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20 NEW TRIANGLE INEQUALITIES 
 

By Bogdan Fuștei-Romania 
 
If 𝑛𝑎-Nagel cevian from A in ABC triangle then will prove: 

na≥ 
b2−bc+c2

2R
 (and analogs),   bc=2Rha (and analogs) 

 

(
𝑛𝑎

ℎ𝑎
)

2
=1+ 

b2−2bc+c2

4r2
 =1+ 

(𝑏−𝑐)2

4𝑟2
 (and analogs) 

 
We write: 

 na ≥
b2−bc+c2

2R
 → 

𝑛𝑎

ℎ𝑎
 ≥ 

𝑏2−𝑏𝑐+𝑐2

2𝑅ℎ𝑎
 = 

b

𝑐
+

𝑐

𝑏
− 1 

(
𝑛𝑎

ℎ𝑎
)

2
≥ (

𝑏

𝑐
+

𝑐

𝑏
− 1)

2
→1+

(𝑏−𝑐)2

4𝑟2
 ≥  (

𝑏

𝑐
+

𝑐

𝑏
− 1)

2
→

(𝑏−𝑐)2

4𝑟2
≥ (

𝑏

𝑐
+

𝑐

𝑏
− 1)

2
− 1 

𝑥2 − 𝑦2 = (𝑥 − 𝑦)(𝑥 + 𝑦), 
(𝑏−𝑐)2

4𝑟2
≥ (

𝑏

𝑐
+

𝑐

𝑏
− 1 − 1) (

𝑏

𝑐
+

𝑐

𝑏
− 1 + 1) 

(𝑏−𝑐)2

4𝑟2
≥ (

𝑏

𝑐
+

𝑐

𝑏
− 2) (

𝑏

𝑐
+

𝑐

𝑏
)=

(𝑏−𝑐)2

𝑏𝑐
(

𝑏

𝑐
+

𝑐

𝑏
) 

 
If b=c then we obtain equality. 

If b≠c then 
(b−c)2

4r2
 > 

(b−c)2

bc
(

b

c
+

c

b
)→

1

4r2
 >

1

bc
(

b

c
+

c

b
)= 

1

2Rha
(

b

c
+

c

b
) 

R

r

1

2r
>

1

ha
(

b

c
+

c

b
) , 

R

r
≥

b

c
+

c

b
 (and analogs)(Băndilă) 

 
We will prove : ha>2r 

aha=2S=2pr; 2p=a+b+c→ha = (1 +
b+c

a
) r→(1 +

𝑏+𝑐

𝑎
) r >2r →1+

𝑏+𝑐

𝑎
> 2 

𝑏+𝑐

𝑎
> 1→ b+c>a -true. 

In conclusion na ≥ 
b2−bc+c2

2R
 (𝑎𝑛𝑑 𝑎𝑛𝑎𝑙𝑜𝑔𝑠) 

From na ≥ 
b2−bc+c2

2R
 and bc=2Rha (and analogs) obtain: 

 

1+
𝐧𝐚

𝐡𝐚
  ≥ 

𝐛

𝐜
+

𝐜

𝐛
 (and analogs)  (1) 

 

We also proved 
R

r
≥1+

𝑛𝑎

ℎ𝑎
 [2] ,obtain from (1): 
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𝐑

𝐫
≥1+

𝐧𝐚

𝐡𝐚
≥

𝐛

𝐜
+

𝐜

𝐛
 (Refinement for Băndilă’s inequality) 

 

3+
na

ha
 ≥ 2+

b

c
+

c

b
= (√

b

c
+ √

c

b
)

2

→√𝟑 +
𝐧𝐚

𝐡𝐚
≥ √

𝐛

𝐜
+ √

𝐜

𝐛
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)  (2) 

 

From 1+
na

ha
≥

b

c
+

c

b
 → √

𝐧𝐚

𝐡𝐚
− 𝟏 ≥ |√

𝐛

𝐜
− √

𝐜

𝐛
| (and analogs)  (3) 

 

From na≥
b2−bc+c2

2R
 and bc=2Rha (and analogs) obtain: 

 

𝐧𝐚 + 𝐡𝐚≥ 
𝐛𝟐+𝐜𝟐

𝟐𝐑
 (and analogs)  (4) 

 
In ABC triangle we know that: 

cos
B−C

2
 = 

b+c

a
sin

A

2
 (and analogs); a=2Rsin 𝐴(and analogs); 

sin 𝐴 = 2 sin
A

2
cos

𝐴

2
( and analogs) →a=4Rsin

A

2
cos

𝐴

2
(and analogs) 

From cos
B−C

2
 = 

b+c

a
sin

A

2
 and a=4Rsin

A

2
cos

𝐴

2
 →b+c=4Rcos

𝐴

2
cos

B−C

2
≤4Rcos

𝐴

2
 

Use b+c≤4Rcos
𝐴

2
 (and analogs) and cos2 A

2
 = 

rb+rc

4R
 (and analogs) and bc=2Rha 

(and analogs) we obtain: 
 

rb+rc

4R
≥

4Rha

4R 4R
 + 

𝐛𝟐+𝐜𝟐

4R 4R
 → 𝐫𝐛 + 𝐫𝐜 − 𝐡𝐚 ≥

𝐛𝟐+𝐜𝟐

 𝟒𝐑
 (and analogs)  (5) 

 

From (4) and (5) →𝐧𝐚 + 𝐫𝐛 + 𝐫𝐜  ≥
𝟑(𝐛𝟐+𝐜𝟐)

 𝟒𝐑
 (and analogs)  (6) 

 

𝑚𝑎 ≥
b2+c2

 4R
 (and analogs)(Tereshin) and (6) we obtain: 

 

𝐧𝐚 + 𝐫𝐛 + 𝐫𝐜 + 𝐦𝐚 ≥
𝐛𝟐+𝐜𝟐

 𝐑
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)  (7) 

 

From (4) and Tereshin we obtain: 2𝑚𝑎 + na + ha ≥ 
 𝐛𝟐+𝐜𝟐

 𝟐𝐑
 + 

𝐛𝟐+𝐜𝟐

𝟐 𝐑
 = 

𝐛𝟐+𝐜𝟐

 𝐑
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𝟐𝐦𝐚 + 𝐧𝐚 + 𝐡𝐚 ≥ 
𝐛𝟐+𝐜𝟐

 𝐑
 (and analogs)  (8) 

 

𝐦𝐚 + 𝐧𝐚 + 𝐡𝐚 ≥
𝟑(𝐛𝟐+𝐜𝟐)

 𝟒𝐑
 (and analogs)  (9) 

 

From (1) →3+
𝐧𝐚

𝐡𝐚
≥

𝐛

𝐜
+

𝐜

𝐛
+2=(√

𝐛

𝐜
+ √

𝐜

𝐛
)

𝟐

 

 

√𝟑 +
𝐧𝐚

𝐡𝐚
≥ √

𝐛

𝐜
+ √

𝐜

𝐛
 (and analogs)  (10) 

 

From la = 2
√bc

b+c
√rbrc (and analogs)→ √

b

c
+ √

c

b
= 2

√rbrc

la
 and from (10) we 

obtain: 
 

 𝐥𝐚√𝟑 +
𝐧𝐚

𝐡𝐚
≥2√𝐫𝐛𝐫𝐜 (and analogs)  (11) 

 

From (11) and ha = 2
rbrc

rb+rc
(and analogs) after simple manipulations: 

 

𝐥𝐚

𝐡𝐚
≥ √

𝟐(𝐫𝐛+𝐫𝐜)

𝟑𝐡𝐚+𝐧𝐚
(and analogs)  (12) 

 

From [3]:𝐦𝐚 ≥ √rbrc √
pa

la

4
(and analogs) 

𝐦𝐚 ≥ √rbrc√
la+pa

2la
(and analogs) and (11) → 

 

 𝐦𝐚𝐥𝐚√𝟑 +
𝐧𝐚

𝐡𝐚
≥2𝐫𝐛𝐫𝐜 √

𝐩𝐚

𝐥𝐚

𝟒
  (13) 

 

𝐦𝐚𝐥𝐚√
𝐥𝐚

𝐡𝐚
≥ 𝐫𝐛𝐫𝐜√

𝟐(𝐥𝐚+𝐩𝐚)

𝟑𝐡𝐚+𝐧𝐚
 (and analogs)  (14) 

 
From (6) and bc=2Rha (and analogs) : 
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𝐧𝐚+𝐫𝐛+𝐫𝐜

𝐡𝐚
≥

𝟑

𝟐
(

𝐛

𝐜
+

𝐜

𝐛
) (and analogs)  (15) 

 
From (7) and bc=2Rha (and analogs): 

 
𝐧𝐚+𝐫𝐛+𝐫𝐜+𝐦𝐚

𝟐𝐡𝐚
≥

𝒃

𝒄
+

𝒄

𝒃
(and analogs)  (16) 

 
From (15),(16) we get: 

 

√𝟐 +
𝟐(𝐧𝐚+𝐫𝐛+𝐫𝐜)

𝟑𝐡𝐚
≥ √

𝐛

𝐜
+ √

𝐜

𝐛
 =2

√𝐫𝐛𝐫𝐜

𝐥𝐚
 (and analogs)  (17) 

 

√𝟐 +
𝐧𝐚+𝐫𝐛+𝐫𝐜+𝐦𝐚

𝟐𝐡𝐚
≥ √

𝐛

𝐜
+ √

𝐜

𝐛
 =2

√𝐫𝐛𝐫𝐜

𝐥𝐚
(and analogs)  (18) 

 
From (8) and bc=2Rha (and analogs) : 

 
𝟐𝒎𝒂+𝐧𝐚+𝐡𝐚

𝟐𝒉𝒂
≥

𝒃

𝒄
+

𝒄

𝒃
(𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐬)(19) 

 
From(19) : 

 

 √𝟐 +
𝐡𝐚+𝐧𝐚+𝟐𝐦𝐚

𝟐𝐡𝐚
≥ √

𝐛

𝐜
+ √

𝐜

𝐛
 =2

√𝐫𝐛𝐫𝐜

𝐥𝐚
(and analogs)  (20) 
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