+c )1+ab+bc zn: .
1+ ab + bc “\1+4+ab+bc 1k
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© Yk=1texx + (ab + bc) 27;:1;—’; <(@a+b+c)Yi1tx (2)
Butx, €[b,c]=>b<x,<c=>(x,—b)c—x)=20=>x—(b+)x,+bc <0

bc
(:)x,%+bc£(b+c)xk=>xk+—£b+c=>

Xk
n
thk+bc_<(b+C)tk:>Zthk+bcz_<(b+C) tk
Xk
k=1
Yik=1trXx + (ab + bc) Yk, "<ab2 —+(b+C)Zk=1tk (3)

From (2)+(3) we must show

abz—+(b+c)2tk<(a+b+c)Ztk(:>abZ—<aZtk

b2k=1;l; = Ek:l te (4)

1 1 tx tk n tk 1on n tk n
Butx,>bs—<-o5=< =LY =< t, =Y =<Y .t =
kZbo o< o Eckay Ky b E <TG

(4) is true.
PROBLEM 3.157-Solution by Marian Ursdrescu-Romania

We must show:
+1
hJ*E n hyt n Rttt > 9
hanh;)nh;r:n(xhb"’yhc)m (hghph)™(xhe+yhe)™ (hqhph)™(xhq+yhp)™ — (x+y)Ms2mym—1
From Hélder’s inequality we have:

(1)

1 hg ™! 1 (hg + hy + R)™*!
(hahbhc)m (th + yhc) - (h hb C)m (X + y)m(h + hb +h )m
hq (hg+hp+h()
Z hznh(r:n(xhc'i'yhc)m = (hghph)™(x+y)™m (2)
From (2) we must show: ——atfbthe 2 o

(hahph)™(x+y)™ = (x+y)Ms2mym-1

hq+hp+h 9
a b C 2 (3)
(hahbhc)m s2m.pm—1

Because h, + hy, + h, = 9r (4). From (3) + (4) =
9r 9 1 1

> >
(hahyhcy™ = 57T Z hahyhy)™ = szmpm

= e > = © hahyhe < < s?r (5)
But hyhyh, = 25" (6) From (5)+(6) we must show:
2s2r2

< s’r © 2r <R true (Euler)

PROBLEM 3.158-Solution by proposer

We know, = f g(x) COt( )dx =y 1f g(x) sin(anx) dx
put, g(x) = x%log(x),a = mwand (a,b) = (0,1). Now,

—f x?log(x) cot( )dx =y 1f x%log(x) sin(mnx) dx (1)
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. 3 i 2 2axsi —a?x?
We have that[ fxz log(x) 51n(ax) dx — C(;zax + xs;r;ax + ( cosax+ ax51;13ax a“x cosax)
2 Ci(ax
log(x) — a(3 ) o | x?log(x) sin(mnx) dx =
0
(-1)"3 3 2Ci(nmt) 2(y + lognm)
T3 nend | nens + n3m3
From (1) we get,
1 o)
1 (- 1)”3 2Ci(n7r) 2(y + log(nm))
E_fx log(x) COt Z n3m3 n n3 n3m3 + n3m3 -
0 n=1
Ci(nm) 2 - (y + lognm)
[Ea(3)+f(3) ——Z ;ZT=

C L(nn)

2 () +£3)] ——Z + 3 (-£(3) + V) +£(3) log(m)

Ci (nn)

1
| dx = a3 3 - =
jox 0g(x) cot () dx =~ [£,(3) +£(3)] Z
4
2 E@)y + logn] — 5 £'(3)

PROBLEM 3.159-Solution by proposer

+1

f (G + D(x + DA — x)Z dx

-1
+1 +1

3 3 1 3 1
f 1+ 021 + 02 (1 - 0)2dx > j (1 + 092 (1 - 0)Zdx
-1 -1
(exx = cos2t dx = —2sin20d6
cos™1(x) = 20
0s™1(1) = 26:0 =260 .6 = 0

os 1(=1)=26;r =26;0 =

N _

0
1

f(l + c0s260)3(1 — (cos 26))2 (—2sin26)d6

s

2

0
1
-2 f(l +2cos?t —1)3 (1 — (2cos? t — 1))?sin 2¢t dt
Vs
2

T
2

T
2
1 1
2 f(l —1+4+2cos?t)*(1+1—2cos?t)2sin2tdt =2 f 23(cost)® (2(1 — cos? t)7> sin 2t dt
0 0
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s
2
1 1
228 f cos® t 22(sin? t)Z sin 2t dt
0

t =22 7+1 cos? tsin® tdt

C i3

Vs
2

1

222 4Jcos6tsint25intcostd
0

22f2cos t sin® tdt=>22[2f2cos t sin? 9d9]or24\/—[2f2cos tsin? tdt

16V [2f Fcos? tsin® Lt fOm,m) = 2 [ cos™= ¢sin® 16 dt

“2m—1=1and2n—-1=2,2m—-2-+1 2n=1+1
2m=0 2n=3, m=4 2n=3.n=§

3
cos2®-1¢ sinz(?)_1 tdt

-~ 10V2(2

O —— iy

i V)3
=10V2 [3 (4,2) = 10vV2 2 =/2(10)
el i

16 x 6 x |% 3072 x
\/2 \/ 1536 512v2
V2 =72 -

9451 — Y g4svm 945 ~ 315

~ 22987

PROBLEM 3.160-Solution by Tran Hong-Vietnam

x,y,220=[x], [yl [z 20and 0 < {x},{y},{z} < 1
= [x]+{y}+1,[y] +{z} + 1,[z] + {x} + 1 > 0. Using Cauchy’s inequality we have:

LHS = 3 =
V] + ] + Dyl + {23 + D([2] + {x} + D
B 3 - 3 _(x+y+3)°
T, o - 3a-1
(@ + 53+ DAY+ G+ DIz + () + 1) 3]( sy
x+y+3
We need to prove that: (x+3;::3)a > (x+33;j—;:—3)“ ©x+y+3)2*>302 s

© (x+y+z+3)*>3%"1 Whichistruebecausex +y+z+3 >3 &
e x+y+3)*>3*>3%forx,y,z>0and a > 1. Proved.

PROBLEM 3.161-Solution by Ravi Prakash-New Delhi-India

dx )
= (11)(12) where 11 fO m 0 m Put x = tan@
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_ L sec?d 0 dy
11 Osec46d0_fzcos 9d9——and12 fO (yz-l-—25)4
Puty—Stancp

s

2 7
I_.[Sseccp _lf p 1531n17r
2= | Sisecip P 5 | P =5 5 17T 3

0 0

7'1.'2

s 0= =
5627 2000000

PROBLEM 3.162-Solution by Marian Ursdrescu - Romania

A

a g

a4 ag

€

(a; + Utj)2 = 3a;a; = we must show:
3 lei<j56 a;a; =2 12V3S[ABCD] & lei<j56 a;a; 2 4\/3S[ABCD] (1)
Now, using Gordon’s inequality: in any AABC we have:
ab + bc + ac = 4V3 =
a,a, + a,a4 +aza, = 4\/§SABC
a,aq + ayas + azag = 4\/§SACD N Z
a,as + a,as + azas = 4V3S,p,
a,as + a,as + asag = 4V3Sgcp

a;a; > 4V3S[ABCD]

1<i<j<6

PROBLEM 3.163-Solution by proposer

* By Cauchy Schwarz inequality we have:

a b c
P b+ 2+ D@t 302 Tclc+2a+ Db +3a)° T ala+ 2b + D(c + 3b)?
a \? b \? c 2
(a + 36) (b + 3a) (c + 3b)

:ab(b+2c+1) bc(c+2a+1) cala+2b+1)
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a b c 1\
S (@53* 553t ev3)
“ab(b+2c+1)+bc(c+2a+1)+cala+2b+1)

a b c \?
o P > (a+3£+b+3a+c+3b) (1)
— (ab%+bc2+ca?)+6abc+(ab+bc+ca)

2
- By inequality: x* + y? > @ (equality occurs if x = y) we have:

+b)? (b+c)? (c+a)
8= (a2 + BY(b? + c?)(c? +a?) = & . )" Zc) L Za)
& 64> (a+b)?(b+ c)*(c + a)?
©8=(a+b)(b+c)(c+a) (2)
- Other, by AM-GM inequality for 2 positive real numbers:
(a+b)(b +c)(c+a) = 2Vab - 2vbc - 2v/ca = 8y/(abc)? = 8abc &

abCS(a+b)(b+C)(C+a) (3)

- Hence (3):
=>(a+b+c)lab+bc+ca)=((a+b)(b+c)(c+a)+abc <
(a+b)(b+c)(c+a) B 9(a+b)(b+c)(c+a)

<(a+b)b+c)c+a)+

8
& (a+b+c)ab+bc+ca) < 9(a+b)(b8+c)(c+a) (4)

-let(2),(4):=> 8 = 8(a+b+c)(gb+bc+ca) ©9=>(a+b+c)(ab+ bc+ ca)
& 9 > (ab? + bc? + ca?) + (a®?b + b%c + c%a) + 3abc  (5)
- By AM-GM inequality we have:
a’b + b%c + c?a = 33/(a?b) - (b2c) - (c2a) = 33/(abc)3 = 3abc  a?b + b%c + c?a >
3abc (6)
-Let (5), (6):= 9 > (ab? + bc? + ca?) + 3abc + 3abc  (ab? + bc? + ca?) + 6abc <9
(7)
- Other: a® + b? + ¢ = 2 bz;rcz + Cz:az > %+ ZTbC +2% =ab + bc + ca
Sa?+b?+c?=ab+bc+cae a?+b%+c?+2(ab+ bc + ca) = 3(ab + bc + ca)

e (a+b+c)?=3(ab+bc+ca)ea+b+c=>+/3(ab+bc+ca) (8
-Let (4), (8):= (a +b)(b + ¢)(c + @) > DErbcrea@iered )
-Let (2), (9):

8y3(ab + bc +ca) - (ab + bc + ca
8> \/( 9) ( )@92\/3(ab+bc+ca)3(:>
81 > 3(ab + bc + ca)?
© 27 = (ab+ bc+ca)® © 3= (ab+ bc +ca) © (ab + bc +ca) <3 (10)
-Let (7), (10): = (ab? + bc? + ca?) + 6abc + (ab + bc + ca) <9 + 3
& (ab? + bc? + ca®) + 6abc + (ab + bc + ca) <12 (11)
a b c \?
- Let (1), (11):> P> (a+30+b+132a+c+3b) (12)

- By Cauchy Schwarz inequality we have:
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a N b N c a N b? N c?
a+3c b+3a c+3b a?+3ca b%2+3ab c?+3bc
- (a+b+c)?
~ (a? + 3ca) + (b% + 3ab) + (c% + 3bc)
2
a N b N c_ (a+b+c)
s
a+3c b+3a c+3b~ (a?+ b%+c?+2ab + 2bc + 2ca) + (ab + bc + ca)
a b c (a+b+c)? (13)

a+3 b+3a c+3b ~— (at+b+c)2+(ab+bc+ca)

-let(8):(a+b+c)?>3(ab+bc+ca) © ab+bc+ca< (14)

a b c (a+b+c)? 3(a+b+c)? 3

- : = = =7

Let (13), (14):= a+3c + b+3a + c+3b (a+b+c)2+(a+b+c)2 4(a+b+c)? 4
3

(a+b+c)?

a b c >§ (15)

a+3c b+3a c+3b ~ 4

3)2
- . & =2 -3 2 =2
Let (12), (15)=> P 2 >-=——=—=>P 2 == Pnin =

a,b,c > 0; (a? + b?)(b?> + c?)(c? +a?) =8
a=b;b=cc=a

+ Equality occurs if: a - b = ‘
(a+3c)-ab(b+2c+1) (b+3a)-bc(c+2a+1) (c+3b)-cala+2b+1)
a b c
a(a+3c) - b(b+3a) - c(c+3b)
a=b=c>0 a=b=c>0 {a=b=c>0 .
ﬁ{(a2+b2)(b2 +c2)(c?+a?) = 8®{2a2-2a2-2a2 =38 @6=1 4=b=

c=1.
Therefore, minimum ofP:% thena=b=c=1.

PROBLEM 3.164-Solution by Amit Dutta-Jamshedpur-India

Using Cauchy — Schwarz’s Inequality:
(\/m + ny)z <2(2(x* + y* + 2x%y?)) < 4(x%2 + y?)? =
> (V2@ +y9) + 2xy) < 2(x% + y?)
V20c% + %) < 2(x% — xy + y2)

Puttingy = 1:1/2(x*+ 1) <2(x? —x+1) (1)
Equality holds when
1 1 1 1

J2(x* +y4)  2xy Orw/Z(x‘* +1) 2x
=>x=1 (a)
© GM < AM
2V3x —2x* < 2\/x(3—2x3) < (x +3 —2x%) (2)
Equality holds when
x=3-2x3=>x=1
(b)
Adding (1) & (2):
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V2t + D) +2¢3x —2x* < 2(x2 —x+ 1) +x+3-2x3 =
57-3x<2x?—x+5-2x3=22x3 - 2x2-2x+2<0=>x3—x>-x+1<0=>
5x%2x-1D)-1x-1D<0=2>x-1Dx-1D<0=>2Cx+Dx-1?%<0
“(x+1)>0 {~x>0fromdomain}=(x—-1)?<0=>(x-1)2=0=>x=1 (¢
From (a), (b) & (c) we can conclude that the only real solution is x = 1.

PROBLEM 3.165-Solution by proposer

* Hence (1), by AM-GM inequality for three positive real numbers we have:

1 1 1 3 1 3 3 3
3=—=+—=+—=23" = = ©32 g
Va3 Vb V3 \/\/a3 Vb3 V3 {f(abc)?  Vabc Vabc
o Vabc =21 abc =21

2 2 2 3 3 3 3 3 3
Hence (2):=> & + L 4 S =& ctbaved aebarcd _ o3¢+ b3a+c3h (3)
b c a abc 1
- By AM-GM inequality, we have:
a® + (ac)? b*+ (ba)?> c*+ (ch)?
+ +—

alc+b3a+c3b = aac + b?ba + c?ch <

a*+b*+c*+a?b?+b%c?+c?a?

o alc+b3a+c3h < (4)

2
a*+b*+c*+a?b?+b%c?+c%a?

a? b%  c?
- Hence (3), (4): > " + - + - < > (5)
- Other, by AM-GM inequality:
a+af+1 bS+bS+1 cS+c6+1 3Va®-ab-1 3Vb6-b6-1 33c6-c6-1
+ + > + +
2 2 2 2 2 2
_3(@@* +b*+ch)

4 4 4
@a6+b6+c6+gzm<=2(a6+b6+66)+323(a4+b4‘+c4) (6)

(@3 +a3h®>+ 1)+ B33 +b3c3+1)+ (c®a® +c3%a®+1) >
> 33/(a3h®)(a3b3) - 1+ 33/ (b3c3)(b3c3) - 1 + 31/ (c3a®)(c3a3) - 1
= 3(a?b? + b%c? + c%a?)
& 2(a®b3 + b3c3 + c3a3®) + 3 = 3(a?b? + b%c? + c%a?)
& 4(a3b® + b3c® + c2ad) + 6 = 6(a?b? + b%c? + c%a?®) (7)
-Let (6), (7):= 2(a® + b® + c®) + 3 + 4(a®b3® + b3c® + c3a®) + 6 >
> 3(a* + b* + ¢*) + 6(a?b? + b%c? + c%a?)
& 2(a® + b® + c® +2a3b3 + 2b3c3 + 2¢3a®) +9 >
> 3(a* + b* + ¢*) + 6(a?b? + b%c? + c%a?)
& 2(a® + b3 +¢2)? > 3(a* + b* + ¢*) + 6(a®b? + b?c? + c*a?)—9 (8)
- By AM-GM inequality and (2). We have:
3(a?b? + b2c% + c2a?) = 3 - 3 - 3 (@2b?)(b2c?)(c2a?) = 93/(abc)* = 9314 =9
& 6(a’b? + b?c? + c?a?) — 9 = 3(a?b? + b%c? + c%a®) (9)
-Let (8),(9):= 2(a® + b3 + c2)? = 3(a* + b* + ¢*) + 3(a?b? + b?c? + c?a?)
© 2(a® + b3 +¢2)? = 3(a* + b* + ¢* + a?b? + b?c? + c%a?)
a*+b*+c*+a?b?+b%c?+c?a? < (a3+b3+c3)2

2 - 3 (1 0)
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3 3
(5, (10)m © 4 £ L L))
a=b=c>0
(1)(11)=> + + Moccurs:f{ +_+__3<:)a=b=c=1.
Va3 ' Vb3 ' V3

Solution of equation is: (a,b,c) = (1,1,1).

PROBLEM 3.166-Solution by Amit Dutta-Jamshedpur-India

x3—2x24+2x>0

4x —3x* >0
x3 —2x2+2x =x(x®> — 2x + 2) = x[(x — 1)? + 1]
v x3—=2x2+2x>0=2x[(x—-1)?+1]>0=>x>0

GM < AM VX% = 227 1 2x < S22 P2

2
2 5.2
Va3 —2x2 +2x < (%) (a)
Equality holds when x* — 2x*> + 2x =1 (1)
Again, using GM < AM
32 —x+1< (2 —x+1D+1+1<(x2—x+3) (2)
Equality holds whenx* —x+1=1 (2)
Again, using GM < AM
_ 4
24 I — 3x% < 2{(4x 3x 2+1+1+1} < (4x 3x4 +3) 3)
Equality holds when 4x — 3x* = 1 (3)
Adding (1), (2), (3):
Va3 —2x2 +2x 4+ 3Yx2 —x + 14+ 24x —3x* <

x3—=2x*+2x+1 4x —3x* + 3
< FO?—x43) | —— =

Domain — {

2 2
x* — 3x3 —3x* + 4x + 10 + x3
— +7< >
>xt—3x3+14<-3x*+4x+10+x3 =2 4x* —4x3 —4x+4 <0
5xt—x3—-x+1<0=2>x3(x-1)-1(x-1)<0
S5 -Dx-D<0=>C-DE*+x+1D(Hx-1)<0
>x-1)2%x*+x+1) <0
5 1\* 3
X +x+1=<x+§) +Z>0=>(x—1)ZSO
x—12=0=>x=1 (4)
From (1), (2), (3) & (4): The only real solution is x = 1.

=

PROBLEM 3.167-Solution by Tran Hong-Vietnam

3a* —4a + 2b? + 11 = {a* — 4a® + 6a? — 4a + 1} + {2a* + 4a® — 6a? + 10 + 2b?}
=(a—1D*+2(a* + 2a® — 3a%? + b?> +5)

()
> 2(a*+2a® —4a*+a*+b*+5) >4(a+ab+1)
() e a*+2a®—4a*+2ab+5=2(a+ab+1)
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() a*+2a®—-4a*>+5=2(a+1)
oa*t+2a®—4a>—-2a+3=20 (a—1)*(a+1)(a+3) =0 (truewitha > 0)
Hence: 3a* — 4a + 2b% + 11 = 4(a + ab + 1), etc. Now,

Let f(t) = ¥6,t >0 = f/(t) = —gt—i <0 (Vt>0)

Using Jensen’s inequality, we have: P < 33\/%
1 1 1
oo Q = + +

3a* —4a +12b2 + 11 3b4—4b1+ 2c2+11 13c‘*—4c+2a2 + 11

< _

_4(a+ab+1+b+bc+1+c+ca+1>

_1( 1 4 a N ab )_1<1+a+ab)_1
" 4\a+ab+1 a+ab+1 a+ab+1) 4\1+a+ab) 4

31 3 3[9 .
=>P<3 E=ﬁ=\/;. Equality ® a=b=c=1.

PROBLEM 3.168-Solution by Remus Florin Stanca-Romania

Letbea>0and f:(—o0;—a—1) U (—a;+o) > R
f(x) = ! ind:

. Fi
x2+(2a+1)x+aZ+a

Q=1lim ||lim Z £
n—-o0o p—>oo
k=1
1
f&) = 2a+1 4a2+4a+1 4% + 4a + 1
X2+ 2-x-——+ ) talta————7F——
B 1 B 1 _x+a+1—(x+a)_ 1 1
B 20+1V: 1 (+a)x+a+1l) (+a)x+a+1) x+4a x+a+1
(x + ) -7
2 4 .
(n) =nl- (=" — —1)nt1l . 1
> =nl! 1 1 !
[ =mnt-(=1) (x+a)"+1+( ) n(x+a+1)”+1
P P
1 1
m) — _1)n _ ; (n) _
S k-!-l-( ):12 1| =
kz;f () =mt- =0 (@a+ D™ (p+a+ 1"t Pl—{l‘}°k—1f “
n!
n! nl o\ In( i) In2ts
= — i _— = 1i 2 = i 2 1 =
= i () = jmeT W = lim e
lnn—-"i
n+
=lime 2 =e’°=1>0=1
n—oo
PROBLEM 3.169-Solution by Remus Florin Stanca-Romania
+1,.(p+1)
lim,,_,,, nP*? x52+p+1 = lim,_,., np+1x7(lp+1)2 'xip ——lim,_,, nP ?;H Xn (1)
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1 1
Xp et xg = > +xk =

+1\/ Xn+1 p+vx—n " p+1\/ Xn+1
we prove by using the Mathematical induction that x,, > 0; Vn € N:
1. we prove that P(0): “x, > 0”is true (true).
2. we suppose that P(n): “x, > 0”is true
3. we prove that P(n + 1): “x,,,; > 0”is true by using P(n):

1 1 1
,m\/—xn_ﬂ=xﬁ+pT\/x_n;xn>0=>m1\/—xnﬁ>0=>xn+1>O=>true=>xn>O;Vn€N
1 1 1 1
+xP = > — =xP>0>""xp < "%

p+1 n p+1 p+1 p+1
vV Xn Xn+1 \/xn+1 VXn

> Xp41 < Xp > (X )nen IS a decreasing sequence, x,, > 0 > |l € R such that:

Ai_)noloxn=l=p+—w l+p+w=>l=0=>rlli_r)r.}oxn=0

(P, PH
+p+1 no Y x
(1) = lim,_o, nP* P = lim, ., ("—”)

Xn

= 1im (2 - n- ") = 1P

n-—-oo

1 1 ( 1 1 ) "
X — =L = lim _ ‘n- P /x —
p+1 p+1 p+1 p+1 n
VXn+1 vXn nme Xn+1 e

lim,,_ o (n : (’”“\/% - 1)) )

D 1 P+ Xn41 =1
Xy = = lim — =
p+1
V xn+1 \/ noe Xn
X

©) -1 1 . (x

p+1

S

Xn+1

p2+p+1 p+1
=— . lim| [ x, P** -1
D +1 n-oow n
1 p2+p+1 n l
. p+1 . Stolz Cesaro
=——limn-x, p+1)=lim——— =
14 +1 noow n-oco _Pp°tp+1
p+1
n
1
= _’11_1)1010 p2+p+1 pZ+p+1
p+1 p+1
Xn+1 —Xn
p4p+1 piip+1 1 p*+p+1 _pPip+l
p+1 _ p+1 4. p p+1
e ( o ) oS
Xn
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pZ+p+1
p 24p+1 p+1
= i (=) -1
1 D +p+1
Ptoia
1 p*+p+1 xn + 1 -1 p.,_Ll
= lim <+1—> : 1 * Xy PHl =
Xn
p24p+1 pi+p+1
PHL oy P —p2ip 41

=@*+p+1)-limx, n
1

p +p+1
~ (pr+p+ 1P

= lim nP*1 . x}

SL=————
P2+p+1 noow

PROBLEM 3.170-Solution by Avishek Mitra-India

1
In(1+ x) 7 (In(1+ x)
— 1 -1 LA PUREL [ Sl
@=lim | e )Gy =7 ) G P
0 0
_ 1In(1+x)dx _ ) 1,711 _ 1tan~ 1 xdx
Letl = [, TroRk [In(1 + x) - tan™" x]g — [ v
[let x = tanz = dx = sec? zdz]
Vs Vs
4 4
_Ts z-sec’zdz _m ) f zdz
—z" (1+tanz) 4 n cos z(sin z + cos z)
0 0
z zdz _ % (%_Z)
Let 11 0 cosz(smz+cosz) 0 cos(g—z)[sm(z—z)+cos(1—r—z)] dz
s
4
_ n.f dz Lo
4) cosz(sinz+cosz) '
- 0
Y
:>21—”f sec’zdz Mtz o, = Fin2
17%) U +tanz) 4“ anzllone="h =gn
0

Hencel =ZIn2 —ZIn2 =ZIn2
4 8 8

2
Hence A =Z-ZIn2 =X In2 (answer)
2 8 16

340 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

BIBLIOGRAPHY

1.Mihaly Bencze,Daniel Sitaru,Marian Ursarescu:”Olympic Mathematical Energy”-Studis-
Publishing House-lasi-2018

2. Daniel Sitaru: “Algebraic Phenomenon”, Publishing House Paralela 45, Pitesti, 2017, ISBN
978-973-47-2523-6

3. Daniel Sitaru: “Murray Klamkin’s Duality Principle for Triangle Inequalities”,
The Pentagon Journal-Volume 75 NO 2, Spring 2016

4. Daniel Sitaru, Claudia Nanuti: “Generating Inequalities using Schweitzer’s Theorem”-CRUX
MATHEMATICORUM-Volume 42, NO1-January 2016

5. Daniel Sitaru, Claudia Nanuti: “A “probabilistic” method for proving inequalities”, -CRUX
MATHEMATICORUM-Volume 43,NO7-September 2017

6.Daniel Sitaru, Mihaly Bencze:”699 Olympic Mathematical Challenges”-Publishing House
Studis, lasi-2017

7.Daniel Sitaru:”Analitycal Phenomenon”-Publishing House Cartea Romaneasca-Pitesti-2018

8.Daniel Sitaru, George Apostolopoulos:”The Olympic Mathematical Marathon”-Publishing
House Cartea Romaneasca-Piesti-2018

9.Daniel Sitaru-“Contest Problems”-Publishing House Cartea Romaneasca-Pitesti-2018

10. Mihaly Bencze,Daniel Sitaru:”Quantum Mathematical Power” -Publishing House Studis,
lasi-2018

11.Daniel Sitaru:"A Class of Inequalities in triangles with Cevians”- The Pentagon Journal-
Volume 77 NO 2, Fall 2017

12.Daniel Sitaru,Marian Ursarescu:”Calculus Marathon”-Studis-Publishing House-lasi-2018

13. Popescu M., Sitaru D.: ““Traian Lalescu” Constest. Geometry problems”, Lithography
University of Craiova Publishing, Craiova, 1985

14. Daniel Sitaru, Claudia Nanuti: “National contest of applied mathematics - “Adolf
Haimovici”- the county stage”, Ecko — Print Publishing, Drobeta Turnu Severin, 2011.

15. Daniel Sitaru, Claudia Nanuti: “National contest of applied mathematics - “Adolf
Haimovici”- the national stage”, Ecko — Print Publishing, Drobeta Turnu Severin, 2011.

341 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



DANIEL SITARU MARIAN URSARESCU

16. Daniel Sitaru, Claudia Nanuti: “Contest problems”, Ecko — Print Publishing, Drobeta Turnu
Severin, 2011

17. Daniel Sitaru, Claudia Nanuti: “Baccalaureate — Problems — Solutions —Topics -Scales”,
Ecko — Print Publishing, Drobeta Turnu Severin, 2011

18. Daniel Sitaru: ,,Affine and euclidiane geometry problems”, Ecko — Print Publishing,
Drobeta Turnu Severin, 2012

19. Daniel Sitaru, Claudia Nanuti, “Baccalaureate — Problems — Tests — Topics — 2010 — 2013”,
Ecko — Print Publishing, Drobeta Turnu Severin, 2012.

20. Daniel Sitaru, “Hipercomplex and quaternion geometry”, Ecko — Print Publishing, Drobeta
Turnu Severin, 2013.

21. Daniel Sitaru, Claudia Nanuti: “Algebra Basis”, Ecko — Print Publishing, Drobeta Turnu
Severin, 2013.

21. Daniel Sitaru, Claudia Nanuti: “Mathematical Lessons”, Ecko — Print Publishing, Drobeta
Turnu Severin, 2013.

22. Daniel Sitaru, Claudia Nanuti: “Basics of mathematical analysis”, Ecko — Print Publishing,
Drobeta Turnu Severin, 2014.

23. Daniel Sitaru, Claudia Nanuti: “Mathematics Olympics”, Ecko — Print Publishing, Drobeta
Turnu Severin, 2014

24. “Romanian Mathematical Magazine”-Interactive Journal-www.ssmrmh.ro

342 I ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES 1-500



